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Abstract

This thesis explores the possibilities and difficulties that arise within mathematics and
physics as a result of Noether’s first theorem, which roughly says that symmetries of a La-
grangian imply conservation laws. In the mathematical part of this thesis, we investigate how
to find symmetries of a functional (Lagrangian) or differential equations (Euler-Lagrange)
in the first place. Two different methods, the first in the framework of point geometry and
the second in the framework of infinite jet spaces, to find symmetries in a systematic way
are discussed. In the physics part of the thesis, we will look at Noether’s theorem in the
context of Quantum Field Theory: Goldstone’s theorem states that spontaneously broken
continuous symmetries correspond to massless modes called Nambu-Goldstone bosons. We
will look at some qualitative and quantitative aspects of these bosons. This theory is then
extended to encapsulate the possibility of ‘broken’ translational symmetry. We look at two
ways in which the translational symmetry may be broken: discrete rather than continuous
translational symmetry, and local rather than global symmetry. It turns out that in both
cases, the symmetry breaking may affect the number of Nambu-Goldstone bosons and in
the latter case their qualitative properties.
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Introduction

Symmetries, mathematics and physics are intrinsically connected. Symmetry does not only play
a prominent role in both sciences due to the beauty that is often associated with mathematical
structures and physical objects exhibiting symmetry. Moreover it is valuable because it often
provides the insights that allow us to solve equations, or to predict or understand the behavior
of phenomena. For example, when the Lagrangian and Hamiltonian formulations of classical
mechanics were developed, it was recognized that traditional conservation laws such as the
conservation of energy, linear momentum and angular momentum can be derived from the
Lagrangian being invariant with respect to some change in time, place or angle respectively.
Nowadays things have developed to such an extent that the standard model of particle physics
is often summarized in terms of its symmetries, i.e. SU(3)× SU(2)× U(1).

A beautiful result in this respect is what is nowadays referred to as Noether’s first theorem –
first proven in 1915 by Emmy Noether (1882-1935). Noether’s theorem roughly says that every
continuous symmetry of the Lagrangian corresponds to a conservation law, and it in principle
gives the conservation law corresponding to the symmetry. The nice thing about this result
is that it shows that the connection between symmetry and conservation laws is more than a
mere coincidence: conservation laws do not ‘randomly’ occur in nature, rather they are emergent
laws resulting directly and predictably from the world’s spatiotemporal configuration. However,
Noether’s theorem also leaves open a lot of questions. How may we find the symmetries of some
highly complicated Lagrangian in the first place? And when we know the symmetries, what
insights will it bring in?

In fact, those two questions are the main questions that are (to some extent) answered
in this thesis. Since it is a combined thesis in mathematics and physics, and since the first
question has a rather mathematical nature and the second question a rather physical one, the
thesis can be seen to consist of two parts – which will also (see below) be separately introduced.
In the mathematics part, which consists roughly of sections 1, 2 and 3, a systematic treatment
of differential equations and their symmetries is outlined. In the physics part, which covers
sections 4, 5 and 6, we will look at the role symmetries, and spontaneously broken symmetries
in particular, play in the (quantum) realm of particle physics. Both parts will now be introduced
more extensively.

Mathematics Introduction

As noted in the general introduction, the benefit of treating physical problems from the per-
spective of symmetry depends on two things. First, how easy it is to find nontrivial symmetries
in the first place, and secondly, how we in general move from some given symmetry to a useful
physical insight. The mathematics part of this thesis aims to answer the former question and
is mostly contained in sections 1, 2 and 3.

The general idea is that in order to effectively treat symmetries, one has to set-up a sound
mathematical framework for dealing with symmetries first. Section 1 therefore deals with the
issue of defining in what sense some system of (differential) equations may be invariant under
some set of operations. This will lead us to the discussion of continuous Lie groups and the
so-called infinitesimal generators of the symmetry group actions.

Once the reader has an idea of how we may mathematically talk about symmetry, the thesis
turns to how one may find symmetries: given some system of differential equations of some order,
how may we in general proceed to find its symmetries? An answer to this question is given from
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two perspectives. First, in section 2, we will look at the problem of finding symmetries from
the perspective of point geometry. That is: we will restrict ourselves to symmetries where only
the base coordinates (x) and the dependent coordinates ([u]) are transformed. This procedure
treated will usually give us some symmetry group, but not the full one, for what really happens
is that a differential equation not only constraints the dependent and independent coordinates,
but also their derivatives up to an arbitrarily high order.

Therefore, after the section on point geometry we will turn to a treatment of the so-called
jet space formalism in section 3. The idea is that we may treat differential equations in a
geometric way by treating the derivatives of the independent coordinates as if they are additional
dependent variables. A proper introduction of this topic requires many technicalities: a lot of
new concepts have to be introduced and many assumptions or topological subtleties have to be
taken into account. This thesis will therefore not be able to provide a complete introduction
or overview of the jet space treatment of symmetries – rather it will try to just give a general
outline which serves nothing but the purpose of making clear to the reader what potential power
it harnesses. Of course, the reference list at the end of this thesis provides enough suggestions
for further reading on this topic.

Physics Introduction

The interplay between symmetry and classical mechanics is for the most part well-known and
treated extensively in undergraduate physics courses. For example, it is a canonical fact that
conservation of (angular) momentum and energy are an effect of the fact that the Lagrangian
usually does not depend explicitly on its independent variables. Less well-known – to under-
graduate students at least – are implications of symmetry in quantum mechanics and quantum
field theory. One typical result treated in every complete course on quantum field theory is
Goldstone’s theorem, which roughly states that a spontaneously broken continuous symmetry
implies the existence of a massless boson called a ‘Nambu-Goldstone boson’.

Goldstone’s theorem is the main topic of the second part of this thesis. Due to its generality
it is easy to present without the need of an elaborate introduction. Moreover it is easy to
connect Goldstone’s theorem to a discussion of many other facets of symmetry in physics. The
second part starts in section 4, where some preliminaries from quantum mechanics and quantum
field theory are discussed, such as Noether’s theorem in classical field theory, time-evolution
operators and translation operators, and Goldstone’s theorem is introduced and proven. The
section concludes with a quick example of the Sigma model and a short note on the number of
Nambu-Goldstone bosons.

The remainder of the thesis deals with the consequences of the assumed translational invari-
ance in Goldstone’s theorem being broken. Section 5 extends the ordinary version of Goldstone’s
theorem to include the possibility of discrete translational symmetry. Following [WB12], Gold-
stone’s theorem is proven again in this more general setting, and some results on the counting
of Nambu-Goldstone bosons are presented and discussed. Then these new results are evaluated
and a critical discussion of the validity of Watanabe and Brauner’s assumptions is provided.

Section 6 then considers another type of symmetry breaking: when the symmetry is local
rather than global – which involves a discussion of gauge fields and transformations. In pratic-
ular, two questions are answered: what is the role of Gauge symmetry in particle physics and
Quantum Field Theory, and what are the consequences for the existence and the number of
Nambu-Goldstone bosons?
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1 The Language of Symmetry

The only way in which we can harvest the full power of symmetry is when we treat it in a
proper, systematic way. Group theory is ideally suited to perform this task: symmetry is
naturally defined as ‘staying the same after performing some operation’, which allows us to
make the observation that these operations should form a group: the set of operations is closed,
for applying two symmetry transformations yields another symmetry, every element has an
inverse, for we can just do any transformation in reverse, etc. Anticipating some basic knowledge
of group theory, this thesis introduces the reader to Lie Group theory, flows and infinitesimal
generators, which together make up the mathematical toolbox for treating continuous symmetry.

1.1 Lie Groups: the mathematics of continuous symmetry

Since in this thesis we focus exclusively on continuous transformations, we also need some notion
of a continuos group, which needs to have infinitely many elements. This notion is provided by
what is a called ‘Lie Group’ [Olv93].

Definition 1.1. An (r-parameter) Lie Group is a group G that also carries the structure of an
r-dimensional manifold, such that both the group operation and the inverse are smooth maps
between manifolds.

Equipping the group with a manifold and smooth maps as in the definition of a Lie Group
guarantees that we can continuously vary over the group elements. A simple example of a Lie
group is the rotation group SO(2) over R2.

We may wonder how the elements of a Lie group in fact operate on objects in its space – in
our case, how the group elements act on functionals or differential equations. In other words, we
need to find suitable representations for the abstract group elements. The first step is defining
local groups of transformations.

Definition 1.2. Let M be a smooth manifold. A local group of transformations acting on M
is given by a Lie Group G, an open subset U with:

{e} ×M ⊂ U ⊂ G×M

which is the domain of definition of the group action, and a smooth map Ψ : U →M with the
properties:

- (Associativity) If (h, x) ∈ U , (g,Ψ(h, x)) ∈ U and (g · h, x) ∈ U , then

Ψ(g,Ψ(h, x)) = Ψ(g · h, x)

- (Identity) For all x ∈M , Ψ(e, x) = x

- (Inverse) If (g, x) ∈ U , then (g−1,Ψ(g, x)) ∈ U and Ψ(g−1,Ψ(g, x)) = x.

Note that the reason for restricting ourselves to the domain U is that the mapping of the
group action, Ψ(g, x), need not be defined for all g ∈ G and x ∈M .
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Figure 1: A visualization of an integral curve [Lee13, p. 206].

1.2 Flow and infinitesimal generators

The next step is to identify the operations of a local group of transformations with the concepts
of Flow and of infinitesimal generators. Tthe flow generated by some vector field has the same
properties as the group actions and is therefore a useful representation of them. The vector
field giving rise to this flow is called the infinitesimal generator of the group action and we will
see that infinitesimal generators in practice give a sufficient characterization of the group. Let
us now carry on with the formal definitions of these concepts, following [Olv93] and [Lee13].

Definition 1.3. An integral curve of a vector field X on a manifold M is a smooth parametrized
curve x = γ(ε), with γ(ε) : I ⊂ R → M , whose tangent vector at any point coincides with the
value of X at that point. That is,

γ′(ε) = X (γ(ε)) (1.1)

See figure 1 for an illustration of an integral curve. Of course, we can choose many different
parameterizations for some integral curve – and it depends on the parametrization of the curve
how far the curve ‘reaches’. The maximal integral curve is the integral curve defined on the
largest possible domain interval. We can denote the maximal integral curve passing through a
point x in manifold M with vector field X as Ψ(ε, x) – this is called the flow generated by X .
Some basic facts about the flow are contained in the following lemma.

Lemma 1.1. The flow Ψ(ε, x) generated by vector field X has the following properties:

1. Ψ(δ,Ψ(ε, x)) = Ψ(δ+ ε, x)∀x ∈M and for all ε, δ such that both sides of the equation are
defined.

2. Ψ(0, x) = x

Observe that, as anticipated, these properties are just the properties of a local Lie group of
transformations as defined in definition 1.2. In fact, the flow Ψ is a representation of the local
group action on points of the manifold. Notice that by Taylor expansion of the flow we see that
for an infinitesimal transformation, the flow is linear in the direction of the vector field X :

Ψ(ε, x) = x+ εX (x) +O(ε2)

Therefore X is called the infinitesimal generator of the group action. From the expansion we
also see that the infinitesimal generator at a point x ∈M is given by:

X (x) =
d

dε

∣∣∣
ε=0

Ψ(ε, x) (1.2)
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Since the expression for the infinitesimal generator is a familiar differential equation, we may
suggestively write the flow Ψ(ε, x) as an exponential:

Ψ(ε, x) = eεX (x)x (1.3)

We can use this terminology to see how group actions affect functions on the manifold – that
is, how the flow generated by a vector field affects a smooth function f on M . This information
is essentially provided by evaluating (using the chain rule) the following derivative:

d

dε
f
(
eεX (x)x

)
= X (f)

(
eεX (x)x

)
(1.4)

If this is not evident directly, recall that we may write X =
∑n

i=1 ξ
i(x) ∂

∂xi
and that by (eq. 1.1)

we have d
dε

(
eεX (x)x

)
=
∑n

i=1 ξ
i
(
eεX (x)x

)
. The chain rule then gives:

d

dε
f
(
eεX (x)x

)
=

n∑
i=1

ξi
(
eεX (x)x

) ∂f

∂xi

(
eεX (x)x

)
= X (f)

(
eεX (x)x

)
Since at ε = 0 the above yields X (f)(x), we see that X (f) gives the infinitesimal change to the
function under a group action generated by X .

Example. Consider the following flow:

Ψ(ε, (x, y)) =

(
x

1− εx
,

y

1− εx

)
We can find its infinitesimal generator X by differentiating:

X =
d

dε

∣∣∣
ε=0

(
x

1− εx

)
∂

∂x
+

d

dε

∣∣∣
ε=0

(
y

1− εx

)
∂

∂y

= x2 ∂

∂x
+ xy

∂

∂y

Given the vector field we could also have found the flow. We get a system of coupled differential
equations:

dx

dε
= x2

dy

dε
= xy

The first one is solved by x(ε) = (−ε+ C)−1. The second equation becomes:

dy

dε
=

y

−ε+ C

⇒ dy

y
=

dε

−ε+ C

⇒ y =
K

C − ε
where C,K are constants. The initial conditions x(0) = x and y(0) = y give C = x−1 and
K = yx−1. Rewriting then gives our initial flow.
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2 Groups and Differential Equations

In this section a general mathematical procedure for finding, or constructing, the group of
symmetry transformations of arbitrary systems of differential equations – hence also for arbitrary
Lagrangian densities – is discussed. First, general definitions concerning what it really means to
be a symmetry of a system of differential equations are discussed. Subsequently, the discussion
is directed towards finding suitable criteria for determining whether or not some transformation
is a symmetry of the system or not. When these symmetry criteria are found, the situation is
turned around and a procedure is outlined to find the symmetry transformations from a given
system of differential equations. Lastly, the discussion of symmetries of differential equations is
connected to that of conservation laws, variational problems and Noether’s theorem.

2.1 Symmetry groups and prolongation

Let us, to begin with, state the condition for a system of differential equations to have a
symmetry group. We follow [Olv93].

Definition 2.1. Let F be a system of differential equations. A symmetry group of F is a local
group of transformations G acting smoothly on an open subset O ⊂ X × U of the space of
dependent (X) and independent variables (U), with the property that whenever u = f(x) is a
solution of F , and whenever the group action g ∗ f is defined for g ∈ G, u = g ∗ f(x) is also a
solution of the system F .

Before we can start describing symmetry groups, we need to get clear on what happens
when a group element g acts on a function f . Let us first identify the function f : X → U with
its graph:

Γf = {(x, f(x)) | x ∈ Ω} ⊂ X × U (2.1)

where Ω is the domain on which f is defined. Now, if f ’s domain of definition lies in the domain
of definition of g, then we have for the graph of g:

Γg = {(x̃, ũ) = g ∗ (x, u) | (x, u) ∈ Γf} (2.2)

Now, it need not be the case that Γg is again a well-defined ’single-valued’ function, i.e. ũ = f̃(x̃).
However, since we assumed that G acts smoothy on O ⊂ X × U , we may always find such
a function if we suitably shrink the domain of f .1 Under this assumption, if we write the
transformation as:

(x̃, ũ) = g ∗ (x, u) = (ξ(x, u), η(x, u))

the new function is given as:

ũ = f̃(x̃) = (g ∗ f)(x̃) = [η ◦ (id.× f)] ◦ [ξ ◦ (id.× f)]−1 (x̃) (2.3)

To give the notion of a ‘system of differential equations’ some geometric meaning, we may

1Since G acts smoothly its elements are well-defined close to identity. This means that we can always transform
the function to an arbitrary degree, such that we may choose our transformation such that, if we restrict the
domain of f , by the implicit function theorem there is a well-defined single valued function representing the
transformed function.
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prolong the total space X ×U to a larger space which explicitly contains variables representing
the various partial derivatives. Let

X × U (n) = U1 × U2 × . . .× Un

where Uk contains all kth-order (mixed) partial derivatives. X×U (n) may be called the nth-order
jet space of X ×U (a more detailed description of jet spaces is given in the next section). Note
that since we have have f(x) = (f1(x), . . . , f q(x)), where q = dim(U) and f i(x) = f(x1, . . . , xp),
where p = dim(X), we have that:

dim(Uk) =

(
p+ k − 1

k

)
hence the dimension of the nth-order jet space is given by:

dim(X × U (n)) = p+ q

(
p+ n
n

)
(2.4)

We may define the prolongation, or nth-order jet, pr(n)f(x) of the function f as a function
defined on the jet space X × U (n), with values:

uαJ = ∂Jf
α(x)

where J is a multi-index2 labeling the (mixed) partial derivatives up to order n. Another way to
construe of this prolongation is by observing that it represents the coefficients of the nth-order
Taylor expansion of the function f .

Having introduced the concept of prolongation we can now interpret a system of differential
equations in a purely geometric way. The system F of differential equations is nothing else
than the restriction of a set of l functions ∆(x, u(n)) : X × U (n) → Rl to their kernel – which
determines a submanifold:

F∆ = {(x, u(n)) |∆(x, u(n)) = 0} ⊂ X × U (n) (2.5)

We may also prolong the group actions themselves. Write u
(n)
0 = pr(n)f(x0). Then the action of

the prolonged group element is defined as the prolongation of the new function resulting from
the action of the group, that is:

(pr(n)g) ∗ (x0, u
(n)
0 ) = (x̃0, ũ

(n)
0 ) where ũ

(n)
0 = pr(n)(g ∗ f)(x̃0) (2.6)

where the function on the right hand side is given explicitly by (2.3), which is, as explained,
well-defined for group elements close to identity and a small enough region of the domain.

