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A B S T R A C T

A large class of inflation models called alpha-attractors predicts a
tensor-to-scalar ratio and a spectral tilt that sits right at the obser-
vationally favored region found by Planck. These models exhibit an
attractor structure due to a relation between the natural geometrically
defined inflaton and the canonically defined inflaton, a relation which
is analogous to the one between velocity and rapidity in special rela-
tivity. Recently, an alpha attractor model was constructed with a sin-
gle chiral superfield, using Kähler- and superpotentials which appear
remarkably natural from the perspective of string theory. It is there-
fore interesting to see whether it can consistently be coupled to the
moduli of a string theory compactification. We find results that are to
some extent in line with previous work on this subject. However, we
find some interesting improvements on older models that we argue
are generic for alpha-attractor constructions. The model performs es-
pecially well when it is coupled to a nilpotent chiral superfield for
stability.
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I N T R O D U C T I O N

In the world of high-energy physics, there are two speculative theo-
ries which have produced enormous excitement, among profession-
als working in the field as well as in popular science. The first of
these is string theory. It is currently the only viable candidate for a
theory of everything: a theory which provides a quantum descrip-
tion of gravity, and unifies it with the forces of the Standard Model
in a single framework. It is a theory of extended 1-dimensional ob-
jects called strings, and higher-dimensional objects called branes. The
vibrational modes of these strings are the point particles of particle
physics. String theory requires the existence of six extra spatial dimen-
sions. To make contact with the real world, these extra dimensions
must be curled up into very small compact spaces called Calabi-Yau
manifolds. Whereas the gauge theories of the Standard Model warn
us of their own limited range of validity through the ultraviolet diver-
gences that appear in loop diagrams, string theory is completely free
of these divergences. Furthermore, string theory is formulated with-
out any dimensionless free parameters, whereas the Standard Model
requires 20. This suggests string theory is a fundamental theory of
nature, or something very close to it.

The second theory is cosmological inflation. Inflation solves the natu-
ralness problems of the Standard Model of cosmology, the ΛCDM-
model. These problems are all cousins of the horizon problem. The
Cosmological Microwave Background (CMB) is the left-over radia-
tion from when the universe was hot and dense enough to be com-
pletely opaque to radiation. Photons scattered constantly off ionized
nuclei and electrons, producing a radiation spectrum that is closer to
the theoretical blackbody radiation than anything else ever observed.
However, the CMB radiation is suspiciously uniform. The tempera-
ture fluctuates by only about 1 part in 105 in different spatial direc-
tions. This is a fine-tuning problem, since the CMB consists of some
104 patches which could never have been in causal contact with each
other according to the ΛCDM-model. Inflation solves this problem by
positing that there was a period of accelerated expansion in the early
universe. This shrinks the size of the observable universe at early
times down to such a small size that it was all in causal contact for
a period of time. This allowed the observable universe to reach ther-
mal equilibrium. Quantum fluctuations in the inflaton field, a scalar
particle which drove inflation, then produced the visible thermal fluc-
tuations present in the CMB, which later grew into the large-scale
structure of the present-day universe.
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It is extremely appealing to combine these two succesful and excit-
ing theories in a single framework. This prospect is made even more
attractive by the fact that inflation is more natural within a SUSY
model. Inflation takes place at an energy scale which is relatively
close to the Planck scale, which makes it sensitive to the details of
high-energy physics. Supersymmetry can reduce the influence of the
ultraviolet sensitivity. On the one hand, the sensitivity is a nuisance
for model building as it may spoil interesting possibilities. On the
other hand, the sensitivity of inflation may serve as a probe into the
physics of energy scales which are completely inaccessible at modern
particle colliders.

Whereas inflation is made more natural by SUSY, string theory ab-
solutely requires it. However, string theory contains a large number
of scalar fields called moduli. They appear as the "breathing modes" of
the extra dimensions. These scalars are naturally massless, which is
phenomenologically unacceptable. Furthermore, some of these mod-
uli control the size and shape of the extra dimensions. If they are
not dynamically constrained, string theory cannot be effectively four-
dimensional. The moduli must be stabilized by some mechanism.
However, it turns out that these stabilization mechanisms can easily
spoil a model of inflation by gravitational interactions.

In the past year, a model of inflation was constructed which ap-
peared remarkably natural from the perspective of string theory. This
model was formulated in supergravity, the low-energy effective field
theory of string theory. It was an example of a class of models called
α-attractors. These models make predictions for the inflationary ob-
servables, the spectral tilt ns and the tensor-to-scalar ratio r, which sit
right at the experimentally favored region discovered by CMB mea-
surements made by the Planck satellite. Furthermore, these predic-
tions are not sensitive to the details of the model’s formulation. This
makes it an excellent candidate for a string theory model, since the
gravitational interactions with the moduli may not be enough to sig-
nificantly affect the observable predictions.

If we want to realize α-attractor models within string theory, we
will first need to see if they can survive being coupled to string the-
ory moduli. This will be the objective of this thesis. We will start
by giving an introduction to the concepts described above. However,
this will still not be entirely self-contained. We assume some famil-
iarity with high-energy physics, including concepts from quantum
field theory and general relativity, as well as knowledge of differen-
tial geometry, including concepts such as (almost) complex structures,
(co)homology groups and differential forms. For a general treatment
of the differential geometry, see [44].
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a note on conventions

Most of the thesis makes use of Planck units, which is the system
of units in which c =  h = G = 1, so that MPl = 1 determines the
mass scale. All equations and plots will use Planck units, unless oth-
erwise indicated (sometimes we will restore MPl in equations, when
it makes things more understandable).
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Part I

B A C K G R O U N D I N T R O D U C T I O N





1
I N F L AT I O N A RY C O S M O L O G Y

The theory of inflation was conceived to deal with a number of nat-
uralness problems in cosmology. The most significant of these is the
horizon problem: running back the clock in the ΛCDM model cosmol-
ogy, we find that some points on the CMB could never have been in
causal contact with each other. In fact, there is around 104 causally
disjoint regions on the CMB. However, the CMB is remarkably uni-
form: it has the same temperature everywhere, up to inhomogeneities
δT of order δTT = 10−5 . There must be some explanation for this, un-
less we are to accept a remarkable deal of fine-tuning in the initial con-
ditions of the universe. Another problem concerns the flatness of the
universe. Current observations tell us that the universe is very close
to being exactly flat, to about one part in a hundred, |Ω − 1 | ' 0 .01
(where Ω is the density in units of the critical density Ωc, which is
the density required to make the universe exactly flat). If we run back
the clock another time, we find that it must have been even closer to
exactly flat in the past. By the time we reach GUT-scale energies, the
density parameter Ω must be equal to unity up to about one part in
10−55 . This is an obscenely fine-tuned number. We require a mech-
anism that acts as an attractor toward flatness. Further naturalness
problems in cosmology include the magnetic monopole problem and
the entropy problem.

A solution to these problems was proposed in the early 1980s by
Alan Guth [26]. His idea was to posit the existence of a period of accel-
erated expansion in the early universe, called inflation. Such an accel-
erated expansion drives the universe closer to flatness, and allows for
patches of the CMB that were causally disconnected before to come
to thermal equilibrium in the very early universe. In the early theo-
ries of inflation, the universe is stuck in a false vacuum with positive
energy density for a while, before it decays by quantum tunneling
to the true vacuum in a massive phase transition. However, such a
model could not provide a graceful exit from inflation, and produced
an unrealistic universe.

This issue was solved by Andrei Linde [39] and others [3]. Instead
of a universe stuck in a false vacuum, they posited that a scalar field,
called an inflaton, with a sufficiently flat potential could drive the
accelerated expansion. The scalar field very slowly rolls down its po-
tential, until it settles down into the minimum, providing a graceful
exit from inflation.

Quantum fluctuations in this scalar field leave a very distinct sig-
nature on the CMB. It produces scalar and tensor perturbations on
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Figure 1: Planck results on the inflationary observables

the metric which leave an almost scale-invariant power spectrum. The
size of these perturbations may be quantified in the two parameters
ns (the scalar spectral tilt) and r (the tensor-to-scalar ratio, which
measures the amount of primordial gravitational waves). We will
henceforth refer to these parameters as the inflationary observables. The
Planck satellite has in recent years provided very accurate measure-
ments of the inflationary observables [16] (see Figure 1).

Right at the center of the observationally-favored region (the Planck
"sweet spot") sits a class of models called α-attractors[36][37][30][31],
developed by Renata Kallosh, Andrei Linde, Diederik Roest, and oth-
ers. These models will be the focus of this thesis. They are called
α-attractors for two reasons: firstly, each one of the constructions is a
continuous family of models parametrized by the number α. α also
completely determines the amount of observationally detectable pri-
mordial gravitational waves. In each α-attractor model, the scalar po-
tential depends on some function of the inflaton which may be chosen
almost at random. Every choice leads to the same universal prediction
for ns. This is why the models are called attractors.

In this chapter we will provide a short introduction to inflationary
cosmology. In the next, we will look at inflation in string theory and
supergravity. We will follow the discussions in [48][5][6] and a num-
ber of other sources. The emphasis on the importance of conformal
time and the decreasing Hubble radius is due to [6]

1.1 the flrw metric

Cosmology is based on two fundamental assumptions: that at large
scales the universe is spatially homogeneous (appears the same at
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every point in space), and spatially isotropic (looks the same in every
direction). Observationally, these assumptions appear to hold true at
scales of about 100Mpc[48]. However, there is no such symmetry
in the time direction. Distant galaxies appear to be receding from
us, with a speed1 that is proportional to their distance. We therefore
assume that the spacetime M4 of the universe consists of a maximally
symmetric spatial manifold Σ3 , and a time direction R: M4 = R× Σ3
[13].

The metric on such a space can be written in terms of comoving
coordinates, in which the time-dependence of the metric is captured in
a single scale factor a(t):

ds2 = −dt2 + a2(t)

[
dr2

1 − kr2
+ r2dΩ2

]
(1)

The parameter k can take on the values k = 0 , ±1. These dictate the
spacelike curvature of the universe. For k = 0, it is flat; for k = 1 it
is positively curved or spherical; for k = −1 it is negatively curved
or hyperbolic. dΩ is a differential solid angle. This metric is called
the FLRW metric, after its discoverers Friedmann, Lemaitre, Robertson
and Walker.

The matter and energy content of the universe can be treated as
a perfect fluid. A perfect fluid is isotropic in its own rest frame. This
assumption of isotropy to the following energy-momentum tensor:

Tµν = (p + ρ)UµUν + pgµν (2)

where Uµ is the four-velocity of the fluid. The parameters p and
ρ are called the pressure and the energy density of the perfect fluid.
The perfect fluid is at rest in a frame defined by the comoving coor-
dinates (since the fluid is isotropic in its rest frame, and the metric
is isotropic in comoving coordinates). The energy-momentum tensor
then becomes:

T µν = diag(−ρ , p , p , p) (3)

From the conservation of energy equation ∇µT µν = 0, we obtain:

∂0ρ = −3
ȧ

a
(ρ + p) (4)

The pressure and the energy density are connected by an equation of
state:

p = wρ (5)

The equation of state of ordinary matter at non-relativistic energies
becomes approximately w = 0. This kind of matter is called dust.

1 In the strictest sense, a relative velocity between distant galaxies cannot be defined
in a curved universe, due to the ambiguity of parallel transporting velocity vectors
between tangent spaces. The apparent recession is, at the most fundamental level,
really nothing more than an observed increase in redshift with distance.
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Relativistic matter (or radiation), such as a photon or a high-energy
neutrino, satisfies w = 1

3 . Substituting the equation of state into (4)
and integrating, we obtain:

ρ ∝ a−3(1+w) (6)

We can give a very simple interpretation of this equation. For w = 0,
we have ρ ∝ a−3 . This is simply due to a decrease in the number
density of matter particles as the scale factor increases. For relativistic
matter, we obtain ρ ∝ a−4 . Relativistic particles, such as photons,
receive a redshift by a factor a in addition to the decrease in number
density. We see that the universe inevitably has a period at low scale
factors where it is radiation-dominated, and a period later on where
it is matter-dominated.

There is another, more exotic kind of energy density called vac-
uum energy, which has w = −1. Vacuum energy may be associated
with slowly-rolling scalar fields or cosmological constants. Vacuum
energy satisfies ρ ∝ a0 - i.e. its energy density does not change as
the universe expands or contracts. Vacuum energy, if it is there at all,
inevitably comes to dominate the universe at large scale factors.

Substituting (2) into the Einstein equations, we obtain, in Planck
units2:

ä

a
=
1

6
(ρ+ 3p) (7)(

ȧ

a

)2
=
1

3
ρ−

k

a2
(8)

The second of these equations can be rewritten as:

Ω− 1 =
1

H2a2
(9)

where Ω = ρ
3H2

is the density in units of the critical density ρc = 3H2

required to make the universe flat. If Ω < 1, we have k = −1, since
H2a2 > 0. Conversely, for Ω > 1, we have k = 1. When Ω = 1, the
universe is flat and we have k = 0. The energy density of the universe
determines its spatial curvature.

Specializing to the flat case k = 0, the Friedmann equations be-
come:

H2 =
1

3
ρ (10)

Ḣ+H2 = −
1

6
(ρ+ 3p) (11)

where H := ȧ
a is the Hubble parameter or Hubble constant. (7) are

called the Friedmann equations. Substituting (6) and the equation of

2 Planck units refers to the choice of units in which c =  h = G = 1, so that MPl = 1.
We will be working in this unit system unless otherwise indicated.
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state into the Friedmann equations, we obtain that a(t) ∝ t
1
2 for a

radiation-dominated universe, and a(t) ∝ t 23 for a matter-dominated
universe. Furthermore, a ∝ eHt for a vacuum-dominated universe.
This exponential expansion is the hallmark of inflation.

In the Standard Model of cosmology, the ΛCDM model, the uni-
verse is modeled by an FLRW spacetime with matter energy density
Ωm ' 0.3, radiation energy density Ωγ = Ωm/(1 + zeq) ' 0, and
vacuum energy density ΩΓ ' 0.7 (all given in units of the critical den-
sity). zeq is the redshift at the time when there were equal amounts
of radiation and matter in the universe. It is given by zeq ' 3400[6].
The presence of the large vacuum energy, called Dark Energy, was
discovered in 1998 by [46][45].

1.2 the horizon problem and decreasing hubble radius

The cosmic microwave background is the leftover radiation from when
the universe was extremely opaque. When the universe was dense
and hot enough to be ionized to a very high degree, photons had
a very short mean free path due to scattering off charged particles.
As the universe cooled down to about 3700 Kelvin, electrons and nu-
clei became bound into atoms. This period in cosmological history is
called recombination. Shortly thereafter, the universe became transpar-
ent to radiation as the mean free path of photons became larger than
the scale defined by the spatial expansion, the Hubble scale c/H. This
happened at a temperature of about 3000 K.[48] This event defines a
surface in spacetime called the last scattering surface. The CMB is the
thermal radiation emitted from the last scattering surface. The spatial
expansion of the universe since the time of last scattering has cooled
the CMB down to about 2.7 K at the present time.

The CMB is the most perfect example of a blackbody ever found.
Furthermore, it looks almost exactly the same in every direction. The
largest temperature fluctuations between different directions in the
CMB are of order δT

T ' 10−5. However, when we turn back the
clock in the ΛCDM model, we find that regions of the CMB separated
by more than about a degree must have been causally disconnected
at the time of recombination. This means that there are some 104

causally disconnected patches on the CMB, all of almost exactly the
same temperature. This requires an explanation, unless we are will-
ing to accept that the initial conditions of the universe were tuned to
make this happen.

To see why this is the case, let us calculate the size of the particle
horizon at the time of last scattering[5]. A massless particle travels on
a null geodesic, ds2 = 0. We insert this into (1), and set dΩ = 0. We
then have:

dt = a(t)dr (12)
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So the proper distance dH(tr) of the particle horizon, at the time tr
of recombination, becomes:

dH(tr) = a(tr)

∫tr
0

dt ′

a(t ′)
(13)

Inserting a ∝ t 12 for a radiation-dominated universe, we obtain dH(tr) =
2tr. We can assume radiation dominance since the time of matter-
radiation equality and the time of recombination are not far removed
from each other. As the universe expands, it cools down such that
a(t)T = constant. Let V0(t0) be the volume of the observable uni-
verse at the present time t0, and Vr(tr) be the volume of the observ-
able universe at the time of recombination. We have:

V0(t0)

Vr(tr)
=
V0(t0)a

3(tr)

Vr(tr)a3(t0)
=
V0(t0)T

3
0

Vr(tr)T3r
=

(
t0
tr

)3(
T0
Tr

)3
(14)

After the time of recombination, the universe was matter-dominated,
so a(t) ∝ a 23 , or t ∝ T− 3

2 . We obtain:

V0(t0)

Vr(tr)
'
(
Tr

T0

) 3
2

' 3× 104 (15)

where we have used Tr ' 3000K, T0 ' 2.7K. Ten thousand patches
distributed evenly over the entire night sky are about a degree in
diameter. Any two points on the CMB separated more than a degree
from each other must never have been in causal contact with each
other. However, the CMB is correlated over much larger scales than
that. This is the horizon problem. The other naturalness problems of
cosmology that we mention above are closely related to the horizon
problem (in the sense that any solution to the horizon problem will
probably be a solution to the other problems as well [6]). Let us now
examine how to solve it.

We can make a useful coordinate transformation to conformal time
τ(t):

dτ =
dt

a(t)
(16)

The metric becomes:

ds2 = a2(τ)[−dτ2 + dr2 + r2dΩ2] (17)

In these coordinates, the geodesic of a photon with dΩ = 0 is given
by:

r(τ) = ±τ+ c (18)

where c is a constant. This means that light cones are given by straight
lines at angles ±45° in the τ-r plane.

The conformal time is equal to the comoving coordinate distance
to the particle horizon:

δr = δτ =

∫t
ti

dt ′

a(t ′)
(19)
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We can rewrite this integral in terms of the Hubble radius (aH)−1:

τ =

∫
dt ′

a(t ′)
=

∫
(aH)−1dlna (20)

Inserting (6) into the definition of the Hubble radius, we obtain:

(aH)−1 ∝ a
1
2 (1+3w) (21)

We see that the Hubble radius increases as the universe expands as
long as w > −13 . Inserting the above into the integral gives:

τ ∝ 2

1+ 3w
a
1
2 (1+3w) (22)

As long as w > −13 , we have τ → 0 as a → 0 in the beginning of the
universe. However, for w 6 −13 , we find τ → −∞ as a → 0. Adding
a period of vacuum domination adds conformal time below τ = 0.
We remarked earlier that the light cones of particles were given by
straight lines at angles ±45° in the τ-r plane. Adding a large amount
of conformal time below τ = 0 may therefore cause the light cones
of two separated points on the last scattering surface to overlap at
negative τ. This means that the two regions could come to thermal
equilibrium in the very early universe. Before the negative conformal
time was added by a period of shrinking Hubble radius, the light
cones terminated on the initial singularity before they could cross
each other. This is how we solve the horizon problem.

The condition that the Hubble radius is shrinking d
dt(aH)

−1 < 0 is
equivalent to the condition that the expansion is accelerating: d

2a
dt2

> 0,
as we can see by writing out the differentiation explicitly. We have
already seen that the shrinking of the Hubble radius requires the
presence of a significant amount of vacuum energy (or, technically,
another kind of energy with equation of statew 6 −13)).

We may rewrite d
dt(aH)

−1 in terms of the slow roll parameter ε:

d

dt
(aH)−1 = −

ȧH+ aḢ

(aH)2
= −

1

a
(1− ε) (23)

where ε := − Ḣ
H2

= −d lnH
dN . A decreasing Hubble radius requires

ε < 1. The condition ε < 1 may only be satisfied for a long time if the
following parameter η is << 1:

|η| :=
|ε̇|

Hε
(24)

1.3 slow-roll inflation

We now introduce new inflation, or slow-roll inflation, in which a scalar
field slowly rolls down a potential, driving inflation, until it settles
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down into a minimum of the potential. A scalar field that is minimally
coupled to gravity has the following action:

S =

∫
d4x
√
−g

[
R

2
−
1

2
gµν∂µφ∂νφ− V(φ)

]
(25)

where the kinetic term takes the canonical form. From the above action,
we obtain an equation of motion for φ:

φ̈+ 3Hφ̇ = −V ′ (26)

where H is the Hubble constant. From the Friedmann equations, we
find:

ε =
1
2 φ̇
2

H2
(27)

From the above and the Friedmann equation, we see that inflation
can only occur when the potential energy V is larger than the kinetic
energy 1

2 φ̇
2. Additionally, we can see this from the equations that

determine the pressure and energy density contained within a scalar
field:

ρ =
1

2
φ̇2 + V(φ)

p =
1

2
φ̇2 − V(φ)

We see that w < 1
3 can only be satisfied if the potential energy domi-

nates. When φ̇ = 0, we obtain w = −1, and the scalar field can model
late-stage dark energy or, in other words, a cosmological constant.

The condition ε < 1 may only be satisfied for a long time if the
scalar field does not accelerate too much. This is quantified by the
parameter δ:

δ := −
φ̈

Hφ̇
(28)

which satisfies η = 2(ε− δ). The conditions {ε, |η|, δ} << 1 are called
the slow-roll conditions. If they are satisfied, inflation will persist for a
long time. We can substitute the slow-roll conditions into the equa-
tions of motion to make things more simple. This is the slow-roll
approximation. From (27) and the Friedmann equations we see that
the potential energy V dominates over the kinetic energy 1

2 φ̇
2 when

ε << 1. Substituting this into the Friedmann equation, we find (in
Planck units):

H2 ' V
3

(29)

From the slow-roll condition |δ| << 1, we can simplify the Klein-
Gordon equation:

3Hφ̇ ' −V ′(φ) (30)
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We can substitute the simplified Friedmann and Klein-Gordon equa-
tions into the definition of ε to find:

ε ' 1
2

(
V ′

V

)
:= εv (31)

Similarly, we can find δ+ε ' V ′′

V := ηv. The parameters εv and ηv are
called the potential slow-roll parameters. Slow roll inflation is defined by
{εv,ηv} << 1.

The amount of spatial expansion that takes place during inflation
is usually reported in the number of e-folds N, defined by:

N :=

∫af
ai

d lna =

∫tf
ti

H(t)dt (32)

where the subscripts i and f refer to the beginning and end of infla-
tion, respectively. The ratio between the scale factor a(tf) at the end
of inflation and the scale factor at the start of inflation a(ti) is the
exponent of the number of e-folds N: a(tf)a(ti)

= eN. We can simplify
this integration in the slow-roll approximation:

Hdt =
H

φ̇
dφ ' −

3H2

V ′
dφ ' 1√

2εv
dφ (33)

We can rewrite (32) as an integration over the inflaton field φ:

N =

∫φf
φi

V

V ′
dφ (34)

We can then easily calculate the number of e-folds from the scalar
potential.

To solve the horizon problem, we need at least around 60 e-folds
of inflation.[6] This is the minimum amount needed to make the uni-
verse naturally flat and uniform, assuming inflation happens at an
energy scale close to the GUT scale. [48]

1.4 quantum fluctuations and inflationary observables

The way we can extract information about the inflationary dynamics
from the CMB is the look at the power spectra of tensor and scalar
fluctuations. Let us see how these appear in the CMB. The generic
action for a single-field model of inflation looks like (in Planck units):

S =

∫
d4x
√
−g

[
1

2
R−

1

2
gµν∂µφ∂νφ− V(φ)

]
(35)

There are 5 scalar modes of fluctuations around a uniform back-
ground, 4 of them associated with fluctuations in the metric, and one
associated with fluctuations in the inflaton. However, time and spa-
tial translation invariance removes two of these, and the Einstein con-
straint equations remove two others. There is a single physical scalar
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degree of freedom that parametrizes the fluctuations. The tensor fluc-
tuations are associated with transverse perturbatons of the metric, i.e.
perturbations δgij of the form δgij = a2hij. What we can get from
the CMB is the power spectra of these tensor and scalar fluctuations.
We will not explain how these are obtained from the CMB, or how
the fluctuations result from quantum dynamics. For details, see [6].

The observational results are typically reported in terms of two
parameters. Firstly, the spectral tilt ns, which measures the deviation
from scale invariance in the CMB power spectrum:

ns − 1 :=
d ln∆2s
d lnk

(36)

where ∆2s is the power spectrum of scalar perturbations and the mode
k is evaluated at the pivot scale. What is important to us is the relation
between ns and the slow-roll parameters:

ns − 1 = 2ε− 6η (37)

The second inflationary observable is the tensor-to-scalar ratio r:

r :=
∆2t
∆2s

(38)

It is related to the Hubble slow-roll parameters by r = 16ε.
Let us calculate ns and r in a simple example, the Starobinsky

model of inflation. This is a plateau inflation model derived from
a specific choice of f(R) gravity. It has a scalar potential:

V =
3

4

(
1− e−

√
2
3φ
)2 (39)

In the slow-roll approximation at large field values of φ (i.e. on the
plateau where inflation occurs), we find:

ε ' εv =
1

2

(
V ′

V

)2
(40)

=
1

2

[
8e−2

√
2
3φ

3

(
1− e−2

√
2
3φ

)2] ' 4
3
e−2
√
2
3φ (41)

Simiarly, we find:

η ' −
4

3
e−
√
2
3φ (42)

Using (34), we find that:

N =
3

4
e
√
2
3φf (43)

This relation may be inverted to yield:

ε =
3

4N2
(44)
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Similarly, we find:

η = −
1

N
(45)

In the large-N limit, the inflationary observables become:

ns − 1 =
2

N
, r =

12

N2
(46)

The α-attractor models we will examine in the coming chapter have
very similar predictions for the inflationary observables, since their
scalar potentials have the same structure as the Starobinsky model. If
we take N ' 60, we obtain ns ' 0.03 and r ' 0.003, which lies within
the observationally favored region found by Planck[16]. (See Figure
1).
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2
S T R I N G T H E O RY, S U P E R G R AV I T Y A N D
I N F L AT I O N

The α-attractor models which are the subject of this thesis are su-
pergravity constructions, and we wish to study their interplay with
the moduli (dynamically unconstrained scalar fields) of a string the-
ory compactification. In this chapter, we will give a short overview
of what we need to know about string theory, supersymmetry, and
supergravity. Let us first take a moment to consider why one would
wish to incorporate inflation models within these speculative high-
energy theories. Firstly, if string theory is to provide a full descrip-
tion of Nature, it must have an answer to the horizon problem and
its several cousins. We must be able to realize inflation within string
theory for it to be a viable fundamental theory. Secondly, inflation
models themselves are naturally very sensitive to corrections from
high-energy physics, in a way that particle physics, for example, is
not. The sensitivity is a problem for model building, as it may spoil
interesting possibilities, but it also provides us with an observational
window into high-energy physics.

