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Chapter 1

Introduction

Noncommutative geometry finds it foundation in an astonishing equivalence
between geometry and especially topology on the one hand and (operator) alge-
bras on the other hand. Topological notions are expressed as algebraic notions
through the function algebra of the topological space (a different approach than
in algebraic topology). This is the contents of the structure theorem (Chapter
2). The recurring theme is that the algebraic framework provides more perspec-
tives of generalization and interpretation.

Both fields of mathematics are intimately connected to physics (for the geometry
part, see Appendix B for some examples), so it is not surprising that noncommu-
tative geometry, the generalization of the study of commutative algebras where
we bear in mind their geometrical heritage, finds broad applications in physics.
This is notably because noncommutative algebras, together with topological in-
gredients, form the natural mathematical setting for quantum theoryj.

The basic motivation for doing noncommutative geometry in physics lies in our
searches for a unifying framework for all fundamental forces. The methodolog-
ical part of this motivation is the following: instead of adding more and more
parts to an action with as base space the usual spacetime, one tries to keep the
general expression for the action simple, but to modify the underlying space, in
particular with an internal structure, in such a way that one recovers all terms
of the original action. This approach should provide more fundamental insight.
The fundamental part of the motivation is that a full-fledged quantum field the-
ory of gravity necessarily involves modification of the very concept of spacetime.
From the physicists' realms, this is already illustrated by string theory, and in
particular by its recent conjectured nonperturbative formulation, Matrix theory.
In Chapter 5 we comment on the problem of quantum gravity in the context of
noncommutative geometry.

In the remainder of this introduction we will briefly sketch how quantum the-
ory involves operator algebras. In Chapter 2 we review the structure theorem.

5



6 CHAPTER 1. INTRODUCTION

In Chapter 3 we treat the mathematically important cyclic cohomology, the
generalization of de Rham cohomology on smooth manifolds. In Chapter 4 we
describe Riemannian manifolds, featuring an important piece of information:
the Dirac operator and its generalization. The spectral data algebra, Hubert
space and Dirac operator form the building blocks of all applications of non-
commutative geometry to physics. Finally, in Chapter 5 we treat the functional
reformulation (noncommutative generalization) of general relativity, the theory
of gravity, and address in general terms the problem of quantizing gravity and
the prospects that noncommutative geometry can offer in this context.

1.1 Quantum mechanics
In the usual formulation of quantum mechanics with n degrees of freedom, all
the physical quantities are functions of the position coordinates q (qi,. . . , q,)
and momenta p (ps,. . . , p,), which are essentially self-adjoint operators in a
Hilbert space (their closures are self-adjoint), satisfying the canonical commu-
tation relations (CCR 's)

[qj,q,] =O,[p,p3] =O,[q,p,] =ihö1, (1.1)

([A, B] AB — BA is the commutator of two operators). Each such set of op-
erators p and q is also called a representation of the CCR '5. The CCR's are the
quantum counterpart of the Poisson brackets in classical mechanics. Notice that
only the Poisson substructure is 'translated', not the full symplectic structure.

Application of the general formula tALB � ([A, B]) gives us the Heisenberg
uncertainty relations, qjpj � , indicating that one cannot determine po-
sition and momentum of a particle simultaneously with infinite accuracy, like
in classical mechanics. In different words, the operators p2 and q2 cannot be
simultaneously bounded. But this brings about a subtlety: if the third equation
in (1.1) contains unbounded operators, it is not well-defined. This is solved by
introducing two n-parameter groups of unitary, hence bounded, operators

U(a) iaq V(b) = e'', (1.2)

after which the relations (1.1) can be redefined as commutativity of the groups,

U(a1)U(a2) = U(aj + a2), V(b1)V(b2) = V(b1 + b2), (1.3)

together with the commutation relation

U(a)V(b) = e_0bV(b)U(a). (1.4)

The Heisenberg algebra is the resulting noncommutative algebra A, generated by
all U(a) and V(b). The von Neumann uniqueness theorem asserts that it admits
a unique irreducible representation, up to unitary equivalence. The Schrödinger
representation is mostly used. It reads

= 4,, p, = —ih-, (1.5)
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where is the position coordinate variable. They act on the Hubert space
L2(R') of square-integrable Schrödinger wave functions by:

(U(a)!I')(q) = 'I'(q + a), (V(b)'Ii)(q) = ei1tqp(q)• (1.6)

It is easily checked that the relations (1.3) and (1.4) hold.
Time evolution is introduced by the Hamiltonian, the self-adjoint generator of
a continuous one-parameter group of unitary operators:

'P(q,t) =ehhftIf(q,O), (1.7)

so H is represented as

H=t. (1.8)

The classical equation T + V = H, where T = is the kinetic energy and V
is the potential energy, is thus turned into the Schrödinger equation

h2 82 ---. (1.9)

Pure states of A correspond to normalized wave functions 'I', by:

('I',A'P), (1.10)

where A E A. That every pure state is indeed obtained in this way follows from
the famous Gelfand-Naimark-Segal theorem (see for instance [BRO]).

1.2 Algebra of observables
In this standard exposition of quantum mechanics of systems with a finite num-
ber of degrees of freedom, the observables are identified with Hermitian opera-
tors on a Hilbert space and the pure states with rays in it. (A ray in a Hilbert
space is a set of vectors of the form {A4 : A where 4' is a fixed nonzero
vector.) In this case we can say that the algebra of observables is concrete, that
is, it is represented by operators on a Hubert space. The von Neumann unique-
ness theorem allows us to construct the entire quantum-mechanical formalism
on basis of a fixed Hilbert space.
The situation is different for quantum systems with an infinite number of de-
grees of freedom (quantum field theory). Whereas it is possible to construct the
system of canonical commutation relations more or less uniquely as an abstract
algebra, there exists a large number of unitary inequivalent representations of
it. In particular, it turns out that the choice of the representation is dictated
by the dynamics of the fields (so that, for instance, the Fock representation
is unsuitable for interacting fields). Thus the representation now becomes an
unknown quantity which has to be determined. This is the motivation to begin
the axiomatic/algebraic construction of quantum field theory with an algebraic

I



8 CHAPTER 1. INTRODUCTION

structure corresponding to the set of observables on a Hubert space in its depen-
dence on some physical situation. We take as the starting object a (generally
noncommutative) C-algebra with identity, the algebra of observables. A mea-
surement process is described as a state on A. To be precise, we have the
following postulate:

A physical system is characterized by a C-algebra A with identity,
whose selfadjoint elements are called (bounded) observables. The
value of the functional w(A) where A = A, is the expectation value
of the observable A in the state w.

More about the axiomatic/algebraic approach to quantum field theory can be
found in [HAA] and [BLOTI.

The other, more common, approach to quantum field theory is the path integral
formalism, in which one integrates over the infinite-dimensional space of all pos-
sible classical trajectories, each with a certain weight. The correlation functions
obtained from these path integrals satisfy the Schwinger-Dyson equations. If
one wants to evaluate path integrals in order to obtain physical quantities, one
employs perturbation theory, usually drawn in Feynman diagrams. This gives
a nasty difficulty: diagrams with a loop can give undesired divergent integrals.
Renormalization is needed to solve this. It has also been tried instead to set up
the path integral formalism rigorously (non-perturbatively) starting from the
Dyson-Schwinger equation [MIR].

But the axiomatic/algebraic framework has its problems as well. It is both
technically and fundamentally highly complex. For instance, gauge theory in its
full generality has not yet been satisfactorily dealt with in this approach. Gauge
symmetries are the new ingredients of (quantum) field theory as compared to
(quantum) mechanics. They are often presented as transformation rules for the
matter fields which are such that the Lagrangian remains unchanged. However,
gauge symmetries and gauge fields have a strong geometrical meaning, in terms
of vector bundles and differential forms. We will show that this makes them
perfectly rephrasable in noncommutative terms.



Chapter 2

The Structure Theorem -
Topological Structure

\Ve wish to generalize the notion of a manifold to an object allowing noncom-
muting "coordinate functions". To this goal, we first need to understand:

• what information we possibly lose in encoding geometric data of a space
into algebraic data of the associative algebra of a suitably chosen set of
functions on it;

• what are the distinctive features of the algebra we construct in this way.

In this chapter we explain the answers to these questions for an important class
of spaces, the locally compact Hausdorif spaces. It will turn out that there is
no loss of information, and that the corresponding algebras can be abstractly
characterized as commutative C8-algebras.
Background to this chapter:

• Geometry: the elements of general topology are explained in numerous
good books, for instance [BRE], [DIX], [KEL] and [NAS].

• Algebra: the elements of (operator) algebras can be found in [BRO],

[KAR] and [RES].

2.1 Spaces and Algebras
Let X be a topological space. We denote by C°(X) the set of all continuous
complex-valued functions on X, and by C(X) the set of all continuous complex-
valued functions on X vanishing at infinity. A function I on X is said to vanish
at infinity if for every > 0 there is a compact K C X such that x X \ K
implies f(x)I <f.

9



10 CHAPTER 2. THE STRUCTURE THEOREM - TOPOLOGICAL STRUCTURE

Proposition 2.1.1 Let X be a locally compact space. Then Cg(X) is a com-
mutative cealgebra over C. Moreover, it contains a unit if and only if X is
compact; in that case, C(X) = C°(X).

Proof: Define the algebraic operations on C(X) pointwise by (f + g)(x) =
1(x) + g)(Af) = Af(x) for A C, (fg)(x) = f(x)g(x), and an involution by
I (x) = f(x). Because every I vanishes at infinity, a norm can be defined by:

11111 = sup If(x)I. (2.1)
zEX

C(X) is complete under this norm; moreover, l1111 = Ill II and

hf 111 = sup lf(x)l2 = llflI2. (2.2)
xEX

Hence C(X) is a commutative C-algebra. It contains the unit function (f(z) =
1 Vx E X) if and only if we can take K = X in the definition of vanishing at
infinity, i.e. if and only if X is compact. 0

Imposing a *.structure on the algebra corresponds to distinguishing complex-
valued and real-valued functions. The local compactness of the space provides
us with the completeness under the sup-norm.
If A is a commutative algebra, then its spectram Sp(A) consists of all nonzero
complex-valued homomorphisms (called characters) on A. A complex-valued
homomorphism is a linear map w : A —* C satisfying w(ab) = w(a)w(b). If A
contains a unit 1, then nonzero is the same as unit-preserving, since w(a) =
,(a)w(1).

Proposition 2.1.2 Let A be a commutative C-algebra. Then Sp(A) is a lo-

cally compact Hausdorff space in the weak -topology. Moreover, it is compact if

and only if A contains a unit.

The weak -topology is the topology of pointwise convergence, inherited from the dual
.A of A. Let (w), E A. Then , —, w in the weak-topology if w(a) —, w(a) for

all a E A. The weak*topology is the weakest topology in which the map u-+ w(a) is

continuous for all a A.

Proof: If wi,w E Sp(A), w, then by definition there is an a E A
for which wi(a) 2(a), i.e. lwi(a) — w2(a)l = C > 0. Now take {w E Sp(A)
lw(a) —wi(a)I < as a neighbourhood of w1 and {w E Sp(A) : k&'(a) —w(a)I <

as a neighbourhood of w2; they are disjoint. So Sp(A) is Hausdorif.
Next notice that Sp(A) is contained in the unit ball of A, the dual of A, since
a character satisfies Iw(a)l � hail for all a E A. If .'o E Sp(A) then we may
choose a A such that wo(a) > 0 and hence, by scaling, we may assume that
o(a) > 1. Thus the set K = {iiE Sp(A) : w(a) > 1} is an open neighbourhood
of w0 whose closure K satisfies K C (w Sp(A) : w(a) � 1}. We show that the
last set is closed in the unit ball of A, i.e. that a weak* limit w of characters
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in it is again a character with w(a) � 1. It has the multiplicative property
because b)(c) = limw(b)limw(c) = limw(b)t(c) = limw(bc) = w(bc);
moreover, w(a) = lim w(a) � 1, which also implies that w is nonzero. Because
the unit ball of A is weakly* compact, the set {w E Sp(A) : w(a) � 1} is so
too, and every character has a compact neighbourhood. (There are many other
choices for this neighbourhood, for instance {ti.i E Sp(A): Iw(a) — wo(a)I <e},
where o(a) > 0 and 0 <e < wo(a); the argument goes the same.) If and only
if A contains a unit, all of its spectrum is closed by the same argument applied
to any multiple larger than 1 of this unit and hence is weakly* compact. 0

Remark: the proposition holds for every commutative Banach algebra. In the
sequel, however, we only use C-algebras.

2.2 The isomorphisms
The two propositions in the previous section make it possible that a commu-
tative C-algebra is the algebra of Ce-functions on its spectrum. Gelfand's
isomorphism theorem, also called the abstract spectral theorem, asserts that this
indeed always the case.

Theorem 2.2.1 (Gelfand) Any commutative C-algebra A is isometrically -
isomorphic to C(Sp(A)). A *..isomorphism is given by the Gelfand map:

defined by
(a)(w) = w(a), (2.3)

forw E Sp(A).

Proof: Let us first show that is well-defined, i.e. that (a) E C(Sp(A)) for
all a E A. Obviously, it is continuous: w, —* w means w(a) —* w(a) for all
a E A, hence 4(a)(w) -4 q5(a)(w). It is also vanishing at infinity: take in the
definition K = {w E Sp(A) : w(a) � e}. That this set is compact follows like
in the previous proof. We will now treat the case that A contains an identity 1
(i.e. that Sp(A) is compact). The general case easily follows from the process of
adjoining an identity. Let E Sp(A). We prove that w(a5) = (a) for all a E A.
Because every a E A can be written as a = a + ia2, with a = a E A, this
reduces to showing that w(a) is real for all a = a in A. For such a, we define
Ut = eIt( for t E P. By examining the power series we find that u = eta,
so that u:ut = 1, and IIutII2 = IIuutII = 11111 = 1. Since w(a) E Sp(a), the
spectrum of a E A, we have tlw(a)II � Hall, and

= let0)I = Iw(ut)I < 1 (2.4)

for all t E P. This can only be if Reiw(a) = 0, i.e. w(a) is real.
Now consider the map , which we want to show to be an isometric *4morphism.

I



12CHAPTER2. THESTRUCTURE THEOREM- TOPOLOGICAL STRUCTURE

We just proved that 4'(a) = 4'(a), and we now claim that Ik'(a)II = hail. It
suffices to prove this for selfadjoint a, since then it follows for general a:

II4'(a)ll2 = II4'(a)4'(a)Il = lI4'(a*a)hI = hla'ahI = 110112. (2.5)

So suppose a = a. Then hail2 = llaall = 110211; replacing a by a2 gives

jail4 = 1102112 = iia4Ii, and soon by induction, giving IIahi2 = lIa2II, n 1.

Hence
hail = tim hia"Ii* = hl4'(a)li, (2.6)

n—,00

where the last equality is the Gelfand-Mazur theorem. Finally, if 4'(a) = 0 then
a 0: 4' is a bijection onto its image. Thus, 4' is an isometric *isomorphism

of A onto a closed subalgebra of C(Sp(A)) containing 1. Finally, the functions
çb(a) separate points of Sp(A) in the sense that if, then there is an 4'(a)
such that 4'(a)(w,) 4'(a)(w2) (by the definition of w1 w2). Thus the set of
all 4'(a) gives the whole of C(Sp(A)) by the Stone-Weierstrass theorem. 0

Remarks:

• In particular, every character on a commutative C-algebra preserves in-
volution: (a) =

• The weak*topology on Sp(A) is the weakest topology on Sp(A) in which
4'(a) is continuous for all a E A.

• Every *..isomorphism between two C*algebras is an isometry, as follows
from the proof. The C-property is essential for this. For a Banach algebra
A, the mapping of the theorem is a homomorphism, which is isometric if we
require 110211 = hail2 for all a E A, analogous to the C'-property. In fact,
every commutative Banach algebra over R is a commutative C-algebra,
the involution being the identity.

• Adjoining a unit to A is the same as adjoining an element oo to Sp A, turn-

ing it into a compact space. Since this is always possible, the distinction
between compact and locally compact is of minor importance here.

• Given any smooth manifold' M, the set C000(M) of complex-valued smooth
functions on M, vanishing at infinity, is a commutative s-algebra. To be
precise, the smoothness condition violates completeness, hence the Banach
property. Still, it is dense (in the topology defined by the C'-norm on

C000(M)=C(M). (2.7)

Smooth manifolds will be treated in section 2.7.

11n the course of this report, an unattributed 'manifold' is meant to indicate a smooth
manifold.
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In order to proceed, we need the Urysohn lemma. Note that if X Sp(C(X)),
then X is necessarily Hausdorif (Proposition 2.1.2). We denote the set of con-
tinuous functions with compact support on a topological space X by C° (X).

Theorem 2.2.2 (Urysohn) Let X be a locally compact Hausdorff space, let
U C X be open and K C V be compact. Then there exists an f E C(X) whose
support is contained in V, satisfying 0 < f(x) < 1 Vx E X and f(x) = 1 Vx E K.

Its main virtue for us is that it implies that for every open neighbourhood of a
point in X there is a function in C(X) which is zero outside it (an open subset
of a locally compact space is locally compact) and thus, because X is Hausdorif,
that there are enough functions in C(X) to distinguish the points of X. The
proof of the Urysohn lemma can be found in for instance [RUD].

Theorem 2.2.3 Any locally compact Hausdorff space X is homeomorphic to
Sp(C(X)). A homeomorphism is given by the map:

I : X —* Sp(Cg(X)),

defined by
f(x)(a) = a(x), (2.8)

foraE Cg(X).

Proof: Let us first show that f is well-defined, i.e. that f(x) E Sp(C(X)) for
all x X. Obviously, it is a *..homomorphism, for instance f(x)(ab) = (ab)(x) =
a(x)b(x) = f(x)(a)f(x)(b) and f(x)(a) = a(x) = a(z) f(x)(a) = f(x)(a).
It is also nonzero: by the Urysohn lemma, for every point x there is a function

a E C(X) for which a(x) is nonzero, namely 1.
Notice that I is a bijection onto its image: if 1(x) = f(y), then a(x) = a(y) for

all a Cg(X), but this means that x = y, since otherwise (again by Urysohn)
there is a function in C(X) which is 1 in x and 0 in y. Furthermore, f is
continuous: if x -4 x, then a(x) —+ a(x) for all a because a is continuous,
thus f(x) -+ 1(x). Finally, the inverse mapping from the image of f is also
continuous: f(x) -÷ 1(x) means a(xn) -÷ a(x) for all a, which implies x,, —* x.

Namely, if x 74 x, then there is an open neighbourhood 0 of x containing none
of the Zn. Because X is locally compact, this open neighbourhood is locally com-
pact, thus it contains a compact neighbourhood K of x. By the Urysohn lemma,
there is a function Cg(X) which is 1 on K so in x and 0 outside 0 so in all Zn;
this contradicts a(x) -+ a(x) for all a. Hence X is homeomorphic to its image
under 1. We conclude the proof by showing that this image is all of Sp(cg(X)).
We first show that f(X) is closed. Let x, E f(X) and x, -+ c Sp(C(X)). It
means that a(x) -+ w(a) for all a E A. Suppose that there is no compact set in
f(X) containing all x. Then, for all a E Cg(f(X)), a(x) -+ 0, so w(a) = 0 (we

use equation (2.11) from the next section). However, w is nonzero. Hence x,, is

contained in a compact set in f(X). So there is a subsequence x,,, which tends
to xo E X. Hence a(xflk) -÷ a(xo). But also a(xn,.) -+ p(a), so p(a) = a(xo).
So f(X) is closed, and its complement is open. If there were a point in
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this complement, there would — by Urysohn — be a function in C(Sp(C(X)))
which is 1 on i and 0 on X. However, by Gelfand, C(Sp(C(X))) C(X). 0

Remark: If X is locally compact but not Hausdorif, Sp(C(X)) is still Hausdorif.
What is then the relation between X and Sp(C(X))? Evidently,

Sp(C(X)) X/ —, (2.9)

where x y if f(x) = f(y) for all f E C8(X), i.e. if x andy cannot be separated
by functions of C(X). The function algebra does not contain all (topological)
information about the space.