2.2 New symmetry criteria

Now that we have changed our problem to the setting of jet spaces, we may reformulate, and
thereby simplify, the criterion for being a symmetry group.

2Recall that a multi-index is an n-tuple of nonnegative integers. In this case it indicates how to differentiate.
For example, the 2-tuple (1, 2) indicates that the first differentiation is with respect to x1 and the second with
respect to x2. The 3-tuple (2, 4, 1) means that we first differentiate with respect to x2, then x4 and finally x1.
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Theorem 2.1. Let O ⊂ X × U be an open subset and suppose ∆(x, u(n)) = 0 is an nth-
order system of differential equations defined on O with corresponding submanifold F∆. If
(pr(n)g) ∗ (x, u(n)) ∈ F∆ whenever (x, u(n)) ∈ F∆ for all g ∈ G, then G is a symmetry group as
defined in definition 2.1.

A similar criterion is given in the context of infinitesimal generators. Let us first define the
notion of a prolonged vector field.

Definition 2.2. Let O ⊂ X ×U be an open subset and suppose X is a vector field on O. The
nth prolongation pr(n)X , which will be a vector field on the jet space X × U (n), is defined as
the infinitesimal generator of the corresponding prolonged group action. That is,

pr(n)X (x) =
d

dε

∣∣∣
ε=0

pr(n)
(
eεX (x)(x, u(n))

)
(2.7)

Now we may restate theorem 2.1 in the following manner.

Theorem 2.2. Let O ⊂ X × U be an open subset and suppose ∆(x, u(n)) = 0 is an nth-order
system of differential equations defined on O and such that the Jacobian matrix has maximal
rank. If

pr(n)X
(

∆(x, u(n))
)

= 0 whenever ∆(x, u(n)) = 0

for any infinitesimal generator X of G, then G is the symmetry group of of the system.

Note that the maximal rank condition is required because otherwise the left hand side may
be trivial [Olv93, p. 103]. Let us now work out an example to recapitulate what is introduced
so far – that is, how to prolong a given group of transformations given a specific differential
equation and how to check whether the given group of transformations is a symmetry of that
differential equation.

Example. (SO(2) on X×U(1))
In this example it is shown that the differential equation

∆(x, u, ux) = (u− x)ux + u+ x = 0

is invariant under action of SO(2), following examples 2.21, 2.26, 2.29 and 2.32 in [Olv93]. Take
X = R, U = R, and G = SO(2) acting on X × U . We may write the transformation of the
coordinates due to the group action θ ∗ (x, u) in matrix form:(

x̃
ũ

)
=

(
cos θ − sin θ
sin θ cos θ

)(
x
u

)
Now we want to find pr1

(
θ ∗ (x0, u0, u0

x)
)

= (x̃0, ũ0, ũ0
x). Note that for any function f , we have

that the values of its first prolongation match the values of its first-order Taylor expansion; i.e.
we may write:

f(x) = u0 + u0
x(x− x0)

= u0
xx+ (u0 − u0

xx
0)
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This is of the form f(x) = ax+b, which makes it easy to plug it into our transformation formula:

f̃ =

(
x̃
ũ

)
=

(
cos θ − sin θ
sin θ cos θ

)(
x

ax+ b

)
=

(
x cos θ − (ax+ b) sin θ
x sin θ + (ax+ b) cos θ

)
Note that as long as cos θ − a sin θ 6= 0 we may write:

x =
x̃+ b sin θ

cos θ − a sin θ

which gives, plugging in a = u0
x and b = u0 − u0

xx
0:

ũ = f̃(x̃) =
sin θ + u0

x cos θ

cos θ − u0
x sin θ

x̃+
u0 − u0

xx
0

cos θ − u0
x sin θ

By (2.6) we now have:

x̃0 = x0 cos θ − u0 sin θ

ũ0 = f̃(x̃0) = x0 sin θ + u0 cos θ

ũ0
x = f̃ ′(x̃0) =

sin θ + u0
x cos θ

cos θ − u0
x sin θ

A vector field on X × U takes the general form X = ξ(x, u) ∂
∂x + η(x, u) ∂

∂u . Toghether with
equation (1.2) this gives:

ξ(x, u) =
d

dθ

∣∣∣
θ=0

x cos θ − u sin θ = −u

η(x, u) =
d

dθ

∣∣∣
θ=0

x sin θ + u cos θ = x

Hence X = −u ∂
∂x + x ∂

∂u . To prolong this vector field, we use (2.7) to calculate:

pr(1)X (x) =
d

dθ

∣∣∣
θ=0

pr(1)
(
eθX (x)(x, u(1))

)
=

d

dθ

∣∣∣
θ=0

(x̃, ũ, ũx)

= −u ∂
∂x

+ x
∂

∂u
+ (1 + u2

x)
∂

∂ux

We can now show the merit of this procedure. Note that the jacobian matrix J∆ has rank 1:
J∆ = (u− x, 1, 1) 6= 0 ∀x, u. Applying our found infinitesimal generator of the prolonged group
action to ∆, we find:

pr(1)X (∆) = −u∂∆

∂x
+ x

∂∆

∂u
+ (1 + u2

x)
∂∆

∂ux
= −u(1− ux) + x(1 + ux) + (1 + u2

x)(u− x)

= ux ((u− x)ux + u+ x)

= ux∆

= 0 whenever ∆ = 0

Which shows, by theorem 2.2, that SO(2) is a symmetry group of this differential equation.
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2.3 Calculating symmetry groups

What we actually want to do is the reverse of what is done in the foregoing example: rather
than showing a differential equation is invariant under the action of a certain group, we want
to find from the differential equation under which groups it is invariant. Luckily, the tools we
have developed allow us to do this following just a simple recipe.

The idea is the following. We prolong an arbitrary vector field on X × U using the general
prolongation formula described below and apply the symmetry criterion in theorem 2.2. Simpli-
fying the resulting equations by using the variables’ mutual dependencies given by the system
of differential equations, we end up with a system of differential equations for ξ and η. Solving
these then gives the most general set3 of infinitesimal generators corresponding to symmetry
groups.

Theorem 2.3 (General Prolongation Formula). Let

X =

p∑
i=1

ξi(x, u)
∂

∂xi
+

q∑
α=1

φα(x, u)
∂

∂uα
(2.8)

be a vector field defined on an open subset M ⊂ X × U . The corresponding nth prolongation
is then given by:

pr(n)X = X +

q∑
α=1

∑
J

φJα(x, u(n))
∂

∂uαJ
(2.9)

where J denotes a multi-index and the coefficients φJα are given by:

φJα(x, u(n)) = DJ

(
φα −

p∑
i=1

ξi
∂uα

∂xi

)
+

p∑
i=1

ξi
∂uαJ
∂xi

(2.10)

where DJ is the total derivative.4

For a proof of the General Prolongation Formula we refer the reader to [Olv93, p. 110].

The study of symmetries in point geometry goes much further. The things discussed so far can
be simplified in many ways, for example by finding equivalent conditions for symmetry which
may be easier to check in certain circumstances. The idea however stays precisely the same, so
we refer to [Olv93] for a more extensive discussion.

2.4 Example: Wave equation

Let us look at the one-dimensional wave equation:

utt = uxx (2.11)

A vector field takes the form:

X = ξ(x, t, u)
∂

∂x
+ τ(x, t, u)

∂

∂t
+ φ(x, t, u)

∂

∂u
3Actually, only the most general set of classical symmetries. Higher order symmetries are treated in the next

section.
4Recall that the total derivative is given by partial differentiation in all the components. For example,

Dxf(x, t, u(x, t)) = ∂f
∂x

+ ux
∂f
∂u

.
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which, according to the General Prolongation Formula presented in the previous section, has
the following prolongation:

pr(2)X = X + φx∂ux + φt∂ut + φxt∂uxt + φxx∂uxx + φtt∂utt

Now, the symmetry condition gives:

pr(2)X (∆) = φtt − φxx = 0

First, we must find explicit expressions for φxx and φtt. Note that the total differential satisfies
the Leibniz rule5 and that we should evaluate expressions like D2

x(ξux) and D2
t (φ) like:

D2
x(ξux) = Dx(uxDxξ + ξDxux) = Dx(uxDxξ + ξuxx) = uxD

2
xξ + 2uxxDxξ + ξuxxx

D2
t (φ) = Dt(φt + φuut) = φtt + φtuut + utDtφu + φuutt

= φtt + 2φtuut + φuuu
2
t + φuutt

Then we obtain:

φtt = D2
x(φ− ξux − τut) + ξuttx + τuttt

= D2
t φ− uxD2

t ξ − utD2
t τ − 2uxtDtξ − 2uttDtτ

= φtt + 2φtuut + φuuu
2
t + φuutt − ux(ξtt + 2ξtuut + ξuuu

2
t + ξuutt)

− ut(τtt + 2τtuut + τuuu
2
t + τuutt)− 2uxt(ξt + ξuut)− 2utt(τt + τuut)

= φtt + (2φtu − τtt)ut − ξttux + (φuu − 2τtu)u2
t − 2ξtuutux − τuuu3

t − ξuuu2
tux

+ (φu − 2τt)utt − 2ξtuxt − 3τuututt − ξuuxutt − 2ξuutuxt

And similarly:

φxx = D2
x(φ− ξux − τut) + ξuxxx + τuxxt

= φxx + (2φxu − ξxx)ux − τxxut + (φuu − 2ξxu)u2
x − 2τxuuxut − ξuuu3

x − τuuu2
xut

+ (φu − 2ξx)uxx − 2τxuxt − 3ξuuxuxx − τuutuxx − 2τuuxuxt

Solving φxx = φtt boils down to equating the coefficients of the different mononomials, which
are shown in figure 2. Note that by (m),(n),(o),(p),(q),(r) and (f),(g),(k),(j) we find that ξ and
τ do not depend on u. Of the resulting equations, we find that (h),(i) and (l) imply that:

ξx = τt =
1

2
φu and ξt = τx

It is now fairly easy to show that all third order derivatives of ξ, τ and φ vanish:

ξxxx = ξxxt = ξxtt = τttt
(a)
=

1

3
τxxt =

1

3
ξxxx (∗)

Hence ξxxx = τttt = . . . = 0. The other mixed derivatives prove to be zero in a similar fashion.
Since these third-order derivatives are zero, we can set a second-order polynomial as Ansatz:

ξ = a1 + a2x+ a3t+ a4x
2 + a5t

2 + a6xt

τ = b1 + b2x+ b3t+ b4x
2 + b5t

2 + b6xt

5Which is just what the product rule is in the case of ordinary differentiation.
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# Coefficient φxx φtt

(a) ux 2φxu − ξxx −ξtt
(b) ut −τxx 2φtu − τtt
(c) u2

x φuu − 2ξxu 0
(d) u2

t 0 φuu − 2τtu
(e) uxut −2τxu −2ξtu
(f) u2

xut −τuu 0
(g) u2

tux 0 −ξuu
(h) uxx φu − 2ξx 0
(i) utt 0 φu − 2τt
(j) u3

x −ξuu 0
(k) u3

t 0 −τuu
(l) uxt −2τx −2ξt
(m) uxuxx −3ξu 0
(n) ututt 0 −3τu
(o) uxutt 0 −ξu
(p) utuxx −τu 0
(q) utuxt 0 −2ξu
(r) uxuxt −2τu 0
(s) 1 φxx φtt

Figure 2: The coefficients in φxx and φtt.

By (∗) we have a2 = b3, a4 = b6, a6 = b5 and a3 = b2, a5 = b6, a6 = b4. Hence the coefficient
functions take the form:

ξ = c1 + c3x+ c4t+ c5(x2 + t2) + c6xt

τ = c2 + c4x+ c3t+ c6(x2 + t2) + c5xt

Moreover, from (h) and (i) we find:

ξx = τt

2c5x+ c6t = 2c6t+ c5x

which implies c5 = c6 = 0. For φ we have from e.g. (c) that φuu = 0. Hence it takes on the
general form:

φ(x, t, u) = α(x, t)u+ β(x, t)

From (a) and (b) we deduce that αx = αt = 0, i.e. α = constant. We have φu = α and from (h)
and (i) we find that α = 2c3. The condition (s) tells us that β(x, t) itself should be a solution
of the wave equation. We conclude that the infinitesimal symmetries of the wave equation are
spanned by the following four vector fields:

• X1 = ∂
∂x

• X2 = ∂
∂t

• X3 = x ∂
∂x + t ∂∂t + 2u ∂

∂u

14



Figure 3: The vector field X4 generating hyperbolic rotations.

• X4 = t ∂∂x + x ∂
∂t

• X5 = β(x, t) ∂
∂u

X1 and X2 have a simple interpretation: they represent the translations through space and time.
X4 is what is called a hyperbolic rotation. The flow generated by X4 is given can be found by
solving the coupled system:

x′(ε) = t(ε) and t′(ε) = x′(ε)

which thus gives the flow:

(x, t) −→ (x cosh ε+ t sinh ε, t cosh ε+ x sinh ε)

One can show that this represents the lorentz transformation from one observer to another.6

The leftover vector fields have a different interpretation: X3 and X5 represent the linearity
of the wave equation. That is, the flow generated by X5 is given by (x, t, u) −→ (x, t, u + εβ),
which, since β satisfies the wave equation, shows that we may add solutions. And the symmetry
generated by X3 shows that we may multiply solutions by a given constant.

2.5 Noether’s first theorem

As explained in the introduction, one motivation for studying the symmetries of differential
applications is the role of symmetries in physics: Noether’s theorem shows that symmetries
of the Action correspond to conservation laws. Using the techniques developed in this section
we can find symmetries of the Euler-Lagrange equations, which specify the dynamics of the
system, however can not directly find in this way the symmetries of the action (which does not
need to be the same set of symmetries as that of the Euler-Lagrange equations). Therefore, in
order to connect the discussion above to variational symmetries, we need to briefly recapitulate
some calculus of variations leading to the Euler-Lagrange equations in the current context.

6In short, we can replace the cosh and sinh functions by complex cosines and sines and use the identities

cos θ = (1 − u2)−
1
2 and sin θ = iu(1 − u2)−

1
2 to switch to the familiar expression for Lorentz transformations.

This is why Lorentz transformations are sometimes referred to as hyperbolic rotations of Minkowski space.
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The coming elaboration is meant as an outlook on how the theory of continuous symmetries
developes in the direction of physics and will not be an extensive discussion.

In variational calculus we want is to ‘measure’ in some way how the functional

S =

∫
L(t, u(n))dt (2.12)

changes under small variations of u. We state, referring to [Olv93], that the variational derivative
of S is given by the Euler-Operator E(L):

δS = E(L) =
∑
J

(−1)JDJ
∂

∂uJ
(2.13)

where J is a multi-index and DJ denotes the J th total derivative. Solving a variational problem
– e.g. finding the minimal action – is then equivalent to solving the familiar Euler-Lagrange
equations E(L) = 0. Now, to connect the preceding theory about symmetry groups of differen-
tial equations with variational problems, we define a ‘variational symmetry group’:

Definition 2.3. A local group of transformations G acting on V ⊂ X × U is a variational
symmetry group of eq. (2.12) if, whenever the Lagrangian and its prolongation are well-defined,∫

L(x̃,pr(n)f̃(x̃))dx̃ =

∫
L(x, pr(n)f(x))dx

Just like in the study of differential equations, the variational symmetry criterion has a
direct infinitesimal analogue, which is stated without proof.

Theorem 2.4. The local group of transformations G acting on V ⊂ X × U is a variational
symmetry group of eq. (2.12) if and only if

pr(n)v(L) + L∇ · ξ = 0 (2.14)

for all points in V and every infinitesimal generator v =
∑p

i=1 ξ
i ∂
∂xi

+
∑q

j=1 η
j ∂
∂uj

.

Example. Obviously, if the Lagrangian is independent of position, L = L(u, ux), then the vari-
ational problem should be invariant under translations. Take as infinitesimal generator ∂x and
as its first prolongation pr(1)∂x = ∂x. Hence pr(1)∂x(L) = 0. We also see that the coefficient
ξ equals ξ = 1, hence ∇ · ξ = 0. Thus, by theorem 2.4, the action

∫
Ldx is invariant under

translations.

Theorem 2.5 (Noether’s First Theorem). Suppose G is a local one-parameter variational
symmetry group of eq. (2.12) with infinitesimal generator v =

∑p
i=1 ξ

i ∂
∂xi

+
∑q

j=1 η
j ∂
∂uj

. Then

there exists a P (x, u(n)) such that:

∇ · P (x, u(n)) = Q · E(L) (2.15)

where Q denotes the characteristic of the generator v:

Qj(x, u) = ηj +

p∑
i=1

ξi
∂uj

∂xi
(2.16)

In other words, there exists a conservation law ∇ · P = Q · E(L) = 0 whenever E(L) = 0.
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What have we learned? Two types of symmetry have been discussed: symmetries of (systems
of) partial differential equations – such as Euler-Lagrange equations – and symmetries of the
action (eq. 2.12). It need not be the case that the symmetries of the Euler-Lagrange equations
and the action are the same. However, what we do know is that symmetries of the action are
always symmetries of the Euler-Lagrange equations as well [Olv93, p. 255]. To find variational
symmetries, one may thus choose between two options. The first option is to directly construct
the possible conservation laws from a given set of Euler-Lagrange equations.7 The second option
may be called a bit more ‘brute-force’: one can find the complete set of symmetries of the Euler-
Lagrange equations and then check – for example using the result in theorem 2.4 – for each
infinitesimal generator whether it also generates a variational symmetry.

