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Abstract

There is great interest in theories that extend the Standard Model. However, these
models generally have a larger Higgs sector that can potentially have problems with
fine-tuning. We first discuss the SM and its global symmetries. Then we move on to the
2HDM, where we define a general CP transformation, i.e. a CP transformation that can
contain a basis transformation. We find that the 2HDM with a Z2 symmetry is always
CP conserving. In order to study fine-tuning we introduce the Dekens and Barbieri-
Giudice measures. We find that the 2HDM does not contain fine-tuning. Then we study
the P -symmetric LR model, which can accommodate Majorana neutrinos. One of the
minimum equations of the Higgs potential contains a large ratio due to the hierarchy
in vevs in the theory, dubbed the seesaw relation. We consider a special reduced case
of the P -symmetric LR model that keeps the seesaw relation intact, but this model has
problems with naturalness and perturbativity. The Dekens measure, which is sensitive
to large ratios in the theory, gives differing results for various choices of dependent
parameters, possibly giving a fine-tuning of ∆ ∼ O(1022). The BG measure, which
looks at fine-tuning in observables finds little fine-tuning. If we put in the constraint
that the lowest non-Goldstone boson has a mass close to the SM Higgs mass, we find that
in almost all cases ∆BG > 100. This fine-tuning arises because the lowest non-Goldstone
mass lies close below 2 TeV in most cases.
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Chapter 1

Introduction

The Standard Model (SM) is a successful theory that accurately describes the interac-
tions between the elementary particles. However, the theory leaves some open questions
that cannot be answered by the SM. One such example is the origin of neutrino masses.
The observation of neutrino oscillations showed that neutrinos are not massless particles.
On the other hand, the SM predicts massless neutrinos. This is a motivation to look for
theories beyond the SM (BSM). Physics at higher energies poses a problem to the mass
of the Higgs boson, which would lead to fine-tuning. This is known as the hierarchy
problem.

There is also the interest in finding a theory that gives a unified description of the strong
and electroweak forces. These Grand Unified Theories are based on a large symmetry
on high energies, which is broken to the symmetry of the SM at low energies. This
breaking can happen in different ways. In this thesis we will first give an overview of
the SM, including its global symmetries, after which we will discuss two BSM theories.
These theories generally contain a larger Higgs sector than the SM.

The first model we will discuss is the Two Higgs Doublet Model, which contains an
additional Higgs doublet in addition to the SM Higgs doublet [1]. Of this model
we will discuss amongst others CP properties and global symmetries. The second
model is the Left-Right (LR) model with an added P -symmetry that is based on the
SU(2)L × SU(2)R × U(1)B−L gauge group, and contains many new features, such as
right-handed W and Z bosons [2]. We will also pay attention to the possibility of gener-
ating neutrino masses through the see-saw mechanism. Additionally we will consider a
special version of the LR model that contains a smaller Higgs potential than the general
P -symmetric LR model in order to help understand fine-tuning.

We want to investigate whether one should choose the parameters of these theories in
a very specific way, which would mean that the theory requires fine-tuning. This is
something one wants to avoid. In a theory that contains fine-tuning, then one can have
e.g. a particle with a relatively small mass that depends on some parameters of the
theory. If these parameters are, let us say, an order 1010 larger than the mass of the
particle, then the parameters must be fine-tuned up to 10 decimal places in order to
give the cancellation resulting in a small mass. A small change in one of the parameters
has a large effect on the mass of the parameter. This is what we intuitively would call
fine-tuning. In order to quantify fine-tuning, we will introduce two measures. We will
discuss the features of these measures and then apply them to the BSM theories we
mentioned. We will show the results for the two different measures, and conclude with
an interpretation of the results.
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Chapter 2

Standard Model

Before making extensive journeys beyond the Standard Model (SM), it is good to take a
look at the SM itself first in order to gain some understanding, in particular of the Higgs
sector and the mechanism by which particles obtain their mass. We will explain both
the gauge and global symmetries that the SM possesses. Furthermore, we will look at
the interactions of the electroweak gauge bosons with fermions and the Higgs boson. We
also give an introduction to CP -transformations. The reason these topics are discussed
is so that we can get an idea of similarities and differences between phenomenology of
the SM and new physics Beyond the Standard Model (BSM).

2.1 Higgs mechanism

Pure gauge theories by themselves are massless theories. The gauge symmetries of
such a theory make it impossible to add an explicit mass term that does not break the
gauge symmetries. Therefore, one has to find another way to give masses to particles.
The mechanism by which particles obtain mass is known as the Higgs mechanism. The
central concept in the Higgs mechanism is Spontaneous Symmetry Breaking (SSB). This
means that whilst the Lagrangian is gauge invariant, the ground state breaks (some of)
the gauge symmetries. For each generator of a broken gauge symmetry, there will be
a massless Goldstone boson. One can then make the gauge bosons transform in such
a way that the Goldstone bosons disappear from the theory, during which the gauge
bosons obtain mass. Let us consider as a toy model a theory that has a U(1) gauge
symmetry [1]. The Lagrangian of this model is given as

L = −1

4
FµνF

µν + (Dµφ)∗(Dµφ)− V (φ), (2.1)

where φ is a complex scalar field, and Dµ = ∂µ + ieAµ. We take the potential to be of
the form

V (φ) = −µ2φ∗φ+ λ(φ∗φ)2, (2.2)

where we require that λ > 0, so that the potential is bounded from below. For µ2 > 0,
the system will obtain a non-zero vacuum expectation value (vev) of

v =

√
µ2

2λ
, (2.3)

breaking the gauge symmetry of the system, since this vacuum state is not U(1) invari-
ant. Let us expand the field φ around the vacuum state as

φ(x) =
1√
2

(v + h(x)) eiχ(x)/v, (2.4)

where the fields h(x) and χ(x) are real fields. The Lagrangian becomes

L = −1

4
FµνF

µν +
1

2
(∂µh)2 +

1

2
(∂µχ− evAµ)2

(
1 +

h

v

)2

− V (v + h). (2.5)
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Note that the potential does not depend on χ. In the potential we have a term −µ2h2,
hence we obtain a Higgs boson1 with a mass of m2

h = 2µ2, whilst χ is massless. By
transforming Aµ → Aµ + 1

ev∂µχ, the field χ drops out of the Lagrangian. We thus get a
massive gauge boson Aµ with mass m2

A = e2v2. It is said that by ”eating” the Goldstone
boson, Aµ obtains mass.

2.2 Glashow-Weinberg-Salam Theory

The U(1) example is merely a toy model to illustrate the Higgs mechanism. The
electroweak model of the Standard Model [3, 4] was brought forward by Sheldon Lee
Glashow, Steven Weinberg, and Abdus Salam, for which they received the Nobel Prize
in Physics in 1979. The theory is based on the gauge group SU(2)L×U(1)Y . Two com-
plex fields with isospin I = 1/2, which form a doublet under SU(2)L are introduced.
Instead of a single complex scalar field, we now have a Higgs doublet

φ =

(
φ+

φ0

)
, (2.6)

containing the neutral and charged complex scalar fields φ0 and φ+ respectively. The
doublet is assigned a hypercharge of Y = 1/2, and hence it transforms under the general
gauge transformation

φ −→ eiαa(x)τa+iβ(x)Y φ, (2.7)

with the SU(2) generators τa = σa/2. Hence the covariant derivative for φ is given by
[4]

Dµ = ∂µ − igτaW a
µ − ig′Y Bµ, (2.8)

where the W a
µ and Bµ are, respectively, the SU(2)L and U(1)Y gauge fields. Similar to

the U(1) case, one can construct a potential that is given by

V (φ) = −µ2(φ†φ) + λ(φ†φ)2. (2.9)

Again, a positive value for µ2 will lead to spontaneous symmetry breaking, where the
vacuum expectation value of φ is obtained by minimising the potential, from which it

follows that the minimum is at φ†φ = v2

2 = µ2

2λ . From the masses of the W and Z bosons
one can derive v2 = (246 GeV)2. This allows us to write the ground state in the form

〈φ〉 =
1√
2

(
0
v

)
. (2.10)

The upper component of the doublet must be zero, since it is charged. If this component
were non-zero, it would mean that the vacuum carried a charge. This ground state is
not invariant under a general SU(2)L × U(1)Y transformation. It is however invariant
under a U(1) transformation, but one that is different from U(1)Y , which we will show
explicitly. φ transforms following the gauge transformation given in equation (2.7).
Expanding the gauge transformation up to first order in α and β, we find

ei
αa
2 σa+i β2 = 1 + i

(
β+α3

2
α1+iα2

2
α1−iα2

2
β−α3

2

)
+O(α2, β2). (2.11)

Applying this transformation to 〈φ〉 gives (up to first order)

ei
αa
2 σa+i β2 〈φ〉 =

1√
2

[
1 + i

(
β+α3

2
α1+iα2

2
α1−iα2

2
β−α3

2

)](
0
v

)
+O(α2, β2) (2.12)

If we require 〈φ〉 to be invariant under this transformation, we can either have the trivial
solution αi = β = 0, or the constraints α1 = α2 = 0 and β−α3 = 0. But these are only

1Of course not the SM Higgs boson, but the U(1) equivalent of this toy model.
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three constraints, and the quantity β + α3 is unconstrained. Let us define β + α3 = 2θ,
then

〈φ〉 =
1√
2

[
1 + i

(
θ 0
0 0

)](
0
v

)
+O(θ2) (2.13)

Up to first order this is equal to eiθ(Y+
σ3
2 ). Hence 〈φ〉 is invariant under U(1) trans-

formations generated by Y + T 3, where T 3 = σ3/2. We will later identify Q = Y + T 3

as the electric charge.

2.2.1 Giving mass to the gauge bosons

Analogous to the U(1) toy model, where the gauge boson Aµ obtained a mass after
SSB, we want to give mass to three out of four gauge bosons. The fourth gauge boson
must remain massless. This is because 〈φ〉 is invariant under U(1)Q transformations,
which we just showed. This massless gauge boson will correspond to the photon. To
give masses to the gauge bosons we should include fluctuations of the field around the
vacuum state, similar to the U(1) toy model. This gives

φ =
1√
2

(
0

v + h(x)

)
, (2.14)

where h are fluctuations around the vacuum expectation, giving rise to the Higgs field.
When φ obtains this vacuum expectation, the potential will be given by

V (φ) = −µ
2

2
(v + h)2 +

λ

4
(v + h)4. (2.15)

We will repeat the covariant derivative for φ as given in equation (2.8)

Dµ = ∂µ − igτaW a
µ − ig′Y Bµ, (2.16)

where the τa = σa/2 are the SU(2) generators for doublets, and Y = 1/2, the hyper-
charge, is the scalar U(1) generator. We will first use the above expression to show
that we obtain three massive and one massless gauge boson in this theory after SSB.
Therefore we disregard the kinetic terms for the gauge fields, containing F aµν and Fµν .

Instead, we will consider the (Dµφ)†(Dµφ) term which will give the gauge boson mass
terms and which contains the interactions of the Higgs field with the gauge bosons,
namely

L′ =
v2

8

(
1 +

h

v

)2 [
g2
(
(W 1

µ)2 + (W 2
µ)2
)

+
(
gW 3

µ − g′Bµ
)2]

, (2.17)

from which three massive gauge bosons arise

W±µ =
1√
2

(W 1
µ ∓ iW 2

µ),

Z0
µ =

1√
g2 + g′2

(
gW 3

µ − g′Bµ
)
.

(2.18)

The masses of the gauge bosons are mW = gv
2 and mZ =

√
g2 + g′2 v2 . The Z0

µ field
arises from a mixing between the W 3

µ and Bµ fields. There is also the orthogonal field

Aµ =
1√

g2 + g′2

(
g′W 3

µ + gBµ
)
, (2.19)

which remains massless. One can define g = gW cos θW , and g′ = gW sin θW . θW is
called the Weinberg angle, and is the mixing angle between the W 3

µ and Bµ gauge fields.
This can be represented as(

Z0
µ

Aµ

)
=

(
cos θW − sin θW
sin θW cos θW

)(
W 3
µ

Bµ

)
. (2.20)
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Rewriting equation (2.8) in terms of mass eigenstates, and using the Weinberg angle
results in

Dµ = ∂µ −
ig√

2
(W+

µ T
+ +W−µ T

−)− i√
g2 + g′2

Zµ(g2T 3 − g′2Y )− i gg′√
g2 + g′2

Aµ(T 3 + Y ).

(2.21)

This can be rewritten using T± = T 1 ± iT 2 = σ± to

Dµ = ∂µ −
ig√

2
(W+

µ T
+ +W−µ T

−)− ig

cos θw
Zµ(T 3 − sin2 θWQ)− ieAµQ, (2.22)

where we can now justify the identification of the unbroken combination combination of
generators Q = T 3 + Y , which shows up in the Aµ term, as the electric charge, which

gives the relation e = gg′/
√
g2 + g′2. The mass of the Z boson can be rewritten in

terms of g and the Weinberg angle as

M2
Z =

g2v2

4 cos θw
. (2.23)

2.2.2 Charged and neutral currents, and electromagnetic inter-
actions

Let us now take a moment to make an inventory of the fermions in the Standard Model,
based on [4]. The left-handed quarks and leptons form doublets under SU(2)L, whereas
their right-handed counterparts are singlets. We thus have the doublets

Li =

(
νi

ei

)
L

and Qi =

(
ui

di

)
L

, (2.24)

where the indices i = 1, 2, 3 denote the three generations. The right-handed fermions
are singlets under SU(2)L, thus we have eiR, uiR and diR. The right-handed neutrinos
νiR do not engage in SM electroweak interactions, hence they are disregarded for now.
In chapter 4 we will come back to them when discussing Left-Right models. Similar to
the Higgs doublet, the fermion doublets also have T 3 = ± 1

2 , whilst T 3 is zero for the
singlets. Y can be derived using the relation Q = T 3 + Y . Looking at the kinetic terms
in the Lagrangian we get

L = L̄iL(i /D)LiL + ēiR(i /D)eiR + Q̄iL(i /D)QiL + ūiR(i /D)uiR + d̄iR(i /D)diR. (2.25)

Remember that we cannot add an explicit mass term, since that would violate the gauge
symmetries. Later on we will show how fermions obtain their mass, but for now we will
look at the interactions of the gauge bosons with the massless fermions. The weak gauge
bosons W± and Z0 couple only to left-handed fermions, while the photon couples to
fermions of both handedness. Let us compute the first term in this Lagrangian, which
written out in full is

L̄iL(i /D)LiL =
(
ν̄iL ēiL

)
iγµ

[
∂µ −

ig√
2

(W+
µ T

+ +W−µ T
−)

− ig

cos θw
Zµ(T 3 − sin2 θwQ)− ieAµQ

](
νiL
eiL

)
,

(2.26)

where the term containing ∂µ gives a kinetic term L̄iL(i/∂)LiL. The other three terms
describe interactions between the leptons and gauge bosons, through charged current,
neutral current, and electromagnetic interactions. We will derive these interactions, and
later on we will see how adding masses changes some of these interactions, and which
consequences this has for CP -violation.
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Charged current

Charged current interactions are weak interactions that are mediated by the W± bosons.
Let us therefore work out the W± term of equation (2.25)

(
ν̄iL ēiL

)
γµ

g√
2

[
W+
µ T

+ +W−µ T
−](νiL

eiL

)
, (2.27)

which results in
g√
2

[
W+
µ ν̄

i
Lγ

µeiL +W−µ ē
i
Lγ

µνiL
]
. (2.28)

The calculation can be performed analogously for the QiL, resulting in the charged
current interactions

LCC =
g√
2
W+
µ (ν̄iLγ

µeiL + ūiLγ
µdiL) +

g√
2
W−µ (ēiLγ

µνiL + d̄iLγ
µuiL). (2.29)

Neutral current

The neutral current is a bit more involved, since also the right-handed fermions can
participate. We take the term

(
v̄iL ēiL

)
γµ

g

cos θw
Zµ
[
T 3 − sin2 θwQ

](νiL
eiL

)
, (2.30)

which results in

g

cos θw
Zµ

[
ν̄iLγ

µ(
1

2
)νiL + ēiLγ

µ(−1

2
+ sin2 θw)eiL

]
. (2.31)

The quark terms can again be computed analogously, giving the total neutral current

LNC =
g

cos θw
Zµ

[
ν̄iLγ

µ(
1

2
)νiL + ēiLγ

µ(−1

2
+ sin2 θw)eiL + ēiRγ

µ(sin2 θw)eiR

+ ūiLγ
µ(

1

2
− 2

3
sin2 θw)uiL + d̄iLγ

µ(−1

2
+

1

3
sin2 θw)diL (2.32)

+ūiRγ
µ(−2

3
sin2 θw)uiR + d̄iRγ

µ(
1

3
sin2 θw)diR

]
.

EM current

The last one, the electromagnetic current is given by

LEM = eAµ

[
ēiγµ(−1)ei + ūiγµ(

2

3
)ui + d̄iγµ(−1

3
)di
]
, (2.33)

where ei = eiL + eiR. Of the three types of interactions, this is the only one that treats
left- and right-handed particles equally. It is worth noting that the charged current
mixes different types (e.g. neutrinos with electrons) of quarks or leptons, whereas the
neutral and electromagnetic current do not. Furthermore, all fermions were written in
the weak flavour basis, hence none of the interactions mix between generations, but this
changes if the fermions are massive.

