
A FORMULA FOR
THE RESERVATION WAGE

AND ITS
LIMITED APPLICABILITY

Coen A.Bernaards

May 24, 1996

,rrsiteit Groningen
eek

'Informatlcl R.1.ncSflU
en 5
800

AV G,n1flSfl



Preface
This report was written to complete my study Statistics at the Rijksuniversiteit Groningen
and the Masterclass in Applied Statistics of the Mathematical Research Institute. It was
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1 Introduction

1.1 General perspective
In the past decade the Dutch labour market was frequented by a large number of unem-
ployed people. Though the situation improved, the number of job-seekers is still large.
Since the mid-eighties the number of job opportunities was increased but unfortunately
not everybody took advantage of this development. Many people are still looking for a
job, others have averted themselves from the labour market.

The above impression of actual developments at the labour market is very superficial:
matters are sketched at one particular moment or compared to other points in time. Indi-
vidual characteristics, e.g. the frequency of unemployment, or the time to find a new job,
are not in the forefront. From a sociological perspective there is a considerable difference
between the situation where surplus labour is formed by a small hard core of unemployed
and that where a large number of people is involved, each one needing little time to find
a job. A 'dynamic' approach to the labour market requires the analysis of the factors in-
volved in the question: who is unemployed and how much time is needed till this person's
search is successfull? This kind of analysis indicates the weak groups of society.

The probability for a searcher to find a job is determined by both the probability an
employer offers a job and by the probability the searcher accepts it. Individual character-
istics determine the former; for the latter the wage is decisive (fringe benefits are not taken
into account): the job-seeker accepts the offer if the wage exceeds his so-called "reserva-
tion wage". This, of course, is only an idealization because (1) the same person may be
confronted with different job offers, (2) it is not possible to express everything in money.

The goal of this research is to examine the relation between the duration of unemploy-
ment on the one hand and personal characteristics on the other. Especially the reservation
wage and its mathematical implications are subject of investigation. Note that the statis-
tical analysis will have to deal with censored observations. A description of the data will
he given in Section 1.2.

Next, in Chapter 2, some theory is presented about the reservation wage. Chapter 3
contains a statistical analysis which does not respect the restrictions imposed by the actual
data. In Chapter 4 an attempt is made to say something on the basis of this factual
information. Dirty tricks and derivations are relegated to Appendices.

1.2 Description of the data
In this report data from the Socio-Economic Panel (SEP), a study which started in April
1984, is used. The sample for this panel is drawn according to a two-stage sampling scheme.
The population consists of k "communities" witk N1,. . . , Nk as the number of inhabitants.
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From these k communities the £ largest ones are included and from the k — £ other ones
in — £ elements are selected by drawing successively according to probabilities proportional
to the size of the community. Next, from the selected communities a sample is drawn such
that, in the end, each household has the same success probability. Of each household,
every person from sixteen upwards is interviewed (except persons in institutions). From
October 1985 onwards, the SEP consist of about 5000 households.

Interviews for the SEP are conducted twice every year, in October and in April. In

each wave the same households participate. Members of households leaving home are
automatically added as new households. When a member of the household reaches the
age of sixteen this individual is added to the SEP. Some new households are included in
addition in order to compensate for panel attrition.

The main interest of this report concerns the duration of unemployment (or search
duration). All persons are asked to indicate their main activity in each of the past six
months. In the April interview this means last year October till March, in the October
interview this means last April up to and including September. note that the main activity
during the survey month (April or October) is recorded in the next wave, six months later.
From all participants, periods of search from October 1984 onwards are recorded. Also,
from newly sampled households all periods of search from October 1984 onwards are asked.
It should be noted that individuals participating for the first time are asked about their
unemployment during the last twelve months.

Possible answers to the question on main activity are "full time work", "part time
work", "looking for work for the first time", "looking for work after loosing a job", "going
to school or studying" and "working in own household". Only one activity can be chosen.
For the data set, the duration of unemployment is computed for people without a job.

For this report five SEP waves are available; the ones recorded in April 1985 up to and
including October 1987. Using the question about main activity, duration of unemployment
is derived in months. At the start of a job-searching period some background variables
are recorded like age and sex. Furthermore, respondents had to indicate the number of
hours they desire to work each week, their unemployment benefit and their reservation
wage. This last variable is standardized to forty hours per week in order to end up with
comparable quantities.

Questions concerning the reservation wage were recorded only during the waves October
1985 and October 1986. Hence the reservation wage applies to search spells covering either
(or both) of these months.

Quite a number of spells ended in September 1985 or September 1986 while the person
concerned reported to be unemployed in October (recall that the main activity in October is
investigated six months later, in March). Probably the search for work was not successful! in

September and the main activity in October should have been "looking for work", perhaps
this was reported due to a lack of memory to distinguish six months later between October
and September. The conclusion is that questions concerning the reservation wage also

apply to these spells; they too, have been selected in the analysis though the calculation
of duration of unemployment was not corrected for this phenomenom.

Some attention should be paid to the quality of the variables reservation wage and

benefit. Eight repondents report a reservation wage of less than 400 guilders, thirteen
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report a benefit less than 400 guilders. These observations are disregarded. Four individuals
reported their reservation wage lower than their benefit. They are also not taken into
account.

Lastly, one should realize that a person can become unemployed more often than once,
during the considered time span. Search spells originating from the same individual are
contained in the data.

