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Abstract: In classifying functional data we can take advantage of its functional properties by
approximating the underlying function that it represents. This has been implemented using
Chebyshev Polynomials [7]. Approximation of functional data reduces the amount of feature
dimensions for the data. For generalized relevance learning vector quantization (GMLVQ) this
results in speedup in learning and less overfitting. The classification results using GMLVQ are
comparable and sometimes better than using the original feature vectors [7]. The base functions
that are used for approximating the underlying function have different relevances per class. To
make use of this we implemented local relevance matrices (LGMLVQ) as in [13] to extend the
no-nonsense LVQ toolbox [5]. This resulted in an improvement of classification performance
using multiple functional data sets in relation with the shape variance per class. The feature
relevances show that the base functions which fit the shape of the underlying function better
are more important. After the training process we translated the LGMLVQ relevance matrices
results back to the original feature space which resulted in a similar result as with training with
the data in the original dimension.

1 Introduction

A large quantity of data is gathered nowadays from
things such as devices and sensors and most of this
data has to be classified. Many unsupervised and
supervised machine learning techniques exist to do
this [14]. One of them is prototype based learning,
where prototypes which are a representation of the
classes and distance measures are used to classify
data. An advantage of this technique is that it is
very intuitive and straightforward to implement. [7]
When it comes to classification of data, advantage
can be taken from the type of data that needs to be
classified. In the case of classification of functional
data, like timeseries or spectra, the functional na-
ture of the data can be used in advantage of classi-
fication. In functional data, the order of features is
relevant because the features are consecutive mea-
surements in time or order. The approach that we
use in this study is looking at high dimensional
feature vectors containing functional data as a dis-
cretized representation of a continuous function [7].
The function has its own characteristics that can be
used for classification.
To make use of these characteristics we can ap-
proximate the feature vector to retrieve the func-

tion as a combination of functions that it repre-
sents. In previous studies [7, 9] this was done us-
ing two-class classification problems and applying
prototype based learning in the form of General-
ized Matrix Learning Vector Quantization (GM-
LVQ) on the functional approximation of the input
data. This resulted in equal or superior classifica-
tion performances compared to the feature vector
in the original dimension [7]. The biggest benefit
from this is that the dimension of the data can
be heavily reduced. This results in speedup of the
training process and the approximation smoothens
the function which results in less overfitting [7]. In
this study we want to investigate what the classi-
fication performances are for real world multi-class
problems. While doing this we also want to look at
the extent to which the classification performance
increases for functional data if local matrix LVQ
(LGMLVQ) is used instead of GMLVQ.
To do this we used real world data sets to measure
classification performances. The primary data set
that we used is the sugar data set [8]. This data set
consists of infrared spectra of 9 sugar types from
various infrared-sensors.
The goal of this research is to discover what the rel-
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evance results mean if we translate the results from
the approximated dimension back to the original
feature dimension of the dataset. We expect that
the results will show resemblance with the results
of training with the original input data. It will also
contain relevances based on the functional nature
of the data that come from the polynomial approx-
imation.

2 Background Information

To improve the classification of multi-class func-
tional data we considered the polynomial approx-
imation of the data and the use of local matrices
over global matrices. To understand where the per-
formance improvement comes from we first have to
explain the mathematical framework that is used.

2.1 Functional Data

With functional data other then regular data is de-
fined by data with a specific order, this means that
the order of the features matter. This data can also
be described by, as the name says, functions. Ex-
amples of functional data are, time-series, spectro-
grams and sensor data. A characteristic that comes
with functional data is that a single feature does
not tell so much about the data, but a sequence
or interval of features tells us about the shape or
form of the data. This shape tells us more about
the characteristics that the data has rather than a
single feature.
To classify functional data we want to use the shape
to get a better classification result instead of using
the individual features. To do that we need to trans-
form the data to a space where we get a description
of its shape. A method to do this is, approximate
the feature vectors or curve as what is represented
with the use of base functions. We can combine the
base functions in such a way that it approximates
a feature vector as close as possible. With that we
can obtain coefficients to describe the combination
of the base functions.

