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Abstract

In this thesis, a clustering-based method of model reduction of net-
worked multi-agent systems will be considered. Starting point is the
method described in [3] that uses a one step clustering method for net-
works with tree graph topology to reduce the dimension of the model by
one. It can be applied until an approximated model of desired order is
achieved. This thesis generalises the method for a certain class of sys-
tems to arbitrary graphs. The mechanism used to select what nodes to
cluster, is based on an approximation of the output and control energy.
After introducing an edge system, it will be possible to study the level
of controllability and observability of edges individually using these ener-
gies. Bounds on the output energy and the control energy are determined
using a Lyapunov and Riccati inequality respectively. Since for arbitrary
networks, these energies are not necessarily finite, we introduce without
loss of generality a constraint on the space considered. This guarantees
finite energies. Next, the existence of suitable solutions to the matrix in-
equalities is proven. It is also shown that the clustering method preserves
the property of synchronisation.
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1 Introduction

Multi-agent systems, distributed control and complex networks are subjects that
have been heavily studied in the last decades. Networked multi-agent systems
are networks consisting of a group of systems called agents. The interconnection
between these agents is through a communication topology, and can be modeled
by a network graph. The agents exchange information only with their neigh-
bours in this topology. Networked dynamical systems are found in a variety of
disciplines, ranging from for example electrical power grids to ecological net-
works [15]. A widely studied problem in networks, is the problem of consensus
and synchronisation, where the goal is to have agents in the network agree upon
some quantity, while only using information that is locally available. Potentially,
these networked systems are large-scale, involving a large set of agents. This
complicates analysis, and possibly control, of these networks. Therefore, approx-
imation techniques have been developed to provide systems of lower complexity.
For example, we mention the general techniques of balanced truncation [14] and
moment matching [2]. These model reduction techniques can be shown to have
some satisfactory properties, but they have disadvantages as well. One of these
drawbacks is that they do generally not preserve the interconnection topology
in the approximation. Finding controllers for the large-scale dynamical systems,
based on the approximated system, is therefore complicated. To overcome this
problem, alternative reduction techniques have been investigated that preserve
the topology in some sense. For example, in [11], edges, representing connec-
tions in the topology, that are deemed of lesser importance are removed. Other
methods have introduced the concept of clustering-based algorithms, e.g. [10].
A relatively easy physical interpretation is one of the assets of clustering tech-
niques, in which certain vertices are joined to form a single group such that a
reduced order network arises. Some research has been done in finding convenient
sets of vertices to cluster. In [13] a graph partition called almost equitable graph
partitions was introduced that allows for an explicit error analysis. However,
these partitions require restrictive assumptions on the graph topology.
In this thesis, the approach taken follows that of [3], where a clustering method
is introduced that aggregates two vertices that show similar behaviour. The
similarity between vertices is determined by an analysis on the edges. To that
end, an edge system is introduced in which it is possible to analyse properties
of individual edges. An edge Laplacian is defined such that the dynamics over
edges can be studied. Using such an edge system admits giving a measure on the
level of observability and controllability of each edge. These will be called edge
observability and edge controllability. This is usually done by computing the
Gramians for the system. The Gramians of a system give a measure on edge
observability and edge controllability respectively by using an energy notion,
and can be computed by a Lyapunov or Riccati matrix equality. As these
Gramians are not easily interpreted, in this thesis an energy bound is found
using matrix inequalities. This bound is chosen to have a diagonal structure,
which eases interpretation. In the case of tree graphs considered in [3], the
edge Laplacian is found to have convenient properties, such as having positive
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eigenvalues. In the case of arbitrary connected graphs, these properties generally
do not hold, resulting in a possibly infinite energy for some edges. As this
has no physical interpretation, these must somehow be excluded. The main
contribution of this thesis is the extension of the method in [3] to the case of
non-tree graphs for a certain class of interacting systems. This is done by using
the fact that for graphs with cycles there exist linearly dependent edges and
therefore a vector representing the edges can be restricted to a subspace. Using
this linear dependence, Lyapunov and Riccati matrix equalities similar to the
case of graphs without cycles can be found that can give the level of observability
and controllability for graphs with cycles as well. Matrix inequalities then give
energy bounds that will be used to identify the least important edge.
Solutions to the matrix inequalities that give the edge controllability and edge
observability are shown to exist for the class of interacting systems considered.
More specific, existence is shown for the class of systems defined on undirected
weighted graphs, where the dynamics of each system is given as a single in-
tegrator with mass. This same class also preserves the network topology, and
can be shown to preserve the property of synchronisation as well. After having
found an edge that contributes the least to the network, based on its level of
controllability and observability, the vertices that are connected by the chosen
edge are clustered, thereby reducing the order of the model by one. This leads
to a new model that has a new interconnection topology with a suitable physical
interpretation. The clustering is done by a projection matrix.
The remainder of this thesis is organised as follows. In the next chapter the
problem statement is formulated. In chapter 3 some preliminaries about graph
theory and multi-agent systems are introduced. Subsequently, the system that
will be used troughout this thesis is introduced in chapter 4, after which the main
results are presented in chapter 5. Next we consider how the main results are
used in clustering, and an example is given. Finally, conclusions are contained
in chapter 8.

2 Problem statement

Consider a network of n identical subsystems Σi, where i ∈ {1, 2, . . . , n}. The
dynamics of each subsystem is given as

Σi :

{
miẋi = vi,

zi = xi.
(1)

The state of each subsystem is represented by xi(t) ∈ R; vi(t) ∈ R is the input
and zi(t) ∈ R the system output. The number mi can be regarded as the
mass and satisfies mi > 0. These subsystems can be interconnected to form a
multi-agent system. The interconnection between subsystems is given by

vi =

n∑
j=1,j 6=i

wij(zj − zi) +

m∑
j=1

gijuj , (2)
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with gij describing the strength and location of the external input uj(t) ∈ R,
and with the strength of the coupling between vertices i and j given by wij . The
interconnection between these subsystems can also be represented by a graph,
and by a matrix representation of that graph. Specifically, the corresponding
graph Laplacian is defined as

Lij =

{
−wij for j 6= i,∑n
j=1,j 6=i wij for j = i.

(3)

We proceed by collecting the gij in matrix form, such that the {i, j}th element
of G equals Gij = gij . Similarly, we can define the output of the networked
system as a function of the output of each subsystem by

yj =

n∑
i=1

hjizi. (4)

As before, we collect the output terms hij in a matrix, such that Hij = hij .
Together, the equations (1) − (4) lead to the system of equations

Σ :

{
Mẋ = −Lx+Gu

y = Hx,
(5)

with x = (x1, x2, . . . , xn)T ∈ Rn, y ∈ Rp, u ∈ Rm. In the case of large-scale
dynamical systems, this system can be too large to compute effectively. In order
to tackle this problem, an approximation method is needed that can return
a lower dimensional system of arbitrary order, and that preferably preserves
some properties of the original system. Particularly, we would like to preserve
the property of synchronisation. Since clustering has a very intuitive physical
interpretation, we propose to do this model reduction by clustering. We try to
find a new system of the following form:

Σ̂ :

{
M̂ ξ̇ = −L̂ξ + Ĝu

ŷ = Ĥξ,
(6)

where the state vector ξ(t) of the new system is of lower dimensional order than
the state vector x(t) of Σ, and the matrix L̂ should be a Laplacian matrix for
the reduced order system. The new matrices are M̂, L̂, Ĝ and Ĥ are defined via
a projection matrix representing the clustering method. This method should be
possible to use on any connected graph. This results in the following problem
statement

Problem 1: Given is a system as described in (5). How can we do a clustering-
based model reduction on arbitrary undirected weighted graphs that preserves the
property of synchronisation and results in a system as described in (6)?
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3 Graph Theory

In this section the definitions and notation that will be used troughout the thesis
will be introduced. An undirected graph G can be characterized as G(V, E), with
V denoting the set of vertices or nodes, V = {v1, v2, . . . , vn} and an unordered
set E denoting all edges in the graph, E ⊆ {{vi, vj}|vi, vj ∈ V}. These edges
represent the network topology, for example which nodes can communicate with
each other. An undirected weighted graph is defined as G(V, E , {wij}{vi,vj}∈E),
where G(V, E) represents an undirected graph, and the set {wij}{vi,vj}∈E at-
tributes positive weights wij to edge {vi, vj} ∈ E . In the case of undirected
graphs, the weights are symmetric, i.e. wij = wji. Only undirected weighted
graphs are considered in this thesis. For undirected graphs, a path is defined
as a series of adjacent nodes connected by edges. In the case of undirected
graphs, there is no orientation on the edges. That is to say, the information
flow between nodes connected by an edge can go in both directions. A cycle is
a path for which the first node and the last node of a path coincide, and only
the first and last node coincide. We call a graph G(V, E) connected if for every
pair of vertices in V there exists a path in G(V, E) that connects these vertices.
A self-loop is an edge that connects a vertex to itself. We consider only graphs
without self-loops in this thesis. It is also noted that every graph used in this
thesis is assumed to be connected. If not, the theory can be applied to the
connected components of the graph. A graph is called a subgraph G′(V ′, E ′) of
G if V ′ ⊆ V and E ′ ⊆ E . A so-called spanning tree T is a subgraph for which
T = (V, ET ) and that furthermore contains no cycles. The elements of the edge
set Eτ are such that they connect any pair of vertices in V by exactly one path.
The incidence matrix is a matrix that conveniently combines the information
about the graph topology. To define the incidence matrix, an arbitrary orienta-
tion is given to each edge in the graph. This will be denoted as Go, where the
superscript indicates that an orientation is given. Then, the incidence matrix
E is defined as