The reduction has the effect that the data consists of only 327 entries. Notice that
there is selection mechanism; search durations falling between October 1985 and September
1986 are removed from the analysis while the remaining periods have on average a longer
duration.

The following variables were recorded.

- starting month of unemployment;
- closing month of the study or of the period of unemployment;
- a censoring variable 6 (0 if unemployment ended before the study, 1 if the

individual in question was still unemployed at the closing date October 1987);
- reservation wage (r);
- unemployment benefit (b);
- a vector of covariables (Z) are available. At the moment an individual starts

looking for a job the following covariates are recorded:
- whether or not the individual is married, a 0-1 variable, 1 when married,
- the place of the individual in the household, a 0-1 variable, 1 when person

is either breadwinner or single,
- the level of education, a 0-1 variable, 1 when educational level is secondary

vocational training, 0 when lower educational level,
- the person's age measured in years,
- the size of the person's residence, a 0-1 variable, 1 when living in a town

of � 100.000 inhabitants,
- the person's sex, a 0-1 variable, 1 when individual is female,
- whether or not the individual did have a job before, a 0-1 variable, 1 when

having worked before, 0 when waiting for the first job.
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2 Model building

2.1 The model
At the labour market jobs are looking for workers and workers are looking for jobs. If
some person enters the market then he is entitled to a benefit of, say, b money units per
unit of time. Jobs will be offered to him at time points t', t2,... (0 = time of entry) which
will be distributed according to a Poisson process with rate A. This assumption implies
that inter-arrival times are independent and exponentially distributed with parameter A,
i.e. with density Ae (t � 0). Every job offer is accompanied by a wage. The wages
w1,w2,... are supposed to originate from some distribution with distribution function F,
usually lognormal or Pareto. In this research a Pareto distribution is postulated, with
distribution function

(0 ifw<c
F(w) =

1
— () if � . (2.1)

and density

ri _1 0 ifw<cJW) — y —(a-4-Poc w ' ifw�c.
In the sequel this distribution will referred to as Pareto(c, o). Figure 2.1 displays some
Pareto densities.

Suppose a job has been offered with wage w. The individual who receives the offer
has to choose between two possibilities: acceptance of the job, or rejection (in which case
search continues). His decision rule is supposed to be based on a value r, the reservation
wage, which depends on A, b, F and some discount factor p. The rule is supposed to be of
the form

J accept ifw�r
reject if w <r.

As a consequence of these assumptions, the reservation wage will satisfy the following

equation

Aroo
— J

(w — r)dF(w) = r — b. (2.2)

The proof of this relation is relegated to Appendix A. There is exactly one value of r
satisfying Equation (2.2) because (1) both sides of (2.2) are continuous functions of r (see
Appendix B): (2) the left-hand side is a decreasing function of r and the right-hand side

an increasing function of r; (3) if r = b the left-hand side is larger than the right-hand side.
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Figure 2.1: Pareto densities with scaling factors o = 2 and o• = 5.

Theory on reservation wages can be critized because the assumptions behind (2.2) are
questionable, and, more importantly, because the parameters ), b, c, o and, possibly, p
depend on the person who is looking for a job, while this person himself has no knowledge of
their precise values. More precisely, ), b and (c, a) (or F) depend on 'covariates' or, almost
equivalently, on the 'reference class' corresponding to a particular individual. For such a
class 'expected duration of unemployment' can be defined in the frequency-theoretic sense
and it is in this sense that such population characteristics can be applied to the individuals
in such a reference class. Questions concerning the wage distribution F and search time
can be discussed in the same way.

It was assumed that the wages follow the Pareto(c, o) distribution. Substitution of F
in Equation (2.2) gives,

J (w — r)c,cw'dw = r — b.
max(r,c)

This looks nicer than it is, even if the attention is restricted to a specific reference class
with typical values for the covariates. It sounds nice to make assumptions as done earlier

and to relate ), b, c, o to the reference class. The problem is, however, that the rule (2.2)
can only be implemented by the job-seeker if this job-seeker knows ), c and p. As this is
an unrealistic supposition, the job-seeker will have to guess. He even will not necessarily

0 20 40
K

no 80 100

(2.3)
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have r � c. Ignoring this inconvenience by assuming r � c, (2.3) reduces to

A r°° Aca
— I (w — r)acw("1)dw = = r — b. (2.4)
p Jr p(a — 1)r1

Notice that this expression provides an implicity definition of the reservation wage r (unless
b = 0). Recalling that c is an unknown parameter, what conditions should be imposed to
ensure r � c? All individuals in a reference class face the same c, hence c should be taken
not greater than the smallest r of all individuals in the class. Since every individual will
set r � b, c is required to satisfy b c r.

Recall the decision if a job is offered: the job is accepted if its wage is equal to or exceeds
the person's reservation wage, and rejected in all other cases. Job offers are assumed to
arrive according to a Poisson process with rate A. A person leaves unemployment in the
short interval (t, t + h) if and only if the job-seeker receives a new wage offer in the interval,
an event of probability Ah, and the reservation wage is exceeded, an event of probability
1 — F(r). Thus the 'hazard' function for leaving unemployment is 0(t) 0 where

8 = A(1 — F(r)), (2.5)

Hence the duration of unemployment t is distributed exponentially with parameter 0,
T E(0), see, e.g., Kalbfieisch and Prentice (1980). Under the Pareto assumption, Equa-
tion (2.5) can be written as

8 = A (f) = r(Ac'). (2.6)

In the sequel it is assumed that a is a constant. The other parameters c, A and r, however,
will be individual dependent. Hence 0 will have the same property.