Many more things can be said about the theory developed in this chapter. There are a lot
of extensions and results which simplify or enrich the ideas presented here, but the idea stays
exactly the same. Therefore, let us turn to an idea which is new: the incorporation of higher
symmetries.

7Which is not described in this thesis. For more on this, the reader is referred to [Olv93] or [Kis12].
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3 The Jet Bundle Formalism

Despite being a very powerful tool, the symmetry theory described in the previous section is
really only the tip of an iceberg. This is because it is only concerned with what are called
‘classical symmetries’ and as such ignores all ‘higher’ symmetries – the distinction is explained
in a moment. Making the step to this more general treatment of symmetries requires making
the step to a large new mathematical framework as well: the geometry of (jet) bundles. To
present things in clear order, this section starts with a motivation for considering the more
general case relative to what was done in the previous section. Secondly, the transition to the
geometry of bundles is made by introducing the reader to some new concepts such as bundles,
jet spaces and structures on them. Thereafter, what is done in the previous section is repeated
within the jet bundle formalism.

The previous section has given a good overview of what can be achieved solely by restricting
our attention to local transformation groups involving only the independent and dependent
variables. However, as it turns out this is not the complete story. It is possible to explicitly
include the derivatives of the dependent coordinates and to take them into consideration while
looking for symmetries. We then find not only the classical symmetries found before, but also
find so-called higher symmetries.

One may rightly ask about the point of extending the domain of possible symmetries: do the
higher symmetries have any physical significance? The merit of the higher-symmetry approach
is actually twofold. First, it turns out that the higher, or generalized symmetries do have some
implications. For example, “these ‘generalized symmetries’ have proved to be of importance in
the study of nonlinear wave equations, where it appears that the possession of an infinite number
of such symmetries is a characterizing property of ‘solvable’ equations” [Olv93, p. 286]. Secondly,
the transition to the higher-symmetry approach calls for a new mathematical formalism, called
the geometry of jet bundles, which will simplify some of the notions such as ‘prolongation’ used
in the point-geometrical context of the previous section.

Turning to higher-order symmetries is really a matter of making explicit and bringing to
the foreground some mathematical notions already used in the previous section. In this section,
‘bundles’ and ‘jet spaces’ are defined, as well as vector fields and algebraic structures on them.
At the beginning they may sound abstract and confusing, but one should keep in mind that
in principle they have been around in any discussion of geometry and analysis on manifolds,
but without explicit mentioning. Hence in this section, the reader is reminded several times
that what was done in the previous section was just a specific version of the more general case
presented here.

3.1 Bundles

Instead of talking about functions, or maps of the form f : A → B mapping some point in A
to some point in B, we may also do things different. Suppose we ‘attach’ to every point in A
the space B – the structure obtained is called a bundle – and then literally take a section of
B, that is, we specify a certain point in B. Then what was first called a function is now called
a section of the bundle. The advantage of this formulation is that it is easily generalized: we
may talk in the same fashion about vector fields, and what kind of spaces A and B are does
not really matter. Let us turn to the formal definitions of bundles and sections.

Definition 3.1. Let M be a topological space. A (real) vector bundle of rank k over M is
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Figure 4: A local trivialization of a vector bundle depicted. [Lee13, p. 250]

a topological space E together with a surjective continuous map π : E → M satisfying the
following two conditions:

1. For each p ∈ M , the ‘fiber’ Ep = π−1(p) over p is endowed with the structure of a
k-dimensional vector space.

2. For each p ∈ M , there exists a neighborhood U of p in M and a homeomorphism φ :
π−1(U)→ U × Rk (called a local trivialization, or chart, of E over U) satisfying:

• for the projection πU : U × Rk → U we have that πU ◦ φ = π;

• for each q ∈ U , the restriction of φ to Eq is a vector space isomorphism from Eq to
{q} × Rk.

Note that whenever we make a change of local coordinates, the fiber transforms linearly
[Bre93, p. 108]. Usually, E is called the ‘total space’, M is called the ‘base space’ and π is
called the ‘projection’ of E on M . If E and M are smooth manifolds, π is a smooth map
and the trivializations can be chosen to be diffeomorphisms, then we refer to the structure as
a smooth vector bundle. When E is just homeomorphic to M × Rk, we speak of the ‘trivial
bundle’. Note that the tangent bundle TM used frequently in doing analysis on manifolds is
just a special instance of a vector bundle: it is a vector bundle in which the total space has twice
the dimension of the base space. Note already the connection with the previous section: there
we only worked in some local trivialization which was assumed to be global. Next we define the
notion of a “section”, which is just an extension, or reformulation, of what we normally think
of when speaking about functions or vector fields.

Definition 3.2. Let π : E →M be a vector bundle. A section of E is a section of the map π,
that is, a continuous map σ : M → E satisfying π ◦ σ = id. In other words, σ(p) is part of the
fiber Ep for all p ∈M .

The idea is actually a trivial one – consider, for example, drawing the graph of a single-
valued function (e.g. f(x) = x2): the domain R then is our base space. We equip each point
with an additional space R; i.e. we end up with the plane R × R ' R2 we draw our graph in.
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The line f(x) we draw is then just a section of π : R2 → R, picking one element out of R2 for
every element of the base R.

The notion of a vector bundle can be generalized even further. In fact, it is just a special
instance of the notion of a fiber bundle, where the total space needs not to be equipped with a
vector space structure. However, since we do not employ this option, it is not further discussed.

3.2 Jet Spaces

Let us enhance our notation a little. Take π : En+m → M to be a vector bundle, let x ∈ Mn

and u ∈ π−1(x) (i.e. u ∈ Ep). Observe that the difference of two sections is a section as well.
We call two smooth sections s1, s2 tangent (of order k ≥ 0) at x0 ∈Mn if:

(s1 − s2)(x) ∼ O(|x− x0|k)

That is, their difference is a function of the difference |x−x0|` where ` ≥ k. By convention, two
sections are tangent of order 0 at a point x0 whenever their values coincide at x0: O(1) = 0.
Furthermore, note that in practice, due to our ability to write write down a function/section as
a Taylor-series, two sections are tangent of order k if and only if their derivatives up to k − 1
have identical values at x0 – again, if k = 0 then there is no condition on the derivatives. The
notion of tangency also allows us to define an equivalence class [s]kx0

where each s1 ∈ [s]kx0
marks

the set of sections s such that s and s1 are tangent of order k.
The notion of tangency leads us to the construction of jet spaces, which are basically exten-

sions of the total space to a space containing explicitly the (partial) derivatives of sections as
coordinates.

Definition 3.3. A kth-order jet space is defined as being the following union:

Jk(π) =
⋃

x∈Mn

s∈Γloc

[s]kx

A point θ0
x = [s]0x of Jk(π) carries information about the point x ∈Mn, the value u = s(x)

and the (mixed) partial derivatives of the section s with respect to the coordinates xi of x,
denoted by u1, . . . ,uσ for σ being a multi-index with |σ| ≤ k. u1, . . . ,uσ are called the jet fiber
coordinates in π−1

k,−∞. Here πk,−∞ : Jk(π)→Mn denotes the bundle which has the kth jet space
as total space and which is again a vector bundle [Kis12], which is now proven for a simple case.

Lemma 3.1. If π : En+m → Mn is a vector bundle, then πk,−∞ : Jk(π) → Mn is a vector
bundle as well.

Proof. We will only prove this for n = m = 1 and some of the vector space axioms. Since
π : E →M is a vector bundle, we know that for p ∈M , π−1(p) is endowed with a vector space
structure. We know, for example, that for u1, u2 ∈ Ep (actually (p, u1) and (p, u2), but we
discard the base coordinate) we have u1 +u2 = u2 +u1 and that there exists a 0 ∈ Ep such that
0 + u1 = u1 + 0 = 0. Now let us consider π−1

1,−∞(p) ⊂ J1(π). Observe that π−1
1,−∞(p) consists of

the tuples (p, u, ux). We already know that the primary fiber is endowed with a vector space
structure, so let us look at the first derivatives. We have:

u1x + u2x = (u1 + u2)x = (u2 + u1)x = u2x + u1x
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J∞(π) Jk(π)

MnEn+m

π∞
,−∞ πk,−∞

π∞,k

π∞,0

π

Figure 5: An overview of the spaces we use and the maps between them.

Hence the first derivatives are commutative. Also, we have (0 + u)x = (u)x but also (0 + u)x =
0x + ux. That is, when we choose 0x as zero element, we have that 0x + ux = ux + 0x = ux
for all ux ∈ π−1

1,−∞. In the same way we can check the other vector space axioms – resulting
in the conclusion that π1,−∞ is a vector bundle (the second condition on vector bundles is also
not hard to prove). Proceeding by mathematical induction, then, doing practically the same,
we conclude that πk,−∞ : Jk(π)→M is a vector bundle.

The nice thing about the geometry of jet bundles is that it is relatively easy to pass over to
the projective limit of Jk(π) as k goes to infinity, and thereby obtain the object that is called
the ‘infinite jet space’. It is the infinite dimensional analogue of the jet spaces we have treated
so far and has some interesting properties such as infinitely many dimensions and thus infinitely
many coordinates. Still, we may define meaningful structures on the infinite jet space and with
them do meaningful mathematics. The remainder of this subsection is devoted to introducing
these structures on the infinite jet space.

Definition 3.4. The infinite jet space J∞(π) is the projective limit

J∞(π) = lim
←−
k→∞

Jk(π)

that is, it is the ‘minimal object’ such that there exists:

• an infinite chain of surjective maps π∞,k : J∞(π)→ Jk(π) ∀k ≥ 0;

• π∞,∞ : J∞(π)→Mn is a vector bundle;

• any admissible composition of πk+1,k : Jk+1 → Jk, π∞,k and π∞,−∞ is commutative, that
is: all composite mappings with the same start- and endpoints lead to the same result.

The infinite jet space is equipped with the ‘projective limit topology’, which is “the coarsest
topology such that the surjections π∞,k are continuous” [GMS09, p. 55]. Now, a lemma due to
Borel guarantees us that, in fact, every point θ∞ ∈ J∞(π) corresponds to a genuine infinitely
smooth local section at x [Kis12, p. 11].8

We move on by defining the ring of smooth functions, vector fields and differentials on
J∞(π). Write Fk(π) = C∞

(
Jk(π)

)
, and consider the infinite chain of natural inclusions:

F−∞ (= C∞(Mn)) ↪→ F0(π) ↪→ . . . ↪→ Fk(π) ↪→ . . .
8This is not evident: while passing to the projective limit it was perfectly possible that this correspondence

was lost; for recall that in general a formal Taylor expansion need not converge to the actual section.
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Definition 3.5. The ring F(π) of smooth functions on J∞(π) is the direct limit:

F(π) = lim
−→
k→∞

Fk(π)

that is, f ∈ F(π) if and only if f ∈ Fk(π) for some k <∞.

To properly introduce vector fields on the infinite jet space we start out by defining the total
derivative.

Definition 3.6. Let 1 ≤ i ≤ n = dim(M). The total derivative is the lift onto J∞ of the
partial derivative on Mn. That is,(

d

dxi
f

)
(j∞(s)) (x) =

∂

∂xi
(j∞(s)∗(f)) (x), f ∈ F(π)

This lift is called the Cartan Connection. Since, locally, for f ∈ F(π) we have f =
f(x,u,ux, . . . ,uσ, . . .) the total derivative is expressed as (using the Chain Rule):

d

dxi
=

∂

∂xi
+

m∑
j=1

∑
|σ|≥0

ujσ+1x

∂

∂ujσ
(3.1)

The distribution of n-dimensional horizontal planes spanned by the n total derivatives is denoted
by:

C = spanF(π)

〈
d

dxi

〉
(3.2)

Let us show, as an example, that the total derivative satisfies the Leibniz rule (i.e. the product
rule). Take f1, f2 ∈ F(π) and use the fact that the partial derivative satisfies the product rule:

d

dxi
(f1 · f2) =

∂

∂xi
(f1 · f2) +

m∑
j=1

∑
|σ|≥0

ujσ+1

∂

∂ujσ
(f1 · f2)

=

[
∂f1

∂xi
f2 + f1

∂f2

∂xi

]
+

m∑
j=1

∑
|σ|≥0

ujσ+1

[
∂f1

∂ujσ
f2 + f1

∂f2

∂ujσ

]

=

[
∂f1

∂xi
f2 + f1

∂f2

∂xi

]
+

m∑
j=1

∑
|σ|≥0

(
ujσ+1

∂f1

∂ujσ
f2

)
+

m∑
j=1

∑
|σ|≥0

(
ujσ+1f1

∂f2

∂ujσ

)

=

∂f1

∂xi
+

m∑
j=1

∑
|σ|≥0

ujσ+1

∂f1

∂ujσ

 f2 + f1

∂f2

∂xi
+

m∑
j=1

∑
|σ|≥0

ujσ+1

∂f2

∂ujσ


=

df1

dxi
f2 + f1

df2

dxi

Another type of derivation is the evolutionary derivation along some fiber of the infinite jet
bundle generated by some section ϕ ∈ Γ(π∗∞(π)).

Definition 3.7. The evolutionary derivation generated by the m-tuple ϕ ∈ Γ(π∗∞(π)) along
the fiber of the infinite jet bundle J∞(π)→Mn with fiber variable u is given by the field:

∂(u)
ϕ =

m∑
j=1

∑
|σ|≥0

d|σ|

dxσ
(ϕj)

∂

∂ujσ
(3.3)
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The evolutionary derivation, too, does satisfy the Leibniz rule:

∂(u)
ϕ (f1 · f2) =

m∑
j=1

∑
|σ|≥0

d|σ|

dxσ
(ϕj)

∂

∂ujσ
(f1 · f2)

=
m∑
j=1

∑
|σ|≥0

d|σ|

dxσ
(ϕj)

[
∂f1

∂ujσ
f2 + f1

∂f2

∂ujσ

]

=

 m∑
j=1

∑
|σ|≥0

d|σ|

dxσ
(ϕj)

∂f1

∂ujσ

 f2 + f1

 m∑
j=1

∑
|σ|≥0

d|σ|

dxσ
(ϕj)

∂f2

∂ujσ


=
(
∂(u)
ϕ f1

)
f2 + f1

(
∂(u)
ϕ f2

)
An arbitrary vector field X such that d|τ |

duτ (uσ) = uσ+τ , i.e. preserving the choice of the jet space
variables, can now be constructed out of the total differential and evolutionary derivation:

X =
n∑
i=1

ai
d

dxi
+ ∂(u)

ϕ for arbitrary ai ∈ F(π), ϕ ∈ Γ(π∗∞(π)). (3.4)

Note that the left part ai d
dxi
∈ C leaves the sections themselves invariant and only transforms

points of the base Mn, whereas the right part ∂
(u)
ϕ leaves the base invariant and only changes

the sections.

Having defined vector fields, we may now define differentials and differential forms. A differential
p form ω ∈ Ωp(J∞(π)) on the infinite jet space is given in local coordinates by a finite sum of
the following terms:

ω = A(x, [u]) duα1
I1
∧ duα2

I2
∧ . . . ∧ duαaIa ∧ dxi1 ∧ dxi2 ∧ . . . ∧ dxib (3.5)

where a + b = p and A is a smooth function on J∞(π). The differential of a function f on
J∞(π) is given by:

df =

n∑
i=1

∂f

∂xi
dxi +

m∑
j=1

∑
|σ|≥0

∂f

∂ujσ
dujσ (3.6)

The differential d on J∞(π) splits into two parts: the horizontal differential d and the (vertical)
Cartan differential dC – i.e. d = d + dC .

Definition 3.8. The horizontal differential on J∞(π) is given by:

d =

n∑
i=1

d

dxi
dxi

Lemma 3.2. The horizontal differential satisfies d
2

= 0.
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Proof. We assume that the integrability condition d2

dxjdxi
= d2

dxidxj
holds. Then:

d(df) = d

 n∑
j=1

d

dxi
dxj


=

n∑
j=1

d

(
d

dxi
dxj
)

=
n∑
j=1

d

(
df

dxj

)
∧ dxj

=

n∑
j=1

n∑
i=1

d2

dxjdxi
dxi ∧ dxj

=

n∑
i<j

(
d2

dxjdxi
− d2

dxjdxi

)
dxi ∧ dxj

= 0

To find the action of the Cartan differential, we write dC = d − d and first calculate its
action on the variables ujσ. Filling in the coordinate ujσ we obtain:

dC(u
j
σ) = dujσ − dujσ

= dujσ −
n∑
i=1

d

dxi
(ujσ)dxi

= dujσ −
n∑
i=1

ujσ+1dxi

Lemma 3.3. The Cartan differential dC assigns to each fiber variable ujσ the Cartan form:

ωjσ = dujσ −
n∑
i=1

ujσ+1dxi (3.7)

Employing the Leibniz rule we may then write the Cartan differential of an arbitrary function
f ∈ F(π) like:

dC(f) =

m∑
j=1

∑
|σ|≥0

∂f

∂ujσ
ωjσ

Note that the ωjσ are sometimes called the contact one-forms. Also note that neither of these
differentials can be defined on a finite jet space: their definition depends on that of the total
derivative, which may only be defined on the infinite jet space since it needs infinitely many
variables ujσ.

