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1 Introduction
Many classification algorithms focus on classifying data into classes with order infor-
mation. These tasks are known as ordinal classification or ordinal regression, which
have attracted much attention in recent years [1, 2, 3]. Different from the binary
or nominal classification, the class order in ordinal classification tasks reflects cer-
tain relationships between categories, which is commonly seen in many real-world
applications, e.g., corporate credit scoring [4], epidemiologic data [5] and student
satisfaction [6].

The concept of learning vector quantization (LVQ) was introduced by Koho-
nen [7, 8]. It is a supervised learning algorithm which focuses on prototype-based
classification problems. In the LVQ approach, classifiers are represented by a set of
labelled prototypes, which indicate different classes in the same space of input ex-
amples. After the training phase, the class of an unlabelled example is determined
by its nearest prototype based on a distance measure. The idea of assigning an
input example to the class of the closest prototype is closely related to k-nearest
neighborhood classification (k-NN) [9], but LVQ has advantages regarding storage
memory and computational effort.

Many variants of the basic LVQ method have been proposed, aiming at im-
proving the algorithm to achieve better classification results, e.g., generalized LVQ
(GLVQ) [10] and generalized relevance LVQ (GRLVQ) [11]. However, in these ap-
proaches, the Euclidean distance between prototypes and training examples could
result in problems, especially in high-dimensional datasets, since all input dimen-
sions are weighted equally in this case. Therefore, metric adaption techniques were
introduced to learn discriminative distance measures from training examples in ma-
trix LVQ (MLVQ) [12], which contain updates for both prototypes and metric.
MLVQ was further extended to generalized matrix LVQ (GMLVQ) [12, 13], which
optimized the hypothesis margin and achieved a better generalization ability.

As an extension of GMLVQ, pair ordinal generalized matrix learning vector
quantization (p-OGMLVQ) was proposed in 2012 [1]. It focuses on ordinal classifi-
cation problems and has been further extended to accumulative ordinal generalized
matrix learning vector quantization (a-OGMLVQ) in 2017 [3], which modifies the
cost function of p-OGMLVQ and takes global class order into consideration.

This study aims to implement the p-OGMLVQ algorithm as a realization of
ordinal classification in GMLVQ and apply it to real-world datasets to improve
classification results concerning order information. Moreover, the performance of the
algorithm is investigated in a number of example problems, including imbalanced
datasets, limited feature vectors, global optimalities and so forth.
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2 Background
Learning vector quantization (LVQ) is a prototype-based classification algorithm
which was first proposed by Kohonen [7]. This approach enjoys high popularity as
it is intuitive, easy to implement and is a natural tool for multi-class classification
problems. In this section, the basic LVQ scheme and its extensions will be briefly
introduced.

2.1 LVQ1

The original version of the learning vector quantization algorithm is known as LVQ1
[7]. Consider a training dataset X = {(xi, yi)|Rm × {1, ..., C}|}ni=1, where m is the
dimension of the inputs, n is the number of training examples and C is the number
of different classes. A typical LVQ classifier consists of L prototypes ωj ∈ Rm, j =
1, 2, ..., L, where prototypes ωj are labelled by c(ωj) ∈ {1, ..., C}. The classification
procedure follows a winner-takes-all scheme. For an input data point x ∈ Rm, the
output class of x is determined by its closest prototype ωi, i = argminjd(x, ωj),
where d(x, ωj) is a distance measure in Rm. Each prototype ωj with class label
c(ωj) represents a receptive field in the input space so that a set of data points in
this field will be assigned c(ωj) by the LVQ classifier.

In the training phase of the LVQ algorithm, for each training example xi with
label c(xi), the closest prototype is adapted depending on the classification result.
The closest prototype with the same class label as xi will be attracted by xi, while the
closest prototype with a different class label will be pushed away from the example
xi. The objective of the learning procedure is to adapt prototypes automatically in
the feature space so that the highest classification accuracy on novel data can be
achieved.