2.2.3 Yukawa interactions

We would now like to add masses to the SM fermions, after which we will see the
consequences for the charged current interaction. The Yukawa interactions are given by

LY = −L̄iLλije φe
j
R − Q̄

i
Lλ

ij
d φd

j
R − Q̄

i
Lλ

ij
u φ̃u

j
R + h.c., (2.34)

6



where we defined φ̃ = iσ2φ
∗ = (φ0∗,−φ−)T in order to let the up-type quarks couple to

the Higgs field. Filling in the vacuum expectation from equation (2.10) gives

LY = −v + h√
2
ēiLλ

ij
e e

j
R −

v + h√
2
d̄iLλ

ij
d d

j
R −

v + h√
2
ūiLλ

ij
u u

j
R + h.c., (2.35)

where the λ’s are 3×3 complex matrices. λ is in general not Hermitian, but the products
λλ† and λ†λ are. From this point on generational indices are suppressed, so eiR is written
as eR for convenience. We can diagonalise these Hermitian products of λ by means of

λuλ
†
u = UuLM

2
uU
†
uL λ†uλu = UuRM

2
uU
†
uR, (2.36)

where UuL, and UuR are unitary matrices that act on λ. Mu is a diagonal matrix with
the masses of the up-type quarks. It can then be seen that λu = UuLMu satisfies the
first of the two equations, but it does not satisfy the second one. Vice versa when taking
λu = MuU

†
uR. Hence λu can be diagonalised by λu = UuLMuU

†
uR. We can thus write

the Yukawa interactions in terms of the physical fermion mass states:

LY = −
(

1 +
h

v

)
ēphL Mee

ph
R −

(
1 +

h

v

)
d̄phL Mdd

ph
R −

(
1 +

h

v

)
ūphL Muu

ph
R + h.c., (2.37)

where we made a transformation on the fermions uphL,R = U†u(L,R)uL,R, dphL,R = U†d(L,R)dL,R,

and ephL,R = U†e(L,R)eL,R so that the λ’s are guaranteed to be diagonal. The Yukawa sec-

tor of the SM only allows interactions between the left- and right-handed parts of the
same mass eigenstates.

Consequences for electroweak interactions

Now that we have written the Yukawa sector in terms of mass eigenstates, we should go
back to the electroweak interactions and see what happens if we apply the transforma-
tions uphL,R = U†u(L,R)uL,R, dphL,R = U†d(L,R)dL,R, and ephL,R = U†e(L,R)eL,R that we used to

diagonalise the Yukawa sector. Rewriting the charged current Lagrangian of equation
(2.29) in terms of the fermion mass states gives for the quark terms:

L′CC =
g√
2
W+
µ (ūphL U

†
uLγ

µUdLd
ph
L ) +

g√
2
W−µ (d̄phL U

†
dLγ

µUuLu
ph
L ). (2.38)

We can define the matrix V = U†uLUdL, called the Cabibbo–Kobayashi–Maskawa (CKM)
matrix whose off-diagonal terms allow for mixing between the different quark genera-
tions, and which can be a source of CP -violation. Looking at the neutral current inter-
action given in equation (2.32) it can be seen that the terms are of the form ūiLγ

µuiL,
thus when transforming to mass eigenstates the transformation matrices cancel. The
same holds for the electromagnetic interaction of equation (2.33), meaning that at tree
level, only the charged current can change flavours. Hence flavour-changing neutral cur-
rents (FCNCs) do not appear at tree level. We will return to the issue of FCNCs when
discussing the Two Higgs Doublet model.

2.2.4 Higgs interactions

From expressions (2.15), (2.17), and (2.35) we can see that the Higgs boson couples to
itself, to the W± and Z0 bosons, and fermions. The self-interactions are given by

h

h

h

= −6ivλ

h h

h h

= −6iλ

.

The interactions of the Higgs boson with vector bosons are given by

7



h

Vν

Vµ

=
2im2

V

v
gµν

h Vν

h Vµ

=
2im2

V

v2
gµν

,

where Vµ and Vν can be either a W+ and a W− boson, or two Z0 bosons. Lastly there
are the Yukawa interactions, which are of the form

h

f

f̄

= −imf

v
.

2.3 Global symmetries

The Lagrangians of the electroweak and the Yukawa interactions can contain global
symmetries. Let us first look at the electroweak interactions given by the Lagrangians
of equations (2.29), (2.32), and (2.33), for the charged current, neutral current, and
electromagnetic interactions respectively. From equation (2.32) we see that we can
make the transformation on each of the left- and right-handed fermions f i → U ijf f

j ,
with U a unitary 3×3 matrix and the indices i and j denoting the generation, for each of
the quark or lepton types separately. This transformation describes a rotation between
the different generations for each of the quark or lepton types, and they transform as
triplets under U(3). Under this transformation the neutral current Lagrangian as well
as the electroweak interactions are invariant. However, we also want the charged current
Lagrangian (2.29) to be invariant, and hence we must let the left-handed quarks and
leptons belonging to the same doublet transform in the same way. Since we have two
doublets containing left-handed fermions, and three right-handed singlets the global
symmetry we end up with if we only consider the electroweak interactions is

U(3)QL × U(3)uR × U(3)dR × U(3)LL × U(3)eR . (2.39)

We have ignored the Yukawa interactions so far, but since the Yukawa Lagrangian
couples left- and right-handed states, the global [U(3)]

5
symmetry that was present is

broken. Diagonalising the Yukawa sector, given by equation (2.37), makes the charged
current interaction in terms of mass eigenstates, given by equation (2.38) off-diagonal
for the quarks.
For the leptons, the addition of the Yukawa term means that we cannot transform left-
and right-handed lepton fields independently any more. Neither can we apply a U(3)
transformation to the lepton fields, since the matrix Me in equation (2.37), although it
is diagonal, does in general not commute with such a transformation matrix. The only
option is to apply a U(1) transformation per lepton generation, this transformation can
be different for each of the generations.
For the quarks, we can follow the same reasoning, but we cannot apply a U(1) per
quark generation, since the CKM matrix in equation (2.38) does not commute with
such a transformation matrix. The transformation matrix should be a 3×3 matrix that
is proportional to the identity matrix. Hence, we can only apply a U(1) transformation
to all quarks simultaneously. The global symmetry is

U(1)q × U(1)e × U(1)µ × U(1)τ . (2.40)
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2.3.1 Custodial symmetry

It has already been mentioned that the GWS theory is constructed such that it is
SU(2)L ×U(1)Y symmetric, but there is also an approximate global SU(2)L × SU(2)R
symmetry that becomes exact in the limit g′ → 0 [5]. The reason the symmetry is
approximate is because g′ is small compared to g. This can be seen because we can
write g′/g = tan θW ≈ 0.53. To make this approximate global symmetry explicit, we

first rewrite the Higgs doublet (2.6) in the form of a bi-doublet Φ = (εφ∗, φ)
T

, where
ε = iσ2. This gives the bi-doublet

Φ =
1√
2

(
φ0∗ φ+

−φ− φ0

)
. (2.41)

The Lagrangian can be written in terms of Φ in the form

L = Tr
[
(DµΦ)

†
DµΦ

]
+ µ2 Tr

[
Φ†Φ

]
− λTr

[
Φ†Φ

]2
, (2.42)

which is the same Lagrangian from section 2.2, but now in terms of Φ. The covariant
derivative is similar to the covariant derivative of equation (2.8)

DµΦ = ∂µΦ− ig

2
σaW

a
µΦ +

ig′

2
BµΦσ3, (2.43)

where the main difference is the σ3 in the last term. This is because the bi-doublet
contains both the εφ∗ and φ doublets, which have opposite hypercharges (Y = −1/2
and Y = 1/2 respectively). Under the (global) SU(2) transformation L, we have that

Φ→ LΦ σaW
a
µ → LσaW

a
µL
†, (2.44)

and under the U(1)Y transformation

Φ→ Φe−
i
2σ3θ. (2.45)

By construction DµΦ transforms in the same way as Φ under these transformations,

which can be verified explicitly. Under a general SU(2)L × U(1)Y , Φ→ LΦe−
i
2σ3θ, the

kinetic term in the Lagrangian transforms as

Tr
[
(DµΦ)

†
DµΦ

]
→ Tr

[
e
i
2σ3θ (DµΦ)

†
L†LDµΦe−

i
2σ3θ

]
= Tr

[
(DµΦ)

†
DµΦ

]
, (2.46)

making use of the cyclic properties of the trace. Similarly, the Tr
[
Φ†Φ

]
terms in the

potential are invariant. The global symmetry changes when g′ → 0. In this limit the
hypercharge coupling vanishes, and the system has an additional SU(2)R symmetry:

Φ→ ΦR† DµΦ→ DµΦR†. (2.47)

Note that DµΦ→ DµΦR† only holds because we took the limit g′ → 0. If g′ 6= 0, then
this doesn’t hold, because we would have to pull R† through the σ3 in the last term
of DµΦ. In general these do not commute, except for the U(1)Y subgroup of SU(2)R,
which consists of exactly the elements of SU(2)R that commute with σ3. Hence, in the
limit g′ → 0 the global SU(2)L × SU(2)R symmetry becomes an exact symmetry. If we
now consider the vacuum expectation of the Higgs field as in equation (2.10), then we
get for the bi-doublet

〈Φ〉 =
1

2

(
v 0
0 v

)
. (2.48)

Obviously this ground state is not invariant under a general SU(2)L or SU(2)R trans-
formation. If we however make a SU(2)L and SU(2)R transformation, where we make
equal SU(2)L and SU(2)R transformations, i.e. L = R, then

L〈Φ〉L† = 〈Φ〉, (2.49)
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since 〈Φ〉 is proportional to identity, and hence commutes with any L. Under this
transformation we also have that σaW

a
µ → LσaW

a
µL
†, hence

Dµ〈Φ〉 → LDµ〈Φ〉L†, (2.50)

and one can verify that the Lagrangian in equation (2.42) is invariant under this trans-
formation. The vev thus reduces the SU(2)L × SU(2)R symmetry to a SU(2)L+R

symmetry, as was also shown in [5].

A different approach

The SU(2)L+R symmetry was obtained from the initial SU(2)L × U(1)Y symmetry
of the theory by first taking the limit g′ → 0, which extended the symmetry to a
SU(2)L×SU(2)R. The vacuum state of the Higgs bi-doublet then broke this symmetry
to SU(2)L+R. It might be interesting to see if we can obtain the same result by first
considering the vacuum state, and only then take g′ → 0. In this case, we apply a
SU(2)L × U(1)Y transformation to 〈Φ〉:

L〈Φ〉e− i
2σ3θ. (2.51)

The vacuum state is invariant if L = e
i
2σ3θ. But 〈Φ〉 has a bigger symmetry, namely

SU(2)L+R, as was discussed in the previous section, but this is not a symmetry of the
Lagrangian, namely:

Dµ

(
L〈Φ〉L†

)
= ∂µL〈Φ〉L† −

ig

2
LσaW

a
µL
†L〈Φ〉L† +

ig′

2
BµL〈Φ〉L†σ3 (2.52)

6= LDµ (〈Φ〉)L†,

and hence the Lagrangian is not invariant under this transformation. Only if
[
L†, σ3

]
=

0 is the Lagrangian invariant. This means that we must require that L† = e−
i
2σ3θ,

such that both the vev and the Lagrangian are invariant. Let us see what effects this
transformation has on Φ. Under such a transformation Φ transforms as

LΦe−
i
2σ3θ → 1√

2

(
φ0∗ eiθφ+

−e−iθφ− φ0

)
. (2.53)

The transformation transforms the charged components of the bidoublet, whilst leaving
the neutral components invariant. Therefore we identify this transformation that leaves
the vev as well as the Lagrangian invariant as the global U(1)Q symmetry. The vev
breaks the initial symmetry

SU(2)L × U(1)Y → U(1)Q. (2.54)

The requirement
[
L†, σ3

]
= 0 restricts the symmetry of the system. If we now take the

limit g′ → 0, we lose this requirement, since σ3 disappears from the covariant derivative.
In this case the symmetry is increased to SU(2)L+R, the same as we had obtained before.

2.3.2 SO(4)

So far, we had considered the doublet φ = (φ+, φ0)T in Φ as complex scalar fields, but
we can treat them in terms of real scalar fields. We then have the quadruplet of real
scalar fields φ̃ = (φ1, φ2, φ3, φ4)T . The relation between these fields is as follows

φ+ = φ1 + iφ2 φ0 = φ3 + iφ4. (2.55)

The vacuum state 〈φ̃〉 is then given by φ3 = v√
2
, and the other φi = 0. Under a general

SU(2)L × SU(2)R transformation, Φ transforms to

LΦR† =
1√
2

(
α β
−β∗ α∗

)(
φ3 − iφ4 φ1 + iφ2

−φ1 + iφ2 φ3 + iφ4

)(
γ δ
−δ∗ γ∗

)
. (2.56)
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Since L and R† are elements of SU(2)L and SU(2)R respectively, we have the restrictions
|α|2 + |β|2 = 1 and |γ|2 + |δ|2 = 1. From this transformation the transformation of the
quadruplet φ̃ can be obtained. One finds that φ̃→ Oφ̃ where O is given by

O =


Re(αγ∗ − βδ) − Im(αγ∗ + βδ) Re(βγ∗ + αδ) − Im(βγ∗ − αδ)
Im(αγ∗ − βδ) Re(αγ∗ + βδ) Im(βγ∗ + αδ) Re(βγ∗ − αδ)
−Re(α∗δ + β∗γ∗) − Im(α∗δ − β∗γ∗) Re(α∗γ∗ − β∗δ) − Im(α∗γ∗ + β∗δ)
− Im(α∗δ + β∗γ∗) Re(α∗δ − β∗γ∗) Im(α∗γ∗ − β∗δ) Re(α∗γ∗ + β∗δ)

 .

(2.57)
The matrix O is an element of SO(4). Due to this change of basis we found SU(2)L ×
SU(2)R ' SO(4). Note that LΦR† is invariant under the Z2 transformation L → −L,
R† → −R†. However, under this transformation the matrix O is invariant, so our
mapping is two to one. In the case of spontaneous symmetry breaking, we restrict
ourselves to the SU(2)L+R symmetry, i.e. L = R. Then we must choose γ = α∗ and
β = −δ. We denote the resulting transformation matrix by O′. It is given as

O′ =


Re(α2 + β2) − Im(α2 − β2) 0 − Im(2αβ)
Im(α2 + β2) Re(α2 − β2) 0 Re(2αβ)

0 0 1 0
Im(α∗β − αβ∗) −Re(α∗β + αβ∗) 0 |α|2 − |β|2

 . (2.58)

It is immediately clear that φ3 = v√
2

is invariant under the transformation O′〈φ̃〉 → 〈φ̃〉.
This is in agreement with L〈Φ〉L† → 〈Φ〉. O′ consists of an SO(3) rotation around φ3.
Spontaneous symmetry breaking breaks the global SO(4) symmetry to SO(3) transform-
ations around φ3. If one follows the same reasoning for the global U(1)Q transformation
done in equation (2.53), then one finds that there is an SO(2) symmetry between φ1 and
φ2, whilst leaving φ3 and φ4 invariant. If g′ → 0 the symmetry is increased to SO(3).
The table gives a short schematic overview of the different global symmetries that were
discussed in this section.

SU(2)L × U(1)Y
vev−−→ U(1)Q

↓ g′ → 0 ↓ g′ → 0

SU(2)L × SU(2)R
vev−−→ SU(2)L+R

↓ φ̃ ↓ φ̃

SO(4) vev−−→ SO(3)

2.4 CP violation

Next to the six continuous Lorentz transformations, there are two discrete transform-
ations on space-time. There is a parity transformation P that sends x to −x, and a
time-reversal transformation T that sends t to −t. Next to these transformations there
is a third one, C, that interchanges a particle with its antiparticle. Spinors transform
under these transformations as [4]

Cψ(t,x)C−1 −→ iγ2γ0ψ̄T (t,x)

Pψ(t,x)P−1 −→ γ0ψ(t,−x)

Tψ(t,x)T−1 −→ γ1γ3ψ(−t,x).

(2.59)
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It is worth noting that the C and P transformations transform left-handed particles into
right-handed ones and vice versa. Scalar fields transform as

Cφ(t,x)C−1 −→ φ∗(t,x)

Pφ(t,x)P−1 −→ φ(t,−x)

Tφ(t,x)T−1 −→ φ(−t,x).

(2.60)

Let us now turn back to the charged current interaction in equation (2.38), where we
introduced the CKM matrix. This matrix allows for quark mixing, but it can also be
a source of CP violation. A 3 × 3 complex matrix has in general 18 independent, real
parameters. The unitarity of V reduces the number of independent parameters to 9. We
can then give 5 of the 6 quark fields a phase2, and the number of parameters decreases to
4. Of these 4 parameters, 3 can be chosen real, whilst the fourth parameter remains as a
complex phase. Upon applying a CP transformation on equation (2.38), the Lagrangian
conserves CP if the CKM matrix is real. It is the presence of the complex phase in the
CKM matrix that causes CP violation.

