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1 Introduction

Quantum Mechanics (QM) is a successful and proven theory originating from the early
20th century. It provides us with a much deeper understanding of the physical phenomena
at the atomic and subatomic scales. QM has been verified experimentally to an incredible
degree of precision.

Quantum measurement paradox

There are conceptual problems with QM however. The experimental fact that each obser-
vation yields a definite outcome together with the impossibility to describe single events
from theory is called the quantum measurement paradox [1]. It is the most central and
fundamental problem in QM.

The famous double-slit experiment (see Fig. 1) illustrates this manifestation of the
quantum measurement paradox in an elegant way. Single electrons are shot through two
slits one-by-one and arrive at a detection screen. Only after shooting a large amount of
electrons at the screen an interference pattern emerges. The interference pattern can be
explained by QM, but it cannot give us a description on the level of single events. What
it provides us is a description of the statistical average over many events.

Event-by-event simulation

This is where the physics of QM stands now. We are unable to say anything useful about
single events that occur on the quantum level. This is where my bachelor thesis will be

Figure 1: An interference pattern emerges after shooting many electrons on the screen.
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going in a different direction. By using a computational procedure I show that event-by-
event simulation of quantum phenomena in a deterministic way is possible and apply this
without resorting to any concept of QM! I show the feasibility of event-by-event simulation,
in particular the Einstein-Podolsky-Rosen-Bohm (EPRB) experiment, and what kind of
implications this has. It is important to realize what is presented here is not about the
interpretation or extension of QM. Event-by-event simulations are procedures, not (yet) a
theory. The fact that it is possible to simulate quantum phenomena on the level of single
events does not mean that QM is wrong or incomplete. It does not have anything to say
on this level of detail [2].

The philosophy behind event-by-event simulations is as follows [3]:

1. Reproduce event-by-event the results of quantum theory.

2. Do not rely on a single concept of quantum theory.

3. Satisfy Einstein’s criteria of local causality.1

4. One-to-one correspondence with the experimental setup.

5. Provide a simple, rational and realistic picture of the processes.

6. Do not require arguments that contradict elementary logic and common sense.

We can no longer distinguish between the data of the simulation or data of the experiment
if we can construct an algorithm that satisfies these conditions. An important notice on
this philosophy is that we could easily perform a simulation by solving the Schrödinger
equation with pseudo-random numbers. But following this course of action will not lead to
new knowledge of how the probability distribution is formed from single events. Performing
the simulation without solving the Schrödinger equation is the real challenge.

Third methodology

One of the reasons that computer simulation is widely regarded as complementary to the-
ory and simulation, is the success of the Metropolis Monte Carlo method for simulating
statistical physics [5]. The similarity between the Monte Carlo simulations and the simu-
lations presented here are that in both instances the procedure is repeated many times in
order to obtain the distribution of an unknown probabilistic entity. If we are to accept that
computer simulation is indeed a third methodology of physics, the realization of simulating
quantum phenomena in an event-by-event way should be no surprise.

1For a comprehensive discussion about Einstein’s locality versus Bell’s locality see [4]
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2 EPRB experiment with photons

Einstein, Podolsky and Rosen, known collectively as EPR, originally designed a thought
experiment to illustrate that the description of the wave function is incomplete [6]. Later it
was reformulated in terms of spin by Bohm and this form of the experiment became known
as the EPRB experiment [7]. The EPRB experiment illustrates quantum entanglement
and heaps of discussion started about what the measurement of entangled particles means
and the interpretation of QM.

Experimental setup

In Figure 2 you see a typical setup of an EPRB experiment with photons. The source
emits pairs of photons with opposite but otherwise random polarization. Each photon
travels to an observation station where it is detected. The two observation stations are
separated spatially and temporally such that the detection of particles at station 1 or 2
can not have a causal effect on the detection of particles at the other station. Before
a photon arrives at one of the stations, it passes through an electro-optic modulator that
rotates the polarization of the photon by an angle based on a pseudo-random voltage. Each
electro-optic modulator is connected to an independent random number generator. After
the polarizer the photon will be observed at one of the two detectors, which is regarded
as an event. The clock of the station assigns a time-tag to each event. This will discretize
time in intervals, where the width of the interval is determined by the time-tag resolution
τ [9].