To see why inflation is so sensitive to ultraviolet physics, we must
think of inflation in an effective field theory context. Let us sketch
the effective action of a scalar field with high-energy corrections, in-
corporating higher-derivatives and higher-order operators which are
suppressed by the Planck scale Λ[6]:

Leff =
1

2
(∂µφ)

2 − V(φ) +
∑
n

cnV(φ)
φ2n

Λ2n
+
∑
n

dn
(∂φ)2n

Λ4n
+ . . .

(47)
This Lagrangian has been constructed with a Z2 symmetry φ→ −φ.
This is just to demonstrate that in general the effective field theory of
a more fundamental high-energy theory must contain every kind of
operator consistent with the symmetries of the fundamental theory.1

Ordinarily, the Planck-scale suppression of the higher-order oper-
ators is enough to make the operators irrelevant at low energies. In
particle physics, this is believed to be the case for the Standard Model.
Another example is the Fermi theory of weak interactions, which is
a low-energy effective field theory generated by integrating out the
heavy W, Z gauge bosons of the more fundamental electroweak the-
ory. In both of these cases, a cutoff-scale suppression gives the theo-

1 For more information, see [6].
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ries a clear region of validity. However, in inflationary cosmology we
have the following condition on the slow-roll parameter η:

η =
m2φ

3H2
<< 1 (48)

This constraint is easily upset by high-energy corrections. Let us con-
sider that φ has order O(1) couplings to massive fields with masses
of order O(Λ), where Λ is the effective theory cut-off. This cut-off is
where degrees of freedom of the high-energy fundamental theory be-
come important. Generically, it takes place below, but not far below,
the Planck scale. Integrating out the massive fields yields the follow-
ing corrections to the scalar potential[6]:

δV = c1V(φ)
φ2

Λ2
(49)

where c1 is the O(1) coupling of the inflaton to the massive fields. η
then receives a correction:

δη =
M2
Pl

V
(δV) ′′ ' 2c1

(
MPl

Λ

)2
(50)

We see that η may receive corrections of order O(1), which upsets the
constraint (48). This issue is called the η problem. We will see it appear
in various guises throughout the rest of the thesis.

How does supersymmetry (SUSY) help with this η problem? SUSY
is a symmetry that relates bosons and fermions. In many examples
throughout particle physics, fermions with low masses appear quite
naturally (the low mass of electrons being natural due to gauge sym-
metry, for example). When SUSY is not spontaneously broken, fermions
and bosons that sit within a multiplet will have exactly the same mass.
We see that SUSY provides us with a framework in which low-mass
scalars are quite natural. Secondly, supersymmetry protects certain
classical quantities from receiving quantum corrections due to can-
cellations between fermionic and bosonic loops within a multiplet.
However, SUSY is generically broken spontaneously, and the η prob-
lem can persist, but SUSY can still dramatically improve the situation.
It may help keep the mass of the inflaton around the energy scale of
inflation, instead of at the Planck scale (∼ 1016GeV), which is several
orders of magnitude higher (∼ 1019GeV).

Supersymmetry can be made a local (gauge) symmetry. When this
is done, gravity enters into the theory. Theories of local supersymme-
try are called supergravities. In this chapter, we provide an (impossibly
brief) introduction to supersymmetry and supergravity. Then, we ex-
plain the α-attractor models of [36][37][30][31].

2.1 global supersymmetry

Supersymmetry is of interest for several reasons. Firstly, it provides
an answer to many naturalness problems of the kind described above.
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These appear in the Standard Model of particle physics as well. The
Higgs mass is unreasonably low at 125GeV , since quantum correc-
tions naturally push it to the cut-off scale of the Standard Model effec-
tive field theory. Supersymmetry protects the Higgs mass from quan-
tum corrections by cancellations between fermionic and bosonic loop
diagrams. Secondly, string theory cannot contain spacetime fermions
unless it is made supersymmetric. Thirdly, supersymmetry provides
(under certain asssumptions) the only possible extension to the Poincaré
group that does not lead to non-trivial dynamics. Concretely, if the
full symmetry of the S-matrix is a product group of the Poincaré
group and an internal symmetry, then any non-trivial internal group
renders the S-matrix non-analytic in some circumstances2. There is
a catch, however. We can turn the Poincaré group into a graded Lie
algebra, which means that we consider anti-commutation relations as
well as commutation relations. This leads to a symmetry group that
relates bosons to fermions, known as supersymmetry (SUSY) [50].

Specifically, SUSY adds spinorial generatorsQα,Q†α̇ to the Poincaré
algebra3. The undotted indices α imply that the spinors have a left-
handed chirality, whereas the dotted indices α̇ imply that they have
right-handed chirality. The spinorial generators have the following
anti-commutation relations:

{Qα,Qβ} = {Q
†
α̇,Q†

β̇
} = 0 (51)

{Qα,Q†α̇} = 2σ
µ
αα̇Pµ (52)

where σµαα̇ = (1,σi) and σi are the Pauli matrices. Since Qα are
spinors that generate a symmetry, they turn bosonic states into fermionic
states and vice versa. These bosonic and fermionic states which are
connected by symmetry generators form a supermultiplet. Each super-
multiplet contains the same number of fermionic and bosonic degrees
of freedom. The spinorial generators have the following commutation
relations with the Poincaré translations Pµ:

[Pµ,Qα] = [Pµ,Q†α̇] = 0 (53)

Since PµPµ commutes with the supersymmetry generators, all parti-
cles within a supermultiplet have the same mass when SUSY is not
spontaneously broken. The anti-commutation relations (51) show that
the Hamiltonian of a SUSY theory is determined by the SUSY gener-
ators:

H =
1

4

(
Q1Q

†
1 +Q

†
1Q1 +Q2Q

†
2 +Q

†
2Q2

)
(54)

If supersymmetry is not spontaneously broken, the vacuum |0〉 neces-
sarily has zero energy, since Qα |0〉 = 0.

2 Proved by Coleman and Mandula [15].
3 We are working in four dimensions for the time being.
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2.1.1 Representations of Supersymmetry

We can construct representations of the SUSY algebra by starting with
a vacuum state and acting with the SUSY generators. If the represen-
tation is massive, we can boost to the rest frame. The supersymmetry
algebra then becomes:

{Qα,Q†α̇} = 2mδαα̇ (55)

and all other anti-commutators vanish. Starting with a vacuum state
|Ω〉 satisfying Qα |Ω〉 = 0, we can construct a massive representation
using Q†α̇ as a raising operator:

|Ω〉

Q
†
1 |Ω〉 ,Q

†
2 |Ω〉

Q
†
1Q
†
2 |Ω〉

If we choose |Ω〉 to be a spin-0 state, then this multiplet contains
a complex scalar and a massive spin-12 fermion. It is called a chiral
supermultiplet. Alternatively, we can start with a spin-12 vacuum. The
supermultiplet then contains a spin-12 massive fermion and a massive
vector. This supermultiplet is called the vector multiplet.

In the massless case, the anti-commutators are different. In the
frame where pµ = (E, 0, 0,E), we find:

{Q1,Q†1} = 4E (56)

and all other anti-commutators vanish. There is only one raising op-
erator in this case, since Q†2 produces states with vanishing norm:

〈Ω|Q2Q
†
2 |Ω〉 = 0 (57)

We can produce a massless representation by taking a vacuum state
|Ω〉 and acting with Q†1. The vacuum state must have a definite helic-
ity λ, and the other state in the multiplet then obtains helicity λ+ 1

2 .
Starting with a spin-0 vacuum, we obtain a massless vector multiplet.
Starting with spin-12 , we obtain the massless chiral multiplet. The CPT
theorem requires the existence of a multiplet with the inverse helici-
ties −λ, −λ− 1

2 . We generate this multiplet by starting with a vacuum
of helicity −λ− 1

2 .

2.1.2 Extended Supersymmetry

Instead of adding just a group of four supersymmetry generators,
we can add any number N groups of four generators. Labeling each
group by a,b = 0, 1, 2, . . . ,N, the supersymmetry algebra becomes:

{Qaα,Q†α̇b} = 2σ
µ
αα̇Pµδ

a
b (58)
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and all other anti-commutators vanish. In the massless case, this be-
comes:

{Qa1 ,Q†1b} = 4Eδ
a
b (59)

Starting with a vacuum of helicity λ, we can produce states of helicity
up to λ+N/2 by acting with Q†1a. At each helicity level, there is a
degeneracy associated with the freedom to change the labels a, b, etc.
In theories of global (or "rigid") supersymmetry, we are interested
in particles with helicity greater than 1. This means that for N = 1

we cannot go lower in helicity than −12 and for helicity N = 2, we
must restrict ourselves to λ > −1. Taking the vacuum to have helicity
−1, we obtain the massless N = 2 vector supermultiplet. The choice
λ = 0 gives the N = 2 chiral multiplet, and λ = −12 gives the N = 2

hypermultiplet.

2.2 supergravity

We have examined supersymmetry as a global symmetry of nature.
However, most of the symmetries in particle physics are in fact local
(gauge) symmetries. Furthermore, in the presence of supersymme-
try breaking, gravitational effects often become important even when
the SUSY theory is designed to describe physics at the electroweak
scale[4]. Since the supersymmetry algebra contains the Poincaré gen-
erators of translations, any attempt to realize supersymmetry as a
local symmetry will result in a theory that contains gravity as well
(since we can think of General Relativity as the gauge theory of
Poincaré invariance). A theory of local supersymmetry is called a
supergravity. There is a second reason why these are of interest: they
are the low-energy effective field theories of superstring theory. The
unique 11-dimensional supergravity theory is thought to be the low-
energy limit of M-theory, the "parent" theory of superstring theory.
Most of what we call string theory in this thesis will in fact take place
in the supergravity limit.

Since a gravity theory must contain a massless spin-2 graviton, a su-
pergravity must contain at least a spin-32 fermion, called the gravitino
Ψ. The fact that a SUSY theory contains fermions means that we must
use the vielbein formalism of General Relativity. A reasonable place
to start constructing a supergravity Lagrangian is to construct a glob-
ally supersymmetric action from the standard actions of spin-32 and
spin-2 particles, the Rarita-Schwinger and Einstein-Hilbert actions, re-
spectively:

Sglobal = SRS + SEH (60)

However, obviously the Einstein-Hilbert action already contains a lo-
cal symmetry, so we must use its linearized version SLEH instead:

SEH ' SLEH = −
1

2

∫
d4x

(
RLµν −

1

2
ηµνR

L

)
hµν (61)
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This action is constructed by taking the Einstein-Hilbert action, im-
posing gµν = ηµν + hµν, and truncating to first order in hµν. Taking
SRS to be the standard Rarita-Schwinger action,

SRS = −
1

2

∫
d4xεµνρσΨ̄µγ5γν∂ρΨσ (62)

it can be shown that the action (60) is invariant under supersymmetry
transformations provided that the gravitino Ψ and the graviton hµν
transform as [4]:

hµν → hµν + δξhµν = hµν −
i

2
ξ̄

(
γµΨν + γνΨµ

)
(63)

Ψµ → Ψµ + δξΨµ = Ψµ − iσρτ∂ρhτµξ (64)

where ξ is a spinorial parameter of the supersymmetry transforma-
tion. We can make the action locally supersymmetric by replacing the
derivatives in the Rarita-Schwinger action by covariant derivatives
and replacing the linearized Einstein-Hilbert action by the Einstein-
Hilbert proper. Furthermore, a term quartic in the gravitino needs to
be added to close the supersymmetry algebra. The action becomes (in
Planck units):

S = −
1

2

∫
d4x|dete|R−

1

2

∫
d4xεµνρσΨ̄µγ5γνD̃ρΨσ (65)

where D̃ is the covariant derivative D̃µ := ∂µ − iω̃µmn
σmn

4 and ω̃

is a modified spin-connection. dete refers to the determinant of the
vielbein. For the full derivation of the above action using the Noether
procedure, see [4]. The above action is on-shell. It is often useful to place
an auxilliary field into the action, whose equations of motion can be
substituted into the off-shell action to yield the on-shell action.

2.2.1 11-dimensional Supergravity and Dimensional Reduction

Now that we have moved into supergravity territory, we necessarily
relax our condition on helicities |λ| 6 1 because a gravitons are spin-
2 particles. However, it is not known how to consistently describe
particles of spin greater than 2 in field theory. We must now restrict
ourselves to helicities |λ| 6 2. We have seen that the N SUSY genera-
tors can lift the helicity to λ+N/2. The maximum amount of SUSY
we can have is therefore N = 8, if we start with a λ = −2 helicity
ground state. This is a D = 4 result. In four dimensions, a group
of SUSY generators has 4 real components, so the number of super-
charges Nc in N = 8 is equal to 8× 4 = 32. The constraint Nc < 32

in fact holds in any spacetime dimension. 32 is the maximum num-
ber of supercharges that can exist in any supergravity theory. Since
the number of components in a spinor depends on the dimension of
spacetime, there is a maximum dimension in which a supergravity
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theory can exist. A spinor in 11 dimensions has 32 components. For
D = 11, there is a unique supergravity theory that is simply called 11-
dimensional Supergravity. It holds a special importance among SUSY
theories, since it is thought to be the low-energy limit of M-theory,
and the Type II 10-dimensional supergravities can be derived from it
by dimensional reduction.

We can guess the particle spectrum of 11-dimensional supergrav-
ity by a simple counting of degrees of freedom. Any SUSY theory
has the same number of fermionic and bosonic degrees of freedom at
each mass level (when SUSY is not spontaneously broken). A super-
gravity theory must contain at least a graviton (a vielbein eaµ) and its
superpartner, the gravitino ΨM4. These are massless fields, so they
transform as representations of the little group, which is SO(9) in
D = 11. The vielbein transforms as a symmetric tensor with (D −

1)(D− 2)/2− 1 = 44 degrees of freedom. Ψ is a spin-32 vector spinor.
The vector part carries (D − 2) = 9 degrees of freedom, whereas
the spinor part carries 32 real components. However, not all of these
9× 16 = 128+ 16 degrees of freedom are physical. There is a gauge
symmetry of the gravitino ΨM → ΨM + ∂Mε where ε is a Majorana
spinor. This removes 16 degrees of freedom. We now have 44 bosonic
and 126 fermionic degrees of freedom. The missing 84 bosonic de-
grees of freedom are exactly the right amount to be filled by a 3-form
field A3. This is the entire spectrum of 11-dimensional supergravity.

There are three supergravity theories in D = 10. They are called
Type I (an N = 1 theory which is the low-energy limit of heterotic and
Type I string theory), Type IIA and Type IIB (N = 1 theories which
are the low-energy limits of Type IIA and Type IIB superstring the-
ory). The Type IIA supergravity can be obtained from 11-dimensional
supergravity by dimensional reduction. This means that we place 11-
dimensional supergravity on a space R9 × S, where R is an ordinary
spacetime and S is a circle. We then integrate over the compact cir-
cular dimension to obtain an effectively 10-dimensional theory. This
procedure is called compactification, and it will be the subject of our
next chapter. Let us see how the 11-dimensional degrees of freedom
translate to 10-dimensional degrees of freedom. This will give us the
Type IIA particle spectrum.

The 11-dimensional gravitino spinor components ΨM with M on
the non-compact R9 space split apart into two 10-dimensional Majo-
rana spinors of opposite chirality. All of these spinors combine into
the two gravitino vector-spinors of N = 2 Type IIA. The last spinor
component of the gravitino, Ψ11, becomes two spinors λ± on the 10-
dimensional space called the dilatinos. The massless Dirac equation
reduces the degrees of freedom in each dilatino from 16 to 8.

The vielbein splits apart in the usual way of a Kaluza-Klein com-
pactification (see the next chapter). In the 10D space, we find a viel-

4 We now use latin indices M to refer to the spacetime components in D > 4.
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bein, a vector Aµ called the graviphoton and a complex scalar field λ
called the axio-dilaton.

The 3-form (84 degrees of freedom) splits into a 10-dimensional
3-form C3 (56 degrees) and a 10D 2-form B2 (28 degrees).

Counting the fermionic and bosonic degrees of freedom will ver-
ify this decomposition. We may construct the spectrum by explicitly
using the raising and lowering operators from the N = 2 algebra on
a helicity 2 ground state, however this is more difficult to do. For
details, see [50].

The Type IIB supergravity, which will be the primary focus in the
rest of the thesis, cannot be obtained from 11-dimensional supergrav-
ity by dimensional reduction (we can see this easily since Type IIB
contains gravitinos with the same chirality, and dimensional reduc-
tion always produces spinors of opposite chirality). However, the
Type IIA superstring can be considered a projection of the Type IIB
superstring onto states which are invariant under a symmetry of Type
IIB. This projection is called an orbifold. We will discuss a related con-
cept, orientifolds in the following chapter. The orbifold that takes Type
IIB to Type IIA is one example of the many dualities and projections
that interrelate the superstring theories in an intricate web. This web
of dualities is the reason that the non-uniqueness of ten-dimensional
superstring theories is no longer considered to be the problem it once
was.

2.2.2 Type II and N = 1 Supergravity Actions

In this section we present the actions of Type IIA and Type IIB super-
gravity in ten dimensions. We will not show how they can be derived,
because this is very hard to do. Let us first arange the Type IIA and
Type IIB particle spectra into supergravity multiplets [43].

Multiplet Bosonic content Fermionic content

Vector ÂM λ±

Graviton ĝMN, B̂2, φ Ψ+
M, λ+

Gravitino l, Ĉ2, Â4 Ψ+
M, λ+

Gravitino Â1,Ĉ3 Ψ−
M, λ−

where the hats on the n-forms now indicate that the field live in the
ten-dimensional space, as opposed to the four-dimensional space that
results from a compactification. The first choice for the gravitino mul-
tiplet leads to Type IIB. The theory is called chiral since the two grav-
itinos have the same chirality. The second choice leads to Type IIA,
which is non-chiral.
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The action for Type IIA reads in the "string frame"5[43]:

SIIA =

∫ [
e−2φ

(
−
1

2
R̂ ? 1+ 2dφ∧ ?dφ−

1

4
Ĥ3 ∧ ?Ĥ3

)
−
1

2

(
F̂2 ∧ ?F̂2 + F̂4 ∧ ?F̂4

)
+Ltop

]
(66)

This action is given in terms of differential forms, which is by far the
most convenient formalism to use in this case. For an introduction to
differential forms and complex geometry, see [44].

The n-forms which appear in this action are field strengths of the
potentials B2 and C3 which appear in the multiplets. They are defined
by:

F̂2 = dÂ1

F̂4 = dĈ3 − B̂2 ∧ dÂ1

Ĥ3 = dB̂2

The term Ltop is a topological term defined by:

Ltop = −
1

2

[
B̂2∧dĈ3∧dĈ3−(B̂2)

2∧dĈ3∧dÂ1+
1

3
(B̂2)

3∧dÂ1∧dÂ1

]
(67)

The Type IIB action reads:

S =

∫
e−2∗φ̂

(
−
1

2
R̂ ? 1+ 2dφ̂∧ ?dφ̂−

1

4
Ĥ3 ∧ ?Ĥ3

)
−
1

2

(
dl∧ ?dl+ F̂3 ∧ ?F̂3 +

1

2
F̂5 ∧ ?F̂5 + Â4 ∧ Ĥ3 ∧ dĈ2

)
(68)

where the field strengths are defined by:

Ĥ3 = dB̂2 (69)

F̂3 = dĈ2 − ldB̂2 (70)

There is a condition on the field strength F5 which cannot be imposed
covariantly in the action. It must be self-dual under the Hodge oper-
ator: F̂5 = ?F̂5. This relation must be imposed upon the equations of
motion.

2.2.3 N = 1 Scalar Potential in Four Dimensions

All of the inflation models that we will consider are N = 1 construc-
tions in D = 4. We will have more to say about the action and field
content of N = 1 supergravity in the following chapter. For now, let
us see what happens to the scalar sector of the theory.

5 This is jargon for two equivalent formulations of the supergravity actions. The other
is called the Einstein frame. They can be transformed into each other by a field
redefinition.
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The N = 1, D = 4 SUGRA theory is not as constrained as the
10D string theory supergravities. It allows for any number of scalars
in chiral multiplets. The dynamics of these scalars is completely de-
termined by two functions: the Kähler potential K(φi, φ̄j̄) and the su-
perpotential W(φi, φ̄j̄). From the Kähler potential K we can define a
metric Kij̄ which is the matrix inverse of Kij̄ := ∂φi∂φ̄j̄K. This metric
determines the kinetic terms in the N = 1 action. The scalars then
parametrize a complex manifold called the Kähler manifold. The Käh-
ler manifold has a covariant derivative defined by:

DφiW = ∂φiW +W∂φiK (71)

The scalar potential V that appears in the N = 1 action is given by:

V = eK(KIJ̄DIWDJW − 3|W|2) +
1

2
Re(f−1)κλDκDλ (72)

Constructing a supergravity model of inflation amounts to choosing
K and W such that V is a viable inflation potential.

Instead of using the two functions K and W, we may instead com-
bine them into the Kähler function G(φI, φ̄Ī):

G(φi, φ̄j̄) = K(φi, φ̄j̄) + ln
(
|W(φi, φ̄j̄)|

2

)
(73)

In terms of the Kähler function G, the scalar potential becomes:

V = eG
(
GiG

ij̄Gj̄ − 3
)

(74)

The formalism that uses the Kähler function is perhaps more natural
than that which uses both the Kähler potential K and the superpo-
tential W. We will use the Kähler function formalism to couple an
inflaton to a string theory moduli sector in a way which minimizes
the mixing between the two sectors.

2.3 inflation in supergravity

The challenge in constructing supergravity inflation models lies in the
eK factor of the scalar potential (72). A "minimal" Kähler potential is
one which produces canonical kinetic terms for the scalar fields, i.e.
K = φφ̄. However, a Kähler potential like this makes the potential too
steep for inflation due to the eφφ̄ factor. A solution to this problem
was found by [38]. We can posit the existence of a shift symmetry φ→
φ + c where c is a real constant. An example of a Kähler potential
that respects this shift symmetry is K = (φ− φ̄)2/2, which does not
depend on the real part of φ at all. The real part φ + φ̄ can then
become the inflaton. The potential is naturally quite flat in the inflaton
direction since the Kähler potential does not depend on it at all.

The shift symmetry can be broken spontaneously in the superpo-
tential. For example, we may take W = mSφ, where S is a scalar
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stabilizer field. A model of inflation can be provided by a Kähler po-
tential of the generic form:

K((φ− φ̄)2,SS̄) (75)

with superpotential:
W = Sf(φ) (76)

where f(φ) is a real holomorphic function which satisfies f̄(φ̄) = f(φ).
The Kähler potential and the absolute value squared of the superpo-
tential are invariant under an exchange φ→ φ̄. From (74) we see that
this implies that φ = φ̄ is an extremum of the potential. Additionally,
we have the symmetry S → −S, so S = 0 is another extremum. We
can now truncate to φ = φ̄, S = 0. The scalar potential then becomes
simply [35]:

V = |f(φ)|2 (77)

We see that we can generate an arbitrary non-negative scalar potential
in this formalism. However, there is one caveat. For the truncations
above to be consistent, the mass of the imaginary φ direction and
the mass of S both need to be positive definite. If they are not, then
the extrema are maxima or saddle points, not minima. Stabilizing
each direction of every complex scalar field in the theory is often the
hurdle in realizing inflation in supergravity, as we will soon discover.

2.3.1 Attractor Inflation

Let us now discuss the ideas behind the α-attractor concept using
the models of [36][37][30][31], which were based on spontaneously
broken conformal symmetry. Let us forget about supergravity for a
moment and consider a simple single-field model of de Sitter space
with a conformal symmetry. We take the following action, as was
done in [31]:

L =
√
−g

[
1

2
∂µχ∂νχg

µν +
χ2

12
R(g) −

λ

4
χ4
]

(78)

The theory has a conformal symmetry given by the simultaneous
transformations:

gµν → e−2σ(x)gµν, χ→ eσ(x)χ (79)

The scalar χ is called a conformon. The conformal symmetry allows us
to fix a gauge χ =

√
6. The action then becomes:

L =
√
−g

[
R(g)

2
− 9λ

]
(80)

which has a de Sitter solution for λ > 0. We can add a second scalar
field φ to obtain a similar multi-field model:

L =
√
−g

[
1

2
∂µχ∂

µχ+
χ2

12
R(g) −

1

2
∂µ∂

µφ−
φ2

12
R(g) −

λ

4
(φ2 − χ2)2

]
(81)
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This has the same kind of conformal symmetry as the single-field
model. However, it has an additional SO(1, 1) symmetry between φ
and χ. We can choose a conformal gauge which respects the SO(1, 1)
symmetry:

χ2 −φ2 = 6 (82)

This equation defines a parabola in χ−φ space which we can repre-
sent parametrically by a scalar field ϕ:

χ =
√
6cosh

ϕ√
6

, φ =
√
6sinh

ϕ√
6

(83)

It is easy to see that 12∂µχ∂
µχ− 1

2∂µ∂
µφ = 1

2∂µφ∂
µϕ, so ϕ is a canon-

ically normalized scalar field. Furthermore, its coupling to the Ricci
scalar is minimal. In conformal gauge, we again find an action with
a completely flat scalar potential, which is de Sitter if the coupling
constant λ > 0.