2.4.1 Jarlskog invariant

Let us now return to the matrices λu and λd in equation (2.34). We do not know if we
can bring these matrices to the diagonal forms

Du = Mu/mt = diag

(
mu

mt
,
mc

mt
, 1

)
, (2.61)

Dd = Md/mb = diag

(
md

mb
,
ms

mb
, 1

)
, (2.62)

simultaneously. For this we have to look at the commutator

[λu, λd] = iC, (2.63)

where C is given by
C = −iU

[
Du, V

†DdV
]
U†. (2.64)

The determinant of C is given by detC = −2FF ′J , where

F = (mt −mc)(mt −mu)(mc −mu)/m3
t (2.65)

F ′ = (mb −ms)(mb −md)(ms −md)/m
3
b . (2.66)

This leaves us with the last term J = Im(V11V22V
∗
12V

∗
21), called the Jarlskog invariant

[6]. In the Kobayashi-Maskawa parametrisation of the CKM matrix it is given by

J = s2
1s2s3c1c2c3 sin(δ), (2.67)

where si = sin(θi), and ci = cos(θi). CP is conserved whenever detC vanishes. This
can be the case whenever two of the up- or two of the down-type quarks have equal
masses. The other possibility is that J is zero. J vanishes whenever θi = 0, θi = π

2 , or
when sin δ = 0.

The Jarlskog invariant is not a uniquely defined quantity, in its general form it is given
by J = Im(VijVklV

∗
kjV

∗
il ), where i 6= k, and j 6= l, with a possible difference by an overall

sign. A property that makes the Jarlskog invariant useful, is that J is invariant under
phase transformations. Hence J is useful to quantify CP violation.

2It is possible to assign a phase to each of the quark fields, but this would also give an unobservable
overall phase.
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2.5 Hierarchy problem

The SM has some open ends, one of which is the hierarchy problem [4]. In the Standard
Model there is a large hierarchy, from neutrinos at the eV scale to the top quark around
172 GeV. The Higgs boson has an observed mass of around 125 GeV, and hence falls in
the energy range of the SM. But there is also a large gap in energy between the SM and
the energy of Grand Unified Theories (GUTs) (1015 GeV). Currently there is no theory
that describes physics between the GUT and SM scale, but this might be discovered at
some point e.g. Supersymmetric models or models with gauge groups between the GUT
and SM gauge groups. However, the discovery of new physics at higher energy scales
would be problematic for the Higgs boson.

The propagator of the Higgs boson gets corrections due to loops at higher orders as in
figure 2.1. This has an effect on the mass of the Higgs boson

m2
h = m2

0 + δ2
mh
, (2.68)

where m0 is the bare mass, and δ2
mh

are the corrections to the bare mass. As long as
δ2
mh

. m2
0, this is not a problem. However, each boson (fermion) provides a positive (neg-

ative) term to this correction, including the Higgs boson itself due to self-interactions.
This is not troublesome for the SM particles, but physics does not have to stop at the
Standard Model. If there is new BSM physics, e.g. at the aforementioned unification
scale of 1015 GeV, then the loop contributions of the BSM particles dominate the cor-
rection, since each new fermion f adds a contribution of m2

f to m2
h. Of course bosons

at this energy scale would add a negative contribution to m2
h, but one would still ex-

pect the mass of the Higgs boson around this order of magnitude. The Higgs mass is
only 125 GeV, which leaves us with two options. The first option is to find a theory in
which the sum of the loop corrections totals zero. This is used in supersymmetry, where
each fermion gets a bosonic superpartner whose loop contribution cancels with that of
the fermion, and vice versa. The second option is to tweak the bare mass such that it
cancels with the corrections and yields the Higgs mass. This would however require a
huge amount of fine-tuning between the two quantities.

h

f

f

h

Figure 2.1: Contribution to the Higgs mass due to fermion loop.

Yet not every hierarchy is necessarily a problem. As mentioned before, the SM also spans
several orders of magnitude, from the mass of neutrinos and electrons to the mass of the
top quark. Contrary to the Higgs boson, the loop corrections to these particles do not
depend on the mass of other particles, so whilst there is an unexplained hierarchy, this
is not fine-tuning. Furthermore, there is no symmetry in the SM that puts constraints
on corrections to the Higgs mass. Whereas the masses of the gauge bosons and fermions
are protected, there is no such thing for the Higgs boson, unless one extends the SM
by adding a conformal symmetry, which gets rid of the quadratic divergences in the
correction to the Higgs mass [7]. But for the SM, one has to always tune the Higgs mass
to its correct value at higher energy scales.

2.5.1 Fine-tuning

In the last section we mentioned fine-tuning, let us go into a bit more detail as to what
we mean with this concept. Fine-tuning and naturalness are two closely related concepts
that often make their appearance in physics. There are two explanations of naturalness,
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the first of which is the condition that the parameters in the theory are of order one, as
stated by Dirac. Secondly there is ’t Hooft’s definition, which entails that a parameter
can be small and satisfy naturalness, if setting that parameter to zero enhances the
symmetry of the theory [8]. A small parameter is in this case not accidentally small,
or fine-tuned, but a result of being close to a symmetry. To see the relation between
naturalness and fine-tuning, let us consider a theory at some energy scale and assume
that most observables (e.g. particle masses) are of the same order of magnitude. If
there is an observable at an energy scale that is much smaller, then this observable
seems intuitively out of place. In order to obtain an observable that is small, one must
then require a cancellation between parameters. The parameters lie around the higher
energy scale of O(1), since we would like to have a valid theory that works for generic
parameters. There is no a priori reason to pick specific values for the parameters (except
due symmetries that are present, which would be natural according to ’t Hooft), hence
the parameters need to be precisely tweaked in such a way that the cancellation gives
the small result: fine-tuning.
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Chapter 3

Two Higgs doublet model

The SM contains a single Higgs doublet which, as we discussed in the previous chapter,
allows the gauge bosons as well as the fermions to obtain a mass. As stated in [1],
the SM Higgs doublet is overstretched: it involved in many processes. Since the gauge
symmetries of the SM allow for any number of generations, there might as well be a
generational structure in the Higgs sector. The first step one then makes BSM is adding
a second Higgs doublet. We will discuss the features that this model exhibits, amongst
others several new Higgs-like particles, also called Higgses, the presence of flavour chan-
ging neutral currents (FCNCs) at tree level, and new sources of CP -violation. These
new features we will compare to the SM.

From the perspective of studying fine-tuning in BSM Higgs theories, the two Higgs
doublet model (2HDM) is chosen because it is a small extension of the SM, and it is
possible to evaluate expressions analytically, especially after adding a Z2 symmetry,
which we will motivate in this chapter. Here we will give an overview of the 2HDM in
order to understand some of the results that have already been obtained for the amount
of fine-tuning in this model. These results are presented in chapter 6, where we use the
2HDM as an aid when eventually studying fine-tuning in Left-Right symmetric models.
As mentioned before an extra Higgs doublet with same quantum numbers as the first,
i.e. Y = 1/2, T3 = ± 1

2 , is added [1]. We now have a Higgs sector with two doublets

φ1 =

(
φ+

1

φ0
1

)
and φ2 =

(
φ+

2

φ0
2

)
, (3.1)

which in total contain 4 complex scalar fields. By assigning the second doublet the same
quantum numbers as the first, we guarantee that the Higgs sector follows the SM gauge
structure. The potential of the Higgs sector can be written as

V (φ1, φ2) =− µ2
1A− µ2

2B − µ2
3C − µ2

4D + λ1A
2 + λ2B

2 + λ3C
2 + λ4D

2

+ λ5AB + λ6AC + λ7BC + λ8AD + λ9BD + λ10CD,
(3.2)

where A, B, C, and D are invariants given by

A = φ†1φ1

B = φ†2φ2

C = Re(φ†1φ2) =
1

2
(φ†1φ2 + φ†2φ1)

D = Im(φ†1φ2) =
1

2i
(φ†1φ2 − φ†2φ1).

(3.3)

The vacuum states are generally given as

〈φ1〉 =

(
0
v1√

2

)
and 〈φ2〉 =

(
0

v2√
2
eiξ

)
, (3.4)
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but different to the SM, upon spontaneous symmetry breaking, there are still three
Goldstone bosons that are eaten by the gauge bosons, but now the Higgs sector contains
five Higgses [9]. Due to considerations mentioned later in this chapter, the 2HDM is
often simplified by introducing a Z2 symmetry. But for now let us just add the Z2

symmetry, which is realised in the following way

φ1 → φ1 φ2 → −φ2. (3.5)

Under this transformation the invariants C and D pick up a minus sign, so that the
potential that remains is

V (φ1, φ2) =− µ2
1A− µ2

2B + λ1A
2 + λ2B

2 + λ3C
2 + λ4D

2

+ λ5AB + λ10CD,
(3.6)

where due to considerations of CP conservation, λ10 = 0. We will also justify this choice
later on. By minimising the potential, two minimum equations are derived. Solving these
equations in terms of the vevs gives

v2
1 =

λ2µ
2
1 − λ+µ

2
2

λ1λ2 − λ2
+

v2
2 =

λ1µ
2
2 − λ+µ

2
1

λ1λ2 − λ2
+

,

(3.7)

with λ+ = 1
2 (λ3 + λ5). A quantity that is also often used is the ratio between the vevs,

which is usually expressed as

tanβ =
v2

v1
. (3.8)

3.1 Scalar masses

The squared masses of the scalars are given by diagonalising the matrix M2 whose
entries are given by

M2
ij =

1

2

∂2V

∂φi∂φj
(3.9)

Due to the spontaneous symmetry breaking, we expect three Goldstone bosons and 5
Higgses. Upon diagonalising the mass matrix, the masses of the Higgses are obtained.
We repeat the expressions from [9]

m2
h0 = λ1v

2
1 + λ2v

2
2 −

√
(λ1v2

1 − λ2v2
2)2 + 4λ2

+v
2
1v

2
2 (3.10)

m2
H0 = λ1v

2
1 + λ2v

2
2 +

√
(λ1v2

1 − λ2v2
2)2 + 4λ2

+v
2
1v

2
2 (3.11)

m2
G0 = 0 (3.12)

m2
A0 = λ−v

2 (3.13)

m2
G± = 0 (3.14)

m2
H± = −λ3v

2, (3.15)

where we defined λ− ≡ 1
2 (λ4 − λ3) and v2 = v2

1 + v2
2 . The expression in equation (3.10)

corresponds to the squared mass of the SM-like Higgs boson.

3.2 Boundedness of the potential

When constructing a physical theory one wants to have a potential that is bounded from
below. This was briefly discussed for the SM, where the potential contained only two
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parameters. Requiring that the potential be bounded from below was easily satisfied by
demanding λ > 0. In the case of the 2HDM, there are several constraints, which are
also repeated from [9]. The requirement that the potential does not go to −∞ as fields
get very large gives

λ1 > 0

λ2 > 0

λ5 > −2
√
λ1λ2

λ3 + λ5 > −2
√
λ1λ2

λ4 + λ5 > −2
√
λ1λ2.

(3.16)

There is also the requirement that the (squared) masses should be positive. This leads
to the constraints

λ3 ≤ 0

λ4 ≥ λ3

λ2
+ ≤ λ1λ2.

(3.17)

3.3 Global symmetries

In order to look for global symmetries as we did for the single Higgs doublet, we rewrite
the two doublets into two bi-doublets, analogous to equation (2.41). This gives

Φ1 =
1√
2

(
φ0∗

1 φ+
1

−φ−1 φ0
1

)
Φ2 =

1√
2

(
φ0∗

2 φ+
2

−φ−2 φ0
2

)
. (3.18)

The Lagrangian should also be expressed in terms of these bi-doublets. For the kinetic
terms we take the same covariant derivative as for the single bi-doublet case given by
equation (2.43), but we include a σ3 in the last term since the two doublets that make
up a single bi-doublet have opposite hypercharges

DµΦi = ∂µΦi −
ig

2
σaW

a
µΦi +

ig′

2
BµΦiσ3. (3.19)

The kinetic terms are then given by

L = Tr
[
(DµΦ1)

†
DµΦ1

]
+ Tr

[
(DµΦ2)

†
DµΦ2

]
. (3.20)

Additionally, we should also express the invariants (3.3) that appear in (3.2) in terms
of these bi-doublets. For this we find

A = Tr
[
Φ†1Φ1

]
B = Tr

[
Φ†2Φ2

]
C = Tr

[
Φ†1Φ2

]
D = Tr

[
iσ3Φ†1Φ2

]
.

(3.21)

Note that D contains σ3. Later on we will see that this has effect on the global sym-
metries. The Lagrangian is invariant under SU(2)L × U(1)Y transformations with the
SU(2)L transformation

Φ1 → LΦ1 Φ2 →LΦ2 σaW
a
µ → LσaW

a
µL
†, (3.22)

and the U(1)Y transformation

Φ1 → Φ1e
− i

2σ3θ Φ2 → Φ2e
− i

2σ3θ. (3.23)
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Let us see whether it is possible to go to a larger symmetry when taking g′ → 0, as
was done for the single Higgs doublet. As it turns out, in this case taking the limit
does not increase symmetry. For the single Higgs doublet taking this limit meant that
σ3 would drop out of the theory, but in the 2HDM the invariant D also contains a σ3,
which restricts the symmetry. Hence, there are no additional symmetries when g′ → 0.
Let the bi-doublets acquire the vevs

〈Φ1〉 =
1

2

(
v1 0
0 v1

)
〈Φ2〉 =

1

2

(
v2e
−iθ 0
0 v2e

iθ

)
, (3.24)

where we give one of the vevs a phase θ. 〈Φ1〉 is invariant under an SU(2)L+R trans-
formation, whereas 〈Φ2〉 is only invariant under U(1)L+Y . In order to be a symmetry,
not only the vevs must be invariant, but also the Lagrangian. Therefore, the system has
a U(1)L+Y symmetry, where both bi-doublets transform in the same way. In this case
the invariants C and D are

C =
v1v2

2
cos θ D =

v1v2

2
sin θ. (3.25)

But remember that D contains a σ3, which we said restricts the symmetry. If we let
θ → 0, then D → 0, and applying an SU(2)L+R leaves both the vevs as well as the
Lagrangian invariant.

3.3.1 A different approach

We can of course also fill in the vevs of the bi-doublet, without taking g′ → 0 first. In
this case, we end up with a U(1)L+Y symmetry, similar to what was discussed before.
If we now let either g′ → 0 or θ → 0, then the symmetry of the system does not change.
Only when we take both g′ and θ to zero does the symmetry increase. In this case the
system is invariant under SU(2)L+R. The table below shows a schematic overview of
the global symmetries for the 2 Higgs bi-Doublet Model (2HbDM).

SU(2)L × U(1)Y
vev−−−−−−−−−→ U(1)L+Y

↓ g′ → 0 ↓ g′, θ → 0

SU(2)L × U(1)Y
vev−−−−−−→ U(1)L+Y

θ → 0−−−−−−−→ SU(2)L+R

In the 2HbDM there is no custodial SU(2)L×SU(2)R symmetry. One could obtain this
symmetry by first taking g′ → 0, and subsequently taking µ4, λ4, λ8, λ9, λ10 → 0, which
amounts to eliminating all terms containing D from the potential. However, this would
be a highly arbitrary move, unless one imposes a symmetry.

3.4 CP violation

For a theory with a single scalar field, it is straightforward to define C, P , and T
transformations. One can simply define

Cφ(t,x)C−1 −→ φ∗(t,x)

Pφ(t,x)P−1 −→ φ(t,−x)

Tφ(t,x)T−1 −→ φ(−t,x).

(3.26)

Then one can combine these transformations to obtain CP and CPT transformations.
However, in the 2HDM we have the two Higgs doublets that have identical quantum
numbers, hence charge conjugation is not uniquely defined. We should be free to make
any unitary basis transformation between the two Higgs doublets

φa −→ Uabφb, (3.27)
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with U ∈ U(2). Under such a basis transformation, the physics must be equivalent. But
if we would also apply charge conjugation C, then it would matter whether first apply a
basis transformation and then C or vice versa. Thus, charge conjugation is not defined
straightforwardly, but it is basis dependent. Suppose we have the naive transformation

CPφi(t,x)(CP )−1 −→ δijφ
∗
j (t,−x), (3.28)

then it would, like the C and P transformations of equation (3.26), bring CPφ1(t,x)(CP )−1 →
φ∗1(t,−x), and CPφ2(t,x)(CP )−1 → φ∗2(t,−x). One could find that a certain Lag-
rangian is not CP invariant. This does not necessarily have to do with the theory itself,
but rather the way a CP transformation is defined. A Lagrangian may very well be CP
invariant, yet this invariance can be obscured by choice of basis. We should therefore
allow for a basis transformation in our definition of a CP transformation, referring to
these kind of transformations as generalised CP transformations (GCP s)[10, 11]. One
can then define

CPφi(t,x)(CP )−1 −→ Xijφ
∗
j (t,−x), (3.29)

where X ∈ U(2). If we choose an Xij in a certain basis, then upon a basis transformation
Xij transforms as

Xij −→ X ′ij = UiaXabU
T
bj . (3.30)

The question is whether it is allowed to use any arbitrary X, or if there are some a priori
restrictions. Note that X transforms with UT , not U†. This means that not every X
can be brought to a basis where it is diagonal [11]. The most general form X can be
brought to is

X ′ =

(
cos(θ) sin(θ)
− sin(θ) cos(θ)

)
and X ′X ′∗ =

(
cos(2θ) sin(2θ)
− sin(2θ) cos(2θ)

)
. (3.31)

We can then take take 0 ≤ θ ≤ π
2 . θ is given by the eigenvalues of XX∗, which are e±2iθ.

