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Abstract

I present an explanation about the PageRank algorithm πT = πTG. Background of G =
αH + (αa+ (1−α)e) 1

ne
t and construction of the matrix H and G while dealing with dangling-

nodes. I cover the sensitivity of πT to changes in the algorithm and structure of the web. I
look at a method to improve upon the PageRank algorithm by changing vT , and implementing
a back button for dangling nodes. Moreover I cover the adaptive power method to decrease
the number of computations needed per iteration and extrapolation methods to decreasse the
number of iterrations required for convergence. While also looking at the storage of the massive
matrices. Consider the accuracy of the ranking of the pages. Including proves of the spectrum
of G, the power method iteration and the convergence of πT = πTG. Additionally a look at
the HITS algorithm and other search engine algorithms. Included an example of the PageRank
algorithm on a 15 page web graph and experiment with different α, πT (0), vT and accuracy
arguments.
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1 Introduction to information retrieval

With the invention of the internet a new research area has been opened. For years there have
been places for information retrieval, for example libraries. At a library there is usually a
method to help you find the book you are looking for. It might be a person, it might be that
the books have been sorted in alphabetic order or they have been categorized by topic. Usually
there is in fact a combination of these tools to help you find the right book. Nowadays you
might encounter a cataloge computer in a library where you can submit a query containing
for example author, year, topic etc. and it will produce a list of books. Pages on the internet
we would like to do the same. There are however a couple of huge differences between books
in a library and pages on the web. First of all there are billions of pages, more then any hu-
man based indexing can be applied upon. Especially because the web is dynamic, the pages
often change content. Lastly the pages are all self-organized. In a library someone indexes a
book, or at least looks at the books to determine if it is even worthy for the collection, on
the web anyone can post any page. A method to retrieve useful pages from the web, and a
search engine algorithm. But before we look at this newer area of research we will take a look
at more traditional methods of information retrieval that you could find in for example a library.

For the traditional information retrieval two basic models first one is the Boolean search engine.
The engine is based on exact matching of the query with a document in an index using the
Boolean operators: ’or’, ’and’ and ’not’. Any number of logical statements can be rewritten
in these Boolean operators. This method judges a document as relevant when it satisfies the
query and irrelevant when it does not. There is no ranking between documents. There is also
no partial match. This has a couple of weaknesses, searching on the term ’car’ this engine will
mark a document about ’automobile’ irrelevant, which obviously is not desired. The biggest
weakness is synonyms, homonyms and polynyms. It however is also a very effective method on
many data sets. Searching in a library’s database on an author’s name works perfect with this
Boolean method (assuming you spell the author right). Boolean method often form the bases
for search engines.

The second model is the vector space search engine. A vector space search engine transforms
textual data to a matrix in one way or another and then matrix analysis to discover key fea-
tures and connections between documents.The main goal of this model is to solve the synonym
and polysym problem of the Boolean method. A document about a ’car’ has probably a lot of
similarity with a document about ’automobile’ and more advanced vector space search engine
should pick up on this fact and present the document about ’automobiles’ even when searching
on ’car’. Additionally this method derives a relevance ranking. More relevant ranked document
are given as higher search results which is increasingly useful the larger the datasets become.
However this method is in computational way more expensive then the Boolean and due to
the computational expense it scales badly to larger datasets. A nice feature that can be imple-
mented is relevance feedback. Where a user rates how usefull an given document was on his
query after which a new ranking can be made according to the users relevance. So this method
implements feedback, ranking and relevance for documents.

Of course we could also combine these two information retrieval models to create a search
engine that contains the strengths and weaknesses of both, depending on precisely how it is
implemented.
To compare different search engines and determine which one is better usually two criteria are
used. Precision and recall. Precision is the percentage of retrieved relevant documents for the
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query to the number of pages retrieved by the query. Recall is the percentage of relevant pages
retrieved for the query to the number of relevant pages in the dataset for the query. Precision
determines how many search results were good, and recall determines how good the search was.
Additionally search time is a factor. Moreover computational expensiveness and memory usage
is nowadays a huge concern as most datasets get bigger. A search engine such as Google has
an additional criteria which is customer satisfaction. For the web the dataset is so massive that
precision and recall can no longer be applied as we simply do not know how many pages are
relevant. Additionally because of the enormous amount of pages and complexity of the web
it is important that the first search results are relevant. The first twenty page that Google
gives back are the most important ones as users usually give up after the first couple of results
and either redefine their query or give up on the search. High precision on a thousand web
pages is not relevant if the first 20 pages are wrong. In the end it is impossible to rate how
good a search precisely is, but measuring whether the user is satisfied is more relevant and easier.

1.1 Crawling and indexing

A search engine needs a database with pages to give back as search result. Additionally it needs
some system to decide which pages from its database to show and preferably to show pages
with some form of ranking in such a manner that when it finds a lot of possible webpages the
first results are most likely to match what the user wants. To do this search engines use a com-
bination of two categorizing indexes. One is based on the content of the pages to check whether
the page matches the search query. The other is some method to rank the pages relative to
each other to show which one is more important when they are both found with some search
objective. To rank the pages relative to each other Google uses an algorithm called PageRank.
This paper will focus thoroughly on this subject. But first we need to take a quick look at how
a search engine gets pages in its database and how it categorizes pages based on content. The
picture below gives an overview of all the dierent parts of how a search engine works.

The crawler module is a rather short software program that instructs so called spiders to crawl
the web. These spiders crawl over webpages and load all the information they can find about
these pages in indexes. First we need a bit of definition. Assume we are on page A. A link to
page A is called an inlink of page A. When a links from page A to another page it is called an
outlink of page A. A spider starts at a random page and then follows outlinks to go to a next
page. This is done by adding the pages that were linked towards in the so called crawling index.
The crawling index consists of all pages the crawling module is aware of exist and determines
which page to crawl next. Of course a spider can be programmed with all kinds of restriction
to accommodate the type of search engine you want to make. For instance crawlers can be
programmed to only visit .nl sites and add these to the crawling index. Because the web is
dynamic, the content of pages is constantly changing, it is important to crawl pages regularly.
This for example can be done by simply starting from the top of the crawling index every now
and then. But also more sophisticated methods based on importance of site and time since
last visited can be implemented. Each search engine can program its own specific crawler to
suit their desires. A crawler module has a lot of spiders crawling at the same time to reach as
many pages as possible. Besides using outlinks of crawled pages to find new pages to add in
the crawling index pages can also manually be added. Google for example has a site where you
can upload a url of a page which then will directly be added to the crawling index. Meaning
that this page will be crawled even when it has no inlinks. This is often done by people that
are afraid there pages may never be found by search engines.
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A new page for example usually has no inlinks yet and if no can find the page with a search
engine then it never will get one either. Google expressed their desire to index the whole web,
or at least as much as possible.

Each page that is crawled by a spider is sent to the indexing module where software programs
try to index the content of the page. All this information is stored in dierent indexes. Usually
there is an index for the title of a page, one for description etc. The content index is one of the
most important indexes that stores all the textual information of the page in compressed form.
This is done by an inverted file that is the same as any index of a book. Basically all words
that are mentioned in the pages of the database of the search engine are listed in alphabetic
order. Then after each word the numbers of the pages in which that particular word occurs in.
The number referring to the position of the page in the page index. This index is massive but
we are not going to focus on the detail of it.

When a user types in a query the search engine starts to consult its indexes. For example when
a user searches the query : Village People and it consults the content index all pages containing
the word village or people are retrieved. Then there might be some operator imposed such as
the Boolean and to minimize the list of pages to all pages containing both Village and People.
Or it may look at pages with Village in the title or some other criteria. At this point we have
created a list of pages that in some way (by title/ subject content etc.) are related to the given
query. Now there might be a lot of pages that are listed so we impose some form of ranking
criteria to give the most important page first. There are two types of ranking criteria. Based
on the content of the website by weighting some indexes heavier than others. For example a
page with the title Village People is probably more relevant then a page that has the word
somewhere in the main text. The other form of ranking criteria is based on importance of sites.
This ranking is achieved by the PageRank algorithm and is not based on content or indexes
of the search engine. Rather it uses all the pages in the search engines database and their
structure of in- and outlinks to determine which page is more important. This will be covered
thoroughly later on. The final step is combining ranking scores based on the content score with
the ranking scores given by PageRank. As we see there are a lot of stages where the designers
of the search engine have to make ranking decisions. Exactly how important is a word in the
titel of a page compared to a word in the body. This explains why two search engines with same
method but differnt criteria can give the same pages in dierent order of importance to a user.
One might value titles more than content, the other might value the web based structure more
than content. However the basic structure of ranking a page is done the same for all search
engines.
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2 Constructing the PageRank algorithm

2.1 Using the structure of the web

The big idea, and breakthrough of Googles PageRank system originates from the question:
What ranking is good and when are pages properly ranked?
Google wanted to only use information from the web to decide upon the rankings so no one
has to read everything and judge it, is impossible for all the billions of web pages that exist.
Instead they had the idea that a lot of information of what people think about pages is already
stored in the structure of the web. When you make a link on your page, you are basically saying
that you think that that is a useful page (and therefore a good page to find when searching
on the topic). And in a similar way, when no one has a link towards a page, it is probably
not considered very good. The same way that word of mouth advertising works. And because
the structure of the web, i.e. which page links to which page can be found on the web we
now have a decent sounding ranking criteria. Of course this method is not perfect and there
is always an open discussion what the criteria should be for a page to receive a good/better rank.

The problem of defining good ranking is a subjective one. The one we are making here is still
just an opinion or reasonable argument, but not necessarily the truth or just. This system base
comes from the idea that a page that has a lot of inlinks is important, and therefore deserves
a high PageRank. A page that has few inlinks is considered less important and deserves a
lower PageRank. Moreover getting the endorsement of an important page weighs more than
the endorsement of an unknown page. Just as the endorsement of the president helps you more
than the endorsement of your local baker. This might sound like a circular reasoning, but when
looked at it mathematically it turns out to be fine, something that will be discussed in more
detail later on. Important pages either get a lot of inlinks, or inlinks from important pages.
This is still not yet the final ranking argument for this basic method. When a page makes a lot
of recommendations (outlinks), each one should probably be weighed less as this recommenda-
tion probably means less. Being complemented by that guy that never speaks is probably more
meaningful than being complemented by the guy that squeaked the complement between the
others for the people around you.

So now that we have our basis defined as to when we think a page is a good page and deserves
a high ranking, let’s put it into mathematics.

2.2 Translating the web into mathematics

2.2.1 Summation equation

Brin and Page, the founders of Google and the PageRank algorithm started with a simple
summation equation. The PageRank of a page Pi is the sum of the PageRank scores of pages
Pj that have a link toward Pi. With the addition that the score Pj is divided by the number of
outlinks page Pj has. Let r(Pi) denote the ranking PageRank score of page Pi and o(Pi) denote
the number of outlinks page Pi has and B(Pi) be the set of all pages with an inlink to page Pi.
Then the original summation equation is:

r(Pi) =
∑

Pj∈B(Pi)

r(Pj)

o(Pj)

Of course for this definition to make any sense we need to assign some initial PageRank value
to each page, this initial value has been set as 1

n where n is the number of pages in the system.
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However we still have the problem that we do not know the true PageRank values of each page,
and when we calculate a Pi we do not know the correct values of each Pj used in the calculation.
We can start the process by updating every page his score by assumming the PageRank value
1
n for each page, but then we have not yet found the true value only a first indication/guess. To
Solve this they created an iterative process updating every page from page number 1 to page
number n. After page 1 was updated this updated value was not immediately implemented
in the calculation to derive page 2 and higher numbers. Each page gets an update PageRank
score based on the pagerank values of the inlinking page pagerank score previous for their
update. After the first iteration, where each page got an updated PageRank score, the second
iteration will start using the PageRank scores of iteration 1. This process will be continued
until convergence, which will be the final PageRank scores. Let k be the index that denotes the
number of iteration then this process can be denoted as:

rk+1(pi) =
∑

Pj∈B(Pi)

rk(Pj)

o(Pj)

Remark: This iterative process was created with the hope that it would converge to some
stable and unique scores. We will now rewrite this equation to matrix form, for which later on
convergence will be shown. For now it is a system that represents the definiton of good page,
a page with a lot of inlinks for which we assume convergence.

This summation equation is rather tedious, calculating the score of 1 page at a time. Using a
matrix we can rewrite the system such that every page gets updated at the same time. Create
a 1 × n PageRank score vector called πT that contains the PageRank scores of all the pages.
Create a n×n matrix called H that will consist of the structure of the web. Then the calculation
πTH creates an new 1 × n vector called φT . The first entry of this vector φT is equal to the
sum of all the PageRank scores in πT multiplied with the first column of H. We could rewrite
the values in φT to a summation formula:

φT1 =
n∑
i=1

πTi ·Hi,1

The goal is to let φT be the next iteration of the PageRank score of πT . Because we work with
a set πT we can only change H. Therefore the goal is to create H in such a way that is displays
the structure of the web and we reproduce the summation equation. For this we need that the
columns i of H mimic the inlink structure of page i. As a result each row of H represents the
outlinks of page i. We had the additional criteria for the summation equation that each value
should be divided by the amount of outlinks a page has. Because π contains the PageRank
scores and can not be altered we need to implement this weighting of values in H. Creating H
is actually relatively simple. First to copy the inlink and outlink structure of the web set the
value of entry Hij = 1 if page i has an outlink to page j and zero otherwise. After assigning
each entry in H with a zero or a one we still need to weigh the value. To do so divide each
entry by the number of nonzero entries in that row.
Below is a small example of a web graph, and the belonging H that depicts the structural
notation.
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We obtain the following general iteration equation with the use of H:

πTk+1 = πTk ·H

This equation is comparable to the original summation formula.
Remark: As mentioned before for the summation formula we want the iterations to converge.
To guarantee convergence for a system of the form πTk+1 = πTk ·H we need some conditions on
H which are not yet qualified. The system denoted here still has several problems that will be
handled step by step until we reach an H that will guarantee convergence.

2.2.2 Random Surfer

To reiterate the idea of good PageRank and why this equation and H are good implementa-
tions of this idea we will explain the random surfer model that Google used. Random surfer is a
method to describe the behavior of a person surfing the web. This method does not accurately
describe a person surfing the web but is a good first approximation step. As the word random
suggest it is based on a lot of change where a real surfer probably does not let the next page he
visits be determined by change. For the system that we are building up to we need some initial
PageRank vector containing PageRank values. We want to update those PageRank values by
following the matrix H using the idea of random surfer. In this model we start surfing at a page
A and then jump to a new page chosen at random from the outlinks of page A (we are actively
surfing the web). Choosing where to go completely random between the possible outlinks of
each page (equal change to use each outlink). Proceed surfing the web by randomly following
the outlink of the page that was visited after page A. Moreover we do this for all pages at the
same time. The pages that have been visited more often, are more important (they have more
inlinks, or inlinks from other pages that were often visited) and therefore should receive a higher
rank. To keep account for the number of times a page has been visited in the system we can
use a simple equivalent statement. Each page distributes its own PageRank over its outlinks
each iteration. Meaning that after each step we get new PageRank values. We forgot the old
PageRank values but only look at all the PageRank value each page received this iteration
to determine the new PageRank values. Proceed generating new PageRank values until the
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PageRank vector converges. There are some problems with this system which will be addressed
to shortly, for now assume that this is a fair method to rank the pages. To apply this random
surfing we want to work with changes, meaning that we want to work with probabilities so the
values of each row should ad up to 1. Each outlink of a page i has the fair value 1

d where d is
the number of outlinks that page i has.

2.2.3 Creating G

We have now created a method to produce the matrix H. Hij is 1
d when page i has a link to

page j and 0 otherwise. This matrix H is extremely sparse as a page has in average about 10
outlinks. Each row which is billions long only contains an order of 10 nonzero elements. As
mentioned there are some problems with the random surfer model. The first one is easily seen
from the structure of H. When a page has no outlinks there is a row full of zero’s in H. Such a
page is called a dangling node. Dangling nodes are commonly found on the web, as for example
pdf files have this property. The problem here is that once a random surfer surfs towards a
dangling node he never leaves. To solve this we behave like a completely random person and
jump to a completely random page when we are stuck on a dangling node. So instead of a row
full of zero’s we fill these rows completely with the value 1

n where n is the number of pages in
the system.

Similar problem to dangling nodes are sinks and cycles. A sink is a page or group of pages that
just as a dangling node gets linked to but has no outlinks. We can get sent to these page but
we never leave them. Meaning, we keep ranking these pages more important each step (they
get visited) and all other pages less (they are never visited). As these sinks are gathering all
the PageRank value that there is to divide we say that our PageRank gets sucked into a sink.
A cycle is a group of pages that only links to each other. These cycles have the problem as
sinks that once in a cycle we never leave those pages. But additionally we may never get a fair
ranking within this cycle. For example a simple cycle of two pages. If one page starts with
ranking value 1 and the other 0, then each time we surf these values change. Never getting to a
state where the values converge. For a sink we at least reach the point that the ranking values
converge. The sink contains a collective ranking of 1 and the other pages 0 but at least the state
is stable. This also shows the problem of a page, or group of pages that is never linked towards
(which we already fixed with our solution for dangling nodes, because this pages now get linked
towards). Sure these pages may deserve low PageRank, but we cannot allow it that their values
are always 0 because that would mean that the outlink structure of these pages are irrelevant.
Imagine a page A that has a lot of inlinks from pages that have no inlinks themselves. This
would than make the PageRank value of page A 0, although a lot of people judge it a good site.

The brilliance here is that we can fix all of the above by doing one simple adjustment. Using
the same reasoning as how we fixed the dangling nodes. At each page give it the change to go
a completely random page (each page equal change). Google ended up giving it a 15% chance
to not use an outlink but go to a randomly new page. Meaning that the surfer can never get
stuck at some page as it will eventually jump towards a completely random page. Having such
a high percentage to randomly go to a whole new page even fixes the problem of these cycles,
though not completely. For instance when a page that has no inlinks, has an outlink to page A
and page A has no other inlinks. Then this page A will have a lower PageRank then a couple
of Pages B and C, whose only out and inlinks are each other. This just shows that the system
is not necessarily perfect, but it works, and give at least good approximation, which the success
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of Google is an indication of. Notice as well that all sites with no inlinks will be rated the same,
this might be something to improve upon later.

To summarize, we had a matrix H. This matrix had rows filled only with zero’s (dangling
nodes). We wanted to make the rows of this matrix represent probabilities of using a link.
Making H into a stochastic matrix (each row adding up to 1, representing a probability) we
replaced the dangling node rows with rows filled with the value 1

n . The resulting matrix will
be called S. S = H + 1

nae
T Where a is a 1× n vector with 1’s at each position associated with

a dangling node, and 0’s elsewhere and eT represents the n × 1 vector filled with ones. This
matrix still did not suffice so we added a change to jump randomly to any page. This results
in the matrix we call G, the Google matrix. G = αS + (1 − α) 1

nee
T where 0 ≤ α ≤ 1 is the

factor that determines how often we randomly jump, or follow an outlink. And e is the vector
of n× 1 with all 1’s.