E(Go) = (eij) =


+1 if vi is the head of ej

−1 if vi is the tail of ej

0 otherwise,

(7)

where ej is an element of the edge set E . The incidence matrix has dimensions
|V|×|E|. We denote the number of nodes of a graph as n and the number of
edges of a graph as ne, so that E(G0) ∈ Rn×ne . For more information on graph
theory, see for example [12], [8].
A vector consisting of the same number for all elements is represented by a bold
version of that number. For example, a vector of all ones is represented by 1. A
matrix with every element equal will be represented in the same way, but with
a subscript describing the size of the matrix (e.g. 0n×n). A symmetric n × n
matrix is called positive semi-definite if xTMx ≥ 0, ∀x ∈ Rn. If the matrix
satisfies the strict inequality for all x 6= 0, it is said to be positive definite. The
matrix inequality A ≥ B is said to hold if A − B ≥ 0. Also, a matrix A is
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called strictly diagonally dominant if aii >
∑
i 6=j |aij |, ∀i. The complex right

halve plane is denoted by C+ := {s ∈ C |Re(s) > 0} and the left halve plane by
C− := {s ∈ C | Re(s) < 0}.

3.1 Linear Dependence of Cycle Edges

An arbitrary connected graph can be written as the union of two disjoint sub-
graphs on the same vertex set as G = Gτ ∪ Gc. The graph Gτ represents an
underlying spanning tree, and then Gc represents the remaining edges, which
must necessarily be the edges that close a cycle.
Since the columns of the incidence matrix correspond to the edges, by permu-
tation of the edge numbering, it is always possible to write

E(G) =
(
E(Gτ ) E(Gc)

)
, (8)

which will, for ease of notation, be denoted as E =
(
Eτ Ec

)
with Eτ = E(Gτ )

and Ec = E(Gc). The incidence matrix E has dimensions E ∈ Rn×ne . If a graph
contains cycles, then ne ≥ n and the columns of E can not be linear independent.
In fact, as it is stated in [19], it is possible to write the edges belonging to the
cycles as a linear combination of the edges of the chosen spanning tree. Thus,
there exists a matrix T such that

EτT = Ec, (9)

with T given by
T = (ETτ Eτ )−1ETτ Ec.

We remark that the choice of spanning tree is not unique and that choosing
different spanning trees corresponds to different matrices T . However, results
in this thesis are independent of the choice of the spanning tree Gτ . Using the
equation of linear dependence of the cycle edges, another way to represent the
incidence matrix of the graph is easily obtained as

E = Eτ
(
In−1 T

)
= EτS, (10)

where S is defined as S =
(
In−1 T

)
. This matrix S can be related to a number

of structural properties of the graph [19]. For example, the number of spanning
trees in a graph can be found using this matrix as

τ(G) = det(SST ). (11)

3.2 Graph Laplacian

As explained before, a graph G can be represented by a matrix called the graph
Laplacian. There are several definitions for this matrix representation of the
graph. Among other ways, the graph Laplacian of an undirected weighted graph
can be written as

L = ERET = EτSRS
TETτ , (12)
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where the last equality is obtained using (10) and where the positive definite
diagonal matrix R corresponds to the weight of the corresponding edge in the
sense that Rii = w(ei). The matrix E is the incidence matrix of the graph, given
an arbitrary orientation. The fact that the definition of the graph Laplacian
in (3) and the above are equivalent can be seen as follows [5]. Recall that
the product ERET with a diagonal matrix R can be written as (ERET )ij =∑
k EikRkkE

T
kj . This can be used to distinguish the two different cases in (3),

namely i = j and i 6= j. We start with i 6= j. In this case, we see that

(ERET )ij =
∑
k

EikRkkE
T
kj

=
∑
k

EikEjkRkk

= (+1)(−1)wij .

The last step follows from the fact that there is only a non-zero entry in the
ith row of incidence matrix, if there is an edge {i, j}. If Eik = 1 it means that
the edge k arrives at node i. Then it must mean that the same edge k leaves
node j, so that Ejk = −1. The weigth of this edge is given by wij , so the last
equality holds. For the case where i = j, we can proceed similarly. This leads
to

(ERET )ij =
∑
k

EikRkkE
T
kj

=
∑
k

E2
ikRkk

=
∑
j 6=i

wij .

We conclude that the graph Laplacian defined in (3) can indeed be written as
L = ERET . It is well known that the graph Laplacian L is positive semi-
definite. Also, the graph is connected if and only if the graph Laplacian has
a zero eigenvalue with algebraic multiplicity equal to one [12]. This can eas-
ily be seen using (12). We write xTLx = xTERETx. This can be written as
xTLx = ||R1/2ETx||≥ 0, ∀x ∈ Rn. From the definition of the incidence matrix
E, it is clear that ET1 = 0 for a graph. This turns out to be the only vector in
the nullspace of ET for connected graphs. The graph Laplacian for connected
undirected weighted graphs contains a zero eigenvalue with an algebraic multi-
plicity of one, and all other eigenvalues are positive [12].
We also define an effective graph Laplacian as

Leff = M−1ERET , (13)

where the matrix M is the mass matrix defined earlier. Defining an effective
graph Laplacian allows us to conserve the class of undirected weighted networks
by the proposed clustering method [17]. The effective graph Laplacian incor-
porates the weights from both the edges and the vertices. In line with this
definition of an effective graph Laplacian, we can also define effective weights.
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Definition 1. If wij is the weight associated to the edge {i, j} ∈ E, and mi

denotes the weight associated to vertex i ∈ V, then we define the effective weight

of vertex i from edge {i, j} as
wij
mi

.

Then it can be seen that the {i, j}th entry of Leff denotes the effective weight
of vertex i from edge {i, j} [13]. Since the product of two symmetric posi-
tive semidefinite matrices has non-negative eigenvalues as well, we see that the
eigenvalues of Leff are all non-negative. Also, for connected graphs the zero
eigenvalue has an algebraic multiplicity equal to one.
From [19], we introduce the following matrices for a change of basis:

Sτ =

(
ETτ
αµT

)
, S−1

τ =
(
M−1Eτ (ETτ M

−1Eτ )−1 1
)
. (14)

In these matrices, Eτ is the incidence matrix of the graph formed by the span-
ning tree as before. The vector µT is a left eigenvector of Leff corresponding to
the eigenvalue 0, i.e. µTLeff = 0, and α ∈ R is a scaling factor. Because the
algebraic multiplicity of the zero eigenvalue is equal to one, the left eigenvector
αµT is unique, up to scaling. It can be seen by inspection that this eigenvector
is of the form µ = M1. It is clear that the elements of the left eigenvector are
positive. Therefore, we can safely assume that αµT1 = 1 for a suitable choice
of α.
Computing SτLS

−1
τ shows that the effective graph Laplacian is similar to

Leff ∼
(
ETτ M

−1EτSRS
T 0

0 0

)
. (15)

To simplify notation later on, the upper left block matrix is denoted as

Lτ = ETτ M
−1EτSRS

T . (16)

We call this matrix the spanning tree edge Laplacian. From this partitioning
of the graph Laplacian, together with the fact that for connected graphs Leff

has a zero eigenvalue with multiplicity one, it is clear that Lτ has only positive
eigenvalues, and hence σ(Lτ ) ⊂ C+.

3.3 Edge Laplacian

Another important matrix used in this thesis is the edge Laplacian. For undi-
rected weighted graphs with a corresponding mass matrix M , we define the edge
Laplacian as

Le = ETM−1ER = STETτ M
−1EτSR. (17)

The edge Laplacian gives information about the adjacency of edges in the sense
that edges that are not adjacent, that do not share a vertex, represent a zero
value in the edge Laplacian. The non-zero eigenvalues of the edge Laplacian, Le,
are equal to the non-zero eigenvalues of the effective graph Laplacian, Leff [9]. In
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turn, these equal the eigenvalues of the graph spanning tree edge Laplacian Lτ
as was seen in (15). Next to these eigenvalues, the edge Laplacian contains a zero
eigenvalue for every independent cycle that the corresponding graph contains.
We note that Le ∈ Rne×ne and that there are n − 1 non-zero eigenvalues. By
comparison, it is seen that the number of zero eigenvalues equals ne − n+ 1.
This can also be seen by using another similarity transformation [19]. Define

Se =

(
(SST )−1S
Ve(G)T

)
, S−1

e =
(
ST Ve(G)

)
.

The matrix S in these matrices is the same as in (10), and the matrix Ve(G) is
a matrix representation of an orthonormal basis for the nullspace of Le(G). By
computing SeLeS

−1
e , we see that

Le ∼
(
ETτ M

−1EτSRS
T 0

Ve(G)TLeS
T 0(ne−n+1)

)
,

and it follows from the block-triangular structure of the right hand side that
the non-zero eigenvalues of Le indeed equal the eigenvalues of Lτ , see (16). A
very important observation for this thesis relates the edge Laplacian Le to the
graph spanning tree Laplacian Lτ , which is of importance since it is known that
Lτ has strictly positive eigenvalues. This relation reads

STLτ = STETτ M
−1EτSRS

T = LeS
T , (18)

and is easily obtained by comparing (16) and (17). It shows that im ST is
Le − invariant.

