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1
I N T R O D U C T I O N

Machine learning is a scientific discipline that concerns the study of
systems that learn from data. Learning in this context is hard to de-
fine precisely, but in general we might say that a machine learns from
experience whenever it adapts its system in such a manner that its ex-
pected future performance improves. Part of the reason for this coarse
definition is that machine learning borrows techniques from many
different fields. While most machine learning tasks are phrased as
pure optimization problems [36], such techniques can be expressed in
terms of statistical inference [39] and have biological interpretations
[1].

A first question that needs to be answered: why should machines
have to learn? Why not design machines that execute a task as de-
sired in the first place? The reason is that for some tasks we do not
have enough explicit knowledge about the problem to write a com-
puter program to solve the task at hand. For example, consider the
recognition of handwritten characters, that is, converting an image
of handwritten text to ASCII text. Handwritten text depends on the
person’s handwriting style which may even change with the mood of
the writer. Humans can, however, easily recognize such handwritten
characters, but are not able to explain how they do it. This means
that we dot not know the exact details of the process that generated
the handwritten characters, and therefore we can not derive a set of
simple rules to perform the recognition task.

In machine learning we typically take the following approach to
solve the recognition task. We collect a large number of examples
that specify the correct ASCII character for a given input image of a
handwritten character. For each input image we then extract numeri-
cal features that are helpful to discriminate between the characters e.g.
the ratio of the height of the character to its width. Finally, a learn-
ing algorithm generates a function that maps features of handwritten
characters to the ASCII symbols. Learning algorithms differ in the
employed model-class, that is the family of functions it can generate,
and how it measures the discrepancy between the actual output of the
model and the target output. Learning in these algorithms is defined
as an optimization problem over the parameters of the model-class
such that we minimize the discrepancy between the actual output of
model and the target output on the collected data.

Last example of character recognition is an instance of supervised
learning, in which we work with labeled data i.e. pairs of desired
output for a given input. We speak of a classification problem when
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2 introduction

the desired output is a class label, while in regression the desired
output can take any real value. The other two broad categories of
machine learning are unsupervised and reinforcement learning. Un-
supervised learning algorithms do not need any form of external su-
pervision and aim at discovering good internal representations of the
data. Reinforcement learning concerns the finding of actions to max-
imize some notion of reward. For an extensive overview of all topics
addressed in machine learning we refer to Alpaydin [1], Duda et al.
[15].

In this thesis we focus on a recently proposed classification algo-
rithm called Generalized Matrix Learning Vector Quantization (GM-
LVQ) [31]. The model-class of GMLVQ is parameterized by a set of
prototypes, which are typical representatives of the classes, and a
quadratic pseudo-metric. Classification is performed by a so called
nearest prototype classification scheme i.e. a new input pattern is
assigned to the class of the nearest prototype with respect to the
learned quadratic pseudo-metric. Learning aims at error minimiza-
tion and margin maximization at the same time and is formulated as
an optimization problem over two qualitatively different groups: pro-
totype and metric variables. The interplay between prototypes and
the quadratic pseudo-metric turns out to be a challenging optimiz-
ing problem with interesting properties which will be highlighted
throughout this thesis.

1.1 scope

The purpose of this thesis is two-fold.
The first part concerns the understanding of the dynamics of GM-

LVQ. We aim to discover the characteristics of the outcome of the
training procedure by thoroughly analysing the cost function and its
constraints. We hereby address the following questions:

• What is the effect of the different terms in the cost function?

• Does the algorithm have any tendencies to learn a particular set
of prototypes or quadratic metric?

• Is the constraint in the optimization problem really necessary?

In this light, we also investigate the first-order optimality conditions
for the corresponding optimization problem. We especially focus whether
the obtained solution is unique. In case it is not, we aim to present
a unifying treatment of the ambiguities, and present additional con-
straints in order to obtain an interpretable solution.

The second part compares the performance of several optimization
methods that work out of the box i.e. solvers that do not require a user
to carefully tune any hyper parameters. This decision is motivated by
the fact that the popularity of a machine learning algorithms is greatly
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influenced by its ease of use for a standard user. For instance, the
support vector machine (SVM) has gained popularity over the years
due to its convex optimization problem, for which efficient and easy-
to-use packages exist [13]. In this thesis we compare the performance
of a recently proposed method that automatically adapts the learning
rates for a stochastic gradient descent method, and a (limited) BFGS
algorithm as a popular and robust example of a second-order batch
method. In this study we aim to address the following questions:

• There is an ongoing debate whether second-order batch or stochas-
tic gradient descent methods are most appropriate to optimize
machine learning problems. What is the best choice in the con-
text of GMLVQ?

• How does the adaptive learning rates for SGD perform in com-
parison with manually tuned learning rates?

1.2 organization

The remaining chapters of this thesis are organised as follows.
Chapter 2 provides background on Generalized Matrix Learning

Vector Quantization (GMLVQ). We give a brief overview of the devel-
opment of Learning Vector Quantization (LVQ) that eventually led to
the proposal of GMLVQ. We formally introduce prototypes and the
quadratic distance measure, and phrase the training procedure as an
optimization problem.

Chapter 3 investigates the stationarity conditions of the optimiza-
tion problem, that is, we work out the mathematical form of optimal
prototypes and the optimal transformation matrix. The main finding
is that prototypes can be formulated as a linear combination of the
data points, and that the transformation matrix has a tendency to be-
come low-rank. The results have implications for the uniqueness of
the classifier i.e. several configurations of the prototypes and transfor-
mation matrix exist that result in a similar classifier. We thoroughly
explain and illustrate these ambiguities, and propose additional con-
straints to obtain a unique and interpretable solution. Finally, we ar-
gue that all constraints can be removed from the optimization prob-
lem, since it is possible to project after training onto the feasible set.

Chapter 4 compares the performance of stochastic gradient descent,
adaptive learning rates for stochastic gradient descent and (limited)
BFGS on the learning problem of GMLVQ. We demonstrate that (lim-
ited) BFGS outperforms the stochastic optimization methods in terms
of generalization performance and computational cost. Furthermore,
BFGS should be preferred in low-dimensional datasets, while l-BFGS
is the best choice for high-dimensional datasets. The adaptive learn-
ing rates for stochastic gradient descent turns out to be fairly conser-



4 introduction

vative, and only the individual learning rate variant, called vSGD-l,
is close in performance to plain SGD.



2
G E N E R A L I Z E D M AT R I X L E A R N I N G V E C T O R
Q U A N T I Z AT I O N

2.1 introduction

Learning Vector Quantization (LVQ) is a popular family of super-
vised classification algorithms introduced by Kohonen in 1986 [21].
The approach has attracted much attention over the last twenty-five
years because it is easy to implement, has a natural extension to
multi-class problems and the resulting classifier is interpretable. A
LVQ classifier is parametrized by a set of prototypes which serve as
typical representative of the classes. The prototypes are determined
in a training process from labelled example data and can be inter-
preted in a straightforward way since they reflect the characteris-
tics of a class-specific cluster of data points. This is in contrast with
many other ‘black-box’classification algorithms, e.g. Support Vector
Machines (SVM) and feed-forward Neural Networks, that lack a di-
rect interpretation of their parameters. Fig. 1 shows an example of a
LVQ classifier with five interpretable prototypes that all represent a
class-specific cluster of data points.

Classification is performed by an intuitive nearest prototype clas-
sification scheme i.e. an unseen input object is assigned to the class
of the nearest prototype. This classification scheme is closely related
to the widely used k-Nearest Neighbour (k-NN) classifier [15], which
assigns a new input object to the majority class among its k closest
data points. One serious drawback of k-NN is that it requires to store
and iterate over all training examples in order to classify an object.
For large datasets this might become intractable in terms of memory
usage and computation time. LVQ algorithms overcome these prob-
lems by using the training data to learn a set of prototypical examples
that represent class-specific clusters of data points. This reduces the
computational cost and memory usage to scale linearly in the number
of prototypes instead of the number of data points. A LVQ classifier
is faster than k-NN because the set of prototypes, which is specified
by the user, is typically small and should depend on the the unknown
number of class-specific clusters rather than the size of the dataset.

The originally proposed LVQ, called LVQ1 [21], learns the set of
prototypes from the training data by means of heuristic Hebbian up-
date rules. A randomly chosen training example is presented to the
system and the closest prototype is pushed towards the considered
example if it has the correct class, and is pushed away if the classes
do not match. The magnitude of these prototype adjustments are con-
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Figure 1: An example of a two-dimensional dataset with three classes. Data
points belonging to class 1, class 2 and class 3 are marked by green
‘◦’, red ‘+’ or blue ‘�’ respectively. In this setting we have five pro-
totypes, marked by ‘F’ in the color of their class, which represent
a class-specific cluster. The prototypes in combination with a dis-
tance measure(here the Euclidean distance) determine the decision
boundaries which are rendered by black lines.

trolled by a learning rate, which should be carefully chosen to ensure
convergence of the prototypes. Kohonen soon proposed an alterna-
tive update rule, called LVQ2.1 [22], that aims at better approximation
of the Bayesian decision boundary in order to obtain faster conver-
gence. In each training step two prototypes are updated: the closest
correct prototype is moved towards the considered training example
whilst the closest wrong prototype is pushed even further away. This
update is, however, only performed when the considered example is
in the vicinity of the decision boundary. Such a restriction is neces-
sary to prevent divergent behavior i.e. prototypes that are pushed far
away from the data.

LVQ variants that are motivated by heuristics limits the theoretical
analysis of their dynamics and generalization behavior. Several LVQ
variants were proposed that are derived from an explicit cost func-
tion [33, 28, 34]. Sato and Yamada introduced a prominent example
that is formulated as a stochastic gradient descent procedure over a
cost function which is now known as Generalized Learning Vector
Quantization (GLVQ) Sato and Yamada [28]. By a stability analysis
they show that, in contrast to LVQ2.1, their proposed cost function
does not display divergent behavior. [14] derived worst case gener-
alization bounds for prototype based classifiers using the framework
of statistical learning theory. These bounds are in general rather loose
since they hold for every possible data distribution, but they reveal
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(a) Two-class example dataset
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(b) GLVQ
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(c) GRLVQ
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(d) GMLVQ

Figure 2: In a) we show an example of a two-class dataset in which feature
1 and 2 are correlated. We pick a data point from the north-west
corner of class 2. Considering this example as center we show in b-
d) the equidistant-lines based on an instantiation of the employed
distance metric in GLVQ, GRLVQ and GMLVQ, respectively.

the important factors that influence the generalization performance.
Interestingly, the bound scales inversely with the so-called hypothesis
margin i.e. the distance the prototypes can travel without changing
the classification of the data points. In [14] it is pointed out that the
learning objective of several LVQ variants is exactly maximization of
this margin, and thus good generalization behavior can be expected.
Moreover, the derived generalization bound does not depend on the
input dimension which does not only imply good generalization per-
formance for high dimensional datasets, but also opens up the pos-
sibility to meaningfully apply kernel techniques [20, 40]. Lastly, it is
shown that the bound deteriorates when the number of prototypes
increases which suggest that GLVQ is not only a faster classifier than
its counterpart 1-NN, but also more accurate.

The performance of GLVQ crucially depend on the appropriateness
of the Euclidean metric for the classification task at hand. For instance,
this already fails for data sets in which features are unequally scaled
or correlated. Although it is possible to choose any differentiable sim-
ilarity measure for GLVQ to enhance performance, this will require
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prior knowledge of the data set which is often not available. Hammer
and Villmann were the first to propose an adaptive metric in the con-
text of GLVQ. Their approach, called Generalized Relevance Learn-
ing Vector Quantization (GLRVQ), employs an adaptive weighted Eu-
clidean metric which allows for scaling of the dimensions. This the-
sis focus on a further extension, Generalized Matrix Learning Vector
Quantization (GMLVQ) [31], that employs a quadratic metric with a
full adaptive matrix that can account for pairwise correlation between
features. In Fig. 2 we show an intuitive example why GMLVQ might
improve the performance of the classifier over GLVQ and GRLVQ.
Consider the two-class labelled dataset shown in Fig. 2a in which
the features are obviously correlated, and we have one prototype per
class positioned at their class-conditional mean. We would like to clas-
sify a training example from the north-west corner of the cluster of
class 2. Recall that an example is assigned to the class of the closest
prototype which highly depends on the employed metric. In Fig. 2b
we visualize the non-adaptive Euclidean metric of GLVQ by its equi-
distance lines which are concentric circles. Obviously, this example
is wrongly classified. For GRLVQ, the employed metric can adapt to
the dataset, but its equi-distance lines are restricted to axis-aligned
ellipsoids. We show a possible instantiation of the equi-distance lines
in 2c, but conclude that we are still not able to adapt the metric such
that this example is correctly classified. In GMLVQ, the adaptive met-
ric is extended such that we can construct rotated ellipsoidal equi-
distance lines. The instantiation of equi-distance lines illustrated in
Fig. 2d coincides with the shape of the class-specific clusters, and the
considered data point is now correctly classified.

A final and important note is that the resulting classifiers of GR-
LVQ and GMLVQ are still interpretable since the relevance profiles
correspond to the relative importance of the features for the classifica-
tion task. Hammer et al. [19, 31] showed that the attractive worst-case
generalization bounds of GLVQ can be transferred to the variants of
GLVQ that incorporate metric learning.

2.2 formalization

This section provides the preliminaries for the formal treatment of
training and classification in GMLVQ. Especially, we make mathe-
matically precise what we mean by training data, prototypes and a
quadratic distance measure.

2.2.1 Data

In a standard machine learning scenario, we study a set of input ob-
jects, which are represented by numerical feature vectors, that need
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to be discriminated into C classes. Formally, we consider a training
set of size P consisting of N-dimensional vectors

χ =
{
~xµ ∈ RN

}P
µ=1

with labels Sµ = S(~xµ) ∈ {1, . . . C}. (1)

2.2.2 Prototypes

GMLVQ represent the classification problem in terms of prototype
vectors which are located in the same N-dimensional input space as
the data. Prototypes are labelled with a class and approximate clus-
ters of data points belonging to the same class. At least one prototype
per class needs to be specified, leading to the following definition

W =
{
~wj ∈ RN

}L
j=1

with labels σj = σ(~wj) ∈ {1, . . . C} (2)

where L > C. The number of prototypes is a hyper parameter of the
model and needs to be carefully specified by means of a validation
procedure to expect good performance. Too few prototypes may not
represent the data structure sufficiently, while too many prototypes
may cause over fitting which leads to poor generalization of the clas-
sifier.