2.3 The functors
It is particularly sensible to express the relationship we found between certain
spaces and certain algebras in the language of objects and morphisms between
these objects: the language of categories. It summarizes the information in a
very schematic manner and completes the equivalence.

Definition 2.3.1 A category is a family S of objects, together with a set Hom(X, Y)
of morphisms I X -9 Y assigned to evenj pair (X, Y) of objects in M, and to-
gether with a composition o I E Hom(Y, Z) ass:gned to any f E Hom(X, Y) and

any g E Hom(X, Z). These morphisms should satisfy the axioms:

1. 1ff: X — Y, g : Y -+ Z andh: Z — Ware morphisms, then (hog)of =
ho(gof).

2. For everlj object X E S there exists a morphism lx : X —+ X such that for any
f:X—*Y andg:Z—÷X wehavefolx =1 and lxogg.

3. Hom(X, Y) and Hom(X', Y') are disjoint, unless X = X' and Y = Y'.

Definition 2.3.2 Let C and D be categories. A functor F is a rule which associates:

• with each object X in C an object F(X) in D;

• with each morphism f : X -+ Y in C a morphism F(f) : F(X) —* F(Y) such
that F(g of) = F(g) a F(f) and F(lx) = 1F(x)•

A continuous mapping f : X -4 V between two topological spaces, is said to
explode at infinity if for every compact L C V there is a compact K C X such
that 1(x) L implies x E K. The set of all continuous mappings from X to V
exploding at infinity is denoted by C(X, Y).

Proposition 2.3.3 The set of all locally compact Hausdorff spaces together
with the continuous mappings between them exploding at infinity defines a cat-
egorlj.

Proof:
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• 1ff E C(X,Y) and g E CZ(Y,Z), then gof E C(X,Z): for all
compact M C Z there is a compact L C Y such that g(y) E M = y L;

for this L C Y there is a compact K C X such that f(x) E L x K.
Hence for compact M C Z this compact K C X satisfies (g o f)(x)

M x K.

• The identity mapping z x on X is a continuous mapping exploding at
infinity.

0

The set of all nonzero *..homomomorphisms from a *..algebra A to a *..algebra

B is denoted by Hom(A,B).

Proposition 2.3.4 The set of all commutative C -algebras together with the

nonzero *homomorphi.jj&. between them defines a category.

Proof:

• If e Hom(A,B) and x Hom(B,C), then x o 4 E Hom(A,C): (x °

t)(ab) = ((a)(b)) = x((a))x(4i(b)) and (x o = =

x((a)).
• The identity morphism a a on A is a nonzero *..homomorphism.

0

Proposition 2.3.5 C is a contravariant functor from the category oflocally

compact Hausdorff spaces to the category of commutative C -algebras, if we
define for a continuous mapping f : X -÷ Y exploding at infinity:

C(f):hEC(Y)-+hofEC(X) (2.10)

Proof:

• By Proposition 2.1.1, C°(X) is a commutative C5-algebra.

• If f€ C,Q(X,Y) and hE C(Y), then hof C(X): for all e >0 there
is a compact L C Y such that y Y \ L If()I < e; for this L C Y
there is a compact K C X such that x X \ K = h(x) Y \ L. Hence
for all e > 0 this compact K C X satisfies x X \ K I(h o f)(x)I <•

• C (f) is a nonzero * homomorphism That it is a * homomorphism is

obvious, for instance gh '-4 gh o f (g o f)(h o f). That it is nonzero
follows from the local compactness of Y and the Urysohn lemma: every
point in Im(f) has a compact neighbourhood in V on which some function
in C(Y) takes the value 1; this function h is therefore nonzero on Im(f),
and h o f is nonzero on X.
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Clearly, C(g o h) = C(g) o C(h) and the identity mapping on X is
mapped to the identity morphism on Cg(X).

0

In particular, to every homeomorphism f : X —+ Y there corresponds a
isomorphism Cg(f) : Cg(Y) -+ C(X); hence

XY = C(X)C(Y), (2.11)

where for spaces means 'is homeomorphic to'. Notice that not to every
bijection between spaces there corresponds a bijection between their algebras.

Proposition 2.3.6 Sp is a contravarzant functor from the category of com-
mutative C' -algebras to the category of locally compact Hausdorff spaces, if we
define for a nonzero *homomorphism 4): A —+ B:

Sp(4)) : p e Sp(B) — p04) Sp(A). (2.12)

Proof:

• By Proposition 2.1.2, Sp(A) is a locally compact Hausdorif space.

• If 4) E Hom(A, 13) and p E Sp(B), then p o 4) Sp(A): the composition of
two nonzero *..homomorphisms is again one.

• Sp(4)) is a continuous mapping exploding at infinity. Sp(4)) being continu-
ous in the weak*topology means that if p -+ p weakly* then p1 o4) -4 p04)
wealdy*, i.e. if p1(b) —+ p(b) for all b E 13, then p1 o 4>(a) —* p o 4)(a) for
all a E A. So just take b = çb(a). Explosion at infinity: take in the def-
inition K = {w 0 : w L} C Sp(B). This set is compact because
the mapping Sp(4))' : L —p K given by w o 4)—i is continuous in
the weak*topology, again because the mapping restricts the domain, take
a = 4)(b) after writing out the definition like before. Because Sp(L3) is
Hausdorif, Sp(4))' preserves compactness.

• Clearly, Sp(p 0 a) = Sp(p) 0 Sp(a) and the identity morphism on A is
mapped to the identity mapping on Sp(A).

0

In particular, to every *4somorphism 4) : A -4 B there corresponds a home-
omorphism Sp(4)) : Sp(B) -4 Sp(A); hence

A B Sp(A) Sp(B), (2.13)

where for C'-algebras means 'is *..isomorphic to'.
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2.4 The structure theorem
From Gelfand's theorem, A Cg(Sp(A)), and Eq. (2.11), we find:

Sp(A) Sp(B) =. C(Sp(A)) C(Sp(B)) A B. (2.14)

This expresses that the spectrum of a commutative C-algebra is large enough
to recuperate the algebra up to *4somorphy Combined with Eq. (2.13) we have
that two commutative C-algebras are *..isomorphic if and only if their spectra
are homeomorphic.
From the 'analogue' of Gelfand's theorem, X Sp(C(X)), and Eq. (2.13), we
find:

C(X) C(Y) Sp(Cg(X)) Sp(C(Y)) X Y. (2.15)

This expresses that there are enough continuous functions vanishing at infinity
on a locally compact Hausdorff space for recuperating the space up to homeo-
morphy. Combined with Eq. (2.11) we have that two locally compact Hausdorif
spaces are homeomorphic if and only if their algebras of continuous functions
vanishing at infinity are *5)morpluC
Moreover, it is now possible to consider homeomorphy classes [X] of locally com-
pact Hausdorif spaces X. The morphisms between them are homotopy classes
[1] of continuous mappings I exploding at infinity.

Continuous mappings f : X — Y and g: X -+ Y between topological spaces X and
Y are called homotopic 1ff there is a continuous mapping F : X x [0, 1] —i Y such that
F(x, 0) = f(x) and F(x, 1) = g(x). Equivalently, if there is a continuous mapping
F X —* C°([O, 1], Y) with F(x)1t0 = 1(z) and F(x)It=i g(z). Homotopy classes
of continuous mappings between topological spaces are invariant under homeomor-
phisms of these spaces.

\Ve also consider *isomorphy classes [A] of commutative C-algebras A and
homotopy classes [4,] of nonzero *..homomorphisms 4.' between them defined sim-
ilarly.

Homomorphisms 4, : A - B and x : A -+ 5 between Banach algebras A and B
are called homotopic if there is a homomorphism 4' : A -+ C°([O, 1], B) such that

4'(a)It=o = 4,(a) and 4'(a)Ie=i = x(o). Homotopy classes of homomorphisms between
Banach algebras are invariant under isomorphisms of these algebras. Remark: the Ba-
nach property is essential for the continuity; for C-algebras, replace 'homomorphism'
by 's-homomorphism'.

IfadBareC*algebras,and4,: A — Bandy: A — Bare*homomorphisms,

then 4.' is called homotopic to x if there is a *homomorphism 4' : A
C°([0,1],B) such that +(a)Ito = 4,(a) and 4'(a)Iti = x(a) for all a E A.
The action of the functors is immediate and well-defined thanks to the previous
results:

C([X]) = [C(X)], C([f]) = [C(f)] (2.16)
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and

Sp([A]) = [Sp(A)J, Sp([i]) = [Sp()]. (2.17)

\Ve can thus summarize our information:

Theorem 2.4.1 (The structure theorem) C and Sp are isomorphisms of

categories: (see diagram)

• homeomorphy classes of
locally compact Hausdorif spaces

• homotopy classes of
continuous mappings exploding at infinity

C1 JSP

• *..isomorphy classes of
commutative C' -algebras

• homotopy classes of
nonzero *homomorphisms

Remark: On a topological space, one can impose a wide variety of separa-
tion requirements (see Appendix A.6). The structure theorem tells us that for
spaces X that are separated in a sense weaker than Hausdorif, the function
algebra cannot recover the topology uniquely, i.e. there are points x, y E X
such that f(x) = f(y) for all I E Cg(X). These equivalence classes of points
can be regarded as a kind of internal structure for the space. For all Hausdorif
spaces, the function algebra can recover the topology of the space uniquely. In
particular, it is possible to formulate algebraically separation principles that are
stronger than Hausdorif. This will be illustrated in the next section.

Notice the construction of the proof: first we showed that every Cg(X)
is a commutative C'-algebra, then that every commutative C'-algebra is a
Cg(X), and finally that the space and the algebra uniquely determine each
other's structure. We will repeat this procedure for smooth manifolds in Section
2.7.
In the case of compact Hausdorff spaces, the structure theorem simplifies:
(see picture)

2.5 Points and sets
Let A be a commutative C'-algebra. Every character on it is a pure state, and
conversely. If w is a character and A E A, then &'(a) E Sp(A). Given a locally
compact Hausdorif space X, a point x E X is represented as a (*preserving)
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• homeomorphy classes of
compact Hausdorif spaces

• homotopy classes of
continuous mappings

JSP

* isomorphy classes of
commutative C-algebras with unit

• homotopy classes of
unit-preserving *..homomorphisms

character (or pure state) E Sp(A) = Sp(C(X)), evaluated as:

w(a) = a(x), a E A, (2.18)

where a has been identified with (a), its image under the Gelfand map (2.3).
An arbitrary *..ajgebra A can be closed to a C'-algebra, after which (2.18) is
used as the definition of a point in the 'noncommutative space' described by A.
Instead of 'pure state' one can use 'irreducible representation', 'point measure'
or 'prime ideal', when applicable.

If X is locally compact, and Y C X is open or closed, then Y is locally compact.
Moreover, any subset of a Hausdorif space is itself a Hausdorif space (in the
induced topology). Therefore C8 (Y) is well-defined for open or closed subsets
Y of a locally compact Hausdorif space X. How can we characterize these two
cases algebraically?

• If Y C X is closed, then I = {a E C(X) : a(x) = 0 for x E Y} is a
two-sided ideal in C(X). Every two-sided ideal in A is a C-algebra and
has this form, as follows from the structure theorem. We can identify

I = C(X \ Y), (2.19)

i.e. the Ce-functions on an open subset are the ones on the whole space
which vanish on the complement. To any I we have a surjective
homomorphism

r:C(X)—C(X)/I, fi-f+I. (2.20)

We can make the identification Cg(X)/I C(Y), which can be viewed
as the Ce-functions on X which are nonzero on Y. We have the decom-
position.

C(X) = C(Y) I. (2.21)

Hence, open subsets of X correspond to two-sided ideals in C8(X), and
closed subsets of X correspond to surjective *..homomorphisms of C (X).
Arbitrary sets do not have an abstract characterization.
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Formulated differently: if ir is a *..homomorphism on the commutative
C'-algebra A, and if we write B — A/Ker ir, then the characters of B are
closed in the characters of A. Expressed in terms of I, ir is the surjective
mapping

ir:A—A/I, a—+a+I. (2.22)

Remarks and examples:

• A state on an algebra A = Cg(X) is equivalent to a probability measure
p on X, by the equation

w,(f) = ffd. (2.23)

A state is pure if and only if the measure is a Dirac measure located at
some point x E X, in which case we recover (2.8), w(f) = f(x).

• The one-to-one correspondence between open and closed subsets of X is
equivalent to the one-to-one-correspondence between two-sided ideals in
and surjective *..homomorphisms on Cg(X).

• The coarse topology, in which and X are the only open sets, corresponds
to a simple algebra, one that has no nontrivial ideals.

• The discrete topology, in which every subset is open, corresponds to an
algebra which has C as an ideal. For a space of n points, this is just C's.

• The fact that in a Hausdorif space every set consisting of one point
is closed, is expressed as that a character is a particular surjective -
homomorphism. When represented on a Hilbert space, an irreducible
representation is a * representation

• The ideal corresponding to the complement of a point is a maximal ideal,
one that cannot be made larger without getting the whole algebra. For
indeed, a character is a *.homomorphism to a field C-algebra, namely C.
Also, C is the only field C*algebra, i.e. an algebra of the form C(X) in
which every nonzero element is invertible.

• The generalization to the noncommutative case is a prime ideal. In the
commutative case, i.e. for C(X), every prime ideal I = C(Y) is a max-
imal ideal (the converse already holds in general). Namely, if C(X)/I =
C(X \ Y) has no zero-divisors, then X \ Y can consist of one point
only, since otherwise the Urysohn lemma yields zero-divisors. Hence

Cg(X \ Y) = C, and I corresponds to the complement of a point. Stated
abstractly: a commutative C-algebras without zero-divisors is a field C-
algebra.

• The interiorY° of a closed set Y C X corresponds to the ideal I C Cg(Y),
which is such that if 3 is an ideal in C(Y) containing I as an ideal, then
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3 = C(Y). The closure Y of an open set Y C X corresponds to a
surjective *.homomorphism p on Cg(X), which is such that C(Y) is an
ideal in p(C0°(X)), and if 0 is a surjective *..homomorphjsm on p(C(X))
such that C(Y) is an ideal in (o o p)(C(X)), then a is the identity
homomorphism. The noncommutative generalizations are obtained by
the obvious replacements.

• The Urysohn Lemma is expressed as follows: Let A be a commutative
C*algebra, let I be an ideal in A, and let p : I —+ 13 be a surjective -
homomorphism, where 13 is a unital commutative C-algebra. Then there
exists a positive element a E I with hail = 1 and p(a) = 1.

We are now also in a position to reformulate algebraically separation principles
that are stronger than Hausdorif. We give two examples. Let X be a locally
compact Hausdorif space.

• X is T3 means that every neighbourhood of a point contains a closed
neighbourhood of that point. A commutative C-algebra A is T3 if for
every character p on A the following holds: for every ideal I C A on
which p is nonzero, there exists a *.homomorphism ir on I such that p is
nonzero on ir(I).

• X is T4 means that every two disjoint closed sets admit disjoint open
neighbourhoods. A commutative C-algebra A is T4 if for every two sur-
jective *..homomorphisms 1r1 and ir2 on A with Ker r1 fl Ker ir2 = {O},
there exist two ideals I and .7 in A with Ifl 3 = {O}, such that ir1 is a
surjective t-homomorphism on I and 7r2 one on 3.

2.6 Vector Bundles
Connection and curvature, two central notions of ordinary differential geometry,
are defined by means of vector bundles. Luckily, there is an 'addition' to the
structure theorem which allows us to deal with these. Because it is valid for
exactly the same categories, we mention it here. Connection and curvature are
discussed in chapter 4. We first define a projective A-module.

Definition 2.6.1 A projective module over an algebra A is an A-module P
with the property that any surjective A-module homomorphism a : R -4 P has
a right inverse /3: P — R.

One can fundamentally characterize projective modules as follows.

Proposition 2.6.2 An A-module is projective if and only if it is isomorphic to
a direct summand in a free A-module. It is finitely generated and projective if
and only if it is isomorphic to a direct summand in A' for some n.

'Finitely generated' is often abbreviated to 'finite'. We are now ready to state
the structure theorem for vector bundles:
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Theorem 2.6.3 (Swan/Serre) Let E be a vector bundle over a locally com-
pact Hausdorff space X. Then its space of continuous sections I'(E) is a finite
projective module over C(X). Every finite projective module over Cg(X) arises
from this construction.

A vector bundle is a fibre bundle where every fibre ir '(x) is a vector space. A section
of a fibre bundle E 4 X is a continuous map a : X — E such that ir(a(x)) = x for all

z E X. A fibre bundle is trivial 1ff the principal bundle associated with it has a section.

For the proof, see [ROS]. Hence, given a locally compact Hausdorif space X, the
contravariant functor 1' effects an isomorphism between the category of (locally
trivial) vector bundles over X and the category of finitely generated C (X )-
modules.

• isomorphism classes of vector bundles over X
• homotopy classes of

bundle morphisms

ri
• isomorphism classes of

finite projective C(X)-modules
• homotopy classes of module homomorphisms

it is important to notice that finite projective A-modules are in turn in a
one-to-one correspondence with idempotents on A. Indeed, to a finite projective
A-module there is - see Proposition 2.6.2 — a Q such that P Q = A" for some
n. The A-module homomorphism p: A" -÷ A" which is the identity on P and
o on Q, is then an idempotent. Conversely, for any idempotent p on A, A"p is a
finite projective A-module. Since any A-module homomorphism is determined
by the n coordinates of each of the standard basis vectors, it corresponds to
multiplication (in the noncommutative case, we have to specify from what side;
it is determined by the side of the action of A on the module) by an n x n
matrix. In other words, P is given by an idempotent n x n matrix p which

determines P up to isomorphism.

2.7 Smooth manifolds
Let M be a smooth manifold. We denote by C(M) the set of all smooth
complex-valued functions on M. M is called a-compact if it is the countable
union of compact sets. The first step (the analogue of Proposition 2.1.1) is:
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Proposition 2.7.1 Let M be a smooth c-compact manifold. Then C°°(M) is
a commutative F -algebra over C.

An Fe-algebra is a *..algebra which is a Fréchet space, where the operations of
the two are compatible. A Fréchet space is a topological linear space which is
metrizable and complete. A Fréchet topology is induced by a family of semi-
norms. In our case, we can take for this:

sup sup ID3f(x)I : K C M compact,m E Z , (2.24)
(IiI�mZEK J

where j is a multi-index, Iii its length, and f E C°°(M). One can show that
C°° (M) is metrizable and complete with respect to the P-topology induced by
these seminorms (they are even norms). The proof can be found in [CWD,
Chapter VI A].
We let Sp(C°°(M)) be the set of *..pse,..Jjng characters (complex *.homomorphisms)
on C°° (M). Unlike the CSalgebra case, we do not have that all characters are
*.preserving. A part of the procedure for manifolds consists in showing that
C°° (M) contains sufficient information to recuperate the topological and dif-
ferentiable structure of M completely, in analogy to Eq. (2.15). The following
theorem is proved in [THO].