The equation (83) is analogous to the relation between rapidity θ
and velocity v in special relativity:

θ = tanh−1
v

c
(84)

As the rapidity is increased to infinity, the velocity merely approaches
c. The same is true for the scalar fields in our model: as the canonical
field ϕ is increased to infinite field values, the conformon merely ap-
proaches a constant finite value. This naturally produces potentials
with plateaus at large field values of the canonical field, which are
quite suitable for inflation. Let us consider what happens when we
deform the SO(1, 1) symmetry between φ and χ. We can add a func-
tion F(φ/χ) to mediate the symmetry breaking:

L =
√
−g

[
1

2
∂µχ∂

µχ+
χ2

12
R(g)−

1

2
∂µ∂

µφ−
φ2

12
R(g)−

1

36
F(φ/χ)(φ2−χ2)2

]
(85)

In the gauge χ2−φ2 = 6, and in terms of the canonically normalized
scalar ϕ, the action becomes:

L =
√
−g

[
1

2
R−

1

2
∂µϕ∂

µ − F(tanh
ϕ√
6
)

]
(86)

Since F(tanh ϕ√
6
) is an arbitrary function of its argument, the scalar

potential is in principle arbitrary as well. However, in light of the sym-
metry arguments given above, it seems more natural that F(tanh ϕ√

6
)

should be given by an even monomial of its argument. This choice is
analogous to what is the done in standard models of chaotic inflation.
We then produce a potential V(φ) = λntanh

2n(ϕ/
√
6), where λn is

a constant. In the limit of large ϕ, the potential approaches a plateau:

V(φ) ' λ
(
1− 4ne−

√
2/3ϕ

)
(87)
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This potential allows for inflation to occur with the following univer-
sal inflationary observables, in the large-N limit:

1−ns =
2

N
, r =

12

N2
(88)

These inflationary observables do not depend on the value of the
scalar potential parameters λ or 4n. This is why the model described
here, named the T-model in [31], is said to have an attractor structure.
It "attracts" the inflationary observables to the values given above, re-
gardless of the details of the scalar potential. However, the T-model is
not an α-attractor. An α-attractor has an additional variable α which
allows the model to cover a range of the ns − r plane.

2.3.2 Attractor Inflation in Supergravity

Let us see how the above concepts can be generalized to a supergrav-
ity setting. Following [36], we take a superconformal Kähler potential
N(X, X̄). X stands for the scalar fields in the model: the conformon X0

the inflaton X1 = φ, and a sGoldstino X2 = S. N(X, X̄) becomes:

N(X, X̄) = −|X0|2 + |X1|2 + |S|2 (89)

The Kähler potential has an SU(1, 1) symmetry that mixes the inflaton
and the conformon, and another SU(1, 1) which mixes the conformon
and the sGoldstino. We take the following superconformal superpo-
tential:

W = Sf
(
X1,X0

)[(
X0
)2

−
(
X1
)2] (90)

The SU(1, 1) symmetry of the Kähler potential is only maintained
when f is equal to a constant. In general, the action becomes:

L =
√
−g

[
1

2
R−

1

2
∂µϕ∂

µϕ− f2(tanh
ϕ√
6
)

]
(91)

which is equivalent to (86) and we find the same universal inflation-
ary predictions as before.

We can generalize the above supergravity attractor model to an α-
attractor model by modifying the Kähler- and superpotentials. We
now choose:

N(X, X̄) = −|X0|2
[
1−

|X1|2 + |S|2

|X0|2

]α
(92)

The SU(1, 1) symmetries are only preserved in the Kähler potential
when α = 1. The superpotential becomes:

W = S
(
X0
)2
f
(
X1/X0

)[
1−

(
X1
)2(

X0
)2](3α−1)/2 (93)
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In the same way as before, the symmetry is only preserved when f is
equal to a constant. After gauge fixing the conformon X0 = X̄0 =

√
3,

we obtain the following action, in terms of a canonically normalized
scalar field ϕ:

L =
√
−g

[
1

2
R−

1

2
(∂ϕ)2 − f2

(
tanh

ϕ√
6α

)]
(94)

For α of order O(1) and in the large-N limit, this model predicts the
following inflationary observables:

ns − 1 =
2

N
, r =

12α

N2
(95)

We will describe a α-attractor model based on a single chiral multiplet
(constructed in [47])in chapter 5. This is the model we would like to
couple to string theory moduli, since it has a Kähler potential which
is wonderfully natural from the perspective of string theory.

2.4 string theory

Since most of our discussion will take place in the low-energy limit
of string theory, in which a supergravity approximation is valid, we
have begun our discussion by describing supergravity. However, in
the following it will be necessary to understand a few, but not that
many, things about string theory proper.

String theory is the quantum theory of relativistic 1-dimensional
objects called strings. It was developed in the 1970s as a candidate
theory for the strong interactions. In this aspect, it was quickly re-
placed by QCD. However, it was soon discovered that string theory
held the potential to become a quantum theory of gravity, perhaps
even a Theory of Everything (one that combines quantum gravity
with the forces of the Standard Model in a single framework). We
will be extremely brief here, focusing only on the things we need to
know.6

String theory lives in 10 spacetime dimensions. The Type IIB and
Type IIA superstring theories are (at the level of perturbation theory)
defined by an action with a large amount of symmetry. We can use
the symmetry to move to a light-cone gauge, which simplifies many
calculations. Even though the theory lives in D = 10, after gauge
fixing the group of rotations becomes SO(8), with covering group
Spin(8). Spin(8) has the vector representation 8v, and the spinor and
conjugate spinor representations, 8s and 8c respectively. The defining
action of Type IIB in light-cone gauge becomes [17]:

S =
−1

2π

∫
dσdτ

(
∂+X

i∂−X
i − iSa∂−S

a − iS̃a∂+S̃
a

)
(96)

6 An accessible and brief talk by Edward Witten about why string theory pro-
vides a quantum gravity free from ultraviolet divergences can be found at
https://www.youtube.com/watch?v=H0jLD0PphTY
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where Xi are bosonic spatial coordinates which represent the coor-
dinates of a 1-dimensional string in spacetime. Sa are so-called left-
moving fermions and S̃a are right-moving fermions. The subscripts
± on the partial derivatives are linear combinations of the two coor-
dinates τ and σ. These coordinates parametrize the worldsheet of the
string: the two-dimensional surface that the string sweeps out over
time (think of the worldline that a point particle traces over time).
These fermions have identical spacetime chirality (as we have indi-
cated by using indices a instead of ȧ for each of them). This makes
Type IIB chiral in spacetime, like we have seen in the supergravity
case. There is an equally valid action in which the left- and right-
moving fermions take opposite chiralities, which leads to a theory
which is non-chiral in spacetime. This is the Type IIA superstring.
The Type II theories only include closed strings. This means that we
specify periodic boundary conditions on the worldsheet coordinate
σ:

Xi(τ,σ) = Xi(τ,σ+ 2π) (97)

Sa(τ,σ) = Sa(τ,σ+ 2π) (98)

Given these periodic boundary conditions, we can expand the func-
tions X and S in Fourier modes:

Xi = xi +
1

2
piτ+

i

2

∑
n 6=0

1

n
αine

−in(τ+σ) +
1

n
α̃ine

−in(τ−σ) (99)

Sa =
1√
2

∞∑
−∞ S

a
ne

−in(τ+σ) (100)

S̃a =
1√
2

∞∑
−∞ S̃

a
ne

−in(τ−σ) (101)

The theory is quantized by promoting the Fourier coefficients αin, α̃jm,
San, S̃bm, and the zero modes xi, pi to quantum operators. The bosonic
coefficients are given commutation relations, and the fermionic ones
are given anti-commutation relations. The fermionic zero modes gen-
erate the following algebra:

{Sa0 ,Sb0 } = δ
ab, {S̃a0 , S̃b0 } = δ

ab (102)

We require that the ground state of the theory provides a representa-
tion of this algebra. This requires that both the left- and right-moving
ground states transform as the representation 8v+ 8c (for details of
this group theory decomposition, see [17]). The full ground state of
the theory then transforms as (8v+ 8c)⊗ (8v+ 8c). Had we begun
with left- and right-movers of opposite chirality (i.e. had we used
the Type IIA string), the ground state would have been (8v+ 8s)⊗
(8v+ 8c) instead. Decomposing the product rep into a direct sum of
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irreps, we identify the particles that exist in the string specrum at the
massless level.

The 8c ⊗ 8c part decomposes into a scalar l called the axion, a
2-form C2, and a self-dual 4-form A4. These particles are called R-
R states. The decomposition of 8v⊗ 8v yields a symmetric 2-tensor
gmn, a 2-form B2 and a scalar φ called the dilaton. These particles are
called NS-NS states. The 8v⊗ 8c part yields two vector-spinors ΨM,
the gravitinos. These particles are called NS-R or R-NS states. We see
that we have exactly reproduced the massless particle spectrum we
found in Type IIB supergravity! The fact that the spectrum contains
a massless symmetric 2-tensor (i.e. a massless spin-2 particle) is how
we know that string theory gives us a theory of gravity.7.

2.4.1 Perturbative Symmetries of Type IIB

The Type IIB superstring theory has a number of symmetries which
will be of interest to us in the future. These are so-called perturbative
symmetries, which means that they appear at the level of perturbation
theory, but are conjectured to hold in the full non-perturbative string
theory (although non-perturbative string theory only has a full defi-
nition in a small number of cases, where the definitionis provided by
the AdS/CFT correspondence).

The first symmetry of interest is worldsheet parity, represented by
the symbol Ω. This reverses the orientation of the string: σ→ 2π− σ.
This turns right-moving fermions into left-moving fermions. The NS-
NS states from the symmetric parts of 8v⊗ 8v are even under this
exchange, and the anti-symmetric parts are odd. The R-R states be-
have similarly, except that we now have anti-commuting Grassman-
nian fields due to Fermi statistics. In short, the fields which are even
under Ω are: gmn, C2, φ. The fields which are odd are l, B2, A4.

The second symmetry transformation is given by the operator (−1)FL ,
where FL is the total number of left-moving fermions in the state
which it acts on. This means that R-NS, and R-R states are odd, since
they have an odd number of left-moving fermions. The NS-NS and
NS-R states are even under (−1)FL .

We will use the transformation properties described here to make
what is called an orientifold projection of Type IIB superstring theory.
This will be necessary to obtain a consistent flux compactification. The
next chapter is devoted to this subject.

7 Edward Witten gives a much better explanation of why this is the case in the talk
that we reference above.
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3
C A L A B I - YA U F L U X C O M PA C T I F I C AT I O N

In order for string theory to have anything to do with describing the
real world, it needs to be reduced to an (effectively) four-dimensional
theory. There are two common ways to achieve this1. The first and
most straightforward method is to reduce six of string theory’s nine
spatial dimensions to a very small compact manifold. If this inter-
nal space is small enough, the theory can be treated as effectively
four-dimensional. The second way to reduce string theory to four
dimensions is called the braneworld scenario. In this model, the Stan-
dard Model lives on a 3-dimensional membrane inside a larger 10-
dimensional space, the "bulk". However, gravity is allowed to prop-
agate into the full space, which accounts for its weakness in a very
natural way. We will focus exclusively on the compactification sce-
nario.

Considerations of phenomenology pose very strict conditions on
the possible internal manifolds. We need to leave the correct amount
of supersymmetry in the effective theory. We would like to leave at
least N = 1 unbroken SUSY, in order to solve some of the problems
of the Standard Model. This poses certain topological and differen-
tial conditions on the internal manifold. They imply that the internal
space is a certain kind of complex manifold called a Calabi-Yau 3-fold.
However, these manifolds typically have a large number of dynami-
cally undetermined parameters, called moduli. These will determine
physical properties like the volume of the internal space. In the four-
dimensional effective theory, the moduli will manifest as scalar fields.
These scalar fields are all flat directions of the scalar potential, which
means that the scalar potential does not depend on them. The moduli
can fluctuate without any energy cost. In fact, there is nothing stop-
ping them from running off to infinite field values. If the modulus
associated with the volume of the internal space can run off to infin-
ity, the theory is not at all effectively four-dimensional! Furthermore,
the classical mass of a scalar field is determined by the square term in
the scalar potential. This means that all fields associated with flat di-
rections are massless. Massless scalar fields are phenomenologically
unacceptable. They transmit long-range interactions that couple dif-
ferently to different types of matter, possibly violating the principle of
equivalence [22], which has been tested to great accuracy. Quantum
corrections could change some of these results, and generate a mass
for the moduli. However, to make these quantum corrections large

1 A third possibility exists. The degrees of freedom that would normally provide the
six extra dimensions may not form a geometrical target space at all. We will not
consider this possibility. For some discussion, see [23].
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enough, we have to go to the large-coupling limit. Unfortunately, no-
body yet understands string theory at large coupling well enough
to do the necessary calculations. We have to find a way to solve the
problem within the supergravity approximation. This is called the
Dine-Seiberg problem [20].

We can solve the problem partially by turning on fluxes. These
are non-vanishing vacuum expectation values for some of the field
strengths in the theory. Turning on fluxes will generate a scalar po-
tential (and a classical mass) for some, but not all, of the moduli2. The
presence of background fluxes will necessitate introducing a warp fac-
tor between the compact internal space and the Minkowski spacetime.
As we will see, there is a no-go theorem in supergravity that renders
Minkowski or de Sitter compactifications with warp factors impossi-
ble. However, in string theory there are extended objects called orien-
tifold planes, whose presence will help us evade the no-go theorem.

The rest of this chapter will be devoted to making the above state-
ments mathematically precise. Unfortunately, the subject of flux com-
pactifications is a vast one, and we will have to severely limit the
scope to just what is necessary for the following chapters. For an ex-
tensive review, see [22].

3.1 kaluza-klein theory

The idea of compactifying a higher-dimensional theory was first put
forward by Theodor Kaluza. The original idea was to reduce five-
dimensional general relativity to four-dimensional relativity coupled
to a scalar and electromagnetism. Oskar Klein brought these ideas
into quantum theory. The original motivation is now obsolete, but
the central principle is still highly relevant.

Let us see how Kaluza-Klein theory works in a simple example
[43]. Most of the strategy outlined here will carry over to our further
discussion. Take the five-dimensional Einstein-Hilbert action:

S = −

∫
d5x
√
−gR̂ (103)

where the hat on R̂ indicates that it lives within the five-dimensional
space. We will compactify one of the coordinates, say y, on a circle.
This means that we make the following identification:

y ∼ y+ 2πR (104)

2 Technically, once a scalar potential has been generated for a modulus, it is no longer a
modulus. Moduli by definition are fields which parametrize a degeneracy. However,
we will not always bother to be accurate with this terminology.
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where R is the radius of the compactification circle. The five-dimensional
equation of motion is the Einstein equation: R̂mn = 0. An obvious so-
lution is the following:

Gmn =

ηµν 0

0 1

 (105)

where Greek indices refer to coordinates of the four-dimensional space-
time and ηµν is the Minkowski metric. We now want to consider the
dynamics of small fluctuations around this background value. It is
useful to parametrize the metric in the following way:

Gmn = φ−1/3

gµν +φAµAν φAµ

φAν φ

 (106)

where Aµ is a vector field in four dimensions and φ is a scalar. When
gµν = ηµν, Aµ = 0, and φ = 1, the metric reduces to the background
value, (105). The equations of motion now state that each of the com-
ponents ofGmn must be an eigenvector of the five-dimensional Lapla-
cian. Let’s expand the fields gµν, φ, and Aµ into Fourier modes on
the circle:

gµν =

∞∑
n=−∞g

(n)
µν e

2πniy
R (107)

Aµ =

∞∑
n=−∞A

(n)
µ e

2πniy
R (108)

φ =

∞∑
n=−∞φ

(n)e
2πniy
R (109)

The fields φ(n), A(n)
µ , and g

(n)
µν are the fields that appear in the

four-dimensional dynamics. The equation of motion for φ splits into
Fourier modes:

∂m∂
mφ = ∂µ∂

µφ+ (∂y)
2φ =

∞∑
n=−∞

[
∂µ∂

ν −
(2πn
R

2)]
φ(n)e

2πniy
R

(110)
This is, schematically, a Klein-Gordon equation for each of the Kaluza-
Klein modes φ(n). The mass generated for each field is of order
n2/R2. When we consider physics at an energy scale which is very
small compared to the radius of the circle, only the massless modes
matter. The crucial step in the Kaluza-Klein reduction is that we trun-
cate the fields to just their massless modes - i.e. we choose φ = φ(0)

and do likewise for the other fields. We have to substitute this choice
into the Einstein-Hilbert action, and then integrate over the internal
coordinate y to obtain the low-energy effective four-dimensional ac-
tion:

S =

∫
d4x
√
−g
[
− R−

1

4
φFµνF

µν −
1

6φ2
∂µ∂

µφ
]

(111)
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The effective four-dimensional theory of 5D general relativity con-
tains electromagnetism and a scalar field φ. General relativity has
been unified with electromagnetism in a simple way. Unfortunately,
this unification strategy cannot be pursued any further. In particu-
lar, it is not possible to generate non-Abelian gauge theories in this
way. However, the strategy outlined here will still be useful to us.
We will construct low-energy effective theories of compactified Type
IIB string theories in exactly the same way: we select a background
configuration analogous to (105) and (107), consider the dynamics of
small fluctuations around it, and truncate the spectrum to just the
massless Kaluza-Klein modes.

3.2 identifying the internal space

Let us now move from the simple Kaluza-Klein example to the com-
pactification of Type IIB superstring theory. We focus exclusively on
Type IIB superstrings, because the moduli stabilization schemes that
we will use (KKLT [29], KL [35]) are Type IIB constructions (the dis-
cussion can in principle be translated to Type IIA by mirror symme-
try). Our goal is to obtain a four-dimensional low-energy effective the-
ory. As such, we are mostly interested in Type IIB supergravity, the
effective field theory of the massless sector of Type IIB superstring
theory. This is a valid approximation scheme at the energy scale of in-
flation, around 1016GeV . Furthermore, the model of inflation which
we want to incorporate within string theory has a natural supergrav-
ity formulation.

We want to decompose the ten dimensional spacetime on which
Type IIB lives into a four dimensional external spacetime and a six
dimensional compact internal space:

M =M4 ×K6 (112)

For the metric on M, we make the following Ansatz:

ds2 = gµνdx
µdxν + gmndy

mdyn (113)

where we denote coordinates of K 6 by Latin indices (i.e. ym) and co-
ordinates of M4 by Greek indices (i.e. xµ)3.

We want the background M to retain at least some of the super-
symmetry of the original theory. This way, supersymmetry may still
provide a resolution to some of the naturalness problems that plague
the Standard Model. A compactification on a generic manifold will
explicitly break all of the supersymmetry. To retain some of it, the
manifold must admit a globally well-defined supersymmetry spinor.

3 We will sometimes use the Latin indices to refer to coordinates of the entire ten-
dimensional space.
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Type IIB has two supersymmetry spinors of the same ten-dimensional
chirality. We may decompose them in the following way:

εAIIB = ξA+ ⊗ η+ + ξA− ⊗ η− (114)

where A = 1, 2. The spinors ξA± live in the external spacetime, and
the spinors ηpm live in the internal space. The + and − subscripts
on the spinors indicate six- or four-dimensional chirality. We have
decomposed the spinors using only a single internal Weyl spinor η
and its complex conjugate. We make this choice because supporting
even one non-trivial supersymmetry spinor is quite a stringent re-
quirement for the internal manifold, as we will see shortly. When the
internal space admits a globally well-defined spinor, we see from the
above decomposition that the compactification may preserve up to
eight of the supercharges. In other words, the theory will have N = 2

supersymmetry.
The existence of a globally well-defined spinor poses a topological

restriction on the internal manifold. In technical terms: the manifold
must have a reduced structure group4 isomorphic to SU(3). A generic
Riemannian manifold in six dimensions has a structure group con-
tained within SO(6), whose Lie algebra is isomorphic to SU(4). A
spinor transforms according to the 4 irrep. The 4 has an SU(3) de-
compostion: 4→ 3+ 1. A globally well-defined spinor must sit in the
1 irrep [22].

We now impose thatM4 is a maximally symmetric space (Minkowski,
de Sitter or anti-de Sitter). This means all the fields which transform
non-trivially under the Lorentz group must vanish. This includes all
of the fermions and all of the n-forms except the scalars. This require-
ment will be relaxed when we turn on fluxes, but to do so we will
have to introduce a warp factor into the metric, which means that we
must change the metric Ansatz. Most of our analysis will be about
the dynamics of fluctuations around this background configuration.

We require that all fermions vanish in the background, so their
supersymmetry variations must vanish as well. We have:

δεAIIB
(fermions) = 0 (115)

If this requirement is not met, then M4 cannot be both maximally
symmetric and supersymmetric. The same statements apply to the
supersymmetry tranformations of the bosonic fields, but this is a triv-
ial matter since all terms in the transformation of a boson contain a
fermionic field.

In particular, the supersymmetry transformations for the gravitinos
can be written as [43]:

δεAIIB
ψM = ∇MεAIIB +

∑
FMε (116)

4 We only bring up structure groups to distinguish the topological restrictions on the
internal manifold from the differential ones. We will not mention structure groups
again after this short discussion.

35



where F denotes a particular contraction of a field strength with a
gamma matrix, and the summation is carried out over all the field
strengths in the theory. These vanish by assumption, so the transfor-
mation becomes:

δεAIIB
ψM = ∇MεAIIB (117)

This means that the geometry (112) must admit a covariantly constant
spinor.

∇MεAIIB = 0 (118)

We can decompose εAIIB into external spinors ξA± and internal spinors
ηA±. ξA and εAIIB are physical spinors, so they are Grassmann odd
(anti-commute with other Grassmann odd quantities). We see that η
must be Grassmann even. The spacetime part of equation (118) is:

∇µξA± = 0 (119)

Such a relation leads to an integrability condition:

[∇µ,∇ν]θ =
1

4
RµνρσΓ

ρσθ = 0 (120)

where Γ is a gamma matrix. Together with the assumption of maximal
symmetry, the integrability condition implies that the external Ricci
scalar vanishes. In other words: the spacetime must be Minkowski.
Unfortunately, this result has nothing to say about the cosmological
constant problem, as it only holds when supersymmetry is not spon-
taneously broken.

The internal part of equation (118) is:

∇mη± = 0 (121)

This means that K6 must admit a covariantly constant spinor by it-
self. This is a differential condition on the connection. It implies that
the metric has SU(3) holonomy, as we will see later. Every manifold
with SU(3) structure group admits a connection with SU(3) holon-
omy. When this connection has no torsion (which we assume from
now on), the manifold is called a Calabi-Yau manifold. We will study
the properties of these manifolds extensively in the next section.

Every Calabi Yau manifold admits a unique metric with vanishing
Ricci tensor. Therefore (112) (with M4 Minkowski and K6 Calabi-Yau)
is a solution to the Einstein equations when all the fields vanish in the
background. Unfortunately, string theory offers us no mechanism to
dynamically select one Calabi-Yau over any other. We will have to
make an Ansatz for the Calabi-Yau metric gmn of the internal space5,
and then consider fluctuations around that background value. Since
every Calabi-Yau manifold in principle has the same energy, these
fluctuations can grow exceedingly large. This is the first hint at the
appearance of moduli in the theory.

5 In an abstract sense - we will never construct the Calabi-Yau metric explicitly.
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3.3 calabi-yau manifolds

A Calabi-Yau 3-fold is a compact, complex Kähler manifold with six
real dimensions that admits a covariantly constant spinor η:

∇mη = 0 (122)

Such a manifold must have a holonomy group isomorphic to SU(3).
Equivalently, one might say that a Calabi-Yau manifold is a com-
pact, complex Kähler manifold on which a unique nowhere-vanishing
holomorphic 3-form can be defined. A third definition is that a Calabi-
Yau manifold is a compact, complex manifold whose Kähler metric
has a vanishing Ricci tensor (Rµν = 0). Most of the following discus-
sion is based on [7][43] and [23]. The analysis was first performed by
Candelas, Horowitz, Strominger and Witten, in their seminal paper
[11].

3.3.1 The Holonomy Group

A covariantly constant spinor is invariant under parallel transport
around a closed loop. When a generic spinor on a manifold with
six real dimensions is parallel transported around a closed loop, it
receives a rotation by a subgroup of Spin(6) = SU(4). A spinor on six
dimensional manifold has eight real components, but it can be split
into two SU(4) irreps of definite chirality:

8 = 4⊕ 4̄ (123)

If a covariantly constant spinor exists on the manifold, it must trans-
form according to a trivial irrep of Spin(6) under a parallel transport
around a loop. The largest subgroup of SU(4) for which the 4 con-
tains a trivial part is SU(3). Within SU(3), there exists the following
decomposition of the 4:

4 = 3⊕ 1 (124)

This explains why a manifold that admits a covariantly constant spinor
has an SU(3) holonomy group. The existence of the covariantly con-
stant spinor is needed to preserve some of the supersymmetry after
compactification, as we will explain in the next section.