2.1.1 Chebyshev Polynomials approxima-
tion

To approximate the curve we can use Chebyshev
polynomials as base functions for the polynomial

fitting. With a set of Chebyshev polynomials we
can derive coefficients ci,j so that

fi(x) =

∞∑
k=0

ci,j · gk(x), (2.1)

where fi(x) is the curve that we want to approx-
imate and gk(x) is the set of Chebyshev polynomi-
als. Here we can limit k in the sum from infinity
to a n > 0 but also n < d where d is the length
of the original feature vector. The coefficients ci,j
are obtained by a linear transformation F from the
original feature vector ξo by:

ξc = F · ξo. (2.2)

This results in a new feature vector ξc with
ci ∈ Rn. By taking a number n less then 20 the
approximation fits the general shape of the curve.
This is a more smoothed version of the curve which
helps with classification because overfitting is less
likely to occur.

The Chebyshev Polynomials of the first kind that
we use as base functions are described as:

T0 = 1 (2.3)

T1 = x (2.4)

Tn = 2xTn(x)− Tn−1(x), (2.5)

where n is the nth polynomial. For this research
we used the Chebyshev implementation of [7]. We
ran the classification with multiple configurations
of n. The previous study [7] concluded that we need
at least around 20 polynomials to reach to the same
classification scores as with the whole feature vec-
tors. Therefore, we took at least 20 or more poly-
nomials for classification.

2.2 Classification

2.2.1 Learning Vector Quantization

Learning vector quantization is a classification sys-
tem that uses prototypes and distance measures
to classify objects [1]. It is an supervised learning
method introduced by Kohonen based on Self Or-
ganizing Maps [3]. The procedure begins with tak-
ing a number of prototypes per class (usually one)
to represent the data in the class. This prototype
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can be initialized randomly or at a more specific
point, like the mean of the class of that prototype.
To complete the initialization we also need to de-
termine how fast we want our prototypes to learn,
this is called a learning rate described by the sym-
bol η.
After initialization we can start the training pro-
cess, here we visit all training samples ξµ, at every
training sample with class label yµ we calculate the
distance to all prototypes. This is done using a dis-
tance measure, in most cases the squared-Euclidean
distance measure is used because it is a simple met-
ric but other distance measures exist as well. Then,
two prototypes are marked as winners. The first
winner is the correct winner w∗j which is the proto-
type that has the smallest distance to the training
sample and where:

y∗j = yµ. (2.6)

The second winner is the incorrect winner that has
smallest distance to the training sample and where:

y∗k 6= yµ. (2.7)

An update is then performed on both winners un-
der the winner-takes-all principle (WTA) [1] which
is called LVQ 2.1 [4] and is described as:

w∗j ← w∗j − η(ξµ − w∗j ) (2.8)

w∗k ← w∗k + η(ξµ − w∗k). (2.9)

This results in an update where the of correct win-
ner is moved closer to the training sample and the
incorrect winner is moved away from the training
sample. After the update the next training sam-
ple is picked to do an update step with, this is
repeated till all training samples are visited. The
term for visiting all training samples is called an
epoch, multiple epochs can be executed for learn-
ing. An extension of this LVQ version is Generalized
Learning Vector Quantization (GLVQ) [11]. Learn-
ing in GLVQ is based on minimizing a cost function
S with monotonic function Φ where:

S =

N∑
i=1

Φ(µ(ξ)). (2.10)

This cost function is based on the distances from
the training sample to the correct winner dj from

the training sample to the incorrect winner, dk.
From a new distance measure, µ(ξ) is derived as

µ(ξ) =
dj − dk
dj + dk

. (2.11)

The quantity µ(ξ) is a number between 1 and -1
and is negative if the training sample is classified
correctly and positive if it is classified incorrectly.
Using function gradient descent in order to mini-
mize the cost function S, update steps of the form

w∗j ← w∗j + η
∂Φ

∂µ

dk
(dj + dk)2

(ξµ − w∗j ) (2.12)

w∗k ← w∗k − η
∂Φ

∂µ

dj
(dj + dk)2

(ξµ − w∗k) (2.13)

are obtained. These are the GLVQ update steps
where the learning rate is adjusted by the cost func-
tion. If the error approaches zero, the prototypes do
not move anymore during training and the training
process is completed.

