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Introduction

A wide range of problems in number theory is concerned with so called Dio-
phantine problems. These are the kind of problems in which you look at
a polynomial equation with rational coefficients and you wonder whether
there exist any rational solutions and if so, whether you can find all these
solutions. In this paper we will look at an algorithm which could give us
some information about the rational solutions to a certain type of Diophan-
tine equation.
The main subject of this paper will be the problem of finding the rational
points on the Jacobian J of an hyperelliptic curve C of genus 2, which is
defined over Q. This problem is correlated to and motivated by the problem
of finding the rational points of this curve C. Because there exists an easy
embedding of the rational points of C into those of J and because there
exists an easy way of representing the rational points of J, we can, with suf-
ficient knowledge about J(Q), in principle find the rational points of C. We
denote the set of rational points of C and J by C(Q) and J(Q) respectively.

In this paper we will restrict ourselves to the class of curves of genus 2
defined over Q, whose affine part, the Diophantine equation, is given by the
model:

y2 = f5(X),

where f is a monic polynomial of degree 5 in Z[X], with distinct roots.

In the rest of this chapter we will define some elementary notions concerning
divisors and we will introduce J(Q). Notice that for our problem we only
need this group and not the variety J itself. So we restrict ourselves to the
introduction of J(Q) and J() and leave the Jacobian a mysterious object.
In chapter 2 we will turn our attention to the quotient J(Q)/2J(Q). We
use this quotient for computing the Mordell-Weil rank. Computing it this
way is called the 2-descent method. The main object of chapter 2 and 3
will be the development of an algorithm as exposed in [10] and we will con-
sider its theoretical background. In this algorithm we will actually compute
J(Q)/2J(Q), embed this in a direct sum of fields in which computing is
slightly easier and lift this local information to Q. This results in the di-
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INTRODUCTION 3

mension and the generators of the so-called Selmer-group. This computation
gives us an upperbound for the Mordell-Weil rank of the group of rational
points on the Jacobian. And with a bit of luck this Selmer-group even turns
out to be equal to J(Q)/2J(Q). In that case the algorithm gives us the
Mordell-Weil rank of J(Q).
In chapter 4 we will try our luck by applying the algorithm to the curve
Y2 = (X2 — 4q2)(X2 — q2)X, with q a prime. We will see that a classifica-
tion of q modulo 24 gives information of the number of points on this curve.
For the main result we refer the impatient reader to theorem (4.3.4).



Chapter 1

Elementary notions

1.1 ThecurveC
As we already mentioned, we will restrict ourselves to the class of curves of
genus 2 whose affine part is given by the model:

y2 f5(X) = a0 + a1X +••• + a4X4 + X5, (1.1)

with f a monic polynomial in Z[XJ, and with distinct roots. Over Q, we
have that f5 splits as f5(X) = fl1(X —a,). Throughout this paper ct will
denote a root of f in Q. The corresponding points (a,, 0) on C will always
be referred to as P1.

We have that model (1.1) is an affine model, so it doesn't tell us what
happens at infinity. Therefore we look at the birational transformation

Y 1
(1.2)

After dividing the equation by x6 the model (1.1) transforms into (1.3):

2=?i(ao775+".+a47i+1). (1.3)

If x -4 oo then i —+ 0. This gives us in (1.3) exactly one point at infinity,
namely (t) = (0,0). This point will be denoted as oo. Notice that this

point at infinity is a point over Q, which gives us oo E C(Q), so there exists
at least one rational point on C.
The points P1 and oo are called the Weierstrass points of C.
Furthermore we see in general that once we have a point (x, y) on this curve
C, then we also have (x, —y) on C. This gives us a bijective map on C, the
hyperelliptic involution, ': C —* C, which is given by : (z,y) '— (x, —y).

1.2 Divisors on C
We are interested in the computation of the rational points on the Jacobian.
To be able to define this object, we first need to introduce divisors. In
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1. ELEMENTARY NOTIONS 5

this paragraph, we give some elementary notions and notations concerning

divisors.

Definition 1.2.1

(i) We define a divisor on C as a finite, formal sum

D = np[P], (1.4)

PEG

with np E Z and finitely many np 0.

(ii) Let D be a divisor on C, given by (1.4), then we call the set {P C I
flp O} the support of D, denoted by Supp(D). Moreover we define

the degree of D as
deg(D) np.

PEG

(iii) We denote with Div(C) the set of all divisors on C and with

Div°(C) = {D Div(C) I deg(D) = 0},

the set of divisors on C of degree 0.

We can now define the divisor of a function. Therefore we need the intro-
duction of a function field and a notion of order.

Let C[X, Y] h = — f5(X), then we have that h is irreducible. We
can see that as follows. All zeroes of f5(X) are simple, thus if p(X) is a
prime divisor of f5(X), then p(X) %1, (p(X))2 %f5(X), thus h is Eisenstein
and hence irreducible.
Let now C(C) = V(h) := {P E C2 I h(P) = 0} U {oo}, then we have that its
function field is C(C) = Quot(C[V(h)]), where C[V(h)] = qx, Y]/(I(V(h))).
(We use the notations I and V as in [8].)
Because of the irreducibility of h, we have rad(h) = (h) ([8], pp. 54) and so
it follows with the Nullstellensatz that I(V(h)) = rad(h) = (h).

This gives us V(h)] = C[X, Y1/(h). Thus the function field is C(C) =
Quot(C[X, Y]/(h)) = C(X)[/f5(X)].

Let P E C(C). If (P) = 0, then f5(P) 0, because f5(X) has dis-

tinct roots. Thus for P C(C), we never have that Y(P) and (P) are
both 0, thus

rk( XP) = rk( 2Y)(P) = 1 VP E C(C).
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Henceforth C is smooth everywhere.
This implies that we have a valuation ring at every point P, which comes
from the affine coordinate ring and is given by

Oc,p = {f E C(C) f = fL,11,j2 C[C],f2(P) O}.

We can make an order-function ordp on this ring.
Let's assume P E C(C) and P $ 00.

(i) P is not a Weierstrass point. In this case we have that (X — X(P))
is a maximal ideal in Oc,p. We can see this as follows.First no-
tice Y (X — X(P)), otherwise f5(X) =Y2 (X — X(P)), which
contradicts the assumption that P is not a Weierstrass point. Fur-
thermore an arbitrary element in Oc,p is given by , where fi =
(X — X(P))g(X,Y) + Y — a. This implies that (X — X(P), ) =
(X — X(P), Y — a). Now we have that if a Y(P), then y E Oc,p,
hence (X — X(P),Y —a) = Oc,p. If a = Y(P), then we have that
(Y — a)(Y + a) = V2 — a2 = f5(X) — Y(P)2 E (X — X(P)) and now

E 0c,p, hence Y—a (X—X(P)) and thus (X—X(P),Y—a) =
(X-X(P)).
For every element 0 fi e C[C] we have a unique decomposition of Ii
of the form fi = (X — X(P))'2g, with g E C[C},g (X — X(P)),n
N0. Moreover if fi (P) 0, this n is 0. Thus for an f = E Oc,p, we
have auniquedecompositionf = with g,f2 (X—X(P))
and n E No. We define the order off at P to be:

ordp(f) := n.

(ii) P is a Weierstrass point. Over C we have that f decomposes as
f5(X) = fI=1(X — a1). We know that P is a Weierstrass point,
thus it is of the form P = (a1,O), say for simplicity P = (ai,0). In
this case we don't have that (X — a1) is a maximal ideal, instead
we have that (Y) is a maximal ideal, with X — ai E (Y), because

2 5

___________

V = f5(X) = — a1) . X — a1 = fl5_2(X-a
We can write every 0 f E Oc,p uniquely af = fl9, with g (Y).
and n E No. Now we define the order at P off by:

ordp(f) := n.

Note that we have that ordp(X — a) = ordP(fl5 )) = 2.

For all P we define ordp(0) = co. Let now C(C),f,g E qc],g 0,

then we can extend the map ordp to C(C), by defining

ordp (Li) := ordp(f) —
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Remark 1.2.2 Notice that, because we explicitly wrote our maximal ideals
in terms of principal ideals, we have found uniformizers at all points P 00.

A uniformizer at P is a function f e C(C) with ordp(f) = 1. So for Weier-
strass points P we have that V is a uniformizer and for non-Weierstrass
points P we have that X — X(P) is a uniformizer.

Finally we define the order at P = oo, for this point we will use the transfor-
mation (1.2), which we also used to obtain model (1.3) out of model (1.1).
We already saw that oo in the latter model corresponds to (0,0) in the
former. Thus we define

ord(f(X,Y)) := ord(oo)(f(., —s)).

Notice that oo is also a Weierstrass point. As in the case of the Weierstrass
points above, we get as a uniformizer and again we have ord(o,o) (ii) = 2.
This gives us for every P E C(C) a map

ordp : C(C) —+ Z U {oo},

with the properties:

0 '—÷ 00,

ordp(flf2) = ordp(fl)+ordp(f2),
ordp(fj + 12) � min(ordp(fl),ordp(f2)).

And the useful property

ordp(f)=O, (1.5)
PEC(q

which is proved in [7], lemma 1.1, because we can see a smooth curve as a
compact Riemann surface.
With all this we can define the divisor of a function, a principal divisor, as
follows.

Definition 1.2.3 Let f E C(C) be a non-constant function, then we can
associate with f a principal divisor, notation div(f) or (f), by:

div(f) = ordp(f) [PJ.
PEC

We denote the set of principal divisors as

Div(C(C)) = {(f) I E C(C)\C}.
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Because of property (1.5) we have that a principal divisor is of degree 0, and
henceforth Div(C(C)) C Div°(C). This Div(C(C)) is a group.
The next proposition illustrates the explicit computation of a principal di-
visor.

Proposition 1.2.4 Let P = (x, y) C and let f C(C) s.t. f = (X —

then we have (f) = [P] + [(P)] — 2[oo].

Proof. First suppose that P is not a Weierstrass point. Then we know
that 1(Q) = 0 X(Q) = x Q {P,(P)}. In the definition of the
order function we saw that X — x is a uniformizer at P and henceforth
ordp(X — x) = 1. The same is true for (P), thus ord(p)(X — x) = 1.

With (1.2) X — x transforms in 4 — x = 4(1 — xv), which has order —2 in
(0,0), thus ord(X — x) = —2. For other points (v,w) C(C) we have
that the order at Q of (X — x) is 0, because X — v XX — x and V ,fX — x.
Henceforth (f) = [P] + [.(P)] — 2[oo].
If P is a Weierstra.ss point, then the only zero of X — x) is P and ordp(X —
x) = 2, hence (X — x) = 2[P] — 2[oo]. Moreover we have in this case that
P = ço(P), hence we get (X — x) = [P] + [(P)] — 2[oo].

Suppose we have a function f E C(C) and D = PEG np[P] a divisor s.t.
the support of D is disjoint from the support of (f). Then we define the
evaluation of f at D by f(D) := flPEc(f())• And we have for this kind
of evaluation the Weil-reciprocity.

Theorem 1.2.5 (Well-reciprocity) Let f,g C(C) with the support of
(f) disjoint from the support of (g) then f((g)) = g((f)).

Proof. For a proof see [12], chapter 2.

1.3 The group J(Q)

Because the group of principal divisors is a subgroup of the group of divisors
of degree 0, it makes sense to define the Picard group (over C) as:

r 0

Pic0C' Div(C(C))

Actually we will only be looking at the Picard group over a closure of Q.

Finally we can define the group J(Q) of the curve C. It is the group consist-
ing of all elements in Pic°(C) over , denoted by Pi4(C) that are invariant
under the action of the Galois-group G = Gal(Q/Q).

J(Q) := (Pic(C))G. (1.6)
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Similar, we can define J(K) for a field K over Q as

GaI(Q/K)
J(K) := (Pic(C))

We see that Pic(C) = J().

Expression (1.6) looks rather complicated, but there is a theorem which

gives the group J(Q) a more friendly appearance.

Theorem 1.3.1 For the class of genus 2 curves whose affine model is given

by (1.1), we have:
(Dit(C))G

Div(Q(C))

Remark 1.3.2 Actually this theorem is true for curves of genus 2 in gen-
eral, but this is rather hard to prove. In our case we always have a point
over Q, which is not true in general. It is exactly this property which saves
us from real difficulties. However, for the proof of this theorem we have to
wait until the development of some group cohomology in the next chapter.

To clearify notations concerning the computation in the Picard group and
in J(Q), we introduce linear equivalency of divisors.

Definition 1.3.3 Let D1, D2 E Dit(C), then we call D1 and D2 linearly

equivalent over a field K C , denoted by D1 K D2, if there exists an
f E K(C), s.t. D1 — D2 = (f).
Notice that when we just say 'linearly equivalent', we mean 'linearly equiv-
alent over Q'. Also we denote linear equivalence over Q by i—'.
We see, e.g., that from proposition (1.2.4) it follows that —[P] '. [(P)] —

2[ooj. And if P E C(Q) we even have —[P] --' [p(P)] — 2[oo].

The new expression for J(Q) in theorem (1.3.1) enables us to describe the el-

ements of J(Q). We see that if we have two elements D1, D2 E (Div(C),
then they represent the same elements of J(Q) if and only if they are linearly
equivalent. Moreover we see that every element in J(Q) can be represented

by a D1 E (Div(C)Y?. This is more than we know a priori. We only knew

'.-. a(D1) for all a e G. The theorem states that there always is a
representation in (Div(C).

Instead of the somewhat confusing notation for an element D1 + (Div(Q(C)))
E J(Q), we denote this element simply by D1. And if D1 and D2 are the
same element in J(Q), then we denote this as D1 .— D2.

With this information we want to describe the elements of J(Q) more prop-

erly.
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Proposition 1.3.4 Let P,Q E C(), P Q and let D e (DitP(C))G, s.t.
D [P] + [QJ — 2[ooj. Then we have that either P,Q E C(Q(v)) with
d E Q*/Q*2 and Q = a(P) for a the non-trivial element of Gal(Q(s./i)/Q),
orP,QEC(Q).

