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Abstract

In this thesis, the notion of weighted greatest common divisor (wged) as defined
for the integers in [0, Section 2] will be discussed. We will redefine the notion
of wged for general integral domains, and we will use the concept of squarefree
factorizations to prove existence and uniqueness (up to unit multiplication) for
unique factorization domains. We will use Yun’s squarefree factorization algo-
rithm as given in [9] to write algorithms for computing wged’s of polynomials over
some fields, of which some will be implemented in the computer algebra system
PARI/GP [7]. We will also extend the idea of factoring the usual ged to compute
wged’s as described in [2, Lemma 3] to polynomials over any field and compare
the corresponding algorithm to those based on Yun’s algorithm.
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1 Introduction

A fundamental problem in modular arithmetic is to find the greatest common divisor
(ged) of n > 2 integers x1,...,z, € Z (not all zero). Formally, the ged of the tuple
x = (x1,...,x,) is defined by

ged(z) :=max{d € Z: d|z; for alli =1,...,n}. (1.1)

In [6, Section 2], the notion of ged is generalized to weighted greatest common divisor
(wged). Alongside the integers x1, ..., z,, positive integers wi,...,w, € Zso (which
are called weights) are chosen. Then, the wged of the tuple x = (x1,...,2,) with
respect to the tuple of weights w = (wy,...,w,), denoted by ged,, (z), is defined by

ged(x) :=max{d € Z :d" |x; foralli=1,...,n}. (1.2)
If all weights are 1, then ged,,(x) is just the usual ged.
For the tuple (384,900) = (27 -3,22.32. 52), for example, we have
gcd(384,900) = ged(384,900) = 12,

(L.D)
ged (384, 900) = 6,

(1,2)
ged (384,900) = 2,
(2,2)
ged(384,900) = 1.
(2,3)

1.1 The Euclidean algorithm

There exists an efficient algorithm to compute the usual ged (Euclid’s algorithm, as
written down by Euclid in his Elements around 300 B.C.) which is based on the rule
that for two integers z1,x9 € Z with z1 # 0 we have

ged(xe, 1 mod z2), w2 # 0,

ged(wy, 2) = { (1.3)

I, T = 0.

For weighted ged’s, however, no efficient algorithm is known. We ask ourselves if we
can design an efficient algorithm. In [2], however, it is argued that there are strong
indications that there does not exist an efficient algorithm for computing wged’s. In
[2, Section 2], it is shown that ged,, () always divides the usual ged which is used to
construct an algorithm in which wgcd’s are computed by means of factoring the ged,
presented in [2, Lemma 3]. This algorithm uses the concept of prime factoring for
which no efficient algorithm is known.



1.2 Formulating the goals

In this thesis, we will generalize the notion of wgcd to a notion of wged for unique
factorization domains (UFDs), for which it is shown that one does not need full fac-
torizations to compute wgcd’s but that one only needs squarefree factorizations. For
Z, no efficient squarefree factorization algorithms have been found, but for K[X] (the
polynomial ring over K) with K any field, efficient squarefree factorization algorithms
are known. We will use these to design algorithms for computing wged’s in K[ X].

1.3 Conventions

Throughout this paper, we reserve the symbol n for the number of numbers (or objects)
one takes gcd’s or wged’s from. We always take n > 2. Furthermore, empty products
are defined to be 1 € R, where R is the ring where the computations take place.

If S is a set, then |S| denotes the cardinality of the set S (if S is finite, then |S]
is the number of elements of S).

Throughout this paper, we use the symbol ~ to indicate a very specific equivalence
relation: being associated in a ring. More about being associated (specifically, the
definition of associatives) can be found in definition

The symbols C,R,Q,Z are reserved to indicate the sets of complex, real, rational
numbers, and integers, respectively. The finite field of p elements with p prime is de-
noted by F,,.

For pseudo-code, we use the bullet notation to make clear whether we speak of scalars,
vectors, or higher-dimensional tensors. For example, x would be a scalar, ve a vector,
and Tee a matrix. Another comment regarding pseudo-code: whenever a return is
executed, the function in question terminates after giving the output, independent of
whatever instructions are given after the return statement. If a main function uses
auxiliary functions, then these auxiliary functions are always given before the main
function is given.



2 Preliminaries

The preliminaries for this thesis can be divided into two components: ring theory (the
basics on the one hand, a little on squarefree factorizations on the other hand), and
complexity theory of algorithms. Let us revise both concisely.

2.1 Some concepts in ring theory

This part gives a brief overview of the most important concepts in ring theory relevant
to this paper. For more background information on rings, integral domains, polynomial
rings, and unique factorization domains, one can consult [5].

Definition 2.1. Let R be an integral domain. Then, two elements a,b € R are said
to be associated to one another (or simply to be each other’s associates) if there exists
u € R* such that a = ub. The existence of such unit u is denoted by a ~ b.