2.2.3 Distance measure

GMLVQ is further parameterized by a general quadratic distance
measure of the form

dΛ(~x, ~w) = (~x− ~w)TΛ(~x− ~w) (3)

where Λ ∈ SN+ is a positive semi definite matrix. Note that this mea-
sure is not necessarily a valid metric, but a so-called pseudo-metric,
since a positive semi-definite Λ implies that d(~x,~y) = 0 is possible for
~x 6= ~y. As mentioned in the introduction, it is very instructive to think
of the capacity of this pseudo-metric by realizing that it can construct
any ellipsoidal equi-distance lines.

We can avoid a complicated optimization constraint in the training
phase by noting that any positive semi-definite matrix can be written
as

Λ = ΩTΩ with Ω ∈ RM×N. (4)

This decomposition of Λ into its square root Ω is not uniquely de-
termined as explained in section 3.2.2.2. Substituting this observation
into Eq. 3 leads to a pseudo-metric that correspond to the squared Eu-
clidean distance after a linear transformationΩ of the original feature
space:

dΩ(~x, ~w) = (~x− ~w)TΩTΩ(~x− ~w) = [Ω(~x− ~w)]2. (5)
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Note that this representation also gives us the possibility to learn
a low-dimensional transformation i.e. a rectangular Ω matrix with
M < N [12].

2.2.4 Cost function preliminaries

In order to formulate the GMLVQ cost function we present here the
preliminaries. The sets

W
µ
+ = {~w | ~w ∈W and σ(~w) = S(~xµ)}, (6)

W
µ
− = {~w | ~w ∈W and σ(~w) 6= S(~xµ)} (7)

contain the prototypes that have the same or different class as the
example ~xµ, respectively. We use the following indicator functions

Ψ+(~xµ, ~w) =

{
+1 if ~w = arg min~wi∈Wµ

+
dΩ(~xµ, ~wi)

0 else

Ψ−(~xµ, ~w) =

{
+1 if ~w = arg min~wi∈Wµ

−
dΩ(~xµ, ~wi)

0 else (8)

to identify the closest correct and closest wrong prototype, respec-
tively. We use the abbreviations Ψµ+j and Ψµ−j to denote Ψ±(~xµ, ~wj),
respectively. The indicator functions are used to determine the dis-
tance to the closest correct and closest wrong prototype

d
µ
+ =

∑
j

Ψ
µ+
j dΩ(~xµ, ~wj), (9)

d
µ
− =

∑
j

Ψ
µ−
j dΩ(~xµ, ~wj), (10)

respectively. In the definition of the cost function we will use the
abbreviations dµ+ and dµ− to increase readability.

2.3 training

This section derives a training procedure for GMLVQ. We present the
GMLVQ cost function, and show that an extra constraint on the norm
of the matrix Ω is necessary. We formulate training as minimization
of the empirical cost function, and present a projected Stochastic Gra-
dient Descent method as optimization algorithm.

2.3.1 Cost function

Training in GMLVQ is guided by the following cost function

f(W,Ω) =
∑
µ

ϕ(eµ) with eµ =
d
µ
+ − dµ−
d
µ
+ + dµ−

(11)
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where dµ+ and dµ− refer to the distance of the closest correct and clos-
est wrong prototype, respectively. The numerator of eµ is related to
the so-called hypothesis margin, and minimization of this term posi-
tively influences the generalization performance [19]. The denomina-
tor was introduced by Sato and Yamada [28] and has several effects.
First, it restricts eµ to the interval [−1, 1] and therefore bounds the
cost function from below1. Second, as argued in [28], it implicitly in-
creases the force to the closest correct prototype, and therefore makes
the prototypes more representatives of the data. Third, it provides
invariance to the scale of distances i.e. we can multiply all distances
by a scalar c without affecting eµ as shown in 14. In section 3.1.1 we
argue that this latter property is the main reason for GMLVQ to select
low-rank transformation matrices.

Obviously, the term is negative for a correctly classified example,
since dµ+ must be smaller than dµ−. Hence, minimizing the cost func-
tion aims at minimization of the classification error and maximiza-
tion of margins at the same time. A handle to balance the trade-off
between the two terms is provided by the monotonically increasing
scaling function ϕ. A popular choice is a logistic function of the form

ϕ(z) =
1

1+ exp(−γz)
(12)

Here, γ controls the steepness of the sigmoid and the larger γ the
more we approximate the 0−1 loss function that directly corresponds
to the classification error. On the other hand, for small γ or if we
choose the identity function ϕ(z) = z as scaling function, we prefer
large margins over classification performance.

2.3.2 Matrix constraint

The adaptive measure is a valid pseudo-metric if and only if Λ is
positive semi-definite. Therefore, in order to optimize directly over
Λ we should add a constraint to the optimization problem to ensure
that Λ � 0 is positive semi-definite. We can avoid such a complicated
optimization constraint by optimizing over Ω based on the decompo-
sition in Eq. 35, since ΩTΩ is guaranteed to be positive semi-definite.
Nevertheless, an extra constraint on the norm of Ω is needed to ob-
tain a unique Ω. We show in the following that Ω can be multiplied
with a scalar c 6= 0 without changing the cost function value. Let
Ω ′ = cΩ, then the new distance measure reads as

dΩ
′
(~x, ~w) = (~x− ~w)>(cΩ)>(cΩ)(~x− ~w)

= [cΩ(~x− ~w)]2

= c2dΩ(~x, ~w). (13)

1 It prevents that one prototype is pushed towards∞ such that its hypothesis margin
is −∞.
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Note that the closest correct and closest wrong prototype are not af-
fected since each distance is multiplied with the same constant c2. By
plugging the new distance measure into the cost function of Eq. 11,
we see that c2 cancels out:

f(W,Ω ′) =
P∑
µ=1

ϕ

[
c2d

µ
+ − c2dµ−

c2d
µ
+ + c2dµ−

]
=

P∑
µ=1

ϕ

[
d
µ
+ − dµ−
d
µ
− + dµ−

]
= f(W,Ω).

(14)

This implies that the cost function is invariant to the norm of Ω, and
thus extra restrictions on Ω should be considered to obtain a unique
solution.

Schneider et al. proposed to fix the sum of the diagonal values of
Tr(Λ) =

∑
iΛii = 1, which also coincides with the sum of eigenval-

ues. More importantly, it follows that we restrict the Frobenius norm
of Ω, since ||Ω||F = Tr(ΩTΩ) = Tr(Λ) = 1. This constraint singles out
a unique norm, and thus solves the problem that the cost function is
invariant to the Frobenius norm of Ω.

2.3.3 Optimization problem

We are now at the point that we can formulate training as the follow-
ing optimization problem

minimize
W,Ω

f(W,Ω)

subject to h(Ω) =||Ω||F − 1 = 0
. (15)

Here, the objective function is non-convex, but the constraint function
is convex. It is very instructive to remark that the set of points that
satisfy the constraint, the so-called feasible set, is a unit sphere. This
follows when we rewrite the constraint function in element-wise form
||Ω||F =

∑
ijΩ

2
ij = 1. Fig. 3 shows a 3D visualization of the constraint.

The blue line correspond to similar Ω solutions of different frobenius
norm. For the optimal Ω, the optimization landscape looks like a
valley along the blue line. This latter fact will be important to derive
the stationarity conditions for the transformation matrix in section
3.1.1. As a final note we mention that above optimization problem is
a non-convex problem, and thus the best we can hope for is a solver
that converges to a local minimum.

2.3.4 Projected Stochastic Gradient Descent

Traditionally, LVQ variants are optimized by Stochastic Gradient De-
scent (SGD). Schneider et al. follows this tradition, and proposed a
projected SGD method to solve the optimization problem of Eq. 87.
SGD iteratively updates the parameters in the direction of the neg-
ative gradient with respect to a single randomized training example.
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Figure 3: A 3D visualization of the constraint on the norm of Ω. The red
spot marks an arbitrary Ω that lies on the unit sphere. Every other
point that is on the line between the red spot and the origin corre-
sponds to the same cost function value (except at the origin itself).
The point where the blue line hits the other side of the sphere
corresponds to another square root of Λ.

After each update step, the parameters are projected onto the feasible
set.

We thoroughly discuss the stochastic gradient descent method for
GMLVQ in section 4.1.1, and summarize the training procedure in
Algorithm 1. Note that we do not include the projection step since it
turns out to be possible2) to optimize without constraints (and then
project in one step to the feasible set after training). In contrast, the
projected SGD method of Schneider et al. includes a normalization
of the Ω elements Ωij =

Ωij√∑
klΩ

2
kl

after each stochastic gradient step.

Convergence proofs can be derived for such projected SGD method
under mild assumptions [5, 8, 9], although the rate of convergence is
worse than plain SGD3.

2 See section 3.3 for more details.
3 The standard convergence proof for stochastic gradient descent, in which expected

cost function value decreases at each step, could be easily extended to our con-
strained optimization problem since the projection step does not affect the cost func-
tion value. It is not immediately clear whether this also implies that the rate of
convergence is similar to ordinary SGD.
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2.4 classification

Classification is performed by a nearest prototype scheme. A data
point ~ξ is assigned to the class of the closest prototype with respect
to the pseudo-metric dΛ. We can formulate this by

~ξ← σ(wi) with wi = arg min
~wj∈W

dΛ(~ξ, ~wj) (16)

where ties can be broken arbitrarily. The set of prototypes W and
the pseudo-metric dΛ partition the input space. For each prototype
wi we have a so-called receptive field Ri that defines the region in
feature space for which wi is the closest prototype:

Ri = {x ∈ RN | dΛ(x,wi) < dΛ(x,wj), ∀j 6= i}. (17)



3
S TAT I O N A R I T Y A N D U N I Q U E N E S S

This chapter investigates the stationarity conditions of the prototypes
and the transformation matrix. For LVQ1, the stationarity conditions
of the relevance matrix are already worked out in [3]. The authors
show that for gradient based optimization, the relevance matrix has
a tendency to become low rank. The results can, however, not be di-
rectly transferred to GMLVQ. Therefore, we rely on another approach:
we phrase GMLVQ as an optimization problem and then investigate
the first-order necessary conditions for optimality. One major advan-
tage is that the results are not restricted to gradient based solvers,
but are generally applicable to any type of solver, as long as it con-
verges to an optimal solution. Moreover, we do not only investigate
the stationarity conditions of the relevance matrix, but also of the
prototypes.

We present the stationarity conditions in section 3.1. Key findings
are that prototypes can be formulated as a linear combination of the
data points, and that the transformation matrix has a tendency to be-
come low rank. The results imply that the optimal prototypes and
transformation matrix have many degrees of freedom, and that ad-
ditional constraints must be formulated to obtain a unique and in-
terpretable solution. We discuss and illustrate these ambiguities in
section 3.2. Finally, section 3.3 incorporates the constraints in a new
optimization problem, and proves that one constraint is automatically
satisfied by gradient based optimization if the prototypes and trans-
formation matrix are initialized in a particular way.

3.1 stationarity conditions

The formulation of GMLVQ as an optimization problem allows to in-
vestigate the first-order necessary conditions for optimality. For con-
strained optimization problems these conditions are known as the
KKT-conditions[10, 26]. The optimality conditions require that the
cost function and its constraints are continuously differentiable. It
is shown in the appendix of [18] that the cost function of GMLVQ
fulfils this requirement, and one can easily see that the constraint is
differentiable everywhere1.

1 A quadratic function is differentiable, and a sum of differentiable function is differ-
entiable.

15
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3.1.1 Stationarity of the matrix

We first investigate the optimality conditions for the transformation
matrix. The optimization problem of GMLVQ, as defined in Eq. 87,
has an equality constraint, and the KKT conditions therefore require
that the gradient of the cost function is parallel to the gradient of the
constraint:

∂f(W,Ω)

∂Ω
= λ

∂h(Ω)

∂Ω
, (18)

where λ is a Lagrange multiplier. The full gradient of the cost function
with respect to Ω is given by

∂f(W,Ω)

∂Ω
= ΩΓ with Γ =

P∑
µ=1

∑
j

χ
µ
j

(
~xµ − ~wj

) (
~xµ − ~wj

)>
.

(19)

The pseudo-covariance matrix Γ collects covariances from the data
points ~xµ to the prototypes ~wj. The exact contribution depends on the
complex weighting factor χµj which is only non-zero for the closest
correct and closest incorrect prototype. The contribution is negative
for the closest incorrect prototype, and thus Γ is not necessarily posi-
tive semi-definite. We refer the reader to Appendix A.1.1 for an exact
derivation of the gradient and its weighting factors. The gradient of
the constraint is derived in Appendix A.1.2 and reads as

∂h(Ω)

∂Ω
= 2Ω. (20)

We plug the gradients terms into Eq. 18 and obtain the following
stationarity condition for the transformation matrix

ΩΓ = λ 2Ω or equivalently ΓΩ> = λ 2Ω>. (21)

By writing Ω> into column-wise form [~ω1, . . . , ~ωN], we immediately
recognize an eigenvalue problem

Γ ~ωi = 2λ~ωi. (22)

for each column ωi. This implies that each column of Ω> is a vector
in the eigenspace of Γ which corresponds to one particular eigenvalue
2λ. Now, let us first consider the non-degenerate case where Γ has
unique, ordered eigenvalues

γ1 < γ2 < · · · < γN with orthonormal2 eigenvectors ~g1, ~g2, . . . , ~gN.

(23)

It already follows from the stationarity condition in Eq. 21 that the
relevance matrix Λ has rank one, no matter which eigenvector of Γ is

2 due to the fact that Γ is real and symmetric
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in the rows of Ω. In the following we claim, however, that the only
stable eigenvector of Γ corresponds to i) eigenvalue zero and ii) the
smallest eigenvalue.

Let us first argue that the corresponding eigenvalue must be zero.
In section 2.3.2 we have shown that the cost function value does not
change when we multiply Ω by a scalar c 6= 0. This suggests that
removing the constraint from the optimization problem will not im-
prove the solution i.e. cost function value. In Fig. 3 we illustrate the
constraint function on the transformation matrix, and show a blue
line that represents similar Ω solutions of different norm. Now, it is
easily seen that the constraint selects a point along a valley, which
implies that its gradient must be zero for an optimal solution. As a
consequence the right hand side of Eq. 21 should also be zero, and
therefore the Lagrange multiplier λ = 0 forΩ 6= 0. This latter fact is in
accordance with the interpretation of Lagrange multipliers. Namely,
a zero Lagrange multiplier means that the constraint can be relaxed
without affecting the cost function [26].

The other eigenvectors of Γ with corresponding non-zero eigenval-
ues are also stationary points of the lagrangian function. They are,
however, not local minima of the cost function because the gradient
is not zero for those solutions. Formally, we can prove this by showing
that the bordered Hessian is not positive definite for these stationary
points [26]. We omit the proof, however, and rely on the intuitive ar-
gument from above.