Figure 2: Schematic diagram of a real EPRB experiment with photons [8].
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Data gathering

The data of the nth event at station i = 1, 2 consist of xn,i = ±1, specifying at which
detector the photon arrives, the time tag tn,i, indicating the time of the event, and a
two-dimensional unit vector an,i which carries the information of the polarization by the
electro-optic modulator. Now the complete set of data of the experiment can be written as

Υi = {xn,i, tn,i,an,i|n = 1 . . . , N} (1)

The two sets of data {Υ1,Υ2} can be analyzed long after the collection of the data. By
using a time window W , coincidences are identified by comparing time differences {tn,1 −
tm,2|n,m = . . . , N} [9]. The symbol

∑′
is introduced to indicate that all events that

satisfy ai = an,i are summed over. For each pair of directions {a1,a2} of the electro-optic
modulators, the number of coincidences between detectors Dx,1(x = ±1) at station 1 and
detectors Dy,2(y = ±1) at station 2 is given by [8]

Cxy = Cxy(a1,a2) =

N ′∑
n,m=1

δx,xn,1δy,xm,2Θ (W − |tn,1 − tm,2|) (2)

Where Θ(t) is the Heaviside step function. The single-particle averages and the correlation
between them are defined by

E1(a1,a2) =

∑
x,y=±1 xCxy∑
x,y=±1Cxy

E2(a1,a2) =

∑
x,y=±1 yCxy∑
x,y=±1Cxy

E(a1,a2) =

∑
x,y=±1 xyCxy∑
x,y=±1Cxy

=
C++ + C−− − C+− − C−+
C++ + C−− + C+− + C−+

(3)

Where the denominators are the sum of all the coincidences. The value of Cxy(a1,a2) will
generally depend on the time-tag resolution τ and the time window W . By tuning the time
window W and filling in Eq. (3) based on the data set {Υ1,Υ2}, we are able to produce
figures that agree with the two-particle correlation of the singlet state.

Quantum theory

From the axioms of QM we know that repeated measurements on a two-particle spin system
yields the following statistical averages for the single-spin system

E1(a) = 〈σ1 · a〉
E2(b) = 〈σ2 · b〉 (4)
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And the following for the statistical average of the two-spin system

E(a,b) = 〈σ1 · a σ2 · b〉 (5)

Where σi = (σxi , σ
y
i , σ

z
i ) are the spin-12 Pauli matrices for the two particles i = 1, 2 and

{a,b} are unit vectors [2].
By performing the experiment we assume that the system is represented by the singlet

state |φ〉 = 1√
2

(|H〉1|V 〉2 − |V 〉1|H〉2) of the two spin-12 particles, where H and V stand

for the horizontal and the vertical polarization. Then we have the following statistical
averages for the single-spin system

E1(a) = 0

E2(b) = 0 (6)

And the following for the statistical average of the two-spin system

E(a,b) = −a · b (7)

If we now denote the orientation of the two polarizers with α and β we get

E(α, β) = −cos 2(α− β) (8)

When the data of the experiment is processed according to Eq. (3) with the correct time
window W , the resulting figure should and will match Eq. (8) which corresponds to the
theoretical outcome [9]. I elaborate more on the time window W in the discussion.

3 Simulation model

Here I show how to construct a simulation model of the experiment which satisfies the
conditions mentioned in the introduction. The setup is essentially the same as the real ex-
periment treated in the previous chapter (see Fig. 3). The algorithm requires a specification
of the different components and a procedure to analyze the data [10].

Source and particles

The source emits particles that carry a vector

Sn,i = (cos (ξn + (i− 1)π/2), sin (ξn + (i− 1)π/2)) (9)

This represents the polarization of the photons that travel to station i = 1, 2. The chosen
formula is such that the two photons have orthogonal polarizations, i.e. Sn,1 ·Sn,2 = 0 . The
polarization of the photons is completely determined by ξn , which is distributed uniformly
over the interval [0, 2π] by using pseudo-random numbers. Thus the photons are emitted
in pairs with a mutually orthogonal but otherwise random polarization [11].
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Figure 3: Schematic diagram of the EPRB simulation with randomly polarized photons [3].