Exercise for the reader: prove that, in any integral domain R, ~ is an equivalence
relation.

2.1.1 Polynomial rings

Definition 2.2. Let R be a ring, and h € R[X]. We define the derivative of h, denoted
by b/, as follows. If h is constant (i.e., if deg(h) < 0), then h' = 0. Otherwise, we can
write h = HTZO anj with ag, . ..,am € R, m >0, and a,, # 0 and define

m
W= jaxi!
j=1

Lemma 2.3. For rings, we have the sum and product rules. More specifically, if R is
a ring and g,h € R[X], then (g+ h) =g + 1" and (gh)' + g'h + gh'.

Proof. The first fact will be left as an exercise to the reader. Now, note that, by the
sum rule and the usual distributive laws for the ring R[X], it is sufficient to prove that
the product rule holds for the case ¢ = aX™ and h = bXF, for some a,b € R and
m, k € Z>o with m and k both nonzero. We have

(gh)' = (abX™ Y
= (m + k)abX™ 1
= mabX™ L 4 pab xR
= maX™ b XF 4 aX™EbXF!
=g h+gh'



Corollary 2.4. Let R be a ring, h € R[X], and | € Z~o. Then, the power rule
(R =1n'=" W
holds.
Proof. The result will follow (using induction) by the product rule as in lemma[2.3] [

Proposition 2.5. If R is an integral domain, then so is R[X].

Proof. This is [B, Proposition 17.2]. O

2.1.2 Fields

Definition 2.6. An integral domain R is called a field if R* = R\{0}. When speaking
of a general field, from now on we use the symbol K instead of R.

As such, Z is not a field, as Z* = {£1}. The rationals, however, are a field: whenever
a/be Q (a,b€Z,a,b+#0), we have

(a/b) - (b/a) =1
~——
€Q
proving that Q* = Q\{0}.
Lemma 2.7. If K is a field, then either char(K) = 0 or char(K) is a prime number.

Proof. The situation that char(K) = 0 occurs: take K = Q, for example. Now,
suppose that char(K) > 0 is not a prime. Then, char(K) = myms for some positive
integers my, mg > 1. It follows that (mq - 1)(ma-1) = 0. Since my,ma < mima we
have my - 1 # 0 and hence m; - 1 cannot be a unit, contradicting the fact that K is a
field. Conclude that char(K) must be prime if char(K) > 0. O

Finally, let us introduce the notion of perfect field.

Definition 2.8. A field K is called perfect if every irreducible polynomial over K has
distinct roots.

Theorem 2.9. A field K is perfect if and only if either

e char(K) =0, or

e char(K) = p and every element of K has a p-th root.
Proof. This is [4, Theorem 2]. O
Corollary 2.10. Finite fields are perfect.

Proof. This is [4, Corollary 3]. O



Example 2.11. An example of an imperfect field of characteristic p is the field Fp(t)
(i.e., the field of fractions of the polynomial ring Fy[t] in the variable t; or, equivalently,
the field of rational functions in the variable t with coefficients in ¥p). For exzample,
t € Fy(t) but no rational function f € F,(t) satisfies f(t)P =t.

Lemma 2.12. Let K be a perfect field of characteristic p, and let f € K[X] be a
non-constant polynomial. If f' = 0, then there exists a unique h € K|[X] such that
B(X)P = F(X).

Proof. Let us write a constructive proof. First, as f' =0 and p = 0 € K in character-
istic p, there is no other possibility for f to be of the form

f= zmj a; XV (2.1)
j=0

with m > 1 and a,, # 0. Since K is perfect, there exist elements c; such that cg =aj
for all j =0,...,m. Then, we can define the polynomial h € K[X] by

m
h= ZCij.
7=0

Consider, for an arbitrary commutative ring R of characteristic p with p a prime num-
ber, the Frobenius homomorphism F': R — R defined by F(x) = 2P for all z € R. As
this map is a ring homomorphism and K|[X] is a commutative ring of characteristic p,
we have

(Gr+. +g)P =gl +...+d

for any tuple of elements (g1,...,¢,) from K[X], as can be shown by induction on r.
It follows that

MX)P =(co+a1 X +...+cn X™)P
=+ AXP+ . 4 X
=ap+ a1 XP+... +a, X"
= f(X).
The fact that this h € K[X] is unique follows from the fact that the Frobenius homo-
morphism on any integral domain is injective (so if another g € K[X] would satisfy

g(X)P = f(X), then g(X)P = h(X)P and we could conclude that g(X) = h(X) because
K[X] is an integral domain). O

Corollary 2.13. If K =F,, then h is given by

m .
h= Z a; X7.
j=0
Proof. This follows from Fermat’s little theorem which states that P = x for all z € F,
so in particular a? =aj forall j =0,...,m. O
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2.1.3 Squarefree factorizations

Before we can define the notion of squarefree factorizations, we first have to make clear
what is being understood under an element of a UFD to be squarefree.

