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Abstract

This report deals with robust synchronization of uncertain multi-agent networks. Given
an undirected network with for each of the agents identical nominal linear dynamics, we
allow uncertainty in the form of multiplicative perturbations of the transfer matrices of
the nominal dynamics. The perturbations are stable and have H∞-norm that is bounded
by some a priori given desired tolerance. We derive state space equations for dynamic
observer based protocols and show that robust synchronization is achieved if and only if
each controller from a finite set of related controllers robustly stabilizes a given, single
multiplicatively perturbed linear system. By using state feedback, a static protocol is
expressed in terms of a positive definite solution to a certain algebraic Riccati equation
and also involves weighting factors depending on the smallest positive eigenvalue of the
graph Laplacian. We show that for each γ < 1 there exists a static protocol that achieves
a synchronization radius γ.
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Chapter 1

Introduction

In recent years, the interest in networked systems has increased. Much research has
been done on the control of networked multi-agent systems using only local information.
A networked multi-agent system is a dynamical system composed of a group of input-
output systems that interact by exchanging information with their neighbours. These
input-output systems are called the agents of the network. The interconnections between
the agents is represented by a graph. This graph is known as the network graph. In the
network graph, the vertices denote the agents and the edges determine the interaction
topology. In this report we assume that the network graph is undirected. An important
object in graph theory is the Laplacian matrix. The Laplacian matrix of the network
graph is crucial for networked multi-agent systems. Many properties of networked sys-
tems can be expressed in terms of the spectrum of the Laplacian, see [8] and [9].
Each agent in the multi-agent system exchanges information with its neighbours. Once
the form of information exchange is fixed, the dynamics of each agent and the interaction
with their neighbours result in the overall dynamics of the network. The form of the
information exchange is called a protocol. A protocol only uses local information and acts
as a feedback controller on the network. The feedback processor of an individual agent
only uses information available from the agent and its neighbours. The design of such a
protocol is an important issue in the theory of networked multi-agent systems.
There are several related problem formulations involving interconnected dynamical sys-
tems that exchange output information in various application areas. These related prob-
lems can be cast in the framework of networked multi-agent systems. Perhaps the most
well-known related problem is the consensus problem, see [10], [13] and more recent work
in [7] and [17]. In the consensus set-up, the agents exchange information with their neigh-
bours aiming to achieve agreement on certain quantities of interest that depend on the
internal states of the agents. A protocol that achieves this aim is said to achieve con-
sensus. Another strongly related problem is the synchronization problem, see [11] and
[14]. In this case a typically large number of identical physical systems are coupled. Here
the problem is to find conditions on the protocol under which the states of these coupled
systems converge to a common trajectory. If the states converge to the same trajectory,
the network is said to be synchronized. These protocols are only allowed to use the rel-
ative state or output information of the neighboring agents to achieve synchronization.
When the absolute state or relative state is available for measurement, a static protocol
is sufficient to obtain synchronization. If the absolute state or the relative state can not
be obtained directly, one can use an observer based protocol. These protocols consist of a
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dynamic part that acts as an observer for the relative states and a static part that feeds
back the estimated relative states to the agents. Such a protocol is called a dynamic pro-
tocol. In this report, we will provide necessary and sufficient conditions for the existence
of such protocols. We will provide state space representations for observers that estimate
either the absolute state or the relative state of the agents and we will give protocols that
use these observers to achieve synchronization.
Furthermore, we will extend the theory on synchronization to the problem of robust syn-
chronization of linear multi-agent systems. In this situation, all agents on the network
have identical nominal dynamics. However, every agent is uncertain in the sense that its
transfer matrix can be any transfer matrix obtained as a multiplicative perturbation of the
nominal transfer matrix. We assume that the multiplicative perturbation is stable and
its H∞-norm is bounded by some a priori given tolerance. The robust synchronization
problem is to design, for a given tolerance, a protocol that synchronizes the network for
all such multiplicative perturbations. We will show how to obtain such protocols and
under which conditions they exist.
Related results have been obtained in [3] and [5]. In [3] the network systems uncertainties
are modeled by additive perturbation of the agent dynamics and in [5] the network systems
uncertainties are modeled by coprime factor perturbation of the agent dynamics. Both
establish conditions for the existence of robustly synchronizing protocols and methods
to obtain such protocols. In this report we will extend these results to networks with
multiplicatively perturbed agent dynamics.
The outline of this report is as follows. In Chapter 2 we introduce the basic material on
graph theory needed in this report and we formulate a version of the bounded real lemma
that will be used later in this report. In Chapter 3 we provide an introduction to the
relevant theory of observers for linear systems and we provide state space representations
for network observers for the absolute and relative state of the agents. In Chapter 4 we
will use these observers to construct an observer based dynamic protocol that synchro-
nizes the network and we will show that this dynamic protocol achieves synchronization
of the network if and only if a single linear system is stabilized by all controllers from
a finite set of related controllers. In Chapter 5 we consider the robust synchronization
problem. First we discuss the network under multiplicative perturbations. Then we show
that the problem of robust synchronization is equivalent to robust stabilization of a sin-
gle multiplicatively perturbed linear system by all controllers from a finite set of related
controllers. In Chapter 6 we formulate our main result. We show how a dynamic pro-
tocol and a static protocol can be computed. Finally, Chapter 7 will outline the main
conclusions of this report.
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Chapter 2

Preliminaries

In this report we consider multi-agent systems whose interconnection structures are de-
scribed by undirected unweighted graphs. An undirected graph is a pair (V, E), where
the elements of V = {1, 2, ..., p} are called vertices, and where the elements of E ⊂ V × V
are called edges. The pair (i, j) ∈ E with i, j ∈ V and i 6= j represents an edge from
vertex i to vertex j. For an undirected graph it holds that if (i, j) ∈ E then also (j, i) ∈ E .
For a given vertex i, its neighboring set Ni is defined by Ni := {j ∈ V|(i, j) ∈ E}. For
a given graph, its adjacency matrix A is defined by A = (aij) where aii = 0, aij = 1 if
(i, j) ∈ V and aij = 0 otherwise. The Laplacian matrix of a graph is defined as L = (lij),
where lii =

∑
j 6=i aij and lij = −aij , i 6= j. For an undirected graph, the Laplacian is a

positive semi-definite real symmetric matrix, so all eigenvalues of L are non-negative real.
An undirected graph is called connected if for every pair of distinct vertices i and j there
exists a path from i to j, i.e. a finite set of edges (ik, ik+1), k = 1, 2, ..., r − 1 such that
i1 = i and ir = j. An undirected graph is connected if and only if its Laplacian has rank
p− 1. In this case the zero eigenvalue of the Laplacian has multiplicity one, and all other
eigenvalues are positive. A corresponding eigenvector is the p-dimensional vector with
all entries equal to one, denote this vector by 1p. The remaining p − 1 eigenvalues are
ordered in increasing order as 0 < λ2 ≤ λ3 ≤ ... ≤ λp. Since the Laplacian is symmetric,
it can be diagonalized by an orthogonal transformation U into the following form:

UTLU =


0 0 · · · 0

0 λ2
. . .

...
...

. . .
. . . 0

0 · · · 0 λp

 = Λ. (2.1)

For more information about the Laplacian we refer to [8] and [9]. We denote the set
of all proper and stable rational transfer matrices by RH∞. If G ∈ RH∞ then ||G||∞
will denote its usual H∞-norm, ||G||∞ = supRe(λ)≥0 ||G(λ)||. A square matrix is called
Hurwitz if all its eigenvalues have strictly negative real part. For a given real or complex
matrix C with n columns, we denote by ker(C) the null-space of C, i.e. all x ∈ Rn, or
x ∈ Cn, such that Cx = 0 and we denote the image of C by im(C). See also [3] and [5].
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The Kronecker product of two matrices A and B of arbitrary size m × n and p × q is
defined as [6]:

A⊗B =

a11B · · · a1nB
...

