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Introduction

“Cosmology is among the oldest subjects to captivate our species. And that’s
no wonder. We’re storytellers, and what could be more grand than the story of
creation?”

— Brian Greene

Currently, the inflationary paradigm is one of the most promising candidates for early universe
physics [2, 3, 14, 15, 47, 60]. In essence, the theory of inflation conjectures that the universe
underwent a period of exponential expansion shortly after the Big Bang, before it transits
into the radiation and matter dominated era’s which are described by conventional Big Bang
theory. In this thesis, we aim to constrain different inflationary scenarios based on precision
observations of the cosmic microwave background (CMB). However, before going into details,
the relevance and context of the research outlined in this thesis will be further motivated and
established.

Historically, a period of cosmic inflation was conjectured in order to account for a number
of observed properties of the universe, which could not be explained in the framework of
conventional Big Bang theory. In particular, conventional Big Bang theory ceases to explain
two observational facts. First of all, the universe is observed to geometrically flat today
[49]. In other words, the geometry of the universe possesses no intrinsic curvature. The
issue with this observation is that, in order to obtain the observed flatness of the universe
today, the geometry of the universe must have been extremely flat at the earliest stages after
the Big Bang. Conventional Big Bang theory does not a priori provide an explanation why
the universe should start out in such a flat initial state, thereby giving rise to a fine-tuning
problem [14, 15, 47, 60].

Secondly, conventional Big Bang theory fails to account for the observed uniformity of
the CMB. In all directions along the sky, the CMB radiation is observed to have the same
temperature to a very high degree. This uniformity of temperature requires that different
patches in the CMB have been in causal contact, as otherwise a thermal equilibrium resulting
in the observed uniform temperature cannot be established. However, conventional Big Bang
theory predicts that CMB patches on the sky separated by more than two degrees have never
been in causal contact. Therefore, at least within the framework of conventional Big Bang
theory, the observed uniformity of the CMB cannot be explained. This mystery is known as
the horizon problem [14, 15, 60].

Inflation dynamically solves these Big Bang puzzles in an intuitive way [47, 60]. Even if
the universe starts out in a state which is not at all flat, the inflationary expansion will drive
the universe to a flat state. Therefore, the observed flatness becomes a logical dynamical
consequence, rather than a puzzle. Similarly, inflation solves the horizon problem as the
seemingly causally disconnected patches of the CMB have been in causal contact at the
beginning of inflation. Therefore, in the inflationary paradigm, the observed uniformity of
the CMB becomes a prediction, instead of an unexplained feature of the universe.
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8 Introduction

In addition to solving the puzzles of conventional Big Bang theory, it was later discovered
that inflation also naturally provides the primordial seeds required for structure formation
[25, 60, 65, 69, 75]. During the inflationary stage, quantum fluctuations are rapidly stretched
to cosmological scales, freeze-in and become classical. Those quantum fluctuations thus
transform into classical perturbations. In the radiation dominated era, those perturbations
originated during inflation manifest as perturbations in the energy density throughout the
universe. Subsequently, the density inhomogeneities serve as the primordial seeds out of
which all observed large-scale structure is formed according to the mechanism of gravita-
tional instability. Furthermore, the quantum fluctuations during inflation induce minute, but
observable, temperature anisotropies in the CMB.

Although inflation serves as an extremely powerful paradigm for explaining several fea-
tures of the observable universe, the microscopic mechanism behind inflation is still to be
revealed [17, 60]. Usually, inflation is modeled using scalar fields characterized by a flat po-
tential, on which the fields slowly roll down to the minimum. The flatness of the potential is
required since otherwise exponential expansion of space-time cannot be established. Further-
more, the flatness of the potential puts strong constraints on the type of interactions between
the scalar fields and possibly other fields present during inflation. Constrained by the flatness
of the potential, those interactions are small and can to good approximation be treated as
Gaussian fluctuations around a free field theory. Therefore, the fluctuations generated during
inflation, and subsequently present in the CMB as temperature anisotropies, are predicted
to be nearly Gaussian distributed.

Roughly, we can discriminate between two classes of inflation models: single- and multi-
field models of inflation. On the one hand, single field models of inflation, also referred to
as the vanilla scenario of inflation, are simple and intuitive. On the other hand, multi-field
models of inflation are well motivated within the context of candidate theories for high energy
physics, such as string theory [4, 15, 17].

Up till now, the two classes of models are both still in agreement with the current cos-
mological data. In particular, the quantum fluctuations during inflation and temperature
fluctuations in the CMB are predicted to be small, nearly Gaussian and adiabatic. More for-
mally, the so-called power spectrum of the fluctuations is expected to be featureless, almost
scale-invariant and its residual scale dependence is predicted to be described by a power-law.
Those generic predictions hold for most of the single- and multi-field models and are verified
by CMB observations, for instance, made by the Planck satellite [3].

From one side, this observational verification may be regarded as a huge success of infla-
tion. However, based on those observational results we cannot discriminate between different
microscopic scenarios that are proposed to underlie the inflationary phase.1 Therefore, we
have to search for other observational differences between competing inflationary scenarios.
In this thesis, we aim to derive observational differences between the single- and multi-field
scenarios of inflation imprinted in the CMB.

In particular, we will focus on the (non-)gaussianity feature of the temperature fluctu-
ations in the CMB. As mentioned above, due to the flatness of the potential, the quantum
fluctuations generated during inflation are expected to be nearly Gaussian, as well as the
temperature anisotropies in the CMB. However, some level of non-gaussianity is expected to
be present, due to the necessary coupling of the fields to the gravitational field. In addition,
the non-gaussian signal can be enhanced depending on the specific details of the inflationary

1In more technical terms, which will be introduced properly in this thesis, different models of inflation are
often degenerate in terms of the spectral index and tensor-to-scalar ratio.
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model. To this end, an important discovery was made over the last decade [2]: different
classes of inflationary models would produce different non-gaussianity signals. Those non-
gaussianity signals would also be imprinted in the CMB anisotropies. Hence, by actually
measuring the type of non-gaussianity signal contained in the CMB, classes of inflationary
models predicting a different signal can potentially be ruled out.

Summarizing, in this thesis we examine how non-gaussianity contained in the CMB can
be exploited as an observational window to constrain and possibly even rule out (classes of)
inflationary models. In particular, we will aim to derive the predicted level of non-gaussianity
in the case of single- and multi-field inflation. Ultimately, those predictions can be compared
with (future) observations on the non-gaussianity contained in the CMB to potentially rule
out the single- or multi-field scenario in favor of the other.

Outline of this Thesis

In order to introduce different aspects discussed in this thesis in a clear and structured man-
ner, we have divided this thesis into five main parts. In part I, we will extensively review the
key aspects of conventional Big Bang. In particular, we will discuss the flatness and horizon
puzzles in great detail. Subsequently, we will introduce the classical mechanism of inflation
as a possible solution to these problems. In part II, we will leave the classical regime of the
inflationary paradigm and introduce, at a qualitative level, the quantum effects responsible
for the primordial seeds of large-scale structure formation and the CMB anisotropies. Fur-
thermore, we will introduce the formalism, called cosmological perturbation theory, that we
will use to study the quantum fluctuations around the homogeneous background universe.
In part III, we will study the quantum effects during (single-field) inflation in great detail.
In particular, we will derive the power spectrum of the quantum fluctuations and compare
with CMB observations. Furthermore, we will introduce the general concepts related to non-
gaussianity. Finally, in part IV and V, the level of non-gaussianity is predicted for the single-
and multi-field inflationary scenarios.

Different Routes Through the Thesis

Depending on the reader’s interest, this thesis can be approached via different routes. For a
reader new to the field of inflationary cosmology, the first three parts provide an extensive
introduction to both the classical and quantum aspects of the theory. Readers solely inter-
ested in the quantum effects of inflation can omit the first part. Finally, readers focussing on
the calculation of the non-gaussianity level in single- and multi-field inflation, the first three
parts can be skipped.

It is worthwhile to mention that most of the material in the first three parts of this
thesis can also be found in well-written lecture notes and books on inflation, see e.g. [14, 15,
60, 74]. Nevertheless, those parts are included in order to make this work as complete and
self-contained as possible. This is not the case for part IV and V, which are merely based
on actual research papers (e.g. [64, 76, 77]) and complement them by providing detailed
derivations of the results stated in those papers. In that sense, the last two parts serve as
the core of this work, since they contribute significantly to the existing literature.
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Notation and Conventions

“Notation is a complete nightmare.”

— Sytze Tirion

Throughout this work, the author aimed to be as consistent as possible in terms of notation
and conventions. Below, the main notations and conventions are introduced point-wise.

B Natural Units.—The reduced Planck constant ~ = h/2π and the speed of light c are set
equal to one, that is:

~ = c ≡ 1.

B Reduced Planck Mass.—The fundamental constants of nature are conventionally com-
bined into the so-called reduced Planck mass:

Mpl ≡
√

~c
8πG

= 2.435× 1018GeV,

where G is the Newtonian gravitational constant. In natural units, the reduced Planck
mass becomes:

Mpl = (8πG)−1/2.

B Indices.—Space-time indices are given by Greek letters, e.g. µ, ν, spatial indices are
given by roman letters, e.g. i, j. Since 4-dimensional space-time is assumed throughout,
latin indices run from 0 to 3 and roman indices run from 1 to 3. That is:

xµ = (x0, x1, x2, x3) = (t,x), xi = (x1, x2, x3) = x,

where the µ = 0 component corresponds to the temporal coordinate: x0 = t. In a
cartesian coordinate system, the spatial components are x1 = x, x2 = y and x3 = z.

B Metric Signature.—The metric signature in this work is (−+++), such that the invari-
ant differential line element ds2 for a flat Minkowski spacetime becomes:

ds2 = ηµνdx
µdxν = −dt2 + dx2.

In accordance with the chosen metric signature, the Minkowski metric reads ηµν =
diag(−1,+1,+1,+1).

B Vectors.—Four-vectors are usually represented using index notation, e.g. pµ denotes
the energy-momentum 4-vector. Physical 3-vectors are represented with bold letters
or in index notation, e.g. x, xi and p, pi for the position and 3-momentum vector,
respectively. Boldface letters and index notation will be used interchangeably. The
magnitude of a vector is given in unbolded notation, e.g. x ≡

√
x · x. Lastly, vectors

can be written in terms of their magnitude and the corresponding unit vector. For
instance, the 3-momentum can be written as p ≡ pp̂, where p̂ denotes the unit vector.

13



14 Notation and Conventions

B Spatial Derivatives and Gradients.—In the literature, different definitions of the Lapla-
cian are used, resulting form different conventions on contracting (spatial) indices with
the Kronecker delta function or the spatial metric. In chapters 1-9, we take the con-
vention to contract indices using the Kronecker function, such that the Laplacian is
defined as:

∂2 = ∂i∂
i = δij∂i∂j .

From chapter 10 and onwards, it proves convenient to adopt the convention that spatial
indices are solely contracted using the spatial part of the metric gij , which for a flat
background FRW universe is defined as: gij = a2δij . The Laplacian is then defined as:

∇2 ≡ ∂i∂
i = gij∂i∂j =

∂2

a2
.

In Fourier space, the operator ∂2 is replaced by −k2, so that we have the prescription
∇2 → −k2/a2. To make the difference between ∂2 = δij∂i∂j and ∇2 ≡ ∂i∂

i clear from
chapter 10 and onwards, we define ∂2 in those chapters as:

∂2 ≡ ∂i∂i ≡ δij∂i∂j ,

emphasizing that the indices i and j are summed over in the expression for ∂2 using the
Kronecker delta δij , but not contracted, which is to be done using the metric. It should
be noted that our notation is different from for instance Riotto [74], which defines ∇2 as
our ∂2. In practice, to compare our expressions to literature, one has to pay attention
to the factors of a2.

B Einstein Summation Convention.—Repeated indices are summed over, that is:

AµBµ ≡
3∑

µ=0

AµBµ = A0B0 +A1B1 +A2B2 +A3B3.

The summation convention appears frequently for the Kronecker delta function δmn ,
which is zero for m 6= n and one for m = n. For the upper index identical to the lower
index, the summation convention yields:

δii = δ11 + δ22 + δ33 = 3.

Lastly, note that using the summation convention and index notation, the dot product
of the position vector x can be expressed as:

x · x = xixi = x21 + x22 + x23.

B Coordinate, Proper and Conformal Time.—Coordinate or cosmic time will be denoted
as t. and proper time as η. In contrast to coordinate time, we will often use conformal
time as the evolution variable. The conformal time differential dτ is related to the
coordinate time differential dt as:

dτ = dt/a(t), (0.0.1)

where a(t) is the scale factor. Conformal time is useful as it factorizes the FRW metric
of an expanding universe into a static (Minkowski) component and a single function of
time (the scale factor).
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B Derivation Boxes.—Technical derivations of various results are performed in so-called
derivations boxes, indicated by frames such as the one around this section.

Boxes contain supplementary material or derivations.

Omitting the content in these boxes while reading will not cause any obstruction in
following the main message or common thread.

B Fourier Convention.—The Fourier convention in this work is:

R(x) =

∫
d3k

(2π)3
Rk e

ik·x, Rk =

∫
d3x R(x) e−ik·x,

where k is the wavevector and k = |k| is its magnitude, which is also known as the
wavenumber. Sometimes the bold notation d3k is omitted and d3k is written instead.
The volume element d3k (in Fourier space) is defined as:

d3k = k2 sin θ dθ dφ dk

In cases, where the direction of k is relevant, the integral is often separated into a
radial integral over the magntiude k and an angular integral over the direction of the
wavevector k̂ as: ∫

d3k

(2π)3
→

∫
dk

k

k3

2π2

∫
d2k̂

4π

B Dirac Delta Functions.—Using the Fourier convention stated above, the 3-dimensional
Dirac delta functions in real and momentum space are given by:

δ(3)(k) =

∫
d3x e−ik·x, δ(3)(x) =

∫
d3k

(2π)3
eik·x.

B Partial Derivatives in Fourier Space.—Often, we will switch between the original equa-
tions and their Fourier-equivalents. To do this, typically two actions should be per-
formed: (a) the original variable Q is replaced by Qk and (b) possible spatial partial
derivatives ∂j are replaced by ikj , where i is the imaginary unit.

∂jQ(x) =

∫
d3k

(2π)3
Qk ∂je

ikjx
j
=

∫
d3k

(2π)3
(ikjQk) e

ikjx
j
.

B Power Spectrum.—In accordance with the obeyed Fourier convention, we define the
power spectrum PQ of a generic field Q as follows:

PQ ≡ k3

2π2
|Qk|2,

where Qk is the considered Fourier mode in the expansion of the field.

B Perturbed Variables.—A generic variable Q perturbed to first order is written as:

Q = Q+ δQ,

where Q and δQ denote the zeroth order (background) quantity and the perturba-
tion, respectively. The bar over the background variable will be omitted whenever
the difference between the background variable and the perturbation is evident. The
perturbation can always be recognized by means of the δ-notation.
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Below, we will list the most commonly used symbols in this thesis. In case multiple meanings
are assigned to the same symbol, its meaning should be evident from the context.

Symbol Description

~ Planck’s constant (set to unity)
c Speed of light (set to unity)
kB Boltzmann’s constant
G Gravitational constant
Mpl Planck mass in natural units M2

pl ≡ 1/8πG

t, η, τ Cosmic, conformal and proper time, dτ ≡ dt/a

Ȧ Cosmic time derivative of A, Ȧ ≡ ∂tA
A′ Conformal time derivative of A, A′ ≡ ∂τA
ds Invariant space-time line element
xµ Space-time coordinate
x, xi Spatial coordinate
x̂ Spatial unit vector
n Directional unit vector

k, ki Momentum 3-vector

k̂ Momentum unit vector
k Momentum magnitude, k ≡ |k|
K Total vector momentum, K ≡ k1 + k2 + k3

K Total scalar momentum, K ≡ k1 + k2 + k3
k123 Product of scalar momenta, k123 ≡ k1k2k3
a Scale factor
H Hubble parameter, H ≡ ȧ/a
H0 Present day value of H
H∗ Value of H during inflation
H Conformal Hubble parameter, H ≡ aH

rEH, rPH Event and particle horizon
gµν Space-time metric tensor
g Determinant metric tensor, g ≡ det gµν

Γρ
µν Christoffel symbol

Gµν Einstein tensor
Rσ

µνρ Riemann curvature tensor

Rµν , R Ricci tensor and scalar
γij Spatial 3-metric
Tµν Energy-momentum tensor
Σij Anisotropic stress tensor
∂µ Partial space-time derivative
∇µ Covariant space-time derivative
�A D’Alembertian operator acting on A
∇2 Laplacian for FRW metric, ∇2 ≡ gij∂i∂j = ∂2/a2

∂2 Differential operator, ∂2 ≡ δij∂i∂j
LbAµν , ∆bAµν Lie derivatives of field Aµν w.r.t. bρ, Lb ≡ −∆b.

Uµ Four velocity, Uµ ≡ dxµ/dη
v, vi Velocity
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Symbol Description

v Magnitude of velocity, v2 ≡ gijvivj
γ Lorentz or gamma factor, γ(v) ≡ 1/

√
1− v2

ρi, Pi Energy density and pressure of constituent i
w Equation of state, w ≡ P/ρ

cs Speed of sound, c2s ≡ Ṗ /ρ̇
Ωi Density parameter constituent i, Ωi ≡ ρi/ρ
K Curvature parameter
Λ Cosmological constant

ε First Hubble parameter, ε ≡ −Ḣ/H2

η Second Hubble parameter, η ≡ ε̇/Hε
φ Inflaton scalar field
χ Additional scalar field (e.g. spectator)

V (χ) Potential function of inflaton field
Vφ, Vφφ Frist and second field derivatives of V (φ)
mA Mass of field A
εv Potential slow-roll parameter, εv ≡M2

pl/2(Vφ/V )2

ηv Second potential slow-roll, ηv ≡M2
plVφφ/V

δ Dimensionless ratio of φ̈ and φ̇, δ ≡ −φ̈/Hφ̇
X Random variable
ρ(x) Probability density function
E[X] Expectation value, X
Var[X] Variance of X, related to σ as σ2 ≡ Var[X]
ξij Two-point correlation function of i and j

〈A(x)A(y)〉 Two-point correlation function of field A
〈A(x)A(y)A(z)〉 Three-point correlation function of field A

Ā Background value of A
δA First order perturbation of A
δT Temperature fluctuation field CMB
δφ Fluctuation in inflaton field
δi Fractional density perturbation, δi ≡ δρi/ρ
R Comoving curvature perturbation
ζ Curvature perturbation on uniform slices
S Isocurvature of entropy perturbation
δΣij Anisotropic stress perturbation
Φ Gravitational lapse
Ψ Grivatational potential or curvature perturbation
Bi Shift vector
Eij Shear tensor

Â Quantum operator of A, hat often omitted

〈Â〉 Expectation value of operator Â

[Â, B̂] Commutator of operators Â and B̂

â†k, âk Creation and annihilation operators
W [fk, f

∗
k ] Wroskian of mode function fk

f Rescaled quantum fluctuation f ≡ aδφ
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Symbol Description

z Auxilary variable defined as z ≡ aφ̇/H
fk Mode function of f in Fourier space

H
(1,2)
ν First and second Hankel functions
PA Power spectrum of A
ns Scalar spectral index
nt Tensor spectral index
r Tensor to scalar ratio, r ≡ A2

T/A
2
S

AT, AS Tensor and scalar amplitudes
S Action
H Hamiltonian
H Hamiltonian density
L Lagrangian
L Lagrangian density

H0,H0 Free field Hamiltonian (density)
Hint,Hint Interaction Hamiltonian (density)

π Momentum conjugate, π ≡ ∂L/∂Ȧ
δS/δA Variational derivative

Θ(n) ≡ δT (n)/T̄ CMB temperature anisotropy field
〈Rk1Rk2Rk3〉 Three point correlation function of R
BR(k1, k2, k3) Bispectrum of R

fNL Non-linearity parameter
a`m Multipole moments
Y`m Spherical harmonics
C` Angular power spectrum
U Unitary evolution operator associated with H
U0 Unitary evolution operator associated with H0

F Unitary evolution operator associated with Hint

|0〉 Free vacuum state
|Ω〉 Interaction vacuum state

E0, EΩ Energy of free and interaction vacua
N Lapse function
N i Shift function
Σt Constant time spatial hypersurface
nµ Time-like normal vector to Σt

hµν Induced metric on hypersurfaces
h Determinant induced metric, h ≡ dethµν
Dµ Covariant derivative associated with hµν
Kµν Extrinsic curvature tensor
Oi Generic quantum field operator
δi Mass dimension of operator Oi

ci, di Wilsonian coefficients
Λ Energy cut-off of Effective Field Theory
g Generic interaction coupling

∂2χ Redefinition of Ṙ, ∂2χ ≡ a2εṘ
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Symbol Description

S1,2,3 Action to first, second and third order in perturbations
∂S Spatial or temporal boundary term in the action
GIJ Field space metric, often set to GIJ ≡ δIJ
MIJ Mass-matrix

U(θ), S(θ) Rotation matrices, representations of SO(n)
λI I-th eigenvalue
σ Adiabatic field
sI I-th entropic field
θ Two-field angle
δσ Adiabatic field perturbation
δs Entropic field perturbation

T (t∗, t) Transfer function
R Curvature perturbation for two-field model, R = H(δσ/σ̇)
S Entropy perturbation for two-field model, S = H(δs/σ̇)
∆ Adiabicity-entropy correlation angle
QI Quantum fluctuation in I-th field
J(x) Source function

δ/δJ(x) Functional derivative
Z[J ] Generating functional

DQ(x1 − x2) Propagator field Q
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Chapter 1

Conventional Big Bang Theory

“There is a theory which states that if ever anyone discovers exactly what the
universe is for and why it is here, it will instantly disappear and be replaced by
something even more bizarre and inexplicable. There is another theory which
states that this has already happened.”

— Douglas Adams

In this first chapter, the main framework of Big Bang theory will be introduced from first
principles.1 That is, the main results of conventional Big Bang theory – such as the metric of
the universe – will be derived using General Relativity. The main goal of this chapter will be
to set up the essential ingredients of Big Bang theory that will underly the content treated
in the coming chapters.

This chapter is organized as follows. In section 1.1 the assumptions at the heart of cosmol-
ogy will be introduced. These assumptions are often referred as the Cosmological Principle
and they put strong constraints on the mathematical description of the universe. Further-
more, the metric expansion of space on large scales and the corresponding Hubble law will be
discussed. Subsequently, in section 1.2, the Cosmological Principle and metric expansion of
space will be used to derive the metric of the universe, known as the Friedmann-Robertson-
Walker (FRW) metric, which we use throughout this thesis to describe the (background)
geometry of the universe.2 Following up on this, the dynamical evolution of the universe will
be examined in section 1.3. The main results of this section will be the Friedmann equations,
which form one of the cornerstones of modern cosmology. Then, in the final section, the main
results of conventional Big Bang theory will be compared with observations.

1.1 Foundations of Cosmology

In order to be able to describe the universe theoretically by means of mathematical models,
a number of assumptions should be made to start from and build on. In particular, there are
three fundamental assumptions forming the foundation of modern cosmology. Two of these
assumptions are concerned with the uniform structure of the universe on large scales and are
together commonly referred to as the Cosmological Principle. The third assumption relates
to the dynamics of the universe on these large scales. In this section, these assumptions

1It should be mentioned that this chapter and the next are adapted versions of chapters 4,5 and 6 in
previous work [94], performed under supervision of D. Roest and A Chatzistavrakidis and supported by the
Honours College department of the University of Groningen (RUG).

2The implications of the FRW metric for freely falling particles, which move along geodesics, will be
studied in section A.3.

23
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will be introduced and discussed. Furthermore, observational evidence will be provided to
support the introduced assumptions.

1.1.1 The Cosmological Principle

As mentioned, the Cosmological Principle (CP) is based on two assumptions.3 First, the
distribution of matter in the universe is assumed to isotropic on large scales, i.e. for scales
of order 100Mpc.4 An isotropic space is rotational invariant: the same in every direction. In
other words, the universe is assumed to appear the same in all directions when averaged over
distance scales of about 100Mpc or larger. Second, the matter distribution in the universe
is assumed to be homogeneous on these large scales. A homogeneous space is one that is
translationally invariant. That is, averaged on scales of order 100Mpc, the universe is the
same at every point. The requirements of isotropy and homogeneity put strong constraints
on the mathematical description of the universe. For instance, the CP singles out a single
form for the metric of the universe, as described in section 1.2.

Observational Support

The strongest observational support for the CP comes from (a) galaxy redshift surveys and
(b) temperature measurements on the cosmic microwave background (CMB). Below, results
from both types of observations are presented and discussed briefly.

Galaxy Redshifts Surveys.—Galaxy redshift surveys determine the distribution of galaxies as
a function of distance from earth. Between 1997 and 2002 the Anglo-Australian Observatory
conducted the 2dF Galaxy Redshift Survey [39], the obtained distribution of galaxies as func-
tion of distance is shown in Fig. 1.1. As can be seen, the distribution of galaxies – represented
by blue dots – becomes more and more homogeneous as the distance increases. This pattern
occurs for every radial path outward starting at the center, which supports isotropy of the
universe.

Temperature CMB.—At early times, the universe was filled with a hot dense plasma of elec-
trons, protons and photons. This plasma was opaque to the photons, since they constantly
scattered off electrons via Thomson scattering. Due to this constant scattering, the effective
distance travelled by photons was negligibly small. However, in course of time, the uni-
verse cooled and eventually the energy scale was reached at which neutral hydrogen could
be formed from the electrons and protons: this process is called recombination.5 The stage
of recombination took place when the temperature dropped to about Trecomb = 13.6 eV (in
units where kB ≡ 1), corresponding to the binding energy between the electron and proton
in Hydrogen. At that moment, the photons decoupled from the matter and the universe be-
came transparent to them. Since then, the photons streamed freely through the universe and
are nowadays observed as background radiation called the Cosmic Microwave Background
(CMB).

3For a more mathematical discussion of the Cosmological Principle, see chapter 14.1 of [89].
4The Megaparsec, abbreviated as Mpc, is the unit of length used to quantify distances to objects outside

the solar system: 1Mpc = 3.0857× 1016 m.
5The re- in the term recombination is misleading, since this really is the first time electrons and protons

combine into neutral hydrogen. Hence, the term combination would be more appropriate. Unfortunately, the
term recombination became standard terminology in literature.
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Figure 1.1: Distribution of galaxies (blue dots) as a function of radial distance
and direction according to the 2dF Galaxy Redshift Survey [39]. In each direction
the distribution of galaxies gets more homogeneous as distance increases: this
supports homogeneity and isotropy.

Among other satellites, the Wilkinson Microwave Anisotropy Probe (WMAP) has mea-
sured the temperature of the CMB in all directions along the sky. The temperature of the
CMB is measured to be the same in every direction to very high accuracy [49]:

T̄CMB = 2.725± 0.002K. (1.1.1)

Anisotropies in the temperature as a function of direction are only observed on small relative
scales of δT/T̄CMB = O(10−5). Hence, the temperature of the CMB strongly favors the
assumption that the universe is isotropic.

1.1.2 The Expanding Universe

The third and final assumption that lies at the core of modern cosmology is concerned with
the dynamics of the universe. On sufficiently large scales, again of order 100Mpc and larger,
it is assumed that the universe expands. Mathematically, this implies that the spatial part
of the space-time metric, known as the 3-metric, changes as a function time. In particular,
the expansion of the universe constrains the components of the 3-metric to be increasing
functions of time. Then, since the 3-metric itself increases over time, the physical distance
between two points in the universe increases with time: this is called the metric expansion of
space.

Mathematically, the metric expansion of space is modelled by the Friedmann-Robertson-
Walker metric, which will be derived in the following the section. However, this model of
the universe is only valid on large scales: roughly the scale of galaxy clusters and larger. On
smaller scales, the metric expansion is suppressed by the gravitational attraction between the
present matter.

Hubble’s Law

Observationally, the metric expansion of space is described by Hubble’s law, which states
that:
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B Galaxies observed in extragalactic space, at distances of 10Mpc or more away, are found
to have a Doppler shift analogous to a relative velocity away from Earth, known as the
recession velocity.

B The relative velocity of these galaxies away from earth is approximately proportional
to their distance to Earth, up to a few 100Mpc away from earth. For larger distance
scales, the notion of distance itself becomes less well-defined and the relation becomes
model-dependent: i.e. the matter content of the universe should be taken into account.

Theoretically, the relation between the recession velocity vr and distance was first derived
from General Relativity by G. Lemâıtre in 1927 [59]. For distances up to approximately
100Mpc, the relationship between distance d and recession velocity vr is linear and often
expressed as:

vr = H0d, (1.1.2)

where the constant of proportionality, H0, is called the Hubble parameter, named after E.
Hubble, who was the first to confirm the relation based on observations [51]. Sometimes, H0

is called the Hubble constant. This terminology is misleading, since the Hubble parameter
is emphatically not constant over time: see section 1.2.2. In particular, the subscript 0 in
H0 is used to indicate the present day value of the Hubble parameter. The terminology
Hubble constant originates from the fact that the Hubble parameter is constant over space,
as imposed by the CP. The most recent present-day value of the Hubble parameter is:

H0 = 67.31± 0.96 km s−1 Mpc−1, (1.1.3)

as obtained from observations made by the Planck satellite in 2015 [3].

1.2 Geometry of the Universe

By the Cosmological Principle, the number of possibilities for the geometry of the universe
reduces significantly. The constraints of homogeneity and isotropy allow to classify three
different geometries for the universe: a Euclidean, spherical or hyperbolic geometry. In this
section, the spatial metric encompassing those three geometries will be introduced. Finally,
we will discuss Friedmann-Robertson-Walker metric, which describes the expanding geometry
of the universe on large scales.

1.2.1 Spatial Geometry and 3-Metric of the Universe

As mentioned, based on spatial homogeneity and isotropy, the spatial geometry of the uni-
verse is described (at a specific instant in time) by a constant 3-curvature K. The background
evolution of the universe can then be represented as the sequence of constant time hypersur-
faces Mt, each of which is homogeneous and isotropic and has a constant 3-curvature. The
3-curvature falls naturally into three different classes: K < 0, corresponding to a negatively
curved spatial geometry, K = 0 (flat geometry) and K > 0 (positively curved). Note that
only the sign of the 3-curvature K is relevant here, since by appropriate rescaling of coordi-
nates, the precise value of K (except for its sign) can be chosen arbitrarily. In what follows,
the coordinates will be rescaled such that the curvature parameter K takes on values −1, 0
and +1 for negatively curved space, flat space or positively curved space, respectively.
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5 1. Geometry and Dynamics

1.1 Geometry

1.1.1 Metric

The spacetime metric plays a fundamental role in relativity. It turns observer-dependent coor-

dinates Xµ = (t, xi) into the invariant line element1

ds2 =
3X

µ,⌫=0

gµ⌫dX
µdX⌫ ⌘ gµ⌫dX

µdX⌫ . (1.1.1)

In special relativity, the Minkowski metric is the same everywhere in space and time,

gµ⌫ = diag(1,�1,�1,�1) . (1.1.2)

In general relativity, on the other hand, the metric will depend on where we are and when we

are,

gµ⌫(t,x) . (1.1.3)

The spacetime dependence of the metric incorporates the e↵ects of gravity. How the metric

depends on the position in spacetime is determined by the distribution of matter and energy in

the universe. For an arbitrary matter distribution, it can be next to impossible to find the metric

from the Einstein equations. Fortunately, the large degree of symmetry of the homogeneous

universe simplifies the problem.

flat

negatively 
curved

positively 
curved

Figure 1.2: The spacetime of the universe can be foliated into flat, positively curved or negatively curved
spatial hypersurfaces.

1.1.2 Symmetric Three-Spaces

Spatial homogeneity and isotropy mean that the universe can be represented by a time-ordered

sequence of three-dimensional spatial slices ⌃t, each of which is homogeneous and isotropic (see

fig. 1.2). We start with a classification of such maximally symmetric 3-spaces. First, we note that

homogeneous and isotropic 3-spaces have constant 3-curvature.2 There are only three options:

1Throughout the course, will use the Einstein summation convention where repeated indices are summed

over. We will also use natural units with c ⌘ 1, so that dX0 = dt. Our metric signature will be mostly

minus, (+,�,�,�).
2We give a precise definition of Riemann curvature below.

Figure 1.2: Time-ordered spatial slices or hypersurfaces with the possible curva-
tures: K = 0 (flat), K < 0 (negatively curved) and K > 0 (positively curved).

As we will derive explicitly in Appendix A, the spatial metric γij (3-metric) corresponding
to the three geometries can be written as:

γij(x) = δij +K
xixj

1−K(xkxk)
, (1.2.1)

where K takes on the values −1 0 and +1 for negatively curved, flat and positively curved
space, respectively. The spatial line element d`2 can be written as:

d`2 = a2dx2 = a2γijdx
idxj , (1.2.2)

where the factor a is an increasing function of time (only). In particular, it will take the
role of a scale factor accounting for the metric expansion of the universe by stretching the
coordinate system over time. Using the above result, the invariant space-time interval ds2 ≡
gµνdx

µdxν = −dt2 + d`2 becomes:

ds2 = −dt+ a2(t)

[
dx2 +K

(x · dx)2

1−Kx2

]
= −dt2 + a2(t)γij(x) dx

idxj , (1.2.3)

according to the (−+++) metric signature. This result is known as the Friedmann-Robertson-
Walker (FRW) metric,6 and a universe described by this metric is often called a FRW universe.

From the above expression for ds2, the space-time metric gµν of the universe can be
extracted as:

gµν =

[
−1 0
0 a2γij

]
(1.2.4)

Observe that the symmetry constraints on the geometry of the universe, as imposed by the
Cosmological Principle, reduce the ten independent components of the metric into a function
of time and a constant: the scale factor a(t) and the curvature parameter K, respectively.
Furthermore, note that the metric indeed does not posses non-trivial spatial dependence.

6Strictly speaking, Eq. 1.2.3 is not the metric, but the invariant space-time interval ds2 which is related
to the actual metric gµν via ds2 = gµνdx

µdxν . However, because of this close relation between ds2 and gµν ,
both are often referred to as the metric.
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This can be seen most easily for a universe with zero curvature K = 0, in that case γij = δij
(by Eq. A.1.10) and the metric becomes:

gµν =

[
−1 0
0 a2δij

]
, (1.2.5)

which is clearly independent of spatial coordinates. In the rest of this work, the flat metric
will be used mostly as it is favored by observations (see section 1.4).

1.2.2 Comoving and Physical Quantities

Describing distances and velocities in an expanding universe is not straightforward, since the
background in which these quantities are defined – the FRW metric – itself changes with
time via the scale factor a(t). Therefore, two types of coordinates are used: comoving and
physical coordinates. The comoving coordinates are fixed with the expansion of the universe
and hence do not posses time dependence. Physical coordinates, on the other hand, describe
the real positions in space, which change as function of time due to the expansion of the
universe.

In the FRW metric line element (Eq. 1.2.3):

ds2 = −dt2 + a2(t)γij(x) dx
idxj , (1.2.6)

the coordinates xi ≡ {x1, x2, x3} are comoving coordinates. The comoving coordinates x can
be transformed to physical coordinates xphys and vice versa via the relationship:

xphys(t) = a(t) x. (1.2.7)

The above relation between physical and comoving coordinates explicitly shows that the phys-
ical coordinates are time-dependent via the scale factor, whereas the comoving coordinates
are not.

In an FRW space-time, the physical velocity of an object is defined as the time derivative
of the physical coordinate xiphys, that is:

vphys ≡
dxphys

dt
= a(t)

dx

dt
+
da

dt
x = vpec +Hxphys, (1.2.8)

where H is the Hubble parameter in terms of the scale factor and its first time derivative:

H(t) ≡ 1

a

da

dt
=
ȧ

a
, (1.2.9)

and it follows that H is time-dependent. Notice that the physical velocity consists of two
contributions: the peculiar velocity vpec = a(t)ẋ and the Hubble flow, Hxphys. This Hubble
flow represents the part of the velocity inherent to the expansion of the universe. The
peculiar velocity of an object is velocity relative to the comoving coordinate system. That
is, the peculiar velocity is the velocity measured by an observer following the Hubble flow.7

7More on the kinematics of particles in the FRW universe can be found in Appendix A.3.
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Recovering Hubble’s Law

Hubble’s law (Eq. 1.1.2) can be extracted from Eq. 1.2.8 by assuming vpec = 0 for galaxies,
i.e. the galaxies are fixed with the expansion of the universe. In that case, the physical
velocity of the galaxies is given by solely the Hubble flow contribution:

vphys = Hxphys. (1.2.10)

Now, identifying the physical velocity with the recession velocity vr and physical distance
with the seperation distance d, Hubble’s law in the form of Eq. 1.1.2 follows immediately
from the above equation.

1.3 Dynamics of the Universe

In the previous section the metric expansion of space is discussed and the corresponding
metric gµν was derived using the Cosmological Principle. As shown, the metric depends only
on one dynamical function of time: the scale factor a(t). However, the scale factor is never
presented as an explicit function of time: that will be the main purpose of this section. The
scale factor depends upon the energy and matter content in the universe as described by the
energy-momentum tensor Tµν of the universe. Since the scale factor is part of the metric
tensor gµν , it is related to Tµν via the Einstein Field Equations (EFE’s)

Gµν = 8πG Tµν . (1.3.1)

To be more specific, the EFE’s are used to obtain two differential equations, the so-called
Friedmann equations, which can be solved for the scale factor as function of time.

To find the Friedmann equations, first the energy-momentum tensor Tµν (right-hand side
of EFE’s) will be introduced for a homogeneous and isotropic universe in section 1.3.2. Then,
in section 1.3.2, conservation of energy and momentum will be used to examine the evolution
of the energy density as function of the scale factor. The Einstein tensor Gµν (left-hand side
of EFE’s) is discussed in section 1.3.4. Finally, in section 1.3.5, the results of the preceding
sections are combined to obtain the Friedmann equations.

1.3.1 Energy-Momentum Tensor of the Universe

Just like the metric tensor gµν , also the energy-momentum tensor Tµν must satisfy the re-
quirements of isotropy and homogeneity. In Appendix B.1, it is shown that the CP constrains
the energy-momentum tensor to be:

Tµν = (ρ+ P )UµUν + Pgµν =

[
ρ 0
0 Pgij

]
, (1.3.2)

which is known as the energy-momentum tensor of a perfect fluid, see also chapter 14.2 of
[89].8 The energy density and pressure of the fluid are given by ρ and P respectively and its
four-velocity relative to the (comoving) observer is denoted by Uµ ≡ dxµ/dη.

8We will shortly discuss the energy-momentum tensor for a non-perfect fluid in section 4.8.1.
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1.3.2 Energy Conservation and the Continuity Equation

Now that the energy-momentum tensor for the universe is known, the next task is to describe
the evolution of the energy density ρ in an expanding universe. To do that, conservation of
energy and momentum will be considered first. Mathematically, energy and momentum con-
servation is represented by a vanishing covariant derivative of the energy-momentum tensor:

∇µT
µν = 0, (1.3.3)

where the covariant form of the energy-momentum tensor is obtained as follows:

Tµν = gµρgνσTρσ =

[
ρ 0
0 Pgij

]
. (1.3.4)

Writing out the covariant derivative ∇µT
µν yields:

∇µT
µν = ∂µT

µν + Γµ
µαT

αν + Γν
µαT

µα = 0. (1.3.5)

Evaluating the above expression for ν = 0 gives the evolution equation for the energy density,
which is known as the continuity equation:

ρ̇+ 3H(ρ+ P ) = 0. (1.3.6)

This differential equation may be solved for ρ in terms of a. To do so, it is convenient to define
the equation of state parameter w = P/ρ, which assumes that there is a linear relationship
between the pressure and the energy density of the fluid. The solution ρ = ρ(a) is:

ρ ∝ a−3(1+w). (1.3.7)

Lastly, for later analysis, it proves convenient to rewrite the continuity equation in the form
|d ln ρ/d ln a|, reading: ∣∣∣∣d ln ρd ln a

∣∣∣∣ = 3(1 + w). (1.3.8)

1.3.3 Energy and Matter Content in the Universe

The universe went through different era’s characterized by different dominating matter com-
ponents (we will come back to this in section 1.4). For instance, at early times the universe
was dominated by photons (i.e. radation) and in course of time, the universe became matter
dominated. Nowadays, the universe is dominated by so-called dark energy, since almost 70%
of the energy and matter content in the universe is in the form of dark energy. These different
components correspond to different relations between the pressure P and the density ρ and
hence to different equations of state w.

Below, the known energy and matter components constituting the content in the universe
will in classified based on their equation of state:

B Matter.—All components for which the pressure is negligibly small compared to the
energy density, i.e. P � ρ, are referred to as matter. In the limit P � ρ, the equation
of state vanishes w → 0 and Eq. 1.3.7 gives:

ρ ∝ a−3 ∝ V −1, (1.3.9)
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since V ∝ a3. Note that this inverse proportionality between ρ and V originates solely
from the expansion of the universe. This is the case for a gas of non-relativistic particles,
for which the energy density is dominated by the mass. The sources that behave in this
way are dark matter and ordinary matter (nuclei and electrons). Usually, cosmologists
refer to ordinary matter as just baryons, which is strictly speaking wrong, since electrons
are leptons. However, most of the mass of ordinary matter is contained in baryons since
as they are much heavier compared to electrons (mp/me = O(103)). Therefore, ordinary
matter is usually referred to as baryons.

B Radiation.—For a gas of relativistic particles, the pressure is approximately one-third
of the energy density:

P =
1

3
ρ, (1.3.10)

and the equation of state is w = 1/3. Components satisfying w = 1/3 are referred to
as radiation. Substitution of this value for w in Eq. 1.3.7 gives:

ρ ∝ a−4. (1.3.11)

In this case the dilution of the energy density includes both the expansion of the uni-
verse, contributing a−3, and the red-shifting of the energy, which contributes a−1. Par-
ticle species that behave like radiation are photons, neutrinos and gravitons.

B Dark Energy.—Finally, a negative pressure component is needed to describe the ob-
served universe (see section 1.4). This component is known as dark energy (DE) and
satisfies:

P ≈ −ρ, (1.3.12)

with the corresponding equation of state wDE ≈ −1. Remarkably, the energy density
of this component does not dilute according to Eq. 1.3.7:

ρ ∝ a0 = 1. (1.3.13)

Since the energy density remains constant with the expansion, additional dark energy
must be created in course of time to counteract the effect of the expansion on the
energy density. To very good approximation, dark energy behaves the same as vacuum
energy or a cosmological constant Λ (see last part of section 1.4). This is the reason
why the terms dark energy, cosmological constant and vacuum energy are often used
interchangeably in literature as well as in this work, whereas they formally have different
meanings.

1.3.4 Einstein Tensor of the FRW Universe

In this section, the Einstein tensor Gµν of the FRW universe will be introduced. Together
with the cosmological constant Λ, the Einstein tensor constitutes the left-hand side of the
EFE’s and it can be written as:

Gµν ≡ Rµν −
1

2
Rgµν , (1.3.14)

where Rµν and R are the Ricci tensor and scalar, respectively. Since the FRW metric gµν
is already known, computation of Rµν and R using the FRW metric will yield the complete
expression for Gµν .
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The Ricci tensor Rµν is defined as the contraction of the upper index with the middle
lower index of the Riemann tensor and reads:

Rµν = Rσ
µσν = ∂λΓ

λ
µν − ∂νΓ

λ
µλ + Γλ

λρΓ
ρ
µν − Γρ

µλΓ
λ
νρ. (1.3.15)

The only non-vanishing components of the Ricci tensor are R00 and Rij , where the latter is
proportional to the spatial metric gij :

R00 = −3
ä

a
, Rij =

[
ä

a
+ 2

(
ȧ

a

)2

+ 2
K

a2

]
gij . (1.3.16)

From the Ricci tensor, the Ricci scalar R is obtained by contraction with the inverse metric
gµν as follows:

R = gµνRµν . (1.3.17)

Consequently, the Ricci scalar R becomes:

R = 6

[
ä

a
+

(
ȧ

a

)2

+
K

a2

]
. (1.3.18)

Using Rµν and R, the Einstein tensor Gµν takes the form:

Gµν = Rµν − 3

[
ä

a
+

(
ȧ

a

)2

+
K

a2

]
. (1.3.19)

In Appendix B.3, the Ricci tensor and scalar are derived according to the definitions above
and the Christoffel symbols of the FRW metric (Eq. A.2.3).

1.3.5 The Friedmann Equations

Now that both the Einstein tensor Gµν (Eq. 1.3.19) and the energy-momentum tensor Tµν
(Eq. 1.3.2) are known for the FRW universe, the EFE’s can be used to deduce the Friedmann
equations. Using the obtained expressions for Gµν and Tµν , the EFE’s become:

Gµν + Λgµν = Rµν − 3

[
ä

a
+

(
ȧ

a

)2

+
K

a2

]
gµν + Λgµν =

Tµν
M2

pl

, (1.3.20)

The first Friedmann equation is obtained by considering the above equation for µ = ν = 0
and reads: (

ȧ

a

)2

+
K

a2
=

1

3M2
pl

(ρ+ ρΛ) , (1.3.21)

where ȧ/a = H is the Hubble parameter and ρΛ = Λ/8πG = M2
plΛ is the energy density

due to the cosmological constant Λ. The second Friedmann equation, also known as the
acceleration equation, is obtained by considering µ = i and ν = j in the EFE’s:

ä

a
= − 1

6M2
pl

(3P + ρ− 2ρΛ). (1.3.22)

In Appendix B.4, the first and second Friedmann equations are explicitly derived from the
EFE’s (Eq. 1.3.20).



Chapter 1. Conventional Big Bang Theory 33

Matter Content w ρ(a) a(t)

Radiation Dominated (RD) 1/3 a−4 t1/2

Matter Dominated (MD) 0 a−3 t2/3

Vacuum Energy Dominated (ΛD) −1 a0 eHt

Table 1.1: Solutions for the energy density and scale factor for universes dom-
inated by different matter components (corresponding to different equations of
state w).

1.3.6 Scale Factor Evolution in a Single Component Universe

Combining the first Friedmann equation (Eq. 1.3.21) with the solution for the energy density
ρ = ρ(a) (Eq. 1.3.7), the time dependence of the scale factor can be obtained for single-
component universes. Single component universes are filled with only one form of matter
and are good approximations to the real universe during times where the considered matter
component dominates all the others.

In order to simplify the derivation of the scale factor for such universes, the curvature
parameter is set to zero9 K ≡ 0. Furthermore, since only single-component universes are
considered here, there is no need to distinguish between energy density ρ and the contribution
due to the cosmological constant ρΛ. Therefore, the first Friedmann equation is rewritten as:

H2 =

(
ȧ

a

)2

=
ρ

3M2
pl

, (1.3.23)

since ρ + ρΛ → ρ and spatial curvature is neglected, K ≡ 0. Using the solution ρ = ρ(a) as
given by Eq. 1.3.7, the previous equation becomes:

H2 =

(
ȧ

a

)2

∝ 1

3M2
pl

a−3(1+w). (1.3.24)

Omitting the irrelevant factor 1/3M2
pl and rewriting in terms of ȧ yields:

ȧ ∝ a−3(1/3+w)/2. (1.3.25)

Integration gives the following form for the time dependence of a for an arbitrary equation
of state w (except for the special case w = −1, see below):

a(t) ∝ t2/3(1+w). (1.3.26)

In the case of matter domination (MD) and radiation domination (RD) the equations of state
are w = 0 and w = 1/3 respectively and the scale factor evolves as:

a(t) ∝ t2/3 (MD), a(t) ∝ t1/2 (RD). (1.3.27)

For the case w = −1, corresponding to a cosmological constant (vacuum energy) and to
good approximation to dark energy, the time evolution of the scale factor assumes a different

9In the next section it will be shown that the assumption K = 0 is indeed favored by observations made
by e.g. the Planck satellite [3].



34 1.4. The ΛCDM Model and Observations

form. According to Eq. 1.3.7, the energy density of a matter component satisfying w = −1
does not dilute with the expansion and ρ ∝ a0 = 1. It follows immediately that the Hubble
parameter is constant in that case, since H2 ∝ ρ according to the first Friedmann equation.
The differential equation for the scale factor and its solution thus read:

ȧ = Ha, a ∝ eHt (ΛD), (1.3.28)

where H 6= H(t). The solutions for the three different single component universes discussed
above (RD, MD and ΛD) are summarized in Table 1.1.

De Sitter Universe

A universe containing solely vacuum energy is often referred to as a De Sitter (dS)
universe, named after W. De Sitter, a Dutch physicist who first proposed this type of
single-component universe. The space-time of a dS universe is given by:

ds2 = −dt2 + a2(t) dx2 = −dt2 + e2Htdx2. (1.3.29)

Since the scale factor is given by a(t) = eHt and H is constant in time, a dS universe
expands exponentially with time. In other words, a dS universe undergoes acceleration
expansion.

Notice that a perfect dS universe never stops expanding exponentially since H 6= H(t)
and a dS universe can therefore never transit into an era with a different scale factor (such
as the radiation dominated universe). For that reason, a dS space-time may only serve as
a good approximation to cosmological era’s in which the expansion is almost exponential.
This is the case for inflation, where the Hubble parameter only depends mildly on time
and the scale factor can thus be approximated by a ' eHt. As a consequence, the
inflationary era is often referred to as a quasi-De Sitter period: this will come back in the
next chapter.

1.4 The ΛCDM Model and Observations

Cosmological observations made by for instance the Planck satellite [3] show that the current
universe is filled with radiation, matter and dark energy (or vacuum energy). Since the vast
majority of the energy content is in the form of dark energy Λ (70%) and cold dark matter
(25%), the model that corresponds best to these observations is called the ΛCDM model.
The energy density contribution due to radiation, matter and dark energy are denoted by ρr,
ρm and ρΛ, respectively. In addition, the matter and radiation densities are usually divided
into contributions of different matter and radiation species. For matter, ρm is the sum of
baryons ρb and cold dark matter ρCDM (CDM):

ρm = ρb + ρCDM. (1.4.1)

Similarly, the radiation density is given by the sum of the contributions due to photons ργ
and neutrinos ρν :

ρr = ργ + ρν . (1.4.2)

Usually, the density of the different contributions is represented in units of the so-called
critical density ρc. This critical density is defined as the density for which the first Friedmann
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equation yields zero curvature (K = 0). To find an expression for ρc, the first Friedmann
equation is written as:

K

a2
=

ρ

3M2
pl

−H2. (1.4.3)

For K to be zero, it follows from the above equation that ρ must satisfy:

ρc = 3M2
plH

2 =
3H2

8πG
= 1.87847(23) · h2 10−29 g cm−3, (1.4.4)

where the numerical value is taken from Ref. [71] and h = 0.673(12). The critical density
can now be used to define the dimensionless density parameter for matter component i as:

Ωi ≡
ρi
ρc
. (1.4.5)

The sum of all contributions is indicated by the total density paramter Ω (without a sub-
script):

Ω =
∑
i

Ωi. (1.4.6)

For a flat universe, K = 0, the total density parameter is equal to one: Ω = 1.
As for the scale factor, which is often set to unity today, present-day values for the

dimensionless density parameters will be indicated using a zero in the subscript. To illustrate
this convention, Ωr,0 is today’s density radiation density in units of the critical density ρc,0
today, which corresponds to the current value of the Hubble parameter H0:

ρc,0 ≡
3H2

0

8πG
. (1.4.7)

Furthermore, this convention allows to write the density ρi corresponding to a generic value
for the scale factor a in terms of the present-day density ρi,0 and scale factor a0. For instance,
recall that radiation density scales as ρr ∝ a−4 and therefore ρr(a) can be written as:

ρr = ρr,0

(a0
a

)4
. (1.4.8)

Assuming the energy density splits into contributions due to dark energy (Λ), radiation and
matter, it can be written as:

ρ = ρΛ + ρm + ρr = ρΛ,0 + ρm,0

(a0
a

)3
+ ρr,0

(a0
a

)4
. (1.4.9)

Notice that for dark energy the density ρΛ = ρΛ,0, since it does not dilute with the expansion.
At early times, the content in the universe was dominated by radiation. This is expected

since the radiation density decays fastest with time of all components since ρ(a) ∝ a−4 (see
Tab. 1.1). At late times, the universe is dominated by the dark energy Λ since ρΛ does not
dilute with time and both the matter and radiation density decay away with time (again, see
1.1).

Invoking the above notation for the total energy density, the first Friedmann equation
(Eq. 1.3.21 with ρΛ absorbed in ρ) may be divided by the current critical energy density ρc,0
to obtain:

H2(a) = H2
0

[
ΩΛ,0 +Ωm,0

(a0
a

)3
+Ωr,0

(a0
a

)4
+ΩK,0

(a0
a

)2
]
, (1.4.10)
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Planck Collaboration: Cosmological parameters
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Fig. 25. Power spectra drawn from the Planck TT+lowP posterior for the correlated matter isocurvature model, colour-coded by the
value of the isocurvature amplitude parameter ↵, compared to the Planck data points. The left-hand figure shows how the negatively-
correlated modes lower the large-scale temperature spectrum, slightly improving the fit at low multipoles. Including polarization,
the negatively-correlated modes are disfavoured, as illustrated at the first acoustic peak in EE on the right-hand plot. Data points at
` < 30 are not shown for polarization, as they are included with both the default temperature (i.e., TT+lowP) and polarization (i.e.,
TT,TE,EE+lowP) likelihood combinations.

Planck constraints on the correlated isocurvature amplitude
are shown in Fig. 24, with and without high-multipole polariza-
tion. The corresponding marginalized limit from the temperature
data is

↵ = �0.0025+0.0035
�0.0047 (95%,Planck TT+lowP), (45)

which is significantly tightened around zero when Planck polar-
ization information is included at high multipoles:

↵ = 0.0003+0.0016
�0.0012 (95%,Planck TT,TE,EE+lowP). (46)

This strongly limits the isocurvature contribution to be less than
about 3 % of the adiabatic modes. Figure 25 shows how models
with negative correlation parameter, ↵, fit the temperature data at
low multipoles slightly better than models with ↵ = 0; however,
these models are disfavoured from the corresponding change in
the polarization acoustic peaks.

In this model most of the gain in sensitivity comes from
relatively large scales, ` <⇠ 300, where the correlated isocur-
vature modes with delayed phase change the first polarization
acoustic peak (` ⇡ 140) significantly more than in tempera-
ture (Bucher et al. 2001a). The polarization data are not entirely
robust to systematics on these scales, but in this case the result
appears to be quite stable between the di↵erent likelihood codes.
However, it should be noted that a particularly low point in the
T E spectrum at ` ⇡ 160 (see Fig. 3) pulls in the direction of
positive ↵, and could be giving an artificially strong constraint if
this were caused by an unidentified systematic.

6.2.4. Curvature

The simplifying assumptions of large-scale homogeneity and
isotropy lead to the familiar Friedman-Lemaı̂tre-Robertson-
Walker (FLRW) metric that appears to be an accurate description
of our Universe. The base⇤CDM cosmology assumes an FLRW
metric with a flat 3-space. This is a very restrictive assumption
that needs to be tested empirically. In this subsection, we investi-
gate constraints on the parameter ⌦K , where for ⇤CDM models
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Fig. 26. Constraints in the ⌦m–⌦⇤ plane from the Planck
TT+lowP data (samples; colour-coded by the value of H0) and
Planck TT,TE,EE+lowP (solid contours). The geometric degen-
eracy between ⌦m and ⌦⇤ is partially broken because of the ef-
fect of lensing on the temperature and polarization power spec-
tra. These limits are improved significantly by the inclusion
of the Planck lensing reconstruction (blue contours) and BAO
(solid red contours). The red contours tightly constrain the ge-
ometry of our Universe to be nearly flat.

⌦K ⌘ 1 � ⌦m � ⌦⇤. For FLRW models ⌦K > 0 corresponds
to negatively-curved 3-geometries while ⌦K < 0 corresponds
to positively-curved 3-geometries. Even with perfect data within
our past lightcone, our inference of the curvature ⌦K is limited
by the cosmic variance of curvature perturbations that are still
super-horizon at the present, since these cannot be distinguished
from background curvature within our observable volume.
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This is consistent with the preference for a higher lensing am-
plitude discussed in Sect. 5.1.2, improving the fit in the w < �1
region, where the lensing smoothing amplitude becomes slightly
larger. However, the lower limit in Eq. (51) is largely determined
by the (arbitrary) prior H0 < 100 km s�1Mpc�1, chosen for the
Hubble parameter. Much of the posterior volume in the phan-
tom region is associated with extreme values for cosmological
parameters, which are excluded by other astrophysical data. The
mild tension with base ⇤CDM disappears as we add more data
that break the geometrical degeneracy. Adding Planck lensing
and BAO, JLA and H0 (“ext”) gives the 95 % constraints

w = �1.023+0.091
�0.096 Planck TT+lowP+ext, (52a)

w = �1.006+0.085
�0.091 Planck TT+lowP+lensing+ext, (52b)

w = �1.019+0.075
�0.080 Planck TT,TE,EE+lowP+lensing+ext.

(52c)

The addition of Planck lensing, or using the full Planck tem-
perature+polarization likelihood together with the BAO, JLA,
and H0 data does not substantially improve the constraint of
Eq. (52a). All of these data set combinations are compatible with
the base ⇤CDM value of w = �1. In PCP13, we conservatively
quoted w = �1.13+0.24

�0.25, based on combining Planck with BAO,
as our most reliable limit on w. The errors in Eqs. (52a)–(52c) are
substantially smaller, mainly because of the addition of the JLA
SNe data, which o↵er a sensitive probe of the dark energy equa-
tion of state at z <⇠ 1. In PCP13, the addition of the SNLS SNe
data pulled w into the phantom domain at the 2� level, reflecting
the tension between the SNLS sample and the Planck 2013 base
⇤CDM parameters. As noted in Sect. 5.3, this discrepancy is no
longer present, following improved photometric calibrations of
the SNe data in the JLA sample. One consequence of this is the
tightening of the errors in Eqs. (52a)–(52c) around the ⇤CDM
value w = �1 when we combine the JLA sample with Planck.

If w di↵ers from �1, it is likely to change with time. We
consider here the case of a Taylor expansion of w at first order in
the scale factor, parameterized by

w = w0 + (1 � a)wa. (53)

More complex models of dynamical dark energy are discussed
in Planck Collaboration XIV (2016). Figure 27 shows the 2D
marginalized posterior distribution for w0 and wa for the com-
bination Planck+BAO+JLA. The JLA SNe data are again cru-
cial in breaking the geometrical degeneracy at low redshift and
with these data we find no evidence for a departure from the
base ⇤CDM cosmology. The points in Fig. 27 show samples
from these chains colour-coded by the value of H0. From these
MCMC chains, we find H0 = (68.2 ± 1.1) km s�1Mpc�1. Much
higher values of H0 would favour the phantom regime, w < �1.

As pointed out in Sects. 5.5.2 and 5.6 the CFHTLenS weak
lensing data are in tension with the Planck base ⇤CDM param-
eters. Examples of this tension can be seen in investigations of
dark energy and modified gravity, since some of these models
can modify the growth rate of fluctuations from the base ⇤CDM
predictions. This tension can be seen even in the simple model
of Eq. (53). The green regions in Fig. 28 show 68 % and 95 %
contours in the w0–wa plane for Planck TT+lowP combined with
the CFHTLenS H13 data. In this example, we have applied ultra-
conservative cuts, excluding ⇠� entirely and excluding measure-
ments with ✓ < 170 in ⇠+ for all tomographic redshift bins. As
discussed in Planck Collaboration XIV (2016), with these cuts
the CFHTLenS data are insensitive to modelling the nonlinear
evolution of the power spectrum, but this reduction in sensitiv-
ity comes at the expense of reducing the statistical power of the
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Fig. 28. Marginalized posterior distributions for (w0,wa) for var-
ious data combinations. We show Planck TT+lowP in combi-
nation with BAO, JLA, H0 (“ext”), and two data combinations
that add the CFHTLenS data with ultra-conservative cuts as de-
scribed in the text (denoted “WL”). Dashed grey lines show the
parameter values corresponding to a cosmological constant.

weak lensing data. Nevertheless, Fig. 28 shows that the combina-
tion of Planck+CFHTLenS pulls the contours into the phantom
domain and is discrepant with base⇤CDM at about the 2� level.
The Planck+CFHTLenS data also favour a high value of H0. If
we add the (relatively weak) H0 prior of Eq. (30), the contours
(shown in cyan) in Fig. 28 shift towards w = �1. It therefore
seems unlikely that the tension between Planck and CFHTLenS
can be resolved by allowing a time-variable equation of state for
dark energy.

A much more extensive investigation of models of dark
energy and also models of modified gravity can be found in
Planck Collaboration XIV (2016). The main conclusions of that
analysis are as follows:

• an investigation of more general time-variations of the equa-
tion of state shows a high degree of consistency with w = �1;
• a study of several dark energy and modified gravity models

either finds compatibility with base⇤CDM, or mild tensions,
which are driven mainly by external data sets.

6.4. Neutrino physics and constraints on relativistic
components

In the following subsections, we update Planck constraints on
the mass of standard (active) neutrinos, additional relativistic de-
grees of freedom, models with a combination of the two, and
models with massive sterile neutrinos. In each subsection we
emphasize the Planck-only constraint, and the implications of
the Planck result for late-time cosmological parameters mea-
sured from other observations. We then give a brief discussion of
tensions between Planck and some discordant external data, and
assess whether any of these model extensions can help to resolve
them. Finally we provide constraints on neutrino interactions.

40

Figure 1.3: Left: confidence contours in the Ωm-ΩΛ plane, note that combined
data (Planck + lensing + BAO) simultaneously constrains the possible values
Ωm and ΩΛ to a narrow range in which their sum is approximately one. This
supports a flat spatial geometry of the universe, i.e. Ωk = 0. Right: constraints
on the equation of state of dark energy. The time dependence of the equation of
state is governed by wa: no time dependence corresponds to wa = 0, in which case
wDE = w0. Observe that combined data (Planck + ext) suggests that dark energy
has a time independent equation of state close to that of a perfect cosmological
constant: wa = 0 and w0 = −1. Figures taken from [3].

where the density parameter for curvature is defined as Ωk,0 ≡ −k/(a0H0)
2. Finally, assigning

the value one to the current scale factor yields:

H2

H2
0

= ΩΛ +Ωma
−3 +Ωra

−4 +ΩKa
−2. (1.4.11)

In the final expression for the Friedmann equation, the zeros in the subscripts denoting the
present-day values are omitted again to be in line with usual convention in literature. That
is, in literature Ωi refers to the density of the matter component i today, measured in units
of the critical density today.

Observations

Constraints on Density Parameters.—Observational bounds on cosmological parameters such
as the density parameters are deduced from the measurements of the Planck satellite on the
Cosmic Microwave Background (CMB) [3]. To obtain even stronger constraints on these pa-
rameters, Planck data (Planck) is combined with gravitational lensing reconstruction (lens-
ing) and external data (ext) from e.g. Baryon Acoustic Oscillations (BAO) and measurements
on the Hubble parameter.

At the confidence level of 1σ (68%), the values for ΩΛ and Ωm are:10

ΩΛ = 0.6911± 0.0062, (68%, Planck + lensing + ext), (1.4.12)

Ωm = 0.3089± 0.0062, (68%, Planck + lensing + ext), (1.4.13)

10Values from last column in Table 4 of Ref. [3].
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when the various datasets are combined. The confidence contours of the results are also
shown in the Ωm-ΩΛ plane (left panel of Fig. 1.3) Since the matter density splits up into
baryonic and CDM contributions, the density parameter splits as well: Ωm = Ωb + ΩCDM.
The bounds on both Ωb and ΩCDM are:

Ωb h
2 = 0.02230± 0.00014, (68%, Planck + lensing + ext), (1.4.14)

ΩCDM h2 = 0.1188± 0.0010, (68%, Planck + lensing + ext), (1.4.15)

where h = 0.673(12). Using the value for h, the values for Ωb and ΩCDM are approximately
0.049 and 0.26, respectively. Note that (only) 5% of the cosmic inventory is ordinary matter
(baryons). Radiation contributes a minuscule relative amount of Ωr ' 8.24 ·10−5 to the total
energy content. It should be mentioned that the relative minority of radiation in the current
universe does not mean their physics is irrelevant. In fact, photons arguably play the most
crucial role in the exploration of the early universe via the fingerprint they left in CMB: more
on this in later chapters. Finally, the bound on the curvature density parameter ΩK strongly
suggests that universe obeys a flat geometry (i.e. K = 0), since the obtained value is:

ΩK = 0.000± 0.005, (95%, Planck + lensing + BAO). (1.4.16)

Notice that the flat geometry of the universe also implicitly follows from the left panel of Fig.
1.3, since the best constraint values (red confidence contours) for Ωm and ΩΛ sum to one to
good approximation.

Equation of State of Dark Energy.—In the final part of section 1.3.2, it is argued that dark
energy (DE) has an equation of state very similar to that of a perfect cosmological constant,
i.e. wDE ≈ −1. This is indeed verified by experiment. In particular, the best constraint on
the DE equation of state currently available is given by:

wDE = −1.019+0.075
−0.080, (95%, Planck + lensing + ext), (1.4.17)

corresponding to Eq. 52c in Ref. [3]. The observational constraints on wDE indeed show that
DE behaves very similar to a true cosmological constant Λ, for which wΛ = −1.

However, if w differs from −1, which is still possible within the current bounds, it is very
likely that w changes with time. To account for this possibility, the equation of state can be
expanded to first order in the scale factor, which then automatically induces time dependence
since a = a(t). This gives:

wDE = w0 + (1− a)wa, (1.4.18)

where w0 and wa a constants independent of time – all time dependence is captured in the
scale factor a. Note that by construction of the above expansion, wa = 0 would imply a
time-independent equation of state w = w0. Constraints on both w0 and wa in terms of
confidence contours are given in right panel of Fig. 1.3. Observe that the strongest bounds
indeed indicate that DE has a time-independent equation of state very comparable to that
of perfect cosmogical constant, since w0 and wa are approximately −1 and 0, respectively.





Chapter 2

Big Bang Puzzles and Inflation

“We cannot solve our problems with the same thinking we used when we created
them.”

— Albert Einstein

The Friedmann-Robertson-Walker (FRW) cosmology described in the last chapter can be
brought in good agreement with certain observations, as discussed in section 1.4. However,
conventional Big Bang theory also suffers from central problems – or puzzles – caused by
cosmological observations that can not be explained by the theory. In this chapter, some of
the so-called Big Bang Puzzles will be discussed. In particular, in this chapter two questions
that cannot be explained by conventional Big Bang theory will be introduced.

The first question or puzzle is concerned with the flatness of the geometry of the universe.
It follows from observations that the present universe possesses an almost completely flat
geometry, corresponding to K = 0 and ΩK = 0 (see section 1.4). However, as will be shown
in this chapter, the observed flatness of the universe today requires an enormous amount of
fine-tuning in the early universe. This Big Bang puzzle is usually referred to as the flatness
problem.

The second puzzle is related to the homogeneity and isotropy of the Cosmic Microwave
Background (CMB). Despite the fact that the observed uniformity of the CMB indeed sup-
ports the Cosmological Principle, it also raises a big puzzle concerned with causality. Namely,
according to conventional Big Bang theory, the CMB should consist of about 104 causally
disconnected patches. However, all these patches appear are observed to have the same tem-
perature to very high degree. For the different patches to have the same temperature, i.e.
attain a state of thermal equilibrium, they have to interact with each other, which is not
possible since the patches are causally disconnected. This puzzle is known as the horizon
problem.

In order to resolve these apparent puzzles, an extension to the conventional Big Bang
theory will be introduced: inflation. This extension, which essentially adds an epoch of
accelerated expansion to the early universe, was first proposed by A. Guth in 1981 [47]. In
this chapter, it will be described how inflation dynamically solves the addressed puzzles of
conventional Big Bang theory. Finally, different conditions for inflation will be introduced and
their equivalence will be demonstrated. Eventually, this analysis will lead to the conclusion
that the fluid driving inflation possesses properties very different from ordinary matter fluids
such as baryons or radiation.

39
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2.1 Conformal Time, Horizons and the Growing Hubble Sphere

In order to start a quantitative discussion of the Big Bang puzzles, it turns out to be conve-
nient to introduce some preliminary concepts first. To be specific, the notion of conformal
time and horizons will be of particular interest in describing – and solving – the puzzles.

2.1.1 Conformal Time and Light Propagation

In studying the propagation of light and hence causal structure in FRW space-time, it is
convenient to redefine the time coordinate as:

dτ ≡ dt

a(t)
, (2.1.1)

where τ is called conformal time. In literature, conformal time may also be denoted by the
variable η, i.e. dη ≡ dt/a(t), but in this work η will be reserved for a so-called Hubble flow
parameter to be introduced later. Under the redefinition of the temporal coordinate, the
metric for a flat universe in spherical coordinates becomes:

ds2 = a2(τ)
[
−dτ2 + dr2 + r2dΩ2

]
≡ a2(τ) ηµν dx

µdxν , (2.1.2)

where dΩ is the differential solid angle. Notice that the FRW metric is factorized into a
time-dependent conformal factor a(τ) and a static Minkowski metric ηµν .

To study the propagation of photons, ds2 ≡ 0 since they move along null-geodesics.
Furthermore, only radial propagation will be considered, that is θ = φ = 0. In that case,
their path is defined as:

∆r(τ) = ±∆τ + C, (2.1.3)

where C is a constant. The above result reveals the main advantage of the usage of conformal
time over regular coordinate time t, since in the r-τ plane light propagates at angles of 45
degrees.

2.1.2 Horizons

Using the definition of conformal time τ , two horizons can now be defined in a convenient
way: the particle and event horizon. The former is related to the possible histories of a
photon whereas the latter constrains the future of a photon. The notion of particle and event
horizons is discussed here solely in relation to photons, but the discussion here also holds for
any other particle species, since no particle can propagate faster than the speed of light.

Particle Horizon.—It follows from Eq. 2.1.3 that the maximal comoving distance a pho-
ton can travel between two times τ1 and τ2 > τ1 is simply given by:

∆τ = τ2 − τ1, (2.1.4)

since c ≡ 1. Therefore, assuming the Big Bang ’began’ with a singularity at initial time
ti ≡ 0, the largest comoving distance from which an observer at any later time t can receive
signals (light) reads:

rPH(τ) = τ − τi =

∫ t

ti

dt

a(t)
, (2.1.5)
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Figure 2.1: Visualization of the particle and event horizons in the r-τ plane for
an observer located at p.

this is called the (comoving) particle horizon (PH).

Event Horizon.—Just as the there are restrictions on the possible distance from which an
observer can retrieve signals, there are also restrictions on the maximal comoving distance
that signals can reach within an amount of time. The maximum distance a signal can travel
between emission time τ and a later time τf > τ is given by:

rEH(τ) = τf − τ =

∫ tf

t

dt

a(t)
. (2.1.6)

This quantity is called the (comoving) event horizon, where the final time tf may be taken
as +∞. However, note that infinite final time tf does not necessarily correspond to infinite
final conformal time τf : this depends on the form of the scale factor a(t). For instance, for
a universe dominated by dark energy, the scale factor goes approximately like a(t) = eHt,
where H is only slowly varying with time. Neglecting the mild time dependence in H, the
event horizon from t0 to tf → +∞ becomes:

rEH =

∫ +∞

t0

e−Ht dt −→ H(e−Ht0 − 1), (2.1.7)

which is clearly a finite result. The notion of the particle and event horizon is also visualized
in the conformal diagram in Fig. 2.1.

2.1.3 The Growing Hubble Sphere

The particle horizon rPH, which will be relevant in describing the causal structure of the
FRW universe and the discussion of the horizon problem, can be rewritten in a way that
relates rPH to the so-called comoving Hubble radius (aH)−1. To relate rPH to (aH)−1, note
that using dt = da/ȧ the particle horizon changes to:

rPH =

∫ t

ti

dt

a
=

∫ a

ai

da

aȧ
. (2.1.8)
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Now using d ln a = da/a and H = ȧ/a, the particle horizon in terms of the comoving Hubble
radius becomes:

rPH =

∫ ln a

ln ai

1

aH
d ln a. (2.1.9)

The above result relates the causal structure of the FRW space-time to the evolution of the
comoving Hubble radius (aH)−1.

Assuming the universe is dominated by a fluid with a constant equation of state w ≡ P/ρ,
Eq. 1.3.25 can be used to relate the comoving Hubble radius to the scale factor and the
equation of state:

(aH)−1 = ȧ−1 = H−1
0 a(1+3w)/2, (2.1.10)

where the proportionality factor H−1
0 is used to scale (aH)−1 according to its present value

(with a0 ≡ 1). Since a(t) is an increasing function with time, it follows from the above
relation that in case:

1 + 3w > 0, (2.1.11)

the comoving Hubble radius (aH)−1 increases as the universe expands in time. The condition
1 + 3w > 0 is known as the Strong Energy Condition (SEC) and is satisfied by all common
fluids, e.g. matter and radiation.1 In conventional Big Bang theory, the increasing behavior
of the comoving Hubble radius (aH)−1 is referred to as the increasing Hubble sphere.

The particle horizon rPH can be evaluated explicitly conform Eq. 2.1.5 for a fluid with
equation of state w > −1/3 as:

rPH ≡ τ − τi = H−1
0

∫ ln a

ln ai

e(ln a)(1+3w)/2 d ln a =
2H−1

0

1 + 3w

[
a(1+3w)/2 − a

(1+3w)/2
i

]
. (2.1.12)

Hence, it follow that, for w > −1/3, the initial conformal time τi is given by:

τi =
2H−1

0

1 + 3w
a
(1+3w)/2
i . (2.1.13)

Since for all fluids satisfying w > −1/3 the Hubble sphere (aH)−1 increases, the particle
horizon receives the largest contribution from the upper integration limit and the contribution
of early times is small. In fact, assuming (a) that the fluid satisfies w > −1/3 and (b) that
the Big Bang singularity is described by the limit ai → 0, the initial conformal time value τi
vanishes:

τi =
2H−1

0

1 + 3w
a
(1+3w)/2
i

ai → 0, w>−1/3−−−−−−−−−−→ 0. (2.1.14)

In other words, conventional Big Bang evolution starts at τi = 0, this (apparent) result will
be of significant importance in describing and solving the horizon problem.

2.2 Puzzle 1: The Flatness Problem

The first puzzle of conventional Big Bang theory to address is the so-called flatness problem.
According to the observations described in section 1.4, the present universe obeys a flat
geometry to very high degree, corresponding to K = ΩK = 0 and Ω(a0) = 1. However,

1Note that the SEC is not satisfied by Dark Energy or a Cosmological Constant.
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the flatness of the universe today requires a tremendous amount of fine-tuning in the early
universe.

We will describe the flatness problem quantitatively by rewriting the first Friedmann in
terms of the density parameter Ω. To obtain this form, the first Friedmann equation:

K

a2
=

ρ

3M2
pl

−H2, (2.2.1)

is rewritten in the form:

1− ρ

3M2
plH

2
= 1− Ω(a) = − K

(aH)2
. (2.2.2)

Note that now the density parameter Ω = Ω(a) depends on the scale factor and hence on
time. Finally, the first Friedmann equation becomes:

Ω(a)− 1 =
K

(aH)2
. (2.2.3)

Notice that the right hand side of the last equation is dependent on time. In particular, the
comoving Hubble radius (aH)−1 increases with time in conventional Big Bang theory, that
is:

(aH)−1 ∝ tξ, (2.2.4)

where ξ is a constant defined as ξ ≡ (1 + 3w)/3(1 +w). This quantity ξ is greater than zero
when the SEC is satisfied (w > −1/3).2 Therefore, the time-dependence of Ω(a)− 1 can be
expressed as:

Ω(a)− 1 ∝ Kt2ξ, (2.2.5)

which shows that for ξ > 0 the difference between Ω and one increases over time.
As mentioned, current observations show that the present values of ΩK and K are very

close to zero, such that Ω(a0) = 1 by Eq. 2.2.3. But by the time evolution shown in the
previous equation, the present observational fact Ω(a0) = 1 implies that K must have been
very close to zero at early times, since in case there was some curvature in the early universe,
it would have grown rapidly with time according to Eq. 2.2.5. Stated otherwise, achieving
today’s observed value Ω(a0) = 1 requires K to be extremely fine-tuned at early times. To
meet the present day value of Ω, the deviation from flatness |Ω(a) − 1| must satisfy the
following conditions during Big Bang Nucleasynthesis (BBN), the GUT era and the Planck
era [14, 15]:

|Ω(aBBN)− 1| ≤ O(10−16),

|Ω(aGUT)− 1| ≤ O(10−55),

|Ω(apl)− 1| ≤ O(10−61), (2.2.6)

The above results show that approaching the Big Bang singularity a→ 0, requires more and
more fine-tuning in Ω (and hence K). The tremendous amount of fine-tuning needed to agree
with present-day observations is one approach to describe the flatness problem. The Flatness
problem is also visualized in Fig. 2.2.

2The quantity ξ can be derived by using (aH)−1 = ȧ−1 and combining the expressions for ȧ (Eq. 1.3.25)
and a (Eq. 1.3.26).
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Figure 2.2: Visualization of the flatness problem in conventional Big Bang theory.
If the universe started perfectly flat at early times, corresponding to K = ΩK = 0
and Ω = 1, Ω would not evolve with time or the scale factor and the observed
value Ω(a0) = 1 would be a logical consequence. However, if K would have
deviated only a tiny amount from zero at early times, Eq. 2.2.5 and Eq. ?? show
that Ω would have been driven away from unity very rapidly. Therefore, unless
one excepts the precise initial conditions K = 0 and Ω = 1, the present value
Ω(a0) = 1 arises a fine-tuning issue: the flatness problem.

2.3 Puzzle 2: The Horizon Problem

The second puzzle of conventional Big Bang theory is concerned with the uniformity of the
Cosmic Microwave Background (CMB). Approximately 380 000 years after the Big Bang, the
opaque plasma of electrons, protons and photons cooled enough for electrons and protons to
form neutral hydrogen in a process called recombination (at redshift zrec ' 1090 [3]3). From
that moment on, photons were able to move freely without scattering off the electrons and
protons. In other words, the universe became transparant to the photons and they are today
observed as background radiation: the CMB. The temperature of this background radiation
is measured to be TCMB = 2.725 ± 0.002K [49] in every direction along the sky, with only
tiny temperature fluctuations ∆T of order:

∆T

T̄CMB
= O(10−5). (2.3.1)

However, the observed uniformity of the CMB poses a fundamental problem concerned with
causality in conventional Big Bang theory. Describing this puzzle, known as the horizon
problem, in a quantitative way is the main goal of this section.

Between the Big Bang singularity and recombination, only a finite conformal (and phys-
ical) time interval elapsed, namely:

∆τ = τrec − τi = τrec. (2.3.2)

3In Ref. [3], the redshift value at recombination is denoted as z∗ instead of zrec and its value is listed in
Table 4.
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Figure 2.3: Diagrammatic visualization of the horizon problem. Left: conformal
diagram for the CMB in conventional Big Bang theory. For the two considered
points (green dots), the past light cones (orange) do not intersect since they are
terminated by the Big Bang singularity at τi = 0. Why have both points on the
CMB the same temperature to very high degree, while they apparently have never
been in causal contact? Right: alternative representation of the horizon problem
used in the quantitative analysis of the horizon problem.

The finiteness of this time interval ∆τ yields a serious problem concerned with causality: it
implies that most spots of the CMB have non-overlapping past light cones. This is illustrated
with the conformal diagram in Fig. 2.3 (left). The two green dots represent two points on
the CMB, which may be considered as opposite points on the sky. As shown using the orange
triangles, the past light cones of these two points do not overlap and hence have never been
in causal contact (by definition of the light cone). Put differently, the past light cones are
terminated by the Big Bang singularity at τi = 0, which prevents any causal correlation
between the two points.

Now, the problem is the aforementioned very uniform temperature of the CMB. For the
different points in Fig. 2.3 (left) to obtain the same temperature, they must have been in
causal contact, which is forbidden. Therefore, the fact that the observed uniform temperature
of the CMB cannot be explained by conventional Big Bang theory is a fundamental drawback
of the theory and is usually referred to as the horizon problem.

Quantitatively, analysis of the horizon problem in conventional Big Bang theory implies
that there should be vanishing (temperature) correlations in the CMB for angles:

θ ≡ 2θc & 2◦, (2.3.3)

equivalent to approximately θ = 0.034 radians. Hence causal patches in the CMB cover 0.0012
steradians (sr) according to conventional Big Bang theory. Since a unit sphere subtends
4π steradians, the CMB should therefore consist of 4π/0.0012 ' 104 causally disconnected
patches. This statement, which will be derived explicitly in Appendix C.1, is in violation
with the observed uniform temperature of the CMB.
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2.4 Inflation: a Decreasing Hubble Sphere

In the preceding two sections, two fundamental puzzles of conventional Big Bang theory are
introduced and explained: the flatness and horizon problem. In both cases, the core of the
problem relies on the fact that the comoving Hubble radius increases over time:

d(aH)−1

dt
> 0, (2.4.1)

in case the strong energy condition (SEC) w > −1/3 is satisfied. The idea of cosmological
inflation solves these problems by proposing an era in the early universe in which (aH)−1

decreases over time:

d(aH)−1

dt
< 0. (2.4.2)

That is, one may define inflation as an cosmological era in which the above equation holds. In
the remaining part of this section, it will be shown how a decreasing Hubble sphere solves the
flatness and horizon problem. The next section will relate the shrinking Hubble sphere as a
definition of inflation (Eq. 2.4.2) to other popular definitions of inflation, such as accelerated
expansion.

2.4.1 Solution to the Flatness Problem

Inflation solves the flatness problem in a fairly simple though elegant way. In conventional
Big Bang theory, the increasing Hubble sphere drives the universe away from flatness (Ω = 1
and K = 0). This was explained in detail using Eq. 2.2.3:

Ω(a)− 1 =
K

(aH)2
, (2.4.3)

because (aH)−1 increases, any minor deviation from spatial flatness (Ω = 1) at early times
is amplified in course of time. However, during inflation the opposite occurs. Since (aH)−1

decreases over time during inflation, the difference between Ω and unity becomes smaller and
smaller as time evolves. If inflation lasts long enough, it can drive even a highly curved early
universe towards flatness.

2.4.2 Solution to the Horizon Problem

To see how inflation solves the horizon problem, recall the relation between the Hubble sphere
(aH)−1 and the scale factor (Eq. 2.1.10):

(aH)−1 = H−1
0 a(1+3w)/2. (2.4.4)

Because the Hubble sphere shrinks during inflation and the scale factor is an increasing
function of time, the power of the scale factor (1+3w)/2 must be smaller than zero. In other
words, inflation requires a violation of the SEC (w > −1/3):

d(aH)−1

dt
< 0 −→ w < −1/3. (2.4.5)
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Figure 2.4: Resolution of the horizon problem by inflation. Due to the shrinking
Hubble sphere, the Big Bang singularity is pushed towards τi → −∞. Hence,
there is enough conformal time between the singularity and recombination and
the apparently disconnected CMB-patches have been in causal contact: their
equal temperatures are no longer a puzzle but a logical consequence of inflation.

Therefore, the conformal time value τi of the singularity ai → 0 is not zero as in Eq.
2.1.14, but instead:

τi =
2H−1

0

1 + 3w
a
(1+3w)/2
i

ai → 0, w<−1/3−−−−−−−−−−→ −∞. (2.4.6)

That is, due to the shrinking Hubble sphere the conformal time value of the singularity
τi is pushed towards negative infinity. In other words, when introducing inflation, there is
more conformal time between the Big Bang singularity and recombination. In fact, the time
interval ∆τ between these two events is:

∆τ = τrec − τi −→ +∞. (2.4.7)

Because of the infinite ’sea’ of conformal time between the singularity and recombination, the
light cones that were terminated in Fig. 2.3 (left) by the singularity at τi = 0 can now easily
overlap. Hence, the 104 apparently disconnected patches of the CMB actually have been in
causal contact and the fact that they have the same temperature is no surprise anymore:
the horizon problem is resolved. The resolution of the horizon problem is also shown in the
conformal diagram of Fig. 2.4.

A natural question to ask is the amount of inflation that is required to solve the horizon
and flatness problems. The amount of inflation occured between time t1 and t2 can be
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measured by the number of e-foldings of inflationary expansion, which is defined as:

N(t1, t2) =

∫ t2

t1

dt H(t). (2.4.8)

Assuming H to be almost constant and the scale factor to scale as a = eHt, we can compute
N as:

N ≡ ln

[
a(t2)

a(t1)

]
. (2.4.9)

In order to solve the horizon and flatness problems, it is estimated that at least 50 to 60
e-foldings of inflationary expansion are required [14, 15].

2.4.3 Other Definitions of Inflation

In the above, inflation is defined as period in the early universe characterized by a shrinking
Hubble sphere (aH)−1 (Eq. 2.4.2). This definition of inflation is presented since it relates
most easily to the horizon and flatness problems. Nevertheless, there are other, equivalent,
ways to define a period of inflation. Perhaps the most well-known definition of inflation is a
period of accelerated expansion (ä > 0), as quantified by an almost exponentially increasing
scale factor:

a(t) ∝ eHt, (2.4.10)

with the Hubble parameter only varying slowly with time: Ḣ ' 0. The required mild time-
dependence of H can be quantified by a quantity called the first Hubble flow parameter:

ε ≡ − Ḣ

H2
� 1, (2.4.11)

which must be much smaller than unity in order for H to be almost constant over time.

However, in order for inflation to solve the horizon and flatness problem it should persist
for a sufficiently long period of time. Mathematically, this implies that ε changes only slowly
with time. In terms of e-folds, this additional condition is captured by the requirement that
the fractional change d ln ε changes only slowly with the number of e-folds dH. The parameter
η is used to formalise this second condition and is defined as:

η ≡ ε̇

Hε
. (2.4.12)

The inequality |η| < 1 then assures that the fractional change of ε with N is small. In
conclusion, the conditions for inflation are characterised by:

ε, |η| < 1, (2.4.13)

where the first and second parameter assure inflation occurs and lasts sufficiently long, re-
spectively. These parameters ε and |η| are often referred to as the Hubble flow parameters.

As a De-Sitter space (section 1.3.6) is quantified by a constant Hubble parameter (limit
ε→ 0), the space-time during inflation may also be regarded as a quasi De-Sitter space-time.
In Appendix C.2, we will show the equivalence between various definitions of inflation.
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2.4.4 Sourcing Inflation

As described in Appendix C.2, a less trivial (but equally valid) definition of inflation is that
the fluid driving inflation must violate the strong energy condition (SEC):

1 + 3w > 0. (2.4.14)

That is, inflation requires a fluid with equation of state w < −1/3 and hence a negative
pressure.

A fluid that violates the SEC and that can attain a state of negative pressure is a scalar
field, usually denoted by φ. Therefore, inflation is often modelled using a scalar field, called
the inflaton, which is characterized by a potential function V (φ). To be more precise, in-
flationary models using only one scalar field are referred to as single field inflation.4 It is
assumed that, during inflation, the energy density in the universe is dominated by the infla-
ton contribution ρφ and hence that the effect of other possible energy sources is completely
negligible. This is essentially a manifestation of the single-component universe condition (see
section 1.3.6); the component being the inflaton in this case.

The central system that will be studied is a single scalar field – the inflaton – minimally
coupled to Einstein gravity. The action governing this system consists of two contributions:
the Einstein-Hilbert term SEH:

SEH =
M2

pl

2

∫
d4x

√
−gR. (2.4.15)

and the scalar field action Sφ, corresponding to the scalar field Lagrangian Lφ which is given
by:

Lφ = −1

2
gµν∂µφ∂νφ− V (φ). (2.4.16)

Therefore, the action describing a scalar field weakly coupled to gravity reads:

S = SEH + Sφ =

∫
d4x

√
−g

[
1

2
M2

plR− 1

2
gµν∂µφ∂νφ− V (φ)

]
. (2.4.17)

The fact that this action describes the inflaton weakly coupled to gravity refers to the fact
that there is no direct coupling between the Ricci scalar R and φ: the only coupling between
the inflaton and gravity is via the metric determinant

√
−g. To describe this system within

a flat FRW space-time, one simply uses the (flat) FRW metric for gµν , as provided by Eq.
1.2.5.

In the remaining part of this chapter, the mechanism by which a scalar field can generate
a period of inflation will discussed in more detail. To this end, the approach will be as follows.
First, we formally introduce the system that will be studied by means of the corresponding
action below. Subsequently, this action will be used in section 2.5 to derive the equation of
motion of the scalar field, called the Klein-Gordon equation, within a FRW space-time. In
the last section, the so-called slow roll approximation will be introduced, which simplifies the
equations of motion.

4Inflation may also be driven by multiple scalar fields (dubbed multi-field inflation); this possibility will
be considered later on in this work.
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2.5 Klein-Gordon Equation

To determine the time evolution of the inflaton, the corresponding equation of motion for φ
should be derived. Since the action of the system is known (Eq. 2.4.17) and the inflaton is
assumed to couple minimally to gravity, the derivation of the equation of motion using the
principle of least action is relatively straightforward.

The action corresponding to the scalar field Sφ reads:

Sφ =

∫
d4x

√
−gLφ =

∫
d4x

√
−g

[
−1

2
gµν∂µφ∂νφ− V (φ)

]
. (2.5.1)

Applying the principle of least action δSφ ≡ 0 yields the generic Klein-Gordon equation
governing the dynamics of the scalar field on a given metric gµν :

�φ ≡ Vφ(φ), (2.5.2)

where Vφ(φ) = dV/dφ. The term �φ denotes the d’Alembertian operator acting on the scalar
field, it is defined in terms of gµν and φ as:

�φ ≡ 1√
−g

∂ν
(√

−ggµν∂µφ
)
. (2.5.3)

Klein-Gordon Equation in FRW Space-Time

Now the generic Klein-Gordon equation can be applied to a flat FRW space-time by specifying
gµν to Eq. 1.2.5:

gµν =

[
−1 0
0 a2δij

]
. (2.5.4)

Consider the µ = ν = 0 component of the generic KG equation (Eq. 2.5.2), which gives:

1√
−g

∂0
(√

−gg00∂0φ
)
= Vφ(φ) (2.5.5)

Using g00 = −1 and
√
−g = a3, where g = det(gµν), the equation becomes:

− 1

a3
∂0(a

3φ̇) = Vφ(φ). (2.5.6)

Performing the time derivative and moving all terms to the left hand side yields the Klein-
Gordon equation in a FRW space-time:

φ̈+ 3Hφ+ Vφ(φ) = 0. (2.5.7)

Note how the expansion of the FRW space-time yields a friction term 3Hφ̇ in the equation
of motion.
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2.6 Friedmann Equations during Inflation

To determine the evolution of the FRW universe under the presence of the scalar field, the
Friedmann equations will constructed for a universe in which the energy density and pressure
are dominated by the scalar field. In other words, the Friedmann equations for a single-
component universe – the component being the inflaton – will be derived. To achieve this,
first the pressure Pφ and energy density ρφ of the scalar field inferred from the scalar field

energy-momentum tensor T
(φ)
µν , which is given by:5

T (φ)
µν = ∂µφ∂νφ− gµν

[
1

2
gαβ∂αφ∂βφ+ V (φ)

]
. (2.6.2)

From the above result, the energy density and pressure can inferred as the purely temporal
components and the diagonal spatial components. To derive the explicit expression for ρφ
and Pφ, we use the fact that gαβ∂αφ∂βφ = −φ̇2 since ∂iφ = 0 as required by homogeneity
and isotropy. Hence, the energy-momentum tensor for the scalar field may also be written
as:

T (φ)
µν = ∂µφ∂νφ− gµν

[
−φ̇2/2 + V (φ)

]
. (2.6.3)

Using the above expression, one can easily confirm that ρφ and Pφ are given by:

ρφ =
φ̇2

2
+ V (φ), Pφ =

φ̇2

2
− V (φ), (2.6.4)

these equations relate the microscopic structure of the system (the inflaton) to the macro-
scopic quantities, i.e. the energy density and pressure. The equation of state wφ = Pφ/ρφ is
evidently:

wφ =
φ̇2/2− V (φ)

φ̇2/2 + V (φ)
. (2.6.5)

Now that ρφ and Pφ are known, it is relatively straightforward to construct the Friedmann
equations for a universe whose energy density is dominated by the scalar field:

H2(φ) =
ρφ

3M2
pl

=
1

3M2
pl

[
φ̇2/2 + V (φ)

]
. (2.6.6)

Together with the Klein-Gordon equation (Eq. 2.5.7) this equation forms the first principles
starting point for studying single-field inflation. The first Hubble flow parameter ε can be
written explicitly as:

ε =
φ̇2

2M2
plH

2
, (2.6.7)

by using the time derivative of the Friedmann equation, the continuity equation (Eq. 1.3.6)
and the fact that ρφ + Pφ = φ̇2.