2.2 The statistical context
An attempt is made to relate the theory of Section 2.1 to the data available. These were
reported in Section 1.2. Recall to mind that for n job-seekers outcomes of the following
variables were recorded:

- starting month of unemployment;
- closing month of study or of the period of unemployment;
- censoring variable (5) (0 if unemployment ended before the study, 1 if it

extends beyond the closing date October 1987);
- reservation wage (r);
- unemployment benefit (b);
- vector of covariates (Z) (see Section 1.2).

6
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By subtracting starting month from the second month number, the (censored) "survival"
time i E {O, 1,2,.

. .} is obtained. It describes the duration of unemployment if S = 0

and the duration until the end of study if S = 1. The actual survival time (or rather
unemployment time) t is equal to t if S = 0 but if S = 1 the only knowledge is that t > r.
If 5 = 0 the time until the study's closing date is also available. This can be useful in the
derivation of certain 'reduced-sample' estimates.

For every job-seeker the variables t, r, b and Z can be discussed though, unfortunately,
some observations are censored and many observations are simply missing. The theoretical
context should somehow express the effect of r, b and Z on t. One possibility to do so is
by compensating the lack of relevant information about .\ and F (or c and cr). This can
be done by incorporating some mathematical assumptions. The first one, originating from
Jones (1988), is that

log(.Xc) = Z3 + t, (2.7)

where Z is the row vector of covariates. /3 is a vector of regression coefficients and ti is an
error term which, like Z, will be individual dependent. The distribution from which the
error u is taken is supposed to be the same for all individuals. The assumption on the
conditional distribution of the survival time, given the individual with its specific vector
of covariates Z and error term u, is the exponential distribution with parameter 0.

\Vhat happens when these two assumptions are applied to the theory of Section 2.1?
Recall Equation (2.4). It was pointed out several times that this is an exact relation: any
parameter, e.g. r, is determined by the other ones. Hence, a testable model arises if it
is assumed that the job-seeker implements the reservation wage of Equation (2.4). The
model consists of assumption (2.7) substituted into Equation (2.4) and (2.6).

Suppose one is not willing to believe that the reported reservation wage will coincide the
choice of r determined by Equation (2.4). In that case it is useful to distinguish between
the choice of r determined by Equation (2.4) and the reservation wage actually reported.
The r from (2.4) is deterministic. It is assumed that the reservation wage R reported, is a
random variable and that

(2.8)

where ( is an error-term having mean zero and dispersion parameter r, e.g. a variance.
Recall to mind that T e.s E(0) implies OT E(1). Now substitute R for r into (2.6) and
use assumption (2.7), then the duration of unemployment t of a particular individual is
composed as follows

t = (2.9)

where ë is the outcome of E(1), u is a random disturbance and r is the outcome of R
defined in (2.8) (possibly with ( = 0). Of course the random variables whose distribution
is not yet discussed is postulated to follow a normal distribution. As a consequence, when
r the outcome of R, is substituted into Equation (2.4) the following relation has to hold

Z3 + u = log (p(cr — 1)r'(r — b)). (2.10)

When the reported reservation wage is modelled according to (2.8) a model arises consisting
of (2.8), (2.9) and (2.10).
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2.3 Recapitulating the models
In the preceding sections several ideas were developed with respect to the reservation wage,
the duration of unemployment, etc. These ideas have to be implemented in the form of
a statistical model such that the available data can be evaluated. This leads to the idea
that the model has to be sufficiently simple: parameters have to be identifiable, etc. On
the other hand it should not ignore basic features of the way the job-seeking process is
thought of.

Recall from Section 1.2 that the data actually available are very fragmentary. This
may hamper that implementation of any model but it will certainly lead to unresolvable
difficulties if the model is not sufficiently simple. In the present section where an overview is
given of some models, the fragmentary charcter of the data will be ignored. All models are
based on (1) the idea that the duration of unemployment has an exponential distribution,
given certain covariable valuesand error terms, and (2) the idea that wage offers follow
a Pareto distribution, again given the covariable values and certain error terms. The
relation (2.4) or some slight modification of it is always crucial.

Model 1

In this model the main assumption is that there is no distinction between the theoretical
reservation wage satisfying Equation (2.4) and the one reported reported by the job-seeker.
Also Equation (2.10) has to be valid. The model consists of the following relations

t = re'è,
z3 + u = log (p(o — 1)r'(r — b)).

where r is the reservation wage satisfying (2.4) and follows an E(1) distribution. Ta-
ble (2.1) gives an overview of the variables in the model. In Section 3.1 a method for

Observed variables t, z, r, b
Latent variables u, è

Random variables u, ë

Parameters /3, a
Postulated constant p

Table 2.1: Type of variables

parameter estimation will be proposed.

Model 2

This model compensates for the fact that the job-seeker will never report a reservation
wage equal to the theoretical one of Equation (2.4). A random variable R, defined as
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in (2.8), representes the reported reservation wage. The outcome r of R still has to satisfy
Equation (2.10). The model consists of the following relations

=
z/3 + u = log (p(o — 1)r1(r —

R = r+(.
Table 2.2 gives an overview of the variables. The variable follows the E(1) distribution.