Lemma 3.4. The Cartan differential satisfies d2
C = 0.
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Proof. The proof is similar to the proof that d = 0. If we have the mixing ∂2f

∂ujσ∂uiτ
= ∂2f

∂uiτ∂u
j
σ

then we can write:

d2
C = dC

 m∑
j=1

∑
|σ|≥0

∂f

∂ujσ
ωjσ


=

m∑
j=1

∑
|σ|≥0

dC

(
∂f

∂ujσ
ωjσ

)

=
m∑
j=1

∑
|σ|≥0

m∑
i=1

∑
|τ |≥0

∂2f

∂ujσ∂uiτ
ωiτ ∧ ωjσ

=

m∑
i<j

∑
|σ|≥0

∑
|τ |≥0

(
∂2f

∂ujσ∂uiτ
− ∂2f

∂ujσ∂uiτ

)
ωiτ ∧ ωjσ

= 0

We say that Λ
1
(π) is the space of horizontal one-forms, with as basis the ‘base’-forms dxi,

and that C1Λ is the space spanned by the ωjσ’s. Since d
2

= 0, d2
C = 0 and d ◦ dC + dC ◦ d = 0,

where the latter follows from the fact that d2 = d
2

+ d2
C + d ◦dC + dC ◦d = 0, the horizontal and

Cartan differential generate a bi-complex (see section A; ‘bi-’ refers to the fact that it generates
a complex in two ‘directions’) [Kis12].

3.3 Differential equations: towards a geometrical interpretation

A system of differential equations is given by

E = {F(x, [u]) = 0}

i.e. by r constraints9 (F 1, . . . , F r) on u and the derivatives uσ up to arbitrarily high but
always finite order. We now assume that our differential equation determines a non-empty
locus E = {F = 0} ⊆ Jk(π), and that E is a submanifold of Jk(π). The result is that the
condition for being a solution of the system can be stated as a geometric one:

Definition 3.9. A section s is a solution of the system E if the graph of its kth-jet jk(s) is
entirely contained in E , i.e. if

jk(s) =
⋃

x∈Mn

{
u = s(x),ux, . . . ,uσ, . . .

∣∣ |σ| ≤ k} ⊆ E
Similar to previous section we may then define prolongations of the system E . Only now we

will almost immediately generalize to infinite prolongations.

9Often, the differential constraints imposed are not independent. For example, take F 1 = u2
x = 0 and

F 2 = uxx = 0. We have that 1
2

d
dx

(F 1) − u · F 2 = 0 regardless of the section u we take. This new constraint
Φ(x, [u], [F]) = 0 is called a Noether identity. For evolutionary systems one can show that there exist no such
Noether identities [Kis12].
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Definition 3.10. The `th prolongation E(`) ⊆ Jk+`(π) of a differential equation E ⊆ Jk(π) is
given by:

E(`) =
{
θk+` = [sk+`]

k+`
x0

∣∣ x0 ∈Mn, sk+` ∈ Γloc(π), and jk(sk+`)(M
n) tangent to E at

θ` = [sk+`]
k
x0

with order ≤ `
} (3.8)

In the projective limit we may pass over to infinite prolongation of the system E∞ [Kis12].
We then see that E∞ is described by the infinite chain:

E∞ =

{
F = 0,

d

dx
F = 0, . . . ,

d|σ|

dxσ
F = 0, . . .

∣∣∣ |σ| ≥ 0

}
(3.9)

More formally, the elements appearing as part of E∞ can be seen to form the ideal10 I(E∞) ⊆
F(π) generated by the functions

d|τ |

dxτ
F j , j = 1, . . . r; |τ | ≥ 0

where the F j ’s denote the r left-hand side components of the prolonged system E∞. Let us
now turn to the definition that is the cornerstone of the jet bundle approach to symmetries
of differential equations. Note that we immediately pass over to the infinitesimal formulation
of symmetry theory: for a connection to the global symmetry transformations the reader is
referred back to the previous section.

Definition 3.11. An infinitesimal symmetry of a formally integrable differential equation E is

the evolutionary vector field ∂
(u)
ϕ that preserves the ideal I(E∞) ⊆ F(π).

Of course, this criterion would be of little use if we would really have to check whether all the

(infinitely many) elements of the ideal are preserved by the evolutionary derivation ∂
(u)
φ . Luckily,

this is not the case: we can quite easily show that checking whether the evolutionary derivation
preserves the components F i is sufficient for determining whether the ideal is preserved. Take

any f ∈ I(E∞). We can write f =
∑

i

∑
|τ |≥0 f

i,τ d|τ |

dxτ (F i) for f i,τ some coefficients in F(π).
Application of the evolutionary derivation gives (using the Leibniz rule):

∂(u)
ϕ (f) =

∑
i

∑
|τ |≥0

∂(u)
ϕ (f i,τ

d|τ |

dxτ
F i)

=
∑
i

∑
|τ |≥0

∂(u)
ϕ

(
f i,τ
) d|τ |

dxτ
F i + f i,τ∂(u)

ϕ

(
d|τ |

dxτ
F i

)

=
∑
i

∑
|τ |≥0

∂(u)
ϕ

(
f i,τ
) d|τ |

dxτ
F i + f i,τ

d|τ |

dxτ
∂(u)
ϕ

(
F i
)

since the left side is part of the ideal by definition (application of the derivation gives again a

function in the ring, multiplied by an element of the ideal), we have that ∂
(u)
ϕ (f) ∈ I(E∞) –

that is, ∂
(u)
ϕ is a symmetry of the system E – if and only if ∂

(u)
ϕ (F i) ∈ I(E∞).

10Recall the definition of an ideal : an ideal is a subset I of a ring R that forms an additive group and which
has the property that if x ∈ R and y ∈ I, then xy ∈ I and yx ∈ I. A ideal generated by a list of elements {yi}
contains all elements of the form

∑
i xiyi, where the coefficients xi are arbitrary elements of the ring R.
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We have, thus, found a useful (checkable) criterion in order for ∂
(u)
ϕ to be a symmetry of the

system E . However, we need to restrict the class of admissible sections counting as symmetries

one step further: if we have a section ϕ such that ∂
(u)
ϕ |E∞ = 0, then ∂

(u)
ϕ is part of the ideal –

but it seems like we do not want such a field to count as a symmetry: it does not yield a new,
nontrivial solution. These symmetries are therefore called improper symmetries. In fact, there
is a simple way to avoid improper symmetries by using so-called ‘internal coordinates’.

Definition 3.12. The set of internal coordinates on the infinite prolongation E∞ of a system
E is the maximal11 subset of the set of variables {x,u,ux, . . . ,uσ, . . .}|σ|≥0 such that:

• at all points of E∞ and for each i = 1, . . . , n, the total derivative d
dx(ujσ) can be expressed

as a (differential) function of the other internal coordinates;

• there are no (differential-)functional relations between the internal coordinates.

Example. Let us consider the Burgers equation: ut−uxx−uux = 0 and let us show that ϕx = ux
generates a symmetry of this equation. We have:

∂(u)
ux (F ) = ∂(u)

ux (ut − uxx − uux)

=
∑
|σ|≥0

d|σ|

dxσ
(ux)

∂

∂uσ
(ut − uxx − uux)

Note that most terms of the sum drop out: only the indexes corresponding to zero-th, first and
second order differentiation can yield nonzero terms. We are left with:

∂(u)
ux (F ) =

∑
|σ|≥0

d|σ|

dxσ
(ux)

∂

∂uσ
(ut − uxx − uux)

=
d

dt
ux −

d2

dx2
ux − u2

x − u
d

dx
ux

=
d

dx
(F ) ∈ I(E∞)

Observe that this calculation could have been conducted in another, more intuitive way, which

quite easy to see holds in general. Requiring that ∂
(u)
ϕ (F i) ∈ I(E∞) is equivalent to filling

in a (symmetry) generating section in the differential equation, resulting in what is called the
determining equation. For the Burgers equation this gives:

∂(u)
ϕ (F ) =

∑
|σ|≥0

d|σ|

dxσ
(ϕ)

∂

∂uσ
(ut − uxx − uux)

=
d

dt
ϕ− d2

dx2
ϕ− ϕ · ux − u

d

dx
ϕ

= 0

Where the last equality follows from the fact that any element of the ideal vanishes by construc-
tion. We could then show that ϕx = ux generates a symmetry by checking whether it satisfies
the determining equation. It does:

d

dt
ux = utx = uxxx + u2

x + uxx =
d2

dx2
ux + u2

x + u
d

dx
ux

11That is, of all possibilities this is the one containing most elements.
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In the same way we can show that ϕt = uxx + uux is a symmetry, too. ϕF = ut − uxx − uux is
an improper symmetry: it vanishes on the whole of E∞. Note that if we choose an appropriate
set of internal coordinates, e.g. {t, x, u, ux, uxx, . . . , ukx, . . .} for k ∈ N, then we cannot express
ϕF .

As a result of our observations in the foregoing example, we can now state the following
theorem which summarizes and effectively states the conditions for being a symmetry.

Theorem 3.1. Take ϕ to be written in internal coordinates. The restriction of the evolutionary

derivation ∂
(u)
ϕ onto E∞ is a proper infinitesimal symmetry of the system E if and only if the

determining equation

∂(u)
ϕ

∣∣∣
E∞

(F) = 0

holds in virtue of E .

3.4 Finding symmetries – the wave equation revisited

With theorem 3.1 we yield a powerful tool: the symmetry condition allows us to actually find
the set of symmetries of a certain equation. This works as follows. First, given some system
of differential equations, we write down its internal coordinates. Then, we express an arbitrary
generating section as a function of those internal coordinates. Putting this generating section
into the determining equation of the system then gives a system of differential equations in
terms of the generating section, which we may in principle solve using common methods of
finding solutions to partial differential equations. A complete algorithm may be found e.g. in
[Kis12, Chapter 3].

Example. Let us, as an example and for comparison, find – like in the previous section – the
classical symmetries of the one-dimensional wave equation. A section ϕ generating symmetries
of the wave equation must satisfy:

d2

dt2
(ϕ) =

d2

dx2
(ϕ) (3.10)

Some calculational effort shows that:

d2

dx2
(ϕ) =

∂2ϕ

∂x2
+ 2

∂2ϕ

∂x∂u
ux + 2

∂2ϕ

∂x∂ux
uxx + 2

∂2ϕ

∂x∂uxx
uxxx

+
∂2ϕ

∂u2
u2
x + 2

∂2ϕ

∂u∂ux
uxuxx + 2

∂2ϕ

∂u∂uxx
uxuxxx +

∂ϕ

∂u
uxx

+
∂2ϕ

∂u2
x

u2
xx + 2

∂2ϕ

∂ux∂uxx
uxxuxxx +

∂ϕ

∂ux
uxxx +

∂2ϕ

∂u2
xx

u2
xxx +

∂ϕ

∂uxx
uxxxx

For d2

dt2
(ϕ) we have the same expression but with x replaced by t. We may choose proper set of

internal coordinates as: {x, t, u, ut, ux, uxx, uxxx, . . .}. We may then substitute in the expression

for d2

dt2
(ϕ) that utt = uxx and utttt = uxxtt = uttxx = uxxxx. Now, equating all coefficients is

made somewhat easier by using the table in figure 6.
Beginning on the top, we see that (1) is satisfied identically. From (2) and (3) we conclude

that:
ϕ = A(x, t, u, ux, ut)uxx +B(x, t, u, ux, ut)
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# Mononomial Coefficient d2

dx2
(ϕ) Coefficient d2

dt2
(ϕ) New d2

dx2
(ϕ) New d2

dt2
(ϕ)

1 uxxxx
∂ϕ
∂uxx

∂ϕ
∂uxx

- -

2 u2
xxx

∂2ϕ
∂u2xx

- - -

3 u2
ttt - ∂2ϕ

∂u2xx
- -

4 uxxx
∂ϕ
∂ux

+ 2 ∂2ϕ
∂x∂uxx

- - -

5 uttt - ∂ϕ
∂ux

+ 2 ∂2ϕ
∂t∂uxx

- -

6 uxuxxx 2 ∂2ϕ
∂u∂uxx

- - -

7 ututtt - 2 ∂2ϕ
∂u∂uxx

- -

8 uxxuxxx 2 ∂2ϕ
∂ux∂uxx

- - -

9 uxxuttt - 2 ∂2ϕ
∂ut∂uxx

- -

10 u2
xx

∂2ϕ
∂u2x

∂2ϕ
∂u2t

0 0

11 uxx
∂ϕ
∂u + 2 ∂2ϕ

∂x∂ux
∂ϕ
∂u + 2 ∂2ϕ

∂t∂ut
∂ϕ
∂u − 4∂

2A
∂x2

∂ϕ
∂u − 4∂

2A
∂t2

12 uxuxx 2 ∂2ϕ
∂u∂ux

- −4 ∂2A
∂u∂x -

13 utuxx - 2 ∂2ϕ
∂u∂ut

- −4 ∂2A
∂u∂t2

14 u2
x

∂2ϕ
∂u2

- ∂2B
∂u2

-

15 u2
t - ∂2ϕ

∂u2
- ∂2B

∂u2

16 ux 2 ∂2ϕ
∂x∂u - 2 ∂2B

∂x∂u -

17 ut - 2 ∂2ϕ
∂t∂u - 2 ∂

2B
∂t∂u

18 1 ∂2ϕ
∂x2

∂2ϕ
∂t2

∂2ϕ
∂x2

∂2ϕ
∂t2

Figure 6
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From the coefficients of uxxx we then see that:

2
∂A

∂x
+ 2

∂A

∂u
ux + 2

∂A

∂ux
uxx +

∂ϕ

∂ux
= 0

And similar for uttt. Consequently, A can be seen not to depend on ux or ut. What then also
follows is that 2∂A∂x = ∂B

∂ux
, which gives:

B = −2
∂A

∂x
ux − 2

∂A

∂t
ut + C(x, t, u)

We can now fill in our refined version of ϕ in eq. (3.10) and obtain an easier set of remaining
conditions – see figure 6. From (11) we obtain:

∂2A

∂x2
=
∂2A

∂t2

which together with (12) and (13) motivates the Ansatz A = α(x2 +t2)+βxt+δx+εt+γ+f(u)
where the greek letters are constants. Note that f(u) in particular is a consequence of (12) and
(13): there can be no mixed products of x and u or of t and u. We now have determined the
symmetry generating section up to:

ϕ = (α(x2 + t2)+βxt+δx+εt+γ+f(u))uxx−2(2αx+βt+δ)ux−2(2αt+βx+ε)ut+C(x, t, u)

Now, by (14) and (15) we see that C = ξ(x, t)u + η(x, t) and by (16) and (17) we see that
ξ = constant. η must be a solution of the wave equation.

We have now found a set of equivalence classes of symmetries, which we may relate to the
classical vector fields to which they correspond. Note that we may add horizontal vector fields
to the evolutionary fields generated by ϕ without violating the symmetry property. It is then
easy to show that e.g. ux corresponds to ∂

∂x if we subtract d
dx :

∂(u)
ux −

d

dx
= − d

dx
+
∑
|σ|≥0

d|σ|

dxσ
(ux)

∂

∂uσ

= − d

dx
+
∑
|σ|≥0

uσ+1x

∂

∂uσ

= − ∂

∂x

Also, we see that uxx does not correspond to a classical vector field:

∂(u)
uxx(F ) =

∑
|σ|≥0

d|σ|

dxσ
(uxx)

∂

∂uσ
(uxx − utt) =

d2

dx2
(uxx)− d2

dt2
(uxx) = 0

Thus, in summary, the found section makes up the following equivalence classes of symmetries
and vector fields:

• α: xux + tut ←→ x∂x + t∂t

• β: tux + xut ←→ t∂x + x∂t
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• δ: ux ←→ ∂x

• ε: ut ←→ ∂t

• ξ: u←→ u∂u

• η(x, t)

3.5 Conservation laws and Noether’s first theorem

In conclusion, let us shortly look at how the jet bundle approach to symmetry extends to the
domain of conservation laws and variational symmetry. Again, this is not an extensive discussion
and is only meant to serve as an outlook. First we need to define conserved currents.

Definition 3.13. A conserved current η ∈ Λ
n−1

(π) for a system E is the continuity equation

n∑
i=1

d

dxi

∣∣∣
E∞

(ηi) = 0

where ηi(x, [u]) are coefficients of the horizontal (n− 1)-form

η =

n∑
i=1

(−1)i+1ηi · dx1 ∧ . . . ∧ d̂xi ∧ . . . ∧ dxn

In other words,
d
∣∣
E∞η = 0 (3.11)

that is, a conserved current is d-closed on the infinite prolongation of the system.

Note that this concept of a conserved current is completely analogous to the classical version
∇ · J = 0 that we already know. In going from conserved currents to relevant, nontrivial
conservation laws, we would like to restrict the class of useable conserved currents somewhat:
next to being conserved in virtue of the differential relations in the system, a conserved current
can also arise from improper symmetries or certain topological conditions [Kis12, p. 40]. In order
to filter out those ‘un-useful’ conserved currents, we pass to the following horizontal cohomology
(see section A) on J∞(π):

H
q

=
{η ∈ Λ

q ∣∣ dη = 0}
{η ∈ Λ

q
, γ ∈ Λ

q−1 ∣∣ η = dγ}
(3.12)

Definition 3.14. A conservation law
∫
η ∈ H

n−1
(E) is the equivalence class of conserved

currents (def. 3.13) modulo the globally defined exact currents dξ =
∫

0.