4 Edge Dynamics and Synchronisation

We have defined a dynamical system on the graph vertices in (5). However, in
a network the information flow between vertices is over the edges present in the
graph. The graph topology influences the dynamical behaviour and therefore
plays an important role in connected networks. This gives rise to the idea of
investigating the behaviour of the system in terms of the dynamics on the edges.
Thereto, the edge state vector is defined as xe = ETx, where E is the incidence
matrix, and describes the edge dynamics, meaning that xe represents for each
edge the differences in the states between the vertices that the edge connects.
Using the partition of E =

(
Eτ Ec

)
, we subsequently define xτ = ETτ x and

xc = ETc x. Then a system is needed that describes our original system (5) in
terms of the dynamics on the edges. For that we define a system that uses
the edge state vector xe to describe the differences between vertices, and a
system that gives the average behaviour of all edges. This can be done using
the following coordinate transformation matrices:

T =

(
ET

αµT

)
, T−g =

(
M−1Eτ (ETτ M

−1Eτ )−1(SST )−1S 1
)
. (19)
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It is noted that T−g is a generalized inverse, meaning that, while TT−g 6= I, it
does hold that TT−gT = T . Now define new coordinates as(

xe
xa

)
=

(
ET

αµT

)
x.

The coordinate xa(t) ∈ Rn gives a weighted average of the states of the individ-
ual subsystems, and will therefore be called the average system. Its dynamics
can be written as

Σa :

{
ẋa = α1TGu

ya = H1xa,
(20)

where it is used that αµTLeff = 0. Next to the average system, we have a
system representing the dynamics of the variable xe, which will be called the
edge system.

Σe :

{
ẋe = −Lexe + ETM−1Gu

ye = HM−1Eτ (ETτ M
−1Eτ )−1(SST )−1Sxe.

(21)

Here it is used that ETL = LeE
T . To ease notation we define

F = M−1Eτ (ETτ M
−1Eτ )−1(SST )−1S, so that the output of the edge system

can be given by y = HFxe.
One of the uses for the edge dynamics is found in studying synchronisation.

Definition 2. A system Σ is said to synchronise if, for u(t) = 0,

limt→∞x(t) = c1, (22)

for some c ∈ R depending on the initial condition x(0) = x0.

This has a natural edge interpretation. If a system synchronises, in the limit
all states are equal. Differences between the states then necessarily converge
to zero. It is therefore understood that there is a connection between synchro-
nisation of the system Σ and asymptotic stability of the system Σe, which is
formalised as follows.

Proposition 1. A system Σ synchronises if and only if all trajectories xe(t)
of the associated edge system Σe with u(t) = 0 and xe(0) ∈ im ET converge to
zero.

4.1 ST -invariance and asymptotic stability of Σe

For an edge system Σe representing the edge dynamics of Σ, the edge state vector
xe can not attain every value in Rne . There is a linear dependence of xc on xτ
through (9). As such, it is seen that the edge state vector xe of edge system Σe
representing the edge dynamics of system Σ initially satisfies xe ∈ im ST . The
following theorem deals with the general dynamics.
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Theorem 1. Consider a system Σ as in (5) and let Σe in (21) be the corre-
sponding edge system. If the network represented by Σ is connected, then for
any trajectory x of Σ, xe = ETx is a trajectory of Σe. Moreover, im ST is
invariant under the dynamics of (21).

The following Lemma will be used in the proof of Theorem 1.

Lemma 1. Consider a connected a graph G(V,E), its corresponding edge Lapla-
cian and a matrix Lτ defined as in (16). Then, for all t ∈ R,

e−LetST = ST e−Lτ t.

Proof. The matrix exponential e−Let by definition equals

e−Let =

∞∑
k=0

1

k!
(−Le)ktk. (23)

Therefore

e−LetST =

∞∑
k=0

1

k!
(−Le)ktkST .

We need to prove that e−LetST = ST e−Lτ t. Using the definition of the matrix
exponential this holds if and only if

∞∑
k=0

1

k!
(−Le)ktkST = ST

∞∑
k=0

1

k!
(−Lτ )ktk. (24)

This does hold if and only if, for all k ≥ 0

LkeS
T = STLkτ . (25)

Therefore it is sufficient to prove this. We continue with the principle of mathe-
matical induction. For k = 0 (25) reduces to ST = ST , so the statement is true
for k = 0. Now assume the equation is true for k = n, meaning LneS

T = STLnτ .
For n+1 we have Ln+1

e ST = LneLeS
T . Since LeS

T = STLτ by (18) it is possible
to write Ln+1

e ST = LneS
TLτ . By the induction hypothesis, this can be rewritten

as
Ln+1
e ST = STLn+1

τ .

This completes the proof.

We are now in a position to prove Theorem 1.

Proof. From the definition of the systems Σ and Σe in (5) and (21) respectively,
it follows directly that for any trajectory x in Σ, xe = ETx is a trajectory in Σe.
To prove invariance, we note that a general solution for the edge state vector
can be given as

xe(t) = e−Letxe(0) +

∫ t

0

e−Le(t−τ)ETM−1Gu(τ)dτ. (26)
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Now take any xe(0) ∈ im ST and note that ET = STETτ . It can be seen that

xe(t) = e−LetSTxτ (0) +

∫ t

0

e−Le(t−τ)STETτ M
−1Gu(τ)dτ.

Using Lemma 1, we see that the general solution can as well be written as

xe(t) = ST e−Lτxτ (0) + ST
∫ t

0

e−Lτ (t−τ)ETτ M
−1Gu(τ)dτ. (27)

From this equation, we can conclude that for all initial conditions xe(0) ∈ imST

and for all inputs u(t), also xe(t) ∈ im ST , ∀t ≥ 0. So indeed im ST is invariant
under the dynamics of Σe.

The relevance of Theorem 1 lies in the fact that we can use it to restrict the
edge state vector xe(t) of Σe to the part that is repesenting the edge dynamics
of the system Σ and study it under the restriction xe ∈ im ST . Using this,
we can obtain results for Σ as well. As a matter of fact, it can be shown that
xe(t) = STxτ (t), ∀t. Here xτ (t) is the edge state vector of the spanning tree of
the graph, i.e. it is defined as xτ = ETτ x with Eτ as defined in (8).
Using (27) it is easily seen that, for connected graphs, the system Σ synchronises.
This is equivalent to convergence to zero for all trajectories of Σe for u(t) = 0
and with initial conditions xe(0) ∈ imST by Proposition 1. If we take u(t) = 0,
the general solution (27) becomes

xe(t) = ST e−Lτ txτ (0).

We have shown that Lτ contains only positive eigenvalues for connected graphs.
This was seen in (15). Since all eigenvalues of −Lτ are strictly negative, the
limit for xe(t) exists for all initial conditions satisfying xe(0) ∈ imST and equals
limt→∞xe(t) = 0. This is a well known result, any undirected connected graph
synchronises [12].
Most results in this thesis use that xe ∈ im ST in some way. The following
interesting result shows that this is equivalent with the condition xe ∈ im ET .

Lemma 2. Consider the matrices S and E as defined in (10). Then im ST =
im ET .

Proof. From the definition ET = STETτ from (10), it is clear that im ET ⊂
im ST . To show the reverse inclusion im ST ⊂ im ET we need to prove that
for all xe ∈ im ST , there exists an x such that xe = ETx. It is known that
there exists an xτ such that xe = STxτ . Therefore, if we are able to choose
xτ = ETτ x, it necessarily holds that xe ∈ im ET . So the question is whether
there exists a solution to xτ = Eτx for all xτ ∈ Rnτ .
Consider a matrix with full row rank, such as ETτ . A solution x can be found
as x = Eτ (ETτ Eτ )−1xτ . Here the inverse exists because ETτ has full row rank.
Then, im ST ⊂ im ET as well, and we conclude that im ST = im ET .
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5 Edge Selection

So far we have identified an edge system, and shown some useful properties of it.
However, our goal is to cluster vertices in order to achieve a lower dimensional
model. The main purpose of this chapter is to find two vertices that are best
to cluster. This is done using the dynamics on the edges, defined in (21). To
be specific, we will use the degree of controllability and observability of each
edge as a measure of approximately identical behaviour. Using the degree of
controllability and observability is a well-tested way to determine which vertices
are closely related. If the degree of controllability of an edge between two vertices
is small, this implies it is difficult to steer the vertices away from each other.
Therefore, when given the same control input, these vertices will show similar
behaviour. Then, from a control viewpoint, these vertices are good candidates
to be approximated by a single vertex. In other words, clustering these vertices
is expected to be a better approximation than the clustering of any other pair of
vertices (connected via an edge). From an observability view, a similar reasoning
applies. If the degree of observability is low, this implies that it is harder to
identify differences between the edges corresponding to the edge, than it is with
other pairs of vertices. So in this case it would be beneficial to cluster these two
vertices. In this section we will investigate a way to determine what the least
important edge is in terms of controllability and observability.

