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A B S T R A C T

The subject of networked dynamical systems is of growing interest, with various applications
such as vehicular platooning and formation control motivating research. As the applications
of this approach become more widespread, it becomes more relevant to study the behaviour
of these types of systems. In this master project we study the influence of disturbances on
networks of passive systems, a measure of which is given by the H-infinity norm. For different
cases we supply upper bounds on the H-infinity norm of these systems, and show how they
depend on the structure of the network, and the dynamics of the individual subsystems.
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1
I N T R O D U C T I O N

The subject of networks of dynamical systems is of growing interest. Motivated by applica-
tions such as vehicular platooning [13][14], formation control [15][16], and power grid regula-
tion [17], these type of systems are extensively studied.

A network of dynamical systems is itself a dynamical system, consisting of multiple dy-
namical systems which exchange information with neighbouring systems to which they are
connected. The communication structure of such a network can be represented by a graph.
The vertices of the graph then represent the individual systems, while the edges indicate
which of these systems are connected.

In this thesis we will look at the H-infinity norm of such networks of dynamical systems.
Broadly speaking the H-infinity norm is a way to quantify the effects of a perturbation on a
system. Perturbations can for instance be caused by disturbances influencing the system, or
be a result of innaccuracy of the models employed. The H-infinity norm can be seen as an
upper bound on the effect of such a perturbation on certain pre-defined reference variables
of the system. For example, in the case of vehicular platooning, a variable of interest would
be the inter-vehicle distance, and we may want to know the maximum effect of disturbances
acting on the leading vehicle on the inter-vehicle distance.

In this thesis we will try to find upper bounds on the H-infinity norm of networks of
passive dynamical systems. Intuitively, an understanding of what it means for a system to be
passive may be achieved by understanding what this concept means in the context of electrical
engineering. In electrical engineering a system is called passive if it does not generate power.

Our first result proves internal stability of interconnections of passive systems, for a certain
type of communication structure. Using this, the results that follow show that under several
assumptions an upper bound on the H-infinity norm of networks of passive dynamical sys-
tems can be found which does not depend on the dynamics of the individual systems, but
only on the graph structure. An achievable bound, depending on the distance between the
input and the output, is explicitly given. Conversely we show that an upper bound on the
H-infinity norm of strictly passive systems can be found which does not depend on the graph
structure, but only on the dynamics of the individual systems. Lastly we improve on these
results by supplying tighter upper bounds for a certain choice of output, and for when the
graph representing the communication structure is given by a tree.

The outline of this thesis is as follows. In Chapter 2 we will introduce the type of systems
under consideration in detail. The concepts and definitions of control theory, graph theory,
and linear algebra that we require in this thesis will be introduced in Chapter 3. The res-
ults, and the corresponding proofs are given in Chapter 4. We have also verified the results
presented numerically as presented in Chapter 5. Finally, a summary of the results, as well
as recommendations for future research, can be found in Chapter 6.
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2
P R O B L E M F O R M U L AT I O N

In this thesis we will study the behaviour of interconnections of passive subsystems. The
structure of such an interconnection can be represented by means of a graph, an example of
which can be seen in Figure 1a. The vertices in this graph denote the individual subsystems,
while the edges indicate whether two systems are connected. For these type of systems we
are then interested in the disturbance propagation that occurs: what is the influence of a
disturbance entering the system through one of the subsystems associated to a specific vertex
on the output of a subsystem associated to another vertex?

We make several assumptions concerning the dynamics of the subsystems and the structure
of the graph representing the interconnection structure, which we will explain here. The first
assumption we make is that the disturbance enters the systems through the output of a vertex
0. The state of this ’disturbance vertex’ will not be included in the description of the system,
instead we will consider the output of this vertex, denoted y0, to be a variable that can be
freely controlled, or freely disturbed. The vertex 0 is assumed to be connected to only one
other vertex in the system, which is labelled vertex 1. The situation is illustrated in Figure 1.
Figure 1a shows the system including vertex 0, while Figure 1b shows the situation that we
will be considering in this thesis. Note that we have also designated an ’output vertex’, which
we have labelled vertex N, where N is the number of vertices in Figure 1b.

For such a system we are interested in the effects of the disturbance entering the system
through the variable y0 on the output of the subsystem associated to vertex N, denoted yN .
In order to study this we first make some additional assumptions about the dynamics of the
subsystems involved. We will assume that subsystems are identical, passive, SISO systems,
with the additional assumption that they do not contain any feed-through. In other words,
the dynamics of all the individual subsystem are given by the same transfer function h(s),
where h(s) is of the form

h(s) =
b1sn−1 + b2sn−2 + · · ·+ bn−1s + bn

sn + a1sn−1 + · · ·+ an−1s + an
.

The assumption of passivity of the subsystems is equivalent to the assumption that h(s) is
positive real. For such a passive subsystem, denoted Σi, let ui, yi denote the input and output
of the subsystem respectively. Assuming zero initial state, the dynamics of the subsystem are
given by

ŷi(s) = h(s)ûi(s).

Here û and ŷ denote the Laplace transform of u and y respectively.
Now, let G = (V, E) be a graph representing the interconnections structure, and let i ∈ V.

The communication between connected subsystems is defined by setting
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(a) An example graph with designated
disturbance and output vertices.

1y0

N

(b) An example graph with a ’groun-
ded disturbance vertex’ and an out-
put vertex.

Figure 1.: Examples of interconnections of multiple subsystems.

ûi = ∑
j∈Nin,i

(ŷj − ŷi).

Here, ŷj denotes the Laplace transform of the output of other identical subsystems Σj, and
Nin,i denotes the set of all in-neighbours of the vertex i as given by the graph G. We will
assume all communication between subsystems to be of the form given here.

We make one more assumption concerning the structure of the graph G that represents the
interconnection structure of our network. Specifically, we assume G to be a simple connected
(unweighted) graph. The assumptions concerning the structure of the network can now be
summarized by the following two equations

ûi = ∑
j∈Nin,i

(ŷj − ŷi) ∀i ∈ V/{0},

y = yi i ∈ V/{0}.

Note that we did not define the input of vertex 0 in these equations, and that it is assumed
that vertex 0 is not the output vertex. As previously said, the state of the ’disturbance vertex’
will not be included in our model. Instead ŷ0 will be seen as the term that introduces the
disturbance into the system, by means of influencing û1. This will be explained in more
detail in the first part of Chapter 4.

Finally, as a measure of the effect of the disturbance in y0 on the output y of the system we
will use the H-infinity norm, which gives the maximum amplification of said disturbance.

Using the framework presented here, the goal of this thesis is to find out whether or not an
upper bound on the H-infinity norm of the described systems can be found, and if so, to give
this bound explicitly. Question we are interested in are the following:

• Can we find an upper bounds on the H-infinity norm of the systems under consideration
that depend solely on the interconnection structure of the system, and that are therefore
independent of the dynamics of the subsystems?

• Can we find upper bounds on the H-infinity norm of the systems under consideration
which relate solely to the dynamics of the subsystems, and that are therefore independ-
ent of interconnection structure of the network?

• If we can find upper bounds on the H-infinity norm of the systems under consideration,
can we maintain these bounds as the network structure changes by connecting new
subsystems to the network; i.e. can we maintain these upper bounds as new vertices are
added to our graph representing the network structure?
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3

P R E L I M I N A R I E S

In this chapter we introduce the mathematical concepts from control theory and graph theory
that we need for the rest of this thesis, in addition to several related results which will prove
useful.

3.1 control theory

We will start with discussing the relevant definitions and results concerning control theory.
We assume the reader is familiar with basic concepts of this field, such as Linear Time Invariant
(LTI) systems, state space representations and transfer functions of a system. For an introduction
to these and other topics related to control theory we refer to [1].

If we have an LTI, single input, single output (SISO) system defined by a transfer function
T(s), and T(s) is a proper rational function of s, it is possible to find a realization, that is, a state
space representation Σ, of that LTI system [2, Proposition 2.31],

Σ =:

{
ẋ(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t).
(1)

Here x(t) ∈ Rn, u(t) ∈ Rm and y(t) ∈ Rp are the state, input and output variables respectively,
t ∈ R+ is the time variable and A, B, C and D are real matrices of the appropriate sizes. The
vector space of the state variable, in this case Rn, is referred to as the state space, and n is the
dimension of the state space. In the case of SISO systems we have m = p = 1. In order to
simplify the notation we will not write out the dependence on time explicitly, writing x, u
and y instead of x(t), u(t) and y(t).

Given a state space representation Σ = (A, B, C, D), we can also write the transfer function
T(s) of the associated LTI system as

T(s) = C(sI − A)−1B + D,

where I denotes the identity matrix of appropriate size. For the proof, see [4, Section 2.6.B].
Now, if the transfer function is a strictly proper rational function we can find a realization

of the LTI system of the form Σ = (A, B, C, 0) [2, Lemma 2.30]. Two standard methods of
realising a state space representation of an LTI system involve the so-called controller canonical
form and the observer canonical form. They are defined at the hand of a transfer function as
given in the following proposition.

Proposition 1. For a given transfer function T(s) of a SISO system of the form

T(s) =
b0sn + b1sn−1 + · · ·+ bn−1s + bn

sn + a1sn−1 + · · ·+ an−1s + an
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two realizations of the associated LTI system of the form (1) are given by

A =


0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1
−an −an−1 −an−2 · · · −a1

 , B =


0
0
...
0
1

 ,

C =
(
bn − anb0 bn−1 − an−1b0 · · · b1 − a1b0

)
, D = b0,

which is called the controller canonical form, and

A =


0 0 · · · 0 −an

1 0 · · · 0 −an−1

0 1 · · · 0 −an−2
...

...
. . .

...
...

0 0 · · · 1 −a1

 , B =


bn − anb0

bn−1 − an−1b0
...

b1 − a1b0

 ,

C =
(
0 0 · · · 0 1

)
, D = b0,

which is called the observer canonical form.

The proof that these are indeed realizations of the given transfer function is given in [3, p.73-
75]. It is easy to check that the controller canonical form is by construction controllable, while
the observer canonical form is by construction observable. We will not explain the concepts of
controllability and observability in this thesis. For an introduction to these concepts we refer
to [1].

From this result it is immediately apparent that there are multiple state space representa-
tions associated to the same transfer function of an LTI system. This motivates us to give the
following definition.

Definition 2. Let Σ := (A, B, C, D) be a realization of a given transfer function T(s), and let n
be the dimension of the state space of Σ. If for all other possible realizations Σ̄ := (Ā, B̄, C̄, D̄)

of T(s), with state space dimension n̄, we have that n ≤ n̄, then we say that Σ is a minimal
realization.

A minimal realization of a transfer function T(s) is not unique. This is made clear by the
following result.