Just like in the case of finding symmetries of differential equations in a systematic way, one
may find sections generating conservation laws in a systematic fashion. This is not treated here,
instead the reader is referred to [Kis12, Chapter 4]. Here we move on and connect everything
treated so far in Noether’s first theorem. In order to do this, first the Euler-Lagrange formalism
is briefly introduced in the context of our current formalism.
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By adopting the convention that dCuσ = d|σ|

dxσ (dCu∅) we can take Cartan differential restricted

to H
n
(π) of the Lagrangian functional L ∈ Hn

(π). This yields the familiar variation, or Euler-
operator δ:

δL =
δL
δu
δu (3.13)

Using integration by parts, which can be properly defined ([Kis12, p. 51], [Olv93, p. 357]), one
can prove that in practical situations we may use

δL
δu

=
∑
σ

(−1)σ
d|σ|

dxσ

(
δL

δu

)
(3.14)

Definition 3.15. The evolutionary vector field ∂
(u)
ϕ is a Noether symmetry of the Lagrangian

L ∈ Hn
(π) if the derivation preserves the horizontal cohomology class of the functional:

∂(u)
ϕ (L) =

∫
dγ, γ ∈ Λ

n−1
(π)

Theorem 3.2 (Noether’s first theorem). Let EEL = {F = δL
δu = 0 ∈ Γ(π∗∞(ξ)) | L ∈ Hn

(π)} be
a system of Euler-Lagrange equations. A section ϕ ∈ Γ(π∗∞(π)) is a Noether symmetry of the

Lagrangian L if and only if ϕ is the generating section of a conserved current η ∈ Λ
n−1

(π).
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4 Symmetries and Particle Physics

Turning from the mathematical theory underlying symmetry to its application in physics, one
domain of physics in particular is investigated: particle physics.12 Lots of interesting things can
be said in quantum field theory on the basis of symmetry considerations. For example, symme-
tries of the wave function imply degenerate states due to the Schrödinger equation. However,
this thesis focusses on another case: Goldstone’s theorem, predicting a correspondence between
spontaneously broken symmetry and the existence of massless Nambu-Goldstone bosons.

In this section, the necessary preliminary theory and the typical form of Goldstone’s theorem
are discussed. We start out with a brief formulation of Noether’s theorem in the context of
classical field theory, whereafter some imporant “quantum mechanical” concepts such as time-
evolution and translation operators, commutation relations and the absolute basis of quantum
field theory are discussed. Then Goldstone’s theorem is proved and applied to the linear sigma
model. Finally, a brief motivation is given for a discussion about the number of Nambu-
Goldstone bosons further on in this thesis.

4.1 Classical Field theory and Noether’s theorem

A brief sketch of the form Noether’s theorem takes in field theory may be given as follows
[Kle]. Let us take an arbitrary physical system which has a Lagrangian density L(φ, ∂φ,x) that
depends on a field φ(x). If we now apply a continuous, infinitesimal transformation δφ(x) to
this field, i.e. φ′(x) = φ(x) + δφ(x), we may calculate the change of the Lagrangian as:

δL =
∂L
∂φ

δφ+
∂L

∂(∂µφ)
δ(∂µφ)

Using the product rule we see that:

∂L
∂(∂µφ)

δ(∂µφ) = ∂µ

(
∂L

∂(∂µφ)
δφ

)
−
(
∂µ

∂L
∂(∂µφ)

)
δφ

Hence we obtain:

δL =

[
∂L
∂φ
−
(
∂µ

∂L
∂(∂µφ)

)]
δφ+ ∂µ

(
∂L

∂(∂µφ)
δφ

)
(4.1)

Since the former part of this equation is just an Euler-Lagrange equation, and hence must equal
zero, only the latter part remains:

δL = ∂µ

(
∂L

∂(∂µφ)
δφ

)
(4.2)

Now, if a transformation of the field changes the Lagrangian density merely by some total
derivative, i.e. δL = ε∂µΛµ, then the action is invariant under this transformation. Then we
may write:

∂µΛµ = ∂µ

(
∂L

∂(∂µφ)
δφ

)
which gives:

0 = ∂µ

(
∂L

∂(∂µφ)
δφ− Λµ

)
≡ ∂µjµ(x) (4.3)

12However, keep in mind that many of the results are also of use in other domains of physics, take e.g. condensed
matter theory.
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That is, the Noether current jµ is conserved. Observe that this conservation is nontrivial:
normally, jµ does not vanish and has no trivial divergence. Assume the field to vanish at
(spatial) infinity and integrate the (Noether) charge density j0 over the spatial coordinates to
obtain the Noether charge:

Q(t) =

∫
j0 d3x (4.4)

It is easy to show that this Q(t) remains constant through time, for taking its derivative yields:

d

dt
Q(t) =

∫
∂0j

0 d3x
(∗)
=

∫
∂µj

µ d3x = 0 (4.5)

where the equality (∗) results from the observation that by the Divergence/Gauss-theorem: the
spatial integral over a three-divergence vanishes whenever the field vanishes at infinity – hence
we may add this divergence to the equation – and the last equality is a direct application of
(4.3).

Example. One of the most well known applications of Noether’s theorem is the derivation of
4-momentum conservation from a system’s translational invariance. Suppose the Lagrangian
density does not explicitly depend on space-time, i.e. L = L(φ, ∂φ) and let us perform a
translation along any direction of spacetime:

x′ν = xν − εν

The field transforms as φ′(x′) = φ(x), which just expresses that the field is the same at the
same absolute point of spacetime. From this we get:

φ′(x′) = φ′(x− ε) = φ(x)

⇒ φ′(x) = φ(x+ ε)

And
δφ(x) = φ′(x)− φ(x) = φ(x+ ε)− φ(x) ≈ εν∂νφ(x)

from the definition of a derivative (the last equality becomes exact in the limit of εν → 0). The
change of the Lagrangian density (for our particular transformation) then equals:

δL = εν∂νL

If we identify this with equation (4.3) and plug in what we know about the field variation, we
find the conserved current:

jµν =
∂L

∂(∂µφ)
∂νφ− δµνL (4.6)

Since ∂µj
µ
ν(x) = 0, the total four-momentum P given by

Pµ =

∫
jµνd3x (4.7)

is conserved through time.
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4.2 Quantum Mechanical preliminaries

Before we start discussing Goldstone’s theorem, it is necessary to introduce certain Quantum
mechanical concepts. Subjects touched upon are symmetry transformations of operators, the
time-evolution and translation operators and the transition to quantum field theory. It is
assumed that the reader has basic knowledge about operators, wave functions, bra-ket notation
and commutators.

Let us begin with the way in which operators must transform under symmetry transforma-
tions. For a symmetry transformation U we have that U |Ψ〉 = |Ψ′〉. A (physical) condition
on some symmetry transformed operator O is that its expectation value is independent of the
description of the wave function. This implies:

〈Ψ|O|Ψ〉 =
〈
Ψ′
∣∣O′∣∣Ψ′〉 = 〈Ψ|U †O′U |Ψ〉

Therefore UOU † = O′ if U is a symmetry transformation. Note that the U−1 = U † due to the
facts that the transformations can be complex and that the transformations U are unitary in
order to preserve the normalizability of the wave function. When we write U = eiεQ, where Q is
the infinitesimal generator of the transformation U and find its taylor expansion close to ε = 0
we get:

U = 1 + iεQ+ . . .

Hence when we transform an operator O we obtain:

O′ = UOU † = O + iε[Q,O] (4.8)

Therefore, U being a symmetry transformation of O is equivalent to the condition that the
generating charge13 Q commutes with the operator O.

Next, let us look at the time-evolution and space-translation operators – that is: let us
see what operators connect |t1〉 and |t2〉 or |x〉 and |x+ a〉. Recall that from the elementary
exercise of solving the wave equation using separation of variables, it turned out that, whenever
the time derivative of the Hamiltonian vanishes – i.e. Ḣ = 0 –, we may add time dependence
to the stationary solution by multiplying with eiHt – which is just the time-evolution operator.
Let us write for the translation operator Ta, such that we have Ta |x〉 = |x+ a〉. Note that
normalizability requires, as usual, T−1 = T †. We require that after a translation of both
the coordinate space and the wave function itself, nothing changes: Ψ′(x′) = Ψ(x). Hence,
Ψ′(x+a) = Ψ(x) which gives Ψ′(x) = TaΨ(x) = Ψ(x−a). Now, let us make a taylor expansion
around a = ε ≈ 0:

T (ε) = I − T ′(0)ε+O(ε2)

= I − ε ∂
∂x

+O(ε2)

Since the canonical momentum operator is defined as p̂x = −i~ ∂
∂x the above becomes

T (ε) = I − ε i
~
p̂x +O(ε2) (4.9)

13It may be confusing that ‘charge’ and ‘generator’ are used analogously – this is because they are in fact
the same. Consider e.g. that momentum generates translations and that it is the conserved charge due to
translational symmetry.
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This form allows us to write any translation operator in an elegant way. We can write a
translation Ta as an infinite product of infinitesimal translations and obtain:

Ta = lim
N→∞

(
I − ia

~N
p̂x

)N
= exp

{
− iap̂x

~

}
(4.10)

The theory we treat in this thesis is set in the framework of Quantum Field Theory rather
than Quantum Mechanics. Therefore, let us briefly look at the relevant differences between
ordinary quantum mechanics and quantum field theory. Basically, in Quantum Field Theory the
transition is made from particles to fields as the fundamental entities. There are multiple reasons
for this, the most important being the desire to incorporate relativity theory in quantum theory.
Suppose we want to describe a particle in some space interval ∆x. Heisenberg’s uncertainty
relation then gives that ∆p ≥ ~

2∆x . This implies that if we take the position interval to be small
enough, the energies can become large enough (≥ 2mc2) to allow pair production (this follows
from the energy momentum relation E2 = p2c2 +m2c4). This fact creates the need to develop a
theory in which the number of particles may vary. The way in which this is done is by changing
from a wave-function perspective to a (quantized) field perspective, in which the ‘particles’ are
excitations of the fields. Moreover, dynamical quantities, such as position or momentum, are no
longer operators but instead form the set of dependent variables – the mathematics is simply
that x̂ is replaced by φ̂(x). In Quantum Field Theory, the (lowest-energy) ground state is called
the vacuum.

Quantum field theory is constructed by taking some classical field theory and by then prop-
erly quantizing it. This is done by imposing on the fields canonical commutation relations,
similar we have found in quantum mechanics such as [x̂i, p̂i] = i~. For some field φ and its
momentum conjugate π = ∂0φ we thus have at some time t:

[φi(x), φj(y)] = [πi(x), πj(y)] = 0

[φi(x), πj(y)] = i~δ(3)(x− y)δji
(4.11)

4.3 Goldstone Theorem

Now that the most imporant quantum mechanical tools are introduced, we can turn to their
application. In this section two things are discussed. First, the idea of ‘spontaneous symmetry
breaking’ is discussed. Thereafter, we look at the combination of a spontaneously broken ground
state and a translationally invariant system, which leads to the proof of Goldstone’s theorem.

Suppose we have some symmetry group of the Hamiltonian/Lagrangian. If two states in the
basis of the symmetry group’s irreducible representation are linked, that is U |A〉 = |B〉, their
corresponding energies are degenerate:

EA = 〈A|H0|A〉 = 〈A|UH0U
†|A〉

= 〈B|H0|B〉 = EB

where we have used the symmetry condition UHU † = H. But now suppose that U |A〉 6= |B〉.
This is equivalent to saying the ground state is not symmetric. The states |A〉 and |B〉 must be
related to the ground state by some operator: |A〉 = φA |0〉 and |B〉 = φB |0〉. Since φA and φB
are operators we have UφAU

† = φB whenever U |A〉 = |B〉. Then we have:

U |A〉 = UφA |0〉 = φBU |0〉
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Hence U |A〉 = |B〉 only if U |0〉 = |0〉, i.e. the relevant condition is whether the ground state
|0〉 – i.e. the state with the lowest possible (zero-point) energy – is symmetric. In fact it is
often the case that whereas the Lagrangian or Hamiltonian of a system is invariant under some
transformation, the ground state of the system itself is not. This is referred to as spontaneous
symmetry breaking. As it turns out, this situation of a spontaneously broken continuous sym-
metry gives rise to what are called Nambu-Goldstone bosons. This is proven by Goldstone’s
theorem, which is now proven (following [CL84]).

Suppose we have a conserved current ∂µj
µ(x) = 0 and its associated conserved charge Q =∫

j0(x)d3x.14 From equation (4.8) we have for the transformation of the field operator:

φ(x)→ φ′(x) = φ(x) + iε[Q,φ(x)] (4.12)

Current conservation implies:

0 =

∫
[∂µj

µ(t,x), φ(0)] d3x

=

∫ [
∂0j

0(t,x), φ(0)
]

d3x+

∫
∇ · [j(t,x), φ(0)] d3x

The right integral yields zero in virtue of the Divergence theorem and the assumption that fields
vanish at infinity.15 Hence we are left with:

0 =

∫ [
∂0j

0(t,x), φ(0)
]

d3x =
d

dt
[Q(t), φ(0)] (4.13)

That is, the commutator is a conserved quantity. Now, we say a symmetry is spontaneously
broken if the order parameter 〈0|[Q(t), φ(0)]|0〉 has nonzero vacuum expectation value:

〈0|[Q(t), φ(0)]|0〉 = η 6= 0 (4.14)

Let us rewrite this condition. First note that we can always write the probability density of
finding a system in state |ξ〉 if it was in state |χ〉 as a sum16 of all possible intermediary states
– i.e. we insert a complete set of states 1 =

∑
n |n〉 〈n| – called a ‘partition of unity’:

〈ξ|χ〉 =
∑
n

〈ξ|n〉 〈n|χ〉

Hence we may write:

〈0|[j0(t, x), φ(0)]|0〉 =∑
n

{
〈0|j0(0, x)|n〉 〈n|φ(0)|0〉 e−iEnt − 〈0|φ(0)|n〉 〈n|j0(0, x)|0〉 eiEnt

}
, (4.15)

14Actually, due to the symmetry breaking of the ground state the conserved charge does not need to be well-
defined: the integrand does not necessariliy vanish and hence the integral may not converge to a finite value. For
our purposes, however, we only need to consider its commutator with the ground state field, which usually does
exist [CL84, p. 144].

15This is one of the biggest assumptions in the proof of Goldstone’s theorem. The necessity of integrating
over the whole space implies that we cannot straightforwardly apply Goldstone’s theorem to the case of local
symmetries. In some situations, however, it is possible to change the argument of Goldstone’s theorem such that
it allows a nonvanishing integral over the spacial components of the total derivative, with the consequence that
the Nambu-Goldstone modes are no longer massless. See [Wei96b].

16Depending on the system we describe, this may also be an integral, i.e. consider ‘summing’ over all possible
momenta.
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where e±iEnt gives the time-dependence. Changing to Q, gives an integral.

〈0|[Q(t), φ(0)]|0〉 =∫ ∑
n

{
〈0|j0(0, x)|n〉 〈n|φ(0)|0〉 e−iEnt − 〈0|φ(0)|n〉 〈n|j0(0, x)|0〉 eiEnt

}
d3x

(4.16)

Now we require translational invariance, that is, we may multiply by the translational operator
e−ix·p̂ and replace for the current at zero:

〈0|[Q(t), φ(0)]|0〉 =∫ ∑
n

e−ix·p̂
{
〈0|j0(0)|n〉 〈n|φ(0)|0〉 e−iEnt − 〈0|φ(0)|n〉 〈n|j0(0)|0〉 eiEnt

}
d3x

(4.17)

Recall from Fourier analysis that
∫
e−ipxdx = 2πδ(p). Filling this in (in three dimensions) we

obtain our final expression (including (4.14)):

0 6= η = 〈0|[Q(t), φ(0)]|0〉 =∑
n

(2π)3δ(p̂n)eiEnt
{
〈0|j0(0)|n〉 〈n|φ(0)|0〉 e−iEnt − 〈0|φ(0)|n〉 〈n|j0(0)|0〉 eiEnt

} (4.18)

Observe that since η is non-vanishing, p̂n = 0 for some n. And since η is time-independent
En = 0. Hence the combination of current conservation that results from a continuous symmetry
(translation) and the spontaneous symmetry breaking expressed in (4.14), imply via (4.18) that
there exists a massless (E = p = 0) state with 〈0|j0(0)|n〉 6= 0 and 〈n|φ(0)|0〉 6= 0. This
massless state is called a Nambu-Goldstone boson.

Note that a Nambu-Goldstone-(NG)-mode does not necessarily always have to be a soft-mode:
it need not always have momentum (and thus energy) equal to zero. The only thing Goldstone’s
theorem implies is that there exists a NG-mode which has zero energy and zero momentum in
some situation – whether or not this state may acquire energy due to some other mechanism,
or how many of these NG-modes are there, is not specified. In the literature, NG-modes are
associated with ‘quasiparticles’17 occurring in the (effective field) description of ferromagnetism
and superconductivity, such as magnons and phonons. Furthermore, when the symmetry of the
Lagrangian is not exact, but only approximate – this is called explicit symmetry breaking –,
one can prove [Wei96b] the existence of pseudo-Goldstone bosons which have nonzero but ‘low’
mass.18 The most notable physical particle associated with pseudo-Goldstone bosons is the pion
(corresponding to the approximate SO(2)L×SO(2)R chiral symmetry of QCD Lagrangian). A
different remark is that NG-modes no longer exist in the case that the continuous symmetry is
a local rather than a global symmetry, which has to do with the implications of the choice of
gauge – see section 6.3. This is related to the famous Higgs mechanism [Wei96b] and happens
in the case of superconductivity.