Theorem 2.7.2 Let M and N be smooth c-compact manifolds.

• If C°°(M) and C°°(N) are *..isomorphic, then Al and N are diffeomor-
phic.

• Al is homeomorphic to Sp(C°°(M)). A homeomorphism is given by the
map:

f : M - Sp(C(M)),
defined by

f(x)(a) = a(x) (2.25)

for a E C°°(M).

We conclude that two smooth c-compact manifolds are diffeomorphic if and
only if their algebras of smooth functions are *4somorphic. Notice that the a-
compactness of the manifold plays a similar role as the local compactness in the
structure theorem for topological spaces, namely, it makes an abstract algebraic
characterization possible.
The rest of the program, that is:

• to show that the set of all C°°(M) is a category of algebras that can be
abstractly characterized (such as 'all F'-algebras'), and

• to show that every manifold M is diffeomorphic to some set of characters
on its C(M),

remains unsolved for us.
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Chapter 3

Cyclic cohomology -

Algebraic structure

The goal of this chapter is to explain cyclic homology and cohomology, to com-
pute some simple examples, and to show that cyclic homology reduces to de
Rham cohomology in the commutative case.
The main line of this chapter goes as follows. First we describe the simplest
(co)homology based on an algebraic complex; it is trivial. To get rid of the
triviality, we modify the (co)boundary operators; the resulting (co)homology is
too coarse. To refine it, we impose an extra condition on the complex and its
dual. This leads to cyclic (co)homology. We show that the de Rham cohomol-
ogy groups can be recovered as direct summands of the cyclic homology groups.
Without refining any further, we can describe a deeper structure: periodic cyclic
(co)homology. This is isomorphic to de Rham (co)homology in the commutative
case.

3.1 The algebraic complex C,
Basic definitions
We start with some terminology.

Definition 3.1.1 Let C be a linear space, and d: C —+ C a linear map satisfy-
ing & = 0. The (co)homology of C with respect to d is defined as

H(C) = Ker d/Im d. (3.1)

Since d2 = 0, we have Im d C Ker d, so the quotient makes sense. We make a
distinction between homology and cohomology if there are two dual operators
d acting on dual linear spaces. If C is -graded, that is,

C=C,, (3.2)

iE

25
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and if d has degree +1, that is, d(C,) C C1÷1, then H(C) is also N-graded:

H(C) = H,(C), H,(C) = (33)
iEI'I

Elements of Ker d fl C, are called closed, elements of Im d fl C, are called exact.

Definition 3.1.2 A graded differential algebra C is a unital N-graded al-

gebra (that is, V = >1l") together with a linear map d: V —p 1 of degree
+1 (that is, d(1l') C fl+1) which is a differential:

d2 = 0 (3.4)

and a graded derivation:

d(n) = dw .i + (—1)"wd (3.5)

for all.'E1l" andvE.
We will head towards a graded differential algebra associated to an associative
algebra over C. Further generalizations are conceivable: dropping the associa-
tivity, choosing another field.

Definition 3.1.3 Let A be a (unital) algebra. The set C,, is the tensor product

over C
C,,=C,,(A)=Aø®A, (3.6)

Its elements are called p-chains.

We denote a p-chain c by o = (ao,.. . ,a,,), standing for ao ® ® a,,.

The tensor product of two algebras over a field K is their direct product, equipped
with an algebra structure over K (for the way to do it, see the standard references).

A unit can be adjoined to any algebra. By definition, every C,, is an algebra
over C and an A-bimodule; Co = A.

Boundary and coboundary operator
There is an operation which turns a p-chain into a (p — 1)-chain by multiplying
two elements and summing with alternating signs:

Definition 3.1.4 The boundary operator is a mapping 0: C,, — C,,_1 given

by
p—i

0(ao,...,a) =(—1)(ao,...,aa+i,...,ap). (3.7)
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For example, 0(ao,ai) = 0001 is the product of A. The boundary operator
is obviously linear; moreover, the coefficient ( 1) makes it into a differential:
02=0.

Let = (00,.. .,a). For i = O,...,p— 1 we write 0,a = (00,... ,a1a+i,. .,a,,). If

i <j, then we have the relation 0,0a = OO,÷ia. We will use this to show that the

terms in 02cr cancel pairwise.

p—i

= ô (>i-.io1) =

p—2 /p—l \ p—2p—i

= (—1Oj ((_1)'Oia) =(—1)''O,Oo=
j=0 i=0 j=Oi=O

p—2 .7 p—2 p—i

= (—1)''O,0,c.
j=0 t=0 j=0 =+i

We evaluate the second part of the last expression, making use of 0, O, = 0 0, + i

p—2 p—i p—i s—i p—2 k

(_1)''0,0a =
i=I j=0 k=03=0

p—2 j p—2 j
= — >(—1)''OiOj+ia = — >

j=O i=0 j=0 =0

Dual to the boundary operator, there is an operation which turns a p-chain
into a (p + 1)-chain by adding the unit as a tensor factor and summing with
alternating signs:

Definition 3.1.5 The coboundary operator ii a mapping d: C, - C1
given by:

d(ao,. . . ,a) = (1, a0,..., ap)+E(—l)(ao,. . . a_1, 1, ai,... , ap)+(_1)P+i(ao, . . . 0p 1).

(3.8)

For example, doo = (1, ao)—(ao, 1) is in the kernel of the product of A: OdA = 0.
The coboundary operator is linear and satisfies d2 = 0.
Define the N-graded linear space

C. = SC,,. (3.9)

p?0

We can equip C. with an algebra structure over C. For that, we define the
product of = (00,... ,a) and 3 (bo,.. . bq):

a13=(ao,...,apbo,...bq). (3.10)
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With this product, it follows that CpCq C Cp+g. It is easy to check that the
coboundary operator acts on a product as follows:

d(cf3) = (dc)/3 + (—1)'adfi. (3.11)

Together with the fact that & = 0, this makes C. into a graded differential
algebra with respect to d.

Cohomology and homology of C.
We will now compute the cohomology groups of C. (with respect to d). Let p

be any C-valued linear form on A such that p(l) = 1. Then for any p � 1, the
mapping

(3.12)

from C,, into C,,_1 satisfies dh + hd = 1.

P—i

dhp(ao,... ,a) =p(ao) [(1aii... ,ap) — (—1)(ai,.. .,1,a+i,. .. ,a) + (_i)P(01,.
.. a1)]

(3.13)

hd(ao,. . . ,a,,) = (ao,. . . ,a,,)

+ p(ao)

We call h,, a contracting homotopy (compare with the usual proof of the Poincaré
lemma). It follows that all closed chains are exact, so that the cohomology is
trivial:

H°(C.)=C, H"(C.)=O, forallp�1. (3.15)

Let be a closed p-chain (p � 1): da = 0. Then

a = (dh +hd)a =d(h(a))+h(da) = d(h(a)). (3.16)

So a is an exact chain.

The following sequence is exact, i.e. the image of each mapping in the sequence
is equal to the kernel of the next one:

d d d a d
(3.17)

where the map associates to a complex number the corresponding multiple of
the identity in C0 = A. We see that the kernel of d is the image of €, which is
C.

There is also a contracting homotopy

(3.18)
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from C,, into C+i: we have Oa + aO = 1. Consequently, the following sequence

is exact too:
a 8 8 8 8..._+Cp14Cp4...—Ci4C0-O, (3.19)

and the homology (with respect to 0) of C. is also trivial. Before proceeding
with cyclic homology and cohomology, we describe how we can make the largest
differential calculus based on C.

3.2 The universal graded differential algebra
We define 1l°(A) = A and we let fl(A) for p � 1 be the A-bimodule generated
by all elements of the form da1 .. . da,,, with all a, E A. The product is the
one defined by (3.10), or, alternatively, the tensor product in 1l'(A) (which is
generated by all elements of the form da), taken over A. In view of the remark
following Definition 3.1.5, fl'(A) can also be described as the kernel of the
multiplication on A ® A. A general element of c?P(A) can be written as a sum
of elements of the form a0da1 . . . da,, (where aj can be the unit of the algebra),
and this in turn can be expanded in terms of tensor products. For example, the
following is an element of C2:

da0da1 = (1,ao,ai) — (1,aoai,1) — (ao,1,ai) + (ao,ai,1). (3.20)

By construction:
11(A) c C,, (3.21)

and
cP(A)1l(A) 1l(A). (3.22)

\\e can restrict the contracting homotopy h,, to 1P(A); therefore, the cohomol-

ogy of V(A) = is trivial as well:

H°(1l'(A)) C, H"(1l(A)) 0, p � 1 (3.23)

and the following sequence is exact:

0 - C - fl°(A) 4 [1'(A) 4 ... 4 F(A) 4 1l'(A) 4 ... (3.24)

In view of the properties of d which have been referred to above, f' (A) is
a graded differential algebra with unit. It is sometimes called the differential
envelope of A. It is distinguished by a universal property. Let (1 (A), d1)
be some other graded differential algebra over A. There there exists a unique
d-homomorphism from the first to the new graded differential algebra:

4: 11(A) — 1(A), (3.25)

which is given by:
(a) = a, 4(da) d,a. (3.26)
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The restriction ,, of 4i to any Cl" is defined by:

,,(aodai da,,) = a0d1a1 dia,,. (3.27)

Because of the universal property, (1 (A) is also called the universal graded dif-
ferential algebra. Roughly speaking, it is the largest graded differential algebra
of the complex C..

Let us now consider the case where Cl and 1l are the universal graded
differential algebras of two (unital) algebras A1 and A2 (so let d1 = d2 =
d). Then Cl(A,) ® 11(A2) is a graded differential algebra, but in general
it is not isomorphic to the tensor product V (A,) 0 V (A2). Because of the
universality of Cl (A1 ® A2), however, we can find a natural homomorphism
from the latter into the former. Since (11(A1) 0 Cl(A2))° = A1 0 A2, there
exists a homomorphism ir : Cl°(A, øA2) -+ (fl(A,) ® V(A2))°, given by:

iro(a®b)=a®b. (3.28)

We can extend 7ro to a homomorphism:

11(A, 0 A2) —÷ 11(A,) 0 V(A2), (3.29)

given for:
=(ao®bo)d(a,®bi)•d(a,,®b,,) (3.30)

by

ir(a) = (ao 0 bo)(daj ® b, + a1 ® db1) (J 0 bm + am 0 dbm). (3.31)

3.3 Cyclic homology and cohomology
Hochschild homology and cohomology
In order to avoid a trivial homology and cohomology, we modify the boundary
and coboundary operator. The virtue of these modifications comes from a gener-
alization of C,,; namely, one incorporates the possible action of an A-bimodule:

Definition 3.3.1 Let M be an A-bimodule. The Hochschild boundary op-
erator b is a mapping b: M ® C,, —p M 0 C,,_i given by:

p—i

b(m,ai,...,a) = (mai,...,a,,)+(—1)'(m,...,aa+i,...a,,)+(—1)"(a,,m,.. .,a,,_i).

(3.32)

The Hochschild boundary operator also satisfies b2 = 0. The p-th homology
group of A with coefficients in M is by definition the homology of M 0 C,,_1:

H.(A;M)H.(M®C._1). (3.33)
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Now consider the case M = A. On renaming m = a0 we see that the Hochschild
boundary operator creates an additional term as compared to the boundary
operator of definition 3.1.4:

b(ao,.. . ,a,,) = O(ao,.. . ,a,,) + (—1)"(aao,... ,a_i). (3.34)

For example, b(ao,ai) = a0aj — a1a0 is the commutator on A. Due to the extra
term, the sequence

b b b b b b (3.35)

is in general not exact. The homology H.(A) H.(A;A) = H.(C) is called
the Hochschild homology of A.

Dual to this formal complex of chains we define a complex of cochains:

Definition 3.3.2 Let A be an algebra. The set C" CP(A) consists of all
linear mappings : C(A) — C. Its elements are called p-cochains.

There is an operation, dual to b, which turns a p-cochain into a (p + 1)-

cochain:

Definition 3.3.3 The Hochschild coboundary operator b is a mapping
C" - C+1 given by:

(b)(c) = q5(bo), (3.36)

for ci E C,,1.

Elaborated:

p—i

b4(ao,...ap) =>(_1)i(ao,...,ajaj+l,...,ap)+(_1)(apao,...,ap_i).
(3.37)

For example, b(ao,ai) = b(a0,ai) = (aoaj) — (ai,ao). The Hochschild
coboundary operator is linear and, as a consequence of the corresponding prop-
erty of b, it satisfies (b)2 = 0 for any C". The homology of the complex
C (with respect to b) is called the Hochschild cohomology of the algebra A.

The cyclic condition
Hochschild homology and cohomology are defined in much the same way as
simplicial (hence as singular, hence as de Rham) homology and cohomology.
Roughly speaking, the complex based on simplexes has been replaced by a com-
plex based on an algebra. In this way, we have defined a cohomology without a
manifold. However, it is required that we recover the ordinary de Rham coho-

mology on taking A = C (M), for a smooth manifold M. Notice that passing
from a manifold to its algebra of smooth functions implies passing from coho-
inology to homology and vice versa. If we would take the Hochschild homology

of A to be the generalization of the de Rham cohomology, it would be far too
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large. It turns out that making the choice A = C°° (M) in Hochschild homology
gives us all of 1l(V) (this will be shown below). We must impose some extra
condition on a chain so as to obtain the generalization of a differential form.

Differential forms are completely antisymmetric. However, complete antisym-
metry of the products in C. would be too strong a condition; the boundary
operator b would not respect it. Therefore, we choose a cyclic condition, which
is weaker. Let the map t : C,, -÷ C,, induce a cyclic exchange:

t(ao,. . .,a,,) = (—1)'(a,,,ao,.. .,a,,_1). (3.38)

The map 1 — t canbe used to intertwine between the boundary operator 0 and
the Hochschild boundary operator b:

b(1 — t) = (1 — t)0. (3.39)

We define the subcomplexes:

C = Im(1 —t)flC,,, C, = Coker(1 —t)flC,,, (3.40)

so that, by the definition of hn and Coker,

(3.41)

is an exact sequence of complexes. Let H and H be the homologies of C and
C, respectively. Then the homology H H (A) is called the cyclic homology

of A:

Definition 3.3.4 The p-th cyclic homology group of an algebra A is the set

KerbflCA Z'(A)

_______

— ') 342"' ' ImbflC B,,A(A)'

where b is the Hochschild boundary operator of Definition 3.3.1.

The elements of Z,,A (A) are called closed cyclic p-chains, or cyclic p-cycles, the
elements of B(A) are called exact cyclic p-chains, or cyclic p-boundaries. Let

be a cyclic cycle in Hr'. Thus bc = 0 and there exists & C,, such that
bo.' projects onto zero in C_1. This implies that there is an element 3 E C_1
which has bo.' as its image in C,,_1. We define 6a = /3. Then b13 = 0 and 6
defines a map 6 : H — H_1. So we have the sequence

....4H—*H,,—3.H4H_,—*...-4H-+Ho-4H-40, (3.43)

which can be shown to be exact. In particular H0° = 0 and H0 = H0. Now we
want to relate the homology groups H. and H only, through a sequence. To
this purpose, we define a map B : C,, —* C,,÷i given by:

B=(1—t)ci(1+t+t2+...+t"), (3.44)
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where a is the contracting homotopy of (3.18). It has the properties:

B2 =0, bB+Bb=O, (3.45)

Moreover, B induces an isomorphism H' 4 H°+1. In particular, the image of
B is a cycle in some H. For example, with p = 0 and a E H, then

Ba = (1,a) + (a,1) E H. (3.46)

If p = 1 and c = (ao,ai) — (ai,ao) E H, with a0a1 0100, then

Ba=(1,ao,ai)—(aj,1,ao)—(1,ai,ao)+(ao,1,ai)EH. (3.47)

It follows that we have the exact sequence:

(3.48)

Cyclic cohomology
Dual to C one can define a complex C of cylic cochains:

Definition 3.3.5 A p-cochain q : C,, - C is called cyclic if q5(ao,...,a,,) =
(—1)P(a,,,ao,. . . ,a,,_i), for all a2 E A. The space of cyclic p-cochains is de-
noted by C C(A).
The coboundary operator b from Definition 3.3.3 can be restricted to be a
mapping b : C —* Cr'. The corresponding homology groups of C are the
cyclic cohomology groups of the algebra A.

Definition 3.3.6 The p-th cyclic cohomology group of an algebra A is the
set

I( 7PA_ A 349
Ak .' — Tm b fl C — B(A)'

where b is the Hochschild coboundary operator of Definition 3.3.5.

The elements of Z(A) are called cyclic p-cocycles, the elements of B(A) are
called cyclic p-coboundaries. The cyclic cohomology groups are isomorphic to
the cyclic homology groups.

3.4 Examples
A=C
We start to examine the simplest possible case, A = C; one may view C as
C(point) or C(point). For all p � 0,

C,,=C®...®CC, (3.50)

p+1
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and

(ao,...,ap)=IJaF(1,...,1). (3.51)

We denote an element of C,, by (a; p), a being fl0 a. The boundary operator
is alternatively the zero map and the identity map:

— f 0 ifpeven;
8(a,p)

— (a;p— 1) ifp odd. (3.52)

We conclude
H0(C) = C, H,,(C) = 0 for p � 0. (3.53)

The coboundary operator is equally trivial:

— f 0 ifpeven;d(a,p)— (a;p+1) ifpodd, (3.54)

so that
H°(C) C, H"(C) = 0 for p � 0. (3.55)

The Hochschild boundary operator, introducing one more term, acts as

b — (a;p—l) ifpeven; 356(a,p)—1 ifpodd,

and the Hochschild homology is trivial too. A Hochschild cochain is now a linear
map * : C,, —* C, and the cochain complex C is 1-dimensional (dimension over
C). The Hochschild coboundary operator acts on 4 E C,, by

b4(a;p+ 1) = (b(a;p+ 1))
= { çb(a;p) 1

(3.57)

Consequently, the Hochschild cohomology is trivial. If we would impose com-
plete antisymmetry on the tensor products in C,,, then we would be left with 0
only. The elements, however, which satisfy the cyclic condition, are:

CA_f 0 ifpeven; 358ifpodd.

For the cyclic cochains we have

CA_f C,, ifpeven; 359
0 ifpodd.

We see that bC,,A = 0 and bC = 0. Hence

H(C)
= {

(3.60)
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This could also have been obtained from the sequence (3.48).

A = M(C)
We determine the O-th cyclic cohomology group of this algebra. C0 = A =
M (C), so C° consists of all linear functionals on M (C). The cyclic condition
does not restrict this space. Now

HA° = Z = {* C : bq = 0) = { E C° : (AB) = qS(BA) VA,B E M(C)}.
(3.61)

It is well-known that M(C) possesses a unique (nonzero) trace, the matrix
trace. Hence HA° = {0,Tr}.