2.2.4 Working with G

We are interested in the PageRank πT whose value add up to 1. Following the iterative process
πTk+1 = πTk G we would like to determine how this PageRank vector changes under the structure
of the web. This is the general equation of the PageRank problem. This iterative method is the
power method. We want this PageRank vector to converge, and to always converge to the same
value given any starting values. A logical starting vector would be giving each page a value
1
n . However we now run into a huge problem concerning our chosen structure. Our matrix G
is massive, it has size n × n where n is the number of pages on the web. n Is at this moment
several billions. Calculation of the product πT ·G requires n2 computations (multiplications and
additions). While not completely impossible, it is far from practical. Improving this PageRank
iteration process is the goal. We can do this in two ways. Making it so that less computations
are needed in each iteration, or that the vector converges more quickly so that less iterations
are needed.

Looking at the structure of G, we see that this matrix is completely dense. The matrix is
completely filled with nonzero elements. Luckily the matrix we started with, H, consisted of
a lot of zero’s. On average a page does not have an outlink to all other sites, but about 10
outlinks. In addition H had dangling nodes, so on average less than 10n of the n2 entries of H
were filled with nonzero elements. Which is a huge difference for n of the size several billion.
The matrix H is very sparse. Calculating with zero’s is really easy, and saves computations. So
rewriting G in terms of H : G = α(H + 1

nae
T ) + (1 − α) 1

nee
t. G = αH + (αa + (1 − α)e) 1

ne
t.

This is a so called rank one update. Multiplying by H is a lot easier then multiplying with G,
and multiplication of a, e and eT is computational way less then computing with a matrix. We
are down from n2 computation to a multiple of n computations.

We arrived at the iterative process: πTk+1 = απTkH + (απTk a+ (1−α)) 1
ne

t. This equation which
resembles the power method for iteration is our basis of operation. This systems works, con-
verges, and is manageable. All of which I will explain in the upcoming paragraphs.

First of all This problem is very close to Markov chain theory. πT = πTH in fact resembles a
Markov chain power iteration for a transition probability matrix H. From this Markov chain
theory, which is well developed, we know that any starting vector converged to the same positive
and unique vector as long as the Markov matrix holds a couple of properties. The matrix should
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be stochastic, irreducible, and aperiodic. And irreducible and aperiodic imply primitivity. As
already mentioned S is a stochastic matrix, and our modified matrix G is also stochastic. The
sums of the values in each row equal 1, all values are positive and it represents a probability.
G is also aperiodic, because each page has an probability to link to itself. Because each page
is linked to each other page, G is also irreducible. So we can immediately conclude that our
iterative process does converge, to a unique positive vector. I have the formal proof written
down in section 9.

So we are left with the question why is it manageable, which is split into two sub questions.
First, how fast does it converge, are we not iterating for years? Secondly how can we save/ keep
track of such a massive matrix, and each iteration.
The speed of convergence for the power method in a Markov chain of the matrix G depend on
the two largest eigenvalues of G. Call them λ1 and λ2. Because G is stochastic, λ1 = 1 and
because G is primitive, | λ2 |< 1. Infact λ2 ≈ α, which i show in detail in section 8. The rate
of convergence is | λ2λ1 |≈ α. And α was chosen as 0.85. this means that after 50 iterations

α50 = 0.8550 ≈ 0.000296. So after 50 iterations we have approximately 3 decimals accuracy.
Google reports that this, at least for then was accurate. This might be improved later on, might
even be necessary. But 50 iteration surely is manageable, a bit more should not be a problem.
As already mentioned, G can be rewritten in terms of H and H is extremely sparse. Meaning
that multiplication with H is fairly doable. Even better, this power method is a matrix-free
iterative method. Meaning no manipulations on the matrix are done, only one matrix vector
multiplication. Moreover The storage of this method is relatively small. Apart from H and a,
only πTk must be stored, and πTk is the only one that changes over time. So we kept the amount
of storing the data to a minimum. Combining all gives good argument why to use this equation,
and the power method. We can however improve on this system, which we will try to do later.
The power method is a relatively slow iterative method. And this system may not be the most
accurate representation of ”good” pages. This system is manageable, and therefore our basic
starting point.

2.2.5 Teleportation matrix

I just described the phenomenon of random surfer, which led to the teleportation matrix :
E = 1

nee
T . In the system this matrix E gets added to S with a factor α. This matrix says

nothing more than that every page has a change to completely randomly go to any other page.
The first improvement of our basic PageRank equation is improving this teleportation matrix.
To a matrix E = evT . where vT is an 1 × n completely dense vector which instead of all its
value being 1

n in the completely random case, hold weighted values. Some pages get a higher
value in vT , and others lower. The sum of all the elements of vT should stay 1, as was the case
for 1

ne
T , and each element of this vector vT should be a value larger than zero. This does not

change the difficulty of the system computational wise. The only thing is that an additional
n-sized vector has to be saved. So what are the advantages of such a weighted teleportation
vector. The idea is that it describes an actual person surfing the web better. Making it into
a slightly more intelligent surfer. This vT is also called a personalized vector or teleportation
vector. A person for example is more likely to use an outlink linking to a content filled page, or
a well-known page such as Wikipedia or a page from its own country. It would make sense to
weight these pages more. Another more extreme example is that such a vector could be used
to classify different groups of people. A mathematics student that searches the term ”square”
might want other types of pages to show up then a tourist. This vector vT can be used to mimic
more the behavior of actual surfers, or groups of surfers. However calculating the according
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PageRank vector is still a lot of work, so we can’t just make one for each individual. But
making some general adjustments based on whether or not the page has any content should
improve the system. As well we might make a personalized vector based on languages or other
large subgroups. Google recently reported having updated the search engine to show pages
that have a special mobile phone page higher when using a mobile device. I do not know how
they implemented this but this could very well be done by constructing vT in such a manner.
Another way could be based on the content ranking instead of PageRank of a webpage.
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3 Sensitivity

With sensitivity we mean how much the final PageRank vector πT changes when the Google
matrix G changes. By construction G = αS+(1−α)evT where α, S and vT are components that
can change or even be chosen. S itself depends on H which solely depends on the structure of
the web, but this structure is constantly changing. α And vT can more or less be freely chosen
by the programmer of the algorithm. Therefore we will look at how πT can change when these
components change. What impact has an increased value of α on πT and more interestingly
does it change the ranking of πT .

3.1 Sensitivity to α

We have seen the influence that α has on G. The closer that α is to 1, the more the structure
of the web is used instead of the random teleportation matrix. Now we will look at how πT

changes as a result of changes in α. Moreover we are interested in the changes in value of
entries of πT but more importantly changes in ranking of pages. We will look at the derivative
of πT with respect to α which tell exactly how πT reacts to changes in α. For small changes
in α the derivative is rather precise, for larger changes however we will look at some other
method. More precisely we will be looking at each element of the derivative of πT with respect

to α denoted
dπT

i (α)
dα for the i′th element. The larger the absolute value ‖dπ

T
i (α)
dα ‖ is, the more

sensitive page i is to changes in α. The derivative shows the direction the value is going in,
and when the value is large it apparently changes a lot when α changes. Additionally the sign

matters, if
dπT

i (α)
dα > 0 then the value of page i increases when α increases and decreases when

α decreases. If
dπT

i (α)
dα < 0 then the value of page i decreases when α increases and increases

when α decreases. When page i and j have the exact same derivative values then it is safe to
assume that for changes of α their relative ranking stays the same. If page i was ranked higher,
it stays higher ranked etc. More interesting is when pages i and j have different derivative
values. Though this does not necessarily mean their relative positions change, it indicates that
for different α it is possible that their relative positions change. But because their values can
differ a lot, and we cannot say with certainty the derivative is accurate for large changes in α
we do not have certainty. But what we do know for certain is that when pages have different
differentiated values, then the choice of α has an effect on the PageRank values. You can make
reasonable arguments which pages get higher ranked with larger α and vice versa. For simplicity
lets assume that vT = ( 1

n ,
1
n , · · · ,

1
n). If α = 0 then the structure of the web has no effect on

the PageRank values and πT = vT . From this we can immediately conclude that if a page i for
any α 6= 0 has a higher PageRank value then 1

n , then this value will increase if α increases or

in other words dπi(α)
dα > 0. However because the derivative is only an approximation we cannot

immediately conclude that rankings never change.
Having spoken about what the derivate has as implications on π we actually need to prove that
it exists and that the derivative values are of any relevant size. To show this we will use three
different theorems that will be proven in detail later on in section 3.1.

Theorem 1: If the PageRank vector is given by: πT =
1∑n

i=1Di(α)
(D1(α), D2(α), · · · , Dn(α))

where Di(α) is the ith principal minor determinant of order n− 1 in I −G(α). Because each

Di(α) is just a sum of products of numbers in I −G(α), it follows that each component in πT (α)

is a differentiable function of α on the interval (0,1).
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having shown that the derivative exists, the next theorem provides an upper bound for each

entry of
dπT

i (α)
dα as well as an upper bound for ‖dπ

T
i (α)
dα ‖1.

Theorem 2: If πT (α) = (πT1 (α), πT2 (α), · · · , πTn (α)) is the PageRank vector, then

|
dπTj (α)

dα
≤ 1

1− α
for each j ∈ (1, 2, · · · , n)). And ‖dπ

T (α)

dα
‖1 ≤

2

1− α

From theorem 2 we see that for larger α the derivative values can be higher and thus πT is
more sensitive to α. For smaller value of α the system is not that sensitive to α at all. When
α→ 1 however the upper bound goes to infinity and we cannot make any concrete statement on
the sensitivity of πT with respect to α, only that is can be extremely sensitive. Sadly larger α
values are the most interesting ones as these imply a greater use ofthe structure of the web. As
mentioned as well before by convergence, there will always be a balancing act for α. Larger α
are desired but makes the algorithm converge slower and πT more sensitive. Because the upper
bound was not to useful for large α, and we work with α = 0..85 which is relatively large we
should look more closely into the sensitivity of πT which the following theorem is a great asset
to.

Theorem 3: If πT is the PageRank vector associated with G = αS + (1− α)evT , then

dπT (α)

dα
= −vT (I − S)(Iα)S−2. Additionally the limiting values of this derivative are :

lim
α→0

dπT (α)

dα
= −vT (I − S) and lim

α→1

dπT (α)

dα
= −vT (I − S)? where ? denotes the group inverse

Additionally in the proof in section 8 we have shown that λ2 = α for G and that S has
only one eigenvalue that has the value 1 which was also the largest eigenvalue. We do not
know λ2 for S precisely only that 1 is the upper bound. The Jordan form of the matrix

S, J = X−1SX =

(
I 0
0 C

)
where C is constructed of Jordan blocks corresponding to all

eigenvalue of S excluding the eigenvalue 1. It follows that I − S = X

(
0 0
0 I − C

)
X−1 and

(I − S)−1 = X

(
0 0
0 (I − C)−1

)
X−1. Therefore we can conclude that the sensitivity of πT

as α → 1 is governed by the size of the entries of (I − S)−1 which in turn are bounded by
‖(I−S)−1‖ ≤ κ(X)‖(I−C)−1‖ where κ(X) is the condition number of X. In turn ‖(I−C)−1‖
is driven by the size of |1−λ2‖−1 where λ2 is the second largest eigenvalue of S. It is reasonable
to assume λ2 is close to α as proven for G however they are not necessarily exactly the same
value. What we derive from this all is that the closer λ2 is to 1, when α is close to 1, the more
sensitive πT is to α.
Concluding: πT Is not sensitive for small perturbations for small α. For larger α πT is more
increasingly more sensitive to small changes. For α close to 1 πT is really sensitive to changes
in α governed by the size of λ2 of S.

3.2 Proofs of theorems from section 3.1

In this section proofs of three theorems used in 3.1 are given. The theorems are used to define

the derivative
dπT

i (α)
dα which is used to determine the sensitivity of πT .
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Theorem 1: If the PageRank vector is given by: πT =
1∑n

i=1Di(α)
(D1(α), D2(α), · · · , Dn(α))

where Di(α) is the ith principal minor determinant of order n− 1 in I −G(α). Because each

Di(α) is just a sum of products of numbers in I −G(α), it follows that each component in πT (α)

is a differentiable function of α on the interval (0,1).

Proof: For convenience we denote πT (α) as πT , and the same for G(α) and Di(α). In section 8
I go more into detail about the spectrum and rank of G which also shows us that the rank of G
is n. Therefore the rank of A = I−G is n−1. The adjugate of A, adj(A) is the transpose of the
cofactor matrix of A. Implying that A[adj(A)] = 0 = [adj(A)]A. has then as an immediate re-
sult of the Perron-Frobenius theorem rank 1. Furthermore from the Perron-Frobenius theorem
we know that each column of adj(A) is an multiple of e, so adj(A) = e ·wT for some vector wT .
Additionally we have that Di = adj(A)ii and thus we know that wT = D1, D2, · · · , Dn. With
similar reasoning we know that each row of adj(A) is a multiple of πT , hence wT = απT where α
is some constant. If α = 0 then each row of adj(A) is a multiple of 0, and thus adj(A) = 0 which

is impossible. Therefore we have that wT e = α 6= 0. and thus we have that wT

wT e
= wT

α = πT . �

Theorem 2: If πT (α) = (πT1 (α), πT2 (α), · · · , πTn (α)) is the PageRank vector, then

|
dπTj (α)

dα
≤ 1

1− α
for each j ∈ (1, 2, · · · , n)). And ‖dπ

T (α)

dα
‖1 ≤

2

1− α

Proof: We know that πT (α)e = 1, and the the derivative with respect to α is 0. Using this
property we are taking the derivative of πT = πTG where we write G is terms of S.

d

dα
πT (α) =

d

dα
πT (α)(αS + (1− α)evT )

dπT (α)

dα
=
dπT (α)

dα
(αS + (1− α)evT ) + πT (S − evT )

dπT (α)

dα
=
dπT (α)

dα
αS +

dπT (α)

dα
evT − dπT (α)

dα
αevT + πT (S − evT )

dπT (α)

dα
=
dπT (α)

dα
αS + πT (S − evT )

dπT (α)

dα
(I − αS) = πT (S − evT )

For α < 1 we have that I − αS is nonsingular as a result from the fact that the characteristic
polynomial p(αS(α) will be smaller as one and thus det(I −αS 6= 0 and thus the inverse exists.
As a result we can rewrite the equation to:

dπT (α)

dα
= πT (S − evT )(I − αS)−1 (1)

Let ej be a n× 1 vector whose elements are all 0 excepts the jth elements which is 1. Then:

dπj(α)

dα
= πT (S − evT )(I − αS)−1ej

Additionally we have that πT (α)(S − evT )e = 0. For the next step we first need to define the
following inequality.
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Let x be an real vector and x ∈ e⊥ where e⊥ is the orthogonal complement of the spane. Let
y be any real n× 1 vector. Then the following equations hold:

xT e = 0

|xT y| = ‖xT (y − eα)‖ ≤ ‖x‖‖y − eα‖

This holds for all norms and thus also when we chose specifically the 1 norm for x and the ∞
norm for y − eα.

|xT y| = ‖x‖1‖y − eα‖∞
We have that min

α
‖y − eα‖∞ = ymax−ymin

2 where ymax is the largest entry in y and ymin is the

minimal entry of y. This minimum is attained when α = ymax+ymin

2 . Let y = (I − αS)−1ej ,
then we can combine these equations to obtain:

|dπ
T (α)

dα
| ≤ ‖πT (α)(S − evT )‖1

ymax − ymin
2

But because ‖πT (α)(S − evT )‖1 ≤ ‖πT (α)‖1‖(S − evT )‖1 and we know that ‖πT (α)‖1 = 1 and
that ‖(S − evT )‖1 ≤ 2 and thus ‖πT (α)(S − evT )‖1 ≤ 2. So:

|dπ
T (α)

dα
| ≤ (ymax − ymin)

Now because S has only positive entries we know that (I − αS)−1 ≥ 0 from which we can
conclude that ymin ≥ 0. Additionally we know that (I − αS)e = (1α)e, these combined give
that (I − αS)−1e = (1− α)−1e. Which lead to the following bound for ymax:

ymax ≤ max
i,j

[(I − αS)−1]ij ≤ ‖(I − αS)−1‖∞

‖(I − αS)−1‖∞ = ‖(I − αS)−1e‖∞ =
1

1− α

Which results in the final result we wanted to obtain:

|dπj(α)

dα
| ≤ 1

1− α

The second result of theorem 2 is a direct consequence of the same equations when applied on
the 1-norm on equation 1.

‖dπ
T (α)

dα
‖1 = ‖πT (S − evT )(I − αS)−1‖1 ≤

2

1− α

�

Theorem 3: If πT is the PageRank vector associated with G = αS + (1− α)evT , then

dπT (α)

dα
= −vT (I − S)(Iα)S−2. Additionally the limiting values of this derivative are :

lim
α→0

dπT (α)

dα
= −vT (I − S) and lim

α→1

dπT (α)

dα
= −vT (I − S)? where ? denotes the group inverse

Proof: In the proof for theorem 2 we had the following equation:

πT (α) = πT (α)(αS + (1− α)evT )
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Rewriting this equation such that oT is on the left side, and the multiplying with (I − αS)−1
gives us:

0T = πT (α)(I − αS(1− α)evT )

0T = πT (α)(I − αS(1− α)evT )(I − αS)−1

= πT (α)(I − (1− α)evT (I − αS)−1

⇒ πT = (1− α)vT (I − αS)−1

Taking the derivative with respect to α at both sides where we use the formula dA−1(α)
dα =

−A−1(α)[dA(α)dα ]A−1:

dπT

dα
=

d

dα
(1− α)vT (I − αS)−1

= (1− α)vT (I − αS)−1S(I − αS)−1 − vT (I − αS)−1

= −vT (I − αS)−1[I − (1− α)S(I − αS)−1]

= −vT (I − αS)−1(I − αS − (1− α)S)(I − αS)−1

= −vT (I − αS)−1(I − S)(I − αS)−1

= −vT (I − S)(I − αS)−2

From this is follows that lim
α→0

dπT

dα = vT (I − S).

Furthermore, by definition we know that matrices Y,Z are each others group inverse if and only
if Y ZY = Z, ZY Z = Y and ZY = Y Z. Let Y (α) and Z(α) depend on each others such that:

Y (α) = (I − S)(I − αS)−2Z(α) = (I − S)?(I − αS)2

Then

Z?α) = Y (α) for α < 1

Z?(α) = I − S for α = 1

And thus it follows that

lim
α→1

Y (α) = lim
α→1

Z?(α) = [ lim
α→1

Z(α)]? = (I − S)?

