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Abstract

This master thesis deals with structured systems and their strong structural properties. The
structured systems studied in this thesis describe a family of linear systems in which the entries
of the system matrices are fixed zeros, nonzeros or arbitrary real numbers. The definition of a
structured system is formalized with the help of pattern matrices, and strong structural proper-
ties are characterized as rank properties of these pattern matrices. In parallel to these algebraic
characterizations, we provide equivalent graph-theoretic characterizations based on the so-called
system graph. In particular, we provide a sufficient condition for strong structural output con-
trollability, necessary and sufficient conditions for strong structural input-state observability, and
three mutually unrelated sufficient conditions for strong structural left invertibility. We also dis-
cuss the limitations of the approach taken in this thesis, which are most evident in the search for
necessary conditions for strong structural output controllability and left invertibility. Finally, we
extend the already existing necessary and sufficient conditions for strong structural controllability
of linear systems to linear descriptor systems.
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Chapter 1

Introduction

This thesis deals with properties of structured linear systems. The concept of structure for linear
systems was introduced by Lin in [1] more than 40 years ago in order to obtain more realistic
models of physical systems. He considers a single-input linear time-invariant system of the form

ẋ = Ax+Bu,

where x is the state, ẋ is the derivative of the state, u is the input signal, and A and B are
a real square matrix and a real vector, respectively. For ease of notation, we will denote this
system as (A,B). The novel idea in [1] is that the entries of A and B are not known precisely,
but are known to be fixed zeros or arbitrary real numbers. This pattern of fixed zero entries
gives the system (A,B) its structure, and is what makes it a structured system. More precisely,
another system (Ā, B̄) has the same structure as (A,B) if the fixed zero entries of A and B
are also fixed zero entries of Ā and B̄. Based on this concept of structure, a system (A,B) is
said to be (weakly) structurally controllable if there exists at least one controllable system (Ā, B̄)
with the same structure as (A,B). In [1], Lin characterizes (weak) structural controllability as a
graph-theoretic property by associating a graph to the structured system (A,B).

Following this, there have been a number of papers that deal with structured systems and their
properties. The results on (weak) structural controllability are extended to multi-input systems
in [2] and are shown to be generic in [3]. In other words, it is shown that a system (A,B) being
structurally controllable implies that almost all systems with the same structure as (A,B) are
controllable. Although the uncontrollable systems with the same structure as a structurally con-
trollable system (A,B) are atypical, in some cases the existence of such systems is not permitted.
Consequently, the concept of strong structural controllability is introduced in [4]. A system (A,B)
is said to be strongly structurally controllable if all systems with the same structure as (A,B) are
controllable. Most of the research on strong structural controllability is based on the assumption
that the entries of A and B are fixed zeros or nonzeros. However, this assumption is violated in
several relevant applications, where the free choice of parameters, or lack of concrete knowledge
about the model, can lead to entries in the system matrices that can be either zero or nonzero. For
this reason, strong structural controllability is completely characterized in [5] for systems whose
entries are allowed to be fixed zeros, nonzeros or arbitrary real numbers. There, as well as in most
literature on the subject, the characterization of strong structural controllability is presented in
two ways: algebraic and graph-theoretic.

The concept of structure has important applications in a number of areas. One such application is
in networked systems, which can often be described by a structured system (see [6], [7] and [8]). In
particular, if one considers a network of scalar linear systems, then the network can be described
by a structured system, where the absence of communication between two systems in the network
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corresponds to a fixed zero in the system matrices of the structured system. Similarly, the presence
of communication between two systems corresponds to a fixed nonzero in the system matrices.
Although the links in the network are usually known, there are cases in which obtaining a detailed
description of the network is impractical or even impossible. Some notable examples are social
networks, world wide web, biological networks and ecological systems (see [9], [10], [11], [12]
and [13]). Alternatively, it might happen that a detailed description of the network is available
but the existence of some links cannot be guaranteed, whether due to possible malfunctions or a
malicious attack on the network (see [14] and [15]). In both of these cases, the structured system
describing the network must include entries that can be either zero or nonzero. Structured systems
also arise in engineering applications when the value of the parameters describing a physical system
are unknown or are allowed to vary. Although this usually leads to system matrices with fixed
zero and nonzero entries only, it is not hard to imagine a situation in which some entries can be
either zero or nonzero (see Example 5.1).

In light of this, we will consider structured systems in which the entries of the system matrices
are fixed zeros, nonzeros or arbitrary real numbers. Furthermore, we will focus on strong struc-
tural properties of such systems, as opposed to weak structural properties. In particular, we will
investigate strong structural output controllability, input-state observability and left invertibility.
There has been some research into all three of these properties. Firstly, a special case of strong
structural output controllability has been studied in [6] and [7] under the name of strong targeted
controllability. There again, the system matrices have only fixed zero and nonzero entries. Strong
targeted controllability and strong structural output controllability have obvious applications in
the area of networked systems, as described in [6] and [7]. Secondly, strong structural input-state
observability has been studied in [8] for linear time-varying systems, while weak structural input-
state observability has been studied in [16] for linear time-invariant systems. The research into
strong structural input-state observability in [8] has been motivated by its possible application
in fault detection and isolation for systems with unknown or varying parameters. Thirdly, weak
structural left invertibility has been studied in [17], but there does not seem to be any literature
on strong structural left invertibility. In any case, the existing literature on these topics is either
restricted to certain types of structured systems or takes a rather unnecessarily complicated ap-
proach. Instead, we will attempt to characterize the aforementioned strong structural properties
within the general framework established in [5]. More precisely, we will describe structured sys-
tems with the help of pattern matrices and will characterize their strong structural properties as
properties of these pattern matrices. Will will also relate pattern matrices and their algebraic
properties to graphs and their graph-theoretic properties. This will allow us to state our results
in two ways: algebraically and graph-theoretically.

This thesis is arranged as follows. The notation and some preliminary definitions are introduced
in Chapter 2, after which linear systems and their relevant properties are described in Chapter 3.
In Chapter 4, we introduce the concept of a pattern matrix, which is then used to formally define
structured systems and strong structural properties in Chapter 5. A precise problem formulation
is also included in the same chapter. Then Chapter 6, Chapter 7 and Chapter 8 deal with strong
structural output controllability, input-state observability and left invertibility, respectively. Fi-
nally, we provide an extension of the results on strong structural controllability to linear descriptor
systems in Chapter 9, followed by a conclusion in Chapter 10.
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Chapter 2

Notation and preliminaries

In this chapter we will introduce the notation and some definitions that are used throughout the
rest of the thesis. To begin with, the field of real numbers is denoted by R and the field of complex
numbers by C. The ring of polynomials with real coefficients and indeterminate s is denoted by
R[s], and the field of rational functions with real coefficients and indeterminate s is denoted by
R(s). For a given set S, the set of n×m matrices with entries in S is denoted by Sn×m. Therefore,
Rn×m, R[s]n×m and R(s)n×m denote the space of real matrices, polynomial matrices and rational
matrices of size n×m, respectively. Furthermore, Sn denotes vectors of size n and entries in the
set S, that is, Sn = Sn×1. The Euclidean norm of a vector x ∈ Rn is denoted by ‖x‖2.

The identity matrix and the zero matrix are denoted by I and 0, respectively. For a given q × r
matrix M , and sets Y ∈ {1, . . . , q} and U ⊂ {1, . . . , r}, MY,U denotes the submatrix of M
containing the rows indexed by Y and the columns indexed by U . For ease of notation, if M is
square, we will write Mk

Y,U instead of (Mk)Y,U . Furthermore, the k-th column of M is denoted
by M•k, and the k-th row by Mk•. A rational function f(s) ∈ R(s) is called proper if the degree
of the numerator does not exceed the degree of the denominator, and it is called strictly proper if
the degree of the numerator is less than the degree of the denominator. Then a rational matrix
M(s) ∈ R(s)n×m is (strictly) proper if it contains only (strictly) proper rational functions. The
normal rank of a rational matrix is defined as rankM(s) = maxλ∈C rankM(λ). The rational
matrix M(s) is left invertible if there exists another rational matrix ML(s) ∈ R(s)m×n such that
ML(s)M(s) = I. It can be shown that M(s) is left invertible if and only if M(λ) has full column
rank for some λ ∈ C, i.e., rankM(s) = m. Moreover, the latter holds if and only if M(λ) has full
column rank for all except finitely many λ ∈ C (see [18]).

Throughout this thesis we will often make use of graphs. A graph is defined as an ordered pair
of sets (V,E), where V is the set of vertices and E ⊂ V × V is the set of edges. An element
of V is called a vertex or a node, and an element of E is called an edge or an arc. The set of
edges consists of ordered pairs of vertices, indicating the vertices the edge connects as well as
the direction of the edge. For example, if i, j ∈ V , then (i, j) ∈ E if and only if there is an
edge from i to j. Often we will not explicitly define the set of edges, but will only describe the
condition under which there is an edge from i to j. If there is an edge from j to i, then we say
that j is an in-neighbour of i, and i is an out-neighbour of j. The set of all in-neighbours of i is
denoted by N−i , and the set of all out-neighbors of i is denoted by N+

j . More formally, we define

N−i = {j ∈ V | (j, i) ∈ E} and N+
j = {i ∈ V | (j, i) ∈ E}. Given a graph (V,E), a walk is a finite

sequence of vertices (v1, v2, . . . , vk+1) where (vi, vi+1) ∈ E for all i ∈ {1, . . . , k}. The length of a
walk is one less than the number of vertices in the sequence, and a walk of length k will be referred
to as a k-walk. Finally, a path is a walk in which the vertices in the sequence are distinct, and the
distance from node i to node j is the length of the shortest path that starts at i and ends at j.
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Chapter 3

Linear systems

In this chapter, we will introduce some concepts from the theory of linear systems that will be
used throughout the rest of the thesis. Consider the linear time-invariant system

ẋ(t) = Ax(t) +Bu(t), (3.1a)

y(t) = Cx(t) +Du(t), (3.1b)

where t ≥ 0 represents time, x(t) ∈ Rn is the state, ẋ(t) ∈ Rn is the derivative of the state,
u(t) ∈ Rm is the input, and y(t) ∈ Rp is the output. The system in (3.1) is completely characterized
by the matrices A,B,C and D, hence we will denote it by (A,B,C,D). If the system does
not include an output equation, then we will use the shorthand notation (A,B) to denote a
system of the form (3.1a). Throughout this thesis we assume that the input signal u is infinitely
differentiable, which we write as u ∈ C∞. We do this to avoid unnecessary technicalities and
note that the results in this section can be derived for locally integrable functions as well (see
Theorem 2.4.13 in [19] and the remark thereafter). For a given initial state x(0) = x0 ∈ Rn and
input signal u ∈ C∞, the corresponding state and output trajectories will be denoted by x(t;x0, u)
and y(t;x0, u), respectively. We can write these trajectories explicitly by solving the differential
equation in (3.1), which results in

x(t;x0, u) = eAtx0 +

∫ t

0

eA(t−τ)Bu(τ) dτ and y(t;x0, u) = Cx(t;x0, u) +Du(t).

We will write T (s) ∈ R(s)p×m to denote the transfer matrix from u to y given by

T (s) = C(sI −A)−1B +D,

and P (s) ∈ R[s]p×m to denote the system matrix

P (s) =

[
A− sI B
C D

]
.

For completeness, we will introduce a few definitions of properties of linear systems and will derive
conditions under which a system (A,B,C,D) possesses each of these properties. To begin with,
consider the following definition.

Definition 3.1. The system (A,B,C,D) is called output controllable if for any y1 ∈ Rp and
x0 ∈ Rn, there exists an input signal u ∈ C∞ and a time T ≥ 0 such that y(T ;x0, u) = y1.

The following theorem provides a well-known condition for output-controllability.
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Theorem 3.1. The system (A,B,C,D) is output controllable if and only if the matrix[
D CB CAB · · · CAn−1B

]
has full row rank.

Proof. (⇐) Suppose that the matrix[
D CB CAB · · · CAn−1B

]
has full row rank, and note that the system is output controllable if and only if

Y = {y(T ;x0, u) | x0 ∈ Rn, u ∈ C∞, T ≥ 0} = Rp.

It follows from the linearity of (A,B,C,D) that Y is a subspace of Rp, hence it is equal to Rp if
and only if its orthogonal complement contains only the zero vector. With this in mind, let η ∈ Rp
be orthogonal to Y. In other words, using the formula for a general output trajectory, we have
that

η>

(
CeATx0 + C

∫ T

0

eA(T−τ)Bu(τ) dτ +Du(T )

)
= 0, (3.2)

for all x0 ∈ Rn, u ∈ C∞, and T ≥ 0. If we fix x0 = 0 and T = 0, then (3.2) implies that
η>Du(0) = 0 for all u(0) ∈ Rm, and hence η>D = 0. Consequently, if we fix x0 = 0 and T > 0,

and take u(t) = B>eA
>(T−t)C>η, equation (3.2) reduces to∫ T

0

∥∥η>CeA(T−τ)B
∥∥2

2
dτ = 0.

The integrand is non-negative and continuous, hence the integral is zero if and only if η>CeAtB = 0
for all t ∈ [0, T ]. In particular, the function η>CeAtB and its derivatives must all be zero at t = 0,
thus η>CAiB = 0 for all non-negative integers i. But this implies that

η>
[
D CB CAB · · · CAn−1B

]
= 0,

hence that η = 0. Therefore, the orthogonal complement of Y contains only the zero vector, so
Y = Rp and we conclude that (A,B,C,D) is output controllable.

(⇒) Suppose that (A,B,C,D) is output controllable. For the sake of contradiction, suppose that
the matrix [

D CB CAB · · · CAn−1B
]

does not have full row rank. In other words, there exists a nonzero vector η ∈ Rp such that

η>
[
D CB CAB · · · CAn−1B

]
= 0.

As a consequence of the Cayley-Hamilton theorem, we have that η>CAiB = 0 for all non-negative
integers i. Using the definition of the matrix exponential, this implies that η>CeAtB = 0 for all
t ≥ 0, hence η>y(T ; 0, u) = 0 for all u ∈ C∞ and T ≥ 0. Now let y1 ∈ Rp be such that η>y1 6= 0,
which is possible since η 6= 0. Given that (A,B,C,D) is output controllable, there exists an
input signal u ∈ C∞ and time T ≥ 0 such that y(T ; 0, u) = y1. But then η>y(T ; 0, u) = 0 while
η>y1 6= 0, which is a contradiction. Therefore, it must be the case that the matrix[

D CB CAB · · · CAn−1B
]

has full row rank.

Next, we define the concept of left-invertiblity.
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Definition 3.2. The system (A,B,C,D) is called left invertible if for all x0 ∈ Rn and u1, u2 ∈ C∞
we have

y(t;x0, u1) = y(t;x0, u2) for all t ≥ 0 =⇒ u1 = u2.

In other words, for any given initial state, no pair of distinct input signals gives rise to the same
output trajectory. Because of linearity, (A,B,C,D) is left invertible if and only if for all u ∈ C∞
we have

y(t; 0, u) = 0 for all t ≥ 0 =⇒ u = 0.

Left-invertibility of (A,B,C,D) can be characterized in different ways, only some of which are
useful in the context of this thesis. These are included in the following theorem.

Theorem 3.2. The following statements are equivalent:

(i) (A,B,C,D) is left invertible.

(ii) T (s) is left invertible as a rational matrix.

(iii) P (s) is left invertible as a rational matrix.

(iv) P (λ) has full column rank for all except finitely many λ ∈ C.

Proof. We will first prove that the last three statements are equivalent. For (iii) and (iv), we know
that a rational matrix is left invertible if and only if it has full column rank for almost all points
in its domain. For (ii) and (iii), note that since A − sI is invertible as a rational matrix, we can
write

P (s) =

[
A− sI B
C D

]
=

[
A− sI 0
C I

] [
I (A− sI)−1B
0 T (s)

]
.

which implies that P (s) is left invertible if and only if T (s) is left invertible. Next, we will show
that (i) implies (iv) and (ii) implies (i).(
(i) ⇒ (iv)

)
Suppose that (A,B,C,D) is left invertible and that rankP (λ) < n+m for infinitely

many λ ∈ C. In that case, we can pick distinct scalars λ1, . . . , λk, where k is arbitrarily large,
such that [

A− λiI B
C D

] [
x0i

u0i

]
= 0, for all i ∈ {1, . . . , k}, (3.3)

where x0i ∈ Rn and u0i ∈ Rm are not both zero. For large enough k, the vectors x01, . . . , x0k,
must be linearly dependent, that is, there exist scalars α1, . . . , αk, not all zero, such that

k∑
i=1

αix0i = 0.

Moreover, at least one of u01, . . . , u0k must be nonzero, otherwise we will have that Ax0i = λix0i

for infinitely many distinct λi. Using (3.3), it is easy to verify that the input signal u(t) =∑k
i=1 αie

λitu0i 6= 0 results in the state trajectory x(t; 0, u) =
∑k
i=1 αie

λitx0i and the corresponding
output is given by

y(t; 0, u) = Cx(t; 0, u) +Du(t) =

k∑
i=1

αie
λit(Cx0i +Du0i) = 0.