Definition 2.14. Let R be a UFD. Then a nonzero a € R is said to be squarefree if,
whenever b € R satisfies b* | a, we have b € R*.

Definition 2.15. Let R be a UFD, and let a € R be a nonzero non-unit. Then,
i .
_ J
a=u H bj
j=1

is a squarefree factorization of a if u € R*, and bj € R for all j are squarefree and
mutually coprime.

Let us now prove that squarefree factorizations in UFDs exist and are unique.

Theorem 2.16. Let R be a UFD, and let a € R be a nonzero non-unit. Then, there
exists a squarefree factorization

S
u H b;- =a (2.2)
j=1
of a. Furthermore, this factorization is unique in the following sense: whenever
s’ A
a=v H c (2.3)
j=1
for some v € R* and some squarefree and mutually coprime elements c1,...,cy, then

we have s = s" and bj ~ ¢; forallj=1,...,s.

Proof. Since R is a UFD, we have access to a prime factorization
t
a=u H p?j (2.4)
j=1

where v € R* and all p; € R are distinct irreducible elements from R and «; > 1 for
all j. Now, we take b; = [[{pr : ax = j} forall j =1,...,s where s = max(ay,...,as).
Clearly, holds. Furthermore, the sets {py : o = j} are pairwise disjoint for
j=1,...,s meaning that by, ..., bs are mutually coprime (if two such sets correspond-
ing to two elements of {b1,...,bs} are both empty, then both the elements are units
hence also coprime).

Consider (2.2), (2.3) and (2.4). Note that, to prove uniqueness, it is enough to show
that s = max{ai,..., o} and that

bj ~ [ [{pw : aw = j}



are associates, for all j = 1,...,s. Clearly, s < max{aq,...,a;} (otherwise, not all
b; can be composed from the irreducible elements pi,...,p;). On the other hand, if
s < max(aq,...,q) then not all b; can be squarefree so s = max(aq,...,0q). Since
b1,...,bs are mutually coprime and squarefree, it follows that there exist pairwise
disjoint sets Z3,...,Zs C {1,...,t} (possibly not all nonempty) such that

bj ~ Hpkforalljzl,...,s
kEI]'

where empty products are 1. From (2.2)) and (2.4)) combined, then, it follows that we
must have Z; = {k : a = j} for all j. The result follows. O

2.2 Algorithmic complexity theory

In general, an (algebraic) algorithm expects an input, and gives an output. The time
it takes for an algorithm to output a result depends on the input size and is called the
time complexity (or simply complexity) of the algorithm.

For instance, the time complexity of the Euclidean algorithm is logarithmic in the
input size. Considering (1.3]), for two positive integers z1,z2 € Z=¢ it can be shown
that, if after two steps we obtain the pair (y1,y2), we have

4
T+ 30 > g'(y1+y2)
meaning that only log(N)/log(4/3) (where N = x1 + x4 is the input size) steps are
required to reach termination, meaning that the time complexity of the Euclidean
algorithm is in the complexity class O(log(N)). For more background on complexity
theory, we refer to [I].
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3 Wgcd’s in unique factorization domains

In this section, we will generalize the notion of wged to a notion of wged for general
integral domains and prove some elementary results. Most importantly, we will prove
that in any UFD wgcd’s exist and are unique up to unit multiplication. The proof for
existence will be executed three times, each with a different constructive character.

3.1 Defining wgcd’s for integral domains

Definition 3.1. Let R be an integral domain, and let x = (x1,...,x,) be a nonzero
tuple of elements x1,...,x, € R. Let w = (w1,...,wy) with wy,...,w, € Zsg be a
tuple of weights. Then, g € R is called a weighted greatest common divisor (wged) of
x with respect to w if

e g¥i|x; foralli=1,...,n, and
e whenever d € R satisfies d“i | x; for alli=1,...,n we have d|g.

At this stage, it is desirable to prove that ged,, () as defined in (1.2)) is a wged of z
with respect to w in the sense of the above definition for R = Z. It will be sufficient
to prove the following lemma.

Lemma 3.2. Consider (1.2)). For all d € Z, it holds that

d| ged(z) & dYi |z foralli=1,...,n.

Proof. The left-to-right direction is obvious, as the right-hand side of the above holds
for d = ged,, (z). Now, assume that d € Z satisfies dV* | z; for all i = 1,..., n. Without
loss of generality, we can assume that d > 0. Write g = ged,, (). We can write down
prime factorizations of d and g as follows,

t t
a=115" 0= I}
j=1 j=1

with p1,...,ps € Z prime numbers and o, 3; > 0 for all j =1,...,¢. Since d" | z; and

gVt | z; for all i, we know that (p?j)wi | z; and (pfj )wi | z; for all j,i. It follows that

Wy

t
H p?laX(Oéjﬁj)
j=1

divides z; for all # = 1,...,n and hence that (lem(d, g))"“¢ |z; for all . From (1.2)), it
follows that lem(d, g) < g. Since lem(d, g) is a multiple of g as well (a common multiple
of d and g), we have lem(d, g) > g and hence lem(d, g) = g. Conclude that d|g. O

Now we would like to show that, in the sense of definition [3.1] a wged for fixed z and
w is unique up to unit multiplication.