Which leads to the final equation that we wanted to show:

lim
α→1

dπT (α)

dα
= −vT (I − S)?

�

3.3 Sensitivity to H

Again we look at the derivative of πT , this time with respect to H. dπT (Hij)
dHij

= απTi (eTj −vT )(I−
αS)−1. Of course we see that α again has a large effect as α portrays how much of an effect H
has on πT in the first place. Additionally we see the same connection with the derivative and
(I−S)−1 for α→ 1. The other result is that πTi is part of the derivative from which we can make
very logically conclusions. When an important page i, and thus πTi is larger, has its structure
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changed in H the effect on πT is larger than for non-important pages. Additionally what we do
not see from the derivate but obviously is true. When pages are added or subtracted, and H
changes because of that then πT changes as well and thus is sensitive to it. Moreover the more
important/impactful the pages are that are added or removed for the structure in H the larger
the effect of changes in πT .

3.4 Sensitivity to vT

Again we derive the derivate, this time of πT with respect to vT . dπT vT

dvT
=

(1 − α + α
∑
i∈D

πTi )(IαS)−1 Where D is the set of dangling nodes. Again we have the same

dependence on α and (I − S)−1 as α determines how much of an impact vT has on πT . For
α → πT is very sensitive to changes in vT . Furthermore we see that the sensitivity depends
on

∑
i∈D

. This is very logical, when the dangling nodes combined have a larger portion of the

PageRank value, then the dangling nodes are visited more often. Because a dangling node has
the row structure of vT , this means that the larger the PageRank value of the dangling nodes
is the more important vT is for πT .

3.5 Updating πT

An upper bound for changes of values in πT . Let V be the set of all pages that are updated,
and let π̃T be the updated PageRank vector then:

‖πT − π̃T ‖1 ≤
2α

1− α
∑
i∈V

πTi

Here again we see that when α is small or the pages in V are not important then πT is not
sensitive to changes in the structure of those pages in V . However it fails again for large α or
important pages. What we can carefully conclude from this bound is that one person or a small
community cannot have a big impact on the total ranking of πT . They might be able to cheat
them selves to the top scores, but they do not have a great impact on the rankings of other
pages.
A small caveat for everything discussed about the sensitivity is that we looked at the value of
πT and how those might change. More important is how the pages are ranked. Small changes
are usually indicative that the rankings do not change severely though this is not a proven fact.
Moreover we can take a simple example where we can change one outlink of one low ranked page
which can turn the complete ranking upside down. Problem being that there is not yet a proof
how sensitive the ranking of πT is. What we can say for the normal conditions α = 0.85 and
vT = ( 1

n ,
1
n , · · · ,

1
n) is that the top ranked pages have a significant higher PageRank value then

1
n . Additionally these top ranked pages are the most important ones to have ranked correctly
as they are the ones that users rate the search engine on. But because the derivative values
of these top pages are not to high with these variables these pages will stay highly ranked.
Although πT might be ranked sensitive to small changes, the top ranked pages are not in the
standard PageRank algorithm.
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3.6 Cheating rank scores

Above we described the PageRank problem and some of the weaknesses of the system which we
even fixed. There is also a problem that does not come from the system itself but from users
and webpage designers. When you write a page you would like to see your page get a high page
ranking so that people that are searching on your subject actually will find your site. This is of
even more importance for pages that try to sell products. Now that we know what information
Google uses to produce its PageRank we can influence our page’s PageRank value. We can, for
instance, create a new page with an inlink to the page which we want to get a high PageRank
value and instead of creating one page you could create thousands, all with links to your main
site. This will lead to a very high ranking score of the site that will eventually be the number one
ranked site on the topic. This artificial increasing of a page rank is a serious problem because
that site does not actually deserve this high score. A salesman word is less reliable than the
word of a critic. Imagine creating a page all with false content. No one will every recommend
this site so it would normally get a low PageRank, which is fair. But if we were to artificially
boost this fake site by creating all kinds of links, then all of a sudden it would show up highly
in the search results, rendering google ever a completely useless program/site as it does not
actually help you find good information on the web. Another method to artificially increase the
likelihood of a page being found is hiding all kinds of data on the page. For instance having
white text on a white background. No one notices nor knows that there is something written
on the page but Googles crawlers will have indexed all content. Imagine a site about dogs that
shows up when you search the word ’kitchen’. Because ’kitchen’ was somewhere hidden on the
site. Google only shows sites that contain in some way the content that has been searched on.
Another cheating method would be to offer a page with high ranking score money to have a
link to your site (they probably accept as it does not really matter for them. moreover they
could hide it). Search engines are in a constant battle with these and other artificial methods of
increasing a page PageRank. There are ways to prevent these cheating pages from showing up
highly in the search results. Consider the problem that many pages are created to link to one
site. Because these sites are solely created to add a link it is safe to assume they dont contain
any real content or have a high rank themselves. We could, after calculating the PageRank
vector, write some additional algorithms to check for odd events. Have it check for all ’high
ranked pages’ what the ranking score of its inlinks are and also how many inlinks it has. When
the PageRank scores of all its inlinks are really low or it has way more inlinks than a normal
site would have we could label this page a cheater and have the algorithm manually change
the PageRank to zero instead of the carefully calculated value. But then the cheating site may
change its approach and think of a way to bypass this checking algorithm. The search engine
would have to updates its algorithm again and the cycle continues. There is no easy fix for this
problem and it would probably have to be updated constantly.
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4 Date storage

A whole new aspect of PageRank is storing all the data. We mentioned that the matrix G
should be rewritten in terms of H due to sparsity. (Storing a zero is not actually necessary. We
can store values on all other positions so having more zero’s in the matrix is better for storage.)
G = αH + (αa+ (1− α)e)vt. But how much data is still left to store, and can this actually be
done? H has about 10(n− d) nonzero entries (each page has on average 10 outlinks), where d
stands for the number of dangling nodes in H. Each entry of H is a double in storage terms
(representing a chance). The vector a is a sparse vector with d 1’s, or integers in program
storing. vT is a completely dense vector containing n doubles and our PageRank vector πT is a
completely dense vector containing n doubles. With n being in the order of billions it should be
quite obvious that storing all this data is not a trivial task. H contains by far the most nonzero
elements, and therefore is the hardest to store of all these aspects. When trying to compute the
PageRank vector on any type of computer at some point it should load the matrix H. Storing
H is therefore the first bottleneck. For small portions of the web when H can actually be stored
in the main memory of the computer it should be possible to compute the PageRank vector.
As mentioned before, the only data that changes at each iteration is the PageRank vector.
Assuming it could save everything the first iteration step, it should be able to calculate the
convergence state. However even the biggest supercomputer can not quite handle the matrix
H when we try to handle the entire web in its main memory. Therefore there are 2 options.
Compiling the data in H or somehow calculating H section by section using an efficient input
output method from the extern memory. The case that H could be stored in the main memory
could also benefit from these operations.

4.1 D−1L decomposition

For this first simple decomposition the random surfer model is assumed. Meaning that in H
each outlink of a page is weighed equally. We can then decompose H in the diagonal matrix D
and a matrix L consisting of 0’s and 1’s as H = D−1L. Each element of D−1 is zero except for
all diagonal elements, d−1ii = 1

q where q is the number of outlinks of page i. L is a matrix where
each column mimics a row of H. Column i of L has a 1 on the position where page i has an
outlink and 0’s everywhere else. Now both D−1 and L have integers as input and an integer is
easier to store than a double. A double uses 8 bytes, and integer requires 4 bytes. Storing the
data in integers instead of doubles saves half the space. So although we increased the number
of elements that must be stored, we added an entire additional matrix D with n integers. It
is easier to store computer memory wise. An additional profit comes from the computation of
our equation πTk+1 = απTkH + (απTk a+ (1−α))vT . Computationally most expensive part is the

multiplication between H and πTk , requiring 10(n− d) additions and 10(n− d) multiplications.
Replacing H with D−1L we instead have the multiplication π(k)D−1L. Where π(k)D−1 requires
n multiplications, as D−1 is diagonal. Considering the structure of L calculation the result of
πTkD

−1 multiplied to L requires 10(n− d) additions. We saved (10(n− d)− n) multiplications
using this decomposition.

4.2 Clever storing

Each row in the matrix H, or L for that matter is extremely sparse. Only storing the position,
and value of the nonzero elements is therefore already a huge storage saving concept. But we
can improve even further. The first method is the gap method. The gap method uses the
structure of inlinks of a page. Usually all inlinks of a page are rather close to each other. For
instance a page of a larger site has inlinks from other subpages of this site, consider a site such a
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www.rug.nl.. Additionally all pages of this site will be close to each other in the indexing vector
and thus the PageRank vector. Of course this is not necessarily true for all pages and their
inlinks. The gap method requires less storage for all page where the inlinks are close to each
other, and otherwise does not require more storage. What the gap method does is storing the
position and value of the first nonzero value of a column (an inlink from the page) and rather
than the second nonzero entry position (which might well be a very high number) it stores the
distance between these two entries (which should be relatively small following the just stated
reasoning). Therefore saving the length of numbers. Meaning that it is very well possible to
save the position of all nonzero entries in less than the standard amount of bytes. Illustrating
the use of Gap storing a small example.
Imagine that page 1 has inlinks from pages {45632150, 45632155, 45632156, 45632161, 245632161}.
Then instead of storing all the numbers we store the first number followed by a space and then
the distance to the next, space again etc.: [45632150 5 0 5 200000000]. Storing a space and the
numbers 5,0,6 can be done in one byte, where storing 45632161 alone requires more than a full
byte. We see that for pages that have a large distance the method does not necessarily improve.

Reference coding is another method to cleverly store the data. Reference coding is based on the
idea that a lot of pages have similar outlinks. For instance all sites on the topic of a specific law
have most likely between the outlinks each other and the government site stating this particular
law. The idea is that after having stored one page, Pi, its outlinks, defining the outlinks of Pj
as Pi and then adding/subtracting the differences. Because the lists have shared sites and are
rather similar this usually saves a lot of work. As it takes only 1-2 storage place to copy all the
outlinks of Pi. An example to illustrate reference coding.
Imagine page 1 having inlinks from pages {5, 8, 9, 12, 15, 43, 100, 142}. Page 2 having inlinks
from pages {1, 5, 8, 12, 15, 142}. Then storing all the same inlinks as page 1 has can be done
using a singular byte. Having a 1 display that page 2 has the same inlinks as well and a zero
indicating that page 2 does not have that inlink. Then this reference byte looks like: [11011001].
Additionally now has to be stored the page 1 which page 2 has but page 1 does not have. Saving
a lot of bytes in the progress when the pages such as in the example share a lot of similarities.
When they however have no similar pages reference coding does not help. These methods and
other similar methods might be used to trim down the amount of storage that is needed.
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5 Accuracy

I have mentioned the fact that the system converges. It even converged fairly quickly, about
50 iterations. But what convergence criteria have been used? We don’t know how accurate the
PageRank vector is that Google produces, as they haven’t released this data. We also do not
know which stopping criteria for convergence they used, not to mention how precise the criteria
are. However we can make some statements about what kind of criteria should be used, and
how precise it should be. The problem for this huge PageRank vector is that the important
information is the ordering of the pages, not the actual values. Traditionally convergence cri-
teria look at the change of the PageRank vector at each iteration step: ‖πTk+1 − πTk ‖ < r where
r is the convergence criteria. Choosing r sufficiently small usually leads to a good convergent
criteria. But as mentioned we are now interested in the ordering not the actual values. A
simple example why this might be a problem. Let r = 10−10, πTk = {123 ∗ 10−11, 124 ∗ 10−11}
and πTk+1 = {124 ∗ 10−11, 123 ∗ 10−11}. Then ‖ πTk+1 − πTk ‖= 2 ∗ 10−11 < r = 10−10. However,
the ordering of the two elements flipped. With a couple of billion pages in the PageRank vector
it is likely that very small changes in the values of pages change the orderings. I however think
that we are only interested in the first couple of pages as discussed in section 1. All the other
ones we do not care too much about. Only the first 100 search results matter (for example).
Meaning, that once these orderings do not change it converged, or at least converged far enough
to present π as the PageRank.

Luckily looking at the ordering of all the pages might also improve the convergence. It might
very well be the case that the ordering does not change anymore, or at least not in any sig-
nificant way (such that it falls in a convergence criteria). Even though the actual values may
differ quite a bit (more than you would safely assume in your convergence criteria). So we
are tasked with the new problem of storing the orderings of the PageRank vector, and testing
convergence there. Instead of the original storing the actual values and checking convergence.
This seems promising as Haveliwala has shown that he could come very close to the ranking of
the traditional method with only 10 iterations [10].

However convergence criteria based on ranking has also some problems. Problems closely re-
lated to the adaptive power method in section 6.3 where we lock in individual PageRank values
when they converge instead of the entire vector. It is hard to guarantee that the found πT is
the correct convergence state with convergence criteria based on ranking. Convergence crite-
ria based on value have this problem as well but then at least we know the values are really
close to the proper converged value, or really stable as they did not change a lot. For criteria
based on rank these values can be way of. It is possible that a group of pages do not have
their relative rankings changed even though their PageRank values change a lot. At this point
we cannot speak of a converged state, even though for the convergence criteria it might be.
Another problem is that two pages that have the exact same structure should get the exact
same PageRank value and rank. Easiest example are two dangling nodes. This also means that
the computer and software used to calculate the iterations should be really precise and is not
tolerated to make rounding errors, or at least should do the same for the same pages. Otherwise
the rankings of these two pages might differ a lot even though they are actually the same. This
happend in my experiment at section 13.

Back to the original accuracy arguments based on values and not the rank. There are several
billions of pages, so we are working with the order of 109. πT is a probability vector and therefore
contains values between 0 and 1. It has been shown that πT follows a power law distribution
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implying that a page with rank r has a PageRank value of approximately 1
r . Therefore at least

accuracy of 10−10 is needed to distinguish all elements. But because the values are approximate
and some values may be very close to each other it is very possible that even more precise
accuracy of 1012 is required. Because we know that Google reported convergence after 50
iterations, which implied roughly 3 decimals of accuracy implies that either the chosen α is
small, λ2 is far removed from 1 or the PageRank vector is not very accurate. We do not know
how accurate Google is as they never published results but at least the success of their program
shows that they give reasonable answers. Decreasing α or having an λ2 farther from 1 means
that the random teleportation is more important in the system. Meaning that the PageRank
vector derives further from the structure of the web and becomes more arbitrary. However as
only the first couple of pages that a search engine returns are very important to be ranked
correctly. I think, but because Google does not release their results I cannot verify this, that
50 iterations is enough to sort out all the top ranked pages. That the order of pages ranked
114581 and page 114582 are reversed is actually not that relevant. When the first results are
correct then there is no real need to conjure up to a more accurate πT . I think this is the case
but have no proof besides that 50 iterations would be too few to rank all the pages properly.
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6 Improving the PageRank algorithm

6.1 Handling dangling nodes

There are a lot of dangling nodes in the web. Some pages simply do not have outlinks, others
are pdf files or a picture or other such documents. There are also the pages that are fetched by
a crawler(so it is added to the system) but is not yet visited by a crawler (and so its outlink
structure is unknown and set as dangling node). Therefore it is important how these dangling
nodes are managed. A very important philosophical question is held within. The way these
dangling nodes are implemented can have huge effects on the rankings of the pages. As de-
scribed with the making of S from H we solved dangling node by having the user teleport to
any random page. If for instance we chose to solve the dangling node problem to always jump
to the first page we will get a wildly different ranking of the pages as illustrated by effects of vT

discussed before. Originally the designers of PageRank wanted to not include dangling nodes for
the problems these created. This however is simply a wrong approach, something the founders
agreed on later. Although dangling nodes might not add new information to the system they
can very well be important pages on a subject and should be listed as a search result. Then
the creators thought about removing the dangling nodes and adding them back in for the last
few iteration. With similar problems of fairness to the ranking of pages as result. So then they
decided to instead replace a dangling node row of 0’s with a completely dense teleportation row.
Thereby increasing the density of the matrix and the complexity of the problem. Luckily we
could rewrite it as a rank one update but still we made the problem more complex. A better but
more complex method (not necessarily more complex to calculate for a computer) to manage
these dangling nodes come from their structural similarity. Each dangling node is portrayed by
exactly the same vector in H. So why not bundle them up, and replacing all the dangling node
by one vector that has the same outlink structure and inlinks from all dangling nodes combined.
This works wonderful and saves a lot of computations. However there are 2 downsides to this
method. 1: We have no way to rank the dangling nodes (just as in the case where we removed
them completely). We can only rank all the dangling nodes combined and this is basically just
wrong. 2: the ranking obtained for the non-dangling nodes are biased.

Another interesting method that preserves a way to rank the dangling nodes is based on re-
ordering H. By putting all the dangling nodes at the bottom of H we create a matrix that
described the structure of the web just as H did. Let ND denote the set of non-dangling nodes
and D the set of dangling nodes.

Reordered H =

[ ND D

ND H11 H12

D 0 0

]
As seen before for computations to solve this sytem we need (I−αH) and its inverse which can
be easely computed.

(I − αH) =

[ ND D

ND I − αH11 −αH12

D 0 I

]

(I − αH)−1 =

[ ND D

ND (I − αH11)
−1 −α(I − αH11)

−1H12

D 0 I

]
And therefore the normalized PageRank vector: xT = vT (I − αH)−1 can now be denoted as:
xT = (vT1 (I−αH11)

−1 | αvT1 (I−αH11)
−1H12+vT2 ) where vT1 , v

T
2 denotes the portioned portions
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of vT according to dangling and non-dangling nodes respectively. Because (I −αH11) has a lot
of the same properties as the original (I − αH) we have a new algorithm to solve this system
with an ordered H. A three step computation is needed:

1. compute xT1 in xT1 (I − αH11) = vT1

2. compute xT2 = αxT1H11 + vT2

3. normalize πT = (xT1 , x
T
2 )

The nice thing is, this method actually reduced the amount of computations that are needed.
As calculation xT1 is done by operating on a smaller matrix this part saves calculations.
Using this same idea we can improve even further using sub-dangling nodes. A sub-dangling
node is a node for which the first entries in its row are zero. Then ordering the matrix H in
several layers of sub-dangling nodes, for example every 1-million pages. On top are the nodes
that have an outlink to a page that has a number between 1-million in our matrix H. Then
below all these are all nodes that have no outlink to a page number between 1-million but do
have an outlink to 1-million-2million etc. until we have ordered the dangling nodes. Now we can
write a similar step by step solution. Here (I−αH) has the following form where again H11 and
others denotes a block matrix with size the number of sub-dangling nodes for that particular
interval. b is the number of intervals of sub-dangling nodes. vTi and πT are also reordered so
that each value correspond to the same page as before the ordering of sub-dangling nodes.