A = C°°(M)
As announced, we will now consider the special case of commutative geometry,
where A is the algebra of smooth functions on a manifold M. First we establish
that the Hochschild homology of A is isomorphic to the de Rham complex of
differential forms. There is an isomorphism

x : 1l°(M) -4 H0(A), (3.62)

because by definition Il°(M) = A = H0(A). Consider:

x : 1l'(M) — H1(A),

given by:
cxdf3-+ (o,8). (3.63)

If do = 0 then o is proportional to the unit function. However, (1, 1) = b(1, 1, 1)
which is zero in the homology H1. Thus -y is well-defined. It is evidently
surjective. Moreover,

b(o, /3, y) = (o/3, y) — (o, f3'y) + (-ya, /3) = a(cxd/3 + /3dcx — d(cvfi)). (3.64)

So x is an isomorphism. Here we used the fact that ad/i = (dJ3)o, which can be
proved. The exterior derivative maps 1l'(M) into 112(M) and B maps H1(A)
into H2 (A). So it is natural to try to extend x by the condition that the diagram

Il' 'H1

d

112
X 'H2

commutes. This can be reached by setting d = B. We define x on 112(M) by

d(ad/3) '- B(a,/i). (3.65)

We can find straightforwardly that this is again an isomorphism. The exterior
derivative is an antiderivation for the algebraic structure of Il' (M); it is possible
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to construct a product on H (A) which is art antiderivation with respect to B.
So we can continue the diagram to get an isomorphism of algebras:

H(A). (3.66)

From the exact sequence (3.48) we immediately find:

(3.67)

so that we have the important relation:

H = H/Im B Ker B, (3.68)

where Ker B c H_2 for p � 2. We can use this relation and the mapping x to
establish our relationship between the cyclic homology groups and the de Rham
cohomology groups H(M;C):

H H0 = fl°(M) (3.69)

H 1l'(M)/dIZ°(M) (3.70)

H = 12(M)/d1l'(M)ff3H°(M;C) (3.71)

H = 113(M)/d112(M) H'(M;C) (3.72)

= 114(M)/d113(M) BH2(M;C)EBH°(M;C), (3.73)

where the latter three have been obtained by induction. Thus, the De Rham
cohomology groups are contained as direct summands in the cyclic homology
groups. They can be identified with the kernel of B in the sequence (3.48). The
de Rham homology groups, consequently, are contained as direct summands of
the cyclic cohomology groups.

3.5 Cycles and characters
Definition 3.5.1 Let ( be an P.J-graded algebra. A closed graded trace on
is a linear form on Il", for which:

1. =0J=0VwE (3.74)

fwii=(_1Y'7J77w VE1",iEV. (3.75)

Definition 3.5.2 An cycle of dimension p is a triple (1l,d,f) where (ft,d) is
a graded differential algebra and f is a closed graded trace on
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Notice that the nomenclature 'cycle' is consistent, since Il" can be considered
as a space of cochains, like in De Rham cohomology the set of p-forms.

Special case A = C(M). The notion of a cycle is meant as a generalization
of a closed De Rham current on a manifold M. Let 111'(M) denote now the set
of p-forms on M. A Dc Rham current of dimension p is a linear functional
+ : P(M) —÷ C. It is called closed if it vanishes on all closed p-forms. We can
associate uniquely to a closed De Rham current of dimension p a cyclic cocycle
4' E Z(M) by:

9(ao,. . . , a,) = (4', ajda . . . da,), (3.76)

where the a E A — C(M) are smooth functions on Al, and their prod-
uct is the exterior derivative. Notice that 4' is a closed graded trace, i.e.
(4',wi) = (_1)Pq (C,q) for any fP(M) and i E 1l(M). It is straightfor-
ward to prove t? E C and b*d.F = 0.

Analogous to this special case, we can associate to a general cycle a cyclic
cocycle too. First we define:

Definition 3.5.3 A cycle over an algebra A is a cycle (1l,d,f) and a homo-
morphism p: A

Then we can prove the following proposition straightforwardly as well.

Proposition 3.5.4 Let r, be an (p+1)-linear functional on an algebra A. Then
the following conditions are equivalent:

1. r,, is a cyclic cocycle.

2. There exists a p-dimensional cycle ((i, d, f) over A, with homomorphism
p, such that

rp(ao...ap)fP(ao)dP(ai)".dP(ap) (3.77)

for any a A.

3. There exists a unique p-dimensional closed graded trace on I1P(A) such
that

r(ao,. . . 'a,,) i,,(aothi1 da,,) (3.78)

for any a E A.

A character of a cycle is now the following object:

Definition 3.5.5 Let (fl, d, f) be an p-dimensional cycle over A, with homo-
morphism p. Then its character is given by

r(ao,...,a,,) = fp(ao)dp(ai)...d(ap). (3.79)

Thus, by Proposition 3.5.4, a (p + 1)-linear functional on A belongs to Z(A)
if and only if it is the character of a cycle. Thus, a cycle over A is essentially
determined by its character, which is a cyclic cocycle on A. Equivalently, we
can speak about the character of the closed graded trace .
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3.6 The cup product
Using the important Proposition 3.5.4 we can introduce the cup product, an
additional structure on cohomology groups. Recall the natural homomorphism
from 3.29:

(1'(A1 ® A2) —+ 11(A1) ® 1(A2). (3.80)

Definition 3.6.1 Let 0 C(A1) and t, C(A2). Let and be the corre-
sponding (by Proposition 3.5.4) closed linear maps on 1'(A1) and 11(A2). We
define the closed linear map on V(A1 ® A2) belonging to the cup product 0#
by:

(0#'T = (çb ® b) o ir. (3.81)

It determines a product of different cyclic cohomology groups.

Theorem 3.6.2 1. Let A1 and A2 be algebras. The cup product ® t,L' —+

0#i,b defines a homomorphism

H(Aj) ® H(A2) -4 H" (A1 ® A2). (3.82)

2. The character of the tensor product of two cycles is the cup product of
their characters.

Proof: To 4' E Z(A1) and Z(A2) correspond, by Proposition 3.5.4, closed

graded traces on (1*(Ai) and i,1' on V(A2), respectively. Thus, 4i ® is a
closed graded trace on 1l (A!) ® 1' (A2). Using the same proposition, it follows

that 0#t,1' Zr" (A1 ® A2). When one appropriately defines the vanishing of
a cycle, one can also prove:

4i E B(A1) 0#'I' E B(A1 0 A2), (3.83)

because a (p + 1)-linear functional on A is a cyclic p-coboundary if and only if
it is the character of a vanishing cycle (compare with the statement following
definition 3.5.5). The second part of the theorem is straightforward.D

The cup product equips the cohomology H (A) with a ring structure:

H(A1) 0 H(A2) — H(A1 ® A�). (3.84)

Special case A1 A2 = C. Since C ® C C, the cup product is a bilinear
mapping:

H(C) ® H(C) -4 H(C). (3.85)

H(C) becomes a ring. We remarked earlier that H(C) = 0 for p odd and
H(C) = C for p even. Let e be the unit of C; then any 4' E Z(C) is character-
ized by 4'(e,. . . ,e). It is an easy calculation that for 4' E Z'(C), E

we have

(4'#)(e,. . . ,e) = (1')4'(e,.. . ,e)x(e,...,e). (3.86)
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In particular, this shows that H(C) is generated by a E H(C), for which
a(e,e,e) = 1. So H(C) C[a], the polynomial ring generated by a. Further-
more, every H(A) is a module over the ring H(C).

Special case A1 = A2 = C(V). The cup product reduces to a mapping
which defines a homomorphism on De Rham cohomology:

H'(V; C) ® H(V; C) —+ H(V; C)), (3.87)

given by:
fr]®[f3] =[cAfi], (3.88)

where [cr] E HP(V;C), [3] E H(V;C) and A is the exterior derivative.

3.7 Periodic cyclic cohomology
Definition 3.7.1 The periodicity operator S of cyclic cohomology is a map

S : H((A)) —* Hr2(A), (3.89)

given by
S(q5) = a# = #a, (3.90)

where a E H,(C) is the generator of H(C) described in the previous subsection.

S is dual to the operator ö from the exact sequence of homologies (3.48).
Hp*er(A) H(A)/ —', where is the equivalence relation - S4, is called the
periodic cyclic cohomology of A. Equivalently, we might define Hp'er(A) as the
inductive limit of H(A) under S.

Proposition 3.7.2 ForA = C(V), V compact, Hper(A) is canonically isomor-
phic to the De Rham homology H.(V;C).

We omit the proof. See again Connes [CON!].
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Chapter 4

Spectral Triples -
Riemannian Structure

In this chapter we show how to convert the differential geometry of a compact
Riemannian spin manifold into noncommutative language, we elaborate the case
of the two-point space, and we give an idea of the description of gauge theory.
This also carries physical importance. One can tensor the algebra C°° (M) of
the usual four-dimensional spacetime manifold M with the algebra C C of the
two-point space. It turns out that when one elaborates the action of electrody-
namics on this modified algebra, one gets (part of) the action of the standard
model of elementary particles for fields on M. Moreover, when one tensors with

a slightly more complicated finite-dimensional algebra, Ce He M3 (C), one gets
all of the standard model ([CON!], [SZY], [KAS]). It is even possible to unify
the description of gravity with it ([CHC1], [CHC2]). However, this holds if one
assumes spacetime to be Riemannian, which it is not (also see the next chapter),
and only in the classical regime (not quantized in the physical sense).
Therefore, it is sensible to attempt to generalize this chapter to pseudo-Riemannian
manifolds. Various other kinds of manifolds have already been described in the
noncommutative setting, sometimes involving more information than just the
triple (A, fl, D), or not requiring a spin structure in defining the Dirac operator
(see notably [FRO]).

4.1 Definition of spectral triple
Definition 4.1.1 A spectral triple is a triple (A,1-t,D), where A is a
algebra, represented on a Hilbert space IL, and D is an unbounded selfadjoint
operator with compact resolvent on IL such that [D,a] is bounded for all a E A.

The notion of a spectral triple (A, IL, D) is meant as a generalization of a com-
pact Riemannian spin manifold M. It reduces to that on choosing A = C(M),
IL L2(M, S), the space of square-integrable spinors, and D = (see section

41
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4.5).
Compactness of the resolvent, and in the commutative case the compactness of
the manifold, is needed for the spectrum of D to be discrete and for being able
to pass to L2-sections of the complex spin bundle S.
The dimension of a manifold is generalized like this:

Definition 4.1.2 A spectral triple (A,7L,D) is called (d,oo)-summable if the
eigenvalues of IDI are of the order n as n —* 00.

On C(M), 0 determines a (dim M, oo)-summable spectral triple. Finer regu-
larity of functions, such as infinite differentiability, is easily expressed using the
domains of powers of the derivation 6, 6(a) = [IDI, a] for a A.

4.2 K-theory and Fredhoim modules
The main reason for studying K-theory when doing noncommutative geometry
is that the simplest notion of a noncommutative differential calculus, a Fred-
holm module over the algebra A, is in fact the basic cycle for the K-homology
of A, if that is a C-algebra. Poincaré duality — which can be used as an axiom
for manifolds — can be seen as an isomorphism that interchanges K-homology
and K-theory of A. This is obtained by the intersection product with the
K-homology class of the Fredholm (bi)module (or spectral triple) over A 0 A,
regarded as a K-cycle. Notwithstanding these special properties, we should bear
in mind that K-theory is only one cohomology theory which is to be extended
to the noncommutative case.

In this section we will give the definition of a Fredholm module, show how it
is related to K-homology, give an idea how Poincaré duality in K-theory for
noncommutative algebras is achieved. Everything is treated in more detail in
[CON1] and [MAD].

In noncommutative geometry, the role of infinitesimals is played by the compact
operators on a Hilbert space 11. The algebra K; of compact operators in £(7-L)
(the bounded operators on 1l) is the norm closure of all operators of finite rank
(finite matrices). K is a two-sided ideal in £(?L), and it is the largest nontrivial
ideal. An operator T in 1l is compact if and only if for any e > 0 the size of T
is smaller than e, except for a finite-dimensional subspace of 1l. The size ofT is
measured by the rate of decay of the eigenvalues p(T) of ITI = labeled
in decreasing order, as n — Co.

The notion of a Fredholm module is based on the replacement of the differential
df of a function essentially by a commutator [F, f], much like passing from
Poisson brackets to commutators, when creating quantum mechanics out of
classical mechanics. F is taken to be self-adjoint and of square 1. These assure
respectively that (df) = _df* and that df anticommutes with F. (Hence,
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one obtains a genuine differential on setting dl = i[F,f].) Also, we want the

differential to be infinitesimal. This gives the following definition.

Definition 4.2.1 A Fredhoim module is a triple (A,H,F) where A is a
*.algebra with a representation ir in a Hubert space fl and F is a selfadjoint

operator with F2 = 1 on fl, such that [F, ir(a)1 is a compact operator for all

a€A.
We can try to distinguish Fredholm modules by the size of the differentials.

\Ve use for that the eigenvalues of the absolute value of the operator that the

differential now is:

Definition 4.2.2 A Fredholm module (A,H, F) is called p-summable if the

operators da = [F, al all belong to the Schatten-von Neumann ideal (in K)

= {T E X: p(T) <oc). (4.1)

For example, C' are trace-class operators, and £2 are Hilbert-Schmidt opera-

tors.
The motivation for this definition comes from the commutative case. Let 1l be

the space of sections of some vector bundle E over a manifold M and let I be

left multiplication by f E C°° (M). Then if P is a differential operator on -t of

order p, then the commutator [P, f] is of order p — 1. In particular, if P is a

pseudodifferential operator of order 0, then [P, f] is a compact operator.

We turn now to the background of Fredholm modules in K-homology.

Let X be a locally compact Hausdorif space. Let Vect(X) denote the set of locally

trivial finite-dimensional complex vector bundles over X. Say that E1 and E2 in

Vect(X) are stably isomorphic (—.) if

EIeF_E2eF (4.2)

for some F E Vect(X). Then we define the ring

K°(X) = Vect(X)/ —, (4.3)

with operations given by the direct sum and the tensor product.
Further, we consider for some algebra A the groups of invertible n x n matrices over

A, and define their infinite union:

GL,0(A) = U GLTh(A),
(4.4)

a> 1

where GL is imbedded in GL-1.1 by:

_+( ?)• (4.5)

Then the ring K'(X) is GL(C00(X)) modulo its commutator subgroup. From Bott's

periodicity theorem we obtain the isomorphisinS of the K° and the K'-group with the
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fundamental group and the group of connected components of GL,(C(X)), respec-
tively:

K°(X) ri(GL,,,(C(X))) (4.6)

and
K'(X) iro(GL,,,(C(X))). (4.7)

Together, K° and K' satisfy most of the conditions on the cohomology groups W (X).

K = K° K' is a contravariant functor from the category of locally compact spaces
with continuous mappings to the category of Z/2-graded abelian groups, with group

homomorphisms.

Now let A be a commutative (unital) algebra. Ko(A) is the commutative group
associated to the semigroup of stable equivalence classes of finite projective modules
over A. The Swan functor (see section 2.6) effects an isomorphism between K°(X)
and Ko(C(X)). One can replace 'finite projective modules over A' by 'idempotents in
Mm(A)'. Two idempotents p and q in Mm(A) are equivalent if there is a u E Mm(A)

for which p = uu and q = uu. K1(A) is GL,,,(A) modulo its commutator subgroup.
We have the isomorphisms:

Ko(A) ir,(GL,o(A)) (4.8)

and
K,(A) iro(GL(A)), (4.9)

which of course should be compared with (4.6) and (4.7). We obtain the generalization
to noncommutative geometry by replacing A by an arbitrary algebra.

There is a dual to K-theory which is analogous to a homology theory: K-
homology. Let A be an algebra with a representation as a subalgebra of £(7l).
A Fredhoim operator P is an operator in C(H) whose kernel and cokernel are of
finite dimension. P is Fredhoim if and only if it has a quasi-inverse, an operator

Q e £(fl) such that PQ — 1 and QP — 1 are compact. Let W and fl be two

copies of 7I. Then

F=( ) (4.10)

is an operator on = 7t1C. We impose the conditions F = F and F2 = 1.

K° (A) is now the set of equivalence classes [P] of Fredholm operators P for
which [P, a] is a compact operator for all a E A, where P .— Q if [P, a] = [Q, a]

for all a E A. When F comes from such an operator P, the pair (, F) is called

a K-cycle; this is the relation to our spectral triples.
Let e E Mm(A) represent an element of K0(A) and P an element of K°(A).
We define a natural pairing

K0(A) x K°(A) -÷ K°(A) (4.11)

by
([e],[P]) '— [ePe] E K°(A). (4.12)

We conclude that Fredhoim modules are actually K-cycles.
The Fredholm modules £9 can be naturally imbedded in K°(A). They can be
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mapped into the (even) cyclic cohomology groups by a Chern character which

is dual to the usual Chern character. This is not possible for all of K°(A).

Poincaré duality is one of the most important properties of manifolds. The most

common Poincaré duality is:

Theorem 4.2.3 (Poincaré duality) Let M be an orientoble manifold of dimension

n. Then for any integer p
H"(M) H(M), (4.13)

where the c denotes compact support for the forms on M.

Consequently, if M is a compact manifold, then

H"(M) H"(M). (4.14)

The orientability condition might be relaxed.

However, here we will consider the closely related Poincaré duality between K-

theory and K-homology groups. This is done by bivariont K-theory, deviced by

Kasparov (for references, see [CON1]). \Ve define a bifunctor K from the cate-

gory of C* -algebras (with morphisms given by the algebra *-homomorphisms)

to the category of abelian groups. The abelian group associated to a pair (A, B)

of C-algebras is denoted K;(A,B). It is covariant in B and contravariant in

A, so that, for instance, to a morphism p: A1 —4 A2 there corresponds a map

p k (A2, 13) —÷ K;(A1 , 13). This bifunctor satisfies the following properties:

1. K;(C,B) Ko(B).

2. K;(A,C)K°(A).

3. K;(A, B) is homotopy invariant.

4. A bilinear, associative intersection product is defined, given C-algebras

A1, A2, 13k, 132 and 1):

K(Ai, B 0 D) ®v K(D ® A2, 132) -' K;(A1 ® A2, 13 ® 132)- (4.15)

One can think of the elements of K; as (homotopy classes of) generalized mor-

phisms from A to B; the intersection product is then composition- For any

C-algebra A the intersection product provides the abelian group K;(A, A) with

a ring structure, whose unit element will be denoted 1A-

Now let A and 13 be C-algebras, and assume that there are two elements

cxEK(A®13,C), f3EK;(C,A®B) (4.16)

for which
13®Aa=lB, 13®t3lA (4.17)



46 CHAPTER 4. SPECTRAL TRIPLES - PLIEMANNIAN STRUCTURE

We caii use these elements to define an isomorphism

xE K.(A) = C(C,A) '- X®A a E C(B,C) = K(B), (4.18)

whose inverse is

yE K(t3) = '- [3®y E ?C(C,A) = K.(A). (4.19)

This yields the canonical isomorphisms

K.(A) = K(C,A) K.(13,C) = K(13), (4.20)

K(B) = AC(C,8) frC(A,C) = K(A), (4.21)

which exchange the K-theory of A with the K-homology of B. More generally,
for any two C -algebras C and D, we have the canonical isomorphisms

?C(C,A®V) K(C®B,D), (4.22)

/C(C,B®V) k(C®A,V). (4.23)

This shows that the pair a, /3 establishes a Poincaré duality between A and B. n
is to be regarded as the homotopy class of a spectral triple or Fredholm module
over A®B.
Connes [CON1] treats the commutative example for M a Riemannian manifold.
Then, A = C°°(M), 13 CM is the C-algebra of continuous sections of the
bundle over M of Clifford algebras Cl(TM) (see for instance [MOR]), and the
element a is the spectral triple given by the algebra C°°(M) ® CM the Hubert
space of square-integrable differential forms and D = d + d, the sum of the
exterior differential and its adjoint. This is a characteristic construction, which
shows up again for instance in the noncommutative formulations of superstring
theories. There, the supercharges realize d and d. For the context, see the next
chapter.