5Given the scalar field Lagrangian Lφ (Eq. 2.4.16), the corresponding energy-momentum tensor can be
computed using the relation between Tµν and the matter Lagrangian LM, which is given by:

Tµν = −2
∂LM

∂gµν
+ gµνLM. (2.6.1)

Setting LM ≡ Lφ yields directly the energy-momentum tensor for the inflaton scalar field.
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Since ε < 1 for inflation to occur, the kinetic energy term φ̇2/2 may only contribute to
small extent to the total energy density ρφ = 3M2

plH
2. Furthermore, for inflation to last long

enough, it is required that ε changes slowly with time, as captured by the second parameter
η. To derive η as function of the field, it is convenient to introduce a dimensionless field
acceleration parameter δ, as measured per Hubble time:

δ ≡ − φ̈

Hφ̇
. (2.6.8)

Recall that the second parameter η is defined as (Eq. 2.4.12):

η ≡ ε̇

Hε
. (2.6.9)

Using the above expressions for δ and ε in terms of the inflaton field and its first and second
time derivative, the paramter η can be written as:

η = 2(ε− δ). (2.6.10)

This expression can be obtained by taking the first time derivative of ε as an explicit function
of time, and deviding the resulting expression for ε̇ by Hε. Note that if both ε and |δ| are
small compared to unity, then so is |η| as well on account of the above relation, that is:

{ε, |δ|} � 1 −→ {ε, |η|} � 1. (2.6.11)

2.7 Slow-Roll Approximation

The above analysis is exact: no approximations are made to derive the result that in the
parameter regime {ε, |δ|} � 1 inflation will occur and persists. The conditions on ε and δ
can be used to simplify the inflationary equation of motion in an approach which is called the
Slow-Roll approximation. Using this approximation, the conditions on ε and δ can also be
related directly to the properties that the inflaton potential V (φ) should possess for causing
a successive period of inflation.

The condition on the first parameter ε relates to the contribution of the kinetic energy of
the scalar field φ̇2/2 to the total energy density ρφ = 3M2

plH
2:

ε =
φ̇2

2M2
plH

2
=

3φ̇2

2ρφ
� 1. (2.7.1)

This translates to φ̇2/2 � V (φ) (hence the terminology Slow Roll), so that the energy density
can be approximated as ρφ = V (φ) and the first Friedmann equations reads:

H2 =
V (φ)

3M2
pl

. (2.7.2)

Note that in the SR approximation the equation of state for the scalar field wφ indeed satisfies
the constraint wφ < −1/3. In fact, the inflationary equation of state approaches that of a
true cosmological constant wΛ under the approximation φ̇2/2 � V (φ):

wφ =
φ̇2/2− V (φ)

φ̇2/2 + V (φ)

φ̇2/2 � V (φ)−−−−−−−−→ −1 = wΛ. (2.7.3)
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So in the SR approximation, the fact that the fluid driving inflation resembles a cosmological
constant manifests explicitly.

The condition |δ| � 1 allows to simplify the Klein Gordon equation and neglect the
acceleration term φ̈ of the field:

φ̈+ 3Hφ̇+ Vφ ' 3Hφ̇+ Vφ = 0. (2.7.4)

Using these forms of the Friedmann and Klein Gordon equation in the Slow Roll approxima-
tion, the parameter ε can be written as:

ε =
φ̇2

2M2
plH

2
'
M2

pl

2

(
Vφ
V

)2

≡ εv. (2.7.5)

The time derivative of the simplified Klein Gordon equation provides an expression for
the field acceleration φ̈:

3Ḣφ̇+ 3Hφ̈+ Vφφφ̇ = 0, (2.7.6)

φ̈ = −Ḣ
H
φ̇−

Vφφφ̇

3H
. (2.7.7)

The dimensionless acceleration parameter δ then reads:

δ = − φ̈

Hφ̇
=

Ḣ

H2
+
Vφφ
3H2

= − φ̇2

2M2
plH

2
+M2

pl

Vφφ
V

=M2
pl

Vφφ
V

− ε (2.7.8)

Now, the sum of δ + ε in the Slow Roll approximation is denoted by ηv and reads:

ηv ≡ δ + ε 'M2
pl

Vφφ
V
. (2.7.9)

In contrast to the Hubble flow parameters ε and η, the SR parameters εv and ηv are called
potential slow roll parameters. The two sets of parameters are related during SR inflation
via:

ε ' εv, ηv ' 2ε− 1

2
η. (2.7.10)

Based on these relations above, the inflation conditions {ε, |η|} � 1 are equivalent to
{εv, |ηv|} � 1 in the SR approximation. In terms of the shape of the inflaton potential,
the conditions on εv and ηv imply that the potential curve should be very flat, as required
by εv � 1, for a sufficiently large field range, as enforced by ηv � 1.

Figure 2.5 shows a typical inflaton potential V (φ), possessing the required features to
induce a period of inflation. At small field values φ, the potential is very flat for a sufficiently
large φ-range and the field, denoted by the orange dot on the potential curve, can slowly
roll down the potential. Hence, the grey regime in the plot satisfies the slow roll condition
are satisfied. The field value at the end of inflation φend is defined via the exact condition
ε(φend) ≡ 1, or in the SR approximation by εv ≡ 1. As the field departures from the
inflation regime it starts to explore parts of the potential where ε > 1. In particular, the field
accelerates towards the bottom of the potential, where it will start to oscillate and it releases
all of its potential energy. From this excess energy, the particles of the standard model (SM)
are believed to be formed in a process called reheating. That is, the inflaton field decays into
the degrees of freedom of the SM: this defines the onset of conventional Big Bang theory.
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φ

V (φ)

φ̇

ReheatingφendInflation

ε > 1ε ' εV < 1

Figure 2.5: Plot of a typical inflaton potential V (φ). The regimes corresponding
to inflation and reheating are indicated as well. See the main text for a detailed
description.
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Chapter 3

From Quantum Fluctuations to Large Scale
Structure and CMB Anisotropies

“It was incredibly brave in the early 1980’s, when the initial formulation of infla-
tion was made, to apply the most advanced theories from particle physics to the
early universe. The results, as you will see, are beautiful.”

— Leonardo Senatore [79]

In the preceding chapter, we concluded that inflation drives the universe into a state of very
high homogeneity and isotropy. Yet, the universe is filled with structures such as clusters
and superclusters of galaxies – the very fact that we are here proves that there must have
been a mechanism at play that generated the structure in the universe. If inflation drove
the universe to homogeneous and isotropic state, how are the structures we observe today
generated?

The current understanding of the mechanism that is responsible for the generation of
structure in the universe relies on gravitational instability. According to gravitational insta-
bility, small density inhomogeneities in the early universe grew under the influence of gravity
into the structures observed today. Due to the presence of fluctuations in the density field
in the early universe, some regions in the universe contained more energy and are overdense,
whereas other regions contain less energy and are hence underdense. Since the gravitational
field is sourced by the present energy and matter, it will be stronger in overdense regions and
weaker in underdense regions. Therefore, overdense regions will attract more matter under
the influence of the enhanced gravitational field and matter will eventually accumulate into
structures. According to this simply but yet powerful mechanism, all observed structures in
the universe are believed to be formed. Fig. 3.1 shows the generation of structure over time
under the influence of gravitational instability in a simulated universe.

Although the theory of structure formation by means of gravitational instability is in-
tuitive and powerful, it leaves one fundamental question unanswered: what caused the pri-
mordial density fluctuations in the universe that acted as the seeds for structure formation?
Before the theory of inflation was formulated, there was no explanation available about the
origin of primordial density perturbations in the early universe. Shortly after the theory
of inflation was invented, however, it was discovered that the primordial seeds required for
structure formation could be produced during the inflationary stage.

We will now discuss qualitatively how inflation can generate the primordial seeds for
structure formation.1 In the preceding chapters, the inflaton field is studied in the classical

1For convenience, we will restrict ourselves here, and in the next part, to the single-field scenario. However,
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(a) 0.21 Gyr (z = 18.3) (b) 1.0 Gyr (z = 5.7)

(c) 4.7 Gyr (z = 1.4) (d) 13.6 Gyr (z = 0)

Figure 3.1: Evolution of structure in a simulated universe over time (or redshift)
by means of gravitational instability. Notice that as time evolves, the matter
accumelates into clear structures and the universe departs from the homogeneous
state at early times. The simulation is performed by the VIRGO Consortium as
part of the Millenium Run Project.

framework of General Relativity. However, studying inflation in the framework of quantum
field theory (QFT) will show that the inflaton field is subject to so-called quantum fluctua-
tions. These fluctuations are small temporary changes in the energy of the field at different
locations. They are a direct consequence of the Heisenberg uncertainty principle. Mathe-
matically, the fluctuations can be described as position-dependent first order perturbations
around the background field, so that the inflaton field can be expressed as:

φ(x, t) = φ̄(t) + δφ(x, t), (3.0.1)

where the background and fluctuation are written as φ̄(t) and δφ(x, t), respectively. Notice
that the background field adheres the cosmological principle and therefore has only temporal
dependence, whereas the fluctuation is position dependent.

Quantum fluctuations are not solely present in the inflaton field. Instead, all fields (e.g.
the Higgs field) exhibit these fluctuations. However, the consequences of these fluctuations
are rather different in the case of the inflaton compared to a field in a static (Minkowski)
background. Essentially, the inflaton can be regarded as a local clock measuring the amount
of inflationary expansion still to come in a specific patch of the universe. More specifically,
at an arbitrary time t, the field space seperation:

∆φ ≡ |φ(t)− φend|, (3.0.2)

the primordial seeds could be generated equally well in the multi-field scenario, which will be discussed later
on in this work.
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between the field value φ(t) and the value φend for which ε ≡ 1, corresponding to the end of
inflation, measures the amount of inflation still to occur (see also Fig. 2.5). However, due
to the position-dependent quantum fluctuations δφ(x, t), the inflaton field will be at slightly
different locations on the potential in different patches of the universe at an arbitrary time
t. As a result, the amount of inflation still to occur in different patches of the early universe
different as well. In other words, some patches of the universe will inflate for a slightly longer
time than others.2 These subtle difference in the expansion histories of different patches
causes density fluctuations after inflation. At later times, specifically during the radiation
and matter dominated era’s, the density perturbations generated during inflation precisely
act as the primordial seeds needed for structure formation. 3

In addition to the generation of primordial seeds, the quantum fluctuations during infla-
tion also have an important effect the cosmic microwave background (CMB). The generated
density fluctuations cause minute temperature fluctuations in the CMB of the order:

δT

T̄
= O(10−5), (3.0.3)

around the background temperature T̄ . These temperature fluctuations are still observed
today and open an observational window to the early universe. In particular, observations of
the CMB temperature anisotropies can be used to constrain inflationary models.

In this chapter, it will be explained globally how quantum fluctuations during inflation
can generate the primordial seeds for structure formation and CMB anisotropies, leaving
the detailed computations for the subsequent chapters. Furthermore, we will develop the
statistical tools needed to connect theoretical predictions to cosmological observations. Lastly,
the concepts introduced in this chapter will be illustrated in a toy model.

3.1 The Big Picture

Before going into mathematical details in the remaining part of this chapter and the subse-
quent chapters, the main mechanism or big picture will be described here in a more quantita-
tive way than in the introduction. The description of the big picture is based on the diagram
shown in Fig. 3.2. First, we will discuss the physics behind quantum fluctuations during
inflation. Subsequently, it will be explained how these quantum fluctuations can cause both
the temperature fluctuations in the CMB and the primordial seeds needed for large-scale
structure formation.

3.1.1 Quantum Fluctuations during Inflation

For reasons explained extensively in section 4.2, the quantum fluctuation in the inflaton
δφ(x, t) is written in terms of Fourier modes:

δφ(x, t) =

∫
d3k

(2π)3
δφk(t) e

ik·x, (3.1.1)

2In other words, relative to the background evolution, some patches of the universe are slightly ahead and
others will be slightly behind, as induced by a local shift in time δt(t,x). As shown in section 4.6, the ability
to express perturbations in terms of common time shift is closely related to the fact that single-field inflation
produces adiabatic perturbations.

3Later on, it was shown that quantum fluctuations in an additional field, called the curvaton, could also
cause the primordial seeds. This possibility is called the curvaton scenario [63], but it will not be considered
in this work.
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ln a

comoving
scales

(aH)−1

k−1
super-horizon Ṙ = 0sub-horizon sub-horizon
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horizon
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re-entry
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Figure 3.2: Schematic overview of the dynamics of fluctuation modes during
inflation and beyond. At very early times, all modes of cosmological interest
are far inside the horizon and are hence called sub-horizon. Since during infla-
tion the comoving Hubble sphere (aH)−1 schrinks the modes eventually becomes
super-horizon, at which its evolution freezes. During the subsequent stages of con-
ventional Big Bang evolution, the Hubble sphere increases agian and the modes
re-enter the horizon again.

where δφk(t) is the Fourier mode of the inflaton fluctuation: k and k = |k| are the wave
vector and wavenumber of the considered mode, respectively. Note that since we work in
natural units k is equal to 3-momentum as well. The wavenumber k is a comoving quantity
the corresponding characteristic comoving length scale is given by k−1.

The average of the quantum fluctuations vanishes due to their random nature: 〈δφk〉 = 0.
However, the variance of the fluctuations does not vanish:

〈|δφk|2〉 ≡ 〈0||δφk|2|0〉 6= 0, (3.1.2)

where |0〉 refers to the quantum vacuum state and hence 〈0||δφk|2|0〉 may also be interpreted
as quantum mechanical expectation value.4 Therefore, the variance can be used to describe
the quantum fluctuations in a statistical way. Subsequently, the statistical description of the
fluctuations can be used to compare theory with observations: this is explained in section 3.2.
As described in that section, the essential link between theory and observation is provided
by the power spectrum, which is defined in Fourier space as:

Pδφ =
k3

2π2
|δφk|2. (3.1.3)

In this case, the power spectrum corresponds to the inflaton fluctuation δφ. Nevertheless,
it should be mentioned that the power spectrum does not solely apply to δφ but can be
constructed for any perturbation in a similar way. For instance, later in this section, the
power spectrum of the so-called comoving curvature perturbation R will be considered. Upon
the replacement of δφ by R, the power spectrum for R is equivalent to the one given above.

4More formally, 〈δφk〉 and 〈|δφk|2〉 are called the one-point and two-point correlation function, respectively.
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As mentioned before, the quantum fluctuations are not a special property of the infla-
ton field. Instead, all fields are subject to these fluctuations. However, the effect of these
fluctuations is rather different during inflation compared to for instance the fluctuations of
a field in a static Minkowski background. Due to the rapid expansion during inflation, the
quantum fluctuations in the inflaton δφ are stretched to cosmological scales. This is not the
case for the quantum fluctuations of a scalar field in a static Minkowski background, as the
background does not expand.

More quantitively, the fluctuations δφ are stretched to scales greater than the horizon
at that time, as quantified by H−1. In comoving coordinates, the Fourier modes of the
fluctuations have constant wavelengths k−1, as shown for one Fourier mode in Fig. 3.2. Since
the comoving Hubble sphere (aH)−1 decreases during inflation, the comoving wavelength k−1

eventually become greater than the comoving Hubble radius: this is equivalent to saying that
δφk is stretched to cosmological scales during inflation in physical coordinates.

To distinguish between different stages in the evolution of the modes, it will be convenient
to compare the comoving wavelength k−1 with the Hubble radius (aH)−1. At sufficiently early
times, defined by small ln a, all modes of interest were smaller than the comoving Hubble
sphere. The modes are said to be sub-horizon since the comoving wavelengths of the modes
satisfy k−1 � (aH)−1. In other words, k-modes on sub-horizon scales are defined by:

k

aH
=

k

H
� 1. (Sub-Horizon) (3.1.4)

Following the same logic, modes on super-horizon scales satisfy:

k

aH
=

k

H
� 1. (Super-Horizon) (3.1.5)

Using the fact that during inflation conformal time can be written as τ = −1/aH = −1/H,
we can also express the sub-horizon and super-horizon limits as |kτ | � 1 and |kτ | � 1,
respectively.

The transition from sub- to super-horizon scales occurs when the inverse wavenumber
and the comoving Hubble sphere are equal to each other, i.e. when k = aH. This event
is referred to as horizon exit in Fig. 3.2. At horizon crossing, the inflaton fluctuation δφk
loses its quantum nature and the quantum expectation value 〈0|δφk|2|0〉 can be identified
with the ensemble average of a classical stochastic field. That is, on super-horizon scales δφ
may be regarded as a classical perturbation. The change of the fluctuations from quantum
to classical nature is known as the quantum-to-classical transition. The modes then evolve
on super-horizon scales before they re-enter the sub-horizon during the matter and radiation
dominated era’s, which are described by conventional Big Bang theory.

However, there is a serious issue concerned with super-horizon scales. On these scales, the
physics is very uncertain: even the equations of motion governing the perturbations are not
well-known. The uncertainty in this regime is mainly caused by the lack of precise knowledge
on reheating, i.e. the transition from inflation to conventional Big Bang evolution. For most
k-modes, reheating occurs when they are on super-horizon scales. Therefore, to relate the
quantum fluctuations during inflation to late time observations such as the anisotropies in
the CMB or fluctuations in energy density δ ≡ δρ/ρ̄ at later times, the quantum fluctuations
must be embedded in a quantity that is constant on super-horizon scales.

Fortunately, the so-called comoving curvature perturbation R possesses the feature of
constancy on super-horizon scales. In Chapter 6 it will be proved that R is constant on
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Figure 3.3: Schematic representation of the mechanism by which quantum fluc-
tuations in the inflation δφ induce perturbations in the metric δgµν . The backre-
action of the metric perturbations on the evolution of the inflaton field through
the Klein-Gorden (KG) equation is also shown.

super-horizon scales, independent of the possible unknown physics and equations governing
the perturbations on these scales. At horizon exit, the switch from δφ to R will be made, as
indicated in Fig. 3.2. In the Newtonian gauge5 the comoving curvature perturbation Rk is
related to the inflaton fluctuation δφk via the equation:

Rk = H
δφk

φ̇
, (3.1.6)

assuming single field inflation in the slow-roll approximation. On account of the above relation
between R and δφ in the Newtonian gauge, the power spectra Pδφ and PR are related as:

PR =

(
H

φ̇

)2

Pδφ. (3.1.7)

Since Ṙ = 0 on super-horizon scales, the power spectrum of the comoving curvature
perturbation PR can be computed at horizon crossing k = aH and the result can be taken
directly to horizon re-entry (see Fig. 3.2). Subsequently, the power spectrum will evolve
according to known laws of physics on sub-horizon scales and can be related to observables
such as the temperature anisotropies in the CMB. Hence, via the comoving curvature per-
turbation R, predictions made at horizon crossing, corresponding to high energies and early
times, can be related to late time observables at low energies such as the CMB.

3.1.2 Metric Coupling, CMB Anisotropies and Primordial Gravitational Waves

As briefly mentioned in the introduction to this chapter and the previous section, quantum
fluctuations during inflation induce small temperature anisotropies in the CMB and cause
density fluctuations in the matter at later times, which act as primordial seeds needed for
structure formation. In this section, we discuss the mechanism behind the generation of
temperature fluctuations and primordial seeds a quantitative way.

We know that during single field slow-roll inflation, the energy density ρ and pressure P
are dominated by the inflaton scalar field and for simplicity we assume that the scalar field
is the only contribution to the energy content. The energy density and pressure due to the
inflaton can be written as:

ρφ = φ̇2/2 + V (φ), Pφ = φ̇2/2− V (φ). (3.1.8)

5A gauge is a specific choice of coordinates: see section 4.3.1 for the details.
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Quantum fluctuations in the inflaton δφ therefore induce small perturbations in energy den-
sity and pressure. More generally, the quantum fluctuations cause a perturbation in the

inflaton energy-momentum tensor T
(φ)
µν :

δφ −→ δT (φ)
µν . (3.1.9)

Then, via the EFE’s, the perturbation in the energy-momentum tensor results in perturba-
tions in the Einstein tensor Gµν :

δTµν −→ δGµν = 8πG δTµν . (3.1.10)

The perturbation in the Einstein tensor then finally induces a fluctuation in the metric δgµν :

δGµν −→ δgµν . (3.1.11)

Finally, the metric perturbations will cause a so-called backreaction on the evolution of the
inflaton field via the Klein-Gordon equation:

δ(�φ) = Vφ(φ)δφ −→ δφ. (3.1.12)

Based on the logic chain outlined above, we conclude that perturbations in the inflaton field
are tightly coupled to metric perturbations and therefore they should be studied together.
Figure 3.3 shows the chain explained in the text schematically. The framework we will use to
study the evolution of the various perturbations is called cosmological perturbation theory
(CPT) and will be introduced in detail in the next chapter.

As will be shown in section 4.2, a generic tensor (perturbation) can be decomposed into
scalar, vector and tensor components. Hence, the perturbed metric can be written in terms
of scalar (Φ and Ψ) and tensor (Êij) components. Strictly speaking, vector perturbations
in the metric should be considered as well. However, vector perturbations are not always
produced during inflation and even if they are, they would decay away with the expansion
of the universe sufficiently fast to ignore them completely [14, 60]. The decaying behavior of
vectorial perturbations is discussed more quantitavely in Appendix D.2.

The purely tensorial perturbations to the metric, denoted as Êij , correspond to primor-
dial gravitational waves. In the absence of anisotropic stress, the perturbed field equations
governing the evolution of the gravitational waves are unsourced.6 In that case, the evolu-
tion equation of Êij is a damped wave equation, the wave-solutions to this equation describe
gravitational waves. Since these gravitational waves are believed to be generated during the
inflationary state, they are called primordial gravitational waves. Over the last few years,
attempts have been made to detect these primordial gravitational waves, but no direct obser-
vation of primordial waves is made. However, the cross-correlation of the gravitational waves
(tensor) power spectrum with the scalar power spectrum is measured by Planck [3], giving
rise to an important parameter called the tensor-to-scalar ratio r, see section 3.2.

The scalar perturbations in the metric, Φ and Ψ, set up during inflation act as a gravi-
tational potential that couples to the energy density and matter distribution at later times,

6Unsourced means that the energy-momentum side of the perturbed EFE’s is zero. This assumption
is satisfied if anisotropic stress is negligible. Anisotropic stress is an additional contribution to the energy-
momentum of the form Σij , which is only present when the consider matter can not be described as a perfect
fluid. Anisotropic stress is only generated by neutrinos at stages that will not concern us in this work [14].
Hence, we usually set Σij ≡ 0. In the absence of anisotropic stress, the gravitational potentials Φ and Ψ are
equal to each other.
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e.g. during the radiation and matter dominated eras. However, during the reheating stage,
the equations governing the evolution of the gravitational potential are not well known. In
order to relate the effect of Φ and Ψ to later times, we will embed them in the curvature
perturbation R and study its effect on the energy density and matter distributions instead.

The coupling between the comoving curvature perturbation7 R and the matter induces
density perturbations δ ≡ δρ/ρ̄ in the matter. Via this mechanism, quantum fluctuations in
the inflation form the primordial seeds required for structure formation. Out of the primor-
dial density fluctuations, eventually, all observed large-scale structure, such as galaxies and
clusters of galaxies, are formed.

Furthermore, the density fluctuations are also responsible for the temperature anisotropies
in the CMB. In particular, density perturbations of the photons in the primordial plasma are
directly related to temperature fluctuations in the CMB via [60]:

δT

T̄
= 4

δργ
ρ̄γ

≡ 4δγ , (3.1.13)

this equation is also commonly referred to as the brightness function. As the CMB anisotropies
are generated by inflationary quantum fluctuations, measuring their properties (i.e. the power
spectrum) opens an observational window to constrain inflationary models (see section 3.2).
This concludes our brief discussion on the mechanism by which inflation can cause CMB
anisotropies and the generation of primordial seeds. The concepts outlined in this section
will be worked out in detail in the next chapters.

3.2 From Theory to Observations and Back

As described in the previous section, treating inflation quantum mechanically results in a
profound prediction: the quantum fluctuations in the inflaton cause anisotropies in the CMB
and provide the primordial seeds for all observed structure in the universe. In order to test
this prediction, comparison with observations should be made. Theoretical predictions can
be connected to observations via statistical methods. In the existing literature, both the
original papers as well pedagogical reviews or lecture notes, the invoked statistical concepts
(such as the power spectrum) are not discussed in detail.8 Therefore, we will discuss the
statistical methods that go into inflationary calculations here in detail.

3.2.1 Singlevariate Statistics

Here we will discuss relevant concepts from singlevariate statistics, mainly to set up the
notation and to provide a basis for the discussion on multivariate statistics in the next
subsection. Consider a single random variable X, drawn from some probability density
function (PDF) ρ(x). The PDF is properly normalized such that:∫

ρ(x) dx ≡ 1, (3.2.1)

7During the post-inflationary evolution of the universe, it is convenient to regard R itself as the gravita-
tional potential, although this is formally not true.

8Exceptions to this trend are Ref. [15] (in particular the appendix A.6.) and [84].
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where the integration is over the domain of x (which could be infinite). We define the
expectation value for X as:

E[X] ≡
∫
xρ(x) dx, (3.2.2)

the expectation value is also referred to as the mean or average and often denoted as µ = E[X].
The variance of X is given by:

Var[X] ≡ E[(X − µ)2] = E[X2]− E[X]2, (3.2.3)

and is also denoted as σ2 = Var[X], where σ is the standard deviation. Equivalently, the
variance may be defined as the covariance of the random variable X with itself:

Var[X] ≡ Cov(X,X). (3.2.4)

The mean and variance can be used to characterize the considered distribution. However,
typically the mean and variance do not completely specify the distribution. (Only for the
Gaussian or normal distribution they do).

Cumulants.—More systematically, the distribution function can be characterized in terms of
the cumulants κn. The cumulants are defined using the cumulant generating function K(t),
which is related to the moment generating function M(t):

M(t) ≡ E(etX), (3.2.5)

via the natural logarithm:

K(t) = lnM(t). (3.2.6)

Expressing the cumulant generating function as a Maclaurin series:

K(t) =

∞∑
n=1

K(n)(0)
tn

n!
= µt+

1

2
σ2t2 +O(t3), (3.2.7)

the n-th cumulant κn can be obtained by differentiating the above expression n times and
evaluating the result at t = 0, that is:

κn ≡ K(n)(t)
∣∣∣
t=0

. (3.2.8)

The first and second cumulants correspond to the mean and variance, respectively.9

9The second and third cumulants (κ2,3) coincide with the second and third central moments (µ2,3), defined
via:

µn = E[(X − E[X])n] =

∫
(x− µ)nρ(x) dx. (3.2.9)

However, the first cumulant is the expected value, whereas the first central moment vanishes. As mentioned,
the second and third cumulants are respectively the second and third central moments (the second central
moment is the variance). Higher cumulants cannot be connected straightforwardly to central moments, but
are rather more complicated polynomial functions of the moments [1].
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Gaussian Distribution.—As will be described extensively below, Gaussian statistics is of
significant importance in (primordial) cosmology. The PDF for a singlevariate Gaussian
distribution with mean µ and variance σ2 is given by:

ρ(x) =
1√
2πσ2

exp

[
−(x− µ)2

2σ2

]
. (3.2.10)

For a gaussian distribution, the moment generating function is given by:

M(t) = exp

[
µt+

1

2
σ2t2

]
, (3.2.11)

and hence the cumulants generating function is given by:

K(t) = lnM(t) = µt+
1

2
σ2t2. (3.2.12)

Therefore, we conclude that all but the first two cumulants vanish (κn≥3 = 0). The first two
are simple functions of the mean and variance and read:

κ1 = µ, κ2 = σ2. (3.2.13)

Hence, a Guassian distribution is completely specified by its first and second cumulant or,
equivalently, its mean and variance.

3.2.2 Multivariate Statistics

The discussion on the statistics of a single random variable can now be extended to an
arbitrary number of random variables. For definiteness, we consider k random variables
which are collected in a so-called random vector X as:

X ≡ (X1, . . . , Xk)
T, (3.2.14)

where T denotes the transpose. The vector X can formally be defined as a random vector if
any linear combination of the k components obeys a univariate distribution. The expectation
value or mean generalizes to a mean vector µ containing the expectation values of all k
random variables, yielding:

µ ≡ E[X] = (E[X1], . . . ,E[Xk])
T (3.2.15)

Lastly, the variance or covariance of the single random variable with itself generalizes to the
k × k covariance matrix ξ, defined as:

ξ ≡ E[(X − µ)(X − µ)T]

ξij = Cov[Xi, Xj ] ≡ 〈XiXj〉; (1 ≤ i, j ≤ k). (3.2.16)

The covariance matrix ξij = 〈XiXj〉 is also called the two-point correlation function.

Multivariate Normal Distribution.—In case the k-dimensional random vector X obeys a
multi-variate Gaussian distribution, the multivariate probability density function is given by:

ρX(x1, . . . , xk) =
1√

(2π)k|ξ|
exp

[
− 1

2

∑
ij

xi(ξ)
−1
ij xj

]
, (3.2.17)
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where |ξ| ≡ det ξ is the determinant of the covariance matrix. In analogy to singlevariate
Gaussian distribution, which is completely characterized by its mean and variance, the multi-
variate Gaussian distribution is completely characterized by its one- and two-point correlation
functions.

Isserlis’ Theorem.—In case X is normally distributed, higher order correlation functions
〈Xi · · ·Xj〉 can be evaluated using Isserlis’ theorem,10 stating that higher order correlation
functions can be expanded in terms of two point correlation functions. The theorem states
that if (X1, . . . X2n) is a zero-mean normal random vector, higher order correlation functions
can be expanded as:

〈X1 · · ·X2n〉 =
∑∏

〈XiXj〉 =
∑∏

ξij , (3.2.18)

〈X1 · · ·X2n−1〉 = 0, (3.2.19)

where the notation
∑∏

implies summation over all distinct ways of partitioning X1 · · ·X2n

into pairs two point correlators 〈XiXj〉 and each summand is the product of n two-point
correlators. For instance, for n = 2 (the 4-point correlator) the result of Isserlis’ theorem is:

〈X1X2X3X4〉 = ξ12ξ34 + ξ13ξ24 + ξ14ξ23. (3.2.20)

Notice that for purely Guassian quantities ϕ, the odd correlation functions (〈ϕ1 · · ·ϕn〉 with
n odd) vanish on account of Isserlis’ theorem.

3.2.3 Non-Gaussianity

As Gaussian statistics will satisfy Isserlis’ theorem, deviations from pure Gaussianity will
manifest as violations of Isserlis’ theorem. For instance, for a variable ϕ that is not pre-
cisely Gaussian distributed, the three point correlation function 〈ϕϕϕ〉 will be small but
non-vanishing.11 This notion of non-Gaussianity (NG) provides a powerful probe for infla-
tion from both the observational and theoretical side. In the case of slow roll single-field
inflation, the three point correlation function for the comoving curvature perturbation, de-
noted as 〈RRR〉, is suppressed by the slow roll parameters and hence the level of NG is
small.

There is an intuitive reason why 〈RRR〉 is supressed by single-field slow roll models
generically predict a small level of NG. In order to achieve accelerated expansion, the inflaton
potential must be very flat (as quantified by εV , ηV � 1). Flatness of the potential can only
be achieved by suppressing inflaton (self-)interactions and other sources of non-linearity. In
this way, possible sources of large NG are minimized and hence only the weak coupling to
gravity results in NG. Therefore, in case the observational level of NG is large, the complete
single field scenario can be ruled out, making NG the most stringent test for single-field
inflation to date.

10This theorem is sometimes referred to as Wick’s theorem, but we will reserve this name for the well-
known theorem in QFT, which describes how to expand higher order expectation values 〈O1 · · · On〉 in terms
of two-point correlators.

11Notice that the three point correlation function is of particular interest, as it is the lowest order statistic
that can discriminate between pure Gaussianity and deviations.
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3.2.4 Statistical Homogeneity and Isotropy

We will now apply the above concepts to a generic (random) scalar field Q(x), whose value
at each point in real space is determined by Gaussian distribution, and examine the impli-
cations of imposing statistical homogeneity and isotropy on the field (in analogy with the
Cosmological Principle). The field Q can be represented as a random vector in which each
entry corresponds to the random value of the field at a particular location in space.12

By definition, the two point correlation function of the field is given by:13

ξij = 〈Q(xi)Q(xj)〉. (3.2.21)

Let rij be the vector connecting xi and xj , i.e. rij ≡ xj − xi, the two point correlator can
then be written as:

ξij = 〈Q(xi)Q(xi + rij)〉. (3.2.22)

Now, on account of statistical homogeneity (translational invariance), it is required that ξij
does not depend on xi,j , but only on the vector connecting them (rij), hence:

ξij 6= ξij(xi,xj). (Homogeneity) (3.2.23)

On account of statistical isotropy (rotational invariance), the correlator should be independent
of the direction of rij and can therefore only depend on its magnitude |rij |, yielding:

ξij = ξij(xi, |rij |). (Isotropy) (3.2.24)

In the above expression, we still allowed for dependence on xi since isotropy alone is doest for-
bid dependence on spatial coordinates. However, when combining homogeneity and isotropy
as imposed by the Cosmological Principle, we find that the correlator can only depend on
the magnitude of rij , leaving:

ξij = ξij(|rij |). (Homogeneity and Isotropy) (3.2.25)

For notation convenience, we will drop the labels i, j and use primes to denote different spatial
vectors from now on.

The Fourier transform of the field Q(x) at location x is given by:

Qk =

∫
d3x Q(x) e−ik·x. (3.2.26)

In momentum space, the two point correlator is denoted as 〈QkQk′〉 and can be evaluated to
be:

〈QkQk′〉 = (2π)3δ(3)(k + k′)P (k), (3.2.27)

based on statistical homogeneity and isotropy. The quantity P (k) is defined as P (k) ≡ |Qk|2
and only depends on the magnitude of the wavevector by rotational invariance. Explicitly, it
is the Fourier transform of the two point correlator P (k):

P (k) =

∫
d3r ξ(r) e−ik′·r. (3.2.28)

12Note that since the scalar field encompasses an infinite number of degrees of freedom, the dimension of
the corresponding random vector will tend to infinity: k → ∞.

13Note that in this context, the labels i, j on the spatial coordinates are not to be regarded as spatial
indices running from 1 to 3.
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Derivation: Fourier Space Correlator

Here, we will derive the above result explicitly. The momentum space correlator can be
written as:

〈QkQk′〉 =
∫
d3x

∫
d3x′ 〈Q(x)Q(x′)e−ik·x e−ik′·x′

=

∫
d3x

∫
d3r 〈Q(x)Q(x′)〉 e−i(k+k′)·x e−ik′·r

=

∫
d3x P (k′) e−i(k+k′)·x = (2π)3δ3(k + k′)P (k′). (3.2.29)

To go from the first to the second line, we used the fact that the two coordinates are
related as x′ = x + r. In the last line we used the definition of the momentum space
Dirac delta function and we defined P (k′) as:

P (k′) =

∫
d3r ξ(r) e−ik′·r. (3.2.30)

Above, we concluded that the correlator only depends on the magnitude of the separation
vector r ≡ |r|. In momentum space, this is equivalent to assuming that P is only
dependent on the magnitude of the 3-momentum vector. Lastly, we interchange the
prime and unprimed variables and obtain the desired result:

〈QkQk′〉 = (2π)3δ(3)(k + k′)P (k). (3.2.31)

Variance and Qauntum Field Operators

The variance of Q, denoted σ2Q = 〈Q2(x)〉, follows from the two-point correlation function
ξQ(r) ≡ 〈Q(x)Q(x′)〉 by setting r = 0. This yields:

σ2Q = 〈Q2(x)〉 = ξQ(0) =

∫ ∞

0

dk

k
PQ. (3.2.32)

In case the quantity of interest Q corresponds to a quantum operator or field, denoted using a
hat Q̂, the variance can be identified with the expectation value of the square of the operator
|Q̂|2 = Q̂†Q̂ in the vacuum/ground state |0〉.14 That is:

〈|Q̂|2〉 ≡ 〈0|Q̂†Q̂|0〉 =
∫ ∞

0

dk

k
PQ̂. (3.2.33)

In particular, this result will be used to compute the power spectrum of the quantized inflaton
fluctuation field f̂ (f ≡ aδφ).

3.2.5 The Power Spectrum: Connecting Theory with Observations

Using the forward Fourier transform, the power spectrum in Fourier space can be defined by
exploiting the spherical geometry of the d3k integral. The Fourier power spectrum for the

14The dagger † indicates the conjugate transpose of the operator.
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variable Q is denoted by PQ and reads:

PQ =
k3

2π2
|Qk|2. (3.2.34)

The power spectrum, which is, in essence, the Fourier counterpart of the correlation function,
will be of crucial importance in relating predictions of inflation to cosmological observations.
For a Gaussian random field, all statistical information in contained in the power spectrum (or
equivalently the two-point correlation function in real space). In other words, for a Gaussian
random field, the power spectrum will not posses any scale dependence by means of k.

We will show that the power spectrum for R is indeed almost scale-invariant as the
spectral index, parametrizing the (logarithmic) dependence of the power spectrum on k, is
supressed by slow roll parameters. Hence, R is well described as a Gaussian random field,
which is in line with the small level of NG generated by single field inflation (section 3.2.3).

Derivation: Power Spectrum

The differential volume element d3k in Fourier space can be expressed in terms of the
radial coordinate k and angular coordinates θ and φ as:

d3k ≡ k2 sin θ dθ dφ dk. (3.2.35)

Furthermore, the dot product in the exponent k · r yields:

k · r = kr cos θ, (3.2.36)

where k = |k| and r = |r|. Substituting these expressions in the forward Fourier transform
of the correlation function and evaluating expanding the integral over d3k into explicit
integrals over k, θ and φ yields:

ξQ(r) =
1

(2π)3

∫ ∞

0
dk

∫ π

0
sin θ dθ

∫ 2π

0
dφ k2|Qk|2 eikr cos θ. (3.2.37)

The integral over θ yields the first Bessel function of the first kind:∫ π

0
eikr cos θ sin θ dθ =

∫ +1

−1
eikr cos θ d(cos θ) = 2

sin kr

kr
= 2j0(kr). (3.2.38)

Integrating over φ as well yields the following result:

ξQ(r) =

∫ ∞

0
dk

4πk2

(2π)3
|Qk|2

sin kr

kr
=

∫ ∞

0

dk

k

[
k3

2π2
|Qk|2

]
sin kr

kr
=

∫ ∞

0

dk

k
PQ j0(kr).

(3.2.39)

In the last line, the (dimensionless) power spectrum PQ is defined as:

PQ ≡ k3

2π2
|Qk|2. (3.2.40)

This gives the desired result.
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3.2.6 The Central Limit Theorem

Even without resorting to theoretical motivations to argue that cosmological perturbations
(such as R) will be Gaussian to a very high degree, there exists a general theorem in statistics
that constrains cosmological perturbations to be approximately Gaussian. This theorem is
known as the central limit theorem (CLT) and states that Gaussianity will always result from
a superposition of a large number of random processes [84]. The power of the CLT lies in
the fact that the underlying random processes do not have to be drawn from a Gaussian
distribution; the only requirement for CLT is that the underlying distribution has a finite
variance. We will not go over the details here; the CLT is illustrated in Appendix D.1.

3.3 Gaussian Random Fields

On account of well-motivated theoretical considerations (see sections 3.2.3 and 3.2.5) or the
central limit theorem, we expect cosmological perturbations to be nearly Gaussian. Therefore,
we can model cosmological perturbations to a first approximation as Gaussian random fields,
which we will introduce formally in this section (see also Refs. [67, 81, 84]). Gaussian random
fields are fields that are completely specified by their one- and two-point correlation functions
(i.e. by their mean, which is often set to zero by a field redefinition and the variance). Non-
vanishing behavior of higher order correlation functions then encode deviations from pure
Gaussianity, i.e. they describe non-Gaussian (NG) contributions to the perturbations.

Consider a generic position-dependent scalar field Q(x). In principle, the field may also
posses temporal dependence, but it will not be included explicitly in the following discussion.
The Fourier transform can be expressed as:

Qk =

∫
d3k

(2π)3
Qk e

ik·x. (3.3.1)

Without loss of generality, the Fourier mode of the field Qk can be written in the following
way:

Qk ≡ αk + iβk, (3.3.2)

where αk and βk are real parameters. The reality of the field Q implies αk = α−k and
βk = −β−k.

A given field configuration is completely specified by means of the parameters αk and βk,
which are themselves parametrized by the wavevector k. In order to generate a random field
configuration, one can regard αk and βk as random variables and assign a PDF to them. In
particular, for a Gaussian random field, αk and βk are drawn from a Gaussian distribution:

ρ(αk, βk) =
1

πσ2k
exp

[
−
α2
k + β2k
σ2k

]
, (3.3.3)

where the normalization factor (πσ2k)
−1 is chosen such that the probability density function

integrate to unity when integrating over both αk and βk. Notice that the above result applies
to solely one k-mode. Generalizing to all possible modes k, the PDF becomes a functional
of all possible field configurations, as parametrized by different wavevectors k. The PDF
functional reads:

ρ[Qk] =
1

πσ2k
exp

[
− |Qk|2

σ2k

]
, (3.3.4)
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where we define the amplitude of the field mode as |Qk| ≡
√
α2
k + β2k. The PDF functional

formalizes the statement that all field configurations are drawn from a Gaussian distribution.
Observe that the functional above only states the amplitude of the field, denoted as |Qk|, is
drawn from a Gaussian distribution. The phase, however, is drawn from a flat distribution.
Furthermore, notice that in general, the variance may depend on the wavevector. However, in
assuming statistical isotropy, the variance σ2k/2 depends only on the wavenumber (σ2k → σ2k)
and is the same for both αk and βk. For a Gaussian random field, the variance (i.e. two-point
correlation function) contains all the statistical information and all higher order correlation
functions will vanish.

The expectation value 〈A〉 of some observable A are taken over the ensemble of all pos-
sible realizations of A. In this case, observables themselves become functionals of the field
configuration, i.e. A = A[Qk]. The expectation value of the observable is given in terms of
an integral over all possible field configurations:

〈A[Qk]〉 =
∫

DQk A[Qk] ρ[Qk], (3.3.5)

where the integrand notation DQk implies the integration is over all possible field configura-
tions.

For a Gaussian random field, the expectation value for a given observable A can be written
explicitly by using the fact that the integration measure over all field configurations can be
written as:

DQk =
∏
k

dαk dβk, (3.3.6)

yielding the following expression for A = A[Qk]:

A[Qk] =

∫ ∏
k

dαk dβk
1

πσ2k
A[Qk] exp

[
− |Qk|2

σ2k

]
. (3.3.7)

Using the above expression, the correlation function of two field modes, characterized by
momenta k and k′, can be written as:

〈QkQk′〉 = 〈αkαk′〉 − 〈βkβk′〉 = σ2k δ
(3)(k + k′). (3.3.8)

To derive this result, we used the fact that cross terms in α and β vanish and that the
expectation value of 〈αkαk′〉 gives:

〈αkαk′〉 =
∫
d3k αkαk ρ[Qk] δ

(3)(k + k′) =
σ2k
2
δ(3)(k + k′). (3.3.9)

For the term 〈βkβk′〉, we would obtain the same result but we can use the reality constraint
βk = −β−k to compensate the for the minus sign between the terms in Eq. 6.4.52.

With the above results at hand, we can now compute the real space two-point correlation
function for the Guassian random field, which is given by:

〈Q(x)Q(x′) =

∫
d3k

(2π)3
d3k′

(2π)3
〈QkQk′〉 eik·xeik

′·x′

=

∫
d3k

(2π)3
d3k′

(2π)3
σ2k δ

(3)(k + k′) eik·xeik
′·x′

=

∫
d3k

(2π)3
σ2k

(2π)3
eik·(x−x′). (3.3.10)
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On account of Eq. 3.2.27, we find the P (k) is equal to:

P (k) =
σ2k

(2π)3
. (3.3.11)

Note that for a scale invariant two-point correlation function in real space, i.e. for one
that satisfies the following invariance equation under the rescaling of the coordinates x → λx
with the scaling parameter λ > 0:

〈Q(x)Q(x′)〉 ≡ 〈Q(λx)Q(λx′), (3.3.12)

it follows that P (k) exhibits the following momentum dependence,

P (k) ∝ k−3. (3.3.13)

on account of the Dirac-delta identity δ(3)(λ(k+k′)) = λ−3δ(3)(k+k′). For a Gaussian random
field, the power spectrum P which is proportional to k3P (k) is independent of wavenumber
k and hence scale invariant:

PQ =
k3

2π2
P (k) ∝ k0. (3.3.14)

3.4 Connection to Inflation

When applying the statistical methods outlined above to compute the power spectrum for
inflaton fluctuations in the single-field scenario, we will find that the power spectrum PR is
indeed highly Gaussian, i.e. the dependence on k will be very small (in good agreement with
Eq. 3.3.14 and hence R is well described as a Gaussian random field). In particular, using
the slow-roll approximation we will show that the scale-dependence of the power spectrum,
as measured by the spectral index ns, is indeed suppressed by slow roll parameters:

ns − 1 ≡ d lnPR
d ln k

+O(dns/d ln k) = −2ε− η = 2ηV − 6εV. (3.4.1)

Here O(dns/d ln k) indicates that we neglect the (minor) dependence of the spectral index
itself on k. Note that a perfectly scale-invariant power spectrum corresponds to the limit
ns − 1 → 0. Parametrizing the k-dependence of ns would amount to including so-called
spectral runnings (derivatives of ns with respect to k) in the spectral index.

The almost scale invariant power spectrum as predicted by single-field inflation is indeed
supported by observations on the CMB as made by Planck, from which the power spectrum
for R could be inferred. Ignoring spectral runnings, the power spectrum can be parametrized
as [3, 84]:

PR(k) =
k3

2π2
|Rk|2 = As

(
k

k∗

)ns−1

. (3.4.2)

Here, k∗ = 0.05Mpc−1 is a pivot scale, As is the scalar amplitude and ns is the spectral index,
governing the scale dependence of the power spectrum. Planck constrained the spectral index
to be [3]:

ns = 0.9645± 0.0049. (3.4.3)
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Parameter Parametrization Bound/Value [3] Dataset

Pivot Scale k∗ = a∗H∗ 0.05Mpc−1 –
Scalar Amplitude ln(1010AS) 3.094± 0.034 TT, TE, EE+lowP
Scalar Spectral Index ns = 2ηV − 6εV + 1 0.9645± 0.0049 TT, TE, EE+lowP
Tensor Amplitude AT – –
Tensor Spectral Index nt = −2εV – –
Tensor-to-Scalar Ratio r = 16εV < 0.103 TT+lowP

Table 3.1: Inflationary parameters and constraints on their values (if available)
by Planck [3]. Notice that constraints on the tensor quantities At and nt are not
available as primordial gravitational waves have not been observed (yet).

Notice that the exponent ns−1 will be very close to zero, supporting nearly scale-invariance as
predicted by inflation. In the full Planck parametrisation of the power spectrum, higher order
derivatives of dns/d ln k (i.e. spectral runnings), are included in the exponent of (k/k∗).

15

For the primordial gravitational wave (tensor) power spectrum, the approach is similar to
the spectrum of scalar fluctuations discussed above. In this case, however, the two different
polarization directions of the waves, as indicated by (+,×), should be taken into account in
the definition of the power spectrum:

PE =
k3

2π2
(
|E+|2 + |E×|2

)
= AT

(
k

k∗

)nt

, (3.4.5)

where AT and nt = −2εV are the tensor amplitude and spectral index, respectively. As for the
scalar power spectrum, the contribution of the spectral running is ignored in the exponent.
Up till now, primordial gravitational waves have not been detected. However, they can be
constrained using CMB observation by means of the so-called tensor-to-scalar ratio r, defined
as:

r ≡ PE(k∗)

PR(k∗)
=
A2

T

A2
S

= 16εV, (3.4.6)

this relation will be derived explicitly in section 5.6. From the data, Planck found an upper
bound to this parameter which reads [3]:

r0.002 < 0.11, (3.4.7)

where the subscript indicates that the tensor-to-scalar ratio is computed at the pivot scale
k∗ = 0.002Mpc−1, instead of the value 0.05Mpc−1 used earlier.

Notice that the connection between theory and experiment by means of the spectral index
and tensor-to-scalar ratio can be used to discriminate between different inflationary models,
corresponding to different potential functions of the scalar field V (φ). To test whether an
inflationary model is favored or rejected by the Planck data, one computes the slow-roll

15The exponent in the Planck parametrization is written as a series expansion of (higher orders of) the
spectral running:

ns − 1 +
1

2

dns

d ln k
ln

k

k∗
+

1

6

d2ns

d ln k2

(
ln

k

k∗

)2

+ · · · . (3.4.4)
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parameters (εV, ηV), which are directly related to the shape of the potential. Subsequently,
the spectral index and tensor-to-scalar ratio can be predicted using Eq. 3.4.1 and Eq. 3.4.6.
In case the predicted value lies within the experimental bounds of ns and nt, the considered
model is favored by the Planck data.

All the relevant inflationary parameters introduced in this subsection are tabulated in
Tab. 3.1, accopanied by constraints on their values as determined by Planck [3]. Notice that
there are constraints on the tensor power spectrum, as primordial gravitational waves have
not been detected yet.

3.5 Intuition from a Toy Model

Here, we will discuss a toy model that captures most of the essential features about the physics
of scalar field fluctuations in an inflationary background (i.e. a quasi De-Sitter background,
see Appendix C.2). The aim of this toy model is to illustrate the concepts described in this
chapter in a more quantitative way, without the need to perform a full-detail computationally
demanding analysis – this will be done in the upcoming chapters.

We consider a scalar field χ, which is not the inflaton, and assume no direct coupling
between χ and φ. That is, χ is taken to be a free field and its potential V (χ) is only sourced
by self-interactions. Such a field is called a spectator or test field during inflation and were
studied in e.g. [73, 74, 86, 88]. In addition, the coupling to gravity is assumed to minimal,
meaning the coupling constant ξ between the Ricci scalar R and χ vanishes in the total
Lagrangian Lχ. The total action STM for the toy model (TM) can therefore be written as:

STM =

∫
d4x

√
−g

[
1

2
MplR

2 − 1

2
gµν∂µχ∂νχ− V (χ)

]
. (3.5.1)

Since by definition the inflaton field dominates the energy density in the universe during
inflation, the energy density of χ is much smaller than the inflaton energy density:

ρχ � ρφ. (3.5.2)

For that reason, fluctuations in χ do not affect the dynamics of the background considerably:
the coupling between the metric fluctuations δgµν(x, t) and δχ(x, t) is small. Therefore,
the backreaction (see section 3.1.2) of the perturbed metric on the field χ can be neglected
completely. This simplifies the analysis significantly since in the absence of a backreaction
the evolution equation for the fluctuation δχ can be obtained trivially by perturbing the
equation of motion for χ at linear order.

The evolution of the field χ is governed by the Klein-Gordon equation, written conve-
niently in terms of the d’Alembertian operator �χ = Vχ. Evaluating d’Alembertian for the
FRW background and keeping the spatial gradient term yields:

χ̈+ 3Hχ̇− 1

a2
∂2χ+ Vχ = 0, (3.5.3)

which is identical to Eq. 2.5.7 except for the gradient term (which is omitted in Eq. 2.5.7).
For a homogeneous field, the spatial gradient ∂2χ vanishes (we defined ∂2 ≡ ∂i∂

i). However,
in order to obtain the evolution equation for fluctuations δχ(x, t), we will perturb the above
equation to linear order and acting with ∂2 on δχ(x, t) will not yield zero. For that reason,
we keep the gradient term in the above equation.
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To first order, the total field χ(x, t) can be written as the sum of an homogeneous back-
ground χ(t) and perturbation δχ(x, t) in the following way:

χ(x, t) = χ(t) + δχ(x, t). (3.5.4)

Inserting this form for χ(x, t) into Eq. 3.5.3 and extracting all terms linear in δχ(x, t) gives
the following evolution equation:

δχ̈(x, t) + 3Hδχ̇(x, t)− 1

a2
∂2δχ(x, t) + Vχχδχ(x, t) = 0. (3.5.5)

Moving to Fourier space amounts to replacing ∂2 by −k2 and labelling the Fourier modes
δχk(t), yielding:

δχ̈k(t) + 3Hδχ̇k(t) +
k2

a2
δχk(t) + Vχχδχk(t) = 0. (3.5.6)

3.5.1 Sub- and Super-Horizon Behaviour of Fluctuations

First, we assume the scalar field χ to be massless and set the potential to zero. We study the
qualitative behavior of the fluctuation modes δχk in the sub- and superhorizon limit.

B Sub-Horizon Limit.—For modes deep inside the horizon, k satisfies the condition k/aH �
1, and hence the damping term 3Hδχ̇k can be neglected in the evolution equation, leav-
ing:

δχ̈k +
k2

a2
δχk = 0. (3.5.7)

Except for the time-dependent prefactor of δχk, this evolution equation resembles that
of an harmonic oscillator. Therefore, the solution for the fluctuation will have an
oscillatory character inside the horizon.

B Super-Horizon Limit.—For modes far outside the horizon, k/aH � 1 and the term
proportional to k2 can be neglected, yielding:

δχ̈k + 3Hδχ̇k = 0. (3.5.8)

The solution to this equation gives:

δχk(t) =
C1
3H

e−3Ht + C2, (3.5.9)

where C1 and C2 are time-independent constants. Hence, on super-horizon scales the
solution consists of a exponentially decay mode and a constant mode. We conclude
that the fluctuation freezes in outside the horizon. The constancy of the fluctuation
outside the horizon is very similar to the advocated constancy of the comoving curvature
perturbation R on these scales (this feature of R will be proven in section 6.3).

3.5.2 Fluctuations from a Massive Scalar Field

Now, we turn on the potential again and consider a potential containing solely a quadratic
mass term mχ. We assume that the mass is small relative to the Hubble scale, i.e. m2

χ/H
2 �

1. The potential function reads:

V (χ) =
1

2
m2

χχ
2, (3.5.10)
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so that the second derivative is given by Vχχ = m2
χ. By making the field redefinition σ(x, t) ≡

aδχ(x, t) and moving to conformal time dτ ≡ dt/a one obtains the following equation of
motion for the redefined field:

σ′′k +

[
k2 − a′′

a
+ a2m2

χ

]
σk = 0. (3.5.11)

Notice that the above evolution equation has the form of that for an harmonic oscillator with
time-dependent frequency:

ω2
k(τ) ≡ k2 +M2(τ), (3.5.12)

where the mass term is M2(τ) is defined as M2(τ) ≡ a2m2
χ − a′′/a. The derived equation of

motion can be obtained via the variational principle from the following action:

S[σk, σ
′
k] =

1

2

∫
dτd3x

[
σ′k − (k2 +M2(τ))σk

]
. (3.5.13)

This action and the corresponding Lagrangian Lσ will be used later on to canonically quantize
the fluctuations in the field.

Inflation is well-described by a quasi De-Sitter background, for which the time-variation of
the Hubble parameter is small, as quantified with ε ≡ −Ḣ/H2 � 1. Using conformal time,
the definition for ε can be rewritten in the following differential equation for the Hubble
radius:

d

dτ

(
1

aH

)
≡ ε− 1. (3.5.14)

To first order in the parameter ε, the scale factor can be obtained from the above equation
as:

a(τ) = − 1

Hτ
(1 + ε). (3.5.15)

Using this form for the scale factor, the time-dependent mass parameterM2(τ) can be written
to first order as:

M2(τ) =
1

τ2
(3ηχ − 2− 3ε) . (3.5.16)

Here, we defined the parameter ηχ ≡ m2
χ/3H

2 � 1 in analogy with the Hubble flow parameter
η ≡ ε̇/Hε. In the above expansion for M2(τ), only terms linear in ηχ and ε are considered.
In defining the parameter νχ ≡ 3/2 + ε − ηχ, the mass term can be written to first order in
ε and ηχ as:

M2(τ) = −
ν2χ − 1/4

τ2
. (3.5.17)

Finally, the evolution equation for the field σk can be written as:

σ′′k +

[
k2 −

ν2χ − 1/4

τ2

]
σk = 0. (3.5.18)

The solution to this equation for νχ real is given by the linear combination of Hankel functions

of the first and second kind H
(1,2)
νχ (x), which are given by:

H(1)
ν (x) ≡ Jν(x) + iYν(x), H(2)

ν (x) ≡ Jν(x)− iYν(x), (3.5.19)
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where Jν(x) and Yν(x) are the Bessel functions of the first and second kind, respectively. For
constants c1,2 to be determined by the initial conditions, the generic solution for σk is given
by:

σk(τ) =
√
−τ

[
c1H

(1)
νχ (−kτ) + c2H

(2)
νχ (−kτ)

]
. (3.5.20)

Notice that the solution only depends on the magnitude of the momentum mode k = |k| and
hence from now on we omit the explicit vector notation and write σk instead.

3.5.3 Initial Condition and Bunch-Davies Vacuum

In order to completely fix the dynamics of the field modes σk in terms of explicit expressions
for the constants c1,2, we need to determine the initial condition for the mode function. At
early times, as described by the limit |kτ | � 1 the time-dependent mode frequency ωk(τ)
becomes time-independent:

ω2
k(k, τ) = k2

[
1−

ν2χ − 1/4

(kτ)2

]
|kτ | � 1−−−−−→ k2. (3.5.21)

In this regime, the equation of motion can be written simply as:

σ′′k + k2σk = 0, (3.5.22)

for which the generic solution can be written as:

σk(τ) = C1e−ikτ + C2e+ikτ . (3.5.23)

Together with the appropriate expressions for the constants C1,2, this solution for the field
mode σk in the early time limit forms the initial condition for the generic solution (Eq.
3.5.20). We determine the constants C1,2 by requiring the field σk to be in the lowest energy
state or vacuum state. This procedure can only be performed by quantizing the field σ(x, t),
i.e. within the context of quantum field theory (QFT), and will be shown in detail for the
inflaton field in section 5.4. Constructing the (quantum operator for the) Hamiltonian Ĥ for
the system and minimizing its expectation value E0 ≡ 〈0|Ĥ|0〉 in the vacuum state of the
field, denoted as |0〉, yields the following conditions on C1,2:

C1 =
1√
2k
, C2 = 0. (3.5.24)

Hence, the initial condition for the generic solution of σk(τ) (Eq. 3.5.20) is given by:

lim
|kτ |�1

σk(τ) =
1√
2k
e−ikτ . (3.5.25)

The constructed vacuum from which this initial condition for the mode function is derived is
called the Bunch-Davies vacuum.
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Figure 3.4: Plot of the final solution for the mode function as given by Eq.
3.5.29 in the rescaled form σ̃k ≡ k1/2σk. The real, imaginary and absolute parts
are shows separately in different colors. The unimportant phase factor ∆(+) is
dropped for all plotted functions.

3.5.4 Solution to the Mode Function

Now the above initial condition can be used to determine the constants c1,2 in Eq. 3.5.20.

Consider the |kτ | � 1 limit of the Hankel functions H
(1,2)
ν (−kτ):

lim
|kτ |�1

H(1)
ν =

√
2

π

1√
−kτ

e−ikτ ×∆(−), lim
|kτ |�1

H(2)
ν =

√
2

π

1√
−kτ

e+ikτ ×∆(+). (3.5.26)

Here, we defined ∆(±) ≡ exp(±iπ(ν + 1/2)/2 and ∆(+)∆(−) = 1. In this limit, the mode
function can then be written as:

lim
|kτ |�1

σk(τ) =
√
−τ

[
c1

√
2

π

1√
−kτ

e−ikτ ×∆(−) + c2

√
2

π

1√
−kτ

e+ikτ ×∆(+)

]
. (3.5.27)

In order to bring the above equation in agreement with the initial condition as given by Eq.
3.5.25, the constants are set to:

c1 ≡
√
π

2
×∆(+), c2 ≡ 0. (3.5.28)

Therefore, the appropriate mode function σk in line with the initial condition reads:

σk(τ) =
√
−τ

[√
π

2
∆(+)

]
H(1)

νχ (−kτ). (3.5.29)

The final form for the mode function as given by the above equation is plotted in Fig. 3.4
(in the slightly rescaled form σ̃k = k1/2σk). Notice that |σ̃k| is constant or growing for all
negative values of kτ . This implies that, irrespective of the considered k-mode, the quantum
fluctuation in the field δχk ≡ aσk grows as time evolves until kτ = 0. During inflation,
a ' eHτ and hence the quantum fluctuation grows exponentially fast. Therefore, quantum
fluctuations are indeed stretched to cosmological scales very rapidly.
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3.5.5 Canonical Quantization of the Fluctuation Field

Up till now, the (rescaled) field perturbation σ(x, t) ≡ aδχ(x, t) is regarded as a classical
quantity, whereas it arises from purely quantum mechanical effects. In order to examine
the consequences of σ being caused by quantum effects, rather than classical effects, we will
quantize the field according to the method of canonical quantization.

To quantize the field conform the method of canonical quantization, we first define the
conjugate momentum π to the field σ as:

π ≡ ∂Lσ(σ, σ
′)

∂σ′
= σ′, (3.5.30)

where Lσ is easily inferred from the action given in Eq. 3.5.13. We promote the classical
fields σ and π to quantum operator fields, denoted with hats:

σ −→ σ̂, π −→ π̂. (3.5.31)

We impose equal time canonical commutation relations (CCR) on the fields by means of the
commutator:

[σ̂(τ,x), π̂(τ,y)] ≡ iδ(3)(x− y). (3.5.32)

The above commutator reflects on locality : modes at different spatial locations (x and y)
evolve independently and hence the corresponding operators commute. In Fourier space, the
CCR condition becomes:

[σ̂k(τ), π̂k′(τ)] = iδ(3)(k + k′). (3.5.33)

The operator σ̂k in Fourier space can be expanded in terms of a single time-independent
operator âk, its Hermitian conjugate and the complex mode function σk(τ) as follows [14]:

σ̂k = σk(τ)âk + σ∗k(τ)â
†
k. (3.5.34)

Here, the operators âk and â†k may be regarded as annihilation and creation operators. They
are defined to act on the vacuum state of the field, denoted by |0〉, in the following way [14]:

âk|0〉 = 〈0|â†k = 0, (3.5.35)

and excited states are generated by multiple applications of the raising operator [14]:

|mk1 , nk2,···〉 =
1√

m!n! · · ·

[
(â†k1

)m(â†k2
)n · · ·

]
|0〉, (3.5.36)

where mk1 denotes the number of particles with momentum k1. The square root prefactor
accounts for proper normalization.

The creation and annihilation operators satisfy the following commutation relations:

[âk, âq] = [â†k, â
†
q] = 0, [âk, â

†
q] = [âq, â

†
k] = (2π)3δ(3)(k + q), (3.5.37)

where the factor of (2π)3 is included due to the obeyed Fourier convention. In terms of the

creation and annihilation operators (âk, â
†
k), the field f̂ and its conjugate momentum π̂ read:

σ̂(τ,x) =

∫
d3k

(2π)3

[
σk(τ)âk + σ∗k(τ)â

†
k

]
eik·x, (3.5.38)

π̂(τ,x) =

∫
d3k

(2π)3

[
σ′k(τ)âk + (σ∗k(τ))

′â†k

]
eik·x. (3.5.39)
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For the above definitions of the operator fields σ̂(τ,x) and π̂(τ,x) to satisfy the canonical
commutation relations (CCR), the following constraint on the field mode σk, its temporal
derivative σ′k and the complex conjugates of those should be enforced:

W [σk, σ
′
k] = (−i)

[
σk(σ

∗
−k)

′ − σ∗kσ
′
−k

]
≡ 1. (3.5.40)

The function W [σk, σ
∗
k] is called the Wroskian and the above condition is referred to as the

Wroskian normalization condition.

3.5.6 Correlation Function

Now that we constructed the explicit solution to the mode function σk(τ) and performed
canonical quantization, we can compute the two-point correlation function and its Fourier-
equivalent, the power spectrum.

In section 3.1, we stated that the mean, i.e. the one-point correlation function 〈0|f̂ |0〉,
of the quantum fluctuations in the inflaton field vanishes due to their random nature. In
contrast to the mean, the variance or two-point correlation function 〈0||f̂ |2|0〉 is non-zero,
which will be shown explicitly in section 5.3. Here, we will prove that these statements also
hold for the field fluctuations in the toy model. In addition, it will be shown that the power
spectrum (Eq. 3.2.34) arises naturally from the computation of the two-point correlation
function.

First, we consider the average 〈σ̂〉 or one-point correlation function in the vacuum state
|0〉. Using the fact that âk annihilates the vacuum, it is straightforward to show that the
average vanishes:

〈σ̂〉 ≡ 〈0|σ̂|0〉 =
∫

d3k

(2π)3
〈0|

[
σk(τ)âk + σ∗k(τ)â

†
k

]
|0〉 eik·x = 0, (3.5.41)

where the contractions show explicitly how the terms vanish: â†k annihilates 〈0| and âk has the
same effect but on |0〉. Hence, we have shown that the 1-point correlation function vanishes.

Now we consider the 2-point correlation function:

〈|σ̂|2〉 ≡ 〈0|σ̂†(τ,x)σ̂(τ,x)|0〉. (3.5.42)

In terms of creation and annihilation operators, the 2-point correlation function can be written
as:

〈|σ̂|2〉 =
∫

d3k

(2π)3

∫
d3q

(2π)3
〈0|(σ∗kâ

†
k + σkâk)(σqâq + σ∗q â

†
q)|0〉

=

∫
d3k

(2π)3

∫
d3q

(2π)3
〈0|σkσ∗q âkâ†q|0〉

=

∫
d3k

(2π)3

∫
d3q

(2π)3
σkσ

∗
q 〈0|âkâ†q|0〉, (3.5.43)

where the contractions show which terms vanish. The commutation relation for the creation
and annihilation operators in Fourier space will be used to rewrite the expectation value
〈0|âkâ†q|0〉:

〈0|[âk, â†q]|0〉 = 〈0|âkâ†q|0〉 − 〈0|â†qâk|0〉 = 〈0|âkâ†q|0〉. (3.5.44)
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Notice that the second term after the first equality sign vanishes due to the contractions
indicated. On account of this result, the 2-point correlation function can be written as
follows:

〈|σ̂|2〉 =
∫

d3k

(2π)3

∫
d3q

(2π)3
σkσ

∗
q 〈0|[âk, â†q]|0〉

=

∫
d3k

(2π)3

∫
d3q

(2π)3
σkσ

∗
q × (2π)3δ(3)(k + q)

=

∫
d3k

(2π)3
|σk|2 =

∫
d ln k Pσ. (3.5.45)

In going from the first to the second line, we used the expression for the commutator (Eq.
3.5.37) in terms of the 3-momentum delta function. In going to the third, the delta function
δ(3)(k + q) is used to evaluate the q-integral. From the last line it follows that the 2-point
correlation function of the fluctuation field σ̂ is proportional to the square of the Fourier
mode function. In the last equality, the power spectrum for σ is defined as:

Pσ ≡ k3

2π2
|σk|2, (3.5.46)

in accordance with result presented in Eq. 3.2.34.

3.5.7 Power Spectrum

Now the power spectrum of fluctuations in the field χ(x, t) can be computed. Since we know
that δχ freezes on super-horizon scales, a convenient moment to compute their power spec-
trum is after horizon exit, corresponding to |kτ | → 0, since after horizon exit the fluctuation
modes do not evolve appreciably anymore.

In the limit |kτ | → 0, the Hankel function of the first kind can be written as:

lim
|kτ |→0

H(1)
ν (−kτ) =

√
2

π
e−iπ/2 2ν−3/2 Γ(ν)

Γ(3/2)
(−kτ)−ν . (3.5.47)

So that the mode function can be written as:

lim
|kτ |→0

σk(τ) = 2ν−3/2∆(+)e−iπ/2 Γ(ν)

Γ(3/2)

1√
2k

(−kτ)1/2−νχ . (3.5.48)

Using the fact that during inflation τ = −1/aH, the absolute value of the mode function
reads:

lim
|kτ |→0

|σk| =
C(ν)√
2k

(
k

aH

)1/2−νχ

, C(ν) ≡ 2νχ−3/2 Γ(ν)

Γ(3/2)
→ 1. (3.5.49)

In the limit νχ → 3/2 (i.e. for ε, ηχ � 1), the constant C(ν) approaches unity. Going back
to the unscaled fluctuation δχ(x, t) = σ(x, t)/a(t) and setting the constant C(ν) to unity,
the power spectrum Pδχ can be written as:

Pδχ =
k3

2π2
|δχk|2 =

(
H

2π

)2( k

aH

)3−2νχ

. (3.5.50)
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Figure 3.5: Illustration of the power spectrum for V (χ) and V (φ) both quadratic.
For mφ > mχ (mφ < mχ) the spectrum is red (blue). The spectral index is set
to nχ = ±0.3 and the Hubble parameter is set to unity: H ≡ 1.

The amplitude Aδχ and spectral index nχ for the spectrum, in analogy with the parametriza-
tion of Eq. 3.4.2, are given by:

Aδχ ≡
(
H

2π

)2

, nχ − 1 ≡
d lnPδχ

d ln k
= 2ηχ − 2ε. (3.5.51)

Because of the smallness of the parameters ε (by definition of a quasi De-Sitter stage) and ηχ
(by assumption of m2

χ � H2), the spectrum Pδχ is nearly scale-invariant, i.e. independent
of the wavenumber k. The small tilt in the power spectrum arises because (a) the field χ
is assumed to be massive and (b) the Hubble parameter is not exactly constant over time
during inflation (as quantified by the small but not-zero value for ε). For a massless scalar
field in a pure De-Sitter background, the spectrum has amplitude (H/2π)2 and is completely
scale independent.

Conform traditional terminology, a spectrum with index nχ > 1 is said to be blue, since
the power increases towards the ultraviolet regime (k/aH � 1). Conversely, for nχ < 1 the
spectrum is said to be red as the power is higher in the infrared (k/aH � 1). This is easily
illustrated by choosing a simple quadratic inflaton potential:

V (φ) =
1

2
m2

φφ
2. (3.5.52)

In the slow-roll regime, the parameter ε can be replaced by the slow roll parameter εv and
the potential is related to H via V (φ) = 3M2

plH
2. Using this relation, the slow roll parameter

εv can be computed to be εv = m2
φ/3H

2 (conform Eq. 2.7.5). The spectral index nχ is then
given by:

nχ − 1 ≡ 2ηχ − 2ε =
2

3H2
(m2

χ −m2
φ). (3.5.53)

Hence, for mφ > mχ (mφ < mχ) we find that nχ < 1 (nχ > 1) and the spectrum is red (blue).
In Fig. 3.5, the power spectrum is plotted in case the choice nχ = ±0.3 for illustrational
purposes. The color scheme indicates the UV and IR regimes.
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3.5.8 Quantum to Classical Transition

We conclude this section by discussing the quantum-to-classical transition of fluctuations in
the toy model. In section 3.1, it was argued that fluctuations in the inflaton lose their quantum
nature on super-horizon scales and hence δφ can be regarded as a classical stochastic field
after horizon exit. Here, we will formalize this statement for fluctuations in the toy model
field χ.

In the super-horizon limit, σk(τ) and σ
′
k(τ) can be written as:

lim
|kτ |→0

σk(τ) = − 1√
2k3

i

τ
, lim

|kτ |→0
σ′k(τ) =

1√
2k3

i

τ2
. (3.5.54)

In this limit, the field operator σ̂ and its momentum conjugate π̂ become:

σ̂(τ,x) = − i

τ

∫
d3k

(2π)3
1√
2k3

[
âk − â†k

]
eik·x, (3.5.55)

π̂(τ,x) =
i

τ2

∫
d3k

(2π)3
1√
2k3

[
âk − â†k

]
eik·x = −1

τ
f̂(τ,x). (3.5.56)

Notice that the two operators become proportional to each other on super-horizon scales.
Hence, the canonical commutation relation (CCR) Eq. 3.5.32 vanishes:[

σ̂(τ,x), π̂(τ,x)
] |kτ |→0−−−−→ 0. (3.5.57)

The vanishing commutator implies that the field loses its quantum nature on super-horizon
scales and hence it can be identified with a classical field [14, 15].



Chapter 4

Cosmological Perturbation Theory

“The role of the infinitely small in nature is infinitely great.”

— Louis Pasteur

In order to study perturbations around a perfectly homogeneous and isotropic background
universe, the evolution equations governing their dynamics are required. As long as the
perturbations remain small relative to the corresponding background quantities, they can be
studied within the context of (first order) cosmological perturbation theory (CPT). In this
chapter, the formalism used to derive the evolution equations for perturbations around the
FRW background universe will be introduced in detail. For extensive literature on CPT, we
refer the reader to Refs. [65, 69], for more pedagogical introductions to the subject, see [14,
15, 25, 74].

The approach in this chapter will be two-fold. First of all, we will derive the evolution
equations for perturbations in a single fluid by perturbing the background Einstien field
equations (EFE’s). The cases of a perfect fluid specified at background level by energy density
ρ and pressure P , a scalar field and non-perfect fluid which generates anisotropic stress at
first order in perturbations will be considered.1 Secondly, we will extend the analysis to
multiple (perfect) fluids and in particular multiple scalar fields, as they will be useful in the
context the multi-field inflationary scenario.

In addition to the perturbed EFE’s, any complementary evolution equations that describe
the dynamics of the fluid(s) should be perturbed to first order as well. In particular, this
applies to the Klein-Gordon equation (Eq. 2.5.2), describing the evolution of inflaton field (in
the single field scenario). Hence, we will also perturb this evolution equation to first order.
The resulting set of equations can then be used in the next chapter to obtain a single equation
of motion for the inflaton fluctuation, which is known as the Mukhanov-Sasaki equation (Eq.
5.2.14). In the analysis, we will find that from the set of perturbed equation, it follows that
perturbations are adiabatic for a single scalar field.

As this chapter lies at the core of the upcoming chapters and is therefore extensive and
detailed, we will first provide an outline of the content to be treated in this chapter in the
next section.

1As we will discuss in detail in section 4.8.1, the Cosmological Principle constrains any background fluid
to behave as a perfect fluid, so that deviations from a perfect fluid start at first order in perturbation.
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4.1 Outline and Preliminaries

To start, we will first outline the specific aim and strategy employed in this chapter. Subse-
quently, we will introduce a number of technical subtleties, to be discussed in more detail in
the upcoming sections. Finally, we review the main results on the background evolution of
the FRW universe. This is done (a) to collect all results of the preceding chapters relevant
for this chapter and (b) to get familiar with the usage of conformal time as the evolution
variable.

4.1.1 Outline

Before going into the detailed mathematical derivations, it proves useful to describe the
primary aim and corresponding approach of this chapter. The goal of this chapter will be to
derive the equations governing the evolution of perturbations around a homogeneous FRW
background for a generic perfect fluid and the specific case of the inflaton scalar field. To
obtain those evolution equations, we perturb the EFE’s to first order as follows:

Gµν + δGµν = 8πG
[
Tµν + δTµν

]
, (4.1.1)

where the overlined quantities correspond to the zeroth-order or background variables and the
first order perturbations are denoted using the δ-notation. As the perturbed EFE’s should
hold at all orders seperately we can extract the first order equation as:

δGµν = 8πG δTµν . (4.1.2)

The left-hand-side of the perturbed EFE’s (i.e. the perturbed Einstein tensor δGµν) is in-
dependent of the considered energy and matter source and can therefore be computed around
an FRW background, regardless of the considered constituents filling the FRW universe. In
the first sections of this chapter, the perturbed Einstein tensor will be constructed. This is
done in a number of steps. First of all, the metric tensor will be perturbed to first order:

gµν(t,x) = ḡµν(t) + δgµν(t,x), (4.1.3)

and the chosen gauge will be introduced. Then, the expressions for the perturbed connections
or Christoffel symbols will be constructed:

Γσ
µν(t,x) = Γ̄σ

µν(t) + δΓσ
µν(t,x). (4.1.4)

Subsequently, the perturbed Ricci tensor δRµν and scalar δR will be derived. Together with
the first order correction to the metric δgµν , they can be used to construct δGµν as follows:

δGµν = δRµν +
1

2
δgµνR+

1

2
gµνδR. (4.1.5)

To find the complete first order perturbed EFE’s the right-hand-side, containing the per-
turbed energy momentum tensor δTµν , should be computed as well. As mentioned before,
this will be done explicitly for a generic perfect fluid (characterized at background level by
an energy density ρ̄ and pressure P̄ ) and the inflaton scalar field.
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4.1.2 SVT Decomposition and the Gauge Problem

The outline described above comes with a number of technical subtleties, which we will in-
troduce here and treat in more detail in the upcoming sections. First of all, as described in
section 3.1, quantum fluctuations in the inflaton causes perturbations in the metric tensor
and energy-momentum tensor. That is, a scalar perturbation (δφ) induces tensor perturba-
tions. As a result, the perturbed EFE’s will constitute a set of coupled differential equations,
coupling the evolution of scalar quantities to vector and tensor quantities, and are therefore
difficult to solve.2 To make the perturbed EFE’s manageable a procedure called scalar-
vector-tensor (SVT) decomposition will be performed. By means of the SVT decomposition
a generic perturbation can be decomposed into scalar, vector and tensor components.3 This
decomposition is powerful since at linear order it can be proven that the scalar, vector and
tensor components evolve independently. In other words, the SVT decomposition reduces
the coupled EFE’s to uncoupled differential equations for the scalar, vector and tensors com-
ponents. Hence, one can study scalar perturbations and ignore the (possible) existence of
vector and tensor perturbations (and vice versa). This simplifies the mathematical analysis
in cosmological perturbation theory considerably.

The second technical subtlety to be addressed is the gauge problem. In defining the
perturbations around the FRW metric, one implicitly chooses a specific coordinate system,
also known as the gauge. The perturbations are therefore not uniquely defined. By switching
to a different gauge, the values of the perturbations may change or fictitious perturbations
may even be generated that are solely caused by the gauge transformation. This issue is
known as the gauge problem and can be solved by working consistently in a completely
specified gauge or by constructing gauge-invariant perturbations.

4.1.3 FRW Background

Here, we will review the relevant background or zeroth order results for the FRW universe.
The unperturbed differential line element ds̄2 reads:

ds̄2 = a2(τ)
[
− dτ2 + δijdx

idxj
]
, (4.1.6)

using conformal time dτ = dt/a as the evolution variable. The corresponding metric is
diagonal and the non-vanishing components are given by:

ḡ00 = −a2(τ), ḡij = a2(τ)δij . (4.1.7)

The Christoffel symbols for the FRW background are given by:

Γ̄0
00 = H, Γ̄i

0j = Hδij , Γ̄0
ij = Hδij , (4.1.8)

and the other Christoffel symbols are zero or related to the above by symmetry in the lower
pair of indices. The diagonal Ricci tensor and scalar are given by:

R̄00 = −3
a′′

a
+ 3H2, R̄ij =

(a′′
a

+H2
)
δij , R̄ =

6

a2
a′′

a
. (4.1.9)

2Although we already advocated that vector perturbations are not generated in the single field inflationary
scenario, we will consider them here for the sake of completeness.

3For vectors, the SVT decomposition is known as Helmholtz’s Theorem, which states that a generic vector
field Ai can always be decomposed into the divergence of a scalar A and divergenceless vector Âi as follows:
Ai = ∂iA+ Âi, where Âi is subject to the constraint ∂iÂ

i = 0.
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The Einstein tensor is diagonal as well, since it is composed of the diagonal Ricci and metric
tensors, and reads:

Ḡ00 = 3H2, Ḡij =
(
H2 − 2

a′′

a

)
δij . (4.1.10)

The two Friedmann and continuity equations, governing the evolution of the background
Hubble parameter H and the energy density ρ̄ and P̄ are given by:

H2 =
ρ̄a2

3M2
pl

, (4.1.11)

H′ = − a2

6M2
pl

(ρ̄+ 3P̄ ), (4.1.12)

ρ̄′ = −3H(ρ̄+ P̄ ). (4.1.13)

In addition, we define the equation of state and sound speed as w ≡ P̄ /ρ̄ and c2s ≡ P̄ ′/ρ̄′,
respectively. Using the above equations, one can find the following constraint equations for
w and c2s:

H
H2

= −1

2
(1 + 3w),

w′

w + 1
= 3H(w − c2s). (4.1.14)

Note on Notation

Up till now, we have consistently denoted zeroth order (background) and first-order contri-
butions with the bar- and δ-notation, respectively. However, in the remaining part of this
chapter, the explicit distinction between the zeroth order and first order contributions will
not be made always and it should be evident from the context what the order of the quantity
is. Typically, perturbations will still be denoted with the δ-notation, whereas the bar over
the background variables will be often be omitted. To illustrate this ignorance, in case the
variables ρ and δρ appear simultaneously in the same expression, ρ will always refer to the
background energy density and δρ denotes the first order perturbation.

4.2 Scalar-Vector-Tensor Decomposition

In section 3.1, we discussed globally how quantum fluctuations in the inflaton field causes
perturbations in, for instance, the metric δgµν and the energy-momentum tensor δTµν via
the equations of motion (EFE’s). That is, we found that a scalar perturbation (δφ) induces
perturbations in tensor quantities (e.g. δgµν and δTµν).

4

In this section, it will be shown how generic perturbations can be decomposed into scalar,
vector and tensor (SVT) components: this is called the SVT decomposition. The reason for
SVT decomposition is that the scalar, vector and tensor components evolve independently.
More formally, the SVT approach reduces the (linearly perturbed) Einstein equations, which
are coupled differential equations, to a set of uncoupled differential equations. That is, one
can study scalar perturbations and ignore the existence of tensor perturbations and vice versa.
This simplifies mathematical computations in cosmological perturbation theory considerably.
In Appendix D.3, we prove that SVT components indeed evolve independently at first order.

4Furthermore, it was argued that inflation does not produce vector perturbations and even if they were
produced, they would rapidly decay away with the expansion. See Appendix D.2
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The SVT decomposition is based on the so-called Helmholtz decomposition theorem for
3-vectors. Hence, this theorem will be discussed first. Then, the SVT decomposition will be
demonstrated for a generic scalar α, vector βi and traceless symmetric tensor γij (γii = 0,
γij = γji). First, the decomposition is performed in real space. Subsequently, the decompo-
sition in Fourier space is also given. The review of SVT decomposition given here is partially
based on Refs. [15, 21].

4.2.1 Helmholtz Decomposition Theorem

As mentioned above, the SVT decomposition is based on the Helmholtz decomposition theo-
rem for 3-vectors. This theorem states that any 3-vector field ω(x) can be decomposed into
longitudinal (parallel) and transverse (perpendicular) components. That is, ω can be written
as:

ω = ω‖ + ω⊥, (4.2.1)

where ω‖ and ω⊥ are the longitudinal and transverse components, respectively. The termi-
nology longitudinal and transverse originates from the fact that in Fourier space ω‖ is parallel
to the wave-vector k and ω⊥ is perpendicular to k. By construction, the longitudinal and
transverse parts are curl- and divergence-free:

∇× ω‖ = ∇ · ω⊥ = 0. (4.2.2)

The decomposition into longitudinal and parallel components always exist, but is not unique.

That is, one can always add a constant to ω
‖
i or ω⊥

i .

In index notation, the above constraints on ω‖ and ω⊥ can be written as:

∇ · ω⊥ = δij∂iω
⊥
j = ∂jω⊥

j = 0 and (∇× ω‖)i = εijk∂jω
‖
k = 0. (4.2.3)

where εijk is the Levi-Cevita symbol.5 On account of the divergence constraint ∇ · ω⊥ = 0,
the parallel component can be written as the gradient of a scalar:

ω
‖
i = ∂iω, (4.2.4)

for some scalar ω. Hence, the generic 3-vector ω can be written in terms of the gradient of
a scalar and a divergence-free vector:

ωi = ∂iω + ω̂⊥
i , (4.2.5)

where the vector is divergence-free, i.e. ∂iω̂⊥
i = 0. We will adopt the convention that hatted

quantities are divergence-free.

4.2.2 Real Space Decomposition

Now that the general principle behind SVT decomposition is introduced, the decomposition
can be performed for the generic scalar α, vector βi and traceless symmetric tensor γij

5The Levi-Cevita symbol εijk is defined to be 0 for i = j = k, +1 for an even permutation of (i, j, k) and
−1 for an odd permutation of (i, j, k).



90 4.2. Scalar-Vector-Tensor Decomposition

(γii = 0). Obviously, the scalar α cannot be decomposed into different components. Hence,
the decomposition of α reads:

α = αS, (4.2.6)

where the superscript S indicates that α is ‘decomposed’ into only a scalar component. On
account of Helmholtz theorem, the vector βi can be decomposed into the gradient of a scalar
and a divergenceless vector:

βi = βSi + β̂Vi . (4.2.7)

Here, βSi = ∂iβ is the gradient of the scalar β and β̂Vi is the divergenceless vector, i.e.
∂iβ̂Vi = 0.

Similarly, the traceless tensor γij can be decomposed into scalar, vector and tensor com-
ponents as:

γij = γSij + γVij + γTij , (4.2.8)

where the tensor component is divergenceless and satisfies: ∂iγ̂Tij = 0. In this case, both
indices i and j are separately decomposed into longitudinal and transverse components. The
scalar and vector components can therefore be written as:

γSij =

(
∂i∂j −

1

3
δij∂

2

)
γ̂ ≡ ∂〈i∂j〉γ, (4.2.9)

γVij =
1

2
(∂iγ̂j + ∂j γ̂i) ≡ ∂(iγ̂j), (4.2.10)

where the Laplacian ∂2 equals ∂i∂
i and the vector γ̂j satisfies the constraint ∂iγ̂i = 0. The

purely tensorial part obeys the constraint:

∂iγ̂
T
ij = 0. (4.2.11)

4.2.3 Fourier Space Decomposition

To go from real space to Fourier space, the partial derivative ∂j is replaced by ikj where i is
the imaginary unit, so that the gradient transforms as ∂2 = ∂i∂

i → −k2. In Fourier space
the vector βi is decomposed as:

βi = βSi + βVi = ikiβ + β̂Vi ≡ iki
k
β̃ + β̂Vi , (4.2.12)

where β̃ ≡ kβ and kiβ̂Vi = 0 as the vector contribution is divergence-free. In Fourier space,
the traceless tensor SVT-components become:

γSij =

(
−kikj +

1

3
δijk

2

)
γ =

(
−kikj
k2

+
1

3
δij

)
γ̃,

γVij =
i

2
(kiγ̂j + kj γ̂i) =

i

2k
(kiγ̃j + kj γ̃i) , (4.2.13)

where γ̃ ≡ k2γ and γ̃i ≡ kγ̂i, obeying the contraint kiγi = 0. The Fourier-space constraint
on the tensor component reads:

kiγTij = 0. (4.2.14)
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On account of rotational invariance of the background, we can choose k to be along the 3-axis
without loss of generality so that k = (0, 0, k). Then γSij , γ

V
ij and γTij can be written in matrix

representation as:

γSij =
1

3

γ 0 0
0 γ 0
0 0 −2γ

 , γVij =
i

2

 0 0 γ1
0 0 γ2
γ1 γ2 0

 , γTij =

γ× γ+ 0
γ+ −γ× 0
0 0 0

 . (4.2.15)

4.3 The Perturbed Metric and Gauge Problem

In this section, we will write down the most general first perturbed metric and differential
line element around a flat background FRW spacetime. Accordingly, the SVT decomposition
of the introduced perturbations will be performed and the gauge problem will be discussed
in more detail. Furthermore, our notation for the perturbed metric will be related to other
conventions used in the literature.

The first order perturbed components of the metric tensor can be written as:

δg00 = −2a2Φ, (4.3.1)

δg0i = a2Bi, (4.3.2)

δgij = −2a2(Ψδij − Eij). (4.3.3)

The scalar perturbations Φ and Ψ are formally called the lapse and spatial curvature per-
turbation. However, as mentioned earlier, they are also often referred to as gravitational
potentials. This nomenclature originates from the fact that in the Newtonian gauge (to be
introduced later in this section), Ψ and Φ act as gravitational potentials. The vector per-
turbation Bi is called the shift and finally Eij is called the shear tensor, which is symmetric
(Eij = Eji) and traceless (δijEij = Ei

i = 0). The perturbed line element is given by:

ds2 = a2(τ)

[
− (1 + 2Φ)dτ2 + 2Bidx

idτ +
(
(1− 2Ψ)δij + 2Eij

)
dxidxj

]
. (4.3.4)

On account of SVT decomposition, we can decompose the lapse vector Bi and shear tensor
Eij . The shift vector is decomposed as:

Bi = ∂iB + B̂i, (4.3.5)

where hatted quantities denote divergenceless quantities: ∂iB̂i = 0. Since the shear tensor
Eij is traceless and symmetric, it can be decomposed in the same way as the tensor γij
considered in the previous section, that is:

Eij = ES
ij + EV

ij + ET
ij . (4.3.6)

The scalar, vector and tensor components can be written:

ES
ij =

(
∂i∂j −

1

3
δij∂

2

)
E ≡ ∂〈i∂j〉E, (4.3.7)

EV
ij =

1

2
(∂iÊj + ∂jÊi), (4.3.8)

ET
ij = Êij , (4.3.9)
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where hatted quantities are again divergenceless, i.e. ∂iÊi = ∂iÊij = 0. For convenience, the
term in ES

ij proportional to ∂2E can be absorbed in the spatial curvature perturbation Ψ as
follows:

Ψ +
1

3
∂2E → Ψ. (4.3.10)

Then, the scalar contribution to the spatial perturbed metric, denoted δgSij , can be written
as:

δgSij = −2a2(Ψδij − ∂i∂jE). (4.3.11)

4.3.1 The Gauge Problem

As we will show now, the perturbations in the metric come with an important technical
subtlety. The perturbations in δgµν(x, τ) are not uniquely defined. That is to say, they
are dependent on the choice of coordinates, also known as the gauge choice [14, 21, 60,
74]. Stated otherwise, in writing down the perturbed line element (or metric δgµν), we have
chosen a specific time slicing and defined specific spatial coordinates on these time slices (the
threading). Switching to a different coordinate system:

xµ → x̃µ = xµ + ξµ(τ,x) (4.3.12)

may change the values of the perturbed quantities or may even generate fictitious perturba-
tions that are solely caused by the coordinate transformation and therefore have no physical
meaning. This issue is known as the gauge problem.

