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Abstract

This thesis gives a numerical method for computing the model reduction error of
a multi-agent system associated with an undirected graph, given a leader set and
an arbitrary partition. One can determine this model reduction error easily, if
one makes use of a so called almost-equitable partition, but for other instances
this (most likely) cannot be done analytically. This model reduction error is
expressed in terms of the H2-norm, for which the Lyapunov equation had to be
solved. This can only be done when the system is stable, so we make use of
similarity of systems. We have experimented with different graph partition and
may conclude the effect of the leader agents on the resulting error.
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Chapter 1

Introduction

Multi-agent systems capture the behaviour and dynamics of connected systems
in many different fields. For example these can be technological networks, such
as the Internet (data connections between computers and related devices), or
power grids. But these can also be biological networks. We can for example
take a neural network, a system of interconnecting neurons. More background
and different examples can be found in [8].

Because most multi-agent systems are quite large (the average human brain
for example consists of more than 80 billion neurons) analysing and control-
ling of these systems can take a great deal of computational power. Therefore
it is beneficial to use reduced order models, which have the same properties
and spatial structure as the original network. This thesis closely follows Nima
Monshizadeh’s PhD thesis [6] who has described these multi-agent systems, has
given a method to reduce them and has derived a simple expression for the
model reduction error.

A multi-agent system is a network consisting of interconnected agents, which
we can represent as a graph. In this graph the agents are indicated as vertices
and the communication links between the agents are represented as edges. In this
thesis we are working with networks that are associated with a leader-follower
set up. These are networks in which some agents, called leaders, receive an
external input (or disturbance) and the remaining agents, called followers, only
receive information from their neighbours in the graph. The model reduction
technique that is used in this thesis is called the Petrov-Galerkin projection,
which is quite a general projection as many other reduction methods are spe-
cific cases of this projection.

When the Petrov-Galerkin projection is applied directly, the network struc-
ture will in general collapse. In fact, the reduced order model may not even
refer to a multi-agent system anymore. Because we want to preserve as much
properties of the original system as possible, graph partitions are introduced.
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CHAPTER 1. INTRODUCTION 5

A graph partition is a collection of clustered individual graph nodes. When
graph partitions are used to obtain the reduced order system, every cell of the
partition, so every cluster of the original graph, relates to a single node in the
reduced order graph.

A special class of graph partitions can be distinguished, the almost-equitable
partitions. Almost-equitable partitions are a collection of clusters of nodes that
are connected to the graph in a similar way. When given a set of vertices, a
leader set and an almost equitable partition, the error between the original and
reduced order system can be determined easily, using an expression derived by
Monshizadeh [6]. This error expression is given in terms of the H2-norm [1].
Although it can be derived easily, no further conclusions can be drawn from this
model reduction error for an almost equitable partition. For example, it is not
implied that an almost equitable partition leads to a smaller model reduction
error (or a larger error for that matter) than an arbitrary partition.

There is unfortunately no such simple error expression for the model re-
duction error associated with an arbitrary (so not necessarily almost equitable)
partition. Monshizadeh and van der Schaft [7] have used almost equitable parti-
tions to derive an explicit expression for the model reduction error for graphs as-
sociated with weights both to the edges and to the vertices. Interesting enough,
this error does not depend on the weights associated to the edges, but only on
the weights associated to the vertices of the graphs. Jongsma et al. [5] have
given an upper bound for the model reduction error for an arbitrary partition,
by approximating the original system by a new system, for which the chosen
partition is almost equitable, and using the triangle inequality. Jongsma [4] also
introduced a new method for model reduction, which is based on removing edges
that close cycles. For this method an explicit error expression and upper bound
in terms of the eigenvectors of the edge Laplacian matrices (of the original and
reduced system) is given.

Because there is not much known about the model reduction error for sys-
tems associated with arbitrary partitions, in this thesis we are interested in this
error. An algorithm is written to numerically obtain this model reduction error.
Because the H2-norm can only be derived for stable systems, similarity is used
to eliminate the unobservable part of our systems. Similarity does not change
transfer functions, so the similar system can be used to determine the H2-norm
and hence the model reduction error.

First, given a graph, a leader set and an almost equitable partition, some
observations about the model reduction error are made when a single edge is
removed. When this edge is not contained in an individual cell (or cluster),
the (originally almost equitable) partition becomes non almost equitable. Then
an algorithm is given to compute the partition that leads to the smallest model
reduction error for a given graph, leader set and number of nodes in the reduced
order model.



Chapter 2

Preliminaries and defining
the system

In this chapter some preliminaries are provided that are needed further on. We
recall some notions about graph theory and describe the multi-agent system
that is used in this thesis.

2.1 Graph theory

A multi-agent system, or a network, can be seen as a graph. This is a collection
of vertices joined by edges, denoted as the triple G = (V,E,A). In this triple
V = {1, 2, . . . , n} is the set of n vertices (or agents), E is the set of k edges
(the connections between individual agents) and A is the adjacency matrix. For
unweighted graphs the adjacency matrix A is the square n-by-n matrix with
elements aij such that

aij =

{
1 if there is an edge between vertices i and j

0 otherwise.
(2.1)

Unweighted graphs are associated with networks that have simple on/off con-
nections between vertices; so there is a connection between agents, or there is
not. However, sometimes it can be useful to represent the edges with a strength,
or a weight. Therefore we can distinguish networks associated with a weighted
graph. For weighted graphs the adjacency matrix A has elements aij such that
aij is the corresponding weight of the edge between vertices i and j. In this
thesis we only consider simple graphs, so graphs without multiple edges or self
loops.