5.1 Observability Gramian

For u(t) = 0, the output of the trajectories in Σe is given by

ye(t, xe(0)) = HFe−Letxe(0).

We define the output energy of the edge system Σe as

Lo(xe(0)) =

∫ ∞
0

‖ye(t, xe(0))‖2 dt. (28)

This is the energy for zero input that is in the output for a given initial condition
xe(0). The initial condition will also be denoted as xe,0. It is noted that we
only consider edge states xe(0) such that xe(0) ∈ im ST . This is done because
we want xe(t) to represent the edge dynamics, the difference between vertices of
Σ over the edges. Therefore, xe(t) cannot be any arbitrary vector in the entire
space Rne , but must be compatible with the state vector x(t) of system Σ. It
means we must restrict the edge state to xe(0) ∈ im ST .
We can rewrite the output energy for an arbitrary initial condition as

L0(xe,0) =

∫ ∞
0

xTe,0e
−LTe tFTHTHFe−Letxe,0 dt. (29)

We would like to define a matrix Po by

Po =

∫ ∞
0

e−L
T
e tFTHTHFe−Let dt. (30)
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However, this integral not necessarily converges. If it does, the output energy
for arbitrary initial conditions can be written as

L0(xe,0) = xTe,0Poxe,0.

This matrix Po is known as the observability Gramian. The observability
Gramian can give information about the observability of each different edge [6].
This is used, for example, in the method of balanced truncation. In this thesis,
we use the same idea of Gramians, but the way they are used differs from the
method of balanced truncation.
As can be seen from (27), the output of the edge system Σe with zero input and
xe(0) ∈ im ST can also be written as

ye(t, xτ (0)) = HFST e−Lτ txτ (0),

where xτ (0) = ETτ x(0). For such initial conditions, the output energy is given
by

L0(xτ,0) = xTτ,0

∫ ∞
0

e−L
T
τ tSFTHTHFST e−Lτ t dt xτ,0.

We define a matrix W as

W =

∫ ∞
0

e−L
T
τ tSFTHTHFST e−Lτ t dt.

Because the matrix −Lτ is Hurwitz, this integral converges. It follows that we
can write the output energy as

L0(xτ,0) = xTτ,0Wxτ,0.

To indicate the linear dependence between xτ and xe, we would like to write
the matrix W as W = SPST for some matrix P . It can be seen that this
is always possible. Recall that S =

(
In−1 T

)
. For example, if we define

P =

(
W

0ne−n+1

)
, then we see that

SPST =
(
In−1 T

)(W
0ne−n+1

)(
In−1

TT

)
= W.

It is clear that we can define SPST as

SPST =

∫ ∞
0

e−L
T
τ tSFTHTHFST e−Lτ t dt. (31)

The matrix SPST can be viewed as the observability Gramian Po, restricted
to the relevant subspace where xe ∈ im ST . We will therefore call the matrix
SPST the restricted observability Gramian.
The restricted observability Gramian in (31) can be found using a Lyapunov
equation as follows:
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Proposition 2. Consider the edge system Σe as in (21) such that the cor-
responding system Σ represents a connected network. If −Lτ is Hurwitz, the
restricted observability Gramian SPST is the unique, symmetric positive semi-
definite solution of the Lyapunov equation

LTτ SPS
T + SPSTLτ − SFTHTHFST = 0. (32)

Proof. Substitution of the definition for SPST as given in (31) into the Lya-
punov equation (32) shows that

LTτ SPS
T + SPSTLτ = −

∫ ∞
0

(−LTτ e−L
T
τ tSFTHTHFST e−Lτ t−

e−L
T
τ tSFTHTHFST e−Lτ tLτ ) dt

This is seen to be equal to

LTτ SPS
T + SPSTLτ = −

∫ ∞
0

d

dt
( e−L

T
τ tSFTHTHFST e−Lτ t) dt

= − e−L
T
τ tSFTHTHFST e−Lτ t|∞0

= SFTHTHFST .

(33)

The last equality holds due to −Lτ being Hurwitz. For a proof of uniqueness,
we refer to [6].

The importance of SPST stems from the fact that the matrix P informs about
observability of each edge in our network separately, while existence of the
matrix SPST is guaranteed by the fact that −Lτ is Hurwitz. The matrix −Le
is not Hurwitz in general, which means that in this framework observability of
each edge can not be ensured to be found. Hence, we use the restricted Gramian
SPST .

5.2 Generalized Observability Gramian

In the previous section, we found a way to obtain a restricted observability
Gramian SPST that is expected to be a measure of the level of observability
of separate edges. It is however not clear how the level of observability follows
from this matrix. Typically, an eigenvalue decomposition of the observability
Gramian is used. However, in this thesis a different approach is taken. We try
to find a matrix P̃ such that SP̃ST serves as an upper bound on the restricted
observability Gramian SPST , but with a diagonal structure of P̃ that severely
eases interpretation of the level of observability of each edge. If a diagonal upper
bound can be used, its diagonal entries serve as an upper bound to the level
of observability of individual edges. To find such a matrix, we first introduce a
generalized observability Gramian

Definition 3. A symmetrix positive semi-definite matrix P̃ is called a
generalized observability Gramian if it satisfies the Lyapunov inequality

LTτ SP̃S
T + SP̃STLτ − SFTHTHFST ≥ 0 (34)
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Solutions to this inequality are not unique. We hope to be able to find a solution
that is easy to interpret and can serve as an upper bound to the level of ob-
servability of each edge. The level of observability of edges is closely related to
the output energy [1]. To be able to use the generalized observability Gramian,
we need to show that the matrix P̃ indeed can serve as an upper bound to the
ouput energy of each edge. This can be stated in the following theorem.

Theorem 2. Let a generalized observability Gramian P̃ be defined as a solution
to (34). Then V (xe,0) = xTe,0P̃ xe,0 gives an upper bound on the output energy

for xe,0 ∈ im ST .

Proof. Assume a solution P̃ to (34) is found. Then an energy function can be
defined as V (xe(t)) = xe(t)

T P̃ xe(t). The time derivative of this energy function
can be written as

V̇ = xTτ (−LTτ SP̃ST − SP̃STLτ )xτ

≤ −xτSFTHTHFSTxτ = −‖ye(t)‖2
(35)

The time dependence is dropped for ease of notation. The inequality holds since
P̃ is a solution to (34). If V̇ (xe) ≤ −‖y(t)‖2 for all xe ∈ im ST , then∫ T

0

V̇ (xe(t)) dt ≤ −
∫ T

0

‖y(t)‖2 dt

V (xe(T ))− V (xe(0)) ≤ −
∫ T

0

‖y(t)‖2 dt

V (xe(0)) ≥
∫ T

0

‖y(t)‖2 dt+ V (xe(T )), ∀T.

The limit limT→∞V (xe(T )) = 0 holds for connected graphs by Proposition 1.
Then the equation becomes

V (xe(0)) ≥
∫ ∞

0

‖y(t)‖2 dt = L0(t, xe,0), ∀xe(0) ∈ im ST . (36)

Hence the energy function V (xe(0)) = xe(0)T P̃ xe(0) is indeed an upper bound
on the output observability energy. Therefore, the matrix P̃ can be used as an
upper bound to the level of observability of edges.

5.3 Existence of diagonal solutions

Although there might be an infinite number of solutions to the Lyapunov in-
equality (34), a diagonal solution is generally not guaranteed to exist. However,
in the class of undirected weighted graphs that is considered here, existence of
a diagonal solution can be proven.

Lemma 3. Consider the Lyapunov inequality (34). Then, for Lτ as defined in
(16), a diagonal solution P̃ does exist.
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Proof. As a candidate solution, the scaled positive diagonal weight matrix ε−1R
is proposed. We note that for this choice of solution, the inequality reduces to

2ε−1SRSTETτ M
−1EτSRS

T ≥ FTHTHF.

For any positive definite matrix M−1 it is true that (EτSRS
T )TM−1(EτSRS

T )
is positive definite, if the matrix EτSRS

T has full column rank [9]. The matrix
EτSRS

T is of full rank. This can among other ways be seen from the fact that
Lτ is of full rank. Since also the matrix M−1 is positive definite, it is seen that

2ε−1SRSTETτ M
−1EτSRS

T > 0.

Then, for ε sufficiently small, it is true that

LTτ SP̃S
T + SP̃STLτ = 2SRSTETτ M

−1EτSRS
T > εFTHTHF.

Hence, P̃ = ε−1R is a diagonal solution to (34) for ε sufficiently small.

The diagonal solution found in the lemma is not unique. Finding an, in some
sense, optimal diagonal solution is not trivial. Intuitively, it seems clear that a
tight upper bound on the observability Gramian will give a better approxima-
tion. Without an error analysis, this intuition can not be made mathematically
solid. A good heuristic method to find a tight upper bound is to minimize the
trace of the solution P̃ .

5.4 Controllability Gramian

For the controllability case, a similar approach can be taken. As in the case of
observability, there is a direct relation between a certain energy and the level of
controllability of each edge. The control energy of the edge system Σe can be
defined as [1]

Lc(xe,0) = min

∫ 0

−∞
‖u(t)‖2 dt, (37)

where again only xe,0 ∈ im ST are considered. This is the minimal energy
for the system Σe that is needed to steer the system from initial condition
limt→−∞xe(t) = 0, which will be written shortly as xe(−∞) = 0, to xe(0) =
xe,0. In trying to find a minimal control u(t) for the functional J(xe,0, u) =∫ 0

−∞‖u(t)‖2 dt, we recognize the problem setting of linear quadratic optimal
control. To be able to use this to its full extent, we first need to rewrite our
system Σe.