11



Proposition 3.3. In the notation of definition [3.1], suppose that g1 and go are both
wgced’s of x with respect to w. Then, g1 ~ gs.

Proof. By definition, we have g; | g2 and g2 |g1. Therefore, there exist a,b € R such
that g1 = ags and go = bgy. It follows that g1 = abg; and go = abgs. If g1 = go then
clearly g1 ~ go2. If g1 # g2, then one of them must be nonzero and hence ab = 1. Since
R is a domain, it follows that a € R* so (as g1 = aga) again g1 ~ go. O

The above results enables us to introduce the following convention.

Convention 3.4. From now on, for every integral domain R # Z, every nonzero n-
tuple © = (x1,...,x,) € R", and every set of weights w, we let ged,,(x) denote any
wgced of x with respect to w. As such, if y € R is a wgced of x with respect to w, then
we will say that ged,, (x) ~ y and not ged,(z) = y unless ged,, (z) and y are exactly
the same element.

Let us now prove a final result.

3.2 Existence of wgcd’s in unique factorization domains

Let R be a UFD, let © = (x1,...,x,) be a nonzero tuple of elements from R, and let
w = (w1,...,wy) (with wy,...,w, € Zsg) be a tuple of weights. We will prove that
ged,, (x) exists, in three constructive fashions:

1. by using the prime factorizations of 1, ..., z,, which will be a generalization of
[2, Proposition 1];

2. by using the prime factorization of ged(x), which will be a generalization of [2]
Lemma 3];

3. by using the squarefree factorizations of x1,...,xy,, where the result of theorem
is used.

Before stating the three theorems, let Z be the set of indices for which the elements are
nonzero. More specifically, we set Z := {i € {1,...,n} : x; # 0}. Note that, as = was
taken to be a nonzero tuple, we have 7 # @.

Definition 3.5. Let S be a UFD, and a,p € S. Assume moreover that a # 0, and that
p is irreducible in S. Then, we define the valuation of a at p, denoted by val(a,p), by

val(a,p) := max{m € Z>o : p"" | a}.
Note that, as S is a UFD, valuations always exist (as a nonnegative integer).

Theorem 3.6. In UFDs, wgcd’s of nonzero tuples always exist and are unique up to
unit multiplication.

12



Proof. First, we write the prime factorizations of the components:
¢
2~ [ [y foralli € T,
j=1
where pq,...,p; € R are irreducible and o;; € Zx>q for all j, .

e Construction 1. Forall j =1,...,t, let o := min;ez|a;j/w;]. Then, we construct

g € R by
t
g::Hp?j.
j=1

We note that, for all 1 < j <t and all i € Z, we have
wio; = w; - Il?el% |augj/wi ]
< w; - [ /wi
< w; - (g /w;)
and hence g" | z; for all i € Z. Since every element of R divides 0 € R, we also
have g"i | x; for all ¢ = 1,...,n and hence g satisfies the first part of definition

Now, assume that an element d € R satisfies d"¥i|z; for all ¢ = 1,...,n.
Clearly, d must be of the form

t
i~11%
j=1

for some exponents d1,...,0; € Z>g. Since pi,...,p; are irreducible in R, it
follows that we must have w;0; < a;; for all 1 < j <t and all i € Z. Clearly,
0; < a;j/w; for all j,i. Since d1,...,0; are integers and |r] < r < |r] + 1 for any
r € R, we see that 6; < [a;;/w;] for all j,i. By how «q,..., 0 are defined, it
follows that J; < o for all j. We see that

t
g=1[»
j=1
! é ! §
~ qu_ I p.j
g e

—_——— ——
ER d

and it follows that d|g. We conclude that g satisfies the second part of definition
as well. It follows that ged,, (z) ~ g, hence ged,,(x) exists.

13



e Construction 2. As it is widely known that ged’s exist in UFDs, we can write

ged(x H p]

for some ~1,...,v € Z>q (in particular, we have v; = min;cz ;). Defining
Bj := min|val(z;, pj)/w;]
1€T

for all j =1,...,t, then, leads to the claim that

gcd Hpjj

By proposition it is sufficient to show that 8; = «; for all j = 1,...,¢, but
this follows immediately from the observation that val(x;, p;) = a;; for all j, 1.

e Construction 3. For all nonzero x;, we can write down the squarefree factorization.