To illustrate the possible generation of fictitious perturbations due to transformations
between different gauges, we will give two examples.

B FRW Space-Time and Spatial Translations.—Consider the flat background FRW space-
time, described by the line element in Eq. 4.1.6. We will make a change of spatial
coordinates x → x̃ quantified by the spatial shift ξ(x, τ) as follows:

x̃ = x+ ξ(x, τ), (4.3.13)

where the shift is taken to be small so that it can be treated as a first order perturbation.
Taking the differential of the above transformation equation yields:

dxi = dx̃i − ∂τξ
idτ − ∂kξ

idx̃k. (4.3.14)

Using the above relation between dxi and dx̃i, we can expand δijdx
idxj to first order

in the shift perturbation as:

δijdx
idxj = (δij − 2∂(iξj))dx̃

idx̃j − 2ξ′jdτdx
j (4.3.15)

where we defined ξ′i ≡ ∂τξi as usual. Finally, in terms of the coordinates (x̃, τ) the flat
FRW space-time is described by the differential line element:

ds2 = a2(τ)
[
− dτ2 − 2ξ′jdτdx

j + (δij − 2∂(iξj))dx̃
idx̃j

]
. (4.3.16)

Comparing to the most generically perturbed line element (Eq. 4.3.4), we conclude that
we have generated the metric perturbations Bj ≡ ξ′j and Êj ≡ ξj . These perturbations
are fictitious as they are generated by the spatial transformation and are also referred
to as gauge modes.
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B Lapse and Temporal Shifts.—As a second example, let us consider the lapse perturbation
Φ(x, τ) subject to a change in the temporal coordinate. The shift is defined by:

τ̃ = τ + ξ0(x, τ), (4.3.17)

where ξ0(x, τ) quantifies the shift and is assumed to be a first order perturbation as
before. Under such a transformation τ → τ̃ , the lapse changes as follows:

Φ(x, τ) = Φ(x, τ̃ − ξ0) = Φ(x, τ̃)− Φ′(x, τ̃) ξ0(x, τ). (4.3.18)

Notice that in making the temporal transformation τ → τ̃ , a second order perturbation
δΦ(x, τ) ≡ Φ′(x, τ̃) ξ0(x, τ) in the lapse was generated.

B Energy Density and Temporal Shifts.—Finally, we consider the effect of a change in the
temporal coordinate:

τ̃ = τ + ξ0(x, τ), (4.3.19)

on the background energy density ρ̄(τ). The energy density then changes as:

ρ(τ) → ρ(τ̃) = ρ̄(τ) + ρ̄′ξ0. (4.3.20)

Observe that in shifting the temporal coordinate, the energy density receives a fictitious
perturbation, given by:

δρ ≡ ρ̄′ξ0. (4.3.21)

In a similar manner, a real density perturbation could be removed by choosing a different
time slicing of the spatial hypersurfaces.

The above examples show that fictitious perturbations are already generated when performing
simple space-time transformations. Therefore, a concise approach is required to discriminate
between physical and fictitious gauge transformations. There are two approaches to overcome
the gauge problem and both will be discussed briefly below. The first is to construct gauge-
invariant perturbations, i.e. perturbations that do not change under a gauge transformation.
For scalar perturbations, those gauge-invariant combinations were derived by Bardeen [12]
and are called the Bardeen potentials. The second approach is to work consistently in a
specific gauge and choose the gauge transformation:

xµ → x̃µ = xµ + ξµ(τ,x), (4.3.22)

such that one moves from the generic frame (as specified by the Eq. 4.3.4) to the chosen
gauge.

4.3.2 Gauge Transformations of Metric Perturbations

To be able to use the second approach discussed above, we have to derive the explicit gauge
transformations of perturbations in the metric. We will derive the transformation equations
by exploiting the invariance of the differential line element ds2 under gauge transformations:

ds2 = gµνdx
µdxν = g̃µνdx̃

µdx̃ν . (4.3.23)
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This approach is the same as the one taken in Ref. [66] to derive gauge-transformations of the
metric perturbations. As before, the gauge transformation is defined in terms of the 4-shift
ξµ, in terms of explicit temporal and spatial transformations we can write:

τ̃ = τ + ξ0, x̃i = xi + ∂iξ + ξ̂i, (4.3.24)

where the spatial shift is decomposed into the gradient of a scalar ξ and a divergenceless
vector ξ̂i. At first order, the 4-shift vector is the same in both frames, ξµ(x, τ) = ξµ(x̃, τ̃), so
that the total differentials of ξ0, ∂iξ and ξ̂i can be taken with respect to the variables in the
tilde frame, yielding:6

dξ0 = ξ0′dτ̃ + ∂iξ
0dx̃i, (4.3.25)

dξ = ξ′dτ̃ + ∂jξdx̃
j , (4.3.26)

dξ̂i = ξ̂i′dτ̃ + ∂j ξ̂
idx̃j . (4.3.27)

The temporal and spatial differentials in both frames are therefore related to each other at
first order via:

dτ = dτ̃ − ξ0′dτ̃ + ∂iξ
0dx̃i, (4.3.28)

dxi = dx̃i − (∂iξ′ + ξ̂i′)dτ̃ − ∂j(∂
iξ + ξ̂i)dx̃j . (4.3.29)

The perturbed line element:

ds2 = a2(τ)

[
− (1 + 2Φ)dτ2 + 2Bidx

idτ +
(
(1− 2Ψ)δij + 2∂i∂jE + 2∂(iÊj) + 2Êij

)
dxidxj

]
,

(4.3.30)
can now be written in the tilde frame by using the first order relation between the differentials
in both frames. To transform the overall scale factor, we use the fact that a is has only
temporal dependence, so that under a shift τ → τ̃ = τ + ξ0, the scale factor transforms as:

a(τ) = a(τ̃)− ξ0a′(τ̃) = a(τ̃)
[
1−Hξ0

]
. (4.3.31)

Substituting the obtained first order expressions relating dτ , dxi and a(τ) to the tilde frame
into the perturbed line element ds2 and keeping only terms at linear order in both perturba-
tions and the shift variable yields [66]:

ds2 = a2(τ̃)

[
−
(
1 + 2(Φ−Hξ0 − ξ0′)

)
dτ̃2 (4.3.32)

+ 2∂i(B + ξ0 − ξ′)dτ̃dx̃i + 2(B̂i − ξ̂′i)dτ̃dx̃
i

+
[(
1− 2(Ψ +Hξ0)

)
δij + 2∂i∂j(E − ξ) + 2(∂(iÊj) − ∂(iξ̂j)) + 2Êij

]
dx̃idx̃j

]
.

Now we can extract the gauge transformations for the perturbations by comparing the above
expression to the line element in the tilde frame, which is equivalent to Eq. 4.3.30 with

6The choice to differentiate with respect to the tilde frame coordinates is an arbitrary choice; one could
equally well perform the differentiations with respect to the untilded frame.
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tildes on the perturbations and coordinates. Notice that the tensor perturbation does not

transform:
˜̂
Eij = Êij . For the scalar perturbations, we find:

Φ̃ = Φ−Hξ0 − ξ0′, (4.3.33)

B̃ = B + ξ0 − ξ′, (4.3.34)

Ψ̃ = Ψ +Hξ0, (4.3.35)

Ẽ = E − ξ. (4.3.36)

For the divergence-free vectors, we get:

˜̂
Bi = B̂i − ξ̂i, ∂(i

˜̂
Ej) = ∂(iÊj) − ∂(iξ̂j). (4.3.37)

4.3.3 Gauge Transformations of Matter Scalars and Vectors

Having discussed the gauge transformations of metric perturbations, we will now discuss the
gauge transformations of the physical scalars and vectors, following the discussion in [66].
Any scalar σ which is homogeneous at zeroth-order (i.e. in the FRW background the scalar
possesses no spatial dependence) can be written as:

σ(τ,x) = σ̄(τ) + δσ(τ,x). (4.3.38)

Examples of physical scalars are the energy density ρ, spatial curvature, scalar shear. Physical
scalars depend on the chosen time slicing of the hypersurfaces of constant time and hence a
gauge transformation of a physical scalar depends on the temporal shift ξ0. However, physical
scalars are independent of the choice of spatial coordinates on the hypersurfaces of constant
time and hence gauge transformation do not posses dependence on ξi. Explicitly, a scalar
perturbation δσ transforms as follows:

δσ̃ = δσ − ξ0σ̄′. (4.3.39)

Similarly, physical 3-vectors such as matter velocity v, only depend on the spatial thread-
ing of the hypersurface and are independent of the chosen time slicing. Hence, a gauge
transformation for v only depends on the spatial shift ξi and not on the temporal shift ξ0,
and can be written as:

ṽi = vi + ξi′. (4.3.40)

In case the vector can be written as the gradient of a scalar, i.e. vi = ∂iv, the transformation
equation becomes:

ṽ = v + ξ′. (4.3.41)

Finally, the transformation equation for a divergence-free vector v is:

ṽi = vi + ξ̂i. (4.3.42)

4.3.4 Bardeen Potentials

Because of the gauge-dependence of the metric perturbations, Bardeen [12] proposed to con-
sider solely perturbations that are manifestly gauge-invariant. For scalar perturbations, the
scalar gauge transformations can be used to eliminate two scalar metric perturbations. Hence,



96 4.4. The Newtonian Gauge

according to Bardeen, the remaining scalar perturbations should be used to construct gauge-
invariant combinations. Using the gauge transformations for Φ, B, Ψ and E, Bardeen con-
structed the following two gauge-invariant potentials:

ΦB ≡ Φ+H(B − E′) + (B − E′)′, (4.3.43)

ΨB ≡ Ψ−H(B − E′). (4.3.44)

One could easily verify, by using the transformation equations for the scalar perturbations,
that ΦB and ΨB are indeed gauge-invariant. As we will show in the next subsection, the
Bardeen potentials coincide with the scalar metric perturbations in the Newtonian gauge.
Hence, one may conclude that the Newtonian gauge is preferred over other gauge choices.
However, it turns out that gauge-invariant perturbations can always be constructed when an
unambiguous time-slicing is chosen [66].

4.4 The Newtonian Gauge

As mentioned in the previous section, the second solution to overcome the gauge problem is
to work consistently in an unambiguously defined gauge. Throughout this work, we will work
mostly in the Newtonian gauge, which is constructed by choosing the temporal and spatial
shifts (ξ0 and ξ) such that the scalar lapse B and scalar shear E vanish. Mathematically, this
gauge choice7 is simplest, as the perturbed metric remains diagonal since g0i = 0. Therefore,
we will compute most of the calculations in this work in the Newtonian gauge. To move from
an arbitrary gauge to the Newtonian gauge, we choose ξ0 and ξ such that Ẽ and B̃ both
vanish. On account of Eq. 4.3.36, we can uniquely chose:

ξ = E, (4.4.1)

so that Ẽ becomes zero. Furthermore, using Eq. 4.3.34, we can set:

ξ0 = ξ′ −B = E′ −B, (4.4.2)

so that B̃ vanishes. The remaining scalar perturbations are then Φ and Ψ and they coincide
with the Bardeen potentials since B = E = 0 in the Newtonian gauge. The perturbed line
element in this gauge becomes:

ds2 = a2(τ)
[
− (1 + 2Φ) dτ2 + (1− 2Ψ)δijdx

idxj
]
. (4.4.3)

Notice that this line element is very similar to the line element obtained in the weak field
limit of general relativity (see e.g. [31] for a discussion on the weak field limit of GR). Hence,
the perturbations Φ and Ψ may be regarded as gravitational potentials. The non-zero metric
components corresponding to the above line element are given by:

g00 = −a2(1 + 2Φ), gij = a2(1− 2Ψ)δij , (4.4.4)

and the metric perturbations are therefore:

δg00 = −2a2Φ, δgij = −2a2Ψδij . (4.4.5)

7Other popular gauges are discussed in Appendix D.4.
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The inverse metric components g00 and gij then become:8

g00 ≡ (g00)
−1 = −(1− 2Φ)/a2, gij ≡ (gij)

−1 = (1 + 2Ψ)δij/a2. (4.4.6)

The perturbations are now given explicitly by:

δg00 = 2Φ/a2, δgij = 2Ψδij/a2. (4.4.7)

In the Newtonian gauge, the physics appears rather intuitively, as the constant time hy-
persurfaces (the slicing) are orthogonal to the worldlines of observers at rest on the coordinate
system comoving with the expansion (the threading). Furthermore, the great virtue of the
Newtonian gauge is that it allows to obtain analytic results for the evolution of inflationary
perturbations. In the absence of anisotropic stress, i.e. when the energy-momentum tensor
Tµν contains no stress contribution (Σij = 0), the two remaining scalar perturbations are
equal: Ψ = Φ.

4.5 The Comoving Curvature Perturbation

The comoving curvature perturbation, which is defined as follows in the comoving orthogonal
gauge (recall Eq. D.4.7) for scalar perturbations:

R = Ψ−H(v +B), (4.5.1)

is of significant importance in relating inflationary predictions to late-time observables, such
as the CMB, since it is constant on super-horizon scales. In this section, we will provide a
geometrical definition of the (comoving) curvature perturbation.9

The perturbed spatial 3-metric γij (for a spatially flat universe) is given by:

γij = (1− 2Ψ)δij + 2Eij , (4.5.2)

where the tensor perturbation Eij is symmetric and traceless (Ei
i = 0). The intrinsic curva-

ture on spatial hypersurfaces is given by (3)R and can be written as:

(3)R = gijRij =
γij

a2
Rij . (4.5.3)

We will derive that, when considering scalar perturbations only, (3)R is related to the curva-
ture perturbation Ψ in the following way:

(3)R =
4

a2
∂2Ψ. (4.5.4)

It should be noted that in the above definition of Ψ, the term proportional to ∂2E resulting
from ES

ij = ∂〈i∂j〉E is already absorbed (conform Eq. 4.3.10).
The above result may be considered as the definition of the curvature perturbation Ψ.

However, notice that the curvature perturbation is gauge-dependent (the transformation

8To obtain the inverse perturbed metric in the Newtonian gauge, we use the fact that the metric per-
turbations Φ and Ψ are assumed to be small relative to unity, and hence the first order approximation
(1 + α)−1 = 1− α for α � 1 can be used.

9Notice the difference between the curvature perturbation, which is denoted as Ψ and defined in an
arbitrary gauge, and the comoving curvature perturbation R, which is defined solely in the comoving gauge.
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equation is given Eq. 4.3.35). In the comoving gauge, the curvature perturbation Ψ is equiv-
alent to the comoving curvature perturbation R. To obtain the gauge-invariant expression
for R from Ψ as defined in an arbitrary gauge, we use the fact v = B = 0 in the comoving
gauge and hence linear combinations of those two can always be added to Ψ to obtain a
gauge-invariant combination. From the transformation equations (Eqs. 4.3.33–4.3.36), we
find that the manifestly gauge-invariant combination is given by:

R ≡ Ψ−H(v +B), (4.5.5)

which is in correspondence with the definition of R given earlier. Note that in the comoving
gauge, the intrinsic curvature of spatial hypersurfaces is related directly to R:

(3)R =
4

a2
∂2R. (Comoving Gauge) (4.5.6)

The expression for the intrinsic curvature (3)R (Eq. 4.5.4) will be derived explicitly below.

Derivation: Comoving Curvature Perturbation

Here, we will derive Eq. 4.5.4 for the intrinsic curvature of the spatial hypersurfaces
from first principles. The perturbed spatial hypersurfaces are described by the perturbed
spatial metric:

γij =
[
(1− 2Ψ)δij + 2Eij

]
, (4.5.7)

where γij is related to the spatial part of the perturbed FRW metric via gij = a2γij (Eq.
1.2.4) and the tensor perturbation satisfies Ei

i = 0. It will turn out to be convenient to
have the zeroth order expression for γij at hand as well:

γij = δij +O(Ψ, Eij), (4.5.8)

where O(Ψ, Eij) indicates the above expression only holds to zeroth order in perturba-
tions.

By definition, the intrinsic curvature of the spatial hypersurfaces is given by:

(3)R ≡ gijRij =
γij

a2
Rij . (4.5.9)

In terms of the Christoffel symbol (3)Γi
jk, which reads:

(3)Γi
jk =

1

2
γil(∂jγkl + ∂kγjl − ∂lγjk), (4.5.10)

the intrinsic curvature becomes:

a2 (3)R = γik∂
(3)
l Γl

ik − γik∂
(3)
k Γl

il +O(Γ2), (4.5.11)

where O(Γ2) indicates terms such as γik(3)Γl
ij
(3)Γm

lm which should in principle be included.
However, they are second order in perturbations and hence they can be neglected in first
order analysis. In the above expression, the perturbed expression for (3)Γl

ik to first order
is given by:

(3)Γl
ik = −∂iΨδlk + ∂iE

l
k − ∂kΨ∂

l
i + ∂kE

l
i + ∂lΨδik − ∂lEik, (4.5.12)
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as this expression is already first order we can use γik = δik. Note that furthermore
that the background term in the expansion of γik is not present in (3)Γl

ik as the spatial
derivatives acting on the background term δik yield zero.

Substituting the above result in the first order expression for (3)R and using Ei
i = 0

gives, after some manipulations:

a2 (3)R = 4∂l∂
lΨ+ 2∂l∂

kEl
k = 4∂2Ψ+ 2∂i∂jE

ij . (4.5.13)

Now using that for scalar perturbation we can write the tensorial perturbation Eij can
be written as (Eq. 4.3.7):

ES
ij =

(
∂i∂j −

1

3
δij∂

2

)
E ≡ ∂〈i∂j〉E. (4.5.14)

Substituting this result in to the expression for the intrinsic curvature on spatial hyper-
surfaces yields:

(3)R =
4

a2
∂2

(
Ψ+

1

3
∂2E

)
. (4.5.15)

Absorbing the second term between parentheses into the first as before, Ψ+∂2E/3 → Ψ,
we obtain the desired result.

4.6 Adiabatic and Isocurvature Perturbations

So far, we have considered generic perturbations and did not classify perturbations into
different classes. However, it turns out that in a thermodynamic context, perturbations can
be divided into two distinct types: they can either be of the adiabatic or isocurvature type.

4.6.1 Adiabatic Perturbations

By definition, a generic adiabatic or curvature perturbation δX can be expressed as a time
shift δt(t,x) of the background field X̄ [14, 60, 74]:

δX ≡ ˙̄X δt(t,x). (Adiabicity) (4.6.1)

That is, in phase space, the trajectory of an adiabatic perturbation δX coincides with that of
the background X̄. Stated differently, the characteristic property of adiabatic perturbations
is that the local state of the fluid in the perturbed universe, for instance described by the
energy density ρ(t,x) and pressure P (t,x), is the same as in the unperturbed universe at a
slightly different moment in time t+ δt(t,x).

The above defining condition of adiabicity can be derived from the left diagram in Fig.
4.1, by invoking the fact that the phase space trajectory of the perturbation coincides with
the background trajectory. Consider the (adiabatic) perturbation denoted in field phase space
by the vector:

P δX = (δX, δẊ), (4.6.2)

originating from the point PδX , which lies on the background trajectory ˙̄X(X̄) of the field X
in phase space. Notice that the perturbation vector has the same slope as the background
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P δXδẊ(t,x)

δX(t,x)
PδX

˙̄X(X̄)

X

Ẋ

P δX,δY

δX(t,x)

δY (t,x)

Ȳ (X̄)

PδX,δY

δA(t,x)

δI(t,x)

X

Y

Figure 4.1: Left: Decomposition of an adiabatic perturbation P δX in phase
space (X, Ẋ). Right: Decomposition of a generic perturbation P δX,δY in field
space (X,Y ) into adiabatic δA and isocurvature δI contributions.

trajectory at the point PδX . Hence, we can write:

δẊ(t,x)

δX(t,x)
=
d ˙̄X(t)

dX̄(t)
, (4.6.3)

from which we can deduce that:

δX(t,x) = dX̄(t) = ˙̄X(t) δt(t,x), (4.6.4)

which is indeed the defining property of adiabatic perturbations.
For a universe filled with multiple fluids (labeled by f), adiabatic perturbations correspond

to perturbations induced by a common local shift in time. If the fluids f are described by
density ρ and pressure P , we find that adiabatic perturbations are defined as:

δρf (t,x) ≡ ρ̄f (t+ δt(t,x))− ρ̄f (t) = ˙̄ρf δt(t,x), δPf (t,x) =
˙̄Pf δt(t,x), (4.6.5)

where the shift δt(t,x) is the same for all fluids f . This time shift can thus be written as:

δt(t,x) =
δρf (t,x)

˙̄ρf (t)
=
δPf (t,x)

˙̄Pf (t)
. (4.6.6)

Assuming furthermore that there is no energy transfer between the different fluids, they are
seperately conserved and we can use the continuity equation ˙̄ρf = −3H(1 + wf )ρ̄f to find:

δf
1 + wf

=
δf ′

1 + wf ′
, (4.6.7)

for two fluids f and f ′ and we defined δf ≡ δρf/ρ̄f . The above equation is often taken as
the definiton of adiabicity [14, 90, 92]. Notice that single field inflation produced adiabatic
perturbations, as they are all generated by the time shift δt(t,x) induced in the inflaton field
via quantum fluctuations (see introduction to chapter 3):

δt(t,x) =
δφ(t,x)

φ̄(t)
. (4.6.8)
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Notice that in the multi-field scenario the perturbations will not necessarily be adiabatic.
Consider for instance two dynamically important fields, φ and χ, during inflation. The time
shifts in those two fields, as induced by quantum fluctuations in the fields, do not have to be
the same and hence:

δφ
˙̄φ
6= δχ

˙̄χ
, (4.6.9)

which violates the adiabatic condition. This naturally leads to the complement of adiabatic
perturbations: isocurvature perturbations.

4.6.2 Isocurvature Perturbations

Isocurvature perturbations cause the perturbed solution to deviate from the background
solution, that is, for X and Y we have:

δX
˙̄X

6= δY
˙̄Y
. (4.6.10)

Taking Eq. 4.6.6 as the defining condition for adiabatic density perturbations, we can define
isocurvature fluctuations in the energy density as:

S ≡ H

(
δP

Ṗ
− δρ

ρ̇

)
. (4.6.11)

Using this expression for S and the sound speed c2s, defined as:10

c2s =
P̄ ′

ρ̄′
, (4.6.12)

we find that we can relate δP to δρ as follows:

δP = c2s
(
δρ− 3(ρ̄+ P̄ )S

)
. (4.6.13)

The above relation is valid in any gauge and for adiabatic perturbations, we have S = 0.
Therefore, we find that perturbations in energy density and pressure are simply related via
the sound speed. The above definition can be generalized to the isocurvature perturbation
between any two matter quantities x and y in the following way:

Sxy = H

(
δx
˙̄x
− δy

˙̄y

)
. (4.6.14)

As single-field inflation predicts solely adiabatic perturbations, we have S = Sff ′ = 0 for any
variables f and f ′.

In the right diagram of Fig. 4.1, we show how a generic perturbation P δX,δY in the field
space of X and Y can be decomposed into an adiabatic part δA, parallel to the background
trajectory Ȳ (X̄), and an isocurvature contribution δI, perpendicular to the background tra-
jectory. The usual decomposition along the X and Y axes is also shown.

10It should be noted that both the equation of state w ≡ P̄ /ρ̄ and c2s are always defined at zeroth order in
perturbations.
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4.7 Einstein Tensor

In this section, the Einstein tensor will be perturbed to first order around a flat FRW back-
ground. As described in the previous section, the strategy will be to first perturb the Christof-
fel symbols, then the Ricci tensor and finally the Einstein tensor.

4.7.1 Perturbed Christoffel Symbols

The Christoffel symbol (or affine connection) is defined in term of the metric and its deriva-
tives as (Eq. A.2.1):

Γµ
ρσ =

1

2
gµλ (∂ρgσλ + ∂σgρλ − ∂λgρσ) . (4.7.1)

Perturbing the Christoffel symbol to first order gives:

δΓµ
ρσ =

1

2
δgµλ (∂ρgσλ + ∂σgρλ − ∂λgρσ) +

1

2
gµλ (∂ρδgσλ + ∂σδgρλ − ∂λδgρσ) . (4.7.2)

Here, it is understood that the unbarred metric corresponds to the background metric and
the first order perturbations are denoted using the δ-notation.

The perturbed Christoffel symbols can be computed directly using the metric perturba-
tions and the non-vanishing components are:

δΓ0
00 = Φ′,

δΓ0
0i = ∂iΦ,

δΓi
00 = ∂iΦ,

δΓi
0j = −Ψ′δij ,

δΓ0
ij = −2HΦδij − 2HΨδij −Ψ′δij ,

δΓi
jk = −∂jΨδik − ∂kΨδ

i
j + ∂iΨδjk. (4.7.3)

Note that we work in conformal time and hence H ≡ a′/a and the prime denotes a conformal
time derivative: Q′ ≡ ∂0Q = ∂τQ. Below, we will show the explicit derivations of the purely
temporal and purely spatial perturbed Christoffel symbols.

Derivation: Perturbed Christoffel Symbols

Purely Temporal Component.—To derive δΓ0
00 we set all indices equal to zero in δΓµ

ρσ to
obtain:

δΓ0
00 =

1

2
δg0ρ(∂0gρ0 + ∂0g0ρ − ∂ρg00) +

1

2
g0ρ(∂0δgρ0 + ∂0δg0ρ − ∂ρδg00). (4.7.4)

Now we compute the first (∗) and second (∗∗) term in the above expression. Note that
the first term vanishes for ρ 6= 0 since in the Newtonian gauge δg0i = 0. Hence, we set ρ
to zero and use g00 = −a2 and δg00 = 2Φ/a2 to evaluate the first term as follows:

(∗) = 1

2
δg00∂0g00 = −2HΦ. (4.7.5)
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Similar reasoning applies to the second term, which can be computed by using g00 =
−1/a2 and δg00 = −2a2Φ as follows:

(∗∗) = 1

2
g00∂0δg00 =

1

a2
∂0(a

2Φ) = Φ′ + 2HΦ. (4.7.6)

Combining the results for (∗) and (∗∗) gives the desired expression:

δΓ0
00 = Φ′. (4.7.7)

Purely Spatial Component.—To derive the purely spatial perturbed Christoffel symbol
we consider δΓi

jk and evaluate:

δΓi
jk =

1

2
δgiρ(∂jgρk + ∂kgjρ − ∂ρgjk) +

1

2
giρ(∂jδgρk + ∂kδgjρ − ∂ρδgjk). (4.7.8)

The first term vanishes completely in the Newtonian gauge. In case ρ is spatial the metric
derivatives between parentheses vanish since the unperturbed metric is no function of
spatial coordinates: ∂mgjk = 0. For ρ = 0, the expression vanishes as well since δgi0 = 0.
The second term can be computed straightforwardly using the fact it vanishes unless
ρ = m (i.e. it is spatial). In that case, using δgij = −2a2Ψ, the expression becomes:

(∗∗) = −∂jΨδik − ∂kΨδ
i
j + ∂iΨδjk = δΓi

jk. (4.7.9)

4.7.2 Perturbed Ricci Tensor

Now that the perturbed Christoffel symbols are derived, we can use them to obtain the first-
order perturbation of the Ricci tensor δRµν . In general, the first order perturbed Ricci tensor
can be expressed as:

δRµν = ∂αδΓ
α
µν − ∂µδΓ

α
να + δΓα

σαΓ
σ
µν + Γα

σαδΓ
σ
µν − δΓα

σνΓ
σ
µα − Γα

σνδΓ
σ
µα. (4.7.10)

Defining the differential operator ∂2 ≡ ∂i∂
i, the explicit components are given by:

δR00 = ∂2Φ+ 3Ψ′′ + 3HΦ′ + 3HΨ′, (4.7.11)

δR0i = 2∂iΨ
′ + 2H∂iΦ, (4.7.12)

δRij =
[
− 2(a′′/a)(Φ + Ψ)−HΦ′ − 5HΨ′ + ∂2Ψ−Ψ′′ − 2H2(Φ + Ψ)

]
δij

+ ∂i∂jΨ− ∂i∂jΦ. (4.7.13)

In the derivation of δRij we used the fact that the time derivative of the Hubble constant
can be written as H′ = a′′/a − H2. Below, the purely temporal component will be derived
explicitly. Deriving the other two components is slightly more computationally demanding,
but the strategy is the same as the one used below to derive δR00.
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Derivation: Temporal Component Perturbed Ricci Tensor

To obtain the purely temporal perturbed Ricci tensor component δR00, we set µ and ν
equal to zero in the expression for δRµν to get:

δR00 = ∂αδΓ
α
00 − ∂0δΓ

α
0α + δΓα

σαΓ
σ
00 + Γα

σαδΓ
σ
00 − δΓα

σ0Γ
σ
0α − Γα

σ0δΓ
σ
0α. (4.7.14)

We first evaluate the frist two terms in the expression for δR00, that is:

(1) ≡ ∂αδΓ
α
00 − ∂0δΓ

α
0α. (4.7.15)

The first term (∗) in (1) gives:

(∗) = ∂0δΓ
0
00 + ∂iδΓ

i
00 = Φ′′ + ∂i∂

iΦ = Φ′′ + ∂2Φ, (4.7.16)

and the second term (∗∗) yields:

(∗∗) = −∂0δΓα
0α = −∂0δΓ0

00 − ∂0δΓ
i
0i = −Φ′′ + 3Ψ′′. (4.7.17)

Now, we consider the terms:

(2) ≡ δΓα
σαΓ

σ
00 + Γα

σαδΓ
σ
00. (4.7.18)

The first term in (2) yields:

(∗) = δΓα
σαΓ

σ
00 = δΓ0

00Γ
0
00 + δΓ0

i0 + δΓi
0iΓ

0
00 + δΓi

jiΓ
j
00 = HΦ′ − 3HΨ′, (4.7.19)

where we used the fact that zeroth order Christoffel symbols with two temporal indices
vanish Γ0

0i = 0 and the fact that Γk
ij = 0 since ∂kgij = 0. The second term gives:

(∗∗) = Γα
σαδΓ

σ
00 = 4HΦ′. (4.7.20)

In a similar way, the last two terms in the expression for δR00, labelled as (3), can be
computed to give:

(3) ≡ −δΓα
σ0Γ

σ
0α − Γα

σ0δΓ
σ
0α = −2HΦ′ + 6HΨ′. (4.7.21)

Adding the obtained expressions for (1), (2) and (3) finally yields the desired expression
for δR00 as:

δR00 = (1) + (2) + (3) = ∂2Φ+ 3Ψ′′ + 3HΦ′ + 3HΨ′. (4.7.22)

4.7.3 Perturbed Ricci Scalar

The Ricci scalar is defined as R ≡ gµνRµν and its background value is:

R =
6

a2
a′′

a
. (4.7.23)

Perturbing the Ricci tensor to first order gives:

δR = δgµαRαµ + gµαδRαµ. (4.7.24)
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Using the background and perturbed metric components and the first order Ricci tensor, the
expression for δR can be derived to be:

δR =
1

a2

[
− 12

a′′

a
Φ+ 4∂2Ψ− 2∂2Φ− 6Ψ′′ − 6HΦ′ − 18HΨ′

]
. (4.7.25)

In the derivation box below, the stated expression for δR will be derived.

Derivation: Variation of the Ricci Scalar

We label the two terms in the expression of δR in terms of the perturbed metric and
Ricci tensor as:

δR = δgµνRµν + gµνδRµν ≡ (1) + (2). (4.7.26)

Using the background expressions for Rµν , the first term gives:

(1) = δg00R00 + δgijRij =
6

a2

[
(H2 − a′′/a)Φ + (H2 + a′′/a)Ψ

]
. (4.7.27)

where the off-diagonal summation terms vanish since R0i = 0 and we used the implicit
summation for the Kronecker delta: δii = 3. The second term can be expanded into
non-zero terms as follows:

(2) = g00δR00 + gijδRij = − 1

a2
δR00 +

1

a2
δijδRij , (4.7.28)

again diagonal summation terms vanish since g0i = 0. Substituting the expressions for
δR00 and δRij , we finally get:

(2) =
1

a2

[
−6

a′′

a
(Φ+Ψ)−2∂2Φ+4∂2Ψ−6HΦ′−18HΨ′−6Ψ′′−6H2(Φ+Ψ)

]
. (4.7.29)

Adding terms (1) and (2) gives the desired expression for the variation of the Ricci scalar.

4.7.4 Perturbed Einstein Tensor

Now that we have explicit expressions for the variations of the metric, Ricci tensor and scalar,
we can construct the perturbed Einstein tensor. The definition of the Einstein tensor reads:

Gµν ≡ Rµν −
1

2
gµνR. (4.7.30)

The general expression for the first order perturbation δGµν of the Einstein tensor is:

δGµν = δRµν −
1

2
δgµνR− 1

2
gµνδR. (4.7.31)

The explicit components are given by:

δG00 = −6HΨ′ + 2∂2Ψ, (4.7.32)

δG0i = 2∂iΨ
′ + 2H∂iΦ, (4.7.33)

δGij =

[
4
a′′

a
(Φ + Ψ) + 2HΦ′ + 4HΨ′ − ∂2Ψ+ ∂2Φ+ 2Ψ′′ − 2H2(Φ + Ψ)

]
δij

+ ∂i∂jΨ− ∂i∂jΦ. (4.7.34)
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Below, the purely temporal component of the perturbed Einstein tensor will be derived
explicitly.

Derivation: Temporal Component Perturbed Einstein Tensor

To derive the purely temporal component of the perturbed Einstein tensor, we simply
set the indices µ and ν to zero and substitute the expressions for R, δR00, g00 and δg00 to
obtain:

δG00 = δR00 −
1

2
δg00R− 1

2
g00δR = −6HΨ′ + 2∂2Ψ. (4.7.35)

4.8 Energy-Momentum Tensor

Here, the energy-momentum tensor will be perturbed to first order. This will be done first for
the generic energy-momentum tensor for a (perfect) fluid. Before we do this, the definition
of a perfect fluid and the associated local rest frame will be reviewed. Subsequently, the
energy-momentum tensor for a single scalar field (Eq. 2.6.2) will be perturbed.

4.8.1 Perfect Fluid and the Local Rest Frame

A relativistic fluid is described by its energy-momentum tensor Tµν , and the dynamics (the
fluid flow) is described by the EFE’s in the considered background gµν . From the EFE’s, it
follows that the energy-momentum tensor is symmetric Tµν = T νµ. By definition, a fluid is
a matter component that is described by an energy-momentum tensor that smoothly varies
as function of position.

In a local rest frame, the momentum density T 0i is defined to vanish and the purely
temporal component T 00 is defined as the energy density:

T 0i ≡ 0, ρ ≡ T 00. (Local Rest Frame) (4.8.1)

The fluid 4-velocity in the local rest frame is given by Uµ = (1, 0, 0, 0), so that the spatial
components vanish U i = vi = 0. Notice that the local rest frame applies to the FRW universe,
where the spatial 3-velocity vanishes by isotropy.

Local Rest Frame and Four-Velocity

Consider a worldline xµ = xµ(η), parametrized by proper time η. For a generic frame,
the four 4-velocity is defined as:

Uµ ≡ dxµ

dη
= (U0, U i), (4.8.2)

where U i is related to the 3-velocity vi via U i = U0vi. The 4-velocity satisfies the
constraint equation:

gµνU
µUν = −1. (4.8.3)
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Expanding the constraint equation and using U i = U0vi, we can obtain an explicit
expression for the temporal component of the 4-velocity:

g00U
0U0 + gijU

iU j = −U0U0 + gij(U
0vi)(U0vj)

= U0U0(v2 − 1) ≡ −1, (4.8.4)

where we defined the magnitude of the 3-velocity as: v2 ≡ viv
i. The last equality can be

solved for U0:

U0 =
1√

1− v2
. (4.8.5)

Note that U0 = dt/dη and hence we derived the usual definition of the relativistic gamma
factor U0 = γ. In a generic frame, then, the 4-velocity can be written as:

Uµ = (γ, γv), (4.8.6)

where v denotes the 3-velocity. In terms of 4-velocity, a local rest frame can be defined
as a frame where v ≡ 0, so that:

Uµ = (1,0) = δµ0 , (4.8.7)

and Uµ = −δ0µ. In conformal time (not to be confused with proper time), the 4-velocity
in the local rest frame read Uµ = δµ0 /a and Uµ = −aδ0µ.

In terms of 4-velocity Uµ, the energy-momentum tensor for a fluid in a generic frame can be
written as:

Tµν = (ρ+ P )UµUν + Pgµν +Σµν . (4.8.8)

Here, ρ is the energy density, P is the isotropic pressure and Σµν the anisotropic stress
contribution. Now, we move to the local rest frame (ρ ≡ T 00, T 0i ≡ 0) and examine the con-
straints of this frame on the energy-momentum tensor. Considering the completely temporal
compenent:

T 00 = (ρ+ P )U0U0 − P +Σ00 ≡ ρ. (4.8.9)

Hence, in the local rest frame (for which U0 = 1), we find the constraint Σ00 = 0. Regarding
the component T 0i, the constraint equation is:

T 0i = (ρ+ P )U i +Σ0i ≡ 0, (4.8.10)

yielding Σ0i = 0 since U i = 0. Therefore, in the local rest frame only the spatial part of the
anisotropic stress contribution is non-zero:

Σµν =

[
0 0
0 Σij

]
. (4.8.11)

Per definition, a perfect fluid is a fluid that is isotropic in the local rest frame, i.e. Σij = 0.
In other words, in a local rest frame, the energy-momentum tensor is diagonal for a perfect
fluid. Note that the inflaton is a perfect fluid, since its background energy momentum tensor
satisfies (Eq. 2.6.2):

T̄ ij ∝ ḡij ∝ δij (4.8.12)
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and therefore the spatial part is diagonal, constraining the anisotropic stress contribution to
be zero (Σij = 0).

More generally, we have shown in section 1.3.1 that the Cosmological Principle constrains
the (background) energy-momentum tensor T̄µν for any matter constituent to take the form
of that for a perfect fluid. Hence, in the cosmological context, anisotropic stress contributions
only enter at linear order in perturbations, as the background universe matter content can be
described by perfect fluids. At first order in perturbations, the anisotropic stress contribution
is written using the δ-notation, i.e. δΣij . Even if anisotropic stress is not present at zeroth
order in perturbations, it is not a priori obvious that anisotropic stress will be absent at
linear (or higher) order in the perturbations. In section 4.8.3 will we show that a scalar
field, which adheres the Cosmological Principle at zeroth order, indeed also does not develop
anisotropic stress at linear order.

4.8.2 Perturbed Energy-Momentum Tensor for a Perfect Fluid

We will perturb the energy-momentum tensor in the local rest frame (i.e. we consider a
perfect fluid), and use conformal time as the time variable. To first order, the perturbed
tensor for a non-perfect fluid can be written as:

δTµ
ν = (δρ+ δP )UµUν + (ρ+ P )(δUµUν + UµδUν) + δPδµν + δΣµ

ν , (4.8.13)

and we go to the local rest frame by setting δΣµ
ν ≡ 0. Since the spatial components of

the background 4-velocity are zero in the local rest frame (U i = Ui = 0), the first order
perturbation is linear in velocity vi and reads: 11

δU i = vi/a, δUi = −avi. (4.8.14)

The temporal perturbation to the 4-velocity δU0 depends on the metric potential Φ and
reads:

δU0 = −Φ/a, δU0 = −aΦ. (4.8.15)

So that the total first order perturbation to the 4-velocity δUµ and δUµ are given by:

δUµ =
1

a
(−Φ, vi), δUµ = a(−Φ, vi). (4.8.16)

Derivation: Perturbation to Temporal Four-Velocity Component

In order to derive δU0 and δU0, we will perturb the constraint equation to first order:

δgµνU
µUν + 2UµδU

µ = 0 −→ δg00U
0U0 + 2U0δU

0 = 0. (4.8.17)

Inserting the expressions U0 = 1/a, U0 = −a and δg00 = −2a2Φ, we obtain:

δU0 = −Φ/a, (4.8.18)

11Since at zeroth order there is no velocity component, we assume that the velocity term introduced at first
order is much smaller than unity (recall c ≡ 1), so that second order terms can be neglected and the analysis
remains at first order in perturbations.
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as stated above. To obtain δU0, we perturb the relation Uµ = gµνU
ν to first order:

δUµ = δgµνU
ν + gµνδU

ν . (4.8.19)

Expanding the summation over ν and setting µ to zero, we obtain:

δU0 = δg00U
0 + g00δU

0 = −aΦ. (4.8.20)

We are now in the position to compute the first order components δT 0
0 , δT

i
0 and δT i

j .
They can be computed to give:

δT 0
0 = (δρ+ δP )U0U0 + (ρ+ P )(δU0U0 + U0δU0) + δPδ00 = −δρ, (4.8.21)

δT i
j = (δρ+ δP )U iUj + (ρ+ P )(δU iUj + U iδUj) + δPδij = δPδij , (4.8.22)

δT i
0 = (δρ+ δP )U iU0 + (ρ+ P )(δU iU0 + U iδU0) + δPδi0

= (ρ+ P )δU iU0 = −(ρ+ P )vi. (4.8.23)

In the first line, we used U0U0 = −1 and the fact that the terms δU0U0 and U0δU0 cancel.
In the remaining lines, the expressions for Uµ, δUµ and the lower index variants of these are
simply inserted. In conclusion, the first order perturbations of the energy-momentum tensor
δTµ

ν for a perfect fluid in the local rest frame read:

δT 0
0 = −δρ, δT i

0 = −(ρ+ P )vi, δT 0
i = (ρ+ P )vi, δT i

j = δPδij . (4.8.24)

Notice that in case we include anisotropic stress (i.e. the fluid is non-perfect), only the purely
spatial components changes:

δT i
j = δPδij + δΣi

j , (4.8.25)

as the anisotropic stress tensor only affects the purely spatial components in a local rest
frame.12

Extension to Multiple Perfect Fluids

The extension to the perturbed energy-momentum tensor for multiple (non-interacting) per-
fect fluids can be made straightforwardly by replacing the perturbations by the sum of per-
turbations from the individual fluids. For perfect fluids labeled by α the total pressure and
energy density of the system can be written in the following way:

ρ =
∑
(α)

ρ(α), P =
∑
(α)

P(α). (4.8.26)

Here we use the notation (α) as the label for the considered fluids to emphasize that label
does not correspond to a four-vector index. The perturbation to the energy density and the
pressure can be written similarly as:

δρ =
∑
(α)

δρ(α), δP =
∑
(α)

δP(α). (4.8.27)

12Recall that the FRW background indeed satisfies the definition of a local rest frame.
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The velocity potential vi, in combination with the energy density and pressure, can be written
for multiple fluids as follows:

(ρ+ P )vi =
∑
(α)

(ρ(α) + P(α))v
i
(α). (4.8.28)

4.8.3 Perturbed Energy-Momentum Tensor for a Scalar Field

Here, the perturbed energy-momentum tensor for a scalar field will be obtained. Recall that
the energy-momentum tensor for a scalar field (Eq. 2.4.16) is given by (Eq. 2.6.2):

T (φ)
µν = ∂µφ∂νφ− gµν

[
1

2
gαβ∂αφ∂βφ+ V (φ)

]
. (4.8.29)

Notice that the inflaton is a perfect fluid, since from the above energy-momentum tensor

it follows that T
(φ)
ij ∝ gij and hence the spatial part is therefore diagonal, enforcing the

anisotropic stress contribution to be zero: Σij = 0. Perturbing the above equation to first
order in the scalar field and metric yields the following expression for δTµν :

δTµν = 2∂µδφ∂νφ− δgµν

[
1

2
gαβ∂αφ∂βφ+ V (φ)

]
− gµν

[
1

2
δgαβ∂αφ∂βφ+ gαβ∂αφ∂βδφ+ Vφ(φ)δφ

]
. (4.8.30)

Evaluating the above perturbed equation for the purely temporal, mixed and spatial compo-
nents gives:

δT00 = φ′δφ′ + 2a2V Φ+ a2Vφδφ,

δT0i = (∂iδφ) · φ′,

δTij =
[
φ′δφ′ − (Ψ + Φ)φ′2 + 2a2VΨ− a2Vφδφ

]
δij . (4.8.31)

In the derivation box below, the purely temporal perturbation δT00 will be derived explicitly.

Derivation: Temporal Perturbation Scalar Field Energy Momentum Tensor

To compute the temporal perturbation δT00, we set µ = ν = 0 in Eq. 4.8.30. The first
term yields:

2∂0δφ∂0φ = 2φ′δφ′. (4.8.32)

The second term is computed to be:

− δg00

[
1

2
g00∂0φ∂0φ+ V (φ)

]
= −Φφ′2 + 2a2ΦV, (4.8.33)

where we used g00 = −1/a2 and δg00 = −2a2Φ. The last term gives:

−g00
[
1

2
δg00φ

′2 + g00∂0∂0δφ+ Vφδφ

]
= Φφ′2 − φ′δφ′ + a2Vφδφ. (4.8.34)

Combining the above results yields the stated expression for the purely temporal pertur-
bation:

δT00 = φ′δφ′ + 2a2V Φ+ a2Vφδφ. (4.8.35)
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For later convenience, we also provide the perturbed energy-momentum tensor in mixed form
δTµ

ν below:

δT 0
0 =

1

a2

[
Φφ′2 − φ′δφ′ − a2Vφδφ

]
, (4.8.36)

δT 0
i = − 1

a2
(∂iδφ) · φ′, (4.8.37)

δT i
j =

1

a2

[
φ′δφ′ − Φφ′2 − a2Vφδφ

]
δij . (4.8.38)

Notice that the purely spatial perturbation to the energy-momentum tensor is diagonal, since
δT i

j ∝ δij . This result implies that even when perturbing the inflaton energy-momentum
tensor, no anisotropic stress contribution is generated. To see this explicitly, consider Eq.
4.8.25, which yields:

δT i
j = δPδij + δΣi

j . (4.8.39)

As we found δT i
j ∝ δij for the perturbed scalar field energy-momentum tensor, the anisotropic

stress perturbation must be zero δΣi
j = 0. Later on, this result will be used to equate the

two gravitational potentials Φ and Ψ in the Newtonian gauge perturbed metric.

Extension to Multiple Scalar Fields

In analogy with the extension to multiple perfect fluids, the scalar field can be extended to N
minimally coupled non-interacting scalar fields. The single-field Lagrangian generalizes to:

L = −1

2

∑
(α)

gµν∂µφ(α)∂νφ(α) − V (φ1, · · ·φN ), (4.8.40)

where the label (α) takes on the values 1, ..., N and V represents the potential of the multiple
scalar fields. Now, the perturbed energy-momentum becomes simply:

δT 0
0 =

1

a2

∑
(α)

[
Φφ′2(α) − φ′(α)δφ

′
(α) − a2V(α)δφ(α)

]
, (4.8.41)

δT 0
i = − 1

a2

∑
(α)

(∂iδφ(α)) · φ′(α), (4.8.42)

δT i
j =

1

a2

∑
(α)

[
φ′(α)δφ

′
(α) − Φφ′(α)

2 − a2V(α)δφ(α)

]
δij , (4.8.43)

in which V(α) ≡ ∂V/∂φ(α).

4.9 Einstein Field Equations

Now that we have the expressions for the perturbed Einstein tensor and the energy-momentum
for perfect fluids and multiple scalar fields, we can construct the perturbed field equations
to first order. Firstly, we will construct them for a single scalar field and then for a single
perfect fluid. The extension to multiple fluids or scalar fields can be made straightforwardly
by plugging in the corresponding energy-momentum tensors discussed above; the perturbed
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Einstein tensor does not change in the case of multiple matter components. For convenience,
the perturbed EFE’s will constructed in mixed form, i.e. we compute:

δGµ
ν = 8πG δTµ

ν , (4.9.1)

and will encompass the dimensional constants of nature from now on in terms of the Planck
mass M2

pl = 1/8πG.
To start, we will express the perturbed Einstein tensor in manifestly mixed tensor form

δGµ
ν . This form can be obtained from δGµν as follows:

δGµ
ν = δgµαGαν + gµαδGαν . (4.9.2)

Using the perturbed metric tensor, the explicit components of δGµ
ν can be derived to be:

δG0
0 =

1

a2

[
6H2Φ+ 6HΨ′ − 2∂i∂

iΨ
]
, (4.9.3)

δG0
i =

1

a2

[
− 2∂iΨ

′ − 2H∂iΦ
]
, (4.9.4)

δGi
j =

1

a2

[
4
a′′

a
Φ+ 2HΦ′ + 4HΨ′ − ∂k∂

kΨ+ 2Ψ′′ + ∂k∂
kΦ− 2H2Φ

]
δij

+
1

a2
∂j∂

i(Ψ− Φ). (4.9.5)

Notice that the off-diagonal components of the spatial perturbation δGi
j (i 6= j) are simply

given by ∂j∂
i(Ψ− Φ)/a2.

4.9.1 Single Scalar Field

Here we will give the perturbed Einstein Field equations in mixed form for a flat uni-
verse sourced by a single scalar field (for the perturbed energy-momentum tensor see Eqs.
4.8.41–4.8.43). The different equations of motion will be discussed separately.

B Purely Temporal Equation.—First we consider the perturbed field equation for (µ, ν) =
(0, 0). Equation the expressions for the perturbed energy-momentum tensor and the
Einstein tensor gives:

3H
(
Ψ′ +HΦ

)
− ∂i∂

iΨ = − 1

2M2
pl

(
φ′δφ′ + a2Vφδφ− Φφ′

)
. (4.9.6)

B Mixed Spatial-Temporal Equation.—Now we consider the case with (µ, ν) = (0, i). The
arising equation is now:

Ψ′ +HΦ =
1

2M2
pl

δφ φ′. (4.9.7)

B Purely Spatial Equation.—Lastly, we consider the purely spatial equation, that is we
equate δGi

j with δT i
j/M

2
pl. The resulting equation reads:[

4
a′′

a
Φ+ 2HΦ′ + 4HΨ′ − ∂k∂

kΨ+2Ψ′′ + ∂k∂
kΦ− 2H2Φ

]
δij +

1

a2
∂j∂

i(Ψ− Φ)

=
1

M2
pl

[
φ′δφ′ − Φφ′2 − a2Vφδφ

]
δij . (4.9.8)
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This last equation may appear as rather complex, but a significant simplification can
be obtained by taking the traceless (i 6= j) part of this equation, which yields:

∂j∂
i(Ψ− Φ) = 0. (4.9.9)

Hence, as advocated, we can set the two gravitational potentials equal to each other
Ψ ≡ Φ and choose to work with only one of them, which we will choose to be Φ. Notice
that the fact that we can set the two gravitational potentials equal to each other comes
from the fact that the perturbed energy-momentum tensor for the scalar field does not
contain an anisotropic stress term δΣi

j and hence δT i
j is diagonal, i.e. proportional to

the Kronecker delta δij (see Eq. 4.8.38). By setting Ψ = Φ and using a′′/a = H′ +H2,
we obtain:

Φ′′ + 3HΦ′ + (2H′ +H2)Φ =
1

2M2
pl

[
φ′δφ′ − Φφ′2 − a2Vφδφ

]
. (4.9.10)

4.9.2 Single Perfect Fluid

Similar to the scalar field, we will now give the perturbed field equations for a generic perfect
fluid (perturbed energy-momentum tensor is given by Eq. 4.8.24). Apart from the differ-
ent energy-momentum tensor, the procedure is completely analogous. The resulting field
equations are (see also [56]):

∂2Φ− 3H(Φ′ +HΦ) = ∆(a)δρ,

−∂i(Φ′ +HΦ) = ∆(a)(ρ+ P )vi,

Φ′′ + 3HΦ′ + (2H′ +H2)Φ = ∆(a)δP,

(4.9.11)

(4.9.12)

(4.9.13)

here we defined for purely notational convenience ∆(a) ≡ a2/2M2
pl = 4πGa2.

As the perturbed energy-momentum tensor for a perfect fluid remains diagonal, no
anisotropic contribution is present and hence both gravitational potentials are set equal to
each other as before. Furthermore, the second field equation (Eq. 4.9.12) can be simplified
further by considering scalar perturbations only, the velocity perturbation vi can then be
expressed as the gradient of the velocity potential, i.e. vi = ∂iv, with v the velocity potential.
After this substitution, Eq. 4.9.12 can be written as:

− (Φ′ +HΦ) = ∆(a)(ρ+ P )v. (4.9.14)

4.9.3 Non-Perfect Fluid

Now we will consider the perturbed field equations for perturbations in a generic non-perfect
fluid, with the non-anisotropic stress contribution parametrized by δΣi

j . The perturbed
energy-momentum tensor δTµ

ν is the same as for a perfect fluid (Eq. 4.8.24), except for
the purely spatial component, which is given by Eq. 4.8.25. Notice that in this case, the two
gravitational potentials Φ and Ψ are typically not equal:

Φ 6= Ψ. (4.9.15)
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The perturbed field equations can be written as:

∂2Ψ− 3H(Ψ′ +HΦ) = ∆(a)δρ,

−∂i(Ψ′ +HΦ) = ∆(a)(ρ+ P )vi,

Ψ′′ + 2HΨ′ +HΦ′ + 2(a′′/a)Φ + ∂2(Φ−Ψ)/2−H2Φ = ∆(a)δP,

∂j∂
i(Ψ− Φ) = 2∆(a)δΣi

j .

(4.9.16)

(4.9.17)

(4.9.18)

(4.9.19)

The last two equations above express the trace and trace-free parts of the (i, j) field equation,
respectively.

4.10 Klein-Gordon Equation

Up till now, we have solely perturbed the Einstein field equations to first order. In addition,
any other dynamical equation complementing the field equations should be perturbed as well.
In particular, for a single scalar field in a generic space-time background as described by gµν ,
the dynamics is governed by the Klein-Gordon equation (Eq. 2.5.2):

�φ ≡ 1√
−g

∂ν
(√

−ggµν∂µφ
)
= Vφ. (4.10.1)

Perturbing this equation gives:
δ(�φ) = Vφφδφ. (4.10.2)

Now, our task is to evaluate the perturbed d’Alemberatian operator δ(�φ) using the
first order perturbed FRW metric in the Newtonian Gauge. For generic gµν , the perturbed
d’Alemberatian is given by:

δ(�φ) = δ
( 1√

−g

)
∂ν

(√
−ggµν∂µφ

)
+

1√
−g

∂ν
(
δ(
√
−g)gµν∂µφ

)
+

1√
−g

∂ν
(√

−g δ(gµν)∂µφ
)

+
1√
−g

∂ν
(√

−ggµν∂µ(δφ)
)
. (4.10.3)

For perturbations around an FRW universe in Newtonian gauge, evaluating the above ex-
pression and substitution into the perturbed Klein-Gordon equation yields:

2Φφ′′ + (3Ψ′ +Φ′ + 4HΦ)φ′ − δφ′′ − 2Hδφ′ + ∂2(δφ) = a2 Vφφδφ. (4.10.4)

To simplify this result, we will invoke the background Klein-Gordon equation in conformal
time:

φ′′ + 2Hφ′ = −Vφa2, (4.10.5)

which can be derived analogous to Eq. 2.5.7 by using the conformal time metric. Now, we
can rewrite the perturbed Klein-Gordon equation as:

(3Ψ′ +Φ′)φ′ − δφ′′ − 2Hδφ′ + ∂2(δφ) = a2 (Vφφδφ+ 2ΦVφ) . (4.10.6)

In the derivation box below, we will show how to evaluate the first term in the variation of
d’Alembertian (Eq. 4.10.3).
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Partial Derivation: Perturbed Klein-Gordon Equation

We will evaluate the first term in Eq. 4.10.3 by using the conformal time metric, for
which g ≡ det gµν = −a8 so that

√
−g = a4. Specifically, we want to compute the term:

δ(�φ) ⊃ δ
( 1√

−g

)
∂ν

(√
−ggµν∂µφ

)
. (4.10.7)

The variation of 1/
√
−g can be computed using:

δ
( 1√

−g

)
=
δ
√
−g
g

=
δg

2(
√
−g)3

, δg = g gαβδgαβ. (4.10.8)

Evaluating the above expression for the conformal time FRW metric yields:

δ
( 1√

−g

)
= − 1

2a4
gαβδgαβ =

1

a4
(3Ψ− Φ), (4.10.9)

since gαβδgαβ = 2Φ− 6Ψ. Hence, we obtain:

δ(�φ) ⊃ δ
( 1√

−g

)
∂ν

(√
−ggµν∂µφ

)
=

1

a4
(3Ψ− Φ)∂ν

(√
−g ḡµν∂µφ̄

)
, (4.10.10)

where we used the fact that the second line is already first order in perturbations, so the
remaining variables can evaluated at zeroth order. At zeroth order, we find:

√
−g ḡµν∂µφ̄ = −a2φ′′ − 2aa′φ′. (4.10.11)

Finally, we thus find that the first term in the variation of δ(�φ) is given by:

δ(�φ) ⊃ 1

a4
(Φ− 3Ψ)(a2φ′′ + 2aa′φ′). (4.10.12)

Similarly, the remaining three terms can be evaluated explicitly and adding them yields
the l.h.s. of Eq. 4.10.4.
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Chapter 5

Quantum Origin of Cosmological
Perturbations

“One of the basic rules of the universe is that nothing is perfect. Perfection simply
doesnt exist. Without imperfection, neither you nor I would exist.”

— Stephen Hawking

In the previous chapter, we have considered the perturbations around the FRW space-time
as being classical.1 However, we know – as far as the single-field scenario is concerned –
that the perturbations are generated by quantum fluctuations in the inflaton field during
inflation. That is, the primordial seeds for structure formation are manifestly quantum
mechanical in their nature (see section 3.1). Hence, in order to study the perturbations
generated during inflation properly, we should describe them in the context of quantum field
theory. In this chapter, the quantum origin of cosmological perturbations will be studied in
detail. In particular, the main aims of this chapter are to derive the power spectrum of scalar
and tensor (gravitational wave) inflationary perturbations (PR and PE) when they are frozen
in. That is, we will compute PR and PE a few e-foldings of expansion after horizon exit.

This chapter is organized as follows, first, we will use the evolution for the Gravita-
tional potential in section 5.1 to find a direct relationship between the comoving curvature
perturbation R and the inflaton fluctuation δφ. Then, in section 5.2, we will derive the
Mukhanov-Sasaki which described the dynamics of the rescaled inflation fluctuation f = aδφ.
Subsequently, in the next section, we will quantize the field f by means of canonical quanti-
zation. Using the constructed quantum theory of inflationary perturbations δφ we will then
compute the power spectrum PR in section 5.4 (by using the relation between R and δφ
obtained in section 5.1). We will briefly discuss the quantum to classical transition occurring
outside the horizon in section 5.5. Finally, we compute the power spectrum for tensor modes
in section 5.6.

5.1 Evolution of the Gravitational Potential

One of the primary tasks of this chapter will be to determine the power spectrum for the
curvature perturbation R on super-horizon scales. However, the dynamical equation govern-
ing the evolution of the quantum fluctuations will be in terms of the inflaton fluctuation δφ.2

1As we will show in this chapter, outside the horizon, inflationary perturbations may indeed be regarded
as classical; see section 5.5.

2This dynamical equation is called the Mukhanov-Sasaki equation and will be derived in the next section
(see Eq. 5.2.14). To be precise, the MS equation is written in terms of the rescaled field f ≡ δφ/a.
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Therefore, in order to compute the power spectrum of R, we require a relation between δφ
and R at horizon exit and beyond. In finding this relationship, we will find that the evolution
of the gravitational potential plays an important role.

In terms of the gravitational potential Ψ and the inflaton fluctuation δφ, the curvature
perturbation can be written as (Eq. D.4.17):

R = Ψ+Hδφ

φ′
. (5.1.1)

As we will compute the power spectrum on super-horizon scales, we require an expression
for R in this limit. We will show that outside the horizon, we can write the gravitational
potential as:

Ψ = εHδφ

φ′
, (5.1.2)

and hence, to zeroth order in ε, we find that:

R = Hδφ

φ′
+O(ε). (5.1.3)

To show this, we will need to prove that Ψ is constant on super-horizon scales, i.e. Ψ′ = 0.
This fact will be proven by first solving for the gravitational potential to first in Hubble flow
parameters and then consider the super-horizon limit.

During the inflationary stage dominated by a single scalar field, the evolution equation
can be written in Fourier space as:

Ψ′′
k + 2

(
H− φ′′

φ′

)
Ψ′

k + 2

(
H′ −Hφ′′

φ′

)
Ψk + k2Ψk = 0. (5.1.4)

The above equation is difficult to solve in full generality as, apart from Ψ, the Hubble pa-
rameter H and inflaton field φ in principle also change as a function of time. To simplify
the equation of motion, we recall that the background during the inflationary era is well
approximated as a quasi De-Sitter space-time. Hence, it will be insightfull to rewrite the
above evolution equation for Ψ in terms of the Hubble parameters ε and η. The resulting
equation, which will be derived below, reads:

Ψ′′
k + 2H(η − ε)Ψ′

k + 2H2(η − 2ε)Ψk + k2Ψk = 0. (5.1.5)

Derivation: Evolution Equation Gravitational Potential

Here, we will derive Eqs. 5.1.4 and 5.1.5 using the perturbed field equations for a single
scalar field (the inflaton) as given in section 4.9.1. The relevant equations are:

3H(Ψ′ +HΨ)− ∂2Ψ = −(2M2
pl)

−1
(
φ′δφ+ a2Vφδφ−Ψφ′2

)
,

Ψ′′ + 3HΨ′ + (2H′ +H2)Ψ = (2M2
pl)

−1
(
φ′δφ− a2Vφδφ−Ψφ′2

)
,

Ψ′ +HΨ = (2M2
pl)

−1φ′δφ. (5.1.6)

Since we are dealing with a scalar field that satisfies the conditions of a perfect fluid,
anisotropic stress is absent and the two gravitational potentials are equal: Φ = Ψ. Adding
the first two of the above equations yields:

Ψ′′ + 6HΨ′ + 2H′Ψ+ 4H2Ψ− ∂2Ψ = −2∆(a)Vφδφ. (5.1.7)
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The r.h.s. can be written in terms of graviational potentials as well by invoking the third
field equations, which can be rewritten as:

δφ =
2M2

pl

φ′
(Ψ′ +HΨ). (5.1.8)

The potential derivative Vφ can be eliminated in favor of φ by means of the Klein-Gordon
equation in conformal time:

φ′′ + 2Hφ′ = −a2Vφ. (5.1.9)

The r.h.s. of Eq. 5.1.7 then becomes:

− 2∆(a)Vφδφ = 2

(
φ′′

φ′
+ 2H

)
Ψ′ + 2H

(
φ′′

φ′
+ 2H

)
Ψ. (5.1.10)

After moving all terms to the l.h.s. and simplifying we obtain the advocated evolution
equation for the gravitational potential:

Ψ′′
k + 2

(
H− φ′′

φ′

)
Ψ′

k + 2

(
H′ −Hφ′′

φ′

)
Ψk + k2Ψk = 0, (5.1.11)

where we moved to Fourier space, which amounts to replacing ∂2 → −k2. Now we
proceed and rewrite the above equation in terms of the Hubble flow parameters, which
are defined in terms of the inflation field as:

ε =
φ′2

2M2
plH2

, δ = − φ′′

Hφ′
, η = 2(ε− δ), η − ε = 1− φ′′

Hφ′
. (5.1.12)

The prefactors of Ψ′
k and Ψk can be obtained using the above relations as:

H− φ′′

φ′
= H(η − ε), H′ −Hφ′′

φ′
= H2(η − 2ε). (5.1.13)

Substituting these results yields the second advocated equation (Eq. 5.1.5) for Ψ in terms
of the Hubble flow parameters:

Ψ′′
k + 2H(η − ε)Ψ′

k + 2H2(η − 2ε)Ψk + k2Ψk = 0. (5.1.14)

5.1.1 Solution to the Gravitational Potential

To find an approximate solution to the evolution of the gravitational potential Ψ, we solve Eq.
5.1.5 by assuming the Hubble parameters are small (relative to unity) and time-independent:

ε, η � 1, ε′ = η′ = 0, (5.1.15)

in accordance with the slow-roll approximation (see section 2.7). The analysis here will
be performed to first order in Hubble parameters, so that terms of order O(ε2, η2) can be
neglected. As the prefactors in Eq. are already first order, it suffices to express H as function
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of conformal time to zeroth order. Then, H is simply given by:

H = −1

τ
+O(ε, η), (5.1.16)

during the inflationary stage, note furthermore that during inflation τ runs over negative
values. The equation of motion for Ψ can then be written as follows:

Ψ′′
k −

2

τ
(η − ε)Ψ′

k +
2

τ2
(η − 2ε)Ψk + k2Ψk = 0. (5.1.17)

The solution to this equation can be written in terms of Hankel functions of the first and
second kind:

H(1)
µ (x) ≡ Jµ(x) + iYµ(x), H(2)

µ (x) ≡ Jµ(x)− iYµ(x), (5.1.18)

where Jµ(x) and Yµ(x) are Bessel functions of the first and second kind, respectively, and for

real arguments H
(2)
µ (x) = H

(1)
µ (x)∗. Explicitly, the solution reads:

Ψk(τ) =
√
−τ

[
c1H

(1)
µ (−kτ) + c2H

(2)
µ (−kτ)

]
, (5.1.19)

where c1,2 are constants to be determined by initial conditions at very early times (corre-
sponding to the limit τ → −∞) and µ is a function of the Hubble flow parameters. To first
order:

µ(ε, η) =
1

2

√
1 + 12ε− 4η +O(ε2, η2). (5.1.20)

In order to determine the constants c1,2, we consider the τ → −∞ limit of the equation
of motion (Eq. 5.1.5), yielding the differential equation for a simple harmonic oscillator with
solution:

Ψ̃′′
k + k2Ψ̃k = 0, Ψ̃ = C1eikτ + C2e−ikτ . (5.1.21)

The tilde expresses the fact that we consider the early time limit of the gravitational field,
that is:

Ψ̃ ≡ lim
τ→−∞

Ψ(τ). (5.1.22)

In the context of QFT, the constants C1,2 are usually determined by constructing the quan-
tum vacuum state of the field. Assuming the field is in its vacuum state then provides the
expressions for C1,2.3 However, the analysis to be performed will semi-classical, since the
fluctuations in the inflaton field will be quantized whereas the gravitational background, as
well as its metric perturbations (such as Ψ and Φ), will remain classical.4

Despite the fact that there is no trivial way to determine way the constants C1,2, we will
still be able to show that Ψk does not evolve outside the horizon. In order to do so, we
first connect the constants C1,2 and c1,2, respectively. In the limit τ → −∞, the asymptotic
behavior of the first Hankel function is given by [57]:

H(1)
µ =

√
2

π

1√
−kτ

e+ikτ∆(−), (5.1.23)

3This is exactly the procedure to be applied in finding the initial conditions of the inflaton fluctuation field
f and will be discussed in great detail in sections 5.3 and 5.4 when deriving the power spectrum of inflationary
fluctuations.

4We regard the metric perturbations (e.g. Ψ) as classical entities throughout the whole analysis since
quantizing them would require a consistent quantum theory of gravity, which is not available yet.
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with ∆(±) ≡ exp(iπ(µ+ 1/2)/2) and the asymptotic behavior of the second Hankel function
is given by complex conjugation. The generic solution can then be written as follows deep
inside the horizon:

Ψk =

√
2

πk

[
c1 e

ikτ∆(−) + c2 e
−ikτ∆(+)

]
. (5.1.24)

As this expression should coincide with the solution Ψ̃ (Eq. 5.1.21), we find that the two sets
of constants are related as:

c1 =

√
πk

2
C1 ∆(+), c2 =

√
πk

2
C2 ∆(−). (5.1.25)

Therefore, in terms of early time constants C1,2, the generic solution to Eq. 5.1.5 reads:

Ψk(τ) =

√
π

2

√
−kτ

[
C1 ∆(+)H(1)

µ (−kτ) + C2 ∆(−)H(2)
µ (−kτ)

]
, (5.1.26)

to first order in Hubble flow parameters.

5.1.2 Super-Horizon Limit

To proceed, we take the super-horizon limit of the gravitational potential by considering the
asymptotic behavior of the (first) Hankel function in the limit τ → 0:

H(1)
µ =

√
2

π
e−iπ/2 2µ−3/2 Γ(µ)

Γ(3/2)
(−kτ)−µ. (5.1.27)

Assuming slow-roll, so that ε, η � 1, we can approximate µ ' 1/2 and hence the asymptotic
behavior becomes:

H(1)
µ =

√
2

π

1√
−kτ

e−iπ/2, (5.1.28)

and the second Hankel function is again given by complex conjugation. Using the fact that
∆± = e±iπ/2 in the limit µ→ 1/2 yields (Eq. 5.1.26):

Ψk = C1 + C2, (τ → 0) (5.1.29)

where C1,2 are time-independent constants. Hence, taking the conformal time derivative of
the gravitational potential outside the horizon yields zero:

Ψ′ = 0. (5.1.30)

This formal analysis confirms the rough argument5 given by Riotto [74] to show that Ψ does
not evolve outside the horizon.

5Riotto argues that the time derivative of the gravitational potential is proportional to a function of Hubble
flow parameters f(ε, η) and can therefore be neglected: Ψ ∝ f(ε, η) → 0.
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5.1.3 Relation between R and δφ

On account of the result Ψ′ = 0 outside the horizon, we can use the perturbed field equation
(see the previous derivation box):

Ψ′ +HΨ =
1

2M2
pl

φ′δφ = εH2 δφ

φ′
, (5.1.31)

where in the last equality we invoked φ′2 = 2εM2
plH2. Since outside the horizon the gravita-

tional potential does not evolve, we conclude that:

Ψ = εHδφ

φ′
. (5.1.32)

Now substituting this result into Eq. D.4.17 gives, to zeroth order in ε, the advocated result:

R = Hδφ

φ′
+O(ε). (5.1.33)

In terms of the rescaled perturbation f ≡ aδφ, we obtain:

R =
f

z
+O(ε), z ≡ aφ′/H. (5.1.34)

This relation will be of significant importance deriving the power spectrum in section 5.4.

5.2 Mukhanov-Sasaki Equation

In the previous chapter, the perturbed Klein-Gordon (KG) equation for single field inflation-
ary models described by a potential V (φ) is derived in conformal time as (Eq. 4.10.6):

4Φ′φ′ − 2Hδφ′ − δφ′′ + ∂i∂
iδφ = a2 (δφVφφ + 2ΦVφ) , (5.2.1)

where Vφ and Vφφ denote the first and second derivative of the potential with respect to the
inflaton field and we have set Φ = Ψ. From this equation, the Mukhanov-Sasaki equation
can be derived. In order to this, it proves convenient to first transform the perturbed KG
equation to cosmic time.

For a generic quantity g(τ), the first and second conformal time derivatives are related to
cosmic time derivatives as follows:

g′ = aġ, g′′ = a2g̈ + a2Hġ. (5.2.2)

Therefore, the perturbed KG equation can be rewritten in cosmic time as:

4a2Φ̇φ̇− 2a2Hδφ̇− a2δφ̈− a2Hδφ̇+ ∂i∂
iδφ = a2 (δφVφφ + 2ΦVφ) (5.2.3)

Now moving to the k-space representation by means of a Fourier transformation yields:

δφ̈k + 3Hδφ̇k +
k2

a2
δφk + Vφφδφk = 4Φ̇kφ̇k − 2ΦkVφ. (5.2.4)

To proceed, the above equation can be simplified using the results of the previous section.
In the previous section, we found that for slow roll inflation Φ̇k = 0 outside the horizon.
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Furthermore, we found in the previous section that the gravitational potential can be written
in terms of the inflaton fluctuation as follows (using Φ = Ψ):

Ψk = Φk = εH
δφk

φ̇
. (5.2.5)

Hence, using that in the slow-roll approximation Vφ = −3Hφ̇, the product ΦkVφ can be
written as:

ΦkVφ = εHVφ
δφk

φ̇
= −3εH2δφk. (5.2.6)

The perturbed KG equation can then be written as:

δφ̈k + 3Hδφ̇k +

[
k2

a2
+ Vφφ − 6εH2

]
δφk = 0. (5.2.7)

This expression can simplified even further by using that during slow-roll inflation ε � 1
(equivalently, one may use that εH2 = −Ḣ ' 0 during inflation) and therefore the last term
between brackets can be neglected safely. In order to find the evolution equation for the
rescaled fluctuation in conformal time, we could now transform the above equation of motion
back to f as a function of τ , which would yield the Mukhanov-Sasaki equation.6

Nevertheless, we will take a more clear and direct approach by expanding the inflaton-
gravity action (Eq. 2.4.17) directly to second order in perturbations and identifying the
Mukhanov-Sasaki action from this expansion. That is, we will expand the inflaton-gravity
action:

S = SEH + Sφ =

∫
d4x

√
−g

[
1

2
M2

plR− 1

2
gµν∂µφ∂νφ− V (φ)

]
, (5.2.10)

in terms of the rescaled fluctuation φ(x, τ) = φ̄(t) + f(x, τ)/a(τ). Isolating the second order
terms in f gives:7

S(2) =
1

2

∫
dτ d3x

[
(f ′)2 − (∂f)2 − 2Hff ′ + (H2Vφφ)

]
. (5.2.11)

To simplify this result we will integrate the term proportional to ff ′ = (f ′)2/2 by parts,
yielding:

S(2) =
1

2

∫
dτ d3x

[
(f ′)2 − (∂f)2 +

(
a′′

a
− a2Vφφ

)
f2

]
, (5.2.12)

where we have used the relation a′′/a = H2 +H′. During slow-roll inflation the ratio of the
second field derivative of the potential over the Hubble parameter satisfies Vφφ/H

2 = 3ηV � 1

6In this procedure, on has to compute the tedious transformation rules between the second order time
derivatives of f in cosmic and conformal time, reading:

δφ̇ =
f ′

a2
− a′f

a3
, (5.2.8)

δφ̈ =
f ′′

a3
− 2

a′f ′

a4
− a′′fk

a4
− a′f ′

a4
+ 3

a′2f

a5
. (5.2.9)

Using those relations, one could in principle find the correct Mukhanov-Sasaki equation.
7Expanding the action solely to first order in f , i.e. considering S(1) would give rise to the Klein-Gordon

equation for the background field φ̄.
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and a′′/a ' 2a2H2 � a2Vφφ. Therefore, we can neglect the term proportional to Vφφ in the
above action S(2), so the action reads:

S[f, f ′] =
1

2

∫
dτ d3x

[
(f ′)2 − (∂f)2 − a′′

a
f2

]
. (5.2.13)

By the variational principle, this action gives rise to the Mukhanov-Sasaki equation. Working
in momentum space, the Mukhanov-Sasaki equation reads:

f ′′k +

[
k2 − a′′

a
+ a2Vφφ

]
fk = 0, (5.2.14)

which describes the evolution fo the rescaled inflation fluctuation f . In particular, quantiza-
tion of this action enables us to predict the power spectrum of inflaton fluctuations (see next
sections).

5.3 Quantum Field Theory of Inflationary Perturbations

Up till now, the inflaton fluctuation is considered as a classical quantity, while has a mani-
festly quantum mechanical origin. In this section, we will quantize the theory of inflationary
perturbations to examine the consequences of f being a quantum field, rather than a clas-
sical field. In particular, we will derive that the 2-point correlation function 〈0||f̂ |2|0〉 is
non-vanishing, reflecting on the fact that the variance of the quantum fluctuations is non-
zero. In close relationship to the 2-point correlation function, we will introduce the power
spectrum of inflationary perturbations, which plays an essential role in relating inflationary
predictions to late time observables.

The theory as given by the above action will be quantized according to the method of
canonical quantization. The approach taken here is very similar to the method presented in
[82] to canonically quantize a scalar field. First, the conjugate momentum of f is given by:

π ≡ ∂L(f, f ′)
∂f ′

= f ′. (5.3.1)

Now, we promote the classical fields f and π to quantum operator fields, denoted with hats:

f −→ f̂ , π −→ π̂. (5.3.2)

We impose equal time canonical commutation relations (CCR) on the fields by means of the
commutator:

[f̂(τ,x), π̂(τ,y)] ≡ iδ(3)(x− y). (5.3.3)

The above commutator reflects on locality : modes at different spatial locations (x and y)
evolve independently and hence the corresponding operators commute. In Fourier space, the
CCR condition becomes:

[f̂k(τ), π̂k′(τ)] = iδ(3)(k + k′). (5.3.4)
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Derivation: CCR Condition in Fourier Space

We will now derive the canonical commutation relation in Fourier space explicitly:

[f̂k(τ), π̂k′(τ)] =

∫
d3x

∫
d3y [f̂(τ,x), π̂(τ,y)] e−ik·xe−ik′·y

= i

∫
d3x

∫
d3y δ(3)(x− y)e−ik·xe−ik′·y

= i

∫
d3x e−i(k+k′)·x ≡ iδ(3)(k + k′). (5.3.5)

The operator f̂k in Fourier space can be expanded in terms of a single time-independent
operator âk, its Hermitian conjugate and the complex mode function fk(τ) as follows [14]:

f̂k = fk(τ)âk + f∗k (τ)â
†
k. (5.3.6)

Here, the operators âk and â†k may be regarded as annihilation and creation operators. They
are defined to act on the vacuum state of the field, denoted by |0〉, in the following way [14]:

âk|0〉 = 〈0|â†k = 0, (5.3.7)

and excited states are generated by multiple applications of the raising operator [14]:

|mk1 , nk2,···〉 =
1√

m!n! · · ·

[
(â†k1

)m(â†k2
)n · · ·

]
|0〉, (5.3.8)

where mk1 denotes the number of particles with momentum k1. The square root prefac-
tor accounts for proper normalization. The creation and annihilation operators satisfy the
following commutation relations:

[âk, âq] = [â†k, â
†
q] = 0, [âk, â

†
q] = [âq, â

†
k] = (2π)3δ(3)(k + q), (5.3.9)

where the factor of (2π)3 is included due to the obeyed Fourier convention. In terms of the

creation and annihilation operators (âk, â
†
k), the field f̂ and its conjugate momentum π̂ read:

f̂(τ,x) =

∫
d3k

(2π)3

[
fk(τ)âk + f∗k (τ)â

†
k

]
eik·x, (5.3.10)

π̂(τ,x) =

∫
d3k

(2π)3

[
f ′k(τ)âk + (f∗k (τ))

′â†k

]
eik·x. (5.3.11)

To proceed, we will examine what constraint the canonical commutation relations will
impose on the modes functions fk(τ) and its temporal derivative f ′k ≡ ∂τfk. Substitution of

the above expressions for f̂ and π̂ into the commutator [f̂(τ,x), π̂(τ,y)] and imposing the
CCR condition to hold (Eq. 5.3.3), gives rise to the Wroskian normalization condition on the
mode functions:

W [fk, f
∗
k ] = (−i)

[
fk(f

∗
−k)

′ − f∗kf
′
−k

]
≡ 1. (5.3.12)

The derivation of this normalization condition on W [fk, f
∗
k ] is shown in the box below.
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Derivation: Wroskian Normalization Condition

We start out by explicitly evaluating the commutator [f̂(τ,x), π̂(τ,y)] as follows:

[f̂(τ,x), π̂(τ,y)] = f̂(τ,x)π̂(τ,y)− π̂(τ,x)f̂(τ,y) ≡ (∗)− (∗∗). (5.3.13)

In terms of momentum integrals, creation/annihilation operators and the mode function,
the two terms, (∗) and (∗∗), can be expanded as:

(∗) =
∫

d3k

(2π)3

∫
d3q

(2π)3

[
fkâk + f∗k â

†
k

] [
f ′qâq + (f∗q )

′â†q

]
eik·x eiq·y

=

∫
d3k

(2π)3

∫
d3q

(2π)3

[
fkf

′
qâkâq + fk(f

∗
q )

′âkâ
†
q

+ f∗kf
′
qâ

†
kâq + f∗k (f

∗
q )

′â†kâ
†
q

]
eik·x eiq·y. (5.3.14)

(∗∗) =
∫

d3k

(2π)3

∫
d3q

(2π)3

[
fkf

′
qâqâk + fk(f

∗
q )

′â†qâk

+ f∗kf
′
qâqâ

†
k + f∗k (f

∗
q )

′â†qâ
†
k

]
eik·x eiq·y. (5.3.15)

Combining the two obtained expressions above yields:

[f̂(τ,x), π̂(τ,y)] =

∫
d3k

(2π)3

∫
d3q

(2π)3

[
[âk, â

†
q]fk(f

∗
q )

′ + [â†k, âq]f
∗
kf

′
q

]
ei(k·x+q·y)

=

∫
d3k

(2π)3

∫
d3q

(2π)3

[
[âk, â

†
q]
(
fk(f

∗
q )

′ − f∗kf
′
q

) ]
ei(k·x+q·y)

=

∫
d3k

(2π)3

∫
d3q

(2π)3
(2π)3δ(3)(k + q)

(
fk(f

∗
q )

′ − f∗kf
′
q

)
ei(k·x+q·y)

=

∫
d3k

(2π)3

[
fk(f

∗
−k)

′ − f∗kf
′
−k

]
eik·(x−y). (5.3.16)

To obtain the second line, we used [â†k, âq] = −[âq, â
†
k] = −[âk, â

†
q]. In the third line,

the commutation relation is substituted for [âk, â
†
q]. In order to get to the final result,

integration is performed over the q-momentum to obtain k = −q on account of the Dirac
delta function. For the commutator to satisfy the canonical commutation relation:

[f̂(τ,x), π̂(τ,y)] = i

∫
d3k

(2π)3
(−i)

[
fk(f

∗
−k)

′ − f∗kf
′
−k

]
eik·(x−y) ≡ iδ(3)(x− y), (5.3.17)

we conclude that the expression:

W [fk, f
∗
k ] = (−i)

[
fk(f

∗
−k)

′ − f∗kf
′
−k

]
, (5.3.18)

must equal unity: W [fk, f
∗
k ] ≡ 1. The function W [fk, f

∗
k ] is called the Wroskian.
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Correlation Function and Power Spectrum

Now that we have developed the quantum field theory of inflationary perturbations, we can
predict the statistics of the inflaton quantum fluctuation field f̂ . In section 3.1, it was argued
that the mean – i.e. the one-point correlation function 〈0|f̂ |0〉 – of the quantum fluctuations
vanishes due to their random nature. In contrast to the mean, the variance or two-point
correlation function 〈0||f̂ |2|0〉 is non-zero. Here, these statements will be proven for single-
field inflationary models and it will be shown that the power spectrum (Eq. 3.2.34) arises
naturally from the computation of the two-point correlation function.

First, we consider the average 〈f̂〉 in the vacuum state |0〉. Using the fact that âk anni-
hilates the vacuum, it is straightforward to show that the average vanishes:

〈f̂〉 ≡ 〈0|f̂ |0〉 =
∫

d3k

(2π)3
〈0|

[
fk(τ)âk + f∗k (τ)â

†
k

]
|0〉 eik·x = 0, (5.3.19)

where the contractions show explicitly how the terms vanish: â†k annihilates 〈0| and âk has the
same effect but on |0〉. Hence, we have shown that the 1-point correlation function vanishes.

Now we consider the 2-point correlation function:

〈|f̂ |2〉 ≡ 〈0|f̂ †(τ,x)f̂(τ,x)|0〉. (5.3.20)

In terms of creation and annihilation operators, the 2-point correlation function can be written
as:

〈|f̂ |2〉 =
∫

d3k

(2π)3

∫
d3q

(2π)3
〈0|(f∗k â

†
k + fkâk)(fqâq + f∗q â

†
q)|0〉

=

∫
d3k

(2π)3

∫
d3q

(2π)3
〈0|fkf∗q âkâ†q|0〉

=

∫
d3k

(2π)3

∫
d3q

(2π)3
fkf

∗
q 〈0|âkâ†q|0〉, (5.3.21)

where the contractions show which terms vanish. To proceed, the commutation relation for
the creation and annihilation operators sqeezed between two vacuum states will be used to
rewrite the expectation value 〈0|âkâ†q|0〉:

〈0|[âk, â†q]|0〉 = 〈0|âkâ†q|0〉 − 〈0|â†qâk|0〉 = 〈0|âkâ†q|0〉. (5.3.22)

Notice that the second term after the first equality sign vanishes due to the contractions
indicated. On account of this result, the 2-point correlation function can be written as
follows:

〈|f̂ |2〉 =
∫

d3k

(2π)3

∫
d3q

(2π)3
fkf

∗
q 〈0|[âk, â†q]|0〉

=

∫
d3k

(2π)3

∫
d3q

(2π)3
fkf

∗
q × (2π)3δ(3)(k + q)

=

∫
d3k

(2π)3
|fk|2 =

∫
d ln k Pf . (5.3.23)

In going from the first to the second line, we used the expression for the commutator (Eq.
5.3.9) in terms of the 3-momentum delta function. In going to the third, the delta function
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δ(3)(k + q) is used to evaluate the q-integral. From the last line it follows that the 2-point
correlation function – or variance – of the inflaton fluctuations is proportional to the square
of the Fourier mode function. In the last equality, the power spectrum for f is defined as:

Pf ≡ k3

2π2
|fk|2, (5.3.24)

in accordance with result presented in Eq. 3.2.34.

5.4 Power Spectrum for Single Field Slow Roll Inflation

Recall that the aim of this chapter is to compute the power spectrum of quantum fluctuations
generated during inflation at horizon exit. In the previous section, we found that the power
spectrum is proportional to the square of the classical solution for the mode function fk(τ)
(see Eq. 5.3.24). From that perspective, the approach is quite straightforward: we first
find the classical solution for the mode function, evaluate it at horizon exit and obtain the
power spectrum. However, the evolution of the mode function is governed by the Mukhanov-
Sasaki equation, which is difficult to solve in full generality as it depends on the background
dynamics of for instance the inflaton and scale factor. To nevertheless obtain a solution to
the mode function, we expand the MS Equation to first order in Hubble flow parameters.
For this form of the MS equation, an algebraic solution for the mode function exists.

Subsequently, the solution to the mode function should be supplied with appropriate
boundary conditions in order to completely fix the dynamics of the mode function. As we
will see, finding the appropriate initial condition for the dynamics for fk(τ) is closely related
to constructing the vacuum state |0〉 of the field f . However, in a time-dependent background
– such as the quasi de Sitter background for inflation – constructing the vacuum state is not
a trivial task. Fortunately, for inflation we will find that there exists a preferred way to
construct the vacuum. At early times (|kτ | � 1) all modes of cosmological interest are far
inside the horizon. In this limit, the MS equation for fk reduces to the equation of motion
for a simple harmonic oscillator in Minkowski space. For this system, the vacuum can be
constructed unambiguously. Constructing this vacuum comes with a condition on the mode
function in the early time limit. This requirement then forms the initial condition needed to
completely fix the solution to mode function.

Expansion in Hubble Flow Parameters

The starting point will be the Mukhanov-Sasaki equation in Fourier space as derived in the
first section of this chapter:

f ′′k +

(
k2 − z′′

z

)
fk = 0, (5.4.1)

where z ≡ φ̇/aH =
√
2εa. Expanding this equation into the Hubble flow parameters comes

down to writing the term z′′/z in these variables. We define the Hubble flow parameters as:

ε ≡ − Ḣ

H2
, η ≡ ε̇

εH
, κ ≡ η̇

ηH
, (5.4.2)

and assume them all to be much smaller than unity, so that we can make a perturbative
expansion to first order of z′′/z in terms of them.
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First, z′/z and z′′/z can be expressed in terms of ε, η and κ as:

z′

z
= H

[
1 +

1

2
η

]
,

z′′

z
= H2

[
1− ε+

3

2
η − 1

2
εη +

1

4
η2 + ηκ

]
, (5.4.3)

where H = aH is the Hubble parameter in conformal time. Notice that the above two
expansions are still exact. In addition, we can write H explicitly is terms of conformal time
by integrating the definition of the first Hubble flow parameter:

∂τH−1 = ε− 1. (5.4.4)

Assuming no time dependence in ε, i.e. ε 6= ε(τ), the following expression can be obtained
for H:

H = −1

τ
(1 + ε), (5.4.5)

squaring this equation to first order in ε yields H2 = (1 + 2ε)/τ2.
Writing the expansion z′′/z (ε, η, κ) to first order in the flow parameters and substituting

in the expression for H2 gives:

z′′

z
=

1

τ2
(1 + 2ε)

[
2− ε+

3

2
η

]
=

1

τ2

[
2 + 3ε+

3

2
η

]
. (5.4.6)

For later convenience, all dependence on the flow parameters in the above expression will be
absorbed into the variable ν ≡ 3/2 + ε+ η/2, in terms of which z′′/z becomes:

z′′

z
≡ 1

τ2

[
ν2 − 1

4

]
. (5.4.7)

Mukhanov-Sasaki Equation in Hubble Parameters

Using this form for z′′/z, the MS equation can be rewritten as follows:

f ′′k + ω2
k(τ)fk = 0, where: ω2

k(τ) ≡ k2 − ν2 − 1/4

τ2
. (5.4.8)

This equation of motion for fk(τ) has an exact solution in terms of Hankel functions of the
first and second kind [60]:

fk(τ) =
√
−τ

[
αH(1)

ν (−kτ) + βH(2)
ν (−kτ)

]
, (5.4.9)

where H
(1,2)
ν are the Hankel functions of the first and second kind. Hankel functions are two

linearly independent combinations of the Bessel functions of the first and second kind [1]:

H(1)
ν (x) ≡ Jν(x) + iYν(x), H(2)

ν (x) ≡ Jν(x)− iYν(x), (5.4.10)

where Jν(x) and Yν(x) are the Bessel functions of the first and second kind, respectively. The
constants α and β are to be determined by the initial conditions of the system. As we will
show now, finding the appropriate initial condition for fk(τ) is closely related to constructing
the vacuum state of the system.
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Bunch-Davies Vacuum and Initial Condition

In a time-independent background, fixing the vacuum state is rather straightforward. One
simply imposes those boundary conditions on the mode functions that minimize the expec-
tation value of the Hamiltonian in the quantum vacuum state |0〉. However, for a time-
dependent background – such as the quasi de Sitter space-time in the case of inflation – the
vacuum state is ill-defined, as the vacuum state expectation value of the Hamiltonian 〈0|Ĥ|0〉
changes with time because mode functions involve time-dependent frequencies ωk(τ). Hence,
the minimum-energy vacuum state depends on the time at which it is defined. In other words,
constructing the vacuum state |0〉(τ0) at time τ0 does not guarantee that |0〉(τ0) is still the
lowest energy state at any later time τ2, that is |0〉(τ1) 6= |0〉(τ2).

Nevertheless, for inflation there exists a preferred choice for the vacuum. At sufficiently
early times k/H ∼ |kτ | � 1, i.e. in the limit of large negative conformal time, all modes of
cosmological interest are deep inside the horizon. In this limit, the frequencies ωk(τ) of the
k-modes become time-independent:

ω2
k(k, τ) = k2

[
1− ν2 − 1/4

(kτ)2

]
|kτ | � 1−−−−−→ k2. (5.4.11)

Therefore, the MS equation reduces to the equation of motion for a simple harmonic oscillator
in a time-independent Minkowski background:

f ′′k + k2fk = 0. (5.4.12)

For this system, the vacuum state can be constructed unambiguously. Constructing this
vacuum state, which is called the Bunch-Davies vacuum, will give rise to a boundary condition
for the mode functions in the early time limit. This boundary condition can then be used to
determine the constants α and β and in this way, the solution for the mode function can be
fixed completely.