3.3.2 The Holomorphic 3-form

Both the 4 and the 4̄ in the decomposition of a spinor on K6 con-
tain a singlet part under the holonomy group SU(3) (the 4̄ has a de-
composition just like its complex conjugate does (124)). Let’s denote
these definite-chirality covariantly constant spinors by η±. We want
to know what bilinears we can construct from these spinors. To this
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end, let us work with a Dirac matrix basis which is fully antisymmet-
ric. One choice is the following:

σ2 ⊗ 1⊗ σ1,3 σ1,3 ⊗ σ2 ⊗ 1 1⊗ σ1,3 ⊗ σ2 (125)

The bilinears ηT−γaη− and ηT−γabη− vanish. To see this, write out
the product explicitly and interchange the order of indices in the
Dirac matrices. Note that these spinors are Grassmann even (i.e, they
commute with each other) by assumption, as opposed to physical
spinors, which are Grassmann odd. The following bilinear, however,
is nowhere-vanishing:

Ωabc = η
T
−γabcη− (126)

This is the case because η− satisfies ∇aη− = 0. Whenever η vanishes,
the equation reduces to ∂aη = 0, so we see that a covariantly constant
spinor that vanishes somewhere must vanish everywhere. In other
words, it is a trivial spinor, which contradicts our assumption. We
can use this bilinear to define the following (3, 0)-form:

Ω =
1

6
Ωabcdz

a ∧ dzb ∧ dzb (127)

This (3, 0)-form is closed: (∂+ ∂̄)Ω = 0. The first term vanishes be-
cause there are only three holomorphic coordinates on a complex
manifold with six real dimensions, ∂Ω = 0. To see that the second
term vanishes, note that ∇āΩ = 0 because η is covariantly con-
stant. On a complex Kähler manifold, the connection coefficients with
mixed indices all vanish, so the equation reduces to ∂āΩ = ∂āΩcdedz

c∧

dzd ∧ dze ∧ dza = 0. Ω is a nowhere-vanishing holomorphic (3, 0)-
form. It is the only non-trivial (3, 0) form on a Calabi-Yau manifold,
h3,0 = 1.

3.3.3 The Ricci-flat Metric

The existence of a covariantly constant spinor requires the Ricci cur-
vature to vanish. In order to see this, we need the identity:

[∇m,∇n]η =
1

4
RmnpqΓ

pqη (128)

This can be shown by writing out the commutator explicitly using the
definition of the covariant derivative of a spinor:

∇nη = ∂nη+
1

4
ωnpqγ

pqη (129)

where ωnpq is the spin connection and γ is a Dirac matrix. The result
is:

1

4
(∂mωnrs − ∂nωmrs +ωmrpω

p
ns −ωnrpω

p
msγ

rs)η =
1

4
Rmnrsγ

rsη

(130)
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When the spinor η is covariantly constant, the commutator of course
vanishes: Rmnpqγpqη = 0. It turns out that this implies that Rmn = 0

(for details, see Chapter 9 of [7]), i.e. the manifold must be Ricci flat.
Shing-Tung Yau, half namesake of Calabi-Yau manifolds, proved

that compact n-dimensional Kähler manifolds with vanishing first
Chern class always admit a Kähler metric with holonomy contained in
SU(n/2) (and therefore admit a covariantly constant spinor, a unique
nowhere-vanishing holomorphic (3, 0)-form, and a Ricci-flat metric).
We will now show the converse: that a manifold which admits a Ricci-
flat metric always has vanishing first Chern class. In doing so, we
establish the equivalence between the three definitions of Calabi-Yau
manifolds we have discussed.

The Chern classes of a manifold are the coefficients in the expan-
sion of the quantity det(1+ R), where R is a matrix-valued 2-form
defined from the Riemann tensor:

R = Rk
lij̄
dzi ∧ dz̄j̄ (131)

More concretely, the j-th Chern class cj is defined by:

det(1+R) = 1+
∑
j=1

cj = 1+ trR+ tr(R∧R+ tr(R∧R−2(trR)2))+ . . .

(132)
The trace of R is equal to the Ricci tensor. So we see that a manifold
with vanishing Ricci tensor has a vanishing first Chern class.

Ricci flatness of the internal manifold, more than merely being a
phenomenological restriction, is actually required for the consistency
of string theory in the limit in which we are working. The bosonic
part of the string theory action on the six-dimensional internal target
space is [23]:

S =

∫
dzdz̄

[
gmn(∂X

m∂̄Xn +m↔ n) +Bmn(∂X
m∂̄Xn +m↔ n)

]
(133)

String theory may be formulated as a superconformally invariant
quantum field theory on a string worldsheet. This is a supersymmet-
ric generalization of ordinary conformal field theory. This supercon-
formal symmetry is crucial to the theory and must persist even after
quantization (in other words, it must not be an anomalous symmetry),
much like gauge symmetry in the Standard Model. This is because
the superconformal symmetry ensures that string theory does not
contain ultraviolet divergences. The requirement of non-anomalous
superconformal symmetry is actually what requires superstring the-
ory to be ten-dimensional. It can be shown that the above action
can only be superconformally invariant if the metric gmn on the six-
dimensional target space is Ricci flat to first order in the stringy pa-
rameter α ′/R2 (the limit α ′/R2 → 0 is the regime in which we do all
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our analysis, because the validity of all our approximations will rely
on it). The parameter α ′ controls the string tension.

3.4 the moduli space of calabi-yau manifolds

In general, it is not possible to construct the Ricci-flat metric of a
Calabi-Yau manifold explicitly. Fortunately, the massless spectrum in
the four-dimensional low-energy effective theory is determined en-
tirely by topological quantities, namely the Hodge numbers h(p,q).
These count the number of non-trivial independent harmonic (p,q)-
forms that can exist on the manifold, or in other words the dimension
of the cohomology group H(p,q). Calabi-Yau manifolds with a given
set of Hodge numbers will in general form a multi-dimensional, con-
tinuous family of manifolds, distinguished by parameters which may
have a physical meaning, the moduli. Furthermore, even within a set
of Calabi-Yau manifolds with the same Hodge numbers, not all man-
ifolds have to be topologically equivalent. The Hodge numbers do
not determine the topology completely. There is at this moment no
complete classification of all Calabi-Yau manifolds in three complex
dimensions (in two dimensions, there is only one Calabi-Yau mani-
fold, known as K3). In fact, it is not even known whether or not the
number of topologically distinct Calabi-Yau 3-folds is finite.

3.4.1 Metric deformations

To see how the Hodge numbers relate to the physics in the four-
dimensional effective theory, let’s consider continuous deformations
of the metric on the internal space which leave it Ricci flat, i.e. defor-
mations δg such that:

Rmn(g+ δg) = Rmn(g) = 0 (134)

We can expand this equation to first order in δg to obtain:

∇p∇pδgmn + 2Rmnpqδg
pq = 0 (135)

where the indices of δgpq have been raised using the original in-
verse metric gmn. We have made a choice of gauge here (∇mδgmn =
1
2∇nδg

m
m) to elinate metric deformations which are simply coordinate

transformations.
Thanks to the simple index structure of the Riemann tensor on a

Kähler manifold (all of the components vanish except Rab̄cd̄), the
equations for δgab and δgab̄ decouple. We can define the following
(1, 1)-form:

δgab̄dz
a ∧ dzb̄ (136)

Using the Lichnerowicz equation, it can be shown that this (1, 1) form
is harmonic. We can define a basis ωi for the harmonic (1, 1)-forms

40



on the internal space, and a basis ω̃i for the harmonic (2, 2)-forms in
the following way: ∫

ωi ∧ ω̃
j = δji (137)

where the integration is carried out over the entire Calabi-Yau space.
Using this basis, we can expand the mixed-index metric deformations
δgab̄ as follows:

δgab̄ = vi(ωi)αβ̄ (138)

In a geometry of type (112), the expansion coefficients vi may depend
on the coordinates of the external space. This means that in the four-
dimensional effective theory, the vi are dynamical scalar fields. They
are called Kähler moduli, and the deformations they parametrize are
called Kähler class deformations.

The only non-vanishing components of a Kähler metric are those
with mixed type indices, i.e. gab̄. We can however still deform the
pure type components: gab → gab + δgab (and likewise for the pure
anti-holomorphic components). The resulting metric is no longer Her-
mitian with respect to the original complex structure. A holomorphic
change of coordinates cannot undo this, so we must define a new
complex structure. For that reason, the deformations of pure type
indices are called complex structure deformations. We can use δgāb̄ to
define a (2, 1)-form as follows:

Ωabcg
cd̄δgd̄edz

a ∧ dzb̄ ∧ dzē (139)

Again, we can use the Lichnerowicz equation to show that this (2, 1)-
form is harmonic, and expand gāb̄ in a basis of the (2, 1) cohomology
space. The expansion coefficients again are dynamical scalar fields
in the four-dimensional effective theory. These are called the complex
structure moduli. Let’s denote them za (where a = 0, . . . ,h(2,1) for
future reference)

3.4.2 The massless Kaluza-Klein modes

The second reason that the Hodge numbers affect the four-dimensional
physics is that they count the number of massless Kaluza-Klein modes.
We are working in the approximation that the internal space is quite
small compared to the energy scale of inflation. We will truncate each
p-form field to just its massless modes, and hope that the massive
modes consistently disappear from the dynamics. When the internal
space is flat, the massless Kaluza-Klein mode of a scalar is just the
zero mode of the operator ∂m∂m. On a curved internal space, the
massless modes of a (p,q)-form are given by the zero modes of the
Laplacian on the internal space, i.e. the (p,q) harmonic forms. For
example, the decomposition of the 2-form B̂2 is given by:

B̂2 = B2 + b
iωi (140)
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where the hat on B̂2 denotes that it lives in the full ten-dimensional
space, and B2 is a 2-form on spacetime. There are no (2, 0)- or (0, 2)-
forms in the expansion because a Calabi-Yau manifold does not admit
harmonic forms of such type, as we will see shortly.

3.4.3 The Hodge diamond

Now that we know how the cohomology of the internal manifold
influences the four-dimensional physics, let us examine the structure
of the Calabi-Yau Hodge numbers in more detail. First of all, there
exists the symmetry

h(p,q) = h(n−p,n−q) (141)

where n is the complex dimension of the Calabi-Yau. To show this,
define the harmonic (p,q)-form ω and the harmonic (n− p,n− q)-
form ψ. The integral

∫
Mω∧ψ defines a non-singular map from the

Dolbeault cohomology groups Hp,q
∂̄
×Hn−p,n−q

∂̄
to the complex num-

bers (for details, see [44]). This means that the two Dolbeault cohomol-
ogy groups must be isomorphic, so the dimensionality of their vector
spaces must be equal: h(p,q) = h(n−p,n−q).

By complex conjugating a harmonic (p,q)-form, we obtain a har-
monic (q,p) form. We thus obtain a second symmetry:

h(p,q) = h(q,p) (142)

Furthermore, a compact simply-connected manifold always satisfies
h(1,0) = 0. A compact, connected Kähler manifold satisfies h(0,0) = 1.
We have already seen that there is a unique harmonic holomorphic
3-form on each Calabi-Yau: h(3,0) = 1. These numbers, along with the
above symmetries, are enough to specify most of the Hodge numbers
of the Calabi-Yau. The only unspecified ones are h(2,1) = h(1,2) and
h(1,1) = h(2,2). These are the only Hodge numbers that vary between
different Calabi-Yau manifolds. We have already seen that h(1,1) spec-
ifies the number of Kähler moduli, and h(2,1) specifies the number of
complex structure moduli.

3.5 the effective action of type iib supergravity on calabi-
yau manifolds

We now know enough about Calabi-Yau manifolds and their topolog-
ical properties to derive the Type IIB low-energy effective action.

At the energy scale of inflation, we assume that only the mass-
less Kaluza-Klein modes of the form fields are relevant. The massive
states are too heavy to be excited, because the internal space is as-
sumed to be quite small.

The Type IIB supergravity spectrum contains the following n-forms:
the 2-forms B2 and C2, a 4-form A4 with self-dual field strength, and
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two real scalar fields l (the axion) and φ (the dilaton). After perform-
ing the truncation to the massless Kaluza-Klein modes, the n-forms
can be expanded:

B̂2 = B2 + b
iωi (143)

Ĉ2 = C2 + c
iωi (144)

Â4 = D
i
2 ∧ωi + V

AαA −UBβ
B + ρiω̃

i (145)

where the hats again denote n-forms living in the ten-dimensional
space. The parameters bi, ci, and ρi are scalar fields. B2 and Di2 are
2-forms in spacetime. VA,UB are vector fields. ωi and ω̃i are respec-
tively the harmonic (1, 1)- and (2, 2)-forms whose basis is defined
by (137). αA and βA together provide a basis for all the harmonic
3-forms on the Calabi-Yau (that is, the (3, 0)-, (0, 3)-, (1, 2)-, and (2, 1)-
forms). Their normalization is given by6:∫

K6

αA ∧βB = δBA (146)∫
K6

αA ∧αB =

∫
K6

βA ∧βB = 0 (147)

where A,B = 0, . . . ,h(2,1).
As discussed previously, we need to incorporate the dynamics of

metric fluctuations as well. The fluctuations of the pure spacetime
components gµν are gravitons. The components with mixed indices
gµN have only massive fluctuations, because there are no harmonic
(1, 0)-forms on Calabi-Yau manifolds. The fluctuations of the purely
internal components gab and gāb are discussed above. They lead to
h(2,1) real scalars za and h(1,1) real scalars vi.

The field strength F̂5, defined by:

F̂5 ≡ dÂ4 −
1

2
Ĉ2 ∧ dB̂2 +

1

2
B̂2 ∧ dĈ2 (148)

has a self-duality condition, F̂5 = ?F̂5. This implies that not all the
degrees of freedom in A4 are physical. We can eliminate the 2-forms
Di2 and the vectors UB as they become dual to the scalars ρi and the
vectors VA, respectively. The field content in the four-dimensional
effective theory is exactly the same as an N = 2 supergravity with the
following multiplets:

• h(1,1) hypermultiplets with bosonic content (ρi, vi,bi, ci)

• h(2,1) vector multiplets with bosonic content (Va, za)

• A gravitational multiplet with bosonic content (gµν,V0)

• A double-tensor multiplet with bosonic content (B2,C2,φ, l)

6 These relations only determine the basis up to a transformation in the symplectic
group Sp(2h(2,1) + 2, Z).
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The strategy now is to insert the various expansions (the field ex-
pansions 143, and the fluctuations of the metric), into the Type IIB
supergravity action (68), and then to integrate over the internal space.
The resulting action is an N = 2 supergravity in four dimensions. The
algebra of the full computation is a little involved and not illuminat-
ing for our purposes. We reproduce a part of it in Appendix A (for
details, see [43]).

The result of the computation is:

S =

∫
M4

[
−
1

2
R ? 1− gabdz

a ∧ ?dz̄b

− huvdq
u ∧ ?dqv +

1

2
ImMIJF

I ∧ ?FJ +
1

2
ReMIJF

I ∧ FJ
]

(149)

The definition of the matrix MIJ can be found in the literature [43].
It relates to Abelian gauge fields and will be of no further concern
to us. The matrix huv is likewise defined in [43]. It contains kinetic
terms and scalar potential terms for the dilaton and the dual scalars
of the 2-forms. The most important thing to note here is that we have
not generated a scalar potential for the Kähler and complex structure moduli!
This presents a big problem for phenomenology, as we have explained
several times before. We will devote most of remaining chapter as
well as the next to explaining the solution to this moduli stabilization
problem.

3.6 the metric on moduli space

The matrices gij and gab that appear in (336) have a natural geomet-
ric interpretation as the metrics of Kähler manifolds. The full geome-
try of the moduli space has a product structure:

Mm = M2,1 ×M1,1 (150)

The coordinates on the M2,1 part are the deformations of the com-
plexified Kähler form, and the ones on the M1,1 part are spanned by
the complex structure deformations. A natural metric is given by:

ds2 =
1

2V

∫
gab̄gcd̄[δgacδgb̄d̄ + (δgad̄δgcd̄ − δBad̄δBcb̄)]

√
gd6x

(151)
where the integration is carried out over the Calabi-Yau. The first
term and the second term respectively correspond to the metrics gij
and gab that appear in the four-dimensional action.
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3.6.1 The complexified Kähler moduli

Let’s focus on the h(1,1) piece first. It defines the following inner prod-
uct on the (1, 1)-forms ρ and σ:

G(ρ,σ) =
1

2V

∫
ρad̄σb̄cg

ab̄gcd̄
√
gd6x =

1

2V

∫
ρ∧ ?σ (152)

Using the following cubic form κ:

κ(ρ,σ, τ) ≡
∫
ρ∧ σ∧ τ (153)

we can rewrite the metric as follows:

g(ρ,σ) = −
1

2V
κ(ρ,σ, J) +

1

8V2
κ(ρ, J, J)κ(σ, J, J) (154)

where J = igab̄dz
adz̄b is the Kähler form on the Calabi-Yau manifold.

The complexified Kähler form J is defined by

J = B+ iJ = (bi + ivi)ωi = t
iωi (155)

We can use the coordinates ti to write the metric as:

gij =
1

2
g(ωi,ωj) =

∂

∂ti
∂

∂t̄j
log(−8K) (156)

where K ≡ 1
6

∫
K6
J∧ J∧ J = V . We have shown that the natural metric

defined on the M1,1 part of the moduli space is derived from a Kähler
potential, i.e. it is a Kähler manifold. Let us now show that this metric
coincides with the one that appears in the four-dimensional action. To
this end, we define the following quantities:

Kijk =

∫
K6

ωi ∧ωj ∧ωk (157)

Kij =

∫
K6

ωi ∧ωj ∧ J = Kijkv
k (158)

Ki =

∫
K6

ωi ∧ J∧ J = Kijkv
jvk (159)

We then have K = 1
6Kijkv

ivjvk. A bit of algebra shows that:

gij = ∂i∂̄j(− logK) (160)

= −
1

4

(
Kij

K
−
1

4

KiKj

K2

)
(161)

=
1

4K

∫
K6

ωi ∧ ?ωj (162)

So the natural metric on M1,1 coincides with the metric that appears
in the four-dimensional action. The Kähler deformation moduli and
the B2 moduli (i.e. the complexified Kähler moduli) span a Kähler
manifold.
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3.6.2 The complex structure moduli

The manifold M2,1 spanned by the complex structure deformations is
a Kähler manifold, just like M1,1. In fact, it is a so-called special Kähler
manifold, because the Kähler potential K can be derived from a holo-
morphic prepotential (for details, see Chapter 9 of [7]) The complex
structure part of the natural metric 151 is:

ds2 =

∫ √
gd6xgab̄gcd̄δgacδgb̄d ≡ 2 ∗ gab̄δtaδt̄b̄ (163)

where ta are h(2,1) coordinates on the complex structure moduli
space. We can write the metric in a simple way by using the following
(2, 1)-forms:

χa =
1

2
(χa)abc̄dz

a ∧ dzb ∧ dz̄c̄

(χa)abc̄ = −
1

2
Ωd̄ab

∂gc̄d̄
∂ta

where the indices on the holomorphic 3-formΩ have been raised with
the metric on the complex structure moduli space: Ωd̄ab = gcd̄Ωabc.
We can invert the above relation to get an expression for δgāb̄:

δgc̄b̄ = −
1

‖Ω‖2
Ω̄edc̄ (χa)edb̄δt

a (164)

where ‖Ω‖2 = 1
6ΩabcΩ

abc. By substituting (164) into the metric, we
get the following result:

gab̄δt
aδt̄b̄ = −

(∫
χa ∧ χ̄b̄∫
Ω∧ Ω̄

)
δtaδt̄b̄ (165)

When the complex structure defined on the Calabi-Yau fluctuates, Ω
is no longer a purely (3, 0). Instead, it acquires a (2, 1) part. To see
this, let us write down the definition of Ω explicitly:

Ω =
1

6
Ωαβγdz

α ∧ dzβ ∧ dzγ (166)

Taking a derivative with respect to the moduli space coordinate ta,
we obtain:

∂aΩ =
1

6

∂Ωαβγ

∂ta
dzα ∧ dzβ ∧ dzγ +

1

2
Ωαβγdz

α ∧ dzβ ∧
∂(dzγ)

∂ta
(167)

The term ∂(dzγ)
∂ta contains a (0, 1) part and a (1, 0) part. This means

that ∂aΩ has a (3, 0) part and a (2, 1) part. The exterior derivatives
commutes with the derivative ∂a, so ∂aΩ is a closed form. It therefore
lies in the space H(3,0) ⊕H(2,1). By considering the structure of the
dzγ derivative, we can find the following (details in [7]):

∂aΩ = KaΩ+ χa (168)

46



Using this relation, we find that the metric (165) is given by ∂a∂b̄K,
where K is the following Kähler potential:

Kcs = −log

(
i

∫
Ω∧ Ω̄

)
(169)

We can expand Ω into the symplectic basis (αA,βA):

Ω = XAαA −FAβ
A (170)

where XA =
∫
K6
Ω∧ βA and FA =

∫
K6
Ω∧ αA. The FA are actually

functions of XA:
FA =

∂F

∂XA
(171)

where F(X) is a homogeneous function of degree two. In terms of the
periods XA and FA, the Kähler potential becomes:

Kcs = −log

(
i

∫
Ω∧ Ω̄

)
= −ln

(
iX̄AFA −XAF̄A

)
(172)

3.7 flux compactifications

We have seen how various moduli arise in the four-dimensional effec-
tive theory from dynamically undetermined parameters of the inter-
nal manifold. As it stands, all the moduli are flat directions of the scalar
potential. Changing a modulus from one value to another costs no en-
ergy, and consequently all the moduli are massless. This is called the
moduli stabilization problem. As we have discussed earlier, trying to
rely on quantum corrections to solve the problem is not helpful. We
need to generate a classical mass for the moduli. This can be done
by replacing the previous Ansatz that all of the field strengths and
fermions vanish in the background. Instead, we will allow some of
the field strengths to acquire a non-vanishing expectation value with
a dependence on the coordinates of the internal space. This procedure
is called "turning on fluxes". The fluxes are named in analogy with,
for example, magnetic flux in electrodynamics. A surface encloses a
magnetic flux when an amount of magnetic field passes through it.
Similarly, when an n-form field strength acquires a flux, its integral
over a non-trivial n-cycle does not vanish. We can see how, speaking
qualitatively, turning on fluxes can change a theory by considering
the following simple example [43].

3.7.1 A simple example

Take a theory on five dimensions of gravity coupled to a scalar field
λ:

S =

∫ (
− R̂ ? 1−

1

2
d̂λ̂∧ ?d̂λ̂

)
(173)
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Let us compactify it on a circle. This means that for one of the five
directions, say y, we impose the following identification:

y+ 2πR ∼ y (174)

where R is the radius of the circle. We now make the following Ansatz:

λ(x,y) = λ(x) +my (175)

where x refers to the coordinates on the non-compactified space and
m is a constant. The y component of the field strength becomes:

d̂λ̂y = mdy (176)

So we see that integrating the field strength over the compactifica-
tion circle yields something non-vanishing. In other words, we have
turned on a flux. Inserting the Ansatz into the action and integrat-
ing over the compact direction, we obtain the usual Kaluza-Klein ac-
tion of a compactified scalar, but with some modifications. Firstly, the
derivative in the kinetic term for λ is replaced by a covariant deriva-
tive: Dλ = dλ−mA, where A is the Kaluza-Klein vector field. What
has happened here is that the global symmetry λ→ λ+ a of the orig-
inal action has now become a gauge symmetry. Secondly, a potential
term proportional to m2 is generated. The full action is:

S =

∫ (
− R ? 1−

1

6φ2
dφ∧ ?φ−

φ

4
F∧ ?F−

1

2
Dλ∧ ?Dλ−

m2

2φ
? 1

)
(177)

One more thing to note is that this Ansatz is not compatible with a
four-dimensional Minkowski vacuum. The flux contributes positively
to the energy-momentum tensor, so a Minkowski spacetime no longer
satisfies the Einstein equations.

3.7.2 Fluxes on Calabi-Yau manifolds

The qualitative results of the previous example continue to hold in
the Calabi-Yau compactification of Type IIB. The fluxes generate po-
tential terms for some of the scalars, and contribute to the energy-
momentum tensor, changing the geometry. In Type IIB supergrav-
ity, the flux of an n-form field strength is a harmonic n-form. This
is needed to satisfy the ten-dimensional equations of motion and
Bianchi identity: dFn = d ? Fn = 0. This means we can only give
fluxes to 3-form field strengths, since h(1,0) = h5,0 = 0 on a Calabi-
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Yau. In the presence of fluxes, the field expansions (143) for F3 and
H3 become:

F̂3 = dĈ2 − ldB̂2 + (2π)2α ′(mARRαA − eRRAβ
A) (178)

= dC2 − lH3 + (dci − ldbi)ωi + (2π)2α ′(mARRαA − eRRAβ
A)

(179)

Ĥ3 = dB̂2 + (2π)2α ′(mAαA − eAβ
A) (180)

= dB2 + db
iωi + (2π)2α ′(mAαA − eAβ

A) (181)

where eRRA, mARR, mA and eA are constants. The subscripts in eRR
and mRR refer to the fact that F3 comes from the RR sector of the
Type IIB superstring. The convention to include the factor (2π)2α ′ is
made so that the flux parameters mK, eK, etc. become integers. This
is because in string theory fluxes must be quantized:

1

(2π
√
α ′)p−1

∫
Σp

F̂p ∈ Z (182)

This condition is exactly analogous to Dirac’s quantization condition
in electromagnetics with magnetic monopoles. It is derived in the
same way, by requiring that the wavefunction of a p-brane minimally
coupled to a (p+ 1) gauge field should be globally well-defined. For
details, see Chapter 6 of [7].