Observed variables t, z. b, r
Latent variables u, ë, (
Random variables R, u, è, (
Parameters /3, a
Postulated constant p

Table 2.2: Type of variables

2.4 Gorter's model
Before proceeding with the estimation of parameters, some remarks should be made on the
model used by Gorter (1991), the report from which this research originated. The present
author has to admit the analysis is not fully understood and that is why the reader could
also he advised to skip to Chapter 3. Gorter's model consists of

z. + = log (p(a — 1)r'(r — b))

and of the expectation of the logarithm of

0 =

Rewriting (2.11) in the form

Z3+u_logp(a_1)_(a_1)logrlog(r—b) (2.11)

the idea is to use a Taylor expansion on the right-hand side:

log(r—b) =50+61logr+2logb+v, (2.12)

where v represents the higher order terms. Notice that the coefficients 6 can be otained by
partial differentiation, e.g. 62 = r/(r — b). Substitute (2.12) into (2.11) and rewrite this to

logr = 1 [—60—logp(c—1)—62logb+Z3+u—v]
62 + a —1

logr = constant + X— + Za + E,

9



where X = (log b, log c)' and the error term equals the sum of the error term u and the
remainder of the Taylor expansion v. A problem is that e is correlated with u.

The second equation of his model derives from Equation (2.11). He suggests that this
relation naturally suggests a logarithmic specification. Consider the expectation of the
logarithm of elapsed duration,

E(logtr,Z) = —'y + clogr — — E(ulr,Z), (2.13)

where ', is Euler's constant. The integral of this expectation f° e log tdt can be found
in Ryshik and Gradstein (1963). Assume E(uI.) = 0. The simultaneous equations model
used by Gorter is,

logr=constant+Xir+Zo+e, p214
logt= —y+ologr—Z/3—u,

which applies to every individual of which the variable end month of unemployment was

not censored.
\Vhile developing the Equations of (2.14), quite a number of difficulties presented them-

selves. If not enough, the data revealed censored observations. Gorter (1991) used a method
called two stage least squares, see e.g. Stewart (1991) or Johnston (1984); a method which
does not allow use of censored observations. Furthermore, one has to make use of approx-

imations.
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3 Statistical analysis: theory
In Section 2.3 two models were developed. The present chapter is concerned with a thee-
retical analysis. Recall from Chapter 1 that one of the goals of this report is that methods
of estimation should not suffer from censored observations.

For Model 1 of Section 2.3 parameters may be estimated via goodness of fit. In Sec-
tion 3.1 this method is elaborated.

The present section does, however, not elaborate on Model 2 of Section 2.3. The
parameters may be estimated using a method called Gibbs sampling. An introduction to
Gibbs sampling is the subject of Appendix C. Some remarks on its application to the
underlying model are relegated to Appendix D.

3.1 Testing the goodness of fit
Recall Model 1 from Section 2.3:

= (3.1)

z/3 + u = log (p(a — 1)r1(r — b)) . (3.2)

Here the subscript i (i = 1,... ,n) refers to the i-th individual which, incidentally, has z
as its (row) vector of covariates. The values p, r, b and Z1 are supposed to be known.
The unknown parameter a is supposed to be same for all individuals.

When the reservation wage was discussed, in Section 2.1 and in Appendix A. attention
was drawn that quite a number of assumptions were at the basis of it. In order to get an
impression of the tenability of the theory, the goodness of fit of the exponential distribution
can be tested. A goodness of fit procedure is a statistical test of a hypothesis that the
sampled population has a certain property. Define

= log (p(a — 1)r1(r — b))

If a is postulated, y, is observable. Using assumption (2.7) and Equation (3.1), /3 can be
estimated using the method of least squares.

In order to test the model, including a, 0, can be used because T1 E(O). If there were
no censoring (i.e. V2 = co), replace Ot 02t2 by eOts = p2 which, under the hypothesis, is
a sample from a uniform distribution on [0, 1]. Among others, the test by Neyman (1937)
applies.

In the case of censored observations, the distribution of T2 is truncated at Ov2 as in
Figure 3.1. Take all observations with 02v2 > k, for k fixed, and test whether the at k
truncated observations fit the exponential distribution. Note that the test consists of two

11



Figure 3.1: Density of an exponential distribution truncated at Ov1

parts. First, the empirical distribution function F(c) must fit P(T1 <c) = 1—e. Second,
the distribution of the spells given T2 < k is

F(t) = 1J(•
(33)

The in observations satisfying t < k are distributed according to (3.3). This gives a sample
of size m from a uniform distribution on the unit interval. The same tests apply as for the
uncensored observations.

12
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4 Statistical analysis: practice

4.1 Results
The present author had hoped to apply the theory of Chapter 3 but, unfortunately, the data
available is not satisfactory. Quite a number of the observations of the form t1, v1, r2, b, z
(i = 1. . . , n) are missing, especially from r and b. If observations are missing, then the
reason may often be of a non-random character and biased results will appear if proceeded
as if the scores were missing at random. This problem can be avoided if one first conditions
on the covariables Z1. However, the number of missing observations is quite large and
inference would be based on a small number of individuals. Table 4.1 gives an impression
of a few variables.

Variable # obs. mean st.dev.
r
b

r—b

81

83
43

1653
1055
678

615
329
492

t with censored obs.
j without censored obs.