4.3 Spectral triples and Fredhoim modules
In this section we examine the relation between spectral triples and Fredholm
modules. Let (A, 11, F) be a Fredholm module over an arbitrary *..algebra A.
We want to equip it with the generalized notion of a positive definite metric
tensor. This will be a positive element g = (g,), i, ii = 1,.. . ,m of the matrix
algebra Mm(A). Next, we want to define a line element. Classically, this is the
infinitesimal

ds2 = g,dx'1dx', (4.24)

where gpv is the positive definite metric tensor. We define in general

G = ds2 = (dx")'g,dx", (4.25)
gi,i'=l
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where dx = [F, x] for x E A and the x'1 generate A. G is a positive and self-
adjoint operator on 7L Subsequently, we need to generalize differentiation with
respect to the line element ds, i.e. , a E A. We will write this as a commu-
tator, avoiding ambiguity. Assume that G is invertible, and that it commutes
with F, i.e. that dG = 0. Then define the selfadjoint operator

D = FG = Fds'. (4.26)

Consequently, G = D2, F = SignD. We express:

aEA. (4.27)

One shows that [D, a] is bounded for any a E A and that (D — A)1 is compact
for any nonreal A. (A, 1-1, D) is a spectral triple.
Given a spectral triple (A, Ii, D), we can canonically associate a Fredholm mod-
ule (A,7L',F) to it, by:

• 7'=1KerD,
• a(,) = (a,O) forall a E A, b E 1-i, x E KerD,

• F=SignDFi,
where F1 is the partial isometry which exchanges the two copies of D in the
polar decomposition.

4.4 The Dirac Operator
As a preparation for the next section, we review some standard facts about the
theory underlying the Dirac operator. Let V be a finite-dimensional linear space
over R, with a positive definite inner product, giving rise to a norm II. For
n IJo, we define the tensor product:

T(V) = V ®.•. ® V, (4.28)

n times

and their direct sum,
T(V) = T(v), (4.29)

n>O

generated by V. Equipped with tensor multiplication of elements of V, it is an
associative algebra with unit. Let I be the two-sided ideal in T(V) generated
by all elements of the form v ® v + 11v112.

Definition 4.4.1 The Clifford algebra generated by V is the quotient

Cl(V) = T(V)/I. (4.30)
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The Z-grading of T(V) gives a Z/2Z-grading of Cl(V):

C1(V) = Cl0(V)C11(V), (4.31)

where C10(V) = T2(V)/Z is a subalgebra and Cli(V) = T2.1(V)/I is a module
over this subalgebra.

We can choose an orthonormal basis e1,. . . , e,} of V. Then we can write Cl(V)
in terms of generators and relations. Let v V fl I and write v = a1e

where a E R. Then

0 = v®v+11v112

= aajejej+>ae
= (4.32)

i i(j

Therefore, Cl(V) is the algebra over R generated by {ei,. . . ,e,}, subject to the
relations e = 1 for all 1 < i < n and ee, = —e1e for all i j. It follows that
all possible products of generators in the order of increasing indices constitute
a basis for Cl(V), and hence the dimension of Cl(V) over R is 2', since 2' of
such products can be formed. Clearly, elements of C10(V) and Cl1 (V) are those
elements of Cl(V) having nonzero coefficients only to the T' basis elements
that are products of an even, resp. odd, number of generators.

Examples:
1. C1(R') is the algebra over R generated by r subject to x2 = —1. In the presen-

tation in C, this generator is 1. We have

Cl(P') = R[x]/(X2 + 1) C, (4.33)

and dim Cl(R') = 2. C1o(I') can be identified with I and C11(R') with iR.
Indeed, C =IiI.

2. Cl(R2) is the algebra over R generated by x,y subject to = 1, = —1,
zy = —yr. These aie the quaternions of Hamilton I-I. An element h of I-I can
be written as:

h=a+bi+cj+dk, (4.34)

wherea,b,c,dEF,i2j2=—l,kij=—ji. Hence I-4=R®Ri Fj®Fk.
One often uses the presentation in C:

Ii o\ . foi\ .. .. (o—i\
—i ), 1 o ) k=zj=—js=

1 0 )' (4.35)

so that h_(a+b —d+ci'._( a 436d±ci a—bi )—f3
One finds Cto(R2) C, Cl1(R) iC dim Ci(R2) = 4.

3. One also finds Cl(R3)I1ØFl.
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Comparison with the exterior algebra
We define the increasing filtration 0 C F C .F2 C ... C C1(V) of Cl(V) by

= T,(V)/I. (4.37)
n<k

The multiplication in C1(V) induces maps

(4.38)

Therefore, there is an associated graded algebra

GrF.(Cl(V)) = J,/F,1_1. (4.39)
n >0

One can prove that
GrF.(Cl(V)) A(V), (4.40)

where A (V) is the exterior algebra (the algebra of forms) of V.

The spin group
Let C1(V) be the multiplicative group of units of Cl(V). Let Pin(V) be its
subgroup generated by all v E V satisfying 11v112 = 1. Hence, for v E Pin(V)
we have v 0 v = —1 so that v E C1(V). Finally we define

Spin(V) = Pin(V) fl C10(V). (4.41)

It is the kernel of the group homomorphism Pin(V) — Z/2Z induced by the
splitting Cl(V) = C10(V) C11(V). Since the generators of Pin(V) are con-
tained in Cl1 (V), Spin(V) is the subgroup of index 2 consisting of all elements
in Pin(V) which can be written as a product of an even number of the genera-
tors of Pin(V).

Examples:
1. C1(R')=Cso C1(F')=C. Pin(t')is generated byzE Csatisfyingx2 = —1,

that is, by ±i. Hence Pin(R')={l,—l,i,—-i} and Spin(R')={±l}.
2. C1(2) = I-I so C1(R2) = it \ 0. Pin(F2) is generated by quaternions of square

-1, which means that it is the union of two circles: {cos 9 + i sin 9} and {j cos 9 +
ksin9}. We have Spin(ff2) = Pin(R2) fl C = {cos9 + isin9} S'.

3. C1(3) = II 01-1, Spin(R3) = S3 SU(2).

Relation of Spin(V) with SO(V)
If dim V > 2, Spin(V)/{±1} SO(V), and the covering by Spin(V) of SO(V)
is nontrivial.

Complex representation
We first mention the results of computing the complexifi cation Cl(V) 0 C ex-
plicitly, where the 0 is over I.
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• If dim V = 2n, then Cl(V) 0 C C[2], the algebra of 2' x 2 matrices
with complex entries.

• If dim V = 2n + 1, then Cl(V) ® C C[2] C[2'].

In these two cases one has the following results about complex representations,
representations of Cl(V) ® C. We identify the representation with the space
which Cl(V) ® C acts on.

• If dim V = 2n, then Cl(V) has a unique irreducible, finite-dimensional
complex representation Sc(V) (up to isomorphism). Its dimension is 2's.
The action of Cl(V) 0 C on Sc(V) is called Clifford multiplication and it
induces an isomorphism

Cl(V) 0 C 4 End(Sc(V)) = Sc(V) 0 Sc(V). (4.42)

• If dim V = 2n+l, then Cl(V) has exactly two irreducible, finite-dimensional
complex representations (up to isomorphism). They are of dimension T'.
By restriction, these turn out to induce isomorphic representations Sc (V)
of Cl0(V). The action of Clifford multiplication induces an isomorphism

C1o(V)®C 4 End(S(V)) = Sc(V) 0 Sc(V)'. (4.43)

The proof is based on the fact that C[n] admits a unique irreducible, finite-
dimensional complex representation (up to isomorphism). The complex repre-
sentation of the Clifford algebra Cl(V) is transferred into one for the spin group
Spin(V) according to the following result:

Proposition 4.4.2 There is a unique complex representation of Spin(V) (up
to isomorphism) induced from any irreducible finite-dimensional complex repre-
sent ation of Cl(V). This representation is called the complex spin represen-
tation and it is denoted c•

Hence, c is a map

Spin(V) x Sc(V) -4 Sc(V), (4.44)

or equivalently,
Spin(V) —3 Aut(Sc(V)). (4.45)

Examples:
1. Cl(R2) Fl so Cl(I2) 0 C II 0 C C[2]. Sc(V) C2 and the complex spin

representation is
Spin(R2) —+ Aut(C). (4.46)

We have the embedding of Spin(R2) 5' in Cl(t2) 0 C C[2) by

0 E s' ( ). (4.47)
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2. Spin(1R3) is isomorphic to SU(2). The spun representation c is therefore the
standard representation of SU(2) on C2.

Spin bundles
Let V be a real vector space with positive definite inner product, and dim V � 2.
Let P - M be a principal SO(V) bundle over a Riemannian manifold M. It
lifts to a principal Spin(V)-bundle P — M, i.e. P/{±1} P as an SO(V)-
bundle, precisely if the second Stiefel-Whitney class of P is zero. In this case,
we call the lifting a spin structure for P. If we can take for P the tangent bundle
TM, then P is called a spin structure for M.
The complex spin representation Lc induces a complex spin bundle

Sc(P) : P Xspjn(n) Sc(n). (4.48)

\Ve can equip a complex spin bundle with a Levi-Cività connection (Riemannian
connection), which induces a spin connection, to which a covariant derivative
V is associated. For details, see [MOR]. Now we are ready to define the Dirac
operator.

4.5 The commutative case
This section provides us with the second part of the background to spectral
triples: the way the commutative case is reformulated. As we saw, the Dirac
operator is a mapping

(4.49)

(where it turns out that we can take L2 instead of C°°), given by

(a)(x)
=

e, 'e (o)(z), (4.50)

where x E M, and, writing S Sc(F), a E L2(M,S) (a spinor), {ej an
oriented orthonormal frame for TM2 (generators of the Clifford algebra), . is

Clifford multiplication, and V is the covariant derivative belonging to the spin
connection induced by the Levi-Cività connection. In physicists' notation:

= iy"V,, (4.51)

where 'y' are the Dirac matrices. The Dirac operator has some important prop-
erties:

• It is independent of the choice of orthonormal frame.

• It is an elliptic linear first-order differential operator.

We will not go into the rich mathematical structure associated with the Dirac
operator and its index theory (see for instance [BOB]), but instead concentrate
on our own purposes.

U
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Proposition 4.5.1 Let M be a compact Riemannian spin manifold, and f E
C(M). Then df = [01]' regarded as operators on L2(M,S).

Proof: Using the Leibniz rule for V.7,

(4.52)

where .A is a section of Cl(M), the bundle of Clifford algebras associated to the
principal SO(n)-bundle of the tangent bundle, we have for f E C°°(M):

=

= >e,i.Vepf.c+f.O(cY)

= i.yPVf C + f 0(a). (4.53)

Next we identify in the standard fashion the Z-graded algebra associated to
Cl(M) with the algebra of differential forms on M (take in (4.40) for 1 the
(co)tangent bundle of M):

GrF.(Cl(M)) 1l'(M), (4.54)

by which
e,4 Ve,f = iy'V,f '-+ df, (4.55)

so that
Ø(f.a) =df .t7+f. 0(a). (4.56)

To f C (M) we associate the operator / on L2 (M, S) by left multiplication,
and to df 1l'(M) the operator df. Hence

01 = df+fØ (4.57)

= [0'J]. (4.58)

This generalizes to the noncommutative relation da = [D, a]. This d however
is not yet a differential. We will construct a differential algebra out of it. But
first we generalize the notion of geodesic distance by means of the commutator
[D,a].

4.6 Geodesic distance
A Riemannian spin manifold possesses a positive definite metric tensor g, thus
it allows to define the geodesic distance d(p, q) between two points p, q M:

d(p, q) = infimum of the lengths of paths 7 from p to q, (4.59)
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where

length of -y = f(g,.dx1AdxI'). (4.60)

In order to define the geodesic distance in terms of functions on Al (mappings
from M to I or C), which are elements of the commutative C-algebra A,
instead of in terms of paths (mappings from R to M), we need to dualize the
usual formula (3.1.4) to:

d(p,q) sup{If(p) — f(q) : II[øf]II � 1}. (4.61)
lEA

Proposition 4.6.1 (4.59) and (4.61) give the same result for compact Rieman-
nian spin manifolds.

Proof: One can show that [Ø,f] is bounded if and only if I is Lipschitz, i.e.
there exists a constant C E C such that 11(p) — f(q)I < Cd(p,q) for all points
p,q E Al. The minimal C is called the Lipschitz norm of f. (4.59) � (4.61):
One has

II[øf]II = sup IVf(x)I (4.62)
zE M

Therefore, II[f]II < 1 implies

pq fq
If() — f(q)I < / sup IVf(x)Idx < / ds. (4.63)

ip zEM Jp

(4.59) < (4.61): We show that the Lipschitz norm can be 1 by choosing
f(q) = d(q,p). Then 11(p) — f(q)I = d(p,q), so that II[øf]II = 1.

For an arbitrary spectral triple (A, IL, D) we give the 'geodesic distance'
between two pure states p, o on A by:

d(p,a) = sup{Ip(a) — a(a)l : lIED, ajil � 1}, (4.64)
aEA

where in the commutator one should always read ir(a) for a. Besides for 'non-
commutative spaces', this generalization is also of use for ordinary spaces which
are not arcwise connected, such as discrete spaces (see section 4.10).

4.7 The Dixmier trace
Let A be represented in a Hubert space ii. The Dixmier trace of an operator
T in this representation is defined by

TtD(T) = Lim
logN

1t(T), (4.65)
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where Limb, is a certain limiting procedure. One can show that the Dixmier trace
is independent of the limiting procedure. The Dixmier trace is the generalization
of the integral:

f I dv = c(d)TrD(fID') (4.66)
M

in the commutative case, where d = dim M and c(d) is an explicit normalization
constant. The following properties hold:

• Positivity: TrD(T) � 0 if T is a positive operator.

• Trace property: TrD(ST) = TrD(TS).

• Finiteness: TrD(T) < 00 if the eigenvalues of TI satisfy u(T) =
O(log N).

• Covariance: TrD(UTU') = TrD(T) for every unitary U.

• Vanishing: TrD(T) = 0 if T is of trace-class.

For discussion of the numerous technicalities associated with the Dixmier trace,
we refer to [CON!] and references therein.

4.8 Differential algebra
Let * be the universal graded differential algebra belonging to A. It
is the largest possible differential algebra. To associate a differential algebra to
da = [D, a], we have to consider the *..representation

11 : a°da' .. . da" '— a°[D, a'] . . . [D, a's]. (4.67)

Stated differently, the "universal" da might be written in various ways as a°[D, a'].
Let Jo = Ker ir. It is a graded two-sided ideal in 1, but it is not a differential
ideal. Namely, ir(w) = 0 does not imply ir(di) = 0; this is exactly the ambiguity
we want to get rid of. However, J = Jo + dJo is a graded differential two-sided
ideal in . Therefore we construct

czp
—

____

—

__________

D — JflfP(J0+dJ0)flP

Ker fl P ±d(J0 n P-l) = d(J0
l)/(Ker fl P)

= (d(Joi')) = 7r(d(JoflP') (4.68)

It follows that always
fl°D(A) = A (4.69)

and
1l,(A) = ir(fl'). (4.70)

We can equip 1, with an inner product by

(a,13) = TrD(crI3*IDI_(). (4.71)
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4.9 Connection and Curvature
A Riemannian metric can be regarded as a positive definite inner product on
1l3 (A). We can define a Yang-Mills action and a fermionic action starting from
the trivial vector bundle A over A. This gives rise to the following notions:

• Gauge potential: A = A* E 1l.

• Field strength: F = dA + A2.

• Gauge transfonnation: -y(A) = udu* + ILAUS, u A,uu u'u = 1.

• Inner product on Hilbert space completion h of 1:

= TrD(w2w1ID1 d) Vw1,w2 E ir(1Z7). (4.72)

• Yang-Mills action over A: YM(A) = (F, F)2.

• Fermionic action over A:

= (ib, (D + A)b), 1/ E ?i. (4.73)

\Ve can extend this to general vector bundles E over A. A connection is now a
mapping acting on such a vector bundle.

• Vector bundle over A: finite projective A-module e.

• Hermitian structure on e: sesquilinear mapping (, ) : x E —* A, such
that:

— (a,ib)=a(,q)bV,r,Ee,a,bEA;
— (,)�oVeEe;
— E is self-dual for ( ,

• Connection on E (generalization of gauge potential): V : E — e ®
V(a) = (V)a+e®da Va A, (4.74)

• Compatibility condition on

(,Vr1) — (V,i1) = d(,) V,v1 EL. (4.75)

• Extended connection: V : ®A —4 E ®A

'7(eØw)=(V)w+e®d VWE1flJEL. (4.76)

• Curvature on L (generalization of field strength): 9 = it.

• Yang-Mills action over 6: YM(V) = (9,9). Inner product is on 6 ®A h2.
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• Inner product on Hubert space E ®A N:

V1,'2Ee,7)EN. (4.77)

• Fermionic action over

= (1/,, Di/'), tI' E N, (4.78)

Dv(®ii)=e®D17+((1®7r)V)t7 VEC,tEN. (4.79)

4.10 The Two-Point Space
We go and see how these definitions work out in the simplest nontrivial case:
that of a space X consisting of two points, a and b. n points can be treated
similarly, but the expressions are more complicated.