Proof. D is G-invariant, so for every a E G, we have a(D) = D. Moreover
D [P] + {Q] — 2[oo], hence there exists an f Q(C), s.t. —D + [P] + [Q] —

2[oo] = (f). Because f = a(f), for all a E G, we also have a((f)) = (f) for
all a e G. Hence [P] + [Q] — 2[ooj = a([P} + [Q] — 2[oo]) = [a(P)] + [a(Q)] —
2[oo]. This implies that

[PJ + [Q] = [a(P)] + [a(Q)] Va E G. (1.7)

Now there are two possibilities: either a(P) = P for all a E C or there
exists at least one a E C with a(P) = Q.
In the former case we have P,Q e C(Q), because a(P) = P and a(Q) = Q
for all a E C.
In the latter case we consider the a's with a(P) = Q. According to equation
(1.7) we have for such a's that a(Q) = P. This implies that for all extensions
K of Q we have that P E C(K) Q E C(K). This smallest extension
K for which P E C(K) with this property is at least quadratic, because
P C(Q), but also at most quadratic, because otherwise there would exist
a a E Gal(K/Q) C C, s.t. a(P) is neither P nor Q, which contradicts
equation (1.7).
Thus there exists an extension K of Q, s.t. P, Q C(K), with [K : Q] = 2,

which gives the desired result: indeed P, Q E C(Q(V'd)), d E Q /Q*2 and
a(P) = Q for a the non-trivial element in Gal(Q(v')/Q). 0

Theorem 1.3.5 Let C be a genus 2 curve, whose affine part is given by
model (1.1), and let D J(Q). Then we have that D [P] + [Q] — 2[oo],
with either

P,Q E C(Q),

P,Q e C(Q(d)),d
s.t. P a(P) = Q for a the non-trivial element in Gal(Q(rd)/Q).
We call those elements the generators of J(Q).

Proof. The line of argument will be as follows. First we will show that
every D J(Q) is linearly equivalent to a sum of generators. Subsequently
we will show that the sum of two generators is a generator.
Let D J(Q), then in general D >pEC() np[P], with a(D) = D Va

G. Define for all n Z,n 0, D := pEs([] — [Dc]), with S,, =
{ P e supp(D) rip = n}, then we have D nEz(nDn). Because
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a(np[P]) = np[a(P)], the G-invariance of D and hence of np[P] im-
plies a(D) = D for all a E G.
We only need to show that the D are sums of generators, i.e. for divisors
with np = 1 for every P in its support. Let now D be such an element of
J(Q), thus D - — np[oc]) with finitely many rip = 1 and
the other rip = 0. Moreover we can assume without loss of generality that
P C(Q) if rip = 1, because if P E C(Q) and D = [PJ — [ooj + D1, then
we only have to write D1 as the sum of generators, which implies that D is
a sum of generators.
It is possible that both Q and (Q) are in the support of D. In that case we
can look at the minimal polynomial of X(Q) over Q, say f. We know that
the support of (Y — f) is the set {a(Q), a(w(Q)) a E G}. All the points
in this set are also in the support of PEc()(P[J — np[Oo]), because by
assumption Q and (Q) in its support and this divisor is G-invariant. Hence
D >PEc(—Q)(nP[P}—nP[oo]) >pEC(—Q)(np[P]—nP[cc])—(Y—fQ) =: B.
We can do this for every point Q, for which also (Q) is in the support of
D. This gives us that D is linearly equivalent to a divisor B, with np = 0 or
1 and if P e supp(B) then (P) supp(B). Thus the support of B consists
of, say k, distinct points P with all X(P) distinct.
If k � 2, we have D [P] + [Q] — 2[oo], and now we can apply proposition
(1.3.4), which gives D the desired representation.
If k > 2, we have to do something more. Now we can construct a unique
polynomial g(X) E C[X] of degree at most k — 1, say m, through the
points P in the support, s.t. for all P we have Y(P) = g(X(P)). Let
g(X) = 0bXt.
Because B is G-invariant we have that a E G acts as a permutation on the
P in the support of B and if Q = a(P), then we have g(X(Q)) = Y(Q) =
a(Y(P)) = a(g(X(P))) = a(g)(a(X(P))) = a(g)(X(Q)). Hence 0(b —
a(bz))X(Q)2 = 0 for every Q in the support of B. There are k of such dis-
tinct Q's, so this gives k zeroes of the polynomial 0(b1 — a(b))X2 = 0,
hence this polynomial is 0, which gives b2 = a(b1) for all a E G and hence
g(X) E Q[X].
Now we can substitute Y = g(X) into Y2 — f5(X), which gives us a polyno-
mial of degree n = max(2m,5) < max(2k — 2,5) in Q[X}. We already
know k of these roots and hence there are still max(2m — k, 5 — k) �
max(k — 2,5 — k) < k other roots. Let B2 = 2QEc()(Q[QI — [00])

with nQ = ordQ(g(X)2 — f5(X)) if Q not in the support of B. Because
g(X) E Q[X], we have that B + B2 (g(X)2 — f5(X)) - 0. Thus B
—B2

—' QEc()(Q[(Q)] — [oo]) Again we may assume that flQ E {0, 1}.
If this isn't the case, we can apply the operations we used at the beginning
of this proof. Thus we have that D B - >Q€C(Q) nQ([Q] — [00]) = B2,
and B2 has the same properties as B, but has less than k points Q in its
support and for those points flQ = 1.
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We can repeat this step until k � 2 and we have found an expression
D [P] + [Q] — 2[oo] and then we can apply proposition (1.3.4) and we
get the desired representation.

Let now D1, D2 J(Q) both be given by a generator as stated in the the-
orem. If D1 = [P] + [a(P)] — 2[oc], D2 = [Q] + [r(Q)] — 2[oo], with P
then we see that there exists a polynomial of degree at most 3 through
P, a(P), Q, r(Q). If we substitute this polynomial for V in Y2 — f5(X), we
get two new points, R1, R2 (or in case the degree is smaller than 3, one point
R1, which must be in C(Q), so we are done in this case). Hence we know
that D1 + D2 [R1] + [R2] — 2[oo], so we get our demanded form again out
of proposition (1.3.4).
If P = Q we have to create the polynomial g(X) a bit more subtle by not
only demanding that Y(P) = g(X(P)), but also that the curve Y — g(X)
has the same derivative in P as Y2 — f5(X). This gives us the polynomial
we need and again we get two new points R1, R2 after substituting g for V
in V2 — f5(X). For generators of the form [P] + [Q] — 2[oc], P E C(Q) the
argument is similar. 0
With this theorem we have not only described the elements of J(Q), but
in the proof we have also seen how the group law acts on those elements.
In the latter part of the proof we showed that the sum of two generators is
linearly equivalent to a generator. The way in which this is done describes
exactly how the group law acts on elements of J(Q).
Moreover, this theorem shows how C(Q) is mapped to J(Q). This map is
an embedding.



Chapter 2

Embedding J(Q)/2J(Q)

In this chapter we will do the first step towards computing J(Q). This

first step consists in a 2-descent, i.e. we will try to compute J(Q)/2J(Q).
By using group cohomology we will construct a map from J(Q) to L, a
direct sum of fields we need to define, which gives rise to an embedding
of J(Q)/2J(Q) into L. This map is rather complicated, so in the third
paragraph we will find an easier description of this map. In chapter 3 we
will see that the new description of this map simplifies computations.

2.1 The rank of the 2-torsion of J(Q)

In the previous chapter we described J(Q) in terms of generators. Besides
this approach, we can look at J(Q) in a more abstract sense. This gives us a

description of J(Q) which gives us the information we need for the 2-descent

method. We will state this other description as a fact.

Theorem 2.1.1 (Mordell Weil) With the assumptions above we have

J(Q) ® Z/niZ Z/n2Z s... Z/nZ,

with flt I nt—i I ... I

J(Q) is the direct sum of a group of infinite order and a finite group. This
finite group is called the torsion of J(Q). The infinite part is characterised

by r, the Mordell-Weil rank of J(Q).
The computation of this rank will be the problem of the rest of this chapter.

In this paragraph we will describe J(Q)/2J(Q).

We write J(Q)[2] := {D E J(Q) I D + D = O} for the 2-torsion of J(Q).

\\ can look at J(Q) [21 as a vector space over F2. In this vectorspace linear

dependency is the same as linear equivalency.

13
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Proposition 2.1.2 We have J(Q)/2J(Q) (Z/2Z)(Z/2Z)s, where r is
the Mordell-Weil rank and s = dimy. J(Q)[2J.

Proof. From the Mordell-Weil theorem (2.1.1) we know that

J(Q) zr e Z/niZ Z/n2Z s... e Z/nZ,

with nhIn2I...Int.
Now we look at multiplication by 2. Defined as map from Z to Z, we have
that Z/im(2) Z/2Z.
If gcd(2, n2) = 1, then we have that 2 E (Z/njZ)*, hence 2Z/nZ = Z/n2Z.
So we have (Z/n2Z)/2(Z/n1Z) = 0.

If 2In, and we look at multiplication by 2 on Z/nZ, we have that ker(2) =
(!i), which has order 2, then also (Z/n1Z)/im(2) has order 2, so it is iso-
morphic to Z/2Z.
There are exactly s n2's for which 21n2, because J(Q)[2] 217Z/nZ.
Hence J(Q)/2J(Q) (Z/2Z) (Z/2Z)'.

The computation of this s is rather easy.

Proposition 2.1.3 Let P1 = (c2,O),D1 = [P1] — [oo], then D1,... ,D4 are
not linearly equivalent and D1,... , D5 are linearly equivalent.

Proof. First notice that for an element D E J(), we have that D
O=D760.
We know that if D = (f), then 2D = (f2) so if D1 = (f), then 2D1 = (f2) =
(X — c), but (X — a1) is not a square in Q[X], so we have D1 7t 0, hence

0. Obviously the latter conclusion of the proposition is true, for we
have (Y) D +••• + D5. Furthermore we have 0 t —D5 = D1 + .. . + D,
so suppose c1D1 + 0, then if 3 of the Cj = 1, say only C4 = 0 then
o c1D1+ +cD '- D4+D5 But this cannot be true for (X—a4)(X—a5)
is not a square in [X], so D4 + D5 0, hence D4 + D5 1 0. If 2 of the
Cj = 1 we use the same argument.

This proposition in fact states that the D1 are independent over F2.

Theorem 2.1.4 We have

dimF2 J(Q)[2] = —1 + #(irreducible factors of f5(X) in QfX]).

Proof. We have f5(X) = fl1(X — a2),X — cx1 E [X] and f5(X) =
fJ h3(X) with h3(X) E Q{X] irreducible. Every h3 is the product of
some (X — a)'s. Consider for some j the set {a2

I
h3(a2) = 0}, then we

know with some Galois-theory that this set is G-invariant. Denote this set
as {i3,... ,13k} (so h3(X) = fl1(X —i3)) and Q1 = (fl,O). Let D3 be
the divisor D = — [oc]) which is in J(Q), because {/3i,... ,ak}
is G-invariant.
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We have Q2 = cp(Q), which gives 0 - (h3(X)) - (fl,(X —

I=1([Q1 + [(Q2)] — 2[oo]) " 1(2[Q] — 2[oo]) 2D,, so even D, E
J(Q) [2].
So every h3 gives rise to a divisor D, of order 2. On the other hand we have

that D1,... , D_ are linearly independent over F2, as stated in the former
proposition. This gives us that dimF2 J(Q)[2] is at least d — 1.

To prove that this dimension is also � d — 1, we note that from theo-
rem (1.3.5) we know that an element D E J(Q) can be written as D -
[P] + [Qj — 2[oc]. Now suppose 2D 0, hence 2[P] + 2[Q] — 4[oo] 0,

thus we know that 2[P] + 2[Q] — 4[oo] = (1) for some f E Q(C), with
ord(f) � —4,ordp(f) � 0 for all other points P. We introduce the
vector space £(n) {f E Q(C) I

orcL(f) � —n,ordp � 0 VP E
C(Q)\{oo}} C Q[C]. This is a vector space, because ordp has the property
ordp(f, + f2) � min(ordp(fl),ordp(f2)). First notice that £(1) consists of
the constant functions, because fi E £(1) implies that f, has exactly one
pole, which gives an isomorphism from C to F' (we refer to [7], lemma 1.1).
But this is impossible for a genus 2 curve (in fact this is impossible for every

curve of genus > 0), hence Ii is constant. Clearly we are interested in £(4),
because f E £(4). First notice that every function of the form > aX2 is in

£(4) if and only if its degree is at most 2.
Let now 11 E Q[C], we can write this uniquely as fi = Yg,(X) + g2(X). If
g,(X) = 0, then 1' E £(4) if and only if 92 = aX2 +bX +c. If g,(X) 0,

then we have at least 5 zeroes (counted with multiplicity), hence f
This gives us £(4) = {aX2 + bX + c a, b, c Q}.
Thus there exist 3,,f32 s.t. f = (X — f3,)(X — /32). Let Q2 E C(),
s.t. X(Q2) = f3, then we have that (f) = [Q,] + [(Q,)] + [Q] + ['(Q)] —
4[oo] = 2[P] + 2[Q] — 4[oo]. Without loss of generality, we can now assume

P = Q,, Q = Q. This means (P) = P (when (P) = Q, then already

D 0) and hence Y(P) = 0. The same is true for Q, hence Y(Q) = 0.

Hence P and Q are both Weierstrass points. Hence there exists a j with

D D3, which means that dimF2 J(Q)[2] dimp span((D3)) = d — 1.

This gives that dimF2 J(Q)[2] = d — 1. Recall that d is the number of
irreducible factors of f5(X) in Q[X], so we are done.

With this theorem we have an expression for the order of the torsion part
of J(Q)/2J(Q), so, once we know J(Q)/2J(Q), we can simply compute the
Mordell-Weil rank. From this we can maybe find J(Q), therefore we need

to compute the torsion points which are not 2-torsion.
For the computation of the Mordell-Weil rank we will turn our attention
to the group J(Q)/2J(Q). To compute this group we will bound it by a
smaller and a larger group. With a bit of luck these two groups are equal

and we find J(Q)/2J(Q).
The smaller group will be the torsion group, possibly extended with some
known points of infinite order in J(Q). We have just seen that this group
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is easy to compute. The larger group will be the so-called 2-Selmergroup,
S2(Q, J). The definition of this group and the way J(Q)/2J(Q) embeds
in this group is our next problem. For that purpose we need some group
coliomology.

2.2 Group cohomology

We will start with the introduction of some notions and propositions con-
cerning group cohomology.
We will be looking at a group M on which we assume a topology and a
Galois-group C = Gal(Q/Q) which acts on M.

Definition 2.2.1 We caliM a C-module, when there exists a map GxM —+
M written as (a,m) a(m), with

(i) id(m) = m;

(ii) a(mi + m2) = a(mi) + a(m2);

(iii) (crr)(m) = cr(r(m)).

Definition 2.2.2 The 0th cohomology group of the C-module M, denoted
by H°(G, M) is the group consisting of the C-invariant elements of M.
Furthermore we define the group of 1-cochains

C'(G,M) = {rnappings : G —* M},

the group of continuous 1-cocycles

Z'(G,M) = { E C'(G,M) I e(aT) = a((r)) +(o) Va,T E G},

and the group of 1-coboundaries

B'(G,M) = { E C'(G,M) m E M,s.t. (a) = a(m) —m Va E G}.

Because B' (C, M) C Z' (G, M) we can introduce the 1st cohomology group
as the group 1-cocycles divided out by the group of coboundaries:

H'(C,M) = Z'(G,M)/B'(G,M).