Proposition 3. If two state space representations

Σ :=

{
ẋ = Ax + Bu

y = Cx + Du
, Σ̄ :=

{
˙̄x = Āx̄ + B̄ū

ȳ = C̄x̄ + D̄ū

with x ∈ Rn, x̄ ∈ Rn̄, and n = n̄, are minimal realizations of the same transfer function T(s), then
there exists a non-singular matrix S such that

Ā = S−1AS, B̄ = S−1B, C̄ = CS, D̄ = D.

We say that the two realizations are similar. Conversely, if such a matrix exists, then the state space
representations are realizations of the same transfer function (although not necessarily minimal).
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For a proof of this result, see [4, p.170-173].
The following is an important result giving an equivalent way of defining a minimal realiz-

ation.

Proposition 4. A realization Σ is minimal if and only if it is controllable and observable.

For a proof of this result we refer to [2, Proposition 2.27, Theorem 2.28]. One more useful
result concerning observability and controlability of systems is the Hautus Lemma.

Proposition 5. A system of the form (1) is controllable if and only if the following holds for any
v ∈ Rn, with v 6= 0,

vT(A− λI B) 6= 0 ∀λ ∈ C.

Similarly, a system of the form (1) is observable if and only if(
C

A− λI

)
v 6= 0 ∀λ ∈ C.

The proof can be found in [1, Theorem 3.13].
The next concepts from control theory that we will introduce here are internal and external

stability, which are defined as follows.

Definition 6. A system of the form (1) is said to be internally stable if σ(A) ⊂ C−, where
σ(A) denotes the set of all eigenvalues of A.

Definition 7. A system of the form (1) is said to be externally stable if the associated transfer
function T(s) has all its poles in the open left half-plane C−.

Remark. We use C− to indicate the open left half of the complex plane. Its complement is
denoted C̄+, and thus denotes the closed right half of the complex plane.

Remark. It is important to note that not all zeros of the denominators present in T(s) are
necessarily poles. If we take T(s) = (s+1)

s(s+1) , we see that s = −1 is not a pole of T(s), due to
pole-zero cancellation.

The following result relates minimality, internal and external stability:

Proposition 8. If a system Σ of the form (1) is internally stable, then it is externally stable. Conversely
if Σ is externally stable and minimal, then it is internally stable.

The proof is given in [1, Theorem 3.23].
An important observation is that controllability, observability and internal and external

stability of a realization are preserved under similarity transformations. For the proof of this
statement we refer to [1, Theorem 3.10].

The next concept we will introduce is that of passivity. A more technical en complete
definition of passivity, sometimes called positive realness, of an LTI system can be found in
[9, Section 2.7 & Chapter 5]. For this thesis it will suffice to state a variation on the famous
Positive Real Lemma.
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Proposition 9. Let Σ := (A, B, C, 0) be a minimal realization, and let n be the dimension of the
state-space of Σ. The system Σ is passive if and only if there exists a matrix P ∈ Rn×n, with P > 0,
such that the following hold,

PA + ATP ≤ 0

PB = CT.

If instead of the first non-strict inequality we have

PA + ATP < 0,

then Σ is strictly passive.

The proof of this result can be found in [9, Chapter 5].
For a SISO system we have an alternative characterization of passivity in terms of the

transfer function. In the context of transfer functions passivity is often referred to as positive
realness, and we will adhere to this convention here.

Proposition 10. Let h(s) be the transfer function of a SISO system. Then h(s) is positive real if and
only if the following hold,

h(s) ∈ R ∀s ∈ R≥0

Re(h(s)) ≥ 0 ∀s ∈ C̄+.

An equivalent definition can be found in [9, Section 2.7].
Lastly we introduce the concept of the H-infinity, or H∞ norm of a system Σ := (A, B, C, D),

usually denoted ||Σ||∞. For the sake of brevity we will again not give the conventional defin-
ition of this concept, but instead introduce it by stating a variation on the famous Bounded
Real Lemma.

Proposition 11. Let Σ := (A, B, C, 0) be a minimal realization, and let n be the state space dimension
of Σ. In additon assume that Σ is internally stable. We have that ||Σ||∞ ≤ γ if and only if there exist
a matrix P ∈ Rn×n, with P > 0, such that the following holds,

PA + ATP +
1

γ2 PBBTP + CTC ≤ 0.

A proof of this result is given in [9, Section 7.2]. A more complete treatment of the subject
of H∞ norms can be found in [1, Chapter 12].

3.2 graph theory

For the problems considered in this thesis we will need several concepts from graph theory
that we will discuss here.

A graph G = (V, E) is defined by a vertex set V and an edge set E. A vertex set V is of the
form

V = {1, 2, · · · , N},

where N ∈N. The edge set is a set of ordered pairs of the vertices of G:

E ⊆ {(i, j) |i, j ∈ V}.

14
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(a) A simple graph.
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(b) A directed graph.
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(c) A weighted,
directed graph.
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(d) A disconnected graph.
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(e) Loops and multiple edges
in a directed graph.

Figure 2.: Examples of multiple types of graphs.

If (i, j) ∈ E this indicates that the vertices i and j are connected by an edge going from vertex
i to vertex j. It is easiest to explain these concepts at the hand of an example.

If we consider the directed graph given in Figure 2b the vertex set is given by

V = {1, 2, 3, 4}.

The edge set is determined by the lines connecting the vertices and is in this case given by

E = {(1, 2), (1, 4), (2, 3), (3, 1)}.

Note that the order of the pairs is relevant. Here (3, 1) denotes an edge from vertex 3 to vertex
1, while (1, 3) would denote an edge from vertex 1 to vertex 3, which is not present in Figure
2b. In Figure 2a we see an example of an undirected graph. Here the edge between vertex 1
and vertex 2 indicates that there is an edge going from vertex 1 to vertex 2 and vice versa. For
an undirected graph we have that if vertex i is connected to vertex j, then vertex j is connected
to vertex i in the same way. Formally we have

(i, j) ∈ E⇔ (j, i) ∈ E.

In this case we can drop the requirement that the pairs of vertices in E are ordered, and we
can instead look at unordered pairs. We write

E = {{1, 2}, {1, 3}, {1, 4}, {2, 3}}.

In addition to directed or undirected a graph can be weighted. In this case a weight is
attached to every edge. An example can be seen in Figure 2c. Note that since the graph in
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Figure 2c is directed, the weight attached to the edge (1, 3) can differ from the weight attached
to the edge (3, 1). If no weights are attached to the edges, we call the graph unweighted. We
explain this concept here for the sake of completeness. However, in this thesis we will only
consider unweighted graphs. For ease of reference we will not explicitely mention that the
graphs we are considering are unweighted from this point on

Another property of graphs is connectedness. We call a graph connected if there exists a
path between any two vertices in the graph. This means that there exist a series of edges
connecting any vertex with any other vertex in the graph. If we look at the example in Figure
2a for instance, we see that the vertices 3 and 4 are connected by the edges {3, 1} and {1, 4}.
In the graph of Figure 2d however, there is no way to find a path from vertex 4 to any of the
other vertices, and therefore the graph is disconnected. In a directed graph the direction of the
edges also plays a role, but for the sake of brevity we will not discuss this here, as it is not
relevant for this thesis.

In addition to these different types of graphs, graphs can also contain loops or multiple edges,
examples of which can be seen in Figure 2e. As these cases are not relevant for this thesis we
will not discuss them here.

If a graph is undirected and does not contain loops or multiple edges, we call it a simple
graph. The example we looked at in Figure 2a is an example of such a graph. In this thesis
we will only consider connected simple graphs. The other types of graph are introduced here
to clarify what it means for a graph to be simple.

Before we move on to vertex degrees and neigbours, we introduce the concept of a subgraph
Ĝ = (V̂, Ê) of graph G = (V, E).

Definition 12. For a given graph G = (V, E) and a subset of the edge set, Ê ⊆ E, let V̄ be the
set of all vertices connected to the edges contained in Ê; that is

V̄ = {i ∈ V| ∃j ∈ V such that {i, j} ∈ Ê}.

Now, let V̂ ⊆ V be a subset of the vertex set such that V̄ ⊆ V̂. The graph given by
Ĝ = (V̂, Ê) is called a subgraph of G.

3.2.1 Vertex degree and neighbours

Next we introduce the concept of neighbours of a vertex. A vertex has two different types of
neighbours, called out-neighbours and in-neighbours. The out-neighbours of a vertex i ∈ V are
all vertices j ∈ V such that there is an edge starting at vertex i and ending at vertex j. The
in-neighbours of i are all vertices j ∈ V such that there is an edge starting at j and ending at i.
For a given graph G we denote the set of all in-neighbours of the vertex i as Nin,i and the set
of all out-neighbours of vertex i as Nout,i. This gives us the following definition.

Definition 13. For a given graph G = (V, E) and a vertex i ∈ V the sets Nout,i and Nin,i,
respectively the set of all in-neighbours and the set of all out-neighbours of i, are given by

Nout,i = {j ∈ V|(i, j) ∈ E},
Nin,i = {j ∈ V|(j, i) ∈ E}.
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To illustrate this we look at Figure 2b. For vertex 1 in this graph we have

Nout,1 = {2, 4},
Nin,1 = {3}.

In the case of an undirected graph, we have that the set of out-neighbours and the set of
in-neighbours of a vertex are equal,

Nout,i = Nin,i ∀i ∈ V.

Consequently, for undirected graphs we can simply talk about neighbours instead of in- or out-
neighbours. In this case we denote the set of all neighbours of a vertex i as Ni. For example,
if we look at Figure 2a we have N2 = {1, 3}.

Related to the concept of the neighbours of a vertex is the concept of the degree of a vertex.
For a directed graph there are again two types of degrees of a vertex i, the out-degree and the
in-degree. The out-degree of a vertex i, denoted dout,i, is the number of out-neighbours of that
vertex, and similarly, the in-degree of a vertex i, denoted din,i, is the number of in-neighbours
of i. For undirected graphs, the out- and in-degree of i are always equal for all i ∈ V, therefore
we talk about the degree of i, denoted di.

3.2.2 Graph-related matrices

Given a graph G, there exist several matrices that depend on the structure of G, which we
will define here. The first of these is called the adjacency matrix.

Definition 14. Given a graph G = (V, E) with N vertices, the adjacency matrix A ∈ RN×N

associated with this graph is a square matrix given by

Aij =

{
0 if (j, i) /∈ E,

1 if (j, i) ∈ E,

for all i, j ∈ V. Since simple graphs are undirected and do not contains loops we have that for
a simple graph G the associated adjacency matrix A satisfies

Aij = Aji,

Aii = 0,

for all i, j ∈ V. Consequently the adjacency matrix of a simple graph is symmetric; i.e. A = AT.
We can also define the degree matrix D of a given graph G.