A directed graph is a network in which each edge has a direction from vertex
i to vertex j. A directed graph is called symmetric if whenever (i, j) is an edge,

6



CHAPTER 2. PRELIMINARIES AND DEFINING THE SYSTEM 7

also (j, i) is (but weights the corresponding aij and aji can be distinct). Remark
that an undirected graph can be seen as a symmetric directed graph where for
any i, j the equality aij = aji holds.

Both for directed and undirected graphs the degree matrix of G can be
formed. This degree matrix is a diagonal matrix D = diag(d1, d2, . . . , dn), with

di =

n∑
j=i

aij . (2.2)

The Laplacian matrix can now be defined as L = D − A. This Laplacian
matrix is an important matrix, because it tells us much about the network
structure. For directed graphs the incidence matrix R can be defined, which
has elements rij such that

rij =


1 if vertex i is the head of arc j

−1 if vertex i is the tail of arc j

0 otherwise.

(2.3)

Even for undirected graphs an incidence matrix can be obtained, if we assign
an arbitrary orientation to the edges. When given the set of k edges we can
indicate the diagonal matrix

W = diag(w1, w2, . . . , wk). (2.4)

Where wj specifies the weight corresponding to the jth edge. For undirected
graphs there is now the following relation between the graph Laplacian and the
incidence matrix

L = RWRT (2.5)

2.2 Leader-follower multi-agent systems

We can consider a standard multi-agent system Σ as

ẋ = Ax+Bu

y = Cx
(2.6)

where x ∈ Rn is the state, u ∈ Rm is the input and y ∈ Rp is the output of the
system. Remark that in this system matrix A is a variable matrix and therefore
different from the adjacency matrix defined earlier. A shorthand notation for
this system Σ in (2.6) is:

Σ =

[
A B
C 0

]
. (2.7)
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In a leader-follower multi-agent system only agents called leaders receive
external input. That is defined in the following dynamical system

ẋi =

{
zi if vertex i is a follower

zi + ul if vertex i is a leader
(2.8)

where xi ∈ R is the state of the agent i, ul ∈ R the external input applied to
leader i and zi denotes the coupling variable for agent i and is given by

zi =

n∑
j=1

aij(xj − xi). (2.9)

Given a weighted undirected graph G = (V,E,A) and given m agents that
act as leaders, the set of leaders VL ⊆ V is denoted as VL = {v1, v2, . . . , vm}.
From this leader set the matrix M ∈ Rn×m can be defined as

Mil =

{
1 if i = vl

0 otherwise.
(2.10)

The input/state system of the leader-follower multi-agent system associated
with weighted undirected graph G can now be written as

ẋ = −Lx+Mu (2.11)

where M is defined as in (2.10) and L is the Laplacian matrix of G as in (2.5).

Since the differences of the states of communicating agents are embedded in
the incidence matrix (2.3), output variables y can be chosen as

y = W
1
2RTx (2.12)

Combining (2.11) and (2.12) gives us the following input/state/output model
for the leader-follower multi-agent system

ẋ = −Lx+Mu

y = W
1
2RTx

(2.13)

with state x ∈ Rn, input u ∈ Rm and output y ∈ Rp.
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Example 2.2.1. We can give an example of a leader-follower multi-agent sys-
tem associated with a weighted undirected graph G, with n = 10 vertices, Lapla-
cian matrix L, and m = 2 leaders: VL = {2, 7}.

Figure 2.1: Network graph of example 2.2.1

L =



5 0 0 0 0 −5 0 0 0 0
0 5 0 0 −3 −2 0 0 0 0
0 0 6 −1 −2 −3 0 0 0 0
0 0 −1 6 −5 0 0 0 0 0
0 −3 −2 −5 25 −2 −6 −7 0 0
−5 −2 −3 0 −2 25 −6 −7 0 0
0 0 0 −6 −6 −1 15 −1 −1 −1
0 0 0 0 −7 −7 −1 15 0 0
0 0 0 0 0 0 −1 0 1 0
0 0 0 0 0 0 −1 0 0 1


M =



1 0
0 0
0 0
0 0
0 0
0 0
0 1
0 0
0 0
0 0





Chapter 3

Model reduction

In the previous chapter we have defined the leader-follower multi-agent system
which indicates the original system. In this section a reduced order system is
obtained. First the model reducing technique called the Petrov-Galerkin projec-
tion is explained and after that a technique for model reduction through graph
partitioning is proposed.

3.1 Petrov-Galerkin projection

The model reduction technique we use to derive the reduced order model is
defined in the following way

Definition 3.1.1. Consider the standard input/state/output sytem as in (2.6).
If we let W,V ∈ Rn×r such that WTV = I, then the matrix Γ = VWT is called
the Petrov-Galerkin projector. The reduced order model

˙̂x = WTAVx̂+ WTBu

ŷ = CVx̂
(3.1)

with state x̂ ∈ Rr is called the Petrov-Galerkin projection of the original system.