Lemma 4. Consider the edge system Σe, together with the control energy

Lc(xe,0) = min
∫ 0

−∞‖u(t)‖2 dt. Finding the minimal energy Lc(xe,0) and the
optimal control u(t) is equivalent to finding an optimal control ν(t) that mini-
mizes the cost functional

J(ν) =

∫ ∞
0

||ν(τ)||2 dτ (38)
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for the system

Σ∗e :

{
ξ̇e(τ) = Leξe(τ)− ETM−1Gν(τ)

y∗e = HFξe(τ),
(39)

with initial condition ξe(0) = x0 and a stability requirement ξe(∞) = 0. The
control energy Lc(xe,0) is equal to the minimal cost function J∗(ν) := minJ(ν).

Proof. Define a new coordinate τ = −t, such that we reverse time. Also define
a new input variable ν(τ) as ν(τ) = u(−τ), and similarly ξe(τ) = xe(−τ). Then
the to be minimized energy functional can be written as

J(ν) = −
∫ 0

∞
‖ν(τ)‖2 dτ.

Reversing the bounds on the integral then returns (38). This shows equivalence
between the control energy and the minimal cost. The system Σ∗e follows from

the definition of Σe in (21) and the fact that
d

dt
= − d

dτ
.

It is noted that ξe(∞) = 0 can only be satisfied if the system Σ∗e is stabilisable.
As Le contains only eigenvalues with non-negative real part, this implies that
the system Σ∗e must be controllable. However, we only require stabilisability for
all ξe ∈ im ST . We note that the linear dependence of the edges is not explicit
in Σ∗e. This can be made explicit by using the equality ξe = ST ξτ for some ξτ
that represents the dynamics in the chosen spanning tree. Using this, a new
system Στ can be defined as follows

Σ∗τ :

{
ξ̇τ = Lτξτ − ETτ M−1Gu,

y∗τ = HFST ξτ .
(40)

If there exists a control function u for every initial condition ξτ (0) = ξτ,0 such
that limτ→∞ξτ (t) = 0, then also limτ→∞ξe(τ) = ST ξτ (τ) = 0 using the same
control. Therefore we make the following assumption.

Assumption 1. The system described by
(
Lτ , E

T
τ M

−1G
)

is stabilisable.

Next we use a lemma from [16].

Lemma 5. Consider the system ẋ(t) = Ax(t) + Bu(t) together with the cost
function

J(x0, u) :=

∫ ∞
0

x(t)TWx(t) + u(t)Tu(t) dt,

with W ≥ 0. Factorize W = CTC. Then the following statements are equiva-
lent:

1. For every x0 ∈ X there exists u ∈ U such that J(x0, u) <∞.
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2. The algebraic Riccati equation

ATP + PA− PBBTP +W = 0

has a real symmetric positive semidefinite solution P.

3. The system

Σ =

(
A, B,

(
C
0

)
,

(
0
I

))
is output stabilisable.

4. 〈ker C |A〉+ Xstab = X .

Assume that one of the above conditions holds. Then there exists a smallest real
symmetric positive semidefinite solution of the algebraic Riccati equation, i.e.
there exists a real symmetric solution P− ≥ 0 such that for every real symmetric
solution P ≥ 0 we have P− ≤ P . For every x0 we have

J∗(x0) := inf{J(x0, u) | u ∈ U} = xT0 P
−x0.

Furthermore, for every x0, there exists exactly one optimal input function, i.e.
a function u∗ ∈ U such that J(x0, u

∗) = J∗(x0). This optimal input is generated
by the time-invariant feedback law

u(t) = −BTP−x(t).

This lemma we apply to our special situation where W = 0. This lemma can be
applied because it can be seen that Assumption 1 implies that the conditions in
the lemma are satisfied.
By applying Lemma 5 to Στ , it follows that the minimal cost is given by

J∗(ξτ,0) = ξTτ,0Qτξτ,0,

where the matrix Qτ satisfies the equation

LTe Qτ +QτLe −QτETM−1GGTM−1EQτ = 0, (41)

for all ξτ ∈ Rn−1. This solution Qτ can be written as Qτ = SQST , such that it
compares with the solution to the Lyapunov inequality (32). This can be seen as
follows. The solution Qτ is symmetric positive semi-definite and can therefore
be written as Qτ = ∆∆T , for some matrix ∆. We try to find a solution Q that
is also symmetric positive semi-definite, such that Q = DDT for some matrix
D. So the question is whether we can find a matrix D in such a way that
∆∆T = SDDTST . Or equivalently, can we find a matrix D such that ∆ = SD.
If we take a column vector δi of ∆, then δi ∈ Rn−1. Since S is defined as
S =

(
I T

)
in (10), it can be seen that Rn−1 ⊂ im S. Therefore, for every

column vector δi of ∆, there exists a vector di such that δi = Sdi. Apply this
for every column vector in ∆ and the result follows that Qτ = SQST , for a
matrix Q.
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Using this, the Riccati inequality (41) can be rewritten as

LTτ SQS
T + SQSTLτ + SQSTETτ M

−1GGTM−1EτSQS
T = 0, (42)

for all ξτ ∈ Rn−1. To this Riccati equation, the minimal cost J∗(ξτ,0) is given
as

J∗(ξτ,0) = ξTτ,0SQS
T ξτ,0,

Now, if a symmetric positive semi-definite solution SQST can be found that
also stabilises Σ∗e, then by Lemma 4 the control energy is given as
Lc(xτ ) = xTτ,0SQS

Txτ,0. We claim that the inverse of the controllability Gramian
is the unique stabilising solution to the algebraic Riccati equation, under the
assumption of stabilisability [16]. The controllability Gramian in this case is
defined as

Pc =

∫ ∞
0

e−Lτ tSTETτ M
−1GGTM−1EτSe

−LTτ t dt,

and forms a dual of the observability Gramian in (30). This is the reason the
controllabilty Gramian is commonly used to give measures on the controllability
of each node. In the case forehand, it would mean identifying the controllability
Gramian with the inverse of SQST , i.e. Pc = (SQST )−1. With the use of the
inverse controllability Gramian, the Riccati equation (42) could be written as
the Lyapunov equation PcL

T
τ + LτPc + ETτ M

−1GGTM−1Eτ = 0. In the case
of tree graphs with M = I, from here results in [3] follow. However, because
the inverse Pc is not as easily partitioned as SQST itself, we continue using the
Riccati equation instead of the Lyapunov equation.

5.5 Lower bound on the controllability energy

We have shown that the minimal energy needed to steer our original edge system
from xe(−∞) = 0 to xe(0) = xe,0 equals

Lc(xτ,0) = xTτ,0SQS
Txτ,0 , (43)

where SQST is a solution to (42) and xτ,0 is such that xe(0) = STxτ,0. For the
clustering method used in this thesis, we propose as a candidate the edge that
has the highest minimal energy to steer the nodes it connects apart. A solution
Q to (42) is in general not easily interpreted, just as in the observability case.
Therefore, a lower bound on the energy is needed that is not as difficult to
interpret. This can be achieved with a Riccati inequality.

Proposition 3. Let a generalized controllability matrix Q̃ be defined as a solu-
tion to the following Riccati inequality:

LTτ SQ̃S
T + SQ̃STLτ − SQ̃STETτ M−1GGTM−1EτSQ̃S

T ≥ 0. (44)

Then V (xτ,0) = xTτ,0SQ̃S
Txτ,0 gives a lower bound on the control energy Lc(xτ,0)

in (43).
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Proof. This proof is based upon a result in [18]. Suppose inequality (44) holds,
then for some symmetric positive semi-definite matrix K it is true that

LTτ SQ̃S
T + SQ̃STLτ − SQ̃STETτ M−1GGTM−1EτSQ̃S

T = K.

Substracting this equation from (42), results in a new equation. To ease nota-
tion, we define the matrices Ge = ETτ M

−1G and ∆QS = S(Q − Q̃)ST . Then
this equation can be written as

(Lτ −GeGTe SQST )T∆QS + ∆QS(Lτ −GeGTe SQST ) =

−∆QSGeG
T
e ∆QS −K. (45)

As we assume the solution SQST is the solution used in the unique stabilising
control for system Στ , we see that Lτ −GeGTe SQST is a stability matrix. Then
a solution to (45) is given by

S(Q− Q̃)ST =

∫ ∞
0

e(Lτ−GeGTe SQS
T )T t×

(S(Q− Q̃)STGeG
T
e S(Q− Q̃)ST +K)e(Lτ−GeGTe SQS

T )t dt, (46)

where it used that ∆QS = S(Q− Q̃)ST .
Since both K ≥ 0 and S(Q − Q̃)STGeG

T
e S(Q − Q̃)ST ≥ 0 it follows that the

solution S(Q − Q̃)ST ≥ 0. Hence, SQ̃ST ≤ SQST ,∀xτ ∈ Rn−1, including the
initial condition xτ (0) = xτ,0.
This proves that a solution to inequality (44) provides a lower bound on the
control energy, V (xτ,0) = xTτ,0SQ̃S

Txτ,0 ≤ xTτ,0SQSTxτ,0 = Lc(xτ,0).