Definition 15. Given a graph G = (V, E) with N vertices, the degree matrix D ∈ RN×N

associated with this graph is a diagonal matrix given by

Dij =

{
0 if i 6= j

di if i = j.

Closely related to the adjacency and degree matrix of a graph is the Laplacian L.
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Definition 16. Given a graph G = (V, E) with N vertices, and the associated adjacency and
degree matrices, denoted A and D respectively, the Laplacian L ∈ RN×N associated with this
graph is a given by

L = D− A.

Illustrating these concepts, if we look at the graph in Figure 2a we have the following,

A =


0 1 1 1
1 0 1 0
1 1 0 0
1 0 0 0

 , D =


3 0 0 0
0 2 0 0
0 0 2 0
0 0 0 1

 and L =


3 −1 −1 −1
−1 2 −1 0
−1 −1 2 0
−1 0 0 1

 .

On the basis of the Laplacian of a graph we can construct a so-called grounded Laplacian
with respect to vertex i by removing the i-th row and column of the Laplacian matrix. In our
example the grounded Laplacian with respect to vertex 2, denoted L̄2, is given by removing
the 2-nd row and column of L, leading to

L̄2 =

 3 −1 −1
−1 2 0
−1 0 1

 .

The grounded Laplacian is often used to describe the dynamics of a system defined over a
graph, where the output of a certain vertex is considered a free variable that can be controlled.
The dynamics of the system can then be described using the grounded Laplacian with respect
to that vertex, and using the output of the ’removed’ vertex as an input variable. Part of its
usefulness lies in the fact that for connected simple graphs, a grounded Laplacian is non-
singular, whereas it is well-known that the Laplacian of a simple graph is always singular
(as can be seen by noting that Lv = 0 for v = (1 1 · · · 1)T). For the sake of completeness
we give a short proof of the non-singularity of the grounded Laplacian of a connected graph.
The proof depends on the concepts of co-factors, see [4, p.113], spanning trees, see [5, Section
1.3], and Kirchoff’s theorem, see [5, Theorem 1.19], which we will not introduce here, because
they are outside the scope of this thesis.

Proposition 17. Given a connected simple graph G = (V, E), the grounded Laplacian with respect to
vertex i, L̄i ∈ RN−1×N−1, is non-singular for any i ∈ V.

Proof. It is easy to see that det(L̄i) is a co-factor of L, where L is the Laplacian of G. In addition
to this, a connected undirected graph has at least one spanning tree ([5], p.39). By Kirchhoff’s
theorem we then have that any cofactor of L is positive and thus it follows that det(L̄i) 6= 0. It
follows that L̄i is non-singular.

In this thesis we will often consider the output of the first vertex, y0, to be the free variable,
and in these cases we will use the grounded Laplacian with repect to vertex 0. For ease of
reference we will call this matrix the grounded Laplacian and denote it as L̄.
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3.3 concepts from linear algebra

In this last section of the preliminaries we will introduce a few remaining concepts and results
from linear algebra that we will need. The first are the concepts of orthogonal matrices and
orthogonal diagonalization.

Definition 18. A matrix Q ∈ Rn×n is called orthogonal if QT = Q−1.

Definition 19. A matrix A ∈ Rn×n is said to be orthogonally diagonalizable if there exists an
orthogonal matrix Q ∈ Rn×n and a diagonal matrix Λ ∈ Rn×n such that

QT AQ = Λ.

In this case we have

Λ =


λ1 0 · · · 0

0 λ2 · · ·
...

...
...

. . . 0
0 0 · · · λn


where λ1, λ2, · · · , λn are the eigenvalues of A.

Remark. Note that without further assumptions on A there may be multiple instances of the
same eigenvalue, and that 0 could be an eigenvalue of A.

The following is an important result relating symmetric matrices and orthogonal diagonal-
ization.

Proposition 20. A matrix A ∈ Rn is orthogonally diagonalizable if and only if it is symmetric.

For the proof of this result we refer to [4, p.444-445].
Next we introduce the concept of diagonal dominance of a matrix A, and two results

relating this to positive semi-definite matrices. Positive and negative (semi-)definiteness will
not be introduced here, for a definition of these concepts and an introduction to the notation
used, we refer to [1, Definition 3.24].

Definition 21. A square matrix A ∈ Rn×n is called diagonally dominant if the following
holds,

|aii| ≥∑
j 6=i
|aij| ∀i ∈ {1, 2, · · · , n}.

Proposition 22. Let A ∈ Rn×n be a symmetric matrix. We have that A is positive (semi-)definite if
and only if σ(A) ⊂ C+ (or σ(A) ⊂ C̄+ in the case of positive semi-definiteness).

This is a well-known result, that we will not proof here.

Proposition 23. Let A ∈ Rn×n be a symmetric, diagonally dominant matrix with non-negative values
on the diagonal. Then A is positive semi-definite; i.e. A ≥ 0.

Proof. This is a straightforward application of the Gerschgorin circle theorem [10], in combin-
ation with Proposition 22.
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The last concept we need to introduce is that of the Kronecker product.

Definition 24. Let A ∈ Rn×m and B ∈ Rp×q. The Kronecker product of A and B, denoted
A⊗ B is given by

A⊗ B :=


a11B a12B · · · a1mB
a21B a22B · · · a2mB

...
...

. . .
...

an1B an2B · · · anmB

 .

The following are two useful results when working with Kronecker products.

Proposition 25. Let A ∈ Rn×m, B ∈ Rp×q, C ∈ Rm×r and D ∈ Rq×s, then we have that

(A⊗ B)(C⊗ D) = AC⊗ BD

For a proof of this result we refer to [6, Proposition 7.1.6]. Note that in order to write
(A⊗ B)(C⊗ D) = AC⊗ BD we need the matrix products AC and BD to be well-defined.

Proposition 26. Let A ∈ Rn×m, B ∈ Rp×q. We have

σ(A⊗ B) = {λ| λ = λAλB, λA ∈ σ(A), λB ∈ σ(B)}.

The proof of this result is given in [6, Proposition 7.1.10].
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4

R E S U LT S

In this chapter we will state and prove the results that we have found. We will start out by
finding a state space representation of the type of systems under consideration, and showing
that this representation is internally stable. Then we move on to the results concerning the
H-infinity norms of the systems considered.

4.1 state space representation

In order to gain insight in the type of systems we will be taking into consideration, we will
start by looking at an example, which is directly taken from [8]. The system considered in this
paper consists of a number of masses connected by a passive mechanical impedance, denoted
Z(s). A representation of the system can be seen in Figure 3a. The impedance Z(s) connected
to mass i and i + 1 acts on the difference in position between those masses, given by xi+1− xi.
The equations of motions in the Laplace domain are given by

ms2 x̂i = sY(s)(x̂i−1 − x̂i) + sY(s)(x̂i+1 − x̂i),

ms2 x̂N = sY(s)(x̂N−1 − xN),

where Y(s) = Z−1(s), and i ∈ {1, 2, · · · , N − 1}. Note that for x̂1 the equations of motion
include the input x̂0. We want to give state space representation of this system. In order to
do so, we first simplify the notation. We define h(s) := Y(s)

sm which gives us

x̂i = h(s)(x̂i−1 − x̂i + x̂i+1 − x̂i),

x̂n = h(s)(x̂N−1 − x̂N),

where i ∈ {1, 2, · · · , N}. This allows us to represent the system in a form that is perhaps
more commonly found in control theory. The system can be seen as an interconnection of N
identical SISO systems with a transfer function given by h(s). The interconnection structure
of the system is given by the graph depicted Figure 3b, where the vertices represent identical
subsystems defined by the transfer function h(s). Consequently we can drop the assumption
that h(s) = Y(s)

sm and instead consider h(s) to be the transfer function of any SISO system. For
the i-th system, this transfer function acts on x̂i−1 − x̂i + x̂i+1 − x̂i and outputs the position x̂i.
If we define the vector of the positions of the masses, x̂ = (x̂1 x̂2 · · · x̂N)

T, we can write the
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(a) A chain of N identical masses con-
nected by a passive mechanical im-
pedance Z(s), connected to a movable
point x0. Here xi denotes the position
of the i-th mass, and x0 is considered
a free variable that can be controlled.

· · ·
x0

(b) A simple line graph.

Figure 3.: Two graphical representations of the example from [8].

dynamics of this system by using the grounded Laplacian L̄ ∈ RN×N associated to the graph
in Figure 3b which is given by

L̄ =



2 −1 0 · · · 0

−1 2 −1
. . .

...

0
. . . . . . . . . 0

...
. . . −1 2 −1

0 · · · 0 −1 1


. (2)

Remark. Note that even though the position of the ’grounded vertex’, vertex 0, is depicted as
input in Figure 3b, vertex 0 is still part of the graph G. As a consequence G has N + 1 vertices
and L̄ is of size N × N.

The dynamics are now given by

x̂ = −h(s)L̄x̂ + h(s)(1 0 · · · 0)T x̂0. (3)

Now, in order to switch to a state space representation of these dynamics, we first assume
that there exist matrices A ∈ Rn×n, B ∈ Rn and C ∈ R1×n such that Σh := (A, B, C, 0)
is a realization of h(s). Note that we assume that there is no feed-through present in the
subsystem; i.e., we have D = 0. In order for this to be possible we need to assume that h(s) is
a strictly proper rational function of s.

From (3) we have

x̂i = h(s)(−di x̂i + ∑
j∈Ni

x̂j),

for all i ∈ {1, 2, · · · , N}. Here Ni and di denote the set of all neighbours of vertex i and the
degree of vertex i, respectively. Letting zi ∈ Rn denote the state vector associated to the i-th
vertex, this allows us to write

żi = Azi + B(−dixi + ∑
j∈Ni

xj) (4)

xi = Czi. (5)
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Substituting (5) into (4) we get

żi = (A− diBC)zi + BC ∑
j∈Ni

zj.

Remark. Since vertex 0 is included in N1, it follows that the input x0 = Cz0 is included in the
expression of ż1, however, since the state of vertex 0, z0, will not be considered part of the
dynamics of the system, we will need to add x0 as a seperate term in the upcoming step.