There are three different classes of CP transformations to consider, corresponding to
the value of θ.

• The first case, CP1, when θ = 0. In this case X corresponds to the identity
matrix.

• The second case, CP2, when θ = π/2. In this case XX∗ = −1.

• The third case, CP3, when 0 < θ < π
2 . In this case XX∗ 6= 1, and the φi do not

return to themselves after applying a CP transformation twice. The condition
that (CP )2 is equal to unity, modulo a phase, seems like a logical requirement.
This makes this case stand out from the first two cases.

It is not only the Higgs doublets that transform under CP transformations, the vacuum
states transform in the same way. Explicitly, we require that

〈φi〉 = Xij〈φj〉∗, (3.32)

with the same X as in equation (3.29). It is worth noting that under a basis transform-
ation

Uij〈φj〉 = UinXnmU
T
mjU

∗
jk〈φk〉∗ = UimXmj〈φj〉∗. (3.33)

Thus if the vevs are invariant under a CP transformation in a certain basis, they are
invariant under a CP transformation belonging to the same class in an arbitrary basis.

Case 1

If a Lagrangian is invariant under CP1, then there is a basis where X is equal to the
identity matrix. This means that ∃U ∈ U(2), such that X can be brought to identity
through equation (3.30). Any matrix of the form

X =

(
α β
β α∗eiζ

)
(3.34)
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with αα∗−β2eiζ = 1 satisfies this. The vevs given in equation (3.4) are invariant under
this class of CP transformations, only if they are real in the basis where X is identity.
This restricts X to

X =

(
1 0
0 e2iξ

)
. (3.35)

Hence we can conclude that if the phase ξ in the second vev in equation (3.4) is non-zero,
we do not necessarily have spontaneous breaking of CP . We will come back to this later
in this chapter.

Case 2

This class of CP transformation consists of all matrices that can be brought to the form

X =

(
0 1
−1 0

)
(3.36)

through a basis transformation. In general, matrices with

X = eiζ
(

0 1
−1 0

)
(3.37)

can be brought to the form of equation (3.36) trivially by adding a global phase. If we
take the vevs from equation (3.4), then equation (3.36) takes

v1 → v2e
−iξ v2e

iξ → −v1. (3.38)

CP conservation requires v1 = v2e
−iξ and v2e

iξ = −v1, but there is no non-trivial
solution, since v1 and v2 were chosen real. Hence Lagrangians invariant under CP2 will
always have vevs that break CP , unless the Lagrangian has another symmetry.

Case 3

Case 3 is the most complicated transformation, since XX∗ 6= 1. Instead, one has

X ′ =

(
cos(θ) sin(θ)
− sin(θ) cos(θ)

)
and X ′X ′∗ =

(
cos(2θ) sin(2θ)
− sin(2θ) cos(2θ)

)
, (3.39)

with 0 < θ < π
2 . It was stated in [10] that X ′X ′∗ can be brought to identity by means

of a Higgs Family transformation. However, there is no possible transformation that
keeps the vevs CP invariant. As stated before, we are always free to make a basis
transformation. But because there no basis transformation that can bring X ′X ′∗ to
identity, we will disregard this case.

3.4.1 Yukawa sector

Having looked at the properties of the scalar sector under CP , we look at the behaviour
of the Yukawa sector under CP . A general fermion field in the 2HDM couples to the
Higgs doublets as

LY = ψ̄L (Γ1φ1 + Γ2φ2)ψR + ψ̄R (Γ∗1φ
∗
1 + Γ∗2φ

∗
2)ψL, (3.40)

where the Γ’s are 3 × 3 complex matrices, similar to the λ’s in equation (2.34). If we
require that the scalar sector and the vevs are CP -conserving under class 1 (under the
other classes, the vevs are never invariant), then we can choose our basis freely, such
that X in equation (3.29) is equal to identity. Applying a CP transformation then yields

CPLY (CP )−1 = ψ̄L (Γ∗1φ1 + Γ∗2φ2)ψR + ψ̄R (Γ1φ
∗
1 + Γ2φ

∗
2)ψL. (3.41)

Hence we find that if the Yukawa matrices are real, there is no CP -violation. Similar to
the SM, we can diagonalise the Yukawa matrices. Similarly to equation (2.36), we can
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diagonalise one of the Yukawa matrices such that its eigenvalues are the quark masses,
which are real. Diagonalising Γ1 will in general not diagonalise Γ2. The off-diagonal
components in Γ2 give rise to tree-level FCNCs and CP violation, since the elements
of Γ2 will in general be complex. Each of the fermion types (up-/down-type, leptons)
should therefore couple to only one of the Higgs doublets. This can be obtained by
letting the Higgs doublets and the right handed fermions transform under either Z2 or
U(1) (Peccei-Quinn symmetry), and requiring that the Yukawa sector be invariant [1].
For the Z2 symmetry, we made the choice

φ1 → φ1 φ2 → −φ2, (3.42)

and fR → ±fR. Depending on the sign, the right handed fermion couples to either φ1

or φ2. For the U(1) symmetry, one lets the Higgs doublets transform as

φ1 → φ1 φ2 → eiωφ2, (3.43)

where fR → fR or e−iωfR. Under this requirement, each fermion also couples to just
one Higgs doublet. There are several ways in which the fermions can transform. One
can choose to transform all right handed fermions such that only φ2 couples to fermions.
These choices of transformations are called the Type I Yukawa interactions. Another
common choice is to let φ2 couple to the up-type quarks and φ1 to the other fermions.
These choices are called Type II Yukawa interactions. We had introduced the Z2 earlier
in the chapter, but we had not yet given an explanation for this choice. As it turns out,
this symmetry is necessary to avoid FCNCs.

3.4.2 Consequence for scalar sector

Now that we have looked at the different classes of GCP s, and the necessity of adding
a Z2 symmetry, let us go back to the scalar sector and see what consequences this
has. A different notation for the potential that is a bit clearer when working with
transformations is given by

V (φ1, φ2) =− µ2
1φ
†
1φ1 − µ2

2φ
†
2φ2 − µ2

3

(
eiδ3φ†1φ2 + h.c.

)
+ λ1

(
φ†1φ1

)2

+ λ2

(
φ†2φ2

)2

+ λ3

(
φ†1φ2

)(
φ†2φ1

)
+ λ4

(
φ†1φ1

)(
φ†2φ2

)
+

[
λ5e

iδ5
(
φ†1φ2

)2

+ λ6e
iδ6
(
φ†1φ2

)(
φ†1φ1

)
+λ7e

iδ7
(
φ†1φ2

)(
φ†2φ2

)
+ h.c.

]
,

(3.44)

where all the parameters are real and positive [12]. Starting from the potential in
equation (3.44) it is clear that imposing the Z2 symmetry requires µ3 = λ6 = λ7 = 0.
Let us require that the Lagrangian is invariant under the CP1 transformation

X =

(
1 0
0 e2iξ

)
, (3.45)

because we concluded that there is a possibility that CP is conserved under this class,
whereas Lagrangians that are invariant under CP2 always have vevs that break CP
spontaneously. Applying this transformation to the potential (3.44) gives the condition
for CP conservation

eiδ5+4ξ = e−iδ5 . (3.46)

One can check that the vevs themselves are invariant under this CP1 transformation.
Filling in the vevs from equation (3.4) then gives

V0 = −µ2
1v

2
1 − µ2

2v
2
2 + λ1v

4
1 + λ2v

4
2 + λ3v

2
1v

2
2 + λ4v

2
1v

2
2 + 2λ5 cos(δ5 + 2ξ)v2

1v
2
2 . (3.47)

From this follows that the potential is minimal when cos(δ5 + 2ξ) = −1, or

δ5 + 2ξ = π + 2kπ. (3.48)
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These two conditions on δ5 and ξ are equivalent, and hence a Z2 invariant potential
always conserves CP , as was also concluded in [12]. One can also transform to the basis
where the vevs are real, which is the basis where X is the identity matrix. Then one can
also remove δ5 from the potential, and one is left with 7 parameters. For the potential
in equation (3.6) it means that λ10 = 0.

A U(1) symmetry restricts the potential to µ3 = λ5 = λ6 = λ7 = 0. In this case the
Lagrangian is invariant under phase changes of φ2, hence φ2 can always be transformed
such that its vev is real. Then it is easily seen that the Lagrangian and vevs are invariant
under CP1.
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Chapter 4

Left-Right models

We will now turn to a different BSM model, namely the left-right model (LR model)
that is based on the SU(2)L × SU(2)R × U(1)B−L gauge group. This model is an ex-
tension of the SU(2)L×U(1)Y gauge group of the electroweak sector of the SM. One of
the first articles to consider these models was [13]. Comparing LR models to the SM, a
SU(2)R group is added, and the U(1)Y hypercharge has been replaced. The gauge group
that takes its place is U(1)B−L, where B−L stands for the baryon minus lepton number.

There are several reasons to consider these kinds of models. Firstly, the SM predicts
massless, left-handed, neutrinos. Due to observations of neutrino oscillation, it has been
established that at least two of the neutrino mass eigenstates are non-zero. The puzzle of
how the neutrino obtains its mass is still open for debate. One could add a right-handed
(sterile) neutrino to the SM, such that the neutrinos obtain their mass through the Higgs
mechanism like the other fermions, but then one would expect the neutrino mass to be
on the order of that of the electron. LR models allow for right-handed neutrinos. These
right-handed neutrinos will have a large mass, which gives the SM-like neutrinos a small
mass through the see-saw mechanism [14].

Secondly, LR models are based on a gauge group that is still only a small step bey-
ond the SM. The fact that SU(2)R is added as a gauge group will provide a solution
to the question why the weak interaction has a preference for left-handed particles
by adding right-handed counterparts, partly restoring the asymmetry at high energies.
These right-handed gauge bosons are currently sought after and the right-handed W
boson has been constrained to have a mass above 4.4 TeV [15]. This ties back to section
2.3.1 where we argued that in the SM, there is a global SU(2)L × SU(2)R symmetry if
the coupling of the Higgs boson to the Bµ gauge field of the U(1)Y gauge group g′ is
set to zero. In the LR model the bi-doublet also does not couple to Bµ, instead the two
triplets couple with this gauge field.

By imposing a C or P symmetry on the theory at high energies, one must view C or
P violation as a low-energy phenomenon, where the symmetry is spontaneously broken
below a certain energy scale, but this energy scale lies beyond the SM, e.g. at the TeV
scale.
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4.1 Build-up of Left-Right models

In these models the fermions transform under the SU(2)L × SU(2)R × U(1)B−L gauge
group in the following way

LL =

(
νL
eL

)
∈ (2, 1,−1) LR =

(
νR
eR

)
∈ (1, 2,−1)

QL =

(
uL
dL

)
∈ (2, 1, 1/3) QR =

(
uR
dR

)
∈ (1, 2, 1/3). (4.1)

The most obvious difference to the SM that can be seen immediately is that the right
handed fermions are now doublets under SU(2)R. Because this is not a gauge group in
the SM, the right handed fermions are singlets in the SM. Although the right-handed
fermions are now also doublets under SU(2)R, they are still singlets under SU(2)L. The
opposite is true for the left-handed fermions, which are singlets under SU(2)R. Also
notice that there are right handed neutrinos νR, which are absent in the SM. We will
later show that this allows the neutrinos to obtain a Majorana mass.

We need to find a way to generate masses for the fermions. Additionally, we must break
down the SU(2)R × U(1)B−L → U(1)Y , to arrive at the SM gauge group. For the first
goal we need to introduce a scalar bidoublet φ transforming as (2, 2∗, 0), which might
remind the reader of equation (2.41). In this case it is given by

φ =

(
φ0

1 φ+
1

φ−2 φ0
2

)
. (4.2)

For the second goal, the two triplets δL,R transforming as (3, 1, 2), and (1, 3, 2) respect-
ively are introduced. The ground state of δR will spontaneously break the LR gauge
group to that of the SM. These δL,R can be written as

∆L,R ≡ σ ·
δL,R√

2
=

(
δ+
L,R/
√

2 δ++
L,R

δ0
L,R −δ+

L,R/
√

2

)
. (4.3)

The vevs of these fields are given by

〈φ〉 =
1√
2

(
κ 0
0 κ′eiα

)

〈∆L〉 =
1√
2

(
0 0

vLe
iθL 0

)
〈∆R〉 =

1√
2

(
0 0
vR 0

)
. (4.4)

This is the model that was considered in [2]. This model with a Higgs sector containing
a bidoublet and two triplets is called the minimal Left-Right model, as one can envision
a larger Higgs sector by e.g. adding a second bidoublet. 〈∆R〉 will break the SU(2)L ×
SU(2)R×U(1)B−L symmetry to SU(2)L×U(1)Y . After spontaneous symmetry breaking
due to 〈∆R〉, the remaining gauge symmetry is that of the SM. The generator of the
U(1)Y , the SM hypercharge, can be expressed as Y = T 3

R + (B − L) /2. 〈φ〉 then breaks
this remaining gauge symmetry analogous to the SM to U(1)Q. 〈∆L〉 will not break any
further symmetries.

4.1.1 Gauge bosons

Let us now turn to the gauge bosons in the LR theory. The kinetic terms of the scalar
fields in the Lagrangian are given by

L = Tr
[
(Dµφ)

†
(Dµφ)

]
+ Tr

[
(Dµ∆L)

†
(Dµ∆L)

]
+ Tr

[
(Dµ∆R)

†
(Dµ∆R)

]
.

(4.5)
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The covariant derivatives are given by

Dµφ = ∂µφ− igLT aW a
Lµφ+ igRφT

aW a
Rµ

Dµ∆L,R = ∂µ∆L,R − igL,R
[
T aW a

L,Rµ,∆L,R

]
− ig3Bµ∆L,R,

(4.6)

where the T a = σa/2 are the generators for SU(2)R and SU(2)R respectively. The
breaking of SU(2)R × U(1)B−L → U(1)Y by 〈∆R〉 gives mass to the W±R and ZR
gauge bosons. In the SM, the W± bosons only interact between left-handed fermions.
Thus, this symmetry breaking must lie at a scale beyond the SM, which establishes a
hierarchy between the vevs where vR � κ(′). Working out the terms containing the
covariant derivatives in the Lagrangian given in equation (4.5) gives the mass term for
the charged gauge bosons as

LW =
(
W−Lµ W−Rµ

)( g2L
4

(
v2 + 2v2

L

)
− 1

2gLgRκκ
′e−iα

− 1
2gLgRκκ

′eiα
g2R
4

(
v2 + 2v2

R

) )(W+
Lµ

W+
Rµ

)
. (4.7)

with v2 = κ2 +κ′2 = (246 GeV)2, as in the SM. φ couples to both left- and right-handed
fields, and the left- and right-handed W bosons mix to form mass eigenstates. We take
the couplings to SU(2)L,R equal as gL = gR = g, and the phase α = 0. Since vR is
much larger than the other vevs, the mass eigenstates are approximately given by

M2
1 ≈

g2v2

4

(
1− κ2κ′2

v2v2
R

)
M2

2 ≈
g2vR

2
. (4.8)

The WL and WR do not mix much, as can be seen from the mass matrix. Hence M2
2

mostly corresponds to WR, and M2
1 to WL. As briefly mentioned before, the mass of

the WR has been constrained to lie above 4.4 TeV [15]. The resulting mass matrix for
the neutral boson masses is

LZ =
1

2

(
W 3
Lµ W 3

Rµ Bµ
) g2L

4

(
4v2
L + v2

)
− gLgR4 v2 −gLg3v

2
L

− gLgR4 v2 g2R
4

(
4v2
R + v2

)
−gRg3v

2
R

−gLg3v
2
L −gRg3v

2
R g2

3

(
v2
R + v2

L

)

W 3

Lµ

W 3
Rµ

Bµ

 .