(I − αH) =


I − αH11 −αH12 −αH13 · · · −αH1b

0 I −αH23 · · · −αH2b
...

. . .
. . .

. . .
...

0 0 0 0 I


sub-dangling nodes algorithm:

step 1: reorder the matrix so that the above described structure is achieved.

step 2: Solve for xT1 in xT1 (I − αH11) = vT1

step 3: for i = 2 to b compute xTi = α
i−1∑
j=1

xTj Hji + vTi

step 4: Normalize πT =
[xT1 x

T
2 · · ·xTb ]

‖[xT1 xT2 · · ·xTb ]‖1

The problem with this method is that we need to find an efficient way to reorder the matrix H.
But if we found such a reordering, then we are working on each iteration step with a smaller
matrix and a lot of computations will be saved.

6.2 Back button

A method to make the dangling nodes in particular portrait the behavior of an actual person
surfing the web more accurately then the random surfer model did is the implementation of the
back button. With back button I mean a go to last visited page button. Often users use this
button when they visited a dangling node and occasionally on other pages as well. Although
this introduces a complicated issue. The method for calculating the PageRank vector is based
on a Markov chain, and by definition a Markov chain is memoryless meaning that after each
iteration there is no way to find how we got ’here’. And it should be obvious that implementing
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a way to store these data is unwanted, as this drastically increases the amount of data that
needs to be stored, and makes the whole problem more complex. The tradeoff is a more ac-
curate search system which is worth trying to achieve. We will now look at a simpler method
to implement this back button in the system so that we maintain the Markov chain structure
by making it such that when a surfer comes to a dangling node he immediately uses the back
button. This method requires adding additional rows to the system. The idea is that each
dangling node gets a row specific for each inlink it has. Those rows will then be filled with
all 0’s except for one 1 on the position of the site that linked towards this row. In addition to
adding these nodes order the matrix in the way we just discussed in the section dangling nodes
where we created H̃. Now H̃ is already stochastic, though it still needs the irreducibility fix.
Treating the system as G̃ = αH̃ + (1− α)vT we can now solve it as we solved G before. Then
to obtain the PageRank vector add all PageRank values from nodes that originated from the
same (dangling) node. This method will result in different rankings than the original system as
desired. The question however is; is this a better ranking or not? This system values pages that
are in some way (the closer the better) connected to dangling nodes slightly higher including
the dangling nodes itself. But where the idea originated from implies this might not be bad.

Below is an example of implementing this back button idea on a simple web graph with dangling
nodes 1 and 4.

1 4

32

The corresponding hyperlink matrix H is:

H =




1 0 0 0 0
2 1

3 0 1
3

1
3

3 0 1
2 0 1

2
4 0 0 0 0

Reordering H such that the dangling nodes are at the bottom and adding extra rows such that
each inlink of a dangling node has its own row created H̃. Notice that adding these rows also
requires adding the same amount of columns. As a result the rows corresponding to a non-
dangling node might change as well to have each element correspond to the appropriate link,
as well as the reordering might affect it. This is described more precisely during the reordering
process in section 6.1.

H̃ =




2 0 1
3

1
3

1
3 0

3 1
2 0 0 0 1

2
12 1 0 0 0 0
42 1 0 0 0 0
43 0 1 0 0 0
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As we can see, this H̃ is stochastic. Above is an example of a web graph, a link to the
reordering process and a short description of the back button implementation. Next is a short
general algorithm for this back button implementation. This algorithm is four steps long and
along each step there is an overview of the structure.

1. Reorder H such that

H =

( )ND D
ND H11 H12

D 0 0

, as done before in section 6.1. ND Is the set of non-dangling nodes, and D is the set
of dangling nodes. Here H11 is constructed of all the inlinks from non-dangling nodes to
non-dangling nodes and H12 is a precise buildup of all the links from non-dangling nodes
to dangling nodes.

2. Create a bounce back node for each inlink to a dangling node. There will generally be
more bounce back nodes then there were dangling nodes before as each dangling node had
at least one inlink, this could lead to a drastic increase in size. Let bb denote the number
of inlinks the dangling nodes combined had, and therefore also the amount of bounce back
nodes. More precisely bb is equal to the amount of nonzero elements of H12. Constructing
the new hyperlink matrix

H̃ =

( )ND BB
ND H11 H12

BB H21 0

Where H21 is structurally very similar to H12 and BB denotes the set of bounce back
nodes. When H12 has a nonzero entry on position Hij , then Hj,i = 1 which lies in H12.
And when Hij = 0 with i, j such that it lies in H12 then so is Hji which is located in H21.

3. Run any algorithm to determine the PageRank values. Because H̃ is usually much larger
then H there might be different and more effective algorithms than the normal PageRank
algorithm. Notice as well that because H̃ is already stochastic, H̃ takes up the place of S
in the Google matrix, thus G = αH̃ + (1 − α)evT would be the Google matrix. Run the
usual power method calculation to obtain π̃T from the newly obtained G.

4. Lastly the correct πT should be constructed by collapsing the values from π̃T . Collapsing
simply means adding up the values that correspond to the same dangling node and por-
traying this added value as the PageRank value for the dangling node. Example using H̃
constructed in this paragraph, the following values are not accurate just for indication.
Let π̃T = ( 1

10
2
10

3
10

3
10

1
10) then πT = ( 1

10
2
10

3
10

4
10).

6.3 Adaptive power method

A method to improve the power method by reducing the amount of calculations that are needed
is the adaptive power method. Assume that we somehow know πT , that is the end result of
convergence on the PageRank vector. And then use this to check how far each iteration is from
this final PageRank vector. ‖ πT (k) − πT ‖1 is the distance of all the page combined between
iteration k and the actual convergence result. Let’s now take a look at the microscopic view
of each element: ‖ πT (k)i − πTi ‖1. This shows how far page i is from the value it converges
towards. The idea is that not all pages converge evenly fast (easy example, a dangling node
already converged after 1 iteration assuming we applied πT (0) = 1

ne). This means that actually
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unnecessary computations are made. Calculating every iteration of a page while it has already
converged just because some other page has yet to converge is dumb labor. The idea is to set a
converge criteria for individual pages. When a page falls within this convergence criteria simply
lock its PageRank value and never compute it again. This means that the system might end
up with a slightly different ranking as it otherwise would. But by choosing the convergence
criteria sufficiently small the result should be minimal. However bigger problems result from
more theoretical point of view. First of all we do not actually know the values of the converged
PageRank vector. Instead we look at the differences between two iterations and apply a conver-
gence criteria. Secondly it has not yet been proven to converge. Thirdly it is possible for a page
to converge to a wildly different value. As it is possible for a page to have its PageRank value
hardly changed for some iterations while actually not being within the convergence criteria of
the actual convergence value. An example is a page that has one inlink from an important page.
It might take a while for this important page to achieve its high rank value, meaning the other
page is grossly undervalue and might actually seemed like it converged. Another example is a
system of 5 pages such that page 1 has a link to page 2, page 2 has a link to page 3 etc.. If we
then use the starting vector πT (0) = (1 0 0 0 0) we will find that the first 3 iterations the value
of page 5 stays 0, as the fastest connection from page 1 to page 5 takes 4 links. Page 5 could
easily get the value 0 locked in in such a system while it will not be the true convergence value.

Another idea to improve the power method is to reduce the number of iterations needed (instead
of amount of calculation per iteration). This number of iterations needed was connected to λ2.
This method called extrapolation is based on the idea to remove λ2 when it is too large, and
therefore requires a lot of iterations. For simplicity assume G is diagonalizable and 1 >| λ2 |>
· · · >| λn |. Meaning that the power iteration has the form:

πT (k) = πT (k − 1)G = πT (0)Gk

= πT (0)(eπT + λk2x2y2 + · · ·+ λknxnyn)

= πT + λk2γ2y2 + · · ·+ λknγnyn

Where xi and yi are the right and left side eigenvectors of λi respectively. And γi = π(0)xi.
What can easelly be seen from this notation is that we need that λki → 0. And because
1 >| λ2 |>| λi | ∀i > 2, i ∈ N the bothering factor is indeed λ2. And the larger λ2 is the longer
it takes to converge. Notice however that we can rewrite this final iterative equation a slight
bit to:

πT (k)− λk2γ2y2 = πT + λk3γ3y3 + · · ·+ λknγnyn

From the assumption that | λ2 |>| λ3 | follows that this πT (k) − λk2γ2y2 is closer to the cor-
rect PageRank vector πT . Implying that if we could subtract λk2γ2y2 from the current iterate
we propel the system forward. Similarly when | λi | is equal or close to | λ2 | we could also
subtract these from the current iterate to really speed up the power method. The problem is
calculation λk2γ2y2, or further terms. The first approximation comes from the classic Aitkin

error. λk2γ2y2 ≈
(πT (k+1)−πT (k))·2

πT (k+2)−2πT (k+1)−πT (k)
Where the ·2 stand for component wise squaring of the

elements. Clear disadvantage of this extrapolation method in this case is the need to store two
additional PageRank vector (the last two). Besides this extra storage we also need an extra
computations to calculate this extra operation. However if it saves iterations it could be worth
it. Especially when it is only implemented every couple of iterations, say 10 iterations. This
extrapolation method has an even bigger concern when | λ2 |=| λ3 |, which happens regularly
when λ2 and λ3 are each others complex conjugates. In this case the Aitkins error performs
poorly. A simple method to improve this extrapolation is to exclude λ2 and λ3. However,
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this also enlarges the just mentioned problems and inaccuracy. Meaning that this method is
expensive and can only be implemented occasionally. Yet it still showed great improvements of
50-300%. [10]

Another method called Blockrank is an aggregation method that lumps sections of the web by
hosts. This method tries to reduce both the number of iterations and the number of compu-
tations per iteration. In the web there are so called host pages. For example our universities
website www.rug.nl. . Rug.nl is a host site as it has many underlying page, for example my
faculty page www.rug.nl/fwn. . In the web structure these pages under the same host often
have a lot of links to each other and just a few to pages outside the host. The idea is to now
for each host apply the PageRank algorithm separately to rank all the pages of the host. And
then use the PageRank algorithm to rank all the hosts in the web. Both systems are drastically
smaller than the original problem resulting is huge savings of calculations. Finally to compute
the general PageRank vector multiply the PageRank value of a host to the PageRank values
calculated for all pages within that host. Doing this for all the hosts, and then adding them
all into 1 vector gives πT . During this system all links from pages within the same host are
ignored to compute the host PageRank vector. And all links that go to page from another
host are ignored during the computation of the PageRank vector for 1 host. Meaning this is
an approximation of the actual PageRank vector as not all links (and therefore information) is
used.

6.4 Accelerating convergence

Having shown in section 9 that the power method converged we would like to take this method
as basis and find some method to speed up the convergence process. The power method is
known as a rather slow iteration process. It requires a multiple of n operations each iterations
as mentioned in section 2.2.4. The first method to speed the power method up that we will
be looking at is implementing Aitking extrapolation which was already hinted at in section
6.3. We were working with the power method that converged when πTG = πT or equivalently
GTπ = π. For convenience in the upcoming section I will work with GTπ = π where I call GT

just G as I am discussing a general method of acceleration for the power method. To keep track
of the iterations from now on we will name the converged vector π∞ which has the property
Gπ∞ = π∞ exactly. πk refers to the kth iteration, belonging to the formula πk = Gπk−1. The
error is equal to ‖Gπk−πk‖ which is zero for π∞. The Aitkin extrapolation is an approximation
for π∞ based on three subsequent iterations πk−2, πk−1, πk. Based on the assumption that πk−2
can be written as a linear combination of the first two eigenvectors of G, remember the first
eigenvector v1 of G is equivalent to π∞ but π∞ is normalized. However we can actually only
approximate πk−2 using the first two eigenvectors and not calculate the actual value. The
assumption that we can write πk−2 in terms of the first two eigenvectors of G allows us to make
an approximation of π∞. Let us define the following vectors where we used that Gπk−1 = πk
and λ1 = 1.

πk−2 = v1 + α2v2

πk−1 = v1 + α2λ2v2

πk = v1 + α2λ
2
2v2

α2 is a constant such that the first equation approximates πk−2. λ2 is the second largest
eigenvalue of G and v2 is the corresponding eigenvector.
Additionally we define gi and hi and fi whose relation to the iterations will be clear later. In
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these equation π(i) refers to the ith component of π, similarly for v(i).

gi = (π
(i)
k−1 − π

(i)
k−2)

2 = α2
2(λ2 − 1)2(v

(i)
2 )2

hi = π
(i)
k − 2π

(i)
k−1 + π

(i)
k−2 = α2(λ2 − 1)2(v

(i)
2 )

f (i) =
gi
hi

=
α2
2(λ2 − 1)2(v

(i)
2 )2

α2(λ2 − 1)2(v
(i)
2 )

= α2v
(i)
2

f = α2v2

Combining these statements with our first assumption of how we have rewritten πk−2

v1 = πk−2 − α2v2 = πk−2 − f

Because f is defined using only πk−2, πk−1, πk we have now an approximation for v1 after only
3 iterations. By normalizing v1 we obtain π∞ which we are looking for. Of course this is only a
rough approximation but a better one than πk. Therefore we can use this method to speed up
the convergence method by replacing πk with the newly calculated normalized v1. The calcula-
tion of the Aitkin estimate takes an order of n operations. Because this is relatively few it is a
useful method to speed up the convergence of the power method. Additionally it can be applied
only periodically for example only every 10 iterations. [2] Shows that the Aitkin extrapolation
can speed up the convergence process up to about 40%.

Another method that can be used is quadratic extrapolation. For the Aitkin extrapolation we
assumed πk−2 could be expressed as a linear combination of v1 and v2. For quadratic extrapo-
lation we make a similar assumption, this time πk−3 can be expressed as a linear combination
of three eigenvectors of G. Additionally we assume G only has three eigenvectors. Of course G
has more than three eigenvectors and πk−3 can only be approximated with three eigenvectors.
Therefore the v1 that we obtain using the quadratic extrapolation is only an approximation of
the real v1. Similar to the Aitkens extrapolation let us define πk−3 and the following iterations
as follows:

πk−3 = v1 + α2v2 + α3v3

πk−2 = Gπk−3

πk−1 = Gπk−2

πk = Gπk−1

Because we assumed G has only three eigenvectors we know that the characteristic polynomial
pG(λ) is of the form

pG(λ) = γ0 + γ1λ+ γ2λ
2 + γ3λ

3

Here each γj is a constant. Additonally from G we know that λ1 = 1 and that each eigenvalue
is a zero of the characteristic polynomial therefore:

pG(λ1) = γ0 + γ1 + γ2 + γ3 = 0

Or equivalently :
γ0 = −γ1 − γ2 − γ3

Moreover the Cayley Hamilton theorem states that each square matrix over a commutative
ring satisfies its own characteristic polynomial [17]. Thus we know that G satisfies its own
polynomial and the following equation holds:

pG(G) = γ0I + γ1G+ γ2G
2 + γ3G

3 = 0
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Here I is the identity matrix. For any arbitrary vector z ∈ Rn it then holds that pG(G)z = 0
as well. Let z = πk−3 and combine the above equations to obtain:

pG(G)πk−3 = (γ0I + γ1G+ γ2G
2 + γ3G

3)πk−3 = 0

γ0πk−3 + γ1πk−2 + γ2πk−1 + γ3πk = 0

(−γ1 − γ2 − γ3)πk−3 + γ1πk−2 + γ2πk−1 + γ3πk = 0

Allowing to express this equation in three parts all dependant on πk−3 in the following way:

(πk−2 − πk−3)γ1 + (πk−1 − πk−3)γ2 + (πk − πk−3)γ3 = 0

For convenience we will name each part a bit and putting it in an vector equation in the following
ways:

yk−2 = πk−2 − πk−3
yk−1 = πk−1 − πk−3
yk = πk − πk−3

(yk−2 yk−1 yk)(γ1 γ2 γ3)
T = 0

Of course the trivial solution γ = (γ1 γ2 γ3)
T = 0 is not of interest. We can actually constrain

the leading term γ3 without affecting the zero’s as we are still left with three equations and
three variables. We therefore choose the most convenient constrain which is γ3 = 1. obtain the
equations:

(yk−2 yk−1 yk)(γ1 γ21)T = 0

(yk−2 yk−1)(γ1 γ2)
T = −yk

Because we know that the first eigenvalue of G is λ1 = 1 we can eliminate this solution from
the characteristic polynomial to find the polynomial qG(λ) whose zeros are λ2 and λ3. Because
λ1 = 1 is a solution of the characteristic polynomial, we know that λ − 1 is a factor of the
equation. Therefore dividing pG(λ) by λ− 1 gives us qG(λ):

qG(λ) =
γ0 + γ1λ+ γ2λ

2 + γ3λ
3

λ− 1
= β0 + β1λ+ β2λ

2

Where βi is a constant that can be rewritten in terms of our original constants γj .

β0 = −γ0 = γ1 + γ2 + γ3

β1 = γ2 + γ3

β2 = γ3

By the Cayley-Hamilton theorem it follows that for any vector r ∈ Rn, qG(G)r = v1. We have
now arrived at an equation where we see the vector that we are trying to find, v1. Let r = πk−2
and substituting the equations gives a closed form solution for v1:

v1 = qG(G)πk−2 = (β0I + β1G+ β2G
2)πk−2

v1 = β0πk−2 + β1πk−1 + β2πk

Quadratic extrapolation requires an order of n operations. By applying the quadratic extrap-
olation periodically it can help to speed up the convergence process of the power method.
Remember the v1 obtained from the quadratic extrapolation is only an approximation of the
real v1 of G. However the approximation is better than the iteration of any of the πi used
in the quadratic extrapolation algorithm. Combined with the fewer operations required then
one iteration of the power method. [2] Obtains a 23% reduction of time required to reach the
convergence state.
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6.5 Web structure changes/Updating πT

Google dance is the nickname to the monthly update of Googles PageRank vector. To show
the importance of updating the PageRank vector regually I recall the dynamic property of thee
web (it takes a lot of effort to calculate so you rather not). A study has shown that about
40% of the pages change within a week. About 25% of the ·com websites change daily. Larger
sites change more often and more extensively [13]. Besides every month a lot of new pages are
created, and others closed or change ownership. Additionally there are sites that change all the
time, for example news sites. For now we do not take these sites in consideration and update
the PageRank vector only periodically. Google stated not to use the PageRank vector of last
month to determine the PageRank vector of this month as it did not yield any improvement.
Last months PageRank value surely contains some useful information for the PageRank of this
month and it would be a shame to not incorperate the work that has already been done. The
goal here is to use last months PageRank vector to compute the new PageRank vector with a
little less effort than starting from scratch. Usually G changes quite a bit each month. It grows
or shrinks (grows normally speaking) as new pages are added or removed. And the rows change
because content of page change and with that often their linking structure. Though for a lot
of sites it is safe to assume that outlinks and inlinks have a large overlap between two months.
We will look at separate cases. First link-updating problem where G stays the same size but
some rows may change (only linking structure changes, no added or removed pages). After that
we look at the page-updating problem where the size of G is no longer constant as pages get
added or removed. This will basically always coincide with link-updates as well which we will
treat as a special case. For convenience we call last months Google matrix Q.