Letting z = (zT
1 zT

2 · · · zT
N)

T we can write the dynamics of the system as

ż = (I ⊗ A− L̄⊗ BC)z + (e1 ⊗ B)x0

x = (I ⊗ C)z.
(6)

Here e1 = (1 0 · · · 0)T ∈ RN .
An important observation is that this derivation does not depend on the structure of the

graph under consideration. If we consider a different simple graph we would get a different
grounded Laplacian L̄, and besides that the only thing that changes may be the vertices that
receive input and the vertices that contribute to the output. In later sections of this chapter
we will often consider xi as our output, which is given by xi = (eT

i ⊗ C). We could choose
different or multiple inputs in a similar manner. For ease of reference we define the following
notation

Ae = I ⊗ A− L̄⊗ BC,

Be = b⊗ B,

Ce = c⊗ C,

where b and c are vectors or matrices determined by the input-output structure of the graph
under consideration. The dynamics of the system as in (6) can then be written as

ż = Aez + Bex0,

y = Cez.
(7)

Remark. The state space representation (6) splits the dynamics of the system into two parts.
The first part of the involved Kronecker products depends on the structure of the graph
representing the interconnection structure, and are independent of the dynamics of the indi-
vidual subsystems. The second part of the Kronecker products depend on the dynamics of
the subsystems, while being independent of the graph structure. In the upcoming results this
property will allow us to find conditions that depend only on the structure of the graph, or
only on the dynamics of the subsystems, which simplifies matters considerably.

4.2 stability

Using the results from the previous section we can reproduce results from [7] from a state
space perspective. We will derive the following result.

Proposition 27. Let Σ be an LTI system of the form (7), where L̄ is the grounded Laplacian of a given
graph G = (V, E). Let Σh := (A, B, C, 0) be a minimal realization of the strictly proper transfer
function h(s) = n(s)

d(s) , where n(s) and d(s) are coprime. The following are equivalent:
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(i) Σ is internally stable, i.e., σ(Ae) ⊂ C−;

(ii) −1
h(s) /∈ σ(L̄) for all s ∈ C̄+;

(iii) p(s) = d(s) + λn(s) has all it poles in the open left half-plane C− for all λ ∈ σ(L̄).

Proof. We start out by proving (i)⇔ (ii).
We know that the grounded Laplacian, L̄, is symmetric and invertible. By Proposition 20

we then have that there exists a matrix Q ∈ RN×N such that Q−1 = QT and

L̄ = QTΛQ.

Here N + 1 is the number of vertices in G, and Λ ∈ RN×N is a diagonal matrix with the
eigenvalues of L̄ on the diagonal. Note that since L̄ is invertible there are no zero eigenvalues,
and therefore Λ has full rank. With this in mind, we perform a similarity transformation on
our system Σ using the matrix Q⊗ I, leading to

Ãe = (Q⊗ I)Ae(QT ⊗ I).

Using Ae = (I ⊗ A− L̄⊗ BC) and Proposition 25 we get

Ãe = (I ⊗ A−Λ⊗ BC).

Here we have used that (Q⊗ I)−1 = (QT ⊗ I), which shows that this is indeed a similarity
transformation. The resulting matrix Ãe is a block diagonal matrix with blocks of the form

A− λBC, (8)

where λ ∈ σ(L̄). We know that internal stability is preserved under similarity transformations,
and for a block diagonal matrix M we have that σ(M) ⊂ C− is equivalent to the eigenvalues
of each individual block on the diagonal lying in the open left half plane. Consequently we
have that internal stability of Σ is equivalent to σ(A− λBC) ⊂ C− for all λ ∈ σ(L̄). In order
to find necessary and sufficient conditions for this we define a new system Σλ of the form

Σλ :=

{
ża = (A− λBC)za + Bua,

ya = Cza,
(9)

where λ ∈ σ(L̄). If this system is minimal, then it follows by Proposition 8 that σ(A −
λBC) ⊂ C− is equivalent to external stability of Σλ. Thus we want to show that Σλ is minimal.
We already assumed that Σh is a minimal realization and it follows by Proposition 4 that Σh is
controllable. By the Hautus Lemma (Proposition 5) we then have that for any vector v ∈ Rn,
with v 6= 0, it follows that

vT(A− λ̄I B) 6= 0 (10)

holds for any λ̄ ∈ C. Now let v̄ ∈ Rn be a vector such that

v̄T(A− λBC− λ̄I B) = 0

for some λ ∈ σ(L̄) and λ̄ ∈ C. It directly follows that v̄TB = 0 and as a consequence we see
that

v̄T(A− λ̄I B) = 0.
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From (10) we then have v̄ = 0. By the Hautus Lemma (Proposition 5) it follows that Σλ is
controllable.

The proof of the observability of Σλ is completely analogous. We conclude that Σλ in (9)
is minimal and therefore we now have that internal stability of Σ is equivalent to external
stability of Σλ for all λ ∈ σ(L̄). We rewrite Σλ one final time, leading to

ża = Aza + Bva

ya = Cza

va = −λya + ua.

In this form we see that the transfer function T(s) from v̂a to ŷa is given by T(s) = C(sI −
A)−1B, which is equal to h(s) by definition. Using ŷa = h(s)v̂a and v̂a = −λŷa + ûa we write
out the transfer function from ûa to ŷa, which is then given by

ŷa

ûa
=

h(s)
1 + λh(s)

. (11)

Now, by Definition 7 we have that internal stability of Σ is equivalent to (11) having all its
poles in the open left half-plane; C−.

Rewriting (11) we get
ŷa

ûa
=

1
1

h(s) + λ
.

We see that the poles of this transfer function are exactly those values of s where
1

h(s) + λ = 0. It follows that in order for Σ to be internally stable we need

1
h(s)

+ λ 6= 0, ∀s ∈ C̄+

to hold for all λ ∈ σ(L̄). In other words: Σ is internally stable if and only if

−1
h(s)

/∈ σ(L̄) ∀s ∈ C̄+.

This concludes the proof of the equivalence of (i) and (ii).
For the equivalence of (i) and (iii) we refer to [7, Lemma 1]. This is where the assumption

that n(s) and d(s) are coprime becomes relevant.

Remark. To be precise, for the claim that the poles of the transfer function h(s)
1+λh(s) from ûa to ŷa

are those values of s such that 1
h(s) + λ = 0 to hold, we need to show that there is no pole-zero

cancellation in this transfer function. However, it is easy to see that h(s) and 1 + λh(s) do not
share any roots, therefore this is not a problem.

For passive systems this result gives us the following corollary.

Corollary 28. Let Σ and h(s) be defined as in Proposition 27. If h(s) is positive real, then Σ is
internally stable.
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Proof. From the structure of L̄ it is clear that it is diagonally dominant, with positive values
on the diagonal. From Propositions 17, 23 and 22 it then follows that σ(L̄) is contained in the
open right half-plane. In addition Proposition 10 gives us h(s) ∈ C̄+ for all s ∈ C̄+. Therefore
we have

−1
h(s)

/∈ σ(L̄) ∀s ∈ C̄+.

By Proposition 27 it follows that Σ is internally stable.

4.3 h-infinity bound

In this section we will derive upper bounds on the H∞ norm for a class of systems. The class
of systems under consideration will be interconnections of identical passive subsystems, with
the interconnection structure given by a connected simple graph. Note that the H∞ norm
is not defined for systems that are not internally stable. However, Corollary 28 shows us
that for the class of systems under consideration internal stability is guaranteed. Thus we do
not need to worry about this condition here. Additionally, in the preliminaries of this thesis
we have only defined the H∞ norm for minimal systems. Minimality of the systems under
consideration is necessary for the upcoming results, and in order to ensure this property
additional assumptions need to be made. When necessary these assumptions are included in
the formulation of the results.

We will first show that an upper bound on the H∞ norm can be found on the basis of the
graph structure alone.

Proposition 29. Let h(s) be a positive real strictly proper transfer function, and let Σh := (A, B, C, 0)
be a minimal realization of h(s). Let G = (V, E) be a connected simple graph and let L̄ ∈ RN×N be
the associated grounded Laplacian, where N + 1 is the number of vertices in G. Let the vector b ∈ RN

be given by

bi =

{
0 if i /∈ N0

1 if i ∈ N0
,

and let Σ be defined as in (7), where c is some matrices defined by the output structure of G. Finally
let γ ∈ R>0. If the system ΣG := (−L̄, b, c, 0) is minimal, we have that

||Σ||∞ ≤ γ,

if there exists a matrix K ∈ RN×N with K > 0 such that

−KL̄− L̄K +
1

γ2 KbbTK + cTc ≤ 0. (12)

Proof. This proof makes use of the Bounded Real Lemma (Proposition 11). In order to use
this result we first need to show that Σ is a minimal realization. Under the assumptions of
minimality of Σh and ΣG, proof of the minimality of Σ is given in [11, Theorem 2.1]. Thus, we
have that ||Σ||∞ ≤ γ if and only if there exists a matrix K̄ > 0 such that

K̄Ae + AT
e K̄ +

1
γ2 K̄BeBT

e K̄ + CT
e Ce ≤ 0. (13)
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Since h(s) is positive real, and thus represents a passive system, from the Positive Real Lemma
(Proposition 9) we have that there exists a matrix P > 0 such that

PA + ATP ≤ 0

PB = CT.
(14)

We set K̄ = (K⊗ P) for some K > 0 and write out the matrix inequality (13), giving us

(K⊗ P)(I ⊗ A− L̄⊗ BC) + (I ⊗ AT − L̄⊗ CTBT)(K⊗ P)

+
1

γ2 (K⊗ P)(b⊗ B)(bT ⊗ BT)(K⊗ P) + (cT ⊗ CT)(c⊗ C) ≤ 0.
(15)

It is easy to see that (K⊗ P) > 0, as required. Using Proposition 25 we rewrite (15) in a more
compact form, as

(K⊗ (PA + ATP))− (KL̄⊗ PBC)− (L̄K⊗ CTBTP)

+
1

γ2 (KbbTK⊗ PBBTP) + (cTc⊗ CTC) ≤ 0.
(16)

Using (14) we see that this is equivalent to the following matrix inequality,

(−KL̄− L̄K +
1

γ2 KbbTK + cTc)⊗ CTC ≤ 0.

Since we have CTC ≥ 0, from Propositions 22 and 26 we can conclude that this is equivalent
to

−KL̄− L̄K +
1

γ2 KbbTK + cTc ≤ 0.

Thus, after applying the Bounded Real Lemma (Proposition 11), we see that we have

||Σ||∞ ≤ γ,

if there exists a matrix K > 0 such that (12) holds. This concludes the proof.

4.3.1 Line graphs

Using the previous result, we can provide an upper bound on the H∞ norm if G is assumed to
be a connected simple graph. First we prove two intermediate result concerning simple line
graphs, which will be used in the more general result concerning connected simple graphs.

Lemma 30. Let G be a simple line graph of N + 1 vertices, and let L̄ ∈ RN×N be the grounded
Laplacian of G. We define b = e1 ∈ RN and c = eT

N ∈ R1×N . We then have that ΣG := (−L̄, b, c, 0)
is minimal.

Proof. Let v ∈ RN be such that (
c

L̄− λI

)
v = 0.
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Since c = eT
N it follows that we have vN = 0, where vi denotes the i-th entry of v. Now in

order for (−L̄− λI)v = 0 to hold, we need

−L̄v = λv.