This projection technique is a general projection, many other model re-
duction techniques are similar to this projection, only with specific choices for
matrices V and W. When applied directly, this projection will in most cases
destroy the spatial structure of the network. We wish to preserve the properties
and structure of the original network, therefore a model reduction technique
based on graph partitions is proposed.

10
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3.2 Graph partitioning

In this section we will explain graph partitions and a special class of graph
partitions called almost equitable partitions. From a given graph partition the
characteristic matrix can be formed, which can be used in the Petrov-Galerkin
projection to obtain the reduced order system.

Given a graph G, a nonempty subset C ⊆ V is called a cell or a cluster of
vertex set V . A partition π of V is a collection of disjoint cells, whose union
equals vertex set V . This can be defined as

Definition 3.2.1. Given an undirected graph G with vertex set V , a collection

of cells given by π = {C1, C2, . . . , Cr} is called a partition of V if
r⋃

i=1

Ci = V

and Ci

⋂
Cj = ∅ whenever i 6= j

When given a vertex set V = {1, 2, . . . , n}, for a cell C ⊆ V the characteristic
vector of C is the column vector p(C) ∈ Rn with

pi(C) =

{
1 if i ∈ C
0 otherwise.

(3.2)

Now for a partition π = {C1, C2, . . . , Cr} the characteristic matrix P can
defined as:

P (π) =
[
p(C1) p(C2) · · · p(Cr)

]
(3.3)

This can be illustrated with an example.

Example 3.2.2. Take the system from example 2.2.1. A partition consisting
of 5 cells can be π = {{1, 2, 3, 4}, {5, 6}, {7}, {8}, {9, 10}}. The corresponding
characteristic matrix P is then given by:

P (π) =



1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 1
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For a partition π = {C1, C2, . . . , Cr}, the degree of any node i ∈ Ck relative
to Cs is denoted as the sum of the weights of all edges from i to j ∈ Cs. So
given the adjacency matrix (2.1), the degree of i relative to Cs is defined as
d(i, Cs) =

∑
j∈Cs

aij .

A special class of graph partitions can be distinguished, almost equitable
partitions. Each cell of an almost equitable partition contains agents that are
connected to the network in approximately the same way. This can be formally
defined as following.

Definition 3.2.3. Let G be a graph with set of vertices V. We call π an almost
equitable partition of G if for all distinct ordered pairs of cells (Ck, Cs) it holds
that d(i, Cs) = d(j, Cs) for all i, j ∈ Ck.

This means that for unweighted graphs every vertex in Ck has an equal
amount of neighbours in Cs and that holds for any pair (Ck, Cs) with k 6= s.
For weighted graphs for any pair (Ck, Cs) every vertex in Ck has an equal total
sum of the weights of edges to Cs. Observe that the partition defined in example
3.2.2 is an almost equitable partition.

An important property of an almost equitable partition π is that the image
of the characteristic matrix P (π) is invariant under the Laplacian matrix L. So
L im P (π) ⊆ im P (π).

We are now able to use the characteristic matrix P (π) of (3.3) as a choice
for the Petrov-Galerkin projector in(3.1). Let matrices V and W such that

W = P (π)(PT (π)P (π))−1

V = P (π).
(3.4)

It can be easily verified that indeed WTV = I holds. Note that this pro-
jection is only possible when PT (π)P (π) is non-singular. Since the columns of
P (π) are orthogonal, PT (π)P (π) is a diagonal matrix and hence invertible.

Recall the original system Σ:

ẋ = −Lx+Mu

y = W
1
2RTx.

(3.5)

If we apply the Petrov-Galerkin projection with matrices W and V from
(3.4) above, we obtain the following reduced order system Σ̂

˙̂x = −L̂x̂+ M̂u

ŷ = W
1
2 R̂T .

(3.6)
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where, if we abbreviate P (π) simply as P , matrices L̂, M̂ and R̂ are denoted as

L̂ = (PTP )−1PTLP

M̂ = (PTP )−1PTM

R̂ = PTR.

(3.7)

This reduced order model results in a new multi-agent system with a weighted
symmetric directed graph (recall that our original system is associated with a
weighted undirected graph). Because of the relation between L and L̂ the rate
of convergence of the reduced order model is at least as fast as the rate of con-
vergence of the original system.

This can be clarified in an example.

Example 3.2.4. Take the system with matrices L and M from example 2.2.1.
Using the partition π = {{1, 2, 3, 4}, {5, 6}, {7}, {8}, {9, 10}} the following re-
duced order system with matrices L̂ and M̂ is obtained

L̂ =


5 −5 0 0 0
−10 23 −6 −7 0

0 −12 15 −1 −2
0 −14 −1 15 0
0 0 −1 0 1

 M̂ =


0.25 0

0 0
0 1
0 0
0 0

 .

This results in the following reduced order model.

Figure 3.1: Reduced order graph from example 3.2.4

From this example it can be observed that every cluster from the original
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network corresponds to a node in the reduced order system. The weights of
the arcs from node i to node j in the reduced system equal the total of weights
corresponding to edges from cell Ci to Cj divided by the number of nodes in
Cj . Also, the number of cell mates of a leader in the original system affect the

leader in the reduced system. We have for for matrix M̂ ∈ Rr×m

M̂pj =

{
1
|Cp| if vj ∈ Cp

0 otherwise
(3.8)

where |Cp| is the cardinality of Cp (the number of nodes in Cp) and v1, v2, . . . , vm
are agents that are defined as leaders.