2.2 Matrix LVQ

As an extension of the basic LVQ scheme, matrix LVQ (MLVQ) [12] introduced
matrix learning in LVQ based on the given classification task. In the MLVQ al-
gorithm, a full matrix distance measure is used, instead of the squared Euclidean
distance d(x, ω) = (x− ω)T · (x− ω), because the use of the Euclidean distance can
be problematic in case of high-dimensional or heterogeneous datasets; it is based on
the implicit assumption that data can be represented by isotropic clusters. Thus, a
generalized form of the Euclidean distance is defined as

dΛ(x, ω) = (x− ω)T · Λ · (x− ω), (1)

where Λ is a full m × m symmetric and positive-definite matrix, which indicates
the correlations between features. The positive definiteness of Λ can be achieved by
substituting

Λ = ΩTΩ, (2)
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where Ω ∈ Rm×m is an arbitrary full-rank matrix. Also, Λ needs to be normalized
after each learning epoch to prevent the learning algorithm from degeneration by
enforcing ∑

i

Λii = 1. (3)

Therefore, the distance metric dΛ corresponding to the squared Euclidean distance
in a new coordinate system can be rewritten as

dΛ(x, ω) = [(x− ω)TΩT ][Ω(x− ω)] = [Ω(x− ω)]2. (4)

2.3 Generalized Matrix LVQ

Generalized LVQ (GLVQ) was first introduced in 1996 [10] using the steepest descent
method based on an explicit cost function. In the training phase, for each data point
xi, a prototype pair is updated so that a convergence condition can be reached. The
prototype pair consists of the closest correct and incorrect prototype. In the learning
step, the closest correct prototype is dragged towards xi, while the closest wrong
prototype is pushed far away from xi.

Extended from GLVQ, generalized matrix LVQ (GMLVQ) uses the adaptive
full matrix distance measure in Eq. (1). Hence, the modified cost function is given
as

fGMLV Q =
n∑

i=1

φ(µi), with µi =
dΛ(xi, ω

+)− dΛ(xi, ω
−)

dΛ(xi, ω+) + dΛ(xi, ω−)
, (5)

where φ is a monotonically increasing function, e.g., the identity function φ(x) = x
or the logistic function φ(x) = 1/(1 + e−x); dΛ(xi, ω

+) and dΛ(xi, ω
−) constitute the

distances of the input pattern xi to the closest correct and incorrect prototype. The
term µi is the relative difference distance. The numerator is smaller than 0 if the
classification of the input pattern is correct. The smaller the numerator, the larger
the hypothesis margin of the classifier. The larger the margin, the more robust the
classification results. The denominator scales the argument of φ so that it falls in
the range [-1, 1]. The learning rules are given by taking the derivatives of the cost
function with respect to the prototypes ω and the distance matrix Ω.

3 Pair Ordinal GMLVQ
In this section, the methodologies and the algorithm of pair ordinal GMLVQ (p-
OGMLVQ) proposed by S. Fouad and P. Tiňo [1] for ordinal classification are pre-
sented in detail.
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3.1 Ordinal GMLVQ classifiers

In the original GMLVQ methods [12, 13], only one single prototype pair (the closest
correct and wrong prototypes) is updated in each training phase. However, unlike in
the nominal classification, p-OGMLVQ modifies the original GMLVQ by extending
the update rules of correct and incorrect prototypes with order information.

As an extended version of GMLVQ, p-OGMLVQ mainly has two differences
from GMLVQ. First, Hebbian updates are applied to all qualified prototype pairs
in p-OGMLVQ instead of the closest prototype pair. Besides, the cost function is a
weighted sum version of the original GMLVQ cost function as given in Eq. (5) . It
is composed of the weighted distances of both correct and incorrect prototypes from
input data points. The weights for correct and incorrect prototypes are defined by
a Gaussian weighting scheme, based on the ordinal class information.

3.2 Prototype classes

In p-OGMLVQ, the correct and incorrect prototype classes are identified by the label
distance from the true class using an absolute error loss function and a ranking loss
threshold. In particular, the p-OGMLVQ approach accepts a tolerable error on
prototype classes. In the following, the error loss function and the ranking loss
threshold are described in detail.

Figure 1: Identification of correct and incorrect prototype classes with rank loss
threshold Lmin = 1. The class of the input data point xi is 4, indicated with a
square. Prototype classes within the range of the threshold are viewed as correct
ones (i.e., 3,4 and 5), while other prototype classes are regarded as incorrect ones
(i.e., 0-2 and 6-8) indicated with black circles.