From this, the structure of L̄, as given in (2), and vN = 0 it follows that vN−1 = 0. This
argument can be repeated to obtain

vi = 0 ∀i ∈ {1, 2, · · · , N}.

By the Hautus Lemma (Proposition 5), it follows that ΣG is observable. The proof of control-
lability of ΣG is completely analogous. We conclude that ΣG is minimal.

Lemma 31. Let h(s) be a positive real strictly proper transfer function and let Σh := (A, B, C, 0) be a
minimal realization of h(s). Let G = (V, E) be a simple line graph and let L̄ ∈ RN×N be the associated
grounded Laplacian, where N + 1 is the number of vertices in G, with N ≥ 2. Let b = e1 ∈ RN ,
c = eT

N ∈ R1×N and let Σ be defined as in (7). We define K = αI. Then there exists a scalar α > 0
such that

−KL̄− L̄K +
1

γ2 Ke1eT
1 K + eNeT

N ≤ 0

holds, where γ =
√

N+1
4 +

√
N

2 .

Proof. The proof of this statement is rather lengthy and based on applying a minimalization
method several times in succession, which makes it somewhat repetitive. For these reasons it
can be found in Appendix A.

Remark. For the case N = 1 the proof in the appendix does not apply. In this case there
exists α > 0 such that the same inequality is satisfied with γ = 1. A proof of this as well as
explanation why the previous proof does not apply for this case can be found in Appendix
A.

Remark. From Proposition 29 and Lemmas 31 and 30 it now follows that for a system Σ as

described in Lemma 31, we have ||Σ||∞ ≤
√

N+1
4 +

√
N

2 . However for the subclass of these
systems where G is assumed to be a tree, which also contains simple line graphs, a tighter
upper bound can be given, as is shown in section 4.3.3. Therefore we have not formulated
this result here.

4.3.2 Connected simple graphs

Now we are ready to move on to the more general case, where we drop the assumption that
G is a simple line graph and instead look at the case where G is any simple connected graph.
Using the results on line graphs, we can given an explicit upper bound the H-infinity norm
of these systems.

Proposition 32. Let h(s) be a positive real strictly proper transfer function and let Σh := (A, B, C, 0)
be a minimal realization of h(s). For a connected simple graph G = (V, E), let L̄ ∈ RN×N denote
the grounded Laplacian of G, where N + 1 is the number of vertices in G. Let 0 ∈ V be such that
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N0 = {1}; i.e. let b = e1 ∈ RN . In addition, let c = eT
i ∈ R1×N . Let d be the length of the

shortest path from vertex 1 to vertex i, and assume d ≥ 1. For Σ defined as in (7), if the system
ΣG := (−L̄, b, c, 0) is minimal, the following holds,

||Σ||∞ ≤

√
d + 2

4
+

√
d + 1
2

.

Proof. In the first part of this proof we will assume that a solution to the inequality in Propos-
ition 29 exists for a subgraph Ĝ of G. Then we show that the structure of Ĝ can be changed
by adding vertices and edges to this subgraph, and that a solution to the inequality of Propos-
ition 29 of the new graph can readily be given on the basis of the solution for the subgraph,
where the value of γ does not change. In this way we can construct G from Ĝ and apply the
result from Proposition 29 to find an upper bound on ||Σ||∞. The assumption that the initial
subgraph Ĝ with the solution to the inequality always exists is justified in the second part of
this proof.

So, for the first part of this proof we assume that for some graph Ĝ = (V̂, Ê) and α > 0,
and γ > 0 we have the following,

−αIN̂ L̂− αL̂IN̂ +
1

γ2 αIN̂ b̂b̂TαIN̂ + ĉT ĉ = −2αL̂ +
α2

γ2 b̂b̂T + ĉT ĉ ≤ 0. (17)

Here L̂ ∈ RN̂×N̂ denotes the grounded Laplacian of Ĝ, b̂ and ĉ are defined by the input-output
structure of Ĝ, and IN̂ is the identity matrix of size N̂× N̂. We want to show that if we change
the graph structure by adding vertices or edges to Ĝ, we still have the same upper bound on
||Σ||∞ given by γ as found in (17). We start by considering the case where we add a vertex
to Ĝ and connecting this new vertex to one of the vertices previously present in Ĝ. The new
graph will be denoted G̃.

In this case the grounded Laplacian of G̃ is now given by

L̃ =

(
L̂ 0
0 0

)
+

0 0 0
0 −1 1
0 1 −1

 . (18)

Note that we assume that the new vertex is connected to the last vertex of Ĝ. We can assume
this without loss of generality simply by relabelling the vertices. Assuming that our new
vertex does not receive input and is not connected to the output, we also have

b̃ =

(
b̂
0

)
c̃ =

(
ĉ 0

)
.

(19)

We now look at the following equation

f (α, γ) = −αIN̂+1 L̃− αL̃IN̂+1 +
1

γ2 αIN̂+1b̃b̃TαIN̂+1 + c̃T c̃. (20)

Substituting (18) and (19) into (20) we get

f (α, γ) =

(
−2αL̂ + α2

γ2 b̂b̂T + ĉT ĉ 0
0 0

)
+

0 0 0
0 −2α 2α

0 2α −2α

 .
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By (17) we have (
−2αL̂ + α2

γ2 b̂b̂T + ĉT ĉ 0
0 0

)
≤ 0.

In addition we have0 0 0
0 −2α 2α

0 2α −2α

 = −

 0
−
√

2α√
2α

(0 −
√

2α
√

2α
)
≤ 0.

It follows that f (α, γ) ≤ 0. By Proposition 29 we thus have

||Σ̃||∞ ≤ γ.

Going back to our graph Ĝ, now instead of adding a vertex, we want to add an edge to the
graph by connecting two vertices that were previously not connected by an edge. Our new
graph we will once again be denoted G̃. We then have

L̃ = L̂ +

0 0 0
0 −1 1
0 1 −1

 . (21)

Again, we assume without loss of generality that it is the last two nodes of Ĝ that we are
connecting.

We define
f (α, γ) = −αIN̂+1 L̃− αL̃IN̂+1 +

1
γ2 αIN̂+1b̃b̃TαIN̂+1 + c̃T c̃. (22)

Since we do not change the input and output of the system we have b̃ = b̂ and c̃ = ĉ.
Substituting (21), b̃ = b̂ and c̃ = ĉ into (22) we get

f (α, γ) = −2αL̂ +
α2

γ2 b̂b̂T + ĉT ĉ−

 0
−
√

2α√
2α

(0 −
√

2α
√

2α
)

.

In a similar way as when adding a vertex, we conclude that f (α, γ) ≤ 0. By Proposition 29 it
follows that

||Σ̃||∞ ≤ γ.

Summarising these results we can conclude that for any connected simple graph Ĝ, if (17)
holds, we can add edges to the graph while maintaining the upper bound on ||Σ̃||∞ already
found in (17). Additionally, the same is true for adding vertices, as long as the connectedness
of the graph is preserved, and the new vertices do not receive input and are not part of the
output. Another way to say this is the following. For any connected simple graph G̃ that
contains a subgraph Ĝ = (V̂, Ê) such that all vertices of G̃ that are connected to the input and
the output are contained in V̂ and

−2αL̂ +
α2

γ2 b̂b̂T + ĉT ĉ ≤ 0
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holds for some α > 0 and γ > 0, we have

||Σ̃||∞ ≤ γ.

It follows that all we need to do to finish the proof of this proposition is show that G contains
a subgraph Ĝ = (V̂, Ê) with 1, i ∈ V̂ and

−2αL̂ +
α2

γ2 b̂b̂T + ĉT ĉ ≤ 0,

holds for some α > 0 and γ ≤
√

d+2
4 +

√
d+1
2 . Now, since d is the distance of the shortest path

from vertex 1 to vertex i, there exists a subset of vertices, P = {p1, p2, · · · , pd+2}, such that
the following hold,

p1 = 0,

pd+2 = i,

pi ∈ V ∀i ∈ {0, 1, · · · , d + 2},
{pi, pi+1} ∈ E ∀i ∈ {0, 1, · · · , d + 1}.

From this subset we can construct a simple line graph Ĝ = (V̂, Ê) by setting

V̂ = P ,

Ê = {{pi, pj}|pi, pj ∈ V̄, j = i + 1}.

It is clear that Ĝ is indeed a subgraph of G, as it consists of the vertices contained in a shortest
path from vertex 0 to vertex i, and the edges connecting these vertices. Consequently Ĝ is a
simple line graph with d + 2 vertices, starting at vertex 0 and ending at vertex i. Let L̂ be the
grounded Laplacian associated to Ĝ. Let Σ̂ be defined as in (7) with L̄ = L̂, b̂ = e1 and ĉ = eT

i .
By Lemma 30 we have that Σ̂G := (L̂, b̂, ĉ, 0) is minimal. It follows from the proof of Lemma
31 that for some α > 0 we have

−2αL̂ +
α2

γ2 b̂b̂T + ĉT ĉ ≤ 0,

with γ ≤
√

d+2
4 +

√
d+1
2 . We conclude that

||Σ||∞ ≤

√
d + 2

4
+

√
d + 1
2

as we set out to prove.

Remark. In an attempt to avoid introducing new notation, we have written the expression
in (18) in such a way that the sizes of the matrices involved seem to be in-congruent. The
matrices are in fact of the same size.

Remark. For the sake of completeness, we remark that we can not add an edge to a graph if
that graph is already fully connected; i.e., if Ĝ is complete we can not add edges to it. This is
however not relevant for the results presented in this thesis.
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When considering for instance vehicular platoons, one variable of interest may be the inter-
vehicular distance. This variable may be evaluated by setting c = eT

i − eT
j . When the vertices

i and j are connected, this leads to a tighter bound on ||Σ||∞ which does not depend on the
structure of G.

Corollary 33. Let h(s), Σh, G and L̄ be defined as in Proposition 29. Let b = e1 Let c = (ei − ej)
T

for some i, j ∈ V and {i, j} ∈ E. Let Σ be defined as in (7). Then the following holds,

||Σ||∞ ≤
1√
2

.

Proof. From Proposition 29 it follows that it is sufficient to find a matrix K > 0 such that

−KL̄− L̄K +
1

γ2 KbbTK + cTc ≤ 0 (23)

holds for γ = 1√
2
.

We set K = I. Substituting this, and the expression for b and c into (23) we get

−2L̄ +
1

γ2 e1eT
1 + (ei − ej)(ei − ej)

T ≤ 0.

