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Abstract

The Standard Model is expected to be only an effective theory because, for one, the
Standard Model does not describe gravity. Additionally the Standard Model can not
describe Dark Matter and faces the Hierarchy Problem. Beyond the Standard Model
(BSM) theories are devised to solve these and other problems of the Standard Model.
However, these BSM theories face some strict limitations from experiments because
up to now not a single particle physics experiment has measured any significant
deviations from the Standard Model.

In this thesis a class of BSM theories called the minimal conformally symmetric SM
extensions are discussed. These theories are promising BSM candidates because the
conformal symmetry results in a theory which does not suffer from the Hierarchy
Problem. The minimality ensures that the theory will closely resemble the Standard
Model and thus not have a too big effect on experimental data.

Because conformally symmetric theories do not exhibit classical spontaneous sym-
metry breaking another mechanism for spontaneous symmetry breaking is neces-
sary. Therefore a large part of this work is spent on explaining Radiative Symmetry
Breaking, which describes spontaneous symmetry breaking due to quantum cor-
rections. The concept of Radiative Symmetry Breaking was first introduced by S.
Coleman and E. Weinberg. Some minimal conformal extensions of the Standard
Model are discussed, one of which is the extension of the Standard Model with one
scalar. The phenomenology but also the possible problems of these extensions are
discussed to determine which extensions are good candidates to be a BSM theory. It
will be argued that already a two scalar extension is able to provide a theory which
is reliable up to the Planck Scale.

The idea of Asymptotic Safety is briefly discussed to introduce the reader to another
possible way in which the Standard Model can be extended.
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Chapter 1

Introduction

The Standard Model (SM) is a beautiful theory capable of explaining almost all of
particle physics. The SM was finally completed in 2012 with the detection of its last
missing piece, the Higgs boson. The SM describes three of the four fundamental in-
teractions, while the fourth interaction is described by the theory of General Relativ-
ity (GR). Together the SM and GR are able to describe physical phenomena remark-
ably well. Precision measurements of for example the electron magnetic moment
but also the gravitational waves experiment LIGO have not been able to measure
any significant deviations from either SM or GR predictions. Additionally, particle
colliders like the LHC have not (yet) measured anything that is not compatible with
the SM framework.

Despite the extremely good agreement between theory and experiment there are still
some things which can not be understood within the current framework of theoret-
ical physics. For example, the nature of Dark Matter and Dark Energy but also the
Hierarchy Problem and the Stability Problem can not be explained by either the SM
or GR. Apart from these problems the SM has one fundamental shortcoming - it
does not include a quantized theory of gravity. General Relativity is only a classical
theory, to describe physics on the smallest length scales - where gravity becomes a
non-negligible interaction - a quantum theory of gravity is needed. Unfortunately
gravity can not be put in the same framework as the SM without encountering seri-
ous renormalization problems.

The problems outlined above are strong indications that the SM is only an effective
field theory - at some scale the SM will break down. An extended SM is therefore
necessary to gain a more complete picture of the fundamental physics which defines
the world we live in.

To develop possible SM extension one needs to look at theories solving one or more
of the mentioned SM problems. In this thesis the focus will be on the possible so-
lutions of the Hierarchy problem. The solutions discussed might also be able to ex-
plain Dark Matter and even solve the Stability Problem. What we will however not
attempt in this thesis is to provide a possible quantum theory of gravity. Therefore
the goal of this work is to discuss viable theories which are able to describe particle
physics up to the Planck scale. The extensions discussed will still be effective theo-
ries, since a quantum theory of gravity is expected to play a role at energies bigger
than the Planck scale.

An interesting and elegant class of solutions to the Hierarchy Problem are the so-
called conformally invariant extensions of the SM. In these extensions the mass term
of the scalar potential is set to zero, thereby resulting in a theory which only has
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dimensionless fundamental parameters. Apart from being conformally invariant
the SM extensions discussed in this thesis will be minimal, in the sense that only
hidden scalars are added to the particle spectrum. The term hidden scalar means
that the added scalars only couple to the Higgs boson and not to any of the other
SM particles. Arguments will be provided to convince the reader that these kind of
extensions are especially interesting to look at.

This thesis is mostly a review on the work done on minimal conformally invariant
extensions of the SM. This review will hopefully provide a clear and comprehensive
basis from which new research can be conducted. The goal is to determine which
extensions might be viable Beyond the SM theories and determine in which direction
subsequent research on this topic can be done.

The outline of the thesis is as follows:

• Chapter 2 will start with a short summary of the SM. Because the Hierarchy
problem originates in the electroweak sector the chapter will extensively dis-
cuss the electroweak interactions and the Higgs mechanism.

• Chapter 3 discusses the problems of the SM, mentioned in this introduction, in
more detail. Special attention will be paid to the Hierarchy Problem. Also, a
short summary of some experiments will be given to determine where there is
still room to improve the SM. This will allow us to establish which properties
are interesting to impart on a SM extension. We will argue that combining
minimal models with conformal symmetry gives rise to viable SM extensions.

• Chapter 4 introduces the concept of Radiative Symmetry Breaking, this mecha-
nism is necessary to preserve Electroweak Symmetry Breaking in theories with
conformal symmetry. In these theories the classical Higgs Mechanism does not
function, therefore a quantum version of Spontaneous Symmetry Breaking is in-
troduced - called the Coleman-Weinberg mechanism. Since the classical Higgs
mechanism has not been verified by experiments this option is still a possible
cause of Electroweak Symmetry Breaking. The Coleman-Weinberg mechanism
will be explained through some simple examples before deriving the general
formula of radiative symmetry breaking.

• Chapter 5 focusses on implementing radiative symmetry breaking into the SM
and its minimal extensions. Since these extension will contain multiple scalars
an extension of the Coleman-Weinberg mechanism developed by E. Gildener
and S. Weinberg will be introduced. Using a simple theory, supplemented by
clear graphs the Gildener-Weinberg method will be explained in an intuitive
and non-abstract way. In the end some experimental signatures of the dis-
cussed extensions will be determined. From this we will be able to see how the
minimal conformally invariant extensions differ from the SM.

• In chapter 6 an alternative way to extend the SM - called Asymptotic Safety -
will be briefly mentioned.

• Chapter 7 will give a short summary of the things discussed in this thesis.

• Chapter 8 will end with an outlook on possible further research.
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Conventions

The conventions used throughout this thesis are as follows:

• Natural units are used, e.g. c = ~ = 1.

• The metric used is the mostly-minus four dimensional Minkowski metric:
ηµν = diag(+,−,−,−).

• Greek Indices run over spacetime dimensions (0, 1, · · · , d− 1)

• Roman indices run over space dimensions (1, 2, · · · , d− 1).

The figures in this thesis are all made using MATHEMATICA, unless specified other-
wise.
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Chapter 2

The Higgs Mechanism and the
Standard Model

2.1 The Standard Model

The Standard Model (SM) is described by the gauge symmetry group SU(3)C ×
SU(2)L×U(1)Y . The SU(3)C gauge symmetry group describes the strong interaction
between the gluons and quarks whereas the electroweak interactions are described
by the SU(2)L×U(1)Y gauge group. The theory of Electroweak interactions is called
the Glashow-Salam-Weinberg (GSW) model (see for example [1]). The GSW model
contains the Higgs mechanism which requires the existence of a scalar; the Higgs
boson.

Apart from the Higgs boson the elementary particles of the SM include the leptons
and quarks. The detection of the Higgs Boson in 2012 at the LHC in CERN means
that all elementary particles of the Standard Model are now measured.

The elementary particles of the SM are summarized in table 2.1. Only the first gen-
eration is shown, the other two are exact copies with respect to the symmetries
and quantum numbers. Q is the electromagnetic charge, Y is the hypercharge re-
lated to the U(1)Y gauge symmetry and T3 is the third component of the weak
isospin, related to the SU(2) symmetry. The quantum numbers are related through:
Y = 2(Q− T3).

The SM is left-right asymmetric in the sense that only the left handed fermions in-
teract via the weak interaction. This asymmetry is also visible in table 2.1. From
this table we see that the left handed fermions combine into doublets with respect to
the SU(2)L ⊗ U(1)Y symmetry whereas the right handed fermions are singlets with
respect to this symmetry. The fermion is decomposed into left- and right-handed
parts through: Ψ = ΨL + ΨR. This results in ΨΨ = ΨLΨR + h.c..

Φ is the complex Higgs doublet with components:

Φ =

Φ+

Φ0

 =
1√
2

φ1 + iφ2

φ0 + iφ3

 (2.1)

Before introducing the concept of spontaneous symmetry breaking the necessity of
the Higgs mechanism will be explained.
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Q Y T3

QL =

(
uL

dL

)
+2

3 +1
3 +1

2

−1
3 +1

3 −1
2

uR +2
3 +4

3 0

dR −1
3 −2

3 0

EL =

(
νL

eL

)
0 −1 +1

2

−1 −1 −1
2

eR −1 −2 0

Φ =

(
Φ+

Φ0

)
+1 +1 +1

2

0 +1 −1
2

TABLE 2.1: The electroweak quantum numbers of the Standard
Model elementary particles.

2.2 Why is the Higgs boson necessary?

An essential part of the GSW model is the Higgs mechanism, which described spon-
taneous symmetry breaking of the SU(2)L × U(1)Y group into the U(1)Q group.
Without the Higgs mechanism the theory of electroweak interactions suffers one big
problem: all gauge bosons and fermions are necessarily massless, which is in clear
contradiction with experiments.

The naive way of giving particles a mass would be to add explicit mass terms to
the Lagrangian, however for fermions and gauge bosons this is impossible without
breaking the SU(2)L ⊗ U(1)Y gauge symmetry explicitly.

In the case of gauge bosons a mass term cannot be added explicitly due to gauge
invariance. The simplest theory for which this can be shown is a U(1) gauge theory,
for which the gauge field transforms as:

Aµ → Aµ −
1

e
∂µθ (2.2)

Adding a mass term of the form m2AµA
µ to the Lagrangian will clearly break the

U(1) gauge symmetry. The same is true for general (SU(N)) gauge theories.

For fermions we run into another problem when constructing an invariant mass
term. The root of the problem lies in the asymmetry of the Standard Model. The
left handed fermions transform as doublets under SU(2)L whereas the right handed
fermions transform as singlets under SU(2)L. Mass terms for fermions are of the
formm2ψψ which can be decomposed asm2ψLψR+h.c.. Due to the different SU(2)L
transformation properties of the left- and right-handed spinor this term cannot be
invariant under SU(2)L transformations and is therefore not a suitable mass term
for the fermion.
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The examples above show that explicit mass terms in the SM Lagrangian are not al-
lowed for fermions and gauge bosons. To achieve mass generation the Higgs Mech-
anism is needed. The Higgs mechanism describes spontaneous symmetry breaking
(SSB) of local/gauge symmetries through which particles can obtain a mass, even
though the Lagrangian does not allow for any explicit mass terms for these parti-
cles.

In the next sections SSB of a global symmetry will be explained first, before moving
on to the Higgs mechanism in which local/gauge symmetries are spontaneously
broken. A sketch of the mechanism and how it gives mass to the gauge bosons as
well as the fermions in the SM will be given.

The theory of SSB and its implementation into the SM presented in this chapter can
be found in most standard textbooks on quantum field theory, eg. [1] and [2].

2.3 Spontaneous Symmetry Breaking

Spontaneous symmetry breaking is the phenomenon that even though the Lagrangian
is invariant under some symmetry the ground state is not. A well known example
is that of magnetism, the Hamiltonian does not have a preferred direction, but the
ground state is a system in which all spins point in the same direction. When the
system selects a particular ground state the rotational invariance is broken.

Brout, Englert and Higgs applied the phenomenon of SSB to the SM in order to
explain how fermions and gauge bosons acquire mass. This model of electroweak
symmetry breaking (EWSB) requires the existence of a neutral scalar particle, the
Higgs boson, which was finally found in 2012 by the Large Hadron Collider.

First a simple theory will be discussed to give an example of SSB, however this ex-
ample only shows how SSB can be achieved; it does not result in massive gauge
bosons. For gauge bosons to acquire mass a somewhat more complicated theory is
needed, which will be discussed in the next section.

The phenomenon of SSB can be discussed using the following (global)U(1) invariant
Lagrangian:

L = ∂νφ
∗∂νφ− V (φφ∗) (2.3a)

V (φφ∗) = µ2φφ∗ +
1

6
λ(φφ∗)2 (2.3b)

This theory is equivalent to a real scalar field theory with two real scalars, where
φ = (φ1 + iφ2)/

√
2.

The scalar field theory exhibits qualitatively different behaviour depending on the
sign of µ2.

For positive µ2 this Lagrangian describes a massive scalar field theory with quartic
interactions, the minimum of the potential is at φφ∗ = 0.

For negative µ2, on the other hand, the theory behaves completely different. The
negative mass results in a potential which has the shape of a "Mexican hat" (see fig.
2.1). The true minimum (vacuum expectation value or VEV) of the theory is not
at φφ∗ = 0, but is described by a continuous family of vacua: φφ∗ = −3µ2

λ ≡ v2

2 .
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To accurately describe the (low energy) physics of this Lagrangian, the Lagrangian
needs to be expanded around a ground state. Due to the global U(1) symmetry a
ground state can be selected freely as long as it satisfies φφ∗ = v2

2 .

Eq. 2.3 can now be expanded around the ground state in the following way:

φ(x) =
v + η(x)√

2
eiσ(x) (2.4)

The ground state is defined by η(x) = σ(x) = 0. η describes oscillations in the
radial direction, σ describes fluctuations in the polar direction. Plugging this into
the Lagrangian (eq. 2.3) results in:

L =
1

2
∂νη∂

νη +
1

2
∂ν(vσ)∂ν(vσ) + µ2η2 + interactions + constants (2.5)

The interactions include tadpoles as well as quartic and cubic interactions. For clar-
ity they are not written down explicitly since our interest at the moment is in the
generation of mass by SSB.

After SSB the particle spectrum contains one massless scalar, vσ - the Goldstone bo-
son of broken U(1) symmetry - and one massive scalar η with m2 = −2µ2. Looking
back at the figure of the Mexican hat potential we can understand why one scalar is
massless while the other is massive. The angular direction is flat and therefore the
scalar vσ is massless. A scalar fluctuation in the radial direction feels a quadratic
potential thus η is massive.

SSB of a global symmetry thus results in a particle spectrum with one massive scalar
and a number of massless scalars. In a relativistic theory the number of massless
scalars can be determined using Goldstone’s theorem:

"For every generator of a broken continuous symmetry a massless scalar particle is present
in the particle spectrum."

This means that for a field theory with symmetry group G (M generators) undergo-
ing SSB into a vacuum state which is invariant under the group H (N generators) a
total of M −N Goldstone bosons is present, one for each broken generator.

FIGURE 2.1: The potential as function of φ1 and φ2 for negative µ2 [3]
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2.4 Abelian Higgs

The simplest theory in which SSB occurs and a gauge boson does acquire mass is
the Abelian U(1) gauge theory. We will start with this theory to explain the idea and
then extend the model to incorporate it into the SM.

The Lagrangian of eq. 2.3 has a globalU(1) symmetry but is not invariant under local
U(1) transformations. The difference between local(gauge) and global symmetries
is that global symmetries act on φ independent of the spacetime coordinate of φ
whereas for a local symmetry the change of φ under the transformation is dependent
on the spacetime coordinates. Mathematically these statements are described by the
following equations:

φ→ Uφ = eiαφ global

φ→ U(x)φ = eiα(x)φ local

Due to the x dependence of the local transformation the kinetic term in the La-
grangian is not invariant under local U(1) transformations. By postulating a new
field Aµ and coupling this to the field φ the Lagrangian can be made invariant under
local U(1) transformations:

L = DνφD
νφ∗ − 1

4
FµνF

µν − µ2φφ∗ − 1

6
λ(φφ∗)2 (2.6a)

with
Dνφ = ∂νφ+ ieAνφ (2.6b)

Fµν is the kinetic term of the field Aν and is invariant under local U(1) transforma-
tions.

Fµν = ∂µAν − ∂νAµ (2.6c)

The field φ transforms as:
φ(x)→ eiα(x)φ(x) (2.6d)

To make the Lagrangian invariant under local U(1) transformations the following
transformation is imposed on Dµφ:

Dµφ→ eiα(x)Dµφ (2.6e)

Combining these transformations it can be seen that Aµ has to transforms as:

Aµ(x)→ Aµ(x)− 1

e
∂µα(x) (2.6f)

The equations above, for a U(1) gauge theory, can be extended to general SU(N)
gauge invariant theories.