. . .
...

am1B · · · amnB

 .

The Kronecker product satisfies the following properties [6]:

A⊗ (B + C) = A⊗B +A⊗ C,
(A⊗B)(C ⊗D) = AC ⊗BD,
(A⊗B)T = AT ⊗BT .

This report will use results on the existence of robustly stabilizing controllers from the
theory of H∞-control. The standard H∞-problem is stated as: For a given ρ > 0, find
all controllers such that the H∞-norm of the closed-loop transfer function is (strictly) less
than ρ. See [4].
The bounded real lemma provides methods to determine the H∞-norm of a given system.
The H∞-norm is suggested as a tool to achieve robustness. However, one can only guar-
antee robustness in connection with the small-gain theorem, which has been extensively
studied in [16]. The bounded real lemma, in combination with the small-gain theorem,
can be used to show whether the interconnection of systems with a feedback loop is in-
ternally stable. A system Σ: ẋ = Ax + Bu, y = Cx is called internally stable if all the
eigenvalues of matrix A are in the the open left half plain, i.e. σ(A) ⊂ C−.
Before we discuss the bounded real lemma, we will prove the following lemma:

Lemma 2.1. Let M be a symmetric matrix of the form:

M =

(
A B
BT C

)
,

and let C be invertible. Then M ≤ 0 if and only if C < 0 and A−BC−1BT ≤ 0.
A−BC−1BT is called the Schur complement of M .

Proof. Since M is symmetric and C is invertible, M can be expressed as:

M =

(
A B
BT C

)
=

(
I BC−1

0 I

)(
A−BC−1BT 0

0 C

)(
I BC−1

0 I

)T
= UDUT .

Now, M is less than or equal to zero if and only if D is less than or equal to zero. Therefore
M is less than or equal to zero if and only if C is less than zero and A−BC−1BT , the Schur
complement of M , is less than or equal to zero. Since C was assumed to be invertible, C
must be strictly less than zero. This completes the proof.

For future use we state the following version of the bounded real lemma, this is Lemma
7.1.1 in [12] tailored for our purposes:

Lemma 2.2. Let a scalar ρ > 0 be given and consider the linear time-invariant continuous-
time system Σ: ẋ = Ax + Bu, y = Cx. Assume that this system is (C,A) detectable.
Then the following statements are equivalent:
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1. The system Σ is internally stable and its transfer matrix G(s) satisfies ||G||∞ ≤ ρ.

2. There exists a matrix Y > 0 such that:

Y A+ATY +
1

ρ2
Y BBTY + CTC ≤ 0.

3. There exists a matrix Y > 0 such that:(
Y A+ATY + CTC Y B

BTY −ρ2I

)
≤ 0.

Proof. First we prove that Statement 2 is equivalent to Statement 3. It follows from
Lemma 2.1 that Statement 3 holds if and only if the right lower corner of this matrix is
less than zero, which is indeed the case since −ρ2I < 0, and the Schur complement of this
matrix is less than or equal to zero. The Schur complement is given by:

Y A+ATY +
1

ρ2
Y BBTY + CTC ≤ 0,

which is exactly Statement 2. So Statement 2 is satisfied if and only if Statement 3 is
satisfied.
Now we will prove that Statement 2 implies Statement 1. Assume Statement 2 holds.
Let λ be an eigenvalue of A and let v 6= 0 be a corresponding eigenvector. Next, pre-
multiply the inequality in Statement 2 with v∗, the complex conjugate transpose of v,
and post-multiply with v. This results in the following inequality:

2Re(λ)v∗Y v ≤ −
∣∣∣∣∣∣∣∣1ρBTY v

∣∣∣∣∣∣∣∣2 − ||Cv||2 .
Since v∗Y v > 0 and −

∣∣∣∣∣∣1ρBTY v
∣∣∣∣∣∣2 − ||Cv||2 ≤ 0 it follows that Re(λ) ≤ 0. Suppose that

Re(λ) = 0. Then both Cv and BTY v have to be equal to zero. This is a contradiction
since we assumed that the system is (C,A) detectable so Cv 6= 0. Thus Re(λ) < 0, which
implies that σ(A) ⊂ C− and therefore Σ is internally stable. Moreover, we need to show
that the transfer matrix G(s) satisfies ||G||∞ ≤ ρ. Therefore, consider xTY x. Then we
have:

d

dt
xTY x = ẋTY x+ xTY ẋ,

= (Ax+Bu)TY x+ xTY (Ax+Bu),

= xT (ATY + Y A)x+ uTBTY x+ xTY Bu,

= − 1

ρ2
xTY BBTY x− xTCTCx+ uTBTY x+ xTY Bu,

= −
∣∣∣∣∣∣∣∣ρu− 1

ρ
BTY x

∣∣∣∣∣∣∣∣2 + ρ2 ||u||2 − ||y||2 ,

≤ ρ2 ||u||2 − ||y||2 .

Now take u ∈ L2(R+), let x(0) = 0 and integrate from zero to infinity, which yields
0 ≤ ρ2 ||u||22 − ||y||

2
2. So, we obtain that ||y||22 ≤ ρ2 ||u||22 for all u ∈ L2(R+). This implies

that indeed ||G||∞ ≤ ρ and this completes the proof. Since we will only use this direction
of the equivalence we refer to [12] for the proof of Statement 1 implying Statement 2.

For more information about the bounded real lemma we refer to [2], [3], [5] and [12].
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Chapter 3

Network observers

In control theory a state observer is a system that provides an estimate of the state of a
given system. In this chapter, we provide an introduction to the relevant theory of state
observers for linear systems to be able to determine state space equations for observers.
First, we provide state space equations for observers for the internal or absolute state of
each agent. Then, we will extend the absolute state observers to a network observer.
Second, we provide state space equations for observers for the relative state of each agent,
which is the sum of the differences of the state of an agent with the states of its neighbours.
Also the relative state observers will be extended to a network observer. Later, we will
use these observers in the synthesis of synchronizing protocols for networked multi-agent
systems.

3.1 Absolute state observers

If the state is not available for measurement, one often tries to reconstruct the state
using an observer system Ω. The observer takes the input and the output of the original
system as inputs and yields an output that is an estimate of the state of the original
system, denoted by ξ. Figure 3.1 illustrates this situation. In the case of an absolute state
observer we assume that the absolute output can be measured, i.e. y = Cx can be used
for estimation.

Figure 3.1: Representation of a state observer [2].

Let the system Σ be described by:

ẋ = Ax+Bu,

y = Cx.
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Here, the state x, the output y and the input u take their values in Rn, Rm and Rq
respectively. The matrices A, B and C are of appropriate dimensions. The observer Ω
has the following form:

ẇ = Pw +Qu+Ry,

ξ = Sw.
(3.1)

Here, w is the state variable of the observer Ω and ξ is the output of Ω which represents
the estimate of the state x. Interconnecting the observer Ω with system Σ, gives the
following dynamics:

ẋ = Ax+Bu,
ẇ = Pw +Qu+RCx,
ξ = Sw.

(3.2)

We introduce the error e as the difference between the estimate ξ and the actual state x,
i.e. e := ξ − x = Sw − x. Note that x and w can be of a different dimension. The error
dynamics is as follows:

ė = (SP + SRC −AS)w − (SRC −A)e+ (SQ−B)u. (3.3)

This leads us to the following definition:

Definition 3.1. A system Ω is called a state observer for the system Σ if for any pair of
initial values x0, w0 satisfying e(0) = 0, for arbitrary input u, it holds that e(t) = 0 for
all t > 0, see [2] and [5].

Hence, once the observer instantly produces an exact estimate for the state at a certain
time, it will produce an exact estimate for all larger times for all inputs u [2]. To obtain
a stable observer, we use the following definition:

Definition 3.2. An observer Ω is called stable if for each pair of initial values x0, w0 it
holds that e(t)→ 0 as t→∞, see [2] and [5].