327
248

6.9
5.9

4.8
5.4

Table 4.1: Overview of some variables

4.2 Conclusion
It was pointed out several times that the weaknesses of the equation for the reservation
wage are its underlying assumptions. The method of goodness of fit, applicable to Model 1
of Section 2.3 and proposed in Section 3.1, can give a hand in order to determine how well
the theory fits the data and for which values of o the theory may be valid. This may serve as
a start before any further analysis is carried out. Yet a disadvantage of this method is that
o has to be postulated instead of estimated. Methods of direct estimation are availabl$,
however. Gorter (1991) uses two-stage least squares which has the disadvantage that it
does not provide the means to use censored observations. Other methods can be sought in
the atmosphere of survival analysis; Kortram et al. (1995) may serve as an introductic L.

Problems concerning missing observations are discussed in Leunis and Altena (1996). T e
present author, however, recommends to test goodness of fit before proceeding with a y
further analysis.
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For Model 2 of Section 2.3 Gibbs sampling may serve as a start for paramater estima-
tion. Presently the author cannot overlook the quality of the use of this method. Further
research is needed in this direction.
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A The reservation wage
An optimal policy for either accepting or rejecting a job offer will be given though the
policy cannot be regarded as more than an idealization, a theoretical contruction. The
underlying assumption that the job-seeker knows his ), F and p is the weak point of this
theory. Let p be a discount factor such that one unit of money at time t has a value of e
now. Assume that offers arrive according to a Poisson process with rate ), inter-arrival
times are distributed exponentially with parameter \. The benefit per time unit (now) is
denoted as b and supposed to be constant in time and i denotes the outcome of T, the
seeking time from now (t = 0) till the first time a job offer appears. Let I be the expected
future income (at t = 0).

Suppose at time t an offer is made implying a wage w, obtained by drawing from some
distribution F. The enjoyed benefit till that time is worth now

be3ds.

Moreover, the return of the offer equals

f f°° we3ds = if the offer is accepted,
j if the offer is rejected.

This implies that a job is accepted by a rational person who 'knows everything', if > I
or, equivalently, if w > r where r = pI is the reservation wage. The size of the wage offer
It' and the seeking time T are assumed independent though this questionable. Then the
expected revenue now is

T WI = E (J bC3ds + max {_, i} e_$T)

= + [(max {, i} -) cPT]

= + (E max {, I}
-

ECPT

= — + E max —, I — — . (A.1)
p ' Ip ) pJ;+p

This expression is computed as follows. Note that

0 ifc<I
P(max{p IUI} <c) = P(It' <pc) if c> I

0 ifc�I
= F(pc) if c>I

15



Next the expectation becomes

E max {p' ii:. i} = IF(pI) + j cdF(pc)

= IF(r) + p1 j wdF(w)

= I — 1(1 —F(r)) + p' j wdF(w)

I + p' j (w — r)dF(w) (A.2)

Substitution of (A.2) into (A.1) gives

i-+ (I+J(w_r)dF(w)_
p \ r pj)+p

or, equivalently,

fJ

___

1 [(w—r)dF(w)\\+p) p\\+pJ \+ppJr
which reduces to

Ip—b= j(w_r)dF(w)

and, hence

roo
r—b=

—J
(w—r)dF(w),

which is exactly Equation (2.2).

16



B Some continuity properties
To establish the continuity of fr°°(W — r)dF(w) as a function of r it is required that the
expected wage f wdF(w) is finite. Next the argument is that

j(w — r)dF(w) = j(w — r)I(,)(w)dF(w)

where (w — r)I(,)(w) is a continuous function of r. In fact it is a uniformly continuous
function and, hence, the integral is continuous (because f°° dF(w) < oo).

Another argument is that if r —p r the functions (w — Pn)I(rn,)(W) converge pointwise
to (w — r)I(,)(w) while wI[o,)(w) is an integrable upper bound.

17
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C Introduction to Gibbs sampling
Several articles and books give an introduction to a method called Gibbs sampling. El-
ementary introductions are given in Casella and George (1992) and Tanner (1993). The
introdution used here originates from Gelfand et a!. (1990). Remarks on censoring are
from Smith and Roberts (1993), Gelfand et al. (1992).

C.1 Stating the problem
In Bayesian statistics parameters are regarded as outcomes of random variables the distrib-
utions of which are postulated. As a consequence, parameters observed and latent random
variables are all regarded as random variables and the joint distribution is regarded as
known though it is more or less a matter of postulating the density f(tzi,.. . , tz). If one
is interested in a particular parameter, say u, then one will first have to incorporate the
information available. This can be modelled by regarding Uk+1,. . . , u,, as observed values.
The effect is then that the conditional density

f(ui,.. . ,u,)f(u1...uk)=ff)dd
is considered for fixed observed values uk+1,. . . , u. Suppose that such posterior density is
available and the marginal density of the first coordinate is of interest

f(ui)=J...Jf(ul,u2,...,uk)du2.duk. (C.1)

Calculation of (C.1) might not always be possible since a primitive might not exist or the di-
mension is simply too large. The Gibbs sampler allows to generate a sample U11,. . . , Uim

fi(ui) without requiring fi. By taking the sample large enough, characteristics of f()
can be calculated to the desired degree of accuracy.

C.2 The Gibbs sampler
For a collection of random variables with density f(u1, u2 Uk), the full conditional
density of u,, given the remaining variables, is denoted by f,(ualur,r s), s = 1,...
and the marginal density is denoted by f, s = 1,2,. . . , k.