From this example it can be concluded that imposing a local/gauge symmetry re-
quires the existence of gauge bosons. Imposing local SU(N) invariance results in
N2 − 1 gauge fields, one for every generator. These gauge fields are however still
massless, to give them mass SSB is required. From the simple example fo a global
symmetry we have seen that this requires µ2 to be negative. The scalar potential has
not changed, so for negative µ2 the potential will have a VEV at φφ∗ 6= 0.
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To investigate the consequences of a non zero VEV the Lagrangian (2.6) is expanded
around the ground state (eq. 2.4) :

L = ∂νφ∂
νφ∗ − µ2φφ∗ − 1

6
λ(φφ∗)2 + e2AνA

νφφ∗ + ieAν(φ∂νφ
∗ − φ∗∂νφ)− 1

4
FµνF

µν

=
1

2
∂νη∂

νη + µ2η2 +
1

2
∂ν(vσ)∂ν(vσ)− 1

4
FµνF

µν +
1

2
v2e2AνA

ν + ev2Aν∂νσ

+ interactions + constants (2.7)

The interaction term includes self-interactions as well as interactions between the
fields Aµ, σ and η.

The Lagrangian contains a term ∝ Aν∂νσ, since it is only second order in the fields
it is not a normal interaction term but more similar to a mass term. This term mixes
the two fields Aµ and σ. By selecting the unitary gauge we can get rid of this mixing
term and find the physical degrees of freedom. In the unitary gaugeAµ = A′µ− 1

e∂µσ.
The Lagrangian in the unitary gauge is:

L =
1

2
∂νη∂

νη + µ2η2 − 1

4
FµνF

µν +
1

2
v2e2AνA

ν + interactions + constants (2.8)

with the prime of the gauge field omitted. Not only does the mixing term disappear,
all terms in the Lagrangian - interactions as well as the kinetic term - containing the
σ field disappear. The σ field is thus not a physical field but an artefact of gauge
invariance (unphysical degree of freedom).

Summarizing; after SSB of the U(1) gauge theory and selecting the unitary gauge
we are left with a theory describing a massive scalar with mass m2 = −2µ2 and a
massive gauge boson with mass M2 = v2e2. The degrees of freedom are conserved;
before symmetry breaking the theory has 2 + 2 degrees of freedom, two for the com-
plex scalar and two for the massless boson. After symmetry breaking the theory
contains 1 + 3 degrees of freedom, one for the massive real scalar and three for the
massive gauge boson, respectively.

There is a crucial difference between breaking a local and a global symmetry. When
a local symmetry is broken, instead of obtaining a massless Goldstone boson, the
gauge boson becomes massive. A common way to describe this process is that the
Goldstone boson has been "eaten" by the gauge boson.

In general; for a field theory which is locally symmetric under transformations of
the group G (M generators), undergoing SSB into a vacuum state, which is locally
invariant under the groupH (N generators), there is a total ofM−N massive gauge
bosons, one for each broken generator. There are also N massless gauge bosons, one
for each unbroken generator.

2.5 SM Higgs

To see how the theory of spontaneous symmetry breaking can be applied to the SM
we need to take another look at the electroweak part of the SM and its symmetry
group.

Before symmetry breaking the gauge group is the SU(2)L ⊗ U(1)Y group, which
describes four gauge bosons; A1

µ, A
2
µ, A

3
µ and Bµ.
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After symmetry breaking the particle spectrum contains three massive gauge bosons;
W+, W−, Z and one massless gauge boson; Aµ. The existence of three massive
gauge bosons implies that three generators are broken. It might be tempting to pro-
pose that the SU(2)L ⊗ U(1)Y symmetry is broken into the U(1)Y symmetry, this
would be in accordance with Goldstone’s theorem. However, we know experimen-
tally that this cannot be the case because the neutrinos do not couple to the photon
whereas the electrons do couple to the photon (for U(1)Y the electron and neutrino
are the same).

The way in which symmetry breaking does occur in the SM is that the SU(2)L ⊗
U(1)Y symmetry is broken into a U(1)Q symmetry. The unbroken generator corre-
sponds to the massless gauge boson - the photon. The three massive gauge bosons
are the consequence of the three broken generators. It turns out that Z and Aµ are
composed out of linear combinations of the A3

µ and Bµ gauge boson and W± are
composed out of linear combinations ofA1

µ andA2
µ. The linear combinations are cho-

sen such that the neutrino only feels the weak interaction and the electron couples
to the electromagnetic gauge boson with coupling strength −e (charge of electron).

To break the SU(2)L × U(1)Y symmetry we take a scalar complex doublet (2.1). A
complex doublet is taken because it transforms according to the SU(2)L × U(1)Y
symmetry group, this is necessary because the scalar field needs to couple to the
gauge bosons. The scalar potential is given by:

V (Φ) = µ2Φ†Φ + λ(Φ†Φ)2, (2.9)

which has a non-zero VEV (v) for negative µ2:

φ0 = h+ v, with v2 =
−µ2

λ
. (2.10)

h is the physical Higgs boson.

The coupling of the gauge bosons with the Higgs doublet, through the gauge invari-
ant derivative, will give the gauge bosons its mass. This happens in a way similar
to the example shown in the previous section. The three degrees of freedom of the
complex doublet which are not equated to the physical Higgs boson h are the would-
be Goldstone bosons. As shown in previous examples these degrees of freedom are
"eaten" by the gauge bosons.

The specific form of the SM Lagrangian before and after symmetry breaking can be
found elsewhere (e.g. [2]). The resulting mass spectrum of the SM gauge bosons and
the Higgs boson is summarized in table 2.2, with g the SU(2)L coupling constant and
g′ the U(1)Y coupling constant.

Particle Mass

Higgs m2
h = −2µ24

W± m2
W = 1

4g
2v2

Z m2
Z = 1

4(g2 + g′2)v2

photon m2
A = 0

TABLE 2.2: The mass of the gauge bosons and Higgs boson
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Fermion mass

The preceding has shown how a gauge boson mass can be generated through the
phenomenon of spontaneous symmetry breaking. However, we have not yet shown
how fermion mass is generated. As stated in the introduction an explicit mass term
for fermions is not invariant since a mass term couples a doublet to a singlet. An-
other doublet is thus needed to couple to the fermion doublet in order to get an
invariant term. Taking another look at table 2.1 we see that the scalar Higgs doublet
introduced to give mass to gauge bosons has the right properties. Fermions can thus
be coupled to the scalar doublet via a term:

L ⊃ −yΨ̄LΦΨR + h.c., (2.11)

which is SU(2)L ⊗ U(1)Y invariant and therefore an allowed term in the SM La-
grangian. This kind of interaction is called a Yukawa interaction. From table 2.1 it
can be read of which elementary particles should be assigned to the doublet ΨL and
which to the singlet ΨR.

As an example we take a look at the quarks, taking:

ΨL =

ψu
ψd


L

(2.12)

and
ΨR = (ψd)R. (2.13)

The Yukawa interaction terms 2.11 can now be expanded around the vacuum in
unitary gauge:

Φ =
1√
2

 0

v + h

 . (2.14)

A mass term for fermions is formed:

L ⊃ −Mf ψ̄dψd with Mf = y
v√
2

(2.15)

The above Yukawa interaction (2.11) only gives mass to the lower component of a
SU(2)L doublet, because only the lower component of the Higgs doublet acquires a
VEV. Thus this term only gives mass to the charged leptons (e, µ, τ ) and the "down"-
type quarks (d, s, b). The "up"-type quarks (u, c, t) remain massless, which is in
contradiction with experimental results. Therefore another term has to be added to
the Lagrangian to give mass to the "up"-type quarks. This Yukawa term turns out to
be:

yΨ̄LΦcΨR + h.c.. (2.16)

Φc is the charge conjugate of the Higgs doublet:

Φc =
1√
2

v + h

0

 (2.17)



2.5. SM Higgs 13

Expanding around the VEV will give a similar mass term for the "up"-type quarks
(eq. 2.15). In general this term will have a different Yukawa coupling.

Interactions

The expanded Lagrangian not only contains the mass terms derived above but also
interaction terms.

• Fermions
To determine which interactions originate from the Yukawa terms (eq. 2.11
and eq. 2.16) we look at the example of the lepton doublet:

Ψ =

ψν
ψe


After symmetry breaking this results in an interaction with the physical Higgs
boson:

L ⊃ 1√
2
yhψ̄eLψeR + h.c. =

1√
2
yhψ̄eψe, (2.18)

This term describes an interaction between two electrons and the Higgs boson
with strength λf = 1√

2
y as depicted in the Feynman diagram of figure 2.2.

FIGURE 2.2: Feynman diagram of a Yukawa interaction.

• Gauge bosons
The gauge invariant Lagrangian also results in interaction terms between the
gauge boson and the Higgs boson. Since the terms in the Lagrangian are quar-
tic in the fields there will be cubic as well quartic interactions between the
Higgs boson and the gauge boson. Looking back at the scalar QED Lagrangian
(eq. 2.6a) and expanding it around the VEV the interaction terms can be deter-
mined in the unitary gauge, resulting in the following interaction terms:

Lint ⊃
1

2
e2h2AνA

ν + e2vhAνA
ν (2.19)

Thus the theory describes a cubic interaction with strength∼ e2v and a quartic
interaction with strength ∼ e2. In the SM the interaction terms are similar
but with slightly different forms due to the mixing of the gauge bosons. The
Feynman diagrams of the interactions are shown in figure 2.3.
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FIGURE 2.3: Feynman diagrams of Higgs interaction with gauge bo-
son(s).

• Higgs self-interaction
Looking at the scalar potential of eq. 2.9 we see that the Higgs boson also in-
teracts with itself when the potential is expanded around the VEV. The self-
interactions are cubic as well as quartic. Figure 2.4 shows the Feynman dia-
grams of these self-interactions.

FIGURE 2.4: Feynman diagrams of Higgs self-interaction.

To summarize this section we end with a table with the interactions of the Higgs
boson with the SM particles and itself.

Interaction Strength

W±W±hh 1
8g

2

W±W±h 1
4g

2v

ZZhh 1
8(g2 + g′2)

ZZh 1
4(g2 + g′2)v

ffh 1√
2
y

hhh λv

hhhh 1
4λ

TABLE 2.3: Table of the different interactions and their strengths. f is
a fermion field.

An important point to notice is that the coupling strength between a particle and the
Higgs boson is proportional to the mass (fermions) or mass squared (gauge bosons)
of that particle. Thus, the heavier a particle the stronger its interaction with the
Higgs boson. Consequently, the interaction strength between the Higgs boson and a
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particle can be predicted precisely in the SM framework once the mass of the particle
is known.

The relation between mass and coupling strength is a general consequence of spon-
taneous symmetry breaking, because SSB results in interaction terms and mass terms
with the same origin. By measuring both the coupling strength and the mass inde-
pendently the SM can be tested.

2.6 Confirming Spontaneous Symmetry Breaking

The relation between mass and coupling strength can be examined through the mea-
surement of the cross section, which can be predicted precisely in the SM framework
once the mass is known. The graph of figure 2.5 shows the measured as well as the
predicted cross section for some decay processes. This plot does not show any signif-
icant deviations from the SM values, thereby confirming that the SM is a remarkable
good model of particle physics.

Additionally, these measurements indicate that spontaneous symmetry breaking of
the electroweak sector is a good description of nature, any other theory of mass
generation would in general not predict the same relation between coupling strength
and mass.

FIGURE 2.5: Summary plot from [4] of the ATLAS experiment at the
LHC, comparing measured and predicted cross sections.
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Chapter 3

Beyond the Standard Model

The SM, as introduced in the previous chapter, is able to explain almost all particle
physics seen in experiments. The observation of the Higgs boson in 2012 was a big
success for the SM.

Despite the success of the Standard Model there are some things which cannot be
explained within the SM framework. To understand how we should work towards
an improved SM first some of the problems of the SM and possible solutions will be
discussed. In the second part of this chapter it will be argued why especially a min-
imal conformally symmetric SM extension is interesting to look at when developing
a BSM theory.

3.1 Shortcomings of the SM

In the following the main problems of the SM will be discussed. We will start with
a short summary of these problems. The last two problems of the upcoming list;
the Stability Problem and the Hierarchy problem are both related to the electroweak
interactions. Because the focus of this thesis is on conformally symmetric BSM the-
ories, which have an adapted electroweak sector, these two problems will be dis-
cussed in more detail.

The main SM problems and their possible solutions can be summarized as follows:

• Dark matter & Dark Energy
From cosmological measurements of for example rotation curves and the ex-
pansion of the universe it seems that baryonic matter - the SM particles - only
account for approximately 5% of the energy density of the universe. The other
95% is composed out of so called Dark Matter and Dark Energy and it is un-
clear what either of them exactly is.
Possible solution: Theories which attempt to explain Dark Matter in general
introduce additional particles. Dark energy can be explained by introducing a
cosmological constant, however the origin of such a constant is still unknown.

• Baryon Asymmetry of the Universe
The universe consists mainly of normal matter. This means that at the Big Bang
slightly more matter than anti-matter was produced. The CP-violation neces-
sary to produce this Baryon Asymmetry of the Universe can not be explained
within the SM.
Possible solution: SM extensions can provide additional CP violation in order
to explain the observed matter/anti-matter asymmetry.
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• Gravity
Only three of the four fundamental forces are described by the SM, gravity
is left out. General Relativity (GR) does of course a great job in describing
how gravity works, however, GR is only a classical theory. At the Planck scale
gravitational forces will be of the same strength as SM forces. Thus, to de-
scribe physics beyond the Planck scale one needs a quantum theory of gravity.
Therefore it is usually thought that the SM can only be an effective field theory
which will break down at the latest at Planck scale.
Possible solution: At the moment string theory is one of the only theories
which is able to provide a quantum theory of gravity.

• Randomness
The SM contains about 20 free parameters which have to be determined by ex-
periments. The value of these parameters seems to be random 1. Also the fact
that the SM contains three generations is unexplained. Even though the above
does not pose any fundamental problems for the SM the general feeling is that
the true theory of physics should have less free parameters. This situation is in
some sense similar to the state of affairs before the discovery of quarks. Back
then particle colliders created a lot of seemingly useless particles. Eventually
this "particle zoo" was reduced to only six fundamental quarks by the intro-
duction of the SU(3)C symmetry.
Possible solution: Physicists hope to reduce the number of Standard Model
parameters in a similar way, realized in the Grand Unified Theories (GUTs) [5].
GUTs are theories with a large symmetry group which at some scale breaks
down into the SM symmetry group. Due to the unification of the SM gauge
groups into a bigger group the SM parameters will have specific relations be-
tween each other, thereby reducing the number of free parameters.

• The Stability Problem
The running self-coupling λ turns negative at large energy scales. Conse-
quently the SM vacuum appears to be metastable. See section 3.1.1.

• The Hierarchy Problem
Compared to the Planck scale the mass of the Higgs is extremely small. This
large hierarchy requires fine-tuning up to a high degree, making the SM un-
natural in a sense. See section 3.1.2.

3.1.1 Stability Problem

To determine how coupling constants behave at different energies the β function
has to be determined. An overview of the theory of β functions and how they can
be calculated is given in Appendix A. This Appendix also gives the one-loop SM β
functions.

Using these β functions the running of the SM couplings can be calculated. This
is shown in figure 3.1. From the graph it is clear that the scalar coupling λ turns
negative at some energy.

1Although random, the specific values of some of these parameters are necessary for life to have
developed. This fascinating observation is for example related to the anthropic principle and the many-
world hypothesis but will not be treated here.
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FIGURE 3.1: The running of the SM couplings. β functions and ini-
tial conditions can be found in Appendix A. λ is the scalar coupling.
g1, g2, g3 are the gauge couplings of U(1)Y , SU(2)L, SU(3)C , respec-

tively and yt is the Yukawa coupling of the top quark.
µ0 = mt = 173GeV. MP is the Planck scale.

The negative λ indicates the existence of another vacuum. When this second vacuum
is deeper than the vacuum our universe resides in now (at 246 GeV) our universe
could tunnel into this new vacuum state. At this point two different situations can be
distinguished, metastability and instability [6]. When the tunnelling time is longer
than the lifetime of the universe the SM vacuum is called metastable, otherwise the
term instability is used. Figure 3.2 shows the stability plot of the SM, from it we
see that within current experimental and theoretical errors our universe is exactly in
between stability and instability.

The plot of figure 3.2 also shows that the scalar beta-function is extremely sensi-
tive to the specific values of the Higgs mass and top quark mass. More sensitive
measurements of both of these - but especially the top mass - might push the SM
vacuum into either the unstable or the stable region. For the moment experimental
data seems to favour a metastable vacuum with a small chance of the vacuum being
actually stable. Whereas an instability would pose a serious treat to the SM theory
a metastable vacuum is less of a problem. However, it does pose a problem in the
sense that it is unclear why our universe resides in the electroweak vacuum at 246
GeV [7]. A stable electroweak vacuum is therefore a preferable situation.

Possible solution: Extending the Standard Model will in general have some effect
on the running of the scalar coupling. Choosing the appropriate extension might
lead to a stable vacuum. For example in [8] it is shown that an extra scalar is already
able to stabilize the electroweak vacuum.
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FIGURE 3.2: Stability plot of the Standard Model. The shaded area
indicates the experimental value including the 1, 2 and 3σ uncertain-

ties. Plot from [9]

3.1.2 Hierarchy Problem

This section is partly based on lectures given by F. Brümmer in the 2016 DESY Sum-
merstudent Programme [10]. A review of the topic is also given in for example [11].