Therefore, y(t; 0, u) = y(t; 0, 0) for all t ≥ 0, while u 6= 0, which contradicts the assumption that
(A,B,C,D) is left invertible and proves. In other words, it must be the case that P (λ) has full
column rank for all except finitely many λ ∈ C.
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(
(ii) ⇒ (i)

)
Suppose that T (s) is left invertible, equivalently, that there exists a rational matrix

TL(s) ∈ R(s)m×p such that TL(s)T (s) = I. We can obtain a strictly proper rational matrix
from TL(s) by dividing all entries by sk for a large enough integer k. This means that we can
redefine TL to be a strictly proper rational matrix such that TL(s)T (s) = Is−k, for some positive
integer k > 1. Consequently, TL(s) can be written as the transfer matrix of a linear time-invariant
system (AL, BL, CL, 0) for certain matrices AL, BL and CL of appropriate sizes (see Theorem 3.3
in [20]). In other words, we have that TL(s) = CL(sI − AL)−1BL, hence rewriting the equation
TL(s)T (s) = Is−k yields

CL(sI −AL)−1BL
(
C(sI −A)−1B +D

)
= Is−k.

Using the fact that (sI −A)−1 =
∑∞
i=0A

is−i−1, we can expand the latter to obtain

CLBLDs
−1 + (CLBLCB + CLALBLD) s−2 + · · · = Is−k.

or, more precisely,

CLBLDs
−1 +

∞∑
l=2

(
CLA

l−1
L BLD +

l−1∑
i=1

CLA
i−1
L BLCA

l−iB

)
s−l = Is−k. (3.4)

Given that k > 1, the equation above implies that CLBLD = 0 and

CLA
l−1
L BLD +

l−1∑
i=1

CLA
i−1
L BLCA

l−iB =

{
I if l = k,

0 otherwise.
(3.5)

Now, suppose that the output of (A,B,C,D) is fed as input to (AL, BL, CL, 0), that is, the systems
are connected via a series interconnection. Then (AL, BL, CL, 0) can be written as

ẋL = ALxL +BLy,

v = CLxL,

where xL is the state, v is the output, and the time variable t has been omitted in order to ease
the notation. The dynamics of the interconnection is given by[

ẋ
ẋL

]
=

[
A 0

BLC AL

] [
x
xL

]
+

[
B

BLD

]
u, v =

[
0 CL

] [ x
xL

]
.

Using the general solution, we find that the output v(t; 0, u) is given by

v(t; 0, u) =
[
0 CL

] ∫ t

0

exp

([
A 0

BLC AL

]
(t− τ)

)[
B

BLD

]
u(τ) dτ

It turns out that we can drastically simplify this expression for v(t; 0, u). To this end, note that[
A 0

BLC AL

]l−1

=

[
Al−1 0∑l−1

i=1A
i−1
L BLCA

l−i Al−1
L

]
,

which implies that

[
0 CL

] [ A 0
BLC AL

]l−1 [
B

BLD

]
= CLA

l−1
L BLD +

l−1∑
i=1

CLA
i−1
L BLCA

l−iB.

Using (3.5), we find that

[
0 CL

] [ A 0
BLC AL

]l−1 [
B

BLD

]
=

{
I if l = k,

0 otherwise.
(3.6)
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Then substituting the expression for the matrix exponential into the formula for the output yields

v(t; 0, u) =

∫ t

0

(t− τ)k−1

(k − 1)!
u(τ) dτ.

Differentiating both sides k times results in v(k)(t; 0, u) = u(t), where v(k) indicates the k-th deriva-
tive of v. Finally, suppose that the input signal u ∈ C∞ is such that y(t; 0, u) = 0 for all t ≥ 0.
Feeding this into (AL, BL, CL, 0) results in v(t; 0, y) = 0 for all t ≥ 0. However, in the context
of the interconnection, this means that v(t; 0, u) = 0 for all t ≥ 0, hence v(k)(t; 0, u) = u(t) =
0 for all t ≥ 0, which shows that (A,B,C,D) is left invertible.

Next, we consider a notion that is slightly stronger than that of left invertibility, namely, input-
state observability.

Definition 3.3. The system (A,B,C,D) is called input-state observable if for all x01, x02 ∈ Rn
and u1, u2 ∈ C∞ we have

y(t;x01, u1) = y(t;x02, u2) for all t ≥ 0 =⇒ x01 = x02 and u1 = u2.

In other words, the input signal and initial state that produce a given output trajectory are
unique. Because of linearity, (A,B,C,D) is input-state observable if and only if for all x0 ∈ Rn
and u ∈ C∞ we have

y(t;x0, u) = 0 for all t ≥ 0 =⇒ x0 = 0 and u = 0.

Naturally, the condition for input-state observability is very similar to that for left invertibility.

Theorem 3.3. The system (A,B,C,D) is input-state observable if and only if P (λ) has full
column rank for all λ ∈ C.

In order to prove this result, we need to introduce the so-called weakly unobservable subspace of
(A,B,C,D) and use one of its properties.

Definition 3.4. A point x0 ∈ Rn is called weakly unobservable if there exists an input signal
u ∈ C∞ such that y(t;x0, u) = 0 for all t ≥ 0. The set of all weakly unobservable points is denoted
by V and is called the weakly unobservable subspace of (A,B,C,D).

The fact that V is a subspace follows from the linearity of (A,B,C,D). One can also show that V is
controlled invariant, that is, for all x0 ∈ V and input signal u ∈ C∞ such that y(t;x0, u) = 0 for all
t ≥ 0, we have that x(T ;x0, u) ∈ V for all T ≥ 0. Indeed, if xT = x(T ;x0, u) and uT (t) = u(t+T ),
then

y(t;xT , uT ) = y(t+ T ;x0, u) = 0 for all t ≥ 0,

hence xT ∈ V. This leads to the following result.

Lemma 3.1. There exists a matrix F ∈ Rm×n such that

(A+BF )V ⊂ V and (C +DF )V = {0}.

Proof. Let {x1, . . . , xr} be a basis for V. Then for all i ∈ {1, . . . , r} there exists an input signal
ui ∈ C∞ such that x(t;xi, ui) ∈ V and y(t;xi, ui) = 0 for all t ≥ 0. In particular, as V is closed,
it follows that

ẋ(0+;xi, ui) = Axi +Bui(0) = lim
t↓0

x(t;xi, ui)− xi
t

∈ V,
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while Cxi +Dui(0) = 0. Now, let F ∈ Rm×n be any matrix such that Fxi = ui(0), and note that
(A+BF )xi ∈ V and (C +DF )xi = 0 for all i ∈ {1. . . . , r}. Given that {x1, . . . , xr} is a basis for
V, we conclude that

(A+BF )V ⊂ V and (C +DF )V = {0}.

We can now prove Theorem 3.3.

Proof of Theorem 3.3. (⇒) Suppose that (A,B,C,D) is input-state observable and that

rank

[
A− λI B
C D

]
< n+m,

for some λ ∈ C. Then we can find x0 ∈ Rn and u0 ∈ Rm, not both zero, such that[
A− λI B
C D

] [
x0

u0

]
= 0.

Using the latter, we can easily verify that the input signal u(t) = eλtu0 and initial state x0 yield
the state trajectory x(t;x0, u) = eλtx0 and the corresponding output is given by

y(t;x0, u) = Cx(t;x0, u) +Du(t) = eλt(Cx0 +Du0) = 0.

Therefore, y(t;x0, u) = 0 for all t ≥ 0, while x0 6= 0 or u 6= 0, which contradicts the assumption
that (A,B,C,D) is input-state observable.

(⇐) Suppose that the matrix [
A− λI B
C D

]
has full column rank for all λ ∈ C. Using Theorem 3.2, this implies that (A,B,C,D) is left
invertible, hence that

y(t; 0, u) = 0 for all t ≥ 0 =⇒ u = 0.

Now, let the initial condition x0 ∈ Rn and input signal u ∈ C∞ be such that y(t;x0, u) = 0 for all
t ≥ 0. If we show that x0 = 0, then the proof would follow from left invertibility of (A,B,C,D).
In other words, our goal is to show that V = {0}. Suppose, on the contrary, that V 6= {0}. From
Lemma 3.1, we know that there exists a matrix F ∈ Rm×n such that

(A+BF )V ⊂ V and (C +DF )V = {0}.

Since V 6= {0} is (A+BF )-invariant, it must contain an eigenvector of A+BF . Therefore, there
exists a nonzero vector v ∈ V such that Av+BFv = λv and Cv+DFv = 0 for some λ ∈ C. Then
we have [

A− λI B
C D

] [
v
Fv

]
= 0,

which is only possible if v = 0. This leads to a contradiction and we conclude that V = {0}.
Consequently, x0 = 0 and y(t; 0, u) = 0 for all t ≥ 0, hence u = 0 because (A,B,C,D) is left
invertible.
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Chapter 4

Pattern matrices

In this chapter, we will introduce the concept of pattern matrix in order to formalize the idea
of matrices whose entries are not known but are known to be zeros, nonzeros or arbitrary real
numbers. To this end, consider the symbols 0, ∗ and ?. These will be used to represent matrix
entries whose values are zeros (0), nonzeros (∗) or arbitrary real numbers (?). In particular, let
{0, ∗, ?}q×r denote the set of all q × r matrices with entries from the set {0, ∗, ?}. We will refer
to matrices belonging to this set as pattern matrices. The connection to real matrices and the
meaning of the symbols is captured in the following definition.

Definition 4.1. Let A ∈ {0, ∗, ?}q×r. The pattern class of A, denoted by P(A), is defined as

P(A) = {A ∈ Rq×r | Aij = 0 if Aij = 0 and Aij 6= 0 if Aij = ∗}.

In other words, the pattern class of a q×r pattern matrix is the set of all q×r real matrices whose
entries are zeros, nonzeros or arbitrary real numbers, depending on the corresponding symbol in
the pattern matrix. It can easily be verified that the pattern class of a matrix is invariant under
nonzero scaling of rows and columns.

We can define properties of pattern matrices in terms of properties of the real matrices within their
pattern classes. For example, we say that a pattern matrix A has full column (row) rank if A has
full column (row) rank for all A ∈ P(A). Rank properties are a central theme in this thesis because
most system properties, like controllability, observability, invertibility, etc., are characterized in
terms of a rank condition on some matrix associated with the system. It can be shown that a
pattern matrix has full row rank if and only if it has a specific structure. To make this more
precise, consider the following definition.

Definition 4.2. Let A ∈ {0, ∗, ?}q×r with q ≤ r. We say that A is of Form III if we can permute
the columns and rows of A in such a way that the resulting matrix is of the form

⊗ · · · ⊗ ∗ 0 · · · 0
⊗ · · · ⊗ ⊗ ∗ · · · 0
...

. . .
...

...
...

. . .
...

⊗ · · · ⊗ ⊗ ⊗ · · · ∗

 ,
where ⊗ indicates an entry that can be either 0, ∗ or ?.

The term Form III is introduced in [21], where it is defined for pattern matrices containing 0’s
and ∗’s only. The generalized definition provided here can be found in [5]. The following lemma
can also be found in [5] (see Lemma 19).
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Lemma 4.1. Let A ∈ {0, ∗, ?}q×r with q ≤ r. Then A has full row rank if and only if A is of
Form III.

In other words, a pattern matrix A ∈ {0, ∗, ?}q×r with q ≤ r has full row rank if we can permute
the rows and columns of A in such a way that we obtain a q × q lower triangular submatrix with
∗’s on the diagonal. Although Lemma 4.1 gives a condition under which a pattern matrix has full
row rank, we can also use it as a condition under which a pattern matrix has full column rank. In
particular, if we define the transpose of a pattern matrix in the obvious way, then it immediately
follows that a pattern matrix A ∈ {0, ∗, ?}q×r with q ≥ r has full column rank if and only if A>
is of Form III.

In practice, we will be working with several unknown matrices that belong to the pattern classes of
some known pattern matrices. This will naturally lead to expressions involving sums and products.
In order to gain understanding of how the results of such expressions look like, we will define a
sensible way of adding and multiplying pattern matrices. Here sensible means that the result of
adding and multiplying pattern matrices gives us some useful information on the result of adding
and multiplying matrices belonging to their pattern classes.

To this end, we will define addition for a pair of pattern matrices in such a way that the sum of any
pair of real matrices belonging to their pattern class is contained in the pattern class of the sum
of the pattern matrices. We know that the sum of zero and any number is just the number itself,
while the sum of two nonzero numbers can be anything. Motivated by this, we define addition for
the set {0, ∗, ?} as shown in the table below.

+ 0 ∗ ?

0 0 ∗ ?

∗ ∗ ? ?

? ? ? ?

Then adding pattern matrices is defined in the usual way, i.e., element-wise.

Example 4.1. Consider the pattern matrices

A =

0 ∗ 0
? ∗ ∗
0 ? ∗

 , B =

0 0 ∗
∗ ? ∗
? ? 0

 .
Using the table above, we find that their sum is

A+ B =

0 ∗ ∗
? ? ?
? ? ∗

 .
By definition, we have that for pattern matrices A and B of the same dimensions, it holds that
P(A + B) ⊃ P(A) + P(B), where P(A) + P(B) = {A+B | A ∈ P(A) and B ∈ P(B)}. It turns
out that the converse is true as well.

Proposition 4.1. For pattern matrices A and B of the same dimensions, it holds that

P(A+ B) = P(A) + P(B).

Proof. The inclusion P(A+ B) ⊃ P(A) + P(B) follows directly from the definition of A+ B. For
the other inclusion, let M ∈ P(A + B) and consider an element Mij . The goal is to show that
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there exist entries Aij ∈ P(Aij) and Bij ∈ P(Bij) such that Mij = Aij + Bij . We will consider
the cases Mij = 0 and Mij 6= 0 separately.

Suppose that Mij = 0. Then either (A+ B)ij = 0 or (A+ B)ij = ?. In the former, we must have
that Aij = 0 and Bij = 0, hence Aij = 0 and Bij = 0 would work. In the latter, there are several
possibilities whose solutions are listed in the table below.

Aij Bij Aij Bij

∗, ? ∗, ? 1 −1

0 ? 0 0

? 0 0 0

Suppose that Mij 6= 0. Then either (A + B)ij = ∗ or (A + B)ij =?. In the former, exactly one
of Aij and Bij is ∗ and the other one is 0, hence we can pick either Aij = Mij and Bij = 0, or
Aij = 0 and Bij = Mij . In the latter, there are several possibilities whose solutions are listed in
the table below.

Aij Bij Aij Bij

∗, ? ∗, ? Mij

2
Mij

2

0 ? 0 Mij

? 0 Mij 0

The element Mij was chosen arbitrarily, hence we can always find matrices A ∈ P(A) and B ∈
P(B) such that and A + B = M . This implies that P(A + B) ⊂ P(A) + P(B), which concludes
the proof.

In the same vein, we now turn to the definition of a product of pattern matrices. First, we note
that the product of zero and any number is just zero, while the product of two nonzero numbers
is always a nonzero number. This motivates the definition of multiplication for the set {0, ∗, ?}
shown in the table below.

· 0 ∗ ?

0 0 0 0

∗ 0 ∗ ?

? 0 ? ?

.

Then we can define pattern matrix multiplication in the usual way, that is, for A ∈ Rq×r and
B ∈ Rr×l we have

(AB)ij =

r∑
k=1

AikBkj ,

for all i ∈ {1, . . . , q} and j ∈ {1, . . . , l}.

Example 4.2. The product of the pattern matrices

A =

∗ 0 ?
0 ∗ ∗
? 0 0

 and B =

∗ 0
? ∗
0 ∗
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is given by

AB =

∗ ?
? ?
? 0

 .
By definition, the product of real matrices belonging to the pattern classes of some pattern matrices
is contained in the pattern class of the product of the pattern matrices. In other words, it holds
that P(A)P(B) ⊂ P(AB), where P(A)P(B) = {AB | A ∈ A and B ∈ B}. However, the converse
is generally not true. When multiplying matrices with at least two rows or columns, we usually
create dependencies between the entries of the product. These dependencies cannot be captured
by the symbolic operations with pattern matrices.

Example 4.3. Consider the pattern vectors

A =

[
∗
∗

]
and B =

[
∗ ∗

]
.

Their product is easily computed as

AB =

[
∗ ∗
∗ ∗

]
,

whose pattern class contains the matrix[
1 1
1 2

]
∈ P(AB).

Note that the latter is a matrix of rank 2, thus it cannot be written as the product of two vectors.
In other words, the fact that the columns (or rows) of AB, where A ∈ P(A) and B ∈ P(B), are
always linearly dependent cannot be inferred from the product AB.