By now, it should be clear that the only stable eigenvector of Γ has
eigenvalue zero. In the following we also claim that this stable eigen-
vector corresponds to the smallest eigenvalue. The first argument is
given in the treatment of [3]. The power iteration method allows for
a simple stability analysis that shows that the only stable stationary
point is the eigenvector of Γ that corresponds to the smallest eigen-
value3. This is not obviously shown in our approach, and therefore
we rely on an intuitive argument by decomposing Γ into

Γ = Γ+ − Γ− (24)

with Γ+ =

 P∑
µ=1

4ϕ ′(eµ)dµ−
(dµ+ + dµ−)

2
(~xµ − ~w+)(~xµ − ~w+)>


Γ− =

 P∑
µ=1

4ϕ ′(eµ)dµ+
(dµ+ + dµ−)

2
(~xµ − ~w−)(~xµ − ~w−)>

 .

3 The approach can, strictly speaking, not be transferred to GMLVQ. The pseudo-
covariance matrix Γ is not stationary: changing Ω will always change Γ . Hence, we
can not apply a power iteration method.
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Here, Γ+ and Γ− are positive semi-definite matrices4 that collect the
covariances from all data points to the closest correct and closest in-
correct prototypes, respectively. Of course, we would like to pick the
eigenvector of Γ+ with the smallest eigenvalue such that the distance
to the closest correct prototype is as small as possible. On the other
hand, we would like to pick the largest eigenvalue of Γ− in order to
have large distances to the closest incorrect prototypes. However, the
minus sign in front of Γ− changes the sign of the eigenvalues which
implies that we are again aiming for the eigenvector with the smallest
eigenvalue. Although there is no clear relationship between the eigen-
vectors of Γ± and the eigenvectors of Γ , we should not be surprised
that the best cost function value is obtained if we also pick the eigen-
vector of Γ with the smallest eigenvalue. In short, we have shown that
the stable stationary eigenvector of Γ has eigenvalue zero which must
be the smallest eigenvalue. Hence, Γ is positive semi-definite.

We have shown that the rows of the transformation matrix Ω con-
tain the eigenvector ~g1 of Γ which corresponds to the eigenvalue 0. If
we take into account the norm constraint ||Ω||F = 1, we find a partic-
ularly simple solution

Ω =


a1~g

>
1

a2~g
>
1

...

aN~g
>
1

 with
N∑
i

a2i = 1. (25)

Note that this transformation matrixΩ is not unique because we have
freedom in choosing the a-factors. It corresponds to the fact that a
square rootΩ of Λ is not uniquely determined as explained in section
3.2.2.2. The resulting Λ will nevertheless be unique

Λ = Ω>Ω =

N∑
i

a2i~g1~g
>
1 = ~g1~g

>
1 . (26)

Hence, the stationaryΛ has rank one, and its column space is spanned
by ~g1. Note that ~g1 is also the only eigenvector of Λ with a non-zero
eigenvalue of one.

In above considerations we assumed a eigenvector ~g1 that corre-
spond to a unique zero eigenvalue. In case of degenerate eigenvalues

γ1 = γ2 = · · · = γn = 0 < · · · < γN, (27)

the rows of Ω can be arbitrary linear combinations of the vectors
~g1, ~g2, . . . , ~gn. Then, the rank of Λ is 1 6 rank(Λ) 6 n. Note that it is

4 The scalar 4ϕ
′(eµ)dµ−

(dµ++dµ−)2
> 0 because the distances dµ± > 0 and ϕ ′(eµ) > 0 because ϕ

is monotonically increasing. The matrix (~xµ− ~w+)(~xµ− ~w+)> is positive definite by
definition.
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Figure 4: An example of the stationary Λ for a two dimensional dataset
with two classes. The distance is measured along a single direc-
tion which is rendered as a blue line.

still possible to obtain a full rank relevance matrix if and only if we
have N degenerate zero eigenvalues.

We conclude from the derived stationarity conditions that the opti-
mal relevanceΛmatrix is completely determined by pseudo-covariance
Γ . Note, however, that the stationary pseudo-covariance Γ in turn de-
pends on the outcome stationary relevance matrix. Hence, Γ and Λ
are highly interconnected and it is not possible to predict pseudo co-
variance (or relevance matrix) from the data set alone. The dynamics
of GMLVQ are thus not immediately clear from the presented analy-
sis.

In the following argument we show, however, that GMLVQ has a
tendency to select a low-dimensional Λ. Imagine we add an extra
feature to the existing data set that consist of white Gaussian noise
with variance σ2. For all classes we draw from the same distribution,
and therefore we can not expect discriminative power between the
classes in this dimension. If we consider one prototype per class, then
the value of the extra dimension is zero (= mean of the noise) for all
prototypes. Therefore, we expect that the Euclidean distance between
a data point and a prototype grows by σ2. This include the distances
between a data point and the correct closest and closest incorrect
prototype, hence the cost function reads as

ϕ

(
(dµ+ + σ2) − (dµ− + σ2)

(dµ+ + σ2) + (dµ− + σ2)

)
= ϕ

(
d
µ
+ − dµ−

d
µ
+ + dµ− + 2σ2

)
, (28)

where dµ± are the distances to the closest correct and closest incor-
rect prototype in the dataset without the extra dimension. We notice
that σ2 cancels in the numerator, but not in the denominator. For a
correctly classified example (negative d

µ
+−dµ−
d
µ
++dµ−

) the cost function value
thus deteriorates. This simple example demonstrates that the GMLVQ
cost function penalizes a dimension in which there is no discrimina-
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Figure 5: A three-dimensional data set that is embedded in a two-
dimensional subspace as illustrated by a grey plane. The orthog-
onal direction to this plane is the null space of the data. The op-
timality conditions require that an optimal prototype lies on this
grey plane.

tive power. We can generalize this example to a linear combination
of dimensions in which there is no discriminative power. The main
message is that it is beneficial for the GMLVQ cost function to cut off
these non-discriminative directions, and therefore we expect a low-
rank Λ, in general. Note that this extra dimension argument does not
have a negative impact on an LVQ2.1 related cost function in which
the denominator is left out. Therefore, we expect that incorporating
quadratic metric learning in LVQ2.1 would, in general, not result in a
low rank relevance matrix.

We conclude this section with an illustrative example of the sta-
tionary relevance matrix Λ for a simple two class dataset with highly
correlated features as shown in Fig. 4. The stationary Λ has rank one
and the distance is only measured along a single vector ~g1. The direc-
tion of this line is the only non-zero eigenvector of relevance matrix
Λ and at the same time the eigenvector of pseudo-covariance Γ with
eigenvalue zero.

3.1.2 Stationarity of the prototypes

This section presents the stationarity condition of the prototypes. We
derive the first-order necessary conditions for optimality of the pro-
totypes based on the optimization problem defined in Eq. 87. In con-
trast to the transformation matrix Ω, there are no constraints placed
on the prototypes. Therefore the optimality conditions require only
that the gradient of the cost function with respect to a single proto-
type ~wk is zero. A detailed derivation of the gradient of the proto-
types can be found in Appendix A.1.1, as well as a derivation of the
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complex weighting factors χµj that depend on the role of the proto-
type. Here, we work out the gradient term to

∂f(W,Ω)

∂~wk
=

P∑
µ=1

χ
µ
k Λ

(
~xµ − ~wk

)
= 0 (29)

=Λ

P∑
µ=1

χ
µ
k

(
~xµ − ~wk

)
= 0 (30)

=Λ

 P∑
µ=1

χ
µ
k~x
µ −

 P∑
µ=1

χ
µ
k

 ~wk

 = 0, (31)

where the last equation can be rewritten to the stationarity condition:

Λ
(
~wkLC − ~wk

)
= 0 with ~wkLC =

∑P
µ=1 χ

µ
k~x
µ∑P

µ=1 χ
µ
k

. (32)

Now, it immediately follows that this equation is satisfied if ~wk =

~wkLC. Here, ~wkLC is a prototype that is formulated as a linear combi-
nation of the data points, and thus it is in the span of the data. We
give a concrete example of this result by considering the 3-D data set
shown in Fig. 5. The 3 dimensional data, is equivalent to the 2-D data
set shown in Fig. 4, but it is embedded in a two-dimensional sub-
space, as illustrated by a grey plane. Now, the prototype ~wkLC must
lie on the plane. In the next section we show that ~wkLC is not the only
stationary solution because the relevance matrix Λ has low rank. The
singular Λ also implies that stationary prototypes are not necessarily
in the span of the data if there is overlap between null space of the
relevance matrix Λ and the null space of the data.

3.2 uniqueness

This section summarizes the four ambiguities that arise in GMLVQ.
We show in section 3.2.1 that contributions of the null space of Λ can
be added to the prototypes. Section 3.2.2 presents the three types am-
biguities of the transformation matrix: the norm of the transformation
matrix Ω, the squareroot Ω of Λ, and underdetermined linear trans-
formation Ω. For all ambiguities we present a projection to a unique
and interpretable solution.

3.2.1 Uniqueness of the prototypes

In section 3.1.1 we have shown that the stationary relevance matrix Λ
has low rank. In this section we show that a singular relevance matrix
Λ implies that the prototypes are not unique. Let us first recall Eq. 32
where we presented the stationarity condition of a prototype ~wk. In
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(a) Prototypes can be moved in the direction
of the black line
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(b) The null space of Λ is projected out of the
prototypes

Figure 6: Illustrative example of the ambiguity of the prototypes. The single
relevance vector is rendered as a blue line in a) and b). In a) we
show that the prototypes can be moved in the direction of the null
space of Λ which is rendered as a black line. In b) we show how to
obtain a unique set of prototypes by projecting out the null space
of Λ.

the previous section we have worked out the straightforward solution
~wk = ~wkLC. Here, we show that it also possible to have stationary
prototypes if ~wk 6= ~wkLC. In that case, the difference vector z = ~wkLC−

~wk has to satisfy Λz = 0. In other words, only contributions from the
null space5 of Λ can be added to the prototypes

~wk = ~wkLC + z with z ∈ N(Λ). (33)

Note that this null space contributions leave the distances dΛ(~x, ~w)
unchanged for every data point ~x, hence the resulting classifier is
identical to the one obtained for ~wk = ~wkLC. We illustrate the impli-
cations of this finding in Fig. 6a. The one-dimensional null space of
Λ is rendered as a black line, and is orthogonal to the blue line that
represents the column space of Λ. Now, the prototypes can be moved
in the direction of the black line without changing the classifier.

The ambiguity of the prototypes suggest that we have to be care-
ful with the interpretation of the prototypes as class representatives.
Obviously, the prototypes are not representatives of the classes in the
original feature space. In Fig. 6a the prototypes could be moved very
far from the data along the black line, while the classifier would still
be optimal. Hence, we have to keep in mind that the prototypes are
only representative in the space that is obtained after a linear trans-
formation Ω of the original feature space. However, we have shown
that this space is often low-dimensional, and one way to ensure that

5 Note that the null space of the relevance matrix is equal to the null space of transfor-
mation matrix, that is, N(Λ) = N(Ω).
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the prototypes live in this very same space6 is by removing null space
contributions of Λ. We obtain a unique prototype

~̂wk = Λ+(Λ~wk) where Λ+ is the pseudo-inverse, (34)

that is in the column space of relevance matrix7 ~̂wk ∈ C(Λ). The
column space projection results in a prototype that has smallest l2

norm among all optimal prototypes. Note that this is not the only
way to obtain a set of unique prototypes. For instance, we could also
restrict to a prototype ~wkLC that is a particular linear combination of
the data points.

We conclude this section with an illustration of prototypes that are
projected in the column space of Λ. In Fig. 6b we demonstrate that
unique prototypes are obtained by projection of an arbitrary optimal
prototype on the blue line.

3.2.2 Uniqueness of the transformation matrix

In this section we show that even more ambiguities play a role in the
transformation matrix Ω.

3.2.2.1 Norm of the transformation matrix

In the original GMLVQ paper [31] the authors propose to fix ||Ω||F = 1

in order to prevent degenerate Ω matrices i.e. a Ω matrix that ap-
proaches the zero matrix or escapes to infinity. We point out, how-
ever, that the cost function does not have a tendency to approach
the degenerate solutions, in general. We also include the norm con-
straint ||Ω||F = 1 in the optimization problem, but to single out a
unique norm Ω since we have shown in section 2.3.2 that it does not
influence the cost function. In other words, we could leave out the
constraint and then project (after optimization) to a unique norm Ω

solution by dividing all elements of Ω by
√
||Ω||F. In Fig. 3 this relates

to a projection of an Ω solution on the unit sphere.

3.2.2.2 Square root Ω of Λ

In the distance measure, we have used the fact that any positive semi-
definite matrix can be written as

Λ = ΩTΩ with Ω ∈ RN×N. (35)

This decomposition of Λ into its square root Ω is not uniquely deter-
mined. We can multiply Ω by an arbitrary orthogonal (less formally,

6 apart from rotations and reflections of the low-dimensional space itself
7 Column space of the relevance matrix is equal to the row space of the transformation

matrix, C(Λ) = C(Ω>)
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(a) Arbritary square root Ω
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(b) Unique square root Ω̂

Figure 7: The blue line illustrates the only non-zero eigenvector of Λ. In a)
we show an arbitrary transformation Ω of the data and the proto-
types. Remark that such a transformation is rotated with respect
to the blue line. In b) we show a unique transformation Ω̂ that
realizes a projection of the data points and prototypes on the blue
line.

a rotation/reflection) matrix R, so that R>R = I, without changing Λ.
This immediately follows when we let Ω ′ = RΩ, since

Ω ′TΩ ′ = (RΩ)T (RΩ)

= ΩTRTRΩ

= ΩTΩ. (36)

To link this technical observation to the GMLVQ classifier, recall that
the quadratic pseudo-metric dΩ measures the squared Euclidean dis-
tance in a linear transformation Ω of the original feature space. We
can, however, always rotate the coordinate system (or permute coordi-
nate axes) in this transformed space without changing the distances.
This is exactly what multiplication by an orthogonal matrix R in Eq.
36 realizes. Hence, the coordinates of the linear mapping are deter-
mined by Λ, but there is some freedom in choosing the coordinate
system.

It is, however, possible to obtain a unique square root Ω̂ if we agree
on the coordinate system (set of basis vectors) we use. Because Λ is
positive semi-definite, it is possible to do an eigendecomposition

Λ = VDV>, (37)

where the columns of V contain the orthonormal eigenvectors of Λ
, and the diagonal entries of D contain the eigenvalues in ascending
order. Now, we define a unique transformation matrix

Ω̂ = VD0.5V>, (38)



3.2 uniqueness 25

that is the only square root that is positive semi-definite i.e. Ω̂ � 0.
Note that we fix the coordinate system of the transformed space by
taking the eigenvectors of Λ as a orthogonal basis. Of course, other
coordinate systems are possible. For instance we could choose VD0.5

such that we arrive at the standard coordinate system (with unit vec-
tors as basis). Note that this choice requires, in contrast to Ω̂, to fix
the sign of the eigenvectors in order to have a unique transformation
matrix. Therefore, we feel that Ω̂ is a more natural solution, and il-
lustrate an example transformation in Fig. 7. The transformation Ω̂
realizes a projection of the data on the blue line, while an arbitrary
transformation Ω often realizes a rotation of the data and prototypes
with respect to this blue line.