From Definition 3.1 is follows that for the initial conditions x(0) = Sw(0) the error
e(t) = 0 for all t > 0 and for every input u. Thus the error dynamics (3.3) should be
independent of u and w. This implies that SQ = B and SP = AS − SRCS. This leads
to the following simplified expression for the error dynamics:

ė = (A− SRC)e.

Use Equation (3.2) to obtain the observer dynamics:

ξ̇ = Sẇ,

= SPw + SQu+ SRCx,

= (A− SRC)ξ +Bu+ SRy,

= (A−GC)ξ +Bu+Gy,

with G := SR. Now, the error dynamics is given by ė = (A−GC)e. From this it follows
that e(t) → 0 as t → ∞ if and only if A − GC is Hurwitz. Consequently, a necessary
and sufficient condition for the existence of a stable observer for the state x, is that there
exists a G such that A−GC is Hurwitz. Since G exists such that A−GC is Hurwitz if
and only if (C,A) is detectable, we obtain the following lemma:
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Lemma 3.3. There exists a stable absolute state observer for the system Σ if and only if
(C,A) is detectable, see [2] and [5].

A network observer is a system that observes the aggregate state of all p agents in a
network. The dynamics of each agent is given by the system Σ. Let x = col(x1, x2, ..., xp),
y = col(y1, y2, ..., yp) and u = col(u1, u2, ..., up) denote the aggregate state, output and
input of the individual agents, respectively. Then the dynamics of x, y and u is given by:

ẋ = (I ⊗A)x + (I ⊗B)u,
y = (I ⊗ C)x.

A network observer for the aggregate absolute state x has the form:

ẇ = (I ⊗ P )w + (I ⊗Q)u + (I ⊗R)y,

ξ = (I ⊗ S)w,
(3.4)

with w the aggregate state variable of the network observer and ξ the aggregate output
of the network observer which represents the estimate of x.
Definition 3.1 and Definition 3.2 also hold for network observers. So, using SQ = B,
SP = AS − SRCS and since (I ⊗ (A − SRC))ξ = (I ⊗ SP )w, the network observer
dynamics become:

ξ̇ = (I ⊗ S)ẇ,

= (I ⊗ SP )w + (I ⊗ SQ)u + (I ⊗ SRC)x,

= (I ⊗ (A− SRC))ξ + (I ⊗ SQ)u + (I ⊗ SR)y,

= (I ⊗ (A−GC))ξ + (I ⊗B)u + (I ⊗G)y.

To make sure that the network observer is stable we will show that the pair (I⊗C, I⊗A)
is detectable if and only if the pair (C,A) is detectable. Theorem 3.38 from [2] states that
(C,A) is detectable if and only if every (C,A)-unobservable eigenvalue is in the open left
half plane, i.e. every eigenvalue λ ∈ σ(A) with:

rank

(
A− λIn

C

)
< n,

lies in the open left half plane. Since (I ⊗A) and A have the same eigenvalues, it follows
that the pair (I ⊗ C, I ⊗A) is detectable if and only if every eigenvalue of A with:

rank

(
(I ⊗A)− λIpn

I ⊗ C

)
= rank

(
I ⊗

(
A− λIn

C

))
,

= p · rank

(
A− λIn

C

)
< pn,

lies in the open left half plane. This holds if and only if (C,A) is detectable. So a necessary
and sufficient condition for the existence of a stable network observer is that there exists
a G such that A−GC is Hurwitz and for such G, I ⊗ (A−GC) is Hurwitz.
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We will now show that the network observer is indeed stable. Let G be such that A−GC
is Hurwitz and denote the aggregate error by e := ξ − x. Then the error dynamics is
given by:

ė = ξ̇ − ẋ,

= (I ⊗ (A−GC))ξ + (I ⊗B)u + (I ⊗GC)x− (I ⊗A)x− (I ⊗B)u,

= (I ⊗ (A−GC))(ξ − x),

= (I ⊗ (A−GC))e.

Hence, it follows that e(t) → 0 as t → ∞ for all initial conditions on e if and only if
I⊗ (A−GC) is Hurwitz. Therefore, a necessary and sufficient condition for the existence
of a stable network observer for x is detectability of (C,A). This statement is captured
in the following lemma:

Lemma 3.4. There exists a stable network observer for the aggregate absolute state x of
the multi-agents system with agent dynamics Σ if and only if (C,A) is detectable, see [5]

So, the state space equation of observers for the state in (3.1) can be extended to absolute
state network observers of the form (3.4). In the next chapters of this report we restrict
ourselves to observers of this form.

3.2 Relative state observers

Sometimes the state is not available for measurement and it is not possible to measure
the absolute output of each agent. Then, one can construct a relative state observer. As
before, let the dynamics of each agent be given by:

ẋi = Axi +Bui,

yi = Cxi,

for i = 1, 2, ..., p. Here, xi denotes the state of the ith agent in the network and ui and
yi denote the input and output of the ith agent in the network, respectively. We can
construct an observer for the relative state by using the relative output. The relative state
is the sum of differences of the state of an agent with the states of its neighbors, denoted
by:

φi :=
∑
j∈Ni

(xi − xj),

and the relative output of the ith agent is denoted by:

ψi :=
∑
j∈Ni

(yi − yj) = C
∑
j∈Ni

(xi − xj) = Cφi.

Then the dynamics of the relative state φi of the ith agent is given by:

φ̇i =
∑
j∈Ni

(ẋi − ẋj),

= A
∑
j∈Ni

(xi − xj) +B
∑
j∈Ni

(ui − uj),

= Aφ+Bvi,
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where vi :=
∑

j∈Ni
(ui−uj) denotes the relative input of the ith agent. Next, we construct

the relative state observer wi:

ẇi = (A−GC)wi +Bvi +Gψi. (3.5)

The individual error for the ith agent defined by ei := wi − φi has dynamics ėi =
(A − GC)ei. As before, it follows that ei(t) → 0 as t → ∞ if and only if A − GC is
Hurwitz. Consequently, a necessary and sufficient condition for the existence of the rela-
tive state observer is again that (C,A) is detectable.
To obtain the network observer let φ := col(φ1, φ2, ..., φp) and w := col(w1, w2, ..., wp)
denote the aggregate relative state of the agents and the aggregate state of the ob-
servers, respectively. Denote the aggregate relative output and relative input by ψ :=
col(ψ1, ψ2, ..., ψp) and v := col(v1, v2, ..., vp). Then the dynamics of the network observer
w is given by:

ẇ = (I ⊗ (A−GC))w + (I ⊗B)v + (I ⊗G)ψ,

and the error e := w − φ has the following dynamics:

ė = (I ⊗ (A−GC))e.

Consequently, e(t) → 0 as t → ∞ if and only if I ⊗ (A − GC) is Hurwitz. So, we can
extend the relative state observer wi to w, which is a stable network observer for φ if
and only if there exists a G such that I ⊗ (A − GC). Again, detectability of (C,A) is a
sufficient and necessary condition for the existence of such a network observer. See also
[2] and [5].
Note that not all states φ ∈ Rpn are feasible, since φ satisfies φ = (L ⊗ In)x. However,
this poses no problem because e(t)→ 0 for all initial conditions φ0, w0, see [2] and [5].
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Chapter 4

Synchronization

The synchronization problem is the problem of finding a protocol that makes the network
synchronized. In this chapter we will use the observers provided in the previous chapter
to construct a protocol that synchronizes the network and establish conditions under
which such protocols exists. We consider multi-agent networks with p agents, where the
underlying network graph is undirected and connected. The Laplacian of the network
graph is denoted by L. The dynamics of each agent i is given by the finite-dimensional
linear time-invariant system:

ẋi = Axi +Bui,
yi = Cxi,

(4.1)

for i = 1, 2, ..., p. Thus, the dynamics of each agent is represented by one and the same
linear input-output system. This system is called the nominal system. Each state xi takes
its values in Rn, the input ui takes its values in Rm and output yi takes its values in Rq.
We assume that the pair (A,B) is stabilizable and the pair (C,A) is detectable.
The dynamics for an estimate wi of the relative state of the ith agent is given in (3.5). We
interconnect this estimate with the agent using the static feedback ui = Fwi. Substituting
vi =

∑
j∈Ni

(ui − uj) and ψ =
∑

j∈Ni
(yi − yj) in (3.5) results in the protocol:

ẇi = Awi +BF
∑

j∈Ni
(wi − wj) +G(

∑
j∈Ni

(yi − yj)− Cwi),
ui = Fwi.