More specifically, we have

-NHb] for all i € Z,

with b;; squarefree for all (,j) and b1, ..., b, mutually coprime for all i € Z.
Then, the claim is that

cd(z) ~ ged bU/wzJ
ged(z) ~ god H

By theorem we have b;; ~ [[{pr : i, = j} for all (i, 7). It follows that, for
arbitrary ¢ € Z, we have

be/w I (Tt s o = 1)

7j=1
t
frg H p‘]La'L] /le .
j=1
It follows that

€L

t
ged H b ]/wzJ ~ Hpjj
j=1

where €; = min;ez|a;j/w;] for all j =1,...,t. But we have

14



because €; = «j for all j =1,...,¢, where o, ..., are defined under construc-
tion 1. The result follows.

As a final note, by proposition any wged of x with respect to w is unique up to
unit multiplication. ]

Now, let us show that wgcd’s cannot always be extracted from the squarefree factor-
ization of the ged. In other words, it is not always possible to find exponents a; < j
for all j =1,...,t such that

S
o
g:j:}d(x) ~ H b;’
7j=1
if the product
S
J
I
j=1
is the squarefree factorization of ged(z). This phenomenon is illustrated below.

Example 3.7. For the integers, consider the tuple x = (2250, 360). Then, ged(z) = 90,
and the squarefree factorization of 90 is 90 = 10 - 32. We have gcd(173)(2250,360) =2,
and clearly 2 is not of the form 10%t - 3%2 for some exponents o, an € Z>q.

Now, let us prove an analogy of recursion that holds in any integral domain.

Proposition 3.8. Let R be an integral domain, and let v = (z1,...,z,) € R be a
nonzero tuple and w = (w1, ..., wy) € (Z=o)" be a tuple of weights. Assume that n > 3.
If xo,...,z, are not all zero, then we have

ged(z) ~ ged (xl, ged (:cg,...,xn)>.
w ) )

(’UJl,l (’UJQ,.-.,’LUn

Proof. Write g ~ ged, (%), g>2 ~ gcd(wy,..w,) (T2, -, Zn) and h ~ ged(y, 1)(21, 9>2).
Take d € R. By definition we then have

dlg < d™ |z, d*? | ze, ..., d" |2y
& d" |z, d]g>2
< d|h.

15



4 Wgcd’s in polynomial rings over fields

In this section, we let K be an arbitrary field. In abstract algebra, it is well known that
the polynomial ring in one variable over K (denoted by K[X]) is a UFD (this follows
from [5, Proposition 17.2], as fields are UFDs). This enables us to look at wged’s in
the UFD K[X] as well.

4.1 Sharpening the definition of wgcd’s for polynomial rings over
fields

We have seen that, following proposition wgcd’s are not strictly unique: given
x and w (with R any domain) there are exactly |R*| distinct wged’s in R of = with
respect to w. In Z, to avoid having distinct wged’s, we have used the total order on
R by stating that we look for the maximum of a set hence always look for a positive
integer. In general, there is no method to eliminate the possibility of having multiple
(associated) wged’s. For K[X], however, there is: by restricting to monic polynomials.

Definition 4.1. Let f = (f1,..., fn) be a nonzero tuple of polynomials f1,..., fn from
K[X]. Let w = (wy,...,wy) with wy,...,w, € Zso be a tuple of weights. Then,
ged,, (f) is defined to be the unique monic wged of f with respect to w, where wged is
as in definition [3.1]

At this point, we have to justify that ged,,(f) is uniquely defined. This is not hard to
see, as (K[X])™ consists precisely of all nonzero constant polynomials from K[X].

4.2 Squarefreeness in polynomial rings over fields

Now, for Z there is no efficient algorithm for computing squarefree factorizations, as
there is no efficient method to check whether an integer is squarefree. For the case of
polynomials over fields, however, there is, as presented below.

Lemma 4.2. Let h € K[X] be a non-constant polynomial. If ged(h,h') =1, then h is
squarefree. If char(K) = 0, then the converse is also true.

Proof. If h is not squarefree, then there exist hi,hy € K[X] with deg(h;) > 1 and
h = h2hy. From lemma and corollary it follows that

(hiha)" = ((h3)ha)'
= (h3)'hg + (h1)*hi
= 2hy W hy + h3R)
= hy - (2h)hg + h1hb).