So observe that the cluster {1, 2, 3, 4} contains agent 1, which is a leader for
the system. This cluster corresponds to node 1 in the reduced system, which

receives 1
4

th
of the external input that agent 3 (which is deduced from node 7

in the original system, which is its own cluster) receives.



Chapter 4

Error computation

In this chapter we are interested in the error between the original and the re-
duced order system. This error is represented in terms of the transfer matrices
of the systems and the H2-norm. When an almost equitable partition is used
to reduce the system, the model reduction error can be easily analytically de-
rived. There is however no such error expression for arbitrary partitions, so
then the H2-norm has to be computed. Since this can only be done for stable
systems, and that is not the case for our systems, we make use of similar systems.

For an input/state/output system Σ = (A,B,C, 0) (in the form (2.6)) we
denote the transfer matrix S from input u to output y as [3]

S(s) = C(sI −A)−1B. (4.1)

Recall that the trace of a square n-by-n matrix A is equal to the sum of the

elements on the diagonal. So tr(A) =
n∑

i=1

aii.

Antoulas [1] proposes a formula to obtain the H2-norm for the system Σ =
(A,B,C,D):

‖Σ‖H2 =
√
tr(BTQB). (4.2)

This norm is bounded only when D = 0 and Σ is stable. So this norm is
bounded if every eigenvalue of A has a strictly negative part (in other words:
matrix A is Hurwitz).

When Σ is stable the matrix Q is a unique solution of the Lyapunov equation:

ATQ+QA = −CTC (4.3)

15
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When using partition π to obtain the reduced order model, we can now
represent the model reduction error Ξ(π) in terms of the H2-norm:

Ξ(π) =
‖S − Ŝ‖22
‖S‖22

(4.4)

where S denotes the transfer function of the original system Σ and Ŝ denotes the
transfer function of the reduced order system Σ̂. Note that Ξ(π) is normalized,
so 0 ≤ Ξ(π) ≤ 1.

4.1 Almost equitable partitions

For almost equitable partition the model reduction error can be determined
easily, without needing to compute the H2-norm. Monshizadeh [6] presents
following theorem:

Theorem 4.1.1. Let G be a weighted undirected graph, and assume G is con-
nected. Let π = {C1, C2, ..., Cr} be an almost equitable partition of G. Suppose
that the reduced order multi-agent system (3.6) is obtained from (2.13) using
partition π. Also, let S and Ŝ denote the transfer matrices from u to y in (2.13)
and (3.6) respectively. Then, we have

‖S − Ŝ‖22
‖S‖22

=

∑m
i=1(1− 1

|Cki
|) )

m(1− 1
n )

(4.5)

Here m represents the number of leaders and n equals the amount of agents (or
vertices).

So for the reduced order system from example 3.2.4 the relative error between
the original and reduced order network is Ξ(π) = 0.4167. Note that no further
claims are made about almost equitable partitions. It is for example not the
optimal partition one can chose, as it does not have to result in the smallest
possible model reduction error. Therefore, we are interested in the relative error
obtained from a partition.

4.2 Arbitrary partitions

If the partition used is not necessarily almost equitable we do have to deter-
mine the H2-norm. We have to compute this norm for the transfer matrix of
the original system S and of the difference between the transfer matrix of the
original system and the transfer matrix of the reduced order system S − Ŝ. In
order to do the latter we want to write S − Ŝ as a single error system S̄, where
S̄ = C̄(sI − Ā)−1B̄.
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So

S̄ = S − Ŝ
= C(sI −A)−1B − Ĉ(sI − Â)−1B̂

=
[
C(sI −A)−1 −Ĉ(sI − Â)−1

] [B
B̂

]
=
[
C −Ĉ

] [(sI −A)−1 0

0 (sI − Â)−1

] [
B

B̂

]
=
[
C −Ĉ

] [(sI −A) 0

0 (sI − Â)

]−1 [
B

B̂

]
=
[
C −Ĉ

]
(sI −

[
A 0

0 Â

]
)−1

[
B

B̂

]
.

(4.6)

We have obtained our desired form

S̄ = C̄(sI − Ā)−1B̄ (4.7)

where

Ā =

[
A 0

0 Â

]
, B̄ =

[
B

B̂

]
, C̄ =

[
C −Ĉ

]
. (4.8)

Recall the original system Σ and reduced multi-agent system Σ̂:

ẋ = −Lx+Mu

y = W
1
2RTx

˙̂x = −L̂x̂+ M̂u

ŷ = W
1
2 R̂T

(4.9)

Since the n×n Laplacian matrix is obtained as L = D−A, we have L1n = 0n.
Therefore zero is an eigenvalue of the Laplacian matrix, with corresponding
eigenvector 1n. All the eigenvalues of the Laplacian matrix are non-negative [2].
Therefore −L and −L̂ each possess a single zero eigenvalue, and the remaining
eigenvalues of −L and −L̂ are all strictly negative. Due to the zero eigenvalues
we are not able to compute the H2-norm of the systems. Therefore we can use
the Kalman decomposition:
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Theorem 4.2.1. If for the system Σ = (A,B,C, 0) the pair (A,C) is unobserv-
able, then there exists a non-singular T such that[
A B
C 0