There is a well know formula for exact link-updating problems based on updating one row at
a time. The method works on the singular matrix A = I − Q. We then need to find A#

which is the group inverse of A. A# is a unique matrix satisfying the following three equations:
AA#A = A,A#AA# = A#, AA# = A#A.

Proof. Suppose the ith row of Q changes to obtain the ith row of G. Then gTi = qTi − δT where
δT is a vector that views the changes. If πT and φT denote the PageRank vectors of G and Q

respectively, and A = I − Q. Then πT = ΦT − ε where ε =  φTi
1+δTA#

i

δTA# and i indicates

the i’th column. To handle multiple row changes on Q apply this formula sequentially one row
at the time. Updating the group inverse sequentially. Meaning that updateing (I − Q)# to
(I −G)# is as follows:

(I −G)# = A# + eεT + [A# − γI]−
A#
i ε

T

φi

where γ =
εTA#

i
φi

and e is a column of ones.

Although this works theoretically, it is far from optimal. When each row would change it re-
quires an order of n3 floating point operations. Other updating formulas exist but they are
all based on the same general idea, with the same problem that when all rows are changed
a number of operations of order n3 are needed. Besides, they are only useful for the simpler
link-updating problem. And therefore we can conclude that up till now there is no improvement
to be made by implementing last month matrix in the page-updating problem.

Because the page-updating problem coincides with the link-updating problem it appears to be
better to start from scratch. Continue concentrating on the link-updating problem. We might
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still be able to speed up the process. For instance use the old PageRank vector ΦT as starting
vector for the iteration process. If G and Q are close(few changes), we can expect πT to be close
to φT and therefore require less iteration than starting with the conventional starting vector
1
ne. However this sounds way more attractive than that it in reality is. Recall, the rate of
convergence is R = −log10 | λ2 |. R portrays how many digits of accuracy can be gained each
iteration. Suppose that component wise entries | G − Q | are small enough so that πT agrees
with φT in the first significant digit. And suppose we want to calculate φT for twelve significant
digits. Assume | λ2 |≈ 0.85. Then R ≈ 0.07, and because about 1

R iteration are required to
gain each additional significant digit we save about 14 iterations. Which is great, but for twelve
significant digits we expect to need 12

R ≈ 172 iterations. So in reality saveing about 8%. Of
course each improvement is great, it just sounded a lot better than it actually proves to be.
However because this does not in any way help for the page-updating problem which is the
problem that in reality occurs and is hard to implement it seems that we are yet to find some
value from last month PageRank vector.

If instead of aiming for the exact (up to the accuracy criteria) PageRank values we look at an
approximation then there are still chances for last month PageRank vector. Using aggregation
we have a method that can be implemented for both link and page-update problems. The idea
of approximate aggregation is to use the known distribution of ΦT = (φ1 φ2 · · · φm) together
with the updated transition probabilities in G to build an aggregated Markov chain. Having
a transition probability matrix C that is smaller in size than G. The stationary distribution
ξT of C is used to generate an estimate of the true updated distribution πT as outlined below.
The state space S of the updated Markov chain is first partitioned into two groups as S =
L ∪ L̄, where L is the subset of states whose stationary probabilities are likely to be most
affected by the updates (newly added states are automatically included in L, and deleted states
are accounted for by changing affected transition probabilities to zero). The complement L̄
naturally contains all other states. The intuition is that the effect on the stationary vector
of perturbations involving only a few states in large sparse chains (such as those in Google’s
PageRank application) is primarily local, and as a result, most stationary probabilities are not
significantly affected. Deriving good methods for determining L is a pivotal issue.
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7 PageRank as a linear system

We have found solutions for the PageRank problem and methods to derive πT . This was based
on the eigenvector problem, finding the dominant eigenvector for the matrix G. This followed
from the normalized PageRank equation: πT (αS + (1 + α)evT ) = πT . This equation can be
rewritten to the following linear system : πT (I−αS) = (1−α)vT where the fact that πT e = 1 is
used (πT is the vector that contains all the PageRank values and all these values combined should
add up to 1 as we have normalized this vector). Instead of solving the eigenvector problem with
the power method we could also look at solving it as a linear system with direct algorithms.
To do this we would need some properties of (I − αS). But because S can be rather dense,
depending on the amount of dangling nodes we rather work with H which is guaranteed very
sparse. Filling in the definition of H in the linear system we get: πT (I−αH−αavT ) = (1−α)vT .
We now have the additional term πT (−αavT ) on the left side of the equation. But because α is
only a factor this can be rewritten to −απTavT . Here πTa is a constant value that we will call
γ, which denotes the combined values of the PageRank scores of all the dangling nodes. We
would like to choose this value as convenient as possible which would mean γ = 1, which can be
done without consequence for the system if we replace πT with some arbitrary vector xT that
holds all the PageRank values but is not normalized. In fact xT is multiplied by a factor that
portraits the same difference between 1 and the actual value of πTa. After solving the system
for xT , use πT = xT

xT e
to find the normalized PageRank vector. Now we can rewrite the linear

system to: xT (I − αH) − αvT = (1 − α)vT , or in other words xT (I − αH) = vT where we let

πT = xT

xT e
produce the PageRank value. Additonally (I −αH) has some rather nice properties.

1. (I − αH) is an M -matrix, a matrix whose eigenvalues all have positive real part, and all
its offdiagonal entries have values ≤ 0. (I−αH) is nonsingular(inverteble) and its inverse
is nonnegative.

2. (I − αH) has rank n, where n is the size of H.

3. The row sums of (I − αH) are 1 for dangling nodes and (1 − α) for nondangling nodes.
And ‖(I − αH)‖∞ = 1 + α.

4. The row sums for (I−αH)−1 are 1 for dangling nodes and ≤ (1−α)−1 for the nondangling
nodes. And therefore ‖(I − αH)−1‖∞ ≤ (1− α)−1.

5. the condition number k∞(I − αH) ≤ 1+α
1−α .

6. The row of (I − αH)−1 corresponding to the dangling node i is qTi , where qi is the ith

column of the identity matrix.

As mentioned, both the eigenvector method and this linear method result in the same πT . So
what makes either system a better choice? When solving a small system direct methods for
solving the linear system are much faster than solving the power method. But most importantly
the rate of convergence for the power method is dependent on α. And in fact we actually want
α as large as possible because then the system is more dependent on the actual structure of
the web. The solution time of the direct method is independent of α so can work with larger
α then with the power method. Sadly however the sensitivity issue’s remain for large α also in
the linear system.

Now a short and quick proof which shows that solving the PageRank problem and the linear
system are equivalent. And that working with xT instead of πT does not influence the outcome.
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Proof. πT is the PageRank vector if it satisfies πTG = πT and πT e = 1. Because of the way
πT0 and G are constructed, πT e = 1 is always true. Showing that πTG = πT is equivalent to

πT (I − G) = 0T where 0T is the 1 × n vector full of zero’s. Because πT = xT

xT e
the difference

between πT and xT with some factor, all the entries have the same relative values to each other
in both vectors. Thus solving πT (I −G) = 0T is the same as solving xT (I −G) = 0T .

xT (I −G) = xT (I − αH − αavT − (1− α)evT )

= xT (I − αH)− xT (αa+ (1− α)e)vT

= vT − vT = 0T

where xT (I − αH) = vT comes from rewriting in the linear system.
And xT (αa+ (1− α)e)vT = vT because

xT (αa+ (1− α)e) = (1− α)xT e+ αxTa) = xT e− αxT (e− a)

= xT e− αxTHe Because He is a n× 1 vector with values 1 for

non-dangling nodes and 0 for dangling nodes, or in other words (e− a).

= xT (I − αH)e = vT e Again by how xT (I − αH) has been defined

in the linear system.

= 1 Because vT is constructed so that all the sum entries of vT are 1.
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8 Spectrum of G

At several occasions we mentioned the fact that the matrix G has a lot of eigenvalues with the
following property: λ1 ≥ |λ2| ≥ · · · ≥ |λn| and additionally λ1 = 1. I will now show why this is
the case, and prove it. First I will show that a λj = 1 for G exists, and follow it up by showing
that this is the largest eigenvalue of G.
G is a row stochastic matrix and as a result the sum of all elements in each row is 1. By
definition λ is an eigenvalue of G and v is an eigenvector corresponding to λ of G if Gv = λv.
When we chose v = {1, 1, · · · , 1}T then Gv = v, which is equal to Gv = λv for λ = 1. Therefore
we know that there is an eigenvalue for G whose value is 1. By using the norms of matrices
we can bound the values of the eigenvalues. Gv = λv, therefore ‖ Gv ‖=‖ λv ‖ for all matrix
norms. ‖ Gv ‖≤‖ G ‖‖ v ‖ and ‖ λv ‖= ‖λ‖ ‖ v ‖. Thus ‖λ‖ ‖ v ‖≤‖ G ‖‖ v ‖, and therefore
we have that ‖λ‖ ≤‖ G ‖ for all matrix norms. One matrix norm that we can apply is the

infinity norm ‖ G ‖∞= max
1≤i≤n

(
m∑
j=1
‖gij‖) = 1. Because we found an eigenvalue whose value is 1,

we know that all other eigenvalues in absolute form are bounded by this eigenvalue. Moreover
I used λ1 = 1 was the dominant eigenvalue and that |λ2| ≤ λ1 where λ2 in absolute sense is the
second largest eigenvalue of G. That λ1 = 1 is a dominant eigenvalue of G follows directly from
Perron’s Theorem which states:
Perron’s theorem: If A is a positive n× n matrix, then A has a positive real eigenvalue r with
the following properties:

1. r is a simple root of the characteristic equation.

2. r has a positive eigenvector x.

3. If λ is any other eigenvalue of A, then |λ| < r.

We happend to have found this r for G, r = λ1 = 1. The corresponding eigenvector v =
{1, 1, · · · , 1}T is indeed positive and we had already shown that every other eigenvalue was
smaller or equal to λ1.
Lastly I mentioned that λ2 = α which is important for the rate of convergence. The proof for
this fairly long. First I will prove that α is the upper bound for |λ2|. Further I will prove that if
S has at least two irreducible closed subsets then λ2 = α and end with showing that S indeed
has two irreducible closed subsets. The following proof is inspired by [1]. I included this proof
especially because it shows the structure of G and the importance of the special features such
as irreducibility nicely. The following theorems will be used:

1. Ergodic Theorem: If A is the transition matrix for a finite Markov chain, then the mul-
tiplicity of the eigenvalue 1 is equal to the number of irreducible closed subsets of the
chain.

2. Theorem 4: If xi is an eigenvalue of A corresponding to the eigenvalue λi, and yj is an
eigenvector of AT corresponding to λj , then xTi yj = 0 as long as λi 6= λj .

3. Theorem 5: Two states corresponding to the same irreducible closed subset (class) have
the same period. In other words, the property of having period d is a class property.

Additionally we need the formal definition for a closed subset and irreducible closed subset of
a Markov chain. A set of states C is a closed subset of a Markov matrix M if and only if i ∈ C
and j 6∈ C implies that Mij = 0. A set of states C is an irreducible closed subset of M if and
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only if C is a closed subset, and no proper subset of C is a closed subset.
To recall G = αS + (1 − α)evT . Now follows a short list of all the involved matrices to
name the appropriate eigenvalues and eigenvectors, as well as some important earlier discussed
properties.
Remark: In the proof GT = (αS + (1 − α)evT )T will be used instead of G, because the
characteristic polynomials of G and GT are the same, the eigenvalues are also the same and the
proof also applies to G. Additionally transposes of the other matrices will be used.
Remark: Every eigenvector we come upon is normalised, i.e. ‖ xi ‖= 1. The derivation of the
eigenvalues listed below follows directly from the proof before in the begining of section 8 for
stochastic matrices.
G, S and E are all row stochastic matrices, and all row stochastic matrices M have the property
that Me = e.

1. Let λi denote the ith eigenvalue of GT and let xi be the corresponding eigenvector. Then
λ1 = 1 and |λn| ≤ · · · ≤ |λ2| ≤ 1.

2. Let γi denote the ith eigenvalue of ST and let yi be the corresponding eigenvector. Then
γ1 = 1 and |γn| ≤ · · · ≤ |γ2| ≤ 1.

3. Let E denote evT . Let µi denote the ith eigenvalue of ET and let zi be the corresponding
eigenvector. Because E is stochastic and rank one (every row is the exact same) µ1 = 1
and |µ2| = · · · = |µn| = 0.

Proof that λ2 ≤ α: First the two special cases, α = 1 and α = 0.
If α = 0⇒ GT = ET , and thus λ2 = 0 as listed above.
If α = 1⇒ GT = ST , and thus λ2 ≤ 1 as listed above.
Now the more general case that 0 < α < 1 will be done in several steps. First showing that
|λ2| < 1. By the Ergodic Theorem it follows that if we can show that G has only one irreducible
aperiodic sub chain C, then the multiplicity of the eigenvalue 1 is 1, directly implying that
|λ2| < 1. We know that G is completely dense and Gij 6= 0 by construction. If U is a set of
states from G but not all the states, then there are i, j such that i ∈ U and j 6∈ U with Gij 6= 0,
and therefore U is not closed. Therefore the only possible closed subset C of states in G is
G itself. As proven before G is irreducible and aperiodic. Additionally G itself is closed by
definition and unique.
Next are some properties about x2, the second normalized eigenvector of G corresponding to
λ2. A direct implication to the fact that the multiplicity of the eigenvalue λ1 = 1 is 1, is that
x2 is orthogonal to x1. Because x1 is the normalized vector e, and therefore in some sense is
equivalent to e, it follows that eTx2 = 0. Therefore:

ETx2 = veTx2 = 0

λ2 is an eigenvalue of GT and the following equations hold, implemented with ETx2 = 0

GTx2 = λ2x2

αSTx2 + (1− α)ETx2 = λ2x2

αSTx2 = λ2x2

STx2 =
λ2
α
x2

We can conclude that x2 is also an eigenvector of ST corresponding to γi = λ2
α . This implies

that λ2 = αγi for a certain i. S is stochastic, |γi| ≤ 1. Therefore |λ2| ≤ α�
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Now the proof that |λ2| = α when S has at least two irreducible closed subsets. If α = 0, then it
is trivially true as 0 ≤ λ2 ≤ α. When α = 1, it immediately follows from the Ergodic Theorem
that the eigenvalue 1 has multiplicity 2, and therefore that λ2 = 1. The case that 0 < λ2 < 1.
For the proof we assume that S has at least two irreducible closed subsets.
we start the proof with similar reasoning as how last proof ended. Let yi be an eigenvector of
ST that is orthogonal to e, i.e. eT yi = 0. Therefore ET yi = veT yi = 0. By definition, yi is an
eigenvector of ST corresponding to the eigenvalue γi and thus:

ST yi = γiyi

Implementing this in the equation of G gives:

GT yi = αST yi + (1− α)ET yi

GT yi = αST yi = αγiyi

Thus yi is an eigenvector of GT corresponding to the eigenvalue αγi.
Because ST has the eigenvalue 1 with at least multiplicity 2, we know that there exist γ1 =
1, γ2 = 1 with corresponding eigenvectors y1 and y2 that are linearly independent. Let k1 = yT1 e
and k2 = yT2 e. The goal is to show that either k1 or k2 is zero, implying y1 or y2 is orthogonal
to e, and therefore that λi = α · 1 with corresponding eigenvector xi exists.
If k1 = 0, let xi = y1. If k2 = 0, let xi = y2. If k1, k2 > 0, then let xi = y1

k1
− y2

k2
. Then xi is an

eigenvector of ST with the eigenvalue 1 and xi is orthogonal to e. The first two cases should be
obvious, the last one however deserves a closer look. Because k1 = yT1 e and k2 = yT2 e we have

that 1 =
yT1
k1
e =

yT2
k2
e. Therefore xie = ( y1k1 −

y2
k2

)e = y1
k1
e − y2

k2
e = 0, and thus xi is orthogonal

to e. And because xi is constructed from multiples of eigenvectors of ST corresponding to the
eigenvector 1, xi is an eigenvector of ST corresponding to the eigenvalue 1.
We can now conclude that |λ2| ≥ α as there is an λi = α. Moreover we have shown that
|λ2| ≤ α for G. Thus λ2 = α is the only possible second largest eigenvalue of the matrix G if S
has at least two irreducible closed subsets. [1] Indicates that the web graph S contains many
irreducible closed subsets.
To conclude: G has a dominant eigenvalue λ1 = 1 and all other eigenvalue satisfies |λ| < 1.
Additionally G’s second largest eigenvalue λ2 = α.
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9 Convergence of πT (k + 1) = πT (k)G

As stated before this system converges to a unique πT , but why? For convergence we needed
three properties of G. G should be nonnegative, primitive and stochastic. I listed irreducibility
and aperiodic before, those two combined induce primitivity. Here I will list and prove why
these properties are sufficient to conclude convergence of the system.
First of all I will show that G indeed meets the required properties, but to do so we need to
define the properties.

Positive or nonnegative matrix: A squared n×n matrix A is called nonnegative if all the entries
are real and aij ≥ 0 for each i, j ∈ {1, 2, ..., n} and positive if aij > 0. Clearly by construction
of G the matrix is positive.

Irreducibility: A Markov chain is called irreducible if there is a nonzero probability to tran-
sition from any state to any other state. This transition does not necessarily need to be done
in one step. In our Markov or transition matrix G every page represents a state. A Markov
chain is also called irreducible if the transition matrix is irreducible. I will use a definition of
irreducibility for nonnegative matrices as this applies to our G. A nonnegative matrix A is said
to be reducible if there exists a partition of the index set {1, 2, ..., n} into nonempty disjoint sets
I1 and I2 such that aij = 0 whenever i ∈ I1 and j ∈ I2. Otherwise, A is said to be irreducible.
This is best shown with an example.

Let A be the following matrix


? ? 0 0 ?
? ? 0 0 ?
? ? ? ? ?
? ? ? ? ?
? ? 0 0 ?


Let I1 = {1, 2, 5} and let I2 = {3, 4}. Then I1 ∪ I2 = {1, 2, 3, 4, 5} and aij = 0 whenever i ∈ I1
and j ∈ I2. Therefore A in this example is reducible.
Taking a look at our matrix G we notice that every single entry is nonzero as it is a positive
matrix. As an immediate result it is impossible to find a partition of indexes I1 and I2 such
that gij = 0 when i ∈ I1 and j ∈ I2. Therefore G is irreducible.