With this definitions we construct a rather powerful tool, namely exact se-
quences.

Definition 2.2.3 If Mi and M2 are C-modules, we define a C-homomorphism
to be a homomorphism : M1 —+ M2, which commutes with the action of
C.
We also define an exact sequence of C-modules M1, M2, M3 to be a sequence

0 )M1 '')M 2)43
with ii', C-homomorphisms, i,n(i/,1) = ker(i,b2), iI'i injective and 2 surjec-

tive.
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With these definitions we can construct a long exact sequence out of the
short one as follows:

Proposition 2.2.4 Let

0 M1 HM2 2)M >0

be an exact sequence of G-modules. This sequence gives rise to the next long
exact sequence:

0 H°(G,Mi) s" > H°(G,M2) 2 H°(G,M3)

H'(G,Mi) " H1(G,M2) '2 H'(G,M3),

where the map 5 is defined as follows. Let m3 E H°(G, M3) = M, then
there exists an m2 E M2, such that tI(m2) = m3. Now define a cochain

E C'(G, M2) by (a) = a(x) — x, then we have E Z'(G, Mi) and 5(n) is
an element of the cohomology class H1 (G, M1) of the cocycle .

Proof. First we prove that E Z'(G, Mi). We know that (o) =
cr(m2) — rn2. The question is whether for all a there exists a m1 E M1,
s.t. i(mi) = a(m2) —m2. We know that is injective and that im(1) =
ker(i/2). Notice that by construction 2(m2) E M, hence ili2(a(m2) —
m2) = a(t&2(m2)) — 1b2(m2) = 0, thus a(m2) — m2 E ker(2) = im(tI'j). So
indeed such an ml exists and so E Z'(G,M1).
We will only prove that (i) im(t/'2) = ker(5) and (ii) im(5) = ker(tI'i).

(i) Let m3 E im(2), then m3 = tJ(m2) and so = S(m3) = 0, because
m2 E M implies (a) = a(m2) — m2 = 0. For the other inclusion, let
m3 E ker(5), then = S(m3) with 0 = (a) = a(m2) — m2 for some
m2 E M2 with (in2) = m3 and for all a E G, so m is G-invariant
and thus m2 E M = H°(G,M2), so m3 = 1P2(m2) E im().

(ii) By construction we have i/'i(e)(a) = a(rn2) — m2 for some m2 E M2,
so indeed im(5) C ker(t/1). The other inclusion goes analogously to
the proof of . E Z1(G,M1).

A very useful lemma is the application of Hilbert '90 to the group H'(G,).

Lemma 2.2.5 With the previous definition we have H'(G,Qt) = 0.

Proof. By_definition we have H1(G,t) = Z1(G,")/Bl(G,t). The
group Z' (G,

Q*)
consists of the maps : G —* with (ar) =

(we use multiplication because Q is a multiplicative group). We know then
by Hilbert '90 that there exists an x E with (a) = for all a E G,
so E B1(G,) and thus Z1(G,Q*)=Bl(G,Q*) = H'(G,)=0. 0
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Before we will use this cohomology theory for finding a suitable and com-
putable embedding of J(Q)/2J(Q), we will first give the proof of theorem
(1.3.1).
Proof. (theorem (1.3.1))
We want to prove

(DVc_(C))G
J(Q)'•-

— Div(Q(C))
By definition we have

Div-(C) G

J(Q) = Pic(C)
= (Div((C)))

So it seems rather logical to look at the sequence

0 Div((C)) Dij(C) Pic(C) > 0.

This gives us a long sequence

0 (Div((C)))C (Di4(C)Y J(Q)

H1(G,Div((C)).

If we can prove that H1(G,Div((C)) = 0, we get that

J(Q) (Div(C))?/(Div((C)))G (2.1)

To prove this we look at the sequence

o i(C)* div> Div((C)) > 0.

This gives the long sequence

Q(C)* div (Div((C)))G

) II(G,Q) . .

Note that by lemma (2.2.5) we have H'(G,) 0, hence we have that
(Div((C)))G = im(div) = Div(Q(C)). Firstly we can substitute this in
equation (2.1), which gives us

(DivQ(C))G
Jrn\ Q

— Div(Q(C))

Hence if we have H'(G, Div((C)) = 0, we are done.
Secondly we can rewrite the long sequence as

0 > Q(C)t div, Div(Q(C)) ) 0.
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And the rest of the long sequence is now

0 if' (G, (C)*) H' (C, Div(Q(C))

H2(G,Q*) H2(G,Q(C)*).

Noether has proved, as a variant of Hubert '90, that Hl(G,(C)*) = 0. We
haven't defined what H2 means, but it is something that can be defined in
the same manner as H', which we will not do here (we refer to [13], pp. 4-8).
Of this H2 group we need that the embedding t of into (C) induces
the map from H2(G,) to H2(G,Q(C)) in a similar way as it induces a
map from H'(G,) to H2(G,Q(C)*). Let's denote this map by 'I'. This
gives an isomorphism

H'(G,Div(Q(C))) ker (w : H2(G,*) —+ H2(G,(C)*)).

So if we prove that this kernel is 0, then H'(G, Div((C))) = 0 and we are
done.
In our 'simple' case of model (1) we have a point P E C(Q), so there exists
a ir E Q(C) with ordpir = 1. (In fact we can take P = cc and ir = =
With this we can define a function

ev:(C)*_+ byfi—* (P).
7T.orupf

Because P E C(Q), we have that this function commutes with the action
of C. Moreover we have that ev o = id. The function ev gives rise to
Ev : H2(G,Q(C)*) H(G,Q). This map inherits, by the fact that ev
commutes with the Galois action, the property that Ev o I1 = Id, so we have
that W is an injection and so we have indeed that the kernel of 'It' is equal
toO.

The theory of group cohomology is very useful for our problem. First look
at the short exact sequence:

0 J()[2] id J() 2 J() 0.

With the theory we have just developed, we know how this short sequence
gives a long one, (recall that: J(Q)[2]G = J(Q)[2], J(Q)G = J(Q)).

0 J(Q)[2] J(Q) 2 J(Q) )

Because this is an exact sequence it follows that ö induces the embedding

J(Q)/2J(Q) H'(C,J()[2]).

With this mapping we have an embedding of J(Q)/2J(Q) into H' (G, J()[2]).
This is the usual embedding one uses to compute the Mordell-Weil rank. We
want our computations to be more simple, so we try to find another embed-
ding and therefore we look at a few other short sequences.
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2.3 The algebra L = Q[T]/(f5(T))

It is useful to define the algebra L Q[T}/(f5(T)) and then 7; = [T]/(f5(T)).
We recall the Chinese Remainder theorem.

Theorem 2.3.1 Let K be a field and let f E K[XJ be a separable polyno-
mial, then we can write f(X) = fl1 f2(X), with f1(X) E K[X] irreducible,
and K[T]/(f(T)) is a direct sum of fields, in fact

K[X]/(f(X)) =

This theorem implies that we have

because [X]/(X —c) . And if f splits over Q as f5(T) = fl..1 h,(T),
with h3(T) E QTJ irreducible, then we have

L .1Q[TJ/(h(T)).

By defining a(T) = T for all a E G, we can consider L as a G-module.
With this definition we see that if we have an element g E L, then obviously
a(g) = g for all a E G. We can consider L as the G-invariants of L.
The previous theorem states that L can be considered as 5 copies of Q.
What is the actual action of a a E G on such a 5-tuple? Let 'I' be the
isomorhism 7; [J . Let g L and (ci,... , c5) = W(g), then by the
definition of 'I' we have that g = g(T)(T — cxi) + Cj, for some gz Q[X].
We know how a acts on g, this gives us a(g) = a(g1(T))(T — a(a2)) +
a(ci). We know that a permutes the a. Let's denote this permutation
by s, s.t. j = s'(i). Then we have a(g) = a(g(T))(T — + a(cj),
hence 'Je(a(g)) = (a(cS-1(l)),... ,a(cS-1(5))). We would like to have that
'I'(a(g)) = a(W(g)), so we simply define the action of a on a 5-tuple as the
action on each of its coordinates followed by the permutation induced by a.
This all justifies the next proposition.

Proposition 2.3.2 Every a G induces a permutation on the 5-tuple
(e1,... ,c5) = W(g),g EL, as described above.

Now we can understand what it means that an element g E L is G-invariant
as a 5-tuple. Because a(g) = g for a G-invariant element, we get 5-tuple-
wise that (ci,... ,c5) = (a(c5_1(1)),... ,a(c3_1(5))), hence Cj = C3—1(j). So
for a G-invariant element, the only action of a is the coordinate permuta-
tion. Hence we can describe a G-invariant element as elements for which
(c1,... , c5) is, upto the coordinate permutation of a for all a G equal to
(a(ci),... , a(c5)). We will call this simply 'fixed upto the permutation of G'.
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Remark 2.3.3 We can extend this action of G on elements of fl to an
action on 5-tuples of points or divisors, simply by using the same coordinate
permutation followed by the action of a on each coordinate. Again we have
that G-invariance is the same as being fixed upto the permutation of G. If
we e.g. look at the 5-tuple (P1,... , P5), then we have that this 5-tuple is
G-invariant, because o(P1) e {P1,... , P5}.

2.4 The isomorphism k o w

Because H'(G, J(Q)[2]) is a rather abstract object we will, in this paragraph,
create an isomorphism from this group to another in which computations
are more easily done.
We will start with the introduction of some groups and some maps.

Definition 2.4.1 Let P2(Q) be the group of second roots of unity in ,
hence

Let p2(L) be the group of the second roots of unity in L, hence

p2(L){tELI1=1}.
We already saw that 1 is isomorphic to 5 copies of, hence p2(Z) P2(Q)5.
We know that P2(Q) (±1) and hence p2(L) (±1).

Definition 2.4.2 We define the Weil-pairing,

e : (J()[2J)2 —÷ P2(Q),

as follows. Let D1, D2 E Div(C), with disjoint support (i.e. we see

as divisors of degree 0), then there exist fl,f2 E (C) such that 2D1 =
(f1),2D2 = (f2), and we define

f (D2)e2(Dj,D2)
= f2(D1)

First notice that
(1)2 =

______

=

______ ______

= 1, where (*)

follows from the Weil-reciprocity, theorem (1.2.5), hence the Weil-pairing
indeed maps to P2(Q).
The question remains whether the Weil-pairing is well-defined. There are
two problems in the definition. The first problem is that the representations

can be multiplied with some constant. So besides 2D2 = (ft), we also
have 2D1 = (a2f2), for some constants a2 (of course a2 0). If we write
D1 = we get

a2f2(Dj) = J (a2f2(P))'" = 4PECIZPf2(Dl) = dc(D)f() = f2(D1).
PEG
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With the same computation we get ajfi(D2) = f1(D2), hence for another
choice of Ii, we get the same image under e2.
The second problem is that we know that elements of J() are divisor
classes, so if we have 2 representants D1, D1, for the same element in J(Q) [2J,
does this actually give the same image under the Weil-pairing? Suppose
(fi) = 2D1, (Ii) = 2D1, and D1 — D1 = (g), then (L) = 2(g), in fact we

can choose g, s.t. = g2. Hence

e2(Di,D2) = f1(D2) f2(D1)
= g(D2)2f2(D1 — iJ) =

e2(D1,D2) f1(D2) f2(D1)

9((f2))f2((9)) = g((fz))2 = 1.

We can use the same argument for two different representants for D2, hence
the Weil-pairing is well-defined.
We will summarize a few properties which we need.

Proposition 2.4.3 The Weil-pairing has the following properties

(i) We have e2(Di,D2) = e2(D2,Di), hence e2 is symmetric in its argu-
ments.

(ii) The map e2 is bilinear and even e2(—Di, D2) = e2(Di,D2).

(iii) We have
cx2—cj

e2([P] — [oo],[P] — [oo]) = = —1,z j.
a3 —

(iv) The map e2 is non-degenerate, i.e. if e2(Di, D2) = 1 for all D2 E
J(Q)[2], then D1 = 0.

(v) The Weil-pairing commutes with the action of G.

Proof.

(i) We know e2(D2,D1)2 = 1, because e2 maps into J'2(Q). Hence

e2(Di,D2) f1(D2)f2(D1) —

e2(D2,Di)
= e2(D1,D2)e2(D2,Di) = f2(D1) f1(D2)

— 1.

(ii) Let D1, D2, D3 e J()[2], and ft E Q(C), s.t. 2D2 = (f2), then we

have 2(Di + D2) = (1112), and (f1f2)(D3) = f1(D3)f2(D3), hence

f3(D1 + D2) f3(D1)f3(D1)

(f1f2)(D3) = f1(D3)f2(D3) =

f3(D1) f3(D2)
= e2(Di,D3)e2(D2,D3).

f1(D3) f2(D3)

That e2 is also linear in its second argument now follows from (i).
We immediately see that e2(—Di,D2) = e2(D2,Di) = e2(Di,D2).
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(iii) We just evaluate e2([P,] — [oo], [P2} — [ao]), this gives us:

e2([P}-[oo], [P.]-[ao]) =
(X - - [oo]) = cj - - = -1.
(X—a1)([P,]—[oo]) a3—aIoo—cx,

Because oo is in the support of both [P1] — [oo] and [P,] — [oo] we
officially need to rewrite at least one of the [P1] — [oo], [P,] — [aol in
such a way that we have representants with disjoint support. How this
works is shown in the proof of a theorem that will be stated in the
next paragraph.

(iv) We know that J()[2] is generated by {P1] — [oo], i = 1,... , 4. Thus
e2(Di,D2) = 1 for all D2 if e2(Di,[P1] — [oo]) = 1 for all i. D1

cj([P] — [oo]),cj E {O, 1}, thus

e2(Di, [1] - [oo]) = fl(e2([Pi] - [oo], [F] - [oo])).

This gives us that e2(Di,D2) = 1 for all D2 if and only if D1 = 0,

which proves the non-degeneracy of the Weil-pairing.

(v) We see

(e2(a(Di),a(D2)) =

___________

= a (') = a(e2(Dj,D2)).

Definition 2.4.4 With the Weil-pairing we can define a map

w : J()[2] —÷ ji2(L) by P i.-+ (e2(P, [Pi] — [aol),... ,e2(P, [P5] — [aol)).

This is obviously an homomorphism, moreover it is an injection. We can
see this as follows. If P J(Q)[2] is in the kernel of w, then we have that
e2(P, [P1] — [ao]) = 1, for all i, hence by the non-degeneracy of the Weil-
pairing we get P = 0.

By property (v) of proposition (2.4.3), it follows that w is a G-module ho-
momorphism.

Definition 2.4.5 We define a norm N : —* as follows. Look at L as 5
copies of Q and define N : g = (c1,... ,c5) '-+ fl cj. — —

This norm map induces a norm, also denoted by N, from p2(L) to i2(Q),
again defined by taking the product of the coordinates.