We will conclude this section with a short discussion on powers of pattern matrices and their
entries. In particular, we will introduce a graph-theoretic procedure to compute the entries of a
pattern matrix raised to some power. To begin with, a pattern matrix can be associated to a
graph, where the existence and the type of the edges connecting the vertices is determined by the
entries of the pattern matrix. In some sense, the pattern matrix serves as an adjacency matrix. To
make this more precise, consider a pattern matrix M ∈ {0, ∗, ?}q×r. Then the associated graph
will have max(q, r) vertices and there will be an edge from vertex j to vertex i if and only if
Mij 6= 0. The edge will be solid if Mij = ∗ and dashed (or non-solid) if Mij =?. The latter
should indicate that the existence of the edge is not guaranteed, in parallel to the fact that Mij

for M ∈ P(M) could be either zero or nonzero.

Definition 4.3. Let M ∈ {0, ∗, ?}q×r. The graph associated to M is the graph (V,E∗ ∪ E?),
where V = {1, . . . ,max(q, r)} is the vertex set, while

E∗ = {(j, i) ∈ V × V | Mij = ∗} and E? = {(j, i) ∈ V × V | Mij = ?},

are the sets of solid and dashed edges, respectively. This graph will be denoted by G (M).

We will distinguish two types of walks in such a graph, solid and non-solid. The walk (v1, . . . , vk)
is called solid if (vi, vi+1) ∈ E∗ for all i ∈ {1, . . . , k − 1}, i.e., if the edges connecting consecutive
vertices in the walk are all solid. The walk is non-solid if it is not solid, i.e., at least one of the
edges connecting consecutive vertices in the walk is dashed.

Using the definition of a graph associated to a pattern matrix, we obtain the following result on
the entries of a pattern matrix raised to some power.
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Lemma 4.2. Let M∈ {0, ∗, ?}q×q and let G (M) be the graph associated to M. For Mk we have

(Mk)ij = 0 ⇔ there is no k-walk from j to i,

(Mk)ij = ∗ ⇔ there is a unique solid k-walk from j to i,

(Mk)ij = ? ⇔ there is a non-unique or non-solid k-walk from j to i.

Proof. We will prove this by induction on k. The statement is true for k = 1 by definition of
G (M). Suppose it is true for some positive integer k, and consider Mk+1, which is given by

(Mk+1)ij =

n∑
l=1

Mil(Mk)lj .

Note that (Mk+1)ij = 0 if and only if all terms in the above sum are equal to 0. A termMil(Mk)lj
is equal to 0 if and only if Mil = 0 or (Mk)lj = 0, equivalently, if there is no edge from l to i or
if there is no k-walk from j to l. Therefore, (Mk+1)ij = 0 if and only if there is no k-walk from j
to any of the in-neighbors of i, i.e., there is no (k + 1)-walk from j to i.

On the other hand, note that (Mk+1)ij = ∗ if and only if exactly one term in the sum is equal
to ∗ and the rest are 0. A term Mil(Mk)lj is equal to ∗ if and only if both Mil and (Mk)lj are
equal to ∗, equivalently, if there is a unique solid k-walk from j to l and there is a solid edge from
l to i. Therefore, (Mk+1)ij = ∗ if and only if i has only one in-neighbor to which there is a k-walk
from j, this k-walk is unique and solid, and the edge connecting that in-neighbor to i is solid. In
other words, (Mk+1)ij = ∗ if and only if there is a unique solid (k + 1)-walk from j to i.

Finally, suppose (Mk+1)ij =?. Since (Mk+1)ij 6= 0, we know that there is a (k + 1)-walk from
j to i, but since (Mk+1)ij 6= ∗, this (k + 1)-walk is not unique or not solid. For the contrary,
suppose there is a non-unique or non-solid (k + 1)-walk from j to i. Since there is a (k + 1)-walk,
we know that (Mk+1)ij 6= 0, and since that walk is not unique or not solid (or both), we also
know that (Mk+1)ij 6= ∗. Therefore it must be the case that (Mk+1)ij =?.

We finish this section with an example of a graph associated to a pattern matrix and the use of
Lemma 4.2 when computing the powers of the pattern matrix.

Example 4.4. Consider the pattern matrix

M =


∗ 0 ? 0
∗ ∗ ? 0
0 0 ∗ ?
0 0 ∗ ∗

 .
The graph G (M) associated to M is depicted in Figure 4.1. To determine the first column of

1 2

3 4

Figure 4.1: The graph G (M).
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M2, we can look at 2-walks from node 1 to the rest of the nodes. The only 2-walk from 1 to itself
is the one where we stay at 1, i.e., (1, 1, 1). Since the edge from 1 to 1 is solid, it follows that this
2-walk is unique and solid, hence M2

11 = ∗. On the other hand, there are two 2-walks from 1 to
2, namely, (1, 1, 2) and (1, 2, 2), henceM2

12 =?. Finally, there is no 2-walk from 1 to neither 3 nor
4, hence M2

13 =M2
14 = 0. The rest of the entries of M2 can be found in the same fashion.
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Chapter 5

Structured systems and strong
structural properties

In this chapter, we will define structured systems and strong structural properties of such systems.
This will allow us to write a precise problem formulation, the partial solution of which will be the
topic of the remainder of this thesis. To this end, consider the linear time-invariant system

ẋ(t) = Ax(t) +Bu(t), (5.1a)

y(t) = Cx(t) +Du(t), (5.1b)

which we have been denoting by (A,B,C,D). Suppose that the entries of the matrices A,B,C
and D are not known precisely, but are known to be zeros, nonzeros or arbitrary real numbers.
In other words, we know that A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D) for some known
pattern matrices A,B, C and D. This naturally leads to a family of systems (A,B,C,D) as A,B,C
and D range over P(A),P(B),P(C) and P(D), respectively. This family of systems is completely
characterized by the pattern matrices A,B, C and D, which is why we will denote it by (A,B, C,D).
We will refer to (A,B, C,D) as a structured system, or just the system (A,B, C,D). If the structured
system is obtained from a system of the form (5.1a), then we will simply denote it by (A,B).

Example 5.1. Consider the circuit depicted in Figure 5.1. It consists of an external voltage

L
IL

C1

+

−
VC1

IC1

R

I−
+V

C2

+ −
VC2

−+

GIC1

Figure 5.1: Example of an electrical circuit.

source V , an external current source I, two capacitors with capacitance C1 and C2, a resistor
with resistance R, an inductor with inductance L, and a current controlled voltage source GIC1

,
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where IC1
is the current through the first capacitor and G is the gain. Define the state vector as

x =
[
VC1

VC2
IL
]>

, where VC1 and VC2 are the voltages across the capacitors, and IL is the

current through the inductor. Furthermore, define the input vector as u =
[
V I

]>
, and assume

that only VC2
and the current through the first capacitor IC1

are available for measurement, i.e.,

define the output vector as y =
[
VC2 IC1

]>
. Applying Kirchhoff’s current and voltage laws

results in the linear time-invariant system

ẋ(t) = Ax(t) +Bu(t),

y(t) = Cx(t) +Du(t),

where A, B, C and D are given by

[
A B

C D

]
=


− 1
RC1

0 − 1
C1

1
RC1

0

0 0 − 1
C2

0 − 1
C2

R−G
RL

1
L −GL

G−R
RL 0

0 1 0 0 0

− 1
R 0 −1 1

R 0


Note that some entries in the system matrices are zero for any choice of parameters. Since the
constants C1, C2, R, L and G are nonzero, entries such as −1/RC1 and −G/L are nonzero for
any choice of parameters. However, the entries (R −G)/RL and (G− R)/RL can be either zero
or nonzero depending on whether R = G or not. With this in mind, define the pattern matrices
A, B, C and D as

[
A B
C D

]
=


∗ 0 ∗ ∗ 0
0 0 ∗ 0 ∗
? ∗ ∗ ? 0

0 ∗ 0 0 0
∗ 0 ∗ ∗ 0

 .
Then it is clear that A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D) for any choice of parameters.

We are interested in properties of (A,B,C,D) that stem solely from the fact that A ∈ P(A), B ∈
P(B), C ∈ P(C) and D ∈ P(D). As such, these are more appropriately seen as properties of the
structured system (A,B, C,D). To make this more precise, let P be a system-theoretic property
and consider the following definition.

Definition 5.1. The structured system (A,B, C,D) is said to have a strong structural property P if
the system (A,B,C,D) has the property P for all A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D).

We have already discussed one example of a strong structural property in the introduction, namely,
strong structural controllability. Using the definition above, the system (A,B) is strongly struc-
turally controllable if (A,B) is controllable for all A ∈ P(A) and B ∈ P(B). Conditions for strong
structural controllability can be found in [5], where it is shown that (A,B) is strongly structurally
controllable if and only if the pattern matrices[

A B
]

and
[
Ā B

]
have full row rank, where Ā is obtained from A by modifying the diagonal entries as

Ākk =

{
∗ if Akk = 0,

? otherwise.

Two necessary and sufficient conditions under which a pattern matrix has full row rank are also
given in [5], one algebraic and one graph-theoretic. The algebraic condition was already discussed
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in the previous section (see Lemma 4.1), but that condition does not provide a systematic way
of checking whether a given pattern matrix has full row rank. For this reason, we provide the
graph-theoretic condition as well. This has to do with the outcome of the repeated application of
a color change rule for the graph associated to a pattern matrix.

Color change rule.

Let M ∈ {0, ∗, ?}q×r and consider the corresponding graph G (M). Suppose that each node of
G (M) is colored either black or white. If node i has exactly one white out-neighbor j, and the
edge from i to j is solid, then color j black. We say that node i colors node j black.

Suppose that initially all nodes are colored white. The derived set Dccr is the set of all black nodes
after repeated application of the color change rule until no more changes are possible. We say that
a node is colorable if it is contained in Dccr. and we say that G (M) is colorable if Dccr contains q
nodes. The graph-theoretic condition is given in the following lemma (Theorem 11 in [5]).

Lemma 5.1. Let M∈ {0, ∗, ?}q×r with q ≤ r. Then M has full row rank if and only if G (M) is
colorable.

Inspired by these results, we will attempt to solve the following problem.

Problem formulation.

Find algebraic and graph-theoretic necessary and sufficient conditions for strong structural out-
put controllability, left invertibility and input-state observability of (A,B, C,D).

Strong structural output controllability has been studied with some restrictions under the name
of strong targeted controllability (see [6] and [7]). There, the focus is on a structured system
that arises from a network of scalar dynamical systems, only some of which can be influenced by
an input signal. Then the problem is to find a topological characterization of the set of nodes
whose states can be controlled. A topological characterization is one that depends solely on
the structure of the network, i.e., the graph representing the network, and not on the specific
dynamics of the individual systems. It turns out that this is effectively a strong structural output
controllability problem with some restrictions on the matrices describing the system (A,B,C,D)
and the corresponding structured system (A,B, C,D). On the one hand, C and B are restricted
to submatrices of the identity matrix, i.e., the rows of C are distinct rows of the the n×n identity
matrix, and the columns of B are distinct columns of the n × n identity matrix. On the other
hand, D = 0 and the entries of A are restricted to ∗’s and 0’s only. We will not make any such
restrictions and will devote Chapter 6 to strong structural output controllability within the general
context provided here.

Strong structural input-state observability has been studied in [8] for linear time-varying systems,
while weak structural input-state observability for linear time-invariant systems has been studied
in [16]. The approach taken in [8] appears unnecessarily complicated in the context of linear
time-invariant systems. At the same time, the results in [16] are purely graph-theoretic and
do not appear to be useful within the framework that we are developing in this thesis. For these
reasons, we will take an algebraic approach based on the results on strong structural controllability
in [5], which will lead to a relatively simple graph-theoretic test for strong structural input-state
observability. The relevant discussion can be found in Chapter 7.

Strong structural left invertibility does not seem to have been studied in such a general context.
However, weak structural left invertibility has been studied in [17], that is, conditions under which
(A,B,C,D) is left invertible for some (A,B,C,D) ∈ (A,B, C,D). There again, the entries of the
pattern matrices are restricted, this time to 0’s and ?’s only. In view of this, we find it worthwhile
to investigate strong structural left invertibility within the framework provided here. In fact, this
will be the main topic of this thesis, the discussion of which can be found in Chapter 8.
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Chapter 6

Output controllability

In this section, we will derive a sufficient condition for strong structural output-controllability
of (A,B, C,D), and we will discuss the difficulties in obtaining necessary conditions. In view of
Theorem 3.1 and the properties of addition and multiplication of pattern matrices, the following
result should not be surprising.

Theorem 6.1. The system (A,B, C,D) is strongly structurally output controllable if the pattern
matrix [

D CB CAB · · · CAn−1B
]

has full row rank.

Proof. Let A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D). Recall that P(C)P(B) ⊂ P(CB),
that is, CB ∈ P(CB) for all C ∈ P(C) and B ∈ P(B). Similarly, we find that

P(C)P(A)P(B) ⊂ P(CA)P(B) ⊂ P(CAB),

and, more generally, that P(C)P(A)iP(B) ⊂ P(CAiB) for all positive integers i. In other words,
we have that[

D CB CAB · · · CAn−1B
]
⊂ P(

[
D CB CAB · · · CAn−1B

]
).

hence, using Theorem 3.1, we conclude that (A,B,C,D) is output-controllable for all (A,B,C,D) ∈
A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D), equivalently, (A,B, C,D) is strongly structurally
output controllable.

One can check for strong structural output controllability by first computing the pattern matrix[
D CB CAB · · · CAn−1B

]
,

then using the color change rule to determine whether it has full row rank. However, we can
also provide a graph-theoretic procedure that circumvents the computation of this pattern matrix.
Although this does not necessarily provide an easier algorithm for checking strong structural
output controllability, it does provide some intuition behind the condition of Theorem 6.1. To this
end, we will define the so-called system graph associated to the structured system (A,B, C,D).
The system graph has already been used in [17] to characterize weak structural left invertibility.

Definition 6.1. The system graph G (A,B, C,D) associated to (A,B, C,D) is defined as the graph
associated to the square (n+m+ p)× (n+m+ p) pattern matrix

M =

A B 0
0 0 0
C D 0

 .
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Note that the nodes of G (A,B, C,D) can be partitioned into the sets X = {1, . . . , n}, U =
{n+ 1, . . . , n+m} and Y = {n+m+ 1, . . . , n+m+ p}. The nodes in these sets will be referred
to as state nodes, input nodes and output nodes, respectively. Then we have that

– there is an edge from the j-th input node to the i-th state node if Bij 6= 0,

– there is an edge from the j-th state node to the i-th state node if Aij 6= 0,

– there is an edge from the j-th state node to the i-th output node if Cij 6= 0,

– there is an edge from the j-th input node to the i-th output node if Dij 6= 0.

Therefore, the system graph captures how states are influenced by other states and inputs, and
how outputs are influenced by states and inputs. For example, if B31 = 0, i.e., there is no edge from
the first input node to the third state node, then the input signal u1 does not directly influence
the state x3 in any system (A,B,C,D) with B ∈ P(B). In order to emphasize this, as well as for
convenience, we will label the i-th state node as xi, the i-th input node as ui, and the i-th output
node as yi. To see how this is relevant in the context of output controllability, note that

Mk =

 Ak Ak−1B 0
0 0 0

CAk−1 CAk−2B 0


for k ≥ 2. This implies that

Mk
Y,U =

{
D if k = 1,

CAk−2B if k ≥ 2.
(6.1)

In light of Lemma 4.2, the entries of Mk
Y,U represent k-walks from input nodes to output nodes.

In particular, we have that

(Mk
Y,U )ij =


0 if there is no k-walk from uj to yi,

∗ if there is a unique solid k-walk from uj to yi,

? otherwise.

(6.2)

We can use (6.1) and (6.2) to determine the entries of[
D CB CAB · · · CAn−1B

]
directly from the system graph. With this in mind, consider the following output color change
rule for the system graph G (A,B, C,D).

Output color change rule.

Suppose that each output node of G (A,B, C,D) is colored either black or white. If there is a
k-walk from uj to exactly one white output node yi, and that k-walk is unique and solid, then
color yi black. We say that uj colors yi black.

Suppose that initially all output nodes in G (A,B, C,D) are colored white. The derived set Doccr

is the set of all output nodes that are colored black after repeated application of the output color
change rule until no more changes are possible. If Doccr contains all output nodes, then we say
that G (A,B, C,D) is output colorable.

With the output color change rule defined, we obtain the following sufficient condition for strong
structural output controllability

Theorem 6.2. The system (A,B, C,D) is strongly structurally output controllable if the system
graph G (A,B, C,D) is output colorable.
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Proof. We will first show that the pattern matrix

Ok =
[
D CB CAB . . . CAk−2B

]
has full row rank for some appropriately chosen positive integer k. To avoid any confusion, we
define O1 to be equal to D. Note that relabeling the output nodes in G (A,B, C,D) corresponds
to permuting the rows of D and C, which in turn corresponds to permuting the rows of Ok. Since
the rank of a pattern matrix does not change after a permutation of the rows, we can assume that
D and C are permuted in such a way that the output nodes are colored black in order from yp to
y1. As yp is colored black first, there exist positive integers kp, jp ≤ m such that there is a unique
solid kp-walk from ujp to yp, and there is no kp-walk to any other output node. Using (6.2), this
implies that

(Mkp
Y,U )•jp =

[
0 · · · 0 0 ∗

]>
.