Consider the following problem. Suppose it is possible to draw random samples of

U5 from fs(usIur,r s) for specified values of u, r s = 1,2,... ,k. Can an iter-
ative scheme be found that enables one to make sample-based estimates, f, say of the
marginal densities f(.), s = 1,. . . , k? The question can be solved as follows. Given

an initial set of values draw u1 from fi(uiIu°,. . then U' from
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(1) (0) (0) (1) (1) (1)
f2(u21u1 , u3 ,.. . , tt ), and so on up to Uk from fk(tLkItLi ,.. . to complete one
iteration of the scheme. After t such iterations one arrives at a joint sample (Ut),. . . , Up).

(t) (t) dGeman and Geman (1984) showed that under mild conditions (U1 ,. . . , U, ) — (U1,.. . , U)
f(ui,. . . , u,) as t —* 00. Hence for t large enoug, U,(t) for example can be regarded as a
sample variate from f,(u3). If this process if replicated in parallel ni times, iid k-tuples

= 1,2,...,m result.

Inference for U3, like center and dispersion, can be calculated directly via the A

kernel density estimate for f(u3) based on the can be obtained readily and should be
adequate if the number of replications, m, is large enough.

In the Bayesian context the U4 are the unknown model parameters (or possibly unob-
served data) of interest. All distributions are viewed as conditional on the observed data,
thus the marginal densities, 1(u,), become the desired marginal posterior distributions of
the parameters (or unobserved data).

So far as ease of drawing samples from the complete conditional distributions is con-
cerned, in many cases the likelihood and prior forms specified in the Bayesian model lead
to familiar standard full conditional forms, such as Normals and Gammas, and implemen-
tation is immediate.

C.3 Censoring in the Gibbs sampler
\Vhen the problem at hand contains censored observations, the missing data should be
reintroduced as further unknowns, additional to the unknown model parameters, into the
Gibbs sampler. Let z = (yi,... . . ,y) denote the intended data but only y =
(yi,. . . ,y3) has been observed, they' (ys+i,. . . ,y,) are subject to right censoring with
outcomes 1' � y, j = s+ 1,. . . , n. Under the underlying censoring mechanism the posterior
will be of the form,

f(ul,..,ukIV,y) o flf(y1Iu1,..,uk) ft Jf(yjIu1,..,)dyjf(u1,,u (C.2)

with l' = (V3÷1,.. . ,V,). Typically, the unkown model parameters Ui,... ,Uk, given by
f(ui,.. . , u,cy) will be messy, whereas the intended posterior f(ui,. .. , u,z) will be a
tractable form. So, instead of deriving the full conditionals from (C.2), the censored
observations are introduced as further unknowns, the corresponding full conditionals have
the form,

f(ui,. . .,ukIV,y,y') = f(ui,. . . ,ukly,y'),

f(y'IV,ui,.. .,uk,y) = f(y'Iui,. ..,uk,V) = ft J f(ylui,.. .,uk)dy.
j=s+1 '

The first of these is just the joint posterior which would have appeared if there had been
no censoring. The second is just the joint distribution of the censored observations, given
u1,. . . , u. Random variate generation from the former will typically be straightforward;
generation from the latter reduces to sampling from the truncated distribution.
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D Estimation via Gibbs sampling
The original goal of the present section was to develop a Gibbs sampler for estimating of
the parameters and o, using Equations (3.1) and (3.2). The idea for estimating /3 used
here originates from Gelfand et a!. (1990). Other examples of Gibbs sampling are Baks
(1995) and Gelfand et a!. (1992). A review of Gibbs sampling is given in Appendix C.

The Gibbs sampler without censoring

Apart from the unknown parameter a, the right-hand side

= log (p(a — 1)r1(r — be)) j = 1,... ,fl (D.1)

of (3.1) is observable. Then (3.1) can be interpreted as a model of linear regression

y=Z3+u (D.2)

where y is a n-dimensional column vector and Z is a n x 7 matrix defined as

y1 Z1

Y2 Z2
Z=

yn Zn

For the sake of convenience it will be assumed that u1,. . . , u, in (D.2) are outcomes of
independent random variables U1,. . . , U having the H(0, l/r) distribution.

If a would be known then the usual theory of least squares applies, see e.g. Hendriks
(1996). Equation (3.2) is exploited to obtain information about a.

Recall that the uniformly minimum variance unbiased estimator for /3 in the linear
model y = Z3 + u, equals 3 = (Z'Z)'Z'y with u iid .A1(0, 1/r). The dispersion matrix
of 3 is given by (1/r)(Z'Z).

Assume 3 originates from a seven-dimensional (the number of covariates observed on

one individual) multivariate normal distribution X' (z, E). This is exactly the weak point
of this method. When it is possible to estimate the vector /3 via an UMVU estimator,
it is undesirable and unnecessary to assume some multivariate distribution. The present
author does not believe that Gibbs sampling is the answer to the question of estimation in

the underlying problem.
Under the multivariate normal assumption, the question of interest on mean and dis-

persion of /3 moves towards estimation of p and E. A hierchical Bayesian approach requires
specification of the priors for r, p and E. The priors are assumed independent and to have
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a Normal-Wishart-Gamma form,

p(p) —

p(E') —' W((sR)',s), (D.3)
p(r) "-' g(v0,vow0).