A diagonal matrix Q̃ that solves (44) can be used as an approximation for the
control energy of each edge. We will call such a diagonal solution to (44) a
control energy bound. In the same manner, a generalized observability Gramian
will also be called an output energy bound. As in the observability case, a
diagonal solution to the inequality can be shown to exist.

Proposition 4. A diagonal solution Q̃ to inequality (44) does exist.

Proof. Consider Q̃ = αR. Then, given the definition of Lτ , the inequality can
be rewritten as

SRSTETτ (2αM−1 − α2M−1GGTM−1)EτSRS
T ≥ 0.

This is true if 2αM−1−α2M−1GGTM−1 > 0. The diagonal entries of this ma-
trix have a leading term that decreases linearly with decreasing α, whereas the
off-diagonal entries decrease quadratically. For α sufficiently small the matrix
becomes strictly diagonally dominant. This implies that the matrix has positive
eigenvalues and therefore is positive definite. Then Q̃ = αR is indeed a diag-
onal, positive semi-definite solution to the Riccati inequality, for α sufficiently
small.
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6 Model reduction

So far we have developed a method that provides a way of determining the level
of controllability and observability of each edge. The least important edge in
the network ideally has a low output energy and a high control energy. In the
absence of an error analysis, it is not clear how to combine the information
on the level of controllability and observability in order to identify the least
important edge. Therefore, the idea of [3] is taken. Suppose that we have found
the matrices P̃ and Q̃ that give bounds on the energies. Then we compare by
taking the product P̃ Q̃−1. The edge corresponding to the lowest value of the
product P̃ Q̃−1 is expected to be the least contributing edge. This is a result
of the intuition that an edge that has a low output energy and a high control
energy give the best pair of vertices to cluster. Assume now that we have found
a least contributing edge in the system. By a suitable permutation of the vertex
numbering, we can make sure that the least important edges are given by i
and j, with i = n − 1 and j = n. Consider the projection Γ = V V T , where
V ∈ Rn×(n−1) is defined as

V =

I 0
0 1
0 1

 . (47)

This leads to a projected system of the form

Σ̂n−1 :

{
V TMV ξ̇ = −V TLV ξ + V TGu

ŷ = HV ξ.
(48)

The state vector x is approximated by x ≈ V ξ, where ξ ∈ Rn−1 is of lower order.
We remark that this ξ has no relation with the ξe that was defined before. To
be able to do this one-step clustering method repeatedly, it is necessary to check
whether the reduced order system also represents a multi-agent network on a
undirected weighted graph. So it is needed that this reduced order model is
brought to the form of the original system Σ in (5). To that end, we first of all
note that V TMV has the same diagonal structure as M . The main difference
is the addition in V TMV of the diagonal elements of M corresponding to the
clustered vertices. Therefore, we define a new inertia matrix of the reduced
system,

M̂ = V TMV.

The new graph Laplacian can be written as

L̂ = V TERETV, (49)

which also represents a weighted undirected graph if V TE is indeed a valid
incidence matrix. To study the properties of V TE, we assume that the edge
connecting the clustered vertices i and j, is given by the l−th column of the
incidence matrix E, where l = ne represents the last column. This can always
be achieved by renumbering the edges. In this case, we see that the original
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incidence matrix can be partitioned as

E =

E00 0
Ei0 Eil
Ej0 Ejl

 . (50)

The zero entry in the incidence matrix comes from the fact that the l−th column
represents the edge connecting the to be clustered vertices i and j. Also note
that Eil+Ejl = 0, because of the strucure of the incidence matrix. Computation
of the product V TE then results in

V TE =

(
E00 0

Ei0 + Ej0 0

)
.

Due to the zero column in this matrix V TE is not a valid incidence matrix.
However, if we now define the incidence matrix of the reduced order model as

Ê =

(
E00

Ei0 + Ej0

)
, (51)

then the reduced order graph Laplacian (49) is also given by

L̂ = ÊR̂ÊT ,

where R̂ is defined such that

R =

(
R̂ 0
0 rll

)
.

Here rll is the weigth of the edge that is deleted in the clustering process. It
remains to be checked whether Ê indeed is an incidence matrix. It is true that
Ê has the right dimensions, Ê ∈ R(n−1)×(ne−1). Also, Êij ∈ {−1, 0, 1}, ∀i,
and every column also contains only one pair of ±1. This can be seen from
the partition in (50) and the definition of the incidence matrix (7). Because Ê
has the same structure as E and has the right dimensions, we conclude that
it is an incidence matrix for the reduced order model. Note that also for the
reduced order incidence matrix it is possible that n̂e ≥ n̂, meaning that there
are typically more edges than vertices in the reduced order model. Therefore,
also the incidence matrix Ê has linearly dependent columns. This implies that

Ê = Êτ Ŝ, (52)

as in the non-reduced case. Here Ŝ is defined similarly to (9).
We remark that it is possible that the resulting incidence matrix is representing
more than one edge between two vertices. An example is given by the following
graph when vertices 3 and 4 are clustered.

This can be overcome by representing the original two edges as one edge with
a weigth equal to the sum of the weights of the edges it is substituted for. This
needs to be checked at every reduction step.
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1 2

3

4

w12 = 1

w23 = 1

w24 = 5

w34 = 1

Figure 1: Graph that loses a cycle by clustering

Since determining what vertices are best to cluster is done using an edge system,
a reduced order edge system must also be defined. Therefore, a transformation
matrix T̂ is defined such that

T̂ =

(
Ê
µ̂

)
.

This transformation matrix is of the same form as (19). For this matrix, the
vector µ̂T is the normalized left eigenvector of the reduced order effective graph
Laplacian, i.e. µ̂T M̂−1L̂ = 0 and µ̂T1 = 1. By inspection it is seen that µ̂ =
γM̂1 for some γ ∈ R. The matrix Ê is the incidence matrix as defined in (51).
Then the reduced order average system is given by

Σ̂a :

{
ξ̇a = 1TV TGu

ŷa = HV 1ξa.
(53)

The reduced order edge system is defined as

Σ̂e :

{
ξ̇e = −L̂eξe + ÊT M̂−1V TGu

ŷe = HV M̂−1Êτ (ÊTτ M̂
−1Êτ )−1(ŜŜT )−1Ŝξe.

(54)

Here it is used that L̂e is defined as L̂e = ÊT M̂−1ÊR̂.

6.1 Preservation of synchronisation

Next to knowing how to do a clustering based model reduction, we would also
like it to have several properties. In the problem statement it was explicitly
formulated that the clustered model should preserve synchronisation. It turns
out that this is the case. It is known that a connected graph synchronises.
Intuitively, clustering of vertices does not change connectedness of a network.
Therefore, the reduced order system should synchronise as well. This intuition
is made precise in the following theorem.

Theorem 3. Consider the system Σ as in (5). Let Σ̂n−1 be the one step reduced
order system. If the network the system Σ represents is a connected network,
then the clustered system Σ̂n−1 achieves synchronisation as well.

Proof. The system Σ̂n−1 synchronises if N (ÊT ) = span{1} [12]. It is clear
from the definition of Ê in (51) that span{1} ⊂ N (ÊT ). If this is the only
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vector in the kernel of ÊT , then we have proven synchronisation of the reduced
order model. It is assumed that the system Σ synchronises, implying that
N (ET ) = span{1}.
The proof follows from a contradiction argument. Consider a vector

(
αTβ

)T 6=
c1T in the kernel of ÊT , i.e. a vector such that

(
ET00 ETi0 + ETj0

)(α
β

)
= 0.

Or equivalently
ET00α+ ETi0β + ETj0β = 0.

Then, using the partition in (50), it is seen that the vector
(
αT β β

)T
is in

the kernel of the incidence matrix E.(
ET00 ETi0 ETj0
0 ETil ETjl

)αβ
β

 = 0,

However, we assumed that the system Σ synchronises, which implies the only
vector in the kernel N (ET ) = span{1}. Therefore, it must be true that(
αTβ

)T
= c1T , which is a contradiction. Therefore, we see that the only vector

in the kernel of ÊT is indeed the scaled vector of all ones, N (ÊT ) = span{1}.
This proves synchronisation of the system Σ̂.

Using these results, an algorithm for model reduction can be given. After identi-
fying the least important edge using the energy bounds provided by the Riccati
and Lyapunov inequalities, the one-step clustering is done by using a projection
Γ = V V T . Theorem 3 allows us to conclude that the clustering method pre-
serves the class of systems considered and achieves synchronisation as well. The
one step clustering method can be repeated indefinitely, until the desired order
is achieved. However, at every step it must be checked if there is no more than
one edge connecting two vertices. If there are two edges connecting the same
vertices, these must be replaced with one edge where the weight equals the sum
of the edges it replaces.
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7 Illustrative example

As a first example of the clustering algorithm, we consider a network containing
a square, where the vertices and edges all have the same weight, equal to one.
So, M = I5 and R = I5 as well. The edge and vertex numbering is given in
Figure 2.