Furthermore, we have seen that in the case of an spontaneously broken ground state and
a continuous symmetry, there must exist at least one NG-mode. Is it possible to make their

17Quasiparticles are emergent physical phenomena which may be described as independent ’particles’.
18The idea is that in many cases, the Lagrangian is approximately invariant under some continuous transfor-

mation. That is, we may write L = L0 + L1, where L0 is symmetric whereas the small perturbation L1 is not.
Using perturbation theory and repeating some steps of Goldstone’s proof, the result of ‘low ’mass then follows –
i.e. the mass of the Goldstone boson goes to zero in the limit of the perturbation going to zero.
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number precise? Yes: a general rule is that, assuming Lorentz-invariance, the number of NG-
modes is equal to the number of broken symmetry generators.19 Moreover, some inequalities
regarding the number of NG-modes are known [WB12]. A more extensive discussion of this will
be provided in the next section.

4.4 The Linear Abelian Sigma model

We can illustrate the effect of Goldstone’s theorem by looking at the simple case of an Abelian
σ-model, which involves two scalar fields σ and π [CL84]. The Lagrangian is given by:

L =
1

2

[
(∂µσ)2 + (∂µπ)2

]
− V (σ2 + π2)

where the (‘Mexican-hat’ shaped) potential function, whose shape is depicted in figure 7, is
given by:

V (σ2 + π2) = −1

2
µ2(π2 + σ2) +

1

4
λ(π2 + σ2)2

Figure 7: The shape of the potential function.

One may check that (as is also directly clear from inspection of the potential) this Lagrangian
is invariant under SO(2) rotations20 induced by:(

σ′

π′

)
=

(
cos θ − sin θ
sin θ cos θ

)(
σ
π

)
which for infinitesimal transformations takes on the form:(

σ′

π′

)
=

(
1 −ε
ε 1

)(
σ
π

)
19There are exceptions to this rule. See e.g. [Bra10].
20Note that SO(2) symmetry is equivalent to U(1) symmetry: we may write the complex field φ = 1√

2
(φ1+iφ2)

and identify φ1 = σ and φ2 = π. One can check that φ is invariant under U(1) phase transformations.
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The minimum of the potential can be found to lie on the circle C defined by σ2 +π2 = µ2

λ . Any
point lying on this circle C is just as convenient to choose as the vacuum state. Let us pick

〈0|σ|0〉 =
√

µ2

λ and 〈0|π|0〉 = 0. From eq. 4.3 and the above we find that the conserved current

is given by:21

jµ = (∂µπ)σ − (∂µσ)π

We can now calculate the relevant commutators [Q(t), π(0)] and [Q(t), σ(0)], using the equal-
time commutation relations given in eq. 4.11:

[Q(t), π(0)] =

[(∫
j0d3x

)
, π(0)

]
=

∫ ( [
j0, π(0)

] )
d3x

=

∫ (
[∂0π, π(0)]σ − (∂0σ)[π, π(0)]

)
d3x

=

∫
−iδ(3)(x′ − x)σ(0)d3x

= −iσ(0)

A similar calculation shows [Q, σ(0)] = iπ(0). Comparing these commutators with eq. 4.18 and

with the symmetry breaking condition 〈0|σ|0〉 =
√

µ2

λ and 〈0|π|0〉 = 0, we conclude:

〈0|[Q, π(0)]|0〉 = −i 〈0|σ(0)|0〉 = −i
√
µ2

λ

〈0|[Q, σ(0)]|0〉 = i 〈0|π(0)|0〉 = 0

Since 〈0|[Q, π(0)]|0〉 6= 0, equation 4.18 implies that there should be a NG-mode in the spectrum
with 〈0|j0|n〉 6= 0 and 〈n|π(0)|0〉 6= 0.

Remark. Note that in the present case we could have come up with this result by inspection.

Our choice of 〈0|σ|0〉 = µ2

λ and 〈0|π|0〉 = 0 makes it such that for an infinitesimal SO(2)
rotation, π can be associated with a movement along the bottom of the potential, whereas σ
can be associated with the curved movement perpendicular to it. In other words: a change in π
does not change the energy, hence it can be associated with a massless mode, whereas a change
in σ changes the energy and thus cannot be associated with a massless mode.

21Note that ε has been left out, for the derivation of eq. 4.3 shows that it does not matter whether we include
it in the conserved current.

40



5 Broken Translational invariance

In the previous section we have looked at the canonical case of continuous symmetries in combi-
nation with spontaneous symmetry breaking of internal symmetries. We saw that this state of
affairs implies the existence of massless Nambu-Goldstone bosons. However, what if the sym-
metry is discrete rather than continuous? In particular, we may wonder what happens in the
case of discrete translational invariance, for this is a case that occurs throughout many areas
of physics. Following [WB12] we investigate this question and discuss whether existing results
extend towards this new situation.

First, the proof of Goldstone’s theorem is repeated but now allowing discrete symmetries.
Then we will look at some counting theorems, specifying in different scenarios how many Nambu-
Goldstone bosons must be there. Finally, the results obtained in this section and the difference
between what was found in the continuous case are critically assessed.

5.1 General description and Goldman’s theorem revised

Watanabe and Brauner extend the ordinary case of continuous translational invariance to that
of discrete translational invariance by taking the perspective of a ‘system of cells’ (see figure
8). The idea is that the system is invariant as long as we translate along a lattice vector and
‘zoom-out’ far enough, i.e. if we average over everything that happens in one cell. We will look
at these assumptions in more detail at the end of this section. First Watanabe and Brauner’s
adapted proof of Goldstone’s theorem is discussed.

Figure 8: A system of (Wigner-Seitz) cells. [Ref: http://www.physics-in-a-nutshell.com/

article/5]

See the previous section for the definitions of the translational operators and such. We take
the (spatial) translational invariance to be discrete in d′ directions and continuous in d − d′

directions. We then have the symmetry group G(d′)
D × G(d−d′)

C defined by:

G(d′)
D =

{
TR = ei

P1·R
~

∣∣∣R =

d′∑
i=1

niai

}
G(d−d′)
C =

{
ei

P2·∆x
~

∣∣∣∆x ∈ Rd−d
′
} (5.1)
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where {ai}d
′
i=1 are primitive lattice vectors and P = (P1,P2) is the momentum operator. Note

that x can be decomposed as x = (x1,x2) where x1 = x1 + R where R is a lattice vector and
x1 lies in the Wigner-Seitz unit cell22 in Rd′ and x2 ∈ Rd−d′ .

In analogy with (4.8) we note that imposing translational invariance yields the following
condition:

j0(t,x1,x2) = e
i
~ (Ht−P2·x2)T †Rj

0(0,x1,0)TRe
− i

~ (Ht−P2·x2) (5.2)

Let again be emphasized that this identity only holds insofar as we consider uniform symmetries,
i.e. if the charge density operator does not explicitly depend on the coordinates [WB11]. We
adopt the convention that there exists a complete set of eigenstates {|ξ,k〉}, k = (k1,k2),
normalized by 〈ξ,k|ξ′,k′〉 = (2π)dδξξ′δ(k − k′) such that we have the following partition of
unity: ∑

ξ

∫
FBZ

ddk

(2π)d
|ξ,k〉 〈ξ,k| = 1 (5.3)

where FBZ denotes the First Brillouin Zone.23 Moreover, we define the averaged discrete charge
density as follows:

jk =
1

Vol(Ω)

∫
Ω
j0(0,x1,0)e−ik1·x1dd

′
x1 (5.4)

where Ω is the Wigner-Seitz cell. The proof of Goldstone’s theorem then proceeds in a similar
fashion as in the previous section but contains a little more steps. We start out by finding the
momentum space representation (Fourier transform) of the commutator of a Noether current
jµ(x) and the vacuum φ(0) as a sum of all possible intermediate states and require translational
invariance (see eqs. (4.15) – (4.17)). See appendix C for the details. The final result is:

iS(ω,k) ≡
∫
〈0|[j0(x), φ(0)]|0〉 ei(ωt−k·x)ddxdt

= 2π
∑
ξ

[
δ

(
ω −

εξ(k)

~

)
〈0|jk|ξ,k〉 〈ξ,k|φ(0)|0〉

. . . − δ
(
ω +

εξ(−k)

~

)
〈0|φ(0)|ξ,−k〉 〈ξ,−k|jk|0〉

] (5.5)

where ω = E
~ and εξ(k) denotes the corresponding energy of the state specified by |ξ,k〉. Note

that if we take the limit Vol(Ω)→ 0 we retrieve the continuous symmetry case, like we of course
should.

A more formal definition of broken symmetry than the one we have used until now is stated
as follows [WB12]: nBS symmetries are said to be spontaneously broken if there is as set of
operators {φi(x)}i=1,...,nBS such that the matrix M, with elements iMab = 〈0|[Qa, φb(0)]|0〉, is
nonsingular. We have that:

lim
k→0

iSab(t,k) = lim
k→0

∫
e−ik·x 〈0|[j0

a(x), φb(0)]|0〉 ddx = 〈0|[Qa(t), φb(0)]|0〉 = iMab

22Recall that a Wigner-Seitz cell in a lattice is the cell containing all points that lie closer to a certain lattice
point than to all other lattice points.

23This is the equivalent of the Wigner-Seitz cell in the reciprocal momentum space.
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Combining this with eq. (5.5) we get:

lim
k→0

iSab(ω,k) = lim
k→0

2π
∑
ξ

[
δ

(
ω −

εξ(k)

~

)
〈0|ja,k|ξ,k〉 〈ξ,k|φb(0)|0〉

. . . − δ
(
ω +

εξ(−k)

~

)
〈0|φb(0)|ξ,−k〉 〈ξ,−k|ja,k|0〉

]
= 2πδ(ω)

∑
ξ

2
[
〈0|ja,0|ξ,0〉 〈ξ,0|φb(0)|0〉

]
Hence, assuming time-independence of the charge Q and taking the integral iSab(t,k) =
(2π)−1

∫
iSab(ω,k)dω we arrive at:

Mab = 2
∑
ξ

Im
(
〈0|ja,(0)|ξ,0〉 〈ξ,0|φb(0)|0〉

)
(5.6)

The condition of broken symmetry, detM 6= 0, tells us that the right hand side of this equation
is nonzero for some ja and φb. Therefore, again, there must exist a massless mode which we
call a Nambu-Goldstone boson.

Remark. Note that, actually, its is enough for the right side of equation 5.6 to be zero if
Mab 6= 0 and not necessarily that detM 6= 0. We should read the reasoning the other way
around: if detM 6= 0 then there are a, b such that Mab 6= 0. Moreover, and this is the reason
for talking about the determinant, the symmetries’ generators must be linearly independent.
This guarantees that we do not confuse the number of symmetries and thus bosons.

5.2 Number of NG-modes: Schäfer and Nielsen-Chadha theorems

In this section two theorem which state both necessary and sufficient conditions on the number
of NG-modes are presented. It must be clear that these results are not an effect of changing
to discrete translational invariance: rather, these results are valid in the case of continuous
translational symmetry but it turns out that we can extend their validity to the case of discrete
translational invariance. We start with a result first presented in [SSS+01].

Theorem 5.1 (Schäfer et al.). If 〈0|[Qa, Qb]|0〉 = 0 for all a, b, the number of NG-modes nNG
is equal to the number of broken symmetries nBS .

The proof usually consists of two steps. First it shown that nNG ≥ nBS and then that
nNG ≤ nBS . Only the first inequality is proven to give the reader an idea of what such a proof
looks like. Note that we may rewrite eq. (5.6) as:

Mab = 2

nNG∑
n

Im
(
〈0| ja |n〉 〈n|φb(0) |0〉

)
for all states that are not NG-modes are zero anyway. Also note that24 〈0|[Qa, Qb]|0〉 ∝
〈0|[Qa, jb|0〉 and that by the above:

〈0|[Qa, jb|0〉 = 2

nNG∑
n

Im
(
〈0| ja |n〉 〈n| jb |0〉

)
24In sake of brevity, this statement is not explicitly proven, for it is just a straightforward application of some

of the same steps as are taken in appendix C.

43



Let us define the nBS × nNG matrix A as Aan = 〈0| ja |n〉 and the nNG × nBS matrix B as
Bnb = 〈n| jb |0〉. The condition 〈0|[Qa, Qb]|0〉 = 0 implies that 〈0|[Qa, jb|0〉 = 0, that is,

nNG∑
n

Im
(
〈0| ja |n〉 〈n| jb |0〉

)
= 0 ∀a, b

This is nothing else than requiring that AB is real. Observe that B = A†, hence our requirement
can now be stated as: the hermitian matrix AA† must be real. The fact that AA† is real and
hermitian implies that we can diagonalize it (or, in other words, make a change of basis) by
some matrix O: A′A′† = OAA†OT , where O = diag(λ1, λ2, . . . , λnBS ).

Now, suppose that nNG < nBS . Then the rank of A, and hence of AA†, can at most be equal
to nNG. That is, rank(AA†) < nBS . Hence we also have rank(A′A′†) < nBS , which implies that
there is an i such that λi in O is zero. But now apply the same change of basis to the charges:
Q′a = OabQa and M ′ = OM . Then λi = 0 implies that Q′i = 0, i.e. 〈0| ji

′ |n〉 = 〈n| ji
′ |0〉 = 0.

This violates the broken symmetry assumption that detM 6= 0, therefore nNG ≥ nBS .

The proof of theorem 5.1 is typical for how results about the number of NG-modes may be
found. Two other results, whose proofs are omitted, about the number of NG-modes are worth
mentioning: Nielsen-Chadha theorem (see e.g. [WB12]) and a conjecture due to Watanabe and
Brauner [WB11]. Nielsen and Chadha found that, in the long-wavelength limit, NG-bosons can
be classified as being one of two possible types depending on their dispersion relation. The
energy of a NG-boson in the long wavelength limit is proportional to an integer power of its
momentum, and the NG-boson is called of type I if this power is odd (e.g. relativistic particles
have E ∝ |p|) and of type II if this power is even. They also proved the following theorem.25

Theorem 5.2 (Nielsen-Chadha). For nI, nII, the number of type-I and type-II NG-modes
respectively, we have the following inequality:

nI + 2nII ≥ nBS (5.7)

A direct corollary is that in relativistic theories the number of NG-bosons is greater than or equal
to the number of spontaneously broken generators, since relativistic particles are necessarily of
type I.

Again note that these results have nothing to do directly with discrete translational invari-
ance. The Nielsen-Chadha theorem is very elegant: it helps us to easily say something about
the qualitative behaviour of the system we consider. Take for example the cases of a ferro-
magnet and an antiferromagnet, as discussed by Nielsen and Chadha [NC75, p. 453]. If the
ground-state of the ferromagnet consists of all spins aligned in the ẑ-direction, then rotations
around this ẑ-axis are allowed whereas the other generators of the rotation group are sponta-
neously broken. One can show that, although there are two broken symmetries, there is only
one magnon (the Goldstone boson in this case). Hence the Nielsen-Chadha theorem tells us
that the magnon must be a type-II Nambu-Goldstone boson. On the contrary, despite having
the same number of broken symmetry generators, the antiferromagnet has two magnons. Again
by the Nielsen-Chadha theorem, these magnons must now be of type I.

25To be precise, the theorem has two additional assumptions. First, if A(x) and B(0) are any two local
operators, and x → ∞, then 〈0|[A(x, t), B(0)]|0〉 → eτx with |τ | ≥ 0. Secondly, the translational invariance is
not entirely broken spontaneously – this prevents the possibility of having vacua with zero energy but nonzero
momentum [NC75].
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Now, finally, to state the ‘Watanabe-Brauner conjecture’, define the matrix ρ by iρab =
lim

Ω→∞
Ω−1 〈0|[Qa, Qb]|0〉 where a, b = 1, . . . , nBS . We then have:

nBS − nNG =
1

2
rank ρ (5.8)

In [WB11], some arguments are presented why the equality should hold. The inequality nBS −
nNG ≤ 1

2rank ρ is in fact proven.

5.3 Translational invariance of the ground state

Let us catch our breath and review what new things we have learned so far. The usual account of
Goldstone’s theorem in the context of spontaneously broken continuous symmetries is extended
to an account which allows translational symmetries to be discrete rather than completely
continuous. Also, it is shown that results about the number of NG-modes may be extended to
this new situation.

From a philosophical perspective this is an interesting extension. As physicists have learned
to understand, much depends on the perspective you take and the length or energy scale one
considers. In this light, symmetries that seem to be continuous may turn out to be discrete
when looked upon in more detail – a situation that occurs everyday when we look at ordinary
symmetric objects, which are in fact composed out of lattices with atoms. Hence it is good
to know that Goldstone’s theorem fares well with a generalization to discrete symmetries, for
otherwise the possibilities for its application may have been severely limited.

On the other hand, it seems like this generalization teaches us nothing new about sponta-
neously broken symmetries in the usual sense of what a spontaneously broken symmetry is. Lots
of articles can be found about Goldstone’s theorem in relation to broken spacetime symmetries,
but in all those cases the symmetry breaking is explicit rather than spontaneous. But what
if we have 〈0|[Q(t,x), φ(x)]|0〉 = f(x), where f(x) is some generally nonzero (but bounded)
function, instead of 〈0|[Q(t), φ(0)]|0〉 = c, where c is some nonzero constant?

If we look at it more closely, we see that in both [CL84] and [WB12], the transition from φ(x)
to φ(0) – or rather from [j0(x), φ(x)] to [j0(x), φ(0)] – is made without argument. Is this be-
cause Watanabe and Brauner assume the ground state to posess full translational invariance,
i.e. φ(x) ≡ φ(0)? Or is it because they implicitely take φ(0) to be the field φ(x̄) averaged over
a cell? Let us look at three possible solutions or responses to this problem.