3.2.2.3 Underdetermined linear transformation Ω

The distance measure implicitly realizes a linear mapping Ω of the
data X and the prototypesW, as pointed out in Eq. 3. In the following
we assume, without loss of generality, that prototypes are in the span
of the data, and we thus consider a linear mapping of the data points:

Ω~xµ = ~yµ, for all µ = 1,dots,P. (39)

or in matrix form

ΩX = Y, (40)

where X = [~x1, . . . ,~xP] and Y ∈ RN×P denote the data and trans-
formed data matrix, respectively. Such a mapping is uniquely deter-
mined if and only if the rank of the data matrix X is N. This require-
ment is, in general, not satisfied because rank(X) < N in the following
cases. If i) the number of features simply exceeds the number of data
points or ii) the features in the data set are highly correlated such that
the data set is embedded in a low-dimensional subspace (e.g. see Fig.
5). For such data sets it is possible to add contributions z from the left
null space of data, i.e. zX = 0, to the rows ωi of Ω without changing
the linear transformation. Hence, many equivalent linear transforma-
tions exist, and the degree of freedom is given by the dimension of
null space of X. Note that, in contrast to the previous section, the
equivalent linear transformations result in a different relevance ma-
trix Λ.

Strickert et al. [38] demonstrate that it is also misleading to directly
interpret the relevance matrix Λ in the setting of an under determined
linear mapping. The interpretability can only be guaranteed if we
remove null space contributions from the transformation matrix Ω.
The authors propose an explicit regularization scheme, while we use
the well-known Moore-Penrose pseudo inverse to obtain a unique
linear transformation

Ω̃ = (ΩX)X+ with X+ the pseudo-inverse. (41)
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The regularization enforces the rows ω̃i of Ω̃ in the span of the data,
that is, ω̃i ∈ C(X). Note that Ω̃ also corresponds to a least Frobenius
norm solution of the under determined linear mapping.

Finally, we remark that the regularization might improve the gen-
eralization performance of the classifier. Consider Fig. 5 where we
have a data set that is embedded in a low-dimensional space, and
furthermore assume that we have a learned a linear mapping for this
particular data set. Imagine that the classifier encounters a new data
point that does not lie on the grey plane. Then, the unique transfor-
mation matrix Ω̃ maps this data point and the projection of this data
point on the grey plane to exactly the same point in the transformed
space. In other words, differences along the null space of the original
data set are not taken into account. All other transformations map
the two points to (very) different points in the transformed space,
while there is no statistical justification from the training set for these
differences.

3.3 new optimization problem

In section 3.2 we have explained what type of ambiguities can arise
in the GMLVQ classifier, and we also presented projections to obtain
a unique set of prototypes and a unique transformation matrix. Here,
we incorporate these constraints directly in the optimization problem:

minimize
W,Ω

f(W,Ω) =

P∑
µ=1

ϕ

[
d
µ
+ − dµ−
d
µ
− + dµ−

]
subject to ||Ω||F = 1

Ω � 0
~wk ∈ C(Λ) ∀k
ωi ∈ C(X) ∀i

. (42)

The first constraint ||Ω||F = 1 requires the transformation matrix to
lie on the unit sphere as explained in section 2.3.2. The second con-
straint singles out the only square root of the relevance matrix that is
positive semi-definite. Note that the set of positive semi-definite ma-
trices is convex [10]. The third constraint restrict a prototype ~wk to
the column space of Λ and the fourth constraint limits the rows ωj to
the span of the data. Both sets are affine subspaces and thus convex.
Since an intersection of convex sets is convex, the feasible set of above
optimization problem is convex.

It is possible to optimize such problem by a (stochastic) projected
gradient descent method, in which each gradient step is followed
by a projection of the parameters on the feasible set. Although con-
vergence can be guaranteed for such procedure [9], the rate of con-
vergence is often slow because the projection step deteriorates the
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cost function value. Here, the projections do not affect the cost func-
tion value, and thus we expect similar convergence speed as plain
(stochastic) gradient descent. It also opens up the possibility to opti-
mize Eq. 42 without its four constraints, and then project the solution
after training to the feasible set. We thereby avoid the computation-
ally expensive projection steps at each iteration, which is especially
attractive for stochastic gradient descent or other optimization meth-
ods that perform a large number of steps. In section 3.3.1 we show
that we can actually eliminate the fourth constraint if clever initialize
the transformation matrix and the prototypes.

Finally, we remark that the order of the four projections matters.
We should first remove null space contributions of the data from Ω

(the fourth constraint) since it changes Λ, while the other projections
could be realized independent of each other.

3.3.1 Elimination of fourth constraint

In the following we prove that gradient update steps do not pickup
irrelevant feature directions, and thus gradient-based optimization
with specific initialization will satisfy the fourth constraint. That is to
say, such approach automatically selects the least norm solution of the
under determined linear mapping, and also ensures that prototypes
are in the span of the data.

We prove the claim by induction on the gradient update steps. As
basis step we initialize the transformation matrixΩ such that its rows
do not contain contributions from the null space of the data, that
is, ωi ∈ C(X). We could for instance initialize the transformation
matrix as the covariance matrix of the data, or as a random matrix
and subsequently remove null space contribution of the data by Ω̃ =

(ΩX)X+. Moreover, the prototypes need to be initialized within the
span of the data, ~wk ∈ C(X). It is rather mild assumption that is for
instance satisfied if prototypes are initialized as the class conditional
means.

As induction step we have to show that the gradient update keep
prototypes and the rows of the transformation matrix in the span of
the data. We first consider the prototype ~wkt , at the current iteration,
that is in the span of the data C(X). Recall that the next prototype
~wkt+1 is defined by the the following stochastic gradient update step:

~wkt+1 = ~wkt − ηχ
µ
k Ω
>Ω

(
~xµ − ~wkt

)
, (43)

with learning rate η and weighting factor χµk . We first show that
Ω>Ω

(
~xµ − ~wkt

)
∈ C(X). Let ~u = Ω

(
~xµ − ~wkt

)
, then it follows by

definition of matrix multiplication that Ω>~u ∈ C(Ω>). The column
space ofΩ> is equal to the row space ofΩ, and thusΩ>Ω

(
~xµ − ~wkt

)
can be written as a linear combinations of the rows of Ω. Since the
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rows ωi ∈ C(X), we have Ω>Ω
(
~xµ − ~wk

)
∈ C(X). By definition of

a linear subspace, multiplication of an element of the subspace by a
scalar is in the linear subspace, and addition of two elements of the
subspace is also in the subspace. Therefore, we remain in the span of
the data if we multiply by scalars η and χµk , and add prototype ~wkt ,
which was by assumption in C(X).

Secondly, we consider the transformation matrixΩt and prove that
the rows of Ωt+1 are also in C(X). To this end, recall the gradient
update for the transformation matrix:

Ωt+1 = Ωt − ηΩt
∑
j

χ
µ
j

(
~xµ − ~wjt

) (
~xµ − ~wjt

)>
(44)

Let us first examine a single prototype contribution ηΩt χ
µ
j

(
~xµ − ~wjt

)(
~xµ − ~wjt

)>
.

We define the difference vector ~z = ~xµ − ~wjt, which is in C(X) because
~wt ∈ C(X). Furthermore, we ignore the scalar multiplication and thus
we obtain Ωt~z~z>. The rows of this matrix can be written as a linear
combination of ~z>:

Ωt~z~z
> =


(Ωt~z)1~z

>
...

(Ωt~z)N~z>

 (45)

Since ~z is in the span of the data, it follows that the rows of Ωt~z~z> ∈
C(X). The rows of single prototype contribution ηχµj Ωt~z~z

> ∈ C(X)
remains in the span of the data if we multiply by scalars η and χµj , or
add rows of Ωt, which were by assumption in the span of the data.
The total gradient term is a sum of the single prototype contributions,
which are all the span of the data, and thus remains in the span of
the data by definition of a linear subspace.

Note that it is straightforward to extend the proof to full gradient
terms, since it accumulates single-example contributions.



4
C O M PA R I S O N O F O P T I M I Z AT I O N M E T H O D S

In previous chapters we have phrased the training procedure of GM-
LVQ as an optimization problem, and investigated the properties of
its solution. However, we did no pay attention how to find the opti-
mal prototypes and transformation matrix. Many optimization meth-
ods can be used (see e.g. Nocedal and Wright [26], Boyd and Van-
denberghe [10] for an overview), and the goal of this chapter is to
compare the performance of several algorithms on the optimization
problem of GMLVQ.

It is very important to remark that the objective in machine learning
is different from a standard optimization setting. Although we formu-
late the learning procedure as a minimization problem of the loss on
training data, we really care about the loss on test data i.e. the gen-
eralization performance. Therefore, one should realize that state-of-
the-art optimizers are not necessarily the best learning algorithms[7].
Bottou and Bousquet [6] provide an asymptotic analysis of batch and
stochastic optimization methods in a large-scale machine learning set-
ting, that is, the learning problem is constrained by computing time
rather than the number of data points. They show that i) stochastic al-
gorithms outperform batch algorithms despite being worse optimiz-
ers and ii) that introducing second-order information in stochastic
gradient descent only wins us a constant factor (the condition num-
ber)1. Therefore, the best learning algorithms are between first- and
second-order stochastic gradient descent, depending on the condition
number2 and the cost of taking curvature information into account.
As a consequence, several methods were proposed that incorporate
second-order information in stochastic gradient descent[4, 32, 23].

We emphasize that these theoretical results only hold in a large-
scale setting; For small-scale learning problems is often beneficial to
use sophisticated batch methods[24, 2]. Moreover, the second-order
batch methods can be effectively parallelized on GPUs, and there-
fore remain competitive in large scale learning problems[25]. In short,
the debate whether to use sophisticated batch optimization or simple
stochastic gradient descent is ongoing, and depends on the learning
problem at hand.

In section 3.3 of the previous chapter we have argued that it is
possible to optimize the GMLVQ problem without constraints, and
then project the solution after training to the feasible set. In this chap-
ter we pursue this strategy and thus consider the learning problem

1 In contrast, introducing second-order information in batch methods results in expo-
nential gain

2 The ratio of the largest to the smallest eigenvalue of the Hessian matrix.

29
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as an unconstrained optimization problem. We present an compar-
ative study of the performance of the following optimization meth-
ods on artificially generated GMLVQ problems. First, we evaluate a
plain stochastic gradient descent (SGD) method. It is often preferred
in the context of LVQ because it is simple to implement, fast and
close in spirit to Kohonen’s heuristic update rules. However, in order
to obtain good performance, it is crucial to carefully tune the learn-
ing rates. This might be hard for inexperienced users, and thus plain
SGD is not really appropriate for an off-the-shelf GMLVQ toolbox3.
Second, we investigate adaptive learning rates for SGD as proposed
by Schaul et al. [30], and which recently attracted much attention
in the deep learning community. The approach is completely hyper-
parameter free and estimates the learning rates by means of curvature
estimation and the variance of the gradient. Third, we evaluate a (lim-
ited memory) BFGS method, which is regarded as one of the most
successful quasi-Newton method. It was already suggested by [37] to
use a BFGS method to optimize the GMLVQ cost function4, but the
authors never systematically compared the performance with stochas-
tic gradient descent.

4.1 optimization methods

In the following subsections we review the used optimization meth-
ods.

4.1.1 Stochastic Gradient Descent

We start with applying stochastic gradient descent (SGD) to the op-
timization problem of GMLVQ. SGD iteratively updates the parame-
ters in the direction of the negative gradient with respect to a single
randomized training example. We therefore start by presenting the
gradient terms of GMLVQ cost function as explicitly derived in Ap-
pendix A.1.

We obtain the gradient term with respect to a particular prototype
~wk of a single example contribution

∂ϕ(eµ)

∂~wk
= χ

µ
k Λ

(
~xµ − ~wk

)
(46)

where χµk is a scalar that depend on the actual role of the prototype:

closest correct prototype If ~wk is the closest correct proto-
type to the example ~xµ, than the term χ

µ
k = −4ϕ ′(eµ) d

µ
−

(dµ++dµ−)2

is negative. Hence a step in the direction of the negative gradi-
ent will push the prototype towards the considered example.

3 Nevertheless, we could include a grid search to find the optimal hyper-parameters.
4 The authors provides a toolbox that is available at

http://mloss.org/software/view/323/
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closest wrong prototype If ~wk is the closest wrong prototype
to the example ~xµ, than the term χ

µ
k = 4ϕ ′(eµ) d

µ
+

(dµ++dµ−)2
is pos-

itive and a step in the direction of the negative gradient will
push the prototype away from the considered example.

otherwise If ~wk is neither the closest correct nor the closest wrong,
the term χ

µ
k = 0 and the prototype will not be updated.

Analogously, we obtain the derivative of eµ with respect to the
matrix Ω:

∂eµ

∂Ω
= Ω

∑
j

χ
µ
j

(
~xµ − ~wj

) (
~xµ − ~wj

)>
(47)

where the weighting factors χµj are defined above.
In short, the Stochastic Gradient Descent update for a prototype

reads as

~wk = ~wk − ηW χ
µ
k Λ

(
~xµ − ~wk

)
, (48)

and the updates for the matrix as

Ω = Ω− ηΩΩ
∑
j

χ
µ
j

(
~xµ − ~wj

) (
~xµ − ~wj

)>
(49)

where ηW and ηΩ are the learning rates for the prototypes and ma-
trix, respectively. We summarize the SGD procedure for GMLVQ in
Algorithm 1.

Convergence proofs can be derived for a SGD method under mild
assumptions [5, 8], with a convergence rate of O(1t ) at best for strongly
convex functions 5. The most important condition is that the learning
rates must be square-summable, but not summable

∞∑
t

η2t <∞,
∞∑
t

ηt =∞. (50)

The following frequently used learning rate schedule satisfies this
condition

η(t) =
ηstart

1+ t∆η
(51)

where t denotes the current epoch, ηstart the initial learning rate and
∆η the decaying factor. Furthermore, notice that we have introduced
separate learning rates for the prototype and transformation matrix
variables. This suggest that the curvature (second derivative) of both
groups of variables are significantly different for most data sets.