Constructing the Vacuum

In order to construct the vacuum state, we first promote the Hamiltonian of the system to an
operator Ĥ and compute the vacuum-state expectation value to find the lowest energy state:

E0 ≡ 〈0|Ĥ|0〉. (5.4.13)

The vacuum state |0〉 is defined via the following conditions on the creation and annihilation
operators:

âk |0〉 = 0, 〈0| â†k = 0. (5.4.14)

In the early time limit, z′′/z → 0 because τ → −∞ and the effective potential V (f̂) vanishes,
so that the Hamiltonian operator can be written as:

Ĥ =

∫
d3x Ĥ =

1

2

∫
d3x

[
π̂2 + (∂f̂)2

]
. (5.4.15)

Substituting the definitions of the quantized fields f̂ and π̂ in terms of the creation and
annihilation operators in the Hamiltonian operator Ĥ yields:

Ĥ =
1

2

∫
d3k

(2π)3

[
âkâ−kFk + â†kâ

†
−kF

∗
k +

(
2â†kâk + (2π)3 δ(3)(0)× Ek

)]
, (5.4.16)
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here the quantities Ek and Fk are defined as Ek ≡ |f ′k|2 + k2|fk|2 and Fk ≡ f ′2k + k2f2k .
The vacuum expectation value then becomes:

E0 ≡ 〈0|Ĥ|0〉 = 1

2

∫
d3k

(2π)3
〈0|

[
âkâ−kFk + â†kâ

†
−kF

∗
k +

(
2â†kâk + (2π)3 δ(3)(0)

)]
|0〉

=
1

2

∫
d3k

(2π)3
〈0|

[
(2π)3δ(3)(0)× Ek

]
|0〉 = 1

2

∫
d3k

(2π)3
Ek × (2π)3δ(3)(0).

(5.4.17)

To go from the first to the second line we used the fact that acting with creation and anni-
hilation operators on 〈0| and |0〉, respectively, yields zero. Therefore, all terms but the one
containing the delta function vanish. Furthermore, we used normalization condition on the
vacuum states: 〈0|0〉 ≡ 1. The integral expression for the vacuum state expectation value of
the Hamiltonian is given by:

E0 =
1

2

∫
d3k

(2π)3
(
|f ′k|2 + k2|fk|2

)
× (2π)3δ(3)(0). (5.4.18)

Straightforward integration of the above equation for E0 would yield infinity for two
reasons. First, the presence of the delta function factor (2π)3δ(3)(0) makes the integral
divergent. However, the delta function has an intuitive origin in this case: it arises because
we integrate over all of space, which yields an infinite volume. This becomes apparent when
we consider the system inside a box with lengths L and let the lengths tend to infinity. The
delta function can then be written as:

(2π)3δ(3)(0) = lim
L→∞

∫ L/2

−L/2
d3x eix·p

∣∣∣
p = 0

= lim
L→∞

∫ L/2

−L/2
d3x ≡ lim

L→∞
V −→ ∞. (5.4.19)

In other words, the delta function arises because now the total vacuum-state energy is com-
puted, instead of the energy density. Hence, from now on we will consider the vacuum-state
energy density ρ0 rather than the total energy by factoring out the delta function.

Although perhaps less apparent, even by factoring out the delta function, the momen-
tum integral for the energy density will still diverge. The reason is that the integral is not
supplied with a high momentum cutoff. In other words, the theory is assumed to be valid to
arbitrarily high momentum (or small length scales). However, the quantum field theory of
inflation should be considered as an effective theory, valid up to a certain momentum limit,
as quantified by the maximum |k|-value, denoted as Λ∗. Taking the above considerations into
account, the vacuum energy density can be written as:

ρ0 =
1

2

∫ Λ∗ d3k

(2π)3
(
|f ′k|2 + k2|fk|2

)
. (5.4.20)

Minimizing the Vacuum State Energy

Now, we will find the mode function corresponding to the minimized the energy density ρ0.
For convenience, the (complex) mode function will be written in the following exponential
form: fk ≡ rke

iαk , where rk and αk are real. Using the Wroskian normalization condition on
the mode functions,

W [fk, f
∗
k ] = (−i)

[
fk(f

∗
k )

′ − f∗kf
′
k

]
= 1, (5.4.21)
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yields the constraint α′
kr

2
k = −1/2. The quantity Ek becomes:

Ek = r′k
2 + r2kα

′
k
2 + k2r2k, (5.4.22)

which is minimized by choosing r′k = 0 and rk = 1/
√
2k. In addition, we need an explicit

form for the phase factor αk. By using the obtained form for rk, the constraint α′
kr

2
k = −1/2

becomes α′
k = −k. Integration of this equation gives αk = −kτ .8

Now the vacuum state mode function can be written explicitly in terms of the mode k
and conformal time τ as we found the expressions for rk and αk. However, notice that the
explicit form is derived in the early time limit |kτ | � 1. Hence, the obtained expression for
fk is merely an initial condition for the generic mode function as given by Eq. 5.4.9 and can
be written as the following early time limit:

lim
|kτ |�1

fk(τ) =
1√
2k
e−ikτ . (5.4.23)

Solution to the Mode Function

Now the above initial conditions can be used to determine the constants α and β in Eq. 5.4.9.

Consider the |kτ | � 1 limit of the Hankel functions H
(1,2)
ν (−kτ):

lim
|kτ |�1

H(1)
ν =

√
2

π

1√
−kτ

e−ikτ ×∆(−), lim
|kτ |�1

H(2)
ν =

√
2

π

1√
−kτ

e+ikτ ×∆(+). (5.4.24)

Here, we defined ∆(±) ≡ exp(±iπ(ν + 1/2)/2 and ∆(+)∆(−) = 1. In this limit the mode
function can then be written as:

lim
|kτ |�1

fk(τ) =
√
−τ

[
α

√
2

π

1√
−kτ

e−ikτ ×∆(−) + β

√
2

π

1√
−kτ

e+ikτ ×∆(+)

]
. (5.4.25)

In order to bring the above equation in agreement with the initial condition as given by Eq.
5.4.23, the constants are set to:

α ≡
√
π

2
×∆(+), β ≡ 0. (5.4.26)

Therefore, the appropriate mode function fk in line with the initial condition reads:

fk(τ) =
√
−τ

[√
π

2
∆(+)

]
H(1)

ν (−kτ). (5.4.27)

The final form for the mode function as given by the above equation is plotted in Fig.
5.1 (in the slightly rescaled form f̃k = k1/2fk). Notice that |f̃k| is constant or growing
for all negative values of kτ . This implies that, irrespective of the considered k-mode, the
quantum fluctuation in the inflaton δφk ≡ afk grows as time evolves until kτ = 0. During
inflation, a ' eHτ and hence the quantum fluctuation grows exponentially fast. Therefore,
as advocated, quantum fluctuations are indeed stretched to cosmological scales very rapidly.

8We set the integration constant to zero. This can be done safely as observables, such as the power
spectrum, do only depend on the absolute square of the mode function, in which the complex exponentials
are not present anymore.
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Figure 5.1: Plot of the final solution for the mode function as given by Eq. 5.4.27.
The real, imaginary and absolute parts are shows separately in different colors.
The unimportant phase factor ∆(+) is dropped for all plotted functions.

Power Spectrum

Now that the mode function is known, the power spectrum can be computed. We will compute
PR at horizon exit, that is for momenta k = aH. Then, since the curvature perturbation R
is constant outside the horizon (see next chapter), the power spectrum computed at horizon
exit can be taken directly to horizon re-entry. Horizon exit corresponds to the limit |kτ | → 0.
In this limit the first Hankel function becomes:

lim
|kτ |→0

H(1)
ν (−kτ) =

√
2

π
e−iπ/22ν−3/2 Γ(ν)

Γ(3/2)
(−kτ)−ν . (5.4.28)

Using this result, the mode function reads:

lim
|kτ |→0

fk(τ) = 2ν−3/2∆(+)e−iπ/2 Γ(ν)

Γ(3/2)

1√
2k

(−kτ)1/2−ν (5.4.29)

Taking the absolute value of the above limit and using the (zeroth order) relation between
the comoving Hubble radius and conformal time during inflation (τ = −1/aH) yields:

lim
|kτ |→0

|fk(τ)| =
C(ν)√
2k

(
k

aH

)1/2−ν

, C(ν) ≡ 2ν−3/2 Γ(ν)

Γ(3/2)
. (5.4.30)

Notice that in the limit ν → 3/2, the constant C(ν) tends to unity.
Now, we can finally compute the power spectrum for R, which is related to f via the

relation R = f/z where z ≡ aφ̇/H (see Eq. 5.1.34). In the following, we assume ν → 3/2 so
C(ν) can be set to unity. By the definition of the power spectrum (Eq. 3.2.34):

PR =
k3

2π2
|Rk|2 =

k3

2π2

∣∣∣∣fkz
∣∣∣∣2

=
k3

2π2z2
1

2k

(
k

aH

)3−2ν

=
k2

a2φ̇2

(
H

2π

)2( k

aH

)1−2ν

. (5.4.31)
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By definition of the parameter ε, the time derivative of the inflaton field is given by φ̇2 =
2εM2

plH
2 and the power spectrum can be written as:

PR =
1

2εM2
pl

(
H

2π

)2( k

aH

)3−2ν

≡ A2
S

(
k

aH

)ns−1

. (5.4.32)

The spectral index ns, governing the scale dependence of the power spectrum, is defined as:

ns − 1 ≡ d lnPR
d ln k

= 3− 2ν = −2ε− η = 2ηV − 6εV. (5.4.33)

Here, we used the definition of ν and the relations between the Hubble flow parameters (ε, η)
and the potential slow roll parameters (εV, ηV), which are given by ε = εV and ηV = 2ε−η/2.

5.5 Quantum to Classical Transition

As modes exit the horizon, they lose their quantum nature and can be regarded as classical
quantities. To be more specific, on super-horizon scales the quantum fluctuation field f ≡ aδφ
can be regarded as a classical stochastic field: this transition is known as the quantum-to-
classical transition. In this section, we will discuss this transition in a quantitative way.

The signature of classical rather then quantum modes are commuting quantum operators,
i.e. the commutators of the relevant quantum operators vanish. For the quantum field theory
of inflaton fluctuations, we constructed the operators f̂ and π̂ as follows:

f̂(τ,x) =

∫
d3k

(2π)3

[
fk(τ)âk + f∗k (τ)â

†
k

]
eik·x, (5.5.1)

π̂(τ,x) =

∫
d3k

(2π)3

[
f ′k(τ)âk + (f∗k )

′(τ)â†k

]
eik·x. (5.5.2)

In the limit |kτ | → 0, corresponding to horizon exit, the mode function and its first time
derivative become:

fk = − 1√
2k3

i

τ
, f ′k =

1√
2k3

i

τ2
, (5.5.3)

where the value of ν is set to 3/2. The operators can then be written as:

f̂(τ,x) = − i

τ

∫
d3k

(2π)3
1√
2k3

[
âk − â†k

]
eik·x, (5.5.4)

π̂(τ,x) =
i

τ2

∫
d3k

(2π)3
1√
2k3

[
âk − â†k

]
eik·x = −1

τ
f̂(τ,x). (5.5.5)

Notice that after horizon exit, the two operators are proportional to each other and hence
commute on super-horizon scales:[

f̂(τ,x), π̂(τ,x)
] |kτ |→0−−−−→ 0. (5.5.6)

The vanishing commutator implies that on super-horizon scales the field f̂(τ,x) loses its
quantum nature and can be identified with a classical field.
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5.6 Gravitational Waves from Single-Field Inflation

In addition to the scalar metric perturbations induced by single-field inflation, tensor per-
turbation in the metric are also generated, which are referred to as primordial gravitational
waves [23, 48, 61, 87]. According to the SVT decomposition, those metric perturbations
decouple from scalar (and vector) perturbations at linear order and can therefore be studied
independently. The perturbed line element for (spatial) metric fluctuations can be written
as:

ds2 = a2(τ)
[
− dτ2 + (δij + 2Êij)dx

idxj
]
. (5.6.1)

The tensorial perturbation Êij is symmetric, transverse (∂iÊij = 0) and traceless (Êi
i = 0).

The perturbed Christoffel symbols for this line element are given by (see also [56]):

δΓ0
ij = 2HÊij + Ê′

ij , (5.6.2)

δΓi
0j = Ê′

ij , (5.6.3)

δΓi
jk = ∂kÊ

i
j + ∂jÊ

i
k − ∂iÊjk. (5.6.4)

For notational convenience, we will drop the hats on the tensor fluctuation from now
on and write Eij instead. The perturbed Ricci tensor can now be written in terms of the
perturbed Christoffel symbols as follows:

δRij = 2(H′ − 2H2)Eij + 2HE′
ij + E′′

ij − ∂2Eij . (5.6.5)

The mixed variant of the perturbed Ricci tensor, denoted as δRi
j , equals the perturbed

Einstein tensor since tensorial perturbations do not contribute to variations in the Ricci
scalar, yielding [56]:

δGi
j = δRi

j =
1

a2
(
Ei

j
′′ + 2HEi

j
′ − ∂2Ei

j

)
. (5.6.6)

This result can be equated to the purely spatial part of the perturbed energy-momentum
tensor for a perfect fluid (along with the dimensional factor 8πG):

δT i
j = δPδij + δΣi

j , (5.6.7)

see Eq. 6.4.43. However, the tensorial perturbation Ei
j is traceless and hence δGi

j vanishes

in case i = j. Therefore, we can solely consider the anistropic stress contribution δΣi
j , so

that the equation of motion for Ei
j , corresponding to the purely spatial part of the perturbed

EFE’s, reads:

Ei
j
′′ + 2HEi

j
′ − ∂2Ei

j = 2∆(a)δΣi
j , (5.6.8)

here we defined as before ∆(a) ≡ a2/(2M2
pl) = 4πGa2. In momentum space, the equation of

motion becomes:

Ei
j
′′(k) + 2HEi

j
′(k) + k2Ei

j(k) = 2∆(a)δΣi
j(k), (5.6.9)

where we denote the momentum dependence of the Fourier mode by means of Ei
j(k) instead

of the usual notation (Ei
j)k, in order to avoid notational clutter.

In full generality, the above equation of motion for the tensor perturbation (written in
momentum space) mimics that of a driven harmonic oscillator with driving term proportional
to δΣi

j(k) and friction term 2HEi
j
′(k). For single-field inflation, however, we know that no
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anisotropic stress contribution is generated and hence equation of motion reduces to that of
a damped undriven oscillator:

E′′
ij + 2HE′

ij − ∂2Eij = 0. (5.6.10)

As the tensor perturbation to the metric satisfies a wave equation, it is evident that Ei
j

follows a wave behavior and are hence referred to as gravitational waves. The above equation
of motion can be obtained from the following action:

SE =
M2

pl

2

∫
d3x dτ

(
E′

ijE
ij ′ − ∂iEjk∂

iEjk
)
, (5.6.11)

where the factor of M2
pl/2 is included to make Eij manifestly dimensionless. Note that in

the literature the prefactor M2
pl/8 is used frequently as well, corresponding to a perturbed

spatial metric of the form gij = a2(δij + Eij), omitting the additional factor of two used in
our definition.

Decomposing the gravitational wave in terms of its momentum modes yields:

Eij(τ,x) =

∫
d3k

(2π)3
Eij(τ,k) e

ik·x. (5.6.12)

In Fourier space, the symmetry, tracelessness and transversality constraints become:

Eij(τ,k) = Eji(τ,k), Eii(τ,k) = 0, kiEij(τ,k) = 0. (5.6.13)

In general, the tensor Eij constitutes nine independent components. However, due to the
three constraints the number of independent components reduces to two, as there arise three
constraints from both symmetry and tranversality in addition to the one coming from trace-
lessness.

The two remaining independent degrees of freedom correspond to the two (linear) polariza-
tion modes of the gravitational wave. On account of rotational invariance of the background,
we can choose k to point in the z-direction and hence the non-vanishing components of the
tensor Eij(k) become:

E(1) ≡ E11 = −E22, E(2) ≡ E12 = E21. (5.6.14)

Using these amplitudes and the corresponding polarization tensors, the Fourier mode of the
gravitational wave Eij(k) can be expanded as the sum of those two polarization modes:

Eij(k) =
∑

(γ=1,2)

E(γ)(τ,k)e
(γ)
ij (k̂), (5.6.15)

where E(γ) and e
(γ)
ij correspond to the amplitude and polarization tensor of the mode (γ),

respectively. The polarization tensors for the modes can be written as:

e
(1)
ij =

1√
2

1 0 0
0 −1 0
0 0 0

 , e
(2)
ij =

1√
2

0 1 0
1 0 0
0 0 0

 , (5.6.16)

and are subject to the orthogonality and reality constraints:

e
(γ)
ij e

(γ′)
ij

∗ ≡ 2δ(γ,γ′), e
(γ)
ij (k̂)∗ = e

(γ)
ij (−k̂). (5.6.17)
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Often it is convenient to work with polarization tensors defined in the circular basis, instead
of the linear polarization tensors given above. In terms of the linear polarization tensor, the
circular ones are defined as:

e
(+,×)
ij ≡ e

(1)
ij ± ie

(2)
ij , (5.6.18)

where the plus corresponds to the (+) (right-handed) polarization.

By making a field redefinition, the action SE (Eq. 5.6.11) can be recasted in a form very
similar to the Mukhanov-Sasaki action for scalar perturbations (Eq. 5.2.13). The required
field redefinition is given by:

fij ≡
aM2

pl√
2
Eij , (5.6.19)

and induces the action to change to:

SE =
M2

pl

2

∫
dτ d3x

[
f ′ijf

ij ′ − ∂ifjk∂
if jk +

a′′

a
fijf

ij
]
. (5.6.20)

The corresponding equation of motion in Fourier space then reads:

f ′′ij(k) +
[
k2 − a′′

a

]
fij(k) = 0. (5.6.21)

Note that the polarization tensors posses no time-dependence and hence they can be factored
out to give two equation of motions identical to the MS equation (Eq. 5.2.14), one for each
of the two polarization modes:

f ′′(γ)(k) +
[
k2 − a′′

a

]
f(γ)(k) = 0. (5.6.22)

Notice that this equation is equivalent to the massless limit (mχ → 0) of the equation
of motion for the Toy model field σ (Eq. 3.5.11). In other words, the amplitude of the
gravitational wave modes behaves as fluctuations in a massless scalar field. Hence, for each
polarization mode we can take over the results from section 3.5, with the understanding that
the parameter ηχ ∝ mχ vanishes. To be more specific, let us define the parameter µ ≡ 3/2+ε
which is equivalent to the parameter νχ defined in section 3.5 for the case ηχ = 0. The term
a′′/a in the above equation of motion can then be expanded in terms µ as follows:

a′′

a
= H2(2− ε) =

1

τ2
(µ2 − 1/4). (5.6.23)

The equation of motion than becomes:

f ′′(γ)(k) +
[
k2 − µ2 − 1/4

τ2

]
f(γ)(k) = 0, (5.6.24)

which is equivalent to Eq. 3.5.18 under the replacement νχ → µ.

Therefore, we can take over the results of the super-horizon evolution of the field modes
as given in Eq. 3.5.49 under the replacement, yielding:

lim
|kτ |→0

|f(γ)(k)| =
C(µ)√
2k

(
k

aH

)1/2−µ

, C(µ) ≡ 2µ−3/2 Γ(µ)

Γ(3/2)
→ 1, (5.6.25)
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where we used the fact that C(µ) approaches unity in the limit µ→ 3/2. The power spectrum
for gravitational waves can now be evaluated after horizon crossing. By definition, the power
spectrum is given by:

PE =
k3

2π2
E∗

ijE
ij =

k3

2π2

∑
(γ,γ′)

E(γ)E(γ′)e
(γ)
ij e

(γ′)
ij =

k3

2π2
(
2|E(+)|2 + 2|E(×)|2

)
, (5.6.26)

where we used the orthogonality between the two polarization tensors e
(γ)
ij e

(γ′)
ij

∗ = 2δ(γ,γ′).
As both polarization amplitudes satisfy the same equation of motion, they can combined to
yield:

PE =
k3

2π2
4|E|2, (5.6.27)

i.e. we omit the polarization labels (+,×) on the amplitudes and write E instead. Via the
transformation factor introduced in Eq. 5.6.19, the amplitude E can be written in terms
of f , which allows us to use the results form section 3.5 to evaluate the power spectrum of
gravitational waves. Transforming E into f and substituting the super-horizon result for the
mode function f according to Eq. 5.6.25 yields:

PE =
k3

2π2
8

a2M2
pl

|f |2 = 8

M2
pl

(
H

2π

)2( k

aH

)3−2µ

≡ A2
T

(
k

aH

)nt

. (5.6.28)

In the last equality we defined the tensor amplitude AT and the tensor spectral index nt as
follows:

nt ≡
d lnPE

d ln k
= 3− 2µ = −2ε. (5.6.29)

In the case of slow-roll, the tensor spectrum becomes scale invariant. Contrary to the
scalar spectrum (Eq. 5.4.32), which depends on both H and ε, the tensor power spectrum
solely depends on the Hubble parameter. Hence, in the slow-roll approximation, the Hubble
parameter at horizon exit (i.e. the end of inflation) uniquely determines PE . Therefore, if
the gravitational wave power spectrum could be measured empirically, it would allow us to
estimate the energy scale at which inflation occurred in a model-independent sense,9 since
the Hubble parameter is directly related to the energy density via the Friedmann equation.

Since primordial gravitational waves are not observed yet, only provide an (upper) bound
on the correlation between the amplitudes of the scalar and tensor spectra can be obtained
observationally. The correlation is measured via the ratio r of the scalar and tensor amplitudes
(i.e. the power spectra at the pivot scale, see Eq. 3.4.6):

r ≡
A2

T

A2
S

, (5.6.30)

Since we know that the scalar and tensor spectral amplitudes are given by:

A2
S =

1

2εM2
pl

(
H

2π

)2

, A2
T =

8

M2
pl

(
H

2π

)2

, (5.6.31)

we find that r can be written as follows:

r = 16ε ' 16εV, (5.6.32)

where we used the slow-roll approximation in the last equality to replace ε by εV.

9Model-independent, in this case, means independent of the choice of inflaton potential V (φ).



Chapter 6

Evolution Outside the Horizon

“By looking far out into space we are also looking far back into time, back toward
the horizon of the universe, back toward the epoch of the Big Bang.”

— Carl Sagan

In order to relate inflationary predictions to late time observables such as the temperature
anisotropies in the CMB, we have to show that the curvature perturbation R is constant on
super-horizon scales. The condition of Ṙ = 0 on super-horizon scales is required because,
as the modes of cosmological interest are outside the horizon, the universe is believed to go
through the era of reheating. This era essentially forms the transition from the inflationary
era to the conventional radiation and matter dominated eras, as described by conventional
Big Bang cosmology. However, the physics during the stage of reheating is very uncertain,
even the equations governing the evolution of the perturbations are not well-known. By
encompassing the perturbations in a quantity – the comoving curvature perturbation R –
that is constant on super-horizon scales, one completely avoids the issues concerned with lack
of knowledge during the stage of reheating.

In this chapter, we will therefore focus in on the (non-)evolution of perturbations on
super-horizon scales.1 First, we will define more quantitatively what is meant by the super-
horizon limit or a Fourier mode k being outside the horizon. Recall that during inflation,
the comoving Hubble sphere ((aH)−1) decreases, while the comoving wavelength k−1 of a
specific Fourier mode is constant (Fig. 3.2). Hence, after a sufficient number of e-foldings,
the comoving Hubble radius becomes substantially smaller than the mode wavelength:

k

aH
� 1,

and the mode k is said to be outside the horizon. Typically, this condition can be replaced by
the limit k → 0, so that spatial derivative ∂i and gradient terms ∂2, which are proportional
to k respectively k2 in Fourier space, can be neglected. However, the condition (k/aH) � 1
is not equivalent to the limit k → 0, and in some cases the replacement of the first by the
second leads to difficulties [6]. However, for most inflationary models the limit k → 0 can be
made safely and this will be done in the rest of this chapter.

In this chapter, we will provide three different proofs presented in the literature for the
constancy of the comoving curvature perturbation R outside the horizon. In this respect, this
chapter summarizes some different possible approaches taken in the literature to show that

1For the gravitational potential Ψ, we already concluded that it is constant on outside the horizon in
section 5.1.
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R does not evolve on super-horizon scales. However, before we give these different proofs, we
will derive the important statement that outside the horizon the curvature perturbation on
slices of uniform energy density is equal the comoving curvature perturbation in section 6.1,
that is:

ζ = R.

This result will be at the core of the different proofs as it allows us to show that ζ̇ = 0, which
is often more convenient, and then conclude that R is conserved as well based on the above
relation. The first proof will be given in section 6.2 and is completely based on the perturbed
field equations and therefore only applies to Einstein gravity. The second proof (section 6.3)
relies on the conservation of energy and momentum, but is independent of the considered
theory of gravitation and therefore more general. However, as we will show, both of these
proofs rely on the assumption that perturbations are adiabatic (section 4.6). The third and
final proof to be given, coming from Weinberg [90], does not rely on the assumption that
perturbations are adiabatic, but instead shows that there are always2 two adiabatic solutions
for R outside horizon, of which one is non-zero and constant and the other is a decaying
mode.3

6.1 Equality of ζ and R Outside the Horizon

Outside the horizon, i.e. in the limit k → 0, one can show that the comoving curvature
perturbation R coincides with the comoving curvature perturbation on slices of uniform
energy density ζ. We will show two approaches to arrive at this result. The first applies to
a scalar field (e.g. the inflaton) and solely employs its energy-momentum tensor, i.e. it is
independent of the theory of gravitation. The second approach is based on the perturbed
field equations for an arbitrary perfect fluid, but constrains to Einstein gravity, whereas the
first approach does not.

6.1.1 Energy-Momentum Approach: Uniform Density Gauge

We will show here that R and the comoving curvature perturbation on slices of uniform
energy density ζ are equal to each other in the uniform density gauge, by using solely the
perturbed energy-momentum tensor for a scalar field. To show this, we invoke the results for
the purely temporal and spatial components of the perturbed energy-momentum tensor (Eq.
4.8.31):

δT 0
0 = −δρ = Φφ′2 − δφ′ φ′ − δφVφa

2, (6.1.1)

δT i
j = δPδij =

(
−Φφ′2 + δφ′ φ′ − δφVφa

2
)
δij . (6.1.2)

Combining the above equations gives the following result for the difference between the
density and pressure perturbations:

δρ− δP = 2a2δφVφ. (6.1.3)

For single-field inflation the perturbations are adiabatic and hence the pressure and density
perturbations are related via the sound speed c2s as δP(ad) = c2sδρ. Hence, in going to the

2That is, irrespective of the constituents of the universe.
3It should be mentioned that the last proof is more precise but therefore also more convoluted and detailed

than the preceding two.
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uniform density gauge by setting δρ ≡ 0, the pressure perturbation vanishes as well and the
l.h.s. of the above equation is zero. Assuming Vφ 6= 0, we find that δφ = 0 as well so that:

δρ = δφ = 0, (6.1.4)

in the uniform density gauge. By definition of ζ and R:

ζ = Φ+Hδρ

ρ′
, R = Φ+Hδφ

φ′
, (6.1.5)

they are equal to each other for δρ = δφ = 0. Therefore, we have shown that ζ and R are
equal to each other in the uniform density guage and hence the conservation equation (Eq.
6.3.11) for adiabatic perturbations holds for R as well.

6.1.2 Field Equations Approach: Newtonian Gauge

Now, we will show the equivalence of ζ and R outside the horizon for a generic fluid (i.e.
possibly with non-anisotropic stress at first order) by means of the field equations in Newto-
nian gauge. As described in Appendix D.4, by construction ζ coincides with Ψ on slices of
constant energy density (δρ ≡ 0) and it is related to arbitrary gauge by:

ζ ≡ ΨUD = Ψ+Hδρ

ρ′
= Ψ− δρ

3(ρ+ P )
, (6.1.6)

where in the last equality we used the continuity equation. As the r.h.s. applies to arbitrary
gauge, we can specify to the comoving gauge, in which case ΨC ≡ R (Appendix D.4) and we
obtain:

ζ = R− δρC
3(ρ+ P )

. (6.1.7)

In order for ζ and R to coincide outside the horizon, we thus have to show that term
proportional to δρC vanishes in the super-horizon limit k → 0. We will do this by using the
perturbed field equations (Eqs. 4.9.16–4.9.19) for a non-perfect fluid at first order (i.e. we
allow for anisotropic perturbations). However, Eqs. 4.9.16–4.9.19 are defined in Newtonian
gauge and we require an expression for δρ in the comoving gauge. To find a relation between
δρC and variables in the Newtonian gauge, we use the scalar gauge transformation rule (Eq.
4.3.39) applied to δρ, yielding:

δρC = δρN − ρ′ξ0, (6.1.8)

where the temporal shift is the one to go needed to go from the Newtonian gauge to the
comoving orthogonal gauge, i.e. ξ0 = −v.4 Hence, using the continuity equation we obtain:

δρC = δρN − 3H(ρ+ P )vN. (6.1.10)

Now we can re-express the above expression in terms the gravitational potential Ψ by using
Eqs. 4.9.16 and 4.9.17:

∂2Ψ− 3H(Ψ′ +HΦ) = ∆(a)δρ, (6.1.11)

−∂i(Ψ′ +HΦ) = ∆(a)(ρ+ P )vi. (6.1.12)

4Recall that the temporal shift required to form arbitrary gauge to the comoving orthogonal gauge is:

ξ0 = −(v +B), (6.1.9)

on account of Eq. D.4.5. However, in Newtonian gauge B = 0 so we get ξ0 = −v as the shift to go to the
comoving orthogonal gauge.
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Multiplying the second by 3H and adding it to the first gives the constraint equation:

δρN − 3H(ρ+ P )vN =
∂2Ψ

∆(a)
= δρC. (6.1.13)

Substituting this result for δρC into Eq. 6.1.7 gives:

ζ = R− ∂2Ψ

3∆(a)(ρ+ P )
. (6.1.14)

Outside the horizon (k → 0), the gradient term ∂2Ψ vanishes as it is proportional to k2 in
Fourier space. Hence, we find that ζ and R indeed coincide outside the horizon.

6.2 Field Equations Approach

Here, we will show that the comoving curvature perturbation R is constant outside the
horizon for adiabatic perturbations, based on the perturbed field equations in Newtonian
gauge. By explicitly using the field equations, the validity of the proof is thus limited to
Einstein gravity.5 In the Newtonian gauge, R is defined as:

R = Ψ−Hv. (6.2.1)

Using the field equations for a generic fluid in Newtonian gauge (Eqs. 4.9.16–4.9.19), we can
eliminate the velocity potential in favor of the gravitational potentials:

v =
2

3H2(1 + w)
(Ψ +HΦ), (6.2.2)

where the equation of state w = P/ρ is evaluated at background level. Substituting this
result in the expression for R, and taking the conformal time derivative we obtain, after
some algebraic manipulations:

R′ = Ψ′ − 2w′

3(1 + w)2
(H−1Ψ′ +Φ)− 2

3(1 + w)

(
−H−1Ψ′′ +

H′

H2
Ψ′ − Φ′

)
. (6.2.3)

In Appendix E.1 it is shown that, using the field equations in Newtonian gauge, the above
equation can be rewritten as:

R′ = − 2H
3(1 + w)

(
k

H

)2 [
c2sΨ+

1

2
(Ψ− Φ)

]
− 3Hc2sS. (6.2.4)

In the super-horizon limit, corresponding to k/H → 0, we find that the evolution of the
comoving curvature perturbations is solely sourced by the isocurvature perturbation S, that
is:

lim
k/H→0

R′ = −3Hc2sS. (6.2.5)

Therefore, for adiabatic perturbations, we find that the comoving curvature perturbation
does not evolve outside the horizon, since we can set the isocurvature perturbation to zero:
S = 0. As single-field inflation produces adiabatic perturbations, we conclude that R is
conserved in the single-field scenario.

5In the next section, however, we will derive the evolution of R outside the horizon from energy-momentum
conservation (i.e. independent of the considered metric theory of gravity) and show that the result is the same.
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6.3 Energy-Momentum Approach

In this section, we will prove that R does not evolve on super-horizon scales, based on
energy-momentum conservation (i.e. independent of the considered theory of gravitation).
In other words, the proof is independent of the equations governing the evolution of the
perturbations, in contrast to the proof given in the previous section. The proof presented
here will be performed at linear order in perturbations, and is partially based on [74].6

Energy and momentum conservation can be expressed as the following condition on the
energy-momentum tensor:

∇µT
µν = 0. (6.3.1)

For a perturbed energy-momentum tensor Tµ
ν = T̄µ

ν + δTµ
ν , the above energy-momentum

conservation equation for the perturbed part can be written as:

∇µδT
µ
ν = 0. (6.3.2)

Assuming a scalar perturbed perfect fluid quantified by an energy density ρ, pressure P , 3-
velocity potential v and vanishing anisotropic stress tensor δΣ = 0, the perturbed components
δTµ

ν can be written as (Eq. 4.8.24):

δT 0
0 = −δρ, δT i

0 = −(ρ+ P )vi, δT i
j = δPδij . (6.3.3)

On account of the Helmholtz theorem, the velocity can decomposed into scalar and vector
components vi = ∂iv + v̂i. Considering only scalar perturbations, the δT i

0 perturbation can
be written as:

δT i
0 = −(ρ+ P )∂iv, (6.3.4)

where v is called the velocity potential. Evaluating Eq. 6.3.2 outside the horizon for a scalar
perturbed metric in arbitrary gauge, yields:

δρ′ = 3Ψ′(ρ+ P )− 3H(δρ+ δP ). (6.3.5)

In Appendix E.2, we will discuss in more detail how this equation is derived.

Now, in order to proceed, it proves convenient to go to the uniform density gauge, defined
by the constraint δρ ≡ 0. In this gauge, the curvature perturbation on slices of uniform
energy density can be written as:

ζ ≡ Ψ+Hδρ

ρ′
δρ ≡ 0−−−−→ ζ = Ψ, (6.3.6)

by the very definition of ζ and hence ζ ′ = Ψ′. The equation for δρ′ can then be rewritten as:

ζ ′(ρ+ P ) = HδP. (6.3.7)

The generic pressure perturbation δP can be decomposed into adiabatic and non-adiabatic
parts:

δP = δPad + δPnad. (6.3.8)

6In the context of quantum mechanics, the conservation of R on super-horizon scales is proved in [10] and
[80] as a quantum operator statement for R, which means that the proof is valid at all orders.
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On account of Eq. 4.6.13, we recognize:

δPad ≡ c2sδρ, δPnad = −3c2s(ρ+ P )S. (6.3.9)

where c2s is the sound speed and S is the isocurvature perturbation. That is, for the adiabatic
part there exists a direct relationship between the pressure and energy density since then
S = 0. In the uniform density gauge, the adiabatic pressure perturbation will therefore
vanish per definition:

δPad
δρ ≡ 0−−−−→ 0. (6.3.10)

In contrast to the adiabatic pressure perturbation, the non-adiabatic part will survive in the
uniform density gauge.

Therefore, we can now obtain a first order equation for the time evolution of ζ on super-
horizon scales in the uniform density gauge, where δP = δPnad:

ζ ′ = R′ = H δPnad

(ρ+ P )
= −3c2sHS, (6.3.11)

where we have used the fact that ζ and R are equal outside the horizon. Notice that, dispite
of the completely different approach taken here compared to the previous section, we obtain
exactly the same result for the super-horizon evolution of R. From the above equation, we
conclude that if the pressure perturbation is adiabatic (i.e. δPnad = 0 or equivalently S = 0),
the curvature perturbation ζ = R is constant outside the horizon. For single-field inflation,
we already argued that the perturbations are of the adiabatic type.

6.4 Weinberg’s Proof

Given its significance in the connection to late observables, a generic and rigorous proof for the
constancy of the curvature perturbation on super-horizon scales is very important. However,
the two proofs given before still rely on specific and arguably non-trivial assumptions and
are therefore not completely rigorous. Here, we will review a proof by Weinberg [90] for the
non-evolution of R on super-horizon scales. Before we review the proof, we will first give an
explanation as to motivate why the preceding two proofs are not completely rigorous.

As the modes of cosmological interest are on super-horizon scales, the universe is believed
to go through the era of reheating, in which the degrees of freedom during inflation decayed
into the degrees of freedom of the standard model of particle physics. However, this process is
not well known and even the dynamical equation governing the evolution of the perturbations
are not well known. Notice that this observation cannot be reconciled with the assumptions
underlying the proof based on the perturbed field equations. The second proof, based on
the assumption that energy-momentum conservation for the perturbed stress-tensor applies,
does not rely on the details of the perturbation equations. Nevertheless, we had to impose
that the perturbations are of the adiabatic type and hence δPnad = 0 (which is indeed the
case in the single-field scenario).

Weinberg’s proof does not rely on such assumptions and shows that there exists always
an adiabatic mode that freezes on super-horizon scales. To be more precise, Weinberg shows
that, irrespective of the constituents of the universe, there always exists a pair of solutions
in the super-horizon limit (k → 0) of the following form:

1. A constant non-vanishing mode: R 6= 0 and Ṙ = 0,
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2. A decaying mode: R = 0 and Ṙ = 0.7

In order to show the existence of such a pair of solutions irrespective of the constituents of
the universe, i.e. without specifying the perturbations (e.g. δρ, δP and v), we need to take
a different approach in which we need not specify the perturbations explicitly.

We will follow Weinberg and consider a spatially homogeneous universe in which the per-
turbations only obey temporal dependence. In this case, it can be shown that the Newtonian
gauge field equations in the super-horizon limit (k → 0) are invariant under specific gauge
transformations that are not symmetries of the unperturbed metric. Notice the similarity
to Goldstone’s theorem in QFT in this respect: since the metric satisfies the field equations
before and after the induced gauge transformation, the change in the metric (as induced by
the transformation) must also be a solution to the field equations. The constant mode R on
super-horizon scales takes the place of the Goldstone mode which becomes a free particle in
the limit of long-wavelength [92].

However, notice that in the limit k → 0, the advocated solutions are just gauge modes,
which are not necessarily physical. In order for them to physical, they should be extendable
to the k 6= 0 regime, i.e. they should be the k → 0 limit to solutions of the field equations for
arbitrary wavenumber. Extending the gauge modes to the k 6= 0 regime results in a number
of constraints on the solutions as imposed by the field equations for arbitrary wavelength.

6.4.1 Evolution of R on Super-Horizon Scales

To start, we will derive an equation governing the evolution of the curvature perturbation
on super-horizon scales in the Newtonian gauge. We will start from Eq. 6.3.5, which is the
super-horizon limit (k/aH � 1) of the perturbed energy-momentum conservation equation
(Eq. 6.3.2):

δρ̇+ 3H(δρ+ δP ) = 3(ρ+ P )Ψ̇. (6.4.2)

The curvature perturbation on slices of uniform energy density can be written as:

ζ = Ψ+H
δρ

ρ̇
= Ψ− δρ

3(ρ+ P )
, (6.4.3)

where we used the background energy conservation equation ρ̇ = −3H(ρ + P ). The time
derivative of the curvature perturbation on slices of uniform energy density can be written
as:

ζ̇ = Ψ̇− δρ̇

3(ρ+ P )
+
δρ(ρ̇+ Ṗ )

3(ρ+ P )2
=
Ṗ δρ− ρ̇ δP

3(ρ+ P )2
≡ X, (6.4.4)

where in the second equality we substituted the super-horizon result for δρ̇ from Eq. 6.3.5
and hence X is only equal to the time derivative of ζ outside the horizon. Since R = ζ
outside the horizon, we find that on those scales:

Ṙ = ζ̇ =
Ṗ δρ− ρ̇ δP

3(ρ+ P )2
≡ X. (6.4.5)

7In the next subsection, we will show that outside the horizon Ṙ = X with:

X ≡ Ṗ δρ− ρ̇ δP

3(ρ+ P )2
. (6.4.1)

In terms of X, the theorem thus states that there always exists a pair of solutions for which the first mode is
constant and the second mode decays towards zero, while both modes satisfy X → 0 (no evolution).
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Hence, in terms of X the task is to show that outside the horizon, whatever the constituents
of the universe are, there always exists a pair of solutions of the form:

1. A constant non-vanishing mode: R 6= 0 and X → 0,
2. A decaying mode: R = 0 and X → 0.

6.4.2 Gauge Transformations, Modes and Lie derivatives

Following Weinberg, we will consider a spatially homogeneous perturbed universe and show
in the next subsection that outside the horizon (k → 0), the Newtonian gauge allows for the
existence of gauge modes.8 Here, we will first review gauge transformations and the associated
Lie derivatives. Then, we will discuss the notion of gauge modes. The more general concepts
developed here will be applied subsequently to show the existence of the gauge modes in a
spatially homogeneous perturbed FRW universe.

Consider the coordinate transformation:

xµ → x̃µ = xµ + ξµ(t,x), (6.4.6)

where we assume the space-time dependent shift ξµ to be infinitesimal. Under such a coor-
dinate transformation, the metric changes as:

gµν(x) → g̃µν(x̃) = gλκ(x)
∂xλ

∂x̃µ
∂xκ

∂x̃ν
. (6.4.7)

Here we denote the space-time dependence by means of x between parentheses. Notice
that such a coordinate transformation affects the coordinates, background fields and the
perturbations. Therefore, it is more convenient to work with gauge transformations instead,
which act only on the perturbations. Furthermore, gauge transformations posses the property
that they leave the (perturbed) Einstein field equations (EFE’s) invariant. This property will
exploited when discussing gauge modes below.

There exists a general prescription to construct gauge transformations from coordinate
transformations (such as the one above), which we will review here first (based on [92]). Gauge
transformations are obtained, after performing the coordinate transformation, by relabelling
the coordinates by dropping the tilde on the coordinate argument (i.e. x̃→ x) and attributing
the whole change in the metric gµν = ḡµν+δgµν (as induced by the coordinate transformation)
to a change only in the perturbation δgµν . The change in the perturbation, denoted as
∆(δgµν), can then be written as:

∆(δgµν)(x) ≡ g̃(x)− gµν(x) = δg̃µν(x)− δgµν(x), (6.4.8)

where the second equality follows from the fact that the background metric is the same in
both frames, ˜̄gµν = ḡµν . In Appendix E.3, we will show that ∆(δgµν) can be written to first
order in the form:

∆(δgµν)(x) = −ḡµκ∂νξκ − ḡκν∂µξ
κ − ∂κḡµνξ

κ. (6.4.9)

The right hand side of the above expression is known as the Lie derivative of the metric,
denoted as:

∆(δgµν)(x) ≡ ∆ξ gµν(x), (6.4.10)

8As mentioned above, to show that these gauge modes are physical, we will subsequently extend them to
the k 6= 0 regime.
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see e.g. section 10.9 of [89].

The EFE’s will be invariant solely if the same gauge transformation is also applied to
all other tensors present, and in particular the energy-momentum tensor. Hence, we have to
transform the perturbation δTµν in a similar manner:

δTµν → δTµν +∆(δTµν). (6.4.11)

The explicit expression for ∆(δTµν) can be written as follows and equals the Lie derivative
of the energy-momentum tensor:

∆(δTµν) = −T̄λµ∂νξλ − T̄λν∂µξ
λ − ∂λT̄µνξ

λ ≡ ∆ξ Tµν(x). (6.4.12)

Motivated by the fact that the proof to be given has to hold for any (perhaps unknown)
matter constituent, ware are not to explicitly specify the form of the energy-momentum
tensor. However, based on the Cosmological Principle (see sections 1.3.1 and 4.8.1), we
expect the zeroth order energy-momentum tensor for any constituent to take the form of
that for a perfect fluid:

T̄µν = Pgµν + (ρ+ P )UµUν , (6.4.13)

with U0 = −1 and Ui = 0 (i.e. we work in the local rest frame). The explicit non-vanishing
components are T̄00 = ρ and T̄ij = a2δijP . We expect possible deviations from the perfect
fluid description to arise only at first (or higher) order in perturbations.

Gauge Modes

With the notions of gauge transformation and Lie derivatives at our disposal, we will give
a more precise definition of gauge modes. Observe that the linearly perturbed EFE’s are
linear differential equations, which are generically solved by the perturbed metric δgµν and
the corresponding energy-momentum tensor δTµν . Collectively, we may denote the solution
to the EFE’s as:

{δgµν , δTµν}. (6.4.14)

As mentioned above, gauge transformations leave the field equations invariant. Hence, the
gauge transformed metric and energy-momentum tensor also satisfy the EFE’s. That is, the
EFE’s are also solved by:

{δgµν +∆ξgµν , δTµν +∆ξTµν}. (6.4.15)

This solution governs the exact same physical content as the first set of solutions.

Now, since the above two sets solve the perturbed field equations, their difference will
also solve the equations, since they are linear differential equations. That is, a third solution
is given by:

{∆ξgµν ,∆ξTµν}. (6.4.16)

Solutions of this sort are referred to as gauge modes, since they can be regarded as be-
ing generated by the gauge transformation. To summarize, since {δgµν , δTµν} and {δgµν +
∆ξ gµν , δTµν +∆ξ Tµν} are solutions, their difference {∆ξ gµν ,∆ξ Tµν} must also be a solu-
tion. Although this subtle observation might appear trivial, we will find that it constitutes a
key ingredient to the proof.
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Application to Perturbed FRW Space-Time

We will now evaluate the expressions for ∆(δgµν) and ∆(δTµν) in case of the flat FRW metric
in cosmic time, for which ḡ00 = −1 and ḡij = a2δij . In other words, we will construct the
gauge modes for a flat FRW universe. In cosmic time, the perturbed metric components are:

δg00 = −2Φ,

δg0i = aBi,

δgij = −2a2(Ψδij − Eij), (6.4.17)

different from the expressions given in conformal time in section 4.3. The explicit components
of ∆(δgµν) can be written as:

∆(δg00) = −2ξ̇0,

∆(δg0i) = −∂iξ0 − ξ̇i + 2Hξi,

∆(δgij) = −2∂(iξj) + 2aȧξ0δij . (6.4.18)

In the above, the index on ξ is raised and lowered using the FRW metric, so that ξ0 = −ξ0
and ξi = a2ξi.

In order to examine the effect of the gauge transformation on the scalar, vector and tensor
(SVT) components in the perturbed metric, we decompose the spatial part of the shift vector
ξi as:

ξi = ∂iξ + ξ̂i, (6.4.19)

where ∂iξ̂i = 0. Under this decomposition, the mixed and spatial components become:

∆δg0i = −∂iξ0 − ∂iξ̇ − ˙̂
ξi + 2H(∂iξ + ξ̂i),

∆δgij = −2∂i∂jξ − 2∂(iξ̂j) + 2aȧξ0δij , (6.4.20)

and the purely temporal component does not change.
We will now consider how these expressions correspond to changes in the perturbations

as induced by the gauge transformation. In the SVT-decomposed form of the perturbations,
the expression for ∆(δgµν) is given by:

∆(δg00) = −2∆Φ,

∆(δg0i) = a(∂i(∆B) + ∆B̂i),

∆(δgij) = −2a2(∆Ψδij −∆Eij), (6.4.21)

and the tensor perturbation is decomposed in the usual way:

∆Eij = ∂i∂j∆E + ∂(i∆Êj) +∆Êij . (6.4.22)

Equating the first equation in Eqs. 6.4.18 with the first in Eqs. 6.4.21 yields the following
relation between ∆Φ and ξ0:

∆Φ = ξ̇0. (6.4.23)

Similarly, equating the remaining equations gives the following expressions for the individual
SVT-components:

∆B =
1

a
(−ξ0 − ξ̇ + 2Hξ), ∆B̂i =

1

a
(− ˙̂
ξi + 2Hξ̂i),

∆Ψ = −Hξ0, ∆E = −ξ/a2, ∆Êi = −ξi/a2, ∆Êij = 0. (6.4.24)
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Notice that the purely tensorial perturbation Êij is not affected by the gauge transformation:
in line with the conclusion drawn in section 4.3.2.

We will now proceed by considering the energy-momentum tensor. Perturbing the back-
ground energy-momentum tensor (Eq. 6.4.13) to first order and allowing for anisotropic stress
contributions in the form of δΣµν , we obtain:

δTµν = δPgµν + Pδgµν + (δρ+ δP )UµUν + (ρ+ P )(δUµUν + UµδUν) + δΣµν . (6.4.25)

As discussed before, the anisotropic contribution can be taken purely spatial. Using cosmic
as the evolution variable,9 and invoking the results δU0 = δU0 = δg00/2 and δU i ≡ vi from
section 4.8.1 gives:

δT00 = δρ− ρδg00,

δTi0 = Pδgi0 − (ρ+ P )vi,

δTij = Pδgij + a2(δijδP + δΣij). (6.4.26)

For later convenience, we decompose the above expressions into SVT parts, which amounts
to making the substitutions:

vi = ∂iv + v̂i, δΣij = ∂i∂jδΣ+ ∂(iδΣ̂j) + δΣ̂ij . (6.4.27)

The purely vectorial and tensorial perturbations introduced above satisfy the constraints:

∂iv̂i = ∂iδΣ̂i = ∂iδΣ̂ij = δΣ̂ii = 0, (6.4.28)

in analogy with the divergenceless 3-vector β̂i and 3-tensor γ̂ij introduced in section 4.2. The
mixed and purely spatial components then become:

δTi0 = Pδgi0 − (ρ+ P )(∂iv + v̂i),

δTij = Pδgij + a2(δijδP + ∂i∂jδΣ+ ∂(iδΣ̂j) + δΣ̂ij). (6.4.29)

Under the gauge transformation, the perturbed elements of the energy-momentum tensor
change according to Eq. 6.4.12 as follows:

∆(δT00) = 2ρξ̇0 + ρ̇ξ0,

∆(δTi0) = −P ξ̇i + ρ∂iξ0 + 2HPξi,

∆(δTij) = −2P(iξj) + (2aȧ+ a2Ṗ )ξ0δij . (6.4.30)

After substituting the scalar-vector decomposition for the spatial shift ξi = ∂iξ + ξ̂i and the
velocity vi = ∂iv + v̂i, we can identify the transformations of all perturbations by equating
the above equations to the corresponding expressions for ∆(δTµν), which can be obtained
from Eqs. 6.4.26 as:

∆(δT00) = ∆(δρ)− ρ∆(δg00),

∆(δTi0) = P∆(δgi0)− (ρ+ P )(∂i∆v +∆v̂i),

∆(δTij) = P∆(δgij) + a2 (δij∆(δP ) + ∆(δΣij)) . (6.4.31)

9This is contrary to section 4.8, in which we used conformal time dτ = dt/a, so the expressions stated
here will be different.
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The transformations of the perturbations δρ, δP and the velocity potential v can be extracted
as:

∆(δρ) = ρ̇ξ0, ∆(δP ) = Ṗ ξ0, ∆v = −ξ0. (6.4.32)

The other ingredients of the perturbed energy-momentum tensor are invariant under the
gauge transformation. In particular:

∆v̂i = ∆(δΣ) = ∆(δΣ̂i) = ∆(δΣ̂ij) = 0. (6.4.33)

6.4.3 Gauge Modes

As mentioned in the previous section, we will now derive that a spatially homogeneous per-
turbed universe allows for gauge modes in the Newtonian gauge in the limit k → 0. In a
spatially homogeneous Newtonian gauge, the scalar and tensor metric perturbations can be
written as:

δg00 = −2Φ(t),

δg0i = aBi(t),

δgij = −2a2(Ψ(t)δij − Eij(t)), (6.4.34)

Now we consider a generic gauge transformation (Eq. 6.4.6) and examine what constraints
are needed on the perturbations to stay in the spatially homogeneous Newtonian gauge after
the transformation.

B Temporal Component.—First we consider δg00 and use the first equation of Eqs. 6.4.18
obtain the required constraint. For δg00 to remain spatially homogeneous, we conclude
that the temporal shift ξ0 must of the form:

ξ0(x, t) = ξ̄(t) + χ(x). (6.4.35)

Then the change in the perturbation, ∆(δg00) can be expressed as:

∆(δg00) = −2ξ̇0 = −2( ˙̄ξ + χ̇) = −2 ˙̄ξ = −2∆Φ(t), (6.4.36)

where the last equality is obtained from Eq. 6.4.23. Hence, ∆Φ can be extracted to be:

∆Φ = ˙̄ξ. (6.4.37)

B Mixed Component.—In order for the perturbation δg0i to preserve the Newtonian gauge
after the transformation, we require ∆(δg0i) ≡ 0 since δg0i vanishes by definition in the
Newtonian gauge. Explicitly:

∆(δg0i)− ∂ξ0 − ξ̇i + 2Hξi = −∂iχ(x)− ξ̇i + 2Hξi ≡ 0. (6.4.38)

This constraint can be used to find a differential equation for the spatial shift:

ξ̇i = −∂iχ(x) + 2Hξi. (6.4.39)

Integrating the above equation gives the solution:

ξi(t,x) = a2(t)fi(x)− a2(t)∂iχ(x)

∫
dt

a2(t)
, (6.4.40)

with fi(x) an arbitrary 3-vector with spatial dependence.
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B Spatial Component.—Inserting the above expression for ξi(t,x) into the expression for
∆(δgij) yields:

∆(δgij) = −2a2∂(ifj) − 2∂i∂jχ(x)a
2(t)

∫
dt

a2(t)
+ 2aȧ(χ(x) + ξ̄(t)). (6.4.41)

In order not to introduce any spatial-dependence in ∆(δgij), we conclude that χ must
be a constant without spatial dependence. In that case, in can be absorbed into the
definition of ξ̄ so that χ ≡ 0 and the second term in the above expression vanishes.
By similar reasoning, the vector fi(x) must take the form fi(x) = ωijx

j , with ωij a
constant matrix since then:

2∂(ifj) = (ωij + ωji). (6.4.42)

Now, ∆(δgij) can be written as follows:

∆(δgij) = −a2(ωij + ωji) + 2aȧξ̄(t). (6.4.43)

To proceed and identify the contributions in the above expression with the changes in
the perturbations ∆Ψ and ∆Eij , we first split the generic rank two tensor ωij into the
irreducible representations of the rotation group SO(3). The decomposition reads [22]:

ωij =
1

3
ωkkδij +

1

2
(ωij − ωji) +

1

2

(
ωij + ωji −

2

3
ωkkδij

)
, (6.4.44)

where the first term in the above decomposition is invariant under spatial rotations.
The second term is the antisymmetric part whereas the third is symmetric and hence
they do not couple under SO(3) rotations. Notice that antisymmetric contribution can
be omitted, as the unperturbed FRW metric is invariant under spatial rotations [92]
and hence considering an antisymmetric contribution to ωij has no effect, i.e. we take
ωij = ωji. The decomposition then simplifies to:

ωij =
1

3
ωkkδij +

(
ωij −

1

3
ωkkδij

)
. (6.4.45)

In the above and final expression for ωij , the first term transforms as a scalar under
rotations (i.e. it does not transform) and the terms between parentheses constitute a
traceless symmetric tensor and transforms as an ordinary rank 2 tensor. Substituting
the above expression for ωij into Eq. 6.4.43 and setting the resulting expression equal
to Eq. 6.4.21, we obtain:

∆Ψ =
1

3
ωkk −Hξ̄(t), ∆Eij =

1

3
ωkkδij − ωij . (6.4.46)

B Ingredients of the Energy-Momentum Tensor.—Spatial homogeneity also implies that
the ingredients of the perturbed energy-momentum tensor are functions only of time. In
particular, for scalar perturbations (such as the velocity potential v and perturbations
δρ and δP ) we have:

∆(δP ) = −Ṗ ξ̄, ∆(δρ) = −ρ̇ξ̄, ∆v = −ξ̄, ∆(δΣ) = 0, (6.4.47)

and for the vectorial and tensorial contributions:

∆v̂i = ∆(δΣ) = ∆(δΣ̂i) = ∆(δΣ̂ij) = 0. (6.4.48)
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Now we invoke the trivial but powerful observation that since {δgµν , δTµν} and {δgµν +
∆ξ gµν , δTµν +∆ξ Tµν} are solutions to the field equations, their difference {∆ξ gµν ,∆ξ Tµν}
must also be a solution. That is, we conclude that the scalar perturbations:

Ψ = Hξ̄(t)− 1

3
ωkk, Φ = − ˙̄ξ,

δP = −Ṗ ξ̄, δρ = −ρ̇ξ̄, v = ξ̄, δΣ = 0, (6.4.49)

always satisfy the k → 0 field equations in the spatially homogenous Newtonian gauge.10 For
tensor modes, the solutions become:

Eij =
1

3
ωkkδij − ωij , δΣ̂ij = 0. (6.4.51)

In conclusion, Eqs. 6.4.49 and 6.4.51 are solutions for the Fourier transformations of the
scalar en tensor perturbations of zero wavenumber, respectively.

6.4.4 Promoting Gauge Modes to Arbitrary Wavenumber

So far, the solutions (Eqs. 6.4.49 and 6.4.51) for the scalar and tensor perturbations are
merely gauge modes, applicable only at zero wavenumber. For those modes to be physical,
we have to extend them to the regime of arbitrary wavenumber, resulting in a number of
constraints on the solutions. That is, the k = 0 solutions should be the k → 0 limit of
solutions to the field equations in the k 6= 0 regime.

We will consider the perturbed field equations (Eq. 4.9.16–4.9.19) including anisotropic
stress, examine which of them disappear in the limit k → 0 and derive the resulting con-
straints. In Fourier space, vanishing wavenumber implies vanishing partial derivatives, as
∂i ↔ iki. Hence, we consider those field equations which include spatial derivatives and
therefore disappear in the zero wavenumber limit. The equations which disappear are only
Eqs. 4.9.17 and 4.9.19, which read:

−∂i(Ψ′ +HΦ) = ∆(a)(ρ+ P )vi,

∂j∂
i(Ψ− Φ) = 2∆(a)δΣi

j . (6.4.52)

For scalar perturbations in the limit k → 0, the l.h.s. of the first equation vanishes and the
r.h.s. can be rewritten by setting vi = ∂iv to obtain:

0 = ∆(a)(ρ+ P )∂iv. (6.4.53)

Since v = ξ̄(t) possesses no spatial dependence, ∂iv vanishes and the above equation is
trivially satisfied. Therefore, although the first equation vanishes for zero wavenumber, no
additional constraints have to be imposed. The second equation can be rewritten for scalar
perturbations by substituting δΣi

j = δΣ δij . We know that δΣ = 0 is a gauge mode solution.
However, note that this solution implies:

Φ = Ψ, (6.4.54)

in the second equation of Eqs. 6.4.52. Hence, for the scalar gauge modes to be extended to
non-zero wavenumber, we find the constraint that the gravitational potentials must be equal.

10Here we consider a single fluid. For a set of perfect fluids labelled by (α), the results would be [90, 92]:

δP(α) = −Ṗ(α)ξ̄, δρf = −ρ̇(α)ξ̄, δΣ(α) = 0. (6.4.50)
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6.4.5 Existence of Two Adiabatic Modes

Now we will combine the results obtained above to show the existence of two adiabatic modes
for the curvature perturbation on large scales, of which one is a constant mode and the other
decays over time.

Constant Mode

We will start by proving the existence of the constant mode. Using the constraint and Eqs.
6.4.49, we can derive the following evolution equation for the function ξ̄(t):

˙̄ξ = ωkk/3−Hξ̄. (6.4.55)

In addition, by definition of the curvature perturbation in the Newtonian gauge:

R = Ψ−Hv, (6.4.56)

we find using Eqs. 6.4.49 that there exists a constant mode for the curvature perturbation,
denoted by R0, which reads:

R0 ≡ −ωkk/3. (6.4.57)

The differential equation for ˙̄ξ can then be written as:

˙̄ξ = −R0 −Hξ̄, (6.4.58)

whose solution to this differential equation is given by:

ξ̄(t) = − R0

a(t)

∫ t

T
a(t̃) dt̃, (6.4.59)

where the lower integration limit T is arbitrary. On account of the constraint Φ = Ψ and the
expression for Ψ in Eqs. 6.4.49, the solutions to the gravitational potentials become:

Φ = Ψ = R0

[
1− H(t)

a(t)

∫ t

T
a(t̃) dt̃

]
. (6.4.60)

Furthermore, now that we have a solution for ξ̄(t), we can write energy-momentum tensor
ingredients (δP/Ṗ , δρ/ρ̇ and v) as:

δP

Ṗ
=
δρ

ρ̇
= −v =

R0

a(t)

∫ t

T
a(t̃) dt̃. (6.4.61)

Decaying Mode

Since Eq. 6.4.59 is a solution for ξ̄ with any lower integration constant T , the difference
between two such solutions with T2 6= T1 is also a solution. However, for this solution R0 = 0
and so Eq. 6.4.58 reduces to:

˙̄ξ = −Hξ̄, (6.4.62)

which has the solution:

ξ̄(t) =
C
a(t)

, (6.4.63)
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for an arbitrary constant C. As this solution decays away over time it can be ignored at late
times (large values of a) and is therefore the decaying mode. The solutions to the gravitational
potentials and the energy-momentum tensor perturbations become:

Φ = Ψ =
H(t)C
a(t)

,
δP

Ṗ
=
δρ

ρ̇
= −v = − C

a(t)
. (6.4.64)

Notice that as H(t) and a(t) decrease and increase over time, respectively, the gravitational
potentials are indeed also decaying modes.

Adiabicity

In conclusion, we have thus shown that, regardless of the constituents of the universe, the
pair of solutions advocated in the introduction to this section indeed exists. The constant
mode corresponds to:

R0 = −ωkk/3, X → 0, (6.4.65)

with ωkk time-independent and therefore X ≡ Ṙ (Eq. ) tends to zero. The corresponding
solutions to the gravitational potentials and the ingredients of the energy-momentum tensor
are given by Eqs. 6.4.60 and 6.4.61. Moreover, we found a decaying mode for which:

R0 = 0, X → 0, (6.4.66)

and the solutions to the associated perturbations are given by Eqs. 6.4.64.

Notice that for both modes, we have the resulting condition that:

δP

Ṗ
=
δρ

ρ̇
=
δP(α)

Ṗ(α)

=
δρ(α)

ρ̇(α)
, (6.4.67)

where the last two equalities hold in case of multiple fluids labelled by (α). The above result
coincides with the defining condition for adiabatic perturbations (section 4.6, Eq. 4.6.6).
Hence, both obtained solutions are said to be of the adiabatic type. Therefore, we arrive at
an important statement: if the perturbed field equations have no more than two independent
solutions, then any perturbation must be adiabatic.

For single-field inflation, we recall that the curvature perturbation is given by:

Rk = fk/z. (6.4.68)

Hence, we have only one R mode in the case of single-field inflation, which is necessarily
adiabatic by the above theorem. Therefore, perturbations generated by single-field inflation
are adiabatic. To summarize, quantum fluctuations in the inflaton excites solely adiabatic
modes in the comoving curvature perturbation and those remain adiabatic as long as they
are outside the horizon.

6.5 Adiabicity after Single-Field Inflation

In the previous section, we have proven that there always exists a pair of adiabatic solutions
for the comoving curvature perturbation R outside the horizon. Assuming only the inflation
makes a contribution to the energy-momentum tensor during inflation, we have shown that
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quantum fluctuations during inflation excite the adiabatic R-modes. Hence, after single-
field inflation, modes will remain adiabatic as long as they are outside the horizon. This
statement remains valid when the modes enter the reheating stage after inflation (provided
they are still outside the horizon), since the proof for the existence of the adiabatic modes
is valid irrespective of the constituents of the universe.11 Therefore, as long as modes are
outside the horizon, they will remain adiabatic during reheating after single-field inflation.

For the adiabatic mode, the comoving curvature perturbations is a time-independent
constant R0. The gravitational potentials can be written as:

Φ = Ψ = R0(1 +HI), I(t) ≡ −H(t)

a(t)

∫ t

T
a(t̃)dt̃. (6.5.1)

In addition, in terms of I(t), the density and pressure perturbations become:

δρ = −ρ̇I, δP = −ṖI, (6.5.2)

or more generically for any four-scalar S, such as the inflaton φ, the perturbation reads:

δS = −ṠI. (6.5.3)

In case of a system of fluids labelled by (α), the above relations hold for perturbations in
each individual fluid.

The above reasoning contains one weak assumption, namely that the only relevant de-
grees of freedom during inflation are the inflaton and gravitational fields. For reheating to
occur, there must have been other fields12 besides the inflaton and gravitational fields during
inflation, which accommodate the production of matter particles during reheating. Those
additional degrees of freedom did not suddenly come into existence at the onset of the re-
heating stage. In other words, the interaction between the inflaton and matter fields cannot
be completely absent during the inflationary stage. Hence, the assumption that the infla-
ton and gravitional fields are the only degrees of freedom during inflation cannot be true,
although it can still be a reasonable assumption in case the energy density in the matter
fields is sufficiently small during the inflationary stage. Therefore, the question is whether
perturbations in the matter fields can induce non-adiabatic contributions to R during the
reheating stage.

This question is answered by another theorem due to Weinberg [91], which states that even
if the decay of the inflaton φ during inflation produces perturbations in the matter fields ϕI

are initially not at all adiabatic, the departure from adiabicity will have decayed exponentially
when the energy density in the matter fields will become large during the reheating stage.
Since the adiabatic density perturbation in the matter fields can be written as δρϕ = −ρ̇ϕI,
the departure of generic δρϕ from adiabicity can be measured by the quantity N , defined
as:13

N ≡
∣∣∣∣ ∆AD,ϕ

ρϕ + Pϕ

∣∣∣∣ , ∆AD,ϕ ≡ δρϕ + ρ̇ϕI. (6.5.4)

11Which are, up till now, still speculative during the era of reheating.
12We will call those additional degrees of freedom matter fields, although the fields may also describe

radiation species.
13For notational convenience, we will adopt the convention that any quantity A which can be written as

the sum over all matter fields as Aϕ ≡
∑

I AϕI , e.g. δρϕ ≡
∑

I δρϕI .
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We will derive that the time evolution of N over time can be expressed as:

d

dt
lnN = −

(1 + c2ϕ)Q̂ϕ

(1 + wϕ)ρϕ
, (6.5.5)

here the source term Q̂ϕ quantifies the energy transfer from the inflaton field to the matter
fields ϕI , c

2
ϕ is the sound speed of the matter fields together and wϕ is the combined equation

of state (explicit expressions will be given below). Using this equation, one concludes that
after some time during the reheating stage, when most of the energy in the inflaton ρϕ is
transferred to the matter fields (ρφ � ρϕ), N has decayed exponentially:14

N → 0, (ρϕ � ρφ). (6.5.6)

Therefore, even in case perturbations in the matter fields are initially not adiabatic, they
will become adiabatic eventually become adiabatic. In conclusion, during reheating after
single-field inflation non-adiabatic perturbations will not be produced as long as the modes
are outside the horizon.

6.5.1 Combined Inflaton-Matter Fluid

To prove the above theorem, we consider the inflaton scalar field φ accompanied with whatever
matter fields are present during inflation, denoted as ϕI . The combined system being the
inflaton-matter fluid. The total energy-momentum tensor can be written as:

Tµ
ν =

∑
(α)

Tµ
ν(α), (6.5.7)

where the label (α) ≡ (φ, ϕI) runs over all fields in the combined fluid. The total energy-
momentum tensor is covariantly conserved, but we allow for energy transfer between the
different fields in the combined fluid by introducing a source term Qν(α) as follows:

∇µT
µ
ν(α) = Qν(α). (6.5.8)

From the conservation of the total energy-momentum tensor, we obtain the following con-
straint on the individual source terms: ∑

(α)

Qν(α) = 0. (6.5.9)

In principle, interactions between all the fields are allowed, so that the source term for field
ϕI is a generic function of all the other fields (and possibly their time derivatives):

Qν(I) = Q̂ν(I)(φ, ϕJ ,Φ,Ψ), (6.5.10)

where J 6= I since we consider energy transfer between different fields; for J = I the energy
remains in field ϕI . However, we will argue below that at early times the source terms depend
solely on the inflaton and gravitational potentials.

14As we will show, it is not sufficient to show that ∆AD decays during reheating, as this can also be achieved
for both δρφ and −ρϕI decaying separately. By construction, the result N → 0 shows that the combination
δρϕ + ρϕI tends to zero and hence that perturbations become adiabatic.
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For convenience, we decompose the source term Qν(α) in the following way:

Qν(α) = Q̂(α)Uν + fν(α), (6.5.11)

where fν is defined to be orthogonal to the 4-velocity, i.e. Uνfν = 0. The 4-velocity satisfies
the constraint UνU

ν = −1 and can be written at background level as Uν = δν0 and Uν = −δ0ν .15
Hence, we can write:

− Uν∇µT
µ
ν(α) = Q̂(α). (6.5.12)

At zeroth and first order in perturbations, the ν = 0 equation gives gives:

ρ̇(α) + 3H(ρ(α) + P(α)) = Q̂(α), (6.5.13)

δρ̇(α) + 3H(δρ(α) + δP(α))− 3(ρ(α) + P(α))Ψ̇ = δQ̂(α) +ΦQ̂(α). (6.5.14)

Derivation: Sourced Energy-Momentum Equations

At background level, the ν = 0 equation gives the sourced continuity equation:

ρ̇(α) + 3H(ρ(α) + P(α)) = Q̂(α), (6.5.15)

on account of the fact that ∇µT̄
µ
0 is given by:

∇µT̄
µ
0(α) = −ρ̇(α) − 3H(ρ(α) + P(α)). (6.5.16)

At first order in perturbations, we obtain:

δU0∇µT
µ
0 + U0∇µδT

µ
0 = −δQ̂, (6.5.17)

Outside the horizon, where we can neglect spatial derivatives, we have already obtained
an explicit expression for ∇µδT

µ
0 in Appendix E.2, reading:

∇µδT
µ
0 = −δρ̇− 3H(δρ+ δP ) + 3(ρ+ P )Ψ̇. (6.5.18)

On account of this result, the first order equation becomes:

δρ̇(α) + 3H(δρ(α) + δP(α))− 3(ρ(α) + P(α))Ψ̇ = δQ̂(α) +ΦQ̂(α). (6.5.19)

6.5.2 Early Times

We assume that at early times during inflation energy density in the matter fields ϕI is small
compared to the inflation density: ρφ � ρϕ. This assumption is reasonable, since the energy
density of fermions and gauge fields as produced by quantum fluctuations is quadratic in those
fluctuations [91]. Under these circumstances, the inflaton provides the dominant source to
the gravitational fields. In that case, the fluctuations in the inflaton and metric are given by:

δφ = −φ̇I, Φ = Ψ = R0 +HI (6.5.20)

15At first order, we obtain δUν = (−Φ, vi) and δUν = (−Φ,−vi), see section 4.8.
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Since the predominant fraction of the total energy density is contained in the inflaton and
gravitational fields, the energy transfer from the inflaton towards the matter fields will depend
solely on the inflaton, gravitational potentials and possibly their time derivatives. Hence, we
can write the perturbation to the source term δQ̂(α) in the adiabatic way:

δQ̂(α) = −Q̂(α)I, (6.5.21)

since Q̂ is a four-scalar. Now, the right-hand-side of Eq. 6.5.14 can be written as:

δQ̂(I) +ΦQ̂(I) = − d

dt
(Q̂(I)I), (6.5.22)

for (α) = ϕI , i.e. we consider the evolution of the matter fields.

6.5.3 Evolution of Departures from Adiabicity

Now we proceed by deriving an equation governing the time-evolution for the departure of
matter perturbations from adiabicity. Since the adiabatic density perturbation in the matter
fields is δρϕ = −ρ̇ϕI, the departure of generic δρϕ from adiabicity for each matter field ϕI

can be measured by the difference:

∆AD,ϕI
= δρϕI + ρ̇ϕII, (6.5.23)

and the total non-adiabatic contribution, summed over all matter fields, becomes simply:
∆AD,ϕ = δρϕ + ρ̇ϕI. Thus, we require an equation for the time evolution of ∆AD,ϕ. This
equation is obtained by adding the time derivative of Eq. 6.5.13 times I and Eq. 6.5.14 for
(α) = ϕ (i.e. we sum over all matter field), yielding:

d

dt
(ρ̇ϕI) = −3Ḣ(ρϕ + Pϕ)I + 3H(δρϕ + δPϕ)− 3H(ρϕ + Pϕ)İ +

d

dt
(Q̂ϕI), (6.5.24)

d

dt
(δρϕ) = −3H(δρϕ + δPϕ) + 3(ρϕ + Pϕ)Ψ̇− d

dt
(Q̂ϕI). (6.5.25)

Adding those two equations gives:

∆̇AD,ϕ = −3Ḣ(ρϕ + Pϕ)I − 3H(ρϕ + Pϕ)İ + 3(ρϕ + Pϕ)Ψ̇. (6.5.26)

To simplify the above equation, we rewrite the time derivative of the gravitational potential
by using:

Ψ̇ =
d

dt
(HI) = −Ï, (6.5.27)

where the second equality is obtained by noting the I satisfies the differential equation:

Ï +
d

dt
(HI) = 0. (6.5.28)

Using the above equation again and substituting for the pressure and density perturbations
in the matter fields as δρϕ = −ρ̇ϕI and δPϕ = −ṖϕI, we can write the equation for ∆̇AD,ϕ

as:

∆̇AD,ϕ = −3H(δρϕ + δPϕ)− 3(ρϕ + Pϕ)Ï − 3
d

dt
((ρϕ + Pϕ)HI)

= −3H(δρϕ + δPϕ + ρ̇ϕI + ṖϕI). (6.5.29)
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To proceed, we assume a direct relationship between the density and pressure for each
matter field, as is the case for radiation of pressureless (non-relativistic) matter. This as-
sumption is plausible, since in the decay of a single scalar field (the inflaton) typically no
chemical potentials are produced.16 The relation between density and pressure is provided
by the sound speed c2ϕI

, defined as:

c2ϕI
=
ṖϕI

ρ̇ϕI

=
dPϕI

dρϕI

. (6.5.30)

For all matter fields together, the total sound speed can be written as:

c2ϕ =
1

ρ̇ϕ

∑
I

ρϕI c
2
ϕI
. (6.5.31)

The equation of motion for ∆AD,ϕ can now be written in the simple form:

∆̇AD,ϕ = −3H(1 + c2ϕ)∆AD. (6.5.32)

The solution to this differential equation is given by:

∆AD,ϕ = C a−3(1+c2ϕ), (6.5.33)

for some time-independent constant C. Hence, ∆AD,ϕ is a decaying mode, which decays at
least as a−3 (since c2ϕ > 0). Therefore, we conclude that at late times ∆AD,ϕ → 0.

6.5.4 Converging towards Adiabicity

Notice that the result ∆AD,ϕ → 0 does not imply directly that δρϕ approaches −ρ̇ϕI, i.e.
δρϕ becomes adiabatic. The reason is that the asymptotic behaviour ∆AD,ϕ → 0 could also
be achieved by δρϕ and ρ̇ϕI decaying separately. To show that δρϕ indeed approaches −ρ̇ϕI
and hence that the perturbations to the matter fields truely become adiabatic, we introduce
the dimensionless measure for the deviation from adiabicity:

N ≡
∣∣∣∣ ∆AD,ϕ

ρϕ + Pϕ

∣∣∣∣ . (6.5.34)

To obtain an evolution equation for N , we take the time derivative of lnN , yielding:

d

dt
lnN =

∆̇AD,ϕ

∆AD,ϕ
− ρ̇+ Ṗ

ρ+ P
= −3H(1 + c2ϕ)−

ρ̇(1 + c2ϕ)

ρ+ P
= −

(1 + c2ϕ)Q̂ϕ

(1 + wϕ)ρϕ
, (6.5.35)

in the last equality, we used Eq. 6.5.14 and the combined equation of state for the matter
fields wϕ ≡ ρ−1

∑
I ρϕIwϕI .

At some early time during inflation, the matter perturbation may be far from adiabatic,
so that N is of the same order as the fractional density perturbation: N = O(δϕ). As time
elapses during inflation and the subsequent reheating stage, the transfer of energy from the
inflaton towards the matter might cause δρϕ and ρ̇ϕ large in addition to the energy density
ρϕ in the matter fields, which continuously grows over time. Therefore, at late times in the
reheating stage, i.e. when ρϕ � 1 and Q̂ϕ → 0, the departure from adiabicity as measured
by N will have decayed exponentially. Therefore, as long as modes are outside the horizon,
non-adiabatic perturbations will not arise during reheating after single-field inflation.

16Note that this assumption is not made for the combined inflaton-matter fluid.
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Fig. 45. Constraints on the primordial isocurvature fraction, �iso, at klow = 0.002 Mpc�1 and khigh = 0.100 Mpc�1, the primordial correlation
fraction, cos�, the adiabatic spectral index, nRR, the isocurvature spectral index, nII, and the correlation spectral index, nRI = (nRR + nII)/2,
with Planck TT+lowP data (dashed curves) and TT, TE, EE+lowP data (solid curves), for the generally-correlated mixed ADI+CDI (black),
ADI+NDI (red), and ADI+NVI (blue) models. All these parameters are derived, and the distributions shown here result from a uniform prior
on the primary parameters, as detailed in Eqs. (132)–(134). However, the e↵ect of the non-flat derived-parameter priors is negligible for all
parameters except for nII (and nRI) where the prior biases the distribution toward one. With TT+lowP, the flatness of �iso(khigh) in the CDI case
up to a “threshold” value of about 0.5 is a consequence of the (k/keq)�2 damping of its transfer function as explained in Footnote 17.

depth ⌧ more tightly than the high-` temperature and low-` po-
larization alone (Planck Collaboration XIII 2016). As there is a
strong degeneracy between ⌧ and the primordial (adiabatic) per-
turbation power PRR (denoted in the other sections of this paper
by As), it is natural that adding the lensing data leads to stronger
constraints on PRR. Moreover, replacing the low-` likelihood
Planck lowP by Planck lowP+WP constrains ⌧ better (Planck
Collaboration XIII 2016). In the ADI+CDI case the e↵ect of this
replacement was very similar to adding the Planck lensing data
(see also Table 16). Although the Planck lensing data do not
directly constrain the isocurvature contribution,20 they can shift
and tighten the constraints on some derived isocurvature param-
eters by a↵ecting the favoured values of the standard parameters
(present even in the pure adiabatic model). However this e↵ect
is small as confirmed in Table 16. Therefore, in the figures we
do not show 1D posteriors of the derived isocurvature parame-
ters for Planck TT+lowP+lensing, since they would be (almost)
indistinguishable from Planck TT+lowP, as we see in Fig. 44 for
the primary non-adiabatic parameters.

In contrast, the high-` polarization data significantly tighten
the bounds on isocurvature and cross-correlation parameters, as
seen by comparing the dotted grey and red contours in Fig. 44.
The significant negative correlation previously allowed by the
temperature data in the ADI+CDI and ADI+NDI models is now
disfavoured. This is also clearly visible in the 1D posteriors
of primordial and observable isocurvature and cross-correlation
fractions shown, respectively, in Figs. 45 and 46. Note how the
cos� and ↵RI parameters are driven towards zero by the inclu-
sion of the high-` TE, EE data (from the dashed to the solid
lines) in the ADI+CDI and ADI+NDI cases. We also observed
that when the lowP data are replaced by a simple Gaussian prior
on the reionization optical depth (⌧ = 0.078 ± 0.019), the trend
is similar. The high-` (` � 30) Planck TT data allow a large
negative correlation, while the high-` Planck TE, EE data pre-
fer positive correlation. This is clearly seen in Fig. 47 for the
ADI+CDI case. The best-fit values show an even more dramatic

20 This is expected, since already with Planck TT+lowP, the allowed
isocurvature fraction is so small that it hardly a↵ects the lensing poten-
tial spectrum, C��` .

e↵ect. We find cos� = �0.55 with TT+lowP, and +0.15 with
TT, TE, EE+lowP.

Hence there is a competition between the temperature and
polarization data that balances out and yields almost symmet-
ric results about zero correlation (except in the ADI+NVI case).
The isocurvature auto-correlation amplitude is also strongly re-
duced, especially in the ADI+CDI case. The best-fit values are
slightly o↵set from (P(1)

II, P(2)
II) = (0, 0), but the pure adia-

batic model still lies inside the 68% CL (for ADI+CDI and
ADI+NDI) or 95% CL (for ADI+NVI) regions. In summary,
the high-` polarization data exhibit a strong preference for adi-
abaticity, although one should keep in mind the possibility of
unaccounted systematic e↵ects in the polarization data, possi-
bly leading to artificially strong constraints. For example, the
tendency for polarization to shift the constraints towards posi-
tive correlation may be due to particular systematic e↵ects that
mimic modified acoustic peak structure, as we discussed in
Sect. 11.1.

We also performed a parameter extraction with the
Planck TT, TE, EE+lowP+lensing data, but this combination did
not provide interesting new constraints. We found only a tight-
ening of bounds on the standard adiabatic parameters as in the
Planck TT+lowP+lensing case.

We provide 95% CL upper limits or ranges for �iso,
cos�, and ↵RR in Table 16. With Planck TT+lowP, the
constraints on the non-adiabatic contribution to the tem-
perature variance, 1 � ↵RR(2, 2500), are (�1.5%, 1.9%),
(�4.0%, 1.4%), and (�2.3%, 2.4%) in the ADI+CDI, ADI+NDI,
and ADI+NVI cases, respectively.21 With Planck TT, TE,
EE+lowP these tighten to (0.1%, 1.5%), (�0.1%, 2.2%), and
(�2.0%, 0.8%). In the ADI+CDI case, zero is not in the
95% CL interval, but this should not be considered a detec-
tion of non-adiabaticity. For example, as mentioned above,
(P(1)
II, P(2)

II) = (0, 0) is in the 68% CL region, and the best-fit
values are (P(1)

II,P(2)
II) = (1.0 ⇥ 10�13, 3.5 ⇥ 10�9). Moreover,

21 These numbers can be positive even if the correlation contribution is
negative. This happens whenever ↵II > |↵RI|. Thus in the observational
non-adiabaticity estimator 1 � ↵RR(2, 2500), the negative numbers are
not as pronounced as in the primordial correlation fraction cos�.
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Fig. 45. Constraints on the primordial isocurvature fraction, �iso, at klow = 0.002 Mpc�1 and khigh = 0.100 Mpc�1, the primordial correlation
fraction, cos�, the adiabatic spectral index, nRR, the isocurvature spectral index, nII, and the correlation spectral index, nRI = (nRR + nII)/2,
with Planck TT+lowP data (dashed curves) and TT, TE, EE+lowP data (solid curves), for the generally-correlated mixed ADI+CDI (black),
ADI+NDI (red), and ADI+NVI (blue) models. All these parameters are derived, and the distributions shown here result from a uniform prior
on the primary parameters, as detailed in Eqs. (132)–(134). However, the e↵ect of the non-flat derived-parameter priors is negligible for all
parameters except for nII (and nRI) where the prior biases the distribution toward one. With TT+lowP, the flatness of �iso(khigh) in the CDI case
up to a “threshold” value of about 0.5 is a consequence of the (k/keq)�2 damping of its transfer function as explained in Footnote 17.

depth ⌧ more tightly than the high-` temperature and low-` po-
larization alone (Planck Collaboration XIII 2016). As there is a
strong degeneracy between ⌧ and the primordial (adiabatic) per-
turbation power PRR (denoted in the other sections of this paper
by As), it is natural that adding the lensing data leads to stronger
constraints on PRR. Moreover, replacing the low-` likelihood
Planck lowP by Planck lowP+WP constrains ⌧ better (Planck
Collaboration XIII 2016). In the ADI+CDI case the e↵ect of this
replacement was very similar to adding the Planck lensing data
(see also Table 16). Although the Planck lensing data do not
directly constrain the isocurvature contribution,20 they can shift
and tighten the constraints on some derived isocurvature param-
eters by a↵ecting the favoured values of the standard parameters
(present even in the pure adiabatic model). However this e↵ect
is small as confirmed in Table 16. Therefore, in the figures we
do not show 1D posteriors of the derived isocurvature parame-
ters for Planck TT+lowP+lensing, since they would be (almost)
indistinguishable from Planck TT+lowP, as we see in Fig. 44 for
the primary non-adiabatic parameters.

In contrast, the high-` polarization data significantly tighten
the bounds on isocurvature and cross-correlation parameters, as
seen by comparing the dotted grey and red contours in Fig. 44.
The significant negative correlation previously allowed by the
temperature data in the ADI+CDI and ADI+NDI models is now
disfavoured. This is also clearly visible in the 1D posteriors
of primordial and observable isocurvature and cross-correlation
fractions shown, respectively, in Figs. 45 and 46. Note how the
cos� and ↵RI parameters are driven towards zero by the inclu-
sion of the high-` TE, EE data (from the dashed to the solid
lines) in the ADI+CDI and ADI+NDI cases. We also observed
that when the lowP data are replaced by a simple Gaussian prior
on the reionization optical depth (⌧ = 0.078 ± 0.019), the trend
is similar. The high-` (` � 30) Planck TT data allow a large
negative correlation, while the high-` Planck TE, EE data pre-
fer positive correlation. This is clearly seen in Fig. 47 for the
ADI+CDI case. The best-fit values show an even more dramatic

20 This is expected, since already with Planck TT+lowP, the allowed
isocurvature fraction is so small that it hardly a↵ects the lensing poten-
tial spectrum, C��` .

e↵ect. We find cos� = �0.55 with TT+lowP, and +0.15 with
TT, TE, EE+lowP.

Hence there is a competition between the temperature and
polarization data that balances out and yields almost symmet-
ric results about zero correlation (except in the ADI+NVI case).
The isocurvature auto-correlation amplitude is also strongly re-
duced, especially in the ADI+CDI case. The best-fit values are
slightly o↵set from (P(1)

II, P(2)
II) = (0, 0), but the pure adia-

batic model still lies inside the 68% CL (for ADI+CDI and
ADI+NDI) or 95% CL (for ADI+NVI) regions. In summary,
the high-` polarization data exhibit a strong preference for adi-
abaticity, although one should keep in mind the possibility of
unaccounted systematic e↵ects in the polarization data, possi-
bly leading to artificially strong constraints. For example, the
tendency for polarization to shift the constraints towards posi-
tive correlation may be due to particular systematic e↵ects that
mimic modified acoustic peak structure, as we discussed in
Sect. 11.1.

We also performed a parameter extraction with the
Planck TT, TE, EE+lowP+lensing data, but this combination did
not provide interesting new constraints. We found only a tight-
ening of bounds on the standard adiabatic parameters as in the
Planck TT+lowP+lensing case.

We provide 95% CL upper limits or ranges for �iso,
cos�, and ↵RR in Table 16. With Planck TT+lowP, the
constraints on the non-adiabatic contribution to the tem-
perature variance, 1 � ↵RR(2, 2500), are (�1.5%, 1.9%),
(�4.0%, 1.4%), and (�2.3%, 2.4%) in the ADI+CDI, ADI+NDI,
and ADI+NVI cases, respectively.21 With Planck TT, TE,
EE+lowP these tighten to (0.1%, 1.5%), (�0.1%, 2.2%), and
(�2.0%, 0.8%). In the ADI+CDI case, zero is not in the
95% CL interval, but this should not be considered a detec-
tion of non-adiabaticity. For example, as mentioned above,
(P(1)
II, P(2)

II) = (0, 0) is in the 68% CL region, and the best-fit
values are (P(1)

II,P(2)
II) = (1.0 ⇥ 10�13, 3.5 ⇥ 10�9). Moreover,

21 These numbers can be positive even if the correlation contribution is
negative. This happens whenever ↵II > |↵RI|. Thus in the observational
non-adiabaticity estimator 1 � ↵RR(2, 2500), the negative numbers are
not as pronounced as in the primordial correlation fraction cos�.
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Fig. 46. Constraints on the fractional contribution of the adiabatic (RR), isocurvature (II), and correlation (RI) components to the CMB tem-
perature variance in various multipole ranges, as defined in Eq. (139), with Planck TT+lowP data (dashed curves) and with Planck TT, TE,
EE+lowP data (solid curves). These are shown for the generally-correlated mixed ADI+CDI (black), ADI+NDI (red), or ADI+NVI (blue) models.

Fig. 47. Constraints on the primordial correlation fraction, cos�, in
the mixed ADI+CDI model with Planck TT+lowP data (dashed black
curve) compared to the case where Planck lowP data are not used, but
replaced by a Gaussian prior ⌧ = 0.078± 0.019 (dashed red curve). The
same exercise is repeated with Planck TT, TE, EE data (solid curves)
demonstrating that to a great extent the preferred value of cos� is driven
by the high-` data.

the improvement in �2 with respect to the adiabatic model is
only 5.3 with 3 extra parameters, so this is not a significant
improvement of fit. Indeed, for all generally-correlated mixed
models the improvement in �2 is very small. In particular, with

Planck TT+lowP it does not even exceed the number of extra
degrees of freedom, which is three (see Table 16).

Finally, we checked whether there is any Bayesian evi-
dence for the presence of generally-correlated adiabatic and
isocurvature modes. In all cases and with all data combinations
studied, the Bayesian model comparison supports the null hy-
pothesis, i.e., adiabaticity. Indeed, the logarithm of the evidence
ratio is ln B = ln(PISO/PADI) < �5 (i.e., odds of much greater
than 150:1 in favour of pure adiabaticity within Planck’s accu-
racy and given the parameterization and prior ranges used in our
analysis), except for ADI+NDI with Planck TT+lowP+lensing,
for which the evidence ratio is slightly larger, �4.6, correspond-
ing to odds of 1:100 for the ADI+NDI model compared to the
pure adiabatic model.

11.3. Robustness of the determination of standard
cosmological parameters

Another outcome of our analysis is the robustness of the de-
termination of the standard cosmological parameters against
assumptions on initial conditions. Figure 48 shows the 1D
marginalized posteriors for several cosmological parameters (not
all independent of each other) with the Planck TT+lowP data
alone. For the first time, we observe that in the presence of
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Figure 6.1: Normalized probability density functions P/Pmax for nab and
αab(2, 2500), where a, b = R, Ii. Mixtures of an adiabatic mode and an isocurva-
ture mode are shown, where the considered isocurvature types are CDI, NDI and
NVI. Figure taken from [3].

6.6 Observational Constraints on Adiabicity

In the previous section, we concluded that perturbations generated by single field inflation
are adiabatic and will remain so during the stage of reheating, as long as the modes of interest
are outside the horizon. Here we will discuss the observational constraints on the adiabicity
condition, as found by the Planck collaboration [3] by studying temperature fluctuations in
the CMB. In particular, we will constrain a simple model which, in addition to the adiabatic
mode (ADI), allows for the presence of an isocurvature mode (ISO). That is, we will test
their compatibility with the Planck data. The types of isocurvature modes considered are:
(a) the cold dark matter isocurvature mode (CDI), (b) neutrino density isocurvature mode
(NDI) and (c) neutrino velocity isocurvature mode (NVI).

A generic mixture of the ADI mode and an ISO mode is described by the individual power
spectra of the two modes and the cross-correlation spectrum:

PRR, PIiIi , PIiR, (6.6.1)

where R and Ii (i = CDI, NDI, NVI) denote the adiabatic and type i isocurvature modes,
respectively. The power spectrum Pab (a, b = R, I) is defined at a low and high momentum

scale (k1 < k2) as P(1)
ab ≡ Pab(k1) and P(2)

ab ≡ Pab(k2). For modes k ∈ (k1, k2), the power
spectrum is interpolated as [3]:

Pab(k) = exp

[
ln k − ln k2
ln k1 − ln k2

lnP(1)
ab +

ln k − ln k1
ln k2 − ln k1

lnP(2)
ab

]
. (6.6.2)

In the analysis of Planck, the momentum limits are set to k1 = 0.002Mpc−1 and k2 =
0.1Mpc−1, so that the whole momentum range examined by Planck is taken into account.
The corresponding spectral indices are denoted nRR, nII and nRI ≡ (nRR + nII)/2.