(4.2)

Now, synchronization is defined as follows:

Definition 4.1. The network is synchronized by the protocol (4.2) if for all i, j = 1, 2, ..., p
we have xi(t)− xj(t)→ 0 and wi(t)− wj(t)→ 0 as t→∞, see [3] and [5].

By interconnecting the agent dynamics (4.1) with the protocol (4.2), we obtain the
closed-loop dynamics of the overall network. Denote the aggregate state vector by
x = col(x1, x2, ..., xp) and likewise, denote the aggregate output and input vector by
y = col(y1, y2, ..., yp) and u = col(u1, u2, ..., up), respectively. Then we obtain:

ẋ = (I ⊗A)x + (I ⊗B)u,
y = (I ⊗ C)x,

and:

ẇ = I ⊗ (A−GC)w + (L⊗B)u + (L⊗G)y,

u = (I ⊗ F )w.
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So the network dynamics is given by:(
ẋ
ẇ

)
=

(
I ⊗A I ⊗BF
L⊗GC I ⊗ (A−GC) + L⊗BF

)(
x
w

)
. (4.3)

Recall that the network graph is undirected and hence the Laplacian is a real symmetric
matrix. As before, there exists an orthogonal p × p matrix U that brings L to diagonal
form, see (2.1). Now, by applying the state transformation:(

x̃
w̃

)
=

(
UT ⊗ I 0

0 UT ⊗ I

)(
x
w

)
, (4.4)

to (4.3), we obtain the following network dynamics:(
˙̃x
˙̃w

)
=

(
I ⊗A I ⊗BF

Λ⊕GC I ⊗ (A−GC) + (Λ⊗BF )

)(
x̃
w̃

)
.

This brings us to the fact that synchronization of the network is equivalent to stabilization
of one system by p− 1 controllers. This is captured in the following lemma:

Lemma 4.2. Consider the network with agent dynamics (4.1). Assume the network graph
is undirected and connected. Then the protocol (4.2) synchronizes the network if and only
if for i = 2, 3, ..., p with λi ∈ σ(L), the systems:(

˙̃xi
˙̃wi

)
=

(
A BF

λiGC A−GC + λiBF

)(
x̃i
w̃i

)
,

are stable. See [3], [5] and [17].

Proof. Define (p− 1)× p matrix H as:

H :=


1 −1 0 · · · 0

0 1 −1
...

...
. . .

. . .
. . . 0

0 · · · 0 1 −1

 ,

with ker(H) = im(1p), where 1p = (1, 1, ..., 1)T ∈ Rp. As before, let U be an orthogonal
matrix such that UTLU = diag(0, λ2, ..., λp). So, the first column of U is equal to u1 =

1√
p1p, the normalized vector of ones. Let U2 be such that U = (u1 U2). Now it follows

that HU = (0 HU2), where HU2 has full column rank.
The network is synchronized, i.e. xi(t) − xj(t) → 0 and wi(t) − wj(t) → 0 for all i, j
as t → ∞, if and only if (H ⊗ I)x(t) → 0 and (H ⊗ I)w(t) → 0 as t → ∞. Since
x = (U ⊗ I)x̃ it follows that (H ⊗ I)x(t) → 0 if and only if (H ⊗ I)(U ⊗ I)x̃(t) → 0 so
(HU ⊗ I)x̃→ 0 which is equal to ((0 HU2)⊗ I)x̃(t)→ 0 as t→∞. Similar for w it holds
that w = (U ⊗ I)w̃ so the network is synchronized if and only if ((0 HU2)⊗ I)w̃(t)→ 0
as t → ∞. This is equivalent to requiring that x̃i(t) → 0 and w̃i(t) → 0 as t → ∞ for
i = 2, 3, ..., p, which implies that the systems are stable. This completes the proof. See
[3] and [5].
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Next, we apply one more transformation to the network equation. Define x̄i = x̃i and
w̄i = 1

λi
w̃. Now, we obtain that the network is synchronized if and only if for i = 2, 3, ..., p

the systems:(
˙̄xi
˙̄wi

)
=

(
A λiBF
GC A−GC + λiBF )

)(
x̄i
w̄i

)
, (4.5)

are stable. This closed-loop system can be interpreted as the feedback interconnection of
the system:

˙̄xi = Ax̄i +Būi,
ȳi = Cx̄i,

with the controller:

˙̄wi = Aw̄i +Būi +G(ȳi − Cw̄i),
ūi = λiFw̄i.

Since the set of eigenvalues of the system matrix in (4.5) is the union of the sets of
eigenvalues of A−GC and A+ λiBF , we obtain the following lemma:

Lemma 4.3. Consider the network with agent dynamics given by (4.1). Assume that
the network graph is undirected and connected. Then the protocol (4.2) synchronizes the
network if and only if the linear system:

ẋ = Ax+Bu,

y = Cx,
(4.6)

is stabilized by all p− 1 controllers:

ẇ = Aw +Bu+G(y − Cw),

u = λiFw,

for i = 2, 3, ..., p with λi ∈ σ(L). The protocol (4.2) is synchronizing if and only if A−GC
and A + λiBF (i = 2, 3, ..., p) are Hurwitz. Such G and F exist if and only if (C,A) is
detectable and (A,B) is stabilizable.

Note that we need the network graph to be undirected because then U exists such that
UTLU = Λ. The network graph needs to be connected because then λ2 > 0 and therefore
Lemma 4.2 holds for i = 2, 3, ..., p. The assumption to only consider networks with a
connected graph is quite general and weak, since it is intuitively clear that synchroniza-
tion is impossible to reach if the network graph has disconnected components, see [17].
Furthermore, if and only if (A,B) is stabilizable and (C,A) is detectable, there exist an F
and G such that A−GC and A+ λiBF are Hurwitz for i = 2, 3, ..., p and the systems in
(4.6) are stable. So, if and only if (A,B) is stabilizable and (C,A) is detectable, a protocol
(4.2) exists that synchronizes the network. For more information about synchronization
we refer to [3], [5], [11] and [14].

14



Chapter 5

Robust synchronization

The main topic of this report is robust synchronization. The idea of robust synchroniza-
tion is that the dynamics of each agent is uncertain. The dynamics of any of the agents
can be given by any system in a ‘ball’ around a nominal system, i.e. the nominal system
is perturbed. A method to represent perturbed systems is to treat the uncertainty as
an (uncertain) feedback loop around the system. In a linear setting, the uncertainty can
often be modeled as in Figure 5.1. Here the system ∆ represents the uncertainty. If the
transfer matrix of ∆ is zero, then we obtain the nominal model from u to y. Different
kinds of uncertainties that can be modeled in the sense of Figure 5.1 are additive pertur-
bations, multiplicative perturbations and coprime factor perturbations, see [2]. In this
report we will only consider multiplicative perturbations of the agent transfer matrices.
For robust synchronization of networks with additive perturbed agent dynamics we refer
to [3] and for robust synchronization of networks with coprime factor perturbed agent
dynamics we refer to [5].

Figure 5.1: Model of an uncertain system [2].

5.1 Multiplicative perturbations

A multiplicatively perturbed system can be interpreted as a feedback loop around some
linear system associated with the nominal system. Consider the system Σ:

ẋ = Ax+Bu,
y = Cx.
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Figure 5.2: Multiplicative perturbation of system Σ [2].