1. Averaging the field
What we still do have, if the field depends on position, is that it adheres to the same symmetry
group as the Noether current. That is, we have:

φ(x1,x2) = e−
i
~P2·x2T †Rφ(x1,0)TRe

i
~P2·x2 (5.9)

It is easy to see that this does not change the invariance property used in finding the spectral
representation during the proof of Goldstone’s theorem, for we have:

j0(t,x1,x2)φ(x1,x2) = e
i
~ (Ht−P2·x2)T †Rj

0(0,x1,0)TRe
− i

~ (Ht−P2·x2)φ(x1,x2)

= e
i
~ (Ht−P2·x2)T †Rj

0(0,x1,0)TRe
− i

~ (Ht−P2·x2)e−
i
~P2·x2T †Rφ(x1,0)TRe

i
~P2·x2

= e
i
~ (Ht−P2·x2)T †Rj

0(0,x1,0)TRe
− i

~HtT †Rφ(x1,0)TRe
i
~P2·x2

= e
i
~ (Ht−P2·x2)T †Rj

0(0,x1,0)φ(x1,0)TRe
− i

~ (Ht−P2·x2)
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Hence the spectral representation remains unaltered when we define some averaged φ and inte-
grate over the proper domain. In other words, if we average the field over the cell in the same
way as we average the current (perhaps Watanabe and Brauner do this implicitely), Goldstone’s
theorem is still valid for the effective fields.

2. A local approach
Another option is to consider everything only at a set position, say x0, which we may just
define as the origin x0 = 0. Then, if every point26 is translationally invariant, every step in
the proof of Goldstone’s theorem is valid. This seems to be the case for example in the LOFF-
phase [WB12]. We might even say that, if the x-dependent vacuum expectation ‘function’ is
continuous, we can always choose an interval around the chosen x0 such that 〈[Q(t), φ(x0 + ε)〉 6=
0 if 〈[Q(t), φ(x0)]〉 6= 0. By a continuity argument we may then argue that the NG-modes found
at one location must also be present after an infinitesimal symmetry transformation. The
downside of this type of reasoning is that it is not immediately clear what do we should do
if 〈[Q(t), φ(x0)]〉 = 0 – that is, if our particular choice of x0 yields the special situation of a
vanishing order parameter. It seems arbitrary and unlogical that we have certain points in
space at which we cannot obtain information about the existence of Nambu-Goldstone bosons,
yet this seems to be the case in this simple local approach.

3. Retaining the flat direction
Let us take as a working case the linear sigma model of the previous section with the following
potential function:

V = −µ
2

2
cos(x)(σ2 + π2) +

λ

4
(σ2 + π2)2

which yields as condition for the minimum: σ2 + π2 = µ2

λ cos(x), which implies that 〈0|σ|0〉
and 〈0|π|0〉 generally depend on x. However, this does not need to be a problem as long as we
choose the ground state in such a way that the flat direction27 is left unaffected. For example,

if we choose 〈0|σ|0〉 = (µ
2

λ cosx)
1
2 and 〈0|π|0〉 = 0, then we may still calculate 〈0|[Q, π(0)]|0〉 =

−i 〈0|σ(0)|0〉 = −i(µ
2

λ cosx)
1
2 . Which implies that π is a Nambu-Goldstone boson if cosx 6= 0.

In other words, it is often the case that a space dependence of the potential only affects the heavy
direction, but not the flat direction corresponding to the Nambu-Goldstone boson. However,
this need not always be the case and it unlikely that Watanabe and Brauner would leave such
an assumption implicit.

It is not yet clear which solution is best, or whether these are the only solutions. This
is also indicated by the treatment of various models, such as that of a Skyrme crystal and
the ’t Hooft model [ST00], the Fulde-Ferell condensed phase [LNT+15] and the Nambu-Jona-
Lasinio model [BBdR93, BEK+04] related to low-energy aspects of Quantum Chromodynamics.
Unfortunately the complexity of these articles extends beyond what is and can be treated in this
thesis. But they have in common that the treated fields indeed have a non-constant vacuum
expectation value – none of the articles uses the standard Goldstone theorem approach except
for the treatments using an effective field/mean-field approximation.

26The averaging technique requires only that the averaged fields/currents are the same after some lattice
translation. However, often the discrete symmetry is more strict and in fact every point has discrete symmetry
– e.g. cosx = cosx+ 2kπ with k ∈ Z is such a symmetry.

27As discussed in the previous section, this is the field direction that does not affect the amount of energy.
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6 Gauge symmetry

Symmetries may be ‘broken’ in yet another way: when the symmetry is required to be local
rather than global. Local symmetries call for the introduction of gauge fields, and the consid-
eration of gauge symmetry leads to the exploration of the U(1) symmetry that characterizes
particle physics and the ‘eating’ of Nambu-Goldstone bosons by gauge symmetries. Finally the
case of a uniform magnetic field is used to give an example of one of the counting theorems
discussed in section 5.2.

6.1 Questioned translational invariance: gauge symmetry

(a) (b)

Figure 9: (a): A charged particle undergoing circular (helical) motion in a uniform magnetic
field. [Image Ref: https://blogs.glowscotland.org.uk/gc/hyndsecphyshu2hwrk/files/

2014/11/PhyEx2_2K.jpg] (b): the test particle at some time t0 in a uniform magnetic field.

Consider a charged particle in a uniform magnetic field B. We know that the charged particle
will undergo circular (or helical, if it has nonzero initial velocity in the ẑ-direction) motion due
to a Lorentz force F = q(v ×B), as depicted in figure 9a. Now consider the situation at some
time t0, depicted in figure 9b. Prima facie, the system looks translationally invariant. Without
the test particle it surely is: there is no way to tell the difference if we shift the field left or
right.

However, we know that a force acts on the particle, which implies dp
dt = F 6= 0. In other

words: momentum is not conserved, hence there can be no translational invariance. What is
going on here? We could say that the presence of the particle breaks the translational invariance
– after all, the situation now does look different when we shift the frame. But this is only true
insofar we look at it in reference to some arbitrary frame we have chosen.

The first step in clarifying the issue can be made in turning to a potential formulation of the
Lorentz force, which is introduced in appendix B.2. Let us write the lorentz force in terms of
the scalar and vector potentials. Using E = −∇V − ∂A

∂t and B =∇×A we obtain:

F = q(E + v ×B)

= q

[
−∇V − ∂A

∂t
+ v × (∇×A)

]
(∗)
= q

[
−∇V − ∂A

∂t
− (v ·∇)A +∇(v ·A)

]
= −qdA

dt
− q∇(V − v ·A)
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where (∗) is due to the fact that ∇(v ·A) = v× (∇×A) + (v ·∇)A. We can write the result
of this derivation in a clever way like:

d

dt
(p + qA) = −∇ [q(V − v ·A)] (6.1)

where the differentiated thing is the canonical momentum p̂ = p + qA. In fact this should not
really surprise us: it is canonical momentum, rather than ordinary momentum, that is conserved
due to invariance with respect to continuous symmetries. But even canonical momentum need
not be conserved in the present scenario. As we see in eq. (6.1), it is in no way clear that the
right hand side should vanish.

Let us then look at it from another perspective. Consider that from a potential perspective,
the system is not translationally invariant at all: ∇× A is constant, but not A itself. This
seems to be the real explanation: there is no conservation, because there is no real symmetry
– only an apparent one. We must now ask ourselves the question what this means: how do we
know whether a symmetry is real or only apparent? How do we know in other areas of physics
whether or not there is some gauge field present? Before answering these questions, it is good
to look at some ways in which we can still talk about symmetry transformations.

There is a way to do transformations which keep the Lagrangian invariant. These transforma-
tions are basically a combination of an ordinary space translation and a transformation of the
gauge. We can see this if we take the total differential of the Lagrangian, which is given by:28

L =
1

2
mv2 − qV + qA · v (6.2)

If x′ = x+ ε where ε represents an infinitesimal shift in some direction, we have that:

δL =
∂L
∂v

δv +
∂L
∂A

δA =
3∑
i=1

∂L
∂Ai

δAi = q
3∑
i=1

vi (ε ·∇Ai)

where we have used that δv = 0 and that for infinitesimal translations we may write εi
∂Ai
∂xi

= δAi.

Example. Take a uniform magnetic field B = B0ẑ. One can prove that for a uniform magnetic
field we can take A = 1

2B× r – of course possibly with some gauge transformation. In our case
this gives A = −1

2yB0x̂ + 1
2xB0ŷ. The change in the Lagrangian for an infinitesimal shift in

direction ε is given as:

δL = q

(
−vxεy

B0

2
+ vyεx

B0

2

)
which corresponds to the fact that A′ = A− 1

2εyB0x̂+ 1
2εxB0ŷ. If we take a gauge transformation

A→ A + 1
2εyB0x̂− 1

2εxB0ŷ the Lagrangian will be invariant.

28This will for brevity not be proven. But note, e.g. that the Lorentz force equation follows almost directly
from the Euler-Lagrange equation.
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6.2 Local U(1) symmetry

The influence of gauge symmetries knows a more canonical treatment in the realm of quantum
mechanics and particle physics. It turns out that some familiar physical laws can be ‘derived’
from the requirement that the Lagrangian is invariant under local U(1) phase transformations.
What this means and how it works is now explained. We will use as main example theories
related to elecromagnetism. First, U(1) symmetries of the standard Hamiltonian in electrody-
namics are discussed. If this is done, the theory is extended to the Dirac theory of an electron
coupled to the electromagnetic field.

For some electromagnetic field configuration, the Hamiltonian takes on the general form H =
1

2m(p̂− qA)2 + qV . Until now we have not spoken about a symmetry transformation which is
always present: the U(1) phase transformation eiα, where α is some constant. One can easily
see that this is indeed a symmetry transformation: the multiplying factor eiα just cancels out
at both sides of the Schrödinger equation. It is also logical from a physical point of view: wave
functions are no physical quantities, only terms involving ψ∗ψ are – but (eiα)∗(eiα) = 1, hence
measurable quantities are never affected by the phase transformation.

Things change when the phase transformation is not constant but instead depends on time.
Taking Ψ = e−iα(t)Ψ′ and filling this into the Schrödinger equation we obtain:

i~
∂Ψ

∂t
= HΨ

i~
∂Ψ′

∂t
+ ~Ψ′

∂α

∂t
=

[
1

2m
(p̂− qA)2 + qV

]
Ψ′

Hence there appears an extra term on the left hand side. Taking this to the right hand side we
obtain:

i~
∂Ψ′

∂t
=

[
1

2m
(p̂− qA)2 + qV − ~

∂α

∂t

]
Ψ′

Now, if we take the gauge transformation (see appendix B) V ′ = V − ~
q
∂α
∂t we just retain an

expression identical to that without phase transformation. Therefore we can conclude that the
system is symmetric under time-dependent U(1) phase transformations if we appropriately
transform the gauge at the same time. In a similar way we can show that if the phase factor
α depends on position, we may again make the system U(1) invariant if we also apply an
appropriate gauge transformation – this time in A.

What we have done is interesting for the following reason. We started out with a global
symmetry – that is, a symmetry transformation independent of position or time – and ended
up with a local symmetry depending on time and position. We have shown that this local
symmetry exists while performing the right gauge symmetries, but could also have worked
in the opposite direction: one can show that requiring local U(1) invariance implies that the
Hamiltonian should look as it does (with the extra −qA term) [Jon98, p. 229]. This process is
called the ‘gauging of symmetries’ and lays bear an interesting feature of nature: apparently,
physics must be locally U(1) invariant.

Let us next discuss the consequences of requiring local invariance in the case of a free electron
coupled to the electromagnetic field [CL84, p. 229]. Let us first leave out the coupling to the
electromagnetic field. Then we have the following (Dirac) Lagrangian:

L0 = ψ(x)(iγµ∂µ −m)ψ(x) (6.3)
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where ψ is a spin-1
2 spinor field. It is evident that this Lagrangian is U(1) invarariant under

phase transformations with constant parameter. We can find the conserved current, which is
related to probability conservation, as follows:

jµ =
∂L

∂(∂µψ)
δψ = iψ(x)γµδψ = ψ(x)γµψ

where we have used that δψ = (e−iα − 1)ψ ≈ −iψ. Like in the previous subsection, we may
gauge this symmetry to make it local, i.e. space-time dependent (this is also called minimal
coupling). Plugging in ψ(x) = e−iα(x)ψ′(x) we see that the derivative part of the Lagrangian
changes as follows:

ψ(x)∂µψ(x) = ψ
′
(x)∂µψ

′(x)− iψ′(x)∂µα(x)ψ′(x)

Hence to make this gauge invariant we need to get rid of the rightmost term. Recognizing
i∂µα(x) as a gauge transformation we may write instead of the normal derivative the so-called
Covariant derivative: Dµ = ∂µ + ieAµ, where A is the gauge field and e is some constant which
eventually turns out to be the electron charge [Wei96a, p. 342]. One can see that if we replace
∂µ by Dµ and require that the gauge field transforms as Aµ → Aµ + 1

e∂µα(x), the theory is
locally gauge invariant. Applying both transformations simultaneously we obtain:

(∂µ + ieAµ)ψ(x) −→ ∂µ(e−iα(x)ψ′(x) + ie(Aµ +
1

e
∂µα(x))e−iα(x)ψ′(x)

= e−iα(x)∂µψ
′(x)− i∂µα(x)ψ′(x) + ie(Aµ +

1

e
∂µα(x))e−iα(x)ψ′(x)

= (∂µ + ieAµ)e−iα(x)ψ

Using the covariant derivative, the Lagrangian becomes:

L0 = ψ(x)iγµ(∂µ + ieAµ)ψ(x)−mψ(x)ψ(x) (6.4)

Since the term Fµν is gauge invariant (see appendix B) we may add the photon term L1 =
−1

4FµνF
µν to obtain the full Lagrangian:29

L = ψ(x)iγµ(∂µ + ieAµ)ψ(x)−mψ(x)ψ(x)− 1

4
FµνF

µν (6.5)

which is often referred to as the Quantum Electrodynamics (QED) Lagrangian.30 Interestingly
enough, then, the local Gauging of symmetries provides us with the right Lagrangian. But what
remains of our original symmetry treatment? Can we find conserved currents for symmetries
consisting of an ‘ordinary’ transformation combined with some gauge transformation? And
what happens to the Nambu-Goldstone bosons in such situations?

The latter question is answered in the next subsection. The former question needs some
elaboration. In principle, Noether’s theorem is only valid for global symmetries. We can, how-
ever, do something different. We saw that the Dirac Lagrangian without local gauge invariance

29Note that this choice of a photon term is not unique, one can add any Pauli term of the form ψσµνF
µνψ,

where σµν = i
2
[γµ, γν ]. However, this does not matter to our current discussion.

30Note also that the requirement of local gauge invariance implies that the photon be massless. For if we had
a mass-term 1

2
m2AµA

µ, then imposing gauge invariance requires that m = 0.
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has a conserved current jµ ∝ ψ(x)γµψ. Let us take jµ = eψ(x)γµψ. We can write the QED
Lagrangian in terms of this current:

L = ψ(x)iγµ∂µψ(x)−mψ(x)ψ(x)− 1

4
FµνF

µν − jµAµ (6.6)

where jµAµ is called the interaction term. Note that using the Euler-Lagrange equations31

∂ν ∂L
∂(∂µψ) = ∂L

∂ψ on the fields ψ and Aµ we can write the field equations as:

∂νFµν = eψ(x)γµψ = jµ

(iγµ∂µ +m)ψ = ieAµψ

(iγµ∂µ −m)ψ(x) = −ieAµψ(x)

Since ∂µ∂
νFµν = 0 in virtue of Maxwell’s equations, we see that the right hand side of the first

field equation gives ∂µj
µ = 0 and thus the same current is still conserved. In fact the result

could also have been derived from the matter field equations. It is possible to show that for
general field theories, an interaction term indeed must be of the form jµAµ in order not to
violate the local invariance: “gauge fields couple to the matter fields through a current which is
proportional to the Noether current associated with the corresponding rigid transformations”
[Nik, p.381]. This also means that the coupling term jµ is conserved whenever the matter fields
satisfy their field equations – but this must not be confused with the idea that the conserved
current is the Noether current associated with the local symmetry transformation. We could
better say that “Current conservation may be viewed as a reflection of the fact that the degrees
of freedom, whose absence is implied by local gauge invariance, do not reappear through the
interaction with the matter fields” [Nik, p. 381].

6.3 ‘Eating’ of NG-fields

Next, let us by a simple example show that gauge invariance makes Nambu-Goldstone modes
massive. Let us revisit the example of the Abelian Linear Sigma model discussed in section 4.4.
We had the Lagrangian:

L =
1

2

[
(∂µσ)2 + (∂µπ)2

]
− V where V = −1

2
µ2(π2 + σ2) +

1

4
λ(π2 + σ2)2

We can turn this into a gauge theory by replacing the derivatives ∂µ by their covariant coun-
terpart Dµ. One can check that it is then invariant under the following simultaneous transfor-
mations:

φ −→ e−iα(x)φ(x) and Aµ(x) −→ Aµ(x)− 1

e
∂µα(x)

Let us write the fields as components of a complex field, i.e. φ = 1√
2
(σ + iπ). This simplifies

the Lagrangian:

L = (Dµφ)†(Dµφ) + µ2φ†φ− λ(φ†φ)2 − 1

4
FµνF

µν (6.7)

Following section 4.4, we have that the minimum of the potential lies at |φ| =
√

µ2

2λ , hence we

may choose 〈0|σ|0〉 =
√

µ2

λ and 〈0|π|0〉 = 0. We recognize the NG-mode by writing the shifted

31Note that we may use seperate E-L equations for ψ and its conjugate ψ∗.
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fields σ′ = σ − v, where v =
√

µ2

λ , and π′ = π. Let us now look at part of the Lagrangian
involving the covariant derivative. After a rather lengthy calculation we find that:

(Dµφ)†(Dµφ) =
1

2
(∂µσ + eAµπ)2 +

1

2
(∂µπ − eAµσ)2 − evAµ(∂µπ + eAµσ) +

e2v2

2
AµA

µ (6.8)

Where we can see the e2v2 term as a mass term for the gauge field. That is, the gauge boson
acquires a mass M = ev [CL84, p. 242]. We can also parametrize the complex field in yet
another way, which shows that what really happens is that one of the scalar fields, namely the
would-be NG-boson, disappears and that instead the gauge boson acquires mass. The interested
reader is referred to [CL84].