The primordial isocurvature fraction βiso (relative to the adiabitic mode), is defined as:

βiso(k) ≡
PII(k)

PRR(k) + PII(k)
, (6.6.3)
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Table 6.1: Constraints on (non-)adiabicity in terms of βiso and αnon-ad(2, 2500)
as obtained by Planck [3] using the TT+lowP dataset. For all values or ranges
the CL is 95%. The momentum scales are taken to be (klow, kmid, khigh) =
(0.002, 0.05, 0.1) Mpc−1.

Constraints on (Non-)Adiabicity
Model 100βiso(klow) 100βiso(kmid) 100βiso(khigh) αnon-ad(2, 2500)

ADI+CDI 4.1 35.4 56.9 (−1.5%, 1.9%)
ADI+CDI 14.3 22.4 27.4 (−4.0%, 1.4%)
NVI+NVI 8.3 [0.1 : 10.2] 11.9 (−2.3%, 2.4%)

and will be evaluated at the following low, intermediate and high momentum scales k =
(k1, 0.05Mpc−1, k2). Furthermore, we define the fractional contribution of the adiabatic
ab = RR, isocurvature (ab = IiIi) and mixed (ab = RIi) components to the total CMB
temperature variance as:

αab(`min, `max) ≡
(∆T )2ab (`min, `max)

(∆T )2tot(`min, `max)
. (6.6.4)

In particular, the non-adiabatic contribution to the temperature variance, which can be
calculated via:

αnon-ad(2, 2500) = 1− αRR(2, 2500), (6.6.5)

is of interest. The normalized probability functions P/Pmax for nab and αab(2, 2500) are
presented in Fig. 6.1. The 95% CL constraints on βiso and αnon-ad(2, 2500) based on Planck
data [3] is presented in Tab. 6.1. Notice that for all mixed models (ADI+ISO) the non-
adiabatic contribution to the temperature variation is very small, supporting the hypothesis
of adiabicity. This statement is statistically supported by a Bayesian model comparison
between purely adiabatic and mixed scenario’s as discussed in detail in section 11.2 of [3]. To
be more quantitative, odds greater than 1:100 are found by Planck for all mixed scenarios
compared to the purely adiabatic scenario. That is, the purely adiabatic scenario is strongly
favored over the mixed scenarios according to the Planck data.





Chapter 7

Non-Gaussianity and CMB Anisotropies

“It doesn’t matter how beautiful your theory is, it doesn’t matter how smart you
are. If it doesn’t agree with experiment, it’s wrong.”

— Richard P. Feynman

One of the profound predictions of inflation is that density perturbations in the primordial
plasma are generated by quantum fluctuations during inflation. In particular, in the preceding
chapter we found that (at least in the single-field scenario) the density perturbations are
characterized by the following properties:

B Primordial Signatures.—The density perturbations generated during inflation are pri-
mordial. That is, they were laid down outside the horizon and entered the horizon after
the Big Bang.

B Scale-Invariance.—The Fourier modes of the density perturbations are nearly scale-
invariant. The reason is during the 60 e-folds of inflationary expansion, all modes
undergo a similar expansion as they are stretched to super-horizon scales. This predic-
tion is most evident when considering the scale-dependence of the power spectrum PR;
we found that the spectral index ns−1 is very close to zero, supporting scale invariance.

B Gaussianity.—The density perturbations are approximately Gaussian. In the simplest
models of inflation, the scalar inflaton field is freely propagating in the inflationary
background to a first approximation.1 As a consequence, quantum fluctuations in the
inflaton can be treated as Gaussian perturbations.

Assuming the temperature fluctuations in the CMB are indeed caused by density perturba-
tions induced during inflation, we can test the above predictions. We already discussed the
observational support for scale-invariant perturbations back in section 3.4. However, this
is not the case for the last prediction concerning the Gaussianity of density perturbations.
This prediction can be tested observationally by measuring the amount of primordial non-
gaussianity (NG) contained in the temperature anisotropies in the CMB. However, even if the
detected NG is greater than the amount expected from the (standard) single field scenario,
those distinctive NG signatures have to potential to guide us in how the standard picture of
inflation should be adapted.

To this end, the approach is two-fold. From the observational perspective, the challenge
is to extract the primordial NG from the data, since later in the evolution of the universe,

1Although we constrain ourselves here to the single-field scenario for simplicity, this is also true for most
of the multi-field models.
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numerous non-primordial sources may have contributed to the total signal of non-gaussianity.
From the theoretical side, the amount of primordial NG generated in different models should
be predicted in order compare with observations. The latter task will be the main objective
of the remaining part of this thesis.

This chapter will give an introduction to the basic concepts concerned with (primordial)
non-gaussianity, leaving the details of the theoretical formalism for subsequent chapters. In
the first section, we will briefly reflect on the observational challenges, i.e. we will discuss
the different non-primordial sources that can contribute to the NG in the detected CMB
signal. In the subsequent sections, we will constrain ourselves to primordial NG and discuss
in global terms how primordial NG can possibly be used as an observational window to
constrain inflationary models. In this discussion, several concepts will be introduced that are
key to the detailed formalism laid down in the next chapters.

7.1 Sources of Non-Gaussianity

As mentioned above, in order to extract the primordial NG signal from CMB data, the
contributions due to secondary and late time effects must be filtered out. This is a challenging
task both on the experimental as well as the theoretical side. Only if we understand the
secondary effects well enough in the theoretical context we will be able to filter out these
contributions and reliably extract the primordial signal. Below, we will classify different
sources contributing to the NG signal in the CMB data [54].

B Primordial Non-Gaussianity.—The primordial NG in the comoving curvature perturba-
tionR is generated by quantum fluctuations during inflation (or alternative mechanisms
[24]). It is this source of NG that is of interest in constraining inflationary models.

B Second-Order Non-Gaussianity.—We measure NG contributions in R via temperature
fluctuations δT/T in the CMB, which are related via the so-called transfer function (see
section 7.3). Non-primordial NG effects can be induced via this transfer function.

B Secondary Non-Gaussianity.—Secondary NG refers to contributions induced by late-
time effects experienced by the CMB photons as they propagate towards us. Secondary
NG, for instance, includes the influence of gravitational lensing.

B Foreground Non-Gaussianity.—These contributions to NG are caused by Galactic and
inter-Galactic sources.

Having classified the different contributions to the NG signal in the CMB, we will mainly
focus on primordial non-Gaussianity in a theoretical context from now.2 That is, we assume
the non-primordial contributions can be filtered away as to reliably extract the primordial
signal.

7.2 Primordial Non-Gaussianity

If the primordial curvature perturbation R is sourced by non-gaussian contributions, addi-
tional statistical information is contained in higher-order correlation functions. In particular,

2The only exception will be section 7.3, where we will briefly reflect on how the primordial curvature
perturbation is related to temperature anisotropies in the CMB and how we can extract NG from the data.
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empirically constraining the 3-point correlation function,

〈Rk1Rk2Rk3〉 ≡ BR(k1,k2,k3), (7.2.1)

is relevant for testing NG as it is the lowest order statistic that can discriminate between
Gaussian and non-gaussian perturbations. (For purely Gaussian perturbations it vanishes.)

Based on translational invariance of the background, the 3-point correlation function must
obey 3-momentum conservation for the three considered k-modes. This constraint is enforced
using a delta function over the sum of the considered momenta, denoted as K, that is:

BR(k1,k2,k3) ∝ (2π)3δ(3)(K), (7.2.2)

where the factor (2π)3 is included due to our Fourier convention and the total momentum
vector is K ≡ k1 + k2 + k3. Stated differently, the delta function ensures that the momenta
form closed triangles in momentum space. However, notice that no restrictions are imposed on
the shapes of the triangles. Therefore, NG is analyzed using different triangular shapes (e.g.
equilateral folded or squeezed triangular configurations). In fact, as we will discuss below,
analyzing NG for different triangular shapes can discriminate between different (classes of)
inflationary models that are degenerate based on their spectral index and tensor-to-scalar
ratio.

Apart from the momentum-conserving delta function, the 3-point correlation function
does not the depend on the orientation of the momenta (this is a direct consequence of
rotational invariance). Therefore, the 3-point function can be written as:

BR(k1,k2,k3) = (2π)3δ(3)(k1 + k2 + k3)BR(k1, k2, k3), (7.2.3)

where BR(k1, k2, k3) is referred to as the bispectrum. However, in the coming chapters,
the terms bispectrum and three-point function can be used interchangeably. For different
triangular configurations, the bispectrum assumes different forms. In general, the bispectrum
is defined in terms of a non-linearity scalar fNL as follows:

BR(k1, k2, k3) ≡ fNLF (k1, k2, k3). (7.2.4)

The parameter fNL is a measure for the deviation from Gaussianity and is the quantity that
is constrained experimentally.

Single-field slow roll inflation predicts a small but calculable level of NG, resulting in
a small non-linearity parameter fNL, generically proportional to the slow roll parameters.3

There is an intuitive reason why single-field slow roll models predict a small level of NG. In
order to achieve accelerated expansion, the inflaton potential must be very flat (as quantified
by εV , ηV � 1). Flatness of the potential can only be achieved by suppressing inflaton (self-
)interactions and other sources of non-linearity, thereby minimizing possible sources of large
NG and hence leaving only the weak coupling to gravity as a small source of NG. Therefore,
detection of a large value for fNL would be able to rule out the single-field scenario, making
NG the most stringent test for single-field inflation to date.

On the other hand, even if constraints on NG would rule out the standard single-field
scenario, the information contained in the NG would still provide us with strong indications

3Here, we restrict ourselves to the slow roll scenario for simplicity. However, as we will show in section 7.5,
there is no need to restrict to the slow-roll approximation in order to show that single-field inflation predicts
the non-linearity parameter to be small.
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on what type of extensions to the standard single-field scenario is preferred by the data.
We will now discuss briefly how NG data could provide a clear empirical distinction between
different (classes of) extensions to the single-field scenario. Over the last decade, an important
theoretical realization was made [2]: different classes of extensions predict a detectable level
of NG for different triangular shapes of the 3-momenta. Therefore, measuring significant
NG in a specific triangular configuration allows to discriminate between different competing
extensions to the single-field scenario, which are often degenerate in terms of the spectral
index and tensor-to-scalar ratio.

Below, we list in which triangular configuration different classes of extensions produce a
detectable level of NG. The different triangular shapes are also represented schematically in
terms of the rescaled momenta x2 ≡ k2/k1 and x3 ≡ k3/k1 in Fig. 7.1.

B Squeezed Triangle (Local) (k1 � k2 ' k3).—Dominant mode for models with multiple
light scalar fields, instead of only one scalar field. This scenario is commonly referred
to as multi-field inflation [28]. This case is also referred to as the local mode, as the
form of the bispectrum corresponding to this triangular configurations follows directly
from a local parametrization of NG in real space (see Eq. 7.2.5).

B Equilateral Triangle (k1 = k2 = k3).—This configuration is dominant in models with
higher derivative interactions and non-trivial speeds of sound. These models include
DBI inflation [33] and Ghost inflation [52].

B Folded Triangle (k1 = 2k2 = 2k3).—For models with non-standard initial states (i.e.
non Bunch-Davies vacua) generate maximized signals in the folded triangle configura-
tion [50].

B Elongated and Isosceles Triangles.—For the sake of completeness, we also mention elon-
gated (k1 = k2+k3) and isosceles (k1 > k2 = k3) configurations, which are intermediate
cases of the previous triangular shapes.

The Bispectrum

As we mentioned above, the bispectrum takes on different forms for the different triangular
configurations. Here, the form of the bispectrum will be given for the squeezed, equilateral
and folded triangles. Those different triangular shapes are also called templates. In particular,
the bispectrum in the squeezed limit will be considered in detail, as this form is of significant
importance in deriving a powerful consistency relation for single-field inflation (see section
7.5).

Local Template

One of the first phenomenological parametrizations of NG is via the gravitational potential
Φ, first introduced by Komatsu and Spergel [55]:

Φ(x) = Φg(x) + f localNL ×
(
Φg(x)

2 − 〈Φg(x)〉2
)
, (7.2.5)

where Φg is Gaussian. This parametrization is said to be local, as it is locally defined in
real space via the above equation. As the gravitational potential is related to the comoving



Chapter 7. Non-Gaussianity and CMB Anisotropies 169

If the power spectrum is scale-invariant, the shape of the bispectrum only depends on two
ratios of ki’s, say x
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Most of our examples will be of the scale-invariant form, but for the moment we will keep an
open mind and not restrict to that case.

2.4 Shape, Running and Amplitude

The bispectrum is often written as
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where �2

⇣(k?) = k3

?P⇣(k?) is the dimensionless power spectrum evaluated at a fiducial mo-
mentum scale k?. The function S is dimensionless and, for scale-invariant bispectra, invariant
under rescaling of all momenta. Moreover, it are the functions S that appear in the integrals
of the CMB bispectra. We distinguish two types of momentum dependence of S:

• The shape of the bispectrum refers to the dependence of S on the momentum ratios
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• The running of the bispectrum refers to the dependence of the bispectrum on the overall
momentum K, while keeping the ratios k
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Figure 1. Momentum configurations of the bispectrum.

Finally, it is conventional to define the amplitude of non-Gaussianity as the size of the
bispectrum in the equilateral momentum configuration,4

f
NL

(K) =
5
18

S(K, K,K) , (2.11)

4The factor of 5

18

is a historical convention (see §2.5.1).

– 4 –

Figure 7.1: Different triangular shapes (i.e. squeezed, equilateral, folded,
elongated and isosceles triangles) expressed in terms of the rescaled momenta
x2 ≡ k2/k1 and x3 ≡ k3/k1. Note that the triangle inequality x2 + x3 > 1 is
satisfied. Figure taken from [16].

curvature perturbation R by a factor of 3/5, the above definition of local NG can be rewritten
in terms of R as follows:

R(x) = Rg(x) +
3

5
f localNL ×

(
Rg(x)

2 − 〈Rg(x)〉2
)
, (7.2.6)

where PR(k1) ≡ |Rk1 |2.
From this parametrization, the bispectrum can be derived as (see the derivation box at

the end of this section):

Blocal
R (k1, k2, k3) =

6

5
f localNL ×

[
PR(k1)PR(k2) + 2 perm.

]
. (7.2.7)

For a scale invariant power spectrum PR(k) ≡ AR/k
3, where AR is an amplitude, and the

local bispectrum can be rewritten in the following way:

Blocal
R (k1, k2, k3) =

6

5
f localNL ×A2

R

[
1

(k1k2)3
+ 2 perm.

]
. (7.2.8)

In the squeezed limit, defined by k1 → 0 and k2 ' k3, the local bispectrum can be written as
follows:

lim
k1→0

Blocal
R (k1, k2, k3) =

12

5
f localNL × PR(k1)PR(k3). (7.2.9)

This form of the local bispectrum corresponds to the squeezed triangular configuration k1 →
0.

Equilateral and Orthogonal Templates

For the sake of completeness, we will also mention the other two templates which are com-
monly used: the equilateral and orthogonal configurations. In the equilateral configuration,
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Figure 7.2: CMB temperature map as obtained by the Planck collaboration.
The color-coding quantifies temperature fluctuations δT in the CMB around the
background temperature of 2.72 K. Figure taken from the ESA website: https:
//www.esa.int.

the bispectrum becomes:

Bequil
R =

18

5
f equilNL ×A2

R

[
− 1

(k1k2)3
+ 2 perm.− 2

(k1k2k3)2
+
( 1

k1k22k
3
3

+ 5 perm.
)]
.

(7.2.10)

The orthogonal template, so-called because it is orthogonal to both the local and equilateral
bispectra, is given by:

Bortho
R =

18

5
forthoNL ×A2

R

[
− 3

(k1k2)3
+ 2 perm.− 8

(k1k2k3)2

( 5

k1k22k
3
3

+ 5 perm.
)]
. (7.2.11)

7.3 Extracting Non-Gaussianity from CMB Anisotropies

In this section, we will briefly reflect on how (primordial) NG is extracted from CMB data.
That is, we will describe how the non-linearity parameter fNL is extracted from the CMB
data. We will focus mainly on the local template of NG by following [55], as it mathematically
the simplest and of significant importance for single-field models of inflation (see section 7.5).
For details on the other two commonly used templates (i.e. equilateral and orthogonal), we
refer to [54].

In essence, the relevant CMB data as obtained by e.g. the Planck collaboration [3] consists
of temperature maps of the CMB.4 Figure 7.2 shows such a temperature map with directional
dependent temperature fluctuations δT (n) around the mean temperature, where unit vector
n denotes the direction along the sky.

4Polarization maps are also obtained, but will not be considered in this work.

https://www.esa.int
https://www.esa.int
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For convenience, the map is decomposed into spherical harmonics as follows:

Θ(n) ≡ δT (n)

T̄
=

∑
`,m

a`mY`m, (7.3.1)

where T̄ = 2.72 K denotes the mean temperature of the CMB. The standard two-sphere
spherical harmonics are denoted by Y`m, with ` = 0, 1, 2 corresponding to the monopole,
dipole and quadrupole, respectively. In addition, the multipole moments a`m can be written
as:

a`m =

∫
dΩ Y ∗

`m(n)Θ(n) (7.3.2)

Since the multipole moments are intrinsically statistical variables, we cannot make predictions
about any individual a`m, solely about the statistical distribution from which they are drawn.
In particular, the variance of a`m is denoted is called the angular power spectrum CTT

` and
defined as follows:

〈a∗`ma`′m′〉 = CTT
` δ``′δmm′ . (7.3.3)

The multipole moments can be related directly to the Fourier modes of the comoving curva-
ture perturbation via the relation:

a`m = 4π(−i)`
∫

d3k

(2π)3
∆T`(k) Rk Y`m. (7.3.4)

Here, the transfer function relating the comoving perturbation to the temperature fluctuation
is denoted as ∆T`. It is this function that can generate the second-order non-Gaussianity.

In terms of the angular power spectrum CTT
` , the connection to the comoving curvature

perturbation is given by:

CTT
` =

2

π

∫
k2 dk PR(k) ∆

2
T`(k). (7.3.5)

This result shows the direct relationship between the power spectrum (i.e. two-point cor-
relation function) and the observed temperature anisotropies. By assuming a background
cosmology (e.g. the flat FRW model), one can construct the transfer function and hence
perform a so-called deconvolution of CTT

` to obtain the power spectrum PR. In Fig. 7.3, the
angular power spectrum as measured by Planck is plotted.

7.3.1 (Non-)Gaussian CMB Anisotropies

If the temperature anisotropy δT (x) is a Gaussian random field, its probability density func-
tion (PDF) is given by:

Pg(δT ) =
1

(2π)Npic/2|ξ|1/2
exp

[
− 1

2

∑
ij

δTi(ξ)
−1
ij δTj

]
, (7.3.6)

where g denotes the fact that the PDF is of the Gaussian form. In addition, ξij ≡ 〈δTiδTj〉
is the covariance matrix or two-point correlation function, |ξ| is the determinant of ξij and
Npix is the number of pixels on the sky.

In terms of the multipole moments a`m, obtained via the harmonic expansion of the field
δT (n), the PDF becomes:

P (a) =
1

(2π)Nharm/2|C|1/2
exp

[
−1

2

∑
`m

∑
`′m′

a∗`m(C−1)`m,`′m′a`′m′

]
, (7.3.7)
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Figure 7.3: Temperature (TT) angular power spectrum of the CMB as measured
by Planck. On the vertical axis, the combination DTT

` ≡ `(` + 1)/2π × CTT
` is

plotted. Figure taken from [3].

where C`m,`′m ≡ 〈a∗`m, a`′m′〉 and Nharm is the total number of ` and m [54]. Assuming a`m is
statistically homogeneous and isotropic, we find that C`m,`′m = C`δ``′δmm′ and P (a) reduces
to the simple form:

P (a) =
∏
`m

e−|a`m|2/2C`

√
2πC`

. (7.3.8)

As mentioned before, for Guassian anistropies, all statistical information is contained in the
two-point correlation function C` and all higher order correlators vanish.

In case non-gaussianity is contained in the temperature anisotropy field δT (n), the corre-
sponding PDF is not given by Pg(a). In fact, for NG fluctuations, it is generally not possible
to write down the PDF. However, when the NG contribution is small, on may expand the
PDF around the Gaussian form as follows [54]:

P (a) =

[
1− 1

6

∑
all `imj

〈a`1m1a`2m2a`3m3〉
∂

∂a`1m1

∂

∂a`2m2

∂

∂a`3m3

]
Pg(a). (7.3.9)

Note that we have truncated the expansion at the bispectrum, since we assume that higher or-
der contributions are negligible with respect to the two- and three-point functions. Explicitly,
the above expression gives:

P (a) = Pg(a)

[
1 +

∑
all `imj

〈a`1m1a`2m2a`3m3〉
(
(C−1a)`1m1(C

−1a)`2m2(C
−1a)`3m3

− 3(C−1a)`1m1,`2m2(C
−1a)`3m3

)]
. (7.3.10)

By means of this result, we can optimally estimate the bispectrum by maximizing the PDF
based on the considered CMB data.



Chapter 7. Non-Gaussianity and CMB Anisotropies 173

7.3.2 Extracting Non-Gaussianity from the CMB Data

In the previous section, we introduced the non-linearity parameter fNL as a measure for
NG. In general, we may define fNL as the template-dependent amplitude of the angular
bispectrum:

〈a`1m1a`2m2a`3m3〉 = Gm1m2m3
`1`2`3

∑
(i)

f
(i)
NLb

(i)
`1`2`3

. (7.3.11)

Here, f
(i)
NL labels the non-linearity parameter for template (i) (e.g. the local, equilateral or

orthogonal template), the function b
(i)
`1`2`3

is called the reduced bispectrum and encompasses
the shape of the bispectrum for the considered template. Finally, G is the Gaunt integral,
defined in following way:

Gm1m2m3
`1`2`3

≡
∫
d2n Y`1m1(n)Y`2m2(n)Y`3m3(n), (7.3.12)

enforcing that `1,2,3 form a triangle (in analogy with k1,2,3 in momentum space).5

Given the introduced form for the angular bispectrum, we can maximize P (a) with respect

to f
(i)
NL to obtain the optimal estimator. The equation for the optimal estimator is given by

[54]:

f
(i)
NL =

∑
j

(F−1)ijSj , (7.3.14)

and can be used to determine fNL from the data for a specific template of interest. The
quantity Sj is given by:

Si ≡
1

6

∑
all `imj

Gm1m2m3
`1`2`3

b
(i)
`1`2`3

×
[
(C−1a)`1m1(C

−1a)`2m2(C
−1a)`3m3

− 3(C−1a)`1m1,`2m2(C
−1a)`3m3

]
. (7.3.15)

The factor 1/6 is included so that the RHS of 7.3.14 coincides with the Fisher matrix of f
(i)
NL.

Hence, the two-point correlation function of f
(i)
NL is given by the inverse of Fij , that is:

(F−1)ij = 〈f (i)NLf
(j)
NL〉 − 〈f (j)NLf

(i)
NL〉. (7.3.16)

The 1σ uncertainty in f
(i)
NLf

(j)
NL is now given by the trace ∆f

(i)
NL ≡ (F−1)ii. Explicitly, the

Fisher matrix can be written as [54]:

Fij =
fsky
6

∑
all `imj

∑
all `′im

′
j

Gm1m2m3
`1`2`3

b
(i)
`1`2`3

× (C−1)`1m1,`′1m
′
1
(C−1)`2m2,`′2m

′
2
(C−1)`3m3,`′3m

′
3
Gm′

1m
′
2m

′
3

`′1`
′
2`

′
3

b
(i)
`′1`

′
2`

′
3
, (7.3.17)

where fsky corresponds to the fraction of the sky which is unmasked by point sources (e.g.

nearby galaxies). Now we introduced all ingredients needed to compute f
(i)
NL, except for the

5In the small angle or flat sky limit [54, 55], the Gaunt integral reduces to the 2D delta function:

Gm1m2m3
`1`2`3

→ (2π)2 δ(2)(`1 + `2 + `3). (7.3.13)
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reduced bispectrum, which depends on the considered template. Below, we will discuss the
reduced bispectrum for the local template, details on the other templates can be found in
[54].

7.3.3 Reduced Bispectrum for the Local Template

Komatsu and Spergel [55] have derived the reduced bispectrum for the local template. Recall
that the local parametrization of NG is given by:

Φ(x) = Φg(x) + f localNL ×
(
Φg(x)

2 − 〈Φg(x)
2〉
)
, (7.3.18)

for the graviational potential. To obtain results in this subsection for the comoving curvature
perturbation, one can use that the latter is related to the former via R = (3/5)Φ. Explicitly,
the expression for the reduced bispectrum is given by [55]:

blocal`1`2`3 = 2

∫
r2 dr

[
β`1β`2α`3 + 2 perms.

]
, (7.3.19)

where α` and β` are functions of the power spectrum and transfer function:

α`(r) =
2

π

∫
k2 dk ∆T`(k)j`(kr),

β`(r) =
2

π

∫
k2 dk PΦ(k)j`(kr). (7.3.20)

This concludes our brief discussion on how NG signals are extracted from the CMB temper-
ature data.

7.4 Komatsu-Spergel Local Bispectrum

In this section, we will explicitly derive the local bispectrum for the comoving curvature
perturbation R as given in Eq. 7.2.8. Recall that the local parametrization of NG in the
primordial potential Φ is given by:

Φ(x) = Φg(x) + f localNL ×
(
Φg(x)

2 − 〈Φg(x)
2〉
)
, (7.4.1)

as first defined by Komatsu and Spergel [55]. Taking the Fourier transform, the following
form in momentum space is found:

Φ(k) = Φg(k) + ΦNL(k)

= Φg(k) + fNL

[ ∫
d3p

(2π)3
Φg(k + p)Φ∗

g(p)− (2π)3δ(3)(k)〈Φg(x)
2〉
]
. (7.4.2)

Here we used 1 =
∫
d3k δ(k) in front of the 〈Φg(x)

2〉 term. From now on, we will drop the
g subscript on the Gaussian part of Φ. That is, Φ is understood to be the Gaussian part
and only the non-gaussian contribution will be denoted explicitly as ΦNL. Furthermore, for
notational convenience, Fourier components are written as Φ(k) rather than the notation Φk

used before.
To first order in ΦNG, the 3-point correlation function can now be written as follows:

〈Φ(k1)Φ(k2)Φ(k3)〉 = 〈Φ(k1)Φ(k2)ΦNL(k3)〉+ 2 perm. (7.4.3)
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The first term can be evaluated to be (see Appendix F.1):

〈Φ(k1)Φ(k2)ΦNG(k3)〉 = 2fNL (2π)3δ(3)(k1 + k2 + k3) PΦ(k1)PΦ(k2). (7.4.4)

Using this result, the Komatsu-Spergel 3-point correlation function can be written as:

〈Φ(k1)Φ(k2)Φ(k3)〉 = 2fNL (2π)3δ(3)(k1 + k2 + k3)
[
PΦ(k1)PΦ(k2) + 2 perm.

]
. (7.4.5)

From the above expression, the local bispectrum Blocal
Φ can be extracted easily:

Blocal
Φ (k1, k2, k3) = 2f localNL ×

[
PΦ(k1)PΦ(k2) + 2 perm.

]
. (7.4.6)

To relate the above results to the comoving curvature perturbation R, we use the fact
that the gravitational potential Φ is related to R via a factor 3/5 and hence the 3-point
correlator and local bispectrum for R are given by:

〈R(k1)R(k2)R(k2)〉 =
6

5
f localNL (2π)3δ(3)(k1 + k2 + k3)

[
PR(k1)PR(k2) + 2 perm.

]
, (7.4.7)

Blocal
R (k1, k2, k3) =

6

5
f localNL ×

[
PR(k1)PR(k2) + 2 perm.

]
. (7.4.8)

These results will be used in the next section to derive a powerful consistency relation for
single field inflation.

7.5 Single Field Consistency Relation

Here, we will derive a powerful consistency relation assuming single-field inflation, but making
no other assumptions about the specific inflationary dynamics (e.g. the shape of the poten-
tial). The consistency relation implies that the 3-point correlation function for the comoving
curvature perturbation R:

〈Rk1Rk2Rk3〉, (7.5.1)

is very small in the squeezed triangle limit (k1 � k2 ' k3) as it is suppressed by the factor
1−ns. In particular, we will derive that in the squeezed limit the NG parameter is given by:

lim
k1→0

f localNL =
5

12
(1− ns), (7.5.2)

solely assuming that inflation is driven by a single degree of freedom. Assuming the spectral
index to be ns ' 0.96, the above relation gives:

lim
k1→0

f localNL = O(10−3) < O(1), (7.5.3)

for all single field inflationary models, independent of their details. Hence, a possible (future)
measurement of f localNL & 1 in the squeezed limit with sufficient accuracy would rule out all
single-field inflationary models in a model-independent way. Indeed, the error margin in the
measured value for f localNL should be sufficiently small in order to exclude predicted value for
single field scenarios (Eq. 7.5.3). In other words, the power of the consistency relation lies
in the fact that it can easily be proven wrong by future observations, thereby ruling out all
single-field inflationary models. The derivation of the consistency relation presented in this
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section is based on the work done in [37, 40]. It should be noted, however, that the direct
relationship between the NG parameter and the spectral index (Eq. 7.5.2) was not derived
in [37, 40], but is a small extension performed in this work.

The approach to derive the consistency relation will be as follows. First, we will parametrize
the background space-time according to the ADM formalism [37], taking the effect of the
comoving curvature perturbation into account. Subsequently, the squeezed limit of the
momenta-triangle will be introduced geometrically and the main physical mechanism be-
hind the proof will be discussed. Finally, the 3-point correlation function will be derived
explicitly in the squeezed limit.

Step 1: Parametrization of the Background

Following [37], the space-time will be parametrized using the ADM formalism, in order to con-
veniently incorporate the effect of the comoving curvature perturbation on the background.6

According to the ADM formalism, the perturbed space-time line element can be written in
terms of ADM variables N and N i as:

ds2 = −N2dt2 + hij(dx
i +N idt)(dxj +N jdt), (7.5.4)

where the effect of R is incorporated in a rescaled definition of the spatial metric:

hij ≡ a2(t)e2R(x,t)δij . (7.5.5)

It can be proven that for Super-Horizon modes the ADM variables tend to their unperturbed
values, i.e. N → 1 and N i → 0 (see [37] for details). Hence, in the SH limit the space is
described by:

ds2 = −dt2 + a2(t)e2R(x)dx2, (7.5.6)

where we omitted the dependence of R on time, as it is proven to be constant on SH scales.7

Hence, on SH scales, the comoving curvature perturbation can be absorbed in the line element
by a (local) rescaling of the coordinates: x′ = eR(x)x.

Step 2: The Squeezed Limit and Physical Mechanism

Geometrically, the squeezed limit of the momenta-triangle, taking k1 → 0, can be visualized
using the following schematic:

kL

k2

k3

k1 → 0
kS

6A detailed introduction to the ADM formalism will be given in chapter 9, here we will solely state the
relevant results of formalism and use them. Derivations can be found in the stated chapter on the ADM
formalism.

7The given proof for the constancy of R only holds for adiabatic perturbations. However, for the single
field scenario, the generated perturbations will be adiabatic (by definition). Therefore, using the result Ṙ → 0
on SH does not add any new assumptions to the current proof.
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In addition to three momenta ki, two additional momenta are defined in the above schematic.
Expressed in terms of ki, they can be written as:

kL ≡ k2 + k3, kS ≡ (k3 − k2)/2. (7.5.7)

The labels L and S stand for long and short wavelengths, respectively, since they are related
to the magnitude of the momenta as λ = 2π/k. In the squeezed limit, the mode Rk1 leaves
the horizon much earlier compared to the other two Rk2,k3 (recall Fig. 3.2). Therefore, it
may be regarded as background field, denoted as R(x) in real space, which is simply induces

a recaling of the spatial coordinates for the other two modes: x′ = eR(x)x.

Step 3: Computation

Based on the above discussion, the 3-point correlation function can be computed in a two-step
process. First, we will compute the 2-point correlation function for Rk2,k3 in the presence of
the background field R:

〈Rk2Rk3〉R. (7.5.8)

Subsequently, we will correlate the obtained 2-point function with the background field R.
In mathematical terms, the 3-point function is thus approximated as:

〈Rk1Rk2Rk3〉 ' 〈Rk1〈Rk2Rk3〉R〉. (7.5.9)

It proves convenient to compute the 2-point correlation function in the presence of the
background field in real space, i.e. we compute:

〈R(x2)R(x3)〉
∣∣∣
R
, (7.5.10)

rather than its Fourier counterpart. The variation scale of the background field R, as set by
the wavelength λ = 2π/k1 of the corresponding momentum mode k1, is much larger than the
spatial difference |x2−x3| in the squeezed limit.8 Hence, we can assume that the background
field varies only very slowly and the background field at positions x2,3 is well approximated
by the value at the midpoint x+ ≡ (x2 + x3)/2, denoted as R+ ≡ R(x+) (see Fig. 7.4).
Under the influence of the background field, the difference x2 − x3 then gets rescaled as:

x′
3 − x′

2 = eR+(x3 − x2) ' x3 − x2 +R(x+)(x3 − x2), (7.5.11)

where in the last step the exponential is expanded to first order. In terms of the rescaled
coordinates x′

2,3, the two-point correlation function in the presence of the background field
can be written conveniently as:

〈R(x2)R(x3)〉
∣∣∣
R
= 〈R(x′

2)R(x′
3)〉. (7.5.12)

Using Eq. 7.5.11, the above expression can be expanded to first order in the background field
R+ as [40]:

〈R(x2)R(x3)〉
∣∣∣
R
= 〈R(x2)R(x3)〉

∣∣∣
0
+R(x+)

[
(x3 − x2) ·∇〈R(x2)R(x3)〉

]∣∣∣
0
. (7.5.13)

8To be more precise, in the limit k1 → 0, the variation length tends to infinity λ → ∞.
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R(x2)

R(x3)

R+ λ

R

Figure 7.4: Schematic describing the evaluation of the background field R+ mid-
way between R(x2) and R(x3). To good approximation, the background field
is the same at x1 and x2 as the difference |x3 − x2| is much smaller than the
variation scale λ of the background field.

To get the 3-point correlation function (in real space), we correlate the above result with
the background field R(x1) and average over it, yielding:

〈R(x1)R(x2)R(x3)〉 = 〈R(x1)〉〈R(x2)R(x3)〉
∣∣∣
0

+ 〈R(x1)R(x+)〉
[
(x3 − x2) ·∇〈R(x2)R(x3)〉

]∣∣∣
0
. (7.5.14)

The first term is proportional to the mean or 1-point correlation function 〈R(x1)〉 and there-
fore is assumed to vanish. To proceed, we will perform a Fourier transform to find the
corresponding expression for the 3-point correlation spectrum in momentum space. The
momentum-space analog is given by:

〈Rk1Rk2Rk3〉 ' −(2π)3δ(3)(k1 + k2 + k3)P (k1)P (k2)
d ln k32P (k2)

d ln k2
. (7.5.15)

This result will be derived explicitly in the Appendix F.2.
Finally, since PR(k2) ∝ k32P (k2), the derivative term is equal to the spectral index (by

definition, see Eq. 5.4.33) and the 3-point correlation function in the squeezed limit becomes:

〈Rk1Rk2Rk3〉 ' (2π)3δ(3)(k1 + k2 + k3)(1− ns)PR(k1)PR(k2). (7.5.16)

Comparing the above result to Eq. 7.4.7 with k3 → 0 we identify:

f localNL =
5

12
(1− ns). (7.5.17)

Therefore, we derived the result that (in the squeezed local template) fNL is suppressed by
spectral index and consequently any substantial detection of fNL in this configuration would
rule out all single-field inflationary models, independent of their details.
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Chapter 8

In-In Formalism of Quantum Field Theory

“Quantum field theory arose out of our need to describe the ephemeral nature of
life.”

— Anthony Zee

In order to compute the non-Gaussianity generated in specific models of (single-field) infla-
tion, we have to evolve the comoving curvature perturbation (sourced by inflaton fluctuations)
to super-horizon scales and evaluate quantum expectation values for higher order correlation
functions. In particular, we are interested in the expectation value for the three-point corre-
lation function or bispectrum:

〈Rk1Rk2Rk3〉,

since this is the lowest-order statistic that can discriminate between Gaussian and non-
Gaussian statistics.

In this chapter, we will develop the theoretical formalism that we will use to evaluate the
expectation value of such a correlation function. In standard quantum field theory (e.g. par-
ticle physics), computing correlation functions is done in the so-called In-Out formalism. The
central object in this formalism is the scattering matrix S, which quantifies the probability
that a state |in〉 at the far past becomes some state |out〉 in the far future:

〈out(t→ +∞)|in(t→ −∞)〉 ≡ 〈out|S|in〉,

during a scattering process. Notice that in this formalism, asymptotic conditions are imposed
very early and very late times, since Minkowski space states are assumed to be non-interacting
in far past and future, where the particles are far away from the interaction region. Often, the
asymptotic states are taken to be the vacuum states of the free Hamiltonian of the system.
The free Hamiltonian treats the considered fields as free fields. Notice that the expectation
values do not possess time-dependence in the In-Out formalism.

However, in cosmology, we are interested in the expectation values of operators at a
specific instant in time.1 Furthermore, contrary to Minkowski space-time, in cosmology the
background space-time (FRW metric) is time-dependent via the scale factor. Hence, defining
time-dependence is less straightforward (we already saw this in Chapter 5 in constructing
the vacuum state). Finally, boundary conditions are only imposed at very early times, when
modes of cosmological interest are far inside the horizon. In this limit, it is convenient to
impose boundary conditions since the space-time approaches the Minkowski limit.

1For single-field inflation, a suitable instant to evaluate the three-point function is after horizon exit, where
the comoving curvature perturbation has frozen.

181
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Q(t∗) Q(t∗)

H0(t) +Hint(t)

|out(t1)⟩⟨in(t0)|

⟨in(t0)|

|in(t0)⟩H0(t) H0(t)
Hint(t)

Figure 8.1: Left: Visualization of the In-Out formalism to compute quantum ex-
pectation values (correlators). The |in〉 state defined at initial time t0 is evolved
with the free-field Hamiltonian to the moment of interest t∗ where interactions
are included via the interaction Hamiltonian Hint and the state is evolved to the
far future. Boundary conditions are thus imposed both in the early and late time
limits and one computes transition probabilities. Right: Pictorial representation
of the In-In formalism, where the initial state is evolved towards the moment of in-
terest and then evolved back to the initial time. Asymptotic boundary conditions
are thus imposed only at early times.

Based on the above observations, we conclude that we require an alternative to the In-Out
formalism, which is suitable for cosmological applications. In this chapter, we will construct
this alternative formalism, known as the In-In formalism. In this formalism, boundary con-
ditions are imposed only at very early times, i.e. the |in〉 state.2 Contrary to the In-Out
formalism, the In-In formalism allows to evaluate expectation values at a specific instant in
time (Fig. 8.1).

8.1 Preview of the In-In Formalism

For readers solely interested in the concrete results of the In-In formalism, we will first give
the relevant results here and support them with detailed derivations in the remaining part of
this chapter. The aim is to compute the n-point correlation function for a string of operators,
compactly denoted as Q ≡ ψk1ψk2 · · ·ψkn . The considered field ψ will be left unspecified here
but can be taken as for instance the comoving curvature perturbation R or gravitational wave
polarization modes E+,×. Schematically, the correlation function evaluated at time t∗ can
then be written as:

〈Q(t∗)〉 = 〈Ω|Q(t∗)|Ω〉, (8.1.1)

where |Ω〉 is the vacuum state of the interacting theory at the far past (typically denoted as
t) → −∞). In general, constructing the interaction vacuum state is very difficult. Fortunately,
we will see that in case interactions are weak, we can split the total Hamiltonian into a free
part and interaction part and we replace the interaction vacuum by the free vacuum |0〉.

In order to determine 〈Q(t)〉, we evolve the fields from t0 → −∞ towards the moment of
interest t = t∗ and then back to t using the total Hamiltonian (see Fig. 8.1). Computing
the time evolution of the fields is not straightforward, because the total Hamiltonian includes
interactions:

H = H0 +Hint, (8.1.2)

resulting in non-linear equations of motion. To conveniently handle these complications, we
introduce the interaction picture, where the leading evolution of the fields is determined by
the free field HamiltonianH0. The free Hamiltonian is quadratic in the fields and therefore the
equations of motion will be linear. Corrections due to interactions are treated perturbatively.

2In fact, this is the reason why the formalism goes under the name In-In.
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Taking the above approach, we will show that the time-dependent expectation value
〈Q(t∗)〉 is governed by the following equation:

〈Q(t∗)〉 = 〈
[
T̄ exp

(
+ i

∫ t∗

−∞−
dt′ HI

int(t
′)

)]
QI(t∗)

[
T exp

(
− i

∫ t∗

−∞+

dt′ HI
int(t

′)

)]
〉, (8.1.3)

where the angular brackets denote the vacuum state of the free field theory |0〉 and all fields
are in the interaction picture, indicated using the superscript I. In order to regularize the
time integral in the early time limit, we introduced the iε prescription by defining:

−∞∓ ≡ −∞(1± iε). (8.1.4)

As we will discuss in detail, this prescription assures that the integrand vanishes at early
times and hence the integrals remain finite. The above equation for 〈Q(t∗)〉 constitutes the
main result of this chapter and will be derived in the subsequent sections.

8.2 Qauntum-Classical Split of the Hamiltonian

Let us consider the action for a generic field ψ, defined in terms of the Lagrangian (density)
L(ψ, ψ̇) as follows:

S =

∫
d4x L(ψ, ψ̇), (8.2.1)

where the field ψ = ψ(x, t) is allowed to possess temporal as well as spatial dependence. The
conjugate momentum of ψ is defined as:

π ≡ ∂L
∂ψ̇

. (8.2.2)

For the sake of simplicity, we consider only one field, but the analysis below can easily be
extended to multiple fields.

The total Hamiltonian of the system is obtained via the Lagrangian as follows:

H[ψ(t), π(t)] ≡
∫
d3x H(ψ(x, t), ψ̇(x, t)) =

∫
d3x(ψ̇π − L). (8.2.3)

Note that in the Hamiltonian the spatial-dependence of the fields is integrated out, while
the Hamiltonian density still depends on spatial coordinates. According to the Hamilton
equations, the time-evolution of the field and its conjugate momentum is generated by the
full Hamiltonian via the commutator forms:

ψ̇(x, t) = i [H[ψ(t), π(t)], ψ] , (8.2.4)

π̇(x, t) = i [H[ψ(t), π(t)], π] . (8.2.5)

To proceed, we split the field and its conjugate momentum into a classical background
field and a quantum perturbation:

ψ(x, t) = ψ̄(x, t) + δψ(x, t), π(x, t) = π̄(x, t) + δπ(x, t). (8.2.6)

We should note that this split is completely arbitrary.3 The theory thus describes quantized
perturbations on a classical time-dependent background field. Throughout, we will assume

3Although it was not made explicit at that point, in Chapter 5 we also performed this split, since we
quantized the fluctuation in the inflaton field but took the background field as classical.
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that the background fields are in their vacuum state, which may well be time-dependent. The
classical background fields obey the Hamilton equations:

˙̄ψ(x, t) =
∂H
∂π̄

, ˙̄π(x, t) = −∂H
∂ψ̄

. (8.2.7)

The perturbations to the field and its conjugate momentum are treated as quantum entities
and are therefore quantized by imposing the canonical commutation relations:

[δψ(x, t), δπ(y, t)] = iδ(3)(x− y), (8.2.8)

all other commutators vanish identically.
The Hamiltonian can be decomposed in accordance with the quantum-classical split of the

field. In particular, we Taylor expand around the background Hamiltonian Hbkg, constituted
solely by the background fields:

H[ψ(t), π(t); t] = Hbkg[ψ̄(t), π̄(t)]

+

∫
d3x

∂H
∂ψ̄

δψ(x, t) +

∫
d3x

∂H
∂π̄

δπ(x, t)

+ H̃[δψ(t), δπ(t); t], (8.2.9)

where the total Hamiltonian possesses explicit time-dependence, in addition to the implicit
temporal dependence of the fields, due to the background fields. The first line corresponds
to the background Hamiltonian and the second line contains the contributions linear in per-
turbations. Finally, H̃ encompasses the contribution of terms of second and higher order in
the perturbations to the total Hamiltonian, that is:

H̃ = O(δψ2, δπ2). (8.2.10)

We will now show that the terms in expanded Hamiltonian linear in perturbations have no
effect on the evolutions of neither the background fields nor the perturbations. Substituting
the quantum-classical split of the field (Eq. 8.2.6) and the expanded Hamiltonian (Eq. 8.2.9)
into the commutator form of the equation of motion is given by:

˙̄ψ(x, t) + δψ̇(x, t) = i

[
H[ψ̄, π̄] +

∫
d3y

(
∂H
∂ψ̄

δψ +
∂H
∂π̄

δπ

)
+ H̃, ψ̄ + δψ

]
. (8.2.11)

On account of the fact that the background field ψ̄ is classical, it commutes with the total
Hamiltonian. In addition, the field perturbation δψ commutes with the contribution to the
Hamiltonian that is linear in δψ (first term on second line of Eq. 8.2.6). The only non-
vanishing commutator is the one between the Hamiltonian term proportional to δπ and δψ,
which can be manipulated as follows:

i

[ ∫
d3y

∂H
∂π̄

δπ, δψ

]
= i

∫
d3y ˙̄ψ(y, t) [δπ(y, t), δψ(x, t)]

=

∫
d3y ˙̄ψ(y, t)× δ(3)(x− y) = ˙̄ψ(x, t). (8.2.12)

Notice that this term cancels the term ˙̄ψ(x, t) on the right hand side of 8.2.11 and therefore
we conclude that the perturbative corrections to the background evolution of the field start
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only at second order in perturbations. Now we can write down the Hamilton equations for
the quantum perturbations:

δψ̇(x, t) = i
[
H̃[δψ(t), δπ(t); t], δψ

]
,

δπ̇(x, t) = i
[
H̃[δψ(t), δπ(t); t], δπ

]
. (8.2.13)

Hence, we derived that the perturbations are evolved using the second order perturbed Hamil-
tonian, which has explicit time dependence due to the background fields.

8.3 Evolution Operators and Interaction Picture

The next task will be to find the solutions to the equations of motion of the perturbations
(Eqs. 8.2.13). We will follow the standard procedure in quantum field theory and write the
solutions in terms of a unitary operator U as:

δψ(x, t) = U−1(t, t0)δψ(x, t0)U(t, t0). (8.3.1)

Unitarity of U implies that the operator satisfies the following properties:

U(t, t) = 1, U−1(t, t0)U(t, t0) = 1, U(t3, t2)U(t2, t1) = U(t3, t1), (8.3.2)

where t3 > t2 > t1. The operator U acts as an evolution operator, which evolves the initial
value δψ(t0) defined at some time t0 to arbitrary later time t. Substituting the above ansatz
into the equations of motion, we find that U is governed by the following differential equation:

d

dt
U(t, t0) = −iH̃[δψ(t0), δπ(t0); t] U(t, t0). (8.3.3)

The general solution to this equation is given by:4

U(t, t0) = T exp

[
− i

∫ t

t0

dt′ H̃(t′)

]
, (8.3.5)

which in principle accounts for the evolution of the system.5 However, the above solution
not very convenient, since it is not straightforward to compute δψ(x, t) in the presence of
interactions (as the equations of motion would be non-linear).

In order to describe the evolution of perturbations, taking interactions into account, we
split the perturbed Hamiltonian H̃ into a free-field Hamiltonian H0 (consisting only of second
order perturbations), and the interaction Hamiltonian Hint as follows:

H̃ = H0 +Hint. (8.3.6)

4In case it is convenient to make the Hamiltonian dependence manifest, the unitary operator is often
represented by the following shorthand notation:

U(t, t0) ≡ e−iH̃(t−t0). (8.3.4)

5The time-ordening operator T is included since we are typically dealing with time-dependent Hamiltoni-
ans.
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The fields generated by the free-field Hamiltonian H0 are called interaction picture fields,
labeled by I. Interaction picture fields are defined to coincide with the fields of the complete
theory6 at some initial time t0, that is:

δψI(x, t0) ≡ δψ(x, t0), δπI(x, t0) ≡ δπ(x, t0). (8.3.7)

We choose the interaction picture fields such that we can construct the interaction Hamilto-
nian in terms of them. To summarize, the prescription is as follows: the leading dynamical
evolution of the perturbations is encompassed in the interaction picture fields, governed by
the free Hamiltonian H0. Sub-dominant interaction effects are included by means of a series
expansion of the interaction Hamiltonian Hint.

By construction, the time-evolution of the interaction picture fields is generated via the
free-field Hamiltonian:

δψ̇I = i
[
H0[δψ

I(t), δπI(t); t], δψI(t)
]
, δπ̇I = i

[
H0[δψ

I(t), δπI(t); t], δπI(t)
]
. (8.3.8)

From now on, we will often omit the field-dependence of the Hamiltonian and use a superscript
I to indicate the Hamiltonian is composed of interaction picture fields. Since H0 obviously
commutes with itself, we can evolve H0 to any moment in time inside the commutator. We
take advantage of this fact by evolving H0 to time t0, so the interaction picture fields can be
replaced by the fields in the complete theory:

H0[δψ
I(t), δπI(t); t] = H0[δψ(t0), δπ(t0); t], (8.3.9)

note that explicit time-dependence of the Hamiltonian due to background fields is not affected
by this procedure.

Now we can find the unitary evolution operators U0 and F , associated with the free-field
and interaction Hamiltonian, respectively. For the free-field part, the solution is obtained
from:

d

dt
U0(t, t0) = −iH0[δψ(t0), δπ(t0); t] U0(t, t0), (8.3.10)

and reads:

U0(t, t0) = T exp

[
− i

∫ t

t0

dt′ HI
0 (t

′)

]
. (8.3.11)

Hence, we can use the evolution operator U0 to evolve the interaction picture fields, which
are indeed calculated via the free-field Hamiltonian.

Next, we aim to solve for the evolution operator F associated with the interaction Hamil-
tonian. We want to define F such that it satisfies the following differential equation:

d

dt
F (t, t0) = −iHI

int(t)F (t, t0), (8.3.12)

note that the interaction Hamiltonian is in the interaction picture. However, an arbitrary
operator (such as the Hamiltonian):

Q = Q[δψ(x, t), δπ(x, t)], (8.3.13)

6For inflation, the full theory at early times corresponds to the Bunch-Davies vacuum and the associated
initial conditions. The interaction picture fields would correspond to the linear solutions to Mukhanov-Sasaki
equation (Eq. 5.2.14).
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is not a priori constructed in the interaction picture.
In general terms, the evolution of such an operator Q is governed by the total Hamiltonian

H̃ and the corresponding evolution operator U , yielding:

Q(t) = U−1(t, t0)Q(t0)U(t, t0). (8.3.14)

In order to recast Q in the interaction picture, we should define U such that the operator
is squeezed between the free-field evolution operator U0, which takes the operator to the
interaction picture since we know that:

QI(t) ≡ U−1
0 (t, t0)Q(t0)U0(t, t0). (8.3.15)

This is achieved by choosing the operator F as follows:

F (t, t0) ≡ U−1
0 (t, t0)U(t, t0), (8.3.16)

since then we can write Q(t) as follows:

Q(t) = U−1(t, t0)Q(t0)U(t, t0),

= F−1(t, t0) U
−1
0 (t, t0)Q(t0)U0(t, t0) F (t, t0)

= F−1(t, t0)QI(t0)F (t, t0). (8.3.17)

Therefore, the expectation value of operator Q evaluated at the moment of interest t∗ can be
recasted in the interaction picture via the relation:

〈Q(t∗)〉 = 〈Ω|F−1(t∗, t0)QI(t0)F (t∗, t0)|Ω〉. (8.3.18)

The last task is to show explicitly that the parametrization of F indeed satisfies Eq.
8.3.12. Taking the time-derivative of F yields:

d

dt
F (t, t0) = −U−2

0 U̇0U + U−1
0 U̇

= −U−1
0 (−iH0)U − U−1

0 (iH̃)U

= −iU−1
0 (H̃ −H0)U

= −iU−1
0 Hint[δψ(t0), δπ(t0); t](U0U

−1
0 )U

= −iHI
int[δψ

I(t0), δπ
I(t0); t]F (t, t0), (8.3.19)

which is indeed equivalent to Eq. 8.3.12. In the second line we used the evolution equations
U0 and U . Then, in the third line we used the fact that Hint = H̃ − H0. Finally, we
insert a conveniently chosen unity U0U

−1
0 = 1 to rewrite the interaction Hamiltonian in the

interaction picture and we obtain the desired result. The solution to Eq. 8.3.12, in terms of
HI

int, reads:

F (t, t0) = T exp

[
− i

∫ t

t0

dt′ HI
int(t

′)

]
. (8.3.20)

On account of unitarity, the inverse operator is given by:

F−1(t, t0) = F † = T̄ exp

[
+ i

∫ t

t0

dt′ HI
int(t

′)

]
. (8.3.21)
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The expectation value 〈Q(t∗)〉 can now be written as follows:

〈Q(t∗)〉 = 〈Ω|
[
T̄ exp

(
i

∫ t∗

t0

dt′ HI
int(t

′)

)]
QI(t∗)

[
T exp

(
− i

∫ t∗

t0

dt′ HI
int(t

′)

)]
|Ω〉. (8.3.22)

The above expression is almost equivalent to the desired form (Eq. 8.1.3), the only operation
that is still to be justified is the replacement of the interaction vacuum |Ω〉 by the free-field
vacuum |0〉.

8.4 Relating the Interaction and Free-Field Vacua

The fact that we consider interactions via the interaction Hamiltonian Hint around the free-
field evolution determined by H0 introduces a second vacuum, the interaction vacuum |Ω〉, in
addition to the free-field vacuum associated with H0 (the latter is discussed in section 5.4 as
well). Constructing the free-field vacuum is trivial by means of the creation and annihilation
operators arising after quantization, in contrast to the interaction vacuum, which is not
straightforward to construct.

Fortunately, it is possible to find a direct relationship between the interaction vacuum and
the free-field vacuum in the early time limit.7 This relation is particularly convenient when
considering the evaluation of expectation values 〈Q(t∗)〉, as the interaction picture fields will
be written in terms of creation and annihilation operators, which act in a very well-defined
way on the free-field vacuum state |0〉. Here, we will explicitly construct the interaction
vacuum in terms of the free-field vacuum.

To start, we expand the free-field Hamiltonian in terms of a complete set of energy
eigenstates |n〉 of the complete theory (governed by H̃) as follows:

|0〉 =
∑
n

|n〉〈n|0〉. (8.4.1)

We can evolve the free-field vacuum state from some initial time t0 to some later time t by
applying the evolution operator of the total Hamiltonian:

U(t, t0)|0〉 = T exp

[
− i

∫ t

t0

dt′ H̃(t′)

]
|0〉 ≡ e−iH̃(t−t0)|0〉, (8.4.2)

where in the last expression we introduced the shorthand notation for the evolution operator.
In terms of the set of energy eigenstates of the full theory we obtain:

U(t, t0)|0〉 = e−iH̃(t−t0)|0〉 = e−iH̃(t−t0)
∑
n

|n〉〈n|0〉

=
∑
n

e−iEn(t−t0)|n〉〈n|0〉

= e−iEΩ(t−t0)|Ω〉〈Ω|0〉+
∑
n6=Ω

e−iEn(t−t0)|n〉〈n|0〉. (8.4.3)

By construction, we will set the vacuum energy of the free-field theory to zero, i.e. H0|0〉 =
0|0〉. Since we are comparing the vacuum energy of the free and interaction theory (and we

7As mentioned before, this early time limit corresponds the beginning of inflation, when all modes of
interest are deep inside the horizon.
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set the vacuum energy of the free theory to zero), the vacuum energy of the interacting
theory will presumably be small but non-vanishing. Therefore, the vacuum energy of the
total Hamiltonian can be computed as:

H̃|Ω〉 = Hint|Ω〉 = EΩ|Ω〉 6= 0|Ω〉. (8.4.4)

However, since |Ω〉 is the vacuum state, its energy will still be lower compared to the energy
of all other energy-eigenstates:

En > EΩ ∀ |n〉 6= |Ω〉. (8.4.5)

Now we consider the early time limit, i.e. we take t0 → −∞. In taking this limit, the
system will still be highly oscillatory due to the complex exponential and the contribution to
the time-integral over the Hamiltonian will average out. In mathematical terms, however, the
integral will diverge and we have to regularize the integral to enforce the converging behavior
in the early time limit.8 Therefore, we introduce a small imaginary part to time t0 as follows:

t̃0 ≡ t0(1− iε), (8.4.6)

where ε is small. This formal procedure is called the iε-prescription and effectively turn of
the (interaction) Hamiltonian at early times.

Taking the limit t0 → −∞, we find that the all exponentials become suppressed. Note
that non-vacuum states will be stronger damped than the vacuum state, since En > EΩ. To
a good approximation, we therefore get:

lim
t̃0→−∞+

e−iH̃(t−t̃0)|0〉 = lim
t̃0→−∞+

e−iEΩ(t−t̃0)〈Ω|0〉|Ω〉, (8.4.7)

where we reintroduced the notation of Eq. 8.1.4 and we find that only the interaction vacuum
survives the iε-prescription. Solving this equation for |Ω〉 provides the direct relation between
the interaction and free-field vacuum in the early time limit:

|Ω〉 = lim
t̃0→−∞+

e−iH̃(t−t̃0)|0〉
e−iEΩ(t−t̃0)〈Ω|0〉

(8.4.8)

We can recast the above expression in explicit evolution operator form by manipulating
the numerator:

e−iH̃(t−t̃0)|0〉 = U(t, t0)|0〉 = U−1(t0, t)|0〉
= U−1(t0, t)U0(t0, t)U

−1
0 (t0, t)|0〉

= F−1(t0, t)U
−1
0 (t0, t)|0〉

= F (t, t0)U0(t, t0)|0〉 = F (t, t0)|0〉, (8.4.9)

where we used the fact that H0|0〉 = 0 in the last line. Omitting the early time limit and
iε-prescription, we obtain for the intarction vacuum |Ω〉 and its complex conjugate:

|Ω〉 = F (t, t0)|0〉
e−iEΩ(t−t0)〈Ω|0〉

, 〈Ω| = 〈0|F (−t0, t)
eiEΩ(t+t0)〈0|Ω〉

. (8.4.10)

8A similar argument will be applied to the early time limit of Eq. 8.1.3. In order to evaluate for instance
〈RRR〉, we will have to compute the time-integral and therefore we will insert the mode-function for R, which
oscillates like e−ikτ near τ0 → −∞.
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Invoking the normalization condition 〈Ω|Ω〉 ≡ 1, we obtain the equation:

〈0|F (−t0, t0)|0〉 = e2iEΩt0 |〈0|Ω〉|2. (8.4.11)

Using these results, we can rewrite the expectation value 〈Q(t∗)〉 to the desired form (Eq.
8.1.3). Starting from Eq. 8.3.18, we insert the obtained results for |Ω〉 and 〈Ω| to obtain:

〈Q(t∗)〉 = 〈Ω|F−1(t∗, t0)QI(t0)F (t∗, t0)|Ω〉

=
〈0|F (−t0, t)
eiEΩ(t+t0)〈0|Ω〉

F−1(t∗, t0)QI(t0)F (t∗, t0)
F (t, t0)|0〉

e−iEΩ(t−t0)〈Ω|0〉

=
〈0|F (−t0, t0)|0〉
e2iEΩt0 |〈0|Ω〉|2

〈0|F−1(t∗, t0)QI(t0)F (t∗, t0)|0〉. (8.4.12)

Finally, on account of Eq. 8.4.11, we find that we can effectively replace the interacting
vacuum by the free-field vacuum:

〈Q(t∗)〉 = 〈0|F−1(t∗, t0)QI(t0)F (t∗, t0)|0〉. (8.4.13)

Explicitly writing out the expressions for F and introducing the iε-prescription in the early
time integration limit, we arrive at the desired result (Eq. 8.1.3):

〈Q(t∗)〉 = 〈
[
T̄ exp

(
+ i

∫ t∗

−∞−
dt′ HI

int(t
′)

)]
QI(t∗)

[
T exp

(
− i

∫ t∗

−∞+

dt′ HI
int(t

′)

)]
〉,

(8.4.14)

where the angular brackets are understood to denote the free-field vacuum |0〉 expectation
value. The iε-prescription is introduced to effectively turn off the interaction Hamiltonian
at early times t0 (see Fig. 8.1). In the context of single-field inflation, the τ → −∞ mode
functions go as e±ikτ (Eq. 5.4.23) and thus rapidly oscillate. The contribution of these
oscillations to the expectation value 〈Q(t∗)〉 averages out and we regularize the integral by
invoking the iε-prescription.

8.5 Dyson Series and Contractions

In the previous section, we derived the central result of this chapter, i.e. Eq. 8.1.3. Notice
that is valid up to any order in the interaction Hamiltonian. In practical terms, however,
the representation of Eq. 8.1.3 is inconvenient since we typically work to a specific order in
the interaction Hamiltonian. Therefore, it is natural to expand the interaction Hamiltonian
using a Dyson series. To second order in Hint the Dyson series gives:

T exp

[
+ i

∫ t∗

−∞−
dt′ HI

int(t
′)

]
= 1− i

∫ t∗

−∞−
dt′ HI

int(t
′)

+
i2

2

∫ t∗

−∞−
dt′

∫ t∗

−∞−
dt′′ HI

int(t
′) HI

int(t
′′) +O(H3

int). (8.5.1)

In terms of Feynman diagrams, each factor of Hint corresponds to an interaction vertex and
the coupling strength is thus encoded in the interaction Hamiltonian.9 This is illustrated for
a three-point and four-point correlator of δψ in Fig. 8.2.

9For inflation, as expected, we will find that the coupling constant is given in terms of slow roll parameters,
therefore the coupling is weak and the perturbative analysis by means of the Dyson series is justified.
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Figure 8.2: The left diagram shows the first order contribution in Hint to the
three-point correlator (notice that the diagram contains only on vertex). Similarly,
the right diagram shows the O(H2

int) contribution to the four-point correlator.

In the remaining part of this work, we will work only to leading order in Hint and hence
we can expand Eq. 8.1.3 to first order as:

〈Q(t∗)〉 = 〈
[
QI − iQIi

∫ t∗

−∞−
dt′ HI

int(t
′) + iQIi

∫ t∗

−∞−
dt′ HI

int(t
′)

]
〉+O(H2

int)

= 〈OI〉 − i

∫ t∗

−∞−
dt′〈0|

[
QI(t),HI

int(t
′)
]
|0〉+O(H2

int). (8.5.2)

We conclude that the leading (first order) correction to the three-point correlator, denoted
as 〈OI〉1, is given by:

〈QI〉1 = −i
∫ t∗

−∞−
dt′〈0|

[
QI(t),HI

int(t
′)
]
|0〉. (8.5.3)

By Hermicity, we may also write the leading correction in terms of solely purely real or
imaginary parts as follows:

〈QI〉1 = −2Re

[
i

∫ t∗

−∞−
dt′〈0|QI(t)HI

int(t
′)|0〉

]
= 2Im

[ ∫ t∗

−∞−
dt′〈0|QI(t)HI

int(t
′)|0〉

]
. (8.5.4)

In order to evaluate the leading order contribution 〈OI〉1, we need to compute (anti-
)time-ordered integrals, for which the integrands are products of fields and their conjugate
momenta sandwiched between two free-field vacuum states. Contrary to the static Minkowski
background of standard QFT, in the inflationary background, there is no propagator analo-
gous to the Feynman diagram that takes care of the time-ordering [82]. Therefore, we will
evaluate the integrands and leave the time-ordering procedure for the final integration (over
time).10

To enlighten the difference between the In-Out and In-In formalism we will first briefly
go over the approach in the standard In-Out formalism. To compute the integrands in

10There are approaches possible in which on can construct propagators to easily compute higher order
correlation functions [77]. However, those propagators can only be constructed in the de Sitter limit and
therefore only form a reasonable approximation to true inflationary background, which is indeed quasi de
Sitter. We will take this approach when we compute the bispectrum for the multi-field scenario [76] in the
next part of this work.
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the In-Out formalism, we use Wick’s theorem. The prescription is to expand Q and Hint

explicitly into interaction picture fields and use the commutation relations for the quantized
interaction picture fields to contract into a product of Feynman propagators. However, in
the inflationary background, there is no propagator analogous to the Feynman propagator so
we take a different approach.

With respect to the procedure of normal ordering, the In-In approach is equivalent to In-
Out: all annihilation operators are placed to the right so they annihilate the vacuum. Hence,
we define normal ordering as usual. Consider a quantized scalar field ψ in the interaction
picture, written in terms of creation and annihilation operators:

ψI(x, t) = ψ+
I (x, t) + ψ−

I (x, t) =

∫
d3k

(2π)3

[
fk(t)âk e

ik·x + f∗k (t)â
†
k e

−ik·x
]
, (8.5.5)

and the mode function is denoted as fk(t). The so-called positive frequency mode ψ+
I anni-

hilates the free-field vacuum, that is:

ψ+
I |0〉 = 0. (8.5.6)

In terms of ψ±
I , the normal ordered string is defined as:

: ψ1ψ2 · · ·ψn : ≡ ψ−
1 ψ

−
2 · · ·ψ+

n . (8.5.7)

Notice that the vacuum expectation value of a normal ordered string vanishes by construction,
that is:

〈0| : ψ1ψ2 · · ·ψn : |0〉 = 0. (8.5.8)

For a product of operators, the definition is equivalent to the one above with ψ replaced by
the considered operators, since operators can also be expanded into the positive and negative
frequency parts of the field.

A contraction between two field operators can now be defined as:

ψ1ψ2 ≡ [ψ+
1 , ψ

−
2 ] = (2π)3δ(3)(k1 + k2) fk1(t1)f

∗
k2(t2). (8.5.9)

Although we used equal time commutation relations, we leave the time-ordering to the final
integration and therefore the two mode functions can be evaluated at two different times t1,2.

11

Furthermore, notice that we contract into so-called Wightman propagators, or more precisely
the absolute value squared of the mode function, which are manifestly real (contrary to the
Feynman propagator in Minkowski space, which is imaginary). The fact that we contract
in the real functions can be traced back to the chosen contour of integration, which starts
−∞(1− iε) to t∗ (moment at which 〈QI〉1 is evaluated) and goes back to −∞(1 + iε), hence
the contour does not close. This causes the contraction into real functions.12

Combining the concepts of normal ordering and contractions, the vacuum expectation
value of a string of fields can now be evaluated using Wick’s theorem:

〈0|ψ1ψ2 · · ·ψn|0〉 = 〈0| : ψ1ψ2 · · ·ψn : |0〉 + : all possible contractions : . (8.5.10)

Here, all possible contractions, which are also normal ordered, means there will be one con-
traction term for each possible way of contracting the n operators into pairs. Notice that in
the above formulation of Wick’s theorem we excluded the time-ordering operator which is
present in the usual In-Out version of the theorem, since we leave the time-ordering to the
final integration in Eq. 8.1.3.

11Another way of justifying this procedure is the fact that the objects relevant for the contraction are the
creation and annihilation operators, which are time-independent in contrast to the mode functions.

12In the In-Out formalism, the contour can be closed and the resulting propagators are manifestly imaginary.
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8.6 Proof of Wick’s Theorem

In this final section, we will explicitly derive Wick’s theorem, i.e. we will prove that we
can write the correlator 〈0|ψ1ψ2 · · ·ψn|0〉 as in Eq. 8.5.10. Formally, we can state Wick’s
theorem as follows. Consider the field operators ψ(x(i)) ≡ ψi, where i = 1, . . . , n for an
n-point correlation function, and consider the string of field operators:

{ψ1ψ2 · · ·ψn} = : {ψ1ψ2 · · ·ψn + all possible contractions} : . (8.6.1)

Notice that we consider the fields to be in real space, however one could easily perform the
proof in momentum space.

Let us first consider the simple case of n = 2, for which Wick’s theorem states:

〈0|ψ1ψ2|0〉 = : ψ1ψ2 : + ψ1ψ2. (8.6.2)

Explicitly expanding the two field modes into positive and negative frequency parts gives:

ψ1ψ2 = (ψ+
1 + ψ−

1 )(ψ
+
2 + ψ−

2 )

= ψ+
1 ψ

+
2 + ψ+

1 ψ
−
2 + ψ−

1 ψ
+
2 + ψ−

1 ψ
−
2

= ψ+
1 ψ

+
2 + ψ−

2 ψ
+
1 + [ψ+

1 , ψ
−
2 ] + ψ−

1 ψ
+
2 + ψ−

1 ψ
−
2 , (8.6.3)

notice that the non-commutator terms are indeed normal ordered and can be written collec-
tively as : ψ1ψ2 :. Hence, for n = 2 Wick’s theorem is indeed satisfied.

We will now proceed by induction. Assuming Wick’s theorem holds for n− 1 operators,
we will show that it also holds for n operators. The string of n field operators can be written
as:

{ψ1 · · ·ψn} = ψ1 : {ψ2ψ3 · · ·ψn + all possible contractions} : . (8.6.4)

Upon expanding ψ1 into positive and negative frequency parts, we aim to move them into to
normal ordening operator (denoted using : · · · :). For the negative frequency contribution ψ−

1

this is trivial, being on the left, it is already in normal order. The term ψ+
1 is put in normal

order by commuting it to the right past the string ψ2 · · ·ψn. Consider for instance the first
term:

ψ+
1 : {ψ2ψ3 · · ·ψn} : = : {ψ2ψ3 · · ·ψn} : ψ+

1 + [ψ+
1 , : {ψ2ψ3 · · ·ψn} :]

= : {ψ+
1 ψ2 · · ·ψn} :

+ {[ψ+
1 , ψ

−
2 ]ψ3 · · ·ψn + ψ2[ψ

+
1 , ψ

−
3 ]ψ4 · · ·ψn + · · · } : (8.6.5)

The first term in the last line combines with the negative frequency part into : {ψ1ψ2 · · ·ψn} :
and hence we derived the first term on the right hand side of Wick’s theorem (Eq. 8.6.1), as
well as all possible terms involving a single contraction of ψ1 with another field. Similarly, all
terms in Eq. 8.6.5 containing a single contraction will generate all possible terms involving
that contraction and one contraction of ψ1 with one of the other field operators in the string.
Repeating this argument eventually generates all possible contraction of all n field operators.
Therefore, we conclude that the induction step is complete: Wick’s theorem is proven.





Chapter 9

ADM Formalism in Inflationary Cosmology

“Not all gauges are born equal and some are cleverer than others.”

— Eugene A. Lim

To compute non-Gaussianities in inflation models using the In-In prescription (Eq. 8.1.3), we
have to derive the interaction Hamiltonian Hint. This can be done by expanding the single-
field inflaton-gravity action (Eq. 2.4.17) to third order in perturbations1 and then reading off
the third order Lagrangian to find the interaction Hamiltonian. This perturbative expansion
of the action will be performed explicitly in the next chapter.

In order to expand the action to third order, we parametrize the perturbed metric by using
the Arnowitt-Deser-Misner (ADM) formalism. For an introduction to the ADM formalism,
see e.g. [46]. A review of the formalism by the original author’s is given in [8]. Using this
formalism to decompose the metric has two main advantages. First, the dynamical degrees
of freedom will be manifest in the action (i.e. we can easily distinguish between physical
and gauge modes). Second, the ADM formalism uses a convenient foliation of space-time,
such that there is a well-defined notion of time. Before going into details, we will discuss the
reasoning and motivation behind the ADM formalism in the first section.

9.1 Philosophy of the ADM Formalism

In the previous chapter on the In-In formalism, we considered a Hamiltonian and (implicitly)
assumed it is constructed from physical degrees of freedom of the theory.2 In the case of gen-
eral relativity, physical degrees of freedom are encoded in the metric gµν , whose evolution is
governed by the Einstein-Hilbert action. However, this action is subject to gauge-invariances,
caused by diffeomorphism invariance of the space-time coordinates.3 Due to the gauge invari-
ance, when casting the theory in canonical form, unphysical (gauge) degrees of freedom will
arise in the action, caused by the freedom of choosing the coordinate system. By definition,
the canonical form of the theory involves the minimal number of variables specifying the state
of the considered system.

In more practical terms, when varying the action with respect to the metric, some of
the obtained equations will be redundant and serve as constraint equations. These con-
straints must be satisfied by the solutions to the physical modes but they not dynamically
evolve the physical modes. Consequently, the gauge modes are encoded in the constraint

1Recall from the previous chapter that the interaction Hamiltonian starts at third order in perturbations.
2Physical degrees of freedom are, in principle, measurable quantities.
3Diffeomorphism invariance refers to the freedom in choosing a coordinate system.
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equations. Constraint equations can be included conveniently in the action via the use of
Lagrange multipliers. Lagrange multipliers are defined to be invariant under diffeomorphism
transformations (i.e. reparametrizations of the space-time coordinates). That is, a Lagrange
multiplier N transforms as: ∫

N(x) dxµ →
∫
N(x̃) dx̃µ, (9.1.1)

under the coordinate reparametrization xµ → x̃µ.
By decomposing the metric such that constraint equations appear explicitly in the action

in combination with a Lagrange multiplier, we can easily distinguish between physical degrees
of freedom and gauge modes. The ADM decomposition of metric exactly satisfies these
requirements, i.e. it factorizes the action into a form where the constraint equations appear
explicitly accompanied by Lagrange multipliers. Moreover, it turns out that we can solve the
Lagrange multipliers in terms of physical degrees of freedom and hence we can formulate the
action completely in terms of physical degrees of freedom.

9.2 Foliation of Space-Time

The ADM formalism relies on a foliation of space-time by constant-time hypersurfaces, de-
noted as Σt. In mathematical terms, these spatial hypersurfaces are thus the level sets of
some function of time t(xµ), so that:

Σt0 = {xµ : t(xµ) ≡ t0}, (9.2.1)

for some time t = t0. The associated time-like normal vector nµ scales as:

nµ ∝ ∂µt, (9.2.2)

and obeys the constraint nµn
µ = −1. See also the left schematic in Fig. 9.1. Now, we induce

coordinates (t,y) on the space-time by the coordinate transformation:

xµ = xµ(t,y), (9.2.3)

in the following way:

B For any fixed value of time t = t0, the condition:

xµt0(y) ≡ xµ(t0,y), (9.2.4)

provides the identification of hypersurface Σt as the hypersurface Σt0 , that is:

xt0 : Σ → Σt0 . (9.2.5)

More informally, we have chosen xµt0 such that Σt coincides with Σt0 .

B The curves:
xµy0(t) ≡ xµ(t,y0) (9.2.6)

connects points on different hypersurfaces corresponding to the same spatial coordinates
y0. The curves therefore encode a notion of time evolution from one hypersurface to
another.
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Figure 9.1: Left: Visualization of the space-time foliation in terms of two spa-
tial hypersurfaces Σt and Σt+dt. The normal vector nµ and two infinitesimally
separated curves of constant spatial coordinates xi and xi + dxi are also shown.
Right: Definitions of the the lapse N , shift N i, time evolution vector field ∂µt and
the infinitesimal line element ds.

Given the chosen coordinate system xµ = xµ(t,y), the tangent vector to the hypersurface Σt

can be defined as follows:

Eµ
i =

∂xµ

∂yi

∣∣∣∣
t

, (9.2.7)

evaluated at constant time t. In addition, the time evolution vector field ∂µt is defined as:

∂µt =
∂xµ

∂t

∣∣∣∣
y

, (9.2.8)

and is evaluated while keeping the spatial coordinates y fixed. In general, the curves xµy0 are
not required to be normal to hypersurfaces Σ. Hence, we can decompose the time vector field
∂µt into normal and tangential contributions to the hypersurfaces:

∂µt = NNµ + Eµ
i N

i. (9.2.9)

Here N and N i, called lapse and shift, respectively parametrize the freedom in chosing ∂µt .
In terms of the above quantities, the infinitesimal space-time interval dxµ reads:

dxµ = ∂µt dt+ Eµ
i dy

i = (NNµ + Eµ
i N

i)dt+ Eµ
i dy

i. (9.2.10)

The differential line element ds2 ≡ gµνdx
µdxν becomes:

ds2 = −N2dt2 + hij(dx
i +N idt)(dxj +N jdt), (9.2.11)

where we used NµNµ = −1 the normalization contraint for Nµ ≡ (N,N i) and hij , called the
induced metric on spatial hypersurfaces, is given by:

hij ≡ gµνE
µ
i E

ν
j . (9.2.12)

The factorization of the differential line element ds2 as performed in Eq. 9.2.11 is also referred
to as the 3+1 split of the metric and forms the starting point for the Hamiltonian formalism
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of general relativity and field theories on a gravitational background (such as inflation). The
geometric meaning of the various quantities introduced above (e.g. N and N i), is visualized
in the right schematic of Fig. 9.1.

The components of the metric and its inverse corresponding to the 3 + 1 split of the
space-time read:

gµν =

[
−N2 +NiN

i Ni

Nj hij

]
, gµν =

[
−1/N2 N i/N2

N j/N2 hij −N iN j/N2

]
. (9.2.13)

The determinant of the metric can be written simply as:
√
−g = N

√
h. Finally, the future

directed time-like normal vector nµ to Σt can be written in terms of the lapse as:

nµ = −N∂µt, (9.2.14)

and its explicit components are:

nµ = −Nδ0µ, nµ = (1/N,−N i/N). (9.2.15)

Using the normal time vector nµ, the time vector field ∂µt can be decomposed as:

∂µt = Nnµ +Nµ, (9.2.16)

and the metric becomes:

gµν = hµν + nµnν , gµν = hµν + nµnν . (9.2.17)

On account of the constraint nµn
µ = −1, the mixed form of the induced metric reads:

hµν = δµν + nµnν . (9.2.18)

The mixed form hµν is the natural projection operator of any tensorial quantity onto the
spatial hypersurface.

9.3 Intrinsic and Extrinsic Curvature

Let us now consider the curvature of the space-time. Since the space-time is foliated into
a time-ordered sequence of spatial hypersurfaces, we distinguish two classes of curvature:
intrinsic curvature (defined on the spatial hypersurfaces) and extrinsic curvature, describing
how the spatial hypersurfaces are bent in the four-dimensional space-time.

The covariant derivative, denoted as Dσ associated with the induced metric hµν is defined
as:

Dσhµν = ∂ρhµν − Γλ
σµhλν − Γλ

σνhµλ = 0. (9.3.1)

The Christoffel symbol is understood to be defined with respect to the induced metric hµν ,
that is:

Γµ
ρσ =

1

2
hµλ (∂ρhσλ + ∂σhρλ − ∂λhρσ) . (9.3.2)

Using the projection operator hµν , we can write Dσ associated with hµν in terms of the
covariant derivative ∇σ constructed from gµν as follows:

DσT
µ1···µk
ν1···νl = (hµ1

ρ1 · · ·h
µk
ρk
)(hκ1

ν1 · · ·h
κl
νl
)hλσ∇λT

ρ1···ρk
κ1···κk

. (9.3.3)
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Next, we define the three-dimensional Riemann tensor (3)Rσ
µνρ. Consider a vector Vσ

defined on the spatial hypersurface, which is realized by imposing the condition Vσn
σ = 0

on the vector (such a vector is called a spatial form). The commutator of two covariant
derivatives acting on Vσ then defines the three-dimensional Riemann tensor:

[Dµ,Dν ]Vρ ≡ (3)Rσ
µνρVσ. (9.3.4)

The Riemann tensor measures the change of a vector when it is parallel transported around a
closed loop on the spatial hypersurface. Accordingly, the Ricci tensor and scalar are defined
as:

(3)Rµν = (3)Rρ
µρν ,

(3)R = hµν (3)Rµν . (9.3.5)

Note that all quantities introduced above are defined on the spatial slice Σ. In order
to describe the full space-time geometry, we need to quantify how the spatial hypersurfaces
are embedded in the full four-dimensional space-time. Stated otherwise, we have to describe
how the surfaces Σ are bent in the full space-time. Hence, we are naturally led to define the
extrinsic curvature tensor Kµν as the covariant derivative of the vector nµ, which is normal
to the spatial hypersurfaces:

Kµν ≡ Dµnν . (9.3.6)

Essentially, the extrinsic curvature tensor quantifies how the normal vector nν changes when
slided along the hypersurface Σ. In terms of the covariant derivative associated with gµν , the
extrinsic curvature tensor can be written as:

Kµν = hρµh
σ
ν∇ρnσ = hρµ∇ρnν . (9.3.7)

In the second equality, we used the projection operator hσν and invoked the condition nσn
σ =

−1, giving the constraint:

nσ∇ρnσ = 0. (9.3.8)

Below, we will list some relevant properties of the extrinsic curvature tensor. Non-trivial
properties will be derived explicitly.

B Symmetry.—The extrinsic curvature tensor is symmetric: Kµν = Kνµ. This property
also shows that the covariant derivative of the normal vector is insensitive to inter-
changing the indices, i.e. ∇µnν = ∇νnµ.

B Spatially Non-Vanishing.—Only purely spatial components of Kµν are non-vanishing.
This property can be derived as follows. First, we write Kµν in terms of the normal
vector:

Kµν = ∇µnν + nρnµ∇ρnν . (9.3.9)

Using Eq. 9.3.8, we conclude that nµKµν = nνKµν = 0. By the fact that ni = 0, we
obtain Kµ0, constraining the curvature tensor to be purely spatial:

Kµν = Kij . (9.3.10)

This does not necessarily hold for Kµν . Nevertheless, the contraction KµνKµν will be
purely spatial on account of the above equation:

KµνKµν = KijKij . (9.3.11)
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B Connection to Lie-Derivative of Metric.—The extrinsic curvature tensor is closely re-
lated to the Lie derivative of the metric:

Kµν =
1

2
Lnhµν . (9.3.12)

The Lie derivative Ln is defined as:4

Lnhµν ≡ nρ∇ρhµν + hρν∇µn
ρ + hµρ∇νn

ρ. (9.3.13)

To derive this relation, we use metric compatibility of the metric with the covariant
derivative ∇ρgµν = 0 and the symmetric property of Kµν to derive:

2Kµν = (Kµν +Kνµ)

= hρµ∇ρnν + hρν∇ρhµ

= nρnµ∇ρnν + nρnν∇ρnµ +∇µnν +∇νnµ

= nρ∇ρ(nµnν) + gρν∇µn
ρ + gµρ∇νn

ρ

= nρ∇ρhµν + hρν∇µn
ρ + hµρ∇νn

ρ ≡ Lnhµν . (9.3.14)

The scalar lapse is also compatible with the covariant derivative, so that we can rewrite
Kµν as follows:

Kµν =
1

2N
(Nnρ∇ρhµν + hρν∇µ(Nn

ρ) + hµρ∇ν(Nn
ρ)) . (9.3.15)

Now using the fact that Nnµ = ∂µt −Nµ, we obtain:

Kµν =
1

2N
hρµh

σ
νL∂t−Nhρσ =

1

2N
hρµh

σ
ν (Lthρσ − LNhρσ), (9.3.16)

where we included inoffensive projections. On account of the relations:

hρµh
σ
νL∂thρσ ≡ ḣµν , LNhρσ = DρNσ +DσNρ, (9.3.17)

we arrive at the following final expression for the extrinsic curvature tensor:

Kµν =
1

2N
(ḣµν −DµNν −DνNµ). (9.3.18)

9.4 Codazzi Equation and the Ricci Scalar

Recall that in order to recast the inflaton-gravity action (Eq. 2.4.17) in terms of the ADM
formalism, we will have to rewrite the Ricci scalar – appearing in the Einstein-Hilbert part
of the action – in ADM variables. That is, we require a direct relation of the form:

R = R(K,Kµν), (9.4.1)

where K represents the trace of the extrinsic curvature tensor (K ≡ Kσ
σ ). In order to derive

this relation, we will use the so-called Codazzi equation, which we will first derive now.

4This definition of the Lie derivative differs by a sign form the one defined in section 6.4. That is, for
arbitrary Aµν and bρ we have: LbAµν ≡ −∆bAµν .
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Recall that the three-dimensional Riemann tensor is defined in terms of the commutator
of the covariant derivative with respect to the induced metric hµν as follows:

[Dµ,Dν ]Vρ ≡ (3)Rσ
µνρVσ. (9.4.2)

In addition, the double covariant derivative of Vρ can be projected on the covariant derivative
associated with gµν as follows:

DµDνVρ = Dµ(h
α
νh

β
ρ∇αVβ) = hεµh

κ
νh

η
ρ∇ε(h

α
κh

β
η∇αVβ). (9.4.3)

Explicitly expanding the last expression for DµDνVρ yields:

DµDνVρ = hεµh
α
h
β
ρ∇ε∇αVβ + hβρKµνn

α∇αVβ + hανKµρn
β∇αVβ, (9.4.4)

where we used the relation:
hαµh

β
ν∇αh

ρ
β = Kµνn

ρ. (9.4.5)

The middle term in Eq. 9.4.4 vanishes when anti-symmetrized over µ and ν, which is exactly
the case in the commutator of Eq. 9.4.2. Furthermore, we can rewrite the last term by
invoking:

hανn
β∇αVβ = hαν∇α(n

βVβ)− hανVβ∇αn
β = −Kβ

ν Vβ. (9.4.6)

Combining these results, we arrive at the Codazzi equation:

(3)Rσ
µνρ = hαµh

β
νh

δ
ρ R

σ
αβδ +KµρK

σ
ν −KνρK

σ
µ , (9.4.7)

which relates the three-dimensional curvature, the full space-time curvature and the extrinsic
curvature.

Contracting the Codazzi equation by setting ν = σ gives the three-dimensional Ricci
tensor:

(3)Rµρ = hαµh
β
σh

δ
ρR

σ
αβδ +KµρK −KσρK

σ
µ . (9.4.8)

Finally, contracting the Ricci tensor with the induced metric hµρ gives the direct relation
between the four-dimensional Ricci scalar, the three-dimensional one and the extrinsic cur-
vature.

(3)R = hµρ (3)Rµρ = hµρhαµh
β
σh

δ
ρR

σ
αβδ + hµρKµρK − hµρKσρK

σ
µ

= hαδRαδ +K2 −Kµ
σK

σ
µ

R = R(3) −K2 +KijK
ij . (9.4.9)

In the line, we used the fact solely the purely spatial part of the extrinsic curvature tensor is
non-vanishing.

9.5 Inflaton-Gravity Action in the ADM Formalism

In the previous sections we derived expressions for the metric (Eq. 9.2.13) and Ricci scalar
(Eq. 9.4.9) in terms of ADM variables. Now, those results can be used to recast the inflaton-
gravity action (Eq. 2.4.17):

S = SEH + Sφ =

∫
d4x

√
−g

[
1

2
M2

plR− 1

2
gµν∂µφ∂νφ− V (φ)

]
. (9.5.1)

in the ADM formalism. Below, we will show how to transform the different parts of the
action to the ADM variables.
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B Metric Determinant.—The metric determinant can be written in terms of the scalar
lapse function N and the induced metric determinant

√
h as follows:

√
−g = N

√
h. (9.5.2)

Hence, the space-time integration measure becomes:∫
d4x

√
−g =

∫
d4x N

√
h. (9.5.3)

B Gravitational Sector.—Using Eq. 9.4.9, we can rewrite the Einstein-Hilbert contribution
to the action:

1

2
M2

plR =
1

2
M2

pl

(
R(3) −K2 +KijK

ij
)
. (9.5.4)

B Kinetic Sector Inflaton.—On account of the ADM metric (Eq. 9.2.13), the kinetic part
of the inflaton Lagrangian reads:

gµν∂µφ∂νφ = − 1

N2

(
φ̇2 −N i∂iφ

)2
+ ∂iφ∂iφ. (9.5.5)

To recast this in the canonical momentum form, we define πφ in the ADM formalism
as:

π2φ ≡ 1

N2

(
φ̇2 −N i∂iφ

)2
, (9.5.6)

such that the kinetic sector becomes:

gµν∂µφ∂νφ = −π2φ + ∂iφ∂iφ. (9.5.7)

Finally, we obtain the following expression for the inflaton-gravity action in the terms of the
ADM variables:

S =

∫
d4x N

√
h

[
M2

pl

2

(
R(3) +KijK

ij −K2
)
+

1

2

(
π2φ − ∂iφ∂iφ

)
− V (φ)

]
. (9.5.8)

For convenience, often the following field redefinition is made to make the curvature tensor
manifestly dimenionless:

Eij ≡ NMplKij =
Mpl

2
(ḣij −DiNj −DjNi). (9.5.9)

In terms of the dimensionless extrinsic curvature perturbation, the ADM inflaton-gravity
action becomes:

S =
1

2

∫
d4x N

√
h
[
M2

plR
(3) +N−2(EijE

ij − E2) + π2φ − ∂iφ∂iφ− 2V (φ)
]
. (9.5.10)

Notice that this action only contains first order time derivatives and that the lapse N and
shift N i contain no derivatives. Hence, they will act as non-dynamical Lagrange multipliers,
yielding constraint equations.

The constraint equations can be obtained explicitly from the above action by varying
with respect to the shift and lapse variables. For the lapse N we have:

δS

δN
=M2

plR
(3) −N−2(EijE

ij − E2)− ∂iφ∂iφ− π2φ − 2V (φ) = 0, (9.5.11)
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notice that the conjugate momentum πφ contains N -dependence as well. This constraint
equation is also called the Hamilton constraint equation. Now we do the same for the shift
function N i. The only terms depending on the shift in the ADM action are the second and
third term. Varying the π2φ contribution with respect to N i yields:

δπ2φ
δN i

= 2πφ
δπφ
δN i

= −
2πφ∂iφ

N
. (9.5.12)

For the term EijE
ij we obtain:

δ

δNk
(EijE

ij) = 2Eij δEij

δNk
= 2Eijhkl

δEij

δNl
= −4DmE

m
k , (9.5.13)

and for E2 we get:
δE2

δNk
= 2Ehkl

δ

δNl
(hijEij) = −4DkE. (9.5.14)

The constraint equation regarding the shift can be written as:

δS

δN i
=
δπ2φ
δN i

+
δ

δN i
(EijEij − E2), (9.5.15)

yielding the so-called momentum constraint equation:

2πφ∂iφ+
4

N
Dj(E

j
i − Eδji ) = 0. (9.5.16)

In the literature, it is often anticipated already that the spatial derivative of the inflaton
vanishes (∂iφ = 0), since at background level the inflaton is spatially homogeneous. However,
we will perturb the above constraint equation(s) later on to include fluctuations, for which
the spatial gradient does not vanish starting at first order. Nevertheless, in the next chapter
we will work in the comoving gauge, for which δφ = 0, so we are left with:

Di

[
N−1(Ei

j − Eδij)
]
= 0. (9.5.17)

Solution to the Lapse and Shift for a Flat FRW Metric

Now we will constrain to the flat FRW background5 and examine the background solutions
to of the constraint equations in terms of the lapse and shift. In particular, we will focus
on the Hamilton constraint equation, since the momentum constraint equation is satisfied at
background order by N = 1 (see Eq. 9.5.17). Specifying to the flat FRW background implies
the induced spatial metric can be written as:

hij = a2γij = a2δij , (9.5.18)

i.e. hij becomes the spatial three-metric determined by scale factor a (Eq. 1.2.4).
At zeroth order, the inflaton is spatially homogeneous as imposed by the Cosmological

Principle, so that we can set the shift to zero at background level: N i = 0. The Hamilton
constraint equation becomes:

E2 − EijE
ij = φ̇2 + 2V. (9.5.19)

5Since we consider a flat geometry, we will set R(3) = 0 throughout from now on.
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Evaluation of the left hand side yields:

EijE
ij = himhjnEijEmn = 3M2

plH
2, E2 = (hijEij)

2 = 9M2
pl. (9.5.20)

where we used that Eij = Mplaȧδij . On account of those results, we then find that the
Hamiltonian constraint equation becomes:

H2 =
ρφ

3M2
pl

, (9.5.21)

where the scalar field energy density ρφ is given by Eq. 2.6.4. We recognize the above
equation as the Friedmann equation for a universe dominated by a scalar field. Therefore,
the Friedmann equation essentially is a Hamilton constraint equation, rather than an equation
of motion for the scale factor.