Even though the introduction of a scalar particle is an elegant way to solve the prob-
lem of mass creation in the SM there is one huge problem connected to a scalar as
an elementary particle; the mass of a fundamental scalar is not protected from large
quantum corrections by any symmetry [12] [13]. This "protection" has to be under-
stood in terms of the concept of naturalness first proposed by ’t Hooft ([13]):

"A quantity is technically natural if a symmetry is enhanced by setting the quantity to
zero"

Using the concept of naturalness a mass which is small relative to some UV scale can
be explained if a symmetry is enhanced when the mass is set to zero.

The relation between naturalness and mass protection can be understood by looking
at the quantum corrections to the mass. To calculate quantum corrections it is easiest
to work with a UV cut-off. As explained in the beginning of this chapter the SM
can not be the complete theory and therefore has to be viewed as an effective field
theory. At the latest around the Planck scale the SM will break down and needs to
be replaced by a new theory. The energy scale at which the SM breaks down defines
a cut-off and is expected to be relatively large. Assuming some UV cut-off Λ the
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quantum correction to the bare mass is in general of the form:

m2 = m2
0 − δm2 with δm2 = Λ2 +m2

0 log
(m0

Λ

)
. (3.1)

m is the physical mass and m0 is the bare mass.

These quantum corrections are for example the result of a one-loop interaction shown
in the Feynman diagram of figure 3.3. This diagram show the interaction of the
Higgs boson with a new heavy fermion mass state χ. The mass of χ is of the order
of the UV cut-off Λ.

FIGURE 3.3: BSM fermion interacting with Higgs.

For a large cut-off the quantum corrections will be large as well, due to its quadratic
dependence on the cut-off scale. This means that for a small physical mass m the
bare mass m0 needs to cancel almost exactly with the quantum corrections. This
fine-tuning is in a sense unnatural and something which should be avoided in the-
oretical models. However when a symmetry is present this fine-tuning problem can
be avoided in the following way:

Because quantum corrections in general respect the symmetries of the classical the-
ory 2we know that if for m2 → 0 a symmetry is restored at the same time also
δm2 → 0. Thus, δm2 ∼ m2 for small m2 when the theory has a protecting sym-
metry. Looking back at eq. 3.1 it can be concluded that the Λ2 term is not present in
the radiative corrections when the theory has a protecting symmetry. Thus:

m2 = m2
0 −m2

0 log
(m0

Λ

)
(3.2)

when a protecting symmetry is present. Since now the quantum corrections are only
logarithmic instead of quadratic in the cut-off scale Λ this equation does not exhibit
extreme fine-tuning. Thus symmetries protect masses from large quadratic quantum
corrections resulting in technically natural small parameters.

Using the concept of naturalness the smallness of fermion masses as well as gauge
boson masses can be explained. As explained in the previous chapter a fermion mass
term couples the left-handed spinor to the right-handed spinor, thus the presence of
a fermion mass breaks the chiral symmetry. If the fermion mass is set to zero the
chiral symmetry is restored. Therefore, the chiral symmetry protects the fermion
mass from large quantum corrections. This however does not explain why there is
such a huge difference in fermion masses it only means no fine-tuning is necessary
and therefore does not pose a fundamental problem. In a similar way the gauge bo-
son mass is protected by the gauge symmetry - when the energy is increased gauge
symmetries will be restored and gauge bosons will becomes massless.

2An exception of this statement is the anomalous symmetry breaking.
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The Higgs boson

Whereas the fermions and the gauge bosons both have symmetries protecting their
masses from large quantum corrections scalars do not possess such a symmetry. This
would still not be a problem when the SM would have been the complete theory,
valid up to arbitrary scale, since the Higgs mass is the only scale in the SM. However,
due to the problems listed in the first section of this chapter, it is assumed that the
SM is only an effective field theory which will break down at scale Λ.

New states with mass M from SM extensions or some new theory valid in the UV
will contribute to the Higgs mass according to eq. 3.1. However experiments have
determined the Higgs mass to be about 125 GeV. To obtain such a small physical
Higgs mass in the presence of new heavy states fine-tuning is needed. This is the
core of the Hierarchy problem.

Possible solutions: Introducing a protecting symmetry for scalars would result in a
technically natural small Higgs mass [13]. A proposed symmetry is supersymmetry
(SUSY). SUSY predicts that SM fermions have a supersymmetric bosonic partner and
that SM bosons have a supersymmetric fermionic partner. Due to supersymmetry
the quantum corrections of the superpartners cancel against the quantum correc-
tions of the SM particles. However experiments haven’t seen any supersymmetric
particles yet, pushing the SUSY breaking scale well above the weak scale. This re-
sults in SUSY particles which are a lot heavier than there SM partners, therefore the
bosonic and fermionic terms do not cancel exactly any more. This in turn decreases
the ability of SUSY to solve the Hierarchy problem [5].

Another proposed solution to the Hierarchy Problem employs the observation that
the SM Lagrangian is conformally symmetric apart from the Higgs mass term. By
imposing classical conformal symmetry of the SM Lagrangian and thereby setting
the Higgs mass term to zero it is possible to avoid the Hierarchy problem [14] 3.

A last note on Standard Model shortcomings

Despite these seemingly huge problems there are no significant experimental indica-
tions that anything is wrong with the Standard Model. Particle physics experiments
like the LHC have not been able to measure any new particles or significant devi-
ations from the SM predictions. An example of this was already shown in figure
2.5 which summarized the measurements of cross sections and did not show any
significant differences between SM predictions and the experimental values.

Thus even though the SM has severe problems, at the same time it works very well.
Lacking experimental evidence to give direction to possible BSM models the devel-
opment of new theories is mostly guided by the solutions to the SM problems.

3In the next chapter we will see how this happens exactly, for now this statement has to be taken at
face value.
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3.2 Minimal Conformal Extension

Knowing the problems of the Standard Model and keeping in mind that the lack of
experimental evidence for new physics puts severe restrictions on BSM theories it is
now possible to explain why an extension which is minimal as well as conformally
symmetric is such a promising option.

First of all the minimality, minimal extensions aim to add as little extra degrees of
freedom to the SM as possible. Additionally these extensions minimize the interac-
tions of the new particle with the SM particles. The idea of minimal extensions is
that they only slightly change the Standard Model phenomenology, thereby leaving
the low energy predictions of the SM largely unchanged. In the light of the almost
perfect agreement between SM predictions and experimental results it has become
increasingly interesting to look at minimal SM extensions.

Secondly conformal symmetry; why is conformal symmetry a nice feature to have
in a BSM theory? To see why this is the case we have to look back at the problems
of the SM. On the one hand we have the problems of Dark Energy and Quantum
Gravity which can probably only be solved by considering a unification of the SM
with gravity. On the other hand, the Stability Problem, the Hierarchy Problem and
the unexplained nature of Dark Matter might be solved within a theory of particle
physics, without introducing gravity. Additionally the "randomness" problem also
has solutions within particle physics. Since most of the problems have the potential
to be solved within a theory of particle physics it is interesting to look at (effec-
tive) theories which solve the particle physics problems. Of the particle physics the
Hierarchy Problem is probably the most severe. As already mentioned conformal
symmetry is a possible solution of the Hierarchy Problem. Even more interesting,
looking at it naively we can expect that a conformal model with additional scalars
also solves the Stability Problem as well as provide a Dark Matter candidate.

Apart from the appeal of conformally symmetric models there is one minor problem
connected to them. At first sight setting the mass term of the scalar potential to
zero will destroy spontaneous symmetry breaking and thus the generation of mass
will not happen. This poses a big problem because mass generation but also the
mass-coupling relation is hard to explain without Electroweak Symmetry Breaking
(EWSB). However the cause of EWSB does not have to be a negative mass term in the
classical potential. Another mechanism for EWSB is Radiative Symmetry Breaking,
which is a mechanism in which spontaneous symmetry breaking is induced through
quantum corrections.

Thus minimal conformally symmetric models are an interesting group of BSM theo-
ries because they can solve several of the SM problems at once without introducing
too large an effect on the SM predictions for low energy phenomena. In order to pre-
serve EWSB, a necessary constituent of these models is Radiative Symmetry Break-
ing, which will be the topic of the next chapter. Conformally symmetric models will
be the topic of chapter 5.
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Chapter 4

Radiative Symmetry Breaking

4.1 Electroweak Symmetry Breaking

As discussed in the previous chapters the SM uniquely predicts the coupling strength
of a particle to the Higgs boson once the mass of that particle is known. The experi-
mental confirmation of this relation (figure 2.5) is an indication that EWSB is the true
cause of mass generation in our world.

However the exact nature of electroweak symmetry breaking is not known. Sponta-
neous symmetry breaking can be of either a classical or of a quantum nature. The
SM features classical SSB in which a negative mass term in the scalar potential re-
sults in SSB. This is however an ad hoc assumption, there is no theoretical reason why
µ2 should be negative in the first place.

Classical spontaneous symmetry breaking has not been confirmed by experiments
like the LHC, because it is at the moment not yet possible to measure the Higgs self
coupling λ with significant precision. Without this measurement the shape of the
scalar potential can not be verified experimentally. A proposed experiment which
will be able to measure λ accurately is the INTERNATIONAL LINEAR COLLIDER [15].
This experiment is designed to collide electrons and positrons at high energies. Since
electrons and positrons are elementary particles - contrary to the LHC which collides
protons - the background in these experiments is expected to be much smaller. This
in turn will increase the precision of experiments, making it possible to determine
for example λ with significant precision.

In case of conformally symmetric models classical spontaneous symmetry break-
ing does not apply, therefore the quantum version of SSB is needed. This was first
introduced by S. Coleman and E. Weinberg [16] and is therefore often called the
Coleman-Weinberg (CW) mechanism. They showed that, in the absence of a mass
term in the scalar potential, quantum corrections can still result in a potential with a
symmetry breaking minimum, resulting in SSB.

A general way to determine if quantum corrections result in SSB is by calculating
the effective potential V . The effective potential is defined as the first term of the
effective action Γ expanded around the external momenta [16]:

Γ =

∫
d4x

[
−V (φc) +

1

2
(∂µφc)

2Z(φc) + · · ·
]
, (4.1)
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with φc the classical field and Z(φc) the field renormalization term (see Appendix
B). The effective action can also be expanded as a Taylor series:

Γ =
∑
n

1

n!

∫
d4x1 · · · d4xnΓ(n)(x1 · · ·xn)φc(x1) · · ·φc(xn) (4.2)

with Γ(n) the sum of all 1PI 1 Feynman diagrams with n external momenta. Compar-
ing these two expansions it is apparent that the effective potential includes all 1PI
graphs with external momenta set to zero.

The calculation of the effective potential is in general done via a loop expansion,
taking into account only the diagrams up to first order in loops. Because the external
momenta are zero we have ∂µφc = 0, therefore only the non-derivative terms of the
Lagrangian contribute to the effective potential.

The contribution of a diagram with E external lines to the effective potential (V ) is
given by:

VE = i · "diagram" · 1

E!
φEc ,

From this effective potential the true minimum of a theory can be determined.

A more complete discussion on the effective potential and its connection to the
Green’s functions can be found in for example [17].

In the coming sections some simple theories will be investigated to show that ra-
diative corrections can indeed result in SSB. It will also been shown that conformal
models do not suffer from the Hierarchy Problem. To apply the Coleman-Weinberg
method to general theories the effective potential of a general theory with any num-
ber of fermions, scalars and gauge bosons will be given.

4.2 φ4 theory

The simplest theory for which the CW mechanism can be explained is that of mass-
less φ4 theory. Here we follow the calculations done in [16] and [18].

We start with the renormalized Lagrangian for a massless φ4 theory:

L =
1

2
(∂µφ)2 − λ

4!
φ4 +

1

2
A(∂µφ)2 − 1

2
Bφ2 − C

4!
φ4 (4.3)

The constants A, B and C have to be determined by choosing appropriate renormal-
ization conditions (see Appendix B for details). In this case the following conditions
are selected:

d2V

dφ2
c

= 0 at φc = 0 (4.4a)

d4V

dφ4
c

= λ at φc = M (4.4b)

A = 0 at φc = M (4.4c)
11PI stands for one-particle-irreducible, these are the connected Feynman diagrams which can not

be split into two separate diagrams by cutting only one line.
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When determining the effective potential in a loop expansion these renormalization
conditions should hold for every order.

At tree-level (zero loop) the diagrams contributing to the effective potential are
shown in the top row of fig. 4.1. These contribute the following to the effective
potential:

V (0) = i
(
−iλ− iC(0)

) 1

4!
φ4
c + i

(
−iB(0)

) 1

2
φ2
c (4.5)

Fixing B(0) and C(0) using the renormalization conditions (Eq. 4.4) we obtain:

B(0) = C(0) = 0, (4.6)

thus at tree-level the renormalization terms do not contribute. This is as expected
since renormalization terms are only needed when considering quantum correc-
tions. The tree level effective potential is therefore just the classical potential: V (0) =
λ
4!φ

4
c .

At one-loop level, aside from the renormalization terms B(1) and C(1), an infinite
number of polygons contribute to the effective potential. These diagrams are de-
picted in the bottom row of figure 4.1. The one-loop effective potential is given by:

V (1) = i
(
−iC(1)

) 1

4!
φ4
c + i

(
−iB(1)

) 1

2
φ2
c + polygons. (4.7)

The contribution of a polygon with n vertices, 2n external lines and n internal lines
is given by:

i
1

(2n)!
φ2n
c ·

1

n!

(
−iλ
4!

)n
· (4 · 3)n · 2(n−1) · n! · (2n)!

2n
· 1

n
·
∫

d4k

(2π)4

in

k2n
(4.8)

The first term comes from the definition of V . The second is for the n vertices. The
third term is for the different ways to combine two external lines with a vertex. The
fourth term is for attaching the vertices to each other. The fifth term is for permu-
tations of the n vertices. The 6th term is for the different ways to permutate the
external lines (2n external lines but switching two external lines connected to the

FIGURE 4.1: The first row shows the tree level diagram and the renor-
malization terms, the second row the 1-loop diagrams contributing to

the effective potential.
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same vertex is indistinguishable (1/2n)). The 7th term is because rotating the pen-
tagon gives an equivalent diagram (1/n). The last term is the integral over internal
momenta, since all external lines have zero momentum the internal lines all have
the same momentum (if defined in either clockwise or anti-clock wise way), there is
thus one independent internal momentum.

The effective potential up to and including one-loop diagrams is thus:

V ≈ V (0) + V (1) = +
λ

4!
φ4
c +

1

4!
C(1)φ4

c +
1

2
B(1)φ2

c +
∞∑
n=1

i

∫
d4k

(2π)4

1

2n

(
λ/2

k2

)n
φ2n
c

The polygon term can be simplified using the geometric series (Appendix C), after
this the integral can be computed using a UV cut-off:

∞∑
n=1

i

2

∫
d4k

(2π)4

1

n

(
1/2 · λφ2

c

k2

)n
= − i

2

∫
d4k

(2π)4
log

(
1− λφ2

c

2k2

)
=

1

26π2

[
λφ2

cΛ
2 +

λ2φ4
c

4

(
log

(
λφ2

c

2Λ2

)
− 1

2

)]
(4.9)

The integral is calculated in Appendix C.

The effective potential up to one-loop can now be written as:

V = +
λ

4!
φ4
c +

1

4!
C(1)φ4

c +
1

2
B(1)φ2

c +
1

26π2

[
λφ2

cΛ
2 +

λ2φ4
c

4

(
log

(
λφ2

c

2Λ2

)
− 1

2

)]

B(1) and C(1) can again be determined by the renormalization conditions in eq. 4.4.
Applying these conditions we obtain:

B(1) = − λΛ2

32π2

C(1) = − 3λ2

32π2

(
log

(
λM2

2Λ2

)
+

11

3

)

Combining results in the one-loop renormalized effective potential we obtain:

V = +
λ

4!
φ4
c +

λ2φ4
c

28π2

[
log

(
φ2
c

M2

)
−
(

25

6

)]
+O(λ3) (4.10)

The classical potential and the effective potential of eq. 4.10 are shown in figure 4.2.
For comparison the (Abelian) Higgs potential has also been added to this graph.

From these potentials we see that the classical potential V = λ
4!φ

4
c has its ground state

at φc = 0, whereas the quantum corrections result in a slightly perturbed potential
with a minimum (〈φ〉) at:

dV

dφc
= 0→ λ log

(
〈φ〉2

M2

)
= −32

3
π2 +

22λ

6
+O(λ2)→ 〈φ〉2 = M2e−

32π2

3
1
λ

+ 22
6

+O(λ)

(4.11)
Including the effect of quantum corrections can thus result in the appearance of a
VEV and as a consequence of this VEV there will be SSB.
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FIGURE 4.2: The effective potential with and without quantum cor-
rections. For comparison also a "Higgs"-like potential is given with

potential: V = −µ
2

2 φ
2
c + λ

4!φ
4
c .