The transfer matrix of this system is given by G(s) = C(sI − A)−1B. A multiplicative
perturbation of G results in G 7→ G(I + ∆) or G 7→ (I + ∆)G, where ∆ ∈ RH∞.
∆ ∈ RH∞ implies that the multiplicative perturbation is stable which is necessary for
robust synchronization.
The interconnection in Figure 5.2 shows the model with the uncertainty at the input of
the system, i.e. G 7→ G(I+∆). We can also formulate multiplicative uncertainty with the
uncertainty at the output of the system. It is easy to obtain that these two descriptions
are identical in case y and u are scalar signal. However, multiplicative uncertainty at
the output of the system or at the input of the system are identical in general, see [2].
Therefore we will only formulate the case of multiplicative uncertainty at the input of the
system.
Let G∆ denote the transfer matrix with multiplicative perturbation at the input of the
system, i.e. G∆ = G(I + ∆).
We can represent G∆ as the feedback interconnection around the plant:

ẋ = Ax+Bu+Bd,

y = Cx,

z = u,

(5.1)

with the feedback loop:

d = ∆z. (5.2)

It follows that indeed the transfer matrix from u to y, obtained by interconnecting (5.1)
and (5.2), is equal to G∆(s) = C(sI −A)−1B(I + ∆(s)) = G(s)(I + ∆(s)).
Applying multiplicative perturbations to the network results in that the dynamics of each
agent is multiplicatively perturbed, i.e. agent i is perturbed by ∆i ∈ RH∞. This results
in that the aggregate dynamics of the multiplicatively perturbed network is given by:

ẋ = (I ⊗A)x + (I ⊗B)u + (I ⊗B)d.

y = (I ⊗ C)x,

z = u,

d =

∆1 0
. . .

0 ∆p

 z,

(5.3)
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with x = col(x1, x2, ..., xp) the aggregate state vector, y = col(y1, y2, ..., yp) the aggre-
gate output vector and u = col(u1, u2, ..., up) the aggregate input vector. The aggre-
gate output vector and input vector of the systems that describe the perturbations are
d = col(d1, d2, ..., dp) and z = col(z1, z2, ..., zp), respectively.

So all the agents in the network have multiplicatively perturbed nominal dynamics. The
first agent is multiplicatively perturbed by ∆1, the second agent is multiplicatively per-
turbed by ∆2, and so on. Shortly, each agent i is multiplicatively perturbed by ∆i with
∆i ∈ RH∞.

5.2 Robustly synchronizing protocols

For the purpose of robust synchronization we modify the earlier protocol (4.2) by including
a weighting factor on the Laplacian L. This results in the dynamic protocol of the form:

ẇi = Awi +BF
∑

j∈Ni

1
N (wi − wj) +G(

∑
j∈Ni

1
N (yi − yj)− Cwi),

ui = Fwi.
(5.4)

Here, N is a positive real number that, next to the gain matrices F and G, needs to be
determined. Now the problem of robust synchronization is defined as follows:

Definition 5.1. Given a desired tolerance γ > 0, the problem of robust synchronization
is to find a protocol such that for all i and for all ∆i ∈ RH∞ with ||∆i||∞ < γ, the
network (5.5) is synchronized, i.e. for all i, j = 1, 2, ..., p we have xi(t) − xj(t) → 0 and
wi(t)− wj(t)→ 0 as t→∞. The tolerance γ is called the synchronization radius of the
network. See also [3] and [5].

Interconnecting the aggregate dynamics of the network (5.3) with the dynamic protocol
(5.4) results in the closed-loop dynamics of the perturbed network. This dynamics is
given by:(

ẋ
ẇ

)
=

(
I ⊗A I ⊗BF

1
NL⊗GC I ⊗ (A−GC) + 1

NL⊗BF

)(
x
w

)
+

(
I ⊗B

0

)
d,

z =
(
0 I ⊗ F

)(x
w

)
,

d =


∆1 0 · · · 0

0 ∆2
. . .

...
...

. . .
. . . 0

0 · · · 0 ∆p

 z.

(5.5)

As before in the previous chapter, apply the state transformation (4.4), together with the
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transformations d̃ = (UT ⊗ I)d and z̃ = (UT ⊗ I)z, to obtain the transformed dynamics:(
˙̃x
˙̃w

)
=

(
I ⊗A I ⊗BF

1
NΛ⊗GC I ⊗ (A−GC) + 1

NΛ⊗BF

)(
x̃
w̃

)
+

(
I ⊗B

0

)
d̃,

z̃ =
(
0 I ⊗ F

)( x̃
w̃

)
,

d̃ = (UT ⊗ I)


∆1 0 · · · 0

0 ∆2
. . .

...
...

. . .
. . . 0

0 · · · 0 ∆p

 (U ⊗ I)z̃.

The following theorem gives necessary and sufficient conditions on the gain matrices F
and G such that the dynamic protocol (5.4) robustly synchronizes the network. This
theorem is analogous to Theorem 4.2 in [3] and Theorem 6.2 in [5].

Theorem 5.2. Consider the network with agent dynamics:

ẋi = Axi +Bui,

yi = Cxi.
(5.6)

Let γ > 0. The following statements are equivalent:

1. The dynamic protocol (5.4) synchronizes the network with multiplicatively perturbed
agents:

ẋi = Axi +Bui +Bdi,
yi = Cxi,
zi = ui,
di = ∆izi, i = 1, 2, ..., p,

for all ∆i ∈ RH∞ with ||∆i||∞ < γ.

2. The multiplicatively perturbed linear system (5.1), (5.2) is internally stabilized for
all ∆ ∈ RH∞ such that ||∆||∞ < γ by all p− 1 controllers:

ẇ = Aw +Bu+G(y − Cw),
u = 1

N λiFw,
(5.7)

with i = 2, 3, ..., p and λi ∈ σ(L).

Proof. (only if) Assume that the dynamic protocol 5.4 synchronizes the network for all
perturbations ∆i with ||∆i||∞ < γ for i = 1, 2, ..., p. Consider the system (5.1) and take
an arbitrary ∆ ∈ RH∞ with ||∆||∞ < γ. We want to show that the closed-loop systems
obtained by the interconnection of the multiplicatively perturbed linear system (5.1) with
the controllers (5.7) are internally stable for i = 2, 3, ..., p. These closed-loop systems are
given by:(

ẋ
ẇ

)
=

(
A 1

N λiBF
GC A−GC + 1

N λiBF

)(
x
w

)
+

(
B
0

)
d,

z =
(
0 1

N λiF
)(x

w

)
,

d = ∆z.

(5.8)
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In order to show this, perturb each agent i in the network with the given perturbation ∆,
i.e. ∆i = ∆ for all i in (5.6). This results in the closed-loop dynamics of the perturbed
network in (5.5):(

ẋ
ẇ

)
=

(
I ⊗A I ⊗BF

1
NL⊗GC I ⊗ (A−GC) + 1

NL⊗BF

)(
x
w

)
+

(
I ⊗B

0

)
d,

z =
(
0 I ⊗ F

)(x
w

)
,

d =
(
I ⊗∆

)
z.

Applying the same state transformation (4.4), together with the transformations d̃ =
(UT ⊗ I)d and z̃ = (UT ⊗ I)z, results in:(

˙̃x
˙̃w

)
=

(
I ⊗A I ⊗BF

1
NΛ⊗GC I ⊗ (A−GC) + 1

NΛ⊗BF

)(
x̃
w̃

)
+

(
I ⊗B

0

)
d̃,

z̃ =
(
0 I ⊗ F

)( x̃
w̃

)
,

d̃ =
(
I ⊗∆

)
z̃.