Chapter 10

Bispectrum for Single-Field Inflation

“Cosmology is a science with only a few observational facts to work with.”

— Robert W. Wilson

Now that we have developed the In-In formalism to compute higher-order correlation func-
tions in an expanding background as well as the ADM form of the inflaton-gravity action, we
can compute the three-point correlator or bispectrum of the comoving curvature perturbation
R explicitly. This was first done for single-field slow-roll inflation in the pioneering work by
Maldacena [64] and later generalized to so-called P (X,φ) theories of inflation (also called
k-inflation), allowing for non-standard kinetic terms by Chen and collaborators [36]. The
standard kinetic term is understood to be the one in the inflaton-gravity action (Eq. 2.4.17).
See also similar work by Seery and Lidsey [77]. A pedagogical review of the computation of
non-Gaussianity in single-field inflation was given in [32].

Notice that, in the same spirit as the preceding part of this thesis, the above work assumes
the inflaton scalar field to be the only non-gravitational degree of freedom sourcing the co-
moving curvature perturbation during inflation. However, the microscopic theory of inflation
is still unknown. Therefore, during inflation other degrees of freedom may be present as well,
and interactions between those fields and the inflaton may well contribute to the bispectrum.
In particular, we know that new degrees of freedom must arise around the Planck scale in
order to obtain a UV-complete theory of gravity [17]. There are even scenarios possible in
which multiple scalar fields are responsible for the accelerated expansion and, as such, where
the notion of a single inflaton field is not applicable.

In terms of the mass or particle spectra of the additional fields during inflation (Fig. 10.2),
we distinguish between three different scenarios by which additional fields may leave imprints
in the bispectrum and higher order correlation functions. Within the context of effective field
theory, those scenarios will be discussed in the first section. In particular, we will motivate
why it often is justified – within the effective description of single-field inflation – to neglect
the additional degrees of freedom. In the subsequent sections, will follow Maldacena and
derive the leading order contribution to bispectrum of single-field inflation.

10.1 Effective Field Theory of Inflation and Particle Spectra

In the absence of a microscopic theory of inflation, the phenomenological physics of inflation
is described in the context of effective field theory (EFT) [17, 38, 93]. In this section, we will
discuss the essentials of EFT and then apply at a mostly qualitative level to inflation. Our
findings will be used to justify, under certain well-defined assumptions, that the bispectrum
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can be computed at low energies by neglecting the influence of non-gravitational degrees of
freedom other than the inflaton field.

10.1.1 EFT Fundamentals

Effective field theories describe the physics of light degrees of freedom below the cutoff scale
Λ, which sets the range of validity of the effective theory. Light particles with masses m < Λ
are included in theory, while heavy particles with massesM > Λ are integrated out in a sense
that we will make precise below.

Let φ and χ denote the light and heavy field(s) with respect to the cutoff scale, respectively.
Their combined Lagrangian, allowing for interactions between the two classes of fields, can
be written as:

L[φ, χ] = Ll[φ] + Lh[χ] + Llh[φ, χ], (10.1.1)

where the interactions are governed by Llh. To obtain the effective action for the light modes,
we integrate out the heavy degrees of freedom by means of the path integral:

eiSeff[φ] =

∫
[Dχ] eiS[φ,χ]. (10.1.2)

In practice, the path-integral approach is rarely taken to obtain the effective action, in fact it
only works in case the high energy or UV theory in known (this is not the case for inflation).
Instead, a matching calculation order-by-order in perturbation theory is often performed [17].

Via the last approach, the obtained effective Lagrangian will consist of a part containing
relevant operators (with mass dimension δi lower than four) and an infinite sum of higher
order operators:

Leff[φ] = Lδi<4 +
∑
i

ci
Oi(φ)

Λδi−4
, (10.1.3)

where the so-called Wilsonian coefficients ci in the higher order sum are typically of order
unity and Oi are the operators of dimension δi > 4 made out of the light fields. By this
procedure, typically all operators consistent with the symmetries of the UV complete theory
are generated.

In case only the low-energy effective theory is accessible to experiment, i.e. the experiment
probes energy scales well below the cutoff scale E � Λ, only a finite number of terms need
to be considered in the sum. The reason is that the effects of operators of mass dimension δi
are proportional to powers of the ratio E/Λ as follows:

Oi(φ)

Λδi−4
∝

(
E

Λ

)δi−4

. (10.1.4)

Hence, the higher the dimension of an operator, the smaller its contribution to low-energy
observables accessible to experiment. In particular, the effect of operators with dimension
δi > 4 on the low-energy regime is strongly suppressed in case E/Λ � 1. Notice that for
inflation, not even the low-energy effective description is not directly accessible to experiment,
since at the moment we can only probe imprints of the physics during inflation in the CMB.1

Based on the energy scaling according to Eq. 10.1.4, we discriminate between three
different types of operators related to their respective mass dimension δi.

1An exception to this statement would be the detection of primordial gravitational waves, which would
provide a direct measure of the energy scale during inflation.
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B Relevant Operators (δi < 4).—These operators dominate the low-energy limit or IR
regime the full theory, therefore form the leading contributions to the effective theory
and become vanishingly small at high energies (E → Λ). This can be seen as well
from the energy-scaling relation of the operators (Eq. 10.1.4). For relevant operators
δi < 4 so that the power δi−4 of the dimensionless energy scale E/Λ becomes negative.
Meaning that the contribution of these operators becomes large when the studied energy
scale E is much smaller than the cutoff scale Λ. Assuming a four-dimensional space-
time, the number of possible relevant operators are δi = 0 for the unit operator, δi = 2
for a bosonic mass term and δi = 3 for cubic scalar field interactions.2

B Marginal Operators (δi = 4).—Notice that for δi = 4, i.e. the mass dimension equals
the number of space-time dimensions, the operator scales with (E/Λ)0, so they lie
between relevant and irrelevant operators. Since quantum effects could affect their
scaling behavior to the IR as well as the UV regime, they are a priori equally important
at all energy scales.3

B Irrelevant Operators (δi > 4).—At low energies, these operators are suppressed by pow-
ers of E/Λ and higher, thus they contribute only weakly to the low-energy observables.
Therefore, those operators can typically be neglected in a low-energy analysis. How-
ever, this does not mean that they are not important. In fact, typically the irrelevant
operators contain information on the physics on high scales. They are only irrelevant
in the sense that these operators are weak at low energies.

10.1.2 EFT and Inflation

Now that we have discussed the essentials of EFT, we can apply it to inflation, this was done
first in [38, 93]. In the context of EFT, the inflaton-gravity action becomes:

S =

∫
d4x

√
−g

[
1

2
M2

plR+ Ll[φ] +
∑
i

ci
Oi[φ]

Λδi−4

]
, (10.1.5)

where the low-energy Lagrangian Ll[φ] contains the kinetic term and operators with dimen-
sion δi ≤ 4. As mentioned above, the operators with dimension greater than four contained
in the sum parametrize the effect of the heavy fields on the light inflaton field.

To quantitatively discriminate between light and heavy fields, we have to determine a
suitable cutoff scale Λ. As mentioned in the introduction to this chapter, we expect new
degrees of freedom to become relevant around the Planck scale, making Λ ∼ Mpl a natural
choice for the cutoff scale. Here, we will make this statement more precise. Recall that
the low-energy degree of freedom for gravity is the metric gµν , whose leading dynamics is
determined by Einstein-Hilbert action:

SEH =
M2

pl

2

∫
d4x

√
−gR. (10.1.6)

2We know that in natural units, the action is dimensionless [S] = 0 and the space-time volume measure
has dimension [d4x] = −4, so that [L] = 4. The rule is that the dimensions of various parts in a contribution
to the Lagrangian have to add up to four.

3Additional symmetries or conditions on the field theory could possibly weaken this statement.
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MplH∗

E
UV-regimeIR-regime (EFT) Λ-regime

mφ ∼
√
ηH∗ Mχ

Figure 10.1: Relevant energy scales in the EFT of (single-field) inflation. The
three different regimes indicate the low-energy regime (IR), governed by the EFT,
the range for the cutoff scale Λ and the UV-regime, containing heavry degrees of
freedom Mχ that are excluded by the EFT.

To motive the choice Λ ∼Mpl, we expand the Einstein-Hilbert action around a Minkowski
background [17] by writing the metric as:

gµν = ηµν +
1

Mpl
hµν . (10.1.7)

Schematically, the expanded form of the Einstein-Hilbert action up to order O(h3) is given
by:

SEH =

∫
d4x∂αhµν∂

αhµν
[
1 +

h

Mpl
+

h2

M2
pl

+O(h3/M3
pl)

]
, (10.1.8)

where we defined the trace as h ≡ hββ. Notice that higher order operators δi > 4 are suppressed
by factors of Mpl. Hence, in the context of GR, gravity is to be regarded as an effective field
theory with cutoff scale Λ =Mpl.

Based on the above considerations concerned with the gravitational sector of the theory,
we have an upper limit Λ < Mpl on the cutoff scale. Furthermore, the cosmological context
provides upper bound to Λ. Notice that we are mostly in the quantum fluctuations around the
background evolution as described by the inflaton-gravity action. In order to make predictions
about these fluctuations, e.g. the bispectrum of the curvature perturbation, they are first
evolved to super-horizon scales. Hence, the EFT of inflation should include the fluctuations
outside the horizon, corresponding to the energy scale E ∼ H∗, where H∗ is the Hubble scale
during inflation. Therefore, we find the following approximate bounds on the cutoff scale:

H∗ . Λ .Mpl, (10.1.9)

and consequently all fields with masses smaller than the Hubble scale during inflation should
be included in the EFT:

m . H∗. (10.1.10)

In fact, for single-field slow-roll inflation, the inflaton mass should be much smaller than the
Hubble scale. This condition is imposed by the second (potential) slow roll parameter:

ηv ≡M2
pl

Vφφ
V

� 1. (10.1.11)

Identifying the second field derivative of the potential with the mass of the inflaton,4 i.e.
Vφφ ≡ m2

φ, we find using Eq. 2.7.2 that:

ηv =
m2

φ

3H2
, (10.1.13)

4This identification is a generalization of the quadratic mass term:

V =
1

2
m2

φφ
2, (10.1.12)

for which Vφφ is indeed equal to the inflaton mass squared.



Chapter 10. Bispectrum for Single-Field Inflation 209

so we findmφ � H∗ in case of slow-roll. Unfortunately, in the context of EFT, it is challenging
to maintain this hierarchy between the inflaton mass and the Hubble scale, as we will explain
below.

10.1.3 The Mass-Hierarchy and Eta Problem of Inflation

In the absence of additional symmetries, quantum corrections to the low-energy operators
tend to drive a scalar mass, and in particular the inflaton mass, to the cutoff scale. To make
this statement more quantitative, we review the results of [26], which were discussed in the
context of inflation in [17]. Following [17, 26], we consider the following Lagrangian which
couples the dynamics of the light scalar field φ (which may be regarded as the inflaton) to
the heavy degree of freedom χ:

L = −1

2
(∂φ)2 − 1

2
m2

φφ
2 − 1

2
M2

χχ
2 − 1

4
gφ2χ2, (10.1.14)

where g is the coupling constant between the light and heavy fields and the bare masses of
the fields are assumed to obey the hierarchy mφ � mχ. The EFT for the light degree of
freedom takes the form:

Leff[φ] =− 1

2
(∂φ)2 − 1

2
m2

Eφ
2

−
∑
i

(
ci(g)

M2i
φ4+2i +

di(g)

M2i
(∂φ)2φ2i + . . .

)
, (10.1.15)

where the Wilsonian coefficients ci and di depend on the coupling constant g and are asso-
ciated with non-derivative and derivative operators, respectively. The effective mass of the
light scalar is denoted as mE.

The effective mass mE, which would be the actual mass of the inflaton in the EFT
picture, can be expressed in terms of the bare mass of the light scalar field mφ via a matching
procedure [17], which introduces a quantum correction to the effective mass. In particular,
the bare mass of the light scalar receives so-called loop corrections, corresponding to Feynman
diagrams in which the heavy field χ runs in a loop. We will not go into details here, but
merely present the result of the (one-loop) calculation performed in [17, 26]. At one-loop, i.e.
considering only quantum corrections corresponding to Feynman diagrams with one loop, the
relation between the bare mass mφ and the effective mass mE is given by:

m2
E =

⟨δψk1
δψk2

δψk3
⟩ ⟨δψk1

δψk2
δψk3

δψk4
⟩

δψk1

δψk2

δψk3

δψk4

δψk1

δψk2

δψk3

HintHint Hint

Rk1

Rk2

Rk3
σ

EFT

≃

Rk1

Rk2

Rk3

φ φφ+ φ
χ

= m2
φ +

g

32π2
(Λ2 −M2

χL), (10.1.16)

where L ≡ ln(Λ2/2φ) and we have set the arbitrary renormalization scale to be the mass of
the inflaton φ.

The first term, proportional to Λ2, in the correction depends on the renormalization
scheme and is therefore unphysical [17]. However, the second contribution, M2

χL, is physical
and hence the effective mass gets a large contribution due to the mass of the heavy scalar.
The existence of a light scalar field is therefore unnatural, in the respect that large quantum
corrections of order O(Mχ) must be canceled by a large bare mass mφ with opposite sign,
in order to render the effective mass of the (inflaton) scalar field small. In other words,
significant fine-tuning is required to obtain a small effective inflaton mass. This is a challenge
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for inflation, since for typical (i.e. non fine-tuned) values of mE the scalar field φ will not
even be part of the low-energy EFT.

It should be mentioned in the multi-field scenario, the existence of light scalar fields
responsible is less difficult to realize. In particular, in assuming string theory to be UV
complete theory, from which inflation should be derived as one of the low-energy consequences,
the existence of a large number of light scalar fields is natural. Therefore, from this viewpoint,
inflationary cosmologies with a large number of light scalars seems to be plausible [4].

In addition to the mass hierarchy problem, there is another (related) problem, called the
η-problem [17]. If the inflaton scalar field has large couplings to the heavy fields, integrating
out these heavy degrees of freedom leads to an effective Lagrangian of the form of Eq. 10.1.15
with Wilsonian couplings ci and di of order unity. Those large couplings typically lead to
corrections to the potential of the form:

δV = cWV (φ)
φ2

Λ2
, (10.1.17)

where cW denotes a Wilsonian coefficient of order unity appearing in the effective Lagrangian.
Such a correction to the potentials yields the following contribution to the η paramater:

δη =M2
pl

δVφφ
V

= 2cW

(
Mpl

Λ

)2

> 1, (10.1.18)

where we assumedMpl ≥ Λ as motivated in the previous section. Notice that such a correction
the η parameter seems to make slow-roll inflation unnatural [17], as η � 1 is required to
sustain slow-roll inflation. In conclusion, a plausible microscopic theory of inflation must
address the mass hierarchy issue and η-problem.

10.1.4 Particle Spectra during Inflation

Now that the EFT of inflation, its challenges and the relevant energy scales during inflation
are discussed, we will now introduce three generic inflationary scenarios, called single-field,
quasi single-field and multi-field inflation, based on their particle spectrum. The particle
spectrum is illustrated for the three scenarios in Fig. 10.2.

Single-Field Inflation

In the single-field scenario, the inflaton field is assumed to be much lighter than the Hubble
scale H∗, although this is unnatural from the EFT viewpoint in the sense that the existence
of light scalars requires fine-tuning of the bare mass. This scenario is illustrated in Fig. 10.2
(a). We assume that heavy fields χ satisfy the hierarchy Mχ � Λ. In addition, we assume
the Hubble scale, i.e. the scale of inflaton fluctuations, to be well contained in the EFT
regime. In that case, the curvature perturbation R will also be in the low-energy range of the
theory. To be more precise, since R is typically first evolved to super-horizon scales before
observables such as the bispectrum will be evaluated, we expect its energy scale ER to be
comparable to the Hubble scale:

ER ∼ H∗ � Λ, (10.1.19)

and therefore to be well within the EFT regime. Hence, in computing the bispectrum, we can,
to a good approximation, neglect the effects of (unknown) heavy degrees of freedom. This
is illustrated in the space-time diagram of Fig. 10.3. There is another way of justifying this
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Figure 10.2: Particle Mass Spectra in (a) single-field, (b) quasi single-field and (c)
multi-field inflation. The light scalar field(s) responsible for inflation are denoted
as φ(n). Fields with mass comparable to the Hubble scale are collectively denoted
as σ. Heavy fields, i.e. fields above the EFT cutoff scale Λ and comparable to the
Planck mass, are represented by χ.

simplification. Assuming the heavy fields to be at the minimum of their potential, quantum
effects could in principle replace the fields slightly from the minimum, thereby generating
quantum fluctuations. However, since fields are so heavy compared to the Hubble scale H∗
at which quantum fluctuations are probed, the quantum fluctuations in those fields will be
strongly suppressed. In other words, due to the heavy masses, it is difficult for quantum effects
to de-locate the heavy fields from their respective equilibrium positions. In the remaining part
of this chapter, we will assume that this scenario is valid in order to compute the Bispectrum
in accordance with the treatment of Maldacena [64].

Quasi Single- and Multi-Field Inflation

In case of multi-field inflation, the hierarchy is the same as for single-field inflation, as vi-
sualized in Fig. 10.2 (c). The only difference is the fact that there are multiple light scalar
field responsible for the accelerated expansion and hence the notion of a single inflaton field
ceases to be valid. Non-Gaussianities generated by multi-field models will be discussed in
the next part of this thesis and, similarly to the approach in the single-field case, we assume
the effects of heavy degrees of freedom to be negligible. Although we neglect the imprints of
heavy exotic degrees of freedom, it is indeed interesting to examine the effects of such exotic
modes on low-energy observables such as the bispectrum of R. Under certain circumstances,
it turns out to be possible to extract information about heavy modes, such as the mass and
spin of the corresponding quanta, from the low-energy observables. This approach to probe
high energy physics via cosmology goes under the name of Cosmological Collider Physics [7].

The last scenario (see Fig. 10.2 (b)), known as quasi single-field inflation, forms the
bridge between the single- and multi-field cases. Here, we extend the single-field scenario by
allowing for fields σ with masses comparable to the Hubble scale during inflation:

mσ ∼ H∗. (10.1.20)

Classically, these fields are too heavy to contribute to the dynamics of inflation and the fields
remain at the minimum of the potential. However, the fields σ are light enough for quantum
effects to displace the field slightly from its classical equilibrium position and therefore quan-
tum fluctuations δσ will be generated. Those fluctuations could couple to the inflaton and
therefore be observable. In [35], observable imprints in the bispectrum of R where computed
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Figure 10.3: In the EFT of single-field inflation, we can neglect the imprints of
heavy degrees of freedom on low energy observables, in this case the bispectrum
of the comoving curvature perturbation. The space-time diagram visualizes the
three-point correlation function of the threeRmodes, propagating from the initial
time τ0 to the time of evaluation τ∗. In the full theory, there may be interactions
with heavy fields χ as illustrated in the left panel. However, in the low-energy
EFT, i.e. considering only processes at energies E � Λ, we can neglect the effects
of heavy modes.

for this scenario. This scenario will not be considered in this work but is mentioned for
completeness.

10.2 Perturbative Solutions to the Constraint Equations

As discussed in detail in the previous chapter, we solve the Hamilton and momentum con-
straint equations for the lapse N and shift N i and plug the results back into the ADM action,
so that the action is written solely in terms of physical degrees of freedom. Notice that we
want to write the action up to and including third order perturbations, so that we can derive
the interaction Hamiltonian. Therefore, the first task is to determine to what order we should
solve the constraint equations in order to get the action correction correct up to third order.

10.2.1 Order of Perturbative Constraint Equations

Let us the generalize the question by asking up to which order the action will be correct if
we solve the constraint equations up to n-th order. To answer this question, we derive the
theorem given in [70]. The theorem states, when solving the constraint equations up to n-th
order, the perturbed action will correct to (2n + 1)-th order in perturbations, up to a total
derivative.

Consider a Lagrangian, depending on a generic constraint N , which could be the shift or
lapse and possibly a perturbation δX (which would be R in our case):

L = L(N, δX). (10.2.1)

Assuming N is a Lagrange multiplier, there will be no time derivatives acting on it, and the
Euler-Lagrange equation will be:

δL
δN

≡ ∂L
∂N

− ∂i

(
δL
∂∂iN

)
= 0. (10.2.2)
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Solving the constraint N up to n-th order, the EL equations will be satisfied up to and
including n-th order:

δL
δN

= 0 +O(Nm>n, ∂iNm>n, δX). (10.2.3)

Let us denote the formal exact solution to the Lagrange multiplier by Nsol, which may or
may not exist analytically.5 The Lagrangian L(Nsol) can be expanded in terms of the n-th
and higher order solutions by means of the following Taylor expansion:

L(Nsol, ∂iNsol, δX) ≡ L(Nm≤n + δNm>n, ∂Nm≤n + ∂δNm>n, δX)

= L(Nm≤n, ∂Nm≤n, δX) + δNm>n
∂L
∂N

(Nm≤n, ∂Nm≤n, δX)

+ ∂δNm>n
∂L
∂∂iN

(Nm≤n, ∂Nm≤n, δX) +O
(
(n+ 1)2

)
. (10.2.4)

Using the product rule, we can generate a total spatial derivative term as follows:

L(Nsol, ∂iNsol, δX) = L(Nm≤n, ∂Nm≤n, δX)

+ δNm>n

[
∂L
∂N

− ∂i

(
∂L
∂∂iN

)]
(Nm≤n, ∂iNm≤n, δX)

+ ∂i

(
δNm>n

∂L
∂∂iN

)
(Nm≤n, ∂Nm≤n, δX) +O

(
(n+ 1)2

)
. (10.2.5)

We recognize the combination between the square brackets in the second line as Eq. 10.2.2,
which is solved to n-th order by Nm≤n. Setting the second line to zero introduces an error
of order O(2n+2), since the term δNm>n = Nsol −Nm≤n introduces an error of order n+1.
Furthermore, setting δL/δN to zero while solving only up to n-th order also introduces an
error at the order n + 1. The combined error will thus be of the order O(2n + 2). Hence,
when solving the constraint equations up to n-th order, the action will correct up to order
O(2n+ 1), which verifies the advocated result.

10.2.2 Constraint Equations to First Order in Perturbations

Now we will solve the constraint equation for the lapse and shift to first order and those
solutions will be sufficient to obtain the third order action S3. We will work in the comoving
gauge, which, for scalar perturbations, can be defined as follows:

δφ = 0, hij = a2e2Rδij = a2(1 + 2R)δij +O(R2), (10.2.6)

since the gravitational potential Ψ equals R in this gauge. To connect to the notation of
Maldacena [64], we parametrize the scale factor as a ≡ eρ, such that ρ̇ = H.

Before getting into mathematical details, we will set up notations here. As advocated
above, we will obtain expressions for N and Ni to first order in perturbations. We know that
the zeroth order (background) solutions are given by N (0) = 1 and N (0) = 0, and hence we
can write the lapse and shift to first order in perturbations as:

N = 1 +N (1) +O(N (2)), Ni = N
(1)
i +O(N

(2)
i ). (10.2.7)

5In case the solution N can only be obtained perturbatively, Nsol corresponds to infinite order, i.e. Nsol =
limn→∞

∑n
i=0 Ni.
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Since the shift is a spatial vector, we decompose it as usual according to the Helmholtz
decomposition prodecure into the gradient of scalar ψ and a divergenceless vector N̂i. That
is:

N
(1)
i = ∂iψ + N̂i, ∂iN̂i = 0. (10.2.8)

where we constrained to first order but this decomposition would also apply to higher order
terms. Furthermore, we will have to be careful with contracting indices. Indices can only be
contracted by using the induced space-time metric hij and not by using the Kronecker delta
δij . To make this difference manifest, for a generic vector Ai, we define:

AiA
i ≡ hijAiAj , AiAi ≡ δijAiAj . (10.2.9)

That is, the indices in AiAi are summed over but not contracted. In particular the gradient
operator is given by:

∂i∂
i ≡ ∇2 = hij∂i∂j = a−2δij∂i∂j = a−2∂2, (10.2.10)

where we defined ∂2 ≡ ∂i∂i. Finally, we will set the Planck mass Mpl to unity in the rest of
this chapter and reinstate it in the final result: the bispectrum for single-field inflation.

In order to perturb the Hamilton and momentum constraint equations to first order, the
three-dimensional Ricci tensor R(3) and curvature terms EijE

ij − E2 should be expressed
in terms of first-order perturbations. We start by deriving the expression for R(3). The
Christoffel symbol can be written as:

Γk
ij = a2hkl(∂jRδil + ∂iRδjl − ∂lRδij), (10.2.11)

which is first order in perturbations. Hence, terms in the definition of the spatial Ricci tensor
Rij which are quadratic in Christoffel symbols can be neglected in a first order analysis:

Rij = ∂kΓ
k
ij − ∂jΓ

k
ik +O(R2). (10.2.12)

The three-dimensional Ricci scalar can be derived by contracting with the induced spatial
metric:

R(3) = hijRij = −4∂k∂
kR. (10.2.13)

Similarly, we will perturb the rescaled curvature tensor Eij , which is defined as (recall
Mpl ≡ 1):

Eij =
1

2
(ḣij −DiNj −DjNi). (10.2.14)

We can simplify the covariant derivatives DiNj by noting that the Christoffel symbols and
shift will start at first order in perturbations (at background level Ni vanishes). Hence, we
can make the replacement:

DiNj = ∂iNj +O(R). (10.2.15)

Taking the time derivative of the spatial metric, we obtain the following expression:

Eij = a2e2R(H + Ṙ)δij − ∂(i∂j)ψ, (10.2.16)

where we made the substitution N
(1)
i = ∂iψ since we only consider scalar perturbations. Now

we can write the term EijE
ij − E2 to first order in perturbations as:

EijE
ij − E2 = (hikhjl − hijhkl)EijEkl

= −6(H + Ṙ)2 + 4(H + Ṙ)∂i∂
iψ. (10.2.17)



Chapter 10. Bispectrum for Single-Field Inflation 215

Momentum Constraint

First we consider the momentum constraint, which is given by (Eq. 9.5.17):

Di

[
N−1(Ei

j − Eδij)
]
= 0. (10.2.18)

Contracting the first-order perturbed expression for Eij with the induced metric (at zeroth
order in perturbations) yields:

E = 3(H + Ṙ)− ∂i∂
iψ. (10.2.19)

The mixed form of the perturbed curvature tensor Ei
j can be written as:

Ei
j = 3(H + Ṙ)δij − ∂(i∂j)ψ. (10.2.20)

Using these results, the momentum constraint equation becomes:

∂i

[
(1−N (1))(H + Ṙ)δij

]
= 0, (10.2.21)

where we replaced the covariant derivative by the partial derivative and the contributions
proportional to ψ from E and Ej cancel. Extracting the purely first order contribution from
this equation gives:

∂j(Ṙ −N (1)H) = 0, N (1) =
Ṙ
H
, (10.2.22)

from which we obtained the first order solution to the lapse function in terms of the comoving
curvature perturbation.

Hamilton Constraint

Similar to the perturbed momentum constraint, we can perturb the Hamilton constraint as
follows:

− ∂k∂
k
(
R+Hψ

)
+

1

2
φ̇2N (1) − 3H

(
HN (1) − Ṙ

)
= 0, (10.2.23)

where we used the background Friedmann equation to simplify the result (i.e. to get rid of
all zeroth order terms).On account of the obtained expression for the first order perturbed
lapse, we find that the last term vanishes and ψ can be solved as:

ψ = −R
H

+
φ̇2a2

2H2
∂−2Ṙ, (10.2.24)

where we used that the inverse Laplacian can be written as ∇−2 = a2∂−2. The inverse
Laplacian is most easily defined in Fourier space, where it equals −k−2. Using the definition
of the slow roll parameter ε, we can define the field ∂2χ ≡ a2εṘ and we obtain:

ψ = −R
H

+ χ. (10.2.25)

10.3 Perturbed Inflaton-Gravity Action

Now that we have obtained explicit expressions for the lapse and shift to first order in
perturbations, can substitute them into the ADM form or the inflaton-gravity action to
obtain an action which is written solely in terms of physical degrees of freedom. Below, we
will construct the action to first, second and finally third order in perturbations.
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10.3.1 Linear Action

We expect the first order action in perturbations to vanish on account of the background
solution of the system (i.e. the Friedmann equation for a universe dominated by a scalar
field). The reason is that, as discussed in section 8.2, we expect first order contributions to
cancel in the Hamiltonian and hence perturbative corrections to the background evolution
start quadratic in perturbations. Here, we will aim to verify this prediction.

Perturbing the ADM inflaton-gravity action (Eq. 9.5.10) to first order in perturbations
using the expressions for ψ, N (1) and Eq. 10.2.17, we find:

S1 =
1

2

∫
d4x a3

[
4M2

pl∂i∂
i(Hψ −R)− 12M2

plHṘ+
Ṙ
H

(6M2
plH

2 − 2V − φ̇2)

]
, (10.3.1)

where we reinstated dimensional factors of the Planck mass. We recognize the last term
(proportional to Ṙ/H) to be vanishing on account of the background Friedmann equation
(conform Eq. 9.5.21). Now, we obtain:

S1 =
1

2

∫
d4x a3

[
4M2

pl∂i∂
i(Hψ −R)− 12M2

plHṘ
]
. (10.3.2)

Since there is no spatial boundary term in the inflationary universe, we can neglect the spatial
boundary term in S1. However, non-boundary terms involving temporal derivatives should
be treated with more care. In particular the term proportional to Ṙ will not neccesarily be
zero the moment of evaluation Ṙ(t∗).

The non-vanishing behavior of the linear action via such non-boundary terms induces
so-called tadpole contributions to the bispectrum. However, it is shown in [30] that the
tadpole contribution in the action can be set to zero via the procedure of renormalization
and hence it will be neglected in the further analysis. Moreover, for single-field inflation there
exists a dynamical argument as well, concerned with the constancy of the comoving curvature
perturbation outside the horizon. Since we will evaluate the bispectrum when the modes are
outside the horizon, the comoving curvature perturbation will be vanishing, rendering the
last term zero so that we can typically neglect it.

In addition, note that we have a hidden non-derivative term in the linear action S1,
associated with the term:

S1 ⊃
1

2

∫
d4x a3

(
4M2

pl∂i∂
i(Hψ)

)
= 2

∫
d4x a3M2

pl∂i∂
i(Hψ). (10.3.3)

Using the expression for ψ, we find that this contribution contains a spatial boundary term
as well as a non-boundary term involving Ṙ and the latter is given by:

S1 ⊃ 2

∫
d4x a3M2

plHεṘ. (10.3.4)

Similarly to the reasoning above, we will neglect this boundary term as well.

10.3.2 Quadratic Action

Now we proceed by considering the second order action. As discussed in section 8.3, the
evolution of the interaction picture fields is governed by the quadratic action. Perturbing the
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ADM action to second order in perturbations gives [64]:

S2 =
1

2

∫
d4x

[
aeR

(
1 +

Ṙ
H

)(
−4∂2R− (∂R)2 − 2V a2e2R

)
+ a3e3R

(
1− Ṙ

H
+

Ṙ2

H2

)(
− 6(H + Ṙ)2 + φ̇2

+ 4a−2e−2R(H + Ṙ)
(
∂iψ∂iR+ ∂2ψ

) )]
, (10.3.5)

where we introduced the notation (∂R)2 = δij∂iR∂jR. This result can be simplified by
performing a number of integrations by parts to get [32, 36, 64, 88]:

S2 =
1

2

∫
d4x

φ̇2

M2
plH

2

[
a3Ṙ2 − a(∂R)2

]
+ ∂S2, (10.3.6)

where we have contained the boundary terms generated by the integration by parts in the
term ∂S2. Explicitly, ∂S2 reads [88]:

∂S2 = −
∫
d4x ∂0

[
a

H
R∂2R− 2a3H(2 + 6R+ 9R2)

]
−
∫
d4x a2∂k

[(
2 +R+

Ḣ

H2
R+

Ṙ
H

)
∂kR− R

H
∂kR

]
+

∫
d4x a3∂k

[
4HR∂kψ − ∂2ψ∂kψ + ∂iψ∂i∂kψ

]
. (10.3.7)

The terms in the third line above are again no proper boundary terms, leading to tadpole
contributions. Following the standard literature [32, 36, 64], we neglect these terms in our
computations.

Discarding the boundary term and making the field redefinition f ≡ zR with z ≡ aφ̇/H,
we obtain the Mukhanov-Sasaki action (Eq. 5.2.13):

SMS =
1

2

∫
dτ d3x

[
f ′2 − (∂f)2 − z′′

z
f2

]
. (10.3.8)

In order to connect to the exact expression in chapter 5, we make the approximation z′′/z '
a′′/a, since a evolves much faster than both the inflaton φ̇ and the Hubble parameter H in
the slow roll regime. Since we derived the Mukhanov-Sasaki action from the ADM approach,
all results (e.g. the power spectrum) given in chapter 5 follow. Below, we will re-derive the
mode function for the comoving curvature perturbation in a form, the so-called de Sitter limit
of the mode function, that will be convenient for computing the bispectrum later on in this
chapter.

10.3.3 De Sitter Limit of the Mode Functions

Here we will derive the mode function for R explicitly. Varying the Mukhanov-Sasaki La-
grangian with respect to f , we obtain:(

∂2τ + k2 − ν2 − 1/4

τ2

)
fk(τ) = 0, (10.3.9)
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which is know as the Mukhanov-Sasaki equation [92]. The time dependent term z′′/z can be
written is terms of slow-roll parameters as follows (see Eq. 5.4.7):

z′′

z
=
ν2 − 1/4

τ2
, (10.3.10)

where ν = 3/2 + 3ε+ 3η/2 to first order in slow-roll parameters.
Assuming the Bunch-Davies vacuum, we found in section 5.4 that the solution to the

mode function in terms of the first Hankel function reads:

fk(τ) =
√
−τ

[√
π

2
∆(+)

]
H(1)

ν (−kτ), (10.3.11)

conform Eq. 5.4.27 and the mode function for R is related simply by Rk = fk/z. To compute
the bispectrum or three-point correlation function ofR, we will have to perform time-integrals
over the mode function for Rk. These integrals simplify significantly when the order ν of
the Hankel function is integer or half-integer, which happens in the perfect de Sitter limit
(ε, η) → 0 so that ν = 3/2. Driven by the computational advantage, we will from on consider
the mode function in the limit ν → 3/2 and refer to those mode functions as the perfect de
Sitter mode functions. However, this simplification comes with additional reduction in terms
of accuracy and we discuss the induced error in section REF.

For now, we take the limit ν → 3/2 of the Hankel function H
(1)
ν (−kτ), which reads:

lim
ν→3/2

H(1)
ν (−kτ) = 1√

x3

√
2

π
(kτ − i)eix, (10.3.12)

where we defined x ≡ −kτ . Consequently, the mode function fk(τ) becomes:

fk(τ) =
Ha√
2k3

(i− kτ)e−ikτ . (10.3.13)

Now using the relation τ = −(aH)−1 and the definition of the slow-roll parameter ε (with
Mpl ≡ 1) to recast the quantity z, we obtain the following expression for the de Sitter mode
function of the comoving curvature perturbation [32, 88]:

Rk =
iH√
4εk3

(1 + ikτ)e−ikτ . (10.3.14)

Notice that the de Sitter limit mode function still depends on the slow-roll parameter ε and
hence in the perfect de Sitter limit the expression is not well-defined. It should be emphasized
that this solution is referred to as the de Sitter mode function since it is obtained by setting
ν → 3/2.

We will now show explicitly that the de Sitter limit of the mode function satisfies the
quadratic equation of motion. Directly taking the variation of the second order Lagrangian
with respect to R, i.e. without introducing the Mukhanov-Sasaki variable f , we obtain:6

δL2

δR
≡ d

dt

∂L2

∂Ṙ
− ∂L2

∂R
=

d

dt
(εa∂2R)− εa∂2R = 0. (10.3.16)

6Actually, this variation is with respect to the Lagrangian:

L2 =
1

2
ε(a3Ṙ2 − a(∂R)2), (10.3.15)

which differs by a factor of 1/2 from the Lagrangian corresponding to the second order action S2. This
discrepancy is purely convential and arises since there exists no general agreement in the literature on the
numeric prefactor of the second order action.
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The non-trivial minus sign in the derivative ∂L2/∂R is due to the variation of the derivative
term:

∂L2

∂R
= −εa ∂

∂R
(∂R)2 = εa∂2R. (10.3.17)

The solution to the above equation of motion for R can be written in Fourier space and
conformal time, where ∂2 is replaced by −k2, as:

Rk =
iH√
4εk3

(1 + ikτ)e−ikτ , (10.3.18)

which is indeed the ν → 3/2 limit of the mode function.

10.3.4 Cubic Action

Finally, we will compute the third order action in perturbations, which we will use in order
to find the interaction Hamiltonian. In analogy with Eq. 10.3.5, the third order action can
be written as:

S3 =
1

2

∫
d4x

[
aeR

(
1 +

Ṙ
H

)(
−4∂2R− (∂R)2 − 2V a2e2R

)
+ a3e3R

(
1− Ṙ

H
+

Ṙ2

H2

)(
− 6(H + Ṙ)2 + φ̇2

+ 4a−2e−2R(H + Ṙ)
(
∂iψ∂iR+ ∂2ψ

) )
+ a−4e−4R

(
(∂i∂jψ)

2 − (∂2ψ)2 − 4∂i∂jψ(∂(iψ∂j)R)
)]
, (10.3.19)

After performing numerous integrations by parts, which we will not discuss here, the final
form for the third order action reads [32, 36, 88]:

S3 =

∫
d4x

[
a3ε2RṘ2 − 2aεṘ(∂iR)(∂iχ) + aε2R(∂R)2

+
a3

2
εη̇R2Ṙ+

ε

2a
∂iR∂iχ∂2χ+

ε

4a
(∂χ)2∂2R+ 2f(R)

δL2

δR

]
. (10.3.20)

This form of the cubic action is in exact agreement with Eq. 169 given in [88], but differs
from the expressions given in [32, 36] by a factor of 2 in from of the term proportional to
f(R). The function f(R) is given by:

f(R) =
η

4
R2 +

1

H
RṘ+

1

4a2H2

[
− (∂R)2 + ∂−2 (∂i∂j(∂iR∂jR))

]
, (10.3.21)

and encompasses all terms in the cubic action which are proportional to the quadratic equa-
tion of motion.

10.4 From Action to Hamiltonian

In order to find the interaction Hamiltonian, we will have to transform the cubic action or
equivalently the corresponding L3 into a third order Hamiltonian, which will be the interac-
tion Hamiltonian. In the literature [32, 36, 64], often the substitution:

Hint = −L3, (10.4.1)
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where L3 contains only terms cubic or higher order in perturbations, is made without fur-
ther comment. This prescription is not wrong, but it is not true in general. For instance,
at fourth order interaction Hamiltonian is typically not simply the negative of the fourth
order Lagrangian L4. The reason is that interaction terms may contain temporal derivative
couplings, i.e. terms proportional to Ṙ.

As a result, the momentum conjugate π will not simply be proportional to Ṙ but will
contain terms quadratic and possibly higher order in Ṙ as well. Therefore, it is generally not
possible to find the invert the momentum conjugate:

π(Ṙ) =
∂L
∂Ṙ

, (10.4.2)

where L contains terms starting quadratic in perturbations. We assume here that terms first
order in perturbations are absent: in section 8.2 it was shown that perturbative corrections
to the background evolution start at quadratic order. To proceed, we assume that Ṙ and π
are of the same order and iteratively compute the Hamiltonian. Below, we will prove that,
at least at cubic order, this approach is equivalent to making the substitution given by Eq.
10.4.1.

Consider the following cubic order perturbed Lagrangian for some perturbation ϕ (we
drop the δ-notation for notational convenience):

L =
1

2
ϕ̇2 − V (ϕ, ∂iϕ) + g1ϕ̇

3 + g2ϕ̇
2 + g3ϕ̇, (10.4.3)

where we have not included terms linear in the perturbation since we assume that perturbative
corrections to the background evolution start quadratic in perturbations. In addition, we
included all terms that do not contain temporal derivative coupling in the potential V (ϕ, ∂iϕ).
The above Lagrangian can be split into a quadratic and cubic part in perturbations:

L2 =
1

2
ϕ̇2 − V0(ϕ, ∂iϕ),

L3 = −Vint(ϕ, ∂iϕ) + g1ϕ̇
3 + g2ϕ̇

2 + g3ϕ̇. (10.4.4)

We have denoted the potential term second and third order in perturbations as V0 and Vint,
respectively. Notice that at quadractic order L2 we assume temporal derivative coupling to
be absent, i.e. terms proportional to ϕϕ̇ are absent:

L2 6⊃ fϕϕ̇, (10.4.5)

which is in line with the quadratic action for the comoving curvature perturbation S2 (Eq.
10.3.6). Then, ϕ̇ only appears in the canonical kinetic term:

L2 ⊃
1

2
ϕ̇2. (10.4.6)

The above requirement constrains the prefactors g1,2,3 of the derivative terms in the third
order action. In particular, we require g2 and g3 to be at least first and second order in ϕ:

g2 = O(ϕ, ∂iϕ), g3 = O(ϕ2, ∂iϕ∂jϕ), (10.4.7)

so that those terms do not contribute to the quadratic Lagrangian. The prefactor g3 need
not be constrained since this term is already third order in perturbations.
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Computing the conjugate momentum π to the field ϕ, we find:

π(ϕ̇) =
∂L
∂ϕ̇

= ϕ̇+ 3g1ϕ̇
2 + 2g2ϕ̇+ g3 = ϕ̇+O(gϕ̇), (10.4.8)

so that at first order the conjugate momentum still coincide with the time derivative ϕ̇ and
corrections start at higher order since the couplings g2,3 start at first order in perturbations.
To first order, we can invert the relation to obtain:

ϕ̇ = π − 3g1ϕ̇
2 − 2g2ϕ̇− g3 +O(gϕ̇). (10.4.9)

This expression can be used in the Legendre transform of the Lagrangian, which is given by:

H =

∫
d3x H =

∫
d3x (πϕ̇− L). (10.4.10)

In particular, the Hamiltonian density becomes:

H = πϕ̇− L

= π2 − 3g1ϕ̇
3 − 2g2ϕ̇

2 − g3ϕ̇− 1

2
(π − 3g1ϕ̇

2 − 2g2ϕ̇− g3)
2

+ V (ϕ, ∂iϕ)− g1ϕ̇
3 − g2ϕ̇

2 − g3ϕ̇. (10.4.11)

In the expansion of the term πϕ̇, we have set π = ϕ̇ in all terms except for π2. This is justified
since corrections would only enter at higher order according to Eq. 10.4.8. Expanding the
quadratic term and again replacing π by ϕ̇ in all resulting terms except for π2/2, we obtain:

H =
π2

2
+ V0(ϕ, ∂iϕ)

+ Vint(ϕ, ∂iϕ)− g1ϕ̇
3 − g2ϕ̇

2 − g3ϕ̇

− g23
2

− 2g2g3ϕ̇− 2g22ϕ̇
2 − 3g1g3ϕ̇

2 − 6g1g2ϕ̇
3 − 9

2
g21ϕ̇

4, (10.4.12)

We recognize the first line as the free field Hamiltonian (density) H0, composed out of terms
second order in perturbations. The second and third line constitute third and fourth order
terms, respectively, and is hence identified as the interaction Hamiltonian Hint. Notice that
at third order, i.e. the second line above, the interaction Hamiltonian is indeed the negative
of the third order Lagrangian:

Hint = Vint(ϕ, ∂iϕ)− g1ϕ̇
3 − g2ϕ̇

2 − g3ϕ̇ = −L3 +O(ϕ4, ϕ̇4, ∂iϕ
4). (10.4.13)

Therefore, we verified that at third order, the Hamiltonian density is the negative of the
Lagrangian, as advocated.

Applying the prescription of Eq. 10.4.1, we find from Eq. 10.3.20 that the Hamiltonian
density is given by:

Hint =− a3ε2RṘ2 + 2aεṘ(∂iR)(∂iχ)− aε2R(∂R)2

− a3

2
εη̇R2Ṙ − ε

2a
∂iR∂iχ∂2χ− ε

4a
(∂χ)2∂2R− 2f(R)

δL2

δR
. (10.4.14)

Notice that the first line contains interaction terms up to quadratic order in slow roll pa-
rameters and therefore forms the leading contribution to be bispectrum. The terms in the
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first line will be considered in calculating the leading bispectrum. The second line contains
terms cubic or higher in slow-roll parameters, except for the first one, which is proportional
to η̇. However, generically one can express the time derivative η̇ in terms of a function that
is quadratic in slow-roll parameters [32]:

η̇ = O(ε2), (10.4.15)

where ε2 collectively denotes either ε or η. Hence, this term may be regarded as cubic in slow-
roll parameters as well and therefore induces a sub-dominant contribution to the bispectrum.

Having said that, it should be noted that at the end of inflation, when we typically
compute the bispectrum, both η and ε become of order unity and η̇ can become even larger
depending on the shape of the potential. Stated otherwise, one can construct potentials
which are very flat (ε, η � 1) and therefore suitable for inflation, while η̇ can be very large.
Hence, the first term on the second line can in principle generate large NG contributions.
This possibility is discussed in detail in [34].

10.5 De Sitter Limit and Maldacena’s Field Redefinition

When evaluated on-shell, the variation of the second order Lagrangian with respect to the
comoving curvature perturbation will zero:

δL2

δR
= 0, (10.5.1)

so that all terms contained in f(R) can be neglected. However, there is a subtle technicality
concerned with the above argument [9]. The variation δL2/δR only vanishes when the mode
function Rk is taken to be the de Sitter limit mode function as given by Eq. 10.3.14, i.e.
when we take the limit ν → 3/2. Hence, using this form of the mode function effectively
turns off the contributions of the terms contained in f(R) to the bispectrum.

However, those terms cannot simply be omitted based on this observation, since the de
Sitter limit of the mode function only solves the Mukhanov-Sasaki equation (Eq. 10.3.9)
in the limit ν → 3/2 (i.e. for (ε, η) → 0). In other words, the de Sitter mode function
only approximately solves the Mukhanov-Sasaki equation of motion. In mathematical terms,
evaluating equation of motion with the de Sitter mode functions yields zero up to, but not
including, first order slow-roll parameters:

δL2

δR

∣∣∣∣
ν→3/2

= 0 +O(ε, η), (10.5.2)

where the limit ν → 3/2 signifies the fact that the equations of motions are evaluated using
the de Sitter mode function corresponding to (ε, η) → 0.

10.5.1 Field Redefinition

In order to resolve this subtlety, Maldacena proposed to perform a field shift or redefinition
of the form [64]:

Rn ≡ R− f(R), (10.5.3)
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which removes the term proportional to f(R) from the cubic action S3.
7 When enforcing

this field redefinition in the obtained action S3[Rn], we will be computing the bispectrum of
Rn rather than R. In contrast to R, the shifted field does evolve outside the horizon. This
is most easily seen by realizing that the function f contains terms involving the scale factor,
which is emphatically not constant outside the horizon.

In addition, note that after the field redefinition, the cubic action will contain a contri-
bution of the form:

S3[Rn] ⊃
1

2

∫
d4x a3εη̇R2

nṘn. (10.5.4)

At the end of inflation, when we typically evaluate the bispectrum, this term would vanish
when using R since by then all modes of interest will be outside the horizon and hence Ṙ = 0.
However, in this case, we evaluate the action in terms of Rn and this argument ceases to be
valid. One may argue that contribution will still be negligible since it is proportional to η̇,
which approaches zero in the slow-roll regime. However, at the end of inflation, the slow-roll
conditions, i.e. smallness of ε and η, will not be satisfied anymore and hence η̇ may well be
of order one, rendering the term non-negligible.

Consequently, the three-point correlation function for Rn will still contain intrinsic tem-
poral dependence. Therefore, we will have to account for this leftover time dependence at
the end of the computation by shifting back to the original field R. In particular, for a field
redefinition of the form:

R = Rn + λR2
n (10.5.5)

the leading correction in going from the bispectrum of Rn back to that of R is given by [9,
32]:

〈Rk1Rk2Rk3〉 = 〈Rn(k1)Rn(k2)Rn(k3)〉
+ 2λ (〈Rn(k1)Rn(k2)〉〈Rn(k1)Rn(k3)〉+ 2 perms.) +O(η2A3

S). (10.5.6)

From now on, we will drop the subscript n on Rn for notational convenience, keeping in mind
that at the end we will have to apply the prescription given by the above equation.

By inspection of f(R), we note the parameter λ will in principle be sourced by various
different terms. However, to a good approximation, we can set λ to be:

λ ≡ η

4
, (10.5.7)

i.e. we consider only the first contribution to f(R). This is justified since the other contri-
butions to the function f(R) contain at least one derivative with respect to space or time
acting on the field. When evaluated outside the horizon, spatial gradients can be neglected
and R approaches a constant value.

Nevertheless, even with the considerable simplification obtain by setting λ = η/4, the
parameter η still has to be evaluated at the end of inflation, where it may attain a value
of order unity. In such a scenario, the perturbative expansion in ε and η ceases to be
appropriate. However, one may expect the simplification by means of Eq. 10.5.7 to remain
valid, since contributions of order η2 in Eq. 10.5.6 are accompanied by cubic factors of the
power spectrum amplitude A3

S and we know from observations that:

AS = O(10−10), (10.5.8)

7Note that at quadratic order, it does not matter whether we evaluate f using R or Rn, we have: f(R) =
f(Rn) [64].
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so that corrections proportional to η2 can be neglected safely, even if η approaches unity at
the end of inflation.

10.5.2 Bispectrum Contribution due to Field Redefinition

Based on the above arguments, we write Eq. 10.5.6 as follows from now on:

〈Rk1Rk2Rk3〉 = 〈Rn(k1)Rn(k2)Rn(k3)〉

+
η

2
(〈Rn(k1)Rn(k2)〉〈Rn(k1)Rn(k3)〉+ 2 perms.) . (10.5.9)

We will now compute the term on the second line explicitly, i.e. we are interested in the
contribution:

〈Rk1Rk2Rk3〉η ≡ η

2
〈Rk1Rk2〉〈Rk1Rk3〉+ 2 perms. (10.5.10)

In other words, we compute the contribution to the bispectrum caused by the field redefini-
tion.

We know that, in momentum space, the two-point correlation function is given by:

〈Rk1Rk2〉 = (2π)3δ(3)(k1 + k2)P (k1). (10.5.11)

We know that quantity P (k1) ≡ |Rk1 |2 is related to the power spectrum of the comoving
curvature perturbation R as follows (see Eq. 3.2.34):

P (k1) =
2π2

k31
PR. (10.5.12)

In the limit of a scale-invariant power spectrum, i.e. when the spectral index ns approaches
unity, the power spectrum can be written as (Eq. 5.4.32):

PR =
H2

8π2εM2
pl

, (10.5.13)

where we left the Planck mass explicitly in order to make the dimensions manifest. Using
these results in Eq. 10.5.10, we obtain the following contribution:

〈Rk1Rk2Rk3〉η = (2π)3δ(3)(K)× η

2

H4

(4ε)2M2
pl

k31 + k32 + k33
k3123

, (10.5.14)

where we traded the two momentum delta functions for one delta function over the total
momentum vector K ≡ k1 + k2 + k3 and we defined k123 ≡ k1k2k3. Loosely speaking, this
term connects the bispectra of the comoving curvature perturbation R and the redefined field
Rn via Eq. 10.5.6. In the next section, we will show that this correction term is also closely
related to the boundary terms in the cubic action, which have always been omitted in the
analysis up till now.

10.6 Cubic Action and Boundary Terms

In the derived cubic action S3, we have discarded all boundary terms, both spatial and
temporal, thereby neglecting the possible contributions to non-proper boundary terms similar
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to the ones appearing at quadratic order (see the third line of Eq. 10.3.7). In this section,
we will examine the omitted boundary terms in more detail, following [9, 27]. As mentioned
earlier, omitting spatial boundary terms is justified as in Fourier space the spatial derivatives
are replaced by the momenta k and on super-horizon scales, where we evaluate the bispectrum,
we can take the limit k → 0. Even by explicit inclusion of the spatial boundary terms in
the cubic action, they would not contribute to bispectrum as they are proportional to the
total momentum K in Fourier space (which replaces the spatial derivatives in momentum
space). After integrating over the overall momentum delta function, the derivative terms
thus vanish. In conclusion, the vanishing behavior of boundary terms is a direct consequence
of momentum conservation.

However, temporal boundary terms should be considered with more care for reasons we
will explain now. Recall that we are interested in computing the three-point correlation
function by means of the In-In formalism, which requires an explicit form for the interaction
Hamiltonian. Evaluation of a string of operators Q(t), in our case the bispectrum, is then
performed via Eq. 8.1.3, which is defined in terms of the interaction Hamiltonian Hint.
Equivalently, one may compute the 〈Q(t∗)〉 in the Lagrangian path integral formalism, for
which the prescription reads [27]:

〈Q(t∗)〉 =
∫
[Dφ+Dφ−] Q(t∗) e

iS[φ+−φ−] δ(φ+(t∗)− φ−(t∗)). (10.6.1)

For current purposes, this form is more convenient as it allows for direct implementation
of the action, instead of the interaction Hamiltonian. As enforced by the temporal delta
function, the domain of integration in field space is restricted to fields φ± that coincide at the
time of interest t∗. Hence, boundary operators that contain no temporal derivatives solely
produce a phase [27]. Those phases cancel between the + contour (from ∞+ to t∗) and the
− contour (from t∗ to ∞−).

Let us now consider the implications of the path integral prescription for temporal bound-
ary terms, which we omitted up till now. For the cubic action, the temporal boundary terms
are given by [9, 27]:

∂S3 =

∫
d4x

d

dt

[
− 9a3HR3 +

a

H
(1− ε)R(∂R)2 − 1

4aH3
(∂R)2∂2R

− a3

H
εRṘ2 +

1

2aH2
R

(
∂i∂jR∂i∂jχ− ∂2R∂2χ

)
− ηa

2
R2∂2χ− 1

2aH
R

(
(∂i∂jχ)

2 − (∂2χ)2
) ]
. (10.6.2)

Since the operators in the first line involve no time derivatives, they evaluate to cancelling
phases on the + and − contours. Therefore, we can safely omit the terms on the first line.
In addition, all terms containing spatial derivatives can be neglected as well.

However, note that the temporal delta function in the path integral formulation of the
In-In formalism (Eq. 10.6.1) in no way enforces the time derivatives of the fields φ± to
coincide at time t∗. Hence, we will have to more careful with boundary terms involving time
derivatives of fields. This procedure leaves us with the following boundary terms that should
be considered with care:

∂S3 ⊃ −
∫
d4x

d

dt

[
a3

H
εRṘ2 +

1

2
aηR2∂2χ

]
. (10.6.3)
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Now, we argue, based on a field redefinition, that the boundary term proportional to RṘ2

can be neglected as well. More generally, the analysis to be performed below shows that all
boundary terms quadratic in Ṙ (or higher) can be neglected. Consider a field redefinition of
the form [27]:

R = π + ππ̇. (10.6.4)

Schematically, the three-point correlation function of the comoving curvature perturbation
transforms as follows under the considered field redefinition:

〈RRR〉 = 〈πππ〉+ 3〈ππ〉〈ππ̇〉+O(π̇2). (10.6.5)

Computing the two-point correlation function for π, we find that it is equivalent to the
one for R, that is:

〈πk1πk2〉 = (2π)3 δ(3)(k1 + k2)
2π2

k31

(
H2

∗
8π2εM2

pl

)
, (10.6.6)

which is manifestly time independent. This implies that the time derivative term can vanishes:

〈ππ̇〉 = 0. (10.6.7)

Therefore, the middle term in Eq. 10.6.5 vanishes and the bispectra of R and π are equivalent
up to the order O(π̇2). Notice that the invoked field redefinition will inevitably produce bulk
(i.e. non-boundary) terms proportional to the linear equations of motion δL2/δπ. However,
those terms will not contribute to the bispectrum since equations of motion will be evaluated
using the de Sitter mode functions.

Using these results, we can show explicitly that the boundary term quadratic in Ṙ indeed
only contributes at quadratic and higher order in π̇, therefore can be neglected in the compu-
tation of the bispectrum. Let us substitute the field redefinition into the relevant boundary
term:

∂S3 ⊃ −
∫
d4x

d

dt

(
a3

H
εRṘ2

)
= −

∫
d4x

d

dt

(
a3

H
εππ̇2 +O(π̇3)

)
. (10.6.8)

This boundary term is indeed of order π̇2 and hence by virtue of Eq. 10.6.5 this term does not
affect the three-point function of the comoving curvature perturbation R at leading order.

In conclusion, we are left with a single temporal boundary term that cannot simply be
neglected:

∂S2 ⊃ −
∫
d4x

d

dt

(
aη

2
R2∂2χ

)
= −

∫
d3x

d

dt

(
a3εη

2
R2Ṙ

)
. (10.6.9)

Below, we will explicitly compute the contribution of this non-negligible boundary term to
the bispectrum by means of the In-In formalism.

10.6.1 Bispectrum Contribution due to Boundary Term

Since we have proven that the interaction Hamiltonian is simply the negative of the La-
grangian at third order, the interaction Hamiltonian for the non-vanishing boundary term is
given by:

Hint,η =
d

dt

[
1

2
a3ηεR2Ṙ

]
=

1

a

d

dτ

[
1

2
a2ηεR2R′

]
, (10.6.10)
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where we switched to conformal time instead of cosmic time. Now using Eq. 8.5.4 with the
operator Q = Rk1Rk2Rk3 , we find:

〈Rk1Rk2Rk3〉η = 2Im

〈[∫
adτ ′ d3x Rk1(τ)Rk2(τ)Rk3(τ)

1

a

d

dτ

(
1

2
a2ηε

)∫
q1q2q3

Rq1
(τ ′)Rq2

(τ ′)∂τRq3
(τ ′) e−iQ·x

)]〉
,

(10.6.11)

where we have defined Q = q1+q2+q3 and we switched to conformal time in the space-time
volume measure as well. The momenta integrations and the factor of e−iQ·x comes from
transforming the interaction Hamiltonian to Fourier space as well. Notice that the temporal
integral can be dropped together with the time derivative in the interaction Hamiltonian:
this makes boundary terms straightforward to evaluate. Hence, we can write:

〈Rk1Rk2Rk3〉η = a2ηε Im

[ ∫
d3x

∫
q1q2q3

〈0|Rk1Rk2Rk3Rq1
Rq2

∂τRq3
|0〉 e−iQ·x

]
.

(10.6.12)

To proceed, we will first evaluate the vacuum expectation value of the string of field
operators. According to Wick’s theorem, the result is given by:

〈0|Rk1Rk2Rk3Rq1
Rq2

∂τRq3
|0〉

= 2
(
[R+

k1
,R−

q1
][R+

k2
,R−

q2
][R+

k3
, ∂τR−

q3
] + 2 perms.

)
= 2

(
(fk1f

∗
q1)(fk2f

∗
q2)(fk3∂τf

∗
q3)× (2π)9δ(3)(k1 − q1)δ

(3)(k2 − q2)δ
(3)(k3 − q3)

+ 2 perms.
)

(10.6.13)

where the additional factor of two is included due to the fact that we obtain two identical
terms from the choice to contract either with Rq1

or Rq2
and we denoted the de Sitter mode

functions (Eq. 10.3.14) by fk rather than Rk.

By insertion of the above result into Eq. 10.6.12, and performing the integration over x,
we obtain:

〈Rk1Rk2Rk3〉η = 2a2ηε (2π)3δ(3)(Q)× Im

[ ∫
q1q2q3

(fk1f
∗
q1)(fk2f

∗
q2)(fk3∂τf

∗
q3)

× (2π)9δ(3)(k1 − q1)δ
(3)(k2 − q2)δ

(3)(k3 − q3) + 2 perms.

]
. (10.6.14)

Now integrating over using the de Sitter mode function and its first time derivative:

fk =
iH√
4εk3

(1 + ikτ) e−ikτ , ∂τfk =
iH√
4εk3

k2τe−ikτ , (10.6.15)

we find that:

Im
[
(fk1f

∗
q1)(fk2f

∗
q2)(fk3∂τf

∗
q3)

]
=

(
H2

4ε

)3 1

k3123
(1 + k21τ

2)(1 + k22τ
2)k33τ

2 (10.6.16)
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Finally using that τ = −1/aH, and taking the limit τ → 0, the following expression is
obtained for the contribution to the bispectrum due to the boundary term:

lim
τ→0

〈Rk1Rk2Rk3〉η = (2π)3δ(3)(K)

× lim
τ→0

[
2ηε(aH)2

(
H2

4ε

)3 1

k3123
(1 + k21τ

2)(1 + k22τ
2)k33τ

2 + 2 perms.

]
= (2π)3δ(3)(K)× η

2

H4

(4ε)2
k31 + k32 + k33

k3123
, (10.6.17)

which coincides with the correction to the bispectrum (Eq. 10.5.14) when performing the field
redefinition. This explicit computation shows that when treating boundary terms properly in
the calculation, the result will be equivalent to neglecting all boundary terms and performing
the field redefinition as proposed by Maldacena [64]. Below, we will show in detail why both
approaches are equivalent.

10.6.2 Equivalent Approaches

Above, we have considered two approaches. First, following Maldacena [64], we performed a
field redefinition (Eq. 10.5.3) and discarded all boundary terms. At the end of the calculation,
we noted that a correction term (Eq. 10.5.14) should be added to the bispectrum of Rn in
order to get the bispectrum of R. Secondly, we treated all boundary terms of the cubic action
explicitly and found that the contribution to the bispectrum due to those boundary terms
(Eq. 10.6.17) is equivalent to the correction term related to the field redefinition.

When performing the field redefinition, we discarded all boundary terms. When not
omitting the boundary terms, a third order boundary term is generated from the second order
action, which cancels the boundary term (Eq. 10.6.9) of the third order action that cannot
be neglected outside the horizon. This shows that both approaches are indeed equivalent.
Here, we will derive this statement in detail.

The time derivative of the square of R in terms of the redefined field is given by:

Ṙ2 = Ṙ2
n + 2Ṙnḟn +O(ḟ2n), (10.6.18)

where the subscript on the function f denotes that it is evaluated using Rn. Furthermore,
the gradient term (∂R)2 is given by:

(∂R)2 = (∂Rn)
2 + 2∂Rn∂fn +O((∂fn)

2). (10.6.19)

Then, the quadratic action in terms of Rn becomes:

S2[R] = S2[Rn] + 2

∫
d4x εa3

[
Ṙnḟn − 1

a2
∂Rn∂fn

]
+O(ḟ2n, (∂fn)

2). (10.6.20)

Performing the following partial integrations:∫
d4x 2εa3Ṙnḟn =

∫
d4x ∂t(2a

3εfnṘn)−
∫
d4x fn∂t(2εa

3Ṙn),∫
d4x εa∂Rn∂fn =

∫
d4x εafn∂Rn −

∫
d4x εa(∂2Rn)fn, (10.6.21)
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the expression for S2[R] can be rewritten as follows:

S2[R] = S2[Rn]−
∫
d4x 2fn

δS2
δRn

+

∫
d4x ∂t(2a

3εfnṘn). (10.6.22)

Comparing this result with the third order action S3 (Eq. 10.3.20), we find that the term
proportional to the quadratic equations of motion cancels the term proportional to the equa-
tions of motions in S3. Finally, the last temporal boundary term exactly cancels the only
boundary term in ∂S3 that does not vanish outside the horizon (see Eq. 10.6.9). Therefore,
we have shown that the field redefinition is equivalent to the approach in which the boundary
terms are left explicitly.

10.7 Leading Bispectrum for Single-Field Inflation

Now that we have dealt with all the technical subtleties, we will finally derive the leading order
bispectrum of single-field inflation. We will take the leading order terms in the interaction
Hamiltonian and compute the three-point correlation function. Explicitly, the interaction
Hamiltonian that we will consider in this section is:

Hint = −a3ε2RṘ2 + 2a3ε2(∂iR)(∂i∂
−2Ṙ)R− aε2R(∂R)2, (10.7.1)

which is, upon the substitution of ∂2χ = εa2Ṙ, equivalent to the first line of Eq. 10.4.14.
Note that the above Hamiltonian is actually in terms of Rn, rather than R, but we have
dropped the subscript for notational convinience. Taking the coupling constants to be the
prefactors of each interaction term, we are computing the following three point function in
terms of Feynman diagrams:

〈Rk1Rk2Rk3〉 =

Rk1

Rk2

Rk3
−a

3
ε
2

−aε
2

2a
3
ε
2

Rk1

Rk2

Rk3

Rk1

Rk2

Rk3+

Rk1

Rk2

Rk3
−a

3
ε
2

−aε
2

2a
3
ε
2

Rk1

Rk2

Rk3

Rk1

Rk2

Rk3+

Rk1

Rk2

Rk3
−a

3
ε
2

−aε
2

2a
3
ε
2

Rk1

Rk2

Rk3

Rk1

Rk2

Rk3 . (10.7.2)

We will denote the contributions due to those three diagrams as:

〈Rk1Rk2Rk3〉 = 〈Rk1Rk2Rk3〉RṘ2 + 〈Rk1Rk2Rk3〉Ṙ∂R∂χ + 〈Rk1Rk2Rk3〉R(∂R)2 . (10.7.3)

In this section, we will explicitly compute the contribution of those terms to the bispec-
trum for single-field inflation by means of the In-In formalism. The final result will be:

〈Rk1Rk2Rk3〉 = (2π)3δ(3)(K)

× H4

(4ε)2
1

k3123

[
η

2

∑
i

k3i +
ε

2

(
−
∑
i

k3i +
∑
i 6=j

kik
2
j +

8

K

∑
i>j

(kikj)
2

)]
, (10.7.4)

which is in exact agreement with Maldacena’s result [64]. Below, we will derive this result in
detail by considering each interaction term separately.
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10.7.1 Interaction Term RṘ2

Here we will consider the contribution of the first term in the interaction Hamiltonian to
the bispectrum. For notational convenience, we will use a prime to denote the three-point
correlation function without an overall Dirac delta function for momentum conservation. For
the bispectrum 〈Rk1Rk2Rk3〉A due to interaction term A, we define:

〈Rk1Rk2Rk3〉A ≡ (2π)3δ(3)(K)〈Rk1Rk2Rk3〉′A (10.7.5)

Hence we can write the contribution to the bispectrum as:

〈Rk1Rk2Rk3〉′RṘ2 = 2 Re

[
i

∫ t∗

dt′ 〈0|Rk1Rk2Rk3(t)(a
3ε2)Rq1

Ṙq2
Ṙq3

|0〉
]
. (10.7.6)

The k-modes of R are evaluated at the time of interest τ∗ and therefore do not enter the
temporal integration. Transforming the above integral to conformal time, taking the moment
of evaluated to be the limit τ∗ → 0 and performing the Wick contractions, we obtain:

〈Rk1Rk2Rk3〉′RṘ2 = 4 Re

[
ifk1fk2fk3(0)

∫ 0

∞+

dτ ′(aε)2
(
f∗k1∂τf

∗
k2∂τf

∗
k3

) ]
, (10.7.7)

where the additional factor of two is due to the fact that we get two identical terms from
the choice to contract with either of the two ∂τR. Inserting the mode functions and the first
temporal derivative (Eqs. 10.6.15), we find:

〈Rk1Rk2Rk3〉′RṘ2 = 4 Re

[
H3√

64ε3k3123∫ 0

−∞+

(
ε

Hτ

)2 iH3√
64ε3k3123

(k2k3)
2(1− ik1τ)τ

2 e+iKτ

+ 2 perms.

]
. (10.7.8)

Notice that we substituted τ = −1/aH and the two factors of τ2 neatly cancel. Performing
the temporal integral including the iε-prescription to make the integral converge in the early
time limit, we find that:

∫ 0

−∞+

dτ ′ (1− ik1τ
′)eiKτ ′ =

[
− ik1
K2

− i

K
− k1τ

K

]
eiKτ

∣∣∣∣0
−∞+

= − ik1
K2

− i

K
. (10.7.9)

Substituting this result taking only the real part and writing out the explicit permutations,
we obtain the contribution:

〈Rk1Rk2Rk3〉′RṘ2 =
H4

(4ε)2
ε

k3123

[
(k2k3)

2k1
K

+
(k2k3)

2

K

]
+ 2 perms.

=
H4

(4ε)2
ε

k3123

[
1

K

∑
i<j

(kikj)
2 +

k123
K2

∑
i<j

kikj

]
. (10.7.10)
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10.7.2 Interaction Term Ṙ∂R∂χ

Next we consider the interaction term:

Hint ⊃ 2a3ε2(∂iR)(∂i∂
−2Ṙ)Ṙ. (10.7.11)

In Fourier space, the inverse gradient ∂−2 equals −k−2. The Fourier counterpart of the above
expression is:

Hint ⊃ a3ε2Rq1
∂τRq2

∂τRq3
(q1 · q2)

[
1

q22
+

1

q23

]
, (10.7.12)

where the vector dot product arises from the ∂iR∂i(∂−2Ṙ) term and we distributed the factor
of two over a term proportional to k−2

2 and a term proportional to k−2
3 . The dot product can

be rewritten by using the fact that the total vector momentum is zero (Q = 0) and hence:

(q1 + q2)
2 = (−q3)

2 = q23 = k21 + 2k1 · k2 + k22, q1 · q2 =
1

2
(k23 − k21 − k22). (10.7.13)

Performing computations as for the previous contributions, one eventually finds the in-
termediate expression:

〈Rk1Rk2Rk3〉′Ṙ∂R∂χ
= − H4

(4ε)2
ε

k3123
(k2k3)

2

[
1

k22
+

1

k23

]
(k1 · k2)

× Re

[
i

∫ 0

−∞+

dτ ′(1− ik1τ)e
+iKτ + 2 perms.

]
. (10.7.14)

The real part of the temporal integral is given by:

Re

[
i

∫ 0

−∞+

dτ ′(1− ik1τ)e
+iKτ

]
=
K + k1
K2

(10.7.15)

so that we get the following expression for the contribution of the considered interaction term:

〈Rk1Rk2Rk3〉′Ṙ∂R∂χ
= − H4

(4ε)2
ε

k3123

[
(k2k3)

2(K + k1)

K2

(
k1 · k2

k22
+

k1 · k3

k23

)
+ 2 perms.

]
= − H4

(4ε)2
ε

k3123

[∑
i

(
2k123
K2

k2i − k3i −
k4i
K

)
+

6

K

∑
i<j

(kikj)
2

]
. (10.7.16)

10.7.3 Interaction Term R(∂R)2

Finally, the last interaction term that will be considered is given in momentum space by:

Hint ⊃ aε2(q1 · q2)Rq1
Rq2

Rq3
. (10.7.17)

The contribution of this term to the bispectrum can be calculated in a similar way to the
two terms above and yields:

〈Rk1Rk2Rk3〉′R(∂R)2 =
H4

(4ε)2
ε

k3123

[∑
i 6=j

k2i kj +
1

K

∑
i

k4i − k123

(
1 +

1

K2

∑
i

k2i

)]
. (10.7.18)
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10.7.4 Leading Bispectrum and Equivalence with Maldacena’s Result

Adding the above contributions as well as the correction term due to the field redefinition
(Eq. 10.5.14), we find the total leading order bispectrum for single-field inflation to be:

〈Rk1Rk2Rk3〉 = (2π)3δ(3)(K)
1

M4
pl

H4

(4ε)2
1

k3123
×[

η

2

∑
i

k3i +
ε

2

(
−
∑
i

k3i +
∑
i 6=j

kik
2
j +

8

K

∑
i>j

(kikj)
2

)]
, (10.7.19)

where we have re-instated the Planck mass for completeness: below it will be set to unity
again. The above equation provides the main result of the part on non-gaussianity in single-
field scenario. We will now show that this expression is equivalent to the one given by
Maldacena [64]:

〈Rk1Rk2Rk3〉 = (2π)3δ(3)(K)
H8

φ̇4
1

8k3123
A, (10.7.20)

where the momentum-dependent function A is given by:

A = 2
φ

Hφ̇

∑
i

k3i +
φ̇2

2H2

∑
i

k3i +
1

2

φ̇2

H2

∑
i 6=j

kik
2
j +

1

2

φ̇2

H2

8

K

∑
i>j

(kikj)
2. (10.7.21)

To show the equivalence between out result (Eq. 10.7.19) and Maldacena’s form, we use
the fact that we have set the Planck mass to unity, so that the prefactor of Maldacena’s result
can be written as:

(2π)3δ(3)(K)
H8

φ̇4
1

8k3123
= (2π)3δ(3)(K)

H4

(4ε)2
1

2k3123
. (10.7.22)

In addition, the momentum function A can be written as:

A = (−2δ + ε)
∑
i

k3i + ε
∑
i 6=j

kik
2
j +

8ε

K

∑
i>j

(kikj)
2, (10.7.23)

where we used the slow-roll parameters defined in section 2.6. In particular, the first combi-
nation can be rewritten as:

ε− 2δ = η − ε. (10.7.24)

Substituting this expression and combining the prefactor and the rewritten form of A, we
find that Maldacena’s result is equivalent to our form as given in Eq. 10.7.19.

10.7.5 Visual Representation of Momentum Dependence

Here we will discuss the momentum dependence of the leading order bispectrum in more de-
tail. In the limit of scale-invariant power spectra, we know that the bispectrum BR(k1, k2, k3)
(Eq. 7.2.3) behaves as follows under a rescaling of the momenta (ki → λki):

BR(λk1, λk2, λk3) = λ−6BR(k1, k2, k3). (10.7.25)
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Figure 10.4: Three dimensional as well as density plots of the quantities
x22x

2
3 F(1, x2, x3)A with A = (η/2, ε/2). Notice that both functions maximize

in the limit x3 → 0 and x2 → 1, corresponding to the squeezed limit k3 → 0 and
k1 ' k2.

On account of rotational invariance, the number of independent variables reduces to two, for
instance the ratios x2,3 ≡ k2,3/k1 and x1 = 1. We define the momentum function F(k1, k2, k3)
in relation to the bispectrum:

BR(k1, k2, k3) ≡
1

M2
pl

H4

(4ε)2
F(k1, k2, k3), (10.7.26)

so that from Eq. 10.7.19 we find:

F(k1, k2, k3) =
1

k3123

[
η

2

∑
i

k3i +
ε

2

(
−
∑
i

k3i +
∑
i 6=j

kik
2
j +

8

K

∑
i>j

(kikj)
2

)]
. (10.7.27)

Notice that this expression for the momentum dependence still involves slow-roll parameters,
which are not related to the momentum dependence. Therefore, we will factor out these
dependencies by defining:

Fη/2 ≡
1

k3123

∑
i

k3i ,

Fε/2 ≡
1

k3123

[
−
∑
i

k3i +
∑
i 6=j

kik
2
j +

8

K

∑
i>j

(kikj)
2

]
, (10.7.28)
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so that we obtain two contributions to the momentum function, related to the parts involving
η and ε, respectively.

Now we aim to obtain some insight on the momentum dependence via a visual approach.
Following [11], we will plot the combinations:

x22x
2
3 F(1, x2, x3)A, A = (η/2, ε/2). (10.7.29)

In order not to show the equivalent configurations twice, we set the momentum function to
zero when the condition 1−x2 ≤ x3 ≤ x2 is not satisfied. In Fig. 10.4, we show the functions
contained in Eq. 10.7.29 in terms of a three-dimensional plots as well as a density plots both
as function of the ratios x2 and x3. Observe that both the functions Fη/2 and F/2 become
maximized in the squeezed limit (in this case k3 → 0 and k1 ' k2). This behavior is very
closely related to the consistency relation derived in section 7.5, as we will show in the next
section.

10.8 Consistency Relation

By inspection of the leading bispectrum in the form of Eq. 10.6.17, we find conclude that the
bispectrum peaks in the squeezed limit where one of the modes has vanishing momentum.
Taking k1 to be vanishing or at least much smaller than the other two, we define the squeezed
limit as:

k1 � k2 ' k3. (10.8.1)

In this limit, we find that K = 2k2 and Σik
3
i = k32 + k33, so that the momentum-dependent

part of the bispectrum can be written as:

η

2

∑
i

k3i +
ε

2

(
−
∑
i

k3i +
∑
i 6=j

kik
2
j +

8

K

∑
i>j

(kikj)
2

)
' η + 2ε

2

∑
i

k3i . (10.8.2)

The squeezed limit of the bispectrum can thus reads (setting the Planck mass to unity again):

〈Rk1Rk2Rk3〉 = (2π)3δ(3)(K)
H4

(4ε)2
1

k3123

(
η + 2ε

2

∑
i

k3i

)
. (10.8.3)

Notice that the momentum dependence of the squeezed limit bispectrum is of the same
form as the momentum-dependence in the local bispectrum (Eq. 7.4.7). Hence, equating
those the bispectra, we can extract an explicit expression for f localNL in terms of slow-roll
parameters. Inserting, the power spectrum P (k1), which is given by (using Mpl = 1):

P (k1) =
H2

4εk31
, (10.8.4)

into the local bispectrum Eq. 7.4.7, we obtain:

〈Rk1Rk2Rk3〉 = (2π)3δ(3)(K)× 6

5
f localNL

H4

(4ε)2
1

k3123

∑
i

k3i . (10.8.5)

Comparing this equation to the squeezed limit of the leading bispectrum Eq. 10.8.3, we find
that f localNL is given by:

f localNL =
5

12
(η + 2ε) =

5

12
(1− ns), (10.8.6)

where the second equality is obtained on account of Eq. 5.4.33. This result coincides with
the consistency relation derived in section 7.5 (Eq. 7.5.2).
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Chapter 11

Multi-Field Inflation and Quantum Effects

“The absence of evidence is not the evidence of absence.”

— Carl Sagan

From now on, we relax the assumption that one scalar field, the inflaton, was dynamically
relevant during inflation and consider a theory in which n scalar fields are responsible for the
inflationary expansion. From the perspective of high energy theories, the existence of multiple
light scalar fields is more natural than only one. The reason is that, within the framework of
string theory, multiple scalar fields arise naturally in the dimensional compactification of the
higher dimensional theory to obtain a 4-dimensional effective theory [5, 18, 20].

In this chapter, we will discuss the classical dynamics and quantum effects of multi-field
inflation and emphasize the differences as compared to the single-field scenario. In particular,
we will derive the equations of motion for n canonical scalar fields minimally coupled to
gravity and examine the evolution of the comoving curvature perturbation on large scales
for multiple fields. Furthermore, we will study the two-field scenario and compute the power
spectrum and spectral index. In the next chapter, we will extend the framework developed
here by including the computation of the bispectrum for multi-field inflation.

11.1 Multi-Field Action and Equations of Motion

In the remaining part of this work, we will consider a system of n canonical scalar fields
minimally coupled to gravity. For scenarios with non-canonical kinetic terms and non-minimal
couplings to gravity, see e.g. [53, 58, 83]. The action corresponding to the considered system
reads:

S =

∫
d4x

√
−g

[
1

2
M2

plR− 1

2
GIJg

µν∂µφ
I∂νφ

J − V (φI)

]
, (11.1.1)

where GIJ is the metric of the field space spanned by the scalar fields φI . Notice that we have
adopted a slightly different notation as compared to the multi-field Lagrangian (Eq. 4.8.40)
in section 4.8.3; we have traded the labels (α) for I, adopted the convention that indices
are contracted using GIJ and take repeated indices to be implicitly summed over. Following
[76], we consider the field space metric to be flat for simplicity, at least in the vicinity of the
classical background trajectory through field space, so that we can write:

GIJ = δIJ . (11.1.2)

For a more general discussion in which the field space geometry is left arbitrary, see [58].
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11.1.1 Klein-Gordon Equations of Motion

The equations of motion for the scalar fields can be derived by varying the action with respect
to φI and setting the result equal to zero: δS = 0. Due to minimal coupling, the gravitational
sector does not involve φI and varying with respect to the Einstein-Hilbert term in the action

consequently yields zero. We denote the second and third terms as S
(1,2)
φ . Variation of those

terms yields:

δS
(1)
φ = −

∫
d4x

√
−gGIJg

µν∂µφ
I∂νφ

J ,

δS
(2)
φ = −

∫
d4x

√
−g∂KV (φI)δφK , (11.1.3)

where we used the fact that the field space metric GIJ = δIJ is independent of the fields so

that ∂KG
IJ = 0. Integration the term S

(2)
φ by parts, we obtain:

δS
(1)
φ =

∫
d4x∂ν(GIJ

√
−ggµν∂µφI)δφJ , (11.1.4)

where we omitted the boundary term proportional to δφI , since it vanishes by the assumption
the fluctuation tends to zero at the boundary of the space-time manifold. Requiring that the
variation of the action vanishes for any δφI , we find that the equation of motion for the field
δI is given by:

1√
−g

∂ν(GIJ
√
−ggµν∂µφI) = ∂JV (φI). (11.1.5)

Contracting the field indices on the left-hand-side, i.e. φJ ≡ GIJφ
J , and using the flat FRW

metric Eq. 1.2.5 to compute the metric and metric determinant, we arrive at the Klein-
Gordon equation for the scalar fields:

φ̈I + 3Hφ̇I + ∂IV (φJ) = 0. (11.1.6)

11.1.2 Energy-Momentum Tensor and Friedmann Equations

Now we consider the energy-momentum tensor of the system to derive the expressions for
the pressure and energy density. Applying the prescription given in Eq. 2.6.1 to derive Tµν ,
we find:

Tµν = GIJ∂
µφI∂νφJ − gµν

[
1

2
GIJ∂βφ

I∂βφJ + V (φI)

]
. (11.1.7)

The energy density and pressure of the matter can be found via the relations ρ = T 00 and
T ij = Pδij , yielding:

ρ = T 00 =
1

2
GIJ φ̇

I φ̇J + V (φI), P =
1

2
GIJ φ̇

I φ̇J − V (φI). (11.1.8)

Now that we have the expressions for the energy density and pressure we can easily derive
the Friedmann equations to be:

H2 =
ρ

3M2
pl

=
1

3M2
pl

(
1

2
φ̇I φ̇

I + V (φI)

)
,

ä

a
= H2 + Ḣ = − 1

6M2
pl

(3P + ρ) = − 1

3M2
pl

(
φ̇I φ̇

I − V (φI)
)
. (11.1.9)
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Combining the two Friedmann equations, we find that we can write the time-derivative and
field-derivative of the Hubble parameter H read:

Ḣ = − 1

2M2
pl

φ̇I φ̇
I , ∂IH =

Ḣ

φ̇I
= − 1

2M2
pl

φ̇I , (11.1.10)

where in the first equality of the second equation we assumed monotonicity. The equations
derived above will be used often in the remaining part of this chapter.

11.1.3 Slow-Roll Approximation

In exact analogy with the single-field scenario, we define the slow-roll parameters for the
multi-field system and assume those parameters to be small, thereby restricting to the slow-
roll approximation. In the slow-roll limit, the Klein-Gordon equation and the first Friedmann
equation become:

3Hφ̇I + VI = 0, H2 =
V

3M2
pl

, (11.1.11)

where we have used that the potential term dominates the kinetic term so that ρ ' V in the
first Friedmann equation. Combining the above two equations, we can derive the following
expression for the time-derivative of the fields:

φ̇I
H

= −M2
pl

VI
V
. (11.1.12)

Therefore, in the slow-roll approximation, the background fields evolve down along the gra-
dient of the potential VI .

In analogy with the single-field case, the slow-roll approximation can be characterized
by the slow-roll parameters. Setting the Planck mass to unity (Mpl ≡ 1), the first slow-roll
parameter can be written as:

εIJ
φ̇I φ̇J

2H2
=

2∂IH∂JH

H2
≡ εIεJ , (11.1.13)

so that εIJ ≡ εIεJ and εI is defined as:

εI =
φ̇I√
2H

=

√
2∂IH

H
. (11.1.14)

The total slow-roll parameter ε ≡ −Ḣ/H2 can be obtained by contracting εIJ with the
field space metric: ε ≡ GIJε

IJ . Except for models which contain finely tuned cancellations
between the different εIJ , we expect in the slow-roll approximation that |εIJ | � 1. In terms
of the total slow-roll parameter, we expect:

εIJ = O(ε/n), εI = O(
√
ε/n). (11.1.15)

In order for the inflationary epoch to sustain for a sufficiently long period (to solve the
flatness and horizon problems), we require the second slow-roll parameter η to be small as
well. The multi-field generalization of η is denoted as ηIJ and is related to the time-derivative
of εIJ in the following way:

ε̇IJ = 2εH(εIJ − ηIJ), ηIJ =
φ̈I φ̇J + φ̇I φ̈J

4HḢ
. (11.1.16)
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In the single-field scenario, ηIJ reduces to the usual parameter η, i.e. ηφφ = −φ̈/Hφ̇. Finally,
we introduce the a third slow-roll parameter associated with the potential:

η̃IJ =
∂I∂JV

3H2
, (11.1.17)

This is comparable to the single-field potential slow-roll parameter ηv ≡ 2ε−η/2, generalizing
this relation to the multi-field case, we find:

εIJ + ηIJ = η̃MN
GM(IεJ)N

ε
, (11.1.18)

Notice that ηIJ and η̃IJ are of the same order in slow-roll.
Finally, we compute the following time-derivatives in terms of slow-roll parameters:

φ̈I
H

= εφ̇I − η̃IJ φ̇
J ,

ε̇IJ
H

= 4εεIJ − εIKε
K
J − η̃IKε

K
J

ε̇

H
= 4ε2 − 2εIJ η̃

IJ . (11.1.19)

Those relation will be relevant in later section of this chapter and are therefore listed here.

11.2 Evolution of the Comoving Curvature Perturbation

In exact analogy with the single-field scenario, we use the comoving curvature perturbation
R, or curvature perturbation on slices of uniform energy density ζ, in order to relate per-
turbations in the scalar fields, denoted as δφI , to late time observables. On super-horizon
scales, the variables R and ζ still coincide. This follows directly from the proof based on
the field-equations approach presented in section 6.1, which does not rely on the specific
matter content sourcing R and ζ, therefore applying to the multi-field scenario as well. In
this section, we will consider the comoving curvature perturbation R.

11.2.1 Multi-Field Expression for the Comoving Curvature Perturbation

First, a direct relation between the comoving curvature perturbation and the quantum fluc-
tuations in the scalar fields will be constructed. From its definition for scalar perturbations
(Eq. D.4.7), R reads:

R = Ψ−H(v +B). (11.2.1)

In order to rewrite this expression, we note that the combination v+B can be related to the
perturbation δT 0

i in the energy-momentum tensor (Eq. D.4.15):

δT 0
i ≡ ∂i δq = (ρ+ P )∂i(v +B), (11.2.2)

where we defined the momentum perturbation δq. In terms of δq, the comoving curvature
perturbation R can thus be rewritten as:

R = Ψ− H

ρ+ P
δq. (11.2.3)
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For multiple fields, we know that the perturbation in the energy-momentum tensor (Eq.
4.8.42) is given by:

δT 0
i = −φ̇I∂iδφI , (11.2.4)

from which we can easily infer the momentum perturbation to be δq = −φ̇IδφI . The expres-
sion for R now becomes:

R = Ψ+H
φ̇Iδφ

I

φ̇J φ̇J
, (11.2.5)

where we used the fact that the sum of the energy density and pressure of the system of
fields equals φ̇I φ̇

I . As we will be working mostly in the flat gauge, defined by Ψ = 0, it is
convenient to introduce the gauge-invariant Mukhanov-Sasaki variable Q (Eq. D.4.4):

QI = δφI +
φ̇I

H
Ψ, (11.2.6)

which indeed equals the fluctuations δφI in the flat gauge. Inserting this relation, we find that
R can be connected to the scalar field fluctuations δφI in a gauge invariant way as follows:

R = H
φ̇IQ

I

φ̇J φ̇J
. (11.2.7)

11.2.2 Evolution Outside the Horizon

Now we examine the evolution of the comoving curvature perturbation sourced by multiple
scalar fields. Based on the energy-momentum approach, which applies to the multi-field
scenario as well, we found in section 6.3 that the evolution R on super-horizon scales is given
by:

Ṙ = −3c2sHS, (11.2.8)

where the isocurvature perturbations are governed by S, which reads (Eq. 4.6.11):

S = H

(
δP

Ṗ
− δρ

ρ̇

)
. (11.2.9)

Therefore, examining the evolution of the comoving curvature perturbation outside the hori-
zon amounts to computing S in the multi-field scenario. The fact that S is non-zero in the
multi-field case is a direct consequence of the multiple trajectories of the fields in field space.

The expressions for the energy density and pressure fluctuations are given by (see section
4.8.3):

δρ = φ̇Iδφ̇
I − Φφ̇I φ̇

I + VIδφ
I ,

δP = φ̇Iδφ̇
I − Φφ̇I φ̇

I − VIδφ
I . (11.2.10)

Using the continuity equation, the equation of state w = ρ/P and the speed of sound c2s =
Ṗ /ρ̇, we find that we can write the denominators in S as:

ρ̇ = −3H(1 + w)ρ, Ṗ = −3H(1 + w)c2sρ. (11.2.11)

Hence, we can write S as:

S = H

(
ρ̇δP − Ṗ δρ

Ṗ ρ̇

)
=

ρ̇δP − Ṗ δρ

9H(1 + w)2c2sρ
2
. (11.2.12)
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Inserting the expressions for δρ and δP as well, we find that Ṙ is given by:

Ṙ = − H

(1 + w)ρ

[
(c2s − 1)(φ̇Iδφ̇

I − Φφ̇I φ̇
I) + (c2s + 1)VIδφ

I
]
. (11.2.13)

Finally, using the fact that we can write the sound speed as c2s = −1− Ḧ/3HḢ [57], the final
expression for the time derivative of R becomes:

Ṙ = − Ḧ

6Ḣ
δρ− H

Ḣ
(φ̇Iδφ̇

I − Φφ̇I φ̇
I), (11.2.14)

where we re-instated the expression for δρ to obtain a neat form. Notice that this expression
is not suppressed in the limit k/aH → 0. Hence in the multi-field scenario, evolution of the
comoving curvature curvature perturbation outside the horizon is indeed present.