Proposition 2.4.6 With all these definitions we get the short exact se-
quence of G-modules

0 J()[2] W p2(L) N
/t2(Q) ) 1.
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Proof. Because N is surjective (obvious) and w is injective, we only
need to prove that ker(N) = im(w). Let m E im(w), then there exists a
P E J(Q)[2], with m = w(P) = (e2(P,[P2] — [oo]),... ,e2(P,[P5} — [oo])).
Let now h E Q(C), s.t. 2P = (h). We have already seen that [P5J — [oo] 'S.-'

— [oo]. This gives

e2(P, [P5] - oo) = e2(P, [P] - [aol) = fi e2(P, [Pg] - {oo]).

So it follows

5 4 2

= fle2(P, [P1] — [oo]) = (lle2(P [P1J — [001)) = 1

and thus indeed m = w(P) E ker(N) and hence im(w) C ker(N).
For the other inclusion we use that the rank of ker(N) is 4, which is the
same as the rank of J(Q)[2] and because w is an injection, it follows that
im(w) D ker(N), which proves the proposition.

With this knowledge and our previous results about short exact sequences,
this short sequence gives rise to the following long exact one:

0 J(Q)[2] W p2(L) N

> H'(G, J()[2]) ' H'(G,2(Z)) N H'(G,1i2(Q)).

From this sequence we deduce that

w: H'(G,J(Q)[2]) —

is a homomorphism and its image is exactly

ker (N : H'(G,ji2(Z)) —* H1(G,p2())).

The second w inherits the injectivity from the first w in the last long exact
sequence. Hence this results in the isomorphism

H'(G, J()[2]) ker (N: H'(G,p2(1)) —+

But we are not done yet. Take a look at the next short exact sequence.

— —* 2 —s
1 ) !2(Q) Q Q 1.

This is actually an exact sequence. The squaring map is clearly surjective.
The second roots of unity, J'2() = {±1}, are canonically embedded in
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and ker(2) = {x E
I

= 1}, which is by definition equal to p2(q).
So this gives rise to the long sequence

2
1 > P2(Q)Q*

> H'(G,ji2(Q)) > H(G,t) = 0

Out of this last sequence we can deduce that we have an homomorphism

5: Q* H'(G,p2(Q)),

where the image of 5, is the kernel of the next map in the sequence, which
is the zero-map. Hence the image of 5, is H' (G, P2(Q)). The kernel of 5, is
the image of the square-mapping which is Q*2 So this long sequence gives
an isomorphism

Qa/Q*2 H1(G,p2(Q)). (2.2)

We can repeat what we did just now for the sequence

— —* 2 —s1-+p2(L)--L —L —1.

Out of this short sequence we get again a long one. Because according to
[10], pp. 221, we have that Hl(G,L*) = 0, we can use the same line of
argument to get an isomorphism:

L*/L*2 H1(G,p2(L)). (2.3)

Remark 2.4.7 The inverse of this isomorphism is usually called the Kum-
mer isomorphism and is denoted by k. Let's recall how the map S is defined,
to see what k does. Let I E L* and /i E L, then 5(l) is the cocycle class,
which includes the map : a i—+ !-1, thus the inverse k maps the cocycle
class, which includes e to 1.

Let's look at the results we have obtained so far and make a theorem out of
it.

Theorem 2.4.8 With all the previous definitions we have that J(Q)/2J(Q)
embeds into the group H' (G, J(Q)[2]) (by the map 5) and H' (G, J(Q)[2]) is
isomorphic (by the map k o w) to ker (N: L1 /L2 .. Q* /Q2).

Proof. It's exactly what we have been doing the last few pages. First
we created an embedding of J(Q)/2J(Q) into H'(C, J(Q)[21). Then we saw
that this last group is isomorphic to ker (N : I1 (G, p2(L)) —+ H' (G, P2(Q)))
by the map w. With (2.2) and (2.3) this kernel is isomorphic to
ker (N : L*/L*2 Q*/Q*2)
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2.5 The map (X — T)

So far we have found an embedding of J(Q)/2J(Q) into the kernel of the
norm-mapping. But we still haven't found an easy way to compute this
embedding. To achieve this we introduce a new map:

(X — T) :
Div(C)* —p Lt,

by >nj[Qi] fl(X(Q1) _T)"2

with fJ(X(Q1) — T)'21 = (fJ(X(Q) — , fJ(X(Q2) —

where Div(C)* denotes the subset of Div(C), consisting of divisors with
no Weierstrass points in their supports.

Proposition 2.5.1 (X—T) is well-defined as a map from J(Q) to L*/L*2.

Proof. First we will show that every element of J(Q) can be represented
by a divisor in Div(C) with no Weierstrass points in its support. We know
that every D E J(Q) can be written as D ' [R1J + [R2] — 2[oo] with either

(i) Rj E C(Q), or

(ii) Rj E C(Q('./)),d E Q*/Q*2 with R1 = a(R2) for some a E G.

Let k be the number of Weierstrass points in {Rj}, and let h(X) = (X —

X(Rj))(X — X(R2)) E Q[X], then we have

(Y - h(X))
= k

+ - 5[oo].

We have that a(> .1[RjJ) = 1[Rj], because they're all Weierstrass
points and the Q2's are not. (The Q1's are no Weierstrass points, because
if they were, they would be one of the Rj's which would give a double zero
in f, and this is not possible.) Thus also a([Q]) = hence
h3(X) = flLj'(X — X(Q1)) E Q[C] and

(h3) = ([Q] + [,(Qj)] - 2[oo]) = - 2(5 - k)[oo],

with no Weierstrass points in the divisor Dh3. Also g(Y) = flJ(Y —

Y(Q1)) E Q{C] and

(g) = >Bj —5[oo] = D9 — 5(5 — k)[oc],
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where B is the divisor with the points for which Y — Y(Q2) is zero in its
support. There are exactly 5 of such points and these points are all non-
Weierstrass. In the third expression we have that D9 is a divisor with no
Weierstrass points in its support.

2
By construction we can also write ('') ) = 2(Y — h) — (h) = D1. — 6[oo],
with Dr no Weierstrass points in its support.
What's the use of this all? We see that D D — (Y — h) —.' J[Rj] —

T[Q]—3[oo]. In this latter representation only oc is a Weierstrass point.

(i) k = 0. Now wecan define A = (g)—(h3)—2('2) = D9—Dh3---2D—
3[oc], hence the only Weierstrass point in A is oo and D T[Rj} —

— 3[oc] — A >J[Rj] — i[Q} +D9 — Dh3 2Dr, which
has no Weierstrass points in its support.

(ii) k = 1. Now we take A = (g)+2(h3)—('2) = Dg+2Dh3—Dr—3[OO],
and again D [Rj] — [Q2] — 3[oo] — A gives a representation
without Weierstrass points.

(iii) k = 2. Now we can take A = (g) — 2(h3) and we find D >J[Rj] —i[QJ — 3[oo] — A, as a representation with no Weierstrass points.

This proves that every element of J(Q) can be represented by a divisor in
Div(C) with no Weierstrass points in its support. So X — T can act on
representants of every class in J(Q). But we still have to prove that it is
well-defined.

Two divisors of degree 0 are the same as elements of the Jacobian if and
only if they are linearly equivalent. So for the rest of the proposition we
have to prove that the difference of two linearly equivalent divisors will be
mapped to L*2.
Let D1, D2 J(Q) be mutually linearly equivalent with no Weierstrass
points in their support and let f Q(C), with (f) = D1 — D2. When
we look at (X — T)(D1 — D2) elementwise, we get (X — c2)(Di — D2) =
(X — cr)((f)) = f((X — of)) = f(2[P2] — 2[oc]) = (f([P] — [oo]))2

We have that for every element a(f([P2] — [oo])) = f(a([P1] — [oc])) because
f E Q(C). In remark (2.3.3) we already saw that the 5-tuple of points
(P1,... , P5) is fixed by G upto permutation. For the same reason we have
that the 5-tuple of divisors ([P1] — [oo],... , [P5] — [oo]) is fixed by C upto
permutation and thus we have that (f([Pi] — [oo]),... ,f([Pi] — [oo])) E L*

is fixed by C upto coordinate-permutation and thus we have that (f([P1] —
[oo]), . . . , f([Pi] — [oo])) E Lt and thus (f([P1] — [oc]), . . . , f([P1] — [oo]))2 E

L2, which is exactly what we had to prove.
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Remark 2.5.2 With same line of argument as in the latter proof, we can
show how we can easily compute with this mapping X — T, when we have
as a representant a divisor with a Weierstrass point in its support. Suppose
we have a G-invariant divisor D = >I1EGa1(K/Q)(°(Q) — [oc]), with Q no
Weierstrass and K the smallest Galois extension with Q E K, then we have
that (X — T)(D) ILeGal(K/Q)(X(0(Q)) — T) mod L2, hence we can
'forget' the oo-term. Moreover if we have that D = [P,] — [oo], then we get
(X — T)(D) = fl2(o — T) + (a, — T) mod L*2 = (IIE=2(ai — a,),a, —

— a5). The idea of the proof of this is very similar to the proof
we just gave. We refer to [10], lemma 2.2.

What has this mapping X — T to do with the results from our previous
paragraphs? What is the use of this map? The next theorem answers these
questions.

Theorem 2.5.3 The map X — T is the same injection from J(Q)/2J(Q)
to L*/L*2 as the map k o w o 5.

Proof. The idea of this proof (see [10], pp. 225) is that we represent
an element inJ(Q)/2J(Q) by a divisor D1 and a divisor 2D2, with D, E
J(Q), D2 E J(Q), D, is linearly equivalent to 2D2. We can assume that both
divisors have no Weierstrass points in their support, because this can always
be achieved the way as it is done in the proof of proposition (2.5.1). Then
the class of cocycles 5(D,) includes the cocycle with (a) = a(D2) —
and this gives that wo5(Di) is represented by the mapping a '—÷ (e2(a(D2)—
D2, [P1] — [oc]),.. . , e2(a(D2) — D2, [P5] — [oo])).
Now define (h) = D1 — 2D2. With some straightforward computations this
gives us

(X—T)(a(D2)—D2) ((X—T)(D2)'\ 1wo5(D,)=
(P,,... ,P5) °h(P,,... ,P5))

In remark (2.4.7) we saw how k maps such a cocycle class and this gives us

kowo5(D,)
= ((x_T)(D2))2

We know that h(P1,... ,P5)2 E L2 so we have

k ow o 5(D,) = ((X — T)(D2))2 = (X — T)(2D2) = (X — T)(D,),

which we wanted to prove.

We have done quite a lot so far: we found a nice embedding of J(Q)/2J(Q),
via 5, into H' (C, J()[2]) which is isomorphic to L*/L*2 and we have found
a computable mapping, namely X — T, from J(Q)/2J(Q) to L*/L*2, which
acts the same as injection as our embedding k o w o 5. Our next step is to
actually compute a subgroup of H'(G, J(Q)[2]) which contains J(Q)/2J(Q),
namely the Selmer-group.



Chapter 3

Local computations and the
Selmer group

The next step in our search for r, the Mordell-Weil rank, is the computation
of the 2-Selmer group. In this chapter we will define this group. For that
purpose we will look at some preliminary results concerning p-adic comple-
tions of Q. Then we define the Selmer group and we will find that this
definition immediately gives an algorithm for computing this Selmer group
via local computations. Note that this is exactly the reason why we in-
troduce the Selmer group: the local computations are easily done and the
Selmer group contains J(Q)/2J(Q).

3.1 p-adic completions

We introduce the p-adic numbers as in [11], pp. 11-18.

Definition 3.1.1 The set of p-adic integers, Z,,, is the projective limit of
the sequence

Z/pZ fl_1) Z/p'Z n-2, Z/pZ,

where is the map modp'', with kernel p1 (Z/plzZ).

With this definition we can consider an element x E Z,, as an infinite se-
quence (x1, x2,...) with the property 4(x) = or, which is equivalent,

Xm mod p' for all m > n.
We have the exact sequence

o > z,,
pfl

Z,, " > Z/pnZ 0,

with : (xl,x2,...) i— x, thus we have that Z,,/p'Z,, Z/p'Z. In par-
ticular we see that Z,,/pZ,, F,,.

29
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Every element x E Z,, can uniquely be written as x = with y invert-
ible in Z,, and we can define the p-adic valuation v,,(x) := k; and we set
v(0) := cx. This p-adic valuation gives induces the p-adic absolute value
defined by Ixip p_vP(x). This gives us that Z,, is a complete metric space
and Z lies dense in Z,,. We have that Z,, is a domain, hence the field of p-adic
numbers, 0,, the quotient of the p-adic integers, exists, and we even have

= Quot(Z,) = Z[p1]. Because of the latter identity, we can extend the
discrete valuation ,i, to U, as well as the absolute value We have that
Q lies dense in .
Because we have that Z (Q) lies dense in Z,, (), we can consider Z, ()
to be the completion, with respect to the p-adic absolute value, of Z (Q).

One important result is Hensel's lemma.

Theorem 3.1.2 Let f(X) = aD + a1X + ... + aX,ag E Z,,. Suppose
that there exists an a e Zr,, such that f(c) 0 mod pZ,, and f'(ai)
0 mod pZ,,. Then there exists an a E Z,, with a a1 mod pZ,, and f(a) = 0.

Proof. Suppose we have al, s.t. f(ai) = 0 mod pZ,, then we can find xi E
Z,,, s.t. x a1 mod pZ,. As in Newton's method, we define £2 = xi —

and we see that now £2 x mod pZ, and f(x2) = f(xi) — f'(xi)jp +
terms in pfl, n � 2. This gives us that f(x2) 0 mod p2Z,,. In the same
way we define x,,i = x

—
with the property that f(x) 0 mod

pn+17zp and x,2 x mod This gives us a sequence (xe), with
Zn E Z,, and Zn — x,2 0 mod pZ,,, hence — x11 p_fl — 0, so
(x) is a Cauchy sequence and hence has a limit in Z,,, say x. This x is a
root of f, for f(x) f(x) mod p'Z,, 0 mod p'Z, for all n.

This theorem is very helpful for describing the group 04/042.

Proposition 3.1.3 Let p be an odd prime, and let be a generator of]F
(Z,,/pZ)*, then we have that the group Q*/q2 is generated by (p,.) (where

is seen as element of Z C Z,,).
If p = 2, then we have that 04/Q;2 is generated by (—1,2,3).