It follows that hq|h and hy | B/, hence hy | ged(h,h’). Conclude that ged(h,h') # 1.
Now, assume that char(K) = 0 and that h is squarefree. Then, there exist mutually
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coprime irreducible polynomials py,...,p; € K[X] such that

t
h = Hpj.
j=1

By using the product rule for polynomials, we have

t
W= "] pw (4.1)

J=1 k#j

Now, suppose that ged(h,h’) # 1. Since K[X] is a UFD, then, there exists an irre-
ducible p € K[X] such that p|h and p|h’. It follows that there exists jo € {1,...,t}
such that p = pj,. By ([.1]), we have pj, | %, [1,j, pj and hence pj, | pl;, which is pos-
sible only if p’ = 0. But since char(K) = 0, we must have that deg(pj,) < 0 which
contradicts the fact that p;, € K[X] is irreducible. The result follows. O

4.3 Designing algorithms for polynomial rings over fields

At this stage, we have the tools to design multiple algorithms for K[X]. One of them
will be fully based on construction 2 from theorem whereas a second one will be
based on construction 3 from theorem [3.6| where we will use Yun’s squarefree factoriza-
tion algorithm as described in [9] to compute the necessary squarefree factorizations.
We will also exploit lemma to deal with the case of K having prime characteris-
tic, because non-constant polynomials over fields of prime characteristic can have zero
derivative (e.g., X2 + 1 € F3[X] is not constant but (X2 + 1)’ = 2X = 0).

17



5 All algorithms

Before describing all algorithms in detail, let us present an overview of all algorithms
present in this paper. Note that, for polynomials over fields while using squarefree
factorizations, the case that the field has prime characteristic and is not perfect is not
covered.

R = K[X]|——— > |char(K) = 0|~ [polyWgcdd(. gp)]
[polyWged(.gp)] “— |char(K)=p —

[PoTyWecdFp. gp] ¢ K=F,

Figure 1: overview of all algorithms

If an algorithm is described in pseudo-code and is implemented in PARI/GP, then this
will be denoted by (.gp). If no pseudo-code is written but code in PARI/GP s writ-
ten, then this will be denoted by .gp. No extension indicates that the algorithm is
described in pseudo-code only. In this section, we will only provide pseudo-code, where
all implementations written in GP script are presented as appendices.

5.1 For integers: intWgcd

Below, we use construction 2 from theorem to construct an algorithm for Z.

Algorithm 5.1 intWgcd: calculating in Z using construction 2 from theorem

algorithm intWgcd (z., w,)
input nonzero vector x, of integers, weights we € (Zs0)"
output ged,,, ()
I+ {ie{l,...,n}:a; #0}
compute prime factorization []
forj=1,...,tdo
Bj <= min;e7 | val(z;, pj)/wi]

return (H§:1 pfj

t

i1 p}j of ged(zs)
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5.2 For polynomial rings over fields: polyWgcdO

Now, we use construction 3 from theorem [3.6] and Yun’s squarefree factorization algo-
rithm [9] to design an algorithm for polynomials over fields of characteristic zero. The
auxiliary function wPoly is almost a strict copy of Yun’s algorithm, where we use the
fact that.ej = L j 9k forallj=1,...,sif [];_, gj is a squarefree factorization of the
polynomial in question.

Algorithm 5.2 polyWgcdO: calculating ged,,(f) for char(K) =0

algorithm wPoly (K, f,m)
input field K with char(K) = 0, nonzero polynomial f € K[X], integer m € Z~,
output the unique monic polynomial g € K[X] such that

(1) g™ | f, and
(2) whenever h € K[X] satisfies h™ | f, then h|g

d « ged(f, ')
e] < f/d
b1 + f//d — 6/1
141
while ¢; # 1 do
gi < ged(e;, by)
eir1 < €i/g;
bit1 < bi/gi — €44
141+1
return (H]L(:zzl)/mJ ej.m)

algorithm polyWgcdO (K, fo, ws)

input field K with char(K) = 0, nonzero vector of polynomials f, € (K[X])",
weights we € (Zs0)"

output ged,,, (fo)

I+ {ie{l,....,n}: f; #0}

fori e 7 do
gi < [wPoly(K, fi,w;) if w; > 1; f; if w; = 1]

return ged(gs)
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5.3 For polynomial rings over fields: polyWgcd

Next, we present an algorithm based on construction 2 from theorem [3.6], which works
for polynomials over any field.

Algorithm 5.3 polyWgcd: calculating ged,, (f) over any field by factoring ged(f)

algorithm polyWgcd (K, fo, ws)
input field K, nonzero vector of polynomials f, € (K[X])", weights we € (Z~0)"
output gcd,,, (fo)
g < ged(fe)
compute prime factorization H§'=1 p}j of g
I+ {ie{l,...,n}: fi #0}
forj=1,...,tdo
Bj < minzez|val(fi, pj)/wi]
return (H§:1 pf’)