Observation stations

The number of different polarization directions we call M . We then use 2M random
numbers to fill two arrays (α1 . . . , αM ) and (β1 . . . , βM ). When the nth pair of photons
leave the source we use two different pseudo-random numbers 1 ≤ m,m′ ≤M to select the
angles θn,1 = αm and θn,2 = βm′ [3].

Polarizer

After rotating the photons by θn,i the vector describing the photons will change to

Sn,i = (cos (ξn − θn,i + (i− 1)π/2), sin (ξn − θn,i + (i− 1)π/2)) (10)

The polarizer at station i projects the vector onto its x-axis

Sn,i · x̂i = cos (ξn − θn,i + (i− 1)π/2) (11)

Where x̂i is the unit vector along the x-axis of the polarizer [10]. The output of the
polarizer will depend on the model used to simulate the polarizing beam splitter. I present
a deterministic model and a pseudo-random model.

For the more simple deterministic model we consider the rule

xn,i = sign(cos 2(ξn − θn,i + (i− 1)π/2) (12)

This rule does not comply with Malus law but it can nevertheless reproduce the correlation
of the singlet state [10].
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The more realistic pseudo-random model is based on the rule

xn,i =

{
+1 if rn ≤ cos2(ξn − θn,i + (i− 1)π/2)

−1 if rn > cos2(ξn − θn,i + (i− 1)π/2)
(13)

Where rn are pseudo-random numbers between 0 and 1. This rule generates events such
that the distribution of events complies with Malus law [11].

Time-tag model

When a photon passes through an electro-optic modulator, it experiences a retardation
depending on the polarization of the photon and the rotation of the electro-optic modu-
lator according to Maxwell’s equation [12]. The amount of time the photon is delayed is
missing a theoretical description [10] and in this model we assume a time delay tn,i which
is distributed uniformly over the interval [t0, t0 +T ]. Only the time difference is important,
which follows from Eq. (2), thus we can set t0 = 0. The time-tag for the nth event is then
tn,i ∈ [0, T ].

What follows is an explicit specification of T . I have used the same specification for T
as De Raedt et al. [10], because it yields useful results

T (cos (ξn − θn,i + (i− 1)π/2) = T0(sin 2(ξn − θn,i + (i− 1)π/2))d (14)

Where T0 = maxθT (θ) is the maximum time delay and defines the unit of time. This leaves
d as the free parameter and it will be shown that for specific values of d the output of the
model corresponds to the quantum correlation of the singlet state. The specific value of d
will however depend on the polarizer used.

Data analysis

The algorithm generates the data set {Υ1,Υ2} for fixed N and M , just as the real exper-
iment [9]. We choose a time-tag resolution 0 < τ < T0 and a coincidence window τ ≤ W
in order to count the coincidences [8]. The correlation count Cxy(αm, βm′) is set to zero
initially. After computing the discretized time tags kn,i = dtn,i/τe, we increment the count
Cxn,1,xn,2(αm, βm′) when |kn,1−kn,2| < k = dW/τe. Because only then an entangled photon
pair is observed as stated in the procedure in the real experiment [9].

4 Simulation results

The algorithm first generates the data set {Υ1,Υ2} for different angles θn,i of the polarizer.
Then it computes the coincidences by using Eq. (2). And finally the correlation E(α, β)
is computed by using Eq. (3). The parameters used for the simulation are; T0 = 1, N =
106,M = 20,W = τ = 0.00025 and thus k = 1. The obtained results will depend on the
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Figure 4: Simulation result with the deterministic polarizer. The solid lines correspond to the
analytical expression which can be obtained by using probability theory [4]. Blue dots (d = 0) are
the result without using a time window W . Red dots (d = 2) reproduces the singlet correlation
exactly. Green dots (d = 4) shown for completeness, see discussion.

time-tag resolution τ , the time window W and the number of events N , just as the real
experiment [9]. For each event pseudo-random numbers are used to select one pair of angles
for the polarizers. Several simulations are performed for different values of d. d = 0, 2, 4
for the deterministic polarizer and d = 0, 4, 8 for the pseudo-random polarizer.