Then, as yp−1 is colored next, there exist positive integers kp−1, jp−1 ≤ m such that there is a
unique solid kp−1-walk from ujp−1 to yp−1, and there is no kp−1-walk to any other white output
node. Since the only black output node is yp, this means that

(Mkp−1

Y,U )•jp−1 =
[
0 · · · 0 ∗ ⊗

]>
.

Repeating this argument, we find positive integers k1, . . . , kp and j1, . . . , jp such that

[
(Mk1

Y,U )•j1 · · · (Mkp
Y,U )•jp

]
=


∗ 0 · · · 0
⊗ ∗ · · · 0
...

...
. . .

...
⊗ ⊗ · · · ∗

 .
Define k = max {k1, . . . , kp}. Using (6.1), we find that (Mk1

Y,U )•j1 , . . . , (M
kp
Y,U )•jp are columns of

Ok. Therefore, any permutation that puts them as the last p columns would make Ok take the
form 

⊗ · · · ⊗ ∗ 0 · · · 0
⊗ · · · ⊗ ⊗ ∗ · · · 0
...

. . .
...

...
...

. . .
...

⊗ · · · ⊗ ⊗ ⊗ · · · ∗

 .
In other words, Ok is of Form III, hence, by Lemma 4.1, it has full row rank.

We can now show that (A,B, C,D) is strongly structurally output controllable. To this end, let A ∈
P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D). Since Ok has full row rank and P(C)P(A)iP(B) ⊂
P(CAiB) for all positive integers i, it follows that the matrix

Ok =
[
D CB CAB · · · CAk−2B

]
has full row rank. If k ≤ n+ 1, then On+1 certainly has full row rank too. Otherwise, if k > n+ 1,
then On+1 has full row rank because of the Cayley-Hamilton theorem. But On+1 is given by[

D CB CAB · · · CAn−1B
]
,

hence, by Theorem 3.1, the system (A,B,C,D) is output controllable. Given that A,B,C and D
were chosen arbitrarily, we conclude that the system (A,B, C,D) is strongly structurally output
controllable.

The simple example below should illustrate the definition of the system graph as well as the output
color change rule and its use in checking strong structural output controllability.

22



Example 6.1. Consider the system (A,B, C,D) with

[
A B
C D

]
=


0 0 ∗
∗ 0 ∗
∗ 0 0
∗ ∗ 0

 .
The corresponding system graph G (A,B, C,D) is shown in Figure 6.1. Clearly, there is no 1-walk

u1

x1

x2

y1

y2

Figure 6.1: System graph G (A,B, C,D).

from u1 to any output node. There is a 2-walk from u1 to the output nodes y1 and y2, but both
of them are white, thus non of them can be colored yet. However, there is a 3-walk from u1 to
y2 only, and that 3-walk is unique and solid, so u1 colors y2 black (see Figure 6.2). Then, since

u1

x1

x2

y1

y2

Figure 6.2: System graph G (A,B, C,D) after u1 has colored y2 black.

the 2-walk from u1 to y1 is unique and solid, and y1 is the only white output node, it follows
that u1 colors y1 black (see Figure 6.3). As all output nodes are colored black, we conclude that

u1

x1

x2 y2

y1

Figure 6.3: System graph G (A,B, C,D) after u1 has colored y1 black.

(A,B, C,D) is strongly structurally output controllable.

We will end this section by briefly discussing the difficulties in obtaining necessary conditions.
Firstly, the following example shows that the condition in Theorem 6.2 is not necessary.

Example 6.2. Consider the system (A,B, C,D) with

[
A B
C D

]
=



∗ 0 0 0 0 ∗
∗ 0 0 0 ∗ 0
∗ 0 0 0 0 0
0 0 0 0 0 ∗
0 0 0 ∗ 0 0

0 ∗ ∗ 0 0 0

 .

23



u1 x1 x2

x3

x4 x5

y1

Figure 6.4: The system graph G (A,B, C,D).

The corresponding system graph G (A,B, C,D) is shown in Figure 6.4. One can check that
G (A,B, C,D) is not output colorable. Indeed, there is no 1-walk or 2-walk from u1 to y1, and for
every positive integer k ≥ 3, there is a non-unique k-walk from u1 to y1, hence u1 cannot color y1

black. Nevertheless, the system (A,B, C,D) is strongly structurally output controllable. To show
this, let A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D), and write

[
A B

C D

]
=



a11 0 0 0 0 b1
a21 0 0 0 a25 0
a31 0 0 0 0 0
0 0 0 0 0 b4
0 0 0 a54 0 0

0 c2 c3 0 0 0


where a11, a21, a31, a54, a25, b1, b4, c2 and c3 are all nonzero real numbers. As there is only one
output, (A,B,C,D) would be output controllable if CAiB 6= 0 for some non-negative integer i.
With this in mind, we can compute

CAB = c2a21b1 + c3a31b1, CA2B = c2a25a54b4 + c2a21a11b1 + c3a31a11b1,

where we note that CA2B = c2a25a54b4 + a11CAB. This implies that CA2B 6= 0 if CAB = 0,
hence at least one of CAB an CA2B is nonzero and the system (A,B,C,D) is output controllable.
Since A,B,C and D were chosen arbitrarily, it follows that (A,B, C,D) is strongly structurally
output controllable.

This example illustrates that the condition in Theorem 6.2 is not necessary because the product
of pattern matrices fails to capture dependencies between entries in the product of real matrices
belonging to their pattern classes. In particular, the fact that the 3-walks and 4-walks from u1 to
y1 in the system graph are solid but not unique indicates that CAB and CA2B can be written as
sums of nonzero numbers, which could possibly be zero. However, the symbolic operations with
pattern matrices cannot capture the relationship between the values of CAB and CA2B. Given
that there is no real alternative to Theorem 3.1 for checking output controllability, it seems that
the only way forward is in trying to develop techniques that avoid this flaw of multiplication of
pattern matrices, or at least can capture the relevant dependencies.
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Chapter 7

Input-state observability

In this chapter, we will investigate conditions under which the system (A,B, C,D) is strongly
structurally input-state observable. As it turns out, by borrowing ideas from [5], we can easily
find necessary and sufficient conditions for strong structural input-state observability in the form
of a rank condition on a pair of pattern matrices.

Theorem 7.1. The system (A,B, C,D) is strongly structurally input-state observable if and only
if the pattern matrices [

A B
C D

]
and

[
Ā B
C D

]
both have full column rank, where Ā is obtained from A by modifying the diagonal entries as

Ākk =

{
∗ if Akk = 0,

? otherwise.

Proof. (⇒) Suppose that the matrix [
A− λI B
C D

]
has full column rank for all λ ∈ C for all A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D).
Substituting λ = 0 implies that [

A B
C D

]
has full column rank. For the second pattern matrix, let Ā ∈ P(Ā), B ∈ P(B), C ∈ P(C) and
D ∈ P(D), and consider the equation [

Ā B
C D

] [
x
y

]
= 0.

We will show that the latter has only the trivial solution. To this end, let α be a nonzero real
number such that

α /∈ {Ākk | k is such that Akk = ∗}.

In other words, α is such that (Ā − αI)kk 6= 0 if Akk = ∗. Now define the diagonal matrix
∆ ∈ Rn×n by

∆kk =

{
α/Ākk if Ākk = ∗,
1 otherwise,
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which implies that

(∆Ā)kk =

{
α if Akk = 0,

Ākk otherwise,

where we used that Akk = 0 if and only if Ākk = ∗. Then (∆Ā − αI)kk = 0 if Akk = 0, and
(∆Ā − αI)kk = (Ā − αI)kk 6= 0 if Akk = ∗. This, together with the fact that the pattern class
of a pattern matrix is invariant under nonzero scaling of the rows and columns, implies that
∆Ā − αI ∈ P(A). Similarly, ∆B ∈ P(B), hence we can define Â = ∆Ā − αI and B̂ = ∆B to
obtain [

∆ 0
0 I

] [
Ā B
C D

] [
x
y

]
= 0 ⇔

[
Â+ αI B̂
C D

] [
x
y

]
= 0,

where Â ∈ P(Ā), B̂ ∈ P(B), C ∈ P(C) and D ∈ P(D). The matrix on the right has full column
rank by assumption, thus x = 0 and y = 0, which shows that[

Ā B
C D

]
has full column rank as well.

(⇐) Suppose that the pattern matrices[
A B
C D

]
and

[
Ā B
C D

]
,

both have full column rank and consider the equation[
A− λI B
C D

] [
x
y

]
= 0,

where A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D) and λ ∈ C. We would like to show that
this equation has only the trivial solution. Note that this follows immediately for λ = 0 since the
pattern matrix [

A B
C D

]
has full column rank. Suppose λ 6= 0 and let x = a+ bi and y = c+ di, where i is the imaginary
unit and a, b, c, d are real vectors. Furthermore, let α be a nonzero real number such that

α /∈
{
−ak
bk
| bk 6= 0

}
∪
{
− ck
dk
| dk 6= 0

}
∪
{
− (Aa+Bc)k

(Ab+Bd)k
| (Ab+Bd)k 6= 0

}
and define x̂ = a+ αb and ŷ = c+ αd. The choice of α and the fact that λ 6= 0 imply that

(i) x̂k = 0 if and only if xk = 0.

(ii) ŷk = 0 if and only if yk = 0.

(iii) x̂k = 0 if and only if (Ax̂+Bŷ)k = 0.

Note that (i) and (ii) follow immediately from the choice of α. For the only if part of (iii), suppose
that x̂k = 0, hence that xk = 0 because of (i). Then we have Ax + By = λx, which implies
that (Ax + By)k = 0, equivalently, that (Aa + Bc)k = (Ab + Bd)k = 0 and (Ax̂ + Bŷ)k = 0.
For the if part of (iii), suppose that (Ax̂ + Bŷ)k = 0, which, by the choice of α, implies that
(Aa + Bc)k = (Ab + Bd)k = 0, equivalently, that (Ax + By)k = 0. But (Ax + By)k = λxk and
λ 6= 0, hence xk = 0 and we conclude that x̂k = 0 because of (i).
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With these properties in mind, define the diagonal matrix ∆ by

∆kk =


1 if x̂k = 0,

(Ax̂+Bŷ)k
x̂k

otherwise,

which is nonsingular because of (iii). Moreover, the definition of ∆ is such that ∆x̂ = Ax̂ + Bŷ,
while Cx+Dy = 0 yields Ca+Dc = Cb+Dd = 0, thus Cx̂+Dŷ = 0. This allows us to write[

A−∆ B
C D

] [
x̂
ŷ

]
= 0,

where A − ∆ ∈ P(Ā) since ∆ has no zeros on the diagonal. Given that A − ∆ ∈ P(Ā), B ∈
P(B), C ∈ P(C) and D ∈ P(D), we must have that x̂ = 0 and ŷ = 0, hence x = 0 and y = 0
because of (i) and (ii). This concludes the proof.

Recall that the color change rule can be used to check whether a pattern matrix has full row rank.
Moreover, a pattern matrix has full column rank if and only if its transpose has full row rank.
Therefore, we can check if the pattern matrices in Theorem 7.1 have full column rank by checking
whether the graphs associated to their transposes are colorable. However, just like with strong
structural output controllability, we can define a graph-theoretic procedure on the system graph
to check whether the system (A,B, C,D) is strongly structurally input-state observable. Although
this is not strictly necessary, it does provide some intuition behind the condition of Theorem 7.1.
To this end, we will first provide an alternative to the color change rule, which can be used to
check whether a pattern matrix has full column rank. Since this corresponds to applying the color
change rule to the transpose of the pattern matrix, we will refer to it as the dual color change
rule.

Dual color change rule.

Let M ∈ {0, ∗, ?}q×r and consider the corresponding graph G (M). Suppose that each node of
G (M) is colored either black or white. If node i has exactly one white in-neighbor j, and the
edge from j to i is solid, then color j black. We say that node i colors node j black.

Suppose that initially all nodes are colored white. The derived set Ddccr is the set of all black
nodes after repeated application of the dual color change rule until no more changes are possible.
We say that the nodes v1, . . . , vk are dual colorable if they are contained in Ddccr. For a pattern
matrixM∈ {0, ∗, ?}q×r, we say that G (M) is dual colorable if Ddccr contains r nodes. Analogous
to Lemma 5.1, we have the following result.

Lemma 7.1. LetM∈ {0, ∗, ?}q×r with q ≥ r. ThenM has full column rank if and only if G (M)
is dual colorable.

Proof. We know that M has full column rank if and only if M> has full row rank. Using
Lemma 5.1, M> has full row rank if and only if G (M>) is colorable. In other words, since
M> ∈ {0, ∗, ?}r×q with r ≤ q, M has full column rank if and only if Dccr contains r nodes after
repeated application of the color change rule to G (M>). Note that the graphs G (M) and G (M>)
have the same number of vertices. Since Mij = M>ji, it follows that there is a solid edge from

j to i in G (M) if and only if there is a solid edge from i to j in G (M>). The same holds for
dashed edges, hence the graph G (M>) can be obtained from G (M) by flipping the orientation
of all edges. Furthermore, the color change rule allows us to color white out-neighbors, while the
dual color change rule allows us to color white in-neighbors. This means that applying the color
change rule to G (M>) is equivalent to applying the dual color change rule to G (M). Therefore,
the pattern matrix M has full column rank if and only if Ddccr contains r nodes after repeated
application of the dual color change rule on G (M), i.e., the graph G (M) is dual colorable.
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With the dual color change rule defined, we can now provide the following graph-theoretic condition
for strong structural input-state observability.

Theorem 7.2. The system (A,B, C,D) is strongly structurally input-state observable if and only
if the input and state nodes in the graphs G (A,B, C,D) and G (Ā,B, C,D) are dual colorable, where
Ā is obtained from A by modifying the diagonal entries as

Ākk =

{
∗ if Akk = 0,

? otherwise.

Proof. From Theorem 7.1 we know that (A,B, C,D) is strongly-structurally input-state observable
if and only if the pattern matrices [

A B
C D

]
and

[
Ā B
C D

]
have full column rank. We will first prove that the pattern matrix[

A B
C D

]
has full column rank if and only if the input and state nodes in G (A,B, C,D) are dual colorable.
Note that the latter has full column rank if and only if the (n+m+ p)× (n+m) pattern matrixA B

0 0
C D


has full column rank. Using Lemma 7.1, this is the case if and only if the graph

G

A B
0 0
C D


is dual colorable. We can recognize this as the system graph G (A,B, C,D), hence the pattern
matrix [

A B
C D

]
has full column rank if and only if Ddccr contains n + m nodes after repeated application of the
dual color change rule to G (A,B, C,D) until no more changes are possible. Given that an output
node in G (A,B, C,D) is not an in-neighbor of any node, it follows that the output nodes cannot
be colored black. This implies that the only way Ddccr contains n + m nodes is if it contains all
input and state nodes, i.e., the input and state nodes in G (A,B, C,D) are dual colorable. Finally,
using precisely the same arguments, we can show that the matrix[

Ā B
C D

]
has full column rank if and only if the input and state nodes in G (Ā,B, C,D) are dual colorable.

We finish this chapter with an example that illustrates how Theorem 7.2 can be used to check if
a structured system is strongly structurally input-state observable.
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Example 7.1. Consider the system (A,B, C,D) with

[
A B
C D

]
=


∗ 0 ∗
∗ 0 ∗
∗ 0 0
∗ ∗ 0


To check for strong structural input-state observability, we need to check whether the input and
state nodes in the system graphs G (A,B, C,D) and G (Ā,B, C,D) are dual colorable.

We start by considering the system graph G (A,B, C,D), depicted in Figure 7.1, and the repeated
application of the dual color change rule to it. Note that x1 is the only white in-neighbor of y1 and

u1

x1 y1

x2 y2

Figure 7.1: The system graph G (A,B, C,D).

the edge connecting them is solid, hence y1 colors x1 black (see Figure 7.2a). With x1 being black,
the only white in-neighbor of y2 is x2. Given that the edge connecting them is solid, it follows
that y2 colors x2 black (see Figure 7.2b). Finally, the only white in-neighbor of x1 is u1, and the
edge connecting them is solid, hence x1 colors u1 black (see Figure 7.2c). As all inputs and states
are colored, we conclude that the input and state nodes in G (A,B, C,D) are dual colorable.

u1

y1

x2 y2

x1

(a) y1 colors x1 black.

u1

y1

y2

x1

x2

(b) y2 colors x2 black.

u1

y1

y2

x1

x2

u1

(c) x2 colors u1 black.

Figure 7.2: Repeated application of the dual color change rule for the graph G (A,B, C,D).