For determination of the posterior distribution of iz consider its estimator /3. Then, by
Theorem F.3, the posterior distribution of i equals,

p(,tIfl, r, a, DATA) .N((E1 + C_l)_l(E_h/ + C'), (_1 + C1)'). (D.4)

Now assume that the /L sampled from (D.4) is the exact z from /3 's .A((p, >.). Under
this assumption theory on multivariate analysis (e.g. Theorem 7.2.2 of Anderson (1984))
provides [(/3 — i)(/3 — p)']' W(E', 1). This result and the prior (D.3) for give the
posterior of E when applied to Theorem F.4,

p(FJ'Ip,/3,r,a,DATA) w ([sR+(/3—i)(fi_)'] ',s+ i). (D.5)

Remains the precision r. The model y .(Z3, 1/r) consists of exactly n (the dimension
of Z3) normals with precision r. The prior (D.3) applied to Theorem F.5 results in the
posterior

p(rIE',, 3, a, y, DATA) (vo + , vow0 + (y — Z3)'(y — Z3)). (D.6)

For the estimation of /3 the posteriors have now been deduced expect for the hyperpara-
meters ij, C, s, R, v0 and w0; they are left for specification of information provided by the
data.

Recall from Equation (D.1), y was observed apart from a, the scaling parameter of the
Pareto(c, a) distribution. How to estimate a using the Gibbs sampler?

As a start, try reasoning straightforward. To make life more pleasant, take f(wIc, a)
Pareto(c, a) for i 1,... , n (i.e. all individuals face the same parameter c). Then the joint
distribution equals,

p(w1,. . . , wc, a) = IT acwI[00)(wi)

= a'1 (H ) (ii
Following Zeliner (1971), a noninformative prior is assumed for a, f(a) 1/a,O < a < oo.
This results in the posterior

( log(wi,. . .

21



Unfortunately, this distribution depends on the unobserved quantities w1, . . . ,w,,, the
wages accepted by the different job-seekers, and c. Despite its nice form, this posterior
isn't of much help.

Here's another approach to the estimation of a. According to Equation (3.2), the
durations of unemployment, t1, are distributed exponentially with parameter

= re', i = 1,... ,n. (D.7)

Suppose 0 is given the prior g(p10, qo). Then, by Theorem F.6, the posterior p(t02) is a
c(i0 + l,q1o + t1) distribution. \Vhen a draw from this distribution replaces 0 in (D.7), a
can be solved in this equation for the ith individual.

The overall value of value of a is estimated by averaging all a's solved as mentioned
above.

Censoring in the Gibbs sampler

Recall that one of the targets of this report is to develop methods of estimation insensitive
to censored observations. However, when the Gibbs sampler was specified for /3 and a,
observations were assumed to be observed completely. Presently, the aim is to extend
the Gibbs sampler to the case of right censored observations. The concept of the use of
censored observations in the Gibbs sampler is given in Appendix C.3.

Consider again the n individuals; of some the duration of unemployment has been
observed, the remaining ones are right censored. The idea is to introduce the incomplete
durations as unknowns in addition to the parameters presented when only uncensored
observations were considered. The Gibbs sampler will have an additional part to sample
durations for censored observations. The estimation of /3 and a will be carried out using
both observed durations and sampled ones.

\\'hat is the form of this additional part? Recall the exponential parameter for the
duration of unemployment (D.7). For /3 and a postulated, 0 only consists of observed
quantities. For the censored survival times t, (5 = 1), from Section 2.2, the duration t1
is sampled from a trunctated exponential distribution with parameter 0, restricted to the
range t1 � t.
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E On the simulation of some multivariate
distributions
For generating Wishart distributed random matrices, the following algorithm, which orig-
inates from Odell and Feiveson (1966) was implemented.

Algorithm E.1 Given a p x p covariance matrix R in a factored from R = CC', a sam-
ple si: N, a sequence of independent standardized normal random variates {N; i =
1,2,... ,p,j = 1,2,... ,p,i < j} and a sequence of independent x2 variates {%<j,j =
1,2.... ,p} where for each j has N — j degress of freedom; then a sample covariance
Ifl Girl!

St = A/N where At = CBtC'

can be generated by computing the elements b of the p x p symmetric matrix B uhf

IT
U11 = V1,

j—1

= V+V j=2,3,...,p,

=

= i <i =

Note that a disadvantage of this algorithm is that every element of the sample covariance
matrix has to be computed separately. By symmetry, for a p x p matrix p2 — p(p + 1)
p(p — 1) calculations are necessary. Hence the implementation is of order O(p2), though
independent of the sample size N on which the maximum likelihood estimator R of the
covariance matrix is based. The following implementation is for use in 5+ and generates
a sample of size 1 of a W(R, N) distribution.

rwishart <— function (vmat,ssize,tol = le—07){
p <- ncol(vmat)
if(max(abs(vmat—t(vinat)))>tol) stop("vmat not symmetric")

svm<- svd(vmat)

msqrt<-svm$v '/.*Y. (t(svm$u) * sqrt(svm$d))
N<-matrix(rnorm(p*p) ,nrow=p)

V<—rchisq(1 , ssize—1)
W< -di ag (p)
w[1,1]<—v
for (i in 2:p){
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V<-cbind(V,rchisq(1 ,ssize—i))

W[i,i]<—V[i]+sum((N[1:i—1,i])2)
W[1,i]<—sqrt(V[1])*N[1,i]

W[i,1]<—W[1,i]

j <— i+1
while(j<(p+1)){

W[i,j]<—sqrt(V[i])*N[i,jJ+suin(N[1:i—1,i]*N[1:i—1,j])

W[j ,i]<—W[i,j]

j <— j+1
}

}

ans<- (msqrt •/•*'/• W %*'/• !nsqrt)/ssize
return(ans)

}

The parameters for this function are a covariance matrix (vmat) and the sample size
(ssize). The output is a p x p matrix. Note that the order 0(p2) is exposed by a while-
loop nested within a for-loop. For decomposing R = CC', a singular value decomposition
is used.