]
∼
[
T−1AT T−1B
CT 0

]
=

 A11 0
A21 A22

B1

B2

C1 0 0


where (A11, C1) is observable

Since similarity does not change the transfer function, we may use the trans-
fer function of the similar system. Using the Banachiewicz-Schur form to com-
pute the inverse of a partitioned matrix [9] we can derive the transfer function
of the similar system as follows:

S = C(sI −A)−1B

= CT (sI − T−1AT )−1T−1B

=
[
C1 0

] [sI −A11 0
−A21 sI −A22

] [
B1

B2

]
=
[
C1 0

] [ sI −A−111 0
(sI −A22)−1A21(sI −A11)−1 sI −A−122

] [
B1

B2

]
= C1(sI −A11)−1B1.

(4.10)

Remark that the pair (C1, A11) is observable, so if we find matrices T and T̂
for our original system Σ and reduced order system Σ̂ we are able to compute
the H2-norm of the original system and error system, and hence compute the
model reduction error.

Since 0 is the only unobservable eigenvalue for the Laplacian matrix, we use
for T the corresponding eigenvector 1. So T = [T̃ 1] and choose T̃ such that T
is non singular. Therefore for our original system we can use for T and T−1:

T =

[
In−1 1n−1

01×n−1 1

]
, T−1 =

[
In−1 −1n−1

01×n−1 1

]
. (4.11)

For the reduced order system, where r is the number of cells in partition π
and hence the number of agents in the reduced order system:

T̄ =

[
Ir−1 1r−1

01×r−1 1

]
, T̄−1 =

[
Ir−1 −1r−1

01×r−1 1

]
. (4.12)

This means that for the leader follower multi-agent system in this thesis
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[
−L M
C 0

]
∼
[
−T−1LT T−1M
CT 0

]
(4.13)

where we set C = W
1
2RT in order to make the equations somewhat more

readable and for the similar system

− T−1LT =

[
−L11 0
−L21 −L22

]
T−1M =

[
M1

M2

]
CT =

[
C1 0

]
(4.14)

and since (−L11, C1) is observable we can solve the Lyapunov equation:

−L11
TQ−QL11 = −CT

1 C1 (4.15)

and use Q to obtain the H2-norm:

‖Σ‖H2
=
√
tr(MT

1 QM1) (4.16)

We can do the same for the error system S̄ of (4.7). This gives us the
following expression for the model reduction error:

‖S − Ŝ‖22
‖S‖22

=
tr(M̄T

1 Q̄M̄1)

tr(MT
1 QM1)

(4.17)



Chapter 5

Experiments with arbitrary
partitions

Since we are now able to compute the model reduction error, given a graph,
a leader set and an arbitrary partition, we would like to do some experiments
with partitions that are not almost equitable. Recall that a partition is almost
equitable if for all distinct ordered pairs of cells (Cr, Cs) every vertex in Cr

has the same number of neighbours in Cs. For weighted graphs this means the
degree should be equal.

First, we look at partitions that are close to almost equitable. We do this
by removing single edges from a given graph and an almost equitable partition,
on condition that this leaves the graph connected. Then we would like to do
some experiments with arbitrary partitions and investigate which partitions
lead to the smallest model reduction error. Since we have obtained a method
for determining the model reduction error, given a graph and a leader set we
can numerically try al possible partitions and hence attain the partition that
leads to the smallest model reduction error.

5.1 Removing edges

So first we investigate errors of partitions that are close to almost equitable.
For this we start with a given graph and an almost equitable partition and then
remove a single edge from the network graph. This is done for every edge, on
condition that the resulting network graph is connected as well. Note that if we
remove an edge between two vertices contained in the same cell, the partition
remains almost equitable and hence the model reduction error does not change.

Recall the system from example 2.2.1 which possesses the almost equitable
partition π = {{1, 2, 3, 4}, {5, 6}, {7}, {8}, {9, 10}}. This system is associated
with the network graph depicted in figure 5.1.
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Figure 5.1: Weighted, undirected graph

Let us start with assigning agents 1 and 7 as leaders. For the model reduction
error for this system and partition we obtain for removed edges.

Removed edge Error
- 0.4167
(2,6) 0.4034
(2,5) 0.4078
(3,6) 0.3963
(3,5) 0.4109
(3,4) 0.4167
(4,5) 0.3984
(5,6) 0.4167
(5,8) 0.4106
(5,7) 0.4389
(6,7) 0.4559
(6,8) 0.4253
(7,8) 0.4167

Table 5.1: Relative errors for
leader set (1,7) Figure 5.2: Relative error for removed edges

Although there are no substantial differences between the errors, it seems
that removing an edge that is connected to a leader results in a larger model re-
duction error. To test this we can add edges (1,2) and (9,10) with corresponding
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weights equal to 1. This yields in a network graph where more edges attached
to a leader can be removed without a resulting disconnected graph. These extra
edges do not change the almost equitable partition.