(5.9)

Since the network is synchronized, it follows that x̃i → 0 and w̃i → 0 as t → ∞ for
i = 2, 3, ..., p. This implies that for each i = 2, 3, ..., p for the system:(

˙̃xi
˙̃wi

)
=

(
A BF

1
N λiGC A−GC + 1

N λiBF

)(
x̃i
w̃i

)
+

(
B
0

)
d̃i,

z̃i = Fw̃i,

d̃i = ∆z̃i,

(5.10)

we have that x̃i → 0 and w̃i → 0 as t → ∞. Now apply the simple transformation
w̃i = 1

N λiw̄ such that:(
˙̃xi
˙̄wi

)
=

(
A 1

N λiBF
GC A−GC + 1

N λiBF

)(
x̃i
w̄i

)
+

(
B
0

)
d̃i,

z̃i =
(
0 1

N λiF
)(x̃i

w̄i

)
,

d̃i = ∆z̃i.

This is a copy of the closed-loop system (5.8), which is therefore internally stable. Thus,
the perturbed linear system (5.1) is internally stabilized for all ∆ ∈ RH∞ such that
||∆||∞ < γ by all p− 1 controllers (5.7).
(if) Next, we want to show that the dynamic protocol (5.4) synchronizes the perturbed
network for all agent perturbations ∆i with ||∆i||∞ < γ. Assume that all p−1 controllers
(5.7) internally stabilize the system (5.1) for all ∆ ∈ RH∞ with ||∆||∞ < γ. Denote:∆11 · · · ∆1p

...
. . .

...
∆p1 · · · ∆pp

 =
(
UT ⊗ I

)


∆1 0 · · · 0
0 ∆2 · · · 0
...

...
. . .

...
0 0 · · · ∆p

(U ⊗ I) .
Since U is orthogonal, the H∞-norm of the left hand side is less than γ. Now we consider
the dynamics of x̃2, x̃3, ..., x̃p and w̃2, w̃3, ..., w̃p. Note from (5.10) that w̃1 is governed
by the equation ˙̃w1 = (A − GC)w̃1, since λ1 = 0 and note that A − GC is Hurwitz.

19



Therefore, w̃1 → 0 as t → ∞. Denote x̄ = col(x̃2, x̃3, ..., x̃p), w̄ = col(w̃2, w̃3, ..., w̃p),
z̄ = col(z̃2, z̃3, ..., z̃p) and d̄ = col(d̃2, d̃3, ..., d̃p). Then it follows from (5.9) that:(

˙̄x
˙̄w

)
=

(
Ip−1 ⊗A Ip−1 ⊗BF

1
NΛ1 ⊗GC Ip−1 ⊗ (A−GC) + 1

NΛ1 ⊗BF

)(
x̄
w̄

)
+

(
Ip−1 ⊗B

0

)
d̄,

z̄ =
(
0 Ip−1 ⊗ F

)( x̄
w̄

)
,

d̄ =

∆22 · · · ∆2p
...

. . .
...

∆p2 · · · ∆pp

 z̄ +

∆21
...

∆p1

 z̃1,

with Λ1 := diag(λ2, λ3, ..., λp). In this system the transfer matrix from d̄ to z̄ is equal to
G := blockdiag(G2, G3, ..., Gp). By the small-gain theorem, for i = 2, 3, ..., p the closed-
loop systems (5.8) are internally stable and their transfer matrices Gi from d to z satisfy
||Gi||∞ ≤

1
γ . So, ||G||∞ ≤

1
γ . Together with:∣∣∣∣∣∣∣

∣∣∣∣∣∣∣
∆22 · · · ∆2p

...
. . .

...
∆p2 · · · ∆pp


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
∞

< γ,

and since z̃1 = Fw̃1 with ˙̃w1 = (A − GC)w̃1 stable, it follows that x̄ → 0 and w̄ → 0
as t → ∞. So, the dynamic protocol (5.4) synchronizes the network with multiplicative
perturbed agents for all ∆i ∈ RH∞ with ||∆i||∞ < γ. This completes the proof.

Note that since we showed that the closed-loop dynamics of the perturbed network is
internally stable, the eigenvalues of the system matrix in (5.8) are in the open left half
plane. So it is necessary that A−GC and A+ λiBF , for i = 2, 3, ..., p, are Hurwitz.

Similar results can be shown for the case that we restrict ourselves to static protocols.
To obtain a static protocol we restrict ourselves to the case where the state is available
for measurement, i.e. C = I in the network dynamics. In this case we use only state
feedback.
The expressions for the network dynamics of the network with multiplicatively perturbed
agents restricted to the static case are as follows:

ẋ = (I ⊗A)x + (I ⊗B)u + (I ⊗B)d,

y = x,

z = u,

d =

∆1 0
. . .

0 ∆p

 z.

(5.11)

In the static case we only allow a static feedback as controller. This means that we will
consider static protocols of the form:

ui =
1

N
F
∑
j∈Ni

(xi − xj). (5.12)
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Here, N is a positive number that, next to F , needs to be determined. Interconnecting
the aggregate dynamics of the network (5.11) with the static protocol (5.12) results in
the closed-loop dynamics of the perturbed network. This dynamics is given by:

ẋ = (I ⊗A+
1

N
L⊗BF )x + (I ⊗B)d,

z = (
1

N
L⊗ F )x,

d =

∆1 0
. . .

0 ∆p

 z.

Now, we will show that also in the static case, the problem of robust synchronization is
equivalent to robust stabilization of a single linear system by all controllers from a finite
set of related controllers. This theorem is analogous to Theorem 5.2. For convenience we
will provide the whole theorem and proof:

Theorem 5.3. Let γ > 0. The following statements are equivalent:

1. The static protocol (5.12) synchronizes the network with perturbed agent dynamics:

ẋi = Axi +Bui +Bdi,

zi = ui,

di = ∆izi,

for i = 1, 2, ..., p and for all ∆i ∈ RH∞ with ||∆i||∞ < γ.

2. The multiplicatively perturbed linear system:

ẋ = Ax+Bu+Bd,

z = u,

d = ∆z,

(5.13)

is internally stabilized for all ∆ ∈ RH∞ such that ||∆||∞ < γ by all p−1 controllers:

u =
1

N
λiFx, (5.14)

where i = 2, 3, ..., p and λi is the ith eigenvalue of the Laplacian matrix L of the
network graph.

Proof. (only if) We want to show that the interconnection with the controllers (5.14)
stabilizes the system (5.13) if the static protocol (5.12) robustly synchronizes the network.
Assume that the protocol (5.12) synchronizes the network for all perturbations ∆i with
||∆i||∞ < γ. Consider the system (5.13) and take an arbitrary ∆ ∈ RH∞ with ||∆||∞ < γ.
We need to show that for i = 2, 3, ..., p the closed-loop system obtained by interconnecting
(5.13) and (5.14), i.e.:

ẋ = (A+
1

N
λiBF )x+Bd,

z =
1

N
λiFx,

d = ∆z,

(5.15)
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is internally stable. In order to show this, in the network perturb each agent i with the
given perturbation ∆, i.e. ∆i = ∆ for all i. Now, the network dynamics is given by:

ẋ =
(
(I ⊗A) + ( 1

NL⊗BF )
)
x + (I ⊗B)d,

z = ( 1
NL⊗ F )x,

d = (I ⊗∆)z.

Here, x = col(x1, x2, ..., xp), z = col(z1, z2, ..., zp) and d = col(d1, d2, ..., dp). Applying the
state transformation x̃ = (UT ⊗ I)x, z̃ = (UT ⊗ I)z and d̃ = (UT ⊗ I)d where UTLU = Λ
with U orthogonal, results in:

˙̃x =
(
(I ⊗A) + ( 1

NΛ⊗BF )
)
x̃+ (I ⊗B)d̃,

z̃ = ( 1
NΛ⊗ F )x̃,

d̃ = (I ⊗∆)z̃.