Next, we turn to the system graph G (Ā,B, C,D), depicted in Figure 7.3, and the repeated appli-
cation of the dual color change rule to it. As before, x1 is the only white in-neighbor of y1 and
the edge connecting them is solid, hence y1 colors x1 black (see Figure 7.4a). Then x2 is the only
white in-neighbor of y2 and the edge connecting them is solid, hence y2 colors x2 (see Figure 7.4b).
Finally, u1 is the only white in-neighbor of x2 and the edge connecting them is solid, hence x2

colors u1 black (see Figure 7.4c). All input and state nodes are now colored black, so we conclude
that the input and state nodes in G (Ā,B, C,D) are dual colorable. Using Theorem 7.2, this means
that the system (A,B, C,D) is strongly structurally input-state observable.
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u1

x1 y1

x2 y2

Figure 7.3: The system graph G (Ā,B, C,D).

u1

y1

x2 y2

x1

(a) y1 colors x1 black.

u1

y1

y2

x1

x2

(b) y2 colors x2 black.

u1

y1

y2

x1

x2

u1

(c) x2 colors u1 black.

Figure 7.4: Repeated application of the dual color change rule on G (Ā,B, C,D).
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Chapter 8

Left invertibility

In this chapter, we will investigate conditions under which (A,B, C,D) is strongly structurally left
invertible. Unfortunately, the minor difference in the conditions for left-invertiblity and input-
state observability lead to difficulties when investigating necessary and sufficient conditions. In
particular, the fact that the system matrix P (λ) is allowed to drop rank for some λ ∈ C, and that
the values of λ for which this happens are not easy to characterize (see [22]), prevents us from using
the same ideas as in the proof of Theorem 7.1 about strong structural input-state observability.
Nevertheless, we note that Theorem 7.1 does provide a sufficient condition for strong structural
left invertibility, although a rather crude one.

In light of this, we will look into three alternative approaches to obtain sufficient conditions, all of
which are based on the result of Theorem 3.2. Moreover, we will provide an additional sufficient
condition for strong structural left-invertiblity for the special case of a single-input single-output
system (A,B, C,D). Thereafter, we will summarize and compare the conditions with the help of a
few examples. Finally, we will end with a short discussion on the difficulties in obtaining necessary
conditions.

8.1 System matrix

The first approach is based on the system matrix condition in Theorem 3.2. It tells us that
(A,B,C,D) is left invertible if and only if the system matrix P (λ) has full column rank for all
except finitely many λ ∈ C. Therefore, (A,B, C,D) is strongly structurally left invertible if and
only if the latter holds for all A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D). The following
theorem provides a sufficient condition for that.

Theorem 8.1. The system (A,B, C,D) is strongly structurally left invertible if at least one of the
pattern matrices [

A B
C D

]
or

[
A∗ B
C D

]
has full column rank, where A∗ is obtained from A by changing the diagonal entries to ∗’s.

Proof. Suppose that the pattern matrix [
A B
C D

]
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has full column rank. This implies that the system matrix P (λ) has full column rank for λ = 0
for all A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D). Recall that P (λ) has full column
rank for all except finitely many λ ∈ C if an only if it has full column rank for some λ ∈ C.
Consequently, the system matrix P (λ) has full column rank for all except finitely many λ ∈ C
for all A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D), hence the system (A,B, C,D) is strongly
structurally left invertible.

On the other hand, suppose that the pattern matrix[
A∗ B
C D

]
has full column rank, and let A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D). Note that if
λ 6= Akk, then (A − λI)kk 6= 0 and A − λI ∈ P(A∗). This implies that the system matrix P (λ)
has full column rank for all λ ∈ C \ {Akk | k = 1, . . . , n}, hence (A,B,C,D) is left invertible.
Since A,B,C and D were chosen arbitrarily, it follows that (A,B,C,D) is left invertible for all
A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D), equivalently, the system (A,B, C,D) is strongly
structurally left invertible.

Remark 8.1. The condition in Theorem 8.1 is a weaker version of the condition in Theorem 7.1
about strong structural input-state observability. It is obtained after recognizing the fact that the
system matrix P (λ) is now allowed to drop rank for some λ ∈ C. In particular, we recognize that
it is sufficient for only one of the matrices in Theorem 7.1 to have full column rank. Furthermore,
the pattern class of the pattern matrix [

Ā B
C D

]
contains the pattern class of the pattern matrix[

A∗ B
C D

]
.

Indeed, the only difference between these pattern matrices is in the entries on the diagonals of Ā
and A∗, where Ā has ?’s instead of ∗’s in some positions. Therefore, if the pattern matrix with
Ā has full column rank, then the pattern matrix with A∗ would also have full column rank. Since
the latter is already sufficient, there is no reason to look at the former.

The following couple of examples illustrate how the condition in Theorem 8.1 can be used to
determine if a system (A,B, C,D) is strongly-structurally left invertible. They also show that the
full column rank condition might be satisfied for only one of the pattern matrices in Theorem 8.1.

Example 8.1. Consider the system (A,B, C,D) with

[
A B
C D

]
=

 0 ∗ ∗
∗ 0 0

∗ 0 ∗

 .
We can easily see that the pattern matrix[

A B
C D

]
=

0 ∗ ∗
∗ 0 0
∗ 0 ∗


has full column rank, hence the system (A,B, C,D) is strongly structurally left invertible. However,
the pattern matrix [

A∗ B
C D

]
=

∗ ∗ ∗∗ ∗ 0
∗ 0 ∗
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does not have full column rank since the matrix2 1 1
1 1 0
1 0 1


is contained in its pattern class and does not have full column rank.

Example 8.2. Consider the system (A,B, C,D) with

[
A B
C D

]
=

 ∗ 0 0
∗ 0 ∗
∗ 0 ∗

 .
We can easily see that the pattern matrix

[
A B
C D

]
=

∗ 0 0
∗ 0 ∗
∗ 0 ∗


does not have full column rank. However, the pattern matrix

[
A∗ B
C D

]
=

∗ 0 0
∗ ∗ ∗
∗ 0 ∗


clearly does have full column rank, hence the system (A,B, C,D) is strongly structurally left
invertible.

Next, we provide an example of a strongly structurally left invertible system (A,B, C,D) for which
the condition of Theorem 8.1 does not hold.

Example 8.3. Consider the system (A,B, C,D) with

[
A B
C D

]
=

 ∗ ∗ ∗∗ 0 0

0 ∗ ∗

 .
The pattern matrix [

A B
C D

]
does not have full column rank since the matrix1 1 1

1 0 0
0 1 1


belongs to its pattern class and does not have full column rank. Similarly, the pattern matrix[

A∗ B
C D

]
does not have full column rank since the matrix1 2 1

1 1 0
0 1 1
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belongs to its pattern class and does not have full column rank. This implies that the condition of
Theorem 8.1 does not hold. Nevertheless, it can be shown that (A,B, C,D) is strongly structurally
left invertible. To this end, let A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D) and write

[
A B

C D

]
=

 a11 a12 b1
a21 0 0

0 c2 d

 ,
where a11, a12, a21, b1, c2 and d are nonzero real numbers. Then we can compute

detP (λ) = det

a11 − λ a12 b1
a21 −λ 0
0 c2 d

 = dλ2 − da11λ− da12a21 + c2a21b1.

Since detP (λ) cannot be the zero polynomial, it follows that detP (λ) = 0 only when λ is one of
the two roots of the polynomial. This implies that the system matrix P (λ) has full column rank
for all except finitely many λ ∈ C, hence (A,B,C,D) is left invertible. Given that A,B,C and D
were chosen arbitrarily, it follows that (A,B, C,D) is strongly structurally left invertible.

We will end this section by providing a graph-theoretic condition for strong structural left in-
vertibility of (A,B, C,D). Just like with strong structural input-state observability, we can check
whether the pattern matrices in Theorem 8.1 have full column rank by checking whether the graphs
associated to their transposes are colorable. However, we have also introduced a graph-theoretic
procedure on the system graph to check whether matrices of such form have full column rank.

Theorem 8.2. The system (A,B, C,D) is strongly structurally left invertible if the input and state
nodes in at least one of the graphs G (A,B, C,D) or G (A∗,B, C,D) is dual colorable, where A∗ is
obtained from A by changing the diagonal entries to ∗’s.

Proof. From Theorem 8.1 we know that (A,B, C,D) is strongly-structurally left invertible if at
least one of the pattern matrices [

A B
C D

]
or

[
A∗ B
C D

]
has full column rank. Using the same arguments as in the proof of Theorem 7.2, we can show that
the pattern matrix [

A B
C D

]
has full column rank if and only if the input and state nodes in G (A,B, C,D) are dual colorable.
Similarly, the pattern matrix [

A∗ B
C D

]
has full column rank if and only if the input and state nodes in G (A∗,B, C,D) are dual colorable.

8.2 Transfer function

The second approach is based on the transfer function condition of Theorem 3.2. In particular,
we can show that (A,B, C,D) is strongly structurally left invertible if we show that the transfer
matrix T (s) is left invertible for all A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D). To this end,
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let A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D), and note that the inverse of sI − A can be
written as the infinite sum

(sI −A)−1 =

∞∑
i=1

Ai−1s−i,

hence the transfer matrix of (A,B,C,D) can be written as

T (s) = D + C

( ∞∑
i=1

Ai−1s−i

)
B = D + CBs−1 + CABs−2 + · · · .

If (D)•k = 0, then

s (T (s))•k = s
(
CBs−1 + CABs−2 + CA2Bs−1 + · · ·

)
•k

=
(
CB + CA(sI −A)−1B

)
•k ,

thus the k-th column of sT (s) contains only proper rational functions of s. If, in addition, we have
that (CB)•k = 0, then the k-th column of s2T (s) contains only proper rational functions of s.

With this in mind, let d1, . . . , dm, be positive integers such that dk = 1 if (D)•k 6= 0, otherwise,
dk ≥ 2 is the smallest integer for which CAdk−2B is nonzero. In other words, dk is such that the
k-th column of sdk−1T (s) contains only proper rational functions of s. Then we can write

T (s) =
(
T0 + T1s

−1 + T2s
−2 + · · ·

)s
−d1+1

. . .

s−dm+1

 ,
where (T0 + T1s

−1 + T2s
−2 + · · · ) is the Laurent series of a proper rational matrix. Furthermore,

we have that

(T0)•k =

{
(D)•k if δk = 1,

(CAδk−2B)•k if δk ≥ 2,

for all k ∈ {1, . . . ,m}.

Lemma 8.1. The transfer matrix T (s) has full column rank if T0 has full column rank.

Proof. Suppose that there exists a nonzero rational vector u(s) such that T (s)u(s) = 0. This is
possible if and only if there exists a nonzero rational vector v(s) such that(

T0 + T1s
−1 + T2s

−2 + · · ·
)
v(s) = 0. (8.1)

We can make v(s) strictly proper by dividing both sides by sk for a large enough integer k, hence
we can write v(s) in terms of its Laurent series as

v(s) = v0 + v1s
−1 + v2s

−2 + · · · ,

where v1, v2, . . . , are real numbers. The goal is to show that vk = 0 for all non-negative integers
k. With this in mind, note that (8.1) can be expanded to

T0v0 + (T0v1 + T1v0) s−1 + (T0v2 + T1v1 + T2v0) s−2 + · · · = 0,

equivalently,
∞∑
k=0

(
k∑
i=0

Tivk−i

)
s−k = 0,

which is satisfied if and only if
k∑
i=0

Tivk−i = 0 (8.2)
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for all non-negative integers k. We will show that this implies that vk = 0 for all non-negative
integers k by using strong induction. Firstly, from (8.2) we know that T0v0 = 0, hence v0 = 0
because T0 has full column rank. Now suppose that vi = 0 for all i ∈ {0, . . . , k} and some
non-negative integer k, and consider vk+1. From (8.2) we know that

k+1∑
i=0

Tivk+1−i = 0 =⇒ T0vk+1 = 0,

hence vk+1 = 0 as well. Therefore, vk = 0 for all non-negative integers k, which implies that
v(s) = 0 and we conclude that T (s) has full column rank.

Using this result, we can derive the following sufficient condition for strong structural left invert-
ibility.

Theorem 8.3. The system (A,B, C,D) is strongly structurally left invertible if the pattern matrix
T0 ∈ {0, ∗, ?}p×m has full column rank, where

(T0)•k =

{
(D)•k if δk = 1,

(CAδk−2B)•k if δk ≥ 2,

for all k ∈ {1, . . . ,m}, and δk = 1 if (D)•k 6= 0, otherwise, δk ≥ 2 is the smallest integer for which
(CAδk−2B)•k 6= 0.

Proof. Let A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D). The integers δ1, . . . , δm are defined
in such a way that we can write

T (s) =
(
T0 + T1s

−1 + · · ·
)s

−δ1+1

. . .

s−δm+1

 ,
where (T0 + T1s

−1 + T2s
−2 + · · · ) is the Laurent series of a proper rational matrix, and

(T0)•k =

{
(D)•k if δk = 1,(
CAδk−2B

)
•k if δk ≥ 2.

Using Lemma 8.1, the transfer matrix T (s) would be left invertible for all A ∈ P(A), B ∈
P(B), C ∈ P(C) and D ∈ P(D) if T0 has full column rank for all A ∈ P(A), B ∈ P(B), C ∈
P(C) and D ∈ P(D). With this in mind, define T0 by

(T0)•k =

{
(D)•k if δk = 1,

(CAδk−2B)•k if δk ≥ 2.

We know that P(C)P(A)nP(B) ⊂ P(CAnB), hence T0 ∈ P(T0). Therefore, T0 has full column
rank for all A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D) if the pattern matrix T0 has full
column rank.

We can check whether the pattern matrix T0 has full column rank by checking whether G (T >0 )
is colorable. This requires the computation of δ1, . . . , δm and then the computation of T0. As
an alternative, we can provide a graph-theoretic procedure for the system graph G (A,B, C,D) to
check whether the condition of Theorem 8.3 is satisfied. To this end, recall that the system graph
G (A,B, C,D) is the graph associated to the matrix

M =

A B 0
0 0 0
C D 0

 ,
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and that

Mk =

 Ak Ak−1B 0
0 0 0

CAk−1 CAk−2B 0

 .
Therefore δk is the smallest positive integer for which (Mδk

Y,U )•k 6= 0, where, just like before,
Y = {n+m+ 1, . . . , n+m+ p} and U = {n+ 1, . . . , n+m} are the sets of output nodes and
input nodes, respectively. From Lemma 4.2 we know that the entries of Mδk

Y,U are related to the
existence and type of δk-walks from input nodes to output nodes in G (A,B, C,D). In particular,
(Mδk

Y,U )•k 6= 0 if and only if there is a δk-walk from uk to the one of the output nodes. Consequently,
δk is the distance from uk to the set of output nodes, and

(T0)ij =


0 if there is no δj-walk from uj to yi,

∗ if there is a unique solid δj-walk from uj to yi,

? otherwise.

(8.3)

Note that δj being the distance from uj to the set of output nodes implies that the δj-walks in
(8.3) are actually paths of length δj . Assuming that δ1, . . . , δm are known, we can define the
following input color change rule for the system graph G (A,B, C,D).

Input color change rule.

Suppose that each input node of G (A,B, C,D) is colored either black or white. If there is a
δj-walk to yi from exactly one white input node uj , and the δj-walk from uj to yi is unique and
solid, then change the color of uj to black. We say that yi colors uj black.

Suppose that initially all input nodes in G (A,B, C,D) are colored white. The derived set Diccr

is the set of all input nodes that are colored black after repeated application of the input color
change rule. If Diccr contains all input nodes in G (A,B, C,D), then we say that the system graph
G (A,B, C,D) is input colorable.

Theorem 8.4. The system (A,B, C,D) is strongly structurally left invertible if the system graph
G (A,B, C,D) is input colorable.

Proof. To begin with, note that relabeling the input nodes and output nodes in G (A,B, C,D)
corresponds to permuting the columns of B and D, and the rows C and D, respectively. For a
system (A,B,C,D) with A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D), this corresponds to
permuting columns and rows of the transfer matrix T (s). Since the left invertibility of T (s) is not
affected by such a permutation, it follows that the left invertibility of (A,B,C,D) is not affected
either. Therefore, we can assume that the input nodes and output nodes are labeled in such a
way that u1, . . . , um are colored in that order, and ui is colored by yi for all i ∈ {1, . . . ,m}. We
claim that T0 has the form

T0 =



∗ 0 · · · 0
⊗ ∗ · · · 0
...

...
. . .

...
⊗ ⊗ · · · ∗
⊗ ⊗ · · · ⊗
...

...
. . .

...
⊗ ⊗ · · · ⊗


, (8.4)

To show this, note that the input node u1 is colored by y1 while all input nodes are white. This
means that there is a unique solid δ1-walk from u1 to y1 and there is no δi-walk from ui to y1 for
all i ∈ {2, . . . ,m}. In view of (8.3), it follows that T11 = ∗ and T1i = 0 for all i ∈ {2, . . . ,m},
equivalently,

(T0)1• =
[
∗ 0 · · · 0

]
.
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Then the input node u2 is colored by y2 while the only black input node is u1. This means
that there is unique solid δ2-walk from u2 to y2 and there is no δi-walk from ui to y2 for all
i ∈ {3, . . . ,m}. Consequently, we obtain

(T0)2• =
[
⊗ ∗ · · · 0

]
.