For generating multivariate normals with given mean and covariance matrix, 5+ sup-
plies a routine in one of its examples. The idea behind the function is that if X .A(p, E)
then (X — p)Y'12 .\;(o, In). The following implementation draws a sample of size n
from a .A,(p, ) distribution.

rmultnorm <- function(n, mu, vmat, tol = le—07){
p <- ncol(vmat)
if(length(mu) ! p) stop("mu vector is the wrong length")

if(max(abs(vmat—t(vmat)))>tol) stop("vmat not symmetric")
vs <- svd(vmat)
vsqrt <— t(vs$v %*7• (t(vs$u) * sqrt(vs$d)))
ans <- matrix(rnorm(n * p), nrow = n) '/,*% vsqrt
ans <- sweep(ans, 2, mu,

dimnames(ans) <— list(NULL,
return(ans)

}

The parameters for this algorithm are the size of the sample to generate (n), the mean
vector (mu) and the covariance matrix (vmat). The output is a n x p matrix where rows
correspond to the different samples and the columns to the elements of u.
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F Theorems needed for the Gibbs sampler

F.1 Some results from matrix algebra
Some proofs will be presented here, needed to establish the Gibbs sampler.

Theorem F.1 for square, invertible matrices 4 and E,

— 'I(F + N'EY1 = (I' +

Proof:

— cI( + N1E) = + N'E)1( + N) — + \T1)_1
=

= +N'E1NE
= ((( + N_11N_1E)')

= (NE-'( +

= (_1 + ]vi:_l)_l

which is the desired result. 0

Theorem F.2 for square, invertible matrices I and , and vectors x and ii,

+ E] x + + u = (' + 1V 1)'(NE'x + 'v).

Proof: start by noticing that Theorem F.1 yields the following two equalities,

( + = — ' (' + NE')' '
( + N's)' = NE1 — NE' (4_1 + NE')1 N'

Substibtution into Equation (F.1) and solving gives

(i — (_1 + NE_l) 1 _i) x + (i — (_1 + NE_i)1 NE1)

= x +
— (' + NE_l) (x + NE'v)

= (_1 + E1)' ((_1 + NE_l) (x + v) — — NE'z)

= (-I + V')' (NE'x + 1v)
as was to prove. 0
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F.2 Two theorems on multivariate posterior distrib-
utions

To establish the Gibbs sampler in Section D, some posterior distributions of multivariate
distributions were needed. Here they are stated.

Theorem F.3 Ifs,,... ,xN are independently distributed, each x according to .A(p,Y2)
and if /L has an a priori distribution H(v, ), then the a postreriori distribution ofu given
XI,...,XN S

A' ( ( +
1)-i

+
1

(4' + z',4' — 4'(4' + N_1E)-14')

((4'' + A1)'(NE—1 + 4'—1v), (4'' + NE—')—')

The proof can be found in Anderson (1984), Theorem 3.4.5. The equivalence follows from
Theorems F.1 and F.2.

Theorem F.4 If A—' has the distribution W(E',n) and E has the a priori distribution
W('Ji',m), then the conditional distribution of E' is W((A + 'J/)1,n + m).

This actually is Theorem 7.7.2 in Anderson (1984) though stated in a different way using
Theorem 7.7.1 from the same reference.

F.3 Posterior distribution of a Normal sample with
known mean and unknown precision

Theorem F.5 Suppose an iid random sample is available f(x,,... , x,r) ' .A(,u. 1/r),
with t known. Suppose that the precision r is distributed according to a Gamma distribution
c(, 3) with density,

f(r) = F(a)Te1(oIT) (F.!)

then the posterior density f(rlx,,. . . ,x,) is distributed g(c + n,13 + ns2) where 2 =
(1/n) —

Proof: the joint density of xi,.. . , x, looks like,

x =J' I,..., n /

= (_r_)

= ()eT2,
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since 2 is sufficient for r. Then the posterior distribution f(rIxi,. . . , x,) can be found by
writing down the joint density of x1,. . . , x, and r and dividing by the marginal distribution
of x,

— f(xi,. ..,xIr)f(r)f(rlxi,. . .,x,) — f(xi,.. . ,x,)
(z_)

2,r F(a)

(L) f
+n-1 6—r(.ns2+f3)

= f T1e2fh+dr
ra+_1e_T(32+

r(+n)
(s2n+3)0+/2

(1 2 ,2\a+1fl= 3 fl -r- 2 T2nhe12fl3+
F(o+n)

g(o+n12,ns212+fl),

as was to prove. 0

F.4 Posterior distribution of an Exponential variable
with Gamma distributed parameter

Theorem F.6 Suppose a random variable T is distributed (9) Suppose also 9 is distrib-
uted according to a Gamma distribution c(c, 3) with density (F.1). Then the posterior

density f(OIt) is distributed Q(c + 1,8 + t).

Proof: the posterior density equals

f(OIt)
= 1)

Oe_Ot I3°cv—I
— f 9e_°(')F(c) 0

9 e°(0)
— r(c+1)

(t+13)a+l

H L
— '

— F(o+1)' g(+1,/3+t)

as was to prove. 0
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