5 For non-strongly convex function convergence rate is O( 1√
t
)
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Algorithm 1 SGD procedure for GMLVQ

Require: Learning rates ηW , ηΩ
Require: nrEpochs

for i = 1→ nrEpochs do
for µ = 1→ P do

Determine closest correct and closest wrong prototype
~w+ = arg min~wi∈Wµ

+
dΩ(~xµ, ~wi)

~w− = arg min~wi∈Wµ
+
dΩ(~xµ, ~wi)

Update prototypes
~w+ = ~w+ + ηW 4ϕ ′(eµ) d

µ
−

(dµ++dµ−)2
Λ
(
~xµ − ~wk

)
~w− = ~w− − ηW 4ϕ ′(eµ) d

µ
+

(dµ++dµ−)2
Λ
(
~xµ − ~wk

)
Update matrix
Ω = Ω− ηΩΩ4ϕ

′(eµ) d
µ
−

(dµ++dµ−)2
(~xµ − ~w+) (~x

µ − ~w+)
>

Ω = Ω+ ηΩΩ4ϕ
′(eµ) d

µ
+

(dµ++dµ−)2
(~xµ − ~w−) (~x

µ − ~w−)
>

end for
end for

4.1.2 Adaptive learning rates for SGD

This section presents adaptive learning rates for SGD as recently pro-
posed by Schaul et al. [30]. In the following we consider a standard
machine learning setting, in which samples ~xµ are independently
drawn from an unknown distribution P. For each sample, we asso-
ciate a per-sample loss eµ(~θ) that contributes to the expected loss:

f(~θ) = Eµ∼P

[
eµ(~θ)

]
, (52)

where ~θ = Rd are adaptive model parameters, whose optimal value is
denoted by ~θ∗ = arg min~θ f(

~θ). Note that for GMLVQ the per-sample

loss function is given by eµ(~θ) = ϕ(
d
µ
+−dµ−
d
µ
++dµ−

), with prototypes and
transformation matrix concatenated into a model parameter vector

~θ =

[
W

Ω

]
.

In order to optimize the expected loss, we consider a stochastic
gradient descent method with iterations of the form

~θt+1 = ~θt − ηt∇eµ, (53)

where ∇eµ =
∂eµ(~θ)

∂~θ

∣∣∣
~θ=~θt

is the sample gradient evaluated at ~θt, and

ηt is the learning rate at iteration t.
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4.1.2.1 Quadratic approximation of loss function

We assume that the per-sample loss function eµ is smooth and can
locally be approximated by a second-order Taylor expansion around
~θ0:

êµ(~θ) = eµ(~θ0) + (~θ− ~θ0)
>∇eµ +

1

2
(~θ− ~θ0)

>Hµ(~θ− ~θ0), (54)

where Hµ =
∂2eµ(~θ)

∂2~θ

∣∣∣
~θ=~θ0

is the positive semi-definite Hessian matrix

evaluated at ~θ0. We rewrite the quadratic approximation to:

êµ(~θ) = eµ(~θ0) + (2Hµ)−1(∇eµ)2︸ ︷︷ ︸
=constant

+
1

2
(~θ− ~θµ∗)>Hµ(~θ− ~θµ∗), (55)

where ~θµ∗ = ~θ0− (Hµ)−1∇eµ denotes the minimum of the quadratic
approximation of the loss function at ~θ0. Note that the sample mini-
mum is obtained after the well-known Newton step. For each sample
we have a different minimum ~θµ∗, and the result of a batch newton
step will be a complex weighted average of the sample minima. Fur-
ther note that the first two-terms in above formula are constant, we
will ignore them throughout the rest of this section since they do not
influence the presented analysis. The minimum of the per-sample loss
is thus zero.

In order to simplify the analysis, we assume that the Hessian is
identical for each per sample loss. We obtain the following quadratic
approximation of the loss:

êµ(~θ) =
1

2
(~θ−~cµ)>H∗(~θ−~cµ), (56)

where ~cµ is a multivariate random variable with mean ~θ∗ and covari-
ance Σ. In other words, the sample minima are distributed according
to some distribution, whose expected value is ~θ∗, the optimal batch
newton step. Fig. 8 illustrates the setting in one dimension.

We further assume that the problem is separable, meaning that we
implicitly assume that the Hessian and covariance matrix are diago-
nal i.e. H = diag(h1, . . . ,hi, . . . ,hd) and Σ = diag(σ1, . . . ,σi, . . . ,σd).
This makes it possible to treat each dimension i independently, and
in the following we omit index i for brevity purposes. We thus obtain
the one-dimensional problem:

f̂(θ) = Eµ∼P

[
1

2
h(θ− cµ)2

]
= Eµ∼P

[
1

2
h(θ2 − 2θ cµ + (cµ)2)

]
=
1

2
h(θ2 − 2θ θ∗ + θ∗2 + σ2)

=
1

2
h((θ− θ∗)2 + σ2), (57)
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Figure 8: Idealized expected loss f̂i(~θ) that is illustrated by a thick black
line. The expected loss is an average of the quadratic sample losses
êµ(~θ), which are shown as blue lines, and whose minima ~θµ∗i are
distributed around ~θ∗ with variance σi. Note that the curvature is
assumed to be identical for each sample.

where the second step follows from the fact that E[c2] = Var(c) +
E2[c] = σ2 + (θ∗)2. The gradient with respect to a single example is
given by

∇êµ = h(θ− cµ), (58)

with expectation:

E[∇êµ] = h(θ− θ∗), (59)

and variance:

Var(∇êµ) = E[(∇êµ)2] − E2[∇êµ] = h2σ2 (60)

The iterations of the stochastic gradient descent method now reads as

θt+1 = θt − ηh(θt − ct) (61)
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where ct is drawn i.i.d. from an unknown distribution with mean θ∗

and variance σ2. By inserting the update into Eq. 57, we obtain the
expected loss after the SGD update:

E[f̂(θt+1)|θt] =E

[
1

2
h((1− ηh)θt + ηhct − c

µ)2
]

=E

[
1

2
h((1− ηh)2θ2t + 2(1− ηh)θtηhct

−2(1− ηh)θtc
µ + η2h2c2t − 2ηhctc

µ + cµ2)
]

=
1

2
h

(1− ηh)2θ2t + 2(1− ηh)θtηhθ∗) − 2(1− ηh)θtθ∗︸ ︷︷ ︸
=−2(1−ηh)2θtθ∗

+η2 + h2(θ∗2 + σ2) − 2ηh(θ∗)2 + (θ∗2 + σ2)︸ ︷︷ ︸
(1−ηh)2θ∗2+η2h2σ2+σ2

)


(62)

=
1

2
h
[
(1− ηh)2(θt − θ

∗)2 + η2h2σ2 + σ2
]

Note that cµ and ct correspond to different i.i.d. samples from the
same distribution, and thus E(cµct) = θ∗2.

4.1.2.2 Optimal learning rate

We can now derive the learning rate that optimizes the expected loss
after an SGD update:

η∗t = arg minη

[
1

2
h
[
(1− ηh)2(θt − θ

∗)2 + η2h2σ2 + σ2
]]

(63)

We keep only terms in η and ignore all other constant terms:

arg minη
[
η2
(
h2(θt − θ

∗)2 + h2 + σ2
)
− 2η

(
h2(θt − θ

∗)2
)]

(64)

It is a quadratic problem in η, and we obtain the solution by setting
its derivative to zero:

0 =
∂

∂η

[
η2
(
h2(θt − θ

∗)2 + h2 + σ2
)
− 2η

(
h2(θt − θ

∗)2
)]

(65)

0 =2η
(
h2(θt − θ

∗)2 + h2 + σ2
)
− 2

(
h2(θt − θ

∗)2
)

η∗t =
1

h

(θt − θ
∗)2

(θt − θ∗)2 + σ2
(66)

Note that in the noiseless setting (that is, σ2 = 0) the learning rate re-
duces to a newton step. The term (θt−θ

∗)2

(θt−θ∗)2+σ2
in the derived formula

reduces the learning rate if the variance of the gradient is large i.e.
when the sample gradients point in very different directions in pa-
rameter space. The reduction of the learning rate will be larger near
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the optimum, since (θt−θ
∗)2 will then be small compared to the vari-

ance σ2. On the other hand, we initially have relatively large learning
rates since (θt−θ

∗)2 will be large. Hence, the derived learning rate is
a decreasing learning rate schedule, but it anneals automatically. It is
shown in appendix A of [30] that stochastic gradient with the derived
learning rates almost surely converges to θ∗. Note, however, that the
rate of convergence for stochastic gradient descent is at best O(1k) for
strongly convex functions6, and the derived learning rate schedule is
still limited by this poor convergence rate. In contrast, one batch new-
ton step would immediately jump to the minimum of the quadratic
approximation, θ∗.

The derived learning rate in the one-dimensional case can be triv-
ially generalized to d dimensions since we assume that the parame-
ters are separable. We independently calculate a learning rate η∗ for
each dimension i. Alternatively, a more conservative approach is to
derive a global learning rate:

η∗t =

∑d
i=1 h

2
i (θ

2
i − θ

∗
i )
2∑d

i=1 h
3
i (θ

2
i − θ

∗
i )
2 + h3iσ

2
i

(67)

See appendix B of [30] for a complete derivation. The middle way
between global and individual learning rates is to consider common
learning rates for blocks of parameters. For instance, in GMLVQ we
could have separate learning rates for prototype and transformation
matrix variables7.

4.1.2.3 Approximations

In practice, we do not know the values h, σ and (θ− θ∗)2. However,
based on Eq. 59 60, we can estimate these values from the gradient
samples:

η∗t =
1

h

(E[∇eµ])2
(E[∇eµ])2 + Var[∇eµ] =

1

h

E[∇eµ])2
E[∇2eµ] (68)

For global learning rates, we assume that it is feasible to estimate the
largest curvature h+ of the block of parameters. We then obtain the
bound:

η∗t >
1

h+

∑d
i=1 h

2
i (θi − θ

∗
i )
2∑d

i=1 h
2
i (θi − θ

∗
i )
2 + h2iσ

2
i

(69)

=
||E[∇eµ]||2
E [||∇eµ||2] (70)

where the last step follows by the linearity of the expectation:

E[||∇eµ||2] = E[
d∑
i=1

(∇eµi )2] =
d∑
i=1

E[(∇Lµi )2] (71)

6 The quadratic approximation is strongly convex
7 A natural choice since the proposed SGD method also uses separate learning rates

for prototype and transformation matrix variables.
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The adaptive learning rates thus depend on the inverse curvature and
the squared expected gradient relative to the expected squared norm
of the gradient. Recall that the latter term simply reduces the learning
rate whenever is much variance in the gradient samples.

adaptive exponential moving average We use an exponen-
tial moving average with time constant τ in order to estimate the
expected gradient gi ≈ E[∇eµ], the second moment of the gradi-
ent vi ≈ E[(∇eµ)2] and the squared length of the gradient vector
l ≈ E[||∇eµ||2]:

gi(t+ 1) = (1− τ−1i )gi(t) + τ
−1(∇eµ)i (72)

vi(t+ 1) = (1− τ−1i )vi(t) + τ
−1(∇eµ)2i (73)

l(t+ 1) = (1− τ−1i )l(t) + τ−1||∇eµ||2 (74)

Note that v is only used in case of local element-wise learning rates,
while l is only used for global learning rates. We adapt the time con-
stant τ by the heuristic update rule:

τi(t+ 1) = (1−
g2i (t)

vi(t)
)τi(t) + 1 (75)

which slowly increases the memory size for a small parameter up-
date, and which decays rapidly for large update steps i.e. whenever
g2i (t)
vi(t)

is close to one and a newton step is performed. Note that the
heuristic update rule for the moving average eliminates the need to
tune another hyper parameter (the memory size). Furthermore, notice
that the update rule is scale invariant with respect to the curvature
information.

curvature estimation In the presented analysis we assumed
that the problem is separable and thus that the Hessian matrix is diag-
onal. Although several methods exist for a diagonal Hessian approx-
imation, we decide to use the diagonal approximation as proposed
in [29] which was inspired by the method of Bordes et al. [4]. We
start from a first-order Taylor approximation of the gradient around
~θt and obtain the so-called secant equation:

~θt+1 − ~θt = H
−1
~θt

(∇f(~θt+1) −∇f(~θt)) (76)

We replace the full Hessian inversion H−1
~θt

by a diagonal approxima-

tion Ĥt:

~θt+1 − ~θt = Ĥt(∇f(~θt+1) −∇f(~θt)) (77)

which provides a unique diagonal Hessian approximation for each
update step. However, in a SGD procedure we do not have access
to the full gradients ∇f(~θt+1) and ∇f(~θt), and we replace them by
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the local gradients8 ∇eµ(~θt+1) and ∇eµ(~θt). In order to prevent sam-
pling noise to enter the estimation process, we need to calculate the
local gradients with respect to the very same example. The Hessian
approximation thus doubles the number of gradient calculations.

In practice, we obtain the finite difference approximation of the
Hessian by calculating two gradients at sample xµ for parameters
that differ by the typical gradient step δ = ḡ:

ĥ
µ
i =

∣∣∣∣∇eµ(θi) −∇eµ(θi + δi)δi

∣∣∣∣ with δi = ḡi (78)

We take the absolute value of the Hessian approximation to ensure
that it is positive definite. As a consequence, we are able to deal with
negative curvature; the direction of a step is simply reversed for pa-
rameters with negative second derivatives.

We use again our introduced adaptive moving average over the
sample curvature:

h̄i = (1+ τ−1)h̄i + τ
−1 ĥi (79)

To further increase robustness, Schaul and LeCun suggest to take into
account a moving average of the variance of the curvature vfd, and
then use a signal-to -noise ratio of the curvature estimates ĥ = vfd

h .
This strategy reduces the likelihood of underestimating the curvature
and thus overestimating the learning rates. However, we found em-
pirically that it is too conservative, in general. Therefore, we simply
use the standard curvature estimation of Eq. 79.

In case of global or block learning rates, we simply take the largest
curvature among all estimates: h+ = maxihi. This strategy is quite
conservative, therefore we also introduce a variant that takes the av-
erage block curvature h̄+ =

∑N
i=1

hi
N as an estimate of the largest

curvature. We refer to the first conservative variant as vSgd-b1, while
the second variant is called vSgd-b2.

We also considered other strategies that might be effective to es-
timate the largest eigenvalues of the block parameters. For instance,
in GMLVQ we know that the transformation matrix has a tendency
to become low-rank at the optimum, and therefore the optimal sub-
Hessian of the prototypes is also low-rank i.e. only few non-zero
eigenvalues. A tight upper bound on the largest eigenvalue can thus
be obtained by the trace9 of the sub Hessian of the prototype i.e. only
the diagonal terms needs to be calculated. It is, however, not clear if
this approximation is also appropriate far from the optimum. More-
over, the sub-Hessian of the transformation matrix is not necessarily
low-rank, and therefore the trace of the sub-Hessian would be a rather
loose upper bound.