By defining the Poincaré-dual cycles of αA = [KA] and βA = [LA],
we obtain:

1

(2π)2α ′

∫
LA

Ĥ3 = m
A (183)

1

(2π)2α ′

∫
KA
Ĥ3 = eA (184)

1

(2π)2α ′

∫
LA

F̂3 = m
K
RR (185)

1

(2π)2α ′

∫
KA

F̂3 = eRRA (186)

In principle, the strategy now is the same as before. We should in-
sert the above field expansions for F3 and H3 into the Type IIB action,
impose self-duality of F5, and integrate over the internal space to ob-
tain the four-dimensional effective action. Unfortunately, the energy-
momentum contained in the fluxes will make the previous Ansatz for
the metric inconsistent. We need to replace it with the following:

ds2 = e2A(y)g̃µνdx
µdxν + gmndy

mdyn (187)

where Latin indices denote coordinates of the internal space, and
Greek indices denote coordinates of the four-dimensional spacetime.

However, such compactifications are problematic in supergravity
due to a well-known no-go theorem, which we will explain in the next
section. Specifically, compactifications to de Sitter or Minkowski are
not possible. Luckily, string theory contains extended objects which
will allow us to evade the no-go theorem.

49



3.7.3 Einstein equation no-go theorem

The no-go theorem to be discussed here was first discovered by [41].
Giddings, Kachru, and Polchinksi (GKP) [21] showed how the no-go
theorem could be avoided in string theory by using orientifold planes.
The argument goes as follows. Take the trace of the Einstein equation:

Tr(Rmn −
1

2
gmnR) = Tr(T)

= R− 5R = T

Adding −12gmn times the above to the Einstein equation yields:

Rmn = Tmn −
1

8
gmnT

l
l (188)

This is called the trace-reversed Einstein equation. Substituting the
Ansatz (187) into this equation yields:

Rµν = R̃µν − g̃µν(∇2A+ 2(∇A)2) = Tµν −
1

8
e2Ag̃µνT

l
l (189)

where R̃µν is the Ricci tensor formed from g̃µν. Contracting both
sides with g̃µν yields:

R̃+ e2A(−Tµµ +
1

2
T ll ) = 4(∇2A+ 2(∇A)2) = 2e−2A∇2e2A (190)

Multiplying the right-hand side with e2A, we get 2∇2e2A. This total
derivative term vanishes when integrated over the compact internal
space. On the other hand, we will show that when we multiply the
left-hand side by the same factor e2A, we end up with something
positive-definite. This is a contradiction, so we see that a flux compact-
ification with metric (187) does not work. To this end, let us define
the following quantity:

T̂ =
1

2
(−Tµµ + Tmm ) (191)

The contribution to the energy-momentum tensor of an n-form flux F
is given by:

Tmn = Fmp1...pn−1F
p1...pn−1
N −

1

2n
gmnF

2 (192)

Inserting this into (191), we obtain:

T̂ = −Fµp1...pn−1F
µp1...pn−1 +

n− 1

2n
F2 (193)

The purely internal components of the flux contribute:

T̂int =
n− 1

2n
F2 > 0 (194)
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This quantity is non-negative. It only vanishes when the flux is a 1-
form, but there are no non-trivial harmonic 1-forms on a Calabi-Yau.
We will not consider fluxes with spacetime components, but their
contributions are similarly non-negative. Only those of 9- and 1-form
field strengths vanish, the others are positive-definite.

We see that the left-hand side of (190) is non-negative when the
scalar curvature of spacetime is either positive (de Sitter) or vanishing
(Minkowski). We showed previously that the integral of the right-
hand side over the internal space was vanishing, so we have arrived
at the promised contradiction. Flux compactifications to de Sitter or
Minkowski spacetime are ruled out in supergravity.

3.7.4 Localized sources

There exist extended objects in string theory besides the fundamen-
tal strings themselves. Firstly, there are hyperplanes to which the
ends of open strings with Dirichlet boundary conditions may be at-
tached. These hyperplanes are called Dirichlet p-branes, or Dp-branes.
D-branes are dynamical objects: quantizing the theory of an open
string attached to a Dp-brane shows that a number of excitation
modes live on the world volume of the brane. Just as a 0-dimensional
point particle may carry charge from a 1-form Maxwell field, a Dirich-
let p-brane may carry charge from a (p+ 1)-form gauge field.

Secondly, there are orientifold planes, or Op-planes, where p is the
dimension of the orientifold plane. They arise from making an orien-
tifold projection of string theory. This amounts to the following: take a
string theory A on a manifold M. A generic symmetry of the theory
may be written as a union of spacetime and worldsheet symmetries:

G = G1 ∪ ΩG2 (195)

where G1 is a symmetry of the manifold M and Ω refers to worldsheet
orientation reversal [17]:

Ω : σ→ −σ (196)

We now gauge the symmetry group G. What this means for the string
spectrum is that we truncate the states of A to only those that are in-
variant under G transformations. The fixed points of G1 in the man-
ifold M form a p-dimensional hyperplane called an orientifold plane.
A p-dimensional orientifold plane, just like a Dp-brane, may carry
(p+ 1)-form charges.

Orientifold planes and Dp-branes are physical objects which con-
tribute to the energy-momentum tensor 7. It can be shown that a p-
brane8 wrapped on a (p−3)-cycle Σ, and filling the three-dimensional

7 However, orientifold planes do not have physical excitations modes like D-branes
do.

8 We now use the term p-brane to refer to either Dp-branes or p-dimensional orien-
tifold planes.
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external space, contributes the following action, to leading order in
the string theory parameter α ′:

Sloc = −

∫
R4×Σ

dp+1ξTp
√
−g+ µp

∫
R4×Σ

Cp+1 (197)

where Tp is the tension of the p-brane. The contribution of this action
to the energy-momentum tensor is:

T locmn = −
2√
−g

δSloc
δgmn

(198)

The spacetime and internal parts become respectively [21]:

T locµν = −Tpe
2Ag̃µνδ(Σ) (199)

T locmn = −TpΠ
Σ
mnδ(Σ) (200)

where δ(Σ) is a delta function and ΠΣ is a projector on the cycle Σ.
The contribution to the left-hand side of (190) becomes:

T̂loc = (Tmm − Tµµ )
loc = (7− p)TpδΣ (201)

Dp− branes with dimensionality p 6 7 give a non-negative contri-
bution to T̂ . However, orientifold planes have a negative tension, so
their conttribution to T̂ may cancel the contributions of the fluxes
and the external Ricci scalar. This means that flux compactifications
to de Sitter or Minkowski spacetime are possible in the presence of
Op-planes with p < 7! As promised, adding stringy localized sources
allows us to evade the no-go theorem that exists in the supergravity
approximation.

3.7.5 Tadpole cancellation

In the previous sections, we saw how the Einstein equation placed
some global constraints on the possibility of Minkowski or de Sitter
vacua. We can find more global constraints by considering the inte-
grated Bianchi identities. In Type IIB, the following equations hold
for the field strengths F3 and F5:

dF̂3 = d(dĈ2 − ldB̂2) = −dl∧ dB̂2 = Ĥ3 ∧ F̂1 (202)

dF̂5 = d(dÂ4 −
1

2
Ĉ2 ∧ dB̂2 +

1

2
B̂2 ∧ dĈ2) = dB̂2 ∧ dĈ2 = Ĥ3 ∧ F̂3

(203)

The presence of localized sources modifies these equations:

dF̂n = Ĥ3 ∧ F̂n−2 + (2π
√
α ′)n−1ρloc8−n (204)

where ρloc8−n is the charge distribution coming from localized sources.
These sources are (8−n)-dimensional orientifold planes or D-branes,
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that extend along spacetime and wrap (5− n)-cycles in the internal
space. D5-branes and O3-planes wrapped on the internal 2-cycle Σ̃2
contribute to the F3 charge. Integrating the Bianchi identity for F̂3
over Σ4 (the dual cycle of Σ̃2), we obtain:

ND5(Σ̃2) −N05(Σ̃2) +
1

(2π)2α ′

∫
Σ4

Ĥ3 ∧ F̂1 = 0 (205)

Where ND5 and N05 refer to the number of D5-branes and O5-planes
respectively that wrap the cycle Σ2. We see that the 05-plane carries
the opposite charge of the D5-brane.

D3-branes and O3-planes carry F5 charge. A 3-dimensional hyper-
plane, extended along the three non-compact spatial dimensions, ap-
pears as a point in the 6-dimensional internal space. We therefore
need to integrate the Bianchi identity over the entire internal mani-
fold:

ND3 −
1

4
N03 +

1

(2π)4α ′2

∫
Ĥ3 ∧ F̂3 = 0 (206)

An O3-plane carries −14 times the charge of a D3-brane. The 3-form
fluxes induce the following number of units of D3 charge:

Nflux =
1

(2π)4α ′2

∫
Ĥ3 ∧ F̂3 = (eKm

K
RR −m

K
eKRR

) (207)

Again we see how the presence of orientifold planes can help us sat-
isfy a global constraint on compactifications. In the following section,
we will discuss the low-energy effective action of Type IIB on a Calabi-
Yau orientifold.

Let us take a moment to interpret the results of the current discus-
sion. The physics contained within the integrated Bianchi identity is
exactly analogous to the Gauss law in ordinary electrodynamics. The
Gauss law tells us that the electric field lines coming from a charged
particle have to either extend to infinity, or end on a particle of oppos-
ing charge. In a compact space, only the latter possibility exists. We
see that a compact space must be globally electrically neutral. This
expresses the same point as the integrated Bianchi identities.

3.8 low-energy effective action on calabi-yau orientifolds

We have seen how a compactification of Type IIB on a Calabi-Yau
3-fold generates a four-dimensional effective theory with N = 2 su-
persymmetry. Making an orientifold projection will explicitly break
the supersymmetry to N = 1. An orientifold group G consists of the
union of a spacetime symmetry G1 and a worldsheet symmetry ΩG2:
G = G1 ∪ ΩpG2, where Ω is worldsheet orientation reversal. We
represent the action of G2 with the operator σ. We want to consider
orientifolds of Type IIB where G2 is an involution (σ2 = 1) and an
isometry.
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The action of σ on differential forms is given by the pullback σ∗.
In Type IIB, the left- and right-moving supersymmetry spinors both
correspond to the holomorphic 3-form Ω (126). Worldsheet orienta-
tion reversal Ωp exchanges left- and right-movers, so the pullback σ∗

should act on the holomorphic 3-form as [1]:

σ∗Ω = ±Ω (208)

This makes σ a holomorphic involution. In Type IIA, on the contrary,
the right-moving supersymmetry spinor corresponds to the anti-holomorphic
3-form Ω̄. The pullback in Type IIA should act as σ∗Ω = Ω̄. This is an
anti-holomorphic involution. However, as usual we will only consider
Type IIB.

With this choice for σ, the two possible symmetry groups to orien-
tifold with are generated by the operators[24]:

O(1) = (−1)FLΩpσ
∗, σ∗Ω = −Ω (209)

O(2) = Ωpσ
∗, σ∗Ω = Ω (210)

where FL is the number of left-moving spacetime fermions. Since the
operator σ only acts on the internal space, the orientifold planes nec-
essarily fill the entire external space. Because σ acts holomorphically
on the coordinates of the internal space, the orientifold plane must be
an O3-, O5-, O7- or O9-plane. With the operator O(1), the possibilities
are O3 and O7. With O(2), they are O5 or O9. To see this, let us define
a set of local coordinates at a point on the orientifold plane such that:

Ω = dy1 ∧ dy2 ∧ dy3 (211)

When σ∗Ω = −Ω, the involution must leave either none of the direc-
tions invariant, which gives an O3-plane, or two of them, which gives
an O5-plane. We now focus on orientifolds of Type IIB with O(1).
These have only O3-planes. We want to obtain the low-energy effec-
tive action for this model, by using the same Kaluza-Klein strategy
that we have outlined several times in the previous discussion. We
will neglect the warp factor A(y) in the metric (187). This amounts
to making a large-radius approximation. This is not consistent with
the Calabi-Yau orientifolds we want to consider in the next chapter.
However, some of the formulae we will discover continue to hold in
more general orientifold setups than the ones we consider here. In
particular, the effective theory will always have N = 1 supersymme-
try, and the flux-induced superpotential will always be given by the
Gukov-Vafa-Witten equation[25].

3.8.1 Field expansions and supersymmetry multiplets

The fields φ, l, gmn, and Â4 are even under (−1)FLΩp, and the two-
forms B2 and C2 are odd. Orientifolding a theory truncates the string
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spectrum to only those states which are invariant under a transfor-
mation of the orientifold group. We find that the two forms B̂2 and
Ĉ2 must be odd under σ∗, while all the other fields are even. With
this choice, all the fields in the massless spectrum are invariant un-
der O(1). The space of harmonic (p,q)-forms, H(p,q), splits up in two
eigenspaces of σ∗:

H(p,q) = H
(p,q)
+ ⊕H(p,q)

− (212)

where H(p,q)
+ is the space of harmonic (p,q)-forms ω which satisfy

σ∗ω = ω, and H(p,q)
− is the space of harmonic (p,q)-forms ω which

satisfy σ∗ω = −ω. We denote the dimensions of H(p,q)
+ and H(p,q)

− by
h
(p,q)
+ and h(p,q)

− respectively. The dimensions of the odd and even
eigenspaces have the same symmetries as the Hodge numbers. Firstly,
we have h(p,q)

± = h
(n−p,n−p)
± , since the Hodge operator commutes

with σ∗. Secondly, we have h(p,q)
± = h

(q,p)
± since σ acts holomorpically

on the internal coordinates. The holomorphic 3-form Ω is in the odd
eigenspace of σ∗, so h(3,0)

− = 1 and h(3,0)
+ = 0. Since h(3,0) = 1 on a

Calabi-Yau, we find that h(3,0)
+ = h

(0,3)
+ = 0.

We have shown that complex structure deformations are in cor-
respondence with the (1, 1) harmonic forms. Since the metric is in-
variant under σ (i.e. σ is an isometry), the only complex structure
moduli that remain are the ones vα (where α = 1, 2, . . . ,h(1,1)

+ ) that
correspond to forms in the even eigenspace of σ∗. Similarly, the Käh-
ler class deformations correspond to harmonic (2, 1)-forms. The only
Kähler moduli zk (where k = 1, 2, . . . ,h(2,1)

+ ) that remain are the ones
in the even (2, 1) eigenspace. We now define the following bases for
the odd and even eigenspaces of σ∗.

σ eigenspace Dimension Basis

H
(1,1)
+ ,H(1,1)

+ h
(1,1)
+ ,h(1,1)

− ωα,ωa
H

(2,2)
+ ,H(2,2)

− h
(1,1)
+ ,h(1,1)

− ω̃α, ω̃a

H
(2,1)
+ ,H(2,1)

− h
(2,1)
+ ,h(2,1)

− χκ,χk
H

(3)
+ ,H(3)

− 2h
(2,1)
+ , 2h(2,1)

− + 2 (ακ,βλ), (αk̂,βl̂)

The bases of harmonic 3-forms (ακ,βλ) and αk̄,βl̄ are symplectic,
just like the basis we previously denoted by αA,βA:∫

ακ ∧β
λ = δλκ,

∫
αk̄ ∧β

l̄ = δl̄
k̄

(213)

The 2-forms B̂2 and Ĉ2 are odd under σ∗. This means that they
can now be expanded in a basis of the odd eigenspace. Â4 is even,
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so it must be expanded in a basis of the even eigenspace. The field
expansions (143) become:

B̂2 = b
a(x)ωa (214)

Ĉ2 = c
a(x)ωa (215)

Â4 = D
a
2 (x)∧ωa + V

κ ∧ακ +Uκ ∧β
κ + ραω̃

α (216)

The four-dimensional 2-forms B2 and C2 have disappeared from the
spectrum, since σ∗ does not affect the external space. As usual, the
self-duality condition of F̂5 must be imposed on the equations of mo-
tion. Just like before, this allows us to eliminate either Vκ or Uκ, and
Dα2 or ρα. We choose to keep V and ρ. The spectrum now consists of
the following N = 1 multiplets:

• A gravity multiplet with bosonic content gµν

• h(2,1) vector multiplets with bosonic content Vκ

• h
(2,1)
− chiral multiplets with bosonic content zk

• A chiral multiplet with bosonic content φ, l

• h
(1,1)
− chiral multiplets with bosonic content (ba, ca)

• h
(1,1)
+ chiral multiplets with bosonic content (vα, ρα)

If we had chosen to keep Dα2 instead of ρα, the spectrum would con-
tain linear multiplets in the place of some of the chiral multiplets. The
derivation of the effective low-energy action is perhaps more natural
in the formulation with linear multiplets. For details, see [24].

3.8.2 The effective action

Let us now add fluxes to the above setup. Type IIB allows for 3-form
fluxes, which are now parametrized by harmonic 3-forms in the odd
eigenspace of σ∗. We can combine the F̂3 and Ĥ3 flux into a single
complex 3-form G3:

G3 = F3 − τH3 (217)

where τ is the axio-dilaton: τ = l+ ie−φ. Expanding G3 in the H(3)
−

harmonic forms, we obtain:

G3 = m
k̂
Gαk̂ − eGk̂β

k̂ (218)

where we define the flux parameters in analogy with (183):

mk̂G = mk̂ − τmk̂RR (219)

eGk̂ = ek̂ − τeRRk̂ (220)
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The subscript G denotes that the parameter belongs to the combined
flux in G3, and the subscript RR denotes that F̂3 belongs to the RR
sector of the Type IIB string.

The expansions for the field strengths become:

Ĥ3 = db
a ∧ωa +m

k̂αk̂ + ek̂β
k̂

F̂3 = dc
a ∧ωa − ldb

a ∧ωa +m
k̂
RRαk̂ + eRRk̂β

k̂

F̂5 = dD
α
2 ∧ωα + dVκ ∧ακ − dUκ ∧β

κ + dρα ∧ ω̃α

−
1

2
(cadbb − badcb)∧ωa ∧ωb

The effective action is obtained in exactly the same way as before9:
we insert the above field expansions into the Type IIB action, then
we impose self-duality of F5 by adding a total derivative term, and
integrate over the internal space. The result is [24]:∫

M4

−
1

2
R ? 1− gkldz

k ∧ z̄l − gαβdv
αdvβ −

1

4
dlnK∧ ?dlnK

−
1

4
dφ∧ ?dφ−

1

4
e2φdl∧ ?dl− e−φgabdb

a ∧ ?dbb

− eφgab(dc
a − ldba)∧ ?(dcb − ldbb)

−
9gαβ

4K2

(
dρα−

1

2
Kαab(c

a−badcb)

)
∧?

(
dρβ−

1

2
Kβcd(c

cdbd−bcdcd)

)
+
1

4
ImMκλF

κ ∧ ?Fλ +
1

4
ReMκλF

κ ∧ Fλ − V ? 1 (221)

where we have eliminated Dα2 and Uκ in favour of ρα and Vκ. The
terms of interest to us are the ones that involve the moduli space
metrics (gkl,gab, and gαβ), and the scalar potential term V . The terms
that involve the matrix Mκλ are gauge kinetic factors and will be of
no further concern.

The scalar potential V is contained within the following terms of
the Type IIB action:

S = −
1

4

∫ (
e−φĤ3 ∧ ?Ĥ3 + e

φF̂3 ∧ ?F̂3
)
+ . . . (222)

The combined flux G3 contributes the following to the above two
terms:

L = −
1

4

∫
K6

G3 ∧ ?6Ḡ3 (223)

where we have carried out the integration over spacetime, since the
flux has no spacetime dependence. We can split the combined flux
G3 into a part G+

3 which is imaginary self-dual (ISD) and a part G−
3

which imaginary anti-self-dual:

G±3 =
1

2
(G3 ± i ?6 G3) (224)

9 As promised, we neglect here the warp factor in the metric.
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Substituting this decomposition into the action, we obtain the follow-
ing:

L = −
1

2
eφ

∫
K6

G+
3 ∧ ?6Ḡ

+
3 + . . . (225)

where the dots stand for terms which are not relevant to the scalar
potential. The action (221) has been Weyl rescaled: gµν → K

6 gµν. This
rescaling just multiplies the above by a factor 36

K2 . The scalar potential
becomes:

V =
18

K2
eφ

∫
K6

G+
3 ∧ ?6Ḡ

+
3 (226)

The ISD part of G3 lies in the space H(3,0)
− ⊕H(1,2)

− . The only (3, 0)-
form in the odd eigenspace H(3,0)

− is Ω. A basis for H(2,1)
− is provided

by the harmonic forms χ̄k, which are defined in the table above. We
can expand G+

3 in a basis of these 3-forms:

G+
3 = −

1

Ω∧ Ω̄

(
Ω

∫
Ω̄∧G3 + g

lkχ̄k

∫
χl ∧G3

)
(227)

where the integrations are all carried out over the Calabi-Yau. Substi-
tuting the above equation into the scalar potential, we obtain:

V =
18ieφ

K2
∫
Ω∧ Ω̄

( ∫
Ω∧ Ḡ3

∫
Ω̄∧G3 + g

kl

∫
χk ∧G3

∫
χ̄l ∧ Ḡ3

)
(228)

In Appendix B, we show that the effective action obtained here is
of the standard N = 1 form, just as the decomposition in N = 1

multiplets has suggested.
The action of a four-dimensional N = 1 supergravity (with the field

content described above) is determined by:

• A Kähler metric KIJ̄ = ∂I∂̄J̄K(M, M̄) defined on the manifold
spanned by all the scalar fields in the theory. M stands for all of
the scalar fields collectively.

• A superpotential W(M), a function of the scalar fields

• Gauge field kinetic constants fκλ

• A set of D-terms Dα

The action is:

−

∫
1

2
R?1+KIJ̄DM

I∧?DM̄J+
1

2
RefκλF

κ∧?Fλ+
1

2
ImfκλF

κ∧Fλ+V ?1

(229)
where MI denotes each complex scalar in the theory, and the D’s
are covariant derivatives (not to be confused with the D-terms Dα)
defined by:

DIW = ∂IW +W∂IK (230)
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The scalar potential V is:

V = eK(KIJ̄DIWDJW − 3|W|2) +
1

2
Re(f−1)κλDκDλ (231)

We will not consider D-terms in the following. The Kähler- and super-
potentials of the orientifold with fluxes are obtained in Appendix B.
The punchline is the following: if we posit that h(1,1)

− = 0, the Kähler
potential for the Kähler modulus reduces to the form:

K = −3ln
[
T + T̄

]
(232)

This is the case of interest in the KKLT scheme to be discussed in the
next chapter.

The fluxes induce a superpotential W. It is given by the so-called
Gukov-Vafa-Witten equation:

W =

∫
G3 ∧Ω (233)

This equation holds in more general orientifold setups than the ones
considered here[25]. The superpotential depends on the axio-dilaton
through the definition of G3, and on the complex structure defor-
mation through their connection with Ω. It does not depend on the
Kähler moduli. To see that this superpotential generates the scalar po-
tential (228), we need expressions for the Kähler covariant derivatives
[22][24]:

DτW =
i

2
eφ

∫
Ω∧ Ḡ3 + igabb

abbW (234)

DTα = KTαW = −2
vα

K
W (235)

DGaW = 2igabb
bW (236)

DzkW = i

∫
χk ∧G3 (237)

Inserting this into (231), we obtain (228). We have shown that the ori-
entifold effective action has a scalar potential derived from a Kähler
potential and a superpotential. The only thing that remains to show is
that the N = 1 gauge terms of (229) coincide with the gauge terms of
the orientifold effective action (221). This is done in [24] and [22]. That
completes the proof that the orientifold projection reduces the theory
to four-dimensional N = 1 supergravity with a vector multiplet and
several chiral multiplets.

To find a supersymmetric Minkowski vacuum, we need to impose
W = DIW = 0. We can see from the above equations that this implies:∫

G3 ∧Ω =

∫
Ḡ3 ∧Ω =

∫
G3 ∧ χk = 0 (238)

The first of these relations says that G3 contains no (0, 3) part, the
second that it contains no (0, 3) part, the last that it contains no (1, 2)
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part. G3 is restricted to be a (2, 1)-form by supersymmetry conditions.
Turning on a particular set of fluxes, G3 will only be (2, 1) with re-
spect to a certain complex structure and only at a certain field value
of the axio-dilaton. We see that stabilization of the complex structure
moduli and the axio-dilaton is a necessary condition for finding su-
persymmetric Minkowski solutions.

We have now shown that string theory contains in principle all
the necessary machinery to construct a consistent compactification
in which all of the complex structure moduli and the axio-dilaton
are stabilized, but not the Kähler moduli. That is, we have shown
how to generate a compactification with fluxes that induces a scalar
potential which depends on each of these scalar fields. We have not
shown how to explicitly construct such a solution. [22] contains some
discussion on this subject. To stabilize the Kähler modulus as well,
we need additional machinery: the KKLT mechanism.
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4
M O D U L I S TA B I L I Z AT I O N S C H E M E S A N D
I N F L AT I O N

We have seen in the previous chapter that fluxes on Calabi-Yau ori-
entifolds may generate superpotentials that stabilize a large portion
of the moduli. The Kähler moduli, however, cannot be stabilized by
fluxes. The Kähler moduli Tα correspond to the h(1,1)

+ -forms on the
internal manifold. They parametrize the volume of the internal space.
As such, a geometric construction of the kind (112) cannot be consid-
ered a true compactification until the Tα moduli are stabilized at values
which make the internal space quite small. To achieve this, we will
need to add some ingredients from string theory to our setup. The
supergravity approximation scheme in which we have been working
may be seen as the lowest order approximation in an expansion in the
stringy parameters α ′ (string tension) and gs (string coupling). The
string coupling is controlled by the dilaton: gs = eφ. The consistency
of our approximation scheme requires that gs is stabilized at a low
value.