The algebra is A = C C. An element of A is a function on the two point
space, so a pair {f(a), f(b)}. The Hilbert space, which we take to be finite-
dimensional, splits into two parts: N = Na Nb. In this representation an
element of A can be written as a diagonal 2 x 2 matrix:

i
= (

f;i)
f(b) ) (4.80)

For D we write
Dab 481

kD60 Dbb

Because the noncommutative geometrical notions outlined above only involve
commutators [D, f], f E A, we can forget about the diagonal part of D. More-
over, D is selfadjoint. Hence we write

D=( 1W) (4.82)

where M = Dba is a linear mapping from Na to Nb. The commutator gives

[D, f] = (f(a) — f(b))
( ), (4.83)

so that its norm is 11(a) — f(b)l . A, where A is the largest eigenvalue of IMI.
The geodesic distance between the points is now given by this parameter A:

d(a,b) = sup{f(a) — f(b)I : IIED,f]lI < 1} = -. (4.84)
lEA A

Trivial vector bundle
The trivial vector bundle over X corresponds to the trivial module A over A.
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In this case, connection (gauge potential) and curvature (field strength) are
calculated from the 1-forms. The space Il' (A) of universal 1-forms over A is
given (see Section 3.2) by the kernel of the multiplication

in : A 0 A, f 09 '—* fg. (4.85)

These are functions on X ® X that vanish on the diagonal. Therefore, it is a
2-dimensional space. If e E A is the idempotent e(a) = 1, e(b) = 0, a basis is

given by ede and (1 — e)de. Every element of 1' (A) can be written in the form
Aeded+ii(1 — e)de, where A,p E C. From f = f(a)e+f(b)(1 —e) we see that

the differential d: A —+ 1' (A) is the finite difference:

df = of ede + Of (1 — e)de, (4.86)

where Of = 1(a) — f(b). It is a noncommutative derivation in Il' (A).
If M 0, then the representation r : (1' (A) —+ 1(A) is injective, so that
(4.70) gives 1l(A) 1l'(A). In this representation we calculate:

) (1 ), 7r(de)
= ( ), iree = (

(4.87)

so that
(Aede+i(1—e)de) ( r ). (4.88)

A gauge potential is given by a selfadjoint element of 1l}:

A=—tede+(1—e)de, ir(A)= ( ). (4.89)

The field strength belonging to it is

F = dA + A2 = —dede — çbdede — 4ede(1 — e)de — 4(1 — e)deede. (4.90)

Using edee = 0, we find

F _(l+1I2—1)dede, 7r(F) = (I+1l2_1)
(

M*M
MMS) (4.91)

This yields for the Yang-Mills action

YM(A) = (F, F) = 2(I + 112 — 1)2Tr(M'M)2. (4.92)

The gauge group is U(1) x U(1), since the fibre over each of the points i 1-

dimensional. YM(A) has a non-unique minimum at IcS + i = 1. It is the
potential for the Higgs field in particle physics. This is an indication that in the
noncommutative description of the standard model, the Higgs boson represents
a component in the 'discrete' direction of the tensor algebra.
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A nontrivial vector bundle
A vector bundle over a finite space is completely characterized by the dimen-
sions of its fibres. The bundle is nontrivial if and only if these dimensions are
not all equal. As the simplest case we can take for our dimensions n0 = 2,

flb = 1. The finite projective module belonging to this vector bundles is

= hA, (4.93)

where the idempotent h E M2(A) is given by

_((1,1) 0 \_(i 0
h—

k, 0 (1,0) ) — k, 0 e
(4.94)

To the idempotent h there corresponds a particular compatible connection on
E, given by

hde. (4.95)

An arbitrary compatible connection on e has the form

= Vo + p, (4.96)

where p = p is a selfadjoint element of M2(1l(A)) such that hp + ph = p. If
we write p as a matrix,

P12 ', (4.97)\p,. p22)
these conditions read

eThl = p, ep22 = P22 = p22e, pi2e = P12. (4.98)

Since p,, E 1l'(A), we can write them in terms of two parameters i, çb E C:

Pt' = — ede + 4 (1 — e)de, P21 f ede, P12 = p, Pn = 0. (4.99)

This gives for the curvature:

9 = V2 = hdhdh + hdph + p2, (4.100)

and — after some easy manipulations — for the Yang-Mills action:

YM(V) = Tr92=Tr(91+29i292j+O2)
= [1 + 2(14i + 112 + — 1)2]Tr(MM)2. (4.101)

This is by construction invariant under the gauge group U(1) x U(2). The
minimum of the actions is now the 3-sphere

{(t,2) E C2 : Iii + 112 + lI2 = 1). (4.102)

The minimum has the nonzero value Tr(M*M)2. The bundle is not flat: it does
not admit a compatible connection with vanishing curvature.
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More general considerations
In the case of a vector bundle over X with fibre dimensions n0, b, the num-
ber of free parameters is aflb The minimum of the Yang-Mills action has the
value — nbl Tr(M*M)2. If n0 flb, the nonzero value comes from the term
Id! df in 9, so from the 'intrinsic' curvature of the bundle, the term which is
immediately derived from the nontriviality of the bundle (i.e. the fact that f is
not the identity). An explicit expression for YM(V) would be complicated and
would yield no new insights.

4.11 Gauge Symmetries
The two-point space is, as an internal space, just the simplest example of in-
ternal spaces coming from gauge symmetries. Gauge symmetries are important
because they provide common ground for general relativity and (quantum) field
theory. Notice that in the noncommutative formulation of the classical stan-
dard model coupled to gravity in Riemannian spacetime, the physical fields are
being distinguished at the level of the connection, i.e. at the level of the gauge
symmetries!

A few basic ideas of gauge symmetries in the usual setting of a principal bundle
over a manifold can be found in Appendix B.10.

• Let \I be a Riemannian manifold. We have seen that there is a one-to-one
correspondence between diffeomorphisms q of M and *..automorphisms
of C(M), given by:

(4.103)

• Let X be a locally compact space. Then (4.103) gives a one-to-one
correspondence between homeomorphisms of X and *automorphisms of
C(X).

• For a noncommutative *..algebra A, inner automorphisms are given by

cx(a)=uau VaEA, (4.104)

for some u E U:
U:={uEA:uu=tfu=1}. (4.105)

The subgroup Int(A) C Aut(A) of inner automorphisms is a normal sub-
group and it is the generalization of the group of internal gauge transfor-
mations.

• The exact sequence of groups:

1 -* U -* G = U i Diff(M) - 1 (4.106)
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becomes
1 —p Int(A) —* Aut(A) -+ Out(A)1. (4.107)

The inner automorphisrns of the algebra take over the role of the internal
gauge transformations of the space. This is elaborated in more detail in
[CHC1J and [CHC2].



Chapter 5

Noncommutative Geometry
and Physics

5.1 General relativity
Geometry and forces are deeply interrelated:

• When we add to Coulomb's law — a static law — Minkowskian gemotry,
we get electrodynamics, with the Maxwell action, unifying electricity and
magnetism.

• When we add to Newton's law — a static law — Riemannian geometry, we
get general relativity, with the Einstein-Hilbert action, unifying gravita-
tion and gravitomagnetism (the effect of massive objects on light).

• When we put the Maxwell action into noncommutative geometry, we get
Yang-Mills theory plus the Higgs boson.

• When we put the Einstein-Hilbert action into noncommutative geometry,
we get the Einstein-Hilbert action, plus Yang-Mills theory, plus the Higgs
boson (within the same restrictions as for the reformulation of the standard
model).

These connections are discussed in more detail in [SCHU]. In this section we will
see how the Einstein-Hubert action on itself can be rewritten in noncommutative
(functional) terms. In treating general relativity and its generalizations, we
should always keep in mind:

• that spacetime is a Lorentzian (pseudo-Riemannian) manifold (signature
—+++), which is locally the flat Minkowski space of special relativity,
rather than a Riemannian manifold (signature ++++), which is locally
the flat Euclidean space of classical mechanics;
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• that the Einstein field equations are not defined on an a priori metric
space. The metric is to be determined from the equations. This can be
recognized in the fact that the combined gravitational effect of two bodies
is not equal to the sum of the effects of the separate bodies; instead, the
interaction of the bodies with each other and with the generated gravita-
tional field gives an essential contribution to the final effect.

The Einstein-Hilbert action is the only possible action that can be written in
terms of the metric tensor and Christoffel symbols with two derivatives:

s= i6lrGfX (5.1)

where R is the scalar curvature. The corresponding field equations are Einstein's
field equations (without cosmological term):

— = icT. (5.2)

Here, R,4, is the curvature tensor, K is another constant, and T,1 is the energy-
momentum tensor. (For a review of general relativity, see [FON].) In this
section, we follow the treatment of [CFF] of expressing the Einstein-Hilbert ac-
tion in functional terms. The last of the four items at the beginning is examined
in [CHC1J, [CHC2] and [SCHU].

Let us start right out with the reformulated action, because the actual con-
struction is straightforward using section 4.9.

S(V) = Jr(V) = JER1%BEB, (5.3)

where {EA} is an orthonormal basis of (1(A), R(V) is the curvature belonging
to the connection (covariant derivative) V,

R(V) = —V2, (5.4)

in components,
R(V)EA = R ® EB. (5.5)

r(V) is the scalar curvature,

r(V) = Po(ER14BEB). (5.6)

It is independent of the choice of {EA }. We will show this now.

Let (A, 7L, D) be a spectral triple and Th its algebra of differential forms. Let
E be a left A-module. A connection on E is a linear map V : E —* 1' ® E
satisfying

V(fs) = sf 08 + fVs (5.7)
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for any f E A and s E. One can construct a generalized Riemannian metric

(, ) on fl (see [CFF]).

We now assume that 11 is a trivial vector bundle, i.e. a free finite A-module

(this is not a necessary assumption, see note in [FRO]). Then we can choose a

basis {EA } of 11 that is orthonormal in this metric, and split a connection V

into components:
VEA ® EB. (5.8)

The curvature belonging to V is:

R(V) = —V2. (5.9)

The torsion belonging to V is:

T(V)=d—moV, (5.10)

where m is the tensor multiplication of forms. The Cartan structure equations

are the relationships between the components of curvature and torsion and those

of the connection. For the curvature:

R'B ® E'3 = R(V)EA = _V(VEA)

= V(ft4B®EB)
= dIl®EB_11®VEB
= d1®EB+ftc1B®EB,

hence
RAB = dI1AB + çAczC (5.11)

For the torsion:
TA = T(V)EA=dEA_m(VEA)

= dEA+m(®EI3)
= dEA + c"E13. (5.12)

We now consider the transformation of the components of connection, curvature

and torsion under a change of basis of 1. Such a transformation has the form

= MBCEC, (5.13)

where M E A. Orthnormality of the new basis is expressed as

6BC = (EB,Ec) = MBD(ED,EE)M
— AAB DE A,C* — AIB A,CD*
— D E D

whence M = (M') e UN(A). If we choose A to be an algebra over R, then

M E ON (A). We decompose the connection in two ways:

VEB = V(MEC) = dMCE' + MVEC

= dM8EC - MCCEEE (5.15)

VEB = = _CMEE, (5.16)
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thus we find
— mB ,,B D 1Es

& C — — U1V1 E + lvi D E lvi C

and
= MBcTC. (5.18)

From (5.14) it follows that

dM(McE)* —Md(Mc'), (5.19)

which we use to calculate

— AJB RDM Es 520ILCJWlD E C

We conclude that the scalar curvature,

r(V) = Po(ERBcEC), (5.21)

where P0 projects onto L2 (A), is independent of the choice of basis.

5.2 Quantum gravity
There is no theory of quantum gravity yet. String theory is a candidate, but
it lacks mathematical rigour. Noncommutative geometry may fill the gap, es-
pecially if we consider the recent Matrix model for M-theory. Noncommutative
geometry has the geometrical background of general relativity and the opera-
tor formalism of quantum theory. In this section we review the problems, the
attempts for solutions, the necessary ingredients, the role of noncommutative
geometry and the connection with Matrix theory.

5.2.1 Problems
There are essentially two problems in constructing a theory of quantum gravity.

Firstly, gravity is described by general relativity, whose basic object is
a smooth manifold, modelling spacetime. All mappings on this mani-
fold are smooth as well. On the contrary, quantum mechanics features
uncertainty relations, or equivalently, commutation relations. We have

AB � ([A, B]). The positions and momenta generate the CCR al-

gebra. This makes it fuzzy, points are replaced by pure states. Keep in
mind that it is the phase space of a Hainiltonian system that is quantized,
the nonvanishing commutators are between corresponding position and
momentum operators.

Secondly, the Einstein field equations of general relativity are defined lo-

cally they are differential equations. Because spacetime is in general
curved, every quantity is defined in the neighbourhood of a point, that is
with differential operators. Opposed to this, (for instance) the Schwinger-
Dyson equations of quantum field theory are defined globally they are
functional equations. "Spacetime" is fiat.
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"Spacetime" is between quotes, because in quantum theory there exists a strong
asymmetry between space and time. In quantum mechanics, there are position
operators, but there is no time operator: space is quantized but time is not.
This leads to some paradoxes with regard to measurements. For an overview,

see [DHL].
Quantum field theory is consistent with special relativity and deals with infinitely
many degrees of freedom. A (quantum) field theoretic system is characterized
by its Hamiltonian, or equivalently its action, which obeys gauge symmetries
(each of which gives rise to a conserved quantity, due to E. Noether's theorem).
In the path integral forirnaulation of quantum field theory, the fuzziness implies
that one should integrate over all possible classical trajectories of a particle,
leading to a Feynman path integral [NAP], [RAM], which is generally infinite-
dimensional. One usually evaluates these path integrals employing perturbation
theory, or equivalently, Feynman diagrams. These cause problems, however. At
the branching points (vortices), representing interactions between particles, the
diagram, regarded as a one-dimensional manifold, is singular. One can say that
this contradicts the inherent fuzziness of quantum theory! For the corresponding
integral this means an ultraviolet divergence. In order to remove these infinities,

one needs renormalization.
Renormalization is a mathematical method which yields a physical scale, and
finite values for the physical observables. Renormalization is not only essential
in perturbative quantum field theory, but it is also desirable in various (non-
relativistic) quantum-mechanical bound state- and scattering problems [ADG].

Renormalization ('scaling') fails for gravity due to its inherent nonlinearities.
The Einstein field equations, describing the nature of spacetime itself, are non-
linear: spacetime is in general curved. This makes it impossible to introduce a
physical scale.
Another aspect of the same problem is that the present techniques of quantum
field theory become utterly useless when we try to make a quantum field theory
diffeomorphism invariant, that is, matchable with general relativity.

5.2.2 Ingredients
Let us mention some attempts to synthesize quantum theory and gravity theory.

• If one assumes that at the Planck scale both Einstein's field equations and
Heisenberg's uncertainty relations remain valid, one can derive spacetime
uncertainty relations: spacetime coordinates (and not only correspond-
ing position and momenta) do not longer commute. A slightly frivolous
derivation of this is given in [FRO], but we suspect that a more basic
rationale is possible. The concept of spacetime needs to be modified. The
notion of a point loses its meaning.

• This indicates that it is principally insufficient to simply generalize the
quantum-mechanical uncertainty relations to a general Riemannian man-
ifold, as is done in [KUU] (also necessarily restricted to the case of a test
particle, i.e. a particle which is affected by the gravitational field but does
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not influence it), let apart that quantum field theory can be implemented
in this way.

Loop quantum gravity (for an overview see [ROV]) is based on the hypoth-
esis that at the Planck scale, the distinction between a background metric
and a quantum field is not physically justified. The elementary excitations
of the quantum gravitational field would be described by abstract objects
(s-knots), which do not live 'on' a certain space. Rather, they are physical
space, at the quantum level.

• There are also various attempts to do quantum field theory in various
non-flat metrics [NAP], but in the end they all meet the fundamental
incompabilities.

• On the other hand, as we saw in the previous section, general relativity
can be formulated globally, that is, the manifold M is described in terms
of its function algebra C°°(M). In this way, the Einstein field equations
become functional equations ([GER], [CFF]). This does nothing new, but
it opens the possibility of noncommutative geometry.

• In order to avoid perturbation theory, one has on the one hand tried to
axiomatize (algebraize) the path integral [MIR], and on the other hand to
axiomatize (algebraize) quantum field theory itself [BLOT].

Besides the general characteristics (local for the quantum theory, global for the
gravity theory), we can formulate some other general features that a quantum
theory of gravity will have.

• General relativity is a differential-geometric theory. What is less recog-
nized is that this special branch of geometry, topology, plays a major role
in quantum theory [ATI]. In quantum theory, global quantities are char-
acterized by discreteness. On the other hand, topology studies properties
which are unchanged by continuous variation (topological invariants) and
are usually labeled by integers rather than by real numbers. A typical
example is the winding number of a closed loop round an origin. Dirac's
argument for the quantization of electric charge rests essentially on an
appropriate winding number.

• Both general relativity and quantum field theory are gauge theories: mani-
fold, principal bundle, connection (gauge potential), curvature (field strength).
For general relativity the gauge symmetries describe the symmetries of
spacetime itself, for quantum field theory they describe the behaviour of
matter fields. It is likely that in a quantum theory of gravity these gauge
symmetries are unified.

• Supersymmetry is a symmetry between bosons and fermions, necessary to
incorporate fermions in special relativity; it will therefore also be present
in a theory of quantum gravity. Supersymmetric quantum mechanics can
be rewritten completely in terms of classical differential topology and ge-
ometry [FRO].
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5.2.3 The Role of Noncommutative Geometry
Let us summarize the featured aspects of noncommutative geometry that are
relevant here.

• Noncommutative geometry opens the perspective of generalizing to ar-
bitrary algebras, not corresponding to usual spaces. Compact Rieman-
nian spin manifolds are described by a spectral triple (A = C°°(M),1i =
L2(M, S), D = i'yV,). The basic object of noncommutative geometry is
the generalized triple (A, Ii, D) where D is described algebraically. One
can make several extensions of these data to other types of manifolds.

• The use of noncommutative geometry in physics is that it makes quantum
field theory local, to be precise, internal. The dynamics of the matter
fields are encoded in the internal structure of spacetime, using gauge sym-
metries.

• Other constructions of noncommutative spaces include deformations and
discretizations. These are mathematically very interesting, but not of
direct use to physics.

• In this way, the standard model of elementary particles has been reformu-
lated in the classical, Euclidean regime. This is not of immediate use for
physics; probably we see the shadow of a deeper noncommutative structure
yet to be discovered.

Although we will not treat the latter construction, we do mention the important
general principle, that has been used in [CHC1] to 'couple' the standard model
to gravity. The action of the standard model, plus the Einstein-Hilbert action
of general relativity, can be obtained together from the spectral action,

Tr () + (,D'), (5.22)

where x is a suitable positive function, A is a cutoff scale, and 1/ is an element
of the Hilbert space. In physics, the first term is the generalization of the Yang
Mills action Tr F2, while the second term is the fermionic action.

The underlying spectral action principle, whose simplest manifestation is the
above action, is that the physical action only depends on the spectrum of D
([CHC 1], [CHC2]). This is stronger than the usual diffeomorphism invariance
of general relativity, since there exist manifolds which are isospectral but not
isometric. The spectral action principle is a recipe to construct an action. The
symmetry principle is invariance under the group Aut(A), the generalization of
Diff(M).

5.2.4 String Theory and Matrix Theory
In order to see the applicability of noncommutative geometry and in particular
the spectral action principle in modern physics, we review very briefly the ideas

.



68 CHAPTER 5. NONCOMMUTATWE GEOMETRY AND PHYSICS

of string theory. Recent years have featured a flurry of activity in string theory,
mainly due to what is called the 'second superstring revolution'.

Good general reviews of string theory and its recent developments are [WIll, [W12],

[VAF], [POLl and [POL2]. Reviews of Matrix theory can be found in [BIS], [SCH],

[LER], [BILl.

The idea of string theory is that a point is replaced by a vibrating string,
a 1-dimensional object which can be open or closed. There are also higher-

dimensional objects, branes, on which string endpoint can live. Different (ele-
mentary) particles correspond to different vibrational modes of one string.

The concept of a string solves the renormalization problem. A natural fuzziness

is introduced: there is no singular vortex anymore at which one can say that

the interaction has happened exactly there. For instance, for two interacting
closed strings, their world tubes just change into one world tube. All Feynman
diagrams with the same number of loops coincide into one diagram, which is

characterized by its genus (it is a Riemann surface).

This is an illustration that the quantum nature of string theory is reflected by a

topology change. Supersymmetry is needed to exclude tachyons (particles mov-

ing faster than light). Moreover, an internal structure is introduced, obviously.

Thus, the ingredients show up in superstring theory.
Strings cannot live in any spacetime dimension. String theory is consistent in
ten dimensions. Six dimensions are compactified (curled up): they cannot be
distinguished on scales larger than the Planck scale (the standard analogy is

that a rainpipe looks one-dimensional when viewed at from a distance).