(5.16)

Since the network is synchronized, it follows that x̃i → 0 as t→∞ for i = 2, 3, ..., p. This
implies that for i = 2, 3, ..., p the systems:

˙̃xi = (A+ 1
N λiBF )x̃i +Bd̃i,

z̃i = 1
N λiFx̃i,

d̃i = ∆z̃i,

(5.17)

are internally stable and x̃i → 0. This is a copy of the closed-loop system (5.15), which
is therefore internally stable.
(if) We want to show that the static protocol (5.12) synchronizes the perturbed network
for all agent perturbations ∆i with ||∆i||∞ < γ. Thus, take arbitrary perturbations ∆i

with ||∆i||∞ < γ. We need to show that for i = 2, 3, ..., p we have x̃i(t) → 0 where x̃i
satisfies (5.16). Assume that all p − 1 controllers (5.14) internally stabilize the system
(5.13) for all ∆ ∈ RH∞ with ||∆||∞ < γ. By the small-gain theorem, for i = 2, 3, ..., p the
closed-loop systems (5.15) are internally stable and their transfer matrices Gi from d to
z satisfy ||Gi||∞ < 1

γ . Denote:∆11 · · · ∆1p
...

. . .
...

∆p1 · · · ∆pp

 =
(
UT ⊗ I

)


∆1 0 · · · 0
0 ∆2 · · · 0
...

...
. . .

...
0 0 · · · ∆p

(U ⊗ I) .
Since U is orthogonal, the H∞-norm of the left hand side is less than γ. Now we consider
the dynamics of x̃2, x̃3, ..., x̃p. Note from (5.17) that z̃1 is equal to zero since λ1 = 0.
Denote x̄ = col(x̃2, x̃3, ..., x̃p), z̄ = col(z̃2, z̃3, ..., z̃p) and d̄ = col(d̃2, d̃3, ..., d̃p). Then it
follows from (5.16) that:

˙̄x =
(
(Ip−1 ⊗A) + ( 1

NΛ1 ⊗BF )
)
x̄ + (Ip−1 ⊗B)d̄,

z̄ = ( 1
NΛ1 ⊗ F )x̄,

d̄ =

∆22 · · · ∆2p
...

. . .
...

∆p2 · · · ∆pp

 x̄.
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Here, Λ1 := diag(λ2, λ3, ..., λp). In this system the transfer matrix from d̄ to z̄ is equal to
G := blockdiag(G2, G3, ..., Gp). So, ||G||∞ ≤

1
γ . Together with:∣∣∣∣∣∣∣

∣∣∣∣∣∣∣
∆22 · · · ∆2p

...
. . .

...
∆p2 · · · ∆pp


∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
∞

< γ,

it follows that the system is internally stable and x̄(t)→ 0 as t→∞. This completes the
proof.
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Chapter 6

Computation of robustly
synchronizing protocols

In this chapter we will, for given desired synchronization radius, establish conditions for
the existence of robustly synchronizing protocols that achieve this radius, and algorithms
to compute such protocols. For the dynamic protocol we need to determine N , F and G.
Since it is not straightforward to determine N , F and G we will only show the matrix
inequality which needs to be solved. For the static protocol we will determine N and F
such that the network is robustly synchronized and provide an algorithm to compute such
static protocol.
In the previous chapter we showed that, in both the dynamic as in the static case, robust
synchronization of the network with multiplicatively perturbed agent dynamics is equiv-
alent to stabilization of one multiplicatively perturbed linear system by p− 1 controllers.
From Theorem 5.2 it follows that dynamic protocol:

ẇi = Awi +BF
∑

j∈Ni

1
N (wi − wj) +G(

∑
j∈Ni

1
N (yi − yj)− Cwi),

ui = Fwi.
(6.1)

robustly synchronizes the network if and only if the agent dynamics is robustly internally
stabilized by every controller in the collection of p− 1 controllers given by:

ẇ = Aw +Bu+G(y − Cw),
u = 1

N λiFw,
(6.2)

where i = 2, 3, ..., p and λi is the ith eigenvalue of the Laplacian L of the network graph.
The dynamic protocol (6.1) is specified as soon as N , F and G are determined. To
determine N , F and G, consider the closed-loop system obtained from the interconnection
of the multiplicatively perturbed linear system (5.1) with the controllers (6.2). These
closed-loop systems are given by:(

ẋ
ẇ

)
=

(
A 1

N λiBF
GC A−GC + 1

N λiBF

)(
x
w

)
+

(
B
0

)
d,

z =
(
0 1

N λiF
)(x

w

)
,

d = ∆z,

The system matrices are given by:

Aicl =

(
A 1

N λiBF
GC A−GC + 1

N λiBF

)
, Bi

cl =

(
B
0

)
and Cicl =

(
0 1

N λiF
)
.
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Note that these system matrices depend on the ith eigenvalue of the Laplacian, i =
2, 3, ..., p. The bounded real lemma, Lemma 2.2, states that the systems with these
system matrices, Aicl, B

i
cl and Cicl, are internally stable and their transfer matrices Gi

satisfy ||Gi||∞ ≤
1
γ if and only if there exists matrices Yi > 0 such that:

YiA
i
cl +AiclTYi + γ2YiB

i
clB

i
clTYi + CiclTC

i
cl ≤ 0, (6.3)

or equivalently:

Yi

(
A 1

N λiBF
GC A−GC + 1

N λiBF

)
+

(
A 1

N λiBF
GC A−GC + 1

N λiBF

)T
Yi+

γ2Yi

(
BBT 0

0 0

)
Yi +

(
0 0
0 1

N2λ
2
iF

TF

)
≤ 0,

for i = 2, 3, ..., p. So we need to find matrices Yi, depending on i, and N , F and G, which
do not depend on i, i.e. these are the same for each i. The solution to the problem of
finding such Yi, N , F , and G is left for further research. In this report we will, instead,
restrict ourselves to explicitly determining the static protocol.

From Theorem 5.3 it follows that the static protocol:

ui =
1

N
F
∑
j∈Ni

(xi − xj), (6.4)

robustly synchronizes the network if the multiplicatively perturbed agent dynamics is
robustly internally stabilized by all p− 1 controllers:

u =
1

N
λiFx, (6.5)

where i = 2, 3, ..., p and λi is the ith eigenvalue of the Laplacian matrix L of the network
graph. Assume that the pair (A,B) is stabilizable. We consider the following algebraic
Riccati equation:

PεA+ATPε − PεBBTPε + ε2I = 0, (6.6)

with ε > 0 arbitrary. Note that it also holds that:

PεA+ATPε − PεBBTPε < −ε2I < 0.

It is well-known that, since the pair (A,B) is stabilizable, there exists a unique positive
semi-definite solution Pε to the algebraic Riccati equation (6.6) such that A−BBTPε is
Hurwitz. Moreover, we have that Pε is a positive definite solution. To show that Pε is
positive definite, assume that Pεx = 0. Now, pre-multiply and post-multiply the algebraic
Riccati equation (6.6) with x∗ and x, respectively. Then the following holds:

x∗ATPεx+ x∗PεAx− x∗PεBBTPεx+ x∗ε2Ix = ε2 ||x||2 = 0.

Thus x = 0. So Pεx = 0 implies that x = 0. Now it follows that indeed Pε is invertible.
Therefore, Pε is a real symmetric positive definite matrix. We call Pε the unique stabiliz-
ing solution of the algebraic Riccati equation (6.6). For more information about Riccati
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equations we refer to [1] and [15].

The static protocol (6.4) is completely determined as soon as N and F are determined.
The following theorem explicitly states how to choose N and F , and solves the robust
synchronization problem:

Theorem 6.1. Consider the network with p agents, where the perturbed dynamics of the
ith agent is given by:

ẋi = Axi +Bui +Bdi,

zi = ui,

di = ∆iz.

Choose N any real number such that 0 < N ≤ λ2 with λ2 the smallest positive eigenvalue
of L. Let γ < 1 and define:

F := − 1

1− γ2
BTPε,

and:

Y :=
λi
N

1

1− γ2
Pε,

with Pε the unique stabilizing solution of the algebraic Riccati equation:

PεA+ATPε − PεBBTPε + ε2I = 0, (6.7)

for ε > 0 and λi ∈ σ(L). Then static protocol (5.12), with N and F as above, robustly
synchronizes the network for all perturbations ∆i ∈ RH∞ with ||∆i||∞ < γ.