Proceeding in the same fashion, we find that (T0)ii = ∗ and (T0)ij = 0 for all i ∈ {1, . . . ,m} and
j ∈ {i+ 1, . . . ,m}. This shows that T0 has the form in (8.4), that is, it contains a triangular
submatrix with ∗’s on the diagonal. Then it is easy to see that T >0 is of Form III, hence it has full
row rank, equivalently, T0 has full column rank. Using Theorem 8.3, we conclude that the system
(A,B, C,D) is strongly structurally left invertible.

We finish this subsection with an example that demonstrates the input color change rule and its
use in determining whether the system (A,B, C,D) is strongly structurally left invertible.

Example 8.4. Consider the system (A,B, C,D) with

[
A B
C D

]
=



0 ? 0 0 ∗ ∗ 0
∗ 0 ∗ 0 0 ∗ 0
0 ? 0 ∗ 0 0 0
0 0 0 ∗ 0 0 ∗
∗ ? 0 0 0 0 0
0 ∗ ? 0 0 0 0
0 0 ∗ 0 0 0 0


.

The corresponding system graph G (A,B, C,D) is depicted in Figure 8.1. We can show that
(A,B, C,D) is left invertible by showing that the system graph G (A,B, C,D) is input colorable.
To this end, note that the distance from u1 to the output nodes is 2, the distance from u2 to the

u1

u2

u3

x1

x2

x3

x4

y1

y2

y3

Figure 8.1: The system graph G (A,B, C,D).

output nodes is also 2, and the distance from u3 to the output nodes is 3. Therefore, we have that
δ1 = 2, δ2 = 2 and δ3 = 3. There is a unique solid δ1-walk from u1 to y1, but there is also a δ2-walk
from u2 to y1, thus y1 cannot color u1 black. Similarly, there is a unique solid δ2-walk from u2 to
y2, but there is also a δ3-walk from u3 to y2, thus y2 cannot color u2 black. However, there is a
unique solid δ3-walk from u3 to y3, and there is no δi-walk from ui to y3 for any i ∈ {1, 2}, hence
y3 colors u3 black. Now that u3 is black, the δ3-walk from u3 to y2 is irrelevant, and since there
is a unique solid δ2-walk from u2 to y2, it follows that y2 colors u2 black. Similarly, now that u2

is black, the δ2-walk from u2 to y1 is irrelevant, and since there is a unique solid δ1-walk from u1
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to y1, it follows that y1 colors u1 black. Given that all input nodes are colored, we conclude that
the graph G (A,B, C,D) is input colorable and the system (A,B, C,D) is strongly structurally left
invertible.

Alternatively, we can use the graph G (A,B, C,D) to find the entries of T0. For example, the
distance from u2 to the output nodes is 2, there is a non-solid 2-walk from u2 to y1, and a unique

solid 2-walk from u2 to y2. Therefore, the second column of T0 is given by
[
? ∗ 0

]>
. Proceeding

in the same manner, we find that

T0 =

∗ ? 0
0 ∗ ?
0 0 ∗

 ,
which obviously has full column rank, hence the system (A,B, C,D) is strongly structurally left
invertible.

u1

u2

x1

x2

x3

x4

y1

y2

y3u3

(a) y3 colors u3 black.

u1

x1

x2

x3

x4

y1

y2

y3

u2

u3

(b) y2 colors u2 black.

x1

x2

x3

x4

y1

y2

y3

u1

u2

u3

(c) y1 colors u1 black.

Figure 8.2: Repeated application of the input color change rule for the system graph G (A,B, C,D).

8.3 Graph simplification process

The third approach relies on the transfer matrix condition of Theorem 3.2 and the intermediate
results obtained in [23]. In order to show the relevance of these results, we will first provide an
alternative way to express the transfer matrix T (s). Let A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈
P(D), and let M be the (n+m+ p)× (n+m+ p) matrix defined by

M =

A B 0
0 0 0
C D 0

 .
The matrix M is such that

(
I −Ms−1

)−1
=

 s(sI −A)−1 (sI −A)−1B 0
0 I 0

C(sI −A)−1 s−1T (s) I

 .
Here we see that s−1T (s) is a submatrix of the inverse of I −Ms−1. In particular, if we define
U = {n+ 1, . . . , n+m} and Y = {n+m+ 1, . . . , n+m+ p}, then(

I −Ms−1
)−1

Y,U
= s−1T (s).
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Therefore T (s) is left invertible if and only if

rank
(
I −Ms−1

)−1

Y,U
= m,

hence (A,B, C,D) is left invertible if the latter holds for all M ∈ P(M), where M is defined as
before, that is,

M =

A B 0
0 0 0
C D 0

 .
This closely resembles some of the intermediate results obtained in [23]. To see this, consider the
pattern matrix M̄ ∈ {0, ∗}r×r with zeros on the diagonal, and let PR(M̄) be the collection of
rational matrices M̄(s) ∈ R(s)r×r such that

P1. M̄(s) is proper.

P2.
(
M̄(s)

)
ij
6= 0 if and only if ¯̄Mij = ∗.

P3. Every principal minor of lims→∞
(
I − M̄(s)

)
is nonzero.

The results in [23] provide a graph-theoretic necessary and sufficient condition for a submatrix
of (I − M̄(s))−1 to have full column rank for all M̄(s) ∈ PR(M̄). There are two key differences
between the context of these results and the context of this thesis. Firstly, we consider M ∈
{0, ∗, ?}(n+m+p)×(n+m+p), without any restrictions on the diagonal entries. Secondly, we do not
consider all rational matrices M(s) ∈ PR(M) but only ones of the form Ms−1 with M ∈ P(M).
Unfortunately, the latter makes the necessary and sufficient conditions from [23] only sufficient.
Nevertheless, we can still use the ideas developed there and adopt the graph-theoretic condition
for the purpose of checking for strong structural left invertibility.

The following lemmas are straightforward modifications of the lemmas in [23] to fit the context
of this thesis. Since these hold for an arbitrary square pattern matrix M, we will briefly forget
about the particular definition of M introduced in this section. With this in mind, let M be a
square pattern matrix and let G (M) = (V,E∗ ∪ E?) be the graph associated to it.

Lemma 8.2. Let U, Y ⊂ V . Moreover, let M̄ be the pattern matrix obtained from M by setting
MV,Y = 0, i.e., the graph G (M̄) is obtained from G (M) by removing all outgoing edges of the
nodes in Y . Then

rank
(
I −Ms−1

)−1

Y,U
= |U | for all M ∈ P(M)

if and only if

rank
(
I − M̄s−1

)−1

Y,U
= |U | for all M̄ ∈ P(M̄).

Proof. Consider M ∈ P(M) and let P be a permutation matrix such that

PMP> =

[
MR,R MR,Y

MY,R MY,Y

]
,

where R = V \ Y . In other words, P shifts the rows corresponding to Y to the end. Now define
M̄ as

M̄ = P>
[
MR,R 0
MY,R 0

]
P =⇒ PM̄P> =

[
MR,R 0
MY,R 0

]
, (8.5)

and note that M̄ ∈ P(M̄). By Proposition 2.8.7 of [24], the inverse of I − PMP>s−1 can be
written as (

I − PMP>s−1
)−1

=

[
• •

SMY,Rs
−1
(
I −MR,Rs

−1
)−1

S

]
,
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where S is the inverse of the Schur complement of the top left block of PMP>s−1, namely,

S =
(
I −MY,Y s

−1 −MY,Rs
−1
(
I −MR,Rs

−1
)−1

MR,Y s
−1
)−1

.

By the same proposition, we also have that

(
I − PM̄P>s−1

)−1
=

[
• •

MY,Rs
−1
(
I −MR,Rs

−1
)−1

I

]
,

which shows that the second block row of
(
I − PGP>s−1

)−1
is S times the second block row of(

I − PM̄P>s−1
)−1

. Moreover,(
I − PMP>s−1

)−1
= P

(
I −Ms−1

)−1
P>,(

I − PM̄P>s−1
)−1

= P
(
I − M̄s−1

)−1
P>,

hence, by definition of P , (
I −Ms−1

)−1

Y,V
= S

(
I −Ms−1

)−1

Y,V
.

As S is invertible, this implies that

rank
(
I −Ms−1

)−1

Y,U
= rank

(
I − M̄s−1

)−1

Y,U
, (8.6)

which will be used to prove the lemma.

(⇐) Suppose that

rank
(
I − M̄s−1

)−1

Y,U
= |U | for all M̄ ∈ P(M̄),

and let M ∈ P(M). Using M , define the matrix M̄ as in (8.5). Since M̄ ∈ P(M̄), it follows from
(8.6) that

rank
(
I −Ms−1

)−1

Y,U
= |U | ,

and we conclude that

rank
(
I −Ms−1

)−1

Y,U
= |U | for all M ∈ P(M).

(⇒) Suppose that

rank
(
I −Ms−1

)−1

Y,U
= |U | for all G ∈ P(M),

and let M̄ ∈ P(M̄). Just like before, if P is the permutation matrix that shifts the rows corre-
sponding to Y to the end, then

PM̄P> =

[
M̄R,R 0
M̄Y,R 0

]
.

Now, define M in terms of its submatrices MY,Y ,MY,R,MR,Y ,MR,R, with

MY,R = M̄Y,R, MR,R = M̄R,R,

and MY,Y ,MR,Y such that M ∈ P(M). With M defined in this manner, we have that (8.5) holds
and we can use (8.6) to conclude that

rank
(
I − M̄s−1

)−1

Y,U
= |U | ,

and consequently that

rank
(
I − M̄s−1

)−1

Y,U
= |U | for all M̄ ∈ P(M̄).
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The result of this lemma will allow us to modify the pattern matrixM, or equivalently, the graph
G (M), without affecting the full column rank property of the submatrix (I−Ms−1)−1

Y,U . Similarly,
the next lemma will allow us to modify the set Y without changing the rank of the submatrix
(I −Ms−1)−1

Y,U .

Lemma 8.3. Let U, Y ⊂ V . Suppose that a node k ∈ Y \ U has exactly one in-neighbor j that is
reachable from U . If the edge from k to j is solid, then

rank
(
I −Ms−1

)−1

Y,U
= rank

(
I −Ms−1

)−1

Ȳ ,U
for all M ∈ P(M),

where Ȳ = (Y \ {k}) ∪ {j}.

Proof. As a consequence of Lemma 8.2, we can assume that MV,Y = 0. Let M ∈ M and v ∈ U ,
and note that

(
I −Ms−1

) (
I −Ms−1

)−1
= I =⇒

|V |∑
i=1

(
I −Ms−1

)
ki

((
I −Ms−1

)−1
)
iv

= Ikv = 0,

where Ikv = 0 since k ∈ Y \ U and v ∈ U are distinct. Similarly, Iki = 0 for k 6= i, and Mkk = 0
since k ∈ Y and MV,Y = 0. Then it follows that(

I −Ms−1
)−1

kv
=
∑
i∈N−k

Mkis
−1
(
I −Ms−1

)−1

iv
, (8.7)

where N−k is the in-neighborhood of node k. Recall that

(
I −Ms−1

)−1
=

∞∑
l=0

M ls−l,

and that Ml
iv = 0 if there is no l-walk from v to i. As v ∈ U and the only neighbor of k that is

reachable from U is j, it follows that(
M l
)
iv

= 0 for all i ∈ N−k \ {j}, l ≥ 0.

Therefore, we can write (
I −Ms−1

)−1

iv
= 0 for all i ∈ N−k \ {j},

which reduces (8.7) to (
I −Ms−1

)−1

kv
= Mkjs

−1
(
I −Ms−1

)−1

jv
.

Given that v ∈ U was arbitrary, we obtain(
I −Ms−1

)−1

k,U
= Mkjs

−1
(
I −Ms−1

)−1

j,U
.

Furthermore, the edge from j to k is solid, hence Mkj 6= 0 and we can replace the column(
I −Ms−1

)−1

k,U
of
(
I −Ms−1

)−1

Y,U
with the column

(
I −Ms−1

)−1

j,U
without affecting the rank of(

I −Ms−1
)−1

Y,U
. This implies that

rank
(
I −Ms−1

)−1

Y,U
= rank

(
I −Ms−1

)−1

Ȳ ,U

where Ȳ = (Y \ {k}) ∪ {j}, which concludes the proof.

Finally, the next lemma provides an easy to check condition for the submatrix (I −Ms−1)−1
Y,U to

have full column rank.
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Lemma 8.4. Let U, Y ⊂ V . If U ⊂ Y then

rank
(
I −Ms−1

)−1

Y,U
= |U | for all M ∈ P(M)

Proof. As a consequence of Lemma 8.2, we can assume thatMV,Y = 0. In particular,MV,U = 0,
hence we can take M ∈M and a permutation matrix P such that

PMP> =

[
0 MU,R

0 MR,R

]
,

where R = V \U is the complement of U in V . In other words P shifts the rows corresponding to
U to the beginning. Then we obtain

P
(
I −Ms−1

)−1
P> =

(
I − PMP>s−1

)−1
=

[
I −MU,R

0 I −MR,R

]−1

=

[
I •
0 •

]
,

thus, by the definition of P , (
I −Ms−1

)−1

U,U
= I.

Therefore,

rank
(
I −Ms−1

)−1

U,U
= |U | for all M ∈ P(M),

and we conclude that

rank
(
I −Ms−1

)−1

Y,U
= |U | for all M ∈ P(M)

With the results from these lemmas in mind, we can define a graph simplification process analogous
to the one in [23].

Graph simplification process.
Let M be a square pattern matrix and let G (M) = (V,E∗ ∪ E?) be the graph associated to it.
Suppose U, Y ⊂ V and consider the following operations on G (M) and the set Y :

(i) Remove all outgoing edges of nodes in Y from G (M).

(ii) If k ∈ Y \U has only one in-neighbour j that is reachable from U and the edge connecting
j to k is solid, then replace k with j in Y .

Consecutively apply operations (i) and (ii) until no more changes are possible.

Note that operation (i) changes the graph G (M), while operation (ii) changes the set Y . The
derived set Dgsp(Y ;U) is the set Y obtained after the graph simplification process has terminated.
Similarly, the derived graph is the graph obtained after the graph simplification process has ter-
minated. This graph corresponds to a pattern matrix, which we refer to as the derived pattern
matrix and denote it by Dgsp(M). Therefore, the derived graph is the graph G (Dgsp(M)). Using
the lemmas above, we can prove the following result.

Proposition 8.1. Let M be a square pattern matrix and let G (M) = (V,E∗ ∪ E?) be the graph
associated to it. Moreover, let U, Y ⊂ V and consider the graph simplification process for the graph
G (M). If U ⊂ Dgsp(Y ;U), then

rank
(
I −Ms−1

)−1

Y,U
= |U | for all M ∈ P(M).
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Proof. From Lemma 8.4 it follows that

rank
(
I −Ms−1

)−1

Dgsp(Y ;U),U
= |U | for all M ∈ P(Dgsp(M)).

Applying Lemma 8.2 and Lemma 8.3 for each time operation (i) and operation (ii) from the graph
simplification process are applied allows us to conclude that

rank
(
I −Ms−1

)−1

Y,U
= |U | for all M ∈ P(M).

We can use the result of this proposition to derive the following graph-theoretic sufficient condition
for strong structural left invertibility of (A,B, C,D).

Theorem 8.5. The system (A,B, C,D) is strongly structurally left invertible if U ⊂ Dgsp(Y ;U)
when applying the graph simplification process to the system graph G (A,B, C,D), where U is the
set of input nodes and Y is the set of output nodes.

Proof. Recall that the system (A,B, C,D) is strongly structurally left invertible if the transfer
matrix T (s) is left invertible for all A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D). Let
A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D) and consider the transfer matrix T (s). We have
shown that T (s) has full column rank if and only if

rank
(
I −Ms−1

)−1

Y,U
= |U | = m,

where U = {n+ 1, . . . , n+m}, Y = {n+m+ 1, . . . , n+m+ p} and

M =

A B 0
0 0 0
C D 0

 .
Therefore, the system (A,B, C,D) is strongly structurally left invertible if

rank
(
I −Ms−1

)−1

Y,U
= |U | for all M ∈ P(M),

where

M =

A B 0
0 0 0
C D 0

 .
In view of Proposition 8.1, this holds if Dgsp(Y ;U) when applying the graph simplification process
to the graph G (M). However, the graph G (M) is just the system graph G (A,B, C,D). Further-
more, the set of input nodes and the set of output nodes in G (A,B, C,D) are precisely the sets of
nodes U and Y in G (M). Therefore, we can rephrase the condition of Proposition 8.1 to conclude
that

rank
(
I −Ms−1

)−1

Y,U
= |U | = m for all M ∈ P(M)

if U ⊂ Dgsp(Y ;U) when applying the graph simplification process to the system graph G (A,B, C,D),
where U is the set of input nodes and Y is the set of output nodes.

Examples of how the graph simplification process can be used to check whether a system is strongly
structurally left invertible can be found in Section 8.5.
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8.4 Single-input single-output systems

In this section we consider only single-input single-output systems (A,B, C,D). The transfer
matrix of such systems is scalar, hence left invertibility of (A,B,C,D) is equivalent to having a
nonzero transfer function T (s) = D + C(sI − A)−1B. Checking for a nonzero transfer function
is much simpler than checking for a full column rank transfer matrix, thus it naturally leads to
much simpler conditions for left invertibility of (A,B,C,D), and in turn, for strong structural left
invertibility of (A,B, C,D).