Another observation which can be taken from this plot is that the Coleman-Weinberg
potential is not equivalent to the Higgs potential. However, its most important fea-
ture, the existence of a symmetry breaking ground state is mimicked.

After SSB the phenomenology of the Lagrangian changes completely, whereas the
theory contains a massless scalar before symmetry breaking this scalar will get a
mass due to quantum corrections. The mass can be determined in two equivalent
ways. One way is to expand the potential around the VEV and find the quadratic
term since a mass term in the potential is always of the form ∼ 1

2m
2
Sφ

2 therefore the
mass of the scalar can be extracted. The second way to determine the scalar mass is
by using its definition:

m2
S =

∂2V

∂φ2

∣∣∣∣
φ=〈φ〉

(4.12)

Applying this equation to the effective potential of eq. 4.10 the scalar mass can be
determined:

m2
S =

λ2〈φ〉2

25π2
(4.13)

Perturbative Validity

This simple theory is the first example where quantum corrections result in a sym-
metry breaking vacuum. However this result, obtained by a loop expansion, is not
perturbatively valid.

For the theory to be perturbatively valid the one-loop contribution must dominate
over the higher loop corrections. The nth order loop corrections result in terms of

the form λ
[
λ log

(
φ2c
M2

)]n
[16]. Thus λ as well as the λ times the logarithm should be

small for perturbation theory to be valid. Or equivalently λ� 1 and log ∼ O(1).

Looking back at eq. 4.11 we see that in order to have a minimum the first derivative
should be zero. However to achieve this a term of order λ has to cancel with a large
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constant and a term of order λ log
(
φ2c
M2

)
. However, this is clearly not possible when

both λ and λ log
(
φ2c
M2

)
are small.

Thus, the minimum found for the φ4 theory may be just an "artefact of perturbation
theory". It can be shown, by exploiting renormalization theory, that the minimum
is indeed a maximum [16]. Thus φ4 theory does not exhibit spontaneous symmetry
breaking through quantum corrections.

4.3 Scalar QED

Another simple QFT for which the effective potential can be calculated is scalar QED,
again the discussion of [16] is followed. We will show that, contrary to the φ4 theory,
this is a theory for which the minimum at φ 6= 0 is perturbatively reliable. The
renormalized Lagrangian of massless scalar QED, a U(1) gauge theory, is given by:

L =− 1

4
FµνF

µν +
1

2
(∂µφ1 − eAµφ2)2 +

1

2
(∂µφ2 + eAµφ1)2 − λ

4!

(
φ2

1 + φ2
2

)2
+ renormalization terms (4.14)

This Lagrangian has aU(1) global symmetry (more clear in φ, φ∗ basis). The effective
potential should also respect this symmetry, which means it has to depend on φφ∗ ∝
φ2

1c + φ2
2c ≡ φ2

c . Thus to calculate the effective potential it is sufficient to calculate all
diagrams with only φ1 external lines and then replace φ1c by φc.

The computation of the effective potential can be simplified further if we work in
Landau gauge. Diagrams with a photon and scalar as internal lines and one scalar
as external line do not contribute in this gauge. This can be understood by looking
at the photon propagator in Landau gauge: Dµν = −igµν−kµkν/k

2

k2+iε
. Since the external

momenta are set to zero when calculating the effective potential the vertex will give
another factor of kµ for the ∂µφ term. However since these momenta have to be
the same a contraction leads to the diagram being zero. Thus diagrams with mixed
internal lines do not contribute. Terms which do contribute in the Landau gauge are
the following.

At tree level only the quartic vertex contributes to the effective potential: V (0) = λ
4!φ

4
c .

The renormalization terms do not contribute, as explained previously.

At one-loop order the following diagrams contribute to the effective potential:

(a) φ1 external φ1 internal

(b) φ1 external φ2 internal

(c) φ1 external Aµ internal

(d) renormalization terms: −C
4!(φ

2
1 + φ2

2)2 − B
2 (φ2

1 + φ2
2)

The set of diagrams (a) are exactly the same as those in fig. 4.1. Thus the contribution
to the effective potential is given by:

Va = +
1

26π2

[
λφ2

1cΛ
2 +

λ2φ4
1c

4

(
log

(
λφ2

1c

2Λ2

)
− 1

2

)]
(4.15)
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The set of diagrams (b) are similar to those in fig. 4.1. However counting equivalent
diagrams is a bit different and the vertex term is now given by−2iλ/4!. The polygon
contribution for a polygon with n vertices, 2n external φ1 lines and n internal φ2 lines
is given by:

i
1

(2n)!
φ2n

1c ·
1

n!

(
−2iλ

4!

)n
· (2 · 1)n · 2(n−1) · n! · (2n)!

2n
· 1

n
·
∫

d4k

(2π)4

in

k2n
(4.16)

in which the blue terms are different in comparison to the term for the (a) diagrams.
The second term is slightly different due to the extra factor of two in the interaction
term. The third term is different due to the combinatorics of attaching external lines
to vertices (since the vertices contain only two φ1’s per vertex instead of four). Work-
ing this out it can be determined that the (a) and (b) diagrams are equivalent with
as only change λ → λ/3.The remainder of the computation is exactly equivalent,
resulting in:

Vb = +
1

26π2

[
λ

3
φ2

1cΛ
2 +

(λ/3)2φ4
1c

4

(
log

(
λφ2

1c

6Λ2

)
− 1

2

)]
(4.17)

FIGURE 4.3: The 1-loop diagrams with a photon running around the
loop contributing to the effective potential.

The set of diagrams (c) requires some more attention. The polygon diagrams with
photons as internal lines are shown in figure 4.3. Again an equation can be found
for a graph with 2n external scalars, n vertices and n internal photons. The vertex
term can be read off from the Lagrangian and is given by i

2e
2gµν .

Vc =
i

(2n)!
φ2n

1c ·
1

n!

(
i

2
e2gµν

)n
·2n ·2n−1 ·n! · 1

n

(2n)!

2n
·
∫

d4k

(2π)4

(
−i(gµν − kµkν/k2)

k2

)n
(4.18)

All terms have the same meaning as previously. The integral is slightly changed
since the propagator of a photon is different from that of a scalar. The somewhat
sloppy notation in indices has to be explained a bit more; every vertex is contracted
with one index of each of the two propagators connected to it, thereby resulting in a
polygon graph. Because of this specific way of contracting (in a loop) the contraction
can be written as a trace over the Lorentz indices:

(gµν)n(gµν − kµkν/k2)n ≡ Tr(gΠ · · · gΠ)

= gµν(gνα − kνkα/k2) · gαβ(gβγ − kβkγ/k2)

· · ·γη · gηζ(gζµ − kζkµ/k2)

= 3 (4.19)

Π is defined as: Πµν = gµν − kµkν/k2. The factor of three can be understood as the
number of independent polarization directions of the (massive) photon.
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Calculating Vc by combining eq. 4.18 and eq. 4.19, summing the geometric series and
performing the integral we obtain:

Vc =
∞∑
n=1

3i

∫
d4k

(2π)4

1

2n

(
e2φ2

1c

k2

)n
=

3

26π2

[
2e2φ2

1cΛ
2 + e4φ4

1c

(
log

(
e2φ2

1c

Λ2

)
− 1

2

)]
(4.20)

The integral is exactly the same as in the scalar case, the calculation is done in Ap-
pendix C, eq. C.1.

Combining all terms plus the renormalization terms - keeping in mind to replace φ1c

by φc - results in the effective potential up to and including one-loop order:

V =
λ

4!
φ4
c +

1

26π2

[
λφ2

cΛ
2 +

λ2φ4
c

4

(
log

(
λφ2

c

2Λ2

)
− 1

2

)]
+

1

26π2

[
λ

3
φ2
cΛ

2 +
(λ/3)2φ4

c

4

(
log

(
λφ2

c

6Λ2

)
− 1

2

)]
+

3

26π2

[
2e2φ2

cΛ
2 + e4φ4

c

(
log

(
e2φ2

c

Λ2

)
− 1

2

)]
− C

4!
φ4
c −

B

2
φ2
c (4.21)

Applying the same renormalization conditions as for the scalar case (eq. 4.4) results
in:

B =
1

25π2

[
λΛ2 +

λ

3
Λ2 + 6e2Λ2

]
C = +

1

26π2

λ2

4

[
24 log

(
λM2

2Λ2

)
+ 88

]
+

1

26π2

λ2

4 · 9

[
24 log

(
λM2

6Λ2

)
+ 88

]
+

3

26π2
e4

[
24 log

(
e2M2

Λ2

)
+ 88

]
The renormalized 1-loop effective potential for massless QED is thus:

V =
λ

4!
φ4
c +

(
5

1152π2
λ2 +

3

64π2
e4

)
φ4
c

[
log

(
φ2
c

M2

)
− 25

6

]
+O(e8) +O(λ4) (4.22)

In order to not run into the same perturbative validity problems as we did for the
φ4 theory, the e4 term needs to dominate the λ2 term. This is achieved by assuming
λ ∝ e4 � 1, λ2 can therefore be neglected.

The effective potential can be simplified further by setting M equal to the minimum
of the effective potential; 〈φ〉. Since M is an arbitrary scale this is allowed. Because
the first derivative of the potential has to be zero at the minimum 〈φ〉, this choice of
M gives a relation between λ and e: λ = 33e4

8π2 .
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Thus, the simplified effective potential is given by:

V =
3

64π2
e4φ4

c

[
log

(
φ2
c

〈φ〉2

)
− 1

2

]
+O(e8). (4.23)

This potential has a minimum away from the origin, resulting in SSB.

Due to SSB the scalar boson as well as the gauge boson will acquire a mass. The
scalar mass is again given by eq. 4.12, resulting in:

m2
S =

3e4〈φ〉2

8π2
(4.24)

The mass of the gauge boson can be determined by expanding the Lagrangian around
the minimum: m2

V = e2〈φ〉2.

Perturbative Validity
To check if this minimum is perturbatively it is necessary to return to the effective
potential of eq. 4.22, keeping M arbitrary but neglecting λ2. The minimum of the
effective potential is given by:

〈φ〉2 = M2e−
16π2

18
λ
e4

+ 22
6

+O(λ)+O(e8/λ) (4.25)

From this equation it is clear that for small λ and e4 the 1-loop correction dominates
over the higher loop corrections. Thus, the perturbatively found minimum can be
trusted and is a true minimum of the theory.

Compared to the φ4 theory, the main difference is the presence of a second term
(∼ e4). Instead of balancing terms of λ with λ2 log

(
φ2c
M2

)
a term of λ is balanced with

a term e4 log
(
φ2c
M2

)
. Since e and λ are independent they can both be small without the

need for a large logarithm, thus avoiding problems with the perturbative validity.

Dimensional Transmutation
A curious thing has happened, by setting the renormalization scale equal to the mini-
mum, two dimensionless parameters (e and λ) are replaced by one dimensionful and
one dimensionless parameter (e and 〈φ〉). This phenomenon is called "dimensional
transmutation" [16] and has the effect that all dimensionless quantities only depend
on e.

Looking back at our first example of φ4 we can also set M = 〈φ〉, in this case di-
mensional transmutation would result in: λ = 64π2

22 , λ = 0 or 〈φ〉 = 0. The second
solution is unphysical whereas the third solution would not result in a VEV. Only
the first solution is able to accommodate a VEV, however λ in this case is clearly not
small and thus the perturbative calculation is not valid. This is another indication
that the VEV found for the scalar theory can not be trusted.

The previous two examples of the Coleman-Weinberg mechanism show that already
for simple theories radiative corrections can result in SSB. However one has to take
care of the perturbative validity. In the presence of multiple couplings and when
setting the scalar coupling equal to the fourth power of the gauge coupling (λ ∼ e4)
perturbative validity is in general satisfied. Since we would like to apply the theory
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of radiative symmetry breaking to more complicated theories it is useful to calculate
the effective potential for a general field theory. This is topic of the next section.

4.4 General case

For a general gauge invariant 2 theory with scalars, gauge bosons and fermions with
the classical potential given by:

V = V0 +
1

2

∑
ab

(µ2
φ)abAµaA

µ
b +

∑
ab

Ψa(mφ)abΨb, (4.26)

the effective potential (only scalars as external lines) up to and including one loop
order is given by [16]:

V (φc) = + V0(φc)

+
1

64π2
Tr
[
W 2
φ(logWφ − 1

2)
]

+
3

64π2
Tr
[
µ4
φ(logµ2

φ − 1
2)
]

− 1

64π2
Tr
[
(mφm

†
φ)2(logmφm

†
φ −

1
2)
]

+ coupling renormalization (4.27)

• This calculation is done using an UV cut-off, using for example the MS scheme
will result in a slightly different effective potential [19]. The choice of renor-
malization scheme does not affect the existence of a VEV.

• The quadratic terms are cancelled completely by the mass renormalization
term (using the same renormalization condition as previously) and have thus
been omitted for clarity. The 1/Λ2 term in the logarithm has also been omitted.

• V0 is the tree level term and describes the scalar interaction between one or
multiple scalars.

• Wφ, µ2
φ andm2

φ are the mass matrices of the scalars, gauge bosons and fermions
respectively in the presence of a VEV φc. They are quadratic in φc and equal to
the true mass matrices for a VEV φc = 〈φ〉:

Wφ = Wφ2
c/〈φ〉2,

µ2
φ = µ2φ2

c/〈φ〉2,

mφm
†
φ = m2φ2

c/〈φ〉2,
with W , µ2 and m2 the true quadratic mass matrices of the scalars, vectors and
fermions, respectively.

• Wφ is defined as: (Wφ)ab = ∂2V0
∂φa∂φb

|φ=φc , it gives the vertex term for scalars. The
trace is over the scalar mass states.

• µ2
φ is defined as: (µ2

φ)ab = gagb(Ta~φ, Tb~φ), it gives the vertex term for the inter-
action between two scalars and two gauge bosons. T are the different gener-
ators determined by the specific gauge group under which the gauge bosons

2Total Lagrangian is gauge invariant.
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transform. For example in the case of a complex scalar doublet the generators
are given by the Pauli matrices. The trace is over the gauge boson mass states.

• mφ is defined by: (mφ)ab = Aab+ iBabγ5 it gives the vertex term of the Yukawa
interaction - between one scalar and two fermions. A andB are both hermitian
matrices. In case of the SM the imaginary part of mφ is always zero. The trace
is over the fermion mass eigenstates as well as over the internal indices. The
trace over the spinor indices will in general give a factor of 4.

• The renormalization term is given by Cφ4
c . Renormalization conditions are the

same as used previously.

The scalar and gauge boson contribution to the effective potentials are a generaliza-
tion of the terms already derived in order to determine the effective potential for
scalar QED and φ4 theory. We will therefore not go into detail on te derivation of
these terms. Since we have not seen how fermions affect the effective potential the
derivation of this term will be done in detail below. After that some consequences
of this effective potential will be discussed.

Fermion contribution

To derive the 1-loop effective potential for fermions the 1-loop diagrams with fermions
running in the loop and scalars as external lines need to be calculated. These dia-
grams are shown in Fig. 4.4

FIGURE 4.4: The 1-loop diagrams with a fermion running around the
loop contributing to the effective potential.

The contribution to the effective potential for a diagram with n external scalars, n
internal fermions and n vertices is given by:

i
1

n!
φnc ·

1

n!

(
−i(mφ)ab

φc

)n
· 1 · 1 · n! · n! · 1

n
·
∫

d4k

(2π)4

(
i/k

k2

)n
· (−1) (4.28)

All terms have the same origin as previously. The extra factor of−1 is due to the fact
that we are dealing with fermions. In the following the subscript φ will be left out to
avoid cluttering of indices. Again we have to be careful with the indices in the term
(mab/k)n = (mabkµγ

µ)n the contraction of the spinor indices is done as follows:

(mkµγ
µ)n = mijkµ(γµ)jk · · ·lkmlmkν(γν)mi

= Tr(mγµ · · ·mγν)kµ · · · kν

with the trace over spinor indices. Some relevant identities related to the Gamma
matrices are listen in Appendix C. The Roman indices i · · ·m are the spinor indices
and µ, ν the Lorentz indices. The fermion contribution to the effective potential (Vf )
can now be written as:
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Vf = −i ·
∞∑
n=1

1

n
·
∫

d4k

(2π)4

(
1

k2

)n
Tr(mγµ1 · · ·mγµn)kµ1 · · · kµn

=
∞∑
n=1

−i
2n
·
∫

d4k

(2π)4

(
1

k4

)n
Tr(mγµ1mγν1 · · ·mγµnmγνn)kµ1kν1 · · · kµnkνn

=
i

2
Tr
∫

d4k

(2π)4
log

(
1− 1

k4
mγµmγνkµkν

)
To go from the first to the second line we have used the property that the trace over
an uneven number of gamma matrices is zero, thus only the even terms in the sum
contribute to the effective potential. The trace is over spinor indices as well as over
the internal indices and the mass matrix indices. mabγ

µmabγ
ν can be simplified as

mm†γµγν (by the anti-commutation relations of gamma matrices and the definition
of m).