Stochastic matrix, probability matrix, transition matrix, Markov matrix: The terms stochastic
matrix, probability matrix, transition matrix and Markov matrix are all equivalent and describe
the transition of a Markov chain. The word stochastic is used to describe three different types
of matrices. All three definitions describe a square matrix with nonnegative entries. A right
stochastic matrix A has the additional property that each row sums to one, i.e.

∑
j Aij = 1

for i, j ∈ {1, 2, ..., n}. A left stochastic matrix has the additional property that each column
sums to one, i.e.

∑
iAij = 1 for i, j ∈ {1, 2, ..., n}. A double stochastic matrix is both left

stochastic and right stochastic. The term stochastic usually refers to matrix of either form. In
this paper the stochastic refers to the definition of right stochastic matrix. G is by construction
right stochastic. G is not necessarily left or double stochastic.

Aperiodic: The period of a state i of a transition matrix is the number k such that any return
to state i path length is a multiple of k. k is the greatest common divider of all the return to
state paths lengths that are possible for state i. It is therefore not necessarily true that there is
a return to state in k steps. A state is called aperiodic when k = 1. A Markov matrix is called
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aperiodic if all the states are aperiodic. G is clearly aperiodic as by construction every state
has a link towards itself and thus a return to state path of length 1.

Primitive: A matrix A is primitive if it is nonnegative and Am is positive for some m ∈ N. G
satisfies this requirement for m = 1.

Knowing that our matrix is positive there is a very nice theorem that we can use called the
Perron Frobenius theorem, an extention of the Perron theorem in section 8. This theorem
consists of several statements that hold for squared positive matrices, I list the relevant ones.
The Perron Frobenius theorem.
Let A be an n×n positive matrix. I.e., 0 < (aij) ∀ 1 ≤ {i, j} ≤ n. Then the following statements
hold:

1. There is a positive real number r called the Perron-Frobenius eigenvalue, also named
dominant eigenvalue, such that r is an eigenvalue of A and any other eigenvalue λ of A is
strictly smaller than r in positive value. |λ| < r, even if λ is a complex value.

2. There exists an eigenvector v of A corresponding to the eigenvalue r. This eigenvector v
consists only of positive elements. I.e., v = (v1, v2, · · · , vn), Av = rv, vi > 0 ∀ 1 ≤ i ≤ n.

3. There are no other positive eigenvectors corresponding to A except for (non-negative)
multiples of v. I.e., all other eigenvectors must have at least one negative element.

4. The value of r is bounded by the minimum and maximum sum of the rows of A. I.e.,

min
i

n∑
j=1

aij ≤ r ≤ max
i

n∑
j=1

aij ,∀ 1 ≤ i ≤ n

Combining the fact that G is stochastic and the fourth property of the Perron-Frobenius theorem
we can immediately deduce that r = 1. This immediately implies with the second statement of
the Perron-Frobenius theorem that the PageRank vector πT consists solely of positive elements
as we wanted.

The power method is an algorithm to find an eigenvalue r and corresponding eigenvector πT

for a system πT (k + 1)r = πT (k)G. However it only finds one eigenvalue of the many possible
eigenvalues of G. The important thing is that it actually converges to the dominant eigenvalue
and corresponding eigenvector. Which in our system is r = 1 and the PageRank vector πT we
are trying to find. So all that is left to show is that this power method converges. We have
shown that the system converges to our desired πT and towards the proper eigenvalue, that the
resulting πT has the required properties that all elements are larger than zero and πT is unique
excluding multiples of πT . But as we can normalize πT , which is done by each iteration step of
the power method, we immediately obtain the right one.

The power method is described by πT (k + 1) = πT (k)A
‖πT (k)A‖ , which is equivalent to πT (k) multi-

plying with A and then normalizing the result. The power method requires that the matrix G
has a dominant eigenvalue, and that the initial vector πT (0) consists of positive elements.

Decompose the matrix G into its Jordan Canonical form: G = V JV −1, the first column of V is
an eigenvector corresponding to the eigenvalue 1 (as it is not necessarily normalized). Because
the dominant eigenvalue is unique the first Jordan block J1 is an 1×1 matrix consisting only of
the dominant eigenvalue. Then the starting vector π(0) can be denoted as a linear combination
of the columns of V . I.e., π(0) = c1v1 + c2v2 + · · · + cnvn where c1 6= 0. Reformulating the
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power method to our equation:

π(k + 1) =
Gπ(k)

‖Gπ(k)‖

Because π(k) = Gπ(k−1)
‖Gπ(k−1)‖ by the same equation we have that:

π(k + 1) =
Gπ(k)

‖Gπ(k)‖
=

G ·Gπ(k − 1)

‖G ·Gπ(k − 1)‖
Or in genera,l we can denote π(k + 1) in terms of G and π(0) as:

π(k + 1) =
Gk+1π(0)

‖Gk+1π(0)‖
Using the fact that V −1 · V = I, and therefore (V JV −1)2 = V JV −1V JV −1 = V J2V −1, in
addition to the fact that V −1 · vi = ei where ei is 1× n column vector filled with zeros except
for entry i which is 1, and λ1 = 1 we can rewrite it to the following equation.

π(k) =
Gkπ(0)

‖Gkπ(0)‖
=

(V JV −1)kπ(0)

‖(V JV −1)kπ(0)‖
=

V JkV −1π(0)

‖V JkV −1)π(0)‖

=
V JkV −1(c1v1 + c2v2 + · · ·+ cnvn)

‖V JkV −1(c1v1 + c2v2 + · · ·+ cnvn)‖
=

V Jk(c1e1 + c2e2 + · · ·+ cnen)

‖V Jk(c1e1 + c2e2 + · · ·+ cnen)‖

= (
λ1
‖λ1‖

)(
c1
‖c1‖

)(
v1 + 1

c1
V ( 1

λ1
J)k(c2e2 + · · ·+ cnen)

‖v1 + 1
c1
V ( 1

λ1
J)k(c2e2 + · · ·+ cnen)‖

)

= (
c1
‖c1‖

)(
v1 + 1

c1
V (J)k(c2e2 + · · ·+ cnen)

‖v1 + 1
c1
V (J)k(c2e2 + · · ·+ cnen)‖

)

Now zoom in on the part Jk, which multiplies the largest part of the equation. Let Ji denote
a Jordan block.

Jk =


1

Jk2
. . .

JKm

−−−−→k →∞


1

0
. . .

0


This is a direct consequence of the fact that λ1 = 1 and |λi| < λ1 for all 1 < i ≤ n. For example
J2 might be the following matrix:

J2 =

(
λ2 1
0 λ2

)
→ J2

2 =

(
λ22 2 · λ2
0 λ22

)
→ Jk2

(
λk2 γ
0 λk2

)
The value of γ might not be trivial but is not relevant. The limit k → ∞ for λk2 is 0 since
|λ2| < 1. As a result Jk2 will have zeros on the diagonal for k → ∞ and γ will be zero as well.
The structure shown in this example holds for Jordan blocks.
We can then simplify the above equation quite a bit. Let δ denote the part that in the limit
k →∞ is 0.

π(k) =
c1
‖c1‖

v1
‖v1‖

+ δ

So for k → ∞ we know that π(k) is a constant value which means that π(k) converged. The
rate of convergence of π is the same as the rate of δ converging to 0, which comes from 1

λ1
Jk)i.

The rate of convergence of Jki depends of the ith eigenvalue, with a rate of convergence of |λi|k.
|λ2| is the largest eigenvalue and therefore the slowest converging towards 0. Thus the rate of
convergence is |λ2|k for both δ and π.
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9.1 Prove convergence power method

Let A be an n × n matrix with n eigenvalues {λ1, λ2, · · · , λn} and the associated linearly
independent eigenvectors {v1, v2, · · · , vn}. Thus Avj = λjvj for all j ∈ (1, 2, · · · , n). Moreover
λ1 is the dominant eigenvalue and the other eigenvalue are ordered such that |λ1 > |λ2| ≥
|λ3| ≥ · · · ≥ |λn| ≥ 0. Let x be any vector in Rn. linear independence of {v1, v2, · · · , vn} implies
that constants {β1, β2 · · ·βn} exists such that x =

∑n
j=1 βjv

j .
Multiplying by A gives

Ax =
n∑
j=1

βjAvj =
n∑
j=1

βjλjvj .⇒

A2x =

n∑
j=1

βjλjAvj =

n∑
βjλ

2
jvj .

And Generally Akx =
N∑
j=1

βjλ
k
j vj .

By factoring out λk1 on the right sides we get :

Akx = λk1

N∑
j=1

βj(
λj
λ1

k

)vj .

Since λ1 > λj for all j ∈ (2, 3, · · · , n) we have that |λjλ1 | < 1 and thus limk→∞
λj
λ1

k
= 0. Therefore

we see:
lim
k→∞

Akx = lim
k→∞

λk1β1v1

For G, λ1 = 1 and we see that the limit converges as long as β1 6= 0. β1 however is not zero
for all π0 as constructed in section 2. We constructed π0 as a dense positive vector. The n
linear independent vectors vi span Rn. The n elementary vectors {e1, e2, · · · , en} also span Rn.

π(0) can be rewritten as
n∑
i=1

γiei where γi is some positive (nonzero) constant. Thus each ei is

required to construct π(0). From the same reasoning we require each ei to construct v1, as this
is a positive vector aswell. Thus β1 6= 0, beta1 is atleast as large as the smallest γi.
However the final statement looks rather different from the equation we have been working
with for the Google matrix: πTG = πT . It is however the same which we will now show.
First of all πTG = πT is equivalent to GTπ = π. Additionally G and GT have all the same
properties, except that G is row stochatic, and GT is column stochastic. The proof was in
general for a n × n matrix, which G and GT both are. For GT , λ1 = 1 and thus we have
limk→∞G

Tk
x = limk→∞ β1v1. v1 is the eigenvector corresponding to λ1 and β1 is a positive

constant. π is the normalisation of v1, which is the same as the normalisation of β1v1. x is a
positive vector in Rn and in the equation reflects π(0), a ”randomly” chosen starting vector.
Thus we have that Akπ0 = π. Let Aπ0 = π1 then Aπ1 = A · A · π0 = A2π0 aswell as Aπ1 = π2
and generally Akπ0 = πk. For convergence we were looking for a vector π that for further
iterations of the algorithm does not change anymore, and thus is the convergence state, in that
case Aπ = π.
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10 HITS algorithm

Besides Googles PageRank algorithm there are other algorithms to rank webpages. I will now
discuss the HITS method. This method has a lot of similarities to the PageRank algorithm.
It also introduces a very interesting new idea, making the ranking query dependent. This
could theoretically also be implemented into Googles PageRank method. I will discuss the
advantages and disadvantages of this new method compared to the PageRank algorithm after I
have explained how it works. The main difference between the two methods, except for the query
dependence, is that the HITS algorithm actually produces two ranking vectors. One ranking
vector to display the hub scores of a page, and one ranking vector to display the authority score
of a page. The hub score is largely determined by the outlink structure of the pages. A page
deserves a ”good” hub score if it has many outlinks and these outlink link to ”good” authorities.
Good between quotation marks because it is an open and ethical discussion of what ”good”
ranking of a page should be. This method is however based on these definitions of good. The
authority vector is largely based on the inlink structure of the pages. A good authority is a page
with many inlinks and inlinks from important hubs. This may sound like a circular reasoning
but just as with the PageRank problem in mathematics it produces a proper convergent system.
Every page has both an authority score and a hub score. We can then display the sites that
scored either a high authority score, when the user wants to do a depth search on the subject.
Or a page with a high hub score, when the user wants a broad search on the topic. Or just
display both lists. We do not combine these scores to come to a final ranking. The authority
vector will be denoted as x and the hub vector will be denoted by y. We also need a matrix
that represents the web structure just as for the PageRank problem. However this matrix L
will have to be constructed slightly different. For all entries of L holds Lij = 1 if there is a link
from page i to page j. This means that L is fully filled with one’s and zero’s. Furthermore row
i denotes all outlinks from page i and column i denotes all inlinks for page i, resulting in the
equation for the ranking vector :

x(k) = LT y(k − 1), y(k) = LTx(k)

where x(k) and y(k) are the ranking vectors for iteration k, both n × 1 vector where n is the
number of pages in the system. Additionally we need some starting vectors x(0), y(0). But
because we can calculate x(0) using y(0) we will work with only one starting vector which is
usually set as y(0) = 1

ne where e in an n×1 vector of ones. Other starting vectors may be used.

The HITS algorithm: create y(0), then compute until convergence:

x(k) = LT y(k − 1)

y(k) = Lx(k)

k = k + 1 (the repeating step to proceed to the next iteration)

Normalize x(k) and y(k) (which i will come back to)

(2)

It is also possible to rewrite the equations for x(k) and y(k) with substitution to get the simplified
equations:

x(k) = LTLx(k − 1)

y(k) = LLT y(k − 1)
(3)

Here x(k) and y(k) are not directly related to each other anymore.
These last two equations determine the iterative power method for computing the dominant
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eigenvector for the matrices LLT , LTL. From this we can conclude that we only need to do one
iteration process, because if we calculate x(k) using the power method on x(k) = LTLx(k − 1)
we can compute y(k) with the simple computation y(k) = Lx(k). This is very similar to the
iterative power method in the PageRank problem. G Is now replaced by LLT or LTL. LLT Is
related to the hub scores and is therefore called the hub matrix, LTL is related to the authority
scores and is therefore called the authorities matrix. Both are symmetric positive semi-definite
matrices due to the structure of L. So far this method looks a lot like the PageRank vector
only creating two separate values for hubs and authorities. However for the PageRank method
we needed to construct G such that a couple of properties hold, such as irreducibility and that
no rows consist of all zeros. Both LLT and LTL do not fulfill these properties. I will cover this
when I discuss the convergence of the system. For now it should be noted that we need to make
some adjustments to L just as we did to H to construct G. But first I want to discuss the other
difference with the PageRank method, query dependence.

10.1 Query dependense

The Google PageRank method constructs a ranking for all web pages, independent of the query.
All pages are ranked (query independence). HITS only ranks the pages that are related to the
subject that is being searching for (query dependence). Some method to filter out all page
that are related to this subject and make the matrix L out of those webpages is required. The
neighborhood graph N is created. To do this we use the inverted file index method which I
mentioned in section 1.1. Assuming we have some method to find all pages related to the query
we list these pages in N . Additionally we load all pages directly connected to these pages. The
idea is that when searching for the word ”car” we would initially load all pages that mention
”car” somewhere. Then because a page about ”cars” usually has inlinks or outlinks to similar
pages such as pages about ”automobiles or ”garage” we want to also load these neighboring
pages. Whether this is correct is hard to say. In this example ”automobile” is a must load to
give any reasonable result. However you can also get the problem that some huge site such as
Ebay.com is being highly ranked for a search on cars while it probably does not give the user the
information they are looking for. Having loaded all the pages on the topic or the neighborhood
in the graph N we then build L as described. This should result in an L that is hugely smaller
than the whole web.

10.2 Convergence

The rate of convergence is ( |λ2(B)|
|λ1(B)|)

k where B is either LLT or LTL and | λ1 |≥| λ2 | are the

two (in absolute terms) largest eigenvectors of B. And because both LLT , LTL are symmetric,
positive semi-definite we know that all distinct eigenvalues are real. This means that we could
possibly have repeated eigenvalues. In the case that we have no repeated eigenvalues the HITS
algorithm converges nicely using the same proof as for the PageRank algorithm in section 9.
Even though we do not have a good general approximation of λ1 and λ2. Many research results
show that the difference between λ1, λ2 is rather large so only 10-15 iterations are needed for
convergence [10]. But when λ1 = λ2, there is a problem. Even though the problem converges
in this case it does not necessarily converge to a unique vector. Meaning that different starting
vector could lead to different ranking vectors, which of course is a huge problem as this would
render all arguments of a ”good” ranking of this system useless. This problem comes forth of
reducibility in the matrices LLT , LTL. The Google matrix with the PageRank algorithm came
across the same problem which we then fixed by adding the random teleportation inducing
irreducibility on the matrix. Making LLt, LTL irreducible with the same fix would guarantee
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convergence towards a unique ranking vector. Change the matrix LLT to ηLLT + (1− η) 1
nee

T

where 0 < η < 1 and similar for LTL. An additional problem for the HITS algorithm is that it is
not guaranteed that the randomly chosen starting vector y(0) has a component in the direction
of the eigenvector corresponding to λ1. Again using the same fix as the PageRank algorithm
used works, require that each entry of y(0) is a positive value.

10.3 Advantages and disadvantages

One simple advantage of the HITS method is that it produces two rankings for each page.
Giving more information to a user than the single ranking of PageRank. The biggest advantage
however comes from the query dependence step. HITS uses relatively small matrices. In fact
small enough that it should bypass all computer storage issues. In general it should be easy and
quick to compute because of this small portion of the web that is used. However this also has
a lot of disadvantages. First of all HITS requires fast calculation of the ranking vectors. When
a user submits a query, N must be constructed and the ranking vectors should be calculated
in an acceptable timespan or the search engine would not be used. Additionally this must be
done every time a user submits a query. After some querys more computations are required
than with the PageRank method. Also the procedure to find N has some disadvantages. Most
likely it does not find all sites that are actually related to the subject. Luckily these sites would
usually receive a low ranking anyway, no big downside. More problematic is that some sites
such as Ebay.com might always dominate the rankings. This could be fixed to weight sites that
are on topic more than the neighborhood sites. Also we could make the HITS procedure query
independent just as the PageRank method. Simply drop the step of creating N and construct
L for the entire web. Though the advantage of working with one small sized matrices is then
lost. The last disadvantage is that HITS is relatively sensitive. The matrices are smaller thus
changing a page influences the rankings more. Implying that users could easily crank up the
ranking values of their pages by adding additional outlinks, or creating more pages to increase
the number of inlinks that their main site has. The HITS method is rather sensitive to ”cheat-
ing” the rank of a site.

The nice thing about HITS is that no matter what kind of changes take place to the structure
of the web LLT and LTL will always be symmetric positive semi-definite matrices. Because
we always construct a N it is obvious that adding pages to the system does not influence the
procudure. By the same reasoning, adding or subtracting links does not affect the properties.
When the Eigengap, δ = λ1 − λ2 is large then the ranking vectors are insensitive to small
changes in L. When the Eigengap is small the ranking vector might be very sensitive, similar
to the case of the PageRank algorithm.

During the disadvantages we mentioned that we could make this HITS method query indepen-
dent. The following algorithm uses the modified HITS method to guarantee convergence and is
query independent. Here N is no longer formed and L represents the entire web.
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use starting vector x(0) =
1

n
e, then compute until convergence:

x(k) = ηLTLx(k − 1) + (1− η)
1

n
e

x(k) =
x(k)

‖x(k)‖1

y(k) = ηLLT y(k − 1) + (1− η)
1

n
e

y(k) =
y(k)

‖y(k)‖1
k = k + 1

set the authority vector x = x(k) and the hub vector y = y(k).