Figure 5.3: Weighted, undirected graph with added edges
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Removed edge Error
- 0.4167
(1,2) 0.4167
(1,6) 0.5519
(2,6) 0.4072
(2,5) 0.4131
(3,6) 0.3969
(3,5) 0.4105
(3,4) 0.4167
(4,5) 0.3976
(5,6) 0.4167
(5,8) 0.4114
(5,7) 0.4401
(6,7) 0.4546
(6,8) 0.4245
(7,8) 0.4167
(7,9) 0.4222
(7,10) 0.4222
(9,10) 0.4167

Table 5.2: Relative errors for
leader set (1,7) Figure 5.4: Relative error for removed edges

This seems to support the premise that removing an edge attached to a
leader results in a larger model reduction error. We now take the system from
figure 5.3 and assign the leaders to VL = {1, 8}.
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Removed edge Error
- 0.4167
(1,2) 0.4167
(1,6) 0.5532
(2,6) 0.4073
(2,5) 0.4135
(3,6) 0.3973
(3,5) 0.4107
(3,4) 0.4167
(4,5) 0.3989
(5,6) 0.4167
(5,8) 0.4581
(5,7) 0.4117
(6,7) 0.4262
(6,8) 0.4711
(7,8) 0.4167
(7,9) 0.4213
(7,10) 0.4213
(9,10) 0.4167

Table 5.3: Relative errors for
leader set (1,8) Figure 5.5: Relative error for removed edges

Now let us take the same system from figure 5.3 and add an extra leader
and set VL = {1, 5, 7}.
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Removed edge Error
- 0.4630
(1,2) 0.4630
(1,6) 0.5397
(2,6) 0.4489
(2,5) 0.4752
(3,6) 0.4389
(3,5) 0.4681
(3,4) 0.4630
(4,5) 0.4763
(5,6) 0.4630
(5,8) 0.4877
(5,7) 0.5045
(6,7) 0.4659
(6,8) 0.4434
(7,8) 0.4630
(7,9) 0.4682
(7,10) 0.4682
(9,10) 0.4630

Table 5.4: Relative errors for
leader set (1,5,7) Figure 5.6: Relative error for removed edges

These results confirm the proposition that a removed edge from a leader
results in a larger model reduction error as well.

5.2 Changing partitions

Now that we have investigated model reduction errors obtained from partitions
close to almost equitable, we are interested in finding the smallest possible model
reduction error for a given system. This can be done by computing the error as
in the previous chapter for all possible graph partition for a given graph. In this
section we consider a network associated with a weighted graph and a network
associated with an unweighted graph as well. Experiments with a different
number of leaders and different number of agents in the reduced system are
performed on these networks and we draw conclusions about this.

5.2.1 Weighted graphs

Recall once again the system defined in example 2.2.1:
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Figure 5.7: Weighted, undirected graph

For this graph we wish to determine the smallest possible model reduction
error for a given number of agents in the reduced network and a given leader
set. This results in the following.

Figure 5.8: Minimum errors for the system from figure 5.7
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Table 5.5: The mimimal relative errors for the graph from figure 5.7
Leaders

r (1,7) (1,7,8) (1,2,7,8) (1,2,6,7,8) (1,2,6,7,8,10)

Ξ(π) 1 1 1 1 1 1
2 0.54372 0.68945 0.76078 0.79158 0.82812
3 0.11886 0.40003 0.5274 0.58815 0.65694
4 0.044731 0.11373 0.30608 0.39438 0.48531
5 0.016874 0.042981 0.088316 0.20789 0.32109
6 0.0084646 0.011935 0.037095 0.050867 0.16188
7 0.0017718 0.0011812 0.012905 0.014562 0.034268
8 0.00011168 7.4452× 10−5 0.00088353 0.001937 0.007606
9 −3.7007× 10−16 −2.4672× 10−16 −3.084× 10−16 −3.2073× 10−16 0.0016141

Table 5.6: Some partitions corresponding to table 5.5
Leaders

r (1,7) (1,7,8)
π 1

2 (1,2,3,4,5,6,8,9,10),(7) (1,2,3,4,5,6,8,9,10),(7)
3 (1),(2,3,4,5,6,8,9,10),(7) (1),(2,3,4,5,6,8,9,10),(7)
4 (1),(2,3,4,5,8,9,10),(6),(7) (1),(2,3,4,5,6,9,10),(7),(8)
5 (1),(2,3,4,9,10),(5,8),(6),(7) (1),(2,3,4,9,10),(5,6),(7),(8)
6 (1),(2,3,4),(5,8),(6),(7),(9,10) (1),(2,3,4,9,10),(5),(6),(7),(8)
7 (1),(2,3,4),(5),(6),(7),(8),(9,10) (1),(2,3,4),(5),(6),(7),(8),(9,10)
8 (1),(2,3),(4),(5),(6),(7),(8),(9,10) (1),(2,3),(4),(5),(6),(7),(8),(9,10)

This plot has the relative errors and best possible partitions above, where r
denotes the number of agents in the reduced system. What stands out is that
small model reduction errors are possible, smaller errors than obtained from an
almost equitable partition, or close to an almost equitable partition. Another
thing that can be concluded we can observe that when leaders are clustered in
their own cell (so when they do not have cell mates) the model reduction error
becomes relatively small (<0.15).