5.4 For polynomial rings over fields: polyWgcdP

Finally, an algorithm what works for any perfect field of characteristic p. This algorithm
is based on Yun’s squarefree factorization algorithm (the Tobey-Horowitz variant, in
particular, and follows [§, Chapter 5, Section 1.5]) and takes into account that non-
constant polynomials can have vanishing derivatives in characteristic p. We use lemma
and its constructive proof. Note that, by corollary this algorithm can be
simplified significantly to the case of K = F), because the p-th root of x € F,, is always
x itself (then, the auxiliary function PthPolyRoot would trivially find p-th roots of the
coefficients of the polynomial in question).
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Algorithm 5.4 polyWgcdP: calculating ged,, (f) for perfect K with char(K) =p

algorithm wPoly (K, f,m, k)
input perfect field K with char(K) = p, nonzero polynomial f € K[X]
with f/ # 0, integer m € Z~1, integer k € Z>
output the unique monic polynomial g € K[X] such that
(1) g™| /7", and
(2) whenever h € K[X] satisfies h™ | 7", then h | g
&« ged(f, /")
€1 < f/d1
11
while d; # 1 do
dz’+1 — ng(di7 d;)
eit1 < di/dit1
gi < eifeit1
t+1+1
return (H;;ll g}j'pk/mg

algorithm PthPolyRoot (K, f)
input perfect field K of characteristic p, polynomial f € K[X] with f' =0
output polynomial h € K[X] such that h(X)? = f(X)
find coefficients ay, ..., a,;, of f being of the form
find co,...,cpn € K such that ¢ = a; for all j =0,...,m

return (Z}n:o chj>

algorithm polyWgcdP (K, f,, we)
input perfect field K with char(K) = p, nonzero vector of polynomials
fo € (K[X])", weights we € (Z=0)"
output ged,,, (fo)
I+ {ie{l,...,n}: fi #0}
foricZ do
k<0
h <« fi
while /' = 0 do
h < PthPolyRoot(K,h)
k+Fk+1
gi < [wPoly (K, h,w;, k) if w; > 1; f; if w; = 1]
return ged(ge)
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6 Analyzing the GP scripts in PARI
Let us shortly analyze the four GP scripts we have written.

6.1 Example input

Let us briefly describe some example inputs to the four GP scripts as described in the
appendices to show how the scripts should be called properly.

For the input
intWged ([1440,700], [3,2])

(this is [2, Example 1]) leads to the output 2.

For [polyWgcdO.gp| and [polyWgcd.gpl the respective inputs

polyWgcdO([X~ 4-2+X"2+1, X-11, [2,1])
polyWgcd ([X~ 4-2+X"~ 2+1, X-11, [2,1])

lead to the output X-1.

For [polyWgcdFp.gpl the input

polyWgcdFp(2, [Mod(1,2)*X"~4+Mod(1,2),Mod(1,2)*X" 2+Mod(1,2)], [2, 11)

leads to the output Mod (1,2)*X"~ 2+Mod (1,2).
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6.2 Speed analysis

For some test sets, let us compare [polyWgcd. gp| to [polyWgcdO. gp| for the case K = Q
and [polyWgcd. gp| to [polyWgcdFp.gp| for the case K = F,,.

6.2.1 Test 1: polyWgcd.gp vs. polyWgcdO.gp, comparing running times

For the first test, we compare the speeds of the algorithms [polyWgcd.gp| (71) and
polyWgcdO.gp| (12) by giving the algorithms the exact same input, where polynomials

are constructed by means of generating some irreducible polynomials and then multi-
plying those.
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S I 1

0.1] ow=(21)|

% cw=(1)]]

00 T Y 1 O R e e T R

1
0.01 0.1 1 10 100 1,000 10,000
T2 (ms)

Figure 2: K = Q, running time comparison

For the following tests, we use only the tuple of weights w = (2, 1).
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6.2.2 Test 2: polyWgcd.gp and polyWgcdO.gp, by relative ‘compositeness’

For the second test, we compare the speeds of the algorithms|polyWgcd . gpland [polyWgcdO. gp|
by comparing their times (7") to the parameter A, which is defined to be a measure for

a pair of polynomials to share factors. For a tuple f, the parameter A is defined by

A = deg(ged(f))/ max; deg(f;). We use another test set (but generated by the same
method as in test 1).
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Figure 3: K = Q, by ‘relative compositeness’
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6.2.3 Test 3: polyWgcd.gp vs. polyWgcdFp.gp, comparing running times

For the third test, we compare the speeds of the algorithmsfpolyWgcd. gplandpolyWgcdFp. gp|
for the case K = F,, for some values of p.
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Figure 4: K = F),, running time comparison
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7 Discussion

7.1 An application: weighted projective spaces

Given a field K, the projective space of dimension n over K is defined to be the set of
equivalence classes
P"(K) = (K" {0})/ ~

where 0 € K™t is the zero vector and two tuples

(oy--sn), (Yos---,Yn) € Kl

are said to be equivalent (denoted by (zg,...,zn) ~ (Yo,--.,Yyn)) if there exists A € K
such that (zg,...,zn) = (AYo,...,Ayn). It is not hard to show that ~ is indeed an
equivalence relation.