8 This trick was introduced in the online BFGS method of Schraudolph et al. [32]
9 which is equal to the sum of eigenvalues
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Algorithm 2 Adaptive learning rates for SGD

Require: nrEpochs, n0
for k = 1→ n0 do

Compute gradient ∇ek(~θ)
ḡ→ ḡ+

∇ek(~θ)
n0

v̄→ v̄+
(∇ek(~θ))2

n0
end for
h̄→

∣∣∣∑n0k=1∇ek(θ)−∑n0k=1∇ek(θ+ḡ)ḡ

∣∣∣
for j = 1→ nrEpochs do

for µ = 1→ P do
Compute gradients ∇eµ(~θ) and ∇eµ(~θ+ ḡ)
for i = 1→ d do

Compute curvature hi →
∣∣∣∣∇eµθi−∇eµ(θi+δi)δi

∣∣∣∣
Update moving averages
ḡi → (1− τ−1i )ḡi + τ

−1
i ∇eµ(θi)

v̄i → (1− τ−1i )v̄i + τ
−1
i (∇eµ(θi))2

h̄i → (1− τ−1i )h̄i + τ
−1
i hi

Determine learning rate ηi = 1
h̄i

ḡ2i
v̄i

Update parameter θi = θi + ηi∇eµθi
Update memory size τi = (1−

ḡ2i
v̄i
)τi + 1

end for
end for

end for

initialization Before we start with the SGD optimization, we
initialize the estimated quantities by computing the average over n0
samples of the training set. The authors advise to incorporate a slow-
start heuristic to keep the parameter small until the estimated quan-
tities are stable. This can be realized by overestimating the variance v
(or l in case of global learning rates) by a factor C. The authors sug-
gest a heuristic rule of C = d

10 and show in the appendix D of [30] that
the performance of the algorithm is not sensitive to the initialization
of C.

4.1.3 BFGS method

To date, one of the most used quasi-Newton methods is the BFGS al-
gorithm, that was discovered independently by Broyden [11], Fletcher
[16], Goldfarb [17] and Shanno [35] in the 1970’s. In this section we
outline the BFGS algorithm, and apply the method to GMLVQ.
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We start our derivation of the BFGS method from a quadratic model
at the current iteration ~θt:

mt(~p) = f(~θt) +∇f(~θt)~p+
1

2
~p>Bt~p (80)

where Bt is a positive definite approximation of the Hessian that
will be updated at every iteration. We use the minimizer of such a
quadratic model:

~pt = −B−1
t ∇f(~θt) (81)

as a search direction for finding the next iterate:

~θt+1 = ~θt + ηt~pt (82)

The step size ηt will be determined by a line search procedure that
obeys the so-called Wolfe conditions for reasons that we will discuss
later.

So far, the presented method is close to Newton’s method since
we have only replaced the true Hessian by an approximation Bt. The
rationale behind quasi-Newton methods is to incrementally update
the approximation rather than computing a new one at each iteration
(as is the case for Newton’s method). We will derive the update rule
for the Hessian approximation Bt+1 by imposing the condition that
the new quadratic model

mt+1(~p) = f(~θt+1) +∇f(~θt+1)~p+
1

2
~p>Bt+1~p (83)

matches the gradient of the cost function at ~θt and ~θt+1. This latter
condition is satisfied by construction, since ∇mt+1(~0) = ∇f(~θt+1).
The first condition gives us:

∇mt+1(−ηt~pt) = ∇f(~θt+1) − ηtBt+1~pt (84)

We rewrite this to the so-called secant equation:

Bt+1~st = ~yt or equivalently B−1
t+1~yt = ~st (85)

where ~st = ~θt+1 − ~θt and ~yt = ∇f(~θt+1) −∇f(~θt) denote the recent
change in parameter and gradient space, respectively. The two ver-
sions of the secant equation give rise to two different quasi-Newton
methods, the DFG and BFGS update. The former was already pro-
posed in the mid 1950’s and essentially keeps an approximation of the
Hessian Bt+1. On the other hand, the BFGS method directly updates
an approximation of the inverse of the Hessian matrix Ct+1 = B−1

t+1,
and will be the focus

In order to ensure that Ct+1 remains positive definite10, the dis-
placement ~st and change in gradient ~yt must satisfy the curvature
condition:

~st ~yt > 0 (86)

10 As should be easily seen by multiplying the second part of Eq. 85 from the left by ~y.
Note that if we ensure the approximation of the inverse of the Hessian Ct+1 to be
positive definite, then the Hessian approximation Bt+1 itself is also positive definite.
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For convex cost functions the curvature condition always hold, while
for non-convex cost function we need to impose Wolfe conditions on
the line search procedure. We refer the interested reader to [26] for
more details.

In the following we assume that the curvature conditions hold, and
at least one solution to the secant equation exist. In fact, it turns out
that there are infinitely many Bt+1 that satisfy the secant equation.
To uniquely determine Bt+1 we impose the additional constraint that
the Bt+1 is closest to Bt with respect to a weighted Frobenius norm.
In other words, we solve the following minimization problem:

minimize
Ct+1

||Ct+1 −Ct||W

subject to C = C>

C~yt = ~st

. (87)

where the weighted Frobenius norm is defined as:

||A||W = ||W
1
2AW

1
2 ||F (88)

The matrix W is chosen to be the inverse G−1
t of the average Hessian:

Gt =

∫1
0

∇2f(~θt + τηt~pt)dτ (89)

in order to make the optimization problem scale-invariant. The BFGS
update rule is the closed form solution to this minimization problem:

Ct+1 = (I− ρt~st~y
>
t )Ct(I− ρt~st~y

>
t ) + ρt~st~s

>
t (90)

We summarize the BFGS method in Algorithm 3. Note that we
initialize the approximation C0 by the identity matrix I. The BFGS
method has several advantages over the well-known Newton’s method.
First of all, the iterations can be performed at a cost of O(n2) instead
of O(n3) for Newton’s method (due to matrix inversion). Further-
more, it does not require to calculate the second-derivatives explicitly,
which i) can be hard to analytically derive11 and ii) is computationally
expensive to evaluate. Moreover, the BFGS approximation of the Hes-
sian is positive definite by construction, and therefore we do not have
to deal with negative curvature. Finally, the rate of convergence for
BFGS is still superlinear and is only slightly worse than the quadratic
convergence rate of Newton’s method.

4.1.4 l-BFGS

Limited memory BFGS (l-BFGS) [26] is useful for large-scale optimiza-
tion problems whose Hessian is too large to store and manipulate. So,

11 For example, see the second derivatives of GMLVQ in appendix A.2
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Algorithm 3 BFGS method

Require: Line search linemin obeying Wolfe conditions
Require: Stopping criterion ε
C0 = I

while ||~θt − ~θt−1|| > ε do
~pt = −Ct∇f(~θt)
ηt = linemin(f,~θt,~pt)
~st = ηt~pt
~θt+1 = ~θt +~st
~yt = ∇f(~θt) −∇f(~θt−1)
ρt =

1
~s>t ~yt

Ct+1 = (I− ρt~st~y
>
t )Ct(I− ρt~st~y

>
t ) + ρt~st~s

>
t

t = t+ 1

end while

instead of storing a full N×N matrix (as is the case for BFGS), we
only store a few N-dimensional vectors that implicitly represent the
Hessian approximation. We start our derivation of the l-BFGS method
by recalling the BFGS update:

Ct+1 = V
>
t CtVt + ρt~st~s

>
t where ρt =

1

~s>t ~yt
and V = I−ρt~st~y

>
t

(91)

By repeated application of this update rule we find that the inverse
Hessian approximation can be written as:

Ct =(V>t−1 . . . V
>
t−m)C0(Vt−1 . . . Vt−m)

+ρt−m(V>t−1 . . . V
>
t−m+1)~st−m~s

>
t−m(Vt−1 . . . Vt−m+1)

+ρt−m(V>t−1 . . . V
>
t−m+2)~st−m~s

>
t−m(Vt−1 . . . Vt−m+2)

...

+ρt−m~st−1~s
>
t−1 (92)

where C0 is the initial approximation of the inverse Hessian. This
trick enables us to reimplement the standard BFGS update by only
storing all {~st,~yt} pairs12. However, this approach is more expensive
in terms of memory usage than BFGS if the number of iterations
exceeds N2

13. Therefore, the strategy of l-BFGS is to approximate the
inverse Hessian by only using the {~st,~yt} information of the past m
iterations.

There is no need to explicitly reconstruct a Hessian approximation
Ct because we only need the search direction Ct∇f(~θt). An efficient
procedure, which only uses inner products and vector additions, can

12 We also have to choose the same initial C0, then
13 Due to symmetry of the Hessian we only need to store half of the matrix
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Algorithm 4 l-BFGS search direction computation

Ensure: ~r = Ct∇f(~θt)
~q = ∇f(~θt)
for i = t− 1→ t−m do
αi = ρi~s

>
i ~q

~q = ~q−αi~yi
end for
~r→ C0~q

for i = t−m→ t− 1 do
β = ρi~yi~r

~r = ~r+~si(αi −β)

end for

be derived to compute this search direction. The algorithm is outlined
in Algorithm 4. Note that the procedure only requires mN multiplica-
tions, if we ignore the C0~qmultiplication. For diagonal C0 this would
only require N additional multiplications. Another advantage of the
derived procedure is that the initial matrix approximation C0 can be
chosen differently for each iteration. We use C0 = ~stopt−1~yt−1

~y>t−1~yt−1
I since

it argued to be effective, in practice.
We summarize the l-BFGS method in Algorithm 5. In practice, the

method works surprisingly well for even modest values of m, and it
often suggested to set m ∈ [5, 30]. It can further be argued that the l-
BFGS has the advantage over BFGS that it only uses relatively new cur-
vature information. The inverse Hessian approximation of BFGS con-
tains information from all previous iterations, which might be prob-
lematic if curvature of the cost function differs significantly over the
optimization trajectory. Nevertheless, the l-BFGS does not obtain the
super-linear convergence of BFGS, but still achieves an acceptable lin-
ear convergence [26]. We emphasize that the main advantage is that
l-BFGS scales linearly in the number of parameters which makes it
suitable for large scale problems.

4.2 experiments

In the following we evaluate the performance of the presented opti-
mization methods on artificially generated datasets. Section 4.2.1 pro-
vides necessary background information on the generated dataset,
parameter initialization and optimization settings. Section 4.2.2 inves-
tigates the effect of increasing the dimensionality on the performance
of the optimization methods, while section 4.2.3 addresses the effect
of increasing the size of the dataset.
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Algorithm 5 l-BFGS method

Require: Memory level m
Require: Line search linemin obeying Wolfe conditions
Require: Stopping criterion ε

while ||~θt − ~θt−1|| > ε do
Set C0 =

~stopt−1~yt−1
~y>t−1~yt−1

I

Determine ~pt by Algorithm 4
ηt = linemin(f,~θt,~pt)
~st = ηt~pt
~θt+1 = ~θt +~st
~yt = ∇f(~θt) −∇f(~θt−1)
if t > m then

Discard {~st−m,~yt−m} pair from memory
end if
Save {~st,~yt} pair
t = t+ 1

end while

4.2.1 Preliminaries

For all performed experiments we have made the following decisions
with respect to the datasets, parameter initialization and optimization
settings.

4.2.1.1 Datasets

We construct a binary classification problem by drawing samples
from a multivariate Gaussian distribution Nk(c,Σ) with probability
density function:

p(~x) =
1√

(2π)k|Σ|
exp((~x−~c)>Σ−1(~x−~c)) (93)

We center the normal distributions at c1 = [1, 1, . . . , 1] and c2 =

[−1,−1, . . . ,−1] for the first and second class, respectively. For both
classes we use the same randomly generated covariance matrix Σ. In
order to ensure positive definiteness of the covariance matrix, we ran-
domly generate a square matrix L with elements Lij ∈ U(−1, 1), and
subsequently define Σ = L>L. Note that we do not normalize the co-
variance matrix, and thus different instantiations will lead to covari-
ance matrices of different norm14. Consequently, the overlap between
the two classes varies over the constructed data sets.

14 However, it will have a maximum Frobenius norm of N2
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4.2.1.2 Initialization of parameters

We evaluate the performance of the optimization methods on the
generated datasets for Ninit initializations of the parameters. We de-
cide to use one prototype per class and initialize them as the class-
conditional means. However, in order to construct different prototype
initializations, we add a small perturbation ~v ∈ U(−1, 1)N to the pro-
totypes. Furthermore, we randomly initialize the rectangular transfor-
mation matrix Ω ∈ RM×N by drawing each element Ωij from a uni-
form distribution U(−1, 1). In our experiments we construct datasets
of dimension 10, 50 and 100, and thereby use rectangular transforma-
tion matrices of 5× 10, 30× 50 and 60× 100, respectively.

4.2.1.3 Optimization settings

In the following we give an overview of the used settings in the pre-
sented optimization methods.

sgd We use a grid search to determine learning rates for the SGD
procedure. We consider all combinations of the following learning
rates:

ηW ∈ {100, 10, 5, 1, 0.1, 0.05, 0.01, 0.005, 0.001, 5e− 4, 1e− 4} (94)

ηΩ ∈ {100, 10, 5, 1, 0.1, 0.05, 0.01, 0.005, 0.001, 5e− 4, 1e− 4} (95)

and pick the learning rates ηmax with the lowest cost function value
after two epochs. We then anneal the learning rate using the following
schedule:

η(t) =
ηmax

1+ t
epochs

(96)

Note that learning rate will eventually be half of the initial learning
rate. We decide to run SGD for 100 epochs.

adaptive learning rates for sgd We initialize the statistics
of the adaptive learning rates over n0 = 100 samples. Moreover, we
use a slow start heuristic of C = 2. We run the following three variants
of the adaptive learning rates for 100 epochs:

vsgd-l Use the local gradient variance and local hessian estimate,
resulting in the learning rate η∗i =

(ḡi)
2

h̄iv̄i
.

vsgd-b1 We distinguish two blocks of parameters: prototype and
transformation matrix variables. We then use the block-specific
gradient variance and the maximum curvature of the block of

parameters, leading to η∗ =
∑
i(ḡi)

2

h+ l̄
with h+ = maxih̄i.
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vsgd-b2 We also use block-specific gradient variance, but estimate
block curvature by an average h̄+ = 1

N

∑N
i=1 h̄i over the diago-

nal Hessian elements, leading to the block-specific learning rate

η∗ =
∑
i(ḡi)

2

h̄+ l̄
.

bfgs The BFGS method is a batch optimization algorithm which
makes it difficult to directly compare the parameter updates with
the stochastic optimization methods. We think, however, that one it-
eration of a batch method is somewhat similar to one epoch since
we use gradient information with respect to the same number of ex-
amples. Therefore, we limit the maximum number of iterations of
the BFGS method to 100 iterations. We stop, however, the optimiza-
tion procedure whenever the parameter update becomes smaller than
ε = 1e− 6.

l-bfgs We use the same number of iterations and the same stop-
ping criteria as BFGS. In addition, we use a memory level of m = 20.