(4.9)
We will again simplify the expressions by setting gL = gR = g. In the limit where
vL → 0, the eigenvalues of the mass matrix are

Mγ = 0, (4.10)

M2
Z1,2
≈ 1

4

[
g2v2 + 2(g2 + g2

3)v2
R ±

√
g4v4 − 4g2g2

3v
2v2
R + 4 (g2 + g2

3)
2
v4
R

]
. (4.11)

The mixing of the three fields will give rise to a massless photon and two massive Z
bosons. Further approximating the expression using v2

R � v2 yields for the Z bosons

M2
Z1
≈
(
g2 + g2

3

)
v2
R, (4.12)

M2
Z2
≈ g4 + 2g2g2

3

4 (g2 + g2
3)
v2 − g4v4

16 (g2 + g2
3) v2

R

. (4.13)

Z1 will be a heavy Z boson with a mass around vR, hence Z2 must correspond to the
SM Z boson. If we compare the expressions we just obtained to equation (2.23), we see
that

M2
Z2
≈ g2v2

4 cos2 θW

(
1− v2 cos 2θW

4v2
R

)
, (4.14)

where we can identify the cosine of the Weinberg angle cos θW as

cos2 θW =
g2 + g2

3

g2 + 2g2
3

, (4.15)

since the mass of this boson should correspond to that of the SM Z boson in the limit
where vR becomes large.
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4.1.2 Charged current interactions

Just like the SM, we want to work out the interactions between the gauge bosons with
the fermions in the theory. For the SM case, we first worked out the charged current
interactions with massless fermions, which was given by equation (2.29). Subsequently
we added the Yukawa sector to give mass to the fermions, and we changed basis to
fermion mass eigenstates. For the charged current interaction this meant that it can mix
between different quark generations. For the Left-Right model we will not go through
the steps, but we will give the final result for the charged current with massive fermions
and discuss the Yukawa sector later. The charged current interactions in the Left-Right
model are given by

LCC =
gL√

2
W+
Lµ(ψ̄Lγ

µVLψL) +
gR√

2
W+
Rµ(ψ̄Rγ

µVRψR) + h.c., (4.16)

for any fermion ψ. Note that generational indices are suppressed, so ψ is actually
ψi, and VL,R actually (VL,R)ij . Comparing this expression to the SM charged current

interactions in equation (2.38), there is next to the left-handed SM-like coupling a right
handed copy that couples the right-handed fermions similar to the left-handed ones, but
instead of the well known V − A interaction, it is a V + A interaction. However, the
mass of W+

Rµ is much larger than the mass of its left-handed counterpart. The CKM
matrix VL also gets a right handed version VR, giving rise to new possible sources of CP
violation.

4.2 Fermion masses

Let us also look at the ways fermions obtain their masses in the LR model. For the
quarks this works in a similar way to the 2HDM, but for the leptons there is now a
right-handed neutrino which can obtain a Majorana mass.

4.2.1 Yukawa coupling

The Dirac masses of the quarks (and leptons) arise from the Yukawa interactions of the
quarks with the bidoublet φ

LY = −QL
(

ΓQφ+ Γ̃Qφ̃
)
QR + h.c., (4.17)

where φ̃ = σ2φ
∗σ2, such that the mass of a fermion receives a contribution both from κ

as well as κ′. ΓQ and Γ̃Q are two independent complex 3 × 3 matrices. Filling in the
vevs of φ gives for the mass of the up-type and down-type quarks respectively

Mu =
1√
2

(
ΓQκ+ Γ̃Qκ

′e−iα
)

Md =
1√
2

(
ΓQκ

′eiα + Γ̃Qκ
)
. (4.18)

The expression for the electron mass is similar to that for the down quark

Me =
1√
2

(
ΓLκ

′eiα + Γ̃Lκ
)
. (4.19)

The Yukawa couplings that contribute to the masses of the neutrinos will be discussed
in the next section.

4.2.2 Majorana masses

If the neutrino is a Majorana particle then the triplets allow the neutrino to gain a
Majorana mass in addition to a Dirac mass. The spinor of a Majorana particle is
different to that from an ordinary Dirac particle. Whereas the Dirac spinor is built up
as

ψ =

(
ψL
ψR

)
, (4.20)
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a Majorana spinor Υ satisfies the additional constraint that Υc = iγ2Υ∗ = Υ, giving
the spinors

ΥL =

(
ψL
ψcL

)
ΥR =

(
ψcR
ψR

)
. (4.21)

A Majorana particle is thus equal to its charge conjugate, i.e. its own antiparticle.
Therefore only neutrally charged particles are Majorana candidates. The only suitable
fermion we have for this is the neutrino. We will partly follow [16] here. The leptons
obtain a Dirac mass through the coupling to φ, which is similar in structure to equation
(4.18),

LY = −LL
(

ΓLφ+ Γ̃Lφ̃
)
LR − LcL

(
ΓLφ+ Γ̃Lφ̃

)
LcR + h.c.

= −νLMDνR − νcLM
T
Dν

c
R − eLMeeR + h.c.

(4.22)

MD is given by Mu in equation (4.18), only with ΓL instead of ΓQ. The presence of the
triplets opens up new possible couplings, including those of the type

L = −ΠLLcLiσ2∆LLL −ΠRLcRiσ2∆RLR + h.c., (4.23)

where filling in the vacuum expectation gives

L = −vLΠL√
2
νcLνL −

vRΠR√
2
νcRνR + h.c.

= −1

2
MLνcLνL −

1

2
M∗Rν

c
RνR + h.c.

(4.24)

Gathering all terms, we can write the complete mass matrix as

LMν
= −1

2

(
νcL νR

)(ML MT
D

MD MR

)(
νL
νcR

)
+ h.c. (4.25)

Note that the M ’s are all 3× 3 hermitian matrices, due to the fact that we have three
generations. Considering only a single fermion generation would mean that we have the
two eigenvalues

λ± =
1

2

[
ML +MR ±

√
(ML −MR)

2
+ 4|MD|2

]
. (4.26)

Using vR � κ(′), vL this is approximately equal to

mν ≈
|MD|2

MR
Mν ≈MR. (4.27)

This means that there exists a heavy version of the SM neutrino around the vR scale,
whereas the mass of the SM-like neutrino is inversely proportional to the mass of that
heavy neutrino. This phenomenon, which is made possible through the exchange of
a triplet, is known as the Type II see-saw mechanism. For three generations, it is
complicated to find an analytic expression. One can approximately transform the mass
matrix to a block diagonal form through WTMW , up to order M−1

R MD, where

W '

(
1

(
M−1
R MD

)†
−M−1

R MD 1

)
. (4.28)

Then the light and heavy neutrinos have masses that are approximately given by

mν ≈ML −MT
DM

−1
R MD Mν ≈MR (4.29)

For couplings of O(1) the mass of the heavy neutrino’s is O(vR), whereas the light

neutrino’s are on the order of O(vL) − O
(
κ2

vR

)
. The value of vL is therefore expected

to be O(1) eV. Therefore we have the following hierarchy in the vevs: vR � κ(′) � vL.
vR lies on the order of the 10 TeV scale, the κ(′) lie on the order of 100 GeV.
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4.3 C- and P -transformations

Let us now turn to the C and P transformations and the implications for the LR model.
Intuitively, one expects a P -transformation to relate left-handed fields to their right-
handed partners and vice versa. Both C- and P - transformations relate left and right
in the following ways [2]

P : QL → UPQR φ→ eiθP φ† ∆L → eiφP ∆R

C : QL → UC (QR)
c

φ→ eiθCφT ∆L → eiφC∆∗R,
(4.30)

where UC,P are arbitrary unitary matrices. θC,P and φC,P are arbitrary phases. The
question arises whether one can transform to a base to simplify the above transforma-
tions. If one imposes that the theory be invariant under either C or P , then it is possible
to choose the basis where UC,P = 1, and θC,P = φC,P = 0. This basis is in general dif-
ferent for C and P transformations. In the case where one demands both C and P
invariance or if one demands CP , but not C and/or P , invariance one ends up with the
matrix U and the phases we just introduced. A LR model with C or P invariance is
called a Left-Right Symmetric Model (LRSM). Because there is a relation between left
and right in such a model the SU(2)L,R couplings must be equal gL = gR = g at the
scale of the LR symmetry. This is also what we assumed when calculating the masses
of the gauge bosons.

4.3.1 CP -transformation

We can combine the C and P transformations just discussed into a single CP trans-
formation. Generally, we cannot assume UC,P = 1, and θC,P = φC,P = 0 for both C
and P . Combining the transformations we thus end up with

CP : QL,R → UL,RQL,R Φ→ HΦ∗ ∆L,R → eiφL,R∆L,R, (4.31)

where Φ = (φ, φ̃)T . The matrices U and H are 3 × 3 and 2 × 2 unitary matrices
respectively. One can see that a CP transformation does not transform L into R and
vice versa like the C and P transformations both did. Hence a CP symmetry is not a
LR symmetry. We will not go into much depth here, for more details see [2], but only
the option

H =

(
eiφ 0
0 e−iφ

)
with e4iφ = 1 (4.32)

is a viable CP transformation.

4.4 Higgs potential

The Higgs potential consists of dimension 2 and 4 terms that are invariant under the
LR gauge group. A derivation of the Higgs potential in the LR model was given in [2],
which will not be repeated here. The full potential contains 32 terms, which is quite
large. We require that the potential has a P symmetry, so that we can view P violation
as a low-energy phenomenon due to spontaneous symmetry breaking. The potential
that is invariant under P transformations is given by

V PH = −µ2
1A1 − µ2

2(A2 +A3)− µ2
3(AL +AR)

+ λ1A
2
1 + λ2(A2

2 +A2
3) + λ3A2A3 + λ4A1(A2 +A3)

+ ρ1(A2
L +A2

R) + ρ2(BLL +BRR) + ρ3ALAR + ρ4(BLR +BRL)

+ α1A1(AL +AR) + α2

(
eiδ2(A2AR +A3AL) + e−iδ2(A2AL +A3AR)

)
+ α3(CL + CR) + β1(D1 +D∗1) + β2(D3 +D∗3) + β3(D2 +D∗2)

(4.33)

where some of the dimension 4 terms could be rewritten in combinations of dimension
2 terms, see Appendix A for more details on this. Imposing P invariance reduced the
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number of independent parameters to 18. This is still larger than the 2HDM, which
contained 14 parameters, of which 7 remained after imposing a Z2 symmetry. The field
combinations that appear in the potential are given by

A1 = Tr(φφ†) A2 = Tr(φφ̃†)

A3 = Tr(φ̃φ†) = A∗2 AL,R = Tr(∆L,R∆†L,R) (4.34)

BLL = Tr(∆L∆L) Tr(∆†L∆†L) BRR = Tr(∆R∆R) Tr(∆†R∆†R) (4.35)

BLR = Tr(∆L∆L) Tr(∆†R∆†R) BRL = Tr(∆R∆R) Tr(∆†L∆†L)

CL = Tr(φ†∆L∆†Lφ) CR = Tr(φ∆R∆†Rφ
†)

D1 = Tr(φ†∆Lφ∆†R) D∗1 = Tr(φ†∆†Rφ∆L)

D2 = Tr(φ†∆Lφ̃∆†R) D∗2 = Tr(φ̃†∆†Rφ∆L)

D3 = Tr(φ̃†∆Lφ∆†R) D∗3 = Tr(φ†∆†Rφ̃∆L),

where we defined φ̃ ≡ σ2φ
∗σ2. If we look at the ground state, we find that the vevs

break the P symmetry. Since the P symmetry interchanges ∆L ↔ ∆R, the vevs that
given in equation (4.4) transform in the same way. In the covariant derivatives (4.6)
this required setting gL = gR = g, but in this case we cannot set vL = vR, as this model
needs vR � κ(′) � vL to obtain the correct phenomenology. Hence, the ground state
spontaneously breaks the P symmetry.

4.4.1 Minimum equations

From minimisation of the potential one finds relations between the parameters of the
potential. For completeness the minimum equations of V PH with δ2 = 0 are repeated
here as given in [2]:

µ2
1

v2
R

=
α1

2
− κ′2

2κ2
−
α3 +

κ2
+

v2
R

λ1 + 2
κκ′

v2
R

λ4 cosα (4.36)

µ2
2

v2
R

=
α2

2
+

κκ′

4κ2
− cosα

α3 +
κ2

+

2v2
R

λ4 +
κκ′

v2
R cosα

(λ3 + 2λ2 cos 2α) (4.37)

µ2
3

v2
R

= ρ1 +
κ2

+

2vR
α1 +

2κκ′ cosα

v2
R

α2 +
κ′2

2vR
α3 (4.38)

These equations are approximated, since vL
vR

(and higher order) terms have been neg-
lected. There are three more equations, which are not approximated, namely

2ρ1 − ρ3 =
β1κκ

′ cos(α− θL) + β2κ
2 cos θL + β3κ

′2 cos(2α− θL)

vLvR
(4.39)

0 = κκ′
[
α3

(
1 +

v2
L

v2
R

)
+
κ2
−
v2
R

(4λ3 − 8λ2)

]
sinα (4.40)

+
vL
vR

[β1(κ2 sin θL + κ′2 sin(θL − 2α))

+ 2(β2 + β3)κκ′ sin(θL − α)]

0 = β1κκ
′ sin(α− θL)− β2κ

2 sin θL + β3κ
′2 sin(2α− θL) (4.41)

Of these six minimum equations, there is one that deserves some special attention,
namely equation (4.39), which is named the seesaw equation.

4.4.2 Seesaw relation

Note that all of the minimum equations contain not just the parameters of the potential,
but also the vevs. The large hierarchy between the vevs becomes especially troublesome
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if we take a look at the seesaw equation (4.39). All βi terms on the right hand side of

the equation have a prefactor of the form κ(′)κ(′)

vLvR
∼ O(109). The relation between the ρ

and β parameters is then as follows

2ρ1 − ρ3 ∼ O(109)βi. (4.42)

If we require 2ρ1−ρ3 ∼ O(1) this means that the βi are either all very small ∼ O(10−9),
which would violate the naturalness assumption that all potential parameters are of order
one. The other option is that the βi are of order one, but they cancel in such a way that
the result is ∼ 10−9. The fact that the see-saw relation relates these different scales to
each other, might therefore lead to fine-tuning. It is possible to eliminate the seesaw
equation by eliminating βi and vL. One could in principle set vR or 2ρ1−ρ3 to zero, but
these options are phenomenologically not viable, as explained in [17], where the authors
did consider a toy model with amongst others βi and vL set to zero. We will later return
to the seesaw relation when discussing fine-tuning in greater detail.

4.4.3 Scalar masses

The masses of the Higgses are derived from second derivatives of the potential

M2
ij =

∂2V

∂ϕi∂ϕj
, (4.43)

evaluated at 〈φ〉, and 〈∆L,R〉, where ϕi and ϕj can be any real field of φ or ∆L,R.
Since we have 20 degrees of freedom (4× 2 from φ, and 2× 3 from each of the ∆’s) we
will get 20 bosons, of which 6 are expected to be Goldstone bosons, corresponding to
the amount of generators of the symmetries that are broken. The mass matrix will be
block diagonal, with an 8× 8 block for neutral scalars, as well as for the singly-charged
scalars, and the remaining 4×4 block for the doubly-charged scalars. Each of the block-
diagonal parts of the mass matrix can be diagonalised independently, but solving the
characteristic polynomials analytically is not possible, except for the last 4× 4 block of
doubly charged scalars, which has two twice degenerate eigenvalues. To give an example,
we have calculated these eigenvalues. After some approximation the eigenvalues are

m2
1 ≈ v2

Rρ3 − 2µ2
3, (4.44)

m2
2 ≈ 2v2

R(ρ1 + 2ρ2)− 2µ2
3, (4.45)

where after sampling the ρ’s ∼ O(1), and calculating µ2
3 ∼ O(v2

R) through the minimum
equations it is found that the eigenvalues are O(v2

R) as well.
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Chapter 5

Considering a smaller
Left-Right potential

We have gained insight in the physics of the LR model, but at the end we ran into the
problem that we could not find the eigenstates of the mass matrix analytically. For the
2HDM it was possible, but the LR model is much larger. Compared to the 2HDM with
Z2 symmetry which has 7 parameters in its potential, the minimal LR model still has 18
parameters after imposing P -invariance. In order to study fine-tuning in this model, it
is instructive to first consider a smaller version of the LR potential. If in such a reduced
theory there exists fine-tuning, then it points towards fine-tuning in the full theory. The
task is to find such a reduced version of the potential, and subsequently find analytic
expressions for the masses of the Higgses. Reduced versions of the minimal LR model
have already been considered. In [17] the authors considered a toy model in which the
parameters βi, λ4, µ

2
2, α2 had been set to 0, and additionally vL = 0, but this means

that the seesaw relation has been eliminated, and therefore we lose a possible source of
fine-tuning.

In our mission to find a reduced version of the P -symmetric minimal LR model, we have
two requirements:

• The potential should be bounded from below, this guarantees that the masses of
the Higgses are non-negative.

• The seesaw relation of equation (4.42) should be kept intact. The seesaw relation
contains a large ratio that is caused by the hierarchy of the vevs, which we would
like to keep in the theory. This also means that we will not set vL = 0.

We do not require that the reduced model is viable, because we are just interested in
its fine-tuning properties.

5.1 First simplification of the potential

The second condition can be a starting point that directly gives constraints on the pos-
sible ways we can simplify the potential. If we require that our reduced model keeps the
seesaw relation intact, it means that 2ρ1 6= ρ3, and at least one of the βi is non-zero.