For the case K = Q, it is commonly asked whether we can easily find integer rep-
resentatives of such equivalence classes. In P(Q), we have (1/4,1/6) ~ (3,2). This
integer representative could have been computed via

4-6
(3,2) = 2cd(4,6) (1/4,1/6)

and now the ged appears. In P!(Q) in general, one has
t1 - t2

s1/t1,82/t2) ~ ——(51, 52)-

( 1/ 1, 2/ 2) ng(tl,tQ)( 1, 2)
The notion of projective space can be generalized to that of a weighted projective space,
where weights wy, ..., w, € Zso are chosen. The corresponding equivalence relation is

given by
(o, yZn) ~ (Yo, -y Yn) = IXNE K : (z0,...,2n) = (A Yo, ..., A" yp)

As such, computing representatives of equivalence classes of weighted projective spaces
over Q involves computing wgcd’s of integers. In general, computing representatives
of equivalence classes of weighted projective spaces over Q(R) (the field of fractions of
any integral domain R) involves computing wged’s of elements of R, and if R is a UFD
then this is theoretically possible by definition and theorem

7.2 Suggestions for further research

A natural suggestion would be to improve algorithms[polyWgcdO|and [polyWgcdFpl since
the figures in section [6] show that is faster by a constant factor rather than
asymptotically faster. Another suggestion involving running time would be to investi-
gate the time complexity of the theoretical algorithms as described in section [} For
this, [3] would be a very providing read.

From a theoretical point of view, one might be interested in studying wgcd’s in other
UFDs than Z and K[X].
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7.3 Conclusion

As mentioned in [2], computing wged’s of integers seems to be almost as hard as
computing prime factorizations of integers. By using the concept of squarefree factor-
izations, we have shown that wgcd’s can be computed by computing the squarefree
factorizations of the components (following construction 3 from theorem , and we
used an efficient squarefree factorization algorithm for polynomials over fields [9] to
design algorithms to compute wged’s of polynomials over fields, after generalizing the
concept of wged’s to that as in definition (3.1
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Appendices

A Implementation of algorithm [5.1] in PARI/GP

Below, the implementation in PARI/GP of algorithm is given.

© 0 N o ;s W N e

A L v
© ® N o ¢ s W N B O

intWgcd (xVec, wVec) = {

n length (xVec) ;
g gcd (xVec) ;
gMat = factor(g);
r = matsize(gMat) [1];
betaVec = [];
indVec = [];
for (i = 1, n, if(xVec[i] '= 0, indVec = concat(indVec, i)));
indLength = length(indVec);
for (j =1, r,
vVec = [];
for(i = 1, indLength,
k = indVec[il;
vVec = concat(vVec, valuation(xVecl[k], gMat[j, 1]1) / wVecl[k]);

) g

betaVec = concat(betaVec, floor (vecmin(vVec)));
D g
prod(j = 1, r, gMat[j, 1] ~ betaVec[jl);
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B Implementation of algorithm in PARI/GP

Below, the implementation in PARI/GP of algorithm is given.

wPoly (f, m) = {
if (m > 1,
= gcd(f, £’);
= [f/4d];
[f°/d - e[1]°];
= [1;
= 1;
while (el[i] !'= 1,
g = concat(g, gcd(elil, b[il));
e = concat(e, el[i] / glil);
b = concat(b, b[i]l / glil - el[i+1]1’);

H- 08 T © Q&
]

);
if (m == 1, £, prod(j = 1, floor(i / m), elj * ml));
}

polyWgcd0 (fVec, wVec) = {
gVec = [];
for (i = 1, length(fVec),

gVec = concat(gVec, if (fVec[i] !'= 0, wPoly(fVec[i], wVec[i]),

)
gcd (gVec) ;

0))
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C Implementation of algorithm in PARI/GP

Below, the implementation in PARI/GP of algorithm is given.

polyWgcd (fVec, wVec) = {
n length (fVec) ;
g = gcd(fVec);
gMat = factor(g);
r = matsize(gMat) [1];
betaVec = [];
indVec = [];

for (i = 1, n, if(fVec[i] '= 0, indVec = concat (indVec, i)));

indLength = length(indVec);
for (j = 1, r,
vVec = [];
for(i = 1, indLength,
k = indVec[i];

vVec = concat(vVec, valuation(fVec[k], gMat[j, 11) /
)
betaVec = concat(betaVec, floor (vecmin(vVec)));
)
prod(j = 1, r, gMat[j, 1] ~ betaVecl[jl);

wVec [k]);

D The algorithm polyWgcdFp in PARI/GP

Below, the implementation in PARI/GP of polyWgcdFp is given.

polyWgcdFp (p, fVec, wVec) = {
hVec = [];
for (i = 1, length(fVec),
hVec = concat (hVec, fVecl[il);

if (fVec[il !'= 0,
factMat = factormodSQF (fVec[il, p);
hVec = concat(hVec, prod(j = 1, matsize(factMat) [1],
factMat[j, 1] ~ floor(factMat[j, 2] / wVecl[il)));
) 8
)
gcd (hVec) ;

\
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