Proof. If we have p 2, then we can easily see with Hensel's lemma that
x = (xl,x2,...) E Z is a square if and only if there exists a e z;, s.t.

x mod pZ,, or, which is the same, if and only if Xl is a square in F,,.
We know that there is an element E F,, with = () and thus are all
non-squares in Z represented by in 04/042.
In general an element x E 04 is a square if and only if it can be written as

= E z;. A non-square in 04 will thus be represented by p, or
p in 04/042. This gives that 04/042 is generated by (p,).
If p = 2, we can't use Hensel's lemma, instead we have that x E is a square
if and only if x 1 mod 8. (This is seen by straightforward computation.)
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Then we have that the non-squares in are exactly those elements which
are —3, —1 or 3 modulo 8 and its image in is thus generated by
(—1,3). In general we have that an element x E Q is a square if x = 22n2,

this implies that Q/Q2 is generated by (—1,2,3).

We can also formulate an equivalent of theorem (2.1.4) for Q.

Proposition 3.1.4 We have for the different primes p the next number of
elements of J(t1,)/2J(Q) (where g is the genus of C):

(i) P = 00.

dimF2 J(R)/2J(R) = #(irreducible factors of f5(X) over R) — 1 —

(ii) P=2.
dimF2 J(Q)/2J() = #(irreducible factors of f5(X) over O) — 1 +

(iii) otherwise.
dimF2 J(Q)/2J(Q) = #(irreducible factors of f5(X) over ) — 1.

Proof. We will only give a sketch.
If we define ri = dimF2 J(Q)[2], then we can prove, as in theorem (2.1.4)
that n = #(irreducible factors of f5(X) over ) — 1. Moreover we know
that the map [2] : D '—* 2D,D E J(Q,) is 2-to-1, because if 2D1 = 2D2,

then D1 — D2 E J(Q,)[2], thus there are exactly 2 elements with image
2D1 in J(Q,)[2].
Furthermore we know that if we denote

Vo1(J(Q))=f dp,
J(,)

then
Vol(2J(Q,)) =

-k-. f
d('2(p)).

2 J(Q,)

We have that d(t,L'2(14) = I2Id,. Thus we get that

#(J(Q)/2J(Q)) = ;))))
=

And 12',, equals 2 if p = 00, if p = 2 and 1 otherwise. Thus the dimension
over IF2 is n — g, n + g, n respectively, which gives the desired result.

3.2 Decomposition and inertia
We are working in the number field Q with integers Z. When we look at the
closure of Q, Q, there is a closure of Z in this new field, which we denote by
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which consists of the algebraic integers of Q. We can look at this closure
as a limit of finite Galois-extensions K of Q.

ZcQ
U U

ZKCK
U U

ZcQ.
We have that p is not a unit in Z, hence we have pZ C Z is an ideal and
we can choose a maximal ideal M which contains p74 with the property
MflZ=pZ.
Moreover, this prime p e Z this gives rise to an ideal PZK C Zj', with the
property PZK fl Z = pZ and PZK decomposes in ZK into the product of
prime ideals p, i.e.

e(n)
with the e the ramification index of PZK. (See [91, chapitre VI, for an
extensive account of all this.)
For the maximal ideal M we have that M fl ZK is equal to one of the p.
Each p2 lifts to an ideal in Z. We can choose maximal ideals M2 which
contain the lift of p2 and M2 fl ZK = p2, and M1 fl Z = pZ. We can repeat
this for a finite extension of K and create maximal ideals over p2.
This gives rise to infinitely many maximal ideals M2, for which M2 flZ = pZ.
In the finite-extension-case we have that for every a E Gal(K/Q) , a(pi) = P3.
The same is true for the maximal ideals M1: every a E G gives a(M2) = M,,
for some i,j.

Definition 3.2.1 We define the decomposition-group at p to be

Dp{aEGIa(M)MforachosenM.},
and the inertia-group at p to be

Ip={aEDpIa(x)—xEM, VXEZ}.

Obviously D is a subgroup of C, as well as I, C D C G.
Note that the notation D is somewhat confusing, because we can choose
different M1's and each choice of M2 gives rise to another subset of C (they
are equal upto conjugation).
We recall that Z'(G,J(Q)[2]) consists of classes of mappings : C —+
J()[2] with the property (ar) = a((r)) + e(a).

Definition 3.2.2 We call e Z'(G,J()[2]) unrarnified if Ij = ij for
some ? E B'(I,J(Q)[2]), i.e. if(j, = 0 in H'(G,J(Q)[2]).
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We know in the 'finite-extension-case' [K : Q] = n, K/Q Galois, that
#D = and that D/I Ga1((7ZK/pZK)/(Z/pZ)). If we let f be
f #Gal((ZK/pZK)/(Z/pZ)), then we have that n = efq and hence

= e. We see in general that p is unramified, if and only if 1j,, = 0 for

all E H'(G,J(Q)[2]).

Remark 3.2.3 Let's call G := Gal(Q/), the Galois group of over
Q. We can easily see that G -+ G by r '—* rI.
We even have a nice correspondence between G and D.

Theorem 3.2.4 With the previous definitions we have that G, D.

Proof. We will only prove it in case we have a finite extension K of Q.
We have PZK = (II= Pi) We start with the next commutative diagram

K

I

_

T

Q

(We could replace p with an arbitrary pj.) Now we know what happens to
each p. If we send p1 to P1 = PiZK1, then we have that by the choice of
our embedding K —p K1, that P1 = (1), for each i 1. Hence PZK is sent
to P, which can be written as a principal ideal (ir)e, with Vpj(ir) = . Now
we can create an explicit map from D to G. First notice that an element
a E G permutes the p1 and a a E G C G must keep pi fixed, because the
a E G permute the P2's that are prime. In K1, only P1 = (7r) is a prime,
hence G C D.
We have K = Q(fii,... ,/3,) and hence

K,,1 =(K(/31,... ,f3)),, ,fi).

Every a e D is uniquely determined by its permutation of the /31's. We
can send an element in D to its permutation of the f31's in K,,1. This map
is surjective because G,, c I?,,. But of course the only element which keeps
all f3 fixed is the identity, hence this map is also injective. Which proves

We can extend in two steps to First by finding the largest un-
ramified extension, the extension with Ga1(Qm/) D/I and

I,, and subsequently extend this extension to ,. This
gives us the following diagram.
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Diagram 3.2.5

I

______

Q1nr
>

qinr

I

______

Q )Qp.
This gives us a nice embedding Q c Q7 c qW, which induces embeddings
J(Q) > J(Q,) ', J(qflr). We can use this for creating a commutative dia-
gram which will give much information about the Selmer group that will be
introduced later on. First recall that in the previous chapter we created a
map 5 in theorem (2.4.8), which embedded J(Q)/2J(Q) into H'(G, J()[2]).
In the same way we can construct a map 5, which gives an embedding of
J()/2J() into H'(G, J(Q)[2]). We already saw that we can look at

as a subgroup of G, in fact as D, thus this map 8,, gives an embedding
into H'(D,,,J(Q)[2]). —

Identically we create an embedding of J(cQnr)/2J(Qr) into H'(I,,, J(Q)[2])
(note that Gal(Q,,/Qr) I,,).
Moreover we have a restriction

f3, : H'(G,J()[2]) —* H'(D,J()[2]),

as well as a restriction

/3unr H'(D,,,J()[2]) —* H'(I,J(Q)[2]).

Furthermore we call i/,,,, and bunr the maps from J(Q)/2J(Q) to J()/2J()
and from J()/2J(t1,) to J(Q rr)/2J(QnIr), respectively, which results in
the next commutative diagram.

Diagram 3.2.6

o > J(Q)/2J(Q) > H'(G,J()[2])

I
o > J(Q,,)/2J(Q,,) " H'(D,,,J()[2J)

bunr

o J(,,)/2J(Q,,t) öunr H' (I,,, J(Q)[2]).

3.3 The 2-Selmer group
With the maps defined in diagram (3.2.6), we define the Selmer group.
Note that by 'primes of Q' we mean either a usual prime corresponding to a
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discrete valuation or the infinite prime, corresponding to the Archimedean
completion IR.

Definition 3.3.1 The 2-Selmer group is defined as follows:

S2(Q,J) = {y E H'(G,J()[2]) /3('y) E im(5) for all primes p of Q}.

Proposition 3.3.2 We have that J(Q)/2J(Q) embeds into S2(Q, J).

Proof. Let D J(Q)/2J(Q) and let -y, = 6,, o t/',,(D). Diagram (3.2.6)
commutes, hence /3,, o 6(D) -y im(6), thus 6(D) S2(Q, J). Because 6
is injective, this gives an embedding of J(Q)/2J(Q) into S2(Q, J).

Remark 3.3.3 With this proposition we see that the Selmer group indeed
contains J(Q)/2J(Q). Furthermore we can see with diagram (3.2.6), how
we can compute this Selmer group, since

S2(Q,J) = fl fl'(ö,,(J(Q)/2J(Q,,))). (3.1)
p prime

This shows how we will try to compute the Selmer group. First we com-
pute the local image of J(1,)/2J(), then we look from what elements
in H'(G, J(Q)[2]) this comes (later on we replace this group by L*/L*2,

by using X — T) and then we take the intersection over all p's. In the rest
of this chapter we will see how we can describe S2(Q, J) under the map
X — T. This description will show that the involved computations are easy.
Moreover we need to reduce the number of 6,,'s we have to compute. This
will result in theorem (3.3.9), from which it follows that S2(Q, J) is finite.

Let's turn our attention to this Selmer group, to see whether we can compute
it. For that purpose we will first try to find another expression for S2(Q, J).
Let S be the set of primes of Q consisting of the infinite prime, which we
denote by —1, the prime 2 and furthermore the primes of bad reduction of
J, i.e. the primes which divide the discriminant of f5(X), hence

S={ primespofQforwhichpl IT (a—aj)2}U{—1,2}.
1<i<j<5

First we need a proposition about J(nr)/2J(Qunr), which will enable us
to use diagram (3.2.6) more effectively.

Proposition 3.3.4 If p S, then we have J( ")/2J(Q) = 0.

Proof. (We only give a sketch of the proof.)
Let p S. We have introduced Z, and the maximal ideal pZ,, and we
have that Z,,/p7Z,, F,,. Because of this isomorphism we can look at the
reduction Z,, - F,, (as done in [1], chapter 7). In general we have that the
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Jacobian J can be embedded in II', for some n (in fact, in our case n = 8,

see [1], pp. 66). thus J(QUfl) €...÷ 1pn(cQflr). Hence we get the reduction
J(Qnr) —+ J(IF,,) as follows. Let x E J(qflr), then we can represent this
x by (x1,... s.t. max = 1, i.e. x1 zp and the x have no
common factor p, so that the reduction is well-defined.
Because p S, we have that J(F) is an abelian variety and hence a group.
The reduction we just defined is surjective. Moreover, because F,, is alge-
braically closed, we have that J(i',,)/2J(F,,) = 0. —

Let now M be the kernel from the reduction J(cU4flt) —+ J(F,,). For ev-
ery x E there exists a representative z' with x' E Al.
Wecanseethisasfollows. xM=z-+y€J(F,,),y0. Wesaw
J(i)/2J(i) = 0, hence there exists a 1 s.t. z, with 2z = y and
thus x — 2 E M and in J(Qr)/2J(Q) are x and x — equal, which
gives us our representative in M. This implies that we have a surjection
M/2M J(QUfl)/2J(QUfl)
Now we 'only' need to show that M/2M = 0. We do this by referring
to [12], chapter IV and [1], chapter 7. If .T is the formal group associ-
ated with J, then we have that M F(pZ), [12] tells us also that
[2] .T —÷ .F is an isomorphism if p > 2, so this induces an isomorphism
[2] pZnr) ÷ (P7unr) and thus an isomorphism [2] : M —* M, which
implies that M/2M = 0.

Look at a cocycle e H(G, J()[2]), recall that is called unramified at
the prime p if (jj is a coboundary map.

Definition 3.3.5 We define H(G,J()[2]) C H'(G,J()[2]) to be the
subgroup of H'(G, J()[2]) with the property that it consists of the cocycles
that are unramified at primes p S.

Proposition 3.3.6 With this definition of H(G,J()[2]) we have that
S2(Q,J) C H(G,J(Q)[2]), and thus

S2(Q, J) = {y H(G, J()[2]) I /3,,('y) E im(6,,) Vprimes p of Q}.

Proof. Let p S. Let E S2(Q, J). By definition we have that E

S2(Q, J) if f3,,(), which is the restriction of to D,,, is in the image of 5,,,
thus there exists a j, E J(Q,,)/2J(Q,,) with S(j,,) = IDP (*). Because

diagram (3.2.6) is commutative, we have that /3unr0 Sp(jp) 5unr 0tunr(jp).
The lefthand-side of this equation is according to (*) and diagram (3.2.6)
exactly the restriction of to I,,. The righthand-side of this equation is
0 because J(')/2J(Q) = 0 according to proposition (3.3.4). Thus

= 0, thus is unramified over p.
This proves S2(Q, J) C H(G, J(Q)[2J).

We recall some r(sults from the previous chapter. According to theoreni
(2.4.8) we have an isomorphism between H'(G, J(Q)[2]) and
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ker(N: L*/L*2 jQ*/2), by the map kow: H'(G,J()[2J) L/L2.
Moreover we have that k o w o 0 is the same injection as X — T. We can
consider the same maps acting on a completion of L at p, which is the same
as [X]/(f5), then we get a map

(k o w) o Op: J()/2J(Q) —4 L/L2.

We extend our diagram (3.2.6) as follows (it's still commutative):

Diagram 3.3.7

o J(Q)/2J(Q) o H'(G,J()[2]) ko,i' L*/L*2

o J(Q)/2J(Q,,) " H'(D,J()[2]) (kow)P) ;/;2•
As an injection k o w o 5 is the same as X — T, as well as (k o W)p o 5, is the
same as (X — T); this gives the next diagram.

Diagram 3.3.8

o J(Q)/2J(Q) XT L*/L*2

o J(Q)/2J(Q) (X—T)9

With theorem (2.4.8) we can describe the elements of S2(Q, J) in terms of
this diagram. First of all we have that the elements of S2(Q, J) are in

ker(N : L*/L*2 . Q*/Q*2) kZvH1(GJ()[2])

And for every H'(G,J(Q)[2]) we have that S2(Q,J) if and only if
after restriction to D it is in the image of O, for all primes p.
After our isomorphism k o w this sentence reads as: For every in
ker (N: L* /L*2 Q* /Q*2) we have that E S2 (Q, J) if and only if after
mapping into L;/L;2 it is in the image of (k o W)p o 5, for all primes p.
According to theorem (2.5.3) this latter map is the same as (X — T), thus

E S2 (Q, J) if and only if its mapping in is in the image of (X —
for all primes p.