• Absolute error loss function

Given a training pattern xi with class label c(xi) and all the prototypes ωj,
the correct and incorrect prototype classes are classified by an absolute error
loss function H(c(xi), c(ωj)) [14] according to the ordinal labels

H(c(xi), c(ωj)) = |c(xi)− c(ωj)|. (6)
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• Ranking loss threshold

A ranking loss threshold Lmin [1] is set as a boundary to define correct and
incorrect classes. If the loss function H(c(xi), c(ωj)) is smaller than or equal to
the threshold Lmin, the class prototypes will be classified as tolerably correct;
otherwise, the prototypes will be viewed as incorrect.

As illustrated in Figure 1, the order information is used in the selection
of prototypes from different categories. Therefore, if prototypes are spatially
close to the training instance xi, but the classes of the prototypes c(ωj)) are
far away from the target class c(xi) (in terms of class order), the prototypes
ωj are considered as incorrect ones. The sets of correct and wrong classes can
be written as

N(c(xi))
+ = |c(xi)− c(ωj)| ≤ Lmin, (7)

N(c(xi))
− = |c(xi)− c(ωj)| > Lmin, (8)

where c(ωj) ranges from 1 to C.

3.3 Class prototypes to be adapted

Given a training instance xi, the class prototypes to be adapted are selected in a
different way from original GMLVQ method, and constitute two prototype groups
(W (xi)

+ and W (xi)
−) based on the labels in N(xi)

+ and N(xi)
−.

• Set of correct prototypes

For classes in N(xi)
+, only the nearest prototype from each correct class will

be selected and pushed toward xi. The set of correct prototypes is defined as

W (xi)
+ = {ωz(k)|c(ωz(k)) = k ∈ N+, z(k) = arg min

l∈W (k)
[dΛ(xi, ωl)]}, (9)

where dΛ is the distance metric introduced in Eq. (1).

• Set of incorrect prototypes

Different from the set of correct prototypes, all incorrect prototypes in the
neighborhood of xi with labels in N(xi)

− are tended to be pushed away. The
set of incorrect prototypes is given by

W (xi)
− = {ωz|c(ωz) = k ∈ N−, dΛ(xi, ωz) < D}, (10)

where D is the radius of the sphere neighborhood. In the following exper-
iments, D is set as the median metric distance of input example xi to all
incorrect prototypes.
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In p-OGMLVQ, prototypes to be updated are constructed in pairs. To form these
pairs, prototypes from both sets (W (xi)

+ andW (xi)
−) are sorted in increasing order

in terms of distance to the input example xi. The number of prototype pairs r is
given by min(|W (xi)

+|, |W (xi)
−|), where |W | represents the number of prototypes.

The first r ≥ 1 prototypes in both correct and incorrect set constitute r prototype
pairs, which will be updated in the training phase.

3.4 Weighting scheme

Different from nominal LVQ classification, multiple pairwise prototypes are adapted
in p-OGMLVQ. Although these correct and incorrect prototypes will be dragged
towards and pushed away from input xi, it makes sense that they are not updated
to the same extent. In [1], these prototypes are trained following a weighting scheme
with respect to the class distance from input xi. The attraction and repulsion
between prototypes and xi will decrease and increase, respectively, with growing
class difference H(c(xi), c(ωj)). In addition, the weights for incorrect prototypes
will diminish with increasing metric distance from the input example xi.

• Weights for correct prototypes

Given a training instance xi, weights for correct prototypes ωj ∈ W (xi)
+ are

calculated by a Gaussian kernel

α+
j = exp

{
−
H(c(xi), c(ω

+
j ))2

2σ2

}
, (11)

where σ is the bandwidth of the Gaussian weighting scheme. A correct proto-
type in the class far away from the class of instance xi in terms of label space
has a small weight α+

j , indicating a small update step size.

• Weights for incorrect prototypes

For incorrect prototypes ωj ∈ W (xi)
−, the weight factor α−j is determined as

α−j = exp
{
−

(Emax −H(c(xi), c(ω
−
j )))2

2σ2

}
· exp

{
−
dΛ(xi, ω

−
j )

2σ′2

}
, (12)

where Emax denotes the maximum absolute rank loss error between xi and
prototypes within the setW (xi)

−, and dΛ(xi, ω
−
j ) is the square metric distance

between xi and ω−j .

σ′ is the Gaussian kernel width for the distance dΛ(xi, ω
−
j ).