Proof. By Theorem 5.2, it suffices to prove that the p−1 controllers (5.14) with N and F
chosen as above, all internally stabilize the system (5.13) and yield ||Gi||H∞

≤ 1
γ , where

Gi is the transfer matrix from d to z with i = 2, 3, ..., p, in the closed-loop systems (5.15).
By the bounded real lemma, Lemma 2.2, it follows that if there exist matrices Yi > 0
such that:

(A+
λi
N
BF )TYi + Yi(A+

λi
N
BF ) + γ2YiBB

TYi +
λ2
i

N2
F TF ≤ 0, (6.8)

then the controller u = λi
N Fx internally stabilizes the system and yields ||Gi||∞ ≤

1
γ ,

provided that the pair (λiN F,A + λi
NBF ) is detectable. We will show that this is indeed

the case if we take F := − 1
1−γ2B

TPε and Yi := λi
N

1
1−γ2Pε, with Pε > 0 the unique
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stabilizing solution of the algebraic Riccati equation (6.7), in this equation to obtain:

(A+
λi
N
BF )TYi + Yi(A+

λi
N
BF ) + γ2YiBB

TYi +
λ2
i

N2
F TF

= (A− λi
N

1

1− γ2
BBTPε)

T λi
N

1

1− γ2
Pε +

λi
N

1

1− γ2
Pε(A−

λi
N

1

1− γ2
BBTPε)

+ γ2 λ
2
i

N2

1

(1− γ2)2
PεBB

TPε +
λ2
i

N2

1

(1− γ2)2
PεBB

TPε

=
λi
N

1

1− γ2
ATPε +

λi
N

1

1− γ2
PεA− 2

λ2
i

N2

1

(1− γ2)2
PεBB

TPε

+ γ2 λ
2
i

N2

1

(1− γ2)2
PεBB

TPε +
λ2
i

N2

1

(1− γ2)2
PεBB

TPε

=
λi
N

1

1− γ2
(ATPε + PεA) + (γ2 − 1)

λ2
i

N2

1

(1− γ2)2
PεBB

TPε

<
λi
N

1

1− γ2
PεBB

TPε + (γ2 − 1)
λ2
i

N2

1

(1− γ2)2
PεBB

TPε

=
λi
N

1

1− γ2
(1− (1− γ2)

λi
N

1

1− γ2
)PεBB

TPε,

=
λi
N

1

1− γ2
(1− λi

N
)PεBB

TPε ≤ 0.

Since γ < 1 it follows that 1
1−γ2 > 0 and since 0 < N ≤ λ2 it follows that λi

N > 1 for all
i = 1, 2, ..., p. Indeed, the inequality holds. We apply Theorem 5.2 and obtain that the
static protocol (5.12) robustly synchronizes the network. This completes the proof.

Note that A + λi
NBF needs to be Hurwitz for Yi to exist. To show that this is in-

deed the case, let µ be an eigenvalue of A + λi
NBF with corresponding eigenvector v, so

(A + λi
NBF )v = µv. Next, pre-multiply inequality (6.8) with v∗, the complex conjugate

transpose of v, and post-multiply with v. This results in the following inequality:

2Re(µ)v∗Yiv ≤ −
∣∣∣∣γBTYiv

∣∣∣∣2 − ∣∣∣∣∣∣∣∣λiN Fv

∣∣∣∣∣∣∣∣2 .
Since v∗Yiv > 0 and −

∣∣∣∣γBTYiv
∣∣∣∣2 − ∣∣∣∣∣∣λiN Fv∣∣∣∣∣∣2 ≤ 0 it follows that Re(µ) ≤ 0. Suppose

that Re(µ) = 0. Then both γBTYiv and λi
N Fv have to be equal to zero. Now, substitute

Yi = λi
N

1
1−γ2Pε in γBTYiv = 0. This implies that λi

N
γ

1−γ2B
TPεv = 0, which can only hold

if Pεv = 0. Since Pε is positive definite it follows that Pεv can only be zero if v = 0. This
is a contradiction since v is an eigenvector and therefore v is never zero. Thus Re(µ) < 0
which implies that A+ λi

NBF is Hurwitz.
So, by solving one Riccati equation depending on ε > 0 we find a positive definite matrix
Pε such that, if we take Yi := λi

N
1

1−γ2Pε and F := − 1
1−γ2B

TP , it follows that the inequality

(6.8) is satisfied. Since this inequality indeed holds for the system matrices of the closed-
loop system obtained by interconnecting the multiplicatively perturbed linear system:

ẋ = Ax+Bu+Bd,

z = u,

d = ∆z,
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with the p − 1 controllers (6.5), the bounded real lemma, Lemma 2.2, tells us that the
system is internally stabilized and its transfer matrix satisfies ||G||∞ ≤

1
γ . So the mul-

tiplicatively perturbed linear system is internally stabilized for all ∆ ∈ RH∞ such that
||∆||∞ < γ, by all p − 1 controller (6.5). Since this is the case, it follows from Theorem
5.3 that the static protocol (6.4) robustly synchronizes the network with multiplicatively
perturbed agent dynamics for i = 1, 2, ..., p and for all ∆ ∈ RH∞ with ||∆||∞ < γ.
Summing up the steps in the proof, we have a conceptual algorithm for constructing a
robustly synchronizing static protocol. Given a network with multiplicatively perturbed
agents, we can compute a static protocol that robustly synchronizes the network under
state feedback as follows:

1. Choose N such that 0 < N ≤ λ2, with λ2 the smallest positive eigenvalue of the
Laplacian.

2. Choose ε > 0.

3. Compute the unique stabilizing real symmetric solution Pε of the algebraic Riccati
equation (6.7).

4. Choose a value for the synchronization radius γ such that γ < 1.

5. Compute F = − 1
1−γ2B

TP .

Using these steps, we obtain that a static protocol:

ui =
1

N
F
∑
j∈Ni

(xi − xj),

robustly synchronizes the network and achieves the synchronization radius γ.
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Chapter 7

Conclusions

The present study has discussed the problem of robust synchronization of multi-agent net-
works. We have introduced network observers and have provided state space equations
for network observers for the absolute and relative state of the agents. We have found
that a necessary and sufficient condition for the existence of such observers is detectabil-
ity of the agent dynamics. The network observers were then used in the construction
of synchronizing and robust synchronizing protocols. We have considered a multi-agent
network with identical nominal agent dynamics and have assumed that the network graph
is undirected and connected. We have shown that the observer based dynamic protocol
achieve synchronization of the network if and only if a single linear system is stabilized
by all controllers from a finite set of related controllers. To obtain robust synchroniz-
ing protocols we have allowed multiplicative perturbations of the transfer matrices of the
nominal dynamics. The perturbations are assumed to be stable and bounded in H∞-norm
by some a priori given tolerance. Furthermore, we have assumed that the agent dynamics
are stabilizable and detectable. Similar to synchronization, we have shown that robust
synchronization of the network is achieved if and only if a single multiplicatively per-
turbed linear system is stabilized by all controllers from a finite set of related controllers.
The dynamic protocol contains weighting factors, depends on the eigenvalues of the graph
Laplacian and depends on gain matrices F and G, which we were not able to determine
and has been left for further research. The static protocol is expressed in terms of the
positive definite solution to one algebraic Riccati equation, depending on ε greater than
zero, and contains weighting factors depending on the smallest eigenvalue of the Lapla-
cian. For each γ < 1 there exists a static protocol that achieves a synchronization radius
γ.
This report solves the problem of robust synchronization of networked multi-agent sys-
tems with multiplicative perturbations using static protocols. However, it should also be
possible to obtain a dynamic protocol that achieves robust synchronization of the net-
work. A dynamic protocol would provide a generalization of the results in this report.
For further research, the results in this report could be extended by considering a directed
network graph or by applying nonlinear perturbations to the network.
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