We have already seen that the transfer matrix T (s) can be written as

T (s) = D +
∑
i=1

CAi−1Bs−i.

Therefore, in the single input single output case, the transfer function T (s) is nonzero if and only
if D 6= 0 or CAi−1B 6= 0 for some positive integer i. This also happens to be equivalent to the
condition for output controllability given in Theorem 3.1. With the discussion in the previous
subsections in mind, the following result should not be surprising.

Theorem 8.6. The single-input single-output system (A,B, C,D) is strongly structurally left in-
vertible and strongly structurally output controllable if there exists a positive integer k such that
there is unique solid k-walk from the input node to the output node in G (A,B, C,D).

Proof. Let (A,B,C,D) ∈ A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D) and let M be the
(n+ 2)× (n+ 2) matrix defined by

M =

A B 0
0 0 0
C D 0

 .
Recall that the system graph G (A,B, C,D) is defined as the graph associated to

M =

A B 0
0 0 0
C D 0

 .
Let u = n+ 1 be the input node and y = n+ 2 be the output node in G (A,B, C,D). Given that
there exists a positive integer k and a unique solid k-walk from u to y, it follows that Mk

yu = ∗,
which implies that Mk

yu 6= 0. Since Myu = D and M i
uy = CAi−1B for all positive integers i, we

find that D 6= 0 if k = 1 and CAk−1B 6= 0 if k ≥ 2. In both cases, this implies that (A,B,C,D) is
left invertible and output controllable. As A,B,C and D were chosen arbitrarily, we conclude that
(A,B, C,D) is strongly structurally left invertible and strongly structurally output controllable.

Remark 8.2. The argument in the proof of Theorem 8.6 can be applied to multi-output systems
for strong structural left invertibility, and to multi-input systems for strong structural output con-
trollability. Indeed, in a single-input multi-output system (A,B,C,D), the transfer matrix T (s)
is a column vector, hence T (s) is left invertible if and only if it is nonzero. This implies that
(A,B, C,D) is strongly structurally left invertible if there exists a positive integer k such that there
is a unique solid k-walk from the input node to at least one of the output nodes. Similarly, in a
multi-input single-output system (A,B,C,D), the matrix

[
D CB · · · CAn−1B

]
is a row vec-

tor, hence it has full row rank if and only if it is nonzero. This implies that (A,B, C,D) is strongly
structurally output controllable if there exists a positive integer k such that there is a unique solid
k-walk from at least one of the input nodes to the output node.

Note that the there exists a positive integer k such that there is a unique solid k-walk from the input
node to the output node in G (A,B, C,D) if and only if G (A,B, C,D) is output colorable. In view
of this, we have already seen how the condition of Theorem 8.6 is not necessary in Example 6.2.
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8.5 Summary and comparison

In this section we summarize the sufficient conditions obtained so far and compare them with the
help of a few illustrative examples. To this end, consider the system (A,B, C,D) and let U and Y
denote the set of input nodes and output nodes in the system graph G (A,B, C,D), respectively.
Furthermore, let A∗ be the pattern matrix obtained from A by changing the diagonal entries to
∗’s and define T0 ∈ {0, ∗, ?}p×m by

(T0)ij =


0 if there is no δj-walk from uj to yi,

∗ if there is a unique solid δj-walk from the uj to yi,

? otherwise,

where δj is the distance from uj to the output nodes in G (A,B, C,D). Then we have the following
sufficient conditions for strong structural left invertibility of (A,B, C,D).

S1. One of the pattern matrices [
A B
C D

]
or

[
A∗ B
C D

]
has full column rank. Equivalently, the input and state nodes in one of the system graphs

G (A,B, C,D) or G (A∗,B, C,D)

are dual colorable.

S2. The pattern matrix T0 ∈ {0, ∗, ?}p×m has full column rank. Equivalently, the system graph
G (A,B, C,D) is input colorable.

S3. The derived set Dgsp(Y ;U) contains all inputs after applying the graph simplification
process to the system graph G (A,B, C,D).

SISO. The system graph G (A,B, C,D) contains a single input node, a single output node, and a
unique solid k-walk from the input node to the output node for some positive integer k.

We begin by comparing the first three conditions, which are applicable to any system (A,B, C,D).
In particular, we will provide three examples that show how these conditions do not imply each
other.

Example 8.5. Consider the system (A,B, C,D) with

[
A B
C D

]
=


∗ ∗ ? 0
∗ 0 ∗ 0

∗ 0 0 0
∗ ∗ 0 ∗

 .
The corresponding system graph G (A,B, C,D) is depicted in Figure 8.3. Note that δ1 = 2 and
δ1 = 1.

S1. The pattern matrix [
A B
C D

]
=


∗ ∗ ? 0
∗ 0 ∗ 0
∗ 0 0 0
∗ ∗ 0 ∗

 .
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u1

u2

x1

x2

y1

y2

Figure 8.3: The system graph G (A,B, C,D).

has full column rank. Indeed, by swapping the first and third row, and the first and second
column, we obtain the pattern matrix

∗ 0 0 0
∗ ∗ 0 0
∗ ? ∗ 0
∗ 0 ∗ ∗

 ,
which is of Form III, hence S1 is satisfied.

S2. There is a δ1-walk from u1 to both y1 and y2. However, the δ1-walk from u1 to y1 is not
solid, while the δ1-walk from u1 to y2 is neither unique nor solid. Given that there is a
δ2-walk from u2 only to y2, and that δ2-walk is unique and solid, it follows that

T0 =

[
? 0
? ∗

]
.

Clearly, the pattern matrix T0 does not have full column rank, thus S2 is not satisfied.

S3. Note that y2 has three in-neighbors that are reachable from the input nodes, hence we
cannot apply operation (ii) with y2. On the other hand, x1 is the only in-neighbor of y1

that is reachable from the input nodes, hence we replace y1 with x1 in Y , which results
in Y = {x1, y2}. Now, we can remove all outgoing edges of x1 to obtain the simplified
graph depicted in Figure 8.4, where the current node set Y is colored black. Since both
nodes in Y have two in-neighbors that are reachable from the input nodes, and both
nodes in Y have no outgoing edges, we conclude that the graph simplification process has
terminated. Given that Dgsp(Y ;U) does not contain all input nodes, we conclude that S3
is not satisfied.

u1

u2

x2

y1

x1

y2

Figure 8.4: The system graph G (A,B, C,D) after y1 has been replaced by x1.

This example shows that S1 does not imply S2 or S3.

Example 8.6. Consider the system (A,B, C,D) with

[
A B
C D

]
=


∗ ∗ ∗ 0
∗ 0 ∗ ∗
∗ 0 0 0
∗ ∗ 0 ∗

 .
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The corresponding system graph G (A,B, C,D) is depicted in Figure 8.5. Note that δ1 = 2 and
δ1 = 1.

u1

u2

x1

x2

y1

y2

Figure 8.5: The system graph G (A,B, C,D).

S1. The pattern matrix [
A B
C D

]
=


∗ ∗ ∗ 0
∗ 0 ∗ ∗
∗ 0 0 0
∗ ∗ 0 ∗

 .
does not have full column rank since the matrix

1 1 1 0
1 0 1 −1
1 0 0 0
1 1 0 1


is contained in its pattern class and does not have full column rank. Similarly, the pattern
matrix [

A∗ B
C D

]
=


∗ ∗ ∗ 0
∗ ∗ ∗ ∗
∗ 0 0 0
∗ ∗ 0 ∗

 .
does not have full column rank since the matrix

1 1 1 0
1 2 1 1
1 0 0 0
1 1 0 1


is contained in its pattern class and does not have full column rank. This implies that S1
is not satisfied.

S2. There is a δ1-walk from u1 to both y1 and y2. However, only the δ1-walk from u1 to y1

is unique and solid. Given that there is a δ2-walk from u2 only to y2, and that δ2-walk is
unique and solid, it follows that

T0 =

[
∗ 0
? ∗

]
.

Clearly, the pattern matrix T0 has full column rank, thus S2 is satisfied.

S3. Note that y2 has three in-neighbors that are reachable from the input nodes, hence we
cannot apply operation (ii) with y2. On the other hand, x1 is the only in-neighbor of y1

that is reachable from the input nodes, hence we replace y1 with x1 in Y , which results
in Y = {x1, y2}. Now, we can remove all outgoing edges of x1 to obtain the simplified
graph depicted in Figure 8.6, where the current node set Y is colored black. Since both
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nodes in Y have two in-neighbors that are reachable from the input nodes, and both
nodes in Y have no outgoing edges, we conclude that the graph simplification process has
terminated. Given that Dgsp(Y ;U) does not contain all input nodes, we conclude that S3
is not satisfied.

u1

u2

x2

y1

x1

y2

Figure 8.6: The system graph G (A,B, C,D) after y1 has been replaced by x1.

This example shows that S2 does not imply S1 or S3.

Example 8.7. Consider the system (A,B, C,D) with

[
A B
C D

]
=



∗ 0 0 0 ∗ 0
0 0 0 ∗ ∗ ∗
0 ∗ ∗ ∗ 0 0
0 0 ∗ ∗ 0 0
∗ 0 0 0 0 0

∗ ∗ 0 0 ? 0

 .

The corresponding system graph G (A,B, C,D) is depicted in Figure 8.7. Note that δ1 = 1 and
δ1 = 2.

u1

u2

x1

x2

x3 x4

y1

y2

Figure 8.7: The system graph G (A,B, C,D).

S1. The pattern matrix

[
A B
C D

]
=


∗ 0 0 0 ∗ 0
0 0 0 ∗ ∗ ∗
0 ∗ ∗ ∗ 0 0
0 0 ∗ ∗ 0 0
∗ 0 0 0 0 0
∗ ∗ 0 0 ? 0
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does not have full column rank since the matrix
1 0 0 0 1 0
0 0 0 1 1 1
0 1 1 1 0 0
0 0 1 1 0 0
1 0 0 0 0 0
1 1 0 0 1 0


is contained in its pattern class and does not have full column rank. Similarly, the pattern
matrix

[
A∗ B
C D

]
=


∗ 0 0 0 ∗ 0
0 ∗ 0 ∗ ∗ ∗
0 ∗ ∗ ∗ 0 0
0 0 ∗ ∗ 0 0
∗ 0 0 0 0 0
∗ ∗ 0 0 ? 0


does not have full column rank since the matrix

1 0 0 0 1 0
0 1 0 1 1 1
0 1 1 1 0 0
0 0 1 1 0 0
1 0 0 0 0 0
1 1 0 0 1 0


is contained in its pattern class and does not have full column rank. This implies that S1
is not satisfied.

S2. There is a δ1-walk from u1 only to y1, and that δ1-walk is not solid. Furthermore, there is
a δ2-walk from u2 only to y1, and that δ2-walk is unique and solid. Therefore, we obtain

T0 =

[
0 0
? ∗

]
,

which does not have full column rank, thus S2 is not satisfied.

S3. Note that x1 is the only in-neighbor of y1 that is reachable from the input nodes, hence
we replace y1 with x1 in Y , which results in Y = {x1, y2}. We can remove all outgoing
edges of x1 to obtain the simplified graph depicted in Figure 8.8a, where the current node
set Y is colored black. Proceeding in the same fashion, u1 is the only in-neighbor of x1

that is reachable from the input nodes, hence we replace x1 by u1 to obtain Y = {u1, y2}.
Removing all outgoing edges of u1 results in the simplified graph depicted in Figure 8.8b.
Now, x2 is the only in-neighbor of y2 that is reachable from the inputs, hence we replace
y2 by x2 to obtain Y = {u1, x2}. After removing all outgoing edges of x2, we obtain the
simplified graph depicted in Figure 8.8c. Finally, u2 is the only in-neighbor of x2 that is
reachable from the input nodes, hence we replace x2 by u2 to obtain Y = {u1, u2}. The
simplified graph after all outgoing edges of u2 have been removed is depicted in Figure 8.8d.
Clearly, Dgsp(Y ;U) contains all input nodes, thus S3 is satisfied.

This example shows that S3 does not imply S1 or S2.

In these examples we have seen that none of the first three conditions implies the others, i.e.,
these conditions are generally independent from each other. However, this is not true in the
case of a single-input single-output system (A,B, C,D). To see this, note that S2 holds if and
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u1

u2 x2

x3 x4

y1x1

y2

(a) y1 is replaced by x1.

x1

u2 x2

x3 x4

y1u1

y2

(b) x1 is replaced by u1.

x1

u2

x3 x4

y1

y2

u1

x2

(c) y2 is replaced by x2.

x1

x2

x3 x4

y1

y2

u1

u2

(d) x2 is replaced by u2

Figure 8.8: The graph simplification process applied to the system graph G (A,B, C,D).

only if the shortest path from the input node to the output node in G (A,B, C,D) is unique and
solid. Moreover, S3 holds if and only if there is a unique solid path from the input node to the
output node in G (A,B, C,D). Indeed, if the path is not unique, then at some point in the graph
simplification process, the node in Y will have at least two in-neighbors that are reachable from
the input node. Otherwise, if the path is not solid, then at some point in the graph simplification
process, the node in Y will have an in-neighbor that is reachable from the input node but the
edge connecting that in-neighbor to the node in Y will not be solid. In both cases, the graph
simplification process will terminate before Dgsp(Y ;U) contains the input node. With this in
mind, we find that in the single-input single-output case, S3 implies S2, which implies SISO.
This means that one should just check SISO instead of S2 or S3.

The role of S1 is not that clear at the moment. There seems to be no example where S1 holds
but SISO does not, which suggests that S1 also implies SISO. Unfortunately, we have not proven
this statement, and can only make the following conjecture.

Conjecture 8.1. The input nodes and state nodes in the system graph G (A∗,B, C,D) are dual
colorable only if U ∈ Dgsp(Y ;U) when applying the graph simplification process to the system graph
G (A,B, C,D), where U is the set of input nodes and Y is the set of output nodes.

Incomplete proof. Consider the dual color change rule for the system graph G (A∗,B, C,D) and
suppose that the input and state nodes are dual colorable. It is clear that in the first step of
the application of the dual color change rule, when all nodes are white, we need a node with a
single in-neighbor. Furthermore, when that in-neighbor is colored black, we can remove all of its
outgoing edges. This is because removing a black in-neighbor has no effect on the next steps of
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the application of the dual color change rule. If we remove the outgoing edges of each node that
gets colored, then we can restate the dual color change rule as follows.

Dual color change rule.

Let M ∈ {0, ∗, ?}r×q and consider the corresponding graph G (M). Suppose that each node of
G (M) is colored either black or white. If node i has exactly one in-neighbor j, and the edge
from j to i is solid, then color j black and remove all of its outgoing edges. We say that node i
colors node j black.

In this form, the dual color change rule looks very similar to the consecutive application of op-
erations (i) and (ii) of the graph simplification process. The only difference is that in the graph
simplification process we look for in-neighbors that are reachable from the input nodes. With this
in mind, we will construct a collection of paths from input nodes to output nodes in G (A∗,B, C,D),
where each node in the path has been colored by the node succeeding it. Note that an input node
ui can be colored only by one of its out-neighbors, i.e., by one of the state nodes or one of the
output nodes. If ui has been colored by an output node, then we are done. Otherwise, since
the state nodes have self-loops, a state node could have colored ui only if it was already black.
Furthermore, a node can color only once, hence the state node that has colored ui could not have
colored itself. But then that state node must have been colored by one of the other state nodes or
one of the output nodes. Since there are only finitely many state nodes, repeating this argument
would eventually result in a path from ui to an output node, say yi, where all nodes in the path
have been colored black by the next node in the path. Consider one such path and denote it
by (ui, x

1
i , x

2
i , . . . , x

k
i , yi) where k ≤ n is a positive integer and x1

i , . . . , x
k
i are distinct state nodes.

Since yi has colored xki black, we must have had that xki was the only in-neighbor of yi. Clearly, xki
was reachable from the input nodes, hence xki was the only in-neighbor of yi that is reachable from
the input nodes. Given that the only difference between the system graphs G (A∗,B, C,D) and
G (A,B, C,D) is in the self-loops of the state nodes, the latter is a strong indication that at some
point during the graph simplification process, xki was the only in-neighbor of yi that is reachable
from the input nodes.

If this conjecture is true, then the pattern matrix[
A∗ B
C D

]
having full column rank implies that S3 holds, and consequently, that SISO holds. We have
already seen in Example 8.5 that the pattern matrix[

A B
C D

]
having full column rank does not imply that S3 holds . Nevertheless, it is still possible that S1
implies SISO.