11.3 Quantum Effects

Here, we will consider the quantum fluctuations in the scalar fields φI , which are written as
QI ≡ δφI in the spatially flat gauge, as specified by Ψ = 0. To study the quantum effects
of this multi-field system, we will anticipate a result from the next chapter, where the action
for quadratic fluctuations is derived using the ADM formalism. The result is given by (Eq.
12.4.1):

S2 =
1

2

∫
d4x a3

[
δIJQ̇

IQ̇J − 1

a2
δIJ∂Q

I∂QJ −MIJQ
IQJ

]
, (11.3.1)

where we have introduced the notation ∂QI∂Q
I ≡ δij∂iQI∂

jQI . The so-called mass matrix
MIJ is defined as:

MIJ = ∂I∂JV − 1

a3
d

dt

(
a3

H
φ̇I φ̇J

)
. (11.3.2)

Notice that the mass matrix is principle not diagonal and hence couples different fields to each
other. The equation of motion resulting from this action in momentum space (but omitting
the Fourier labels) is given by:

∂ττf
I +

([
k2 − a′′

a

]
δIJ + a2MI

J

)
fJ = 0, (11.3.3)

where we have introduced conformal time and the canonical variable f I ≡ aQI , in analogy
with the single-field case. In the next chapter, we will show that the mass-matrix can be
written to first order in slow-roll parameters as:

MIJ = H2(3η̃IJ − εIJ) +O(ε2), (11.3.4)

where for later convenience we also define WIJ ≡ MIJ/H
2 Using this result as well as the

following expressions for a′′/a and H2:

a′′

a
= H2(2− ε) +O(ε2), H2 =

1

τ2
(1 + 2ε) +O(ε2), (11.3.5)

we can rewrite the equation of motion for the canonical variable f I as:

∂ττf
I +

(
k2 − 2

τ2

)
f I =

1

τ2
CI
Jf

J , (11.3.6)
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where we defined CIJ ≡ 3εδIJ −WIJ .
As mentioned before, the off-diagonal components of CIJ will couple the evolution of

the different field fluctuations to each other. However, since CIJ is real and symmetric,
we can diagonalize it by performing a rotation in field space. After the rotation, we will
obtain independently evolving fluctuations which we denote as γI . The rotation matrix that
diagonalizes the re-defined version of the mass-matrix CIJ as UIJ , so that:

γI = U I
Jf

J , U−1CU = diag(λ1, . . . , λn), (11.3.7)

where λI are the eigenvalues of the matrix CIJ . Since U is a rotation matrix, and in particular
a representation of SO(n), it satifies UT = U−1 and UILULJ = δIJ .

Acting with U on the equation of motion, i.e. diagonalizing it, we find:

∂ττγ
I +

(
k2 − 2

τ2

)
γI =

1

τ2
λIγ

I , (11.3.8)

where there is no sum over the index I on the right side. Taking all terms to the left hand
side and defining the terms proportional to γI/τ2 to be equal to ν2I − 1/4, we find:

∂ττγ
I +

(
k2 −

ν2I − 1/4

τ2

)
γI = 0, (11.3.9)

where there is again no sum over the field index and to first order in slow-roll parameters
νI = 3/2 + λI/3. This is exactly the same equation as we derived for the mode function f
in the single-field scenario (Eq. 5.4.8). Assuming all the fields start out in the Bunch-Davies
initial state, the mode function reads (equivalent to Eq. 5.4.27)

γI(τ) =
√
−τ

[√
π

2
∆

(+)
I

]
H(1)

ν (−kτ), (11.3.10)

where ∆
(+)
I = exp(+iπ(νI + 1/2)/2).

The above solution to the mode function is only valid in case the slow-roll parameters are
small and time-independent. This approximation ceases to be valid near the end of inflation.
Therefore, we switch from the rescaled fluctuation γI to the comoving curvature perturbation,
which are related via Eq. 11.2.7:

R = H
φ̇IQ

I

φ̇J φ̇J
= − H2

ρ+ P

VIQ
I

V
. (11.3.11)

From this expression for R, where QI = af I , we find the comoving curvature perturbation
is only sourced by the components of the field perturbations, which are tangential to the
background solution, i.e. the direction of the vector φ̇I . In the slow-roll approximation, this
corresponds to the path of steepest descent along the potential.

In general, however, this direction does not coincide with any of the eigenvectors λI .
Consequently, we have to perform yet another rotation in field space. We rotate the original
field space basis:

QI =

Q1
...

Qn,

 (11.3.12)
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using the rotation matrix S to a new basis:

Q̃I =

 Qσ
...

Qs(n−1)

 = S−1

Q1
...

Qn.

 (11.3.13)

Here we have defined an adiabatic field perturbation Qσ, parallel to the classical trajectory,
in the following way:

Qσ ≡ VIQ
I

|∇V |
, (11.3.14)

where |∇V | ≡
∑

I VI . The other n−1 field perturbations are called the entropy perturbations
as they are constructed to be orthogonal to the background trajectory in field space.

In the above analysis, we did not consider the background fields, for which we have
to take into account that the rotation matrix need not be constant over the field space.
Formally speaking, the rotation as induced by S is a local rotation of the basis for the field
perturbations, instead of a global rotation. To overcome this subtlety, we rotate the temporal
derivatives of the background fields, rather than the fields themselves, yielding:

σ̇
ṡ1
...

sn−1

 = S−1


φ̇1
φ̇2
...

φ̇n

 , (11.3.15)

where σ is the background complement of the adiabatic perturbation Qσ and the entropic
fields, orthogonal to the background field space trajectory, are denoted as si with i =
2, . . . , n− 1.

11.4 Power Spectra for Two-Field Inflation

Here, we will apply the formalism developed in the previous sections to the case of two-field
inflation in order to derive the power spectra and associated spectral indices. The analysis
will be to first order in slow-roll parameters. We consider the fields, denoted by ϕ and χ,
whose dynamics are governed by the action:

S

∫
d4x

√
−g

[
1

2
M2

plR− 1

2
gµν(∂µϕ∂νϕ+ ∂νχ∂µχ)− V (ϕ, χ)

]
, (11.4.1)

where the potential V (ϕ, σ) is assumed to be suitable to provide a period of slow-roll inflation
but is otherwise left unspecified.

11.4.1 Adiabatic and Entropy Perturbations

The direction of the background solution in the two-dimensional field space can be charac-
terized by means of the field space angle θ, which is given by:

tan θ ≡ χ̇

ϕ̇
. (11.4.2)
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In order to make the meaning of the adiabatic and entropy perturbations explicit, we perform
a rotation in field space. The adiabatic field σ is defined as the integrated path length along
the background trajectory, which may be written as the function χ(ϕ). Now, the adiabatic
field can be defined as the integrated path length along the background trajectory:

σ =

∫ φf

φi

dφ
√
1 + (∂φχ)2 =

∫ φf

φi

dφ
√

1 + tan2 θ. (11.4.3)

The initial field value φi is arbitrary, since only changes in σ are relevant. The entropy field
s is defined as the orthogonal distance in field space away from the background trajectory,
which thus vanishes by definition at background level: s = ṡ = s̈ = 0. This rotation in field
space defines a coordinate system (σ, s). We assume the field space to be flat for simplicity.
Otherwise the introduced coordinate system is solely valid in the vicinity of the considered
background trajectory.

As mention above for the n-field case, the time derivatives of the fields ϕ̇ and χ̇ can be
related to the adiabatic and entropy fields σ̇ and s via the rotation matrix S(θ), yielding:(

σ̇
ṡ

)
= S−1(θ)

(
ϕ̇
χ̇

)
, S(θ) ≡

(
cos θ − sin θ
sin θ cos θ

)
. (11.4.4)

The rotation matrix S(θ) constitutes a representation of the two-dimensional special orthogo-
nal group SO(2), so that ST = S−1 and detS = +1. On account of the above transformation
equation between the two bases, we find the following equations by using the fact that at
background level ṡ = 0:

σ̇ = ϕ̇ cos θ + χ̇ sin θ, ϕ̇ sin θ = χ̇ cos θ. (11.4.5)

From the inverse rotation and the fact that for the entropic field ṡ = 0,(
ϕ̇
χ̇

)
= S(θ)

(
σ̇
ṡ

)
, (11.4.6)

we find that we can write the square of the the time derivative of the adiabatic field and the
second time derivative as:

σ̇2 = ϕ̇2 + χ̇2, σ̈ = ϕ̈ cos θ + χ̈ sin θ. (11.4.7)

The potential V (ϕ, χ) exists everywhere in the field space and its gradient may be ex-
pressed in the (ϕ, χ) or (σ, s) basis. The potential gradients in the different bases are related
as: (

Vϕ
Vχ

)
= S(θ)

(
Vσ
Vχ

)
, (11.4.8)

and the inverse transformation. Using the above relation for the time-derivatives of the field
ϕ and χ, the time derivative of the potential reads:

V̇ = Vϕϕ̇+ Vχχ̇ = Vσσ̇. (11.4.9)

In a similar manner, we can rotate the second field derivatives of the potential into the (σ, s)
basis:

[VI′J ′ ] ≡ S−1[VIJ ]S, (11.4.10)
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or explicitly:(
Vσσ Vσs
Vσs Vss

)
=

(
cos θ sin θ
− sin θ cos θ

)(
Vϕϕ Vϕχ
Vϕχ Vχχ

)(
cos θ − sin θ
sin θ cos θ

)
, (11.4.11)

yielding the components:

Vσσ ≡ Vϕϕ cos2 θ + 2 cos θ sin θVϕχ + sin2 θVχχ,

Vss ≡ Vϕϕ cos2 θ − 2 cos θ sin θVϕχ + cos2 θVχχ,

Vσs ≡ − sin θ cos θVϕϕ + (cos2 θ − sin2 θ)Vϕχ + cos θ sin θVχχ. (11.4.12)

11.4.2 Exact Field Equations

With the machinery to rotate to a basis of adiabatic and entropy field available, we now
consider the field equations governing the background evolution of the field. In the basis
(ϕ, χ), the Klein-Gordon equations are given in a neat form by:(

ϕ̈
χ̈

)
+ 3H

(
ϕ̇
χ̇

)
+

(
Vϕ
Vχ

)
= 0. (11.4.13)

This equation can be transformed into the basis (σ, s) by acting from the left on the above
system of equations by S−1(θ) to give:

σ̈ + 3Hσ̇ + Vσ = 0, (11.4.14)

and we know that at background level s̈ = 0, so that the field s is dynamically irrelevant.
Instead, the rol of the other degree of freedom is taken by the field space angle θ, which is
related to the slope of the potential in the entropy direction Vs by:

θ̇ = −Vs
σ̇
. (11.4.15)

To obtain the second-order differential equation for θ we have to differentiate the above
relation with respect to time again. Notice that the coordinates (σ, s) can in general be
curved, even in the field space itself is flat.1 Therefore, it proves convenient to work in the
(ϕ, χ) basis and we obtain:

Vs = −Vϕ sin θ + Vχ cos θ, V̇s = Vσσ̇ − θ̇Vσ. (11.4.16)

Using this result we may properly take the time derivative of Eq. 11.4.15 to obtain the second
order equation for θ, yielding:

θ̈ − 3Hθ̇ + Vσs − 2
Vσ
σ̇
θ̇ = 0. (11.4.17)

1This is consequence of the fact that the coordinate system (σ, s) is defined locally, i.e. at every point
along the background trajectory curve and hence can vary its orientation if the curve is not straight, thereby
constituting a so-called curvy-linear coordinate system.
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11.4.3 Two-Field Slow-Roll Approximation

Using the slow-roll approximation for both fields, so that we neglect the second order time
derivatives ϕ̈ and χ̈ and we can write the field equations as (Eq. 11.1.12):

ϕ̇

H
= −M2

pl

Vϕ
V
,

χ̇

H
= −M2

pl

Vχ
V
. (11.4.18)

Rotating those equations into the (σ, s) basis yields:

σ̇

H
= −M2

pl

Vσ
V
,

ṡ

H
= −M2

pl

Vs
V

= 0, (11.4.19)

since at background level ṡ = 0 we know that Vs = 0 in the slow-roll regime. Consequently,
the background trajectory is always in the direction of the gradient of the potential, such
that there is no sideways component sourcing the gradient. We thus conclude that the total
slow-roll parameter can be written as:

ε = εϕϕ + εχχ =
M2

pl

2

(
Vσ
V

)2

, (11.4.20)

and we need not define εσs, εss or even a separate εσσ. Instead we have the relations:

εϕϕ = ε cos2 θ, εχχ = ε sin2 θ. (11.4.21)

However for η̃IJ we do define:

η̃σσ =M2
pl

Vσσ
V
, η̃σs =M2

pl

Vσs
V
, η̃ss=M

2
pl

Vss
V
, (11.4.22)

from now on we will omit the tilde on η̃IJ and keep in mind that the η-parameter is always
defined with respect to the potential in this section. Notice that the result Vs = 0 does in
general not imply Vσs = 0 since (σ, s) constitutes a curvy-linear coordinate system. The
slow-roll parameter ηIJ in the basis (σ, s) are related to the basis (ϕ, χ) in the same way as
the second field derivative of the potential, that is:

[ηI′J ′ ] = S−1[ηIJ ]S, (11.4.23)

and the explicit transformation equation becomes:

ησσ = cos2 θηϕϕ + 2 cos θ sin θηϕχ + sin2 θηχχ,

ηss = sin2 θηϕϕ − 2 cos θ sin θηϕχ + cos2 ηχχ,

ησs = − sin θ cos θηϕϕ + (cos2 θ − sin2 θ)ηϕχ + cos θ sin θηχχ. (11.4.24)

The above results show that ησσ + ηss = ηϕϕ + ηχχ.

Using Eqs. 11.1.19 and the above results, we can now aim to write the second order
equations for θ and σ in the slow-roll approximation. In particular, on account of Eqs.
11.1.19, the second time derivative of the adiabatic field σ can be written in terms of the first
time derivative as:

σ̈

H
= σ̇(ε− ησσ). (11.4.25)
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θ

δs

δσ

δϕ

δχ

ϕ

χ
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s

Figure 11.1: Pictorial definition of the bases (ϕ, χ) and (σ, s), their relation to
the background trajectory (dotted grey) and the associated decomposition of the
generic perturbation P . The field space angle θ is also indicated, as well as the
orientation of the (σ, s) coordinate system. It is evident from this schematic
that the orientation of this coordinate system indeed varies along the background
trajectory and hence (σ, s) is a local coordinate system.

Similarly, by taking the time-derivative of the equation ṡ = −ϕ̇ sin θ + χ̇ cos θ = 0, we find a
slow-roll equation for θ, reading:

θ̇

H
= −ησs. (11.4.26)

It proves insightful to compare this equation for θ to the exact one (Eq. 11.4.15). In the
slow-roll regime, where we neglected second order time derivatives of the fields, the back-
ground solution is completely determined by the topography of the potential. The classical
background trajectories are paths of steepest descent on the potential surface. Sideway com-
ponents Vs do not contribute to the gradient, as mentioned before. The curvature of potential
is characterized by ησs, which measures how the potential tilts sideways as the field rolls in
the direction of the adiabatic field σ. On the other hand, in the exact case (i.e. without
the slow-roll approximation), the trajectory will not correspond to paths of steepest descent,
since the centrifugal effect pushes the field away from the σ-direction (thus in the s-direction),
causing the sideways component of the potential gradient, Vs, to cause a centripetal force
inducing the background trajectory to curve.

11.4.4 Evolution of Perturbations

We now leave the background dynamics and will consider perturbations in the background
fields ϕ and χ. In analogy with the background analysis, we will rotate the basis (δϕ, δχ) to
obtain a basis in which we have purely adiabatic and entropy perturbations:(

δϕ
δχ

)
= S(θ)

(
δσ
δs

)
, (11.4.27)

Here, the orientation of δσ coincides with the direction of the (adiabatic) background solution
at the point where the perturbation is defined and δs is orthogonal to this direction. In Fig.
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11.1, the definition of the bases (ϕ, χ) and (σ, s) and the associated decomposition of a generic
perturbation P are illustrated.

From the quadratic action S2 (Eq. 11.3.1), we may find the equations of motion for the
field perturbations in the basis (ϕ, χ). Rotating into the (σ, s) basis, we may rewrite those
equations in the form [45]:

δσ̈ + 3Hδσ̇ +

(
Mσσ − ∂2

a2
− θ̇2

)
δσ = 2

d

dt
(θ̇δs)− 2

(
Vσ
σ̇

+
Ḣ

H

)
φ̇δs, (11.4.28)

δs̈+ 3Hδṡ+

(
Vss + 3θ̇2 − ∂2

a2

)
= − θ̇

σ̇

4

a2
∂2Φ. (11.4.29)

Here, we will not give a detailed derivation; we refer the reader to derivation contained in
[45]. A few comments on the above evolution equations are in order. For a straight trajectory
in field space (θ̇ = 0), the equation of motion for δσ will reduce to the fluctuation equation in
the single field case: setting δσ = δφ and δs = 0, we obtain Eq. 5.2.7 by proper identification
of Mφφ. In particular, to zeroth order in slow-roll (i.e. Mφφ = Vφφ+O(ε)), we obtain exactly
Eq. 5.2.7 up to zeroth order in slow-roll.

Furthermore, notice that the right side of the equation of motion for the entropy pertur-
bation contains a gradient ∂2Φ and therefore vanishes outside the horizon. Consequently, if
δs = 0 at horizon exit, no significant non-zero δs will be generated when the scales outside
the horizon. This is essentially a manifestation of the statement that adiabatic perturbations
remain so outside the horizon (see section 6.5 for the single-field case discussion).

Notice that the adiabatic and entropy perturbations are typically not defined in the basis
which diagonalizes the mass matrix so that their evolution is coupled. In order to get to a
basis where the two perturbations are independent, we perform a rotation U(ϑ) in field space
of the form:

γI = U−1(ϑ)f I , f I ≡ a

(
δϕ
δχ

)
, γI ≡ a

(
δϕ̃
δχ̃

)
, (11.4.30)

where we denote the angle with ϑ to avoid confusion with the angle θ associated with the
transformation S(θ) defined earlier to get from (ϕ, χ) to the (σ, s) basis. The tilde on pertur-
bations is used to indicate that they are defined in the basis where they evolve independently.
The eigenvalue equation (Eq. 11.3.7) for two dimension becomes:

U−1(ϑ)CU(ϑ) =

(
λϕ 0
0 λχ

)
. (11.4.31)

To achieve independently evolving perturbations, the rotation matrix is chosen such that
it diagonalizes the redefined mass-matrix CIJ , which is given by:

CIJ = 3

(
ε+ 2εϕϕ − ηϕϕ 2εϕχ − ηϕχ
2εϕχ − ηϕχ ε+ 2εχχ − ηχχ

)
, (11.4.32)

for the two-field system (recall CIJ ≡ 3εδIJ −WIJ). From the requirement that U−1CIJU is
diagonal, we find the constraint:

(2εχχ − 2ϕϕ + ηϕϕ − ηχχ) sinϑ cosϑ+ 2(εϕχ − ηϕχ)(cos
2 ϑ− sin2 ϑ) = 0. (11.4.33)

This constraint equation allows us to solve for the angle ϑ quantifying the rotation in field
space to get from the basis (δϕ, δχ) to the basis (δϕ̃, δχ̃) in which the two perturbations are
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independent. The result reads:

tan 2ϑ =
4εϕχ − 2ηϕχ

2(εϕϕ − εχχ)− (ηϕϕ − ηχχ)
. (11.4.34)

In addition, we can solve for expression of the two eigenvalues from the eigenvalue equation
(Eq. 11.4.31), i.e. det(C − λ12×2) = 0. This yields the solutions:

λ± =
3

2

(
4ε− (ηϕ + ηχχ)±

√
(2∆ε−∆η)2 + 4(2εεχ − ηϕχ)2

)
, (11.4.35)

where ∆ε ≡ εϕϕ− εχχ and ∆η ≡ ηϕϕ−ηχχ. Notice that the above expressions do not specify
which one is λϕ and which is λχ. Similarly, the solution for the angle ϑ only specifies its
value up to a factor of π/2. Hence, the system of equations allows for the residual freedom
to add π/2 to the angle ϑ, which interchanges λ1,2.

In terms of the slow-roll parameters associated with the adiabatic and entropy fields, the
results are:

λ± =
3

2

(
4ε− (ησσ + ηss)±

√
ω2 + 4η2σs

)
,

tan 2ϑ =
ω sin 2θ − 2ησs cos 2θ

ω cos 2θ + 2ησs sin 2θ
, (11.4.36)

in which we defined ω ≡ 2ε − (ησσ − ηss). From the above expression, we find that ϑ = θ
solely in the special case of ησs = 0, corresponding to Vσs = 0,2 and hence the adiabatic and
entropy perturbations are already independent. Otherwise, the perturbations in the (σ, s)
are still coupled.

In conclusion, we will thus have to find a connection between the perturbations in the
(σ, s) basis and those in the bases (ϕ̃, χ̃), where the perturbations will evolve independent of
each other. Using the inverse of Eq. 11.4.27 and Eq. 11.4.30, we find a relation between the
bases (σ, s) and (ϕ̃, χ̃), reading:(

δσ
δs

)
= S−1(θ)U(ϑ)

(
δϕ̃
δχ̃

)
, S−1(θ)U(ϑ) =

(
cos(ϑ− θ) − sin(ϑ− θ)
sin(ϑ− θ) cos(ϑ− θ)

)
. (11.4.37)

In the basis (ϕ̃, χ̃), where the perturbations evolve independently, we can use the mode
function (Eq. 11.3.10) to conveniently compute the primordial power spectra, which will be
done explicitly in the section below.

11.4.5 Primordial Power Spectra at Horizon Crossing

Using the above results, we can compute the power spectra Pσ, Ps and Pσs at horizon exit
by using the mode function for the independently evolving fields in the (ϕ̃, χ̃) basis (conform
Eq. 11.3.10). The first step in this computation is to relate the fluctuation amplitude of the
adiabatic pertubation |δσ|2, the entropy perturbation |δs|2 and the cross correlation δσδs∗,
to the amplitudes of the independent fluctuations δϕ̃ and δχ̃. This can be done conveniently

2Notice that this would be case for a potential which is sum-separable in terms of σ and s, i.e. V (σ, s) =
U(σ) +W (s). We will consider a two-field model with sum-separable potential in section 12.8.
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by means of the rotation matrix defined in Eq. 11.4.37, yielding:

a2|δσ|2 = cos2(ϑ− θ)|γϕ|2 + sin2(ϑ− θ)|γχ|2,

a2δσδs∗ =
1

2
sin 2(ϑ− θ)

(
|γϕ|2 − |γχ|2

)
,

a2|δs|2 = 1

2

(
|γϕ|2 + |γχ|2)− cos 2(ϑ− θ)

(
|γϕ|2 − |γχ|2

)
, (11.4.38)

where γϕ,χ denote the mode function for ϕ and χ, respectively. Those mode functions differ
in the parameter νϕ,χ, which is determined by the two different λϕ,χ.

However, recall that our final goal is to compute the spectral indices for the power spec-
tra of R, S and their cross-correlation to first order in slow-roll parameters, which can be
calculated using the power spectra to zeroth order in slow-roll. Hence, for computing the
spectral indices to first order, we can use the mode functions to zeroth order, i.e. we can
set νϕ,χ → 3/2 and neglect the contribution of the eigenvalues, which enters at first order in
slow-roll.3

In this limit, the two mode functions γϕ,χ are equivalent, so that we can drop the field
labels and the above equations for the amplitudes simplify significantly:

a2|δσ|2 = |γ|2, a2|δs|2 = |γ|2, δσδs∗ = 0. (11.4.39)

In addition we can use the fact that in the limit of horizon crossing k → 0, the mode function
γ can be written as (conform Eq. 5.4.30):

lim
k→0

|γ| = C(ν)√
2k

(
k

aH

)1/2−ν

, C(ν) ≡ 2ν−3/2 Γ(ν)

Γ(3/2)
, (11.4.40)

with C(ν) tending to unity in the limit where ν → 3/2 (we also dropped the field label on
ν). At horizon crossing, the power spectra then simply become:

P∗
σ =

k3

2π2

∣∣∣∣γa
∣∣∣∣2 = (

H

2π

)2

= P∗
s , C∗

σs ≡
k3

2π2
δσδs = 0, (11.4.41)

where we have used the superscript ∗ to denote the fact that those relations only hold at
horizon exit and dropped the conjugate symbol on δs since it is manifestly real. Due to the
fact that have multiple fields, which evolve on super-horizon scales, the power spectra will
as well. In the next section we will discuss how to include this time-evolution, in order to
compute the power spectra at some time t > t∗ during the radiation era. In this way, they
can be related directly to observations of the CMB anisotropies.

11.4.6 Evolution of Spectra Outside the Horizon

As we have explained above, to compute the power spectra and associated spectral indices in
the radiation era, i.e. at times that are accessible by observations, we will have to take the
evolution of the comoving curvature perturbation outside the horizon into account.4 For the
two-field system, the comoving curvature perturbation is given by:

R = H
ϕ̇δϕ+ χ̇δχ

ϕ̇2 + χ̇2
= H

δσ

σ̇
, (11.4.42)

3Notice that this approach conveniently avoids the subtlety that Eq. 11.4.36 for λ± does not specify which
of the two corresponds to λϕ and which to λχ.

4We consider only modes which are still super-horizon at the moment of interest in the radiation era, so
that the evolution equation simplify considerably.
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from which we find that R is only sourced by perturbations which are parallel to the back-
ground trajectory (i.e. the adiabatic perturbation). The time-evolution of R in this model
is given by [42, 43, 45]:

Ṙ = −H
Ḣ

1

a2
∂2Ψ+

H

2

(
δϕ

ϕ̇
− δχ

χ̇

)
× d

dt

(
φ̇2 − χ̇2

φ̇2 + χ̇2

)
, (11.4.43)

which in terms of the adiabatic and entropic field perturbations takes the simple form [45]:

Ṙ = −H
Ḣ

1

a2
∂2Ψ− 2H

θ̇

σ̇
δs. (11.4.44)

Outside the horizon, the gradient of the gravitational potential Ψ can be neglected so that
the evolution equation for R simplifies to:

Ṙ = −2θ̇S, S ≡ H
δs

σ̇
. (11.4.45)

In terms of those variables, we can connect the power spectra for σ and s to those of R and
S as follows:

P∗
R =

(
H

σ̇

)2

P∗
σ, P∗

S =

(
H

σ̇

)
P∗
s , C∗

RS = 0, (11.4.46)

at horizon exit.

Now the task is to evolve those power spectra to a time t > t∗ during the radiation era.
In order to evolve momentum modes to the radiation era, we introduce a transfer function,
denoted as Tk(t∗, t), which evolves Rk and Sk from horizon exit t∗ to some later time t in
the radiation era, when the cosmological modes of interest are still outside the horizon. On
those scales, the momentum dependence of the transfer vanishes since k → 0 and we drop
the momentum label:

T (t∗, t) ≡ lim
k→0

Tk(t∗, t). (11.4.47)

The transfer function is defined in relation to Rk and Sk as:(
Rk(t)
Sk(t)

)
= T (t∗, t)

(
Rk(t∗)
Sk(t∗)

)
, T (t∗, t) =

(
TRR TRS

TSR TSS

)
. (11.4.48)

The transfer function can be simplified by noting that outside the horizon adiabatic
perturbations remain adiabatic and constant, yielding the constraint TSR = 0 and TRR = 1,
respectively. In terms of the transfer function, we then get the evolution equations for Rk

and Sk at time t > t∗, reading:

Rk(t) = Rk(t∗) + TRS(t∗, t)Sk(t∗), Sk(t) = TSS(t∗, t)Sk(t∗). (11.4.49)

In terms of those transfer equations, we can express the power spectra for R, S and their
cross correlation at time t > t∗ to the those at horizon exit (Eqs. 11.4.46):

PR(t) = PR(t∗) + T 2
RS(t∗, t)PS(t∗),

PS(t) = T 2
SS(t∗, t)PS(t∗)

CRS = TSS(t, t∗)CRS(t∗) + TRSTSS(t∗, t)PS(t∗). (11.4.50)



Chapter 11. Multi-Field Inflation and Quantum Effects 253

Notice that even if the cross correlation between R and S is zero at horizon crossing (i.e.
C∗
RS = 0), cross correlation between the two will be generated during the evolution outside

the horizon.
The next step is to derive an explicit form for the remaining transfer functions. On

account of Eq. 11.4.45, we may write outside the horizon that :

Ṙ = Hα(t)S, Ṡ = Hβ(t)S, (11.4.51)

where the two introduced functions α(t) and β(t) are related to the transfer functions TRS

and TSS . To find the explicit relation, we note that TSS(t∗, t) = S(t)/S(t∗) and hence we can
integrate the Ṡ equation to give:

dS(t′)

S(t′)
= β(t′)H(t′)dt′

lnS(t)− lnS(t∗) =

∫ t

t∗

dt′ β(t′)H(t′)

TSS(t∗, t) = exp

[ ∫ t

t∗

dt′ β(t′)H(t′)

]
. (11.4.52)

The expression for TRS is now given in terms of the above formula for TSS as:

TRS(t, t∗) =

∫ t

t∗

dt′ α(t′)H(t′)TSS(t∗, t
′). (11.4.53)

For notational simplicity, we will drop the Fourier labels from now on, keeping in mind that
R = Rk, S = Sk and t∗ = t∗(k).

11.4.7 Computation of Spectral Indices

The functions α(t) and β(t) depend on the details of the inflationary model and the subsequent
reheating stage. However, in order to find the spectral indices to first order, it turns out we
fortunately only require the time-derivatives of TRS and TSS at horizon exit:

∂t∗TSS = −β(t∗)H(t∗)TSS(t, t∗),

∂t∗TRS = −α(t∗)H(t∗)− β(t∗)H(t∗)TRS(t, t∗). (11.4.54)

Those expressions involve α(t∗) and β(t∗) evaluated at horizon exit. Assuming the slow-roll
approximation still holds at the moment the modes of interest leave the horizon, we can use
the slow-roll equations from section 11.4.3 to compute α(t∗) and β(t∗).

In particular, combining Eqs. 11.4.26 and Eq. 11.4.51, we find the expression for α(t∗):

α(t∗) = 2ησs. (11.4.55)

To obtain the from for β(t∗), we use the evolution equation for the entropy perturbation δs
in the super-horizon limit:

δs̈+ 3Hδṡ+ (Vss + 3θ̇2)δs = 0. (11.4.56)

Dropping the second order time derivative term and writing the θ̇ expression to first order in
slow-roll, we obtain the equation:

δṡ+Hηssδs = 0. (11.4.57)
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In combination with the slow-roll equation for σ (Eq.
Now that we have obtained the explicit expressions for α(t∗) and β(t∗), we can calculate

the primordial spectral indices. We show the explicit calculation for the power spectrum of
R. Using that at zeroth order in slow-roll parameters the power spectra for R and S are the
same at horizon exit, we find:

PR(t) = PR(t∗) + T 2
RS(t∗, t)PS(t∗) =

H2

σ̇2

(
H

2π

)2

(1 + T 2
RS(t∗, t)), (11.4.58)

where all quantities in the prefactor are to be evaluated at horizon crossing. To compute the
spectral index, defined as:

nR − 1 ≡ d lnPR
d ln k

, (11.4.59)

we require the scaling of H4/σ̇2, which can be obtained by using Eq. 11.4.19 and the slow-roll
Friedmann equation H2 = V/3M2

pl, we find:

H4

σ̇2
∝ V

ε
. (11.4.60)

On account of this scaling relation, the spectral index now becomes:

nR − 1 =
d lnPR
d ln k

=
d lnV

d ln k
− d ln ε

d ln k
+
d ln(1 + T 2

RS)

d ln k
. (11.4.61)

The differential d ln k can be converted into a time differential at horizon crossing by using
th the relation k = aH at horizon crossing:

d ln k

dt∗
=
d ln aH

dt
= (1− ε)H, (11.4.62)

where ε and H are to be evaluated at the time of horizon crossing t∗. On account of this
relation, the first term contributing to the spectral index reads:

d lnV

d ln k
=

1

(1− ε)H

Vσσ̇

V
= −2ε+O(ε2), (11.4.63)

where we have used that the time derivative of the potential can be written as V̇ = Vσσ̇
according to Eq. 11.4.9. Similarly, the second contribution becomes:

d ln ε

d ln k
=

1

(1− ε)H

ε̇

ε
= 4ε− 2ησσ, (11.4.64)

where we used the expression for ε̇/H = 4ε2−2εησσ given in the last equation of Eqs. 11.1.19
(for two fields s and σ). Those two contributions add up to the single field result for the
spectral index, in particular, compare to Eq. 5.4.33 by identifying nR = ns and σ = φ.

The difference between the single-field and the two-field result lies in the contribution
coming from the third term in Eq. 11.4.61. This term can be evaluated as:

d ln(1 + T 2
RS)

d ln k
=

1

1 + T 2
RS

1

H

d

dt∗
(1 + T 2

RS)

=
2TRS

1 + T 2
RS

(−α(t∗)− β(t∗)TRS)

=
T 2
RS

1 + T 2
RS

(4ε− 2ησσ + 2ηss)−
TRS

1 + T 2
RS

4ησs. (11.4.65)
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In general, we doe note have constraints on the transfer function TRS , as it strongly depends
on the inflationary details as well as the subsequent era of reheating. However, the particular
combinations in the above expressions have limit range:

0 ≤
T 2
RS

1 + T 2
RS

≤ 1, (11.4.66)

and its square root lies between −1 and 1. Therefore, we can conveniently define the angle
∆ as:

cos∆ ≡ TRS√
1 + T 2

RS

, sin∆ ≡ 1√
1 + T 2

RS

. (11.4.67)

In terms of this angle, the last contribution to the spectral index reads:

d ln(1 + T 2
RS)

d ln k
= −4ησs cos∆ sin∆ + (4ε− 2ησσ + 2ηss) cos

2∆. (11.4.68)

Finally, combining the three contributions above, we find that the spectral index for
the power spectrum of the adiabatic mode R is time-dependent via the transfer function
TRS(t∗, t) and reads:

nR = −(6− 4 cos2∆)ε+ 2ησσ sin
2∆− 4ησs cos∆ sin∆ + 2ηss cos

2∆. (11.4.69)

In a similar manner, the spectral indices for the spectrum of S and the cross correlation
spectrum CRS between R and S can be found as well, yielding respectively:

nS − 1 = −2ε+ 2ηss

nRS − 1 = −2ε− 2ησs tan∆ + 2ηss. (11.4.70)

The above results provide the primary aim of this section: computing the spectral indices of
the power spectra for two-field inflation to first order in slow-roll.





Chapter 12

Bispectrum for Multi-Field Inflation

“The recent developments in cosmology strongly suggest that the universe may be
the ultimate free lunch.”

— Alan Guth

In this chapter, we will compute the bispectrum for multi-field inflation with n canonical
scalar fields in the slow-roll approximation. To derive the bispectrum, we closely follow the
work by Seery and Lidsey [76]. As we will show, the bispectrum for the multi-field scenario
differs in two important aspects from the single-field case. First of all, in multi-field models
the comoving curvature perturbation is not conserved on super-horizon scales. This property
of the multi-field dynamics complicates the calculation significantly. To conveniently compute
the bispectrum, we will work with the so-called δN formalism, which provides an intuitive and
simple prescription to compute three-point correlation functions. Secondly, we will find that,
contrary to the single field scenario, the non-linearity parameter can become of order unity in
the squeezed limit of the local template and can hence be detectable. This difference provides
a distinct observational discrimination between the single-field and multi-field scenario. We
will examine the conditions required for a large non-linearity parameter in the case of two
fields.

This chapter is organized as follows. First of all, we will introduce the δN formalism used
to relate the three-point correlation function of R in a convenient way to the three-point
correlator of quantum fluctuations in the fields δφI . In section 12.2, we will introduce the
path integral formalism that we will use to compute the three-point correlation function of the
quantum fluctuations δφI . Subsequently, we will compute the multi-field action to third order
in perturbations in a very similar way to the single-field case using the ADM formalism. In
section 12.6, we will compute the leading order bispectrum for multi-field inflation and show
that our result is equivalent to the result of Seery and Lidsey [76]. We consider the squeezed
limit of multi-field inflation in section 12.7 and argue that the non-linearity parameter can in
principle become large, in sharp contrast to the single-field scenario. Finally, in section 12.8,
we examine the conditions required to get a significant level non-gaussianity in inflaton with
two fields.

12.1 The δN Formalism

In the multi-field scenario, it is not trivial to find a direct relation betweenR, the gravitational
potential and the field fluctuations δφI . Therefore, we take a different approach to relate R to
the fluctuations in the fields, known as the δN formalism. This formalism states that, outside
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the horizon, the curvature perturbation can be written as the variation of the number of e-
foldings of expansion:

R(x, t) = δN(x, t). (12.1.1)

Below, we will derive this equation in detail, based on the so-called separate universe ap-
proach.

12.1.1 Separate Universe Approach

To derive the above equation, we assume that we can describe the actual universe on large
scales by introducing a smoothing scale L, which is larger than the Hubble scale H−1, so
that:

LH � 1. (12.1.2)

The existence of such a scale is required, as otherwise the notion of a background FRW
universe on which the perturbations are defined, would not make sense. In term of this
length scale, spatial gradients can be associated with the small parameter ξ, which we define
as:

ξ ≡ 1

HL
. (12.1.3)

In terms of comoving modes in Fourier space, the scale L corresponds to a/k, where k−1 is
the inverse comoving momentum. Comparison to the comoving Hubble size 1/aH, we find
that we can express ξ as:

k

aH
� 1, (12.1.4)

which is exactly the condition for modes to be on super-horizon scales. During inflation, the
comoving Hubble sphere will decrease exponentially so that the smallness of ξ is guaranteed
soon after the mode exits the horizon k = aH.

In terms of ξ, we assume that in the limit ξ → 0, corresponding to a sufficiently large
smoothing scale, the universe becomes locally homogeneous and isotropic. By locally homo-
geneous and isotropic, we mean that we can model the universe as a collection of patches
with size LP much larger than the Hubble scale but smaller than the smoothing scale, hence
the hierarchy in length scales is:

L� LP � H−1 (12.1.5)

The patches are themselves isotropic and homogeneous and can, therefore, be modeled as
separate FRW universes, giving rise to the so-called separate universe approach. Notice that
this approach becomes applicable when ξ � 1, so that modes are outside the horizon.

The local properties of the different patches are the same. However, in comparing the
different patches, there will be small differences in the evolution induced by quantum fluctu-
ations in the fields. This is most easily explained in the single-field scenario, but would also
apply to the multi-field case. Consider two patches of size LP , located around coordinates
x1 and x2, which are separated by a distance:

LS ≡ |x2 − x1| � LP . (12.1.6)

At some fixed time tc, let the fluctuation of the inflaton in patch 1 and patch 2 be positive
and negative, respectively. That is:

δφ1 ≡ δφ(x1, tc) > 0, δφ2 ≡ δφ(x2, tc) < 0. (12.1.7)
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This means that in patch 1, the inflaton will be slightly lower on the potential at time tc
compared to patch 2, which is slightly higher on the potential. Consequently, patch 2 will
inflate slightly longer than patch 1, until inflaton ends when ε → 1. In other the number
of e-folds N in patch 2 will be larger than in patch 1. This difference in e-foldings can be
related directly to the comoving curvature perturbation.

12.1.2 Relating R and δN

In order to find a direct relation between R and δN , we consider a local patch located at
coordinate x with local (i.e. spatial dependent) scale factor:

ã(t,x) ≡ a(t)eR(x,t), (12.1.8)

where the tilde denotes that the quantity is local and a(t) is the background FRW scale
factor. In the literature, ζ is often considered instead of R. However, since we are interested
in super-horizon dynamics, we can set ζ = R. The local Hubble parameter can be written as
follows:

H̃ =
˙̃a

ã
= H(t) + Ṙ(t,x). (12.1.9)

Using these definitions, we can compute the number of e-foldings of inflationary expansion
between t1 and t2 as follows:

Ñ(t2, t1,x) =

∫ t2

t1

dtH̃ =

∫ t2

t1

dt (H(t) + Ṙ(t,x))

= ln

[
a(t2)

a(t1)

]
+R(t2,x)−R(t1,x). (12.1.10)

To proceed, we take the initial slice at t1 to be defined in the flat gauge, so that R(t1,x) ≡
0. At some later time t1, we consider the slice to be in the uniform density gauge (R(t2,x) 6=
0). Then we find from the above equation that the comoving curvature perturbation at t2
can be written as:

R(t2) = Ñ(t2, t1,x)−N(t2, t1) ≡ δN, (12.1.11)

which is the advocated result. Notice that the left-hand-side is independent of t1 and hence
we can take t1 arbitrarily. This freedom reflects on the fact that the number of e-foldings
between any two flat slices is homogeneous (δN = 0) and therefore equals the background
expression.

By noting that the number of e-foldings N is a direct function of the fields, we can
expand the above differential relation to second order in field fluctuations, which we denote
as QI ≡ δφI , as:

R = ∂IN QI +
1

2
∂I∂JN QIQJ +O(Q3), (12.1.12)

which is provides a direct relation between the comoving curvature perturbation and the field
fluctuations. Below, we will use the above result to conveniently relate correlation functions
of fluctuations in the fields to the correlators of the comoving curvature perturbation.
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12.1.3 Two-Point Function

First, we focus on the two-point correlation function. In momentum space, the two-point
function of QI , denoted as 〈QI

k1
QJ

k2
〉, reads:

〈QI
k1
QJ

k2
〉 = (2π)3δ(3)(k1 + k2)

2π2

k31
PQδ

IJ . (12.1.13)

We will show that the power spectrum PQ takes the form of the spectrum for a massless field
in de Sitter space, that is:

PQ =

(
H

2π

)2

. (12.1.14)

Using the linear term in Eq. 12.1.12, we can relate the two-point functions of Q and R as
follows:

〈Rk1Rk2〉 = ∂IN∂JN〈QI
k1
QJ

k2
〉, PR = δIJ∂IN∂JNPQ. (12.1.15)

12.1.4 Three-Point Function

In an analogous manner, we can derive the relation between the bispectra of R and QI . We
parametrize the bispectrum of QI following the convention of Maladacena [64, 76]:

〈QI
k1
QJ

k2
QK

k3
〉 = (2π)3δ(3)(K)

4π4

k3123
P2
Q AIJK , (12.1.16)

where AIJK encompasses the momentum dependence of the bispectrum, similar to A in Eq.
10.7.21 for the single-field case. By using the first two terms in Eq. 12.1.12, we can write the
three-point function of R in terms QI as follows:

〈Rk1Rk2Rk3〉 = ∂IN∂JN∂KN〈QI
k1
QJ

k2
QK

k3
〉

+
1

2
∂IN∂KN∂M∂NN〈QI

k1
QK

k2
[QM ? QN ]k3〉+ perms. + · · · , (12.1.17)

where we have truncated the series at the four-point function and · · · denote the cross terms
from the expansion of R according in Eq. 12.1.12, which we do not display for brevity. The
? notation denotes a convolution product:

[QM ? QN ]k3 ≡
∫

d3k′

(2π)3
QM (k3 − k′)QN (k′). (12.1.18)

Let us now discuss the different terms in Eq. 12.1.17. The first term is just the connected
bispectrum since we assume tadpole contributions to vanish (see end next section). This is
equivalent to making the assumption that the vacuum is perturbatively stable. Under this
assumption, we can rewrite the second (four-point) contribution as products of two-point
functions:

〈QI
k1
QJ

k2
[QM ? QN ]k3〉 = 〈QI

k1
QM

k3
〉〈QJ

k2
QN

k3
〉+ perms.

= δIMδJN × (2π)3δ(3)(K)
4π4

k3123
P2
Q

∑
i

k3i . (12.1.19)
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In the above calculation, we have implicitly assumed that the connected part of the four-
point function is negligible, thereby validating the application of Wick’s theorem to rewrite
the four-point correlator in terms of two-point functions.

Comparing Eq. 12.1.17 to the three-point correlation function of the comoving curvature
perturbation:

〈Rk1Rk2Rk3〉 = (2π)3δ(3)(K)
4π4

k3123
P2
RAR, (12.1.20)

we find that we can relate AR to AIJK as follows:

AR ≡ A(1)
R +A(2)

R ,

A(1)
R =

∂IN∂JN∂KN AIJK

(∂LN∂LN)2
,

A(2)
R =

∂IN∂JN∂
I∂JN

∑
i k

3
i

(∂LN∂LN)2
, (12.1.21)

where A(1) and A(2) are the contributions to the momentum function due to the connected
three point function and the four point function defined on the first and second line in Eq.
12.1.17, respectively. Notice furthermore that we have written the power spectrum of R
instead of Q, introducing the terms involving ∂IN∂IN .

Finally, we introduce the momentum dependent non-linearity parameter fNL in terms of
AR. Since we know how to relate AR to the momentum dependence AIJK of the three-point
function of the field fluctuation Q, we can directly relate fNL to the fluctuations in the fields
QI as follows:

fNL ≡ −5

6

AR∑
i k

3
i

= −5

6

∂IN∂JN∂KN

(∂LN∂LN)2
AIJK∑

i k
3
i

− 5

6

∂IN∂JN∂
I∂JN

(∂LN∂LN)2
+ · · · , (12.1.22)

where the dots again denote the undisplayed cross terms and we contracted the field space
indices in the second term. We will define the first and second term in the above expressions as

f
(1)
NL and f

(2)
NL, respectively. In the literature, there exist other definitions of the non-linearity

parameter fNL, which are all equivalent to the one given above [76]. The non-linearity
parameter represents the key observable, since it can be related directly to the non-linearity

f
δT/T
NL in the CMB anisotropies. For a discussion on the procedure to relate fNL to f

δT/T
NL ,

see [13]. We conclude that in order to find fNL, the main task for subsequent sections is to
determine the momentum function AIJK by means of computing the three-point function of
the field fluctuation QI as given in Eq. 12.1.16.

12.2 Path Integral Formalism for the Three-Point Function

Contrary to the calculation of the bispectrum in the single-field case, we will compute the
three-point function (Eq. 12.1.16) in the multi-field scenario by invoking the path integral
formalism of quantum field theory, following the approach in [28, 77]. Since we are solely
dealing with scalar fields, we will discuss the path integral formalism of QFT for scalar
fields here. In this formalism, originally due to Feynman, the central object is the so-called
transition amplitude U(φa, φb, T ) for a state |φa〉 to become a state |φb〉 after some time T ,
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where φ denotes the considered scalar field.1 Feynman showed that this transition amplitude
can be written as a sum (integral) over all possible trajectories in field space between the
configurations φa and φb. Such an integral is called a functional integral and can be written
as:

U(φa, φb, T ) ≡ 〈φb|e−iHT |φa〉 =
∫ b

a
Dφ(t) exp

[
i

∫ T

0
d4x L

]
, (12.2.1)

where Dφ denotes the functional integration measure over all field configurations. Notice
that the amplitude is a function of the Lagrangian, rather than the Hamiltonian, so that
there is no need to transform between the Lagrangian into the Hamiltonian, which was the
case for the In-In formalism.

In the path integral formalism, the n-point correlation function denoted as 〈Qn〉 ≡
〈φ(t1,x1) · · ·φ(tn,xn)〉 can be written as:

〈Qn(t∗)〉 =
1

A

∫
Dφ Qn exp

[
i

∫ t∗

C
dt d3x L

]
, (12.2.2)

where A is given by:

A ≡
∫

Dφ exp
[
i

∫ t∗

C
dt d3x L

]
, (12.2.3)

and C denotes the temporal contour of integration including the time of evaluation t∗, which
should be constructed such that at early times the interaction vacuum is effectively turned
off (this can be achieved by including the iε-prescription conform Eq. 8.1.4).

12.2.1 The Generating Functional

In order to derive the above expression for the n-point correlation function, we start by
defining the so-called functional derivatives δ/δJ(x) as follows:

δ

δJ(x)
J(y) ≡ δ(4)(x− y),

δ

δJ(x)

∫
d4y J(y)φ(y) = φ(x). (12.2.4)

Next, we define the generating functional of correlation functions, denoted by Z[J ], in the
following way:

Z[J ] ≡
∫

Dφ exp

[
i

∫
d4x (L+ J(x)φ(x))

]
, (12.2.5)

where the quantity J(x) is called the source term and will play an essential role in generating
correlation functions using Z[J ]. The generating function evaluated in the absence of the
source term J(x) ≡ 0 is written as Z0 ≡ Z[J = 0]. In terms of the generating functional, the
n-point correlation function becomes:

〈Qn〉 =
1

Z0

n∏
i=1

(
− i

δ

δJ(xi)

)
Z[J ]

∣∣∣∣
J=0

. (12.2.6)

Each functional derivative δ/δJ(xi) brings down a factor φ(xi) in the numerator. Performing
this procedure n times and setting the source term J to zero in the end exactly yields path
integral form of the correlation function.

1In this section we will constrain to discussing only one scalar field for (notational) simplicity, although
the formalism can be easily extended to several fields, as in the case of multi-field inflation.
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12.2.2 Two- and Three-Point Function of Multi-Field Quantum Fluctuations

Now we consider the scalar field to be the multi-field quantum fluctuation QI ≡ δφI and
we aim to obtain a path integral expression for the two- and three-point functions denoted
〈QIQJ〉 and 〈QIQJQK〉, respectively. For notational simplicity, we will drop the labels
I, J,K, · · · and consider a single field Q. For a flat field space metric GIJ = δIJ , the analysis
of one field is easily extendable to multiple fluctuation fields QI .

In exact analogy with the preceding section, we start by defining the generation functional
for Q, which we denote by Z(Q)[J ]. The Lagrangian for this quantity consists of a quadratic
Gaussian2 part L2 governing the leading evolution and a cubic interaction contribution L3.
Typically, the cubic Lagrangian is one order higher in slow-roll parameters, so that it is much
smaller than the quadratic part (in the slow-roll approximation). The generating functional
is thus given by:

Z[J ](Q) ≡
∫

DQ exp

[
i

∫
d4x (L2 + L3 + J(x)Q(x))

]
. (12.2.8)

Two-Point Correlator and Propagator

To start, we will derive the two-point function using the generating functional. In princi-
ple, the two-point function receives contributions from both S2 and S3, however since the
two-point correlation function involves an even number of Q’s that are integrated over, the
contribution related to eiS2 does not vanish (see Eq. 12.2.7). Using this observation and
the fact that S3 � S2 we can approximate the two-point function to reasonable accuracy by
considering only the quadratic action. The generating function now reads:

Z
(Q)
0 [J ;L2] =

∫
DQ eiS2 , (12.2.9)

where denote the fact the generating functional only depends on the quadratic Lagrangian
by explicitly writing L2 between square brackets. This approach is convenient, since it is now
possible to construct a propagator for Q [28, 77] (in the de Sitter limit), which can be used
to easily compute higher order correlation functions.

Considering only the quadratic action S2, it is possible to write the generating function
in a very explicit form involving the field propagator DQ(x1 − x2) (this propagator will be
derived below, with the explicit final form given by Eq. 12.4.13). Performing the field shift:

Q̃(x) ≡ Q(x)− i

∫
d4xDQ(x− x2)J(x2), (12.2.10)

we can rewrite the generating functional Z
(Q)
0 [J ;L2] as follows:

Z
(Q)
0 [J ;L2] = Z0[L2] exp

[
− 1

2

∫
d4x

∫
d4y J(x)DQ(x− y)J(y)

]
. (12.2.11)

2The quadratic action is Gaussian in the sense that integrating an odd number of Q’s against eiS2 yields
zero: ∫

DQ Qn eiS2 = 0, (12.2.7)

for n odd. This is a direct consequence of Wick’s or Isserlis’ theorem, see section 3.2.
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For a derivation of this result, see section 9.2 in [72]. Now applying Eq. 12.2.6 and using the
above result for the generating functional, we can perform the two-point correlation function
as follows:

〈Q(x1)Q(x2)〉 = − δ

δJ(x1)

δ

δJ(x2)
exp

[
− 1

2

∫
d4x

∫
d4y J(x)DQ(x− y)J(y)

]
= DQ(x1 − x2), (12.2.12)

where we have used the properties of the functional derivative (Eq. 12.2.4) and defined
x1 ≡ (t1,x1). This verifies that the two-point function is indeed equal to the propagator. In
terms of multiple fields and a flat field space metric, the generalized propagator becomes:

〈QI(x1)Q
J(x2)〉 = δIJDQ(x1 − x2). (12.2.13)

Three-Point Correlator

The three-point function of Q, evaluated at the time of interest t∗, can then be found by
application of Eq. 12.2.6, yielding:

〈Q(t∗,x1)Q(t∗,x2)Q(t∗,x3)〉 =
1

Z
(Q)
0

3∏
i=1

(
− i

δ

δJ(xi)

)
Z(Q)[J ]

∣∣∣∣
J=0

=
i

Z
(Q)
0

∫
DQ Q(t∗,x1)Q(t∗,x2)Q(t∗,x3)

× exp

[
i

∫ t∗

C
dt′ d3x

(
L2(t

′) + L3(t
′)
) ]
. (12.2.14)

Notice that the exponential could also be written using the shorthand notation:

eiS = ei(S2+S3) = eiS2(1 + iS3 +O(S2
3)), (12.2.15)

where we have expanded the S3 term to linear order since we know that in the slow-roll
approximation S3 � S2. Notice that this expansion implicitly assumes that the slow-roll
approximation is still valid at the moment of evaluation of the bispectrum t∗. This not
emphatically the case at the end of inflation, when the slow-roll parameters become of order
unity and the quadratic and cubic action are of the same order and hence the above expansion
to first order in S3 ceases to be valid.

Having mentioned this subtlety, the above expansion is very convenient as the zeroth order
term in the expansion of eiS3 , which just becomes eiS2 , will vanish when it is integrated over
in combination with an odd number of Q’s (Eq. 12.2.7). In particular, for the three-point
function, we obtain the vanishing term:∫

DQ Q(t∗,x1)Q(t∗,x2)Q(t∗,x3) e
iS2 = 0. (12.2.16)

Since the functional integral in the denominator Z
(Q)
0 has no field-dependence contained in

the integrand except for the intrinsic Q-dependence in the action S[Q], the above reasoning
is not applicable. Instead we use the simple observation that S3 � S2, so that to leading
order we can approximate the total generating function to be equal to the generating function
constructed from solely the quadratic Lagrangian (Eq. 12.2.11):

Z(Q)[J ] ' Z(Q)[J ;L2]. (12.2.17)
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Using the above results, we can write the three-point function (Eq. 12.2.14) as:

〈Q(t∗,x1)Q(t∗,x2)Q(t∗,x3)〉 =
i

Z
(Q)
0 [L2]

∫
DQ Q(t∗,x1)Q(t∗,x2)Q(t∗,x3)

×
∫ t∗

C
dt′ d3x L3(t

′) eiS2(t′) ≡ A
Z

(Q)
0 [L2]

, (12.2.18)

where Z
(Q)
0 [L2] is the generating function containing solely the quadratic action evaluated at

J = 0 (vanishing source term). For later convenience, the numerator is denoted as A.
Now we aim to write the above expression for the three-point function in terms of the

propagatorDQ. However, we have to be careful with the time-dependence, as we will illustrate
below by means of an example. Consider a term in the cubic Lagrangian of the form:

L3(t
′,x) ⊃ gQ̇2∂−2Q̇, (12.2.19)

where g is a coupling constant, typically proportional to slow-roll parameters. Substituting
the expression for L3 in the functional integral in the numerator of Eq. 12.2.18, denoted as
A, we can explicitly perform the integral as follows:

A = ig × Z
(Q)
0 [L2]

∫ t∗

C
dt′ d3x 〈Q123(t∗) ∂t′Q(t′,x) ∂t′Q(t′,x) ∂−2

x ∂t′Q(t′,x)〉, (12.2.20)

where Q123 is defined as:

Q123(t∗) ≡ Q(t∗,x1)Q(t∗,x2)Q(t∗,x3). (12.2.21)

Now, we obtain the following explicit expression for the contribution of the term L3(t
′,x) ⊃

gQ̇2∂−2Q̇ to the bispectrum:

〈Q(t∗,x1)Q(t∗,x2)Q(t∗,x3)〉Q̇2∂−2Q̇ = ig

∫ t∗

C
dt′ d3x G, (12.2.22)

where the integrand G reads:

G ≡ 〈Q123(t∗) ∂t′Q(t′,x) ∂t′Q(t′,x) ∂−2
x ∂t′Q(t′,x)〉. (12.2.23)

Using Wick’s theorem, we can subsequently expand the six-point correlator in G in terms
of propagators (i.e. normal ordered two-point functions). The result is:

G = 2
∑
perms

∂t′〈Q(t∗,x1)Q(t′,x)〉 ∂t′〈Q(t∗,x2)Q(t′,x)〉 ∂−2
x ∂t′〈Q(t∗,x3)Q(t′,x)〉

= 2
∑
perms

∂t′DQ(t∗ − t′) ∂t′DQ(t∗ − t′) ∂−2
x ∂t′DQ(t∗ − t′), (12.2.24)

where the second line is in terms of the propagator and we have suppressed its spatial de-
pendence in the argument. The factor of two in front arises from the possibility to form the
product of two-point functions with the ∂t′QI and ∂t′Q

I terms separately. In principle, we
should sum over all permutations, i.e. over all ways of pairing the so-called external fields
Q(t∗,xi) with the vertex fields contained in the term contributing to L3. However, we only
sum over pairings involving one of the external and one of the vertex fields in the L3-term
[76, 77]. Other pairings give rise to tadpoles, governing vacuum processes in which Q-quanta
spontaneously emerge form the vacuum. Since we assume the vacuum to be stable, such
tadpoles vanish and we can neglect the corresponding pairings. This is equivalent to saying
that we solely work with the connected three-point function.
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12.3 Multi-Field Action in the ADM Formalism

For the same reasons as discussed in section 9.1, we will write the multi-field action:

S =

∫
d4x

√
−g

[
1

2
M2

plR− 1

2
δIJg

µν∂µφ
I∂νφ

J − V (φI)

]
, (12.3.1)

in the ADM formalism, where the index I runs from 1 to n, where n is the number of fields.
Recall that the line element of the ADM formalism is given by (Eq. 9.2.11):

ds2 = −N2 dt2 + hij(dx
i +N idt)(dxj +N jdt). (12.3.2)

For a single field, the ADM decomposition of the action yields (Eq. 9.5.10):

S =
1

2

∫
d4x N

√
h
[
M2

plR
(3) − ∂iφ∂

iφ− 2V
]

+
1

2

∫
d4x N−1

√
h
[
EijE

ij − E2 + (φ̇−N i∂iφ)
2
]
. (12.3.3)

In exact analogy, we will decompose the multi-field action. The only difference is that we will
have generalize the single-field to multiple field by including the field space metric GIJ = δIJ
in order to sum over the field. The result is as follows:

S =
1

2

∫
d4x N

√
h
[
M2

plR
(3) − δIJh

ij∂iφ
I∂jφ

J − 2V
]

+
1

2

∫
d4x N−1

√
h
[
EijE

ij − E2 +GIJv
IvJ

]
, (12.3.4)

where we have defined vI ≡ φ̇I −N i∂iφ
I , so that the field conjugate momentum becomes:

π2 ≡ N−2δIJv
IvJ , (12.3.5)

which generalizes the variable πφ used in the single-field analysis.
In order to solve for the non-dynamical Lagrange multipliers N (lapse) and N i (shift),

we vary the above action with respect to them to obtain the constraint equations. Imposing
N to be stationary under variations, we find the constraint:

− δIJh
ij∂iφ

I∂jφ
I − 2V −N−2(EijE

ij − E2 + δIJv
IvJ) = 0. (12.3.6)

Similarly, the constraint for the shift N i becomes:

Dj

[
N−1(Ej

i − Eδij)
]
= N−1δIJv

I∂iφ
J , (12.3.7)

where Dj is the covariant derivative associated with the induced metric hij .
We will follow Seery and Lidsey [76] and work in the flat gauge, defined for scalar pertur-

bations via:
δφI ≡ QI , hij = a2δij , (12.3.8)

i.e. we have set curvature perturbation to zero (Ψ ≡ 0) in order to obtain spatially flat slices.
The solutions for N and N i are parametrized to first order, considering scalar perturbations
only, as follows:

N = 1 +N (1), N i = ∂iψ. (12.3.9)
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To find the expressions for N (1) and ∂iψ, we will perturb the constraint equations to first
order by splitting the field into a background part and a perturbation:

φI = φ̄I +QI , (12.3.10)

where the fluctuation is denoted by QI ≡ δφI . From now on, there will be no need to
distinguish between the total and background field, so we drop the bar on the background
field. Since the details are explained for the single-field calculation, we will not explicitly
derive the corresponding expressions for the multi-field case here, but instead mention the
results:

N (1) =
1

2H
δIJφ

IQJ , ∂2ψ =
a2

2H

(
QI φ̈

I − Q̇I φ̇
I − Ḣ

H2
φ̇IQ

I

)
, (12.3.11)

Notice that in the slow-roll limit, the second term in ∂2ψ dominates the other two. The
above solutions can be substituted in the action in order to recast the action solely in terms
of physical degrees of freedom.

12.4 Second-Order Action

In exact analogy to the single-field case, we can plug the first order solutions to N and N i

in the ADM action and obtain the second order and third order action. In this section, we
focus on the quadratic action, which is given by (after a few integrations by parts) [76]:

S2 =
1

2

∫
d4x a3

[
δIJQ̇

IQ̇J − 1

a2
δIJ∂Q

I∂QJ −MIJQ
IQJ

]
, (12.4.1)

where we re-introduced the notation δij∂iQ
I∂jQ

J ≡ ∂QI∂QJ . The so-called mass matrix
MIJ is defined as:

MIJ = ∂I∂JV − 1

a3
d

dt

(
a3

H
φ̇I φ̇J

)
. (12.4.2)

Notice that the mass matrix is principle not diagonal and hence couples different fields to
each other. Changing to conformal time, momentum space and introducing the canonical
Mukhanov-Sasaki variable f I ≡ aQI , the equation of motion resulting from the quadratic
action reads:

∂ττf
I +

([
k2 − a′′

a

]
δIJ + a2MI

J

)
fJ = 0, (12.4.3)

where we dropped the subscript k denoting that we are in working in Fourier space for
notational convenience. Again, since MIJ is typically not diagonal, the above equations of
motion for f I do not factorize into n copies of the Mukhanov-Sasaki equation (one for each
field).

However, it can be shown that in the de Sitter limit, where the slow-roll parameters all
tend to zero, the above equations of motion, in fact, do reduce to n copies of the Mukhanov-
Sasaki equation. In order to verify this statement, we will have to show that the mass matrix
can be expressed entirely in terms of slow-roll parameters and hence MIJ vanishes in the de
Sitter limit. Evaluating the time derivative in the definition of the mass matrix and invoking
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the definitions of the multi-field slow-roll parameters, it can be written as:

1

H2
MIJ =

1

H2
∂I∂JV − 1

H2a3
d

dt

(
a3

H
φ̇I φ̇J

)
= 3η̃IJ − 1

H2a3

(
3a2ȧ

H
φ̇I φ̇J − Ḣa3

H2
φ̇I φ̇J +

a3

H
(φ̇I φ̈J + φ̇J φ̈I)

)
= 3η̃IJ − 6εIJ − 2εεIJ + 4εηIJ . (12.4.4)

Hence, we conclude that the mass matrix is indeed proportional to slow-roll parameters and
therefore it is a sub-leading effect which can be neglected in the de Sitter limit. The equations
of motion then become n copies of the Mukhanov-Sasaki equation of motion, one for each
field:

∂ττfI +

(
k2 − a′′

a

)
fI = 0, (12.4.5)

where using the relation τ = −1/aH we can replace a′′/a = 2/τ2. Assuming all fields start
in the Bunch-Davies vacuum (see Eq. 5.4.23), we can write the solutions as:

f Ik (τ) =
e−ikτ

√
2k

(
1− i

kτ

)
. (12.4.6)

By invoking the above result for the mode function in the de Sitter limit, we can construct
a propagator which allows us to conveniently evaluate higher-order correlation function (see
section 12.2.2). In order to construct this propagator, first quantize the f I as usual:

f I(τ) = (f+)I + (f−)I =

∫
d3k

(2π)3

[
f Ik (τ)âk + f I∗k (τ)â†k

]
eik·x, (12.4.7)

with the creation and annihilation operators satisfying the commutation relation defined in
Eq. 5.3.9. Now, we consider the two point correlation function and drop the labels denoted
different fields:

〈f(τ1,x1)f(τ2,x2)〉. (12.4.8)

In evaluating 〈fk(τ1)fk(τ2)〉 and constructing the corresponding propagator, we have to be
careful with the time-ordening. We will apply normal time ordening by placing all operators
evaluated at a later time to the left:

T f(τ1)f(τ2) =

{
f(τ1)f(τ2) (τ1 > τ2),

f(τ2)f(τ1) (τ2 > τ1).
(12.4.9)

On account of Wick’s theorem, we can now define the the following propagator:

Df (τ1 − τ2) = [f+(τ1), f
−(τ2)] = (2π)3 δ(3)(k1 − k2)× fk1(τ1)f

∗
k2(τ2). (12.4.10)

In terms of this propagator, the above time ordering operator acting on two fields can be
written as:

T f(τ1)f(τ2) =

{
f(τ1)f(τ2) = : f(τ1)f(τ2) : +Df (τ1 − τ2) (τ1 > τ2),

f(τ2)f(τ1) = : f(τ1)f(τ2) : +Df (τ2 − τ1) (τ2 > τ1).
(12.4.11)
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Inserting this result into the two-point function and integrating over momentum k2 and
setting k ≡ k1, we obtain:

〈T f(τ1)f(τ2)〉 =
∫

d3k

(2π)3
×

{
fk(τ1)f

∗
k (τ2) (τ1 > τ2),

fk(τ2)f
∗
k (τ1) (τ2 > τ1).

(12.4.12)

Now using the form of fk(τ) as given by Eq. 12.4.6, using Q = f/a and τ = −1/aH, we
obtain following propagator for Q in momentum space:

DQ(τ1 − τ2) =
H2

2k3
×

{
(1 + ikτ1)(1− ikτ2)e

−ik(τ1−τ2) (τ1 > τ2),

(1 + ikτ2)(1− ikτ1)e
+ik(τ1−τ2) (τ1 > τ2),

(12.4.13)

Introducing the labels I and J again and using the flat field space metric δIJ , we can relate
the two-point function in real space to the above propagator in momentum space via:

〈QI(τ1,x1)Q
J(τ2,x2)〉 = δIJ

∫
d3k

(2π)3
DQ(τ1 − τ2) (12.4.14)

Taking the coincidence limit of the above two-point function and corresponding propagator
outside the horizon (where k → 0), we obtain the familiar result in momentum space:

〈QI
k1
(τ1)Q

J
k2
(τ2)〉 = δIJ(2π)3δ(3)(k1 − k2)

H2

2k3
, (12.4.15)

so that the power spectrum PQ (setting I = J) becomes:

PQ =

(
H

2π

)2

, (12.4.16)

which corresponds to the spectrum of a massless scalar field in de Sitter space. This result
verifies the statement given in Eq. 12.1.14 and concludes our discussion on the second-order
theory.

12.5 Third-Order Action

Now we move away from the quadratic action, describing the leading evolution of the fields
and instead consider the third order action, governing interaction. Inserting the first-order
solutions for the lapse and shift in the ADM action and expanding the action up to third
order, we find that to leading order the cubic action S3 is given by [76]:

S3 =

∫
d4x a3

[
− 1

a2
δIJQ̇

I∂ψ∂QJ − 1

4H
δIJδφ̇

MQN Q̇IQ̇J

− 1

a2
1

4H
δIJδMN φ̇

MQN∂QI∂QJ

]
. (12.5.1)

Since we work only up to leading order in the slow-roll parameters, we can approximate ψ as
(see Eq. 12.3.11):

∂2ψ ' − a2

2H
δIJ φ̇

IQJ . (12.5.2)
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12.5.1 Terms Related to the Equations of Motion

The aim is to recast the cubic action in a form that resembles Eq. 10.3.20, which includes
terms that are directly related to the quadratic equations of motion. As we have seen in the
single-field calculation, such terms represent a field redefinition [64, 76]. In the present case,
we will find that we can rewrite the cubic action including terms that are proportional to the
first order equations of motion for QI . Subsequently, those terms will be removed by means
of a field redefinition similar to the one used in the single-field calculation.

We start by integrating the first term in S3 by parts to obtain:

−
∫
d4x aδIJQ̇

I∂ψ∂QJ =

∫
d4x

(
− aH

2
δIJψ∂Q

I∂QJ − 1

2
aψ̇δIJ∂Q

I∂QJ

+ aδIJQ̇
Iψ∂2QJ

)
. (12.5.3)

Computing the time derivative of ψ and keeping only leading order terms in the slow-roll
parameters, we find:

ψ̇ = −a2δIJ φ̇I∂−2Q̇J − a2

2H
δIJ φ̇

I∂−2Q̈J . (12.5.4)

Notice that the leading order expression for ψ̇ involves terms containing a second-order time
derivative Q̈J of the field fluctuation. Therefore, substituting ψ̇ directly into the cubic action
would change the order of the field equations for QI . Instead, we will use the first order
perturbed Klein-Gordon equation to eliminate the second order time derivative of QI .

The Klein-Gordon equation for field QI reads:

1√
−g

∂ν
(
δIJ

√
−ggµν∂µφI

)
= ∂JV (φ), (12.5.5)

where we can write the metric determinant in the ADM form by using
√
−g = N

√
h. Since we

work in the flat gauge, the determinant of the induced metric is simply
√
h = a3. Therefore,

only the field and lapse N should be expanded to first order to find the equation of motion
for the fluctuation QI . Moving the term 1/

√
−g to the right-hand-side and perturbing this

side first, we find:

N
√
h ∂JV (φ) = a3

(
1 +

1

2H
δMN φ̇

NQM

)
∂JV (φ)

= a3
(
1 +

1√
2
δMNε

NQM

)
∂JV (φ)

= a3∂JV (φ) +O(ε), (12.5.6)

where we substituted the first order expression for N up to leading order terms. Similarly,
expanding the left-hand-side yields:

∂ν

(
N
√
hgµν∂µφJ

)
= −∂0(Na3∂φJ) + ∂j(Na

3gij∂iφJ)

= −∂0
(
a3( ˙̄φJ + Q̇J)

)
+ a3∇2QJ +O(ε), (12.5.7)

where we have expanded the field into a background part and fluctuation. For the lapse
N = 1 + N (1), the first-order contribution N (1) is proportional to slow-roll parameters and
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therefore sources the neglected term O(ε). Equating both sides and using the background
Klein-Gordon equation, we find that the equation of motion for the fluctuation is given by:

− Q̈J − 3HQ̇J +∇2QJ = 0 +O(ε). (12.5.8)

Expanding the ADM action to first order in QI , we would find that the variation δL/δQI is
related to the above equation of motion as [76]:

1

a3
δL1

δQI
= −Q̈I − 3HQ̇I +

1

a2
∂2QI +O(ε). (12.5.9)

Solving the above equation for Q̈I , substituting this expression into Eq. 12.5.4 and using
this equation in turn in Eq. 12.5.3 for the first term of S3, we find the following expression
for S3 after a few integrations by parts:

S3 =

∫
d4x a3

[
− 1

4H
φ̇JQJQ̇IQ̇

I − 1

2H
φ̇J∂−2Q̇JQ̇I∂

2QJ +
1

a3
δL1

δQI
GIJF

J

]
, (12.5.10)

where the function F is defined as:

F I(Q) =
1

4H
φ̇I∂−2(QJ∂2QJ)−

1

8H
φ̇IQJQ

J . (12.5.11)

12.5.2 Field Redefinition

In exact analogy to the single-field calculation [64], it is possible to remove the terms pro-
portional to the equations of motion δL1/δQI via a field redefinition. The required field
redefinition reads:

QI = QI − F I(Q). (12.5.12)

Applying this field redefinition to the cubic action induces only new terms at fourth order in
QI . However, we also have to apply this shift to the quadratic action (see section 10.6.2 for
the single-field analog). The result of the field redefinition reads:

S2[Q
I ] = S2[QI ]−

∫
d4x a3δIJQ̇IF J +

∫
d4x aδIJ∂QI∂F I +

∫
d4x a3MIJQIF J , (12.5.13)

where we neglect the term proportional to MIJ from now on since it is directly proportional
to slow-roll parameters and hence is not a leading order effect. Partially integrating the
second and third term in the above expansion omitting boundary terms, we find:∫

d4x a3δIJQ̇Ḟ J = −
∫
d4x δIJ∂t(a

3Q̇I)F J ,∫
d4x aδIJ∂QI∂F J = −

∫
d4x a(∂2QI)F J . (12.5.14)

Inserting these results, we find that the action S2[Q
I ] splits into the quadratic action for the

redefined field QI and first order equation of motion:

S2[Q
I ] = S2[QI ] +

∫
d4x δIJ

[
∂t(a

3Q̇I − a∂2QI)
]
F J

= S2[QI ]−
∫
d4x δIJF

J δL1

δQI
. (12.5.15)
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The term proportional to the linear equation of motion exactly cancels the term last term
S3. The cubic action for the field QI thus reads:

S3[QI ] = −
∫
d4x

a3

2H

[
1

2
φ̇JQJQ̇IQ̇I + φ̇J∂−2Q̇JQ̇I∂

2QI

]
, (12.5.16)

which is the final form that we will use to compute the leading order bispectrum for multi-field
inflation in the next section.

Ultimately, we are interested in the three-point correlation function of QI , rather than
the redefined field QI . To take this field redefinition into account, we first compute the
three-point correlation function of QI and then relate it to the one for QI via the relation:

〈QIQJQK〉 = 〈QIQJQK〉 − 〈F IQJQK〉+ 2 perms. (12.5.17)

Now we proceed by computing the leading order three-point function for multi-field inflation
in the next section.

12.6 Leading Bispectrum for Multi-Field Inflation

In this section, we will finally compute the leading order bispectrum of multi-field inflation
with n minimally coupled canonical scalar fields, i.e. they all have a standard kinetic term
and are only coupled via gravity. The cubic action that will be considered is the one presented
in Eq. 12.5.16. For notational convenience, we will express S3 in terms of QI instead of QI ,
keeping in mind that we will have to add the correction terms conform Eq. 12.5.17 in order
to obtain the correct leading order bispectrum. The cubic action under consideration thus
reads (in conformal time):

S3 =

∫
dτ d3x

[
gJ(1)QJ∂τQI∂τQ

I + gI(2)(∂
−2∂τQI)∂τQJ(∂

2QJ)
]
, (12.6.1)

where the effective coupling constants gI(1,2) are defined as:

gI(1) ≡ − a2

4H
φ̇I , gI(2) ≡ 2gI(1). (12.6.2)

12.6.1 Interaction Term gI1

We will first calculate the contribution due to the first term in S3 explicitly, corresponding
to the cubic Lagrangian term:

L3 ⊃ gM(1) δ
NLQM∂τQN∂τQL. (12.6.3)

Following the example given in section 12.2.2, we find that we can write the contribution of
this term to three-point correlation function as:

〈QI
k1
QJ

k2
QK

k3
〉(1) = i

∫ τ∗

−∞+

dτ ′ gM(1)δ
NL G(1), (12.6.4)

where the time of evaluation τ∗ will be taken to tend to zero and we effectively turned of the
interaction Lagrangian by means of the iε in the early time limit. In momentum space, the
integrand is given by:

G(1) = δIMδ
J
Nδ

K
L 〈Qk1(τ∗)Qk(τ

′)〉 ∂τ ′〈Qk2(τ∗)Qk(τ
′)〉 ∂τ ′〈Qk3(τ∗)Qk(τ

′)〉+ 2 perms. (12.6.5)
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Now taking the limit τ∗ → 0 and using the de Sitter propagator (Eq. 12.4.13), we find that
the different two-point functions in the integrand G(1) are given by:

〈Qk1(0)Qk(τ
′)〉 = H2

2k31
(1− ik′1τ

′)e+ik1τ ′ , ∂τ ′〈Qk2(0)Qk(τ
′)〉 = H2

2k32
k22τ

′ eik2τ
′
. (12.6.6)

Using these results in the integrand G(1), we can finally write the time-integral expression for
contribution of the first term to the bispectrum in the form:

〈QI
k1
QJ

k2
QK

k3
〉(1) = i

∫ τ∗

−∞+

dτ ′ gI(1)G
JK H6

4k3123
(k2k3)

2(1− ik1τ
′)τ ′2 e+iKτ ′ (12.6.7)

Performing the time integral and inserting the explicit expression for the coupling constant
gI(1), we find the contribution to bispectrum reads:

〈QI
k1
QJ

k2
QK

k3
〉(1) = −H

3

2

1

8k3123

∑
perms

φ̇IδJK
[
(k2k3)

2

K
+
k1(k2k3)

2

K2

]
. (12.6.8)

12.6.2 Interaction Term gI2

Next, we consider the interaction term proportional to the coupling constant gI(2). The
corresponding cubic Lagrangian term is given in conformal time by:

L3 ⊃ gI(2)(∂
−2∂τQI)∂τQJ(∂

2QJ). (12.6.9)

Performing the computations similar to the ones given for the first interaction term, one finds
the intermediate and final expressions:

〈QI
k1
QJ

k2
QK

k3
〉(2) = −i H

3

8k3123

∫ τ∗

−∞+

dτ ′ φ̇IδJK(k1k2)
2(1− ik2τ

′) e+iKτ ′

= − H3

8k3123

∑
perms

φ̇IδJK
[
(k2k3)

2

K
+
k22k

3
3

K2

]
. (12.6.10)

12.6.3 Correction Terms

Finally, we consider the contribution to the bispectrum arising from the field redefinition.
According to the prescription of Eq. 12.5.17, the effect of the field redefinition can be included
by adding the terms:

− 〈F IQJQK〉+ 2 perms. , (12.6.11)

to the bispectrum. We split the function F I(Q) (Eq. 12.5.11) according to the two terms as
follows:

F I(Q) = F I
(a) + F I

(b), (12.6.12)

where:

F I
(a)(Q) ≡ 1

4H
φ̇I∂−2(QJ∂2QJ), F I

(b)(Q) ≡ − 1

8H
φ̇IQJQ

J . (12.6.13)

In real space, the three-point correlator involving F I
(a) can be written in terms of two-point

functions is given by:

〈F I
(a)Q

JQK〉 = 1

4H
φ̇IδMN ∂−2

x2

[
〈QM (x1)Q

J(x2)〉 ∂2x1
〈QN (x1)Q

K(x3)〉
]
. (12.6.14)
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Going to momentum space now amount to replacing ∂−2
x2

and ∂2x1
by −k22 and −k−2

1 , respec-
tively. Using the propagator (Eq. 12.4.13) in the coincidence limit at τ∗ → 0 outside the
horizon (so that the momenta vanish), we obtain:

〈F I
(a)Q

JQK〉 = H3

2

1

8k3123

∑
perms

φ̇IδJK(k1k
2
2). (12.6.15)

Similarly, the contribution to the second term involving F I
(b) can be written as:

〈F I
(b)Q

JQK〉 = −H
3

2

1

8k3123

∑
perms

φ̇IδJK
k31
2
. (12.6.16)

12.6.4 Leading Order Bispectrum Multi-Field Inflation

Combining the contributions given above, i.e. we sum over Eqs. 12.6.8, 12.6.10, 12.6.15 and
12.6.16, we obtain the leading order bispectrum:

〈QI
k1
QJ

k2
QK

k3
〉 = (2π)3δ(3)(K)

H3

2

1

8k3123
BIJK . (12.6.17)

where the momentum-dependence is governed in BIJK(k1, k2, k3), defined as:

BIJK =
∑
perms

φ̇IδJK
[
− 3

(k2k3)
2

K
− (k2k3)

2

K2
(k1 + 2k3) +

1

2
k31 − k1k

2
2

]

=
√
2H

∑
perms

εIδJK
[
− 3

(k2k3)
2

K
− (k2k3)

2

K2
(k1 + 2k3) +

1

2
k31 − k1k

2
2

]
, (12.6.18)

where the Planck mass is still set to unity Mpl ≡ 1.

Two comments on the above result are in order. First of all, the above three-point
function for QI does not represent the primordial non-gaussianity. Instead, the three-point
function governs the cubic interactions of Q-modes around the moment of horizon crossing.
In order to calculate the non-Gaussianity using the above result (Eq. 12.6.17), the formalism
briefly described in the section 12.1 and [13] should be used to compute the bispectrum of
the comoving curvature perturbation.

Secondly, the temporal integrals over the de Sitter propagators that lead to the above
result are insensitive to the behavior of the field modes both deep inside the horizon and
well after horizon-crossing. The dominant contribution arises around the epoch of horizon-
crossing. In other words, Eq. 12.6.17 is the bispectrum of QI a short time after horizon
crossing. The assumption that we have implicitly made is that the wavenumbers of the three
momentum modes are of the same order. If they are not, the modes differ significantly at the
moment they leave the horizon and the approach above, in which we evaluated all modes at
the same moment in time (τ∗ → 0), would cease to be valid.

This result is in exact agreement with Eq. 68 of Seery and Lidsey [76]. To show the
equivalence, define AIJK in relation to BIJK as follows:

AIJK ≡ 1

4H
BIJK ≡ 1

4H
φ̇IδJK

∑
perms

M, (12.6.19)
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where we have introduced and defined a third form of the momentum-dependence which is
independent of the field labels I, J and K. The appearence of the various different quantities
governing the momentum-dependence of the bispectrum is a consequence of the different
notations in the literature. In particular, the function BIJK is defined in this work, AIJK is
used in [64, 76] and the index-free variable M is defined in [85].

Now we find that Eq. 12.6.17 can be rewritten, using the fact the spectrum of a massless
scalar field in de Sitter space can be written conform Eq. 12.4.16, in the following way (see
Eq. 12.1.16):

〈QI
k1
QJ

k2
QK

k3
〉 = (2π)3δ(3)(K)

4π4

k3123
P2
Q AIJK . (12.6.20)

Explicitly, and in exact agreement with Eq. 69 in [76], the momentum function AIJK can be
written as:

AIJK =
∑
perms

φ̇I

4H
δJK

[
− 3

(k2k3)
2

K
− (k2k3)

2

K2
(k1 + 2k3) +

1

2
k31 − k1k

2
2

]

=
1

2
√
2

∑
perms

εIδJK
[
− 3

(k2k3)
2

K
− (k2k3)

2

K2
(k1 + 2k3) +

1

2
k31 − k1k

2
2

]
. (12.6.21)

12.7 Squeezed Limit of Multi-Field Inflation

For single-field inflation, we have shown in sections 7.5 and 10.8 that the non-linearity param-
eter in the squeezed limit (k1 � k2 ' k3) of the local template is suppressed by the spectral
index (Eq. 7.5.2):

lim
k1→0

f localNL =
5

12
(1− ns), (12.7.1)

thereby enforcing the bispectrum for single field inflation to be small in this limit. In this
section, we will show that in the same limit (squeezed limit of the local template), the
bispectrum for multi-field inflation instead gets very large. Therefore, the squeezed limit of
the local template provides a clear distinction between the single- and multi-field scenario.
Observing the non-linearity parameter to be of order unity would be in accordance with the
multi-field scenario, and the single-field scenario would be ruled out.

To derive this statement, we start by considering the different leading ordercontributions
to the non-linearity parameter fNL as parametrized in Eq. 12.1.22. In particular, we will

consider the contribution denoted as f
(1)
NL and argue that it is supressed by the tensor-to-scalar

ratio r defined in Eq. 3.4.6. Starting from its definition, f
(1)
NL reads:

− 6

5
f
(1)
NL ≡ ∂IN∂JN∂KN

(∂LN∂LN)2
AIJK∑

i k
3
i

. (12.7.2)

Evaluating the numerator using ∂INφ̇
I = −H gives:

∂IN∂JN∂KNAIJK = ∂IN∂JN∂KN
φ̇IδJK

4H

∑
perms

M = −1

4
(∂JN∂

JN)
∑
perms

M. (12.7.3)

Therefore, we find that we write f
(1)
NL as follows:

− 6

5
f
(1)
NL = −

PQ

4PR

∑
M∑
i k

3
i

, (12.7.4)
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where we have used Eq. 12.1.15 to replace the denominator ∂LN∂
LN by the ratio of power

spectra.

The trick is now as follows: we know that the power spectrum of Q equals (H/2π)2,
which has a similar form to the gravitational wave power spectrum PE (Eq. 5.6.28) as
derived in section 5.6.3 In the limit of scale-invariant power spectra, the relationship between
the gravitational wave power spectrum and the spectrum of Q is given by:

PE =
1

8

(
H

2π

)
=

PQ

8
. (12.7.5)

Using this relation, we can write the non-linearity parameter f
(1)
NL in terms of the tensor-to-

scalar ratio r, yielding:

− 6

5
f
(1)
NL = − r

32

∑
M∑
i k

3
i

. (12.7.6)

Since r is constrained by observations to be small (r < 0.11 [3]), we find that f
(1)
NL is small in

case the momentum-dependent part is of order unity for all triangular shapes.

We will show that this is the case by first explicitly performing the permutation sum of
M, which gives the result:

∑
perms

M = −2

[
1

2

∑
i 6=j

kik
2
j +

4

K

∑
i>j

(kikj)
2 − 1

2

∑
i

k3i

]
. (12.7.7)

Using this result, we can recast the ratio
∑

M/
∑

i k
3
i in the following form:∑

M∑
i k

3
i

= −2(f + 1). (12.7.8)

The reason to rewrite the ratio in this form is that the bounds on the momentum-dependent
function f are easily found. Explicity, the function f reads:

f(k1, k2, k3) ≡
1

2
∑

i k
3
i

[∑
i 6=j

kik
2
j +

8

K

∑
i>j

(kikj)
2

]
− 3

2
. (12.7.9)

The lower bound on f is found by considering the squeezed limit k1 → 0 and k ≡ k2 ' k3,
yielding:

lim
k1→0

f(k1, k, k) = 0. (12.7.10)

The upper bound is obtained in the equilateral triangular configuration, where k1,2,3 ≡ k and
the limit on f becomes:

lim
k1,2,3→k

f(k1, k2, k3) =
5

6
. (12.7.11)

Combining those results, the function f is constrained to attain values in the range 0 ≤ f ≤
5/6 [64]. Therefore, the ratio in Eq. 12.7.8 will always be of order unity O(1), independent

3The gravitational wave power spectrum (Eq. 5.6.28) was derived in the context of single-field inflation.
However, note that the derivation is independent of the number of fields and therefore also apply to multi-field
inflation.
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of the triangular configuration. Hence the non-linearity parameter f
(1)
NL is constrained to be

of the order r/16, yielding:

− 6

5
f
(1)
NL = O(r/16) < O(10−3), (12.7.12)

on account of the observational bound r < 0.11 [3].
In conclusion, the momentum-dependent contribution to the non-linearity parameter fNL

much less than unity and can be neglected in case the momentum-independent part f
(2)
NL is

large than unity. Moreover, the ideal CMB experiment is expected to only reach an accu-
racy of fNL of order unity and therefore observations will be insensitive to the momentum-
dependent part. Therefore, we will set the non-linearity parameter to be equal to the
momentum-independent contribution from now:

fNL ' f
(2)
NL = −5

6

∂IN∂JN∂
I∂JN

(∂LN∂LN)2
. (12.7.13)

The bispectrum of the comoving curvature perturbation BR is related to the non-linearity
parameter as follows:

BR(k1, k2, k3) =
4π4

k3123
P2
R

(
A(1)

R +A(2)
R

)
= − 4π4

k3123
P2
R × 6

5
(f

(1)
NL + f

(2)
NL)

∑
i

k3i

' −6

5
f
(2)
NL(4π

4P2
R)

[
1

(k1k2)3
+

1

(k1k3)3
+

1

(k2k3)3

]
. (12.7.14)

In case the non-linearity parameter fNL ' f
(2)
NL is of order unity or larger, the bispectrum can

become large in the squeezed limit (k1 → 0), which is in sharp contrast to the single-field
scenario, where the local non-linearity parameter is always suppressed by the spectral index.

In the next chapter, we will show that it is indeed possible to achieve f
(2)
NL = O(1) already

in the case of two-field and hence a significant amount of non-gaussianity is contained in the
bispectrum for multi-field inflation.

12.8 Large Non-Gaussianities in Two-Field Inflation

In this section, we will make the statement that the large non-gaussianity (fNL ∼ O(1)) can
be generated in multi-field models more precise by examining a generic two-field model with a
sum-separable potential [85]. In particular, we will derive the dynamical conditions required
for two-field models to induce a high level of non-gaussianity.

Consider two fields, denoted as ϕ and χ, such that the field space is spanned by the vector
φI = (ϕ, χ). Assuming the two field have canonical kinetic terms, the Lagrangian density
L(ϕ, χ) for the fields reads:

L(ϕ, χ) = −1

2
gµν

(
∂µϕ∂νϕ+ ∂µχ∂νχ

)
−W (ϕ, χ), (12.8.1)

where the potential of the two-field system is given by W (ϕ, χ). For simplicity, we take the
potential to be sum-separable, such that:

W (ϕ, χ) = U(ϕ) + V (χ), (12.8.2)
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for the case of a product-separable potential, see [29]. Because of the sum-separable potential,
the Klein-Gordon equations for the fields can be written as:

ϕ̈+ 3Hϕ̇+ Uϕ = 0, χ̈+ 3Hχ̇+ Vχ = 0. (12.8.3)

In addition, the Friedmann equations can be written as follows:

H2 =
1

3M2
pl

[
1

2
ϕ̇2 +

1

2
χ̇2 +W (ϕ, χ)

]
, Ḣ = − 1

2M2
pl

(ϕ̇2 + χ̇2). (12.8.4)

To conveniently describe the dynamics of the fields, we will assume the slow-roll approxi-
mation is valid throughout the inflationary epoch for both fields separately. In that case, the
Klein-Gordon and Friedmann equations for the two fields become:

3Hϕ̇ = −Uϕ, 3Hχ̇ = −Vχ, 3M2
plH

2 =W (ϕ, χ). (12.8.5)

We will characterize the slow-roll regime by means of the potential slow-roll perameters,
instead of the more general Hubble parameters εIJ and η̃IJ defined earlier. Since we are
dealing with a sum-separable potential, the mixed slow-roll parameters vanish and we find:

εWϕ ≡
M2

pl

2

(
Uϕ

W

)2

, εWχ ≡
M2

pl

2

(
Vχ
W

)2

, εW = εWϕ + εWχ ,

ηWϕϕ ≡M2
pl

Uϕϕ

W
, ηWχχ ≡M2

pl

Uχχ

W
. (12.8.6)

In order to connect to the notations εIJ and η̃IJ , notice that we have made the notational
redefinitions εϕ ≡ εϕϕ and ηWϕϕ ≡ η̃ϕϕ. From now on, we set the Planck mass to unity and
will often omit the label W and the slow-roll parameters with labels as sub- or superscripts
are taken to be equivalent in terms of notation. Finally, we assume that throughout inflation
Uϕ, Vχ ≥ 0, so that we can elimate first field derivatives of the potential by the square root
of the first slow-roll parameter via the relation:

Uϕ =W
√
2εϕ, (12.8.7)

and a similar relationship for the field χ.
The number of e-foldings N(tc, t∗), from an initial flat slice at t∗ to a slice of constant

energy density at tc, can be written in field space using the first Friedmann equation as:

N(tc, t∗) ≡
∫ tc

t∗

H dt = − 1

M2
pl

[ ∫ ϕc

ϕ∗

U

Uϕ
dϕ+

∫ χc

χ∗

V

Vχ
dχ

]
. (12.8.8)

In terms of the Fourier modes k, we take the time t∗ as the time at which the considered
k-mode crosses the horizon (i.e. k = aH at t = t∗).