(4)

Comparing the work between this HITS algorithm and the PageRank method, most of the
work is done by computing the step LTLx(k− 1) during each iteration. For query independent
modified HITS we require 4nnz(L) + 2n additions per iteration, where n is the number of pages
in the web and nnz(L) denotes the number of nonzero entries in L. The intelligent PageRank
method required nnz(L)+n additions and nnz(L) multiplications per iteration (nnz(H)= nnz(L)
is this case). So we see that we actually require a sizeable higher amount of computations using
the query independent modified HITS method each iteration. However we still need to look at
the number of iterations needed. HITS has a convergence rate of approximately 0.5 whereas
PageRank had a rate of approximately 0.85. So HITS requires much fewer iterations, and is a
bit lighter to compute. And you get an extra ranking vector on top!

Lastly it should be mentioned that the power method is a rather slow iteration method. PageR-
ank uses it because it is memoryless. The query dependent HITS method works with a small
matrix L. Therefore some computationally or storage costly iteration method can be applied.
Thus we can speed up the HITS method by using a more efficient iteration method. The query
dependent HITS method possibly can additionally be accelerated by applying similar techniques
as done for the PageRank vector such as extrapolation.
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11 Other search engine algorithms

Another search engine algorithm is Salsa. Salsa uses just as Hits authority and hub scores to
rank pages. Similarto the PageRank algorithm it uses Markov chains. Salsa is an acronym
for Stochastic approach to link structure analysis. This sounds great as it combines the best
components of PageRank and HITS in one algorithm. The Salsa algorithm starts by creating
the neighborhood graph N , which is query dependent, just as HITS did. But instead of L this
algorithm creates a ’bipartite undirected graph’ which I will call B. B is built of three sets,
Vh, Va, E. Vh is the set of all hub pages, that are pages with outlinks. Va is the set of all author-
itie pages, pages with inlinks. A site may be both in Va and Vh. E is the set that stores all links
including the direction. Then two Markov chain matrices are formed, the authorities matrix A
and The hub matrix H, from B. I demonstrate the construction with an example. Let L be
the matrix constructed in the same manner as for the HITS algorithm. Then we are going to
create Lc, Lr which are column and row stochastic respectively. By dividing each column/row
respectively by its sum.

L =

page 1 2 3 4 5 6


1 0 0 1 0 1 0
2 1 0 0 0 0 0
3 0 0 0 0 0 0
4 0 0 0 0 0 0
5 0 0 1 1 0 0
6 0 0 0 0 1 0

,→ ,

Lc =

page 1 2 3 4 5 6


1 0 0 1

2 0 1
3 0

2 1 0 0 0 0 0
3 0 0 0 0 1

3 0
4 0 0 0 0 0 0
5 0 0 1

2 1 0 0
6 0 0 0 0 1

3 0

, Lr =

page 1 2 3 4 5 6


1 0 0 1

2 0 1
1 0

2 1 0 0 0 0 0
3 0 0 0 0 1 0
4 0 0 0 0 0 0
5 0 0 1

2
1
2 0 0

6 0 0 0 0 1 0

Then we create A from LTc Lr with the addition that we subtract both the zero rows and columns.
Similarly we create H from LrL

T
c and removing the zero rows and columns.

LTc Lr =

page 1 2 3 4 5 6


1 1 0 0 0 0 0
2 0 0 0 0 0 0
3 0 0 1

2
1
4

1
4 0

4 0 0 1
2

1
2 0 0

5 0 0 1
6 0 5

6 0
6 0 0 0 0 0 0

,→ ,
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A =

page 1 3 4 5


1 1 0 0 0
3 0 1

2
1
4

1
4

4 0 1
2

1
2 0

5 0 1
6 0 5

6

, H =

page 1 2 3 5 6


1 5
12 0 2

12
3
12

2
12

2 0 1 0 0 0
3 1

3 0 1
3 0 1

3
5 1

4 0 0 3
4 0

6 1
3

1
3 0 0 1

3

Notice that both A and H are now row stochastic and similar structure as S for the PageRank
algorithm. To guarantee convergence to a unique stationary solution vector we need irreducibil-
ity of the matrices. In the usual case where these matrices are not irreducible we look at the
connectedness of the pages. Irreducibility implies that from every page there is a linking struc-
ture to any other page. But our example A is not irreducible, from page 1 we cannot reach page
3,4 or 5. From page 3 however we can reach pages 4,5 but not 1. Moreover when we look at the
structure of both A and H we see that they are symmetric. If A13 is nonzero then A31 is also
nonzero. If page 1 is connected to page 3, then page 3 is connected to page 1. Because of this
structure we can now split the matrices in connected subsets. For A these connected component
subsets are {1} and {3 4 5}. Then we create matrices belonging to each subset. These matrices
are smaller than the original matrix A and therefore easier to calculate with. Then we derive
an πp for each submatrix similar as we derived π for the PageRank algorithm and p is an index
to keep track of all subset and their corresponding matrices. We end up with several πp that
consists PageRank values corresponding to the connected subsets and each πp adds up to 1. in
this case π1 = {1} and π2 = {13

1
6

1
2}. To achieve the final ranking vector we multiply each value

in this vector πp by i
n where i is the number of pages in πp and n the total number of pages in

the set Va. In this case the final PageRank vector for A will be: π = {14
1
4

1
8

3
8}. Calculate the

PageRank values belonging to H with a similar process. Of course we could use other weighting
methods to add the different πp together.

Salsa combines the best features of HITS and PageRank. It creates two ranking scores, and it
work with relatively small matrices considering the size of the web. In fact we work with even
smaller matrices then the HITS algorithm. In practice it turns out that A,H both consists of
several connected components which is computational really beneficial. However it also inherits
the weaknesses. Salsa is also query dependent just as HITS and it does not force irreducibility
on the matrix, not guarenteeing convergence. We could again implement the irreducibility fix
of a random teleporter to guarantee convergence to a unique vector.

Additional to these search models there are several others, most of which are in bases a combi-
nation of HITS, Salsa or PageRank. However I want to cover one other interesting idea, called
traffic rank. Traffic rank tries to rank pages on popularity by measuring the amount of traffic
a page has. A page that is visited frequently is deemed better, and therefore a good search
result. However, we do not look at the amount of visitors of the page, but the amount of surfers
each link has. Sadly this is impossible but we can approximate it. A simpler way would be the
amount of visitors the page has, which we can track. We want to use the amount of traffic on a
link because the number of links a page has and the traffic per link is also telling us more about
the popularity of the page. Imagine a road network and trying to determine how popular a city
is by measuring the traffic coming in by different roads. The amount of visitors divided by the
amount of links gives a relative popularity score.
Let pij denote the proportion of all web traffic on the link from page i to page j. i and j are
indexing value from 1 to the number of pages in the web. So pij = 0 when there is no link,
and a very small number otherwise. Then

∑
i pij denotes the total proportion of traffic entering
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page j. We define the proportions in such a way that
∑

i,j pij = 1. Secondly we assume that
traffic to a page is always equal to the traffic out of the page,

∑
i pij −

∑
j pji = 0. Now mini-

malizing −
∑

i,j pij log pij with these constraints but free pij gives the best unbiased probability
assignments to pij . Although the system is huge, even larger than the number of webpages it
has been shown that it takes approximately 2.5 times as long to calculate these probabilities
than to solve the PageRank algorithm. [10]

Traffic flow gives pages a high score if it has a lot of traffic. Interestingly these pages seem to
coincide with the HITS algorithm’s result for good hub pages. Logical in a sense, as a page
with a lot of traffic requires a lot of inlinks and outlinks to handle just as the example of the
city. The real interest for the traffic method comes from simple extensions that can be made on
the basis model. When more knowledge about the links actual traffic comes available this can
be implemented as an additional constraint in the algorithm. Setting a ≤ pij ≤ b where a and b
denote numbers to bound the value of pij around the known value. Similar boundaries can be
made for the total traffic of a page. Secondly to derive the traffic scores from the algorithm we
applied Lagrange multiplier. Each link has such a Lagrange multiplier. We can also invert these
multipliers which gives us the temperature of a page instead of the traffic. The temperature
mark similarities with the authorities scores of HITS.
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12 Future of PageRank

I have spoken about cheating of PageRank scores before. The biggest threat for the future of
PageRank is closely related to the idea of cheating. The PageRank algorithm was founded on
the idea that each link from a page to a page is an endorsement. However when people know
how a search engine ranks pages, the assumption that all links are made as endorsements and
no ulterior motives is no longer true. The whole fundamental of the PageRank algorithm and
brings the question, does it still give good ranking? Corresponding to these links with ulterior
motives is the never ending cycle of updating algorithm as described by cheating rank scores.
Additionally there is the problem of spam. Optimization of algorithms to both rank pages and
include methods to identify cheaters is an ongoing research area. Ideally an algorithm that is
spam proof can be constructed (this would mean it is not based on the linking structure), but
as long as we have not found such a system search engines try to identify cheating pages with
algorithms. An example algorithm to find cheating pages is bases on back links. When a page
has over 80% of the pages link back to it, it is considered a cheater. Resulting in the removal of
that page from the index and the matrix G. Another idea is the so called ’Badrank’. Badrank
is close to PageRank, except that it is based on outlinks instead of the inlinks of a page. A
page receives a high badrank score if it points to other bad pages. The most reliable method
however might be to offer a service to boost the PageRank score of a page, usually for payment.
Instead of going through the trouble to cheat someone would then pay for this sponsored link.
Of course all mentioned methods are not fool proof, and that’s why it is an ongoing area of
development.

Another area of ongoing improvement for search engines is query refining. An average user is
rather lazy and only looks at the first couple of results. Therefore it is extremely important
to have the first results to be correctly ranked. Moreover a user often does not quite know
what he is searching for (hence the use of a search engine). So an area of improvement findind
what users are looking for, instead of finding the page that corresponds the best to a given
query. For instance when I use the search query ’coffee’ in Google now at 20-05-2015 I find
several companies that sell coffee, an informational site about coffee, a review site and a couple
of instances that are a combination of those. Most likely when a user searches the term coffee
he is not interested in all these categories of pages but only in one category, lets say buying
coffee. It would be helpful to produce a list of all pages that sell coffee and give these pages as
search result. An idea is to categorise search results and give these categories back to the user,
who then quickly can find the top pages in the category he is looking for. Continuing on this
line of thought would be giving a user search results based on what you think he wants to see.
The Users browser history, or previous searched for querys could be used to help predict what
the user wants to find this time. A simple example would be that if a user first search the term
’coffee’, and proceed to go to pages that sells coffee, listing pages that sell tea is then probably
a better search result for the query ’tea’ than a list of informational pages.

Another interesting newer area are pages with different linking structures as average webpages.
An example of such a subgroup are blogs. Blogs usually are relatively content empty but have a
lot of links to other blogs. Additionally blogs are usually dated as they refer to news articles or
other dated events. PageRank takes a long time to update, and therefore would not be useful to
rank blogs. Besides having different ranking criteria for different types of pages also improves
search results. For example the algorithm iRank is made to rank blogs. The algorithm looks
a lot like PageRank with two major differences. It is time dependent, a blog that cites other
recent blogs get rewarded. And implicit links, are not actual links, when two pages have high
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similarity (same new event for example) the algorithm adds a link to each other as people that
read the first most likely read the second. IRank and PageRank give wildly different results.
PageRank is more likely to give an older authorities blog that started the subject, where iRank
gives pages that either help find the most recent information or give the most recent informa-
tion. The use of time in weighting the pages is rather interesting. For example let there be a
disaster in the world. Every page written at that day about this will most likely highly differ
from a page written three months later about the same disaster.

A small step aside, censorship. Additionally to all debates of good ranking search engines are
also constantly debating about censoring pages. Because everyone can access a search engine
easily you might want to prevent the possibility to give children access to porn pages or other
pages deemed wrong. Construct a crawler that looks for certain words and does not index pages
that contain words such as ’porn’. However once again this is an though subject to make the
right decisions. For example this artical has the word ’porn’ in it, but surely it should be found
when using Google and searching on ’PageRank’ (assuming this artical gets uploaded to the
internet). More problematic is the idea that search engines could censor political views or ideas.
I only mention this to show how many complex ethical and liberal subject arise by creating a
search engine.

The last possible feature improvement for search engines that we want to mention is fusion
of information. For example use a map of a city, and use a search engine to show pages that
correspond to places on that map. Or even information only, such as opening hours of the
restaurants. Implementing a search engine with other layers such as maps.
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13 Example of PageRank algorithm for a web graph

We would like to discuss an example of a very small web graph consisting of n = 15 pages as
shown below.

10 11

8

9

6 7 14

4 5 15 13

1 2 3 12

For this web graph we will use the discussed power method to solve corresponding to the equa-
tion πT (k + 1) = πT (k)G. I will show the first two iterations and the final result. Then I will
discuss why the system would not work when working with H instead of G by choosing different
πT (0). I will also deploy two different accuracy arguments. One is based on the values of the
vector, the other one is based on the ranking of the elements. Lasstly I will aplly differnt πT (0),
α and vT to and look at the influence on the ranking of the pages.

But first I discuss why I chose web graph and all the types of pages that it contains. Dangling
nodes, pages 9, 12 and 14. Moreover page 12 has no inlinks, a very special case, and if the
system is anything accurate this page should receive a low PageRank value. A sink in the form
of the combined pages 6, 7, 8. A well connected page 5, and a couple of pages whose relative
importance would be very interesting to calculate as they are hard to compare with each other
without calculation, pages 1, 2, 3, 4 and these scores relative to pages 7, 8, 9. Page 15 has no
inlinks but is feeding the system. And the odd disconnected pages 10, 11, 12, 13 and 14. I
added 10, 11 and 13, 14 especially to show the scores of these pages and the entire system as it
will be interesting to see how important pages are ranked.
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13.1 Constructing the matrices

To find the G corresponding to the web graph we first need to construct H as described in
section 2 where I also denoted the equation for G and S in terms of H. Below is denoted the
matrix H corresponding to the web graph. Important to note the structure of H, such as zeros
on the diagonal, the extreme sparsity, the rows of zeros corresponding to the dangling nodes
and that the rank(H) ≤ 15.
Remark: the number next to the matrix H denotes the page. Each row reflects the outlinks
from the page. Each column reflects the inlinks to the page.

H =

page 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15



1 0 0 0 1
2

1
2 0 0 0 0 0 0 0 0 0 0

2 1
3 0 1

3 0 1
3 0 0 0 0 0 0 0 0 0 0

3 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
4 1

2 0 0 0 0 0 0 0 1
2 0 0 0 0 0 0

5 0 1
5

1
5

1
5 0 1

5
1
5 0 0 0 0 0 0 0 0

6 0 0 0 0 0 0 1
2

1
2 0 0 0 0 0 0 0

7 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
8 0 0 0 0 0 1

2
1
2 0 0 0 0 0 0 0 0

9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
10 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
11 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
13 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
14 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
15 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

Now that we have created H we can simply construct S and G. To create S fill all the dangling
rows of H with the value the vector vT , here vT = 1

15e
T . This is done by adding a · ( 1

n · e
T ),

a is the column vector shown below and eT is the row vector 1 × 15 of ones. Below S I have
denoted a · eT .

S =

page 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15



1 0 0 0 1
2

1
2 0 0 0 0 0 0 0 0 0 0

2 1
3 0 1

3 0 1
3 0 0 0 0 0 0 0 0 0 0

3 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
4 1

2 0 0 0 0 0 0 0 1
2 0 0 0 0 0 0

5 0 1
5

1
5

1
5 0 1

5
1
5 0 0 0 0 0 0 0 0

6 0 0 0 0 0 0 1
2

1
2 0 0 0 0 0 0 0

7 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
8 0 0 0 0 0 1

2
1
2 0 0 0 0 0 0 0 0

9 1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

10 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
11 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
12 1

15
1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

13 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
14 1

15
1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

15 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
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a =



0
0
0
0
0
0
0
0
1
0
0
1
0
1
0



, eT =



1
1
1
1
1
1
1
1
1
1
1
1
1
1
1



T

, vT =



1
15
1
15
1
15
1
15
1
15
1
15
1
15
1
15
1
15
1
15
1
15
1
15
1
15
1
15
1
15



T

a · eT =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0



G =

page 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15



1 1
75

1
75

1
75

31
75

31
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

2 24
75

1
75

24
75

1
75

24
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

3 1
75

61
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

4 31
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

31
75

1
75

1
75

1
75

1
75

1
75

1
75

5 1
75

13
75

13
75

13
75

1
75

13
75

13
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

6 1
75

1
75

1
75

1
75

1
75

1
75

31
75

31
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

7 1
75

1
75

1
75

1
75

1
75

1
75

1
75

61
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

8 1
75

1
75

1
75

1
75

1
75

31
75

31
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

9 1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

10 1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

61
75

1
75

1
75

1
75

1
75

11 1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

61
75

1
75

1
75

1
75

1
75

1
75

12 1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

13 1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

61
75

1
75

14 1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

1
15

15 1
75

1
75

1
75

1
75

61
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75

1
75
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For G I chose α = 0.8, G = 0.8S + 0.2evT which is shown above.
Remark: Each zero element of S is replaced by the value 1

75 in G. Because 0.2 · 1
15 = 1

75 . This
shows that at each iteration a change of 1

75 to teleport (not following outlinks) to page 1, or
any other page.
Remark: The dangling nodes are still filled with the values 1

15 as vT = 1
15e

T . For different vT

the dangling nodes will have different values in G compared to S.

Lastly before we can start the iteration algorithm we need chose a πT (0), a vector containing
initial rankings. I chose the starting vector with equal value 1

15 for each page.

13.2 Convergence bases system

The first iteration, calculated using a matlab program listed in section 15, is shown below.
Then I let the program run until the vector πT converged with an accuracy argument based
on values such that the sum difference between two consecutive PageRank vectors is less than
10−9, resulting vector πT is also shown below. It required 50 iteration to converge to πT . The
first iteration had an accuracy of 0.0959. Below are results rounded on 4 digits accuracy. It
should be noted that Matlab works with high accuracy, but makes accuracy errors.