8.6 Necessary condition

In this section, we will briefly discuss the difficulties we encounter when looking for necessary
conditions for strong structural left invertibility. We already mentioned that the system matrix
approach for left invertibility is not as straightforward as the one for input-state observability
mainly because the system matrix P (λ) is allowed to drop rank for some λ ∈ C, and the λ’s for
which it does are not easy to characterize (see [22]). In view of this, we can take an alterna-
tive approach and try to device a simplification procedure based on the system matrix and the
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assumption that it has full column rank for all except finitely many λ ∈ C. To this end, let
A ∈ P(A), B ∈ P(B), C ∈ P(C) and D ∈ P(D) and consider the corresponding system matrix

P (λ) =

[
A− λI B
C D

]
.

Since P (λ) has full column rank for almost all λ ∈ C, we know that the second block column of
P (λ) must have full column rank, hence we can find a nonsingular m×m submatrix of [B> D>]>.
For simplicity, suppose that the latter is a submatrix of B and denote it by B1. Then we can
permute the states and partition the system matrix so that

P (λ) =

A11 − λI A12 B1

A21 A22 − λI B2

C1 C2 D

 ,
where B1 ∈ Rm×m is nonsingular. We can multiply P (λ) from the right by the nonsingular matrix I 0 0

0 I 0
−B−1

1 (A11 − λI) −B−1
1 A12 I


to obtain  0 0 B1

A21 −B2B
−1
1 (A11 − λI) A22 −B2B

−1
1 A12 − λI B2

C1 −DB−1
1 (A11 − λI) C2 −DB−1

1 A12 D

 .
This implies that P (λ) has full column rank for all except finitely many λ ∈ C if and only if P̂ (λ)
has full column rank for all except finitely many λ ∈ C, where P̂ (λ) is defined as

P̂ (λ) =

[
A21 −B2B

−1
1 (A11 − λI) A22 −B2B

−1
1 A12 − λI

C1 −DB−1
1 (A11 − λI) C2 −DB−1

1 A12

]
.

Unfortunately, this does not seem very promising. Even in the single-input single-output case with
D = 0, we have

P̂ (λ) =

[
a21 − b−1

1 (a11 − λ)b2 A22 − b−1
1 b2a

>
12 − λI

c1 c>2

]
,

where b1, a11, c1 ∈ R, with b1 6= 0, and a12, a21, c2 ∈ Rn−1. Here we see that the matrix in the top
right block involves a term of the form b2a

>
12, which is hard to deal with in the context of pattern

matrices. This is because the rows and columns of b2a
>
12 are generally dependent on each other,

which implies that we cannot express A22 − b−1
1 b2a

>
12 as a general element of the pattern class of

some pattern matrix.

The problem with dependencies between entries has already appeared in the context of strong
structural output controllability. In Example 6.2, we saw that the product of pattern matrices
fails to capture the dependencies between entries in the product of real matrices belonging to their
pattern classes. More precisely, we saw that in a single-input single-output system (A,B, C,D) it
might happen that CAB = CA2B =?, while it is never the case that CAB = CA2B = 0 for some
A ∈ P(A), B ∈ P(B) and C ∈ P(C). Given that the transfer matrix T (s) can be expressed as

T (s) = D + CBs−1 + CABs−2 + CA2Bs−3 + · · · ,

it should be clear that the same problem appears when taking the transfer matrix approach to
strong structural left invertibility.

In conclusion, it seems that the problems in finding necessary conditions for strong structural
output controllability and strong structural left invertibility are the same, namely, the currently
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developed techniques with pattern matrices do not provide a way to capture dependencies in
the products of real matrices belonging to their pattern classes. One possible solution might
be to modify the definition of a pattern matrix to include dependencies between entries and
define addition and multiplication for such pattern matrices just as we did in this thesis. Some
work in this direction is already done in [25] for the problem of characterizing strong structural
controllability for leader-follower network of linear systems. There, the pattern matrix describing
the network dynamics can include nonzero entries that are constrained to be equal. Unfortunately,
characterizing strong structural controllability in this case seems to be much more difficult and
the results in [25] provide only a sufficient condition. This suggests that one might have to
develop a completely new toolbox to deal with this problem, and, consequently, with the problem
of characterizing strong structural output controllability and left invertibility for the structured
systems studied in this thesis. In any case, the solution seems to be non-trivial and would require
further research.
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Chapter 9

Controllability of linear descriptor
systems

In this section, we will extend the results on strong structural controllability developed in [5] to
linear descriptor systems. Descriptor systems, also known as singular systems, are systems in
which the time evolution of the state is described by a differential-algebraic equation, as opposed
to an ordinary differential equation. We will consider linear descriptor systems of the form

Eẋ(t) = Ax(t) +Bu(t), (9.1)

where x(t) ∈ Rn, u(t) ∈ Rn and E ∈ Rn×n. We will denote the system in (9.1) by (E,A,B). For a
given initial state x(0) = x0 ∈ Rn and input signal u ∈ C∞, the corresponding state trajectory will
be denoted by x(t;x0, u). Without going into details, we note that the concept of controllability for
linear descriptor systems is often broken down into specific kinds of controllability. In this thesis,
we will only consider the natural generalization of controllability to linear descriptor systems.

Definition 9.1. The descriptor system (E,A,B) is called controllable if for any x0, x1 ∈ Rn,
there exists an input signal u ∈ C∞ and a time T ≥ 0 such that x(T ;x0, u) = x1.

Naturally, the characterization of controllability for descriptor systems is very similar to the one
for ordinary linear systems.

Theorem 9.1. The system (E,A,B) is controllable if and only if matrix
[
E B

]
has full row

rank, and the matrix [
A− λE B

]
has full row rank for all λ ∈ C.

Proof. For a proof of this theorem, as well as more information on controllability of descriptor
systems, we refer to [26].

Just like before, we will consider a descriptor system (E,A,B), where the entries of the matrices
E,A and B are not known precisely, but are known to be fixed zeros, nonzeros or arbitrary real
numbers. In other words, we know that E ∈ P(E), A ∈ P(A) and B ∈ P(B), where E ,A ∈
{0, ∗, ?}n×n and B ∈ {0, ∗, ?}n×m are known pattern matrices. This naturally leads to a family of
systems as E,A and B range over P(E),P(A) and P(B), respectively. We will denote this family
of systems by (E ,A,B), and will refer to it as a structured descriptor system, or just the descriptor
system (E ,A,B). We are interested in properties of (E,A,B) that stem solely from the fact that

55



E ∈ P(E), A ∈ P(A) and B ∈ P(B). As such, they are more appropriately seen as properties of
the structured descriptor system (E ,A,B). With this in mind, consider the following definition.

Definition 9.2. The descriptor system (E ,A,B) is strongly structurally controllable if (E,A,B)
is controllable for all E ∈ P(E), A ∈ P(A) and B ∈ P(B).

It turns out that strong structural controllability of linear descriptor systems can be characterized
very similarly to strong structural controllability of ordinary linear systems. Using the ideas in [5]
and the definition of addition for pattern matrices, we obtain the following result.

Theorem 9.2. The descriptor system (E ,A,B) is strongly structurally controllable if and only if
the pattern matrices [

E B
]
,
[
A B

]
and

[
A+ E B

]
have full row rank.

Proof. (⇒) Suppose (E ,A,B) is strongly structurally controllable. Using Theorem 9.1, this means
that

[
E B

]
has full row rank for all E ∈ P(E) and B ∈ P(B), hence

[
E B

]
has full row rank.

Furthermore, the matrix [
A− λE B

]
has full row rank for all λ ∈ C for all E ∈ P(E), A ∈ P(A) and B ∈ P(B). Taking λ = 0 shows
that

[
A B

]
has full row rank. On the other hand, taking λ = −1 and using Proposition 4.1

shows that
[
A+ E B

]
has full row rank.

(⇐) Suppose that the pattern matrices[
E B

]
,
[
A B

]
and

[
A+ E B

]
have full row rank. Let E ∈ P(E), A ∈ P(A) and B ∈ P(B) and note that

[
E B

]
has full row

rank because
[
E B

]
has full row rank. Next, consider the equation

x>
[
A− λE B

]
= 0,

where λ ∈ C. We would like to show that x = 0 for all λ ∈ C. For λ = 0, the equation boils down
to

x>
[
A B

]
= 0,

which implies that x = 0 because
[
A B

]
has full row rank. Suppose λ 6= 0 and write x = a+ bi,

where i is the imaginary unit and a, b are real vectors. Furthermore, let α be a nonzero real
number such that

α /∈
{
ak
bk
| bk 6= 0

}
∪
{

(a>A)k
(b>A)k

| (b>A)k 6= 0

}
∪
{

(a>E)k
(b>E)k

| (b>E)k 6= 0

}
and define x̂ = a+ αb. The choice of α and the assumption that λ 6= 0 imply that

(i) x̂k = 0 if and only if xk = 0.

(ii) (x̂>A)k = 0 if and only if (x̂>E)k = 0.

One can easily verify that the choice of α implies (i). For the only if part of (ii), suppose that
(x̂>A)k = 0, which implies that (a>A)k + α(b>A)k = 0. Due to the choice of α, the latter is
possible if and only if (a>A)k = (b>A)k = 0. But then we have (x>A)k = 0, and since x is such
that x>A = λx>E, it follows that (x>A)k = (x>E)k = 0. Therefore (a>E)k = 0 and (b>E)k = 0,
which shows that (x̂>E)k = 0. The if part of (ii) follows the same reasoning.
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With this in mind, define the diagonal matrix ∆ by

∆kk =


−1 if (x̂>E)k = 0,

− (x̂>A)k
(x̂>E)k

otherwise,

which is nonsingular because of (ii). This also implies that E∆ ∈ P(E) since the pattern class of
a pattern matrix is invariant under nonzero scaling of the columns. Furthermore, ∆ is such that
x̂>A+ x̂>E∆ = 0, while x>B = 0 only if x̂>B = 0. Consequently, we obtain

x̂>
[
A+ E∆ B

]
= 0.

However, A − E∆ ∈ P(A + E) and
[
A+ E B

]
has full row rank, hence x̂ = 0. Using (i), this

implies that x = 0, which concludes the proof.

We can check whether the pattern matrices in Theorem 9.2 have full row rank by checking whether
the graphs associated to them are colorable. This is illustrated in the following example.

Example 9.1. Consider the descriptor system (E ,A,B) with

E =


∗ ∗ 0 0
0 ∗ 0 0
0 ∗ 0 ∗
0 0 0 0

 , A =


∗ 0 0 0
0 ? 0 ∗
∗ 0 ∗ ∗
0 ? 0 ∗

 and B =


∗ 0
? 0
0 0
0 ∗

 .
The system is controllable if and only if the pattern matrices

[
E B

]
=


∗ ∗ 0 0 ∗ 0
0 ∗ 0 0 ? 0
0 ∗ 0 ∗ 0 0
0 0 0 0 0 ∗

 ,

[
A B

]
=


∗ 0 0 0 ∗ 0
0 ? 0 ∗ ? 0
∗ 0 ∗ ∗ 0 0
0 ? 0 ∗ 0 ∗

 ,

[
A+ E B

]
=


? ∗ 0 0 ∗ 0
0 ? 0 ∗ ? 0
∗ ∗ ∗ ? 0 0
0 ? 0 ∗ 0 ∗


have full row rank. We will check this using the color change rule, i.e., we will check whether the
graphs G (

([
E B

])
), G

([
A B

])
and G

([
A+ E B

])
are colorable.

To this end, consider the graph G (
([
E B

])
) depicted in Figure 9.1. Note that 4 is the only white

out-neighbor of 6, hence 6 colors 4 black (see Figure 9.2a). Similarly, 3 is the only white out-
neighbor of 4, hence 4 colors 3 black (see Figure 9.2b), and 1 is the only white out-neighbor of 1,
hence 1 colors itself black (see Figure 9.2c). With 1 and 3 being black, the only white out-neighbor
of 2 is 2, hence 2 colors itself black (see Figure 9.2d). Given that four nodes have been colored
black, we conclude that the graph G

([
E B

])
is colorable.
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Figure 9.1: The graph G
([
E B

])
.

5

6

1

2

3

4

(a) 6 colors 4 black.
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(b) 4 colors 3 black.
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(c) 1 colors 1 black.
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(d) 2 colors 2 black.

Figure 9.2: Repeated application of the color change rule for the graph G
([
E B

])
.

Next, consider the graph G
([
A B

])
depicted in Figure 9.3. Note that 4 is the only white out-

neighbor of 6, hence 6 colors 4 black (see Figure 9.4a). Similarly, 3 is the only white out-neighbor
of 3, hence 3 colors itself black (see Figure 9.4b). With 3 and 4 being black, the only white out-
neighbor of 4 is 2, hence 4 colors 2 black (see Figure 9.4c). Finally, the only white out-neighbor
of 5 is 1, hence 5 colors 1 black (see Figure 9.4d). Given that four nodes have been colored black,
we conclude that the graph G

([
A B

])
is colorable.
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Figure 9.3: The graph G
([
A B

])
.
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(a) 6 colors 4 black.
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(b) 3 colors 3 black.
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(c) 4 colors 2 black..
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(d) 5 colors 1 black.

Figure 9.4: Repeated application of the color change rule for the graph G
([
A B

])
.

Finally, consider the graph G
([
A+ E B

])
depicted in Figure 9.5. Note that 4 is the only white

out-neighbor of 6, hence 6 colors 4 black (see Figure 9.6a). Similarly, 3 is the only white out-
neighbor of 3, hence 3 colors itself black. With 3 and 4 being black, the only white out-neighbor of
4 is 2, hence 4 colors 2 black. Finally, the only white out-neighbor of 5 is 1, hence 5 colors 1 black.
Given that four nodes have been colored black, we conclude that the graph G

([
A+ E B

])
is

colorable. This also shows that the descriptor system (E ,A,B) is strongly structurally controllable.
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Figure 9.5: The graph G
([
A+ E B

])
.
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(b) 3 colors 3 black.
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(c) 4 colors 2 black..
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(d) 5 colors 1 black.

Figure 9.6: Repeated application of the color change rule for the graph G
([
A+ E B

])
.
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Chapter 10

Conclusion

In this thesis, we have studied strong structural output controllability, input-state observability
and left invertibility of structured linear systems. Furthermore, we have extended the existing
results on strong structural controllability to linear descriptor systems. We have obtained results
for structured systems in which the entries of the system matrices are fixed zeros, nonzeros or
arbitrary real numbers. This has been formalized by the introduction of pattern matrices and
their pattern classes. In order to get an idea of the results of expressions with real matrices
belonging to the pattern classes of some known pattern matrices, sensible definitions of addition
and multiplication for pattern matrices have been introduced. Furthermore, a pattern matrix has
been associated to a graph, where the existence and the type of edges represent the entries of the
pattern matrix. Consequently, strong structural properties have been characterized as properties
of the pattern matrices describing the structured system, as well as graph-theoretic properties of
the graphs associated to those pattern matrices.

Sufficient conditions for strong structural output controllability have been found in terms of a full
row rank property of a particular pattern matrix. As opposed to this algebraic characterization,
we have also provided a graph-theoretic sufficient condition based on the system graph of the
structured system. This has been phrased as a condition on the outcome of an output color
change rule for the system graph. Moreover, the limitation of this approach have been discussed
and put forward as reasons for our inability to obtain necessary conditions.

Necessary and sufficient conditions for strong structural input-state observability have been found
in terms of a full column rank property of a pair of pattern matrices. As with strong structural
output controllability, this algebraic characterization has been complemented by a graph-theoretic
necessary and sufficient condition based on the system graph and a modified system graph. This
has been phrased as a condition on the outcome of a dual color change rule for the system graph
and the modified system graph.

Four sufficient conditions for strong structural left invertibility have been found. One of these
is based on the system matrix, while the rest are based on the transfer matrix. The one based
on the system matrix has been presented as a full column rank property of at least one out of
two pattern matrices, as well as a condition on the outcome of a dual color change rule on the
system graph or a modified system graph. The first result based on the transfer matrix has been
presented as a full column rank property of a pattern matrix that can be obtained using the system
graph. This has been complemented by an equivalent condition based on the outcome of an input
color change rule for the system graph. The second result based on the transfer matrix is purely
graph-theoretic and has been phrased as a condition on the outcome of a graph simplification
process for the system graph. The last result based on the transfer matrix is applicable only in the
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case of a single-input single-output system and has been phrased as a graph-theoretic condition
on the system graph. All four conditions have been compared, and it has been concluded that,
except in the single-input single-output case, they are independent from each other. Finally, the
difficulties in obtaining necessary conditions have been discussed and it has been shown that they
have to do with the same limitations that were present in the study of strong structural output
controllability.

Finally, necessary and sufficient conditions for strong structural controllability of linear descrip-
tor systems have been provided in terms of a full row rank property of three pattern matrices.
The conditions are comparable to the ones for strong structural controllability of ordinary linear
systems.

In the future, research into these topics should focus on overcoming the limitations of the approach
taken in this thesis. In particular, the definition of multiplication for pattern matrices is very useful
in obtaining sufficient conditions but it ultimately fails in the search for necessary conditions.
This has been elaborated upon in the chapters on strong structural output controllability and
left invertibility. Given that the problem lies in the inability of pattern matrices to capture
dependencies between entries, it seems that the only way forward is in redefining pattern matrices,
or taking a completely novel approach in characterizing strong structural properties.
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