4.2.2 Effect of dimensionality N

We perform the experiments for 10 datasets15 of dimension 10, 50 and
100. For each generated dataset we consider 5 different initializations
of the parameters. In total, we thus have 50 runs for an optimization
method.

4.2.2.1 Training error

In order to obtain the general performance of the optimization method,
we simply take the average over 50 runs. Note that each generated
dataset has a different minimum cost function value, and therefore it
is not very useful to take into account the variance. Furthermore, we
restrict our analysis to the cost function values, and do not really care
about the classification error16. In the following we refer to training
error

Fig. 9 compares the development of the average cost function value
for the described optimization methods. From the graph we can see
that the performance of vSGD-b1 is extremely poor. Its strategy to
take the maximum of a block of curvature estimates is too conser-
vative. Note that this estimate becomes more and more conservative
when we increase the dimension N. With more parameters per block
there is probably a bigger spread of the curvature estimates i.e. the
condition number increases. This means that the largest curvature
will be more and more an overestimation for the curvature of the

15 For N = 100 we use 8 datasets due to some memory issues of my laptop
16 It is outside the scope of this thesis to investigate the discrepancy between cost

function and classification error.
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N SGD vSGD-l vSGD-b1 vSGD-b2 BFGS l-BFGS

10 7.3374 7.5573 8.1204 13.3551 6.9239 6.9242

50 7.1810 7.6663 9.8354 128.7715 6.8582 6.8480

100 7.5735 8.2114 16.8653 325.9584 7.1370 7.0587

Table 1: Average cost function value (˙10−3) on training data

other parameters. Indeed, Fig. 9 c) clearly illustrates that increasing
the dimension N deteriorates the performance. Taking the average of
the curvature estimates, as realized in vSGD-b2, results in better per-
formance. However, increasing the dimension deteriorates the per-
formance in comparison with the other optimization methods. One
particular reason might be that the condition number of the block
of parameter increases, and therefore a block-specific learning rate
is not sufficient to obtain good performance. The vSGD-l is the only
variant of the adaptive learning rate variant that competes with the
other methods.

From Fig. 9 it is hard to compare the SGD, vSGD-l, BFGS and lBFGS
method, and at first glance the performance seems similar. We further
inspect the results by presenting the average cost function value at the
end of training procedure in Table 1. The batch methods, BFGS and
l-BFGS, clearly outperform the stochastic optimization methods in
terms of cost function value on the training data. Interestingly, the lim-
ited memory version of BFGS is slightly better than BFGS for datasets
of dimension 50 and 100. Furthermore, the results for the stochastic
optimization methods indicate that the greedy grid search to deter-
mine the learning rates slightly outperforms the adaptive local learn-
ing rate of the vSGD-l. In this light, it is interesting that the differ-
ence in cost function value is somewhat similar for all N-dimensional
datasets. We would expect that for high-dimensional datasets it is ben-
eficial to use the individual adaptive learning rate of vSGD-l since it
can reduce ill-conditioning within a block of parameters. However,
it only takes into account a diagonal Hessian approximation, while
there might be strong influence of the off-diagonal entries.

Fig. 10 provides histograms of the chosen learning rates for the
SGD method. From the graphs we see that there is much variation
in the learning rates for the prototypes. The most chosen learning
rate is 1, but the learning rate ranges from 5e− 4 to 10. There is less
variation in the learning rates for the transformation matrix. Only
the very large learning rates 1-100 are used. Especially for dimension
N = 100 we see that only the largest learning rate ηΩ = 100 is chosen.
This might suggest that the performance of the SGD method could be
further improved by including even larger learning rates in the grid
search. However, Fig. 9 c) illustrates that the learning rates are large
enough since the learning curve shows a fast initial convergence. In
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(a) N = 10

0 10 20 30 40 50 60 70 80 90 100
0

5 · 10−2

0.1

0.15

0.2

Iteration / epoch

A
ve

ra
ge

co
st

fu
nc

ti
on

va
lu

e

SGD

vSGD-l

vSGD-b2

vSGD-b1

BFGS

lBFGS

[ April 4, 2014 at 18:47 – classicthesis ]

(b) N = 50
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(c) N = 100

Figure 9: Development of the average cost function value on training data of
dimension N.
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(a) Prototypes, N = 10
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(b) Prototypes, N = 50
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(c) Prototypes, N = 100
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(d) Transformation matrix, N = 10
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(e) Transformation matrix, N = 50
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(f) Transformation matrix, N = 100

Figure 10: Histogram of the chosen learning rates for the SGD method.

general, the results indicate that is hard to predict learning rates be-
forehand, and a grid search is thus really necessary to obtain good
performance. Our findings are in conflict with the conventional wis-
dom for choosing good learning for GMLVQ; Schneider et al. [31]
uses small learning rates in the order of 1e − 3 and suggest to set
the learning rate of the transformation matrix an order of magnitude
smaller than the learning rate of the prototypes.

4.2.2.2 Generalization error

As mentioned before, in machine learning it is not the performance
on training data but on test data that matters. Therefore, we draw 200

data points from the same distribution, and compare the performance
of the optimization methods on this unseen dataset. Fig. 12 shows the
the average cost function value on the test set over training time. Note
that we only illustrate the cost function value in the interval [0, 10]
to be able to compare the best optimization methods. In general, the
performance on test data seems to be fairly similar to the performance
on training data. That is to say, we do not experience over fitting
behaviour in our experiments.
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N SGD vSGD-l vSGD-b1 vSGD-b2 BFGS l-BFGS

10 7.6416 7.9065 8.6058 14.8184 6.9454 6.9457

50 7.3710 8.2950 12.6593 143.9980 6.9206 6.9063

100 9.1212 11.7436 30.1836 337.8680 7.7397 7.4546

Table 2: Average cost function value (˙10−3) on test data

The SGD method with greedy search for the learning rates is supe-
rior in the initial phase (up to 10 epochs). As a stochastic optimization
method it exploits redundancies in the data sets by performing many
cheap, but noisy, gradient updates. In this light, it is somewhat sur-
prising that the vSGD-l method shows slow initial convergence. It
could be either due to the slow-start heuristic or the adaptive learn-
ing rates that are too conservative. Note that the noise in the gradient
is also the reason for slow convergence of the stochastic methods in
the final phase. In contrast, it is precisely this final phase where the
second-order batch methods flourish (at least in optimizing the train-
ing error). From the plots in Fig. 12 we see that the l-BFGS outper-
forms the SGD method also in terms of generalization performance,
after 20 iterations. Hence, the BFGS methods are not only better in
optimizing the training error, but it actually results in better general-
ization errors.

To further analyse the results, we present the average generaliza-
tion error at the end of training in Table 2. From a comparison with
training error in Table 1, it follows (correctly) that the average cost
function value on test data is slightly higher than for training data,
in general. The most striking observation that emerge from this com-
parison is that for N = 100 the generalization error of the stochastic
methods is much worse than its training error. For SGD and vSGD-
l the difference is respectively 1.5477 and 3.5322, while it is only
0.3959 for l-BFGS. It is in conflict with the wide belief that stochastic
optimization methods often yield much better generalization perfor-
mance than batch optimization methods.

4.2.2.3 Running time

It is not only important for the optimization methods to reach low
generalization error, they should also run within reasonable time. We
present the average running time of the described methods in Fig. 11.
From the histograms we see that the execution time of the adaptive
learning rates methods is twice as long as the execution time for plain
SGD. It can be ascribed to the local curvature estimation that needs
an extra gradient evaluation at each stochastic update. However, the
SGD method requires a grid search that is computationally more ex-
pensive than the stochastic methods. In total, the SGD method is thus
slightly more expensive than the adaptive learning rates for SGD. Fur-
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(a) N = 10
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(b) N = 50
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(c) N = 100

Figure 11: Histograms of the average runtime for datasets of dimension N

thermore, note that increasing the dimensionality does not have any
influence on the relative running time of the stochastic methods. The
adaptive learning rates for SGD treats each dimension independently,
and thus scales linearly in computational cost.

For 10-dimensional datasets, the computation time of BFGS and l-
BFGS is similar. As expected, increasing the dimensionality quickly
leads to a dramatic increase of the computation time of BFGS. For
N = 100, the average running time is about 40 minutes while it is
less than 2 minutes for the other optimization methods. The reason
is that for a 100 dimensional dataset with a 100× 60 transformation
matrix we already have 6200 parameters, and therefore BFGS has to
maintain a 6200× 6200 approximation of the inverse of the Hessian.
The limited memory version does not suffer from quadratic scaling
in the number of dimension, and therefore has a much lower running
time. The most important observation from the histograms is that
the running time of l-BFGS is about four times less than the running
time of all other optimization methods. For small datasets, the l-BFGS
clearly outperforms the other optimization methods in all aspects.

4.2.2.4 Rank of relevance matrix

In section 3.1.1 we argued that the relevance matrix has a tendency
to become low-rank. In order to verify our theoretical arguments, we
study the eigenvalue profile of the relevance matrix. We decide to
use the results from the l-BFGS method since it showed the best per-
formance, in general. Nevertheless, the other optimization methods
should give similar results. Fig. 13 shows the average eigenvalue pro-
file of the optimal relevance matrix Λ for N-dimensional datasets.
From the histograms we observe that, indeed, the relevance matrix
has only one dominant eigenvalue. Note that a M×N rectangular Ω
limits the rank of the Λ matrix to at most M. Hence, the first 5, 20
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(a) N = 10
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(b) N = 50
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(c) N = 100

Figure 12: Development of the average cost function value on test data of
dimension 10, 50 and 100.
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(c) N = 100

Figure 13: Average eigenvalue profile of the Λ matrix for datasets of dimen-
sion N

and 40 eigenvalues are zero in the histograms of N = 10, N = 50

and N = 100, respectively. However, we clearly observe that the
other eigenvalues are also very small in comparison with the largest
eigenvalue, and thus the relevance matrix has rank one for all N-
dimensional datasets.

The experiments confirm that GMLVQ only measures the distances
along one direction, even for very high dimensional problems. In our
artificially generated datasets this direction should equal the eigen-
vector of the covariance matrix with the smallest eigenvalue, since it is
this direction that separates the classes with largest margin. Although
other directions are also able to separate the two classes, GMLVQ
eliminate these direction because it would deteriorate the cost func-
tion value. This also implies that the optimal cost function value is
more or less similar for all N-dimensional problems. Indeed, Table 1
shows that cost function value is of the same order of magnitude. On
the other hand, the initial cost function value deteriorates whenever
we increase the dimension N, as can be observed from Fig. 9. The ex-
tra degrees of freedom in the transformation matrix causes a random
initialization to be further from optimal, on average.

4.2.3 Effect of number data points P

In this section we investigate the effect of increasing the dataset size
on the performance of the optimization methods. We perform the
experiments for datasets of size 50, 100, 200, 500, 1000, 2000. For
each dataset size P, we generate 10 datasets, and run the optimiza-
tion methods for 5 parameter initializations. We fix the dimension
N = 25, and use transformation matrices of 10× 25. Furthermore, we
exclude the vSGD− b1 and vSGD− b2 method in the evaluation due
to poor performance as shown in the previous section.
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P SGD vSGD-l BFGS l-BFGS

50 7.2607 7.4954 6.8852 6.8597

100 7.9393 8.5018 7.2895 7.2791

200 7.0616 7.2344 6.9658 6.9644

500 6.8499 7.1870 6.7855 6.8031

1000 6.8656 7.1446 6.8074 6.8583

2000 7.3259 7.9645 7.1304 7.3483
(a) Training

P SGD vSGD-l BFGS l-BFGS

50 8.3427 8.9528 7.1703 7.0773

100 10.2923 11.4266 7.7667 7.7207

200 7.1730 7.3801 7.0461 7.0464

500 6.8622 7.3117 6.7888 6.8086

1000 6.8946 7.1570 6.8356 6.8918

2000 7.2573 7.7991 7.0910 7.2748
(b) Test

Table 3: Average cost function value (˙10−3) at the end of training for a) train-
ing set and b) test set. The training set is of increasing size P.

4.2.3.1 Training error

We first present the results of the optimization methods in terms of
performance on training data. Fig. 14 shows the average optimization
curve for datasets of size P. From these plots it is hard to compare
the performance in the final convergence phase. Therefore, we also
present the average cost function value at the end of training in Ta-
ble 3 a). For small datasets, containing only 50 or 100 examples, we
observe that BFGS and l-BFGS outperforms plain SGD. However, this
difference becomes smaller when the dataset size increases. There
might be two reasons at play, here. First of all, the updates of SGD
are independent of the size of the dataset, and thus relatively more
parameter updates are performed when the dataset increases. Note
that this effect is clearly visible in Fig. 14. For increasing datasets the
batch methods needs more and more iterations to obtain similar per-
formance; More than 20 iterations are needed when P = 2000, while
clearly less than 10 are sufficient for P = 50. Second, the grid search
for learning rates is determined over two epochs. For larger datasets
these learning rates are thus determined with respect to more param-
eter updates. This will lead to better (less greedy) learning rates, in
general.

Note that the performance of vSGD-l does not get better for in-
creasing datasets. We speculate that the adaptive learning rates are
too conservative. Furthermore, what is interesting in Table 3 a) is that
l-BFGS slightly outperforms BFGS for small datasets i.e. P = 50 and
P = 100. On the other hand, for large datasets BFGS clearly outper-
forms l-BFGS.

4.2.3.2 Generalization error

To determine the generalization performance, we evaluate the cost
function on 200 samples from the same distribution. We present the
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(a) P = 50
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(b) P = 100
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(c) P = 200
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(d) P = 500
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(e) P = 1000
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(f) P = 2000

Figure 14: Average optimization curve for datasets of size P.

average learning curves in Fig. 15, and provide the average generaliza-
tion error at the end of training in Table 3 b). The main observation is
that better training error also results in better generalization error. In-
terestingly, for small datasets (P = 50 and P = 100) the generalization
performance of the stochastic methods is much worse than (l-)BFGS.
For example, we see that for P = 100 the difference between classifica-
tion error and generalization is 2.353 and 2.9248 for SGD and vSGD-l,
respectively, while it is only 0.4772 and 0.4416 for BFGS and l-BFGS.
This observation is somewhat surprising since it is widely believed
that stochastic optimization methods generalize better than second-
order batch methods. Note that for larger datasets the difference be-
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(a) P = 50

0 10 20 30 40 50 60 70 80 90 100
0

1

2

3

4
·10−2

Iteration / epoch

A
ve

ra
ge

co
st

fu
nc

ti
on

va
lu

e SGD
vSGD-l
BFGS
lBFGS

[ February 6, 2014 at 10:53 – classicthesis ]

(b) P = 100
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(c) P = 200
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(d) P = 500
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(e) P = 1000
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(f) P = 2000

Figure 15: Average learning curve for datasets of size P.

tween training error and generalization error vanishes. Actually, for
large P we sometimes observe that the generalization error is better
than the training error. In these cases, we were lucky in drawing ‘easy’
test sets.