To stabilize the Kähler moduli, we need to go higher order in α ′

and gs. There are both perturbative and non-perturbative effects that
give corrections at higher order. Schematically, the action becomes:

S = S(0) +α
′S(3) + . . . α

′nS(n) + . . .+ S
CS
(0) + S

loc
(0) +α ′Sloc(2) (239)

where SCS is a Chern-Simons term, and the terms with superscript
loc belong to localized sources such as D-branes. String theory loop
diagrams give corrections that appear at order α ′3, and they are fur-
ther suppressed by powers of gs. We will consider the first-order α ′

corrections only. They may be represented as follows:

K = K0 +Kp +Knp (240)

W =W0 +Wnp (241)

where the subscripts p and np stand for perturbative and non-perturbative,
respectively. W0 is the lowest-order superpotential (e.g. like the flux-
induced Gukov-Vafa-Witten superpotential of a Calabi-Yau orientifold).
There are no perturbative corrections to the superpotential. It hap-
pens to be the case that non-perturbative effects are understood bet-
ter for the setups we consider. In the moduli stabilization mechanism
that we will consider, only the non-perturbative corrections are taken
into account. This must be done in a consistent way. The corrections
to the scalar potential are, schematically:

Vp ∼W2
0Kp Vnp ∼W2

np +W0Wnp (242)
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We see that we can only neglect perturbative corrections when W0 is
not much larger than Wnp. The perturbative corrections only disap-
pear when W0 vanishes.

Using non-perturbative corrections, Kachru, Kallosh, Linde, and
Trivedi (KKLT [29]) managed to construct a mechanism by which the
single Kähler modulus T of a Calabi-Yau orientifold with h(1,1)

+ = 1

may be stabilized. They found supersymmetric AdS minima, which
they argue can be uplifted to de Sitter by adding anti-D3-branes. How-
ever, the validity of this mechanism has come under some scrutiny, as
we will see later on1.

The KKLT mechanism suffers from some phenomenological prob-
lems when it is incorporated in a model of inflation. There is a po-
tential barrier separating the de Sitter minimum from the Minkowski
minimum in the decompactification limit T →∞2. The height of this
barrier is tied to the mass of the gravitino at the minimum. When
inflation occurs, the Kähler modulus may fluctuate away from the
minimum if the barrier is not higher than the scale of inflation (the
Hubble constant H). This tells us that the Hubble constant may not
be larger than the gravitino mass in a KKLT inflation scenario. This
represents a problem in case the scale of SUSY breaking is supposed
to be low enough to allow for the resolution of Standard Model nat-
uralness problems. To solve this problem, Kallosh and Linde slightly
altered the KKLT mechanism in such a way that the connection be-
tween the height of the barrier and the mass of the gravitino disap-
peared. This is called the KL model. We will consider inflation in both
KL and KKLT setups.

4.1 the kklt mechanism

The success of the setup devised by KKLT was two-fold. Firstly, it
was the first time that de Sitter vacua were found in string theory.
Secondly, and perhaps more importantly, it was the first example of a
properly effectively four-dimensional vacuum with a stabilized inter-
nal volume modulus. This vacuum is anti-de Sitter until it is uplifted
by the addition of anti-D3-branes (D̄3-branes). As we will see, this
uplifting procedure is the most questionable part of the KKLT con-
struction.

4.1.1 Tree-level Ingredients

The basic setup of the KKLT constructions is exactly what we dis-
cussed in the previous chapter: Type IIB on a Calabi-Yau orientifold

1 A good, not very technical review of the situation can be found at
http://motls.blogspot.nl/2014/11/an-evaporating-landscape-possible.html

2 The minimum at infinite radius will always persist, as it is a general string theory
feature [20].
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with fluxes. The orientifold has h(1,1)+ = 1, h(1,1)
− = 0 and h(2,1) arbi-

trary (i.e. any number of complex structure moduli, but only a single
Kähler modulus T ). We have a Kähler potential (346) (350), where
the Kähler moduli part reduces to −3ln[T + T̄ ]. The fluxes induce a
superpotential (233). The scalar potential is of the standard N = 1

supergravity form:

V = eK
(
KIJ̄DIW ¯DJW − 3|W|2

)
= eK

(
Kij̄DiW ¯DjW

)
(243)

where I, J run over all the scalar fields and i, j run over all the fields ex-
cept the Kähler modulus. The equality results from the no-scale struc-
ture of the Kähler potential:

∂TK∂T̄KK
TT̄ = 3 (244)

The scalar potential stabilizes the complex structure moduli and the
dilaton such that G3 is imaginary self-dual. When we apply super-
symmetry conditions, the G3 must at this point be (2, 1). Adding
non-perturbative corrections will allow for supersymmetric minima
in the presence of a (3, 0) piece. We can see this from (234): normally
the supersymmetry condition requires W = 0 in the vacuum (note
that h(1,1)

− = 0, so the Ga equations are not relevant). However, if
we change the DTW part by adding non-perturbative corrections to
the superpotential, the supersymmetry conditions derived from (234)
become: ∫

Ḡ3 ∧Ω =

∫
G3 ∧ χk = 0 (245)

So G3 may acquire a (3, 0) part in the presence of a non-perturbative
superpotential. In this case, W0 6= 0 in the supersymmetric vacuum.
In the KKLT construction, it must be negative and we must have
|W0| << 1 for consistency. The stabilized moduli acquire masses of
the order m ∼ α ′

R3
. From now on, we will set the complex structure

moduli and the dilaton equal to their vacuum expectation values and
only consider the dynamics of the Kähler modulus. This is a self-
consistent approximation in that the mass generated for the Kähler
modulus will be smaller than α ′

R3
.

4.1.2 Non-perturbative Corrections

KKLT argue that there are two significant sources of non-perturbative
corrections to the superpotential. They are difficult to understand, so
we will not go into detail, but their contribution to the superpoten-
tial is quite simple, and almost the same in each case. Firstly, there
are contributions due to instantons called Euclidean D3-branes. When
they wrap four-cycles in the internal manifold, they contribute the
following to the superpotential:

Winst = F(z)exp(−2πT) (246)
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where F(z) is a function of the complex structure moduli. We may
treat F(z) as a constant if we take the complex structure moduli to be
equal to their vacuum expectation values.

Secondly, there may be new interactions generated in regions within
the moduli space where there are geometrical singularities in the
Calabi-Yau. At such points in the moduli space, the supergravity
approximation can break down and corrections to the effective the-
ory are inevitable. There may appear stacks of coincident D7-branes
which generate non-Abelian gauge interactions. These can give the
following correction to the superpotential:

Wgauge = Ae
−2πT
N (247)

whereN is the number of coincident branes. We see that both of these
effects contribute an exponential term to the KKLT superpotential:

WKKLT =W0 +Ae
−aT (248)

In principle, the parameters a and A are determined from analyzing
the above effects, but we will take them to be free parameters. The
scalar potential and the covariant derivative of W become:

V =

aAe−a(T+T̄)
[
3(eaT + eaT̄ )W0 +A

(
6+ a(T + T̄)

)]
3(T + T̄)2

(249)

DTW =

(
− aAe−aT −

3(Ae−aT +W0)

T + T̄

)
(250)

We will truncate to T = T̄ (i.e. Im(T) = 0) and look for minima. The
derivative with respect to T of the scalar potential becomes:

∂TV = −
aAe−2aT (2+ aT)

(
A(3+ 2aT) + 3eaTW0

)
12T3

(251)

The equation that determines the minimum becomes:

W0 = −Ae−aT0(1+
2

3
aT0) (252)

where T0 is the value of the Kähler modulus at the minimum. At the
minimum, we haveDTW = 0, so that all solutions preserve supersym-
metry. There are only solutions at positive values of the Kähler mod-
ulus when W0 is negative. The integer G3 fluxes must be fine-tuned
to make this happen. Furthermore, we require that T0 >> 1 for the
consistency of the supergravity approximation. Lastly, we must have
aT0 > 1 so that the instanton contributions are well-approximated by
the KKLT superpotential. The value of the potential at the minimum
becomes:

VAdS = −
a2A2e−2aT

6T
(253)
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Figure 2: KKLT scalar potential

We find that all minima obtained in this setup are anti-de Sitter. The
scalar potential is pictured in Figure 2 for the parameter choices A =

1, a = 0.1, and W0 = −0.0001. These are the parameter choices of the
KKLT paper. They are roughly O(1), except for W0 which must be
tuned to small values in order for the consistency of the supergravity
approximation. This would seem the most natural choice from the
perspective of string theory. In the following chapters we will take
these to be the "standard" parameter choices.

We see that the KKLT superpotential leads to a scalar potential
which, in some region of parameter space, admits supersymmetric
AdS minima separated by a large barrier from the Minkowski mini-
mum at infinity.

4.1.3 Uplifting to de Sitter

The second achievement of the KKLT paper, besides obtaining stabi-
lization of the volume modulus at a small value, was the discovery of
the first de Sitter vacua in string theory. KKLT achieved this by adding
D̄3-branes to the configuration, which lifts the scalar potential to pos-
itive values. This uplifting procedure is the most questionable aspect
of the KKLT paper. Recall that in a Type IIB Calabi-Yau orientifold we
have the following global constraint (206)

ND3 −
1

4
N03 +

1

(2π)4α ′2

∫
Ĥ3 ∧ F̂3 = 0 (254)

Previously, this equation was be satisfied by turning on the right
amount of fluxes. We can, however, choose to add a D̄3-brane which
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gives a negative contribution to (206). This requires that we turn on
some extra flux to compensate the negative D3 charge from the D̄3.
The D̄3-brane adds an energy density proportional to 1/T3 [27]3:

δV = 2
a40T3

g4s

1

T3
(255)

We absorb the proportionality constants into a single constant D,
which we take to be a free parameter, even though it should in prin-
ciple be calculated explicitly. D is determined by the fluxes and the
warp factor a0 at the location of the D̄3-brane. In geometries without
warping, adding a D̄3 results in additional moduli associated with
the position of the D̄3. However, a D̄3 is gravitationally drawn to
where the warp factor is minimal Ẇhen the background is of the type
discussed in [21], the warp factor at the minimum is an exponentially
small parameter. This allows us to tune D to very small values (in a
discrete way, since fluxes in string theory are quantized). The scalar
potential becomes:

V =
aAe−2a(T)

[
A
(
6+ 2aT) + 6eaT

)]
12T2

+
D

T3
(256)

Since the anti-D3 brane contribution is not an F-term or a D-term,
supersymmetry is now broken. Following KKLT, we take D = 3×
10−10. The scalar potential (multiplied by 1015) looks like:

There are de Sitter minima for small enough values of D. The bar-
rier separating the dS minimum from the Minkowski minimum at
infinity is of similar form to the AdS barrier we saw previously. As
we will see later, the height of this barrier is tied to the gravitino
mass at the dS minimum, and therefore to the scale of supersymme-
try breaking. Lastly, KKLT show that the de Sitter minimum is quite

3 It was argued in [28] that the proportionality should be 1/T2 instead, however this
does not change the qualitative results obtained here.
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stable with respect to quantum tunneling to the Minkowski minimum
at infinity. The tunneling time scale should always be larger than the
age of the universe.

Let us take a moment to discuss the criticisms against the KKLT
mechanism. The stabilization mechanism of the Kähler modulus has
come under some scrutiny, but the most severe criticisms have con-
cerned the uplifting procedure. Firstly, [14] have argued that integrat-
ing out the complex structure moduli after including non-perturbative
corrections may not be consistent. There will be mixing terms be-
tween the heavy and light fields which change the overall results.
[19] claim that the stabilization mechanism does not work out in the
case h(1,1) = 1 examined by KKLT.

The problem with the uplifting procedure concerns the reaction
of the anti-D3-brane on the fluxes. The negative D3 charge of the
anti-D3-brane draws the fluxes (which carry D3 charge of the op-
posite sign) towards the anti-D3. Moreover, there is a gravitational
interaction as well. On the other hand, the charged interaction be-
tween fluxes and orientifold planes is exactly balanced by their gravi-
tational repulsion (remember that O-planes carry negative tension). As
the fluxes are drawn to the anti-D3, they pile up into a singularity.
Schematically, we have (H3)

2 →∞. This was worked out in [42] and
[8]. This singular charge is not being sourced by any localized ob-
ject, so this represents a real problem. Although the singularity has
been the focus of much discussion, no definitive solution has been
proposed4.

4.2 moduli stabilization and inflation : kl model

The form of the KKLT potential around the minimum is very simi-
lar before and after uplifting. The depth of the supersymmetric AdS
minimum before uplifting is almost equal, up to a factor of order one,
to the height of the barrier in the uplifted dS potential [33]. Since the
AdS minimum is supersymmetric, we have that DTW = 0 there, and
therefore:

VAdS = −3eK|W|2 ∼ Vb (257)

where Vb is the height of the de Sitter barrier in the uplifted poten-
tial. On the other hand, the gravitino mass in the minimum is given
by m23/2 = eK(T0)|W(T0)|

2 ' VAdS
3 . We therefore obtain the connec-

tion Vb ∼ m23/2 between the height of the barrier and the gravitino
mass. We can anticipate that adding an inflaton to this setup will re-
move the minimum from the potential, if it adds an energy density
roughly equal to the height of the barrier. The inflationary Hubble
constant H is roughly equal to the potential energy, H2 ' Vinf. We

4 For a summary of the situation per November 2014, see
http://motls.blogspot.nl/2014/11/an-evaporating-landscape-possible.html
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anticipate the following generic constraint on KKLT inflation models:
H . m3/2. This presents a phenomenological problem: in most in-
flation models, the inflationary Hubble constant must be much larger
than the TeV-scale gravitino mass needed to solve the Standard Model
hierarchy problem. Furthermore, adding a Kähler modulus sector to
an inflation setup typically results in O(m3/2H) corrections to the in-
flationary scalar potential [18]. When the gravitino mass is large, the
corrections may spoil the inflationary potential.

Let us visualize the problem for the simplest case of KKLT infla-
tion: a D-term potential V = VKKLT +

V(φ)
T3

where V(φ) is an inflaton
potential. This potential looks like this, for various values of V(φ):

We can see that the minimum disappears at larger values of V(φ).
Moreover, if the mass of T at the minimum is not at least as large
as the Hubble constant, it may fluctuate out of the minimum during
inflation and decompactify the internal space.

To deal with these problems, Kallosh and Linde [35] devised a
slightly modified version of the KKLT setup, called the KL model.
Let us take the same Kähler potential as before K = −3ln

(
T + T̄

)
, but

change the superpotential to:

WKL =W0 +Ae
−aT −Be−bT (258)

where B and b are new free parameters. Such a superpotential might
be generated in the rougly the same way as the KKLT superpotential.
When we take

W0 = −A

(
aA

bB

) a
b−a

+B

(
aA

bB

) b
b−a

(259)

there is a supersymmetric Minkowski minimum at T = T0 satisfying:

T0 =
1

a− b
ln

(
aA

bB

)
W(T0) = DTW(T0) = V(T0) = 0 (260)
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The scalar potential becomes:

VKL =
1

6T2
e−2(a+b)T

(
bBeaT −aAebT

)(
BeaT (3+bT)−ebT (A(3+aT)+3eaT )

)
(261)

Taking A = B = 1, a = 2π/100,b = 2π/99 and W0 as above, the
potential looks like:

Since the minimum is supersymmetric Minkowski, the gravitino is
massless, but there is still a potential barrier separating the Minkowski
minimum from the AdS at larger field values and the Minkowski min-
imum in the decompactification limit. The masses associated with
the imaginary and real directions of T are quite large, on the order
10−2 Planck masses - much larger than any inflaton. This means they
may be consistently set equal to their vacuum expectation values dur-
ing inflation. If we allow ourselves to freely tweak the parameters,
a rescaling A → CA, B → CB does not affect the position of the
minimum but increases the mass of T by a factor C. There is ample
opportunity here to obtain an inflation model with a large Hubble
constant, a small supersymmetry breaking scale, and a comfortably
stabilized Kähler modulus.

We may introduce supersymmetry breaking into the vacuum in the
following way: perturb the superpotential by a small constant δW.
This shifts the minimum from Minkowski to AdS:

VAdS(δW) = −
3(δW)2

8T30
(262)

and shifts the position of the minimum by a small amount δT =
3δW
2T0WTT

. Then an uplifting term can take the minimum back to de
Sitter, breaking supersymmetry. The gravitino mass becomes, up to
an order one factor, m3/2 ∼ mT |δW|. For a very small δW, we may
generate a gravitino mass of the order of a TeV, which is necessary to
solve the hierarchy problem.
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4.3 coupling the inflaton to the kähler modulus

Let us now couple an inflaton to the Kähler modulus in a detailed
setup. In the framework ofN = 1 supergravity, there are two methods
to couple an inflaton sector to a modulus sector. The first and most
obvious method is to add their Kähler and superpotentials:

Kcoupled = Kinflaton +Kmodulus (263)

Wcoupled =Winflaton +Wmodulus (264)

The second method (that was first explored in [2] and further devel-
oped in [18]) is to add Kähler potentials but multiply superpotentials:

Kcoupled = Kinflaton +Kmodulus (265)

Wcoupled =WinflatonWmodulus (266)

Multiplying superpotentials is equivalent to adding Kähler functions
(the Kähler function G is defined by G = K+ logWW̄ and is not the
same thing as the Kähler potential). The N = 1 supergravity scalar
potential is actually determined by the function G alone. In terms of
the Kähler function, the scalar potential is:

V = eG
(
GiG

ij̄Gj̄ − 3
)

(267)

This suggests that adding Kähler functions is more natural than adding
superpotentials. As we will see, for some models the former indeed
works much better.

4.3.1 Chaotic Inflation in KKLT

[10] attempted to implement a chaotic inflation model in the KKLT
setup5. They used a Polonyi field to uplift the AdS minimum of KKLT
by means of an F-term, which is also responsible for most of the su-
persymmetry breaking. The Polonyi field X contributes the following
to the Kähler and superpotentials:

Kup = k(|X|2), Wup = fX (268)

k(|X|2) contains a quartic term which stabilizes X close to the origin,
and f is a real constant. The Polonyi field then contributes a simple
term to the scalar potential:

Vup = eKf2 (269)

In the presence of the Polonyi uplifting, the condition ∂TV(T)|T=T0 =
0 leads to the following equation for T0:

DTW|T0 = −
3W

4T0

(
1±

√
1−

2f2

(aT + 2)W2

)
(270)

5 The impetus of the present research was partially to find some refutation of the
results of this paper in an alpha attractor model.
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Taking the negative sign, we obtain the position of the minimum T0.
The positive sign yields the position of the barrier separating the min-
imum from the runaway Minkowski minimum at infinite field values.
We can insert the above equation for DTW at T = T0 into the scalar
potential, and use W|T0 ' W0 to find that the KKLT AdS minimum
is uplifted to Minkowski when f is tuned to:

f =
√
3W0

(
1−

3

2aT0
+O(T−20 )

)
(271)

The gravitino mass at the uplifted Minkowski minimum is given by:

m3/2 = e
K/2W ' W0

(2T0)3/2
(272)

As anticipated, the gravitino mass at the minimum is connected to
the height of the barrier VB:

VB '
f2

(2TB)3
∼ m23/2 (273)

We now add the inflaton sector to the setup. We take the following
Kähler and superpotentials:

W =W0 +Ae
−aT + fX+

1

2
mφ2 (274)

K = −3ln
(
T + T̄

)
+ k(|X|2) +

1

2

(
φ+ φ̄

)2 (275)

The imaginary part of φ,
√
2Im(φ) = ϕ, is the inflaton in this setup.

As we explained in chapter 2, this Kähler potential has a shift sym-
metry φ → φ + ic, where c is a real constant. This flattens out the
potential in the ϕ direction. This is necessary because generically the
eK factor in the N = 1 scalar potential renders the potential much
too steep to support inflation6. On the other hand, the eK term stabi-
lizes the real direction of φ at the origin. The superpotential breaks
the shift symmetry and generates a non-trivial potential for ϕ. Trun-
cating φ down to its imaginary direction, we obtain the following
superpotential:

W =W0 +Ae
−aT −

1

4
mϕ2 (276)

The condition ∂TV = 0 now leads to the following equation for T0:

DTW =
−3W

4T

[
1±

√
1−

2

(aT + 2)W2

(
f2 +

1

2
m2ϕ2

)]
(277)

The negative sign corresponds to the minimum, and the positive sign
corresponds to the barrier in the scalar potential, like before. Inserting
the relations for DTW and W into the scalar potential, we obtain:

V(ϕ) =
1

2T3

(
f2 +

1

2
m2ϕ2 − 3W2 +O(T−3)

)
(278)

6 The issue with the eK factor creating very steep scalar potentials is called the η-
problem.
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We may absorb the T3 dependence into the constants, assuming that
the Kähler modulus remains stabilized at approximately the same
point. Including corrections associated with small shifts of the Kähler
modulus, the result is a potential of similar form, but with rescaled
coefficients.

The potential fails to have a minimum in the T direction when
the term inside the square root in (277) becomes negative. At this
point in field space, the Kähler modulus destabilizes and the internal
space decompactifies. The condition that [10] discover is exactly as
anticipated:

m̃ϕ2 . 4m3/2 (279)

where m̃ is the rescaled coefficient of the ϕ2 term in the scalar po-
tential. [10] ran a numerical test and found that the destabilization
typically occurs slightly before the energy density in the inflaton field
reaches the above bound. The scalar potential looks like this (picture
taken from [10]):

The instant drop toward the origin is caused by the destabiliza-
tion of the Kähler modulus. [10] succeeded in finding a region in
parameter space (formed by the KKLT parameters A and a, the fine-
tuned Polonyi field constant f, the inflaton mass constant m) where
60 e-folds of inflation may occur. However, there are two problems.
Firstly, they conclude that the parameter choices needed to generate
60 e-folds are quite unnatural from the perspective of string theory.
Secondly, the destabilization beyond the critical field value ϕc means
that the initial conditions of inflation have to be finely tuned. If ϕ
starts at a field value beyond ϕc, inflation cannot occur. The infla-
tion model described here is no longer "chaotic"7, in the sense that
it is not insensitive to the initial conditions of the inflaton field, since
the inflaton must be placed to the left of the instability. [10] repeat the
same analysis with different moduli stabilization schemes (Kähler up-

7 Note that in this inflaton potential, there is a critical ϕ value beyond which no
inflation can occur even without a Kähler destabilization. This is because the scalar
potential contains a ϕ4 term with a negative coefficient. One may generate purely
quadratic potentials in supergravity by incorporating a stabilizer field [35].
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lifting and the Large Volume Scenario, which are variants of KKLT),
and find similar results.

4.3.2 Hybrid Inflation in KKLT and KL: Adding Superpotentials

[18] considered hybrid inflation within a KKLT and a KL setup. They
found that hybrid inflation is not compatible with moduli stabiliza-
tion when the inflaton and Kähler modulus are coupled by adding
superpotentials. However, adding Kähler functions instead produced
a viable model of inflation, due to the simpler mixing between the
inflaton and modulus potentials, and the reduced backreaction of the
inflaton energy density upon the Kähler modulus.

Let us give a short introduction to hybrid inflation[40]. It is a multi-
field model in which one scalar field (φ) controls the slow-roll and
two waterfall fields (φ±) abruptly trigger the end of inflation. It is
called hybrid inflation since it incorporates elements from "new in-
flation" (the slowly-rolling scalar field), and from "old inflation". In
old inflation, the universe sits in a false vacuum with positive energy
during an inflationary period until a phase transition causes a decay
to the true vacuum. We will give a formulation in a setup with global
SUSY, without supergravity corrections (a supergravity setup of this
kind only works when a field with no-scale Kähler potential is added,
as we will see later). The superpotential is taken to be:

Winf = λφ
(
φ+φ− − v2

)
(280)

where λ and v are constants which may be taken to be real without
loss of generality. The scalar potential becomes:

Vinf = λ|φ|
2
(
|φ+|2 + |φ−|2

)
+ λ2|φ+φ− − v2|2 (281)

When |φ| > λ, the waterfall fields are stabilized at the origin. Along
this part of the trajectory, the scalar potential becomes a positive con-
stant:

V = λ2v4 (282)

However, when |φ| reaches the critical value v, the waterfall fields
become destabilized and abruptly put an end to inflation. To incorpo-
rate this model within supergravity, we need a Kähler potential with
a shift symmetry in the direction of the inflaton, in order to solve the
η problem. The simplest choice is:

Kinf = −
(φ− φ̄)2

2
+ |φ+|2 + |φ−|2 (283)

The role of the inflaton is now played by the real direction of φ. How-
ever, this generates a scalar potential in which the imaginary direction
of φ is tachyonic. Adding a field with no-scale Kähler potential can
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solve the problem. We want to couple the model to a Kähler modu-
lus, so we will take the Kähler modulus to be the no-scale field. The
Kähler potential becomes:

K = −3log
(
T + T̄

)
+Kinf (284)

This setup produces a hybrid inflation scalar potential in which the
imaginary direction of φ is properly stabilized. [18] then proceed to
add moduli stabilization of the Kähler modulus to the setup. They
take the Kähler potential to be:

K = −3log
(
T + T̄ +

KO ′

3

)
+Kinf (285)

with Kinf as above and KO ′ is an uplifting O’Raifeartaigh term [34].
It will not be important to consider this term in detail - we only need
to know that it produces a SUSY-breaking F-term uplifting of the AdS
KKLT minimum. The superpotential is:

W =Wmod +Winf (286)

whereWmod is the usual non-perturbative superpotential from either
KKLT or KL, andWinf is as above. The scalar potential can be written
as:

VF = e
KinfVKKLT +Vlift+

+ eK|∂iWinf +Ki(Winf +Wmod)|
2 + Vmix (287)

where VKKLT is the KKLT scalar potential, Vlift is the uplifting term,
and Vmix is a mixing between the modulus and inflaton sectors:

Vmix = 2eKRe
[
(KIJ̄mod)DIWmodKmod,J̄

]
+

+ eK
(
KIJ̄modKmod,IKmod,J̄ − 3

)
|Winf|

2 (288)

In these expressions the indices I, J run over the moduli, and i runs
over the inflaton scalar fields as indicated. The no-scale structure of
the Kähler modulus Kähler potential makes sure that the second term
in Vmix vanishes. The following things now need to be checked:

• The mixing term may not dramatically influence the scalar po-
tential, since ε << 1 is required for slow roll. Any correction
that is too steep will render the potential unsuited for inflation.
This requires that Re(∂TWmod) becomes small.