Vf =
i

2
Tr
∫

d4k

(2π)4
log

(
1− 1

k4
mm†γµγνkµkν

)
To simplify matters further we observe that: γµγνkνkµ = 1

2 (γµγν + γνγµ) kνkµ =
1
2η

µνkνkµI = k2I. The integral can now also be computed easily resulting in the
following effective potential:

Vf =
i

2
Tr
∫

d4k

(2π)4
log

(
1− 1

k2
mm†

)
= − 1

64π2
Tr
[(
mm†

)2
(

log

(
mm†

Λ2

)
− 1

2

)]
with the trace over spinor, internal and mass matrix indices. Reinstating the sub-
script φ we see that this is the same result as stated in the beginning of this section.

Consequences

From Eq. 4.27 we can conclude that whereas bosons and scalars can result in a sym-
metry breaking minimum the fermion contribution makes the minimum shallower
or even results in the complete disappearance of the minimum, turning it into a
maximum.

After renormalization (eq. 4.4) the effective potential of eq. 4.27 can be written as:

V =V0 +
1

64π2

[
Tr W 2

φ + 3Tr µ4
φ − 4NcTr (mφm

†
φ)2
] [

log

(
φ2
c

M2

)
− 25

6

]
=V0 +

1

64π2〈φ〉4
φ4
c

[
Tr W 2 + 3Tr µ4 − 4NcTr (mm†)2

] [
log

(
φ2
c

M2

)
− 25

6

]
(4.29)

The trace is only over the mass matrix. Nc is the number of colours and the factor of
4 is due to the trace over the spinor indices.
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From this equation we can conclude that the effective potential always has the form:
V = V0 + Aφ4

c + Bφ4
c log

(
φ2c
M2

)
, from this general form the scalar mass, induced

by quantum corrections can be determined using equation 4.12. The scalar mass is
found to be:

m2
S = 8B〈φ〉2 (4.30)

If this formula gives a negative value for m2
S it can be concluded that the extremal

value was in fact not a minimum. The true ground state in this case will be φc = 0
resulting in a scalar with zero mass; the potential will not exhibit SSB. The arbitrari-
ness of the renormalization scale M can be exploited to set a specific value for the
VEV - in the case of the SM we need to set the VEV to 246 GeV.

4.5 Avoiding the Hierarchy Problem

It has now been stated several times that the Hierarchy Problem does not occur in
conformally symmetric models. Now that we have treated the subject of radiative
symmetry breaking it is possible to show why this is the case [14].

For this we look back at the theory of scalar QED. The β function of the gauge cou-
pling e is in general given by:

de

dt
∼ e3

π2
,

with t = logM . It is now possible to integrate this differential equation from M =
〈φ〉 to M = Λ, with Λ the UV cut-off of the effective potential. This results in:

−1

2

(
1

e2(Λ)
− 1

e2(〈φ〉)

)
=

1

π2
log

(
Λ

〈φ〉

)
Because e(Λ) is an increasing function for increasing Λ the term with e(Λ) can be
neglected compared to the term with e(〈φ〉). The above equation can now be solved
for 〈φ〉:

〈φ〉 = M exp

(
− π2

2e2(〈φ〉)

)
Small e has been assumed since the theory needs to be perturbatively valid at the
VEV. From the equation it is apparent that for small e the VEV is perturbatively
suppressed with respect to the cut-off scale M . This shows that a small VEV is com-
pletely natural. Since all masses are proportional to the VEV the naturalness of a
small VEV also implies the naturalness of small scalar masses.

In this chapter we have seen that a theory which is conformally invariant can exhibit
SSB, which is crucial for EWSB in the SM. Additionally a conformally symmetric
theory has more predictive power than its massive counterpart since the scalar mass
is no longer a free parameter but is determined by the parameters of the theory. It
has also been shown that conformal symmetric models indeed do not suffer from
the Hierarchy Problem.

In the following chapter the Coleman-Weinberg mechanism will be applied to some
conformally symmetric extensions of the SM.
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Chapter 5

Minimal Conformal Extensions of
the Standard Model

In this chapter we will look at conformally invariant extensions of the SM. The ex-
tensions proposed will be minimal to keep the changes with respect to the Standard
Model as small as possible. To make sure the theory closely resembles the SM the-
ory we assume that the Higgs doublet still couples to the other SM particles in the
same way. Furthermore, EWSB is imposed, although in these conformal models SSB
will be caused by quantum corrections instead of a negative mass term. To keep
all masses and coupling constants the same the VEV of the Higgs doublet is set to
〈φ0〉 = v = 246 GeV. Another constraint on the extensions is that the predicted scalar
Higgs mass has to agree with the experimental value of 125 GeV. These conditions
are necessary in order for the new model to agree as much as possible with experi-
ments.

As a first extension the Coleman-Weinberg Mechanism will be applied to the SM,
µ2 will be set to zero and the scalar mass according to this model will be predicted.
It will be shown that the predictions of this model are at odds with experimental
results. After this we will take a look at the generalized version of the Coleman-
Weinberg Mechanism developed by E. Gildener and S. Weinberg [20] in 1976. Some
SM extensions which have been proposed in order to predict realistic values for the
Higgs mass will also be discussed [21] [19].

5.1 Conformal Standard Model

The one-loop effective potential of eq. 4.27 can be applied to the SM, which will give
us a prediction of the Higgs mass. The only scalar in the Standard Model is the Higgs
bosons, the vector bosons are the W±, Z and the photon, γ. Additionally we have
the quarks and leptons contributing to the fermion effective potential. Starting from
this SM particle content the scalar, gauge and fermion contribution to the effective
potential can be determined.
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Scalars
The scalar interaction is: V0 = λ(ΦΦ†)2, with Φ a complex doublet with components:

Φ =
1√
2

φ1 + iφ2

φ0 + iφ3

 ,

with φ0, φ1, φ2 and φ3 real scalar fields. φ0 is the field which will obtain the non-zero
VEV 〈φ0〉 = v. Using this, V0 can be written as: V0 = 1

4λ
(
φ2

0 + φ2
1 + φ2

2 + φ2
3

)2. The
tree level term contributing to the effective potential is therefore V0(φc) = 1

4λφ
4
c with

φ2
c =

∑3
i=0 φ

2
ic. Wφ can now be determined using its definition, this will give a 4× 4

mass matrix. Taking the square and then taking the trace results in Tr W 2
φ = 12λ2φ4

c .

Gauge bosons
Since we already know the masses of the vector bosons, µ2 is known, thus µ2

φ can be
simply found to be:

µ2
φ =


M2
W

φ2c
〈φ0〉2 0 0 0

0 M2
W

φ2c
〈φ0〉2 0 0

0 0 M2
Z

φ2c
〈φ0〉2 0

0 0 0 M2
γ

φ2c
〈φ0〉2

 =


1
4g

2φ2
c 0 0 0

0 1
4g

2φ2
c 0 0

0 0 1
4(g2 + g′2)φ2

c 0

0 0 0 0


(5.1)

Fermions
Of all the fermions the top quark has the highest mass, its mass is already a factor of
40 higher than the bottom quark. The fermion mass and/or Yukawa coupling enters
the effective potential as y4

t , therefore the contribution of the top quark will by far
overshadow the contributions of the other quarks. Thus we will only take the top
quark into account and ignore all other fermions.

The mass of the top quark is given by mt = yt
1√
2
〈φ0〉. Thus mφm

†
φ = y2

t
1
2φ

2
c . The

SU(3)c symmetry of the Standard Model gives Nc = 3 for the three colours.

Combining all these terms into Eq. 4.29 we obtain the effective potential of the SM:

V =
1

4
λφ4

c +
1

64π2
φ4
c

[
12λ2 +

3

16
(3g4 + 2g2g′2 + g′4)− 3y4

t

] [
log

(
φ2
c

M2

)
− 25

6

]
(5.2)

From this effective potential B can be determined plugging in the SM coupling con-
stants (see Appendix A) and using eq. 4.30 the Higgs mass can be predicted:

m2
h = m2

S =
1

8π2
〈φ〉2

[
12λ2 +

3

16
(3g4 + 2g2g′2 + g′4)− 3y4

t

]
≈ −2 · 103 GeV2 (5.3)

The negative sign of the scalar mass squared shows that for this potential there is no
non-zero VEV. The extremal point at 〈φ0〉 is in fact a maximum and not a minimum.
Thus, the CW mechanism can not be employed to give the "conformal SM" a VEV.

The above calculation of the Higgs mass shows that extra scalars or gauge bosons
need to be added in order to make radiative symmetry breaking a realistic option for
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conformal extensions of the SM. The SM quantum corrections are not able to induce
SSB, mainly because the top quark is too heavy.

Since the addition of gauge bosons also implies a new fundamental interaction -
which is an interesting but rather radical change of the SM - we will in this work
focus on extending the SM with extra scalars. Adding extra scalars has as an addi-
tional advantage that the change to the SM is minor, also scalars are already present
in a lot of BSM models which try to explain phenomena like Dark Matter. Additional
scalars are thus a simple and elegant way to extend the SM.

In order to describe spontaneous symmetry breaking in the presence of multiple
scalars a more general version of the Coleman-Weinberg mechanism needs to be
used. This generalization, developed by E. Gildener and S. Weinberg [20] will be the
topic of the next section.

5.2 Gildener- Weinberg generalization

One of the difficulties related to the addition of extra scalars can be explained by
looking at a simple two scalar potential:

V = aS4 + bR4 + cS2R2. (5.4)

Now assume that the scalar S couples to some gauge bosons and thus obtains a VEV
due to quantum corrections. For a negative coupling constant c this will also result
in a VEV for the scalarR, because the potential will contain a negative mass term for
the scalar R. Expanding around these VEVS results in cross terms which mixes the
two scalars. Therefore a basis transformation needs to be applied to find the mass
eigenstates (physical scalars). For more general theories this will lead to difficult
and messy calculations making it difficult to determine if radiative corrections lead
to spontaneous symmetry breaking.

Another problem related to Radiative Symmetry Breaking is the perturbative valid-
ity. We have seen that for a theory with one scalar (φ4 theory) the symmetry breaking
minimum found is perturbatively not valid. The example of scalar QED does pro-
duce a minimum which is perturbatively valid. However in this case a necessary
assumption is that the scalar coupling is of the order of e4, with e the gauge cou-
pling.

The Coleman-Weinberg mechanism can not be applied in the case of λ ∼ e2. This
can be shown by looking at the most general classical scalar potential describing at
least two scalars:

V0(Φ) ∼ fijklΦiΦjΦkΦl (5.5)

with fijkl the scalar coupling; also called λ; fijkl ∼ e2 � 1

Loop corrections will be of order e4Φ4 log(Φ/M). However, as already explained in
the case of the φ4 theory this will lead to a symmetry breaking minimum which is
perturbatively not valid, because a term of order∼ e2 has to be balanced with a term
of order ∼ e4 log(Φ/M). As we will see the Gildener-Weinberg method provided a
way to determine if SSB occurs for λ ∼ e2.

The Gildener-Weinberg method [20] can be used to determine if spontaneous sym-
metry breaking occurs in the presence of multiple scalars. Additionally this method
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is already perturbatively valid for λ ∼ e2. The method exploits the freedom in choos-
ing the renormalization conditions.

The first step of the Gildener-Weinberg method is concerned with the classical po-
tential. Classically Φ = 0 will in general be the only minimum of the scalar potential
of eq. 5.5. However, it is possible to select the scalar couplings in such a way that
the classical potential has a flat direction in field space. This is possible because the
theory has one free parameter, the renormalization scale M , which can be used to
impose one condition on the coupling constants fijkl.

The flat direction is determined by imposing the following condition on the effective
potential:

minNiNi=1(fijklNiNjNkNl) = 0 at M = MW (5.6)

where NiNi = 1 1 is the unit sphere, with Ni the normalized fields and Φi = Niφ.
Defining the point of this minimum as ni we can conclude that if V (n) = 0 then
also V (nφ) = 0. Thus the classical effective potential has a ’ray’ of minima in the
direction ni at the scale MW . Additionally eq. 5.6 ensures that the potential along
this ray of minima is zero.

In general the number of possible flat directions depends on the number of scalar
fields. After choosing a flat direction it is possible to do a change of basis of the
scalar particles. This is useful because as explained in some cases multiple scalars
can obtain a VEV, resulting in mixing terms between the scalars. The change of basis
can be done in such a way that one of the scalar corresponds to the flat direction,
whereas the other perpendicular directions correspond to massive scalars.

In the third and last step of the Gildener-Weinberg method the quantum corrections
are turned on. Due to these quantum corrections the flat direction will obtain a
non-zero VEV, whereas the other scalars will not be affected significantly by the
quantum corrections. This is because the other scalars already have a classical mass,
the quantum corrections only contribute slightly to this mass. The above is exactly
the reason why changing to the new basis is so useful, since only the flat direction
will obtain a non-zero VEV there will be no mixing between the scalars, thus making
the calculations less complicated.

To see how the flat direction gets a VEV quantum corrections (δV ) need to be added
to the classical effective potential. Due to these quantum corrections the flat direction
will curve, resulting in a non-zero VEV (〈φ〉). 〈φ〉 can be determined by solving 2:

∂δV (nφ)

∂φ

∣∣∣
〈φ〉

= 0. (5.7)

Due to this non-zero VEV the classically massless scalar along the flat direction
will become massive. The scalar corresponding to the flat direction is therefore
the pseudo-Goldstone boson (PGB) of broken conformal invariance. Similar to the
Coleman-Weinberg mechanism the mass of the scalar along the classically flat direc-
tion is given by equation 4.30. In this case the minimum 〈φ〉 is the minimum along
the classically flat direction.

1It is not necessary to normalize the fields such that NiNi = 1. As long as we find a minimum on
some surface - not necessarily a sphere - there will be a ray of minima.

2Again this condition only ensures an extreme point not a minimum. However as before when the
scalar mass turns out to be positive the extreme point 〈φ〉 is a true minimum. Negative scalar masses
are unphysical.
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Perturbative validity
The advantage of first defining a flat direction is that along this flat direction the
effective potential is zero. Thus along the flat direction the only terms in the effective
potential are the quantum corrections. Therefore there is no need to balance classical
terms with quantum corrections. Because of this the condition λ ∼ e4 which had
to be imposed in the case of scalar QED can be loosened a bit to λ ∼ e2. This can
be seen by looking back at the effective potential of scalar QED 4.22, without the
classical potential this has the form:

V = δV ∼ (λ2 + e4)φ4
c log

(
φc
M

)
− (λ2 + e4)φ4

c .

Again, for perturbation theory to be valid we need the coupling constants to be small
and the logarithms to be ofO(1). Calculating the minimum using eq. 5.7 we see that
for λ ∼ e2 a term of order e4 has to be balanced against a term of order e4 log(φc/M).
This does not pose any perturbative problems since e can be small without the need
for a large logarithm. Therefore the Gildener-Weinberg method is already valid for
scalar couplings which are of the order of the gauge couplings squared: λ ∼ e2.

To make the above less abstract an example of the Gildener Weinberg mechanism
will be discussed in the next section. This example will also be the first Conformally
Symmetric SM extension which does exhibit SSB.

5.3 One extra scalar

The simplest way to extend a conformally symmetric SM is the addition of one extra
scalar. This is exactly the model which was looked into by R. Foot, A. Kobakhidze
and R. Volkas [21]. Here we will briefly explain their ideas and results. In the end of
this section the implications and phenomenology of this extension will be discussed.

Since we are now working with multiple scalars a small comment on the notation
is in order. In the following the symbol for the SM Higgs boson h will be changed
to φ′0 = φ0 − 〈φ0〉 whereas h will be reserved for the scalar identified with the flat
direction.

In their 2007 paper Foot et al. [21] start out with a classical scalar potential given by:

V0(Φ, S) =
λ1

2
(Φ†Φ)2 +

λ2

8
S4 +

λ3

2
(Φ†Φ)S2 (5.8)

with Φ the complex SM doublet, coupled to the SM particles in the usual way. S is
the new scalar and is assumed to be a real singlet field. The S scalar only couples
to the SM doublet. Since there are multiple scalars involved the Gildener-Weinberg
mechanism needs to be employed, which means a flat direction exists.

In order to find the flat direction we first parametrize the fields. From the Higgs
mechanism we already know that only one of the four real scalar fields composing
the complex doublet describes a physical particle. The other three are eaten by the
gauge bosons, which thereby obtain a non-zero mass. Taking this into account the
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fields Φ and S can be parametrized as:

Φ =
r√
2

 0

cosω

 =
1√
2

 0

φ0


and

S = r sinω

ω is the polar angle, with tanω = S
φ0

and r is the radius: r2 = S2 + φ2
0.