3.5 Cost function

The cost function of p-OGMLVQ is extended from original GMLVQ. It scales the
metric distance by multiplying weighting factors (α+ and α−) according to prototype
pairs. For each prototype pair j, the cost function is formally defined as
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µj(xi) =
α+
j · dΛ(xi, ω

+
j )− α−j · dΛ(xi, ω

−
j )

α+
j · dΛ(xi, ω

+
j ) + α−j · dΛ(xi, ω

−
j )
. (13)

The overall p-OGMLVQ cost function for one complete training phase is given as
follows:

fOGMLV Q =
n∑

i=1

r∑
j=1

φ(µj(xi)), (14)

where r is the number of prototype pairs, and n is the number of training examples.
φ is a monotonically increasing function, e.g., the identity function φ(x) = x or the
logistic function φ(x) = 1/(1 + e−x). The identity function is applied in this study.
Ideally, the value of the overall cost function will decrease with increasing training
epochs and stop at a global minimum value. However, the descent procedures fre-
quently end up in local minima as the cost function can have plenty of local minima
that are far from the global optimal.

3.6 Update rules of prototypes and the metric

Steepest descent method is used for updating prototypes and the metric parameter
in this study. The update rules for the p-OGMLVQ algorithm are derived from
the derivatives of the cost function with respect to prototypes ω+

j and ω+
j , and the

metric Ω, which are given by

∆ω+
j

= 2 · ηω · γ+
j · Λ · (xi − ω+

j ), (15)

∆ω−
j

= −2 · ηω · γ−j · Λ · (xi − ω−j ), (16)

∆Ω = −2 · ηΩ · {γ+
j · Ω · (xi − ω+

j )(xi − ω+
j )T − γ−j · Ω · (xi − ω−j )(xi − ω−j )T}, (17)

where γ+
j and γ−j are given as

γ+
j =

2 · α+
j · α−j · dΛ(xi, ω

−
j )

(α+
j · dΛ(xi, ω

+
j ) + α−j · dΛ(xi, ω

−
j ))2

, (18)

γ−j =
1− dΛ(xi, ω

−
j )

2 · σ′2
·

2 · α+
j · α−j · dΛ(xi, ω

+
j )

(α+
j · dΛ(xi, ω

+
j ) + α−j · dΛ(xi, ω

−
j ))2

, (19)

ηω and ηΩ are the learning rates for prototypes and metric, respectively.
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3.7 Learning rate

Learning rates 0 < ηω < 1 and 0 < ηΩ < 1 are important parameters in the algorithm,
which control the size of learning steps in the training phase. Both ηω and ηΩ are
monotonically decreased with growing training epochs [12], and stated as

ηω(t)← ηω(t− 1)

1 + τ(t− 1)
, (20)

ηΩ(t)← ηΩ(t− 1)

1 + τ(t− 1)
, (21)

where τ > 0 is the decay factor determining the annealing speed and t indicates the
current training epoch.

3.8 P-OGMLVQ Algorithm

The overall p-OGMLVQ algorithm is summarized as follows:
1. Initialization:

(1) Initialize prototype positions ωq ∈ Rm.

(2) Initialize metric parameter Ω by setting it as the identity matrix.

2. While a stopping criterion in not reached, do:

(1) Randomly select a training example xi with class ci

(2) Determine the correct classes N+ and wrong classes N− for xi, according to
Eq. (7) and (8).

(3) Determine the set of correct prototypesW+ and the set of incorrect prototypes
W− based on Eq. (9) and (10), respectively.

(4) Sort prototypes inW+ andW− in increasing order with respect to the distance
to xi.

(5) Compute the weights α+ and α− for selected correct and incorrect prototypes,
using Eq. (11) and (12), respectively.

(6) Set W± = W (xi)
±, r = 0

While (W+ 6= ∅ and W− 6= ∅), do:

(1) r ← r + 1

(2) Select the first prototype in both set W+ and W−, and construct the
closest prototype pair Rr = (ωa, ωb) to be updated.

(3) Update prototypes ωa and ωb based on Eq. (15) and (16).