• The imaginary direction of φ must remain stable.

• The masses of the waterfall fields must not be corrected too
much, since they control the end of inflation.
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[18] found that there is not enough room for fine-tuning within the
KKLT parameters to satisfy all these requirements at the same time.
Turning to the KL model for moduli stabilization, we acquire two
extra parameters to fine-tune with. However, the Kähler modulus still
acquires a φ-dependent shift, like we saw in the previous section.
When this shift is substituted into the scalar potential, a large negative
mass is generated for the inflaton, which makes η far too large: η '
−3.

4.3.3 Hybrid Inflation in KKLT and KL: Adding Kähler Functions

The innovation of the Postma and Davis paper was to consider adding
Kähler functions instead of superpotentials, as we’ve explained above.
The advantage of this method is two-fold.

Firstly, we can argue that corrections associated with inflaton-dependent
shifts of the Kähler modulus minimum are much reduced. In the [10]
chaotic inflation model, these corrections mostly rescaled the scalar
potential coefficients, but did not affect the functional form of the po-
tential (until, of course, the destabilization was reached). They did,
however, have an effect on the inflationary observables. In the hy-
brid inflation model, the corrections were severe enough (in some
regions of the parameter space) to render the potential unsuitable for
inflation. Consider a supersymmetric minimum of the modulus sec-
tor scalar potential, which satisfies ∂TGmod(T0) = 0. Incorporating
an inflaton model by adding Kähler functions Gmod and Ginf, the
full Kähler function becomes: G = Gmod +Ginf. We then still have
∂TG(T0) = 0. It is not hard to see from (267) that this is still an ex-
tremum of the scalar potential in the direction of T . In this setup, there
are no inflaton-dependent corrections to the minimum of the Kähler
potential at all. In the presence of supersymmetry breaking, we no
longer have that the minimum occurs at T0 given by ∂TG(T0) = 0.
However, when supersymmetry breaking occurs at a low scale, we
anticipate that the modulus shift corrections will be much reduced
by comparison with the adding superpotentials case.

Secondly, there is much simpler mixing between the modulus sec-
tor and the inflaton sector in the scalar potential. The scalar potential
can be written:

V = eKinf |Winf|
2VF + e

Kmod |Wmod|
2eKinf |∂iWinf +KiWinf|

2 +Vlift
(289)

where all the symbols are explained above. This has a much simpler
structure than before. Generically, the most important effect of the
coupling to the Kähler modulus is a rescaling of the potential coeffi-
cients. Postma and Davis found that in some cases, the inflaton now
actually has a helpful effect on the moduli stabilization. They con-
clude that hybrid inflation may be implemented in both KKLT and
KL models, when the Kähler functions are added.
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In the next chapter, we will attempt to couple single-field alpha at-
tractor models of inflation to a Kähler modulus, using both KKLT and
KL setups, and both addition and multiplication of superpotentials.
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Part II

O U R R E S E A R C H





5
T H E S I N G L E F I E L D α - AT T R A C T O R I N F L AT I O N
M O D E L

A family of attractor models with a single chiral superfield was con-
structed by [47] under the name α-scale supergravities. In this model
the amount of primordial gravitational waves is related to the scalar
curvature of the scalar manifold, and the tensor-scalar ratio assumes a
universal value independent of input parameters. The model consists
of the following Kähler and superpotentials:

W = Φn− − Φn+ F (Φ )K = − 3α l o g
(
Φ + Φ̄

)
(290)

The function F (Φ ) is an arbitrary Taylor expansion in Φ . The con-
stants n± are given by:

n± =
3

2
(α ±

√
α ) (291)

The model realizes plateau inflation for a large class of choices for
F (Φ ) . When α > 1 , the imaginary part of Φ is stabilized at the
origin - Φ = Φ̄ = φ - and the real part can safely play the role of
an inflaton in a single-field effective description. Along this trajectory,
the connection between the geometric field Φ and the canonical scalar
field ϕ is given by:

Φ = Φ̄ = e−
√

2
3α ϕ (292)

Inflation always occurs in a very small range of field space close to the
origin of the inflaton, φ = 0 . In this region both the scalar potential V
and the function F (φ ) are well approximated by the linear terms in
their Taylor expansions around φ = 0 . The higher-order terms in the
expansion of F (φ ) only appear in the scalar potential at order φ 2 or
higher, so they are irrelevant along the inflationary trajectory as long
as their expansion coefficients are not too high. This is what gives the
model its attractor structure. As long as the expansion coefficients of
F (φ ) have the right order of magnitude, inflation can occur with as
many e-folds as required, and the inflationary observables r and n s
are not sensitive to the precise values of the coefficients.

The connection between the geometric field φ and the canonical
field ϕ (292) assures that the scalar potential assumes the form com-
mon to all α attractor models, which is an exponential fall-off from a
de Sitter plateau:

V = V 0 − V 1 e
−
√

2
3α ϕ + . . . (293)

In principle, one can choose to fine tune F (φ ) to obtain a Minkowski
vacuum at the minimum of the inflation potential. However, generi-
cally the minimum is AdS.
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Polynomial superpotentials and logarithmic Kähler potentials ap-
pear quite often in explicit string theory compactifications. This model
therefore seems wonderfully natural from the stringy perspective. It
would be interesting to see if it can survive being coupled to a modu-
lus sector. Doing so will introduce mixing terms which we will have
to accommodate by slightly changing the structure of the inflaton sec-
tor superpotential, but the basic idea will be the same.

There are several reasons why one might expect that coupling an
α-attractor model to a modulus sector would yield different results
from the two models explored in the previous chapter. Firstly, Starobinsky-
like inflation models occur at energy scales which are about a factor
10 lower than the chaotic inflation models of [10]. From the analysis
of the previous chapter, it can be anticipated that the destabilization
problem is somewhat improved. Secondly, the observable predictions
of α-attractor models are insensitive to the precise value of the scalar
potential coefficients. This indicates that the backreaction of the in-
flaton on the stabilization of the Kähler modulus does not have an
impact on the inflationary observables. Any succesful realization of
an α-attractor model coupled to a modulus will likely have inflation-
ary observables that remain in the Planck "sweet spot".

5.1 adding superpotentials and kklt moduli stabiliza-
tion

As we have discussed in the previous chapter, there are two ways
to couple an inflaton to a modulus sector. Firstly, one may add su-
perpotentials and Kähler potentials. Secondly, we could add Kähler
functions instead. Furthermore, there are several ways to achieve sta-
bilization of the Kähler modulus. In the previous chapter, we have
examined the KKLT and KL moduli stabilization schemes. In [10],
Kähler uplifting and Large Volume Scenarios are explored as possi-
bilities as well. The authors of that paper found no significant qualita-
tive difference between the latter two methods and the KKLT scheme
for chaotic inflation. We will consider both the KL model and the
KKLT model.

In this section we construct a model based on adding superpoten-
tials to a KKLT moduli stabilization scheme. As we explained pre-
viously, adding superpotentials produces many complicated mixing
terms. These mixing terms will spoil the α-scale supergravity model.
We will have to change the inflaton superpotential to accommodate
the mixing terms. The simplest possibility is the following:

K = Kmod + K inf , W = Wmod + W inf (294)

K inf = − 3α l o g
(
φ + φ̄

)
, Kmod = − 3 l o g

(
T + T̄

)
(295)

W inf = φ 3α ( c 0 + c 1φ + . . . ) (296)
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Wmod = WKKLT = ω + A e x p (−aT ) (297)

We require a scalar potential of the form (293), so we need all terms ex-
cept the constant and linear (in φ) terms to be very small. The scalar
potential defined by (294)-(297) has the following structure (after a
truncation down to T = T̄ , φ = φ̄):

V = φ−3α T −3

[
f 0 ( T ) + φ

3α
(
g 0 ( T ) + g 1 ( T )φ + . . .

)
+ . . .

. . . + φ 6α
(
h 0 ( T ) + h 1 ( T )φ + . . .

) ]
(298)

We will discuss the consistency of this construction extensively in
what follows. The ellipses indicate terms of higher order in φ . The
functions h 0 , g 0 , g 1 , h 0 , and h 1 implicitly depend on the model
parameters (the ones from the superpotential: c 0 , c 1 , . . . ; the curva-
ture parameter of the scalar manifold: α ; and the ones coming from
the moduli stabilization mechanism). The stability of the truncation
down to φ = φ̄ has to be checked individually for every point in pa-
rameter space, and will depend on φ as well. The important part of
the scalar potential is the φ 3α term inside the brackets. If the Kähler
modulus T is not shifted too much along the inflationary trajectory,
it can be treated as a constant. Then this part of the scalar potential
will give us (293). We are left with two troublemakers: the φ 6α term
and the φ 0 term inside the brackets. The φ 6α term will be irrelevant
as long as α is not much smaller than 2

3 . The function f 0 ( T ) must
be made to vanish almost exactly. It causes a great deal of trouble es-
pecially close to φ = 0 . If it does not vanish, the scalar potential has
a φ−3α term which grows exceedingly large at small φ , and makes
the scalar potential too steep for inflation. f 0 ( T ) is given by

f 0 ( T ) =
8−1−α e−2aT

3 T 3

[
A 2
[
9α + 4a T ( 3 + aT )

]
+ . . .

. . . + 6AeaT
[
3α + 2a T

]
ω + 9 e 2aT αω 2

]
(299)

When α = 1 , it becomes:

f 0 ( T ) |α=1 =
e−2aT

[
A ( 3 + 2a T ) + 3 eaT ω

] 2
1 9 2 T 3

(300)

The requirement f 0 ( T ) = 0 is now just the equation that determines
the minimum of the Kähler modulus in the KKLT model. If T is not
shifted too far from this value by the presence of the inflaton field,
f 0 ( T ) will vanish almost exactly (in part thanks to the e−2aT sup-
pression). When α < 1 , however, f 0 ( T ) becomes negative at the
stabilization point T = T 0 . We can solve this with an F-term uplift-
ing, for example using a Polonyi field as was done in [10]. This will
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add a factor eK f 2 to the scalar potential (where f is a constant).
Unfortunately, this uplifting procedure adds a degree of fine tuning
to the model. f 0 ( T ) becomes positive for α > 1 . We cannot solve
this with a Polonyi uplift. The model we have constructed is possibly
an α-attractor in the region 2

3 < α 6 1 (where the lower limit is
not well defined and may be a little bit lower). We still need to do a
case-by-case check of two things. Firstly, the Kähler modulus T must
not destabilize on the inflationary trajectory, and the backreaction of
the inflaton on T must not shift the minimum too much even if T
does remain stable. Secondly, the mass of the imaginary direction of
φ must be positive definite everywhere on the inflationary trajectory,
otherwise the truncation φ = φ̄ is not consistent.

5.2 the case α = 1

When α = 1, the model can yield a scalar potential in the form (293)
for small positive values of φ (or large values of the canonical field
ϕ) without any additional fine tuning. The relevant part of the scalar
potential is

V =
g0(T ) + g1(T )φ

T 3
+ . . . (301)

g0(T ) = −
c0e

−aT (3A − 2aAT + 3eaTω)

32T 3
(302)

g1(T ) = −
c1e

−aT (5A − 2aAT + 5eaTω)

32T 3
(303)

We know that the equation f0(T ) = 0 determines the stabilization
point of the Kähler modulus in the KKLT scheme. We can therefore
expect that

g0(T ) ' −
c0e

−aT (−aA)

8T 2
(304)

g1(T ) ' −
c1e

−aT (−aA))

6T 2
(305)

So we require a positive c0 and a negative c1 to obtain a scalar po-
tential in the form (293). Using the parameters A = 1, a = 0 .1,
ω = 10−4 , as was done in [29], puts the Kähler modulus at around
T ' 113 (the backreaction of φ will shift this upward). Plugging
these values into (304), we see that c0 should be roughly of O(1)

if we want a inflationary squared Hubble constant of order 10−10

on the inflationary plateau. This is around the order of magnitude
required by COBE normalization.
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The condition ∂T V = 0 that determines the minimum of the Kähler
modulus yields the following expression for DTW at the minimum:

DTW = −
3e−aT

4T 2(2 + aT )

[
AT + eaT T + aeaT T 2 + eaTW0 + . . .

. . .+
1

12
eaT

√
−288e−2aT T 2(2 + aT )(A + eaT )W0(A(3 + 2aT ) + . . .

. . . + 3eaTW0) + (12T + 12aT 2 + 12T (Ae−aT +W0))2
]
+O(φ3)

(306)

We can expand DTW in powers of φ and the small shift δT in the
Kähler modulus (as was done in [10]), around φ = 0 and T = T0
(where T0 is the location of the minimum at φ = 0). We then substi-
tute (306) into this expansion, and obtain that the shift δT is propor-
tional to φ3 . Substituting this shift into the scalar potential, we con-
clude that small shifts in the Kähler modulus lead to φ3 correction
terms in the scalar potential (given by similarly huge expressions).
These correction terms will have coefficients of smaller magnitude
than the φ3 terms already present in the scalar potential. Small shifts
in the Kähler modulus leave the scalar potential untouched at very
small φ, and only adjust coefficients already present in the scalar po-
tential. We expect that Kähler modulus shifts have very little effect on
the inflationary observables, as we had anticipated earlier.

5.2.1 Stability

We must still check two things: whether or not the truncation φ = φ̄

is consistent and whether or not the Kähler modulus remains stabi-
lized along the inflationary trajectory. These requirements are satis-
fied only on a partial region of the c0-c1 plane, and the specific loca-
tion and shape of this region depends on the KKLT parameters A,a,
and ω. We can address these questions numerically. The following is
a plot of the scalar potential with α = 1, c0 = 1, c1 = −10, and
KKLT parameters A = 1,a = 0 .1, ω = 4 × 10−4 . The first image dis-
plays V versus the canonical inflaton ϕ, the second displays V versus
the geometric inflaton φ. All units are Planck. For each value of φ, the
Kähler modulus has been placed at its minimum numerically. This
value is then substituted into the scalar potential to yield the graph.
We can see from the second graph that the linear approximation (293)
is quite accurate up to where the minimum in the potential occurs.
We expect the inflationary observables to be very well-approximated
by the general α-attractor formulae (293). Behind the minimum (to
the left of the minimum in ϕ-space and to the right in φ-space) a
sharp drop in the scalar potential occurs due to a destabilization of
the Kähler modulus. The minimum in the potential has disappeared.
This is unfortunate, but the problem would be worse if the destabi-
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Figure 3: Scalar potentials
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Figure 4: Mass of Im(φ)

lization had occurred on the inflationary plateau instead, as is the
case in the models examined in [10]. The inflaton will settle down
in the minimum after inflation is done, and avoid the destabilization.
The minimum achieved here is AdS, but it can be uplifted to de Sitter
in the same way as the bare KKLT model: by a term Vup = D/T 3

generated by anti-D3 branes.
The mass squared of the imaginary direction of φ is positive def-

inite over the entire field range examined here (including past the
destabilization of T).

Again, this graph has been obtained by numerically placing the
Kähler modulus at its minimum for each φ individually. Unfortu-
nately, the mass squared of the imaginary direction is generically
lower than the squared Hubble constant during inflation H2 ∼ 10−10,
on some part of the inflationary plateau. Quantum fluctuations will
perturb the inflationary dynamics. It is reasonable to assume that
the flatness of the imaginary direction is due to a shift symmetry
Im(φ)− > Im(φ) + c in the Kähler potential (294). This symmetry is
broken by the superpotential. However, we may consider also break-
ing it slightly in the Kähler potential by adding minimal supergravity
couplings, such as φφ̄ or (φ− φ̄)2. These terms only add O(φ2) cor-
rections to the field redefinition (292), which connects the geometric
field φ to the canonical field ϕ. These corrections are very small com-
pared to O(logφ) on the inflationary trajectory. We anticipate that
such terms do not change the inflationary observables to leading or-
der in 1/N (where N is the number of e-folds between the start and
end of inflation). Furthermore, the change in the scalar potential from
adding minimal terms to the Kähler potential is quite small over most
of the field range.

Minimal Kähler terms shift the mass squared of the imaginary di-
rection closer to the Hubble constant, as is necessary to neglect quan-
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Figure 5: Parameter space check with KKLT parameters A = 1, a = 0.1,
W0 = −4× 10−4. Dark regions indicate an unstable scalar poten-
tial or imaginary φ direction

tum fluctuation in the inflationary dynamics. However, there are now
generically regions of field space on the inflationary trajectory where
the mass squared becomes negative. Adding quartic terms (and so on)
could remove these tachyonic regions, but this adds another level of
fine-tuning to the model. Furthermore, adding corrections upsets the
delicate balance between the order φ−3α terms in the scalar potential.
We now require a Polonyi uplift even at α = 1, or we must tune the
coefficients of the correction terms to order O(10−2) or smaller. All
in all, shift symmetry-breaking terms in the Kähler potential do not
seem to improve the model.

For this choice of input parameters, we have found a nice and sta-
ble scalar potential for inflation. We would like to see in what region
of c0-c1 space we can find a stable scalar potential of the correct form
(293). The result is pictured in Figure 5. The parameter c0 is the ver-
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Figure 6: Uplifted scalar potential, with c0 = 1, c1 = −20, D = 0.00003

tical axis, and c1 is the horizontal axis. The first plot displays the
stability of the Kähler modulus. In the light region, the Kähler modu-
lus stays stable at least until the inflaton settles into a minimum after
inflation. In the dark region, there is either a destabilization before a
minimum, or the functions g0 and g1 do not have the right sign to
produce the correct scalar potential (293). The second plot displays
the stability of the imaginary direction of φ. In the light region, its
mass squared is positive definite throughout the entire field range.
In the overlap between the two plots, a stable inflationary scalar po-
tential is achieved. The mass of the real direction of T is not checked
specifically here, since it is generically at a much higher scale than the
scale of inflation (when it remains stabilized). This mass is strongly
enhanced by a factor φ−3α. Repeating the same analysis for differ-
ent KKLT parameters A, a, and W0 gives a similar result. We con-
clude that the present model can realize a Starobinsky-like inflation-
ary potential with a stabilized Kähler modulus, with only a moderate
amount of tuning. To uplift the minimum to Minkowski takes fine-
tuning of the same kind that it did in [10] or in the bare KKLT model.

5.2.2 Uplifting

We can uplift the minimum of the potential to de Sitter by the same
way the KKLT minimum is uplifted: adding an anti-D3 brane term
proportional to D/Tn, where n = 2, 3 and D is a fine-tuning constant.
This has no effect on the mass of Im(φ) except through the small shift
in the Kähler modulus minimum. It is not hard to find regions of pa-
rameter space wherein the Kähler modulus remains stabilized on the
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inflationary trajectory after uplifting. We attain potentials that look
like Figure 6. We have not found points in the c0-c1 parameter space
where a de Sitter minimum is reached without adding an uplift (anti-
D3 or otherwise). Indeed, it may not be possible at all. It is hard to
analyze this analytically since the minimum results from shifts in the
Kähler modulus which are quite large and occur just before a destabi-
lization. We have no further results to share on this point. In any case,
the attractor structure of the model is lost by introducing fine-tuning
on c0 and c1, so this option is not definitively more attractive than
adding an anti-D3 brane or D-term uplift.

The gravitino mass in the uplifted minimum is given by:

m23/2 = e
KW2 =

2−3−3αφ−3α

(
Ae−aT + (c0 + c1φ+ . . .)φ3α +ω

)2
T3

(307)
For the above choice of parameters, the minimum occurs at T '
97, φ ' 0.0647. The mass of the gravitino becomes m23/2 ' 3.7 ×
10−12M2

Pl. This value is smaller than the squared Hubble constant
during inflation by about an order of magnitude! We can find regions
of field space where the regular KKLT bound m3/2 > H does not
seem to apply. This is due to the φ−3α enhancement of the Kähler
modulus stabilization. We may consider replacing the KKLT bound
by φ3α0 φ

−3α
p m23/2 > H

2, where φ0 is the value of φ at the minimum,
and φp is the approximate value of φ on the inflationary plateau. In-
flation generically takes place around φ ∼ 0.001, and the minimum
occurs around φ ∼ 0.05. This suggests that generating a gravitino
mass on the order of a TeV (∼ 10−16MPl) is not possible. It requires
tweaking KKLT parameters to very different values from those we
have been considering, and the delicate cancellation of the O(φ3α)
is easily upset by this. Furthermore, the KKLT parameters needed
may be unnatural from the perspective of string theory. We can see
from the gravitino mass formula that we may decrease the mass by:
1) pushing the minimum of φ to higher field values, 2) pushing the
minimum of the Kähler modulus to higher field values, 3) decreasing
A orω. The minimum of φ is controlled by the superpotential param-
eters c0, c1, etc., but we cannot push the minimum to high enough
field values using just these parameters (see Figure 5). We have not
found any region of parameter space in which the gravitino mass of
the minimum is of TeV scale, and H of the same order as before, but
we cannot exactly prove that it is impossible. In any case, it requires
tuning KKLT parameters, and cannot be done in a way that preserves
the attractor structure. Generating a TeV mass in this way may be
trading one fine-tuning problem for another. However, it is still inter-
esting to note that we have found an inflation model in which the
ordinary KKLT bound on the gravitino mass is changed.
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5.3 the case α < 1

As explained in the previous section, the α = 1 scalar potential re-
lies on a cancellation of the terms at O(φ−3α) that is caused by the
stabilization of the Kähler modulus. The cancellation condition

f0(T ) |α=1 =
e−2aT

[
A(3 + 2aT ) + 3eaTω

]2
192T 3

= 0 (308)

is equivalent to the equation A(3 + 2aT ) + 3eaTω = 0 that deter-
mines the KKLT minimum. When the Kähler modulus minimum is
not shifted too far away from this bare KKLT result, the φ−3α coeffi-
cient f0 becomes very small, and it only causes trouble at large field
values of the canonical field (ϕ >∼ 12), far away from the minimum
ϕc required to obtain 60 e-folds of inflation. Restoring α in the above
equation, we obtain:

f0(T ) =
8−1−αe−2aT

3T 3

[
A2
[
9α + 4aT (3 + aT )

]
+ . . .

. . . + 6AeaT
[
3α + 2aT

]
ω + 9e2aT αω2

]
(309)

We see that the cancellation is upset when α 6= 1. When α > 1,
f0(T ) becomes large and positive, when α < 1, it becomes large
and negative. This causes the scalar potential to look like a φ−3α

asymptote at field values smaller than the minimum ϕc required
for 60 e-folds of inflation. When f0(T ) is large and negative, this
also causes a serious initial value problem (even if f0(T ) were small
enough for 60 e-folds to occur). It makes the potential unbounded
from below at large ϕ. A positive asymptote does not cause such a
problem. Furthermore, when the initial value of the inflaton is such
that it is placed on the asymptote instead of on the plateau, it is
possible that Hubble friction slows it down fast enough to allow for
60 e-folds of inflation. However, this requires a calculation beyond the
slow-roll approximation that we have not completed yet.

The large negative f0(T ) for α < 1 is a bigger problem than the
large positive f0(T ) for α > 1, but it can be solved more easily. A
straightforward way to deal with the large negative asymptote is to
introduce a Polonyi field X as was done in [10]. This adds the follow-
ing to the Kähler potential and the superpotential:

Kup = k( |X |2) Wup = fX (310)

where f is a constant. A quartic term in the function k( |X |2) with a
very large coefficient serves to stabilize X at the origin with a very
large mass. The Polonyi field adds the following term to the scalar
potential:

eKf2 =
1

(2T )3(2φ)3α
f2 (311)
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Figure 7: Polonyi-uplifted scalar potential for c0 = 1, c1 = −20, α = 0.9,
A = 1, a = 0.1, ω = −4× 10−4

This is a positive-definite term, since f must be real in order to keep
the imaginary directions of T and φ at the origin. A Polonyi field can
solve a large negative asymptote, but not a large positive asymptote.

When the Kähler modulus is stabilized, using similar KKLT param-
eters as before, f0(T ) is of order O(10−14). At φ ' 0 .01 (which
is approximately the maximum geometric field value where inflation
can start and still generate 60 e-folds of expansion), φ−3αf0(T ) be-
comes O(10−8). This must be cancelled by the Polonyi uplift to an
accuracy of 10−11 in order not to interfere with the other terms in
the scalar potential. We require fine-tuning to at least three signifi-
cant digits. This is the bare minimum for 60 e-folds, however, and to
generate a large plateau, we need far more accurate fine-tuning.