2.2.2 Relevance learning in LVQ

Not all features in the feature vector are equally im-
portant in deciding which class it belongs. For in-
stance if we are classifying vehicles the color is not
that relevant for deciding which class it belongs to
but the amount of wheels is important to see if it a
car or motorcycle. To take this into account, we can
use relevance learning where the relevance of each
feature is determined. This relevance is used dur-
ing calculation of the distance measure between the
training sample and prototype dΛ(w, ξ). There are
multiple forms of relevance learning schemes but
the ones used in this research are (Global) Gener-
alised Matrices also known as GMLVQ and Local
Generalised matrices (LGMLVQ) which are exten-
sions of GLVQ [13]. The global matrix system uses
one matrix Λ to for calculating

dΛ(w, ξ) = (ξ − w)TΛ(ξ − w) (2.14)

where Λ = ΩTΩ and Ω ∈ RN×N . (2.15)

Here we calculate the distance measure taking the
relevances of the features into account by multi-
plying by the relevance matrix [13]. Using this dis-
tance metric the prototype updates in GMLVQ are
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described as:

∆w∗j = η · 2 · Φ′(µ(ξ)) · µ+(ξ)

·Λ · (ξ − wj) (2.16)

where µ+(ξ) =
2 · dk

(dj + dk)2
(2.17)

∆w∗k = −η · 2 · Φ′(µ(ξ)) · µ−(ξ)

·Λ · (ξ − wk) (2.18)

where µ−(ξ) =
2 · dj

(dj + dk)2
. (2.19)

The matrix is updated according to the correct
(same class) and incorrect (other class) winning
prototypes where the update is defined as:

∆Ωlm = −η · 2 · Φ′(µ(ξ))

·(µ+(ξ) · ((ξm − wj,m)[Ωk(ξ − wj)]l)
−µ−(ξ) · (ξm − wk,m)[Ωk(ξ − wk)]l). (2.20)

Each class or prototype can have different fea-
ture relevances. To take this into account we can
use local relevance matrices (LGMLVQ). In LGM-
LVQ every prototype or class has its own relevance
matrix that is updated with that prototype. This
is described as:

dΛj(wj , ξ) = (ξ − wj)TΛj(ξ − wj). (2.21)

The matrix correct update is calculated for the ma-
trix of the corresponding correct winning prototype
and the incorrect update is calculated for the ma-
trix of the corresponding incorrect winning proto-
type, which are defined as:

∆Ωjlm = −ηmatrix · 2 · (µ(ξ)) · µ+(ξ)

·((ξm − wj,m)[Ωj(ξ − wj)]l) (2.22)

∆Ωklm = −ηmatrix · 2 · Φ′(µ(ξ)) · µ−(ξ)

·((ξm − wk,m)[Ωk(ξ − wk)]l). (2.23)

The updates for each matrix and prototype over
all training samples are summed up. This is per-
formed to compute the full gradient of S, which
corresponds to batch gradient descent.

3 Methods

3.1 Implementation

We started with the no-nonsense LVQ toolbox
[5] and Chebyshev implementation from Friedrich

Melchert using chebfun [2] which was also used
for the experiments in [7]. The experiments where
done in various benchmark functional data sets.
The workflow that is maintained is that the data
is read from a file, then each feature vector is ap-
proximated using the first n Chebyshev polynomi-
als. This results in feature vectors of n new fea-
tures per feature vector which are now in coefficient
space. These vectors are then used for the training
and validation process. We ran experiments with
the feature vectors both in original and coefficient
space. 90% of the feature vectors for training and
10% is used for validation. These feature vectors are
randomly divided over the split, 10 splits are used
in 10 according runs of training process followed
by a validation run. The parameters that can be
chosen are the learning rates for the prototypes ηp
and for the relevance matrices ηm and the number
of epochs (where one epoch is one sweep over the
data set). First we benchmarked the data sets with
global relevance matrices to set a standard that has
the same settings as used in [7]. This is to compare
it with the classification score that is obtained us-
ing LGMLVQ. To implement this we added a new
mode to the toolbox that uses local matrices and,
therefore, obtains LGMLVQ by giving every proto-
type a relevance matrix which is updated with the
according prototype. The matrices of both GMLVQ
and LGMLVQ are initialized as proportional to the
identity matrix of size (ndim× ndim) where ndim
is the number of dimensions which is the same as
length of a feature vector.
The results of the validation runs are averaged per
class over all 10 runs. All datasets are run in func-
tional and original space using GMLVQ and LGM-
LVQ.