We want to describe the Selmer group even more precise. We already em-
bedded S2(Q, J) into H(G, J(Q)[2]). What is the image of HA(G, J(Q)[2])
under k o w? Let E H(G, J(i)[2]), then of course

k o w() E ker (N : Q* /Q*2)
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Furthermore we know that if E H(G, J()[2]) then is unramified at p
forallpS. ThusIj =OforpS. Ifwehave kow()=1E L*/L*2 and
p S, we have by remark (2.4.7) that it comes from the map : a —+
with H' (G, 1t2(L)). This implies j,, = 1, which means that a(/i) = Ii
for all a E I.
We know from theorem (2.3.1) that L = e.1Q[T]/(h(T)), with h•(T)
irreducible in Q[T], thus L is the direct sum of d fields. We can look at I
as a d-tuple (li,.. . , l) and at .11 as a d-tuple (V7,... , /i), thus every
a E I,, keeps this d-tuple fixed, thus a(/i) = i/i. We already saw that
I,, Gal(Q/Q), so if we look at the extension Q[T]/(h1(T))[/l], it's
fixed under Ii,, this means that it is an unramified extension at all p S.
This gives us that the image of H(G, J() [2J) under the isomorphism kow is
exactly the subset of the kernel of the norm N, viewed as d-tuples (I,,... id),
for which each of the extensions Q[T]/(h(T))[/1] is unramified at alip S.
Thus

H(G,J()[2]) ky
{(li ,Ij) e ker(N) I Vi is q{TJ/(h2(T))[/ij

an unramified extension at all p S}.

Our Selmer group S2(Q, J) consists of the elements 1 in this set for which
the mapping into is in the image of (X — T) for all primes p.

With this information we can resolve another intricate problem. We want
to compute the Selmer group by evaluating it iocally, subsequently we must
compute the images of all our 8,,,'s, but there are infinitely many primes, so
this tends to be a problem. Our next theorem states that we only need to
compute the images of finitely many 8,,'s to compute the group, namely only
the primes in the set S.

Theorem 3.3.9 We have

S2(Q, J) = { E H(G, J()[2]) I I3,,() E im(ö) Vp E S}.

Proof. We will prove this under the assumption that the roots of f are
all rational. We use the notations of diagram (3.3.7):

o J(Q)/2J(Q) H'(G,J()[2]) kow> L*IL*2

I 'b, I"
o > J()/2J(Q) "

> H'(D,J()[2]) ''° L;/L;2.

We denote k o w(H(G, J()[2])) simply as H(G, J()[2]), because k o w
is an isomorphism. We do this also for S2(Q, J).
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Then we have that L*/L*2 e5Q*/Q*2 and we know that H(G, J()[2])
consists of the 5-tuples (xi,... ,x5) with Q(J) unramified at all p S.
Let S = {p,... ,p}, (where the prime at infinity is denoted as —1) then
this implies that x2 E (pr,... ,pn) =: H C Q*/Q*2. Thus H(G, J(Q)[2]) C
Et=1H. This immediately shows that H(G, J(Q)[2]) is a finite group.
Let now p S. We know that = (p,r), with r a non-square modulo
p. Because p S, we have that every coordinate of an element in H is
mapped to either 1 or r, hence ((H(G, J(Q)[2])) C e(r), which implies
that the rank of(H(G, J(Q)[2J)) is at most 5. Because H(G, J(Q)[2]) C
ker(N), we have for all (,... , x5) E ((H(G, J(Q)[2])) that L1 = 1.

Hence the rank of ((H(G, J()[2])) is at most 5 — 1 = 4.

We already know that im() is a subset of (H(G, J()[2])), moreover
by proposition (3.1.4) we know that im(6) has rank 4, hence im(ö) D
((H(G,J()[2J)), which implies that ('(im(5)) D H(G,J(Q)[2]). By
the inverse of k o to, this results in f3' (im(p)) D H(G, J()[2]).
Recall that

52(Q, J) = {y E H(G, J()[2]) I /3,,('y) E im() V primes p of Q}.

Hence we can forget the p S, because these give a set of 'y's which is at
least H(G, J()[2]) and we get the demanded expression for S2(Q, J).

Remark 3.3.10 From the proof of this proposition we can deduce directly
an upperbound for the rank of the Selmer group in terms of the num-
ber of elements of S. Because H(G, J(Q)[2]) C 1H, we have that
H(G, J(Q)[2]) consists of at most elements, with n = #S and because
the Selmer group consists of the elements in the kernel of the norm we have
that the Selmer group consists of at most 24,z elements, hence the dimension
is at most 4n. Moreover we have that the rank of the torsion is 4, hence the
Mordell-Weil rank is at most 4n — 4.

3.4 The algorithm
We can express the Selmer group also in terms of the map X — T, then we
get with the notation of diagram (3.3.8)

S2(Q, J) = {1 E k o w(H(G, J()[2])) I ,,(l) e im((X — T)) Vp e S}.

We can simplify this even more, because we will only look at cases for which
the roots of f are rational. This gives us that L*/L*2 = eSQ* /Q*2. And
as we saw in the proof of theorem (3.3.9), if we let H =(JJp I p E S)c
Q*/Q*2 then we have kow(H(G,J(Q)[2])) C E?1H, hence

S2(Q, J) = (1 ED=1H I ((1) E im((X — T)) Vp E S}.

With this expression and diagram (3.3.8), we can see how our algorithm
works.
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(i) Compute S, by computing the discriminant of 15.

(ii) For every p E S:

— compute a set A of generators of J(Q)/2J(Q). Because we
already have a set of generators for J(Q) [2], this practically comes

down to finding 1 or 2 new generators;

— compute (X — T)p(Ap);

— compute the set B,, C L*/L*2, with ç(B) = (X — T)(A).
(iii) Now we have S2(Q, J) = flsspan(B).

In the next chapter we will compute an example.



Chapter 4

Computing an example

In this chapter we will use the theory we have developed in the previous
chapter for computing the rank of J(Q) of the next genus 2 curve.
Let q > 3 (the cases q = 2, 3 will be considered separately) be a prime and
let the model of C be given by

y2 = (X2 — 4q2)(X2 — q2)X. (4.1)

In this case we have that f5(X) = (X + 2q)(X + q)X(X — q)(X — 2q), so

15 splits over Q and we see immediately 5 points in C(Q), namely (cr1, 0) =
(—2q,0),... , (a,O) = (2q,O). This gives us 5 points in the 2-torsion of the
Jacobian J(Q), namely D2 = [(as, 0)] — [oo], i = 1,... , 5.

We have that the discriminant, , of f5(X) is:

L(f5) = JJ (a2 — a3)2 = (q2)4((2q)2)3((3q)2)2((4q)2)' = 21034q20.

1 <i<j<5

The primes that divide /.(f5) are 2,3 and q, so the set of primes p for which
we need to compute the image of (X — T) is S = {—1,2,3,q}.
We have that L*/L*2 = e5 1Q*/Q*2. Define H : (—1,2,3,q). We already
saw that H(G, J(Q)[2]) C D..1H and that the Selmer group is a subset of
H(G, J(Q)[2]). Thus X — T embeds S2(Q, J) into _.1H. Moreover we
have for x E S2(Q, J), that the product of the 5 coordinates is a square,
because the Selmer group embeds in the kernel of the norm from L*/L*2 to

Q* /Q*2. As we noticed in the previous chapter, the dimension of the Selmer
group is at most 4 4 = 16.

4.1 Computing (X — T)
In paragraph (2.5) we introduced the map X — T as a mapping from the
group J(Q)/2J(Q) to 5 copies of Q*/Q2, but we needed a representation for
every element without Weierstrass points in its support. We refer to remark

41
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(2.5.2) to see how we deal with representations which have a Weierstrass
point in its support.

We have that D1,... , D represent distinct divisor classes in J(Q)/2J(Q)
because as divisors D1,... , D are linearly independent. And we already
know that these 4 divisors span J(Q)[2] as vectorspace over IF2. We will use
in the following the abbreviation Da = [(a, ,/j)] — [oc], thus D_2q =
[(—2q, 0)] — [oo], etc.. This gives the next table.

Table 4.1.1 X—T

X+2q X+q X X-q X-2q
D_2q 6 —q —2q —3q —q

D_q q —6 —q —2q —3q
D0 2q q 1 —q —2q

Dq 3q 2q q —6 —q

According to the algorithm in paragraph (3.4) we need to compute genera-
tors of J()/2J(Q) for every p E S and subsequently the image of these
generators in L/L2. We recall that L/L2 = for all p E S.
To be able to do these computations we need to classify our prime q, because
we need to know when q is a square modulo 2 and 3. Furthermore we need
to know when —1,2 and 3 are squares modulo q. This classification is given
by the next proposition:

Proposition 4.1.2 Let q a mod 24, with q > 3 and q is a prime, thus
a E (Z/24Z)* = {1,5,7, 11, 13,17, 19,23}, then we get the following classifi-
cation:

a squares mod q
1 —1,2,3
5 —1

7 2

11 3

13 —1,3
17 —1,2
19 none
23 2,3

Moreover we have that q is a square in Q/Q2 if and only if a E {1, 17}.
And q is a square in /2 if and only if a E {1, 7, 13, 19}.

Proof. Obviously we have that if q > 3 a prime, then q mod 24 E
(Z/24Z)*. From [2], pp. 66-70, we know that if p is a prime, then

(—1"\ — Ji ifp 1 mod 4 1,5,13,17 mod 24,

p ) — —i if p —1 mod 4 7,11,19,23 mod 24.
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(2'\ — Ji if p ±1 mod8 1, 7, 17, 23 mod 24,

p) — 1,—i if p ±3 mod 8 5,11,13,19 mod 24.

(3\Ji ifpE±lmodl2El,11,13,23mod24,
p) — 1,,—i if p ±5 mod 12 5,7,17,19 mod 24.

With this information, we get the table. The two other conclusions follow
from the fact that II2 = II3 = 1 and hence this is a square in Q/Q2 if
q 1 mod 8 and in /2 if q 1 mod 3 (see proposition (3.1.3)).

This proposition gives us a classification with which we can compute the
images of (X — T).

1. Image of J(R)/2J(R) under (X —

We have that IR*/IR*2 = (—1) and that J(R)/2J(R) has, by proposition
(3.1.4), dimension 5 — 1 — 2 = 2, thus we need only 2 generators, this gives
us the next table.

Table 4.1.3 (X—T)_1

D_q
X+2q

1

X+q
1

X
1

X-q
1

X-2q
1

D0 1 1 1 —1 —1

To give an idea of how we will work with this data, the following remark.
Because we are working in R we know that a coordinate x of an element
x = (x1,... , x) of the Selmer group is mapped to 1 if it is positive and to
—1 if it is negative. We see that there is no —1 in the first column, thus
we conclude that all the elements in the Selmer group have a positive first
coordinate. This implies that the first coordinate is in (2,3, q) C H =
(—1,2,3,q). An immediate result is that the rank of the Selmer group is at
most 15.

2. Image of J(Q)/2J() under (X — T)2

We have that U/Q2 = (—1,2,3) and J()/2J() has dimension 5 —
1 + 2 = 6, thus we are looking for 6 generators. After some computing we
find that the 4 generators over Q are also independent over , hence we
need to find 2 other generators.
We can see that in cU/cQL2, we have that f() = (1 — 8q)(1 — 4q)1(1 +
4q)(1+8q)(1—8q)(1 —4q)1(1 +4q)(1+8q)(1—4q)(1+4q)mod8
(1 + 16q2) mod 8 1 mod 8, thus JiK) E , this gives us a new point
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D E J(Q). In the same way we find that 15(20) gives a point D20 e J(Q).
These two points appear not to be mutually equivalent nor equivalent to the
4 generators over Q. This can be seen from the following tables.

Table 4.1.4 (X — T)2

q 1mod8 1,17mod24

X+2q X+q X X-q X -2q
D_2q 6 1 —2 3 1

D_q 1 —6 1 —2

D0 2 1 1 —1 —2

Dq 3 2 1 —6 1

D! 1 —3 1 —3 1
4

D20 6 —3 —3 3 2

qE3mod8 11,19 mod 24

X+2q X+q X X-q X -2q
D_2q 6 3 6 —1 3
D_ 3 —6 —3 —6 —1

D0 6 3 1 —3 —6

Dq 1 6 3 —6 3

D1 1 —3 1 —3 1
4

J2o —6 —1 —3 1 —2

q —1 mod 8 7,23 mod 24

X+2q X+q X X-q X -2q
D_2 6 1 2 3 1

D_q 1 —6 1 2 3

D0 —2 —1 1 1 2
Dq 3 —2 —1 —6 1

D1 1 —3 1 —3 1
4

D20 2 3 —3 —3 6
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q—3mod85,13mod24

X+2q X+q X X-q X- 2q

D_2q 6 3 6 1 3

D_q —6 3 6 1

D0 —6 —3 1 3 6

D —1 —6 —3 —6 3

D1 1 —3 1 —3 1
4

D20 —2 1 —3 —1 —6

3. Image of J()/2J(Q) under (X — T)3

We have that /2 = (—1,3) and J()/2J(Q3) has dimension 5—1 = 4,

thus we need 4 generators. Only 3 of the 4 generators over Q appear to be
not equivalent over , so we need to find one other generator. It turns
out that this generator is only depending on the fact whether or not q is a
square in Q.
If q 1 mod 3, then we have that f5(—(q + 3)) = (—3q — 3)(—2q — 3)(—q —

3)(—3)(q—3) =9(q+1)(2q+3)(q+3)(q—3). Thus f5(—(q+3)) E221
1 mod 3, thus by Hensel's lemma f5(—(q+3)) is a square in Q, which gives
us a new point in the Jacobian, which is linearly independent from the oth-
ers.
If q —1 mod 3, then we have, in the same way, that = q(—q2 —

2q)(—2q) —1(—1 + 2)2 1 mod 3, this gives a new point in J(). This
information gives us the next tables.

Table 4.1.5 (X — T)3

q 1mod3 1,7,13,19mod24

X+2q X+q X X-q X-2q
D_2q 3 1 1 3 1

D_q 1 3 1 1 3

D0 —1 1 1 —1 1

D_(g+3) 1 3 —1 1 3

q —1 mod3 5,11,17,23 mod 24

X+2q X+q X X-q X —2q

D_2q 3 1 —1 3 1

D_ —1 3 1 —1 3

D0 1 —1 1 1 —1

Dg_3 3 1 —1 3 I
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4. Image of J(Qj)/2J(Qq) under (X —

We have = (q,r), with r a non-square in Fq and J(Q,)/2J(Q,)
has dimension 5 — 1 = 4, thus we are looking for 4 generators. In this case
we have to distinguish between the 8 classes modulo 24 of the prime q. In
each case we have that the 4 generators over Q give 4 generators over Q.
This gives us the next tables.