πT (1) =



0.0684
0.0880
0.0524
0.0613
0.1218
0.0613
0.0880
0.1040
0.0507
0.0773
0.0773
0.0240
0.0240
0.0773
0.0240



, πT (2) =



0.0694
0.0829
0.0644
0.0683
0.0915
0.0825
0.1071
0.1164
0.0460
0.0833
0.0833
0.0214
0.0214
0.0406
0.0214



, πT =



0.0577
0.0686
0.0483
0.0530
0.0740
0.0950
0.1330
0.1625
0.0399
0.0907
0.0907
0.0181
0.0181
0.0327
0.0181


The first iteration is rather traceable. A page with inlinks has its value increased. In the second
iteration we see that most pages follow the trend they had in the first iteration. If they increased
first iteration, they increase again and vice versa. However some pages do not, such as page 14.
This page still got an endorsement from page 13 the first iteration. The second iteration page 13
lost most of its own value and thus page 14 loses its endorsemen. The resulting converged vector
πT shows some interesting results. Some pages such as 8 and 12 were already on the right track
the first couple of iterations. But page 5 in particular seems to be rated higher at the first itera-
tions than in the converged state. There are also some pages such as pages 1 and 4 that reverse
in direction somewhere during the iteration process. Page 4 in particular is interesting as this
page starts decreasing (15 ≈ 0.6666), then increases next iteration but ultimately ends up with a
lower score. Clearly it requires some iterations before we can even predict where some PageRank
scores are going to end up. Notice that the difference between lowest and highest page value
are larger in the converged vector then the starting iterations. As we see some page have the
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exact same structure, such as the dangling nodes, have the exact same value each iteration. Be-
low are the relative rankings computed with matlab of the pages corresponding to these vectors.

rank πT (1) =



7
4
10
8
1
9
3
2
11
6
5
12
12
6
12



, rank πT (2) =



8
6
10
9
3
7
2
1
11
4
5
13
13
12
13



, rank πT =



7
6
9
8
5
3
2
1
10
4
4
12
12
11
12


I immediately notice a surprising result. Page 10 and 11 are not rated the same position ev-
ery iteration even though they have the exact same structure and therefore should have the
exact same PageRank value. One of the problems that can arise with the PageRank agorithm.
It originates from a roundoff accuracy error in the computation (software/computer related).
Another interesting point that we can now easily see is that some page really quickly get their
proper relative rank, which is promising for accuracy based on rank. Overall I showed these
relative ranks because they are easier to compare.

I would like to discuss some noticeable pages and their ranks. Page 12 is a nice comparison
point. This page has no in or outlink and therefore cannot be important and indeed it is rated
the lowest page. However we see that all pages without inlinks are rated the exact same, pages
12, 13, 15. The dangling nodes however have all different ranks. Page 14 only has one inlink
from a low ranked page and not surprisingly is rated second lowest. Page 10 and 11 are however
ranked fourth. Even though they are not important for the overall structure of the web graph,
they are a standalone cycle. This shows the weakness of PageRank for cycles. Once you realize
that PageRank actually favors cycles and sinks then the ranks can be explained. We ’fixed’ the
algorithm such that cycles and sinks were no problem anymore. However this ’fix’ was to guar-
antee convergence, not to fix fairness. Recall the idea of the random surfer, where we followed
one page, and a page where we spent more time was more important. With α = 0.8 this still
means that once we visit page 10, on average we visit it again following the links (to page 11
and back) before we teleport away. Not surprising that these pages are still favored. Although
its better than before with an α of 1 as they we would never leave the pages. And a lower α was
also undesirable as then the structure of the web is increasingly less important. For the extreme
α = 0 the web graph is literally irrelevant. Seeing how PageRank favors cycles and sinks, its
not surprising anymore that pages 6, 7, 8 are the top ranking pages followed by page 10 and 11.
After that the pages 1, 2, 3, 4, 5, 9 and lastly ranked the pages without any relevant inlinks.
How PageRank ranked pages 1, 2, 3, 4, 5, 9 is really interesting as this importance is fully based
on their underlyng links, no sink or cycle structure to help any page. The well connected page 5
seems to be the winner, and the poorly connected page 9 the loser. For the whole web, the graph
is very large and very complicated. There will (most likely) not be any relevant sized sinks/-
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cycles and there will be some pages that are so well connected that they arise at the top. And
only the most important pages matter. This example shows the importance of the sink/cycle
structure simply indicates a weakness of PageRank and why there is always a discussion of what
a good ranking criteria is. It is an indication of the complexity of correctly ranking a web graph.

Next I tried to implement an accuracy argument based on the relative rank of each page. The
results that I got were really interesting but also may be flawed due to the problems of accuracy.
As mentioned page 10 and 11 should always have the same relative rank. They do always have
the same value with accuracy of 4 digits. However when computing the vector with relative
ranks page 10 and 11 do not always have the same. When I used the accuracy argument that
the vector converged if it had 3 consecutive iterations the same ranking vector, then it con-
verged after 13 iterations. The 14th iteration however gave the same rankings except for page
10 and 11. For some reason page 10 was suddenly rated higher then page 11. When looking
back at the ranking vector of the first two iterations we see that in the first page 10 is rated
lower and the second iteration is rated higher than page 11. This is a problem for my accuracy
argument. If instead of requireing 3 consecutive ranking vectors requiring 5, then it takes 103
iterations. And when I changed it to 15 it required 113 iterations. Indicating that iteration 98
is the first true converged vector. However thee resulting ranking vector was identical to the
ranking vector after 13 iterations. Therefore I assumed that the system indeed converged after
13 iterations using accuracy on rank, even though it might converge faster or slower.
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13.3 Changing πT (0)

We could also use a different starting vector πT (0). This time the vector whose first element is
one and all others zero will be used. The accuracy argument is based on the values and then
the system takes 74 iterations to converge. The starting accuracy in this case was 0.9423 which
partly explains the required amount of iterations.

πT (1) =



1
75
1
75
1
75
31
75
31
75
1
75
1
75
1
75
1
75
1
75
1
75
1
75
1
75
1
75
1
75



, πT (2) =



0.1844
0.0923
0.0852
0.0869
0.0350
0.0869
0.0923
0.0315
0.1808
0.0261
0.0261
0.0155
0.0155
0.0261
0.0155



, πT =



0.0577
0.0686
0.0483
0.0530
0.0740
0.0950
0.1330
0.1625
0.0394
0.0907
0.0907
0.0181
0.0181
0.0327
0.0181



rank πT (2) =



1
3
6
5
7
4
3
8
2
10
9
11
11
10
11



, rank πT =



7
6
9
8
5
3
2
1
10
4
4
12
12
11
12


As we can see the first two iteration show different results as expected with the two starting
vectors differ. However they converged to exactly the same vector as the theorems indicated.
Even the number of iterations was not too much affected, as expected. Only a couple more
iterations are needed, due to a larger accuracy error of the first iteration and a couple more
iterations before the PageRank value has reached all the pages. In the second iterations is for
instance page 8 still to receive a PageRank value boost, as page 8 is reached from page 1 using
3 links.
Remark: πT (1) is the first row of G with this specific πT (0).
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13.4 Changing α

Next a look at the systems for different α. Using π(0) = 1
15e, α = 0.5, vT = 1

15e and accu-
racy argument based on value, it required 22 iterations to converge to the vector and rank below.

πT =



0.0671
0.0770
0.0599
0.0638
0.0871
0.0725
0.0906
0.1018
0.0543
0.0767
0.0767
0.0383
0.0383
0.0575
0.0383



, rank πT =



7
4
9
8
3
6
2
1
11
5
5
12
12
10
12


Different values from the basic system, reasonably expected, but finding that the pages are
differently ranked is surprising. Notice as well that the difference between highest and lowest
PageRank value is less than for α = 0.8. Because of the decrease of α the importance of the
structure of the web is lower than before, and the influence of the teleportation vector vT is
higher. As a result some pages lose a bit of PageRank value and even ranks. Pages 9, 10, 11
all lose one rank, and page 6 loses three ranks. Page 2 and 5 both gain two ranks and page
14 also gains a rank. We see that page 10 and 11 actually score a rather high PageRank even
though they only link to each other. Their interlinking is apparently important for their high
rank, and indeed they lost ranks when links became less important. Page 2 and 5 are rather
connected, however, gain ranks due to the lower importance of links. This can be explained
by the reduction of value in the sink and cycles. What also explains why page 6 decreased in
rank. Because there is more teleportation, less value is stored in the sinks/cycles. As a result
those pages lose a lot of value (page 8 for example lost the most value, however is still ranked
first). This lost value then spreads to all the other pages. And page 2, 5 are well connected and
therefore receive a lot of additional PageRank. They receive more PageRank due to random
teleportation, but also because all their inlinks add more PageRank value because they are from
page with higer PageRank value. So even though a lower α means that the teleportation is more
important and the structure of the web less, well connected pages see their value increased. Of
course worth mentioning as well, the system converged faster.

For α = 0.95 we see that it took a couple more iterations before convergence, but converged to
the exact same rankings as for α = 0.8. The required amount of iterations was 97. Surprisingly
when I used the accuracy argument that looked at consecutive rankings I found that it took
18 iterations to converge. The difference between highest and lowest values are larger in these
vectors. All these vectors with their ranks are shown below.
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πT =



0.0282
0.0336
0.0227
0.0255
0.0347
0.1348
0.1988
0.2583
0.0176
0.1093
0.1093
0.0055
0.0055
0.0107
0.0055



, rank πT =



7
6
9
8
5
3
2
1
10
4
4
12
12
11
12



, after 18 iterations πT =



0.0311
0.0370
0.0249
0.0280
0.0380
0.1318
0.1942
0.2516
0.0192
0.1082
0.1082
0.0056
0.0056
0.0110
0.0056


13.5 Changing vT

Then I used a different teleportation vector vT to see the effects on the system. The chosen vT

is shown below along with the results. The standard starting vector π(0) = 1
15e, α = 0.8 and

accuracy argument were applied.The system converged in 76 iterations.

vT =



1
100
20
100
1

100
1

100
40
100
1

100
1

100
10
100
10
100
10
100
1

100
1

100
1

100
1

100
1

100



, πT =



0.0539
0.1103
0.0565
0.0486
0.1380
0.0926
0.1296
0.1638
0.0425
0.0751
0.0651
0.0050
0.0050
0.0090
0.0050



, rank πT =



9
4
8
10
2
5
3
1
11
6
7
13
13
12
13


The chosen vT is designed to hugely boost page 5, give a boost to page 2 and page 8, 9, 10,
while the other pages are hardly teleported towards. The resulting rankings are different from
the rankings we found before. The dangling nodes are hardly affected. Page 10 suddenly is
rated a fair bit higher then page 11. Of course page 5 and 2 are rated higher, but the effect for
example for page 1 are though to predict without the simulation. The important lesson here is
that vT can hugely influence the ranking of the vectors and also pages whose linking value in
vT are not influenced can all of a sudden change rank. For example page 1 and 3 get the same
relative value from vT in both cases, but for the original vT page 1 was rated higher then page
3. with this new vT it is reversed.
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13.6 Using H and S

But what would have gone wrong if we used H or S instead of G? I use the equation
πT (k + 1) = πT (k)H as the only dfference between H and S ares the dangling nodes, which I
discuss first. When a convenient πT (0) is used a lot of problems immediately become apparent.
For the web we do not know which πT (0) lead to problems, thus we needd convergence for all
πT (0). Looking at H we see that row 9 belongs to a dangling node, meaning that when πT (0)
is chosen as the vector of zero’s except for the nineth entry which we set ,1 we get a rather
particular result for πT (1). Namely that πT (1) is a vector of zero’s. This obviously is a problem
as we still have no ranking.
Remark: S does not have dangling nodes so does not have this problem. all problems that will
be shown hold for both.

Another interesting choice would be πT (0) with entries zero except for the entry corresponding
to page 10 which will have the value 1. This will lead to the following PageRank vectors for the
first 2 iterations.

πT (0) =



0
0
0
0
0
0
0
0
0
1
0
0
0
0
0



, πT (1) =



0
0
0
0
0
0
0
0
0
0
1
0
0
0
0



, πT (2) =



0
0
0
0
0
0
0
0
0
1
0
0
0
0
0


Now that πT (2) = πT (0) it should be apparent that this will lead to an infinitely long sequence
of vectors where position 10 and 11 switch value every step. Bottom line, this vector never
converges. So we know that for H we cannot use any arbitrary starting vector. But you might
think that a starting vector with the same values for page 10 and 11 would work. This is true
but then there is the problem of finding the specific starting vector that would lead to conver-
gence. As seen a cycle of two requires the same value for both. So a logical starting value would
be to start each page with the same value. However consider the very simple three page system
consisting of pages A, B and C, where A links to page B, page B links to page A and page
C links to page A. Then the starting vector would contain values 1

3 . After the first iteration
page A would have received PageRank value 1

3 from both B and C and therefore has PageRank
value 2

3 . While B only received from A and has PageRank value 1
3 . Page C has no inlinks and

therefore receives no PageRank value and becomes zero. Then for the second iteration we see
that page C has value zero and because page C has no inlinks will never receive value anymore,
meaning that page C has no influence on the system anymore. Essentially we have created a
cycle of two pages whose values are not equivalent. Of course we could find a starting vector
that would work. But for a system of billions of pages it is probably faster to compute the
PageRank using G than H.
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Lastly I show the calculated PageRank vector corresponding to the starting vector which was
also used for G, πT (0) with entries 1

15 . This vector does not lead to any immediate problems
for this web structure. The problem of page 10 and 11 exchanging values is solved because they
have the same value 1

15 each step. In fact the vector nicely converges. Below are the first two
iterations.

πT (1) =



0.0556
0.0800
0.0356
0.0407
0.1222
0.0407
0.0800
0.1000
0.0333
0.0667
0.0667
0.0000
0.0000
0.0667
0.0000



, πT (2) =



0.0500
0.0600
0.0511
0.0522
0.0544
0.0744
0.0978
0.1033
0.0233
0.0677
0.0677
0.0000
0.0000
0.0000
0.0000


Notice that ‖πT (1)‖∞ < 1, in fact ‖πT (1)‖∞ = 12

15 . This is because there are three dangling
nodes and each one lost the value 1

15 . Now this is not a problem as we can normalize πT (1) to
give PageRank scores, but it is an indicator that something is going wrong. Moreover notice
that the PageRank value belonging to page 9, which is a dangling node, is not 0 but 1

2 ·
1
15 . I

worte these fractions explicitly to show where the value comes from. Column 9 of H has the
value 1

2 which means that page 9 in the first iteration will get that value multiplied by 1
15 . Thus

the next iteration even more PageRank score is lost out of the system as the dangling nodes do
not have the PageRank zero. Dangling node 12 already has no more score, but dangling node 14
has score 1

15 which will also be lost. This bleeding might stop at some moment as for instance
page 13 is feeding page 14, which is leaking the score. But after the first iteration page 13 has
value zero, meaning that at the second iteration page 14 will also have value zero as we see in
the vector. But not all the PageRank value is lost, as we can see that the sink of page 6, 7, 8
actually increased value. The combined values of page 6, 7, 8 increased by 2

5 ·
1
15 , collective inlink

value for this sink. Because the sink has no outlinks no value is sent away. Other pages such as
1, 2, 3, 4 may fluctuate in value a bit, but eventually they will lose all their value to the dan-
gling nodes or sinks. Therefore the coverged PageRank has a lot of elements zero and only the
pages in the sink have nonzero value. Meaning that we found ranking for these sink pages rela-
tive to each other but no ranking for the entire system. The converged vector to is shown below.
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πT =



0.0000
0.0000
0.0000
0.0000
0.0000
0.0905
0.1358
0.1811
0.0000
0.0667
0.0667
0.0000
0.0000
0.0000
0.0000



, rank πT =



5
5
5
5
5
3
2
1
5
4
4
5
5
5
5


As we can see a lot of pages ended up with a PageRank value of zero, all ranked number 5. The
only pages that still had some PageRank score are the sink pages and cycle pages. These pages
however have the same relative rank as they did for G. The PageRank value left in the vector
is approxiamtly 0.6408.
Remark When S is used instead of H then the dangling nodes do not leak value. However
their value spreads over the entire system. Therefore they eventually send their value towards
the sink or cycle, resulting in a similar convergent scenario as for H. The only big difference
is that ‖πT (k)‖∞ = 1 for each iteration. Noteworthy is that it takes a fair bit longer to converge.
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14 Matlab coding

Below is the Matlab code I used for the experiment. Notice that it begins with some variables
that can be chosen according to the experiment. To create H the matlab command sparse is
very usefull, construct a F consisting of allnonzero elements in H and then run the program.
The final ranking vectors this program calculates are different from the ranking vectors in the
section experiment. I personally liked these vectors more, but for clarity for the reader I chose
to reorder them in my paper.

This coding uses an accuracy argument based on the values inside πT .

F=sparse([2 4 3 5 2 5 1 5 1 2 15 5 8 5 6 8 6 7 4 11 10 13],
[1 1 2 2 3 3 4 4 5 5 5 6 6 7 7 7 8 8 9 10 11 14],
[1/3 1/2 1 1/5 1/3 1/5 1/2 1/5 1/2 1/3 1 1/5 1/2 1/5 1/2 1/2 1/2 1 1/2 1 1 1],15,15)
H=full(F);
alpha=4/5;
delta=1/15;
a=[0 0 0 0 0 0 0 0 1 0 0 1 0 1 0]';
et=ones(1,15);
e=ones(15,1);
vt=delta*et;
vt=[1/100 20/100 1/100 1/100 40/100 1/100 1/100
10/100 10/100 10/100 1/100 1/100 1/100 1/100 1/100];

P=a*et;
S=H+delta*P;
G=alpha*S+(1-alpha)*(e*vt);
pi=delta*et;
i=0;
argu=1/1000000000;
pi1=pi*G;
pi2=pi1*G;
for t= 1:1000

check=pi;
pi=pi*G;
acc=check-pi;
nacc=norm(acc,inf);
if nacc > argu

i=i+1;
else

i=i+1;
break

end
end
rank=floor(tiedrank(pi));
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This coding describes the exact same algorithm as the first one does but uses an accuracy
argument based on the rank of pages in πT .

F=sparse([2 4 3 5 2 5 1 5 1 2 15 5 8 5 6 8 6 7 4 11 10 13],
[1 1 2 2 3 3 4 4 5 5 5 6 6 7 7 7 8 8 9 10 11 14],
[1/3 1/2 1 1/5 1/3 1/5 1/2 1/5 1/2 1/3 1 1/5 1/2 1/5 1/2 1/2 1/2 1 1/2 1 1 1],15,15)
H=full(F);
alpha=4/5;
delta=1/15;
a=[0 0 0 0 0 0 0 0 1 0 0 1 0 1 0]';
et=ones(1,15);
e=ones(15,1);
vt=delta*et;
vt=[1/100 20/100 1/100 1/100 40/100 1/100 1/100
10/100 10/100 10/100 1/100 1/100 1/100 1/100 1/100];
P=a*et;
S=H+delta*P;
G=alpha*S+(1-alpha)*(e*vt);
pi=delta*et;
i=0;
j=0;
pi1=pi*G;
pi2=pi1*G;
for t= 1:10000;

granko=tiedrank(pi);
ranko=floor(granko);
pi=pi*G;
grank=tiedrank(pi);
rank=floor(grank)
racc=rank-ranko;
if racc == zeros(1,15);

j=j+1;
i=i+1;

else
j=1;
i=i+1;

end
if j==15;

break;
end

end
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