3.2 F-measure

The F-measure (also knows as F1-score or F-score)
is a measurement of classification performance for
classification systems [6]. It can be interpreted as
an average over the recall, which is the fraction
of items that is classified over the total number of
items in the class (Eq 3.1, 3.4) and precision, which
the accuracy of classification (Eq. 3.2, 3.5). For
multi-class problems there are two different meth-
ods of averaging [6]. The two methods are micro av-
eraging, which tells more about the general perfor-
mance of classification and macro averaging, which

4



indicates the performances within classes. These
are calculated using true-positives, false-positives
and false-negatives which are calculated for each
class. For class i, tpi are the true positives, these
are the samples that are correctly classified as class
i. fpi are the false positives, these are the samples
classified as class i but are not labeled as class i.
fni are the false negatives, these are the samples
that are not classified as i but are labeled as class
i.

3.2.1 Micro average

Micro averaging is a score mostly used as an indica-
tion over the end result for the whole classification
system which is defined as:

Recallµ =

∑i=1
l tpi∑i=1

l (tpi + fpi)
(3.1)

Precisionµ =

∑i=1
l tpi∑i=1

l (tpi + fni)
(3.2)

F-scoreµ =
2 ∗ Recallµ ∗ Precisionµ

Recallµ + Recisionµ
. (3.3)

The effect that it has is that the micro score tends
to favor bigger classes over smaller ones. The prob-
lem with this is that if a big class gets classified very
well then a small class could perform very badly but
this is not visible in the end score.

3.2.2 Macro average

The second score is the macro score which is a com-
bination of recall and precision which is divided by
the number of classes l defined as:

RecallM =

∑i=1
l

tpi
(tpi+fpi)

l
(3.4)

PrecisionM =

∑i=1
l

tpi
(tpi+fnesi)

l
(3.5)

F-scoreM =
2 ∗ RecallM ∗ PrecisionM

RecallM + PrecisionM
. (3.6)

To overcome the bias of the micro score towards
bigger classes, macro score treats all classes with
the same weight. This helps if a certain class has
very poor classification results because this will
be visible in the macro score. The F-measure is a
clear performance measure for classification using
an LVQ system, it indicates the overall performance

using the micro score and the class performances
with the macro score.

3.3 Data sets

For benchmarking the performance improvement
of LGMLVQ we used two datasets. The goal is to
measure whether the classification performance im-
provement is due to using local matrices instead
of global matrices. We ran both training processes
with equal parameter settings and with optimized
parameter settings.

3.3.1 Sugar Dataset

The sugar data set consists of spectral data from
9 different types of sugars sampled with various
infrared sensors. The sensor’s data contains 160
to 3000 feature vectors with features that con-
sist of light intensities with a wavelength between
300nm and 2000nm [8]. The sensor data that we
used for the classification experiments is from the
NEO VNIR-1600. This sensor data consists of 1151
feature vectors of 160 dimensions over a wavelength
range from 400nm to 1000nm.

Figure 3.1: Problem 0, mean and variance per
class, NEO VNIR-1600

The 9 sugar types are divided into 9 classes
that can be grouped into 3 classes of sugar types
namely, the Sugar Ester group, -itol group and -
ose group. This regrouping is named subproblem
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1 which can be seen in Fig. 3.2. We relabeled the
data to the subproblem 1 before the approximation
with Chebyshev polynomials.

Figure 3.2: Problem 1, mean and variance per
class, NEO VNIR-1600

We can see the 3 classes in Figure 3.2, class 1
(blue) has little overlap space with the other 2
classes at the beginning and end. It also is generally
an increasing curve. Due to these dissimilarities we
expect a good classification performance for class
1. Classes 2 and 3 (yellow and red) have a lot of
overlap and share most of the characteristics, this
makes it hard to make distinction between the two
classes in classification.

3.3.2 UCR Dataset

The UCR Plane data set [10] contains 105 time
series feature vectors each containing 160 features.
The data set is labeled with 7 classes of equal sizes.
The overall shape of the functions in every class are
very dissimilar. This makes it a suited data set for
classification with polynomial approximation since
the coefficients that result from the approximation
are also dissimilar among the classes.