6.4 Consequences for the number of NG-modes

Let us, before closing off the discussion of electrodynamics, briefly return to the problem of
counting Nambu-Goldstone bosons as discussed in section 5.2. Let us again consider the case of
a uniform magnetic field. Note that in the case of an electromagnetic field, it is the canonical
momentum p̂i that is given by the operator −i~ ∂

∂xi
and which gives the canonical commutation

relation [xi, p̂i] = i~. Ordinary, dynamical momentum is then given by Pi = mvi = −i~ ∂
∂xi
−qAi.

Since the Hamiltonian is given by

H =
1

2m
(p̂− qA)2 + qV (6.9)

we see that, in this case, dynamical momentum commutes with the Hamiltonian: [P, H] = 0.
Hence we can use it as a symmetry generator, and find a magnetic translation operator of the
form (shown in the x-direction only):

Ta = exp

{
− ia

~
Px

}
= exp

{
− ia

~
(p̂x − qAi)

}
(6.10)

We then find for the (dynamical) momentum commutator:

[Pi, Pj ] = [p̂i, p̂j ]− q[p̂i, Aj ]− q[Ai, p̂j ] + q2[Ai, Aj ]

= −q
(

[p̂i, Aj ] + [Ai, p̂j ]
)

= −i~q
(
∂Aj
∂xi
− ∂Ai
∂xj

)
= −i~qεijkBk

(6.11)

Let us define the matrix ρB by iρBij = lim
Ω→∞

Ω−1 〈0|[Pi, Pj ]|0〉. The matrix can be seen to have

rank two. Thus by equation 5.8 we see that nBS − nNG = 1. Since nBS = 2, nNG = 1.
Intuitively we might understand this by associating the NG-mode to a rotation rather than to
one of the possible translations.
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7 Conclusion and Outlook

In summary, this thesis has given an overview of a large number of ways in which symmetry
considerations enter the fields of mathematics and physics. Sections 2 and 3 have shown what is
possible by using Lie theory of differential equations, finding basically an algorithmic procedure
to find symmetries and thus new solutions of really any system of (partial) differential equations.
Moreover, section 3 in particular has shown that the study of symmetry carries far more deeply
than one would prima facie think by opening up to the possibility of higher order symmetries.

Sections 4, 5 and 6 have treated symmetry in a different manner. Through the wonder-
ful generality of Goldstone’s theorem, the reader is introduced to various topics, such as the
elementary principles of quantum field theory, gauge symmetries and transformations, and dis-
cretization. Section 5 has shown how the standard version of Goldstone’s theorem may be
extended to incorporate translational symmetries of the Lagrangian that are discrete rather
than continuous. It is shown that various counting theorems extend to this more general ver-
sion. However, a critical note is placed as well: the theory still does not clearly incorporate
the possibility of a nonconstant ground state. No unambiguous interpretation was found, but
some possible solutions or interpretations were presented. Finally, section 6 discussed another
frequently occuring type of symmetry ‘breaking’: when the symmetry in question is made local.
It is shown that the involvement of gauge fields radically changes in particular the particle
spectrum: it turns out that if a symmetry is gauged, the would-be Nambu-Goldstone boson
disappears and the associated gauge boson acquires mass.

However, many more things can be investigated. As already noted several times, the theory
presented in all sections represents just the vary basics of different advanced fields. For example,
both the point-geometrical study of symmetries of differential equations in section 2 and the
higher-order treatment in section 3 are developed into much further extent, hence the interested
reader is encouraged to look up sources such as [Olv93], [Kis12], [And], [GMS09] and [Sau89].
Also in the physics part, just the utterly basis is treated: things get really interesting when the
highly abstract account of Goldstone’s theorem is connected to sophisticated and realistic phys-
ical theories. Extensive introductions to quantum field theory, theoretical particle physics and
symmerty considerations may be found in e.g. [Kle], [CL84] or [Wei96b]. Current theoretical
research on Nambu-Goldstone bosons is carried out for example by Watanabe and Brauner in
articles such as [Bra10], [WB12] and [WB11].

Of the many things one may further research, I would like to highlight one thing in particular
for both the first and the second part of this thesis. Let us start with the study of symmetries
of differential equations. The reader has surely noticed that although the theory and procedure
of finding symmetries work beautifuly in principle, finding the symmetries in practise is a
huge effort. Calclulations are long and cumbersome, and the likelihood of error is very large.
Therefore, what would be helpful is a piece of software designed specifically to carry out some
of the steps in the procedure – for example numerically solving the differential equations arising
out of the symmetry conditions that are imposed on the prolonged infinitesimal generator or
the generating section. This would open up the possibility to easily study really any system
of differential equations arising for example in physics, and just looking what symmetries turn
up. Then the only thing left to do is to check whether the found symmetries are not only
approximate symmetries, and investigating what their physical interpretation might be.

As for the research on Nambu-Goldstone bosons, the last two sections have shown the
unclearity about their exact number and appearence if certain assumptions are softened or
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altered. It remains unclear how we should in general treat the case of spontaneously broken
spacetime symmetries – for which the ground state of the field is space-time dependent in a
periodic manner. However, as indicated at the end of section 5.3 there are well studied theories,
such as the Nambu-Jona-Lasinio model, which exhibit such a dependence. Further research on
these theories and their connection to Goldstone’s theorem may yield a systematic approach,
like that of spontaneously broken internal symmetries, that can be applied to general models.
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Appendices

A Algebraic and Topological notions

Throughout this section, we follow the definitions in [Lee13]. Let M be a smooth manifold and
let p be a nonnegative integer. Ωp(M) denotes the set of p-forms on M . Since the exterior
derivative map d : Ωp(M)→ Ωp+1(M) is linear, its kernel and image are linear subspaces.

Proof. First, suppose ω, σ ∈ Ker(d). Then, since d is linear, we have: d(ω+σ) = d(ω) + d(σ) =
0 + 0 = 0, hence ω + σ ∈ Ker(d). Similarly, take c ∈ R. Then cω = d(cω) = cd(ω) = 0, hence
cω ∈ Ker(d).

Now suppose ω, σ ∈ Im(d). Then there are α, β such that dα = ω and dβ = σ. Now we
have: ω + σ = dα + dβ = d(α + β). Since α + β ∈ Ωp−1(M), we see that ω + σ ∈ Im(d).
Moreover, take c ∈ R. Then cω = cdα = d(cα). Since cα ∈ Ωp−1(M), we have that cα ∈ Im(d).
This shows that the kernel and image are linear subspaces.

We may thus define the following subspaces of M :

Zp(M) = Ker
(
d : Ωp(M)→ Ωp+1(M)

)
= {closed p-forms on M}

Bp(M) = Im
(
d : Ωp−1(M)→ Ωp(M)

)
= {exact p-forms on M}

(A.1)

Notice that, since all exact forms are closed,32 Bp(M) ⊆ Zp(M). Now recall the definition of a
quotient vector space.

Definition A.1. Let V be a vector space and N a subspace of V . A quotient vector space V/N
is the set of all equivalence classes of V by ∼ where x ∼ y whenever x − y ∈ N . The vector
space structure on V/N is obtained trivially.

We may now define the quotient space of Zp over Bp, which is called the “de Rham coho-
mology group”.33

Definition A.2. The de Rham cohomology group is the quotient vector space given by:

Hp
dR =

Zp(M)

Bp(M)
(A.2)

Notice that when 0 ≤ p ≤ n = dim(M), Hp
dR(M) = 0 if and only if every closed p-form on

M is exact. Another concept is used is the notion of a “complex”. Recall that an R-module is
the equivalent of a vector space structure over a Field, i.e. in an R-module we can add elements
and multiply by coefficients, taken out of the ring, commutatively.

Definition A.3. Let R be a commutative ring and suppose we have a sequence of R-modules
Ak and R linear maps d:

. . .→ Ap−1 d−→ Ap
d−→ Ap+1 → . . .

Such a sequence is said to be a complex if:

d ◦ d = 0 ∀p

That is, when the consecutive application of the map d yields zero.

32For an exact p-form σ we can write σ = dω where ω is a (p− 1)-form. Then dσ = d2ω = 0.
33It may be confusing that we define a quotient vector space and call it a group. However, the de Rham

cohomology group is a group under vector addition, hence it is not entirely inappropriate.
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B Electromagnetism and Four-vectors

In this section we mainly follow [Gri13].

B.1 Four-vectors

Since the notion of a four-vector naturally arises out of the (special) theory of relativity, let us
adopt the following convention:

x0 = ct

xi =
vi

c
; i = 1, 2, 3

(B.1)

A lorentz transformation (in the x-direction) may then be written in the form
x0

x1

x2

x3

 =


γ −γβ 0 0
−γβ γ 0 0

0 0 1 0
0 0 0 1




x0

x1

x2

x3


If we adopt the convention that Greek indices run from 0 to 3 we can write the above in tensor
form as:

xµ =
3∑

ν=0

Λµνx
ν (B.2)

where µ denotes the row and ν denotes the column. We may now define a four-vector as follows:

Definition B.1. A four-vector is any set of four components (any one-dimensional tensor) that
transforms according to equation (B.2).

If we want a four-vector analogue of the dot-product invariant under Lorentz-transformations,
one can check that for two four vectors A,B we must write:

A ·B = −a0b0 + a1b1 + a2b2 + a3b3

This dot product is denoted as:

A ·B =
3∑

µ=0

aµbµ (B.3)

where the lower-case and upper case four-vectors are related by the Minkowski metric gµν :

aµ =
3∑

µ=0

gµνa
ν where gµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 (B.4)

Remark. It depends on the literature whether we write gµν or g′µν = −gµν . It has no physical
implications, but in High-Energy physics our choice is standard, for this convention yields
positive rest energy (in the first component of four-momentum).
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B.1.1 Einstein Summation convention

In the literature it is common to drop the summation signs and make the need to sum implicitly
clear via the ‘Einstein summation convention’: repeated indices need to be summed. If we adopt
this convention, equations (B.2), (B.3) and (B.4) become:

xµ = Λµνx
ν (B.5)

A ·B = aµbµ (B.6)

aµ = gµνa
ν (B.7)

B.2 Electromagnetism and gauge invariance

Recall from electrostatics that we can derive from Coulombs Law that ∇×E = 0, or invoking
Stokes Theorem,

∮
E · dl = 0. The latter property implies that the line integral of the electric

field is path-independent, i.e. it depends only on its endpoints. This allows one to introduce
the well known scalar electric potential V such that E = −∇V . We can do a similar thing to
the magnetic field. Since ∇ ·B = 0 we may write for some vector potential A:

B =∇×A (B.8)

Consequently we can reformulate electrodynamics – i.e. Maxwell’s equations – in terms of the
scalar and vector potentials respectively. This immediately yields one advantage: instead of six
free terms (three for E and three for B) we now have only four: one for the scalar potential V
and three for the vector potential A.

Since E and B are the physical quantities we really care about, and since they are determined
by just divergence or curl of the potential, we are free to alter V and A in specific ways, leaving
the E and B unchanged. This is called gauge freedom. One can check that we can transform
the potentials in the following way [Gri13]:

A′ = A +∇λ

V ′ = V − ∂λ

∂t

(B.9)

where λ(t) is some scalar field. These are called the gauge transformations. In physics there
are several conventions to ‘gauge’ the potential. Two famous ways are the ’Coulomb gauge’,
∇ ·A = 0, and the ’Lorentz gauge’: ∇ ·A = −µ0ε0

∂V
∂t .

Let us see how this works out in the language of four-vectors. When we apply Lorentz
transformations to the electromagnetic field, we see that the E- and B-components mix [Gri13].
In fact, we can express them both as elements of an anti-symmetric second-rank tensor.34 The
electromagnetic tensor Fµν looks like (adopting c = 1):

Fµν =


0 Ex Ey Ez
−Ex 0 Bz −By
−Ey −Bz 0 Bx
−Ez By −Bx 0

 (B.10)

34A second-rank tensor transforms like t
µν

= ΛµλΛνσt
λσ. Anti-symmetric expresses the fact that tµν = −tνµ
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Moreover, we can build a four-vector out of the potentials:

Aµ = (V,Ax, Ay, Az) (B.11)

In terms of the tensor Fµν and the four-vector Aµ we can reformulate our results. We have
that:

Fµν =
∂Aν

∂xµ
− ∂Aµ

∂xν
(B.12)

The gauge transformations are given by:

Aµ′ = Aµ +
∂λ

∂xµ
(B.13)

When we choose the Lorentz gauge, which is now expressed as ∂Aµ

∂xµ = 0, Maxwell’s equations
reduce to one elegant form:

�2Aµ = −µ0J
µ (B.14)

where �2 = ∂
∂xν

∂
∂xν =∇2 − ∂

∂t2
is the d’Alembertian.
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C Proof of Goldstone’s Theorem

We will only prove the expression (5.5) for the left part of the commutator, the right part works
analogously.∫

〈0|[j0(x), φ(0)]|0〉 ei(ωt−k·x)ddxdt

(5.3)
=

∫ ∫ ∫ ∑
ξ

∫
FBZ

ddq

(2π)d
〈0| j0(t,x1,x2 |ξ,q〉) 〈ξ,q|φ(0) |0〉 ei(ωt−k·x)

 dd
′
x1dd−d

′
x2dt

(5.2)
=

∫ ∫ ∫ ∑
ξ

∫
FBZ

ddq

(2π)d
〈0| j0(t,x1,0) |ξ,q〉 〈ξ,q|φ(0) |0〉 eiq2·x2ei(ωt−k·x)

 dd
′
x1dd−d

′
x2dt

=

∫ ∑
R

∫
Ω

∫ ∑
ξ

∫
FBZ

ddq

(2π)d
〈0| j0(t,x1 + R,0) |ξ,q〉 〈ξ,q|φ(0) |0〉 eiq2·x2ei(ωt−k·x)

 dd
′
x1dd−d

′
x2dt

We can take apart the integration over x2 and see that it equals
∫
ei(q2−k2)·x2dd−d

′
x2 =

(2π)d−d
′
δd−d

′
(q2 − k2). Since the whole domain is integrated over, this gives a 1 when we

have the state |ξ, (q1,k2)〉 (where q1 remains unspecified). Taking ` = (q1,k2) we continue:

=

∫ ∑
R

∫
Ω

∑
ξ

∫
FBZ

dd−d
′
q1

(2π)d−d′
〈0| j0(t,x1 + R,0) |ξ, `〉 〈ξ, `|φ(0) |0〉 ei(ωt−k1·x1)

dd
′
x1dt

(5.2)
=

∫ ∑
R

∫
Ω

∑
ξ

∫
FBZ

dd−d
′
q1

(2π)d−d′
〈0| j0(t,x1,0) |ξ, `〉 〈ξ, `|φ(0) |0〉 eiq1·Rei(ωt−k1·[x1+R])

 dd
′
x1dt

We add the time operator (let us take ~ = 1 for convenience):

=

∫ ∑
R

∫
Ω

∑
ξ

∫
FBZ

dd−d
′
q1

(2π)d−d′
〈0| j0(0,x1,0) |ξ, `〉 〈ξ, `|φ(0) |0〉 eiq1·Rei(q1−k1)·R−ik1·x1−i[εξ(`)−ω]t

 dd
′
x1dt

(5.4)
=

∫ ∑
ξ

∫
FBZ

dd−d
′
q1 〈0| jk |ξ, `〉 〈ξ, `|φ(0) |0〉 eiq1·Re−i[εξ(`)−ω]t

 dt

(
Vol(Ω)

(2π)d−d′
∑
R

ei(q1−k1)·R

)

We have that Vol(Ω)

(2π)d−d′

∑
R

ei(q1−k1)·R =
∑
G

δd
′
(q1 − k1 − G) where G is a reciprocal lattice

vector. We will also integrate over time giving a delta function:

=

∫ ∑
ξ

∫
FBZ

dd−d
′
q1 〈0| jk |ξ, `〉 〈ξ, `|φ(0) |0〉 e−i[εξ(`)−ω]t

 dt

(∑
G

δd
′
(q1 − k1 −G)

)

=
∑
ξ

∫
FBZ

dd−d
′
q1 〈0| jk |ξ, `〉 〈ξ, `|φ(0) |0〉 2πδ(ω − εξ(`))

(∑
G

δd
′
(q1 − k1 −G)

)
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If k1 lies in FBZ, the only solution to δd
′
(q1 − k1 −G) = 1 is when G = 0 and q1 = k1. Due

to the delta function the integral over FBZ disappears and we are left with:

= 2π
∑
ξ

〈0| jk |ξ,k〉 〈ξ,k|φ(0) |0〉 δ(ω − εξ(k))
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