1 2

3

5

4
(1)

(2) (3)

(4)(5)

Figure 2: Graph containing a cycle

Here the dashed edge denotes the edge that is not in the spanning tree. It can
readily be checked that the incidence matrix can be given by

E =


1 0 0 0 0
−1 −1 0 0 1
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1

 .

The spanning tree is given as G(Vτ , Eτ ), where Vτ = {1, 2, 3, 4, 5} and
Eτ = {{1, 2}, {2, 3}, {3, 4}, {4, 5}}. The output and input is put on vertex 1,
such that the output and control matrices G,H are given by

H =
(
1 0 0 0 0

)
, G =

(
1 0 0 0 0

)T
.

Using these matrices, the Lyapunov (34) and Riccati (44) inequalities can be
solved. Minimising the trace of the possible solutions gives the following solu-
tions that are expected to be the best approximations:

P = diag
(
0.67 0.40 0.17 0.17 0.40

)
, (55)

Q = diag
(
1.32 3.81 39.91 39.91 3.81

)
. (56)

Calculating the product PQ−1 gives a measure on the least contributing edge.
It follows that the edge {4, 5} and {3, 4} are the least contributing. Intuitively,
it makes sense that the least contributing edges are the furthest away from the
vertex that is controlled and observed. Also, due to symmetry we would expect
the same value for {3, 4} and {4, 5}. Minimalisation of the trace of the solutions
does not uniquely describe the solution. Symmetry arguments must be added
to obtain the result presented here. This is a drawback of the method, as it is
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1 2

3

4+5

(1)

(2)
(3)

(5)

Figure 3: Graph after a one-step reduction

not always easy to identify these symmetry constraints. Choosing {4, 5} for a
one-step reduction results in the network in Figure 3.
To identify the reduced order effective Laplacian L̂eff, we first need to redefine
our edge and vertex numbering such that the edge that is clustered will be
represented in the incidence matrix by the entries E45 and E55. Then the
reduced effective graph Laplacian is given by

L̂eff = (VMV T )−1(V TEETV ), (57)

where it is used that the weights of all edges are equal to 1. This results in

L̂eff =


1 −1 0 0
−1 3 −1 −1
0 −1 2 −1
0 −0.5 −0.5 1

 .

Using the reduced order effective graph Laplacian L̂eff, it can be seen that the
reduced model also shows synchronisation. This is depicted in Figure 4.

Figure 4: Trajectories of a system and its one step reduced system
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In these figures, the initial condition is chosen to be x0 =
(
10 4 9 6 12

)
.

This is the one-step clustering method. After completing these calculations,
new control and output energy bounds must be calculated to do another one-
step clustering. Computing these shows that the next vertices that should be
clustered are those connected by edge (3). This results in the graph given in
Figure 5.

1 2 3+4+5
(1)

(2)

(5)

Figure 5: Graph of the two times reduced model

At this point, we need to add the edges (2) and (5) connecting the most right
nodes before continuing. We also observe that we have lost the cycle and are
now considering a network with a tree structure. After this point, the richer
method of [3] can be used.
A more involved example shows some of the downfalls of the theory. Consider a
graph as in Figure 6. Again the edges not in the spanning tree are represented
by dashed lines.

1

2 3

4

56

u1, y1

(1)

(2)

(3)

(4) (5)
u2, y2

(7)

(9)

(6) (8)

Figure 6: A more complicated graph

In this case, we do consider vertices and edges with different weights, such that

M = diag
(
1 2 8 1 9 2

)
, R = diag

(
1 3 2 1 3 1 1 2 1

)
.

We take inputs and outputs on vertices 1 and 4, implying

G =

(
1 0 0 0 0 0
0 0 0 1 0 0

)T
, H =

(
1 0 0 0 0 0
0 0 0 1 0 0

)
.

As before, it is possible to solve the corresponding inequalities to obtain a mea-
sure on the output en control energies. These are given by

P = diag
(
0.44 0.62 0.26 0 0 0.27 0.44 0.01 0

)
, (58)
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Q = diag
(
0 26.8 7.6 6.4 1267.9 1.9 0 0 6.5

)
. (59)

The zero eigenvalues of the matrix Q do not allow us to take the inverse of
Q. However, the diagonal structure of Q makes it possible to compare edges
with non-zero eigenvalues for Q. If an edge corresponds to a zero eigenvalue,
the vertices on that edge take no energy to steer apart. Therefore, we consider
these vertices as an improper choice to cluster. Then, if a control energy bound
is found that is singular, we neglect these values and compare only the edges for
which the product (PQ−1)i can be defined. In the example, this corresponds
to the following.

PQ−1 = diag
(
? 23 33 0 0 135 ? ? 0

)
× 10−3. (60)

This would suggest clustering of vertices 2 and 6, 3 and 6, or 3 and 5, should be
done first. We choose to cluster edge (5) by the heuristic argument that it also
has the highest value for Q. In doing so, we create a new graph with multiple
edges between nodes 3 and 6 and nodes 3 and 4.

1

2 3+5

4

6

u1, y1

(1)

(2)

(3+8)

(4)
(9+7)

(6)

u2, y2

Figure 7: Graph after a one-step reduction

For this reduced model, we can again calculate upper and lower bounds using
the Riccati and Lyapunov inequalities (44) and (34). These can be seen to be
equal to

Pnew = diag
(
0.61 0.75 0.22 0 0.16 0

)
,

Qnew = diag
(
0 34.8 4.7 1010.3 0 2.2

)
.

Using the same arguments as before, we choose to cluster vertices 2 and 6
corresponding to edge 4, after which a simple line graph, without cycles, is
again recovered.
Inspection of the output and control energy bounds in (55) shows an interesting
property. In the first example, the energy bounds suggest clustering of edges
(3) and (4). This is the same clustering we did by calculating new bounds
for the reduced model. Taking into account that we need to add edge weights
when they connect the same vertices, the second example suggests clustering of
edges (5) and (4), just as was done by doing the calculations once more. This
is not a coincidence. In [3] it was shown that for tree graphs the control and
output bounds remain bounds for the reduced model, after deleting the value
corresponding to the clustered edge. For graphs with cycles this does not hold
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in general. Some thoughts on when this nonetheless can be applied are given in
the appendix.
We remark that the error minimalisation procedure followed in this method
stems from heuristic arguments and similarities with the method in [3]. An
error analysis for model reduction by clustering for graphs with cycles may
show a different procedure should be taken. Therefore, an error analysis would
be highly beneficial to the clustering method considered.

8 Conclusion

In this thesis we have looked at a clustering-based model reduction method
to approximate networked multi-agent systems. A technique introduced in [3]
is extended for a certain class of networked systems to include graphs with
cycles. Comparing the levels of controllability and observability in an edge
system determines the least contributing edge, which has its connecting vertices
clustered. The main contribution of this thesis is the idea that the dynamics
of the edge system, and therefore the energy levels as well, can be restricted
to a subspace, ensuring asymptotic stability and convergence. An asset of this
method is that it aggregates vertices into clusters, such that the reduced order
model has a neat physical interpretation. It is also shown that the property
of synchronisation is preserved in the approximation. Not every question is
answered in this thesis. A problem that is left open is in which cases the bounds
determining the level of observability and controllability of a system can be used
in the reduced order model as well. This can be investigated in future research.
Also, the procedure would highly benefit from an error analysis. Other topics
that can be considered relate to extending the method to the class of directed
graphs. Although the idea of restricting the edge state vector to a subspace
is not limited to the class of undirected graphs, some difficulties are expected
to surface in a more general case. Particularly, it is not directly clear how a
non-singular edge Laplacian can be obtained that, for example, will guarantee
convergence. Extending this clustering method to a system with arbitrary linear
dynamics can also be considered.
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9 Appendix

Computing the upper and lower bounds on the level of observability and con-
trollability respectively, is the main time-consuming task in the clustering-based
reduction procedure discussed in this thesis. Being able to know what vertices
to cluster for every step by only calculating the diagonal bounds once would
make the method more useful. Therefore, we would like to extend a result in [3]
to the case of arbitrary graphs. We would like to show that if a control energy
bound is given by Q̃ = diag(q̃1, q̃2, ... , q̃ne), then a control energy bound for the
reduced model is given by Q̂ = diag(q̃1, q̃2, ... , q̃ne−1).
However, this does not hold in general for arbitrary graphs. A counter example
would be the graph given in Figure 8.

1

2 3

4

56

u1, y1

(1)

(2)

(3)

(8)

(7)

(4)
(9)

(5)

(6)

u2, y2

Figure 8: Graph of a counter example

Suppose that we cluster vertices 1 and 2. Then, after comparing with (59), we
see that the supposed new bound would be

Q = diag
(
26.8 7.6 8.4 1267.9 0 0 6.5

)
.

Assume the above result can be extended to this graph. Then this bound Q̂
must be a solution to the algebraic Riccati inequality for the reduced model,

L̂Tτ ŜQ̂Ŝ
T + ŜQ̂ŜT L̂τ − ŜQ̂ŜT ÊTτ M̂−1ĜĜT M̂−1Êτ ŜQ̂Ŝ

T ≥ 0, (61)

where Êτ , M̂ , L̂τ and Ŝ are defined with respect to the reduced graph.