Figure 3.3: UCR Plane mean per class

In Figure 3.3 we see the mean of all feature vec-
tors per class, the means show periodic and sym-
metric functions.

3.4 Back transformation

After training, the relevance matrices and proto-
types are still in the coefficient feature space. Pre-
vious studies have shown that back transformation
to the original feature space is possible for relevance
matrices and prototypes in GMLVQ [9]. To see if
this also holds for LGMLVQ we have to transform
the relevance matrices back to the original feature
space after training.
We use the (linear) transformation F to transform
the matrices back where ξo is the feature vector in
original space and ξc is the feature vector in coeffi-
cient space. Using the equation:

ξ′c · Λc · ξc (3.7)

= ξ′o · F ′ · Λc · F · ξo (3.8)

= ξ′o · [F ′ · Λc · F ] · ξo. (3.9)

From this we can take [F ′ΛcF ] which is the rele-
vance matrix in the original feature space Λo.
Because the implementation of the Chebysev poly-
nomials approximation uses subsampling of the
data, [F ′ΛcF ] results in a back transformation of
only the points that are subsampled. To obatain
a back transformation result that includes all fea-
tures we have to inverse the subsampling matrix S.
This results in a new matrix Q that can be used to
transform the relevance matrices back to the origi-
nal feature space considering:

Λo = Q · F ′ΛcF ·Q′. (3.10)
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4 Results

4.1 Image segmentation

First we tested the LGMLVQ implementation by
reproducing an experiment from [12] where a UCR
image segmentation data set [10] was used with
LGMLVQ. In the end we compared the end results
of the relevance matrices after training, these re-
sults looked very similar when our experiment was
trained for a few minutes and the other one for a lot
of hours. because of this we can conclude that the
implementation of the local matrices was correct.

4.2 Sugar dataset

The results that we obtained from the sugar dataset
training runs are the F-measure and the error rates.
The parameters we chose for this dataset are ηp =
0.01 and ηm = 0.02 and 750 epochs in 10 runs. In
table 4.1 we observe the classification F-measures
of both systems using the original input data and
the data in coefficient space. From this table we
can observe that LGMLVQ obtains a higher clas-
sification performance in both feature spaces then
GMLVQ. The classification performances for GM-
LVQ in both feature spaces are very similar where
in LGMLVQ the performance increases in the co-
efficient space. Figure 4.1 shows us the resulting
error rates of the 3 classes for all systems. Here we
can see as well that the error rates are significantly
reduced with LGMLVQ in the (functional) coeffi-
cient space. GMLVQ is mostly struggling with class
2 and 3. In figure A.9 and A.10 (Appendix A) we
can see that the two classes are related in terms of
error because where the one goes up the other goes
down and vice versa.

Table 4.1: Sugar Dataset: average F-measures
over 10 runs for LGMLVQ and GMLVQ in orig-
inal and functional space

Original Functional
Variant Local Global Local Global
Micro 0.8133 0.7903 0.8327 0.7991
Macro 0.2816 0.2728 0.2888 0.2774

Figure 4.1: Error rates for LGMLVQ/GMLVQ
in functional coefficient space and original space

4.2.1 Relevance Matrices

In figure 4.2 the relevance matrices of LGMLVQ are
shown. The relevance matrix of the original space
data Λo is very flat in the middle but shows some
interesting relevances at the begin and at the end.
In the coefficient space feature number 2 is very
dominant for all matrices Λc, prototype 1 has some
relevance over all features where the matrix of pro-
totype 3 shows only some significant relevance at
feature 1,2 and 4. This matrix is very similar to
the relevance matrix of the GMLVQ system (Fig.
A.11, Appendix A).
In the last set of results we can see the result of the
back transformation from the relevance matrices in
the coeffient space Λc to the matrices in the origi-
nal space Λo. Although the result has a lot of steep
peaks as result of the subsampling, the matrices re-
flect the relevant areas as in Λo from the training
process with the original input data.