Recall the reduced order system obtained from an almost equitable parti-
tion with 5 cells from example 3.2.4. It can be determined that the partition
that consists of 5 cells and results in the minimal model reduction error is
π = {{1}, {2, 3, 4, 9, 10}, {6}, {7}}. When using this partition the model reduc-
tion error is 0.01687. The resulting matrices L̂ and M̂ are given below and the
resulting reduced order network graph is depicted in figure 5.9.
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L̂ =


5 0 0 −5 0
0 3.4 −2 −1 −0.4
0 −5 13 −4.5 −3.5
−5 −5 −9 25 −6
0 −2 −7 −6 15

 M̂ =


1 0
0 0
0 0
0 0
0 1

 .

Figure 5.9: Reduced order graph obtained from the optimal partition

5.2.2 Unweighted graphs

Since we could also vary the weights of a graph, which results in a different
network and a non almost equitable partition, let us now try the same for an
unweighted graph. Take for example the graph given in figure 5.10.

Figure 5.10: An unweighted, undirected graph
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Observe that this network graph possesses almost equitable partition π =
{{1, 6, 4, 5}, {2, 3}, {7, 8}, {9, 10}}. Using this partition the model reduction er-
ror for different leader sets is given in table 5.7 below.

Table 5.7: Errors obtained from an almost equitable partition
Leaders (1,7) (1,7,8) (1,2,7,8) (1,2,7,8,10) (1,2,6,7,8,10)

Ξ(π) 0.6944 0.6481 0.6250 0.6111 0.6481

For the graph depicted in figure 5.10 we wish to determine the smallest
possible model reduction error for a given number of agents in the reduced
network and a given leader set as well. This results in the following:

Figure 5.11: Minimum errors for the system from figure 5.10
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Table 5.8: Minimum errors for the system from figure 5.10
Leaders

r (1,7) (1,7,8) (1,2,7,8) (1,2,6,7,8) (1,2,6,7,8,10)
Ξ(π) 1 1 1 1 1 1

2 0.57186 0.70969 0.75253 0.79708 0.82981
3 0.16281 0.42094 0.52517 0.60079 0.66205
4 0.088079 0.14269 0.31196 0.41713 0.49005
5 0.050894 0.067763 0.099777 0.24472 0.32288
6 0.017548 0.040714 0.061395 0.080306 0.16308
7 0.0044701 0.014966 0.03592 0.038029 0.033511
8 −3.084× 10−16 −2.8784× 10−16 0.017906 0.019113 0.01666
9 −3.084× 10−16 −2.8784× 10−16 3.084× 10−17 −7.7099× 10−17 −1.6705× 10−16

Table 5.9: Some corresponding partitions to table 5.8
Leaders

r (1,7) (1,7,8)
π 1

2 (1,2,3,4,5,6,8,9,10),(7) (1,2,3,4,5,6,7,9,10),(8)
3 (1),(2,3,4,5,6,8,9,10),(7) (1,2,3,4,5,6,9,10),(7),(8)
4 (1),(2,3,4,5,8,9),(6,10),(7) (1),(2,3,4,5,6,9,10),(7),(8)
5 (1),(2,3),(4,5,8,9),(6,10),(7) (1),(2,3),(4,5,6,9,10),(7),(8)
6 (1),(2,3),(4,5,8,9),(6),(7),(10) (1),(2,3),(4,5,9),(6,10),(7),(8)
7 (1),(2,3),(4,5),(6),(7),(8,9),(10) (1),(2,3),(4,5,9),(6),(7),(8),(10)
8 (1),(2,3),(4,5),(6),(7),(8),(9),(10) (1),(2,3),(4,5),(6),(7),(8),(9),(10)

This plot has the relative errors and best possible partitions above, where r
denotes again the number of agents in the reduced system.

These results confirm the assumption we had in the previous section. Placing
leaders in their own cell result in a small model reduction error. Also, an almost
equitable is far from the best partition if one wishes to obtain a relative small
model reduction error.
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Conclusions

In this thesis we examined the model reduction errors for multi-agent systems
associated with a leader follower set up. These systems were reduced through
graph partitioning, and if this partitioning is so called almost equitable, there ex-
ists a simple expression for the model reduction error. We examined partitions
close to almost equitable by removing single edges from the original network
graph. It can be observed that removing edges connected to a leader leads to a
larger model reduction error.

Also, when given a system, a set of leaders and a number of agents for the
reduced order system, this thesis provides an algorithm for determining the ideal
partition for reducing the original system. It can be observed that placing the
leaders of the system in their own cluster (so without any cell mates) generally
leads to a smaller model reduction error. It can also be observed that an almost
equitable partition is far from the best possible partition if one wants so keep
the model reduction error relatively low.

This thesis only explored model reduction errors for small-scale systems.
Since most multi-agents are usually quite large, investigating minimal model
reduction errors for large-scale systems is a suggestion for further research.
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Chapter 7

Appendix

The Matlab code used in this thesis to determine the partitions that result in
the minimal error for a given number of nodes in the reduced order system.

% Algorithm for determining the minimal error and

corresponding partition

% given a system and a leader set.