We write M = (ei − ej)(ei − ej)
T. It is clear that we have

Mii = Mjj = 1

Mij = Mji = −1,

and that all other entries of M are zero.
From the structure of L̄ and propositions 23 and 22 we have that L̄− e1eT

1 ≥ 0, because it
is a diagonally dominant matrix with positive values on the diagonal. (Recall that L̄ denotes
the grounded Laplacian with respect to vertex 0, and that vertex 0 is connected only to vertex
1.) Consequently we have

−2L̄ + 2e1eT
1 ≤ 0,

We write M̄ = −2L̄ + 2e1eT
1 . We can now write (23) as

M̄ + M− 2e1eT
1 +

1
γ2 e1eT

1 .

From the structure of L̄ know that M̄ii ≤ −2 and M̄ii ≤ −2. Additionally we know that
M̄ij ≥ 2 and M̄ji ≥ 2. We also have

(M̄ + M)ii = M̄ii + 1

(M̄ + M)jj = M̄jj + 1

(M̄ + M)ij = M̄ij − 1

(M̄ + M)ji = M̄ji − 1,

and the rest of the entries of M̄ + M are equal to the entries of M̄. Looking at the definition
of diagonal dominance (Definition 21), we see that if M̄ is diagonally dominant, then so is
M̄ + M, and therefore we have, by Propostions 23 and 22, that M̄ + M ≤ 0. It follows that in
order for (23) to be satisfied it is sufficient to have
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(
1

γ2 − 2)e1eT
1 ≤ 0.

Since e1eT
1 ≥ 0 this is equivalent to

1
γ2 − 2 ≤ 0.

This is clearly satisfied if γ ≥ 1√
2
. Consequently we have

||Σ||∞ ≤
1√
2

,

as desired.

4.3.3 Trees

As previously claimed, if G is assumed to be a tree, a tighter upper bound on ||Σ||∞ can be
found. In fact, we have ||Σ||∞ ≤ 1 in this case. In order to prove this claim, we first show that
this bound holds when G is a simple line graph.

Lemma 34. Let h(s) be a strictly proper transfer function of a passive system, and let Σh :=
(A, B, C, 0) be a minimal realization of h(s). Let G = (V, E) be a simple line graph and let L̄ ∈ RN×N

be the associated grounded Laplacian, where N + 1 is the number of vertices in G, and N ∈ N. Let
b = e1 ∈ RN and let c = eT

N ∈ R1×N . Let Σ be defined as in (7). We then have

||Σ||∞ ≤ 1.

Proof. From Proposition 29 and Lemma 30 we see that it is sufficient to find K > 0 such that

−KL̄− L̄K +
1

γ2 Ke1eT
1 K + eNeT

N ≤ 0 (24)

holds, with γ ≤ 1. We set

K =



k1 0 · · · 0

0 k2
. . .

...
...

. . . . . .
kN−1 0

0 · · · 0 kN

 , (25)

with ki > 0 for all i ∈ {1, 2, · · · , N}. It is clear that K > 0, and from [12, Theorem 2] we
can see that the optimal solution of (24) can be assumed to be of this form. Substituting this
expression for K, together with (2), b = e1 and c = eT

N into (24) we get



−4k1 k1 + k2 0 · · · 0

k1 + k2 −4k2 k2 + k3
. . .

...

0 k2 + k3
. . . . . . 0

...
. . . . . . −4kN−1 kN−1 + kN

0 · · · 0 kN−1 + kN −2kN


+

(
k2

1
γ2 0
0 0

)
+

(
0 0
0 1

)
≤ 0. (26)

33



Here the non-zero entries in the last two terms of the sum are scalar, and the zeroes are blocks
of the appropriate sizes. Now, by Proposition 23 we know that for this inequality to hold, it is
sufficient to show that the left-hand side is a diagonally dominant matrix with negative values
on the diagonal. We want to choose the values of ki in such a way that this is guaranteed.
Starting with kN we see that we need −2kN + 1 ≤ 0 and

| − 2kN + 1| ≥ |kN−1 + kN |. (27)

We assume, for the moment, that −2kN + 1 ≤ 0 holds. Using this assumption together with
kN−1 > 0 we can rewrite (27) as

kN ≥ kN−1 + 1.

In order to satisfy this inequality we set kN = kN−1 + 1, for a given value of kN−1. Now we
look at the values of ki for i ∈ {2, 3, · · · , N − 1}. We see that we need

| − 4ki| ≥ |2ki + ki−1 + ki+1|.

Using ki > 0 it follows that this is the same as

2ki ≥ ki−1 + ki+1 ∀i ∈ {2, 3, · · · , N − 1}. (28)

We set

ki = ki−1 + 1 ∀i ∈ {2, 3, · · · , N} (29)

and show that this is sufficient to guarantee (28). This is easily done by substituting ki+1 =

ki + 1 into (28), obtaining

ki ≥ ki−1 + 1

as an equivalent inequality which is trivially satisfied by (29). Finally we consider k1. Looking

at (26) we see that we need −4k1 +
k2

1
γ2 < 0 and

| − 4k1 +
k2

1
γ2 | ≥ |k1 + k2|. (30)

Assuming, for now, that −4k1 +
k2

1
γ2 < 0 holds, and using k1, k2 > 0 and k2 = k1 + 1 we rewrite

(30) to obtain

− k2
1

γ2 + 2k1 − 1 ≥ 0 (31)

as an equivalent inequality. We want to find the smallest value of γ such that (31) holds
for any value of k1. In order to do so we consider the ’worst case scenario’. We write

f (k1, γ) = − k2
1

γ2 + 2k1 − 1 and maximise f (k1, γ) over k1. The first derivative is given by

∂ f
∂k1

(k1, γ) = −2k1

γ2 + 2,

and the second derivative is given by
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∂2 f
∂k2

1
(k1, γ) = − 2

γ2 < 0.

Since the second derivative is clearly negative, it follows that we find a maximum at k1 such
that − 2k1

γ2 + 2 = 0. Rewriting this we find that f (k1, γ) is maximised at k1 = γ2. Plugging this
into (31) we get

−1 + 2γ2 − 1 ≥ 0.

It is clear this this inequality, subject to γ > 0, is satisfied if and only if γ ≥ 1. It is also clear

that if k1 = γ = 1, we have −4k1 +
k2

1
γ2 < 0. Additionally, since kN ≥ k1 = 1 we see that

−2kN + 1 ≤ 0 also holds. Therefore the assumptions that we made previously are justified.
Summarising these results we have the following. If we choose K > 0 as in (25), with

k1 = γ = 1 and ki = ki−1 + 1 for all i ∈ {2, 3, · · · , N}, then (24) holds. We conclude that

||Σ||∞ ≤ 1.

The generalization of this result to trees can be proven by repeating the arguments made
in the proof of Proposition 32. Starting with a line graph, any vertex can be added, and
connected to exactly one previously existing vertex, while maintaining ||Σ|| ≤ 1. In this way
we can construct any tree type graph. For the sake of completeness we will state this as a
proposition here.

Proposition 35. Let h(s) be a strictly proper transfer function of a passive system, and let Σh :=
(A, B, C, 0) be a minimal realization of h(s). Let G = (V, E) be a tree and let L̄ ∈ RN×N be the
associated grounded Laplacian, where N + 1 is the number of vertices in G, and N ∈ N. Let 0 ∈ V
be such that N0 = {1}; i.e. let b = e1 ∈ RN . In addition, let c = eT

i ∈ R1×N and let Σ be defined as
in (7). If the system ΣG := (−L̄, b, c, 0) is minimal, We then have

||Σ||∞ ≤ 1.

Remark. One of the most notable consequences of this result is that the found upper bound
is maintained independent of the size of the graph. New subsystems, i.e. vertices, may be
added to the system while maintaining the same upper bound on the H-infinity norm, which
is a very useful property of these type of systems.

Remark. The class of graphs for which we can derive ||Σ||∞ ≤ 1 can be extended. For instance,
the ideas employed in this thesis can be used to show that a graph consisting of two equal
length paths from input vertex 1 to output vertex N also satisfies this property. However, at
this time we lack both the insight in the full class of graphs for which this property holds as
well as the proper terminology to indicate the classes for which we do know this property
holds. This seems like an interesting direction for further research.
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4.3.4 Strict passivity

The results of the previous sections concern interconnections of passive systems, and give
upper bounds on the H-infinity norm of these systems which solely depend on the graph
structure of the considered system. If instead of passivity we make the more restrictive
assumption that h(s) is the transfer function of a strictly passive system, these results still
hold, but we can also supply an upper bound on ||Σ||∞ solely in terms of the dynamics
associated to h(s), which will thus be independent of the graph structure.

Proposition 36. Let h(s) be a strictly proper transfer function of a strictly passive system, and let
Σh := (A, B, C, 0) be a minimal realization of h(s). Let G = (V, E) be any simple connected graph,
let L̄ ∈ RN×N denote the grounded Laplacian of G, where N + 1 is the number of vertices in G. Let
0 ∈ V be such that N0 = {1}; i.e. let b = e1 ∈ RN . In addition, let c = eT

i ∈ R1×N and let Σ be
defined as in (7). If the system ΣG := (−L̄, b, c, 0) is minimal, then there exists an r ∈ R+ such that
the following holds, independently of both the structure of G and the number of vertices in G,

||Σ||∞ ≤ r.

Proof. Since h(s) is assumed to be strictly passive and Σh is minimal we can use the Positive
Real Lemma (Proposition 9) to conclude that there exist a matrix P > 0 such that the following
hold,

PA + ATP < 0

PB = CT.
(32)

We will use this property of Σh to derive two possible upper bounds on ||Σ||∞. First we
observe that as a consequence of (32) we have that there exists a γ > 0 such that

PA + ATP + PBBTP
1

γ2 ≤ 0. (33)

We note that this is where the assumption of strict passivity is essential. In the case of
non-strict passivity, the strict inequality in (32) is replaced by a non-strict inequality, and as a
consequence the existence of such a γ is no longer guaranteed.

Now, since we have PB = CT it follows that we also have

γ2(PA + ATP) + CTC ≤ 0. (34)

In order to avoid confusion in upcoming expressions we will write α = γ2. We will show
that depending on the input-output structure of G, either ||Σ||∞ ≤ 1 or ||Σ||∞ ≤ γ√

2
holds. In

order to do so we will consider the matrix inequality in the Bounded Real Lemma (Propostion
11) for Σ. This inequality is given in (15). Setting K̄ = (I ⊗ ωP) for some ω > 0, and using
PB = CT, we get

(I ⊗ω(PA + ATP))− 2(L̄⊗ CTC) +
ω2

γ̄2 (e1eT
1 ⊗ CTC) + (eieT

i ⊗ CTC) ≤ 0.
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We can write this inequality as

(I ⊗ω(PA + ATP))− 2(L̄− e1eT
1 )⊗ CTC− 2(e1eT

1 ⊗ CTC)

+
ω2

γ̄2 (e1eT
1 ⊗ CTC) + (eieT

i ⊗ CTC) ≤ 0.
(35)

From the structure of L̄, and Propositions 23 and 22 we have L̄− e1eT
1 ≥ 0. Since CTC ≥ 0, by

Propositions 26 and 22 we have

−2(L̄− e1eT
1 ⊗ CTC) ≤ 0.