Looking next at the λi and αi terms, it is worth noting that the λi terms often appear
in the same elements of the mass matrix. Hence we would not lose much information if
we set all λi = λ, but then we might as well keep just one of the λ’s and set the others to
zero. The same goes for the αi parameters, where specifically keep α3, since it appears
in almost all of the Higgs masses in the version of the theory with βi = 0 and vL = 0 [2].
Likewise, one can eliminate µ2

1 and µ2
2. This way one ends up with just 6 parameters in
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the potential, namely µ2
3, λ1, α3, ρ1, ρ3, and β3 so that the potential is given as

V PH = −µ2
3(AL +AR) + λ1A

2
1 + ρ1(A2

L +A2
R)

+ ρ3ALAR + α3(CL + CR) + β3(D2 +D∗2).
(5.1)

However, this approach has been a bit too rash, as in this case the minimum equations
force λ1 = 0. This simplified model keeps the seesaw relation intact, but it is problem-
atic, as there are no λ terms, which are the terms containing 4 φ’s, left in the potential.
Therefore the model might be unphysical since the potential can be unbounded from
below. For simplicity, the phases present in the vevs, α and θL, have also been set to
zero. Furthermore, setting α2 to zero also removed the explicit CP -violating phase δ2
from the potential.

5.2 Bounded from below

The fact that all λ terms have vanished from the potential becomes troublesome because
there is no guarantee that the potential is bounded from below. In order to check whether
the potential is bounded from below, we employ three strategies that can give constraints
on the parameters of the potential:

• Investigate which combinations of fields appear in which terms. Then check how
combinations of fields behave when taking the fields to ±∞. The potential may
not go to −∞.

• Require that the squared masses of the Higgses are positive.

• Make a general potential containing all possible combinations of quartic terms and
see how constraints on this general potential can be translated to the reduced LR
potential.

We therefore made the choice to make λ2 non-zero, after which the requirement from
the minimum equations that λ1 = 0 disappears. The resulting potential is then

V PH = −µ2
3(AL +AR) + λ1A

2
1 + λ2(A2

2 +A2
3) + ρ1(A2

L +A2
R)

+ ρ3ALAR + α3(CL + CR) + β3(D2 +D∗2),
(5.2)

for which we want to find constraints on the parameters such that the potential is
bounded from below.

5.2.1 Fields to ±∞
If we want to check the behaviour of the potential when fields go to ±∞ it suffices to
check the 4-field terms. However, as has been mentioned before, there are 20 d.o.f.,
corresponding to the number of real scalar fields, which means that we should not only
consider boundedness upon taking one of the fields to infinity, but also the combinations
of two, three, and even four of the fields going to ±∞. With this method we want to
see if we can already find some constraints on the parameters, but we do not obtain
constraints on all of the parameters.

The next step is to see which combinations of terms actually appear in the reduced
potential. Let us denote the fields from the bi-doublet as φi, and the triplet fields as
δiL,R. Looking at the φi fields, the combinations one can make are of the form φ4

1, φ2
1φ

2
2,

φ2
1φ2φ3, and φ1φ2φ3φ4. The first two of these combinations are not problematic, since

their contribution is guaranteed to be positive if the preceding parameter is positive.
More problematic are the last two terms, since they are linear in some of the constituent
fields. As it turns out, there are no terms of the form φ2

1φ2φ3, but terms of the form
φ1φ2φ3φ4 do make an appearance in the potential. Of the two λ terms, λ1 contains only
the combinations φ4

1 and φ2
1φ

2
2, whereas λ2 contains terms of the form φ1φ2φ3φ4. The λ1
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term only contains terms that contain an even number of a field, meaning those terms
can never become negative. λ2 contains terms in which a field only appears once, and
hence the term becomes negative when that field goes to −∞. Since the terms in the
λ1 term are always positive, requiring λ1 > 0 ensures that this term is always positive.

Considering the combinations of four δiL fields, there can exist the combinations of the
form δ4

1L, δ2
1Lδ

2
2L, and δ1Lδ2Lδ3Lδ4L. Of these three combinations, only the first two

show up in the ρ1 term, the third does not show up in the potential at all. Hence we
require ρ1 > 0. Due to P -invariance of the potential, the same holds for combinations
of four δiR fields.

Similarly, we can make four-field combinations out of δiL and δiR. Next to the possible
combinations discussed for four δ’s of the same handedness, the new combinations that
can be made are δ2

1Lδ
2
2R, and δ1Lδ2Lδ3Rδ4R, since we must have an equal number of δL

and δR. Of these two combinations, only the first one is present in ρ3, from which we
require ρ3 > 0.

Things start to get more complicated when combinations of fields of the bi-doublet with
one of the triplets are considered. Possible combinations that have not already been
mentioned are φ2

1δ
2
1L, φ1φ2δ

2
1L, φ2

1δ1Lδ2L, and φ1φ2δ1Lδ2L. Of these combinations, the
first and last of these combinations appear in the α3 term, the latter being problematic.
Of course, the same reasoning holds for δR as well.

Lastly, there are the combinations of φi with both triplets. The new possible combina-
tions are φ2

1δ2Lδ3R, and φ1φ2δ3Lδ4R, both of which show up in the β3 term.

Summarising, it can be concluded that requiring λ1, ρ1, and ρ3 be > 0, ensures that
these terms in the potential are not the terms that can make the potential unbounded
from below. We now need to find constraints on λ2, α3, and β3. Because this is non-
trivial to do so using this strategy, we will use the other two strategies mentioned at the
beginning of this section to find those constraints.

5.2.2 Higgs masses

In order to check whether the minimum is indeed a minimum (and not a saddle-point),
and hence the potential is bounded from below, we need to look at the masses of the
Higgses in the theory. If the masses are non-negative (we allow for massless Goldstone
bosons), then the minimum is an absolute minimum. The mass matrix of the full P -
symmetric theory, which had two large 8 × 8 blocks -one with neutral and one with
charged scalars- is simplified. Both 8× 8 blocks are now split into two 4× 4 blocks. All
eigenvalues can be found analytically, except for the eigenvalues of the neutral scalar
blocks. If one approximates the neutral scalar blocks by ignoring terms proportional
with vL or v2

L, then one can find the constraints

ρ3 − 2ρ1 > 0 (5.3)

λ2 < 0. (5.4)

Even though we have more constraints, it is still not sufficient to make the potential
bounded from below.
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5.2.3 General potential

In order to obtain constraints on the yet unconstrained parameters a general potential
containing four-field terms of up to four different fields was constructed.

VG = λ1φ
4
1 + λ2φ

4
2 + λ3φ

4
3 + λ4φ

4
4 + ρ1φ

2
1φ

2
2 + ρ2φ

2
1φ

2
3 + ρ3φ

2
1φ

2
4 + ρ4φ

2
2φ

2
3

+ ρ5φ
2
2φ

2
4 + ρ6φ

2
3φ

2
4 + δ1φ

2
1φ2φ3 + δ2φ1φ

2
2φ3 + δ3φ1φ2φ

2
3 + τ1φ

2
1φ2φ4

+ τ2φ1φ
2
2φ4 + τ3φ1φ2φ

2
4 + σ1φ

2
1φ3φ4 + σ2φ1φ

2
3φ4 + σ3φ1φ3φ

2
4 + ν1φ

2
2φ3φ4

+ ν2φ2φ
2
3φ4 + ν3φ2φ3φ

2
4 + χφ1φ2φ3φ4

(5.5)

In this potential it is clear that terms that are only second- or fourth-order in the fields
can never cause the potential to be unbounded from below. The idea is to take up
to four fields present in the LR-potential and fill them in this general potential, then
find constraints on the parameters for the general case and “translate” these constraints
to the reduced LR potential. At this point we encounter constraints that contradict
themselves. One of the constraints that could be derived from the general potential
reads

λ1 + 4λ2 > 0. (5.6)

This does not contradict the constraints λ1 > 0, and λ2 < 0 we already obtained.
However, one has the minimum equation

λ1 + 4
κ′2

κ2 + κ′2
λ2 = 0, (5.7)

from the constraint λ1 > 0, one could also have derived the constraint λ2 < 0 from
this minimum equation. It is clear that the constraint that relates λ1 and λ2 can never
be satisfied due to the minimum equation, hence it is not possible to make this model
bounded from below. Therefore, this potential given in equation (5.2) is abandoned in
favour of a slightly different potential.

5.3 A minimal stable LR model

Instead of the previously discussed model, we turn to a potential given by equation
(4.33) where we only keep the µ2

3, λ1, λ3, ρ1, ρ3, α3, and β3 terms. The difference with
the first reduced model is that we have λ3 6= 0 instead of λ2 6= 0. This results in the
following potential

V PH = −µ2
3(AL +AR) + λ1A

2
1 + λ3A2A3 + ρ1(A2

L +A2
R)

+ ρ3ALAR + α3(CL + CR) + β3(D2 +D∗2).
(5.8)

We call this model the reduced LR model, because its potential is a smaller version of
the general LR potential. Of the 18 parameters in the most general LR potential, 7
remain. One of the ways the minimum equations can be solved is

µ2
3 =

(κ4 − κ′4)λ1 + (v4
L + v4

R)ρ1 + v2
Lv

2
Rρ3

v2
L + v2

R

, (5.9)

λ3 = − (κ2 + κ′2)λ1

2κ′2
, (5.10)

β3 =
vLvR(2ρ1 − ρ3)

κ′2
, (5.11)

α3 = 2
(κ4 − κ′4)λ1 + v2

Lv
2
R(ρ3 − 2ρ1)

(v2
L + v2

R)κ′2
. (5.12)

Contrary to section 4.4.1 in which the approximate minimum equations for the P sym-
metric LR models were given up to order vL/vR, these minimum equations are exact.
From the third of these equations it can be seen that the see-saw relation introduced in
equation (4.39) still is intact. We therefore expect that if the see-saw relation is indeed
a source of fine-tuning, we should find fine-tuning in this model.
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Bounded from below

A numerical analysis by sampling of points and checking whether all masses are non-
negative (the Goldstone bosons have, barring numerical precision, no mass) was per-
formed. This analysis showed that this model has points for which the potential is
bounded from below, but no clear constraints for the parameters have been found.

Mass matrix

Neither for the full, general P -symmetric LR model, nor for this reduced model is it
possible diagonalise the mass matrix analytically. The two 8× 8 blocks, one containing
charged and one containing neutral scalars, that were present in the general model split
up. Each of these blocks splits up into two 4× 4 blocks. The 4× 4 block that in the full
theory contained the doubly charged scalars, breaks up into two 2× 2 blocks. Although
most of the expressions are quite lengthy, all of them can be found analytically, except
again the eigenvalues of one of the 4× 4 neutral blocks.

Viability of the model

The model itself is not viable phenomenologically, i.e. most of the points for which the
potential is bounded require a vR < 1.5 TeV, which is low for these kinds of theories.
Furthermore, from the mass matrix we deduce that there are 7 Goldstone bosons, which
is one too many. But since we are just interested in the fine-tuning properties of the
Higgs sector of this model, we do not take these phenomenological constraints into
consideration. The reduced LR model just serves as a less complicated model in order
to understand fine-tuning so that we can use this model as a stepping stone when
studying fine-tuning in the general P -symmetric LR model.
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Chapter 6

Fine-tuning in Higgs sectors

Let us now investigate and compare the fine-tuning in the models that have been dis-
cussed before. Some steps in studying fine-tuning in the 2HDM have already been made,
we will therefore repeat some results and conclusions [18]. Then we will show results for
fine-tuning in the reduced and the full P -symmetric LR models and compare these res-
ults to those of the 2HDM. We will indicate the features and results for the fine-tuning
in these models, and give some interpretation of the obtained results. First however, we
should specify how we define fine-tuning, for which we introduce two measures.

6.1 Fine-tuning measures

Although one can intuitively define fine-tuning as the specific adjustment of parameters
in a theory, in order to quantify fine-tuning one should define a certain measure. There
are several definitions for this. The first measure we will use is the Dekens measure, since
it was used in [2] in studying fine-tuning in several LR models. The second measure
is the Barbieri-Giudice (BG) measure. As we will see, both measures use a similar
expression, but whereas the Dekens measure is a measure for fine-tuning in parameters
of a theory, the BG measure is a measure for fine-tuning of observables.

6.1.1 Dekens measure

The measure used in [2] uses the minimum equations, which established relations between
different parameters, to divide the parameters of the theory in dependent parameters
qi, which depend on the remaining set of parameters pj . The fine-tuning of a parameter
qi is then given as

∆i = maxj

∣∣∣∣ ∂ ln qi
∂ ln pj

∣∣∣∣ = maxj

∣∣∣∣pjqi ∂qi∂pj

∣∣∣∣ . (6.1)

First the minimum equations are solved for some set of parameters, which is not necessar-
ily the set qi. The other parameters are sampled around O(1), and the vevs are sampled
vL ∼ O(10−9) GeV, κ(′) ∼ 102 GeV, with the constraint that κ2 + κ′2 = (246 GeV)2,
and vR from a uniform range from 0 to 50 TeV. Then one chooses the set of depend-
ent parameters qi (the other parameters are hence in the set pj), and one can calculate
∆ = maxi∆i, which is the maximum ∆i of all the dependent parameters qi. Constraints
concerning boundedness from below and positive masses can of course be accounted for
in the sampling of parameters.

This measure is however not very satisfactory. The point is that in using this measure
the parameters are divided into the aforementioned sets qi and pj , but there is a choice
in doing this, which is not guided by any principle. It is possible that upon picking
a different set qi, fine-tuning is considerably lower or even absent (less than O(10)).
These greatly differing outcomes based on the choice of qi raise the question whether
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fine-tuning is indeed present, or whether it has to do with the way of defining fine-
tuning. In [2] the fine-tuning of (amongst others) the P -symmetric LR model with cases
of vL and the βi being (non-)zero was considered. The interpretation that was made
there was that if there is a possible set qi such that there is a large ∆, then there is
fine-tuning, though this may have been to rash. It was concluded that this version of
the model requires too much fine-tuning.

The dependence of ∆ on qi can be illustrated by considering a minimum equation of the
form

A−B = xC, (6.2)

where A, B, and C are parameters, and x is some constant ratio� 1 that e.g. is a ratio
of vevs in the theory. This equation is of the same form as equation (4.42). We rewrite
the equation as

B = A− xC, (6.3)

and we choose the parameters A and C on the right-hand side to be of O(1). From the
equation is clear that not all parameters can be O(1). There is one parameter that is
forced to be very large, in this case B is O(−x). The Dekens measure given in equation
(6.1) gives for the fine-tuning if we choose B as dependent parameter

∆ = max

{∣∣∣∣AB (1)

∣∣∣∣ , ∣∣∣∣CB (−x)

∣∣∣∣} = O(1). (6.4)

The reason we find no fine-tuning this way is because the terms B and xC are of the
same order, and the A only gives a small contribution, since it is small in comparison
to xC. Therefore, no precise cancellation between terms is required. However, if we use
the solution of equation (6.3), but we now choose A instead of B as the parameter, and
invert the relation we get

A = B + xC. (6.5)

In this equation two terms of order x cancel such that A is of order one. The fine-tuning
following the Dekens measure by choosing A as the dependent parameter q is then

∆ = max

{∣∣∣∣BA (1)

∣∣∣∣ , ∣∣∣∣CAx
∣∣∣∣} = O(x). (6.6)

Hence by rewriting the equation, we can make fine-tuning appear or disappear for the
same choice of parameters. This is not what we would call fine-tuning, since we first
solve the minimum equation for B, given by equation (6.3) and then rewrite it in equa-
tion (6.5) in such a way to make it look like the value of the small term follows from
cancellation between the two large terms. It seems like the B and xC terms are chosen
such that they cancel to yield a small A, but this is only a consequence of rewriting
equation (6.3). Furthermore, the scenario we consider is troublesome when perturbativ-
ity comes into play. A parameter that is very large, cannot be considered perturbative,
and hence is unacceptable.

The same arguments hold if we choose A instead of B as dependent parameter, so let
us now solve the minimum equation for C:

C =
A−B
x

. (6.7)

If we require C ∼ O(1), then at least one of A and B needs to be O(x), which would
break the perturbativity requirement. Let us therefore choose A, B of O(1), which
results in a very small C ∼ O(x−1). A very small C is perturbative, though such
a small, non-zero, value for a parameter is unnatural. Choosing C as the dependent
parameter and applying the Dekens measure gives

∆ = max

{∣∣∣∣AC 1

x

∣∣∣∣ , ∣∣∣∣BC 1

x

∣∣∣∣} = O(1). (6.8)
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If we now rewrite the minimum equation to the form of equation (6.5), we find for the
fine-tuning when taking A as the dependent parameter

∆ = max

{∣∣∣∣BA (1)

∣∣∣∣ , ∣∣∣∣CAx
∣∣∣∣} = O(1), (6.9)

which is the same expression as equation (6.6), but in this case there is no fine-tuning.
This is due to the way in which we solved the minimum equation. This forced C to be
very small, and hence A ∼ O(1) depends on the two terms B and xC, which are of the
same order of magnitude. Therefore we do not find any fine-tuning for this case.