Table 4.1.6 (X — T)q

q 1 mod 24

X+2q X+q X X-q X-2q
D2 1 q q q q

D_q q 1 q q q

D0 q q 1 q q

Dq q q q 1 q

q 5 mod 24

X+2q X+q X X-q X—2q
D_2q 1 q 2q 2q q

D_q q 1 q 2q 2q
D0 2q q 1 q 2q
Dq 2q 2q q 1 q

q 7 mod 24

X+2q X+q X X-q X—2q
D_2q —1 —q —q q —q

D_q q 1 —q —q q
D0 q q 1 —q —q

Dq —q q q 1 —q

q 11 mod 24

X+2q X+q X X-q X-2q
D_2q —1 —q q —q —q

D_q q 1 —q q —q

D0 —q q 1 —q q
Dq q —q q 1 —q
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q 13 mod 24

X+2q X+q X X-q X—2q
D_2q 2 q 2q q q
D_q q 2 q 2q q
D0 2q q 1 q 2q
Dq q 2q q 2 q

q 17 mod 24

X+2q X+q X X-q X-2q
D_2q 3 q q 3q q
D_ q 3 q q 3q
D0 q q 1 q q
D 3q q q 3 q

q 19 mod 24

X+2q X+q X X-q X-2q
D_2q 1 —q q q —q

D_q q —1 —q q q
D0 —q q 1 —q q
Dq —q —q q —1 —q

q 23 mod 24

X+2q X+q X X-q X-2q
D_2 1 —q —q —q —q

D_q q —1 —q —q —q

D0 q q 1 —q —q

Dq q q q —1 —q
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4.2 The computation of the Selmer group
With these tables we can compute the Selmer group for all q and find the
actual generators of this group. In this paragraph we will compute the
Selmer group for every classification of q. At the end we have a table with
a summary of the results of the computations. In the following we will see
elements of the Selmer group as 5-tuples in e....1Q*/Q*2.
We will first make some general remarks. We have already seen that the
first coordinate of elements in the Selmer group is in (2, 3, q). If we look at
table (4.1.1), then we see that (X — T)(J(Q)/2J(Q)) spans (2,3, q) for the
first coordinate.
We consider the map S2(Q, J) —* (2,3, q), given by (x1,... , x5) x. This
map is surjective and F2-linear. Define S? to be the kernel of this map, thus
to be the subgroup of S2(Q, J) consisting of those elements (el,... ,e5)
with e1 = 1. Then we have that dimF2 S2(Q, J) = 3 + dimF2 S?. Let
m2 = (X—T)(D_q+Do),m3 = (XT)(D_q+Dq) andmq = (XT)(D_q),
these are elements with first coordinate 2,3 and q respectively. In the
following we only need to look for the dimension of S?. Moreover we
know that we always have one element besides the identity in S?, namely
rn1 := (X — T)(D_2q + D0 + Dq) = (1, —2q, —2, —2, —2q), which is indepen-
dent from the others. Hence the dimension of S? is at least 1.

(i) q 1 mod 24, this implies that q is 2-adically and 3-adically mapped to
a square. In Table (4.1.4) we see that dim(im((X — T)2))) = 6. Moreover
we see in this table that the dimension of the elements with first coordinate
1 is 4. This table gives us the generators of S?(Q).

Y2,1 1 —6 —1 —2 —3
Y2,2 1 —2 —2 —2 —2
Y2,3 1 —3 1 —3 1

Y2,4 1 —6 —3 2 1

Let (1, e2,... , e5) S?, then e5 is 2-adically mapped to (—2, —3), this means
that e5 E (—2, —3,q). Notice that y2,2 comes from m1, and this is an element
for which e5 mapped to —2, so we can look at G1 = S? = S?/y2,2S?, then
we have that the dimension of G1 is 1 more than that of S?. Now look at
the subgroup G1 of S?, for which e5 is mapped to (—3), which means e5 E
(—3, q).
We can do the same for p = 3, q, and then we get for p = 3, that the set of
elements in (X — T)3(J(th)/2J()) with first coordinate 1 is spanned by

Y3,1 1 3 —1 1 —3

Y3,2 1 —3 —1 1 3

And these also span G1. Notice that neither the third nor the fourth coor-
dinate is divisible by 3, thus e3 must be mapped to (—1) and, moreover, e4
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is always mapped to 1, and is thus 1 mod 3. This gives e4 E (—2,q). We see
that 2-adically e4 can't be 2 nor —1 nor —6. thus we can forget y2,4•
For p = q, we get the table of generators of S?(Q), which also generate G1.

1 1 1 q q

Yq,2 1 q 1 q 1

Yq,3 1 q q 1 1

Now we try to construct an element in G1 with e4 = q. Such an element is
2-adically mapped to 1, thus it must 2-adically be the identity (recall that
we can forget y2,2 and y2,4). This means that e1 E (q) for all i = 2,3,4,5.
This maps 3-adically also to the identity. But q-adically we have three inde-
pendent elements which satisfy. You can see that Yq,1 and Yq,3 are linearly
independent of mi. Thus this gives us 2 extra linearly independent elements
in G1, namely n1 = (1, 1, 1,q,q) and 2 = (1,q,q, 1, 1).
The subgroup of S? that remains consists of those elements of G1, which map
q-adically to the identity, thus e2 E (—1,2,3) for all i = 2,3,4,5. This gives
e4 E (—2), e e (—3), e3 E (—1,3). If we look at fl3 = (1,—6,—1,—2,—3),
then this is 2-adically mapped to 112,1 and 3-adically to (1,3, —1, 1, —3) =
Y3,1 Moreover this element is linearly independent of m1, n1, 2, thus this
gives another linearly independent element in S?. What remains in S and
is independent of m1,n11n2,n must satisfy e4 = 1,e5 = 1, that means
that it 2-adically, 3-adically and q-adically is the identity, hence it must be
(1, 1, 1, 1, 1). No more independent elements can be found.
We conclude that S? has dimension 4 and thus dim S2(Q, J) = 7 and it is
generated by {ml,m2,m3,mq,nl,n2,n3}.

(ii) q 5 mod 24, then q —3 mod 8 and q —1 mod 3. We do the
same as in the previous case. Now we have that the image of (X — T)2 with
the first coordinate 1 is generated by three elements, namely

Y2,1 1 —3 1 —3 1

Y2,2 1 6 —2 —2 6

Y2,3 1 —2 —6 —6 —2

We see again that we can consider the subgroup G1 of S?, by dividing out
m1. So we can forget 112,2 and then we see that e3 is mapped to (—6) thus
e3 E (2q, —3q) and e5 E (—2, —3q).
The image of (X — T)3 is spanned by two elements

113,1= 1 —1 1 1 —1

113,2= 1 3 1 1 3

We see that both e3 and c.1 are mapped 3-adically to 1, thus e3, e4 E (—2, —q).
Together with the 2-adic information this gives e3 e (2q).
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The image of (X — T)q is spanned by two elements

Y,i 1 q 2q 2q q

Yq,2 1 2 q q 2

If we look at n1 = (1, 6q, 2q, 2q, 6q), then it is 2-adically mapped to
(1, —2, —6, —6, —2), 3-adically to (1,3, 1, 1,3) and q-adically to (1, q, 2q, 2q, q),
because according to proposition (4.1.2) only —1 is a square modulo q. We
have that n1 is linearly independent of m1, thus we have another indepen-
dent element in S?. What remains is a subgroup of G1 with e3 = 1 and
then e5 E (—3q), but 3-adically this can only be mapped to e5 = —1, this
is impossible thus it must 3-adically be mapped to the identity, thus each
e2 is 1 modulo 3. But e.g. e is mapped to —3, thus this must come from
q, which is 3-adically mapped to —1. Thus also 2-adically it must be the
identity, this means that every e is 1 modulo 3 and 1 modulo 8, this means
e2 = 1 for all i.
So we conclude that S? is generated by m1, n1 and S2(Q, J) has dimension 5.

(iii) q 7 mod 24, then q —1 mod 8 and q 1 mod 3.

Y2,1 1 —3 1 —3 1

Y2,2 1 —2 —2 —2 —2
Y2,3 1 1 6 3 2

We can forget y2,2, thus G1 is the group with e3 E (2).

Y3,1 1 3 —1 1 —3

Y3,2 1 —3 —1 1 3

We have e5 e (2), thus it is 3-adically mapped to —1, which can only come
from Y3,1Y3,2 = (1, —1, 1, 1, —1). This implies that no e2 is divisible by three,
but from the 2-adic table we see that besides the identity at least one e2
must be divisible by three. Thus every e2 is 2-adically mapped to 1, which
implies e1 E (—q). This means that e1 is 3-adically mapped to 1, thus also
here it must be the identity.
Over R we see that the image must be (1, —1, —1, 1, 1), thus the only non-
trivial possibility is (1, —q, —q, 1, 1).
Now we have that S? (Q) is generated by

Yq,1 1 q —q 1 —1

Yq,2 1 —q —1 —1 —q

So we see that (1, —q, —q, 1, 1) is not in S?(Q4). Ergo the dimension of the
2-Selmer group is 4.
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(iv) q 11 mod 24, then q 3 mod 8 and q —1 mod 3.

Y2,1 1 —3 1 —3 1

Y2,2 1 —6 —2 —2 —6
Y2,3 1 6 3 —6 —3

We have that y2,2 is the image of m1, thus we can forget this one and we
get that e5 is 2-adically mapped to (—3), which means e5 E (—3, —q).

y,i 1 —1 1 1 —1

Y3,2 1 3 1 1 3

We have that y3,l is the image of m1, so we can forget this one. This gives
again e3,e4 E (—2,—q), and e2,e5 e (3,—q), thus e5 E (—q).

Yg,1= 1 —q —1 q 1

Yq,2 1 q 1 1 q

Thus e5 = 1. Hence 3-adically we're only concerned with the identity, 2-
adically with y2,l and q-adically with ,i. This last fact means that e4 is
q-adically mapped to q, but this is impossible, because e4 E (—2, —q) which
is q-adically mapped to (—q), thus e4 = 1. This implies that also q-adically
and 2-adically we only have to deal with the identity, thus it has only the
identity besides m in S?.
We conclude that the 2-Selmer group has dimension 4.

(v) q 13 mod 24, then q —3 mod 8 and q 1 mod 3.

Y2,1 1 —3 1 —3 1

Y2,2= 1 6 —2 —2 6

112,3= 1 —2 —6 —6 —2

We can forget 112,2, (image of ml), thus e5 is mapped to (—2), so e5 E
(—2, —3q)

y,i 1 3 —1 1 —3

113,2= 1 —3 —1 1 3

Yq,l 1 q 1 q 1

Yq,2= 1 2 2 2q 2q

We immediately see that (1, q, 1, q, 1) E S?, because it is 2-adically mapped
to (1, —3, 1, —3, 1) and 3-adically to the identity.
For the remaining part we can forget 112,1 and Yq,1 We see with 3-adic in-
formation that e4 E (—2, q), with q-adic information this gives e4 E (—2q)
(—1 is a q-adic square). But —2q is 2-adically mapped to 6, thus e4 = 1,

which implies that 2-adically it gives the identity, as well as q-adically. This
implies 2-adically e2 E (—3q), but this is q-adically mapped to q, thus also
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e2 = 1, this implies that also 3-adically it gives the identity and we have
that S? is generated by m1 and n1.
We conclude that dim(S2(Q, J)) = 5.

(vi) q 17 mod 24, then q 1 mod 8 and q —1 mod 3.

Y2,1 1 —6 —1 —2 —3
Y2,2 1 —2 —2 —2 —2
Y2,3 1 —3 1 —3 1

Y2,4 1 —6 —3 2 1

We can forget Y2,2•

Y3,1 1 —1 1 1 —1

Y3,2 1 3 1 1 3

We can forget Y3,l, because it comes from m1.

1 3q q 1 3

Yq,2 1 q 1 1 q

We can forget Yq,2, because it comes from mi. Then we see q-adically that
e4 E (—1,2). With 3-adic info this gives e4 e (—2). This implies that
(1, e2,... , e5) can 2-adically only be mapped to y2,1• This implies that
e5 E (—3, q); q-adically this reduces to e5 E (—3); this reduces 3-adically to
e5 = 1. Then it follows directly that only the identity remains. Thus the
Selmer group has dimension 4.

(vii) q 19 mod 24, then q 3 mod 8 and q 1 mod 3.

!/2,1 1 —3 1 —3 1

Y2,2 1 —6 —2 —2 —6
Y2,3 1 6 3 —6 —3

We can forget Y2,2•

y,i 1 3 —1 1 —3

Y3,2 1 —3 —1 1 3

Yq,1 1 q 1 1 q

Yq,2 1 —1 q q —1

We can forget Yq,1, because it comes from m1. We see that with the q-adic
info e5 E (—1,2,3), with 2-adic info this gives e5 E (—3), thus the only
element that is q-adically possible is the identity. This implies that e E
(—2, —3), because —1,2,3 are all q-adic non-squares. If we look 2-adically
we see that this gives e3 = 1 and thus e5 = 1, but then the only possibility
3-adically is the identity. That means e, e4 e (—2). This gives 2-adically
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that the only possibility is the identity, thus here we also have that the
Selmer group has dimension 4.

(viii) q 23 mod 24, then q —1 mod 8 and q —1 mod 3.

Y2,1 1 —3 1 —3 1

Y2,2 1 —2 —2 —2 —2
1/2,3= 1 1 6 3 2

We can forget Y2,2•
1/3,1= 1 —1 1 1 —1

Y3,2 1 3 1 1 3

We can forget Y3,1•

Yq,1 1 —q —q —q —q
Yg,2 1 —q —1 —1 —q

Yq,3 1 —q —q 1 1

We can forget Yq,2, because it comes from m1. For the remaining part we can
say that according to 2-adic information e2 E (—3, —q); 3-adically this gives
that e2 is mapped to (—3), thus e2 E (—q) and only the identity satisfies
3-adically, so not one of the e2 is divisible by 3, this gives 2-adically that
the only possibility is the identity. If we let n1 = (1, —q, —q, —q, —q), 2 =
(1, —q, —q, 1, 1), then we see that both n1 and 2 are 2-adically and 3-adically
mapped to the identity and q-adically to Yq,1 and Yq,3 respectively. Notice
that n1 and 2 are mutually independent, as well as indepent of in1, so
S? has dimension 3 and is generated by m1,n1 and We conclude that
dim(S2(Q, J)) = 6.

For completeness we will also compute the cases q = 2,3 here.
For q = 2 we have the next (X — T)2-table.