% Making use of the function partitions.m by Matt Fig

% (see

% https ://nl.mathworks.com/matlabcentral/fileexchange

/24185 - partitions)

% Define the original system

v = [1 2 3 4 5 6 7 8 9 10];

s = [1 1 2 2 2 2 3 3 3 3 4 5 6 9 ];

t = [6 10 7 8 9 10 7 8 9 10 9 9 10 10];

weights = [1 1 1 1 1 1 1 1 1 1 1 1 1 1 ];

G = graph(s,t,weights);

%plot(G,'EdgeLabel ',G.Edges.Weight)

% Specify leaders

v_leader = [1 7]

%cells = 2;

nodenumber = size(v,2);

%% determine the model reduction error for all

possible partitions

for cells = 1:( nodenumber -1)
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P_part = partitions(v,cells); % all possible

partitions

% incidence matrix R

edgenumber = size(s,2);

nodenumber = size(v,2);

R = zeros(nodenumber ,edgenumber);

for i = 1: edgenumber

R(s(i), i) = -1;

R(t(i), i) = 1;

end

R ;

% diagonal matrix with weights on diagonal

W = diag(weights);

% adjacency matrix A (unweighted ?)

A = adjacency(G);

A = full(A);

% degree matrix D

D = degree(G);

D = diag(D);

% laplacian matrix L

L = R*W*R';

% matrix C voor system (-L,M,C,0)

C = sqrt(W)*R.';

%% ------------------------------------------------

% for a given leader set 'v_leader ' define matrix M

M = zeros(length(v),length(v_leader));

for c = 1: length(v_leader)

for r = 1: length(v)

if r == v_leader(c)

M(r,c) = 1;

end

end

end

M;

for j = 1: length(P_part)

% Given graph partition define characteristic matrix P

P = zeros(nodenumber ,cells);

for c = 1: cells % per kolom vullen
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for r = 1: nodenumber

if ismember (r,P_part{j}{c})

P(r,c)=1;

end

end

end

P;

%% --------------------------

% projected system

% Petrov -Galerkin matrices W and V using graph

partition P

W_proj = P*inv(P.'*P);
V_proj = P;

% Reduced order system 'hat '
L_hat = W_proj.'*L*V_proj;
M_hat = W_proj.'*M;

R_hat = P.'* R ;

C_hat = sqrt(W)*R_hat.';

%% define error system 'bar '
L_bar = blkdiag(L,L_hat);

M_bar = [M;M_hat ];

C_bar = [C,-C_hat ];

%% define matrices T for original , reduced system and

error system

n = length(L);

T = [eye(n-1) ones(n-1,1); zeros(1,n-1) 1];

T_inv = [eye(n-1) -ones(n-1,1); zeros(1,n-1) 1];

n_hat = length(L_hat);

T_hat = [eye(n_hat -1) ones(n_hat -1,1); zeros(1,

n_hat -1) 1];

T_hat_inv = [eye(n_hat -1) -ones(n_hat -1,1); zeros(1,

n_hat -1) 1];

T_bar = blkdiag(T,T_hat);

T_bar_inv = blkdiag(T_inv ,T_hat_inv);

%% original system , multiplication with T

L_tr = T_inv*-L*T;

M_tr = T_inv*M;
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C_tr = C*T;

L_block = L_tr (1:n-1,1:n-1);

m = size(M_tr ,2);

M_block = M_tr (1:n-1,1:m);

C_block = C_tr (:,1:n-1) ;

%% H2 norm of original system (squared)

Q = lyap(L_block.',(C_block.'*C_block));

norm_sys = trace(M_block.'*Q*M_block);

%% error system multiplication with T_bar

L_bar_tr = T_bar_inv*-L_bar*T_bar;

M_bar_tr = T_bar_inv*M_bar;

C_bar_tr = C_bar*T_bar;

L_bar_block = blkdiag( L_bar_tr (1:n-1,1:n-1), L_bar_tr

(n+1:n+n_hat -1,n+1:n+n_hat -1));

M_bar_block = [M_bar_tr (1:n-1,:) ; M_bar_tr(n+1:n+

n_hat -1,:)];

C_bar_block = [C_bar_tr (:,1:n-1) , C_bar_tr(:,n+1:n+

n_hat -1)];

%% H2 norm of error system (squared)

Q_bar = lyap(L_bar_block ',(C_bar_block '* C_bar_block));

norm_error_sys = trace(M_bar_block '* Q_bar*M_bar_block)
;

%% Normalized error

relative_error = norm_error_sys/norm_sys;

errors(:,j)= relative_error;

end

[minimum ,I] = min(errors);

%partdisp(P_part(I));
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[maximum ,J] = max(errors);

%partdisp(P_part(J));

array_minimumerrors(cells) = minimum;

array_cells(cells) = cells;

disp(['The minimum error for a reduced order model

with ',num2str(cells),' vertices is ',num2str(
minimum)])

%partdisp(P_part(I))

end

array_minimumerrors;

array_cells;

hold on

grid on

grid minor

title('Minimum errors for different leader sets')
scatter(array_cells ,array_minimumerrors ,'filled ')
xlabel('Agents in reduced order model')
ylabel('Minimum error')
lgd = legend('(1,7)','(1,7,8)','(1,2,7,8)','

(1,2,7,8,10)','(1,2,6,7,8,10)');
title(lgd ,'Leader set')
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