The result of the simulation for the correlation E(α, β) with the deterministic polarizer
is shown in Fig. 4. In this figure you see a perfect agreement with Eq. (8) for d = 2 (shown
in red). In Figure 5 the result is shown for the correlation E(α, β) with the pseudo-random
polarizer. For d = 4 (shown in red) you can see the desired agreement with Eq. (8). The
results of the other values of d will be discussed in the next section.

The algorithm used is programmed in MATLAB. The code is given in the appendix.

5 Discussion

As seen in the figures the results are in excellent agreement with quantum theory when
using a particular value of d. Not using a time window W (effectively the same as putting
d = 0) yields results that disagree with QM. The fact that using a time window W is
essential for the real experiment [9] means we do not have to worry too much about
that. The time window W in the real experiment as well as in the simulation is necessary
to distinguish between the observation of one two-particle system or two single-particle
systems. By varying over different values of d means that we are able to describe more
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Figure 5: Simulation result with the pseudo-random polarizer. The solid lines correspond to the
analytical expression which can be obtained by using probability theory [4]. Blue dots (d = 0) are
the result without using a time window W . Red dots (d = 4) reproduces the singlet correlation
exactly. Green dots (d = 8) shown for completeness, see discussion.

than QM alone and thus we can consider the result which agrees with the description of
an entangled state as a special case. You could say we can go ‘beyond quantum’ with this
classical simulation.

The model described here strictly follows the philosophy mentioned in the introduction.
The great feature is the realization of reproducing the correlation for the singlet state
without first solving the Schrödinger equation and providing a simple, rational and realistic
picture of the processes. It does not matter which model of the polarizer is used if the goal
is to reproduce the desired correlation. The pseudo-random polarizer complies with Malus
law and in that sense it is more realistic. The algorithm considered here is a slimmed down
version of a much broader simulation model using a deterministic learning machine (DLM)
[8]. The DLM can simulate a wide range of quantum phenomena and is not restricted to
the EPRB experiment or the use of photons. Based on the algorithm one can expect that
by making the time-tag resolution τ and the time window W smaller we could improve
the agreement with quantum theory. It is very much worth mentioning that we can obtain
the analytical expressions for the different simulations by using probability theory. This is
covered in great detail by De Raedt et al. [4] but lies beyond the scope of my thesis.

I would like to conclude my thesis with a quotation of Einstein’s hope for a more
complete theory of QM; “I still believe in the possibility of a model of reality, that is to
say, of a theory, which represents things themselves and not merely the probability of their
occurrence.”
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A MATLAB code

1 % Model for simulating an EPRB experiment
2 %
3 % Variables with A and B are for the deterministic polarizer
4 % and the pseudo−random polarizer respectively.
5 %
6 % The simulation runs over various values of d
7 for d = 0:2:8
8 % Model parameters
9 M = 20; % Number of angles at station 1 and 2

10 N = 1e6; % Number of events generated for each pair of angles
11 tau = 2.5e−4; % Time−tag resolution in units of T0 = 1
12 k = 1; % Time window W = k*tau
13

14 % Initialize matrices
15 angles1 = zeros(1,M); % Angles for station 1
16 angles2 = zeros(1,M); % Angles for station 2
17 allangles = zeros(1,Mˆ2); % All angle combinations
18 countA = zeros(2,2,M,M); % Counts
19 countB = zeros(2,2,M,M);
20 totalA = zeros(1,Mˆ2); % Total count
21 totalB = zeros(1,Mˆ2);
22 EA = zeros(1,Mˆ2); % E(a,b)
23 EB = zeros(1,Mˆ2);
24

25 % Additional parameters for progress text and file check
26 reverseStr = '';
27 data name = [num2str(d),' ',int2str(N),' ',num2str(M)];
28