Using this parametrization we obtain:

V0(r, ω) = r4

(
λ1

8
cosω4 +

λ2

8
sinω4 +

λ3

4
cosω2 sinω2

)
(5.10)

Clearly, if we minimize the potential with respect to ω, this minimum will be a ray of
minima - a flat direction - since the existence of the minimum is independent of the
value of r. The independence of the minimum on r indicates that the flat direction
is in the radial direction.

Following the GW approach we also impose that the potential is zero at this mini-
mum. The minimum 〈ω〉, for some r0 is thus found by solving the following system
of equations:

V0(ω, r0) = 0 at ω = 〈ω〉 (5.11a)

∂

∂ω
V0(ω, r0) = 0 at ω = 〈ω〉 (5.11b)

∂2

∂ω2
V0(ω, r0) > 0 at ω = 〈ω〉 (5.11c)

The second and third equation will allow us to find the minimum, the first is to set
the potential to zero at the minimum. Solutions which results in r = 0 (unphysi-
cal) or cosω = 0 (no VEV of Higgs doublet) are discarded since we are looking for
solutions which allow for a VEV of Φ and as a result cause SSB of the electroweak
sector.

The solutions of this system of equations consists of two minima [21], [22]:

with ε =
√

λ1(MW )
λ2(MW ) .

Min. 1 〈sinω1〉 = 0 for λ1(MW ) = 0

and λ3(MW ) > 0

Min. 2 〈tan2 ω2〉 = ε for λ3(MW ) +
√
λ1(MW )λ2(MW ) = 0

and λ3(MW ) < 0

For both minima the SM doublet obtains a non-zero VEV due to its coupling with
the SM particles. For minimum 1 λ3 is positive, therefore a non-zero VEV of Φ will
not result in a negative mass term in the classical potential of the scalar S. Thus, no
spontaneous symmetry breaking will be induced for the scalar S. For minimum 2
things are different. The negative λ3 together with the non-zero VEV of Φ induces a
negative mass term in the scalar potential of the scalar S. Therefore S also obtains a
VEV.
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The shape of the potential

The flat direction described by the first minimum is simply in the direction 〈ω1〉 =
0 rad, independent of the exact values of the coupling constants. To plot the potential
described by this minimum the values of the coupling constants are selected as: λ1 =
0, λ2 = 0.02 and λ3 = 0.02.

The flat direction of the second minimum depends on the value of the coupling
constants. Selecting for example λ1 = 0.01 and λ2 = 0.04 results in: ε = 0.5 and
λ3 = −0.02. In this case the flat direction is specified by 〈ω2〉 = nπ ± 0.615 rad, with
n integer. Thus in this case the flat direction consists out of two rays of minima.

For the chosen values both minima are shown in fig. 5.1. The resulting potentials are
depicted in fig. 5.2. The flat directions are clearly recognizable and are in the radial
direction, as expected. For "minimum 1" it is clear that the flat direction is in the
φ0 direction, thus φ0 will be classically massless and obtain its mass due to quantum
corrections. The scalar S will have a non-zero classical mass. In case of "minimum 2"
the flat direction is along a linear combination of S and φ0. To describe the physical
scalars one has to look at the mass eigenstates. One of the eigenstates will be along
the flat direction and is classically massless, again it will obtain its mass via quantum
corrections. The other (perpendicular) mass eigenstate will have a non-zero classical
mass. A more mathematical treatment of the above is given in the next section.

-1.0 -0.5 0.5 1.0
ϕ0

-1.0

-0.5

0.5

1.0

S

FIGURE 5.1: The two minima, plotted w.r.t. φ0 and S. 〈ω1〉 is shown in
dashed-blue and 〈ω2〉 in solid-red. The dotted circle is the unit circle

with r = 1
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FIGURE 5.2: Contour plot of the potential V (φ0, S) for each mini-
mum. On the left with the minimum given by 〈ω1〉 and on the right

with the minimum given by 〈ω2〉.

Mass spectrum

For both these minima the mass spectrum can be determined. The mass spectrum
contains the PGB (h), which is a classically massless scalar and one massive scalar
(H). For the time being it is assumed that the PGB - the flat direction - corresponds
to the physical Higgs boson. Since the PGB does not have a classical mass it does not
contribute to the effective potential. The massive scalarH contributes to the effective
potential with W = m2

H .

When quantum corrections are taken into account hwill acquire a mass which can be
determined using eq. 4.30. In this formula 〈φ〉 is the VEV along the flat direction - the
VEV of h. H will not acquire a non-zero VEV. Furthermore we will set 〈φ0〉 = v = 246
GeV to match the model with the SM.

Minimum 1
The classically flat direction is in the φ0 direction and thus the Higgs field is simply
given by h = φ0. The massive scalar H corresponds to the field S, its mass can be
determined by expanding the Lagrangian around the VEV of φ0 resulting in:

m2
H = m2

S =
1

2
λ3〈φ0〉2 =

1

2
λ3v

2.

From eq. 4.30 the mass of h can be determined:

m2
h = 8B〈φ0〉2 =

1

8π2〈φ0〉2
[
m4
H + 6M4

W + 3M4
Z − 12m4

t

]
. (5.12)

For this model to predict the correct Higgs mass of mh = 125 GeV, we need a heavy
scalar mass of mH ∼ 540 GeV, which requires λ3 = 9.6.
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Minimum 2
When quantum corrections are turned on both S and φ0 will develop a non-zero
VEV: S = S′+ 〈S〉 and φ0 = φ′0 + 〈φ0〉. Setting 〈φ0〉 = v to match this theory with the
SM results in 〈S〉 = v〈tanω〉. The flat direction is some linear combination of S′ and
φ′0. By looking back at fig. 5.1 it is clear that the flat direction is given by:

h = 〈cosω2〉φ′0 + 〈sinω2〉S′ (5.13a)

The massive scalar is now given by the direction perpendicular to this:

H = −〈sinω2〉φ′0 + 〈cosω2〉S′ (5.13b)

The classical masses of h and H can be determined by expanding the Lagrangian
(eq. 5.8) around the VEVS of S and φ0. The quadratic terms gives the mass matrix in
the (φ′0, S

′) basis:

M2
ij =

3
2λ1〈φ0〉2 + 1

2λ3〈S〉2 λ3〈φ0〉〈S〉

λ3〈φ0〉〈S〉 3
2λ2〈S〉2 + 1

2λ3〈φ0〉2

 = v2

 λ1 −λ3/4
1 λ

1/4
2

−λ3/4
1 λ

1/4
2

√
λ1λ2

 .

The second equality is obtained by setting the VEVs to the values stated earlier and
applying the condition λ3(MW ) +

√
λ1(MW )λ2(MW ) = 0 3. Diagonalizing this mass

matrix gives a matrix in the (h,H) basis:

D2
ij =

0 0

0 (λ1 +
√
λ1λ2)v2

 .

The classical masses of h and H are now simply given by the diagonal values of this
matrix:

m2
h = 0 and m2

H =
(
λ1 +

√
λ1λ2

)
v2 (5.14)

Taking quantum corrections into account the scalar mass of h is determined to be4.30:

m2
h = 8B〈h〉2 =

1

8π2〈h〉2
[
m4
H + 6M4

W + 3M4
Z − 12m4

t

]
(5.15)

with

〈h〉2 = 〈φ0〉2 + 〈S〉2 =
v2

cos2 ω2
= (1 + ε)v2 =

(
1 +

√
λ1

λ2

)
v2. (5.16)

Combining the previous two equations we obtain:

m2
h =

1

8π2v2

1

1 +
√
λ1/λ2

[
m4
H + 6M4

W + 3M4
Z − 12m4

t

]
(5.17)

The above equation can be solved such that this model predicts the correct Higgs
mass of mh = 125 GeV. However, since the equation contains two unknown param-
eters; λ1 and λ2, there will be a solution for every value of λ1. This is shown in the
left graph of fig. 5.3. It shows the solution of eq. 5.17 in the parameter space (λ1, λ2).
Using these values of the coupling constant it is possible to calculate the mass of the

3The scale MW is implicit in the following equations
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heavy Higgs (eq. 5.14) for each set of coupling constants (λ1, λ2). This is shown in
the right graph of figure 5.3 4.

Clearly small λ1 and small λ2 are mutually exclusive. Choosing for example λ1 = 3.5
it is necessary to have λ2 = 2.98. These values result in a mass of the heavy scalar of
approximately 640 GeV.
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FIGURE 5.3: The coupling constants λ1, λ2 which are consistent with
mh = 125 GeV (left). The corresponding mass of the heavy scalar

(mH ) is shown on the right.

PGB is not the physical Higgs

Another options which has not been discussed yet is that the physical Higgs boson is
not identified with the PGB[19]. To match with SM the physical Higgs boson should
predominantly be the SM Higgs φ′0

5. Therefore this is not an option for minimum 1
since here the non-PGB would be S which does not contain any φ′0.

For minimum 2 it is possible to identify the non-PGB as the physical Higgs because
both physical scalars are a superposition of S′ and φ′0. When the physical Higgs is
identified with the non-PGB scalarH the mass of the PGB can be calculated using eq.
5.17. However, the Higgs mass is not large enough to cancel the top quark contribu-
tion to the effective potential. The calculated PGB is negative, which is unphysical.
Thus in the case of one additional scalar the PGB always needs to be associated with
the physical Higgs boson.

Implications & Experimental signatures

We have seen that the one-scalar extension contains two scalar degrees of freedom.
One of the scalars (h) corresponds to the flat direction and is identified as the PGB of
broken conformal invariance. This PGB h gains a mass due to quantum corrections.
The other scalar (H) corresponds to the direction perpendicular to the flat direction,
it has a classical mass. Additionally to match this extension with the SM the scalar h
needs to be identified with the physical Higgs boson.

4The approximate linearity of this graph seems to be a result of the small range which is taken.
Doing the same calculations for a larger range in coupling constants does indeed result in deviations
from this linear behaviour.

5Measurements indicate that the mixing angle of the SM Higgs φ′
0 with another scalar S it bounded

by S′

φ′
0
tanω < 0.65 [21].
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The model by Foot et al. allows for two solutions, which both give a non-zero VEV
to Φ. The mass of the physical Higgs boson h is known, therefore it is possible
to determine the mass of the scalar H . We have seen that both of these models
require big coupling constants to predict the correct Higgs mass. On first sight this
might indicate that the perturbative expansion is not valid, however since the true
expansion parameter seems to be 1

4πλ, with λ the scalar coupling. Therefore these
large couplings are just on the boundary of perturbative validity.

The one-scalar extension has certain experimental signatures, the most obvious be-
ing the prediction of a heavy scalar. The presence of another scalar in the particle
spectrum results in some experimental signatures. One of these is the mixing of the
scalars in the case of "minimum 2". The mixing of scalars means that the complex
scalar doublet is not identified with the physical Higgs, instead the physical Higgs
is a linear superposition of the SM Higgs boson φ′0 and the new scalar S. This has an
effect on the coupling of SM particles with the physical Higgs boson [21].

To see which effect we take a look at the Yukawa coupling of the SM Higgs with for
example the electron:

L ∼ yφ′0ψeψe. (5.18)

When scalars mix this term can be written out in terms of the new physical fields
(eq. 5.13) resulting in:

L ∼ y〈cosω〉hψeψe − y〈sinω〉Hψeψe. (5.19)

It can be read off from the Lagrangian that the physical Higgs h interacts with the
electrons with a strength ∼ y〈cosω〉. In comparison, the SM Higgs φ′0 interacts with
the electrons with a strength ∼ y. Measuring the interacting strengths can give
bounds on the mixing angle ω. In the future it might be possible to measure the
mixing angle precise enough to either prove or disprove mixing of the scalar dou-
blet with another scalar.

Another experimental signature of the one-scalar extension is related to the interac-
tion term between the S and φ0 scalar. Due to these interaction terms it is in principle
possible for the heavy scalar to decay into two light scalars. To see under which con-
ditions this is possible we have to look separately at both possible minima.

In case of "minimum 1" the potential of eq. 5.8 can be expanded around the ground
state - assuming only φ0 gets a non-zero VEV. The following interaction terms are
present:

Vint =
λ3

4
φ′0φ

′
0SS +

λ3

2
〈φ0〉φ′0SS. (5.20)

These interaction terms show that it is theoretically possible for a φ′0 scalar to decay
into two S scalars. However we already know that this decay channel is excluded
when considering energy conservation, since the S scalar is heavier than the physical
Higgs boson.

Things get more complicated when both φ0 and S obtain a VEV. Expanding the
potential around the ground state and doing a change of basis to the (h,H) basis
results in for example an interaction term like ∼ hhH . Thus in this case there is
the theoretical possibility for the heavy scalar H to decay into two (lighter) Higgs
bosons. This is possible in practice as long as the mass of H is at least 250 GeV.
Looking back at the possible scalar masses in figure 5.3 it can be concluded that
this condition is satisfied for a large range of coupling constants. Thus in case of
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"minimum 2" the decay of the heavy scalar into two Higgs bosons is a clear signature
of the model.

Apart from the decay signatures one can expect that these interaction terms also
have some effect on cross sections. These calculations are not part of this thesis but
will be interesting for testing this one-scalar extension.

The signatures discussed here show that whereas "minimum 2" has some clear ex-
perimental signatures - the decay of the heavy scalar and altered coupling constants
- minimum 1 is almost completely hidden. This is related to the fact that the scalar
S only couples to the SM Higgs doublet and not to any of the other SM particles.

5.4 UV behaviour

Minimal conformally symmetric models can only be expected to be valid up to the
Planck since gravity is not included in these models. Therefore an interesting addi-
tional condition to put on these models it that they have to be stable up to the Planck
scale. Which means that the theory should not have any Landau poles before the
Planck scale.

To see how the model of Foot et al. behaves as a function of energy the β functions
of the coupling constants are needed. The β functions of the scalar couplings, the
gauge couplings and the Yukawa coupling can be found in for example [23] and
[19].

The running of the one scalar extension has been calculated to one loop order, the
results are shown in figure 5.4. In this graph it is clear to see that the scalar couplings
turn large already at a small energy scale. This shows that one scalar extensions con-
tain a Landau pole before the Planck scale, making these models unreliable all the
way up to the Planck scale. Calculations done in for example [19] also conclude that
one scalar extensions suffer from a small Landau pole. Thus, to develop a confor-
mally symmetric theory which does not have a Landau pole before the Planck scale
further extensions are needed. Some of these possible extensions will be discussed
in the next section.

Comparing the graph in figure 5.4 to the running of coupling constants of the SM
(figure 3.1) it can be concluded that the addition of a single scalar has a huge effect on
the position of the Landau pole. Whereas the Landau pole of the SM lies far beyond
the Planck scale the extra scalar pushes the Landau pole to small energy scales. The
reason for this lies in the assumption of conformal symmetry, because of the neces-
sarily large scalar couplings the β functions get a large positive contribution. This
in turn results in accelerated growth of the scalar coupling constants, pushing the
Landau pole to small energy scales.

Another interesting thing which can be observed in this plot is that the scalar cou-
pling constants do not become negative at large scale, thus these models do not seem
to suffer from the Instability Problem.
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FIGURE 5.4: The running of the coupling constants in the one scalar
model, for minimum 1. With λ1(0) = 0, λ2(0) = 0.1 and λ3(0) = 9.6.
The initial values of the gauge and Yukawa coupling constants are the

same as before (Appendix A). µ0 = 173 GeV.

5.5 Additional scalars

Foot et al. [21] also consider adding an SO(N) scalar multiplet instead of one scalar.
The potential of such a model is given by:

V0(Φ, S) =
λ1

2
(Φ†Φ)2 +

λ2

8
(STS)2 +

λ3

2
(Φ†Φ)(STS) (5.21)

with S the SO(N) multiplet given by S = (S1, · · ·SN )T . The potential is very similar
to the one-scalar extension. Following the Gildener-Weinberg method several min-
ima can be found, again it is assumed that Φ should have a non-zero VEV. One of
the minima found is the case where only Φ obtains a non-zero VEV. This situation
is exactly the same as "minimum 1" in the one-scalar extension therefore the same
conditions apply to the coupling constants. The other minima describe situations in
which both Φ and one (or more) of the scalars in the multiplet obtains a non-zero
VEV.

To be able to match the model with the SM only "minimum 1" is a possibility since the
other minima require the multiplet to obtain a VEV. A VEV of the multiplet would
break the rotational symmetry, resulting in massless Goldstone bosons. Since we do
not observe these particles this option is excluded [21]. Investigating "minimum 1"
in the case of a scalar multiplet it is clear that the mass of each scalar in the SO(N)
multiple will be:

m2
H =

1

2
λ3v

2. (5.22)

Thus the contribution of the heavy scalars to the PGB mass 4.30 is nowNm4
H instead

ofm4
H . In order for the model to generate a physical Higgs mass of 125 GeV we need
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to have:
Nm4

H = 5404GeV4.

Larger N therefore requires a smaller coupling constant λ3. Requiring smaller scalar
coupling constants is a nice feature regarding the perturbative validity, however
these models still have a Landau pole at small scales [19]. Even more elaborate
extensions are needed to obtain a Landau pole beyond the Planck scale.