8



(4) Update the matrix Ω according to Eq. (17). Ω is normalized to make
sure that

∑
i Λii = 1, in order to prevent the algorithm from degeneration

[12, 13].
(5) Update learning rates ηω and ηΩ based on Eq. (20) and (21).
(6) W+ ← W+ \ {ωa},W− ← W− \ {ωb}

End While

End While

4 Experiments
Experiments were conducted on the provided real-life datasets. In this section, we
introduce two different measures of evaluating the performance of the algorithms.
All experimental settings were determined by cross-validation.

4.1 Evaluation

In the experiments, two evaluation methods were used to measure the accuracy
of predicted results on a test set, namely, mean zero-one error (MZE) and mean
absolute error (MAE). In the following, both measures are described in detail.

4.1.1 Mean zero-one error (MZE)

The mean zero-one error (MZE) is also known as the misclassification rate, reflecting
the percentage of incorrect predictions among all the predicted results, without
considering the class order. Formally, it is defined as

MZE =

∑n
i=1 I(yi 6= ŷ(xi))

n
, (22)

where n indicates the number of examples in the test set. The numerator
∑
I

counts the number of misclassified points. The MZE value ranges from 0 to 1,
which reveals a global performance for basic classification tasks without considering
the class order. Hence, it is not preferred for ordinal classification or regression
problems.

4.1.2 Mean absolute error (MAE)

The mean absolute error (MAE) measures the average absolute deviation of pre-
dicted ranks from true ranks with respect to the label space. It is given as

MAE =

∑n
i=1 | yi − ŷ(xi) |

n
, (23)

The MAE value ranges from 0 to C − 1 (maximum rank difference). Since category
information is included in this measurement, MAE is typically suitable for ordinal
classification or regression tasks and can be used together with MZE [2].
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4.2 Dataset

The performance of p-OGMLVQ was evaluated through real-world datasets by cal-
culating the averages of MZE and MAE. Before tuning parameters for the algorithm,
several preprocessing steps were conducted on the datasets, including normalization
and upsampling.

4.2.1 Non-alcoholic fatty liver disease

The Non-alcoholic fatty liver disease (NAFLD) dataset used in the experiments
contains steroid metabolomics data. NAFLD is a type of liver disorder caused by
excess fat in the liver. It is the most common liver disorder in the western world
as 20% to 30% of people in the west suffer from NAFLD [15]. The prevalence
of NAFLD is expected to increase concurrence with the epidemic of obesity and
diabetes mellitus [16].

The presence of excess fat in the liver can lead to nonalcoholic steatohepatitis
(NASH), which has a high probability to progress to advanced liver disease. Once
developed, 20% of the patients with NASH have symptoms of cirrhosis and 30% to
40% of these diagnosed patients suffer from liver-related death over a 10-year period
[17]. Thus, early diagnosis and high accuracy of diagnosed stages are crucial.

Table 1: Distribution of Non-alcoholic Fatty Liver Disease (NAFLD) dataset

Rank Count Percentage
1 106 46.70%
2 16 7.05%
3 15 6.61%
4 8 3.52%
5 22 9.69%
6 60 26.43%

The ranking information in the NAFLD dataset describes different diagnosed
stages of the disease. In total, there are 227 labelled examples with 33 features
for each. Labels of all the instances range from 1 to 6, which indicate the severity
of NAFLD in increasing order. The class distribution (percentage of examples in
each class) is shown in Table 1. As can be seen, the dataset is severely unbalanced,
where the percentage of data points per class ranges from 3.52% to 46.70%. Hence,
the problem of unbalanced dataset needs to be handled before implementing the
algorithms.

4.2.2 Preprocessing

Before implementing the p-OGMLVQ algorithm, prepossessing was performed on
the entire dataset. Since the Euclidean distance was measured in the algorithm,
all feature dimensions were normalized to have the properties of a standard normal
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distribution (zero mean and unit variance), which makes sure that they contribute
equally in the input space.

Table 2: Distribution of training and test set after 8-fold partition

Rank Count Training set Test set
1 106 92 14
2 16 14 2
3 15 13 2
4 8 7 1
5 22 19 3
6 60 53 7

The dataset was then partitioned into training and test sets according to k-
fold cross-validation. K-fold cross-validation is a widely used method for estimating
prediction error. It uses part of the available data to fit a prediction model, and a
different part to test the model [18].