4.2.3.3 Running time

Fig. 16 provides the average running time for the optimization meth-
ods. From the histograms we observe that the relative computational
cost does not change whenever we increase the size of the dataset.
The lowest running time is achieved by l-BFGS. For small datasets
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(a) P = 50
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(b) P = 100
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(c) P = 200
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(d) P = 500
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(e) P = 1000
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(f) P = 2000

Figure 16: Histograms of the average runtime for datasets containing P ex-
amples.

it has slightly lower running time than BFGS, while it has similar
running time for larger datasets. The computational cost of vSGD-l is
approximately four times more than the second-order batch methods,
and about two times more than plain SGD (due to double gradient
evaluations). Nevertheless, the plain SGD is computationally more ex-
pensive because it requires a grid search for the learning rates, which
is the most expensive part of all optimization. In total, the plain SGD
is thus approximately two times as expensive as vSGD-l, and about 8
times as expensive as (l-)BFGS.

4.2.4 Uniqueness of solution

In this chapter we employed the following optimization strategy for
GMLVQ. We removed the constraints from the optimization problem,
and used solvers that are appropriate for unconstrained optimization.
As thoroughly discussed in section 3.3, this strategy is possible be-
cause we can project to a unique solution in a single step (that does
not affect the cost function value). In this section we verify that this
projection results in a unique solution. We decide to use the results
from datasets of dimension N = 50. For each of the 10 datasets, we
have evaluated 5 runs of the optimization methods for different pa-



58 comparison of optimization methods

10

20

30

SGD vSGD-l BFGS l-BFGS

D
iff

er
en

ce

[ February 9, 2014 at 21:14 – classicthesis ]

(a) Prototypes
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(b) Unique prototypes
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(c) Transformation matrices
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(d) Unique transformation matrices

Figure 17: Box plots of the pairwise differences of the obtained prototypes
and transformation matrices for different parameter initializa-
tions. The raw differences are shown at the left in a) and b), while
b) and d) display the differences for the prototypes and transfor-
mation matrix after projection.

rameter initializations. We expect that each run obtains a similar so-
lution, despite its different starting point. That is to say, for each run
we find a local minimum of the same cost function value. However,
without a projection step the obtained prototypes and transforma-
tion matrix might be very different. In the following we first consider
the naïve approach by comparing the pairwise differences between
the obtained solutions in the different runs. Note that 5 runs results
in 10 pairwise differences, for each dataset. The differences are mea-
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sured in terms of the l2 norm for the prototypes, and the Frobenius
norm for the transformation matrices. Fig. 17 a), c) shows box plots of
the pairwise differences of the prototypes and transformation matrix
for SGD, vSGd-l, BFGS and l-BFGS. From the plots we observe that
the difference for the prototypes and transformation matrix is quite
large for all optimization methods. However, the difference is slightly
larger for the second-order batch methods.

Fig. 17 b), d) shows box plots of the pairwise differences of the
prototypes and transformation matrix after projection to the feasible set.
We refer to section 3.2 for more details about the projections that aim
to select a unique solution. Note that we do not need to project the
rows of Ω into the span of the data, since the generated data sets
are of full rank. From the box plots we see that the difference of
the unique prototypes and transformation matrix are much smaller
than the differences for the raw prototypes and transformation matri-
ces. Nevertheless, these differences depend on the used optimization
method. Stochastic optimization methods have much larger differ-
ences than the second-order batch methods. These findings confirm
that the stochastic optimization methods are worse optimizers than
the second-order batch methods. Namely, for different initialization
the difference between the found solutions is larger. Note that the
difference is somewhat larger for prototypes than for transformation
matrix. Therefore, it is likely that the GMLVQ cost function is more
sensitive to a change in transformation matrix than a change in the
prototype variables. In general, the differences are rather small, and
we conclude that we obtain the same solution from different parame-
ter initializations.

4.3 conclusion

In this chapter we have evaluated the performance of SGD, adap-
tive learning rates for SGD, BFGS and l-BFGS on artificially gen-
erated GMLVQ problems. The main finding is that (limited) BFGS
outclass the stochastic optimization methods. We demonstrated that
BFGS should be the method of choice for low-dimensional datasets
(up to 25 dimensions), while limited memory BFGS is the best choice
in terms of generalization behavior and running time for high dimen-
sional datasets. Interestingly, the difference in performance between
the (l-)BFGS and the stochastic methods is large for small datasets,
and seems to vanish whenever the size of the dataset increases.

The adaptive learning rates for SGD, especially the block-specific
vSGD-b1 and vSGD-b2 variants, were too conservative to show good
performance. The local variant, vSGD-l, performed only slightly worse
than plain SGD, but is still too conservative. We think, however, that
adaptive learning rates for SGD are an interesting line of research,
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and that future work might increase the effectiveness of these meth-
ods for large-scale learning problems.

Another interesting result of the experiments is that we did not ex-
perience over fitting behavior. That is to say, optimization methods
that showed better performance on the training set also showed bet-
ter performance on the test set. We considered, however, only one
prototype per class, and adding more prototypes might result in over
fitting. Further studies might thus investigate the role of number of
prototypes on the performance of the optimization methods.

Finally, the stationarity conditions presented in Chapter 3 suggest
that the sub-Hessian of both the prototypes and transformation ma-
trix has several zero eigenvalues. It might be interesting to investigate
whether (l-)BFGS can deal with such curvature properties.
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a.1 derivation of gradient terms

In this section we present the derivatives of the cost function of GM-
LVQ, defined in Eq. 11, with respect to a single prototype ~wj and the
transformation matrix Ω. In the following we only present the single
example derivatives since the derivative of the sum is equal to the
sum of derivatives.

a.1.1 Prototype gradient

By consistently applying the chain rule and product rule we obtain
the derivative of the single example contribution ϕ(eµ) with respect
to a single prototype ~wj:

∂ϕ(eµ)

∂~wj
=ϕ ′(eµ)

∂eµ

∂~wj
(97)

=ϕ ′(eµ)
[
∂eµ

∂d
µ
+

∂d
µ
+

∂~wj
+
∂eµ

∂d
µ
−

∂d
µ
−

∂~wj

]
(98)

In the following we present the missing partial derivatives in Eq. 108.
The derivative of the logistic function reads as

ϕ ′(eµ) = γϕ(eµ) (1−ϕ(eµ)) . (99)

With some effort we obtain the derivatives of eµ with respect to clos-
est correct and closest incorrect distance

∂eµ

∂d
µ
+

=
2d
µ
−

(dµ+ + dµ−)
2

, (100)

∂eµ

∂d
µ
+

=
−2dµ+

(dµ+ + dµ−)
2

, (101)

respectively. Now, recall that dµ± =
∑
k Ψ

µ±
k dΩ(~xµ, ~wk) is a sum over

the prototypes that single out the distance to the closest correct or
incorrect prototype. Hence, the derivative can be rewritten to

∂d
µ
±

∂~wj
=
∑
k

Ψ
µ±
k

dΩ(~xµ, ~wk)
∂~wj

(102)

=
∑
k

Ψ
µ±
k

dΩ(~xµ, ~wk)
∂~wk

. (103)
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The derivative of dΩ with respect to ~wj follows from Eq. 77 of the
Matrix Cookbook [27], and plugging it in gives us

∂d
µ
+

∂~wj
=
∑
k

−Ψµ±k 2Λ(~xµ − ~wk). (104)

Putting all partial derivatives together, we obtain the final derivative

∂ϕ(eµ)

∂~wj
= χµj Λ(~x

µ − ~wj) (105)

where χµj depends on the actual role of the role of the prototype ~wj:

closest correct prototype

χ
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2
Λ (~xµ − ~wj) (106)
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otherwise χ
µ
j = 0

a.1.2 Transformation matrix gradient

Analogous to the prototype gradient, we present the derivative of the
single example contribution with respect to the transformation matrix
Ω

∂ϕ(γeµ)

∂Ω
= ϕ ′(γeµ)

[
∂eµ

∂d
µ
+

∂d
µ
+

∂Ω
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−

∂Ω

]
. (108)

The derivatives ϕ ′(γeµ), ∂e
µ

∂d
µ
+

and ∂eµ

∂d
µ
−

are already presented in Eq.
99, 100, 101. The only missing derivative is

∂d
µ
±

∂Ω
=
∑
j

Ψ
µ±
k

dΩ(~xµ, ~wj)
∂Ω

(109)

where the partial derivative of distance measure with respect to Ω

∂dΩ(~xµ, ~wj)
∂Ω

= Ω(~xµ − ~wj)(~xµ − ~wj)> (110)
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follows from Eq. 69 of the Matrix Cookbook [27]. Now, putting the
partial derivatives together results in the final gradient term

∂ϕ(γeµ)

∂Ω
=
∑
j

χ
µ
j Ω(~xµ − ~wj)(~xµ − ~wj)> (111)

= Ω
∑
j

χ
µ
j (~x

µ − ~wj)(~xµ − ~wj)> (112)

where χµj depends on the actual role of the prototype which is defined
in Eq. 106, 107.

a.2 derivation of hessian matrix

We assume that the Hessian matrix is block diagonal, and thus only
consider the second-order derivatives with respect to the same group
of variables.

a.2.1 Prototypes

We first present the second-order derivatives with respect to proto-
type variables ~wjl and ~wkp:

∂2ϕ(eµ)

∂~wjl∂~w
k
p

= ϕ ′′(eµ)
∂eµ

∂~wk
∂eµ

∂~wjl
+ϕ ′(eµ)

∂2eµ

∂~wjl∂~w
k
p

(113)

where

ϕ ′′(eµ) =
−γ2 exp(γeµ)(exp(γeµ) − 1)

(exp(γeµ) + 1)3

=γ2ϕ(eµ)
(
(1−ϕ(eµ))2 −ϕ(eµ)(1−ϕ(eµ))

)
(114)

and the derivatives ∂e
µ

~wkp
and ϕ ′(eµ) are already given in section A.1.1.

For clarity purposes, we immediately distinguish between the roles
of prototypes ~wj and ~wk for the derivative ∂2eµ

∂~wjl∂~w
k
p

. If ~wj and ~wk are

the closest correct prototype (and thus the same prototype), then the
derivative reads as:

∂2eµ

∂~wjl∂~w
k
p

=
∂2eµ

∂2d
µ
+

∂d
µ
+

∂~wk
∂d
µ
+

∂~wjl
+
∂eµ

∂d
µ
+

∂2d
µ
+

∂~wjl∂
. (115)

If ~wj and ~wk are both the closest wrong prototype (and thus the same
prototype), then we obtain the derivative:

∂2eµ

∂~wjl∂~w
k
p

=
∂2eµ

∂2d
µ
−

∂d
µ
−

∂~wkp

∂d
µ
−

∂~wjl
+
∂eµ

∂d
µ
−

∂2d
µ
−

∂~wjl∂~w
j
p

. (116)

If ~wj and ~wk are the closest correct and closest wrong prototype (or
vice versa by symmetry of second derivatives), then the second-order
derivative is given by:

∂2eµ

∂~wjl∂~w
k
p

=
∂2eµ

∂d
µ
+∂d

µ
−

∂d
µ
−

∂~wkp

∂d
µ
+

∂~wjl
(117)
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In all other cases, that is, if either ~wj or ~wk is not a winning prototype
then the second derivative will be zero. In the following we present
the missing partial derivatives. The second derivatives of the distance
measure with respect to the prototypes reads as:

∂2eµ

∂2d
µ
+

=
−4dµ−

(dµ+ + dµ−)
3

(118)

∂2eµ

∂d
µ
+∂d

µ
−

=
2(dµ+ − dµ−)

(dµ+ + dµ−)
3

(119)

∂2eµ

∂2d
µ
+

=
4d
µ
+

(dµ+ + dµ−)
3

(120)

The second derivative of the distance measure to a prototype ~wjl:

∂2d
µ
±

∂~wjl∂~w
k
p

= Λlp (121)

Now, all partial derivatives should be plugged into Eq. 113 to obtain
the sub Hessian matrix of the prototype variables.

a.2.2 Transformation matrix

We present second-order derivatives with respect to the transforma-
tion matrices Ωlm and Ωnp:

∂2ϕ(eµ)

∂Ωlm∂Ωnp
= ϕ ′′(eµ)

∂eµ

∂Ωlm

∂eµ

∂Ωnp
+ϕ ′(eµ)

∂2eµ

∂Ωlm∂Ωnp
(122)

where ϕ ′′(eµ) is defined in Eq. 114, and the first order derivatives
with respect to Ω were obtained in section A.1.2. The second-order
derivative of eµ with respect to the transformation matrix elements
result in a complex chain of partial derivatives:

∂2eµ

∂Ωlm∂Ωnp
=

∂2eµ

∂Ωnp∂d
µ
+

∂d
µ
+

∂Ωlm
+
∂eµ

∂d
µ
+

∂2d
µ
+

∂Ωlm∂Ωnp

+
∂2eµ

∂Ωnp∂d
µ
−

∂d
µ
−

∂Ωlm
+
∂eµ

∂d
µ
−

∂2d
µ
−

∂Ωlm∂Ωnp
(123)

In the following we only present the missing derivatives in Eq. 123.
We first first present the derivative:

∂2eµ

∂d
µ
+∂Ωnp

=
∂2eµ

∂2d
µ
+

∂d
µ
+

∂Ωnp
+

∂2eµ

∂d
µ
+∂d

µ
−

∂d
µ
−

∂Ωnp
(124)

∂2eµ

∂d
µ
−∂Ωnp

=
∂2eµ

∂2d
µ
−

∂d
µ
−

∂Ωnp
+

∂2eµ

∂d
µ
+∂d

µ
−

∂d
µ
+

∂Ωnp
(125)

(126)
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By Eq. 66 of the Matrix Cookbook [27], we obtain the second-order
derivative of the distance measure with respect to transformation ma-
trix:

∂d
µ
+

∂Ωlm∂Ωnp
=
∑
j

Ψ
µ+
j

(
Jnp(xµ − ~wj)(xµ − ~wj)>

)
lm

, (127)

where J is the single entry matrix. The derived partial derivatives
should be plugged into Eq. 122.
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