Another possible extension is an extension with two separate scalars, with potential
[19]:

V = λ1(Φ†Φ)2 + λ2S
4 + λ3R

4 + κ1(Φ†Φ)S2 + κ2(Φ†Φ)R2 + κ3S
2R2. (5.23)

An additional global Z2 symmetry has been imposed to remove all terms which have
an odd number S or R fields.

This potential has a number of different flat directions. Only the flat direction will
acquire a non-zero VEV. When turning on quantum corrections we still require Φ to
have a non-zero VEV, therefore only solutions with a flat direction (partly) along Φ
are physically relevant. The following flat directions remain:

(a) Flat direction along Φ

(b) Flat direction in the (Φ, S) plane

(c) Flat direction in the (Φ, R) plane (equivalent to case (b))

(d) Flat direction in the (Φ, S, R) space

Each flat direction will impose specific conditions on the coupling constants, similar
to the conditions determined for the flat directions of the one-scalar extension.

When turning on quantum corrections the PGB (or flat direction) will obtain a mini-
mum away from the origin. By expanding the potential around this VEV the follow-
ing mass spectrum will appear for each choice of flat direction:

(a) Φ will be the PGB which becomes massive due to quantum corrections. The
scalars S and R will have a classical mass.

(b) Φ and S will both have a non-zero VEV, therefore the mass eigenstates have to
be determined by doing a change of basis. This will result in one PGB h and
one heavy scalar H . Additionally the scalar R will have a non-zero classical
mass.

(c) Equivalent to case (b) with S ↔ R.

(d) All scalars will have a non-zero VEV. Again the physical scalars can be deter-
mined by doing a change of basis resulting in one PGB h and two heavy scalars
H1 and H2.

Case (a) is similar to "minimum 1" of the one-scalar extension whereas case (b) and
(c) are similar to "minimum 2" of the one-scalar extension. Case (d) will not be dis-
cussed any further in this thesis, because as we will see cases (b) and (c) already
allow for interesting physics.

Taking a look at case (a) and expanding around the VEV of Φ it can be determined
that the classical mass of the scalars S and R is given by:

m2
S = κ1〈φ0〉2 and m2

R = κ2〈φ0〉2.
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These classical masses will contribute to the mass of the PGB. Setting the mass of the
PGB to the physical Higgs mass of 125 GeV it can be determined from eq. 4.30 that
m4
S + m4

R = 5404 GeV4. Even though this condition will in general require smaller
scalar couplings it is shown in [19] that the Landau pole of this model is still below
the Planck scale.

In the same manner as for "minimum 2" of the one-scalar extension the masses of the
scalars in case (b) (and equivalently, case (c)) can be determined. The calculations
will not be done here but can be found in for example [19]. In this paper it is also
shown that the two-scalar extension with a non-zero VEV of S allows for a Landau
pole beyond the Planck scale. The paper assumes that the physical Higgs boson is
identified with the classically massive (non-PGB) scalar H .

Thus a two scalar extension where both Φ and one of the new scalars obtain a VEV
appears to be a viable Minimal Conformal Model [19] in the sense that it can pre-
serve EWSB, predict a Higgs mass of 125 GeV and be stable up to the Planck scale.

An additional benefit of this two-scalar extension where both Φ and S obtain a non-
zero VEV but R does not is that the scalar R is completely stable and therefore an
interesting dark matter candidate. The stability of R can be inferred from the poten-
tial of eq. 5.23. The scalar R can only decay when a term in the potential is present
which contains a single R field. However, when expanding the potential around
the non-zero VEVs of S and Φ all terms containing R will still be either quartic or
quadratic in R. Thus the theory does not allow for any decay of R into other scalars,
thereby making it a stable scalar particle. The scalar R can only disappear through
interactions or by annihilating with another R scalar.

The previous chapters have introduced conformally symmetric SM extensions as a
possible class of BSM theories. We have shown that conformal models are still a the-
oretical option because the scalar potential has not been measured precise enough.
The lack of knowledge about the scalar potential makes theories with an adapted
scalar potential interesting to look at. However, conformal symmetry which sets
µ2 = 0 is not the only possible modification. Instead of taking the limit µ2 → 0 one
can also take the limit µ2 → ∞. In this limit the Higgs potential - which is a linear
sigma model (LSM) - changes into a non-linear sigma model (NLSM).

The next chapter will introduce the NLSM and show how it is related to the Higgs
potential. A fascinating property of the NLSM is that the model exhibits Asymptotic
Safety, what this is and why it might be an interesting property for a BSM theory
will also be discussed in the next chapter.
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Chapter 6

The Non-Linear Sigma Model &
Asymptotic Safety

6.1 NLSM vs LSM

To see how the scalar part of the SM is related to the NLSM one needs to look at the
Lagrangian of both theories. The scalar part of the SM Lagrangian is given by:

L = (∂νΦ)†(∂νΦ)− µ2(Φ†Φ)2 − λ(Φ†Φ)2, (6.1)

with µ2 < 0. Using the definition of the complex doublet this Lagrangian can also
be written as:

L =
1

2
(∂νφi)

2 − µ2

2
φ2
i −

λ

4
(φ2
i )

2, (6.2)

with i = 0, 1, 2, 3. This is equivalent to an O(4) LSM. The Lagrangian of a simple
NLSM can be written as:

L =
1

2g2
(∂µϕi)

2 with ϕ2
i = 1, (6.3)

Again with i = 0, 1, 2, 3. The addition of a constant to the Lagrangian does not
change the physics, therefore the Lagrangian of the LSM can also be written as:

L =
1

2
(∂νφi)

2 − λ

4

(
φ2
i +

µ2

λ

)2

(6.4)

Taking the limits λ→∞ and µ2 → −∞ it is clear that in order for this Lagrangian to
be finite we must have φ2

i = −µ2

λ . Comparing this limit of the LSM to the NLSM it
can be seen that these models are equivalent for φi = 1

gϕi and g2 = − λ
µ2

. g2 has the
correct sign for negative µ2.

The NLSM can thus be seen as the strong coupling (and infinite mass) limit of the
LSM. To see why a NLSM is interesting we have to take a look at its UV behaviour.
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6.2 UV behaviour

The behaviour of a theory in the UV can be determined from the β functions. The
theory of β functions can be found in most textbooks (e.g. [1]) and is also summa-
rized in Appendix A. For clarity the definition of the β function will be stated here:

β = M
∂g

∂M
, (6.5)

with M the energy scale and g a coupling constant. The running of the coupling
constants in the SM (fig. 3.1) has already shown two ways for the coupling constant
to behave in the UV. The third UV behaviour is called asymptotic safety. We start
with a short summary of all three main UV behaviours:

(a) Asymptotic freedom
This occurs when the β function is negative for all values of the coupling con-
stant g. Increasing the energy scaleM thus requires g to decrease. Running the
coupling all the way up to the UV it is clear that the coupling constant goes to
zero. Thus a theory with a negative β function is free or non-interacting in the
UV. An example of this was already encountered in the SM in for example the
theory of the strong interactions; QCD.

(b) Landau pole
When the β function is positive for all g a Landau pole will occur. Thus, when
M increases also g should increase. When the coupling constant increases fast
enough the coupling becomes infinite already at a finite scale - this is a Landau
pole. The theory can not be trusted at and beyond a Landau pole because
the theory is no longer perturbative for large coupling constants. Also this
behaviour was already encountered in the SM, for example in the theory of
QED.

(c) Asymptotic safety
In some theories the β function can be positive for small values of g whereas
it is negative for large values of g. For small g increasing M means that also g
should increase, but for large g increasing M means decreasing g. Thus in the
UV the coupling constant flows to a non-zero fixed point. This fixed point can
be at large coupling constants (non-perturbative) as well as at small coupling
constants (perturbative). Asymptotic safety is in some sense a generalized ver-
sion of asymptotic freedom.

The β function as a function of the coupling constant g is shown in figure 6.1 for all
three UV behaviours.

Asymptotic Safety

Of these three UV behaviours asymptotic safety is probably the most interesting
one. Asymptotic safety was first proposed in the search of a renormalizable theory
of gravity [23]. It is well know that quantum theories of gravity have the problem of
being non-renormalizable due to the negative mass dimension of the gravitational
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FIGURE 6.1: The three different UV behaviours.

coupling constant. However this non-renormalizability refers to perturbative renor-
malizability, in the sense that every order in perturbation theory can be renormal-
ized. Since most techniques physicists have developed to calculate physical pro-
cesses like cross-sections rely on perturbation theory perturbative renormalizability
is usually seen as a necessary aspect of any QFT.

However, a theory can be renormalizable in a non-perturbative sense [24]. This hap-
pens when the theory contains a non-trivial UV fixed point - all coupling constants
flow towards a constant (large) non-zero value in the UV 1. This phenomenon is
called asymptotic safety. In the presence of a non-trivial UV fixed point a theory is
well defined up to arbitrary energies, resulting in a renormalizable theory. Due to
the non-perturbative nature of these theories calculating for example the fixed points
is in general not an easy task.

A simple theory for which asymptotic safety can be shown is the NLSM. In the next
section the β function of the NLSM will be calculated, showing that the theory is
indeed asymptotic safe.

6.3 Non-Linear Sigma Model

The NLSM is a theory closely related to the LSM but, as we will see shortly, with
completely different UV behaviour.

We will start with the UV behaviour of the LSM. The scalar part of the SM is equiv-
alent to the O(4) LSM. Therefore one can determine the β function of this LSM from
the scalar β function of the SM (Appendix A). Ignoring all contributions from the
other SM particles the β function is given by:

βλ =
1

16π2
24λ2. (6.6)

1A UV fixed point is called trivial or Gaussian when all coupling constants flow towards zero in
the UV, resulting in a non-interacting theory. This is called asymptotic freedom. In the presence of a
Landau pole the coupling constants also flows to zero in the UV beyond the Landau pole.
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This β function is positive and therefore the O(4) LSM has a Landau pole in the UV.
Generalizing the β function for a general (O(N)) LSM [1], shows that the β function
is positive for general N , thus O(N) LSM suffer from a Landau pole.

To determine the UV behaviour of the NLSM the β function needs to be calculated.
We will calculate the β function in the manner outlined in Appendix A using the
Callan-Symanzik (CZ) equations and calculating Green’s functions.

The NLSM is perturbatively renormalizable in d = 2 but not in d = 4. The Callan-
Symanzik equations are only defined for renormalized theories, thus to determine
the β function in d = 4 the β function in d = 2 needs to be determined first. This can
be done using the CZ equations of Appendix A. Here only an outline of the calcula-
tion will be given, details can be found in for example [1]. The general Lagrangian
of a NLSM with N scalar fields is given by:

L =
1

2g2
(∂µφi)

2 with φ2
i = 1, (6.7)

with i = 1, . . . N . This can be rewritten by defining φi = (π1, . . . , π(N−1), σ), resulting
in:

φ2
i = π2

i + σ2 = 1→ σ2 = 1− π2
i (6.8)

By expanding in powers of πi the Lagrangian can now be written as:

L =
1

2g2
(∂µπi)

2 +
1

2g2

(πi∂µπi)
2

1− π2
i

≈ 1

2g2
(∂µπi)

2 +
1

2g2
(πi∂µπi)

2 + · · · (6.9)

To determine the β function using the CZ equations two Green’s functions need to
be calculated, in this case G(1)(σ) and G(2)(π1, π1) can be used. Figure 6.2 shows the
Feynman diagrams for both Green’s functions up to 1-loop order.

FIGURE 6.2: Diagrams contributing to the Green’s functions G(1)

(above) and G(2) (below). i = 1, · · · , N − 1.
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Using the following renormalization conditions:

G(1) = 〈σ(x)〉 = 1 at µ2 = M2

G(2) =
ig2

k2
at µ2 = M2 (6.10)

both Green’s functions can be determined. Resulting in:

G(1)(σ) = 〈σ(0)〉 = 1− g2(N − 1)

8π
lim
µ2→0

log(M2/µ2) (6.11)

and

G(2)(π1, π1) =
ig2

k2
− ig4

4πk2
lim
µ2→0

log(M2/µ2). (6.12)

For both of these Green’s functions the first term is the tree level term whereas the
second term is the one-loop correction: G = Gtree +Gloop.

The CZ equation for G(1) is given by:[
M

∂

∂M
+ β

∂

∂g
+ γ

]
G(1) = 0. (6.13)

This equation can be split up in a tree level and a one-loop level equation. Since both
β and γ are zero at tree level only the first order equation is relevant:

M
∂

∂M
G

(1)
loop = −

[
β
∂

∂g
+ γ

]
G

(1)
tree. (6.14)

Plugging in G(1)
tree and G(1)

loop gives:

γ =
g2(N − 1)

4π
(6.15)

Doing the same for G(2) and using the already determined value of γ, the β function
of the NLSM in d = 2 can be determined:

β = − g
3

4π
(N − 2) (6.16)

From this β function it can be concluded that the NLSM is asymptotically safe in
d = 2 for N > 2.

To determine the β function in d > 2 the general rule derived in Appendix A.2,
eq. A.16) can be used. To apply this a rule a dimensionless coupling constant is
needed. From the Lagrangian it can be determined that g2 has dimension (2− d). A
dimensionless coupling constant λ can thus be defined as: g2 = λM2−d. Applying
the general equation we obtain:

β(d)(λ) = −(2− d)λ+ β(2)(λ), (6.17)

with:

β(2)(λ) = β(2)(g2) = M
∂g2

∂M
= 2gβ(2)(g) = − g

4

2π
(N − 2) = −λ

2

2π
(N − 2). (6.18)
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Combining the previous two equations gives:

β(d)(λ) = −(2− d)λ− λ2(N − 2)

2π
(6.19)

The β function of the NLSM in d = 4 is thus:

β
(4)
λ = 2λ− λ2(N − 2)

2π
(6.20)

For d = 4 this theory is positive for small λ and negative for large λ. This means that
the theory has an UV fixed point at: λ∗ = 2π(d−2)

N−2 .

Concluding, the NLSM in d = 4 is an asymptotic safe theory and is therefore ex-
pected to be renormalizable in a non-perturbative sense.

6.4 Possible application to a SM extension

A NLSM has the advantage of being asymptotic safe and therefore renormalizable.
Asymptotic Safe models do not have any Landau poles, which makes Asymptotic
Safety an interesting property to look at when developing BSM theories.

Unfortunately, implementing the NLSM into the scalar part of the SM poses severe
problems regarding the phenomenology of the model. For one, taking the limits
λ → ∞ and µ2 → ∞ of the LSM would naively result in an infinitely heavy scalar
mass, since the scalar mass is proportional to µ. Calculations do seem to indicate that
the scalar mass in a NLSM is bounded from above [25]. Also, it is not entirely clear
how a NLSM would produce a VEV in order for the other SM particles to obtain
a mass via spontaneous symmetry breaking. Additionally it is not certain if such
a theory would contain a massive Higgs boson. In for example [26] the following
statement is made:

"Replacing the complex Higgs doublet by a S3 NLSM results in a “Higgsless” theory."

An S3 NLSM is described by the Lagrangian of eq. 6.7 with i = 1, . . . , 4. This theory
would be the natural replacement of the LSM in the SM since it also contains four
scalar fields. However, in the NLSM due to the condition φ2

i = constant only three
fields are independent.

Another problem related to implementing a NLSM into a SM extension is the fact
that the scalar β function will get contributions from the SM fermions and gauge
bosons. It is shown in for example [27] that this can result in the disappearance of
the non-trivial fixed point.

In the literature not much can be found regarding the implementation of the NLSM
into the scalar part of a SM extension. The problems outlined above seem to make it
difficult to find such an implementation.

Still, because of its renormalizability and relation to theories of quantum gravity,
Asymptotic Safety is an intriguing property for a BSM theory. Whereas the NLSM -
one of the simplest Asymptotic Safe theories - faces some problems when trying to
implement it in the SM there is a lot of research focussed on SM extensions which
exhibit Asymptotic Safety (see for example [27] and [28]). One fascinating result
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regarding Asymptotic Safety and gravity can be found in the paper by M. Shaposh-
nikov and C. Wetterich [23]. In this article from 2009 - before the discovery of the
Higss boson - the Higgs mass is predicted to be about 126 GeV. Surprisingly, this
value is consistent with the experimentally determined Higgs mass. The key as-
sumption made in this calculation is that the SM plus gravity is asymptotically safe.

Asymptotic Safe extensions are by themselves a complete topic for a Master Thesis
and can therefore not be discussed any further in this work.
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Chapter 7

Conclusions

In this thesis previous work done on minimal conformally invariant extensions of
the Standard Model has been explained. To get an in-depth understanding of what
is physically happening part of the results obtained in articles related to this topic
have been recalculated. Figures have been added to clarify the sometimes abstract
calculations.