We see that the Dekens measure can give different values for ∆. Some of the cases are
not fine-tuned according to the Dekens measure, but they face the problem of having a
parameter at a very small or large value. But in the cases we considered so far the ratio
x was always � 1, so let us return to the equation

A−B = xC, (6.10)

and now let x � 1. If A and B are O(1), then we would expect xC of the same
order, meaning C ∼ O(x−1), so C would be very large (x is small), and hence non-
perturbative. There is a way to circumvent this problem, by requiring that A and B are
of O(1), but they chosen such that they cancel up to O(x). In this case C ∼ O(1). One
can intuitively classify this case as fine-tuned, since there is no reason to make this very
specific choice of parameters. Following the Dekens measure using C as the dependent
parameter and choosing A and B such that they cancel up to O(x)

∆ = max

{∣∣∣∣AC 1

x

∣∣∣∣ , ∣∣∣∣BC 1

x

∣∣∣∣} = O(x−1), (6.11)

which indicates fine-tuning. For the same choice of parameters, we can choose A to be
the dependent parameter by shuffling terms around in the equation like we did before.
Then the Dekens measure yields

∆ = max

{∣∣∣∣BA1

∣∣∣∣ , ∣∣∣∣CAx
∣∣∣∣} = O(1), (6.12)

and the fine-tuning seems to have disappeared even though we chose A and B to cancel
up to O(x). Furthermore, we have no problems with perturbativity or naturalness, as
all three parameters are O(1). The final option is to let A and B be O(x), so that
C ∼ O(1). This way no precise cancellation is needed. The Dekens measure gives for
the dependent parameter C

∆ = max

{∣∣∣∣AC 1

x

∣∣∣∣ , ∣∣∣∣BC 1

x

∣∣∣∣} = O(1), (6.13)

In previous cases it occured that one of the parameters was forced to be very large. In
this case a parameter can turn out to be very small, but non-zero. One can make the
argument that it is as unnatural to have such a small parameter. The Dekens measure
gives a value of O(1), which seems acceptable, but the measure is asymmetric since it
only considers the maximum value. This problem can be circumvented by rearranging
some terms in the minimum equation, but as stated before one can make fine-tuning
seemingly appear or disappear, which is problematic, as there is no reason to pick a
parameter as a dependent parameter over some other parameter. In section 6.3 we will
come back to this problem with the Dekens measure when discussing fine-tuning in the
reduced LR model, and we will explicitly show the minimum equations and the steps
one can take to get an extremely large fine-tuning.

Even though it is possible to obtain differing results for ∆ depending on the choice
of qi, the Dekens measure can still indicate that something is going on. In the cases
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where ∆ = O(1), there usually is a problem with naturalness or perturbativity, which
becomes apparent because ∆ can then become large for a different choice of qi. Even
in the case (6.12) where ∆ = O(1) and all parameters are natural and perturbative
(since we chose A and B to cancel up to the desired amount) a different choice for qi
shows that there was fine-tuning. Furthermore all values of ∆ depend on (1/)x. Also
parameters are forced to be very large or very small are on the order of (1/)x. Hence the
Dekens measure can give information about ratios, e.g. the ratio in the seesaw relation of
equation (4.42). This also tells us that if x ∼ O(1), i.e. there is no large ratio present in
the minimum equation, that there is no fine-tuning according to the Dekens measure and
all parameters can be natural and perturbative. In the case where x = 0, the minimum
equation becomes A = B and we do not have any fine-tuning. As a last remark, in the
minimum equations of the most general P -symmetric LR model given in section 4.4.1,
the ratio in the seesaw equation is not the only ratio in the minimum equations. There
are also different ratios of vevs in the other minimum equations. Hence one can expect
varying results for different qi depending how the different ratios are combined when
forming expressions for the qi.

6.1.2 Barbieri-Giudice measure

A fine-tuning measure that is similar to the Dekens measure is the Barbieri-Giudice
measure that was first used in the context of supersymmetric models [19]. This differs
from the measure used by Wouter Dekens in the way that it does not compare dependent
and independent parameters, but that it compares an observable O to the parameters
of the theory pi in the following way

∆BG = maxi

∣∣∣∣∂ lnO

∂ ln pi

∣∣∣∣ = maxi

∣∣∣∣piO ∂O

∂pi

∣∣∣∣ . (6.14)

This measure has as an advantage that the ambiguity of choosing parameters of the first
measure is not present. Instead, one looks at observables of the theory, e.g. masses of
particles. In this thesis, we will use as observables the masses of the Higgses obtained
upon diagonalising the mass matrix. We will also consider fine-tuning for the case where
we constrain the mass of the SM-like Higgs boson to be close to the SM value of 125 GeV.

In the LR model applied phenomenologically, one of the Higgses that is predicted should
correspond to the SM Higgs boson. Finding an exact expression for this mass in terms
of the parameters is likely to be non-trivial, due to the sheer number of parameters,
but fine-tuning could be evaluated numerically. The downside of this is that one loses
information on what causes possible fine-tuning.

The BG measure will give a large ∆BG if the mass of a particle is smaller than the energy
scale on which it depends. For example, if a particle has a squared mass of O(κ2), but
if the mass of the particle also depends on terms containing positive powers of vR, then
either a parameter must be very small, or the terms containing vR must cancel to give
a contribution of O(κ2).
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6.2 Fine-tuning in the 2HDM

Fine-tuning in the 2HDM with a Z2 symmetry has been studied by Ruud Peeters, based
on properties of the model that were extensively discussed in [9]. The Higgs potential
of this model has 7 parameters, and there are two minimum equations. All expressions
could be calculated analytically, and many properties of this model, some of which based
on [9], were discussed in chapter 3. We will give a brief overview of the fine-tuning results
for the Dekens and BG measure [18]. Eventually we will compare the fine-tuning in the
2HDM with a Z2 symmetry to the fine-tuning in the reduced and full P -symmetric
LRSM.

6.2.1 Dekens measure

The model contains two minimum equations that were given in equation (3.7). The λ
parameters in the potential of equation (3.2) are sampled O(1), after which the min-
imum equations were used to calculate µ2

1 and µ2
2. Peeters then considered three sets of

dependent parameters qi to use in the Dekens measure, namely

qi = {λ1, λ2}, (6.15)

qi = {µ2
1, µ

2
2}, (6.16)

qi = {v2
1 , v

2
2}. (6.17)

It was concluded that the amount of fine-tuning differed depending on the choices of
qi. We will show the first two scenarios. For the choice of the first of the three sets of
dependent parameters, the Dekens measure gives

∆ ∼ 1

λ1
. (6.18)

If λ1 is small, then ∆ becomes large. In figure 6.1 one can see the results of sampling
10.000 points. The amount of points with a certain ∆ falls off for larger values of ∆, but
there are some points with a larger fine-tuning. In general the points with a larger fine-
tuning have a small λ1, but since λ1 is sampled, the values of ∆ are not a consequence
of a cancellation, but of the sampling.
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Figure 6.1: Fine-tuning for the 2HDM, scenario 1 using the Dekens measure (6.1).
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In the second scenario the equations for ∆ are given by

∆ ∼ 1

λ1v2
1 + 1

2 (λ3 + λ5)v2
2

. (6.19)

If the terms in the denominator cancel, then ∆ can become large. However, looking at
the results in figure 6.2, we see that there is very little fine-tuning. This is because v1 is
in general larger than v2, so the difference between the squares of the vevs we consider
here is even larger. Since the λ parameters are sampled O(1), it is therefore unlikely
that the terms in the denominator cancel, hence there is little fine-tuning.
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Figure 6.2: Fine-tuning for the 2HDM, scenario 2 using the Dekens measure (6.1).

For scenario 3, one of the terms in the denominator of the expression for ∆ is λ1λ2−λ2
+.

If this term is small, then ∆ is large, so there can be fine-tuning. The resulting histogram
for ∆ looks similar to that of scenario 1. The conclusion after using the Dekens measure
is that there is a possibility to get a large fine-tuning, however the measure depends on
the choice of qi.

6.2.2 BG measure

For the BG measure, Peeters considered the squared mass of the SM-like Higgs boson
given in equation (3.10) as observable. We repeat it here as

m2
h = λ1v

2
1 + λ2v

2
2 −

√
(λ1v2

1 − λ2v2
2)2 + (λ3 + λ5)2v2

1v
2
2 . (6.20)

Then applying equation (6.14) will give expressions for ∆BG. One can check that all of
these expressions will contain a fraction with a term of the form

∆BG ∼
1√

(λ1v2
1 − λ2v2

2)2 + (λ3 + λ5)2v2
1v

2
2

. (6.21)

Due to the squares in the expression, both terms under the square root are positive,
hence they will never cancel. This means that ∆ will never be large, so we expect little
fine-tuning. In figure 6.3 one can see that this is indeed the case.
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Figure 6.3: Fine-tuning for the 2HDM using the BG measure (6.1).

Conclusion

From this analysis we can conclude that (up to tree level) there is no fine-tuning in
the 2HDM. The 2HDM contains no new energy scale, both vevs are comparable with
the SM Higgs vev, since v2

1 + v2
2 = v2 = (246 GeV)2. This is a foreshadowing to the

next sections in which we discuss fine-tuning in the LRSM, where we introduce different
energy scales in the theory.
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6.3 Fine-tuning in the reduced LRSM

After showing some results for the fine-tuning in the 2HDM [18], we move on to the
reduced LR model we introduced in section 5.3. In [2] the fine-tuning was also shortly
touched upon. In particular, it looked at the fine-tuning in C−, P−, and CP−symmetric
LR models using the measure given in (6.1). By eliminating the see-saw relation (4.42),
by setting both vL and βi, or just vL to zero, fine-tuning seemed to be reduced sub-
stantially, yet not eliminated. However, it was argued that setting these parameters to
zero might lack justification. In this reduced model we have also set many parameters
to zero, but we only use this simplified model to study fine-tuning, not to make any
phenomenological predictions. We will show the results of the Dekens and BG measures
and compare them.

6.3.1 Dekens measure

The fine-tuning of the reduced LR model with the potential given by equation (5.8)
was studied first. Since many of the parameters have been set to zero there are less
minimum equations, and hence less independent parameters to choose for the Dekens
measure. In this way we hope to be able to see how fine-tuning arises before going to
larger theories. The results of the fine-tuning calculated through the Dekens measure are
given in figures 6.4 and 6.5. In this calculation, the minimum equations were solved for
the same parameters, after which several different sets of dependent parameters qi were
chosen. This is an illustration of the problem with this measure that was also discussed
when introducing this measure. Depending on the chosen dependent parameters qi, ∆
can range from O(1) up to ∼ O(1030).
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Figure 6.4: Fine-tuning versus vR for the reduced P -symmetric LR model using the
Dekens measure (6.1). The dependent parameters qi are displayed above each plot.
Note that the scale on the y-axis is logarithmic.

Fine-tuning can vary wildly for different choices of independent parameters. The fine-
tuning is close to O(1) if the independent parameters are chosen as the same parameters
for which the minimum equations were solved. For the other cases that are shown, the
fine-tuning can lie from ∼ O(103) to almost up to ∼ O(1030), which seems extremely
large. The reason we get these different values for ∆ has to do with the fact that we
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mentioned in section 6.1.1. There we found fine-tuning of order 1 or of order x. We also
expected that if there are different ratios present in the minimum equations, that one
can also get different values for ∆ depending on how the minimum equations are solved
and the qi that are chosen.

The top right figure in figure 6.4 is a special case, for this case the dependent parameters
were chosen to be the same as the parameters for which the minimum equations were
solved. It looks like almost all fine-tuning is gone. It can be argued that this is always
the case when one takes the parameters for which the minimum equations were solved as
dependent parameters. It is a consequence of the way the minimum equations are solved.
The independent parameters are sampled ∼ O(1), after which a minimum equation is
used to calculate one of the parameters. Because all minimum equations are linear,
the dependent parameter will be on the order of the largest term(s) in the minimum
equation. Since we sample points randomly, it is unlikely that parameters are sampled
such that two terms cancel.
To explain the extremely high fine-tuning in figure 6.5 we look at the minimum equations
of this model given by equations (5.9) through (5.12). If we solve the minimum equations
for µ2

3, λ1, β3, ρ3 we obtain as solutions for β3 and ρ3

ρ3 = 2ρ1 +
κ′2
(
4λ3(κ2 − κ′2) + α3

(
v2
L + v2

R

))
2v2
Lv

2
R

≈ κ′2

v2
L

α3, (6.22)

β3 = −
4λ3(κ2 − κ′2) + α3

(
v2
L + v2

R

)
2vLvR

≈ −vR
vL
α3, (6.23)

which forces β3 ≈ 1012 and ρ3 ≈ −1020. If the minimum equations are then written in
terms of the parameters displayed above figure 6.5, one of the expressions reads

λ3 ≈
β3v

3
Rκ
′2 + vLv

4
Rρ3

4vLκ′2 (κ2 − κ′2)
. (6.24)

In equations (6.22) and (6.23) we sampled λ3 ∼ O(1) and calculated ρ3 and β3 through
the minimum equations, which blew up those parameters. In this case we have that
both terms on the right hand side are very large, on the order of 1028, but λ3 on the
left hand side is of order one. To get this result we must thus have a fine-tuning on the
order of 1028.

However, this apparent fine-tuning only arises because we shuffled some terms around
in the minimum equations. Figure 6.4 also showed greatly differing results depending
on the choice of the qi. This way we can make fine-tuning appear or disappear by the
appropriate choice of parameters.
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Figure 6.5: Fine-tuning versus vR for the reduced P -symmetric LR model using the
Dekens measure (6.1). Note that the scale is different compared to previous graphs in
order to fit all points on the graph.

45



6.3.2 BG measure

As mentioned when introducing the BG measure given by equation (6.14), we take as
observables the squared masses of the Higgses, since these are obtained from the diag-
onalisation of the mass matrix in equation (4.43). The advantage of the BG measure
over the Dekens measure is that we have lost the ambiguity in picking the dependent
parameters qi, since we now look at the fine-tuning of the eigenvalues of the mass matrix,
which are well-defined. Because our reduced model is not phenomenologically viable, we
cannot impose the constraint that the mass of the lightest non-Goldstone boson should
be close to the SM Higgs mass.

One can still make different choices for which parameters to solve the minimum equa-
tions, but the observables are fixed, unlike the dependent parameters qi which we could
choose freely after solving the minimum equations. We therefore expect that the choice
of parameters for which the minimum equations are solved has no effect on the fine-
tuning, though we do impose a condition. If the minimum equations are solved in such
a way that one or more parameters become either very large or very small, then this
could have an effect on the fine-tuning. This is because a parameter that is of a different
order than the rest of the parameters can have a large influence on the mass spectrum.
Furthermore, this would bring us into trouble if we want to have natural parameters.
We therefore demand that all parameters are O(1). The results for the BG measure are
shown in figure 6.6.

Unlike the previous plots, the y-axis of this graph is not logarithmic. The fine-tuning
according to the BG measure is low. As almost all points have a ∆BG < 10, there is
no fine-tuning in this reduced LR model. Furthermore, there is a problem with solving
for some of the parameters through the minimum equations, since at least one of the
parameters is of order 1010 or 10−9, which is unnatural. We therefore have to go to the
full P -symmetric LR model.
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Figure 6.6: Fine-tuning versus vR for the reduced P -symmetric LR model using the BG
measure (6.14). Note that the scale is not logarithmic, unlike the other graphs. For this
plot 1000 points have been sampled.
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6.4 Fine-tuning in the LRSM

In studying fine-tuning in the reduced LR model, we found out that the Dekens measure
is ambiguous, since it yields distinct results for different parameter choices. This was
expected, as was concluded in section 6.1.1 where we discussed the Dekens measure.
The BG measure, which lacks the ambiguity of the Dekens measure, shows that the
masses in the reduced model are not fine-tuned although at least one of the parameters
is either large or small. We will now move on to the full P -symmetric LR model. For
this model we calculate the fine-tuning using the Dekens measure, and sample ranges for
the parameters as was done in [2]. We will also use the BG measure, and we will include
the constraint that the lightest non-zero mass is close to the SM Higgs mass. The results
for the Dekens measure are shown in figure 6.7. We used the same method as we did for
the reduced LR model in choosing parameters for which to solve the minimum equations
and subsequently choosing parameters to calculate fine-tuning for. Depending on the
chosen dependent parameters, ∆ can range from O(1) up to ∼ O(1022). We cannot get
the extreme fine-tuning values as those that were shown in figure 6.5, but there is a large
variety in fine-tuning for different choices of dependent parameters qi in this model as
well.
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Figure 6.7: Fine-tuning versus vR for the P -symmetric LR model using the Dekens
measure (6.1). The dependent parameters qi are displayed above each plot. Note that
the scale on the y-axis is logarithmic.

Figure 6.8 shows the fine-tuning for the P -symmetric LR model where vL = 0. The fine-
tuning seems to be lower than for some choices of dependent parameters of the vL 6= 0
case, but one can also see the differing results one can get (though not as extreme). It
was concluded in [2] that fine-tuning can be reduced substantially by setting vL = 0,
but comparing figure 6.7 to figure 6.8, it can be seen that this conclusion depends on
the choice of dependent parameters. Similar to the reduced model, the Dekens measure
gives different results. Therefore we will turn to the Barbieri-Giudice measure, as we
did for the reduced model.

6.4.1 BG measure

For the BG measure observables are needed. We take the observables to be the eigen-
values of the mass matrix, like we did for the reduced model. The reduced model was
not phenomenologically viable, since there were seven Goldstone bosons. The general
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Figure 6.8: Fine-tuning versus vR for the P -symmetric LR model using the Dekens
measure (6.1) where vL = 0. The dependent parameters qi are displayed above each
plot.