For this dataset, we chose eight-fold cross-validation and roughly divided the
data into eight equal-sized parts. For the kth part (k=1,2,...8), we fitted the model
to other k − 1 parts of the data and calculated the prediction error when testing
on the kth part. We did this for k = 1, 2, ...8 and combined the eight estimates of
the prediction error. In this case, 7/8 of the data were used for training and 1/8 for
testing. The distribution of the training set and the test set for all classes can be
seen from Table 2.

Table 3: Distribution of training and test set after upsampling procedure

Rank Training set Test set
1 92 14
2 92 14
3 92 14
4 92 14
5 92 14
6 92 14

It is worth mentioning that the two sets are still highly imbalanced with respect
to their class distribution as recorded in Table 2. The number of data points in
the training set ranges from 7 to 92, and that in the test set ranges from 1 to
14. Therefore, all classes were upsampled to have the same frequency in order to
fairly contribute to the training model. However, in case upsampled data points
reappear in the test set, which would yield over-optimistic classification results, we
did the upsampling procedure separately for both training set and test set. The
data points in each class were resampled to the maximum number of class examples
with replacement. The final class distribution of the two sets is shown in Table 3.
In the training set, there are 92 data points in each category, while in the test set,
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14 testing examples exist in each category. Thus, there are 552 examples in the
training set, and 84 test examples in the test set.

4.3 Experimental parameters

In this study, the performance of the p-OGMLVQ algorithm was evaluated against
the standard nominal GMLVQ. All algorithm parameters were chosen through eight-
fold cross-validation. Different combinations of candidate parameter sets were per-
formed on the training set first, and the trained models were tested on the test
set. Although we use two evaluation methods (MZE and MAE) in the experiments,
MAE is the target in the selection of optimal parameters in the grid search as MAE
reflects the category information and is typically suitable for ordinal classification
problems.

For p-OGMLVQ, several parameters were tuned on the training sets through
experiments. Number of prototypes per class ranged in {1, 2, 3, 4, 5}. The ranking
loss threshold Lmin were set among {0, 1, 2}. Candidate values for learning rates were
listed as follows: ηω ∈ {0.07, 0.1, 0.15, 0.2}, ηΩ ∈ {0.03, 0.08, 0.1, 0.15}. Gaussian
kernel width were given among: σ ∈ {0.3, 0.5, 0.7}, σ′ ∈ {0.7, 1.0, 1.5}. Thus, more
than 100 combinations of these parameters were trained on the training set to fit the
model. For GMLVQ, we implemented an online version of the original GMLVQ [19],
as p-OGMLVQ updates the prototypes once randomly selecting a training example.
In GMLVQ, the number of prototypes per class was tuned among {1, 2, 3, 4, 5}.

For both GMLVQ and p-OGMLVQ, experiments with tuned parameters were
conducted 30 times. The performance of algorithms was evaluated based on the
averages of MAE and MZE, together with their standard deviations.

5 Results
This section describes different results based on the implementation of the nominal
GMLVQ algorithm and the ordinal GMLVQ (p-OGMLVQ) algorithm. We investi-
gated the convergence behavior of their cost functions, as well as the average results
of both MZE and MAE with increasing training epochs.

5.1 Cost function

Figure 2(a) shows the cost of the GMLVQ algorithm with growing training epochs.
All data points were looped once over one training epoch. As given in Eq. (14), the
overall cost function of p-OGMLVQ calculates the cost value based on all adapted
prototype pairs. Since the number of adapted pairs varies during training phases, the
average cost of each pair was calculated and traced as shown in Figure 2(b). Both
cost values decrease with growing epochs and converge near the end of training
epochs. However, p-OGMLVQ has a more stable convergence behavior.
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(a) Average cost of GMLVQ (b) Average cost of p-OGMLVQ

Figure 2: Average cost of each epoch

5.2 MZE and MAE

Both average MZE and MAE were calculated based on the experiments conducted
across 30 runs using tuned parameters. As we did eight-fold cross-validation for one
run, there were eventually 240 runs in total. Besides, the parameter values we used
for p-OGMLVQ are listed as follows: the number of prototypes per class was set to
5; the ranking loss threshold was set to 1; the learning rates for prototypes and the
metric were 0.07 and 0.3 respectively, and the Gaussian kernel width σ and σ′ were
set to 0.3 and 1. For GMLVQ, the number of prototypes per class was set the same
as p-OGMLVQ.