As we stated earlier in this chapter, we cannot generate a proper
inflationary scalar potential when α becomes roughly equal to 2

3 or
smaller. At α = 2

3 , φ3α terms in the scalar potential become larger
than O(φ2), and we can no longer neglect them.

In Figure 7, a Polonyi-uplifted scalar potential with α = 0.9 is pic-
tured.

We can produce inflationary potentials down to right around α ' 2
3 .

The region of c0-c1 space where inflation is succesful changes shape
when α is changed, but we still do not require more than moderate
tuning of c0 and c1, even down at α ' 2

3 . This is demonstrated in
Figure 8.
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Figure 8: Succesful inflationary potential with α = 0.7, A = 1, a = 0.1, ω =

−4× 10−4, and c0, c1 as indicated

5.3.1 Conclusion

The model with added superpotentials and KKLT moduli stabiliza-
tion can generate Starobinsky-like scalar potentials, i.e. a potential of
the kind (293) with α = 1. We can do this with only a small amount of
tuning of the KKLT parameters and the inflaton parameters ci (where
i = 0, 1, . . .). However, the mass squared of the imaginary direction
of φ is generically lower than the squared Hubble constant during
inflation, at least in some part of field space. We cannot solve this
problem by adding corrections to the Kähler potential which approx-
imately preserve (292). We can produce inflationary potentials with
α < 1, up to about α ' 2

3 , by adding a Polonyi field. However, this
requires fine-tuning of a single parameter in the Polonyi field Käh-
ler potential. Adding any kind of fine-tuning goes against the spirit
of the α-attractor concept. Ostensibly, we have constructed a model
which realizes inflation with inflationary observables ns = 1 − 2

N ,
r = 12α

N2
(with 2

3 < α 6 1). We say ostensibly because we have incon-
sistently ignored quantum fluctuations of the imaginary φ direction.
We cannot claim that the present model is succesful. However, we
have confirmed a few interesting things:

• The shifts in the Kähler modulus have little effect on the infla-
tionary observables, even when they effectively modify coeffi-
cients in the scalar potential.

• Destabilization of the Kähler modulus is less of a problem than
it is in the chaotic inflation models of [10]. We can easily con-
struct scalar potentials in which destabilization only occurs be-
hind a minimum, separated by a barrier.
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• We can generate succesful potentials for a rather generic choice
of KKLT parameters. We do not need to tune them to values
which are unnatural from the perspective of string theory.

• The ordinary KKLT bound m3/2 > H is altered to some extent.
We were able to find stable potentials in which the squared grav-
itino mass at the minimum was lower than the squared Hubble
constant by about one order of magnitude.

While the successes of this model were anticipated on the basis
of qualitative arguments, it is hard to argue that the failures (the low
mass scale of Im(φ), the requirement of fine-tuning to deal with prob-
lematic asymptotes) are similarly generic features of α-attractors. The
fine-tuned Polonyi uplift was necessary to cancel out a troublemaking
term in the scalar potential. We expect that there are better models in
which such terms do not appear. The low mass scale of Im(φ) may
be due to the shift symmetry of the Kähler potential. However, the
α-attractor models of [47] and [49] do not suffer from this problem,
even though they are constructed with the same shift symmetry.

So while this model fails, in our opinion these results allow us to
be optimistic about implementing α-attractors in string theory.

5.4 adding superpotentials and kl moduli stabilization

A second possibility is to use the KL mechanism for moduli stabiliza-
tion. If we choose to add superpotentials, the model is the following:

W =WKL +Winf = (Ae−aT −Be−bT +W0) +φ
3αF(φ) (312)

K = −3 log
[
T + T̄

]
− 3α log

[
φ+ φ̄

]
(313)

where F(φ) = c0+c1φ+c2φ
2+ . . . is an arbitrary function. The scalar

potential has a similar structure to the model examined in the previ-
ous section. That is, schematically it takes the following form:

V = φ−3αT−3
[
f0(T) +φ

3α
(
g0(T) +φg1(T) + . . .

)
+ . . .

]
(314)

There is a pesky φ−3α term f0(T) due to the eK factor of the scalar
potential. We can tune betweenA and B to make the φ3α term smaller,
but not small enough to make it disappear. These are small at large ϕ
for α ' 1, large and positive for α > 1, large and negative for α < 1.
The situation is the same as before: we can generate Starobinsky-like
scalar potentials at α = 1, and use a Polonyi uplift to obtain plateau
potentials for 23 < α < 1.

However, it is harder than before to find regions of parameter space
where the model produces a viable inflationary scalar potential. To
see why this is the case, let us recall the formula that determines the
location of the Kähler modulus minimum in the KL model[35]:

T0 =
1

a− b
ln
(
aA

bB

)
(315)
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Using a typical set of KL parameters (i.e. the O(1) parameters used
in [35])1, we obtain a minimum at T ' 25. This is a much lower field
value than in the KKLT model (where the minimum was placed at
around T ' 120 for typical, O(1) parameters). This means that the
suppression factors in the scalar potential (T−3, e−aT , and so on) are
much weaker than before. The inflationary plateau now sits at a scale
O(10−6MPl) instead of 10−10, for O(1) choices of the superpotential
parameters c0 and c1. We can bring down the φ0,φ1 terms (g0(T),
g1(T)) to O(1010) by reducing the magnitude of c0 and c1. However,
the φ−3α term is not affected by this. The problem with large φ3α

asymptotes2 is enhanced by the KL model.
We can move the Kähler modulus minimum to larger field values

by bringing a and b closer together. However, we can see from the
KL mass formula:

m2Re(T) =
2

9
aAbB(a− b)

(
aA

bB

)−a+b
a−b

ln
(
aA

bB

)
(316)

that bringing a and b closer together reduces the mass of the real
direction of T . This makes the Kähler modulus more prone to desta-
bilization. We can enhance the stability by a factor C by rescaling
A → CA, B → CB. However, the parameters needed are no longer
close to O(1) and may be quite unnatural from the perspective of
string theory.

We have found a slim region in parameter space where plausible
scalar potentials may be generated, but in this region the imaginary
direction of φ is tachyonic over the entire field range, making the
truncation φ̄ = φ inconsistent. It is hard to realize inflation in a KL
setup, if we choose to maintain the fine-tuning on W0 needed to gen-
erate a very small gravitino mass. Without this requirement, we can
of course take B = 0, and the model will reduce to KKLT.

5.5 adding kähler functions and kklt moduli stabiliza-
tion

We will now turn to adding Kähler functions instead of adding su-
perpotentials. This means that we multiply the superpotentials of the
inflaton and moduli sectors, and add the Kähler potentials. Adding
Kähler functions leads to a decreased mixing between the two sectors
compared to adding superpotentials. The scalar potential takes the
following form:

V = eKinf |Winf|
2VF + e

Kmod |Wmod|
2eKinf |∂iWinf +KiWinf|

2 +Vlift
(317)

where VF refers to the moduli stabilization scalar potential, and Vlift
is the contribution of an uplifting sector. Most of the mixing simply

1 A = B = 1, a = π/25, b = π/10.
2 This is another manifestation of the η problem
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rescales the scalar potentials VF and Vinf. When there is a supersym-
metric minimum of the moduli sector potential at T0 (∂TGmod(T0) =
0), then the inflaton sector will not shift the location T0 of this min-
imum. However, an uplifting term generically breaks this supersym-
metry at the Kähler modulus minimum. When it is broken, there may
be inflaton-dependent shifts of the Kähler modulus. However, we can
anticipate that they are very small since they equal zero in the super-
symmetric limit.

Despite the dramatically simplified mixing, we still cannot simply
use the inflaton superpotential of [47], since it relies too heavily on
accidental cancellations. A potentially viable model consists of the
following:

Winf =

(
Ae−aT +W0

)(
φ
3α
2 F(φ)

)
(318)

where F(φ) ' c0 + c1φ+ c2φ
2 + . . ..

The φ0 term in the scalar potential becomes:

f0(T) =
2−1−3αaAe−2aT

(
A(3+ aT) + 3eaTW0

)
c20

3T2
(319)

At the minimum of the Kähler modulus, this becomes:

f0(T0) '
−2−1−3αa2A2e−2aT0c20

3T0
(320)

We see that the potential is always negative at small φ, regardless
of the sign of c0. We can add an anti-D3 brane uplift Vup = D/T3 to
solve this. However, we now require a moderate fine-tuning to realize
an inflationary plateau, whereas previously this fine-tuning was only
needed to generate a Minkowski minimum at the end of inflation.
There may be a region of parameter space in which an inflationary
plateau and a Minkowski minimum are realized with the same up-
lifting parameter D, but this destroys the attractor structure of the
model.

On the other hand, the model generates a scalar potential which is
essentially completely free from modulus destabilization (see Figure
9), even in the presence of a supersymmetry breaking uplifting term.
The F(φ) coefficients c0 and c1 must be of orderO(1000) for the scalar
potential to be O(10( − 10)) when the KKLT parameters are close to
the natural values A = 1, a = 0.1, W0 = −4× 10−4. Previously, they
were O(1) −O(10). However, we have no reason a priori to claim that
O(1) parameters are more natural than O(1000) in this case.

Unfortunately, the scalar potential has a tachyonic Im(φ) direction
at φ = φ̄. Again, we cannot solve this with corrections to the Kähler
potential. Although one might expect that this would be possible in
this case - especially because there is no delicate cancellation at φ3α

that we need to be concerned with - all the corrections to the mass
are of O(φ2). The current model is plagued by too many problems to
be viable.
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Figure 9: Scalar potential generated with A = 1, a = 0.1, c0 = c1 = 1000,
W0 = −0.0004. The plot shows the stability of the Kähler modulus
over a large field range, and the absence of a φ3α asymptote at
large ϕ.

5.6 a nilpotent chiral superfield : control of dark en-
ergy and the scale of susy breaking

As we have seen, many of our models suffer from instability issues
regarding the imaginary direction of the inflaton φ. A useful tool to
deal with stability issues is a nilpotent chiral superfield S. Such a field
is defined by:

S2(x, θ) = 0 (321)

where x, θ are bosonic and fermionic coordinates, respectively. This
is an equation that holds for the superfield S. We have not introduced
the superfield formalism, so we will not go into detail about the in-
terpretation of nilpotent fields, or how they may be generated in a
string theory context. For some information, see [32]. The superfield
S(x, θ) contains no propagating scalar degrees of freedom. However,
there is a quantity S given by fermion bilinears which we may treat
as if it were a proper scalar. The interesting thing about the nilpo-
tent multiplet is that the "scalar" always takes the expectation value
< S >= 0. This makes it an enormously useful tool for supergravity
inflation constructions. The difficulty in realizing inflation in super-
gravity, as we have seen, lies in the stabilization of each real scalar
field, of which there may be many. A nilpotent chiral superfield has
an automatic stabilization < S >= 0.
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The nilpotent chiral superfield was introduced into α-attractor mod-
els by [49][12]. The following model was constructed in [49]:

K = −3α log
(
φ+ φ̄

)
+ SS̄ (322)

W = φ
3α
2

[
f(φ) + g(φ)S

]
(323)

At φ = φ̄ and S = 0, the scalar potential becomes:

V = 8−α
[
g(φ)2 − 3f(φ)2 +

4φ2f ′(φ)2

3α

]
(324)

We can control the location of the minimum, and the cosmological
constant at the minimum, by tuning the functions f(φ) and g(φ).
When we choose f ′(1) = g ′(1) = 0, the minimum is located at φ = 1

(ϕ = 0) and the cosmological constant becomes:

Λ =

(∑
n

bn

)2
− 3

(∑
n

an

)2
(325)

where an and bn are the Taylor coefficients of f(φ) and g(φ) respec-
tively. The gravitino mass at the minimum, as well, is completely de-
termined by these coefficients:

m3/2 =
∑
n

an (326)

The imaginary direction of φ has a positive-definite mass as long as
|b0| > |a0|. This model gives essentially full control over dark energy
and the scale of supersymmetry breaking, while at the same time its
inflationary predictions are insensitive to the particulars of the su-
perpotential, especially to the coupling between φ and S. The model
realizes inflation with a purely logarithmic Kähler potential and a
polynomial superpotential. These arise frequently in explicit string
theory compactifications.3 This model offers an even more exciting
possibility of an explicit string theory realization than the model of
[47]. The only price we have to pay is that we need to incorporate a
nilpotent chiral superfield into the model. Let us see if it can survive
being coupled to a string theory Kähler modulus.

When we add superpotentials, the model suffers from the same
problems as the one without the nilpotent field, namely that the φ3α

asymptotes need to be cancelled by Polonyi uplifts for α < 1. How-
ever, when we choose to multiply superpotentials, the additional free-
dom in specifying G(φ) allows us to generate a positive-definite mass
squared for Im(φ). Our model is the following:

K = −3α log
(
φ+ φ̄

)
− 3 log

(
T + T̄

)
+ SS̄

W =

(
Ae−aT +W0

)(
φ
3α
2

[
F(φ) +G(φ)S

])
3 See for example the STU model of [9].
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Figure 10: Scalar potential with O(1000) coefficients in F(φ) and G(φ) and
natural O(1) KKLT parameters
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The scalar potential becomes, along the inflationary trajectory φ̄ = φ,
S = S̄ = 0:

8−1−αe−2aT

3T3α

[
4aATα

(
A(3+ aT) + 3eaTW0

)
F(φ)2 + . . .

. . .+
(
A+ eaTW0

)2(
3αG(φ)2 + 4φ2F ′(φ)2

)]
(327)

The Kähler modulus sector does not break supersymmetry, so the
stability of the Kähler modulus is almost assured in this case. How-
ever, if we tune the functions F(φ) and G(φ) such that we produce
a Minkowski minimum, the potential is flat in the T direction there.
The model is not compatible with Minkowski minima. However, the
model improves upon the previous one without a nilpotent field in
the following way: the freedom in choosing G(φ) allows us to gener-
ate a positive mass squared for the imaginary direction of φ, while
still maintaining a viable inflationary potential. Figures 10 and 11 dis-
play the scalar potential and the mass squared of Im(φ) for O(1000)
values of the expansion coefficients of F(φ) and G(φ). With b0 > a0,
the mass squared of Im(φ) is positive-definite over the entire infla-
tionary plateau.

The only remaining issue at this point is the allergy to stable Minkowski
minima. Unforunately, coupling to the KL model does not solve this
issue, and the results for the KL model are essentially the same as for
KKLT.
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Figure 11: Mass squared of Im(φ) with O(1000) coefficients in F(φ) and
G(φ) and natural O(1) KKLT parameters
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6
C O N C L U S I O N S

In order to introduce our subject, we have provided an extensive in-
troduction to inflationary cosmology, supersymmetry, supergravity,
and string theory.

We have attempted to implement a single-field α-attractor model in
a string theory moduli stabilization context. Our motivation for this
task was two-fold: firstly, the observable predictions of α-attractor
models have an appealing insensitivity to the details of their scalar
potential. For that reason, we anticipated that α-attractors would not
be sensitive to the specifics of the coupling to a string theory Kähler
modulus. Secondly, we noted that certain examples of α-attractors
have a structure that arises quite commonly in string theory. This
makes it very natural to ask whether or not α-attractors can survive
moduli stabilization.

This was to some extent unsuccesful when we chose to add super-
potentials instead of Kähler functions. The inflationary scalar poten-
tials were ruined by φ−3α terms from the eK factor. This term could
only be cancelled without additional fine tuning when α = 1. Even
then, the most succesful of our attempts suffered from a light Im(φ)

that could upset the inflationary dynamics. However, we were able
to confirm some our initial suspicions with this simple model. Firstly,
we saw that small Kähler moduli shifts produce no change to the in-
flationary observables, as they do in other models. Secondly, we saw
that there is no destabilization of the Kähler modulus at large field
values of the canonical inflaton field ϕ. This allows for some freedom
in specifying the initial conditions of inflation. When a destabilization
of the Kähler modulus occurs, it can be separated from the inflation-
ary plateau by a potential energy barrier. The most notable success of
this model was that we generated a viable inflationary scalar poten-
tial in a moduli stabilization setup, without introducing additional
fine-tuning on top of that required by the KKLT construction.

When we multiplied superpotentials, we ran into trouble with tachy-
onic imaginary directions of the inflaton. However, adding a nilpotent
chiral superfield into the setup solved this problem. The only issue
remaining in this model is to generate a stable Minkowski (or very
small de Sitter) minimum. In the current setup, the potential has a
flat Kähler modulus direction in the Minkowski limit.

Our results indicate that further research into this topic is worth-
while. For instance, it may be possible to remove the steep asymp-
totes of the superpotential addition model by tweaking our Ansatzes
a bit. A simple dependence on φ of the KKLT parameter A may be
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enough to remove the α dependence of the φ−3α term. This would
allow us to generate an inflationary scalar potential without Polonyi
field fine-tuning for any value of α, whereas previously we were only
able to do so at α = 1.
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Part III

A P P E N D I X





A P P E N D I X A : T Y P E I I B E F F E C T I V E A C T I O N W I T H
F L U X E S

For easy reference, the Type IIB supergravity action in the string
frame reads:

S =

∫
e−2∗φ̂

(
−
1

2
R̂ ? 1+ 2dφ̂∧ ?dφ̂−

1

4
Ĥ3 ∧ ?Ĥ3

)
−
1

2

(
dl∧ ?dl+ F̂3 ∧ ?F̂3 +

1

2
F̂5 ∧ ?F̂5 + Â4 ∧ Ĥ3 ∧ dĈ2

)
(328)

where the field strengths are defined by (148) and:

Ĥ3 = dB̂2 (329)

F̂3 = dĈ2 − ldB̂2 (330)

The Ĥ3 ∧ ?Ĥ3 part is trivial: inserting (143), we see that Ĥ3 = dB̂2 =

dB2. This part of the action contributes a term∫
M4

e−2φ
(
−
1

4
H3 ∧ ?H3

)
(331)

to the four-dimensional effective action.
The F̂3 ∧ ?F̂3 part reads:∫
M

−
1

2
e−2φ̂

(
F̂3 ∧ ?F̂3

)
=

−
1

2

∫
M

e−2φ̂
[
dC2 + dc

iωi − l(dB2 + db
iωi)

]
∧

∧ ?
[
dC2 + dc

jωj − l(dB2 + db
jωj)

]
(332)

Carrying out the integration over the Calabi-Yau, we obtain:∫
M

−
1

2
e−2φ̂

(
F̂3 ∧ ?F̂3

)
=∫

M4

e−2φ
(
− 2 ∗Kgij(dci − ldbi)∧ ?(dcj − ldbj)

−
1

2
(dC2 − ldB2)∧ ?(dC2 − ldB2)

)
(333)

where K is the volume of the internal space, and gij is a metric de-
fined on the Kähler moduli space:

gij ≡
1

4K

∫
K6

ωi ∧ ?ωj (334)

The contribution of the terms in (68) that involve Â4 is more difficult
to obtain, since we need to impose the self-duality condition on F̂5.
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This can be done by adding the following total derivative terms to
the action:

δS =
1

2
FA ∧GA +

1

2
dDi ∧ dρi (335)

where FA ≡ dVA and GA ≡ dUA. Adding this term to the action
implements the self-duality condition as equations of motion for Di2
and the vectors (again, for details see [43]). As promised, the self-
duality condition has reduced the degrees of freedom in A4 to the
right amount needed for N = 2 supergravity in four dimensions.

The compactification of the Ricci scalar contributes the following to
the four-dimensional action:∫

K6

−R(10) ? 1→ −R(4) ? 1− gijdv
i ∧ ?dvj − gabdz

a ∧ ?dz̄b (336)

where gij is the metric defined on the Kähler moduli space defined
above, and gab is a metric defined on the space of complex structure
deformations. We will examine the structure of these metrics in the
following section.

The two 2-forms in the double-tensor multiplet can be dualized to
two scalars, leaving behind a more familiar hypermultiplet. To see
how this can be done, consider the following simplified action for a
2-form B2:

S = −

∫ [
g

4
H3 ∧ ?H3 −

1

2
H3 ∧ J1

]
(337)

where J1 is a generic 1-form and H3 is the field strength for B2, H3 =
dB2. We can impose the latter condition as an equation of motion by
adding a Lagrange multiplier term δS to the action:

δS = H3 ∧ da (338)

where a is a scalar field. The equation of motion for H3 becomes:

?H3 =
1

g
(da+ J1) (339)

which we can substitute back into (337) to obtain an action that de-
pends only on a and J1.

After dualizing the 2-forms to scalars, we are left with the following
action in the four-dimensional effective theory:

S =

∫
M4

[
−
1

2
R ? 1− gabdz

a ∧ ?dz̄b

− huvdq
u ∧ ?dqv +

1

2
ImMIJF

I ∧ ?FJ +
1

2
ReMIJF

I ∧ FJ
]

(340)

The definition of the matrix MIJ can be found in the literature [43]. It
relates to Abelian gauge fields and will be of no further concern to us.
The matrix huv is likewise defined in [43]. It contains kinetic terms
and scalar potential terms for the dilaton and the dual scalars of the
2-forms.
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A P P E N D I X B : T Y P E I I B E F F E C T I V E A C T I O N O N
O R I E N T I F O L D S W I T H F L U X E S

In this Appendix, we show that the effective action of Type IIB on a
Calabi-Yau orientifold with fluxes is a standard N = 1 supergravity
action. The action of a four-dimensional N = 1 supergravity (with the
field content described above) is determined by:

• A Kähler metric KIJ̄ = ∂I∂̄J̄K(M, M̄) defined on the manifold
spanned by all the scalar fields in the theory. M stands for all of
the scalar fields collectively.

• A superpotential W(M), a function of the scalar fields

• Gauge field kinetic constants fκλ

• A set of D-terms Dα

The action is:

−

∫
1

2
R?1+KIJ̄DM

I∧?DM̄J+
1

2
RefκλF

κ∧?Fλ+
1

2
ImfκλF

κ∧Fλ+V ?1

(341)
where MI denotes each complex scalar in the theory, and the D’s
are covariant derivatives (not to be confused with the D-terms Dα)
defined by:

DIW = ∂IW +W∂IK (342)

The scalar potential V is:

V = eK(KIJ̄DIWDJW − 3|W|2) +
1

2
Re(f−1)κλDκDλ (343)

We will not consider D-terms in the following.
Let us first examine the moduli space metrics which appear in (221).

The metric on the complex structure moduli space was previously
given by (165). After the orientifold projection, the holomorphic three-
form Ω lies in H(3)

− . This means that all the periods (Xκ,Fκ) which
involve the basis of the even eigenspace H(3)

+ vanish:

Xκ =

∫
K6

Ω∧βκ = Fκ =

∫
Ω∧ακ = 0 (344)

Therefore, Ω has the decomposition:

Ω(zk) = Xk̂αk̂ −Fk̂β
k̂ (345)

The metric gkl remains Kähler with the following Kähler potential:

Kcs = −ln
[
− i

∫
Ω∧ Ω̄] = −ln

[
iX̄k̂Fk̂ − iX

k̂F̄k̂
]

(346)
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The situation is different for the Kähler class deformations. The metric
on this part of the moduli space appears twice in the effective action
(221): once involving the H(1,1)

+ indices gαβ, and once involving the
H

(1,1)
− indices gab. The metric is given by:

gij =
3

2K

∫
K6

ωi ∧ ?ωj = −
3

2

(
Kij

K
−
3

2

KiKj

K2

)
(347)

where the quantities Kij and so forth are defined in (157). In the
above equation we use again the convention that the indices ij of gij
refer to elements of H(1,1) (that is, the full cohomology group and
not one of its σ∗ eigenspaces). The metric defined above differs from
(160) by a rescaling convention. After the orientifold projection, all of
the following quantities must vanish:

Kαβc = Kabc = Kαb = Ka = 0 (348)

which may be checked by inspecting their symmetry properties under
σ∗ 1. Substituting the above into (347), we arrive at:

gαβ = −
3

2

(
Kαβ

K
−
3

2

KαKβ

K2

)
, gab = −

3

2

Kab

K
(349)

and all the other components vanish: gαb = gaβ = 0. Unfortunately,
this metric is not Kähler in the current coordinates. The correct set of
Kähler coordinates is not easy to guess. They are defined by[24]:

Ga = ca − τba

ξα = −
1

2(τ− τ̄)
KαbcG

b(G− Ḡ)c

Tα =
3i

2
ρα +

3

4
Kα(v) −

3

2
ξα(τ, τ̄,G, Ḡ)

In these coordinates, the Kähler deformation metric is Kähler, with
the following Kähler potential:

Kk(τ, T ,G) = −ln
[
− i(τ− τ̄)

]
− 2ln

[1
6
K(τ, T ,G)

]
(350)

To be clear, the Kähler coordinates here (τ, T ,G). The other quantities
that appear in these formulae are functions of (τ, T ,G). There is no
general explicit solution for K, but we can find one when h(1,1)

+ = 1

(i.e. only one Kähler modulus, Tα = T ). It reads [24]:

− 2lnK = −3ln
2

3

[
T + T̄ −

3i

4(τ− τ̄)
K1ab(G− Ḡ)a(G− Ḡb)

]
(351)

If we posit that h(1,1)
− = 0, it reduces to the form:

K = −3ln
[
T + T̄

]
(352)

1 H
(1,1)
− -forms ωα change sign, the Kähler form J and H(1,1)

+ -forms ωa are invariant.
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This is the case of interest in the KKLT scheme to be discussed in the
next chapter.

The Kähler potential (350) has a so-called no-scale structure:

∂IK∂J̄KK
IJ = 3 (353)

This means that the scalar potential will be positive semi-definite,
V > 0, even in the presence of a flux-induced superpotential.
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