P -symmetric theory is a viable theory, thus one of the Higgses in this theory must cor-
respond to the SM Higgs boson. Hence it is possible to add some constraints when
calculating fine-tuning. While sampling one can demand that the mass of the SM-like
Higgs boson has a mass close to the SM value of 125 GeV. Then one can discard all
sampled points outside of this mass range and consider only the fine-tuning in the case
in which the SM-like Higgs has a mass close to the SM. We will calculate and compare
the cases with and without this constraint.

Without constraint

Without any constraint on the SM-like Higgs mass the BG measure gives a result for
the fine-tuning as seen in figure 6.9. The distribution of the points in the plot is dense
at the bottom, becoming sparser at higher values of ∆BG. The median of the points
lies around ∆BG = 10, which is not very high, since half of the sampled points have a
fine-tuning below this value. The lowest fine-tuning value is at ∆BG = 2. Many points
have this value, which has to do with the measure. Since we look at the squared masses,
there will be terms proportional to v2

R in these expressions. The derivative in equation
(6.14) will then give 2vR. This factor 2 leads to many points on the line ∆BG = 2 in
the absence of fine-tuning.
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Figure 6.9: Fine-tuning versus vR for the P -symmetric LR model using the BG measure.
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With constraint

When imposing a constraint on the SM-like Higgs mass one should also increase the
number of points that are sampled. Figure 6.10 shows a histogram of the mass of the
SM-like Higgs boson. From the histogram one can see that it is possible to have a Higgs
mass around 125 GeV, although the chance that a sampled point is in the right mass
range is not very large. The mass of the SM-like Higgs boson is not proportional to vR,
as sampling very large values for vR results in the same histogram.

0 1000 2000 3000 4000
GeVmh0

100

200

300

400

500

600

Figure 6.10: Histogram of the SM-like Higgs mass after sampling 10 000 points.

The first of the mass ranges that was chosen was a relatively large range of 50 to 250
GeV. The resulting plot, given in figure 6.11, shows some remarkable differences with
the case without constraint. There are only some sporadic points that have a ∆BG < 10,
and many points lie well above this value. If we make the constraint more stringent,
and demand a mass between 120 and 130 GeV then we obtain a plot similar to the less
stringent case which can be seen in figure 6.12. There is a slight difference between the
two plots, namely that the fine-tuning is higher for the case where we made the bound
stricter. Also note that there are very few points in the correct mass range compared
to the large number of points we sampled. Most of the points are spread out randomly
over a certain range, though at low vR we can see some structure. There is a line of
points that rises quickly to a much higher fine-tuning than most of the points. This
might have to do with some cancellation that can occur between terms containing vR
and κ or κ′ for some specific values of the vevs.

But maybe this fine-tuning is just a consequence because we restrict ourselves to a small
window. Looking back at figure 6.10, we see that the SM-like Higgs mass can have
a value up to almost 4 TeV, and when randomly sampling points is most likely to lie
just below 2 TeV. Let us see what happens if we take a mass range for the SM-like
Higgs boson 1900 to 2100 GeV, way above the SM value. The result is shown in figure
6.13. This graph is very similar to figure 6.9 in the sense that most of the points lie
at a low ∆BG. The fine-tuning that was present in figures 6.11 and 6.12 has disappeared.
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Mass range {50, 250}. Points sampled/in range 200000/805

Figure 6.11: Fine-tuning versus vR for the P -symmetric LR model using the BG measure
for a mass range of 50 to 250 GeV. Of the 200 000 points sampled, 805 were in this mass
range.
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Figure 6.12: Fine-tuning versus vR for the P -symmetric LR model using the BG measure
for a mass range of 120 to 130 GeV. Of the 2 400 000 points sampled, 388 were in this
mass range.
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Figure 6.13: Fine-tuning versus vR for the P -symmetric LR model using the BG measure
for a mass range of 1900 to 2100 GeV. Of the 20 000 points sampled, 931 were in this
mass range.

Interpretation of the results

We find that the mass of the lightest non-Goldstone boson most often lies in the range
of 1400 to 2000 GeV. Only considering the points for which the lightest non-Goldstone
boson has a mass close to the SM Higgs mass has as a result that many points lie at
∆BG > 100, whereas there are clearly less points below this value. Considering smaller
ranges around the SM Higgs mass slightly increases the fine-tuning. Choosing a mass
range at some higher value close to 2000 GeV gives the same result as the case without
any mass constraint. Therefore some amount of fine-tuning is a result of a relatively low
mass of the SM-like Higgs boson.

Though we see some fine-tuning appear, the question that remains is how one can explain
this. One can look at this from different perspectives. First of all, there is a hierarchy in
the vevs, and one can expect that the mass of the SM-like Higgs boson lies around the
vR scale, since it is the largest of the vevs. As it turns out, the mass does not increase for
larger vR, it is dependent on κ(′). Multiple terms containing κ(′) that contribute can give
a mass of around 2000 GeV. Our requirement that the SM-like Higgs boson has a mass
close to the SM value means that from the many points we sample we only pick those
where some cancellation takes place. When taking a mass range close to 2000 GeV the
fine-tuning is gone, because to obtain masses in this range we do not need such a can-
cellation. This is similar to the SM hierarchy problem, though we only look at tree level.

On the other hand one could argue that it is the hierarchy of vevs that is fine-tuned
itself. We put in the values of the vevs by hand. The fact that κ(′) are smaller than vR,
and that vL is even smaller is strange in itself.
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Chapter 7

Conclusions and outlook

In this thesis we started out by discussing SM physics, especially the interactions of
elementary particles with the Higgs boson. We showed that the SU(2)L×U(1)Y gauge
symmetry is spontaneously broken to U(1)Q, after which we looked at global symmetries
as well. As it turns out, the SM has an approximate SU(2)L×SU(2)R global symmetry
that becomes exact if the coupling g′ that couples the Higgs boson to the U(1)Y gauge
field Bµ goes to zero. Furthermore, we discussed CP -violation and we concluded that
the presence of a complex phase δ in the CKM matrix gives rise to CP -violation. We also
introduced the concepts naturalness and fine-tuning. We followed ’t Hooft’s definition of
naturalness, which states that parameters are of O(1), but can be small, if setting that
parameter to zero enhances the symmetry of the theory. We then illustrated fine-tuning
by means of the hierarchy problem. Fine-tuning arises if the large corrections to the
Higgs mass due to adding new physics at higher energy scales must cancel, either with
each other or with the bare mass, to give a relatively low mass of 125 GeV.

A relatively small step beyond the SM one can make is the 2HDM. The addition of a
second Higgs doublet with identical quantum numbers as the first one gives rise to many
new phenomena. First of all, instead of one Higgs, there are now 5 Higgses. We also
looked at global symmetries of the 2HDM, but contrary to the SM, there was no custodial
symmetry. Then there was the issue of FCNCs appearing at tree level, something that
is not possible in the SM at tree level. Adding a Z2 or U(1) symmetry was necessary
to prevent these FCNCs. This also had an effect on the behaviour of the theory under
CP . For the theory without Z2 symmetry we investigated the possible ways to define a
CP transformation. Because of the two doublets with identical quantum numbers, it is
possible to make a basis transformation between the two doublets. Therefore one should
also allow for a basis transformation in the definition of CP , which we called GCP . We
defined

CPφi(t,x)(CP )−1 −→ Xijφ
∗
j (t,−x), (7.1)

where X ∈ U(2). We required that (CP )2 = 1 up to a phase and that there is a
possibility such that the vevs do not break CP . It turned out that from the three
classes of GCP s only one satisfied these requirements, and its general form is given by

X =

(
1 0
0 e2iξ

)
, (7.2)

where ξ is the phase of v2. The 2HDM with the Z2 symmetry always conserves CP
under such a GCP transformation.

The second BSM theory we discussed were the LR models, which are based on the
SU(2)L × SU(2)R × U(1)B−L gauge symmetry. In particular, we discussed the general
LR model with a P -symmetry. The model contains a scalar bi-doublet, as well as two
triplets. Next to 14 Higgses that appear in this theory, there are W±R and ZR bosons.
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Furthermore, the theory allows right-handed neutrinos that with addition of the triplet
fields opened up the possibility of a Type II seesaw-mechanism. The theory has several
vevs at different energy scales. From vR at a scale of 10 TeV, and κ(′) on the electroweak
scale to vL at the eV scale. This large hierarchy between the vevs was clearly visible
in one of the minimum equations, the seesaw relation of equation (4.39). Schematically
the relation is

2ρ1 − ρ3 ∼ O(109)βi. (7.3)

The general P symmetric Higgs potential has 18 parameters, which is quite large. To
better understand the model and its fine-tuning properties we considered a reduced ver-
sion of the model to simplify the expressions. The smallest model that was bounded
from below contained 7 parameters in its potential. The seesaw relation was also kept
intact.

In order to quantify fine-tuning, some kind of measure is needed. We first introduced
the Dekens measure, which measures dependence of parameters of the potential to each
other. Secondly, we introduced the Barbieri-Giudice measure, which measures depend-
ence of observables on parameters. The Dekens measure is sensitive to ratios such as
those in the seesaw equation. Depending on which dependent parameters one chooses
for the Dekens measure, one can get varying ratios in the equations for those parameters
and hence a different result. The BG measure does not have this choice, because it looks
at observables. In our case, we took eigenvalues of the mass matrices of the 2HDM and
(reduced) LR models, which are the squared masses of the Higgses.

For the 2HDM, the Dekens measure gave varying results, yet all points lay at a ∆ < 100,
which is lower than for the (reduced) LR model. For the reduced LR model, this measure
gave ∆’s from O(1) up to O(1030) when solving for the minimum equations and pick-
ing dependent parameters in a specific way. For the general P -symmetric LR model,
∆ ranged from O(1) to O(1025). The reason that the LR models we considered could
give much larger ∆’s than the 2HDM is likely due to the presence of the hierarchy
vR � κ(′) � vL that introduces large ratios in the minimum equations.

The BG measure showed no fine-tuning for the 2HDM, which could be expected, since
it was not possible to get a large fine-tuning from the expressions for ∆BG. For the
reduced LR model we found that fine-tuning was also very low, with only a few sporadic
points with ∆BG > 10. In the general P -symmetric LR model the BG measure had a
median of ∆BG ∼ 10, where there were even some points with ∆BG > 103. Imposing
the constraint that the mass of the lowest non-Goldstone boson is close to the SM Higgs
mass resulted in many points with ∆BG > 100, and few below this value.

There is a hierarchy in the vevs, and one could expect that the mass of the SM-like Higgs
boson lies around the vR scale, since it is the largest of the vevs. The mass of the SM-like
Higgs lay around 2 TeV for most of the sampled points, but was not proportional to
vR, just κ(′). For a mass close to the SM value some cancellation was needed, which
resulted in fine-tuning. Another interpretation is that it is the hierarchy of vevs that is
unnatural. This is not an issue in the 2HDM, as it does not introduce new energy scales.
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7.1 Outlook

Though we explored fine-tuning in the 2HDM and the reduced and general P -symmetric
LR models, there are many open ends on this topic. These open ends can be put into
two categories. The first category concerns the source of fine-tuning in the general
P -symmetric LR model, the second category about fine-tuning in other BSM theories.

7.1.1 Sources of fine-tuning in the LR model

When using the BG measure to evaluate fine-tuning in the LR model, we had to resort
to numerical methods to calculate ∆BG since we were unable to obtain analytic expres-
sions for the masses of the Higgses. The great disadvantage of this method was that
we could not find out which terms contribute to the fine-tuning we saw when we put a
constraint on the SM-like Higgs mass. One could try to find out which combination of
observable and parameter in the BG measure gives the largest ∆BG, which can give some
more insight. However, one remains stuck without analytical expressions for the masses.

But perhaps the fine-tuning in the observables is just a sign of something else that is
present in the theory: the hierarchy of vevs. Between vR and vL there are 13 orders
of magnitude. The difference between vR and κ(′) is smaller, but it is still 2 orders of
magnitude. In [20] the authors considered an SU(5) grand unified theory (GUT) with
two vevs at different energy scales. The first one is a vev around 1014 GeV that breaks
SU(5) to the SM gauge group, the second one around 100 GeV that causes the elec-
troweak symmetry breaking. This large hierarchy requires a fine-tuning of parameters
in the Higgs potential of 1012, and is known as the hierarchy problem in GUTs. But
maybe fine-tuning is unavoidable if one introduces different energy scales in a theory.
This situation is similar to the LR model, and the fine-tuning we found might be a
consequence of this problem, but this needs to be looked into further. This would be
some kind of “natural fine-tuning”, which will be even larger in GUTs.

7.1.2 Fine-tuning in other BSM theories

In this thesis we only considered two BSM Higgs sectors, but one can envision many
more. One such example is a Higgs sector containing a scalar doublet Φ and one triplet
∆, as was discussed in e.g. [21]. This can be a very interesting model, since it also
allows for neutrino masses through a Type II seesaw mechanism. From a complexity
point of view it sits between the 2HDM and LR model. Therefore it can be possible to
find analytic expressions for the masses, which can then be used as observables in the
BG measure. This way one can gain insight in how ∆BG is obtained, like was done for
the 2HDM in section 6.2 [18]. This model also contains a hierarchy between the vev of
Φ and ∆. The ratio between the two vevs is v∆/vΦ < 0.02 [21]. The hierarchy is not
as extreme as in the LR model, but unlike the 2HDM there is at least a hierarchy present.

The goal of this bottom-up approach is that eventually one could start to study fine-
tuning in BSM theories based on gauge groups larger than the LR model. The ultimate
goal is to study fine-tuning in GUTs, but this is at the moment of writing still far away.
However, some important first steps have been made.
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Appendix A

LR model potential

The LR potential consists of the dimension 2 and 4 terms of combinations of the φ and
∆L,R fields that form singlets under SU(2)L × SU(2)R. A derivation of the potential
has been given in [2], from which the resulting potential is given as

V PH = −µ2
1A1 − µ2

2(A2 +A3)− µ2
3(AL +AR)

+ λ1A
2
1 + λ2(A2

2 +A2
3) + λ3A2A3 + λ4A1(A2 +A3)

+ ρ1(A2
L +A2

R) + ρ2(BLL +BRR) + ρ3ALAR + ρ4(BLR +BRL)

+ α1A1(AL +AR) + α2

(
eiδ2(A2AR +A3AL) + e−iδ2(A2AL +A3AR)

)
+ α3(CL + CR) + β1(D1 +D∗1) + β2(D3 +D∗3) + β3(D2 +D∗2),

(A.1)

where, also defining φ̃ ≡ σ2φ
∗σ2

A1 = Tr(φφ†) A2 = Tr(φφ̃†)

A3 = Tr(φ̃φ†) = A∗2 AL,R = Tr(∆L,R∆†L,R) (A.2)

BLL = Tr(∆L∆L) Tr(∆†L∆†L) BRR = Tr(∆R∆R) Tr(∆†R∆†R) (A.3)

BLR = Tr(∆L∆L) Tr(∆†R∆†R) BRL = Tr(∆R∆R) Tr(∆†L∆†L)

CL = Tr(φ†∆L∆†Lφ) CR = Tr(φ∆R∆†Rφ
†)

D1 = Tr(φ†∆Lφ∆†R) D∗1 = Tr(φ†∆†Rφ∆L)

D2 = Tr(φ†∆Lφ̃∆†R) D∗2 = Tr(φ̃†∆†Rφ∆L)

D3 = Tr(φ̃†∆Lφ∆†R) D∗3 = Tr(φ†∆†Rφ̃∆L)

Notice that some dimension 4 terms have been written into combinations of dimension
2 expressions. We will give an example for the terms containing four φ fields. Suppose
we have the four doublets a, b, c, d, with which we should construct a singlet. The
combination of two doublets gives an antisymmetric singlet (ab)0 and a symmetric triplet
state (ab)1 (2⊗ 2 = 1⊕ 3). Combining two singlets gives a singlet that is a combination
of φ field terms of dimension 2. Combining two triplets also gives a singlet. We will
show that the combination of two triplets can be rewritten as

(ab)1(cd)1 ∼ 2(ad)0(bc)0 + (ab)0(cd)0, (A.4)

where 1

(ab)0 = aαεαβbβ

(ab)1 = aνενασ
i
αβbβ ,

(A.5)

1The lower Greek indices run from 1 to 2, while the Latin indices, when encountered run from 1 to
3. The sole exception being σµ and σµ, where µ = 0, 1, 2, 3.
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thus
(ab)1(cd)1 =

(
aνενασ

i
αβbβ

) (
cρεργσ

i
γδdδ

)
. (A.6)

We will use the Fierz identity

(σµ)αβ(σµ)γδ = 2εαγεβδ (A.7)

with σµ = (1, σi) and σµ = (1,−σi) to rewrite

εναεργσ
i
αβσ

i
γδ = 2ενδερβ − ενβερδ, (A.8)

meaning that equation (A.6) is

(ab)1(cd)1 = aνbβ (2ενδερβ − ενβερδ) cρdδ (A.9)

= −2(ad)0(bc)0 − (ab)0(cd)0, (A.10)

and we derived at the desired result (modulo an overall minus sign). The expression on
page 103 in [2] contains a minus sign between the two right hand terms, which is a typo.
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