(a) Average MZE of GMLVQ (b) Average MZE of p-OGMLVQ

Figure 3: Average mean zero-one error (MZE)
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Figure 3 and 4 represent the changes of MZE and MAE on test sets with in-
creasing training epochs. Both proposed p-OGMLVQ and original GMLVQ method
show similar patterns with respect to MZE in Figure 3, while GMLVQ slightly out-
performs with a lower average value of MZE around 0.71 and p-OGMLVQ achieves
approximately 0.78. However, for ordinal classification tasks, the standard evalua-
tion measure (MZE) is insufficient due to the lack of order information. Therefore,
along with MZE, MAE was evaluated during the experiments, which is typically
used for ordinal classification.

(a) Average MAE of GMLVQ (b) Average MAE of p-OGMLVQ

Figure 4: Average mean absolute error (MAE)

The results of the mean absolute error (MAE) evaluated on the test sets are
demonstrated in Figure 4. Compared with the original GMLVQ in Figure 4(a),
p-OGMLVQ has distinct advantages with a lower and more stable value of average
MAE around 1.25 as shown in Figure 4(b). On the other hand, the MAE of GMLVQ
shows larger jumps approximately ranging from 1.2 to 1.8.

Table 4: MZE and MAE on test sets across 30 runs

MZE MAE
Mean SD Mean SD

GMLVQ 0.710 0.085 1.426 0.289
p-OGMLVQ 0.787 0.031 1.251 0.037

The average MZE and MAE were calculated along with their standard devia-
tions from the last training epoch, as shown in Table 4. The mean values describe the
overall performance of algorithms, while the standard deviations reveal the fluctua-
tions concerning the test behavior. As expected, the p-OGMLVQ approach achieves
better performance in MAE reaching 1.251±0.037, while the original GMLVQ model
obtains 1.426± 0.289.
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6 Discussion
As an extended version of GMLVQ, p-OGMLVQ takes order information into con-
sideration. It shows improvements over nominal algorithms in terms of MAE instead
of MZE. In other words, more misclassifications happen within a tolerant range ow-
ing to the tuned ranking loss threshold, which yields a smaller absolute error but a
larger mean-zero error. Thus, p-OGMLVQ avoids misclassifications with large rank
differences and accepts misclassifications within an acceptable range. It makes sense
in many real-world classification problems since it is usually more severe to misclas-
sify a class with larger rank differences, for example, when judging illness conditions
in the medical field. In the nominal GMLVQ, the absolute error fluctuates wildly
without taking class orders into account.

6.1 Impacts of parameters

In the p-OGMLVQ algorithm, many parameters need to be tuned during the training
phase, such as the number of prototypes per class, learning rates, the ranking loss
threshold and the Gaussian kernel bandwidth. All these parameters are important
and have different impacts on the performance of the algorithm. In the experiments,
we find that better MAE results can always be achieved if there are more prototypes
exist in each class. For the learning rates ηω and ηΩ, both are determined by their
initial values together with the other two parameters, the decay factor and training
epochs. Thus, the initial settings of the decay factor and training epochs are also
important.

Besides, the Gaussian kernel width σ and σ′ determine the weights for correct
and incorrect prototypes respectively. For correct prototypes, a large ranking dif-
ference results in a small weight. Conversely, a small ranking difference has a large
weight. For incorrect prototypes, however, weights are more complicated as the
weight factor is determined by two terms in Eq. (12). When the incorrect prototype
is spatially closer to the input example and has a label further from that of the input
example, both two terms become larger and lead to a larger weight. Thus, the σ′
in the denominator of the second term cannot be too small, which may result in an
opposite result.

Moreover, the ranking loss threshold Lmin was set to 1 in the end, as both 0
and 2 did not show improvements over GMLVQ. When Lmin equals to 0, there is no
tolerable ranking difference, and only one prototype pair will be selected to update,
which is the same as GMLVQ. When Lmin equals to 2, there can be a maximum of
five correct classes, but the dataset only has six rankings, which is also not preferred
for the classification.

6.2 Limitations and potential problems

In this study, there are some limitations and potential problems that hinder the
performance of the proposed algorithm.
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At first, the dataset plays a vital role in the performance of the algorithms
as it contains all the feature vectors. However, as can be seen in Table 1, the
medical liver dataset is severely imbalanced. Class 1 takes up 46.7%, almost half
of the entire examples, while class 4 only accounts for 3.52%. Even though the
upsampling procedure was conducted in the experiments, insufficient information
for classes with fewer data points would result in weak performance. Besides, the
diagnosed ranking information in the dataset may have noise and outliers could exist
in the dataset as well, which can also have negative impacts on the classification
results.