There are various kinds of string theories. One speaks about the moduli space
of consistent vacua. Five points in this moduli space are special. The corre-
sponding string theories are named I, hA, IIB, E8 x E8 heterotic and 50(32)
heterotic. They are special because of (super) Poincaré invariance in ten di-
mensions. There is another special point which corresponds to 11-dimensional

supergravity, which is Lorentz-invariant in 11 dimensions.
String theory provides us with a consistent theory of quantum gravity. The
difficulties were that there are 5+1 types of strings, that each type has many
possible compactifications, that a nonperturbative formulation is lacking, and

that there is no guiding principle for the action.
The different string theories with their compactifications are related by duali-

ties. Very crucial are the dualities that interchange the strong coupling regime

of one theory to the weak coupling regime of another theory. The dualities make
the distinction between classical and quantum theories, and between composite

and elementary particles, irrelevant.
Several attempts have been made to connect string theory with noncommuta-

tive geometry [CHA], [ARF], [LS1], but only the recent Matrix formulation of

M-theory [BFS], [BSSI provides good prospects.
The strong-coupling limit of the hA superstring (in ten dimensions) is named
M-theory. Its low-energy limit is 11-dimensional supergravity. The conjecture
about M-theory is that its microscopic degrees of freedom in a certain Lorentz
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frame are DO-branes. This Lorentz frame is the infinite-momentum frame, which
allows to interpret the 9 space dimensions in which the DO-branes live as the 9
transverse dimensions of an 1 1-dimensional spacetime. A collection of N Dp-
branes is described by dimensional reduction of U(N) super Yang-Mills theory

from 9+1 to p + 1 dimensions. For DO-branes this is quantum mechanics of
9 bosonic U(N) matrices and their 16 real fermionic partners. Therefore we

can state the conjecture [BFS] as: M-theory in the infinite-momentum frame
is equivalent to N DO-branes in the N -4 00 limit, that is matrix quantum me-
chanics of U(N) matrices in the N -4 00 limit, with the particular Hamiltonian
that follows from reducing 9 + 1-dimensional U(N) super Yang-Mills theory to

o + 1 dimensions.
This would give a nonperturbative definition of string theory. The conjecture
has been fortified by many checks, the first of which consisted in showing the
existence of a Fock space of an arbitrary number of supergravitons, and of the
supermembranes that must be present in M-theory. The Kaluza-Klein modes

of the 11-dimensional supergravity are identified with the DO-branes of the type

hA superstring.
And now the connection with noncommutative geometry: the spectral action
on a set of N DO-branes reproduces the M-theory action [How]. The Dirac op-
erator is given by the supercharges, the 'multi-sheet spacetime' corresponds to
the parallel D-branes, and the inter-brane connections correspond to the Higgs
fields. T-duality is realized as a change of Dirac operator, such that the two
resulting spectral triples are equivalent.
Moreover, the noncommutative torus plays a special role in compactifications,

as emphasized in [LS2], [CDS], [DH] and [HOW2]. The challenge is to think up
a noncommutative formulation of uncompactified Matrix theory, together with
a noncommutative prescription for the compactifications.
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Chapter 6

Conclusions and outlook

Noncommutative geometry is interesting from both mathematical and physical
point of view. In this report only several particular aspects of noncommutative
geometry were treated. The revolution in the thinking that has been accelerated
by these developments is that, whereas some people were already aware of the
close relation between group theory and topology (the level of symmetries, gauge
groups), it has only be recognized recently that the striking link between algebra
and topology is the fundamental setting for qtLantum theory on general manifolds
(the level of spacetime itself).

Noncommutative geometry has many faces, and there is (luckily) no standard
prescription of how to act in a particular situation. Yet, the physical applications
are numerous, often unexpected and very unalike. Every problem demands its
own (noncommutative) approach. At the mathematical side, a similar remark
holds. Many variations of the structure theorem of Chapter 2 are initiable, for
instance illustrated by the following quote from the preface of a textbook about
commutative algebra ([REI]):

"The basic idea is that it is often possible to view a ring A as a
certain ring of functions on a space X, to recover X as the set of
maximal or prime ideals of A (the maximal spectrum m — Spec A,
resp. the prime spectrum Spec A) and to derive profit from the
2-way traffic between the different worlds on each side."

Let us conclude by a final remark on noncommutative geometry as a tool for
quantum gravity. Evidently, much work remains to be done here, but we can
say that the major challenge of physics has finally found its formulation in terms
of recognizable and manageable frameworks. In the words of Atiyah ([ATI]):

"Predicting the shape of a future theory of quantum gravity would
be rash. The least rash prediction is that we cannot predict and
that we will be in for a series of surprises. There are many straws in
the wind, but the wind is turbulent and blowing in many directions.
Recent experience indicates that there will be a few more storms
before we reach calm weather."
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Appendix A

Topics in Geometry

A.1 Proper mappings
A map f : X —* Y between topological space X and Y is called proper if the
inverse image under f of any compact set in V is a compact set in X. A map
f : X —* V between topological space X and Y is called closed if x —+ x,

f(x) —+ y implies f(x) = y. We prove the following:

Theorem A.1.1 Let X be Hausdorff and let Y be locally compact. The image
of a proper map f: X —* V is closed if and only if f is closed.

Proof:

• =: Let f be closed. Take y —p y in Im f. Take a compact neighbourhood
Kofy. Itcontainsasubsequencey -+ y. ThenL := f1(K)isacompact
set in X, and it contains a sequence Zn such that f(x) = y Vn. Because
L is compact hence closed (X is Hausdorif), x,, —, x in X. Because f is
closed, f(x) = y.

• =: Let Im f be closed. Suppose f is not closed. Then there is a sequence
Zn 4 x, f(x) —* y with f(x) = y. Take a compact neighbourhood
K of y, not containing y', and containing a subsequence f(z) —+ y. Thus
L := f'(K) is a compact set in X, hence closed, thus it contains x
but also its limit x. But this would mean that f(x) = y' is contained in
1(L) = K: contradiction.

0

Proposition A.1.2 f : X —+ V is closed if and only if it preserves closedness.

Proof:
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• =: We prove that Tm f is closed if f preserves closedness. Suppose it were
not. Then take y,, in Tm f, y,, - y Im f. Take a compact neighbour-
hood K of y. Then I '(K) is compact hence closed, so, by assumption,
f(f' (K)) = K fl Im f is closed. Which means that y E K fl Im 1: con-
tradiction.

• =: Suppose I is closed. Take A C X closed, y,, E f(A), y, —+ y.
Take a compact neighbourhood K of y. Then I '(K) is compact, and
f'(K)flA is compact and contains x, such that f(x) = y, Vn. Because
f—'(K) fl A is compact hence closed, x, —p x in A. Because f is closed,
f(x) = y. Hence y E f(A).

0

A.2 Short exact sequences
Let A, B be groups, and f : A —p B a map. Define

Kerf={aEA:f(a)=1}, Imf={bEB:3aEA:bEf(a)}. (A.!)

If B is an abelian group, then Tm f is a normal subgroup of B, and we can
define:

Cokerf = B/Imf. (A.2)

Definition A.2.1 A group C is the semidirect product A B of groups A
and B, if c contains a normal subgroup A A and a subgroup B b, such
thatC=AB andAflB=O
Note that if C is abelian, then we can drop 'normal', and A i B = B i A. In
that case, we have A = C/B and B = C/A. For linear spaces (abelian!), the
semidirect product is the direct sum .

In an exact sequence of abelian groups, the kernel of a mapping is the
immage of its predecessor. The information in a short exact sequence

O13A4B4C40 (A.3)

can therefore be written as

Kerf1 = 0

Kerf2=Imf1 = =0
Ken3 = Imf2 = Cokerf1 = A

Kerf4=Imf3 = Cokerf2=C
Imf4 = Cokerf3=O

Cokerf4 = 0, (A.4)
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so that
BKerf3Imf2=A)4C, C_B/A, A_B/C. (A.5)

In the case of linear spaces A, B and C we simply have

B_AC, CB/A, AB/C. (A.6)

A.3 Derivatives and differentials

A.3.1 Functions
Let M be a smooth manifold ("smooth" may be replaced by "differentiable"
everywhere). Let f : M —+ R be a smooth function. In this section we define
the derivative of f at a certain point in a certain direction.

The basic procedure is as follows: first we choose the point x E M. Then we
choose a direction, a vector v in the tangent space TM at x. Then we choose

an arbitrary curve with 4(O) = x and = v. Then we consider the image

of this curve under f and we look at the velocity vector of the image curve at
the image point f(x). This is a real number (TRf() ), independent of the
choice of .

1. The most obvious thing to do is to regard the vector v as the argument.
Then the derivative is a linear function df : TM —* R (a point of the
cotangent space TMZ at x) and is called the differential of f at x:

df(v) = f((t)), (A.7)

where : R —+ M is an arbitrary curve for which (O) = x and

= v. Regarded as an operator on functions, we write D1,,,. For

the case M = " one sometimes writes v for in view of the isomor-
phism U" T:

D,v=>vj——=(vi,...,vn)v, (A.8)
j=1

Ox1

in the basis {_}.

2. We can take the union over all x, giving a linear function df : TM — I
(a section of the cotangent bundle TM, i.e. a 1-form on M):

df(x)(v) = df(v) for v E TM. (A.9)

3. The vector v can alternatively come from a smooth vector field X. Then
the derivative is a function D f : M - R (the point x is the variable now
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that v = X(x) is determined by x) and is called the derivative of f in
the direction of X:

Dxf(x) = f(v(x)), (A.1O)

where q5 : M —* M is the phase flow (one-parameter group of diffeo-
morphisms) corresponding to X (or in other words, : x M —p M).
Consequently, Dxf(z) =df(X(x)).

4. The correspondences [vector fieldj-[phase flow]-[derivative in the direction
of the vector field] are one-to-one. Because of the correspondence be-
tween vector fields X and operators D (if we set Dx = Dy Dxf
Dyf Vf), one often employs the shorthand notation X(f) or Xj for D f.
The.operator Dx is a derivation of the algebra C°°(M) of smooth func-
tions on M, i.e. a linear map from C°°(M) into itself, satisfying the
Leibniz rule: Dx(fg) Dx(f)g + fDx(g).

5. A bit artificial: we can also formulate this with X as the argument. Then
we have a linear map df : X(M) — X(R) given by

df(v) = df(v) for v = X(x), or (A.11)

df(X)(f(x)) = df(X(x)). (A12)

6. Finally, the vector v can come from a smooth curve q5 : I —+ M with
(O) = x. Of course, this reduces the procedure by one step (actually, it

is the fundamental way of defining TMX). The derivative is a function
Df : M -+ called the derivative of f in the direction of :

D0f(x) = f((t)). (A.13)

Two remarks:

1. At all places, one can introduce a local coordinate system and write the
derivative operator as a linear combination of the derivative operators
with respect to the coordinates.

2. Where relevant, f need only be defined in a neighbourhood of x.

A.3.2 Maps
We can straightforwardly generalize the above to the case of a smooth map

f : M — N into an arbitrary smooth manifold N. The derivatives now have

values in TNf(), TN or X(N) rather than in R, I or X(R). Unfortunately, it
is common to use a different notation.
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1. Generalization of the differential: the derivative of f at x is a linear
map f.1 : TM1 — TNJ(1):

f.1(v) = (A.14)

where : F —* M is an arbitrary curve for which (0) = x and
=v.dt

2. x E M is called a regular point and 1(x) E N a regular value of f
if f. is surjective. Otherwise x is called a critical point and f(x) a
critical value. For a function f : F —p F the critical points are those
points x for which f'(x) = 0.

3. We can take the union over all x, giving a linear map f, : TM —* TN:

fv = f.1(v) for v E TM1. (A.15)

f. goes in the same direction as f, and ill-logical terminology describes it
as a contravariant map.
\Ve have the following commuting diagram:

1
TM TN

M

where ir : TM —* M is the canonical projection.

4. If F: N -4 F is a smooth function on N, then we have for the derivative
of F at 1(x) E N in the direction of f.1(v) E TN1 the relation

dFf(1)(f.1(v)) =d(Fof)f(1)(v), or (A.16)

dF(f.(v)) = d(F o f)(v), or even (A.17)

dFof, =d(Fof) (A.18)

or in the alternative notation,

IfD(F') =D(Fof).i

The proof of this, in our notation, is of course,

dFf(1)(f.1(v)) =dFf(1) (f(1(t))) = F(f(1(t))) = d(Fof)f(1)(v).

(A.19)
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Another important relation is:

f.g. = (10 g), (A.20)

which holds because

dFof.og. =d(Fofog)=dFo(fog)5 (A.21)

5. A bit artificial: the vector v can alternatively come from a smooth vector
field X. Then the derivative is a linear map f.x : M —+ TN (the point x
is the variable now that v = X(x) is determined by x) and is called the
derivative of f in the direction of X.

f.x(x) = jf((x)) (A.22)

where : M —* M is the phase flow (one-parameter group of diffeo-
morphisms) corresponding to X (or in other words, 4) : U x M —+ M).
Consequently, fix (x) = f.1 (X (x)).

6. What is here much more natural to do is the formulation with X as the
argument. Then we have a linear map f. : X(M) —

ISV = f.1(v) for v = X(x), or (A.23)

f5X(f(x)) = f.1(X(x)). (A.24)

7. Also a bit artificial: the vector v can come from a smooth curve 4): R - M
with çb(O) = x. Of course, this reduces the procedure by one step. The
derivative is a linear function f : M —÷ TN called the derivative of f
in the direction of 4):

1.4(x) = f(4)(t)). (A.25)

8. Dual to f,1: the pullback f5w of a 1-form on N (a section : TN —
of the cotangent bundle over N) is a 1-form on M. It needs two arguments:
a point x E M, and a vector v E TM1:

f0w(x)(v) =i(f(x))(f.(v)) =w(f(x)) (f(4)1(t))) . (A.26)

9. For v = X(x), f is dual to f.x

f5w(x)(X(x)) = w(f(x))(f.X(f(x))) = j(f(x))(f.1(X(x))). (A.27)

f goes in the opposite direction as compared to f, but people have named
it a covariant map.

The remarks at the end of the previous subsection remain valid here.
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A.4 Lie groups and Lie algebras

1. A Lie group is a manifold with a group structure, with compatible oper-
ations (i.e. the group product and inverse are differentiable c.q. smooth
maps).

2. A Lie algebra is a linear space with a commutator or Lie bracket, i.e.
a bilinear antisymmetric map, satisfying the Jacobi identity. An algebra
is a Lie algebra if we define the commutator by [A, B] = AB — BA.

3. The generators T0 of a Lie group G (or equivalently the elements of some
basis of the tangent space TGe at the origin e) form a Lie algebra , which
therefore described the local structure of the Lie group. The generators
satisfy the commutation relation:

[To,Tb] = PObTC, (A.28)

where the Pb are called the structure constants. They determine the
local properties of the Lie group completely.

4. Because of the properties of the commutator, the structure constants sat-
isfy:

PCab PbCa (antisymmetry), (A.29)

PCabPCde + PePa + PaPcdb = 0 (Jacobi identity), (A.30)

and they transform by a change of basis of the Lie algebra as the compo-
nents of a third order tensor (bilinearity).

5. There is a particular representation of the Lie group which is completely
determined by the structure constants themselves: the adjoint repre-
sentation:

(T0)6 = —Pb• (A.31)

6. The adjoint representation can also be characterized as a map Ad9 : Q

G, given by:

Ad9 = (Rg-iLg).e, (A.32)

where L9 : TGh —* TG9h and R9. : TGh —* TGh9 are the derivatives
ofL9 : G — Gand R9 : G — GactingasL9h—ghand R9h = hg,
respectively. Ad9 is an algebra homomorphism. We may consider Ad as
a map from G into the space of linear operators on the Lie algebra, by
Ad(g) = Ad9 (compare w : x — w, where w(f) = 1(x)). This map is
differentiable (smooth), and a group homomorphism.
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A.5 Cohomology and homotopy
De Rham cohomology gives global information about a smooth manifold, using
its algebra of differential forms. We list some tools for computing de Rham
cohomology groups:

1. Mayer-Vietoris sequence. If M = U U V, with U and V open, then
the following sequence is exact:

(A.33)

2. Homotopy. Two manifolds M and N are said to have the same homotopy
type (in the smooth sense) if there are smooth maps f : M -+ N and
g : N —* M such that gof and fog are smoothly homotopic to the identity
on M and N, respectively (smooth homotopy has the same definition
as continuous homotopy defined in section 2.4, but in the category of
smooth manifolds with smooth mappings instead of in the category of
topological spaces with continuous mappings). A manifold having the
homotopy type of a point is said to be contractible. Two manifolds of the
same homotopy type have the same de Rham cohomology. In particular,
a smoothly contractible manifold has trivial cohomology groups (Poincaré
lemma) and the de Rham cohomology groups are topological invariants.
If i : A C M is the inclusion and r: M — A is a map which restricts to
the identity on A, then r is called a retract of M onto A. Equivalently,
r o i: A -4 A is the identity. If in addition i o r: M —* M is homotopic to
the identity on M, then r is said to be a deformation retract of M onto
A. In this case A and M have the same homotopy type and hence the
same cohomology groups. Example: r : R2 \ {0} given by r(x) = is a

deformation retract.

3. Künneth formula. This deals with the cohomology of the product of

two manifolds M and N:

H(M x N) = H'(M) ® H8(N), (A.34)

which means

H(M x N) = H"(M) ® H(N) for every n. (A.35)
p+q=n

We compute some cohomologies:. Using straightforward computation:

H°(R) = R, (A.36)

H(F) = 0 Vp � 1. (A.37)

Let U be the disjoint union of rn connected open sets in R".

H°(U) = (A.38)

H'(U) = 0 Vp � 1. (A.39)
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• S". Using the Mayer-Vietoris sequence:

H(S') = R ifp = 0,n; (A 40)
0 otherwise.

n times

• F'. Since F' = S' x S', we have, using the Künneth formula:

HP(F') = R(;). (A.41)

• Möbius strip B. Using the Mayer-Vietoris sequence or a deformation
retract:

H'(B) = H'(S') Vp. (A.42)

• n \ m• Using a deformation retract:

H'(R" \ m) = HP(S_m_l) (A.43)

The case ' \ ' is particularly important in physics, see Appendix B.1.1.

The homology groups and the homotopy groups of a topological space re-
semble each other in many respects. Both have relative groups and satisfy exact
sequence relations. The resemblance is even stronger:

Theorem A.5.1 (Hurewicz) Let X be a path-connected space. Suppose that

ir(X) = 0 for 1 <p < n. Then H(X) = 0 for 1 <p < n, and H(X)
ir(X).

This is a useful relation, for example: Because

H (S') = f Z if p = O,n; (A 44)
I 0 otherwise.

and 7r1(S2) = {0}, we have 7r2(S2) = Z. With the help of another result, it
follows from this that ir(S") = Z.

A.6 Separation principles
On a topological space X one can impose various separation principles. We list

some important ones, in order of increasing strength. A space which is separated
with respect to a stronger separation principle is also separated with respect to

a weaker one.

• T0: For any two distinct points in X there is a neighbourhood of one of
them which does not contain the other.



82 APPENDIX A. TOPICS IN GEOMETRY

• T1: {x} is closed for all z E X.

• T2: Any two distinct points in X admit disjoint neighbourhoods (Haus-
dorif).

• T3: X is T1 and regular, which means that every neighbourhood of any
point x E X contains a closed neighbourhood of x.

• T4: X is T1 and normal, which means that for every two disjoint, closed
sets A, B in X there are disjoint open sets U, V such that A C U and
BcV.

Principle T1 is equivalent to saying that any two distinct points in X have
neighbourhoods such that the neighbourhood of either of the points does not
contain the other point. Namely,

• Suppose every one-point-set is closed. Then you choose the neighbourhood
of each of the two points to be the complement of the other point.

• Suppose the latter statement holds. Let x y. Then y has a neigh-
bourhood in X \ {x} (namely, one disjoint from {x}). So X \ {x) is a
neighbourhood of each of its points, hence it is open. So {x} is closed.