29 % Check if simulation is done before
30 if exist([data name,'.mat'],'file') ˜= 2
31 % Initialize tables of angles
32 for i = 1:M
33 angles1(i) = rand*pi;
34 angles2(i) = rand*pi;
35 end
36

37 % Generate events
38 for z = 1:100
39 for i = 1:Mˆ2/100
40 for j = 1:N
41 % Starting polarization
42 P1 = 2*pi*rand; % Polarization of particle 1
43 P2 = P1 + 0.5*pi; % Polarization of particle 2
44

45 % Station 1
46 a1 = ceil(M*rand); % Select an angle
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47 k1 = ceil((1 − c1ˆ2)ˆ(d/2)*rand/tau); % Delay time
48 % Deterministic polarizer
49 c1 = cos(2*(P1 − angles1(a1)));
50 if c1 > 0 % Check for sign
51 dpA = 2; % +1 event
52 else
53 dpA = 1; % −1 event
54 end
55 % Pseudo−random polarizer
56 if (cos(P1 − angles1(a1)))ˆ2 > rand
57 ppA = 2; % +1 event
58 else
59 ppA = 1; % −1 event
60 end
61

62 % Station 2
63 a2 = ceil(M*rand); % Select an angle
64 k2 = ceil((1 − c2ˆ2)ˆ(d/2)*rand/tau); % Delay time
65 % Deterministic polarizer
66 c2 = cos(2*(P2 − angles2(a2))); % Check for sign
67 if c2 > 0
68 dpB = 2; % +1 event
69 else
70 dpB = 1; % −1 event
71 end
72 % Pseudo−random polarizer
73 if (cos(P2 − angles2(a2)))ˆ2 > rand
74 ppB = 2; % +1 event
75 else
76 ppB = 1; % −1 event
77 end
78

79 % Count
80 if abs(k1 − k2) < k % Required rule for count
81 countA(dpA,dpB,a1,a2) = countA(dpA,dpB,a1,a2) + 1;
82 countB(ppA,ppB,a1,a2) = countB(ppA,ppB,a1,a2) + 1;
83 end
84 end
85 end
86 % Progress text
87 msg = sprintf('Processed %g%%', z);
88 fprintf([reverseStr, msg '%%']);
89 reverseStr = repmat(sprintf('\b'), 1, length(msg));
90 end
91

92 % Calculate E(a,b)
93 for a2 = 1:M
94 for a1 = 1:M
95 allangles((a2 − 1)*M + a1) = angles1(a1) − angles2(a2);
96
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97 % Deterministic polarizer
98 totalA((a2 − 1)*M + a1) = countA(1,1,a1,a2) +...
99 countA(2,2,a1,a2) + countA(1,2,a1,a2) + countA(2,1,a1,a2);

100 EA((a2 − 1)*M + a1) = countA(1,1,a1,a2) +...
101 countA(2,2,a1,a2) − countA(1,2,a1,a2) − countA(2,1,a1,a2);
102 if totalA((a2 − 1)*M + a1) > 0
103 EA((a2 − 1)*M + a1) = EA((a2 − 1)*M + a1)/...
104 totalA((a2 − 1)*M + a1);
105 end
106

107 % Pseudo−random polarizer
108 totalB((a2 − 1)*M + a1) = countB(1,1,a1,a2) +...
109 countB(2,2,a1,a2) + countB(1,2,a1,a2) + countB(2,1,a1,a2);
110 EB((a2 − 1)*M + a1) = countB(1,1,a1,a2) +...
111 countB(2,2,a1,a2) − countB(1,2,a1,a2) − countB(2,1,a1,a2);
112 if totalB((a2 − 1)*M + a1) > 0
113 EB((a2 − 1)*M + a1) = EB((a2 − 1)*M + a1)/...
114 totalB((a2 − 1)*M + a1);
115 end
116 end
117 end
118

119 % Sort data
120 [allangles, perm] = sort(allangles);
121 EA = EA(perm);
122 EB = EB(perm);
123

124 save(data name,'allangles','EA','EB')
125 else
126 load([data name,'.mat'])
127 end
128 end
129

130 makefigure
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