For single-field models, the background dynamics of the inflaton can be described by a
unique classical trajectory in phase space. However, in the multi-field scenario, an infinite
number of classical trajectories are possible. In order to label those different trajectories, we
introduce the following dimensional integral of motion:

C ≡ −M2
pl

∫ ϕc

ϕ∗

dϕ

Uϕ
+M2

pl

∫ χc

χ∗

dχ

Vχ
, (12.8.9)

which yields a different value for each classical trajectory. Notice that the integral of motion
C parametrizes the motion of the classical trajectory, whereas N characterizes the evolution
along a given trajectory.
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12.8.1 Two-Field Non-Linearity Parameter

In order to compute the non-linearity parameter, we will have to expand dN to second order
in field perturbations. Therefore, we compute the derivatives Nϕ and Nχ, by differentiating
Eq. 12.8.8 with respect to ϕ∗ and χ∗. Notice that the integrals in Eq. 12.8.8 depend on
both fields, since they are coupled via the integral of motion C(ϕ∗, χ∗). The result can be
expressed as:

dN =

[
U

Uϕ

∣∣∣∣
t∗

− ∂χc

∂ϕ∗
× V

Vχ

∣∣∣∣
tc

− ∂ϕc

∂ϕ∗
× U

U − ϕ

∣∣∣∣
tc

]
dϕ∗

+

[
V

Vχ

∣∣∣∣
t∗

− ∂ϕc

∂χ∗
× U

Uϕ

∣∣∣∣
tc

− ∂χc

∂χ∗
× V

Vχ

∣∣∣∣
tc

]
dχ∗, (12.8.10)

recall that we have set the Planck mass to unity (Mpl ≡ 1). The first terms on both lines
are trivial, while the second and third terms in both line arise form the coupling between the
two fields by means of C.

To compute the derivatives between the square brackets, we use the relations:

dϕc =
dϕc

dC
dC =

dϕc

dC

(
∂C

∂ϕ∗
dϕ∗ +

∂C

∂χ∗
dχ∗

)
dχc =

dχc

dC
dC

dχc

dC

(
∂C

∂ϕ∗
dϕ∗ +

∂C

∂χ∗
dχ∗

)
. (12.8.11)

From the definition of the integral of motion, the partial derivatives of C can be calculated
in trivial way, yielding:

∂C

∂ϕ∗
= − 1

Uϕ

∣∣∣∣
t∗

,
∂C

∂χ∗
=

1

Vχ

∣∣∣∣
t∗

. (12.8.12)

In order to proceed, we invoke the fact that the slice at tc is taken to be of uniform energy
density, such that in the slow-roll regime the total energy ρ ' W equals a constant ω. This
can be expressed by means of the following condition:

ρ(tc) 'W (tc) = U(tc) + V (tc) ≡ ω. (12.8.13)

Differentiating this result with respect to C and using the chain rule, we find:

dϕc

dC
Uϕ

∣∣∣∣
tc

+
dχc

dC
Vχ

∣∣∣∣
tc

= 0. (12.8.14)

In addition, differentiating the definition C with respect to C, we obtain two equations for
two unknowns (dϕc/dC and dχc/dC). Solving those equations yields:

dϕc

dC
= −

[
Uϕ

(
1

U2
ϕ

+
1

V 2
χ

)∣∣∣∣
tc

]−1

≡ G−1
ϕ ,

dχ

dC
=

[
Vχ

(
1

U2
ϕ

+
1

V 2
χ

)∣∣∣∣
tc

]−1

≡ G−1
χ , (12.8.15)

it should be emphasized that the quantities Gϕ,χ are evaluated at time tc.
Upon substituting the above relations in the differential of dϕc, we obtain the following

result:

dϕc =
1

Gϕ

(
1

Uϕ

∣∣∣∣
t∗

dϕ∗ −
1

Vχ

∣∣∣∣
t∗

dχ∗

)
, (12.8.16)
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and a similar expression for the differential dχc. Hence, we can identify that:

∂ϕ∗
∂ϕc

=
1

Gϕ
× 1

Uϕ

∣∣∣∣
t∗

=
Wc

W∗

εχc
εϕc + εχc

(
εϕc
εϕ∗

)1/2

. (12.8.17)

In the second equality we used Eq. 12.8.7 to eliminate the field derivatives of the potentials
in favor of the potential slow-roll parameters. Furthermore, we use subscripts ∗ and c to
denote evaluation of the considered quantity at t∗ and tc, respectively. Similarly, the other
differentials can be found to be:

∂ϕc

∂ϕ∗
= −Wc

W∗

εχc
εc

(
εϕc
εχ∗

)1/2

,
∂χc

∂ϕ∗
= −Wc

W∗

εϕc
εc

(
εχc
εϕ∗

)1/2

,
∂χc

∂χ∗
=
Wc

W∗

εϕc
εc

(
εχc
εϕ∗

)1/2

. (12.8.18)

Now we can compute the field derivatives of the number of e-foldings N , to be used to
compute fNL by means of the δN formalism. Substituting the above results into Eq. 12.8.10
and comparing to the differential relation:

dN =
∂N

∂ϕ∗
dϕ∗ +

∂N

∂χ∗
dχ∗, (12.8.19)

we find the following expressions for the field derivatives of N :

∂N

∂ϕ∗
=

1√
2εϕ∗

U∗ + Zc

W∗
,

∂N

∂χ∗
=

1√
2εχ∗

V∗ − Zc

W∗
, (12.8.20)

where we have defined the function Zc as follows:

Zc ≡
Vcε

ϕ
c − Ucε

χ
c

W∗
. (12.8.21)

We can differentiate again with respect to the fields to obtain the second field derivatives of
N . The results are:

∂2N

∂ϕ2
∗
= 1− ηϕ∗

2εϕ∗

U∗ + Zc

W∗
+

W∗√
2εϕ∗

∂Zc

∂ϕ∗
,

∂2N

∂χ2
∗
= 1− ηχ∗

2εχ∗

V∗ − Zc

W∗
− 1

W∗
√
2εχ∗

∂Zc

∂χ∗
,

∂2N

∂ϕ∗χ∗
=

1

W∗
√
2εϕ∗

∂Zc

∂χ∗
= − 1

W∗
√
2εχ∗

∂Zc

∂ϕ∗
. (12.8.22)

The only remaining quantity to compute is the derivative of Zc with respect to the field values
at time t∗. The results are compactly given by:√

εϕ∗
∂Zc

∂ϕ∗
= −

√
εχ∗
∂Zc

∂χ∗
≡

√
2W∗A, (12.8.23)

where we have defined:

A ≡ −W
2
c

W 2
∗

εϕc ε
χ
c

εc

(
1− ηssc

εc

)
, (12.8.24)

where ηss ≡ (εχηϕ + εϕηχ)/ε describes the effective mass of isocurvature perturbations or-
thogonal to the classical trajectory of the fields in phase space.



Chapter 12. Bispectrum for Multi-Field Inflation 281

Finally, using the above results for the first and second field derivatives of the number of
e-foldings, we can explicitly derive the non-linearity parameter fNL. Since the momentum-

dependent contribution f
(1)
NL is constrained to be much less than unity and therefore lies out

of experimental reach, we solely compute the momentum-independent contribution denoted

by f
(2)
NL. From its definition, we find:

− 6

5
f
(2)
NL ≡ 2

(∂ϕN)2∂ϕ∂ϕN + (∂χN)2∂χ∂χN

((∂ϕN)2 + (∂χN)2)2
. (12.8.25)

Introducing the variables u ≡ (U∗ +Zc)/W∗ and v ≡ (V∗ −Zc)/W∗ (subject to the combined

constraint u+ v = 1), we find that, by invoking the results above, f
(2)
NL can be written as:

−6

5
f
(2)
NL = 2

[
u2

εϕ∗
+
v2

εχ∗

]−2

× C, (12.8.26)

where we defined the function C to be:

C ≡ u2

εϕ∗

(
1− ηϕϕ∗

2εϕ∗
u

)
+
v2

εχ∗

(
1− ηχχ∗

2εχ∗
v

)
+

(
u

εϕ∗
− v

εχ∗

)
A. (12.8.27)

12.8.2 Conditions for Large Non-Gaussianity

With the explicit expression for the non-linearity parameter at hand, we can now examine

the conditions required for large non-gaussianity, i.e. f
(2)
NL ∼ O(1). To do so, we will introduce

the field space angle θ as follows:

cos θ =
ϕ̇√

ϕ̇2 + χ̇2
, sin θ =

χ̇√
ϕ̇2 + χ̇2

. (12.8.28)

In terms of the field space angle, we find that the first slow-roll parameters can be written
as:

εϕ
ε

= cos2 θ,
εχ
ε

= sin2 θ, (12.8.29)

and we can identify the dimensionless parameters u and v with the angle θc at time tc as
u = cos2 θc and v = sin2 θc, respectively [29]. Using these relations, we find that:

ηss = ηϕϕ sin2 θ + ηχχ cos2 θ. (12.8.30)

In terms of the field angle θ, we can re-express the non-linearity parameter (Eq. 12.8.25) by
means of auxiliary harmonic functions, yielding:

− 6

5
f
(2)
NL =

[
2jsε

∗ − fsη
∗
ϕϕ − gsη

∗
χχ − 2hs

W 2
c

W 2
∗
(εc − ηssc )

]
. (12.8.31)
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Figure 12.1: Contour plots of the harmonic functions (js, gs, hs and fs) in the
range 0 ≤ θc,∗ ≤ π/2. The white areas are understood to be regimes in which
the functions become larger than the highest color scale indicated. Those are the
regimes in which large NG can potentially be generated. Notice that, contrary to
all others, the function js is bounded to values smaller than unity over the entire
parameter range and hence can never induce large NG.

Since u + v = 1, the auxiliary harmonic functions are only a function of two variables, we
choose them to be u and θ∗. Explicitly, the functions read:

fs(θc, θ∗) =
u3 sin3 θ∗

(u2 sin2 θ∗ + v2 cos2 θ∗)2

gs(θc, θ∗) =
v3 cos4 θ∗

(u2 sin2 θ∗ + v2 cos2 θ∗)2

hs(θc, θ∗) = sin2 θc cos
2 θc ×

(u sin2 θ∗ − v cos2 θ∗)
2

(u2 sin2 θ∗ + v2 cos2 θ∗)2

js(θc, θ∗) =
u2 sin4 θ∗ cos

2 θ∗ + v2 cos4 θ∗ sin
2 θ∗

(u2 sin2 θ∗ + v2 cos2 θ∗)2
. (12.8.32)

In order to get large non-gaussianity, we need to find the parameter regimes (θ∗, θc) in
which the harmonic prefactors become large. To find those regimes, we plotted the contours
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of the harmonic functions in Fig. 12.1. Based on the contour plots, we distinguish two
different regimes in which large non-gaussianity can potentially be generated:

B Region A.—Observe that the harmonic function fs becomes large in the limit θ∗,c →
π/2 (and consequently the function gs becomes small). This corresponds to the limit
cos2 θ∗,c → 0 so that the condition on the first slow-roll parameter becomes:

ε∗χ � ε∗ϕ. (12.8.33)

This hierarchy of the slow-roll parameters corresponds to a field configuration in which
the field χ rolls much faster down its potential compared to the field ϕ (still both fields
have to roll slowly, for the slow-roll approximation to be valid). In other words, the
field χ dominates ϕ in terms of kinetic energy.

B Region B.—The opposite limit is obtained when the angles θc,∗ both tend to zero. In
that case, gs becomes very large and fs tends to zero. The corresponding condition on
the slow-roll parameter is given by:

ε∗ϕ � ε∗χ, (12.8.34)

such that the field ϕ dominates χ in terms of kinetic energy.

In conclusion, the prefactors gs and fs become large in case one of the fields dominates over
the other in terms of the kinetic energy. Furthermore, notice that the function js is smaller
than unity over the whole examined parameter space and can hence never induce large NG.
Therefore, we will neglect this term in further analysis.

Due to the symmetry of both regions, we choose to focus solely on region B here and
based on the analysis below similar results for region A could easily be derived as well. In
region B, the function gs becomes large and fs negligibly small. In the limit θc,∗ → 0, the
functions gs and hs can be written as:

gs(θ∗, θc) =
sin6 θc

(sin2 θ∗ + sin2 θc)2
, hs(θ∗, θc) = gs(θ∗, θc)× cos2 θc. (12.8.35)

Since the other terms cannot produce large contributions to the non-linearity parameter in
this regime, we find that:

f
(2)
NL =

5

6

[
gsη

∗
χχ + 2hs

W 2
c

W 2
∗
(εc − ηssc )

]
=

5

6
gs

[
η∗χχ + 2

W 2
c

W 2
∗
cos2 θc(εc − ηssc )

]
. (12.8.36)

Hence, for f
(2)
NL to be large, we conclude that gs(θc, θ∗) must be large than the inverse of the

slow-roll suppressed terms between brackets. This can be formalized by the condition:

gs &

(
η∗χχ + 2

W 2
c

W 2
∗
(εc − ηχχc )

)−1

, (12.8.37)

where we have used that in the limit of vanishing θ∗,c, we have cos2 θc ' 1 and ηssc ' ηχχc . A
similar condition could be find for fs in region A.





Afterword: Summary and Outlook

This thesis aimed to fulfill three main objectives. First of all, we have given a detailed
introduction into the mechanism by which inflation dynamically solves the shortcomings
of conventional Big Bang theory, such as flatness and horizon problem. Secondly, we have
discussed how quantum effects during inflation can generate the primordial seeds for structure
formation and the anisotropies in the CMB. Finally, we compared the single- and multi-field
inflationary scenarios, focussing in particular on the non-gaussianity signals in the CMB
generated by both scenario.

Summary of this Thesis

Below, we will list the most important predictions of the inflationary paradigm, thereby
summarizing the most relevant aspects discussed in the thesis.

B Solution to Flatness and Horizon Problem.—Inflation provides a natural solution to
the flatness and horizon problems arising in the conventional Big Bang theory. Even
if the universe was highly curved shortly after the Big Bang, inflation can still drive
the universe to the extremely flat geometrical state we observe today. In addition,
inflation explains why seemingly disconnected patches of the CMB are observed to have
the same temperature to a very high degree, which violates the notion of causality in
the framework of conventional Big Bang theory. Due to the superluminal expansion of
space-time during inflation, i.e. before the release of the CMB, patches in the CMB that
appear to be causally disconnected have in fact be in causal contact before inflation. As
a result, the uniformity of the CMB background is not a surprise, but merely a logical
consequence of the inflationary stage.

B Violation of the Strong-Energy-Condition.—As we have shown, a period of inflationary
expansion requires the sourcing matter constituent to have an equation of state w =
P/ρ smaller than −1/3. This so-called violation of the strong-energy-condition is only
satisfied by non-trivial forms of matter, the most intuitive and simple candidate being
a scalar field, called the inflaton. In addition, we have considered the case of multiple
scalar fields sourcing the inflationary era, which is more natural from the perspective
of high energy theories, such as string theory.

B Primordial Seeds and CMB Anisotropies.—Due to the Heisenberg uncertainty princi-
ple, quantum fluctuations in the inflaton field(s) are necessarily present. During the
exponential expansion, those perturbations are rapidly stretched to cosmological scales,
became classical and froze in, thereby forming the primordial seeds for the formation
of large-scale structure (LSS) and the temperature anisotropies in the CMB.
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B Adiabicity of Inflationary Perturbations.—Outside the horizon, primordial perturba-
tions are predicted to be adiabatic in both the single- and multi-field scenarios of in-
flation. That is, the perturbations are perturbations in the total energy density of the
universe, corresponding to scalar perturbations to the FRW metric of the universe.
Adiabicity of those perturbations implies that the ratio of number densities of any two
particle species in the universe should be the same everywhere throughout the universe,
although the absolute number densities may vary over space.

B Scale-Invariance.—The power spectrum of inflationary perturbations is predicted to be
nearly scale-invariant, as measured by the spectral index ns, which is predicted to be
close to unity. The deviation from exact scale-invariance arises due to the fact that the
inflaton field(s) are not necessarily massless and because the Hubble parameter need
not be exactly constant during inflation. (Recall that for a massless scalar field in de
Sitter space, we have shown that the power spectrum is completely scale-invariant.)

B Primordial Gravitational Waves.—Inflation predicts primordial gravitational waves to
be generated. Similar to the power spectrum for scalar perturbations, the power spec-
trum for gravitational waves is predicted to be nearly scale invariant. Observing those
primordial gravitational waves would provide a direct measure of the energy scale dur-
ing inflation and therefore constitutes one of the most interesting observational probes
for the near future.

B Gaussianity of Perturbations.—Inflation predicts the primordial perturbations to be
Gaussian to a very high degree. In the single-field scenario, the gaussianity has a clear
origin. In order to get a phase of inflationary expansion, the potential should very flat.
As a result of this requirement, (self-)interactions and other sources of non-linearity are
constrained to be small. Therefore, only the necessary coupling to gravity provides a
small source of non-gaussianity. The same reasoning applies to multi-field inflation in
case the fields all adhere to the slow-roll condition.

B Primordial Non-Gaussianity.—Although deviations from purely gaussian perturbations
are expected to be small for inflationary perturbations, informative imprints are con-
tained in the non-gaussian signal, which can be probed using the CMB. In particular,
for single field inflation, the level of non-gaussianity contained in the CMB should be
small (in the squeezed limit of the local template), as measured by f localNL , which should
be smaller than O(10−3). This provides a distinct observational probe for inflation: in
case the non-linearity parameter is observed to be much larger, i.e. f localNL = O(1), the
complete single-field scenario would be ruled out. At the same time, a significant non-
linearity parameter would be in accordance with the generic predictions of multi-field
inflation. Therefore, future observations have the potential to discriminate between the
single- and multi-field scenarios.

Possible Extensions to this Thesis

We will finish this afterword by considering possible directions for future research. Below we
give a few suggestions for further research, but it should be noted that the list of possible
extensions given below is certainly not complete.

First of all, the current work deals with generic classes of single and multi-field inflation but
does not consider well motivated explicit models of inflation. Therefore, as a straightforward
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extension to this work, the formalism developed in this work could be applied to specific
models of single- and multi-field inflation. Examples of such explicit inflation models could
be Dirac-Born-Infeld inflation or assisted inflation.

Secondly, notice that the current work focusses solely on scalar perturbations. The anal-
ysis could be extended to include tensor modes as well, i.e. primordial gravitational waves.
Additional observational predictions could be derived by considering combined correlation
functions of scalars and tensors [64, 78]. A related extension is concerned with the fact that
we only compared single- and multi-field inflation. In addition, there is the possibility of
quasi single-field inflation, for which we could compute the level of non-gaussianity as an
observational probe [35].

Finally, an interesting direction to proceed in is to use the observational window of non-
gaussianities to derive imprints of new particles in the CMB, an approach which is referred
to as cosmological collider physics [7]. In particular, the inflationary background is well
approximated as a quasi de-Sitter background and, as such, allows for the existence of a
class of partially massless particles, which have no flat space analog and only exist in a
(quasi) de Sitter space-time [19]. Therefore, observing their imprints in higher order cosmo-
logical correlation functions (encoding non-gaussianities) via the CMB would provide strong
evidence that the early universe went through an inflationary phase of exponential expansion.

In conclusion, the inflationary paradigm is a promising and dynamically intuitive candidate
for the physics of the early universe and explains the origin of all structure in the universe,
in addition to its uniformity and flatness. However, the microscopic mechanism behind infla-
tion is yet to be revealed. Solving this puzzle will require a continuous interplay and synergy
between theoretical advances and precise cosmological observations to be performed in the
(near) future.
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Appendix A

Geometry and Kinematics of the Universe

A.1 Spatial Metric of the Universe

Here we will derive the advocated 3-metric γij (Eq. A.1.10) of the universe from first prin-
ciples. On account of spatial homogeneity and isotropy, the (background evolution of the)
universe may be represented by a sequence of constant time hypersurfaces Mt. A hyper-
surface is a sub-manifold of dimension n − 1 embedded in a manifold of dimension n. The
hypersurfaces of constant time Mt may be regarded as spatial slices, each of which is homoge-
neous and isotropic by the CP. These spatial hypersurfaces are maximally symmetric 3-spaces,
which, again by homogeneity and isotropy, are characterized by a constant 3-curvature K.
Based on the constant 3-curvature, there are three options for the 3-spaces: negative curva-
ture K = −1, zero curvature K = 0 and positive curvature K = +1. Figure 1.2 visualizes
the time-ordered spatial slices for the three options.

Below, the three possible symmetric 3-spaces will be described. The 3-spaces are char-
acterized by the differential line segment d` and, for negatively and positively curved space,
the embedding condition.

B Flat space.—The line element d` of flat (K = 0) three-dimensional Euclidean space E3

is given by:
d`2 = dx2 = δijdx

idxj , (A.1.1)

where δij is the Kronecker delta function: 0 for i 6= j and 1 for i = j.

B Positively curved space.—A 3-space with constant positive curvature (K > 0) can be
represented as a 3-sphere S3 embedded in four-dimensional Euclidean space E4. The
differential line segment d` and embedding condition are:

d`2 = dx2 + dw2, x2 + w2 = a2, (A.1.2)

respectively. The radius of the 3-sphere is given by a.

B Negatively curved space.—A 3-space with constant negative curvature (K < 0) may
be described by a 3-hyperboloid H3 embedded in a four-dimensional Lorentzian space
R1,3. The corresponding differential line element plus embedding condition read:

d`2 = dx2 − dw2, x2 − w2 = −a2, (A.1.3)

where a2 is an arbitrary positive constant.
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For the last two cases, the coordinates will be rescaled as x → ax and w → aw, in order for
the curvature parameter K to assume the values +1 and −1 in the final result for positive
and negative curvature, respectively. Then, the differential line elements and embedding
conditions for the spherical and hyperbolic 3-spaces become:

d`2 = a2
(
dx2 ± dw2

)
, x2 ± w2 = ±1, (A.1.4)

where the plus and minus variants refer to the spherical and hyperbolic 3-space, respectively.
For flat Euclidean space the line element changes to:

d`2 = a2dx2. (A.1.5)

Subject to the introduced coordinate rescaling, the coordinates x and w become dimensionless
and a carries the dimension of length. Computing the differential of the embedding condition
gives:

x2 ± w2 = ±1 −→ w dw = ∓x · dx. (A.1.6)

From the above differential, dw2 can be found as function of x and dx as follows:

dw2 =

(
x · dx
∓w

)2

=
(x · dx)2

w2
=

(x · dx)2

1∓ x2
. (A.1.7)

In the last equality, the embedding condition is used to obtain w2 = 1∓ x2. Substitution of
dw2 in the differential line element d`2 as given by Eq. A.1.4 yields:

d`2 = a2
[
dx2 ± (x · dx)2

1∓ x2

]
. (A.1.8)

The rescaled line element for the hyperbolic and spherical cases can be unified with the
rescaled line element for flat space (Eq. A.1.5) by writing:

d`2 = a2
[
dx2 +K

(x · dx)2

1−Kx2

]
≡ a2γij(x) dx

idxj . (A.1.9)

The introduced quantity γij(x) is the 3-metric describing the 3-spaces and has the form:

γij(x) = δij +K
xixj

1−K(xkxk)
, (A.1.10)

where K takes on the values −1 0 and +1 for negatively curved, flat and positively curved
space, respectively.

A.2 FRW Christoffel Symbols

Using the FRW metric gµν , as given by Eq. 1.2.4, the Christoffel symbols Γµ
ρσ can be com-

puted. The Christoffel symbols are defined in terms of the metric tensor and its first deriva-
tives as:

Γµ
ρσ =

1

2
gµλ (∂ρgσλ + ∂σgρλ − ∂λgρσ) . (A.2.1)



Appendix A. Geometry and Kinematics of the Universe 293

Furthermore, they are symmetric in interchanging the lower indices: Γµ
ρσ = Γµ

σρ. All Christof-
fel symbols with two (or three) temporal indices vanish, that is:

Γµ
00 = Γ0

0ρ = Γ0
σ0 = 0. (A.2.2)

This only applies when working in coordinate time t, in conformal time dτ ≡ dt/a this
statement is not longer valid and the purely temporal Christoffel is non-zero. Before deriving
the non-zero Christoffel symbols below, the final results are given beforehand, so that the
reader may decide to ignore the derivations. The non-vanishing Christoffel symbols are given
by:

Γ0
ij = Hgij , Γi

0j = Hδij , Γi
jk =

1

2
γil (∂jγkl + ∂kγjl − ∂lγjk) , (A.2.3)

or are related to these by the symmetry in the lower pair of indices.

Derivation of FRW Christoffel Symbols

Upper index zero.—To compute the Christoffel symbol with the upper index equal to
zero Γ0

ρσ, first the definition of the Christoffel symbol in terms of the metric is written
for µ = 0:

Γ0
ρσ =

1

2
g0λ(∂ρgσλ + ∂σgρλ − ∂λgρσ). (A.2.4)

Using the fact that g0λ is only non-zero in case λ = 0, then g00 = −1, the expression for
Γ0
ρσ becomes:

Γ0
ρσ = −1

2
(∂ρgσ0 + ∂σgρ0︸ ︷︷ ︸

0

− ∂0gρσ). (A.2.5)

The first two terms between parenthesis are zero since the only non-zero component of
the metric occurs for σ = ρ = 0, in which case g00 = −1. Since this is a constant, the
result of acting with derivatives ∂ρ and ∂σ will be zero. The last term vanishes unless ρ
and σ represent spatial indices, since the time-time component g00 is time-independent.
Using gij = a2γij the time derivative and the final Christoffel symbol are found to be:

∂0gij = 2aȧγij = 2
ȧ

a
gij −→ Γ0

ij = Hgij , (A.2.6)

where H ≡ ȧ/a.

Lower index zero.—Setting a lower index equal to zero gives the following expres-
sion for the Christoffel symbol as function of the metric:

Γµ
0σ =

1

2
gµλ(∂0gσλ + ∂σg0λ − ∂λg0σ︸ ︷︷ ︸

0

). (A.2.7)

For the same reason as in the previous case, now the last two terms are zero. The first
term is zero for σ = λ = 0, so only the spatial part of the metric gij is relevant. The
above expression therefore reduces to:

Γµ
0i =

1

2
gµj∂0gij =

ȧ

a
gµjgij . (A.2.8)
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Note that the product gµjgij is not possible for µ = 0, so only spatial indices µ = k are
relevant and the final expression for the Christoffel symbol Γk

0i becomes:

Γk
0i =

ȧ

a
gkjgji = Hδki , (A.2.9)

since gij = gji by symmetry and gkjgji = δki .

All indices spatial.—For all indices spatial, that is a Christoffel symbol of the
form Γi

jk, the starting point is:

Γi
jk =

1

2
gil (∂jgkl + ∂kgjl − ∂lgjk) . (A.2.10)

Using gil = γil/a2 and ∂jgkl = a2∂jγkl the final result is obtained as:

Γi
jk =

1

2
γil (∂jγkl + ∂kγjl − ∂lγjk) . (A.2.11)

Now all Christoffel symbols as stated in Eq. A.2.3 are derived.

A.3 Kinematics in FRW Universe

In the absence of any non-gravitational forces acting on a particle, the particle said to be
freely falling and moves along a geodesic. Geodesics are the curved-space generalizations of
straight lines in flat Euclidean space. Mathematically, geodesics are described by the geodesic
equation. Assuming a particle follows the curve xµ(η) parametrized by proper time η, the
geodesic equation is:

d2xµ

dη2
+ Γµ

ρσ

dxρ

dη

dxσ

dη
= 0. (A.3.1)

Defining 4-velocity Uµ as:

Uµ ≡ dxµ

dη
, (A.3.2)

and substituting this definition in the geodesic equation yields:

dUµ

dη
+ Γµ

ρσU
ρUσ = 0. (A.3.3)

pµTheremainingdifferential,dUµ/dη, can be rewritten using the chain rule and the geodesic
equation becomes:

dUµ

dη
=
dUµ

dxρ
dxρ

dη
= UρdU

µ

dxρ
−→ Uρ

(
dUµ

dxρ
+ Γµ

ρσU
σ

)
= 0. (A.3.4)

For massive particles, the 4-velocity is related to the 4-momentum via the relation pµ = mUµ

and using 4-momentum the geodesic equation can be written in the following final form:

pσ
dpµ

dxρ
= −Γµ

ρσp
ρpσ. (A.3.5)
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Notice that for massless particles m = 0 and the utilized relationship between 4-momentum
and 4-velocity breaks down. However, the final result for massless particles, such as photons,
is identical to Eq. A.3.5.

By the homogeneity of the FRW background, the 4-momentum pµ is not allowed to vary
with space and hence the spatial derivative of pµ must vanish: ∂ip

µ = 0. Therefore, the
left-hand side of Eq. A.3.5 vanishes unless the index ρ equals zero:

p0
dp0

dt
= −

(
Γµ
ijp

ipj + Γµ
0jp

0pj + Γµ
i0p

jp0︸ ︷︷ ︸
2Γµ

0jp
ipj

+ Γµ
00p

0p0︸ ︷︷ ︸
0

)

= −
(
Γµ
ijp

ipρ + 2Γµ
0jp

0pj
)
, (A.3.6)

where the right hand side is expanded into spatial, temporal and mixed terms. The two
mixed terms are collected on account of the symmetry Γµ

i0 = Γµ
0j and the purely temporal

term is zero since Γµ
00 = 0. Finally, factoring out pj gives:

p0
dpµ

dt
= −

(
Γµ
ijp

i + 2Γµ
0jp

0
)
pj . (A.3.7)

The first notable result to be extracted from Eq. A.3.7, is that particles at rest in the
comoving frame will stay at rest in that frame. For these particles pj = 0 and the right-hand
side of Eq. A.3.7 vanishes, resulting in:

pj = 0 −→ dpj

dt
= 0. (A.3.8)

Next, we relax the assumption that the particles are at rest in the comoving frame and the
µ = 0 component of Eq. A.3.7 is considered. Using p0 = E and the fact that the second term
on the left hand side vanishes since Γ0

0j yields:

E
dE

dt
= −Γ0

ijp
ipj = − ȧ

a
gijp

ipj , (A.3.9)

where in the second equality follows from Eq. A.2.3. Defining the amplitude of physical
3-momentum p2 as:

p2 ≡ gijp
ipj = a2(t)γijp

ipj , (A.3.10)

and using the energy momentum relation E2 = m2 + p2 to find E dE = p dp gives:

ṗ

p
= − ȧ

a
−→ p ∝ 1

a
(A.3.11)

From the inverse relation between p and a, it follows that the physical 3-momentum of both
massive and massless particles decays with the expansion of the universe.

For massless particles, e.g. photons, E = p and it follows that both the energy and the
momentum decay with the expansion of the universe:

E = p ∝ 1

a
. (A.3.12)
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For massive particles the spatial components of 4-momentum are related to the 4-velocity via
pi = mU i, which may be rewritten as:

pi = mU i = m
dxi

dη
= m

dt

dη

dxi

dt
= mvi

dt

dη
, (A.3.13)

where vi = dxi/dt is the comoving peculiar velocity and dt/dη equals the Lorentz factor:

dt

dη
=

1√
1− v2

≡ γ. (A.3.14)

In expression for the Lorentz factor, v2 is the physical peculiar velocity v2 = gijv
ivj . Using

p2 = gijp
ipj , the expression for the physical momentum becomes:

p =
mv√
1− v2

∝ 1

a
, (A.3.15)

for massive particles. Since the scale factor grows as the universe expands, the momentum
of freely falling particles eventually decays to zero and they will converge in to the Hubble
flow.



Appendix B

Dynamics of the Universe

B.1 Energy-Momentum Tensor and the Cosmological Principle

Here we will derive, on account of the cosmological principle (CP), that the energy-momentum
of any constituent in the universe should have the perfect-fluid form at background level. The
energy momentum is defined in terms of the 3-scalar T00, 3-vector T0i and the 3-tensor Tij
as:

Tµν =

[
T00 T0j
Ti0 Tij

]
, (B.1.1)

where Tij and T0j satisfy the symmetry constraints T0j = Ti0 and Tij = Tji. Now, the
components of the energy-momentum will be constrained in such a way that they satisfy
homogeneity and isotropy. Recall that the time-time component T00 represents the energy
density ρ. By homogeneity, ρmay be a function of time, but cannot posses spatial dependence:

T00 = ρ(t). (B.1.2)

The 3-vectors Ti0 and T0j are equivalent to each other and describe the rate of flow of energy
and momentum in each spatial direction. On account of isotropy, the average values of these
components vanish:

Ti0 = T0j = 0. (B.1.3)

Finally, the shear stress tensor Tij is restricted to be proportional to the metric:1

Tij ∝ gij ∝ δij(x = 0), (B.1.4)

since non-vanishing shear stress (off-diagonal) components would break isotropy. The diago-
nal terms of Tij represent the pressure of the fluid P :

Tij = P (t) gij , (B.1.5)

where the pressure P is restricted to be a function of time only by isotropy. Using the results
above, the energy-momentum tensor becomes:

Tµν =

[
ρ 0
0 Pgij

]
. (B.1.6)

1From the FRW 3-metric (Eq. A.1.10), it follows that gij ∝ δij at x = 0.
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B.2 Energy-Momentum Conservation and Continuity Equation

To obtain the continuity equation (Eq. 1.3.6) for the energy density ρ, the ν = 0 component
of the conservation equation ∇µT

µν = 0 is considered:

∂µT
µ0 + Γµ

µαT
α0 + Γ0

µαT
µα = 0. (B.2.1)

The first term vanishes unless µ = 0 and therefore it is equal to ρ̇. Following the same lines
of reasoning, the second term becomes Γµ

µ0ρ. Finally, the Christoffel symbol in the last term

is only non-vanishing for spatial components and hence the term simplifies to Γ0
ijT

ij with

T ij = Pgij . Taking these results together, the previous equation changes to:

ρ̇+ ρΓµ
µ0 + Γ0

ijPg
ij = 0. (B.2.2)

Notice that in the second term only the spatial components µ = i are relevant since the
Christoffel symbol is Γi

i0 = Hδii = 3H. Similarly, for the third term Γ0
ij = Hgij . Now,

writing the Christoffel symbols out explicitly yields:

ρ̇+ 3Hρ+HPgiig
ii = 0. (B.2.3)

Finally, using giig
ii = δii = 3, the continuity equation is obtained for the energy density:

ρ̇+ 3H(ρ+ P ) = 0. (B.2.4)

B.3 Einstein Tensor FRW Universe

Here, we will explicitly derive the Ricci tensor Rµν and scalar R for the FRW universe, which
can then be used to determine the FRW Einstein tensor Gµν .

Ricci Tensor: Time-Time Component R00

Setting both indices equal to zero, i.e. µ = ν = 0, yields the following equation for the
time-time component R00 in terms of Christoffel symbols:

R00 = ∂λΓ
λ
00 − ∂0Γ

λ
λ0 + Γλ

λρΓ
ρ
00 − Γρ

0λΓ
λ
0ρ = −∂0Γλ

λ0︸ ︷︷ ︸
(∗)

− Γρ
0λΓ

λ
0ρ︸ ︷︷ ︸

(∗∗)

, (B.3.1)

where the first and third term vanish since Γλ
00 = Γρ

00 = 0. The (∗)-term is computed as:

(∗) = ∂0Γ
λ
λ0 = ∂0Γ

i
i0 = ∂0

(
3
ȧ

a

)
= 3

(
aä− ȧ2

a2

)
, (B.3.2)

where only the spatial components λ = i are considered since the expression vanishes
for λ = 0. Furthermore, the Christoffel symbol is Γi

i0 = (ȧ/a)δii = 3(ȧ/a) because i is
summed over and hence δii = 3. The (∗∗)-term is evaluated as follows:

(∗∗) = Γρ
0λΓ

λ
0ρ = Γi

0jΓ
j
0i = Γi

0jΓ =

(
ȧ

a

)2

δijδ
j
i = 3

(
ȧ

a

)2

, (B.3.3)

since the expression vanishes for ρ = λ = 0 and δijδ
j
i = δii = 3. Finally, the time-time

component of the Ricci scalar R00 is:

R00 = −(∗)− (∗∗) = −3
ä

a
. (B.3.4)
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Ricci Tensor: Spatial Components Rij

Computing the spatial part of the Ricci tensor Rij is reasonably more involved compared
with the time-time component R00. In order to simplify matters, the following approach
will be taken. First, the spatial part of the Ricci tensor will be evaluated at x = 0, that
is Rij(x = 0). Then, after performing the computations the results will be generalized
to arbitrary x. Setting x = 0 causes many terms to vanish and hence the derivation will
become less computationally demanding.

It should be noted that this approach must be taken with caution. Naively, one could
use Eq. A.1.10 for the spatial metric γij and set x = 0 to obtain:

γij(x) = δij +K
xixj

1−K(xkxk)

x = 0−−−→ γij = δij , (B.3.5)

and proceed with this expression for the spatial metric. However, the Ricci tensor Rij

contains second order derivatives with respect to the spatial metric. Although γij reduces
to δij for x = 0, these second order derivatives may get a contribution from the second
term of γij at x = 0. Therefore the considered metric will be:

γij(x = 0) = δij +Kxixj , (B.3.6)

since the denominator of the second term can be safely ignored (xkx
k = 0). With the

suitable form of the metric at hand, the Rij can be computed according to:

Rij(x = 0) = ∂λΓ
λ
ij︸ ︷︷ ︸

(1)

− ∂jΓ
λ
iλ︸ ︷︷ ︸

(2)

+ Γλ
λρΓ

ρ
ij︸ ︷︷ ︸

(3)

− Γρ
iλΓ

λ
jρ︸ ︷︷ ︸

(4)

. (B.3.7)

Below, the indicated terms (1) up to and including (4) will be evaluated individually.

First Term.—Expanding the first term ∂λΓ
λ
ij into λ = 0 and λ = i yields:

∂λΓ
λ
ij = ∂0Γ

0
ij + ∂kΓ

k
ij . (B.3.8)

Computing the temporal term in this expansion gives:

∂0Γ
0
ij = ∂0

(
ȧ

a
gij

)
= ∂0(ȧaγij) = (aä+ ȧ2)δij , (B.3.9)

where, after computing the derivative, the metric γij is set to δij in the last equality. The
spatial term ∂kΓ

k
ij requires the explicit computation of the spatial Christoffel symbol Γk

ij

for γij(x = 0):

Γk
ij =

1

2
γkl(∂iγjl + ∂jγil − ∂lγij). (B.3.10)

Evaluating the partial derivative ∂iγjl gives the following result:

∂iγjl = ∂i(δjl +Kxjxl) = K(xlδij + xjδil). (B.3.11)

In a similar way, the two remaining derivatives can be found and Γk
ij can be written

becomes:

Γk
ij =

1

2
γkl (K(xlδij + xjδil) +K(xlδij + xiδjl)−K(xjδli + xiδlj))

= γkl(Kxlδij) = Kxkδij , (B.3.12)
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since γklxl = xk. Consequently, the partial derivative ∂kΓ
k
ij is:

∂kΓ
k
ij = ∂k(Kx

kδij) = 3Kδij . (B.3.13)

Finally, the first term becomes:

(1) = ∂λΓ
λ
ij = (aä+ ȧ2 + 3K)δij . (B.3.14)

Second Term.—Expanding the second term into a temporal and spatial term with respect
to λ gives:

∂jΓ
λ
iλ = ∂jΓ

0
i0 + ∂jΓ

k
ik = ∂j(Kx

kδik) = Kδij , (B.3.15)

since Γ0
i0 = 0 and xkδik = xi. Hence, the second term yields:

(2) = ∂jΓ
λ
iλ = Kδij . (B.3.16)

Third Term.—Expansion of the third term Γλ
λρΓ

ρ
ij yields:

Γλ
λρΓ

ρ
ij = Γ0

0ρΓ
ρ
ij + Γl

lρΓ
ρ
ij = Γl

lρΓ
ρ
ij = Γl

l0Γ
0
ij︸ ︷︷ ︸

(∗)

+ Γl
lmΓm

ij︸ ︷︷ ︸
(∗∗)

. (B.3.17)

The (∗) term gives:

(∗) = Γl
l0Γ

0
ij =

(
ȧ

a
δll

)
(ȧaγij) = 3ȧ2γij = 3ȧ2δij , (B.3.18)

where in the last equality use is made of the fact that γij = δij at x = 0. Computing the
(∗∗) term gives:

(∗∗) = Γl
lmΓm

ij = (Kxlδlm)(Kxmδij) = K2xmx
mδij = 0, (B.3.19)

since xmx
m = 0 at x = 0. Hence, the third term in the expansion of Rij becomes:

(3) = (∗) + (∗∗) = 3ȧ2δij . (B.3.20)

Fourth Term.—Finally, the fourth term can be expanded into:

Γρ
iλΓ

λ
jρ = Γρ

i0Γ
0
jρ + Γρ

imΓm
jρ = Γ0

i0Γ
0
j0 + Γm

i0Γ
0
jm︸ ︷︷ ︸

(∗)

+ Γ0
imΓm

j0︸ ︷︷ ︸
(∗∗)

+ Γl
imΓm

jl︸ ︷︷ ︸
(∗∗∗)

, (B.3.21)

where the first term in the final expansion vanishes and the labelled terms will be com-
puted separately. The (∗) and (∗∗) terms are straightforward by now:

(∗) = Γm
i0Γ

0
jm =

(
ȧ

a
δmi

)
(ȧaδjm) = ȧ2δij (B.3.22)

(∗∗) = Γ0
imΓm

j0 = (ȧaγim)

(
ȧ

a
δmj

)
= ȧ2δij , (B.3.23)
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since γij = δij at x = 0. Computing the (∗ ∗ ∗) term gives:

(∗ ∗ ∗) = Γl
imΓm

jl = (Kxlδim)(Kxmδjl) = K2xlδjlx
mδim

= K2xjxm = K2xmxmδ
mj = 0, (B.3.24)

since, again, xmxm = 0 at x = 0. Consequently, the fourth term is:

(4) = (∗) + (∗∗) + (∗ ∗ ∗) = 2ȧ2δij (B.3.25)

Final Result.—Now that the terms (1) up to and including (4) are computed, the spatial
part of the Ricci tensor Rij at x = 0 can be obtained by combining these four terms in
the appropriate way:

Rij(x = 0) = (1)− (2) + (3)− (4) = (aä+ 2ȧ2 + 2K)δij (B.3.26)

To generalize this result to arbitrary x, note that γij(x = 0) = δij and hence Rij for any
x is:

Rij(x) = (aä+ 2ȧ2 + 2K)γij =

[
ä

a
+ 2

(
ȧ

a

)2

+ 2
K

a2

]
gij . (B.3.27)

Ricci Scalar R

The Ricci scalar is obtained via the definition R = gµνRµν , expanding this product in
temporal, spatial and mixed terms gives:

R = g00R00 + gi0Ri0 + g0jR0j + gijRij = g00R00 + gijRij , (B.3.28)

since the off-diagonal terms of the Ricci tensor vanish. Computing the remaining two
terms yields:

R = −R00 +
1

a2
γijRij = 3

ä

a
+

1

a2
(aä+ 2ȧ2 + 2K)γijγ

ij

= 3
ä

a
+

3

a2
(aä+ 2ȧ2 + 2K) = 6

[
ä

a
+

(
ȧ

a

)2

+
K

a2

]
, (B.3.29)

because γijγ
ij = δii = 3.

B.4 Friedmann Equations

Here, we will explicitly derive the first and second Friedmann equation (Eqs. 1.3.21 and
1.3.22).
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Derivation of the Friedmann Equations

First Equation.—Considering the µ = ν = 0 equation of EFE’s for an FRW universe (Eq.
1.3.20) yields:

G00 + Λg00 = R00 − 3

[
ä

a
+

(
ȧ

a

)2

+
K

a2
+

Λ

3

]
g00 =

1

M2
pl

T00. (B.4.1)

Since R00 = −3ä/a, g00 = −1 and T00 = ρ, the above equation becomes:

ρ

M2
pl

= −3
ä

a
+ 3

[
ä

a
+

(
ȧ

a

)2

+
K

a2
+

Λ

3

]
ρ

M2
pl

= 3

[(
ȧ

a

)2

+
K

a2
+

Λ

3

]
. (B.4.2)

Rearranging immediately gives the first Friedmann equation (Eq. 1.3.21):(
ȧ

a

)2

+
K

a2
=

1

3M2
pl

(ρ+ ρΛ) , (B.4.3)

since the energy density due to the cosmological constant ρΛ is given by ρΛ = ΛM2
pl.

Second Equation.—As already mentioned, the second Friedmann equation is obtained
by considering the spatial components µ = i and ν = j of Eq. 1.3.20:

Gij + Λgij = Rij −
1

2
Rgij + Λgij =

Tij
M2

pl

. (B.4.4)

Substituting the obtained expressions for the spatial Ricci tensor Rij (Eq. 1.3.16), the
Ricci scalar R (Eq. 1.3.18) and the spatial part of the FRW energy-momentum tensor
Tij (Eq. 1.3.2) yields:[

ä

a
+ 2

(
ȧ

a

)2

+ 2
K

a2

]
gij − 3

[
ä

a
+

(
ȧ

a

)2

+
K

a2

]
gij + Λgij =

P

M2
pl

gij . (B.4.5)

Since all terms are proportional to the spatial metric gij , the prefactors must satisfy the
following equation:

P

M2
pl

=

[
ä

a
+ 2

(
ȧ

a

)2

+ 2
K

a2

]
− 3

[
ä

a
+

(
ȧ

a

)2

+
K

a2

]
+ Λ

P

M2
pl

= −2
ä

a
−

(
ȧ

a

)2

− K

a2
+ Λ. (B.4.6)

The above equation can not be simplified further in a convenient way. In order to proceed,
the first Friedmann equation (Eq. 1.3.21) is added to the preceding equation, yielding:

− 2
ä

a
+

2

3
Λ =

1

3M2
pl

(3P + ρ). (B.4.7)
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Finally using the energy density ρΛ = ΛM2
pl reproduces the second Friedmann equation

(Eq. 1.3.22):
ä

a
= − 1

6M2
pl

(3P + ρ− 2ρΛ). (B.4.8)





Appendix C

Big Bang Puzzles and Classical Dynamics of
Inflation

C.1 Horizon Problem: Quantitative Analysis

Here, we will discuss the horizon problem in a quantitative way and show that CMB patches
separated by more than two degrees should be causally disconnected. To show this, it will
turn out to be convenient to first define a number of quantities using Fig. 2.3 (right). The
comoving distances between the singularity and recombination and between recombination
and now are defined as:

dhor ≡ τrec − τi, dA ≡ τ0 − τrec, (C.1.1)

respectively (recall that c ≡ 1). Since dhor � dA, the arclength on the green circle between
the two dotted radial lines in Fig. 2.3 (right) may be approximated by dhor. The angle θc is
then equal to:

θc =
dhor
dA

. (C.1.2)

In order to find θc and hence θ, both dhor and dA must be evaluated. This can be done by
using the definition of the particle horizon. Using Eq. 2.1.5, the difference between τ2 − τ1
with τ2 > τ1 can be written as the following integral:

I(t1, t2) ≡ τ2 − τ1 =

∫ t2

t1

dt

a(t)
, (C.1.3)

such that dhor = I(ti, trec) and dA = I(trec, t0). To simplify matters, the integral I will be
rewritten in terms the redshift z. The definition of redshift is:

z + 1 =
1

a
, (C.1.4)

where a < a0 ≡ 1. This definition can be used to relate the differential dt to dz as follows:

dz = −da
a2

= − ȧ

a2
dt = −H

a
dt −→ dt = − a

H
dz, (C.1.5)
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and the integral I(t1, t2) can be changed to:

I(z1, z2) =
∫ t2

t1

dt

a(t)
=

∫ z1

z2

dz

H(z)

=

∫ z1

z2

dz

H0

√
ΩΛ +Ωm(1 + z)3 +Ωr(1 + z)4

. (C.1.6)

In the last equality H is expressed in terms of z and density parameters ΩΛ, Ωm and Ωr.
Using the above result and the fact that recombination occurs at a redshift of approxi-

mately zrec = 1090, dhor and dA are given by:

dhor = I(∞, zrec) =

∫ ∞

zrec

dz

H(z)
, dA = I(zrec, 0) =

∫ zrec

0

dz

H(z)
, (C.1.7)

and numerical integration yields the following result for the ratio between them:

θc =
dhor
dA

= 0.020 rad = 1.18◦ (C.1.8)

Hence, θ is indeed approximately 2◦. This result verifies the statement that CMB patches
separated by more than two degrees should be causally disconnected according to conventional
Big Bang theory.

C.2 Equivalent Definitions of Inflation

In the main text, inflation is defined as period in the early universe characterized by a
shrinking Hubble sphere (aH)−1 (Eq. 2.4.2), since this definition of inflation relates most
easily to the horizon and flatness problems. However, the shrinking Hubble sphere is not
only possible definition of inflation. In literature, other definitions are also used to describe
inflation. Here, the equivalence between the shrinking Hubble sphere and other commonly
used definitions of inflation will be shown.

B Accelerated Expansion.—Perhaps the best known definition of inflation is a period ac-
celerated expansion, characterized by the condition that second derivative of the scale
factor is greater than zero:

ä > 0. (C.2.1)

To see that this definition of inflation is equivalent to the shrinking Hubble sphere,
explicitly differentiate (aH)−1 with respect to time:

d

dt
(aH)−1 =

d

dt
(ȧ)−1 = − ä

ȧ2
< 0. (C.2.2)

Since ȧ2 is always positive, it follows directly that a shrinking Hubble sphere is equiv-
alent to accelerated expansion ä > 0.

B Almost Constant Hubble Parameter.—The time derivative of the Hubble sphere may
also be evaluated by keeping H as a time dependent variable instead of rewriting aH
as ȧ. The time derivative then becomes:

d

dt
(aH)−1 = − ȧH + aḢ

(aH)2
= −1

a

(
1 +

Ḣ

H2

)
≡ −1

a
(1− ε) < 0. (C.2.3)
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Here, the first Hubble flow parameter ε is defined as:

ε ≡ − Ḣ

H2
< 1, (C.2.4)

which must be smaller than one in order to satisfy −(1 − ε)/a < 0. That is, the time
variation of the Hubble parameter Ḣ is much smaller H and hence the Hubble constant
is almost constant during inflation.

B Quasi De Sitter space-time.—Since Ḣ ' 0 during inflation, one may find an approxi-
mate form for the scale factor by setting H 6= H(t) such that the differential equation
for a in terms of t becomes:

H ≡ ȧ

a
−→ da

dt
= Ha. (C.2.5)

The solution to this differential equation is:

a(t) = eHt, (C.2.6)

where the integration constant is set to one. Note that the above solution is only valid
in the approximation that H is constant over time, or equivalently for ε = 0. Using
this form of the scale factor, the space-time line element ds2 becomes:

ds2 = −dt2 + a2 dx2 = −dt2 + e2Ht dx2, (C.2.7)

which coincides with the De Sitter space-time. However, inflation has to end for the
universe to be able transit to the successive eras such as radiation and matter dominated
eras. Therefore, the Hubble constant cannot be completely time independent and hence
ε cannot vanish entirely. Nevertheless, for small and finite ε, the De Sitter space-time
remains a reasonable approximation to the inflationary background. For that reason,
inflation is often described by a quasi De Sitter space-time.

B Negative Pressure and SEC-Violation.—Inflation requires a fluid with energy density ρ
and pressure P that is described by an equation of state:

w = P/ρ < −1/3. (C.2.8)

That is, the fluid driving inflation does not respect the strong energy condition w >
−1/3 (SEC). Furthermore, for the fluid to satisfy w < −1/3, it must be characterized
by a negative pressure, since ρ is positive.

To see why inflation requires w = P/ρ < −1/3, consider the second Friedmann equation
(Eq. 1.3.22) without the explicit dark energy density (ρΛ ≡ 0):

ä

a
= Ḣ +H2 = − 1

6M2
pl

(ρ+ 3P ) = − ρ

6M2
pl

(1 + 3w). (C.2.9)

Combining the above equation with the first Friedmann equation ρ = 3M2
plH

2 (Eq.
1.3.21, again with ρΛ ≡ 0) gives:

Ḣ +H2 = −H
2

2
(1 + 3w) −→ ε = − Ḣ

H2
=

3

2
(1 + w). (C.2.10)
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Since during inflation ε < 1 it follows that the fluid driving inflation satisfies w < −1/3,
which violates the SEC. Note that it is unsurprising that inflation violates the SEC,
since the SEC gives the condition for w to get a growing Hubble sphere: during inflation
the opposite occurs and hence the violation is a logical consequence.

B Constant Energy Density.—Combining the continuity equation in the form of Eq. 1.3.8
with the result 2ε = 3(1 + w) from the previous equation yields:∣∣∣∣d ln ρd ln a

∣∣∣∣ = 2ε. (C.2.11)

Hence, for small ε the energy density remains nearly constant during inflation.

C.3 Klein-Gordon Equation in FRW Space-Time

The Klein-Gordon (KG) equation for the scalar field (inflaton) is derived here via the principle
of least action. That is, the action Sφ (corresponding to the Lagrangian Lφ as given by Eq.
2.4.16) will be varied with respect to φ and the resulting expression is set equal to zero. The
variation δSφ is given by:

δSφ =

∫
d4x

√
−g

[
−gµν∂µφ∂νφ︸ ︷︷ ︸

(1)

−Vφ(φ)δφ︸ ︷︷ ︸
(2)

]
, (C.3.1)

which contains two terms, labelled (1) and (2). The separate actions corresponding to these
terms are:

δS
(1)
φ = −

∫
d4x

√
−g gµν∂µφ∂νδφ, δS

(2)
φ = −

∫
d4x

√
−g Vφ(φ)δφ. (C.3.2)

Integrating the first contribution δS
(1)
φ by parts over the ∂νδφ term yields:

δS
(1)
φ = −

√
−ggµν∂µφ δφ︸ ︷︷ ︸
0, δφ→0

∣∣∣∣
∂M

+

∫
d4x∂ν

(√
−ggµν∂µφ

)
δφ. (C.3.3)

The boundary term vanishes since it is assumed by the boundary conditions of φ that δφ

vanishes on ∂M. Combining the new form of δS
(1)
φ with δS

(2)
φ gives the following expression

for δSφ:

δSφ =

∫
d4x

√
−g

[
1√
−g

∂ν
(√

−ggµν∂µφ
)
− Vφ(φ)

]
δφ ≡ 0, (C.3.4)

which is set equal to zero by the principle of least action. Since the above equation should
hold for any δφ the equation of motion for φ is:

1√
−g

∂ν
(√

−ggµν∂µφ
)
= Vφ(φ). (C.3.5)

The left hand side is by definition equal to �φ, this confirms the Klein-Gordon equation as
given by Eq. 2.5.2.



Appendix D

Cosmological Perturbations

D.1 The Central Limit Theorem

On account of the central limit theorem (CLT), we expect cosmological perturbations to
be Gaussian to very high degree. We will illustrate the CLT here by considering a one-
dimensional uncorrelated random walk. The walk consists of N independents steps of length
xn (n = 1, . . . , N) and the steps xn are all drawn from a common probability density function
ρ(xn) with finite variance, i.e. σ2 < ∞. For simplicity, we assume the average displacement
in each step is zero so that 〈x(n)〉 = 0. To generalize the result to be derived below to the
case of an arbitrary finite average, simply add a drift term N〈x(n)〉.

The aim of this illustrative example will be to compute the PDF for the total distance
covered by the one dimensional random walk after N steps. That is, we want calculate the
PDF for the statistical variable:

XN ≡
N∑

n=1

xn. (D.1.1)

However, for convenience we consider the rescaled variable UN ≡ XN/
√
N . In both cases,

the PDF to be computed is that of the sum of the independent random variables. The PDF
of the sum of two independent random variables X and Y is given by the convolution of their
seperate PDF’s ρX(x) and ρY (y). The convolution is defined as:

ρX+Y ≡ (ρY ∗ ρX)(x) =

∫ +∞

−∞
ρY (y)ρX(x− y)dy. (D.1.2)

Generalizing to the sum of several random variables X1, . . . XN the convolution gives:

ρX1+···+XN
(x) = (ρX1 ∗ · · · ∗ ρXN

)(x). (D.1.3)

A more practical expression for the PDF of some variable Y that is a function F of the
identically distributed independent variables X1, . . . , XN , that is:

Y = F (X1, . . . XN ). (D.1.4)

The PDF for the random variable Y , denoted as ρY (y), can be computed via the following
equation involving the one-dimensional Dirac delta function:

ρY (y) =

∫ +∞

−∞
· · ·

∫ +∞

−∞
ρX1(x1) · · · ρXN

(xN ) δ(1)(F − y) dx1 · · · dxN . (D.1.5)
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Evaluating this expression for the case of the N -step random walk in the limit of a large
number of steps shows that ρU is a Gaussian:

ρU ≡ lim
N→∞

ρUN
=

1√
2πσ2

exp

[
− U2

2σ2

]
, (D.1.6)

where we denote the variance as σ2 = 〈x2〉. This is an illustrative example in which the
combination of a large number of random processes (the individual steps) give rise to Gaus-
sianity, since the total distance covered by the walk is Gaussian-distributed. The derivation
of the above result is shown in the box below.

Derivation: Random Walk and CLT

Here, we will explicitly evaluate Eq. D.1.5 for the N -step one dimensional random walk
(based on [41]). Substituting the relevant expressions into Eq. D.1.5, the PDF for the
rescaled distance UN ≡ XN/

√
N covered by a random walk of N steps is given by:

ρUN
=

∫ +∞

−∞
· · ·

∫ +∞

−∞

[ N∏
n=1

dxn ρ(xn)

]
δ(1)

( N∑
n=1

xn/
√
N − UN

)
=

1

2π

∫
dk e−ikUN

[ N∏
n=1

∫ ∞

−∞
dxn ρ(xn) e

ikxn/
√
N

]
. (D.1.7)

In the last line, we Fourier transformed the Dirac delta, the factor of (2π)−1 is included as
this is a one-dimensional Dirac delta function (and therefore denoted using a superscript
(1) as δ(1)). As the PDF is the same for each step, we can write the product as:

N∏
n=1

∫ ∞

−∞
dxn ρ(xn) e

ikxn/
√
N =

[ ∫
dx ρ(x) eikx/

√
N

]N
. (D.1.8)

Expanding the complex exponential as a Taylor series yields:

eikx/
√
N = 1 +

ik√
N
x+

1

2

(
ik√
N

)2

x2 +O(k3/N3/2). (D.1.9)

The product then becomes:

N∏
n=1

∫ ∞

−∞
dxn ρ(xn) e

ikxn/
√
N =

[
1 +

ik√
N

〈x〉+ 1

2

(
ik√
N

)2

〈x2〉+O(k3/N3/2)

]N
=

[
1− k2

2N
〈x2〉+O(k3/N3/2)

]N
. (D.1.10)

By assumption, we took the average to vanish, so that the second term in the expansion
vanishes. The third term is finite since we assumed the variance to be finite. Now,
consider the limit of a large number of steps, corresponding to N → ∞. In that case
higher order terms than N−1 can be neglected and the limit can be written as:

lim
N→∞

N∏
n=1

∫ ∞

−∞
dxn ρ(xn) e

ikxn/
√
N = exp

[
− k2

2
〈x2〉

]
. (D.1.11)
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Substituting this result into the equation for ρU and evaluating the integral shows that
the PDF is a Gaussian in the limit of a large number of steps:

ρU ≡ lim
N→∞

ρUN
=

1

2π

∫ +∞

−∞
dk exp

[
− ikU − k2

2
〈x2〉

]
=

1√
2πσ2

exp

[
− U2

2σ2

]
, (D.1.12)

where we defined U ≡ limN→∞ UN and denote the variance as σ2 = 〈x2〉.

D.2 Vector Perturbations

In the main text, and in particular in chapters 3 and 4, it is mentioned that vector perturba-
tions constitute a subdominant contribution to the perturbed dynamics of the early universe
and can typically be neglected. Here, we will make this statements more precise, following
[15]. For purely vectorial perturbations, the perturbed line element reads:

ds2 = a
[
− dτ2 + 2B̂i dx

idτ + (δij + 2∂(iÊj))dx
idxj

]
. (D.2.1)

Under the vector gauge transformation:

x → x+ ξ, (D.2.2)

where ∂iξi = 0, the perturbations transform as:

B̂i → B̂i + ξ′i, Êi → Êi − ξi. (D.2.3)

Hence, the combination σ̂i ≡ Ê′
i + B̂i is manifestly gauge-invariant by construction and is

called the vector-shear perturbation.

For purely vectorial perturbations, there are two perturbed field equations. Assuming a
fluid with anisotropic stress contribution δΣij (see section 4.8.1) and velocity vi, the vectorial
contributions to the anistropic stress and velocity are given by δΣV

ij = ∂(iΣ̂j) and vVi = v̂i,
respectively. Explicitly, in conformal time the perturbed field equations read [15]:

v̂′i + 3Hv̂i = −a∂2δΣ̂i, (D.2.4)

v̂i = −(M2
pl/2)∂

2σ̂i. (D.2.5)

In the absence of anisotropic stress, which is the case in the single field scenario, we can set
δΣ̂i ≡ 0 and the solution to v̂i is a decaying mode:

v̂i =
3Ĉi
a
, (D.2.6)

where Ĉi is a generic time-independent divergenceless 3-vector. Hence, at late times, cor-
responding to large a, the vectorial velocity perturbation v̂i vanishes. On account of the
second field equation, we also conclude that the gauge invariant vector-shear perturbation σ̂i
vanishes as v̂i tends to zero. Therefore, we conclude indeed that vector perturbations play a
subdominant role and they can safely be ignored.
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D.3 Independent Evolution of SVT Components

The independent evolution of Scalar-Vector-Tensor (SVT) components is most easily shown
in Fourier space as the different k−modes evolve independently at linear order (this statement
will be proved below as well). A second important reason to work in Fourier space is the
fact that a particular k−mode of a perturbation can be compared directly to the comoving
Hubble radius and hence one can easily discriminate different stages in its evolution, e.g.
sub-horizon and super-horizon stages (recall Fig. 3.2). First, we will prove that the SVT
components evolve independently and subsequently the decomposition will be performed for
a 3-scalar, 3-vector and 3-tensor in both spatial x−space and momentum k−space via the
Fourier transform.

The proofs presented below are based on spatial and rotational invariance of the back-
ground, and are therefore quite generic. The proofs below are originally from Seljak and
Hirata and first presented in TASI lecture notes on inflation by Baumann [15]. The approach
of this subsection is as follows: first translational invariance will be used to prove different
k−modes evolve independently at linear order. Then, we exploit rotational invariance to show
that there is no coupling between scalar, vector and tensor perturbations at linear order.

Independent Fourier Modes

Consider the time-evolution from initial time t1 to final time t2 of N generic fields QI and
perturbations in these fields QI(x, t), where I = 1, . . . , N . For notational convenience, we
will denote a Fourier mode here as δQ(k, t), instead of the usual notation δQk(t). The
time-evolution t1 → t2 of these perturbations can be written in terms of a transfer matrix
TIJ (t2, t1,k

′,k), which in principle can be computed from the linearly perturbed Einstein
equations. The perturbations at time t2 can then be related to those at initial time t1 via
the expression [15]:

δQI(t2,k) =

N∑
J=1

∫
d3k′ TIJ (t2, t1,k

′,k) δQJ (t1,k
′). (D.3.1)

Note that within the transfer matrix we have allowed for the possible coupling between k
and k′.

The proof proceeds using the principle of contradiction: based on translational invariance,
we will show that the mixing of different modes as introduced in the transfer matrix is in fact
forbidden. Consider the spatial translation x → x′ expressed as:

x′ = x+ ξ(x, t). (D.3.2)

Under such a transformation, the perturbations transform in Fourier space as:

δQ′
I(t,k) = e−ik·ξ δQI(t,k). (D.3.3)

In the primed coordinate system, the evolution of the perturbations from t1 to t2 and the
transfer matrix can be written as:

δQ′
I(t2,k) =

N∑
J=1

∫
d3k′ e−ik·ξ TIJ (t2, t1,k

′,k) eik
′·ξ δQ′

J (t1,k
′), (D.3.4)
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T ′
IJ (t2, t1,k

′,k) ≡ ei(k
′−k)·ξ TIJ (t2, t1,k

′,k), (D.3.5)

which should hold for any spatial shift ξ(x, t).
Now, based on translational invariance of the equations of motion, we conclude that the

transfer matrix should be the same in both coordinate systems:

TIJ = T ′
IJ −→ k = k′ ∨ TIJ (t2, t1,k

′,k) = 0. (D.3.6)

Therefore, disregarding the second solution, we find that k = k′ and hence there is no
coupling between different Fourier modes at linear order. In other words, different k−modes
evolve independently. �

Independent Evolution of SVT Components

We proceed by proving that, on account of rotational invariance of the background, the SVT
components evolve independently at linear order. However, before we prove this statement,
we introduce a preliminary concept first: helicity.

Consider a mode with wave-vector k. Now we introduce a rotation of angle θ along k.
Under such a rotation, the perturbation transforms as:

δQk → eimθ δQk, (D.3.7)

where m is the helicity. The helicity m takes on the values 0,±1,±2 for scalar, vector and
tensor components, respectively. Notice that for scalar perturbations, there is no effect of
the rotation on the perturbation, as it should be by definition of a scalar quantity. On
account of the rotational invariance of the background, we may set k = (0, 0, k) without loss
of generality, so that the spatial dependence of the perturbation contained in the complex
exponential of the Fourier transform becomes eik·x = eikx

3
. Rotating a spatial vector x by

an angle θ around x3 (in the Cartesian basis {e1, e2, e3}) can be represented using a linear
transformation with matrix Λ(θ) as follows:

x → x′ = Λ(θ) x, Λ(θ) =

 cos θ sin θ 0
− sin θ cos θ 0

0 0 1

 . (D.3.8)

In tensor notation, the above rotation can be written as x′i = Λi
j(θ) x

j , where Λi
j(θ) may

be regarded as the spatial part (µ = i, ν = j) of the Lorentz tensor Λµ
ν describing rotations

around the 3-axis, see e.g. chapter 1 of [82]. For later convenience, we will explicitly show
how the unit vectors e1 and e2 transform when acted on with the rotation matrix Λ(θ):

e′1 = e1 cos θ − e2 sin θ,

e′2 = e2 cos θ + e1 sin θ. (D.3.9)

Furthermore, it is convenient to move from the Cartesian basis {e1, e2, e3} to the so-called
helicity basis:

e± =
e1 ± ie2√

2
, e3. (D.3.10)

In this basis, a rotation around the 3-axis by an angle θ will transform the unit vectors as:

e′± = e±iθ e±, e′3 = e3. (D.3.11)
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To derive the first transformation equation, we used the explicit transformations of e1,2 under
a rotation around the 3-axis in the Cartesian basis and Euler’s formula eiθ = cos θ + i sin θ.
The components of any contravariant tensor transform as:

T ′
i1,...,in = ei(n+−n−)θTi1,...,in ≡ eimθTi1,...,in , (D.3.12)

in which the indices in can be ± or 3 in the helicity basis {e±, e3} and the helicity is defined
as m ≡ n+ − n−. The variables n± count the number of plus and minus indices present in
the considered tensor.

In the helicity basis, a scalar α has no indices and therefore has helicity 0. A vector βi
has components β± and β3, corresponding to helicities ±1 and 0, respectively. Equivalently,
the vector β is decomposed into scalar (β3,m = 0) and vector (β±,m = ±1) components.
For a generic tensor γij , the components become γ±±, γ±3, γ3±, γ±∓ and γ33. It follows that
the tensor can be decomposed into scalar (γ33, γ±∓), vector (γ±3, γ3±) and tensor (γ±±)
components in the helicity basis.

Helicity: Mathematical Background

The above discussion of helicity is considered sufficient for its purpose within cosmological
perturbation theory. Nevertheless, the discussion lacks full mathematical rigor. Here, we
discuss helicity from a more mathematically oriented viewpoint (see [44] for more details).
The background, described by the unperturbed flat FRWmetric, is invariant under spatial
translations as well as rotations. However, going to Fourier space and picking a specific
k-mode breaks the rotational symmetry. Invariance remains for rotations around any axis
parallel to the k−axis, corresponding to the symmetry group SO(2).

Any 3-tensor (e.g. βi and γij) can be decomposed into irreducible representations of
the symmetry group SO(2). The tensors resulting from this decomposition are eigenten-
sors (analogous to eigenvectors/eigenstates in quantum mechanics) of the helicity opera-
tor:

L̂θ ≡ −i ∂
∂θ
, (D.3.13)

where θ is the angle subtended in the plane perpendicular to the wave-vector k when
going from the initial to the final basis. The eigenvalues of L̂θ are equal to the helicity
of the considered eigentensor.

Let us illustrate this with a generic vector β, defined in the helicity basis {e±, e3}:

β = β±e± + β3e3. (D.3.14)

Now we rotate the basis by an angle θ in the plane perpendicular to e3, to obtain a new
basis {e′±, e′3}. The transformed vector β′ can be related to the unprimed basis by using
Eqs. D.3.11 as follows:

β′ = e±iθβ± e± + β3e3 ≡ βθ
± + β3, (D.3.15)

where the upper index θ refers to the complex exponential that should be included.
Acting with the helicity operator L̂θ on the two components of β′ as defined in the last
equation will yield the following:

L̂θβ
θ
± = ±βθ

±, L̂θβ3 = 0. (D.3.16)

Therefore, we conclude that the vector β can be decomposed into components with
helicity m = 0,±1 as already claimed above.
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Now that the concept of helicity is introduced, we will prove that perturbations of different he-
licities evolve in an independent way. In other words, that one can study scalar perturbations
while ignoring the presence of tensor perturbations entirely. Again, consider N perturbations
δQI with helicities mI, defined on the helicity basis {e±, e3}. Their evolution from initial t1
to final time t2 can be written as [15]:

δQI(t2,k) =
N∑

J=1

TIJ (t2, t1,k) δQJ (t1,k), (D.3.17)

where the transfer matrix TIJ (t2, t1,k) again follows from the Einstein equations. Under
θ−rotations along the k−axis, the perturbations transform as follows:

δQ′
I(t,k) = eimIθδQI(t,k). (D.3.18)

Henceforth, after the rotation the evolution equations for the perturbations become:

δQ′
I(t2,k) =

N∑
J=1

eimIθ TIJ (t2, t1,k) e
−imJ θ δQ′

I(t,k), (D.3.19)

for any angle θ. The transfer matrix in both frames are related via:

T ′
IJ (t2, t1,k) = ei(mI−mJ )θ TIJ (t2, t1,k). (D.3.20)

By rotational invariance of the equations of motion, TIJ = T ′
IJ which is satisfied for:

mI = mJ ∨ TIJ (t2, t1,k) = 0. (D.3.21)

Disregarding the second solution, we find that δQI and δQJ have the same helicity and hence
in the linearly perturbed equations of motion modes of different helicity (i.e. scalar, vector
and tensor components) do not couple and thus evolve independently. �

D.4 Specific Gauges

Here, we will introduce a few commonly used gauges for scalar perturbations (in addition
to the Newtonian gauge) and we show how to choose the scalar gauge transformation to
move to these gauges. Gauge choices can be motivated by considerations concerned with the
perturbed metric or the perturbed energy-momentum tensor for the matter. Gauges based
on both types of motivations will be introduced below.1

D.4.1 Uniform Curvature or Spatially Flat Gauge

This gauge is chosen such that the spatial 3-metric γij remains unperturbed, requiring Ψ̃ =
Ẽ = 0. To obtain a vanishing scalar shear and spatial curvature, the scalar shifts ξ and ξ0

should be chosen as:

ξ = E, ξ0 = −Ψ/H. (D.4.1)

1In this section, we will consistently adopt the convention that barred quantities correspond to the zeroth
order (background) contribution to a variable and the δ-notation is used for first order perturbations.
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The remaining potentials Φ̃ and B̃, which we denote as ΦF and ΨF to denote that they are
defined in the flat gauge, can be written in the following gauge-invariant way:

ΦF ≡ Φ+Ψ+ (Ψ/H)′, (D.4.2)

ΨF ≡ B − E′ −Ψ/H. (D.4.3)

The gauge-invariance of the above potentials only applies when the spatial and temporal
shifts (ξ, ξ0) are chosen as above. In the flat gauge, the scalar field is defined as follows on
account of Eq. 4.3.39:

δφF ≡ δφ+ φ̄
Ψ

H
. (D.4.4)

The variable δφF is gauge-invariant by construction and often referred to as the Mukhanov-
Sasaki variable [68, 75], denoted as Q or v.

D.4.2 Comoving Orthogonal Gauge

The comoving orthogonal gauge is defined by a vanishing 3-velocity: ṽi ≡ 0. Orthogonality
of constant time hypersurfaces to 4-velocity Uµ requires the additional constraint B̃ = 0, so
that momentum vanishes as well in this gauge [66]. The shifts required to move to this gauge
are given by:

ξ0 = −(v +B), ξ = −
∫
v dτ + C(x), (D.4.5)

where v is the velocity potential, related to the velocity perturbation as vi = ∂iv.2 The inte-
gration constant C represents the residual gauge-freedom in shifts of the spatial coordinates.
The remaining gauge-invariant scalar perturbations are given by:

ΦC ≡ Φ+H(B + v) + (B + v)′, (D.4.6)

ΨC ≡ Ψ−H(B + v) ≡ R, (D.4.7)

EC ≡ E +

∫
v dτ − C. (D.4.8)

Here, we defined the comoving curvature perturbation R in terms of the shift and velocity
potentials, B and v. It is possible to write R manifestly in terms of metric perturbations
instead of the velocity potential v by using the perturbed EFE’s, to be derived in the upcoming
sections. The resulting expression is:

R = Ψ− H(Ψ′ +HΦ)

H′ −H2
. (D.4.9)

Since the comoving curvature perturbation is of such fundamental importance in this work,
we will provide a geometric interpretation of R in the next section.

Derivation: Comoving Curvature Perturbation in Metric Peturbations

Here, we will derive the comoving curvature perturbation R solely in terms of metric

2When studying scalar perturbations, the divergence-free vector contribution v̂i to the velocity need not
be considered.
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perturbations. One of the results of perturbing the EFE’s for a perfect fluid will be the
following equation relating the linear combination v + B to the metric potentials Φ and
Ψ [66]:

Ψ′ +HΦ = − a2

2M2
pl

(ρ̄+ P̄ )(v +B). (D.4.10)

From the background evolution equations, we find that the combination ρ̄+ P̄ equals:

ρ̄+ P̄ =
2M2

pl

a2
(H2 −H′), (D.4.11)

which can be used to find:

v +B =
Ψ′ +HΦ

H′ −H2
. (D.4.12)

Solely in terms of metric perturbations, the comoving curvature perturbations thus be-
comes:

R = Ψ− H(Ψ′ +HΦ)

H′ −H2
. (D.4.13)

Assuming the universe is filled by a scalar field, the comoving curvature perturbation can
also be related to perturbations in the scalar field. In terms of the potentials B and v, the
comoving curvature perturbation is defined as:

R = Ψ−H(B + v). (D.4.14)

This form of R is gauge-invariant by construction. By comparing the mixed components
of the perturbed energy-momentum tensor of a perfect fluid and a scalar field, a relation
between B+ v and the scalar field perturbations can be found. For a perfect fluid and scalar
field, the components δT 0

i are defined as:

δT 0
i = (ρ̄+ P̄ )∂i(v +B), δT 0

i = − 1

a2
φ̄′∂iδφ, (D.4.15)

respectively. These relation will be derived in section 4.8. Using the fact that for scalar fields
ρ̄+ P̄ = φ̄′2/a2 and equating the above two expressions yields:

v +B = −δφ
φ̄′
. (D.4.16)

The comoving curvature in a scalar field dominated universe can therefore be written as:

R = Ψ+Hδφ

φ̄′
. (D.4.17)

This direct relation between R, Ψ and δφ will allow us to connect inflaton fluctuations to the
comoving curvature perturbation.

D.4.3 Uniform Density Gauge

In this gauge, the spatial hypersurfaces are chosen such that the energy density on these
hypersurfaces is homogeneous, i.e. the density perturbation is zero δρ = 0. According to Eq.
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4.3.39, the temporal shift ξ0 should be chosen as:

ξ0 =
δρ

ρ̄′
, (D.4.18)

to obtain δρ̃ = 0 and hence a uniform energy density on the spatial slices. The spatial
curvature perturbation Ψ then transforms as:

ΨUD ≡ Ψ+Hδρ

ρ̄′
≡ ζ. (D.4.19)

Here we defined the curvature perturbation on slices of uniform energy density as ζ, following
the sign convention of Riotto [74]. This quantity is gauge-invariant by construction and
represents the curvature perturbation Ψ on slices of uniform energy density:

ζ = Ψ
∣∣
δρ=0

. (D.4.20)

Notice that the spatial shift ξ is unused in the definition of the uniform density gauge. To
completely specify the gauge, one can choose one of the remaining scalar perturbations (Φ, B
or E) to vanish by appropriate choice of ξ.
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Evolution Outside the Horizon

E.1 Derivation of R′ in Field Equations Approach

To derive Eq. 6.2.4 for the evolution of R, we start from Eq. 6.2.3 and use the following
background relations for the equation of state and the sound speed c2s = P ′/ρ′ (Eqs. 4.1.14):

H′

H2
= −1

2
(1 + 3w),

w′

w + 1
= 3H(w − c2s), (E.1.1)

Using those, we can rewrite the above expression for R′ as:

3

2
(1 + w)H−1R′ = 3c2s(H−1Ψ′ +Φ) +H−2Ψ′′ + 2H−1Ψ′ +H−1Φ′ − 3wΦ. (E.1.2)

Now we are in the position to rewrite the above equation for the evolution of R by invoking
the field equations in Newtonian gauge. We can rewrite Eq. 4.9.18 by invoking the first
Friedmann equation as:

H−2Ψ′′ +H−1(Φ′ + 2Ψ′) +

(
1 +

2H′

H2

)
Φ+

1

2
∂2(Φ−Ψ) =

3δP

2ρ
, (E.1.3)

where we recognize the prefactor of the third term as −3w according to background relation
for H′/H2. In Fourier space, the above equation becomes:

H−2Ψ′′ +H−1(Φ′ + 2Ψ′)− 3wΦ =
3δP

2ρ
+

1

2

(
k

H

)2

(Φ−Ψ). (E.1.4)

Hence, by substitution of this result, we can rewrite Eq. E.1.2 to give:

3

2
(1 + w)H−1R′ = 3c2s(H−1Ψ′ +Φ) +

3δP

2ρ
+

1

2

(
k

H

)2

(Φ−Ψ). (E.1.5)

Now invoking the first field equation in Newtonian gauge (Eq. 4.9.16) to obtain an expression
for H−1Ψ′ +Φ yields:

Ψ′

H
+Φ = −δ

2
− 1

3

(
k

H

)2

Ψ, (E.1.6)

where δ denotes the density contrast: δ ≡ δρ/ρ. Inserting this expression gives:

3

2
(1 + w)H−1R′ = −c2s

(
k

H

)2

Ψ+
1

2

(
k

H

)2

(Φ−Ψ) +
3

2

(
δP

ρ
− c2sδ

)
. (E.1.7)
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Lastly, we use Eq. 4.6.13, valid in any gauge, to compute the ratio δP/ρ, which gives:

δP

ρ
= c2s(δ − 3(1 + w)S), (E.1.8)

and hence we get:

3

2
(1 + w)H−1R′ = −c2s

(
k

H

)2

Ψ+
1

2

(
k

H

)2

(Φ−Ψ)− 9

2
(1 + w)c2sS. (E.1.9)

Finally, we obtain the following equation for the time evolution of R in Fourier space:

R′ = − 2H
3(1 + w)

(
k

H

)2 [
c2sΨ+

1

2
(Ψ− Φ)

]
− 3Hc2sS. (E.1.10)

E.2 Derivation of R′ in Energy-Momentum Approach

Here, we will discuss how Eq. 6.3.5, which is a core result in proving the constancy of R in the
energy-momentum approach, is derived. In the super-horizon limit, the scalar component of
the velocity perturbation ∂iv vanishes (because in Fourier space ∂i → iki, which vanishes as
k → 0). Therefore, we can set T i

0 = 0. Furthermore, we can simplify the (scalar) perturbed
metric tensor (Eq. 4.3.4) by applying the super-horizon limit:

gµν = a2
(
−(1 + 2Φ) ∂iB

∂iB (1− 2Ψ)δij + 2∂〈i∂j〉E

)
k→0−−−→ a2

(
−(1 + 2Φ) 0

0 (1− 2Ψ)δij

)
. (E.2.1)

Notice that the super-horizon limit constrains the perturbed metric in any gauge to become
equivalent to the metric in Newtonian gauge, since all terms involving gradients or derivatives
vanish. The super-horizon form of the metric also affects the expressions for the perturbed
Christoffel symbols.

In terms of Christoffel symbols and ordinary partial derivatives, the covariant derivative
equation enforcing energy-momentum conservation can be written as:

∇µT
µ
ν = ∂µT

µ
ν + Γµ

µλT
λ
ν − Γλ

µνT
µ
λ = 0. (E.2.2)

Perturbing this equation to first order to get an equation for the conservation of the perturbed
part the energy-momentum tensor yields:

∇µδT
µ
ν = ∂µδT

µ
ν + δΓµ

µλT
λ
ν + Γµ

µλδT
λ
ν − δΓλ

µνT
µ
λ − Γλ

µνδT
µ
λ = 0. (E.2.3)

To prove the super-horizon constancy of the comoving curvature perturbation R, it suffices
to consider the ν = 0 component only, which gives:

∇µδT
µ
0 = ∂µδT

µ
0 + δΓµ

µλT
λ
0 + Γµ

µλδT
λ
0 − δΓλ

µ0T
µ
λ − Γλ

µ0δT
µ
λ = 0. (E.2.4)

Evaluating of all terms yields the following equation for the time derivative of the energy
density in terms of the energy density, pressure and gravitational potentials:

δρ′ = 3Ψ′(ρ+ P )− 3H(δρ+ δP ), (E.2.5)

which verifies the advocated result (Eq. 6.3.5). In the derivation box below we reflect briefly
on the way the above equation is derived.
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Partial Derivation: Conservation of Perturbed EM Tensor

To show explicitly how the above equation is derived, we show how to evaluate the term:

∇µδT
µ
0 ⊃ δΓµ

µλT
λ
0 + Γµ

µλδT
λ
0 , (E.2.6)

in the expression for ∇µδT
µ
0 . We first consider the first subterm:

δΓµ
µλT

λ
0 = δΓµ

µ0T
0
0 + δΓµ

µiT
i
0 = −δΓµ

µ0ρ = −(Γ0
00 + δΓi

i0)ρ = −ρ(Φ′ − 3Ψ′), (E.2.7)

where we used that in the super-horizon limit T i
0 = 0. Furthermore, the perturbed

Christoffel symbols are given by δΓ0
00 = Φ′ and:

δΓi
i0 = −Ψ′δii +

1

2
∂〈i∂

i〉h′
k→0−−−→ −3Ψ′, (E.2.8)

since in the super-horizon limit the derivative term proportional to ∂〈i∂
i〉 vanishes. This

gives the last equality. Similarly, the other terms in the expression for ∇µδT
µ
0 can be

evaluated as well, yielding:

∇µδT
µ
ν = −δρ′ − ρ(Φ′ − 3Ψ′)− 4Hδρ+ ρΦ′ + 3Ψ′P +Hδρ− 3HδP. (E.2.9)

Collecting terms and rewriting this equation yields the desired equation for δρ′.

E.3 Lie Derivative of the Metric

Here we will derive the Lie derivative of the metric. That is, we will prove the relation:

∆(δgµν)(x) = −ḡµκ∂νξκ − ḡκν∂µξ
κ − ∂κḡµνξ

κ ≡ ∆ξ gµν , (E.3.1)

introduced in the discussion on gauge transformations in section 6.4.2. We will start from
Eq. 6.4.8:

∆(δgµν) ≡ g̃µν(x)− gµν(x). (E.3.2)

We can use the first order relation xµ = x̃µ − ξµ to write:

∆(δgµν) ≡ g̃µν(x̃− ξ)− gµν(x) = g̃µν(x̃)− ∂λḡµν(x)ξ
λ(x)− gµν(x). (E.3.3)

At first order, it does not matter whether the partial derivative ∂λ is taken with respect to x
or x̃ (here we take x) and we can take the background metric since ξλ is already a first order
perturbation. By the tensor transformation law for the metric, we can rewrite the first term
in the expansion so that we get:

∆(δgµν) = gλκ
∂xλ

∂x̃µ
∂xκ

∂x̃ν
− gµν(x)− ∂λḡµνξ

λ(x)

= gλκ
∂(x̃λ − ξλ)

∂x̃µ
∂(x̃κ − ξκ)

∂x̃ν
− gµν(x)− ∂λḡµνξ

λ(x)

= gλκ(δ
λ
µ − ∂µξ

λ)(δκν − ∂νξ
κ)− gµν(x)− ∂λḡµνξ

λ(x)

= −ḡµκ∂νξκ − ḡκν∂µξ
κ − ∂κḡµνξ

κ ≡ ∆ξ gµν . (E.3.4)
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This is indeed the advocated result, the Lie derivative of the metric ∆ξ gµν , used in the main
text (Eq. 6.4.9)



Appendix F

Non-Gaussianity and Local Bispectrum

F.1 Derivation of Correlation Function 〈Φ(k1)Φ(k2)ΦNL(k3)〉
To derive the three-point correlation function for the local parametrization of NG, we will
consider the first term in Eq. 7.4.3 – the remaining two permutations will be straightforward
knowing the result of the first term. Expanding the first term yields:

〈Φ(k1)Φ(k2)ΦNL(k3)〉 = fNL

〈
Φ(k1)Φ(k2)

∫
p
Φ(k3 + p)Φ∗(p)− (2π)3δ(3)(k3)〈Φ(x)2〉

〉
= fNL

∫
p
〈Φ(k1)Φ(k2)Φ(k3 + p)Φ∗(p)〉 (∗)

− fNL(2π)
3δ(3)(k3)〈Φ(k1)Φ(k2)〉〈Φ(x)2〉. (∗∗) (F.1.1)

To evaluate the 4-point correlation function in the second line we use Wick’s theorem, which
states for a generic field f(k) that [62]:

〈f(k1)f(k2)f(k3)f(k4)〉 =
∑

All possible 2-point contractions. (F.1.2)

Using this contraction identity, the 4-point correlation function can be written in the following
way: ∫

p
〈Φ(k1)Φ(k2)Φ(k3 + p)Φ∗(p)〉 =

∫
p
〈Φ(k1)Φ(k2)〉〈Φ(k3 + p)Φ∗(p)〉 (A)

+

∫
p
〈Φ(k1)Φ

∗(p)〉〈Φ(k2 + p)Φ(k3)〉 (B)

+

∫
p
〈Φ(k2)Φ

∗(p)〉〈Φ(k3 + p)Φ∗(k1)〉 (C) (F.1.3)

To proceed, we first combine the second term in Eq. F.1.1 with term (A) in the following
way. Using the fact that Φ∗(p) = Φ(−p), we find:

(A) + (∗∗) = fNL〈Φ(k1)Φ(k2)〉 × (2π)3δ(3)(k3)

[ ∫
p
PΦ(p)−

∫
p
PΦ(p)

]
= 0. (F.1.4)

Here we employed the following definitions:

〈Φ(k3 + p)Φ∗(p)〉 = 〈Φ(k3 + p)Φ(−p)〉 = (2π)3δ(3)(k3)× PΦ(p), (F.1.5)

〈Φ(x)2〉 =
∫
p
PΦ(p). (F.1.6)
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Now, we expand the 2-point correlation functions in the second term (B):

(B) =

∫
p
(2π)2δ(3)(k1 − p)PΦ(k1)× (2π)3δ(3)(k2 + k3 + p)PΦ(k2)

= (2π)3δ(3)(k1 + k2 + k3)PΦ(k1)PΦ(k2), (F.1.7)

where the integral is evaluated using the first delta function. Lastly, we consider term (C)
and expand the 2-point correlation functions in terms of P (ki) as follows:

(C) =

∫
p
〈Φ(k2)Φ

∗(p)〉〈Φ(k3 + p)Φ∗(k1)〉

=

∫
p
(2π)3δ(3)(k2 − p)PΦ(k2)× (2π)3δ(3)(k1 + k2 + p)PΦ(k1)

= (2π)3δ(3)(k1 + k2 + k3)PΦ(k1)Φ(k2). (F.1.8)

Therefore, we find the following expression for the correlation function:

〈Φ(k1)Φ(k2)ΦNG(k3)〉 = 2fNL (2π)3δ(3)(k1 + k2 + k3) PΦ(k1)PΦ(k2). (F.1.9)

F.2 Fourier Transform of Correlation Function

To find the analog of the real space 3-point correlation function, we start from Eq. 7.5.14:

〈R(x1)R(x2)R(x3)〉 = 〈R(x1)R(x+)〉
[
(x3 − x2) ·∇〈R(x2)R(x3)〉

]∣∣∣
0
. (F.2.1)

The Fourier transform of the two terms can be written as:

(∗) = 〈R(x1)R(x+)〉 =
∫
kL

P (kL) e
ikL·(x1−x+), (F.2.2)

(∗∗) = (x3 − x2) ·∇〈R(x2)R(x3)〉 =
∫
kS

P (kS) (kS · ∂kS
) eikS ·x− , (F.2.3)

where x− ≡ x3 − x2. As the momenta serve as dummy integration variables, they can be
chosen arbitrarely and for later convenience they are set to kL and kS for the terms (∗) and
(∗∗), respectively. Performing intergration by parts once on (∗∗) gives:

(∗∗) = −
∫
kS

∂kS
·
[
kSP (kS)

]
eikS ·x− = −

∫
kS

P (kS)
d ln(k3SP (kS))

d ln kS
eikS ·x− . (F.2.4)

In the second equality we used the fact that the derivative can be expressed in terms the
momentum magnitude kS as:

∂kS
·
[
kS · P (kS)

]
= P (kS)

d ln(k3SP (kS)

d ln kS
. (F.2.5)

Based on momentum conservation, i.e. the momentum vectors ki must form a closed triangle,
we can always multiply by a conveniently chosen unity:

1 =

∫
k1

(2π)3δ(3)(k1 + k2 + k3), (F.2.6)
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and the product (∗)(∗∗) can be written as:

〈R(x1)R(x2)R(x3)〉 = −
∫
k1

∫
kL

∫
kS

eikL·(x1−x+)+ikS ·x−

× (2π)2δ(3)(k1 + k2 + k3)P (kL)P (kS)
d ln(k3SP (kS)

d ln kS
(F.2.7)

The above expression can be simplified as follows. First, note that on account of momentum
conservation kL = −k1. The argument of the complex exponential can then be written as:

− k1 · x1 − kL · x+ + kS · x− = −(k1 · x1 + k2 · x2 + k3 · x3). (F.2.8)

Changing the dummy integration variables as kS → k2 and kL → k3, the expression becomes:

〈R(x1)R(x2)R(x3)〉 = −
∫
k1

∫
k2

∫
k3

e−i(k1·x1+k2·x2+k3·x3)

× (2π)3δ(3)(k1 + k2 + k3)P (k1)P (k2)
d ln(k32P (k2)

d ln k2
, (F.2.9)

where we used the fact that in the squeezed limit the kS = k3 = −k2 and hence kS = k2.
From this result, the Fourier counterpart can be extracted directly to give Eq. 7.5.15.
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