It follows that for (35) to hold it is sufficient to guarantee

(I ⊗ω(PA + ATP)) +
ω2

γ̄2 (e1eT
1 ⊗ CTC) + (eieT

i ⊗ CTC)− 2(e1eT
1 ⊗ CTC) ≤ 0. (36)

The left-hand side of this inequality is a block-diagonal matrix with blocks given by one of
the following forms,

ω(PA + ATP), (37)

ω(PA + ATP) + CTC, (38)

ω(PA + ATP) + (
ω2

γ̄2 − 2)CTC, (39)

ω(PA + ATP) + CTC + (
ω2

γ̄2 − 2)CTC. (40)

The j-th block in the left-hand side of (36) is given by (37) if j 6= i 6= 1. If j = i 6= 1 it is
given by (38). If 1 = j 6= i it is given by (39) and finally if j = i = 1 it is given by (40). We
first consider the case i 6= 1. In this case (36) contains blocks of the form (37-39). We set
ω = α. Since a block diagonal matrix is negative semi-definite if and only if the blocks on the
diagonal are negative semi-definite, it follows that for (36) to hold we need

α(PA + ATP) ≤ 0, (41)

α(PA + ATP) + CTC ≤ 0, (42)

α(PA + ATP) + (
α2

γ̄2 − 2)CTC ≤ 0.. (43)

From (32) and the fact that α > 0 we have that (41) holds. From (34) we see that (42) holds as
well. Lastly in order for (43) to hold it is sufficient to set γ̄ ≤

√
α
2 = γ√

2
. It follows that for

this choice of K̄ and γ̄, the LMI in (15) is satisfied. By Proposition 11 it follows that

||Σ||∞ ≤
γ√

2
.

For the case i = 1, the left-hand side of (36) contains blocks on the diagonal of the form (37)
and (40). We set ω = 1. Once again we have that (36) holds if and only if the blocks on the
diagonal are negative semi-definite, that is if
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PA + ATP ≤ 0, (44)

PA + ATP + (
1

γ̄2 − 1)CTC ≤ 0. (45)

As previously, we know that (44) holds. For (45) to be satisfied it is sufficient to set γ̄ ≤ 1. It
follows that for this choice of K̄ and γ̄, the LMI in (15) is satisfied. By Proposition 11 it follows
that

||Σ||∞ ≤ 1.

We see that depending on the input-output structure of G, we have that ||Σ||∞ is upper
bounded by either 1 or γ√

2
, where γ is chosen such that (33) is satisfied. Since γ does not

depend on G, we see that the only relevant properties of G are the input-output structure and
the simple connectedness. The rest of the structure of G has no influence on the supplied
bounds, and neither does the number of vertices in G.

One of the major advantages of this result over the results of previous section is that the
upper bound given here can be calculated on the basis of the dynamics of the subsystems and
the input-output structure of the graph alone. Consequently, this bound does not grow as
the number of vertices in G increases, and information concerning the structure of the graph,
including the distance between the disturbance and the output, is not required, as long as the
assumption that G is a connected simple graph can be justified.
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5

N U M E R I C A L R E S U LT S

In order to verify the results of this thesis we have used MATLABr to calculate the H-infinity
norm of several systems of the type that we have considered in this thesis. The various net-
work structures that were tested are given in Figure 4. The vertex associated to the subsystem
which is assumed to receive disturbance, vertex 0, is not included in the graphs. Instead the
output of this subsystem, given by y0, is included as an external input, which contains the
disturbance. The vertex which receives this input is labelled vertex 1, and is coloured black
in the examples in Figure 4. In certain cases the output vertex was considered to be a fixed
vertex in the graph, in which cases it is indicated by a black boundary surrounding the vertex.

Figure 4a is an example of a general cycle graph with N vertices. We calculated the H-
infinity norm of such graphs with given dynamics of the subsystems for several values of
N, and for various positions of the output vertex. The same is true for the graph depicted
in Figure 4b, which is an example of a general line graph with N vertices. Figure 4d is an
example of a tree graph. As before, we calculated the H-infinity norm of such graphs with
given dynamics of the subsystems for several values of N, and for various positions of the
output vertex, and additionally we varied the position of where the second branch of the
graph branches off.

5.1 passive subsystems

For the case that the dynamics of the subsystems are given by passive system, that are not
strictly passive, we used two different choices for the dynamics given by

Σ1 = (0, 1, 1, 0),

Σ2 = (

(
0 −1
1 0

)
,
(

1
0

)
,
(
1 0

)
, 0).

It is a simple exercise to check that these systems are indeed passive.
The H-infinity norms of all these systems for different subsystems dynamics and different

structures, as calculated by MATLABr can be summarized in the following equation

||Σ||∞ = 1.

This is in line with the results from this thesis, specifically the found H-infinity norms agree
with the upper bounds given in Propositions 32 and 35. Additionally, it gives motivation for
further research into the results of Section 4.3.3. These calculations seem to suggest that the
results of this section can be extended to a more general class off graphs. As a final remark we
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will state that at the moment of writing we have not managed to find a combination of (non-
strict) passive subsystem dynamics and graph structure satisfying the assumptions made in
this thesis such that the resulting H-infinity norm of the system is not equal to 1.

5.2 strictly passive subsystems

For the case that the dynamics of the subsystems are given by a strictly passive system we
used dynamics of the subsystems given by

Σ3 = (−0.1, 1, 1, 0),

Σ4 = (

(
−1.1 −1

1 −1.1

)
,
(

1
0

)
,
(
1 0

)
, 0).

(46)

It is a simple exercise to check that these systems are indeed strictly passive.
When considering the line graph, for the strictly passive case we used N = 100 and varied

the position of the output vertex. For the cycle the same is true; we used N = 100 and varied
the position of the output vertex. The results can be seen in the Figures 6a and 6b, where the
H-infinity norm of the resulting system has been plotted against the distance between vertex
0 and the output vertex.

For the tree graph we used the graph structure as depicted in Figure 5. We varied the
position of the output vertex. The results can be found in tables 1 and 2. Finally, the results
for the graphs depicted in the Figures 4c, 4e and 4f can be found in table 3.

These results are in line with the results found in this thesis, specifically the found H-
inifinity norms agree with the upper bounds given in Proposition 36.
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output vertex 1 2 3 4 5 6 7 8 9 10

||Σ||∞ 0.6859 0.4405 0.3300 0.2526 0.2004 0.1683 0.1530 0.3495 0.2935 0.2668

Table 1.: The H-infinity norm for subsystem dynamics given by Σ3 as given in (46), and inter-
connection structure given by the graph in Figure 5

.

output vertex 1 2 3 4 5 6 7 8 9 10

||Σ||∞ 0.2970 0.0736 0.0221 0.0066 0.0020 0.0006 0.0002 0.0221 0.0068 0.0026

Table 2.: The H-infinity norm for subsystem dynamics given by Σ4 as given in (46), and inter-
connection structure given by the graph in Figure 5.

Σ3 Σ4

Figure 4c 0.3545 0.0042
Figure 4e 0.3635 0.0074
Figure 4f 0.3545 0.0064

Table 3.: The H-infinity norm for different subsystem dynamic as given in (46), and different
interconnection structures as depicted by the graphs in the Figures 4c, 4e and 4f.
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y0

1

· · ·

(a) An example of a cycle graph.

y0

1 · · ·

(b) An example of a line graph.

y0

1 6

(c) An example of a graph containing a
cycle.

y0

1

...

...

...

(d) An example of a tree graph.
y0

1

8

(e) An example graph.

y0

1

9

(f) An example of a graph with a grid
structure.

Figure 4.: Graphs used to verify the results of this thesis.
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Figure 5.: An example of a tree graph.
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(a) The H-infinity norm of a system with subsystem dynamics defined by (46), and a structure given
by a cycle graph with N = 100, for various positions of the output vertex

(b) The H-infinity norm of a system with subsystem dynamics defined by (46), and a structure given
by a line graph with N = 100, for various positions of the output vertex

Figure 6.: Numerical results of calculating the H-infinity norm for different positions of the
output vertex in a cycle and a line graph.
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6
C O N C L U S I O N S

In this thesis we have studied the H-infinity norm of interconnections of identical passive
systems, and whether upper bound estimates of the H-infinity norm can be made for these
type of systems. Our main results can be summarized as follows.

• We have shown that the type of systems under consideration can be expressed by a state
space representation. This representation contains Kronecker products, where one part
of the product corresponds to the dynamics of the individual passive subsystems, and
the other part corresponds to the graph representing the interconnection structure of
the whole system.

• Sufficient conditions have been found under which a system consisting of the intercon-
nection of identical passive systems is internally stable.

• Under these conditions, and one additional condition concerning the minimality of the
system representation, we have shown that an upper bound on the H-infinity norm of
the system can be established on the basis of the graph-structure alone; that is, we do
not need to consider the dynamics of the individual subsystems.

• An upper bound for the H-infinity norm of systems consisting of the interconnection
of identical passive subsystems that depends on the distance between the input and the
output alone has been given.

• For systems consisting of the interconnection of identical strictly passive subsystems we
have shown that we can also find an upper bound on the H-infinity norm of the system
which depends only on the dynamics of the subsystems; that is, the upper bound on
the H-infinity norm does not depend on the interconnection structure of the system.

• For a restricted class of graphs, namely trees, we have shown that instead of the already
established bounds, the H-infinity norm of the system can also be upper bounded by 1.

For further research we recommend further study concerning the classes of graphs for
which the H-infinity norm of the system can be upper bounded by 1. From our research it is
clear that this bound holds for other types of graphs besides besides trees, but it is not clear
to what extend this result holds.
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A
This section contains the proof of Lemma 31.

From Lemma 30 we have that Σ is minimal, consequently we can use Proposition 29. Thus
we consider the following inequality:

−KL̄− L̄K +
1

γ2 Ke1eT
1 K + et

NeN ≤ 0, (47)

where we set K = αI for some α ∈ R+. Substituting this into (47) we get

−2αL̄ +
α2

γ2 eT
1 e1 + eT

NeN ≤ 0. (48)

If this matrix inequality can be satisfied for some α ∈ R+ and γ ≤
√

N+1
4 +

√
N

2 the proof is
complete. In the remainder of this proof we show that such α and γ exist.