In addition, as the learning rate controls the step size of the algorithm, it has
to be small enough to ensure convergence, but also should be as large as possible to
facilitate fast learning. For the cost function, the aim is to find its global optimality,
but there can be many local minima that are far away from it. Thus, a decay
factor is used to control the annealing speed. It has to be slow enough to leave
local minima, but also fast enough to achieve solutions in realistic computing time.
Besides, the initial conditions of the learning rates are also of great importance as
they determine which minimum will be approached.

Furthermore, the cost function of p-OGMLVQ is given as the sum of r weighted
versions of the GMLVQ cost function, but the number of adapted prototype pairs
varies during the training phase, which cannot guarantee the monotonic decreasing
of the cost function. Thus, we calculated the average cost of all pairs. Besides, as
mentioned in [3], the cost function of p-OGMLVQ does not treat correct/incorrect
prototypes equally due to the changing values of the denominator. This strategy
breaks the global class order, which could make a less correct/incorrect prototype
update more and cannot consistently reflect global ordering relations among proto-
types. Thus, an accumulated version of the cost has been proposed by [3].

When it comes to the weights for incorrect prototypes, we find that the Gaussian
kernel width σ′ cannot be too small or too big. If σ′ is too small, for a small distance
between the wrong prototype and the input instance, the weight will be close to zero,
which should be large for updating the wrong prototype. Conversely, if σ′ is too big,
it is not suitable for a large distance. Hence, it can be challenging to find an optimal
σ′ that is suitable for all distances. It could be better if both Gaussian kernel width
σ and σ′ can be self-adapted during the training phase so that there would be no
extra effort on finding the optimal values manually in the experiments.

As we mentioned previously, there are more than 100 combinations of different
parameters in the experiments, and more candidate parameter values are needed if
we want to achieve more precise results. Therefore, it is not only computationally
expensive but also makes it difficult to find the best parameter set because the
average MAE results do not show apparent differences among all these parameter
sets.
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7 Conclusion
In the study, the pair ordinal GMLVQ (p-OGMLVQ) was implemented as an ex-
tended realization of GMLVQ [12, 13], which belongs to the family of prototype-
based supervised learning algorithms in the field of machine learning.

In p-OGMLVQ, ranking information is particularly taken into account during
the training phase. The ordinal information is used to construct the prototype
pairs to be adapted and determine the degree of updating by two weighting factors.
A ranking loss threshold is also set to obtain a tolerable range of ranking error.
With the acceptable ranking loss, MAE is mainly used for evaluating the ordinal
classification performance. MZE may perform worse in this case. For example, if
the original class of an input example is 2, the predicted class 3 and 4 are equally
treated as misclassification in terms of MZE. However, MAE counts the deviation
from the correct rank, which takes the class order into account. Therefore, compared
to GMLVQ, p-OGMLVQ outperforms with respect to MAE not only in the NAFLD
dataset but also in other datasets [1].

One difficulty of this study is the imbalanced dataset with limited feature in-
formation. We focused on the upsampling procedure together with k-fold cross-
validation, in order to avoid trained data points reappear in the test set, which
would result in over-optimistic outcomes. Besides, the dataset may have some diag-
nosed noise or outliers. Thus, it could be better if we do more exploratory analysis
and data cleansing on the dataset in the future, such as finding unusual values,
making corrections of data points and removing outliers.

Another problem is that there are many parameters in the p-OGMLVQ algo-
rithm to be tuned in the experiments. Thus, it can be quite computationally ex-
pensive comparing with GMLVQ when finding the optimal parameter set. If some
of the parameters can be self-adapted in the training phase, as the update rules of
the Gaussian kernel width presented in [3], it could save computational effort and
also obtain a more precise result.

In the future, ROC curves [20] can be produced as well, together with MZE/-
MAE measurements, as the non-alcoholic fatty liver disease (NAFLD) dataset is a
medical dataset. In addition, other data sets can also be used for comparing the
performance between p-OGMLVQ and the standard GMLVQ.
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