1+2 3

4

56

u1, y1 (1)

(2)

(6)

(5)

(3)
(7)

(4)
u2, y2

Figure 9: Reduced order graph

Computing the eigenvalues of the matrix on the left-hand side of inequality (61),
shows that its eigenvalues have different signs. From this we can conclude that
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the inequality is not fulfilled with this choice of Q̂. So we see that this result
does not extend to graphs with cycles. However, as was shown in the examples,
there are cases where it is not necessary to calculate the energy bounds at every
reduction. The remainder of this appendix is aimed at providing some insights
on this observation.
Consider a system Σ as in (5) and a reduced system Σ̂n−1 as in (48). If the
generalized controllability bound for system Σe, Q̃ can be written as

Q̃ = diag(q̃1, q̃2, ... , q̃ne),

then what we want is a generalized controllability bound, Q̂ for the reduced
order system Σ̂n−1 to be given by

Q̂ = diag(q̃1, q̃2, ... , q̃ne−1).

We know that this does not hold in general, so there are other conditions that
need to be satisfied. It can be shown that the above is true if the deleted q̃ne ,
the bound on the edge that was determined to be the least contributing, is
sufficiently large.
To see this, we first note that the Riccati inequality (44) solves

xTe (LTe Q+QLe −QETM−1GGTM−1EQ)xe ≥ 0, (62)

for all xe ∈ im ST . Here it is used that xe = STxτ and that LeS
T = STLτ .

Using Lemma 2, it follows that (62) holds for all xe ∈ im ET , which is more
useful to work with.
Giving a control energy bound for the reduced system, based on the original
system means a relation between these systems must be found. To that end,
define an input matrix Ge as Ge = ETM−1G. Then partition it as

Ge =

(
Ge,1
Ge,2

)
,

where Ge,2 ∈ R. Also partition the edge Laplacian accordingly as

Le =

(
Le,11 Le,12

Le,21 Le,22

)
.

It holds that
Ĝe = Ge,1 − Le,12L

−1
e,22Ge,2. (63)

This can be seen as follows. First, we note that Ĝe is defined as Ĝe = ÊT M̂−1V TG
and the original input matrix Ge likewise as Ge = ETM−1G. As we have parti-
tioned the incidence matrix in (50), we partition the matrices M, R correspond-
ingly as

M =

M1

ml−1

ml

 , R =

(
R1

rll

)
.

34



It is noted that rll,ml−1 andml are real positive numbers. Using these partitions
and (51) the matrix Ĝe can now be calculated to be

Ĝe =
(
ET00 ETi0 + ETj0

)(M−1
1

(ml−1 +ml)
−1

)(
I 0 0
0 1 1

) G1

Gl−1

Gl


= ET00M

−1
1 G1 +

1

ml−1 +ml
(ETi0 + ETj0)(Gl−1 +Gl).

(64)

Also Ge can be written as a product of partitioned matrices

Ge =

(
ET00 ETi0 ETj0
0 ETil ETjl

)M−1
1

m−1
l−1

m−1
l

 G1

Gl−1

Gl



=

ET00M
−1
1 G1 +

1

ml−1
ETi0Gl−1 +

1

ml
ETj0Gl

1

ml−1
ETilGl−1 −

1

ml
ETilGl

 .

(65)

Here it is used that Ejl = −Eil. So now we know Ge,1 is the top entry of
(65) and and Ge,2 the lower entry. In the same manner, the edge Laplacian
can be computed using Le = ETM−1ER, and the partitioning of the included
matrices.

Le =

(
ET00 ETi0 ETj0
0 ETil ETjl

)M−1
1

m−1
l−1

m−1
l

E00 0
Ei0 Eil
Ej0 Ejl

(R1

rll

)

A careful computation gives that

Le,12 =
1

ml−1
ETi0Eilrll −

1

ml
ETj0Eilrll,

and

Le,22 =
1

ml−1
ETilEilrll +

1

ml
ETjlEjlrll

=
rll(ml−1 +ml)

ml−1ml
.

Now all the required terms are defined, and we compute that

Ge,1 − Le,12L
−1
e,22Ge,2 = ET00M

−1
1 G1 + (

1

ml−1
− ml

ml−1(ml−1 +ml)
)ETi0Gl−1+

(
1

ml
− ml−1

ml(ml−1 +ml
))ETj0Gl +

1

ml+1 +ml
(ETi0Gl + ETj0Gl−1).

(66)
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It is easily verified that

1

ml
− ml−1

ml(ml−1 +ml)
=

1

ml−1 +ml
,

and similarly for the other expression between brackets. It can now be seen that
(66) equals (64). So we conclude that indeed it is possible to relate the new
input matrix to the original one via the equation

Ĝe = Ge,1 − Le,12L
−1
e,22Ge,2.

The same partitioning also allows identifying the new edge Laplacian L̂e as

L̂e = Le,11 − Le,12L
−1
e,22Le,21. (67)

This can be shown similarly to the equation for Ĝe (see [4] for a proof, where
it is noted that in our case wij = mirj). Since we compare the reduced model
with the non-reduced model it is natural to make the distinction

Q =

(
Q̂ 0
0 q̃ne

)
, (68)

where q̃ne is the bound on the edge that is lost by clustering. Also, by a suitable

numbering of edges, write xe =
(
x̂Te x̄Te

)T
. Here x̄e is the edge that connects

the vertices that will be clustered. Now, we define a transformation matrix to
connect the two systems by

Tc =

(
I −Le,12L

−1
e,22

0 1

)
.

Then, by defining a new coordinate ηe = Q−1T−Tc Qxe, it can be seen that (62)
can be written as(
η̂Te η̄Te

)(Q̂ 0
0 q̃ne

)
Tc(Q

−1LTe + LeQ
−1 −GTe Ge)TTc

(
Q̂ 0
0 q̃ne

)(
η̂e
η̄e

)
≥ 0,

(69)
for all ηe such that Q−1TTc Qηe ∈ im ET . It is remarked that we assume that
the matrix Q is invertible. This is not necessarily satisfied, as was seen in
the example. However, at the expense of the accuracy of the approximation,
the energy bound Q can be made non-singular. An example is the matrix
constructed to prove the existence of a diagonal positive semi-definite matrix in
Lemma 4. Using a result in [7], the matrix Tc finally relates both reduced and
original systems with each other. In particular,

Tc(Q
−1LTe + LeQ

−1 −GTe Ge)TTc =(
Q̂−1L̂Te + L̂eQ̂

−1 − ĜTe Ĝe Q̂−1LTe,21 − Le,12q̃
−1
ne − ĜeG

T
e,12

Le,21Q̂
−1 − q̃−1

ne L
T
e,12 −Ge,12Ĝ

T
e q̃−1

ne L
T
e,22 + L̂e,22q̃

−1
ne −G

T
e,2Ge,2

)
.
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This we substitute in inequality (69). First, we note that for the inequality (69)
we only consider ηe such that Q−1TTc Qηe ∈ im ET , so that we would like to
know how these are characterised. It is known that(

x̂e
x̄e

)
=

(
Q̂−1 0

0 q̃−1
ne

)(
I 0

−L−1,T
e,22 LTe,12 1

)(
Q̂ 0
0 q̃ne

)(
η̂e
η̄e

)
.

Therefore,

(
x̂e
x̄e

)
=

(
I 0

−q̃−1
ne L

−1
e,22L

T
e,12Q̂ 1

)(
η̂e
η̄e

)
=

(
ET00 ETi0 ETj0
0 ETil ETjl

)z1

z2

z3

 , (70)

for some vector z =
(
zT1 z2 z3

)T
. An edge controllability bound for the

reduced model is given by

x̂Te (L̂Te Q̂+ Q̂L̂e − Q̂ĜTe ĜeQ̂)x̂e ≥ 0, (71)

for all x̂e ∈ im ÊT . This is equivalent to the upper left entry of (69). To let
(71) be satisfied for all x̂e ∈ im ÊT , it can be seen by comparing (70) and (51)
that necessarily z2 = z3. For this choice of z2, and z3 it follows that x̄e = 0 and
therefore this implies that

η̄e = q̃−1
ne L

−1
e,22L

T
e,12Q̂η̂e. (72)

For ease of notation, we define

χ = q̃−1
ne L

−1
e,22L

T
e,12Q̂.

Now we are in a position to write the inequality (69) purely in terms of x̂e as
follows:

x̂Te (L̂Te Q̂+ Q̂L̂e − Q̂ĜTe ĜeQ̂)x̂e

+ x̂Te χ
T (q̃−1

ne L
T
e,22 + L̂e,22q̃

−1
ne −G

T
e,2Ge,2)χx̂e

+ 2x̂Te (Q̂−1LTe,21 − Le,12q̃
−1
ne − ĜeG

T
e,12)χx̂e ≥ 0. (73)

If the value q̃−1
ne is sufficiently small, then this inequality gives a contradiction

if (71) is not satisfied.
This reasoning lacks mathematical rigour, because conditions on q̃−1

ne for being
sufficiently small are not provided. However, it gives a first indication that in
some cases, the controllability bound does not need to be computed at every
step.
For the observability case, a complementing result is expected to exist. How-
ever, due to the definition of the output as ye = HEτ (ETτ Eτ )−1(SST )−1Sxe,
a relation similar to (63) is not as easily attained. If it is true that Ĥe =
He,1 − Le,12L

−1
e,22He,2, then using the same method the result can be extended

to the observability case.
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