Remark. This choice of K = αI is used in the generalization of Lemma 31 given in Proposition
32. However, the choice is not optimal as is made apparent by Proposition 35.

By the definition of negative definiteness, the condition in (48) is equivalent to

vT(−2αL̄ +
α2

γ2 eT
1 e1 + eT

NeN)v ≤ 0 ∀v ∈ RN . (49)

Since G is a simple line graph, with N + 1 vertices, we know that L̄ is an N× N matrix of the
form given by (2). Substituting this into (49) we get the following,

− 4αv2
1 + 2αv1v2 + 2αv2v1 − 4αv2

2 + · · · − 4αv2
N−1 + 2αvN−1vN + 2αvNvN−1 − 2αv2

N

+
α2

γ2 v2
1 + v2

N ≤ 0.
(50)

Here, vi denotes the i-th element of v. Note that in this sum in the top row of this expression,
all squares have −4α as a coefficient, except for v2

N , which has −2α as a coefficient, as a
consequence of the structure of L̄. The left hand side of this inequality can be rewritten into
the following, more insightful form, which we denote f (v),

f (v) = −2α
N

∑
i=2

(vi − vi−1)
2 +

α2

γ2 v2
1 + v2

N − 2αv2
1 ≤ 0. (51)

We want to find α ∈ R+ and γ ∈ R+ such that maxv∈RN f (v) ≤ 0. From this it then
follows that for that choice of α and γ the inequality in (50) is satisfied for all v ∈ RN , which
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concludes the proof. In order to find possible values of α and γ we want to maximise f (v)
over v ∈ RN and choose α and γ in such a way that f (v) ≤ 0 is still satisfied.

In order to find suitable values for α and γ we first have to prove a preliminary result.
We consider the problem of minimising

f̄ (x) =
N

∑
i=1

x2
i (52)

subject to ∑N
i=1 xi = z. For this we have the following proposition.

Proposition 37. For N ∈N we have that (52) subject to

N

∑
i=1

xi = z (53)

for some z ∈ R, is minimised at

xi =
z
N
∀i ∈ {1, 2, · · · , N}. (54)

Proof. The proof is by induction. As the case N = 1 is trivial, we start by considering the case
N = 2. In this case we have

x2 = z− x1,

which leads to

f̄ (x) =
N

∑
i=1

x2
i = x2

1 + z2 − 2x1z + x2
1.

In order to minimise this expression over x1, we take the first derivative with respect to x1,

∂ f̄
∂x1

(x) = 4x1 − 2z.

The second derivative with respect to x1, ∂2 f̄
∂x2

1
(x) = 4, is positive. Therefore we will find the

minimum at the value of x1 such that ∂ f̄
∂x1

(x) = 0, or equivalently,

4x1 = 2z.

Thus we have that (52) is minimised at

x1 =
z
2
=

z
N

= x2.

Now, we assume that for some N ∈ N with N ≥ 2 we have that (52) subject to (53) is
minimised for x given by (54). We consider the problem of minimising

f̄ (x) =
N+1

∑
i=1

x2
i , (55)

subject to
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N+1

∑
i=1

xi = z

for some z ∈ R. We have

N

∑
i=1

xi = z− xN .

By our induction hypothesis it follows that (55) is minimised at

xi =
z− xN

N
∀i ∈ {1, 2, · · · , N − 1}. (56)

Substituting this into (55) we get

f̄ (x) =
N+1

∑
i=1

x2
i = x2

N +
(z− xN)

2

N
.

Taking the first derivative with respect to xN we get

∂ f̄
∂xN

(x) = 2xN +
2xN − 2z

N

We see that the second derivative with respect to xN is given by ∂2 f̄
∂x2

N
(x) = 2− 2

N . Since N ≥ 2
this is positive, and therefore we find the minimum at the value of xN such that

∂ f̄
∂xN

(x) = 2xN +
2xN − 2z

N
= 0.

It follows that the minimum is found at

xN =
z

N + 1
.

Substituting this into (56) we get

xi =
z− z

N+1

N
=

N
N+1 z

N
=

z
N + 1

∀i ∈ {1, 2, · · · , N}.

This concludes the proof of Proposition 37.

Now we return to our original problem. We want to maximize (51) over v ∈ RN . For a given
value of vN and v1, it follows that we want to choose v2, · · · , vN−1 such that −2α ∑N

i=2(vi −
vi−1)

2 is maximised, or equivalently, such that

N

∑
i=2

(vi − vi−1)
2 (57)

is minimised. In order to simplify this expression we write v̄i = vi − vi−1. It is easy to see
that we have

N

∑
i=2

v̄i = vN − v1.
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Now by Proposition 37 we have that (57) is minimised at

v̄i =
vN − v1

N − 1
∀i ∈ {1, 2, · · · , N − 1}.

substituting this into (51) we get

f (v) ≤ −2α
(vN − v1)

2

N − 1
+ (

α2

γ2 − 2α)v2
1 + v2

N . (58)

For all v ∈ RN . The next step is to maximise the right hand side of (58) over vN , for a given
value of v1. We can consider three different choices of α, namely α < N−1

2 , α = N−1
2 and

α > N−1
2 . From these we will find that it is necessary to set α > N−1

2 . To prove this we first
look at the case α < N−1

2 . Setting v1 = 0 we get

f (v) = (− 2α

N − 1
+ 1)v2

n.

Since in this case − 2α
N−1 + 1 > 0, we see that limvN→∞ f (v) = ∞. For the case α = N−1

2 , we get

f (v) = (
α2

γ2 − N)v2
1 + 2v1vN .

We see that if we set v1 > 0, then limvN→∞ f (v) = ∞. It follows that in these cases we can not
choose α and γ in such a way that (49) is always satisfied.

Finally we look at the case α > N−1
2 . The first derivative of f (v) with respect to vN is given

by

∂ f
∂vN

(v) = −2α
2vN − 2v1

N − 1
+ 2vN

We also have

∂2 f
∂v2

N
(v) = − 4α

N − 1
+ 2.

Since α > N−1
2 , this is negative. Consequently we find a maximum of f (v) at the value of vN

such that

−2α
2vN − 2v1

N − 1
+ 2vN = 0. (59)

From (59) we get

vN = − 2α

N − 1− 2α
v1.

Substituting this into (58) we have the following,

f (v) = −2α
N − 1

(N − 1− 2α)2 v2
1 + (

α2

γ2 − 2α)v2
1 +

4α2

(N − 1− 2α)2 v2
1.

Rewriting this we get

f (v) = (
−2α

N − 1− 2α
+

α2

γ2 − 2α)v2
1.
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In order to ensure that f (v) ≤ 0 we thus need

−2α

N − 1− 2α
+

α2

γ2 − 2α ≤ 0.

Dividing out α, this inequality becomes

g(α, γ) =
−2

N − 1− 2α
+

α

γ2 − 2 ≤ 0. (60)

We have already concluded that we need α > N−1
2 . In addition we now know that for the

inequality in (51) to hold it is sufficient to choose α and γ such that g(α, γ) ≤ 0.
Since we have α > N−1

2 , we see that N − 1− 2α < 0 and consequently we have −2
N−1−2α > 0.

If we set γ ≤
√

N−1
4 this leads to the conclusion that

g(α, γ) > 2− 2 = 0

and we see that our condition can not be satisfied. It follows that we need γ >
√

N−1
4 . Now,

using the fact that N − 1− 2α < 0, we can rewrite (60) to obtain an equivalent inequality,

ḡ(α, γ) = −2
α2

γ2 + (N − 1)
α

γ2 + 4α− 2N ≥ 0. (61)

For a given value of γ we maximise ḡ(α, γ) over α. We have

∂ḡ
∂α

(α, γ) = −4
α

γ2 +
N − 1

γ2 + 4.

Additionally we have

∂2 ḡ
∂α2 (α, γ) = − 4

γ2 < 0.

We see that ḡ(α, γ) is maximised for α such that

−4
α

γ2 +
N − 1

γ2 + 4 = 0.

Rewriting this expression we obtain

α =
N − 1

4
+ γ2. (62)

Note that for this to be a valid choice for α we need N−1
4 + γ2 > N−1

2 and N−1
4 + γ2 > 1

2 , which

can be achieved by setting γ >
√

N−1
4 , which we had already obtained as a lower bound on

γ. We now substitute (62) into (60), which gives us

g(α, γ) ≤ −2
N − 1− N−1

2 − 2γ2
+

N−1
4 + γ2

γ2 − 2

for all α > 0 and γ > 0. Rewriting this we get

g(α, γ) ≥ −1
N−1

4 − γ2
+

N−1
4 + γ2

γ2 − 2
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and subsequently we see that the inequality in (60) is satisfied if

−γ2 + (N−1)2

16 − γ4

N−1
4 γ2 − γ4

≤ 2.

Since γ2 > N−1
4 we see that N−1

4 γ2 − γ4 < 0. Consequently we can rewrite the inequality in
the following way,

−γ2 +
(N − 1)2

16
− γ4 ≥ 2(

N − 1
4

γ2 − γ4).

Finally, rewriting once more, we obtain

γ4 − N + 1
2

γ2 +
(N − 1)2

16
≥ 0. (63)

We want to find γ such that (63) is satisfied. If we substitute ω = γ2 into (63) we get

ω2 − N + 1
2

ω +
(N − 1)2

16
≥ 0

as our new inequality. Applying the quadratic formula, we solve

ω2 − N + 1
2

ω +
(N − 1)2

16
= 0.

The solutions are given by

ω =
N+1

2 ±
√

N
2

=
N + 1

4
±
√

N
2

.

Substituting ω = γ2, and applying the bound γ >
√

N−1
4 we get

γ ≥

√
N + 1

4
+

√
N

2

as a sufficient condition for the inequality in (60) to be satisfied. This concludes the proof.
For the sake of completeness we will also address the case N = 1. This is necessary, since

we can derive the necessity of α > 1
2 from (51). For N ≥ 2 this is automatically satisfied by the

condition α > N−1
2 , but this is obviously not true for the case N = 1. Additionally some of

the expressions in this proof are not well-defined for N = 1, thus we treat this case separately.
In the case N = 1 we see that (51) reduces to

f (v) = (
α2

γ2 − 2α + 1)v2
1 ≤ 0.

Consequently we need

α2

γ2 − 2α + 1 ≤ 0. (64)
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Minimising this expression over α, we take the first derivative with respect to α and set this
equal to zero,

2α

γ2 − 2 = 0. (65)

The second derivative with respect to α is given by 2
γ2 which is clearly positive. Therefore

we attain a minimum at α such that (65) holds. Solving this expression we get α = γ2.
Substituting this into (64) we see that we need

1− γ2 ≤ 0.

Consequently for the case N = 1 we have that (47) is satisfied by setting α = γ = 1.
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