We have argued that minimal extensions are becoming increasingly interesting due
to the lack of evidence of new physics in experiments. Conformally symmetric mod-
els are fascinating because these models do not suffer from the Hierarchy Problem,
thereby solving one of the biggest SM problems. Thus, combining the idea of a min-
imal extension with conformal symmetry allows for a theory which does not suffer
from the Hierarchy Problem while most of the Standard Model predictions remain
largely unchanged.

The problem of conformally symmetric theories is that they do not exhibit classi-
cal spontaneous symmetry breaking, of which the Higgs mechanism is an example.
Since Electroweak Symmetry Breaking is a crucial part of the Standard Model this
seems to make conformal symmetry unsuited as a BSM property. However, it is
shown that apart from classical spontaneous symmetry breaking there exists a sec-
ond way to induce Electroweak Symmetry Breaking. This phenomenon is called
Radiative Symmetry Breaking or the Coleman-Weinberg mechanism. The theory of
Radiative Symmetry Breaking shows that a VEV can be created through quantum
corrections. The theory of Radiative Symmetry Breaking has been explained using
some simple examples like the φ4 theory. These examples also show that confor-
mally symmetric models indeed do not face the Hierarchy Problem.

Conformal Symmetry has been applied to the SM, unfortunately we have seen that
the SM by itself can not be conformally symmetric. However, it is shown that simple
scalar extensions can already result in viable BSM theories, which do exhibit Ra-
diative Symmetry Breaking. Whereas the one-scalar extension suffers from a small
Landau pole, the two-scalar extension can have a Landau pole beyond the Planck
scale. Large Landau poles are preferential because they reduce the need for any new
physics up to the Planck scale, at which the theory needs to be replaced by a theory
containing gravity in any case. Additionally it is shown that the two-scalar extension
allows for a Dark Matter candidate.

The end of the thesis has briefly touched upon the topic of Asymptotic Safety. This
property might be a solution to the problem of the perturbative non-renormalizability
of quantum theories of gravity. The simplest Asymptotic Safe theory, the non-linear
sigma model, has been introduced and the property of Asymptotic Safety is proven.
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Despite the similarities between the scalar Higgs potential and the non-linear sigma
model it seems unlikely that the SM scalar potential can be exchanged by a non-
linear sigma model without changing the SM phenomenology to much. Asymptotic
Safety itself remains interesting in the development of SM extension.
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Chapter 8

Outlook

Future theoretical work consists for example in determining precisely the parame-
ters which can be used to differentiate the Standard Model from the proposed scalar
extensions. These parameters are for example the interaction strengths and cross
sections. We have already encountered a prediction made by some scalar exten-
sions; the non-zero mixing angle between scalars. By measuring this mixing angle
through the coupling between the Higgs boson and the SM particles it is possible to
determine the validity of these scalar extensions. Another experimental challenge is
the measurement of the Higgs self-coupling. This measurement is crucial because
it will give the clearest indication to decide if Spontaneous Symmetry Breaking is a
classical or quantum phenomenon.

While anticipating these experimental results more theoretical research on the con-
cept of conformal extensions should be done, specifically research on the addition
of extra gauge sectors. This has an interesting application in the context of Grand
Unified Theories (GUTs) [5].

Symmetry breaking in these GUTs is usually induced by a scalar potential, similar
to the Higgs mechanism of Electroweak symmetry breaking. Instead of this classical
symmetry breaking it is interesting to determine if it is possible to break the GUT
symmetry through radiative symmetry breaking. A BSM theory which combines
the predictive power of a GUT with the elegance of conformal symmetry will re-
sult in rich phenomenology while hopefully having less problems than the current
Standard Model.

An interesting research question for future work is thus:
“Can a GUT be broken into the SM symmetry group through radiative symmetry breaking?”

To give a complete answer to this research question several things have to be consid-
ered. An essential first step is to look at radiative symmetry breaking in simple SM
extension with an extra gauge sector and determine the effect of extra gauge sectors
on the phenomenology of the theory. After researching some simple gauge sector
extensions more elaborate extensions can be researched.

To determine which gauge sector extensions are interesting for the specified research
question it is necessary to take a look at viable GUTs. In general these GUTs predict
extra scalars as well as additional gauge sectors. These GUTs reduce to the SM via
specific symmetry breaking patterns.

These two research lines can subsequently be combined to determine if it possible
to break a GUT symmetry through radiative symmetry breaking instead of classical
spontaneous symmetry breaking.
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A specific GUT to which this line of research can be applied is the SO(10) gauge
theory. It is already known that, by breaking the SO(10) gauge group, the Stan-
dard Model symmetry group can in principle be recovered. Among the different
intermediate steps is the possibility for SO(10) to break down into a so-called left-
right symmetric model. Left-right symmetric models contain an extra SU(2)R gauge
group and are interesting because they avoid the unexplained handedness of the
Standard Model.
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Appendix A

Running coupling constants

In this Appendix the theory of β functions will be discussed for massless as well
as massive theories. β functions can be calculated using the Callan-Symanzik equa-
tion, however in their simplest form they are only valid for dimensionless coupling
constants. The Callan-Symanzik equation for dimensionless coupling constants is
the topic of the first section. In the second section this theory will be generalized for
dimensionful coupling constants, which will lead to a β function as function of the
space-time dimension. In the third and last section the running of the SM will be
discussed.

A.1 Callan-Symanzik equation

The Callan-Symanzik equation describes the idea that the renormalization scale (M )
is an arbitrary scale, measurable quantities like the renormalized Green’s functions
(G(n)(x1, · · · , xn)) should not depend on it. This notion can be made precise by
looking at the effect of an infinitesimal shift inM onG(n). For an interacting massless
scalar field theory with a dimensionless coupling constant λ. The connected Green’s
function is defined as:

G(n)(x1, · · · , xn) = 〈Ω|Tφ(x1) · · ·φ(xn)|Ω〉c (A.1)

This is the n-point correlation function. It describes the vacuum to vacuum ampli-
tude for n fields. An infinitesimal change in M has to be accompanied by infinites-
imal changes in φ and λ in order to make G(n) independent of the renormalization
scale. We define the following infinitesimal shifts:

M →M + δM (A.2a)

λ→ λ+ δλ (A.2b)

φ→ φ(1 + δη) (A.2c)

Since G(n) depends on λ as well as on M , an infinitesimal change in G(n) is defined
by:

dG(n) =
∂G(n)

∂M
δM +

∂G(n)

∂λ
δλ (A.3)

Combining Eq. A.1 and Eq. A.2 the infinitesimal change in G(n) can also be written
as:

dG(n) = nδηG(n) (A.4)
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Now combining the previous two equations with the notion that the Green’s func-
tion should be independent of the renormalization scale we find the Callan-Symanzik
equation: [

M
∂

∂M
+ β

∂

∂λ
+ nγ

]
G(n) = 0 (A.5)

with
β ≡M δλ

δM
(A.6a)

and
γ ≡ −M δη

δM
(A.6b)

The infinitesimal β function can be generalized for finite changes:

β = M
∂λ

∂M
(A.7)

Equation A.5 shows that the β function can be determined by calculating the renor-
malized Greens functions.

A.2 Massive operators and different dimensions

The Callan-Symanzik equation derived above is valid for massless field theories.
When the Lagrangian contains massive operators the CZ equation needs to be mod-
ified. The general idea remains the same:

"A change in renormalization scale needs to be accompanied by a change in coupling con-
stants and field strengths such that physical quantities like the Green’s function are invariant
under changes in the renormalization scale."

In the following this principle will be applied to a massive renormalized field theory
in d dimensions of the form:

L = LM + ρiM
d−diOiM , (A.8)

with LM the massless renormalized field theory, renormalized at a scale M . The
dimension of the operator OiM is di, ρi is dimensionless.

Finding the CZ equation we look again at the Green’s function with li insertions of
the operator OiM :

G(n) = 〈φ1, · · ·φn(ρiM
d−diOiM )l〉 (A.9)

The fields transform under an infinitesimal change as previously defined. And:

ρi → ρi + δρi (A.10a)

OiM → OiM (1 + δηi) (A.10b)

Results in:

dG(n) =

(
nδη + liδηi + li

δρi
ρi

+ (d− di)l
δM

M

)
G(n) (A.11)
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and also:
dG(n) =

∂G

∂M
δM +

∂G

∂ρi
δρi (A.12)

Combining results in:(
M

∂

∂M
+ nγ + [ρiγi − (d− di)ρi]

∂

∂ρi

)
G(n) = 0 (A.13)

With:
γ = −M δη

δM
, γi = −M δηi

δM
(A.14)

We define:
βi = ρiγi − (d− di)ρi (A.15)

In a field theory with dimensionful coupling constant λ, the following general law
can be stated for the β function of a dimensionless coupling constant g (λ = gMx),
in d dimensions:

β(d)(g) = βdM (g)− x · g +O(x2g2) (A.16)

with x = powers of mass needed to make g dimensionless and dM = dimension in
which λ is dimensionless.

The previous can for example be applied to a scalar field theory in d dimensions of
the form:

L = L0 −
1

2
ρmM

2φ2
M −

1

4
λM4−dφ4

M , (A.17a)

with all the coupling constants dimensionless. This results in the following CZ equa-
tion: (

M
∂

∂M
+ nγ + βm

∂

∂ρm
+ β

∂

∂λ

)
G(n) = 0 (A.17b)

with
βm = ρmγm − 2ρm (A.17c)

β(d) = λγλ − (4− d)λ ≡ β(4)(λ) + (d− 4)λ (A.17d)
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A.3 Standard Model

In this section the β functions of the SM parameters will be given. Subsequently the
initial values of these parameters will be determined. These β functions and initial
values are used to plot the running of the SM coupling constants in figure 3.1.

β functions
The one-loop β functions of the SM couplings can be found in for example [19] and
[23]. For completeness they are also stated below.

βg1 =
1

16π2

41

6
g3

1

βg2 = − 1

16π2

19

6
g3

2

βg3 = − 7

16π2
g3

3

βyt =
1

16π2

(
−17

12
g2

1yt −
9

4
g2

2yt − 8g2
3yt +

9

2
y3
t

)
βλ =

1

16π2

[
24λ2 + 6(2λ− y2

t )y
2
t − 3λ(g2

1 + 3g2
2) +

3

8
(g4

1 + 3g4
2 + 2g2

1g
2
2)

]

Standard Model masses
To determine the running of the couplings constants an initial value is needed. The
initial values can be calculated once the particle masses are known. The table below
summarizes all relevant masses (from [1] and [5]).

Particle Theory (SM) Experiment

t mt = 1√
2
yt〈φ0〉 mt = 173.21 GeV

W± M2
W = 1

4g
2〈φ0〉2 MW = 80.385 GeV

Z M2
Z = 1

4(g2 + g′2)〈φ0〉2 MZ = 91.188 GeV

γ M2
γ = 0 Mγ = 0

H M2
H = −2µ2 = 2λ〈φ0〉2 MH = 125 GeV

TABLE A.1: Theoretical and experimental value of some SM particles

In this table g is the SU(2) coupling constant (also called g2) and g′ the hypercharge
U(1) coupling constant (also called g1). yt is the Yukawa coupling of the top quark.

Electroweak VEV
v = 〈φ0〉 is determined by comparing the amplitude of muon decay in the Fermi
theory with the amplitude of muon decay in the SM:

1√
2
GF =

g2

8M2
W

Using the SM result that M2
W = 1

4g
2v2 the VEV is obtained:

v = (
√

2GF )−1/2



A.3. Standard Model 71

From muon lifetime experiments the Fermi coupling is determined to beGF = 1.166·
10−5 GeV−2. Thus, v = 246 GeV.

Initial values
By combining the value of the VEV with the previous table the following indirect
values for the VEV and the coupling constants can be determined.

Parameter Value

v = 〈φ0〉 246 GeV

g′ 0.349

g 0.654

yt 0.996

λ 0.129

TABLE A.2: Indirectly determined values for couplings and VEV

These are taken as the initial values of the coupling constants at the scale µ = 173
GeV. Additionally the initial value of g3 is taken to be 1.26 at this scale.
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Renormalization

The theory of renormalization can also be found in most textbook, e.g. [1] and [29].
The basic principles of renormalization will be shown by means of an example. For
simplicity the theory describing an interacting massive scalar field is used.

The bare Lagrangian describing an interacting massive scalar field is given by:

L =
1

2
(∂µφ0)2 − 1

2
m2

0φ
2
0 −

λ0

4!
φ4

0 (B.1)

The fields and constants in this equation are the bare quantities. When calculating
loop diagrams using this Lagrangian infinities are encountered. These infinities are
dealt with by proposing that the parameters in the Lagrangian are not measurable,
the quantities we do measure are the physical parameters which are in general en-
ergy dependent.

The Lagrangian can be written in these physical parameters by the following changes:

φ0 = Z1/2φ

δZ = Z − 1

δm = m2
0Z −m2

δλ = λ0Z
2 − λ

This results in a Lagrangian of the form:

L =
1

2
(∂µφ)2 − 1

2
m2φ2 − λ

4!
φ4 +

1

2
δZ(∂µφ)2 − 1

2
δmφ

2 − δλ
4!
φ4 (B.2)

All constants with subscript 0, like λ0, describe the bare constants. All constants
without this subscript describe the renormalized quantities.

The infinities are absorbed by the renormalization terms, making the physical pa-
rameters finite. For every loop order the infinities can be determined and absorbed
in the renormalization constants, using specific renormalization conditions.

The renormalization terms can be expanded in loop order like:
δm = δ

(1)
m + δ

(2)
m + δ

(3)
m + · · ·

At tree level the renormalization terms are zero, by definition.
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In the thesis several different renormalization conditions are used. Usually they boil
down to setting the mass and vertices terms equal to the renormalized values at
some specific renormalization scale (M ).

To deal with the infinities popping up in calculations one also needs a systematic
way to calculate them. There are several different ways to calculate infinities, some
more useful than others. In this thesis only the "UV cut-off" is used.

Note: The one and two loop β functions are independent of the choice of regulariza-
tion.

UV cut-off
The first method does exactly what we would expect from its name; instead of taking
the integral to infinity the integral is taken to Λ. Some integrals can be calculated
very simply using this approach, especially integrals in massless theories. However
the cut off destroys gauge invariance and is therefore not always applicable. Since
the theories in this thesis are all effective field theory the UV cut-off can be applied.

An example of an integral which is easy to calculate using a UV cut-off is:∫
d4p

(2π)4

i

p2
(B.3)

To avoid the poles this integral is Wick rotated into the complex plane (p0 → ip0
E).

This reduces the integral to a simple spherical integral in four (Euclidean) dimen-
sion. The area of a sphere in four dimensions is given by

∫
dΩ = 2π2.

Below a step by step calculation of the integral above:

∫
d4p

(2π)4

i

p2
=

∫
id4pE
(2π)4

i

−p2
E

=

∫
dΩ

∫
idpE
(2π)4

ip3
E

−p2
E

=
1

8π2

∫
dpEpE

=
1

16π2
Λ2
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Appendix C

Mathematics

This Appendix summarizes some of the mathematics used in this thesis.

Geometric series

∞∑
n=1

1

n
xn = − log(1− x)

Gamma matrix identities

• Tr(γν , γµ · · · γρ) = 0 for uneven number of gamma matrices

• (γ5)2 = 1

• {γµγν} ≡ γµγν + γνγν = 2ηµνI

Polygon Integral

∞∑
n=1

i

2

∫
d4k

(2π)4

1

n

(
1/2 · λφ2

c

k2

)n
= − i

2

∫
d4k

(2π)4
log

(
1− λφ2

c

2k2

)
=

1

2

∫
d4kE
(2π)4

log

(
1 +

λφ2
c

2k2
E

)
=

1

24π2

∫
dkEk

3
E log

(
1 +

λφ2
c

2k2
E

)
=

1

26π2

[
λφ2

cΛ
2 +

λ2φ4
c

4

(
log

(
λφ2

c

2Λ2

)
− 1

2

)]
(C.1)

To calculate the integral of the first line one has to rotate from Minkowski spacetime
(x0, x1, x2, x3) to Euclidean space (x0

E , x
1
E , x

2
E , x

3
E). This is achieved through a Wick

rotation which is defined as:
x0 = −ix0

E

k0 = ik0
E

such that
x2 = xµx

µ = (x0)2 − (xi)22 = −(xE)2

k2 = kµk
µ = (k0)2 − (ki)2 = −(kE)2.
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The integral of the third line is calculated using a UV cut-off and the standard inte-
gral:∫ Λ

0
dxx3 log(1 + a/x2) =

1

4

[
a(Λ2 − a log(a+ Λ2)) + Λ4 log(a/Λ2 + 1)

]
+

1

4
a2 log(a)

which reduces to the following when Λ is big:∫ Λ

0
x3 log(1 + a/x2) ≈ 1

4

[
aΛ2 − a2 log(Λ2) + Λ4

(
a

Λ2
− a2

2Λ4

)
+ a2 log(a)

]
=

1

4

[
2aΛ2 − a2

2
+ a2 log(a/Λ2)

]
=

1

4

[
2aΛ2 + a2

(
log(a/Λ2)− 1

2

)]
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