4.3 UCR Plane

The UCR Plane dataset shows that both systems
reach a classification F-scores of 100% in most of
the 10 splits where ηp = 0.1 and ηm = 0.2. The
difference here between LGMLVQ and GMLVQ is
that LGMLVQ reaches zeros training error earlier
then GMLVQ (Fig. A.6).
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(a) Λo (b) Λc (c) F ′ΛcF

Figure 4.2: Visualization of the diagonal relevances from the sugar dataset after LGMLVQ training
with ηp = 0.02 ηm = 0.01, 10 splits, 750 epochs. (a) after training in the original feature space (160 features)
(b) after training in the coefficient space with 30 coefficients (c) result of backtransformation from the coefficient
space (as in figure b) to the original space
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5 Discussion

The goal was to discover what the classification
performance improvement is using LGMLVQ using
polynomial approximation and what the relevance
matrix means if it is translated from the coefficient
space back to the original space of the input data.
The effect of lower error rates in LGMLVQ for the
sugar dataset is related to the fact that the GMLVQ
system is not able classify differences between the
class 2 and 3, this is caused by lot of feature space
overlap between the classes (Fig 3.2). LGMLVQ is
more capable of doing this using a relevance matrix
for each class. This makes it possible to differentiate
the relevances per class, which shows a great effect
in test- and training error which is reduced during
the training steps (Fig 4.1). The relevances in the
LGMLVQ matrices do not show a lot of differences
in relevant features per prototype (Fig 4.2b). We
can even see that the relevance matrices of LGM-
LVQ show the same relevances as in the general
matrix of the GMLVQ system (Fig A.11). In all ma-
trices feature 2 is particularly dominant. In terms
of polynomial approximation feature 2 translates to
the coefficient for k = 1. If we look at the Cheby-
shev polynomials that we used as base functions
for the polynomial approximation we see that the
base function that is used for k = 1 is the function
f(x) = x which is a linear function. This means
that the relevance of the polynomial fitting with a
linear line is important for the data set in terms
of relevance. This is caused by the fact that the
spectra in the sugar data set are not of a parabolic,
cubic shape or more complex shape like the Cheby-
shev polynomials for 3 ≤ k ≤ 30.
The cause for the reduction in error rate in LGM-
LVQ is mostly due to the fact that the relevance
matrix of prototype 2 has feature 3 and 5 as rel-
evant features. This makes it possible for the sys-
tem to classify the differences between class 2 and
3, which results in more error reduction for these
classes than in GMLVQ.
The back transformed matrix F ′ΛoF shows greater
relevance effects than when the original data is
used. This effect is the result of making the use
of the functional nature of the data. If we com-
pare the matrices with the data in figure 3.2 we
can see that the relevances are corresponding with
the parts where the average of the class has a devi-
ation from the other classes. These relevances are

not clearly shown in the matrices of the original
data and, therefore, the classification performances
are lower when the original input data is used. The
results of the UCR data set show the effect of learn-
ing speedup using LGMLVQ from GMLVQ. GM-
LVQ struggles to get the error of class 2 down to
zero (Fig A.2). LGMLVQ reaches zero training er-
ror for all classes already at less than 20 steps (Fig.
A.6). This is a considerably smaller number of steps
than GMLVQ needs. What happens in steps 20-50
is that the LGMLVQ starts to overfit, the test er-
ror for class 1 goes up (Fig. A.7). This means that
we could have stopped training at 20 steps to get
better test scores with LGMLVQ. The total error
scores (Fig A.1, A.5) show that the test error for
both system are equal, but training error is lower
in LGMLVQ.

6 Conclusion

From the UCR Plane and sugar data set we can
conclude that LGMLVQ improves the classification
and error rates of classification of multi-class func-
tional data. For the UCR data set LGMLVQ fin-
ishes training considerably faster than with GM-
LVQ. From the sugar dataset we can conclude that
when local matrices are used in the coefficient space
there is a significant classification performance that
GMLVQ does not have.
An important factor that has an influence on the
classification result are the base functions that are
used for the function approximation. The kind of
base functions that would obtain the best approxi-
mation depends on the data set.
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A Appendix

Figure A.1

Figure A.2

Figure A.3

Figure A.4: Global matrix ηp = 0.02 ηm = 0.01, 10
splits

Figure A.5

Figure A.6

Figure A.7

Figure A.8: Local matrix ηp = 0.02 ηm = 0.01, 10
splits
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Figure A.9

Figure A.10

Figure A.11

Figure A.12: Global matrix results ηp = 0.002
ηm = 0.001, 10 splits, 30 polynomials, 750 epochs
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