X+2q X+q X X-q X-2q
D_2q 6 —2 1 —6 —2

D_ 2 —6 —2 —1 —6

D0 1 2 1 —2 —1

D 6 1 2 —6 —2

D_3 1 —1 —3 3 1

D16 —3 2 1 —2 3

We see again that the first coordinate should be in (2,3) and this the case,
so we only need to consider the elements with first coordinate 1. These
elements are spanned by 3 elements, namely D0, D_3 and D_2q + Dq. Of
these, only D_3 is not in the image of J(Q)[21, so for further computations
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we only need to consider this one and add to the dimension 4.
We have the next (X — T)3 table:

X+2q X+q X X-q X- 2q

D_2q 3 —2 1 3 —2

D_q 2 3 —2 1 3

D0 1 2 1 —2 — 1

D9 1 —1 1 —1 1

Here also we only consider the elements with first coordinate 1 and not
in the image of J(Q)[2], this gives as the only element D9. But there cannot
be an element above D9 and D_3, because the fourth coordinate should be
divisible by 3 according to D_3 and this is impossible according to D9, so
besides the image of J(Q)[2] there is nothing in the image of (X —T). Thus
for q = 2, the Mordell-Weil rank is 0.

In case q = 3, we have that the table of (X — T)2 is:

X+2q X+q X X—q X-2q
D_2q 6 3 —6 —1 3

D_q 3 —6 3 —6 —1

D0 6 3 1 —3 —6

Dq 1 6 3 —6 3

D1 1 —3 1 —3 —2
4

D_21 —6 —1 —3 1 1

With the same argument as above, we only need to consider D1. The
table of (X — T)3 is:

X+2q X +q X X—q X—2q
D_2 —3 —3 3 —1 —3

D_ 3 3 —3 3 —1

D0 —3 3 1 —3 3

D_21 3 1 —3 3 —3

We only have to look at D_21 + D_q '-+ (1,3,1,1,3). Then we see that
an element which is above the fourth element is not divisible by 3 and the
second coordinate is divisible by 3, but then it cannot be above D1, because
then the fourth coordinate would be divisible by 3. Thus the only element
is the identity, which gives that the Selmer group is equal to J(Q)[2] and
has dimension 4, and thus the Mordell-Weil rank is 0.
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Theorem 4.2.1 Let q be a prime, and C the hyperelliptic curve of genus 2
given by the model

y2 = (X2 — 4q2)(X2 — q2)X.

Then we have that the Selmer group, S2(Q, J) c e.1Q /Q*2, belonging to
the Jacobian of this curve has for every q as linearly independent elements
(2, —6q, —q, 2,6), (3, —3q, —1, 3q, 3) , (q, —6, —q, —2q, —3q) and
(1, —2q, —2, —2, —2q). The following table gives a classification of q modulo
24 and for each q the dimension of the 2-Selmer group S2(Q, J) and some
other generators of S2(Q, J), which together with the 4 mentioned genera-
tors span the Selmer group.

q (24) dim(S2(Q, J)) MW-rank other generators
1 7 < 3 (1,1,1,q,q);(1,q,q,1,1);(1,—6,—1,—-2,—3)

2 4 0 none
3 4 0 none
5 5 < 1 (1,6q,2q,2q,6q)
7 4 0 none
11 4 0 none
13 5 < 1 (1,q,1,q,1)
17 4 0 none
19 4 0 none
23 6 � 2 (1, —q, —q, —q, —q); (1, —q, —q, 1, 1)

4.3 The torsion part of J(Q)
In theorem (4.2.1) we see that for many primes q the Mordell-Weil rank is
equal to 0. For these primes, we can look whether the 2-torsion points are
the only points in J(Q). If this is so, we can conclude that the only points in
C(Q) are the Weierstrass points. The difficulty here is, that we don't know
anything about the torsion of J(Q) besides the 2-torsion. In this paragraph,
we will prove that in the case of model (4.1), there is no torsion besides the
2-torsion.
We can reduce J(Q) to J(F) by the reduction as defined in the proof of
proposition (3.3.4). Furthermore we know that a torsion point in J(Q) is
mapped to a torsion point of J(F), in fact J(F) = J(F)0, because F,, is
finite. In this case we have the following theorem.

Theorem 4.3.1 Let J(Q)to —p J(F,,)0 = J(F,,), be the reduction mod-
ulo a prime p. If p> 2 then this reduction is injective.

Proof. Let p be a prime. We recall from the proof of proposition (3.3.4) the
reduction J(Q) —* J(F,,). Similarly we have a reduction J(Q,,) —+
because the residue field of Q, is F,,. As in the proof of proposition (3.3.4)
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we look at the kernel M of this reduction. Again we have the formal group
F and now with M F(pZ). Moreover we have that a torsion point
P E M of order m corresponds to an element x E F, with x in the kernel
of the map [m] : F —÷ F, as defined in [12], chapter IV. ([12] works with
elliptic curves, but according to [1], chapter 7, this works exactly the same
for hyperelliptic curves we are studying in this paper, but then an element
in F(pZ) is given by a pair (xl,x2),x2 E pZ,, whereas in the elliptic case
we work with x E pZ.) According to [12], proposition (IV 2.3.(b)) we have
that for every m e z; the map [m] is an isomorphism. In particular, the
kernel of this image is 0. Hence there are no torsion points of order m in
M. So the only torsion that can occur must be of order p'.
Suppose now x = (x1, x2) E F(pZ) is an element of order p', then we have
v(x) � pfl_,fl_1 where v(x) = max v(x2). (see for this [12], theorem (IV
6.1) and [1], pp. 70.) Now we have that for p> 2, that v(z) < 1, hence
v(x1) < 1 for both i, but x E F(pZ), so by definition v(x2) � 1. Hence
we have a contradiction, so there are no torsion points of order pfl for p> 2,
for all n � 1.
This proves that there are no torsion points in M, for p > 2, hence the
reduction J(Q)0 —÷ J(F)0 = J(1F) is injective and hence the reduction
J(Q)to — J(F) is injective.

We will use this theorem for the computation of the number of elements
of the torsion of J(Q) in our example. We already have that #J(Q)tors �
#J(Q)[2] = 16. Furthermore we have an expression for #J(F) in terms of
#C(]F) and #C(F2).

Proposition 4.3.2 We have

#J(F) = 1— t +s —pt +p2,

where

(#C(F))2 + #C(F2)
2

+p—#C(F)—p.#C(F)

and
=p+ 1 —#C(F).

Which is the same as

(#C(F))2 + #C(F2)#J(F)=
2

—p.

Proof. Take V = TJ ® Q, then V is a 2g-dimensional vectorspace over
Q, where TJ is the Tate module of J, given by TJ = lim J(Q,)[pfl],

which is a Z, module of rank 2g.
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By the Lefschetz fixed point theorem, we have an expression of #J(F) in
terms of the trace of the Frobenius map as follows:

2g

#J(F) = (1)'tr(Frob IA'v) (4.2)

Now suppose that A1,... , A are the eigenvalues of the Frobenius map, then
we have by (4.2) that

2g

#J(Fp)=1—Ai+AiAj+...+HAi,

with fli A, = p9.
By the same theorem of Lefschetz, but now applied to the Tate module of
C and Frob, Frob2 respectively, we get

#C(F) = 1— >Aj +p,

#C(1F2) = 1— >A +p2.

This shows us that .s = >< A1A3 and t = A1. Moreover we have that

>1i<j<k Ai\j\k = = p>, = pt, where the latter equality follows
from the fact that if A is an eigenvalue, then also is an eigenvalue. This
all proves that (recall that g = 2)

#J(F) = 1 —t+s—pt+p2.

If we have q 5, we can apply theorem (4.3.1) for p = 5, and we get an
injection of J(Q)0 into J(F5). With proposition (4.3.2), we know that we
can compute #JOF5) once we know #C(F5) and #C(F25).
We have that our model for C is given by

= (X2 — 4q2)(X2 — q2)X,

which reduces over F5 and IF25 to

y2 = (X2 +q2)(X2 —q2)X = (X4 —q4)X.

Because we have that q 0 mod 5, we get that q4 1 mod 5, hence our
model is even given by

y2 = (X4 - 1)X.

The order of every element in F is divisble by 4, hence every element in
IF5 gives exactly one point in C(1F5). Moreover we have a point at cc, hence
#C(F5) = 6.

We know that F25 IF5 [X]/(X2+X+i) = {a+bX
I
a,b E F5}. We use some

ad hoc implementations in Mathematica to evaluate f5(X) (Xe' — 1)X in
every element of IF25. This gives us:
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Table[EvalF[i + j X, X], {i,O,4},{j,O,4}]

{{0, 4 + 3 X, 3 + X, 2 + 4 X, 1 + 2 X},
{O, 4 + 3 X, 3 + X, 2 + 4 X, 1 + 2 X},
{O, 4 + 3 X, 3 + X, 2 + 4 X, 1 + 2 X},
{O, 4 + 3 X, 3 + X, 2 + 4 X, 1 + 2 X},
{O, 4 + 3 X, 3 + X, 2 + 4 X, 1 + 2 X}}

Hence we need to check whether one or more of 4 + 3X, 3 + X, 2 + 4X, 1+ 2X
is a square. With Mathematica we can easily see that 2X+3 generates F.
The computation of the orbit of 2X + 3 gives:

FindOrdel [2X+3 ,X]

{3 + 2X, 3X , 4 + 3X, 1 + X, 1 + 3X, 2 , 1 + 4X, X,

3 + X , 2 + 2X, 2 + X , 4 , 2 + 3X, 2X , 1 + 2X, 4 + 4X,
4 + 2X, 3 , 4 + X , 4X , 2 + 4X, 3 + 3X, 3 + 4X, 1}

Hence we see that 4 + 3X = (2 + 3X)3, 3 + X = (2 + 3X)9, 2 + 4X =

(2 + 3X)21 and 1 + 2X = (2 + 3X)'5, hence they are all non-squares in
F25. So besides the points that we already found in C(F5), we have no
more points in C(F25). Hence #C(F25) = #C(F5) = 6. We can substitute
these two values in the formula of proposition (4.3.2) for p = 5. This gives
us s = (36+6)/2+5—6—30 = —10 and t = 5+1—6 = 0, hence
#J(F5) = 1 — 0 — 10 — 0 + 25 = 16. so #J(Q)to � 16. This implies that
J(Q)tors = J(Q)[2}, which proves the following proposition.

Proposition 4.3.3 Let C be given by model (4.1), and let q 5, then we
have that the only torsion points in J(Q) are the 2-torsion points.

With this proposition we can now fully describe C(Q) for the primes q for
which the Mordell-Weil rank is 0.

Theorem 4.3.4 Let q be a prime with either q = 2,3 or q 7, 11, 17 or
19 mod 24. Let C be given by the model

= (X2 — q2)(X2 — 4q2)X.

Then we have that the only rational points on C are the 6 Weierstrass points,
so

C(Q) = ((0,0), (±q, 0), (±2q, 0), oo}.

Proof. From the latter proposition and the fact that the Mordell-Weil
rank is 0, it follows that J(Q) = J(Q)[2]. Every element in J(Q)[2] can
be written as [P] + [Q] — 2[oo], with P, Q E {(0, 0), (±q, 0), (±2q, 0), oo}.
By proposition (1.3.4) we have a representation for every element in J(Q),
which gives us that C(Q) = {(0, 0), (±q, 0), (±2q, 0), oo}.
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Remark 4.3.5 For every q 5, we have that the only torsion points are
the 2-torsion points. The same is true for q = 5. To see this we need to do
the same computations as we did for q 5, but now for p = 7, and p = 11.

We can do this after some minor adjustments, with the same algorithms in
Mathematica. This gives us #C(F7) = 8, #C(F49) = 46, which gives by
proposition (4.3.2) that #J(Fr) = 48. For p = 11, we have #C(F1i) =
12,#C(F,21) = 134, hence #J(IF11) = 128. Because both J(Q)to —p
J(1F7) and J(Q)to —* J(F,1) are injections by theorem (4.3.1), we have
that #J(Q)to � gcd(48, 128) = 16. We already know that #J(Q)E2] = 16,

hence J(Q)to = J(Q)[2].

Hence also in the case q = 5, the only torsion is the 2-torsion. Hence we see
that we can forget the assumption q 5 in proposition (4.3.3) and get:

Proposition 4.3.6 Let C be given by model (.4.1), then we have that the
only torsion points in J(Q) are the 2-torsion points.

Corollary 4.3.7 If P E C(Q), with Y(P) 0, then we have that #J(Q) =
0O.

Proof. This immediately follows from the fact that the only torsion is
the 2-torsion and that the 2-torsion points are generated by the Weierstrass
points. Hence the other point P E C(Q) gives rise to a point in J(Q) of
infinite order.

Remark 4.3.8 We have limited ourselves to the case of Mordell-Weil rank
0, but there are also methods known for solving C(Q) in case the Mordell-
Weil rank is 1. We refer to [3].
Another remark that can be made is that we can write the Selmer group as

s2(Q, J) = J(Q)/2J(Q) ll1[2],

where ll1[2] denotes the 2-torsion subgroup of the Shafarevich-group

III(J/Q) := Ker(H1 (C, J()) —+ fl H' (Gal(/), J())).

Now we have that dimF2 S2(Q, J) = r+dimF2 J(Q)[2]+dimF2 LU[2J = r+4+
dimF2 llI[2]. This reduces modulo 2 to dimF2 S2(Q, J) r+dimF2 UI[2] mod
2.

It is known that if HI is finite and if there exists a prime p s.t. there exists
a Gal(/Q,)-invariant divisor of degree 1, then dimF2 H1[2] 0 mod 2.
In our case we have that [00] is a divisor as required. Moreover, there
exists a conjecture saying that III is finite. If this conjecture is true, we get
dimF2 HJ[2] 0 mod 2 and hence dimF2 S2(Q, J) r mod 2.
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In the cases q 1,5 or 13 mod 24, which are in fact infinitely many primes,
we have, according to theorem (4.2.1), that dimF2 S2(Q, J) 1 mod 2, hence
the Mordell-Weil rank r is at least 1, so there should exist at least one other
point of infinite order on J(Q).
Surprisingly we have only been able to find such a point in the case q = 5.

We still wonder whether there exists a general method for finding those
points.

4.4 An isogeny between the Jacobian and two el-
liptic curves

This paragraph is a remark on another way of approaching the problem we
have been discussing in this paper.
Recall that our curve was given by the equation

C: y2 = (X2 — 4q2)(X2 — q2)X, (4.3)

which over Q is isomorphic (by , = = s) to

C: q2 = (2 — 4)(2
— 1)17. (4.4)

If we look over , we see that the model of the curve is birational to

= (2 — 4)(2
1)i. (4.5)

According to [5], pp. 5-9, we have that this curve given by model (4.5) over
Q is isomorphic to

C3 : = x(x2 — 1)(x — 3)(x — ) =: f3(x). (4.6)

For this curve [5] tells us that there exists an isogeny between the curve's
Jacobian and the product of the two elliptic curves E x Er, where

E : Y2 = X(X — )(X — 6 + 4/) =: f(X) (4.7)

E,. : = X(X — )(X — 6 — 4/) =: fr(X). (4.8)

So another way of approaching the problem of finding the Mordell-Weil
rank could be by computing the ranks of the elliptic curves. Note that both
elliptic curves are defined over
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