We will now show that these principles are indeed in order of increasing strength:

• T1 = T0: Suppose x y. Then X \ {x} is an (open) neighbourhood of y,
because {z} is closed.

• T0 4 T1: Take a space with more than one point, and take as the open
sets the empty set and all sets containing one particular point x. Then
{ x} is not closed, since its complement is not open. Still, for any two
distinct points there is a neighbourhood of one of them which does not
contain the other.

• T2 T1: Suppose x y. Then y has a neighbourhood in X\{x} (namely,
one disjoint from a neighbourhood of x). So X \ {x} is a neighbourhood
of each of its points, hence it is open. So {x} is closed.

• T1 T2: Take a space with a infinitely many points, and take as the
open sets the empty set, the entire space, and the complements of all
finite subsets. Clearly, {x} is closed for all x e X. If two points x, y admit
disjoint neighbourhoods, they admit disjoint open neighbourhoods. An
open neighbourhood of x disjoint from y leaves y to be in a finite set; this
cannot be open, since X has infinitely many points.

• T3 T2: Suppose x y. Because {x} is closed, X \ {x} is an open
neighbourhood of y. Hence there is a closed neighbourhood A C X \ {x}
of y, and X \ A is an open neighbourhood of z, disjoint from y. Notice
that "T0 and regular" is already stronger that T2.
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• T4 = T3: Any neighbourhood of x contains an open neighbourhood 0.
Then X \ 0 is closed, and by T1, {x} is closed. It follows that there are
disjoint open sets U, V such that X \ 0 C U and x E V. Hence X \ U is
a closed neighbourhood of x contained in 0.

• T3 5$ T4: Let X be the real line with the half-open interval topology, i.e.
the topology which has as a base the set of all half-open intervals [a, b),
a, b E O. Then X is T1 and regular, so X x X is T1 and regular (see
below). However, it is not normal.

• T2 5$ T3: Take in the previous example a closed A in X x X, and define
the relation R = {(x, x) : x E X x X} U (A x A). Then (X x X)/R, whose
elements are A and {y} with y E X x X, is Hausdorif but not regular.

A useful separation principle which is in between T0 and T1, would be: for
every two distinct points there is a neighbourhood of each of them which does
not contain the other (T00).
Now we check the product properties. Let X = X1 x x X7 be a finite product
of topological spaces, with the product topology. We denote elements of it by

• Every product ofTo spaces is T0. Let x y. Then x1 y2 for at least
one i, say for i = 1. Because X1 is T0, x1 has a neighbourhood U in X1,
not containing Yl. Then U x X2 x x X,2 is a neighbourhood of x in E,
not containing y.

• Every product of T1 spaces is T1. Every X1 is T1, so X1 \ {x1) is open
for all i. Hence X \ {x} = fl1X1 x ... x (X1 \ {x}) x x X, is open,
and {x} is closed.

• Every product of T2 spaces is 7'2. Let x y. Then x1 y1 for at
least one i, say for i = 1. Because X1 is T2, x1 and y have disjoint
neighbourhoods U and V in X1. Then U x X2 x x X and V x X2 x

x X,1 are disjoint neighbourhoods of x and y in X.

• Every product ofT3 spaces is T3. Because every X is regular, a neigh-
bourhood U1 of x2 contains a closed neighbourhood A,. Every neighbour-
hood U of x in X contains a neighbourhood of x of the form U1 x . . x U.
This in turn contains the neighbourhood A1 x A, which is closed be-
cause its complement u1X1 x x (X2 \ A1) x x X is open.

• A product ofT4 spaces need not be T4. Let again X be the real line
with the half-open interval topology. Clearly, X is T4; however, X x X is
not normal!

A more extensive discussion of all kinds of funny separation principles and coun-
terexamples can be found in [STS].
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A.7 Quantum groups
A.7.1 Construction
The basic procedure of noncommutative geometry is:

• make the function algebra of a space (pointwise operations);

• characterize notions for the space as abstract notions for this algebra;

• replace the algebra by a noncommutative algebra —* "quantum space".

The basic procedure of quantum group theory is:

• make the function algebra of a group (pointwise operations);

• characterize notions for the group as abstract notions for this algebra;

• replace the algebra by a noncommutative algebra —p "quantum group".

What is the relationship between these two generalizations? The action of a
group on a space can be formulated as an action of the group algebra on the
space algebra. If we study quantum (noncommutative) spaces, then we can ben-
efit from this, since usual (symmetry) groups do not fit well to these. Quantum
groups are therefore the natural setting for gauge theory in noncommutative
geometry.
We will introduce the basic structure of a quantum group. The case of groups
(group commutative Hopf *..algebra) is easier than the case of spaces (lo-
cally compact Hausdorif space 4- commutative C -algebra), because a group is
already an algebraic object and therefore determined by a set of axioms.
Let G be a group. Let F(G) be the *..algebra of complex-valued functions on G
with pointwise operations:

(fi + f2)(a) = fj(a) + 12(a), (flf2)(a) = fj(a)f2(a),
(Af)(a) = Af(a), f(a) = 1(a), (A.45)

for a E G, f,f',f2 E F(G), A E C.

We express the ingredients of G in terms of F(G). Denote by a, b elements of
G, by e the unit in G, and by I an element of F(G).

• Multiplication in G becomes comultiplication in F(G):

F(G) -+ F(G x G), (A.46)

(f)(a,b) f(ab). (A.47)

• The unit in G becomes the counit in F(G):

: F(G) —÷ C, (A.48)

€f=f(e). (A.49)
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• The inverse in G becomes the antipode in F(G):

S : F(G) —p F(G), (A.50)

(Sf)(a) = f(a'). (A.51)

It is immediate that these maps are unital *.homomorphisms on F(G).

We express the group axioms of C (the properties of the ingredients) in terms of
F(G). For that, we let the "multiplicative subspace" F(G) ® F(G) of F(G x G)
be generated by all elements of the form u ® v, characterized by (u ® v)(a, b) =
u(a)v(b). Now let f E F(G) be such that zf E F(G) ® F(G).

1. Associativity of multiplication:

(z ® id)zf = (id ® )Lf. (A.52)

2. Multiplication by the unit:

(€ ® id)Af = (id ® e)If = f. (A.53)

3. Multiplication by the inverse:

® id)zf = 1i(id ® S)if = ef, (A.54)

where p : F(G) ® F(G) —* F(G), Ii ® f '— fif, is induced by the
multiplication if F(G).

We will check the equivalence of the original and the new axioms at the end
of this appendix. It is based on the fact that a = b, a,b E G, if and only if
f(a) = f(b) for all f E F(G).

We have arrived at the basic notion of a quantum group:

Definition A.7.1 A unital algebra H is called a Hopf algebra if there are
unital homomorphisms : H -+ H x H and e : H —* C and a linear map
S: H — H satisfying the above properties 1, 2 and 3 for all IH.

It is straightforward to check — in analogy to the corresponding statements for
groups — that S is a unital antihomomorphism, and that e and S are unique if

is fixed.
The motivation for not letting S be an algebra homomorphism as well, is that
in property 3, the map p is an algebra homomorphism if and only if H is
commutative.
By construction, every Hopf algebra is the function algebra of a group and
contains all information about it.
In general, the antipode of a Hopf algebra is not invertible. In order to formulate
a necessary and sufficient condition, we need the flip automorphism r: H®H -÷
H®H, 11 ®f2 '4f2®fl.
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Proposition A.7.2 A linear map S': H —* H is an inverse of S (i.e. SoS' =
5' o S = id) if and only if for all f E H,

p(id ® S')thf = p(S' ® id)r/.f = ef. (A.55)

The map S' is called the skew antipode. If it exists, there is another Hopf algebra
structure on H with comultiplication r, counit e and antipode 5'.
\Ve can equip a Hopf algebra with a *.structure. What is the compatibility
condition? Let again I E F(G) be such that if = f ® f E F(G) ® F(G).
Then

f'(a,b) = f'(a,b) = f(ab) = zf(a,b) = Efl(a)f2(b)
= f(a)f(b) = (*®*)zf(a,b). (A.56)

This leads to:

Definition A.7.3 A Hopf algebra is called a Hopf *..algebra if it is a
algebra such that for all f E H,

® *)zXf. (A.57)

It is easy to check that for a Hopf *.algebra, c is a *.homomorphism, and

S o * o 5 o * = id, in particular, S is bijective.

Finally, we check the equivalence of the group axioms and the Hopf algebra
axioms, given any f E F(G) such that 1f = > Ii ® 12 E F(G) ® F(G), where
(fi ®f2)(2,b) = fi(a)f2(b).

1. Associativity of multiplication. Let a, b, c E G.

( ®id)i.f(a,b,c) = (z®id)(fj Øf2)(a,b,c) = (ôf ®f2)(a,b,c)

= fi(a, b)f2(c) = fj(ab)f2(c) = ® f2)(ab, c)

= Lf(ab,c) = f((ab)c) = f(a(bc)) f(a,bc)

= >(f' ®f2)(a,bc) = fi(a)f2(bc) = Ef1(a)f2(b,c)
= >(f' ®f2)(a,b,c) = (id®.5)(f1 ®f2)(a,b,c)

= (id®)i.f(a,b,c). (A.58)

2. Multiplication by the unit. Let a E G and let e be the unit in G.

(cØid)f(a) = (c id)(fi ®f2)(a) = (cf1 ®f)(a)

= >f' .12(a)=>f1(e)12(a) =>(fj®f2)(e,a)

= f(e,a) = f(ea) = f(a) = f(ae) = if(a,e)

= >(f' ®12)(a,e) = >f1(a)f2(e) = fj(a) .(f2

= >(f' ®€f2)(O) = (idØc)(fi ®12)(a)

= (id ® c)if(a). (A.59)
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3. Multiplication by the inverse. Let a E G.

i(S ® id)f(a) = 1z(S ® id)(fj ® f2)(a) = ® f)(a)

>(Sfi ®12)(a,a) = >Sfj(a)f2(a) =

= fj(a')f2(a) = >(fi ®12)(a',a)
= f(a1,a) = f(a'a) = f(e) = f(aa') f(a,a')
= >(fj ®f2)(a,a ) = fj(a)f2(a')
= >f1(a)Sf2(a) = (fi ®Sf2)(a,a)
= p(fi 0 Sf2)(a) = p(id 0 S)(f1 0 f2)(a)

= p(id ® S)f(a). (A.60)

A.7.2 Actions on Noncommutative Spaces
Noncommutative geometry can be seen as imbedding topology into algebra.
Before noncommutative geometry, however, there was already an interplay be-
tween algebra and topology: the action of a topological group on a topological

space.

Definition A.7.4 A topological group is a group which is a Hausdorff topo-
logical space, such that the inverse and the product are continuous mappings.

Remarks:

• The Hausdorffness follows if we replace it by "Too", which was described
in Appendix A.6.

• The topological group is a basic example of the combination of two struc-
tures: that of a group and that of a topological space. When an algebraic
structure is combined with a geometrical structure, the operations of the
former should be morphisms of the latter, so in this case the group ac-
tions should be continuous mappings. Another example: a Lie group is a
topological group which is an analytic manifold, such that the inverse and

the product are analytic mappings of manifolds.

Definition A.7.5 Let X be a topological space and G a topological group. Then
the (left) action of G on X is the map

y:GxX-+X, (A.61)

(g,x) -* gx. (A.62)

Its properties (axioms) are:

• Associativity: (gh)x = g(hz) for g,h E G and z E X.
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• Action of the unit: ex = x for e the unit in G and x E X.

Now let X and G both be locally compact, so that C(X), CS(G) and C(GxX)
are commutative C'-algebras. Then we can express the left action in terms of
these, as a left coaction:

1' : C(X) -* C(G x X) = C(G) ® Cg(X), (A.63)

I'f(g,x) = f(gx). (A.64)

The properties are translated as follows:

• Associativity: ( 0 idx)ff = (idG 0 r)r'f.

• Action of the unit: (e ® idx)rf = f.

Proofs: Let I'f=fa®fx.
• ( idx)['f(g, h, x) = ( 0 idx)(fa 0 fx)(g, h,x) = ('fa 0 fx)(g,h,x) =

fa(g,h)fx(x) = fa(gh)fx(x) = (fa® fx)(gh,z) = rf(gh,x) = f((gh)z) =
f(g(hx)) = rf(g,hx) = (ía 0 fx)(g,hx) = fa(g)fx(hx) = fa(g)I'fx(h,z) =

(ía ®rfx)(g,h,x) = (ide ®F)(fa ®fx)(g,h,x) = (ida ®r)rf(9,h,).

• ((®idx)I'f(x) = (f®idx)(fa®fx)(x) = (fc®fx)(x) = ffafx(x) fa(e)fx(r) =

(ía® fx)(e,x) = rf(e,x) = f(ex) = f(x).

Because we deal with topological spaces, one can recover the group action from
the coaction for Hausdorif spaces (structure theorem). In generalizing, we let
A be a C-algebra and B a C*algebra which is the closure of a Hopf *.algebra,

in the C-norm defined by

Ilbil = sup IIir(b)II, (A.65)

where b E B and the supremum is taken over all * representations A coaction

of B on A is now a nonzero *..homomorphism I' : A -+ BOA, satisfying the
properties above, where is the topological tensor product (which means that
the tensor algebra is represented on the tensor product of their Hubert spaces).

A.8 Miscellaneous
Whitney's embedding theorem
Any smooth manifold M of dimension n can be embedded as a submanifold and closed
subset of 2n+1

This nice theorem is usually used implicitly. Its proof can be found for instance in
[BEtEl.

Spivak 8.8
A manifold M is called simply connected if it is connected and if every smooth map

f : S' .-+ M is smoothly contractible to a point po in M, i.e. if there is a smooth map

F:S' x[O,1]_4MsuchthatF(X,O)f(X)afldF(X,0)PO.
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a) If M is smoothly contractible to a point p0 E M, then there is a smooth map
C: M x[0,1]— M, such that G(p,0)=p and G(p,1) =Po EM. In particular,
for any p E M there is a path from p to po; hence M is pathwise connected, thus
connected. Moreover, we let F(x, t) = C(f(x),t). Thus M is simply connected.

b) Suppose S' is simply connected. Choose f(z) = x, thus S' is smoothly con-
tractible, thus every closed form on 51 is exact. However, the 1-form w =
—ydz + xdy on S' (equal to dO on S' \ (1,0)) is not (see arguments on Spivak
page 299). Hence 5' is not simply connected.

c) Let f 5! -÷ S' be smooth and 1-1. Suppose (f(S'))° 0. Then every
p E (f(S'))° admits a connected neighbourhood N. By the contraction to
p, every path in N is mapped onto over-countably many paths in (f(S' ))°.
These should be images of over-countably many non-intersecting closed segments
of S'. However, any set of these is countable (take for instance a rational
number in each of them). Hence (f(S' ))° = 0. Therefore there is a q E S" for
which neither q nor its antipodal point —q is in f(S'). Take q to be the north
pole in polar coordinates and contract f(S') smoothly by (r,Oi,... ,O_1,t) '—+
(r(1 — t),O1, .. . ,O,,_,). Hence S' is simply connected.

d) Let M be simply connected and p E M. Suppose a smooth map I : S — M is

smoothly contractible to P0. Then is smoothly contractible to p: first contract
smoothly to po, then continue smoothly and contract smoothly to a point q
infinitesimally close to p0 (possible, since locally homeomorphic to R"), such a
smooth transition can be made into a smooth path from q to p. The composition
of all these smooth maps is a smooth contraction to p.

Spivak 9.3
Let V be an n-dimensional vector space and ( , ) an inner product on V.

a) If V {0}, then there is a vector v E V with (v,v) 0. Namely, pick two
vectors v and w in V, not both 0. Suppose that (v, v) = 0 for all v E V. Then

0 = (v + w, v + w) = (v, v) + (w, w) + 2 (v, w) = 2 (v, w), (A.66)

so that (v, w) = 0 for any two vectors v and w, which contradicts the nondegen-
eracy of the inner product.

b) Let W be a linear subspace of V, and define

W={vEV:(v,w)0VwEW}. (A.67)

We prove that dimW1 � n — dimW. Let {w} be a basis for W. Let A(v) =
(v,w) E . Then W1 = flKerA1 0. The dimension of KerA is n —
dim ImA1 = n — 1, since not for all v V, A(v) = 0 (nondegeneracy).
Generally, if A and B are linear subspaces of V with A fl B 0, dim A =
dimB=q, dimAflB=r, then (p_r)+(q_r)+r=p+q—r�n, so that
min(p,q) � r p+q — n. Let A now be the intersection of some Ker) and
let B = KerA,, Then q = n—i andp q, so that rE {p,p— 1}: every new
intersection with Ker , reduces the dimension of the intersection with 0 or 1.
We conclude that dimW1 = dim fl2 KerA � n — dimW.

c) We prove that if ( , ) is nondegenerate on W, then V = W W1 and ( , ) is

nondegenerate on W'. Suppose dimW+dimW1 > n. Then there is a w 0 in
W which is also in W1: (w,w') = OVw' E W. Hence (, ) would be degenerate
on W. So if ( , ) is nondgenerate on W, then dim W + dim W' = n (using b)),
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and W fl W1 = {O}, therefore W W' = V.
Next, suppose that (, ) is degenerate on W'. Then there is a w 0 in W1
for which (w,w') = 0 for all w' W1, and also for all w' W (by definition).
So (w, v) = 0 for all v E V, which contradicts the nondegeneracy of ( , ) on V.

d) We construct an orthonormal basis for V. Iterate n times the following proce-

dure: start with V;

1. take v in it with (v, v) 0 (always possible, see a)); normalize v;

2. take the orthogonal complement of the span of all v's formed up to now;
go back to step 1.

The resulting set of n normalized vectors is an orthonormal basis for V.

• In the orthonormal basis {c1} we can write for a, b E V: a = E a'e, and
b = ii' e3, whence

(a,b) = Ea'b' (e,e2) = >±ja'b'. (A.68)

We order the terms such that:

(a,b) = a'b — a'b' (a,b),. (A.69)

Thus, there is an isomorphism I : R" -÷ V given by f (, ) = (, ),. for some r.

• The index of (, ) is the largest dimension of a linear subspace W C V for
which ( , ) 1W is negative-definite. This 1%' is spanned by all ei for which
(e,,e1) = —1. This is, by part d), an (n — r)-dimensional space. Any other
e satisfies (e,,e,), so adding one such (increasing the dimension of W) violates
the negative-definiteness of ( , ) on W. Hence r is unique.

Bott & Th 9.10
We use the good cover of Figure 9.6. The ech complex has three terms:

C°(U, IR) = i6 (number of vertices) (A.70)

.1. t5o

C'(U,R) = R'2 (number of edges) (A.71)

. Si

C2(U,R) = l'° (number of faces) (A.72)

Hence

(A.73)

and ImSo = R. Now let w KerSi. InitiaLly, we have n(n — 1) = 15 components
There are (n — 1)(n — 2) = 10 restrictions. Therefore, is determined by

n — 1 = 5 independent components, so that Ker Si = I. It follows that

H'(IP2) = KerSi/ImSo = 0 (A.74)

and Imdeltai = l. So
H2(FP2) = R10/R7 = R. (A.75)



Appendix B

Geometry and Physics

B.1 Geometric Phases
B.1.1 The Aharonov-Bohm Effect
As far back as 1959, Aharonov and Bohm ([ABO]) highlighted the fact that in
quantum mechanics, contrary to classical mechanics, there exist effects of vector
potentials on charged particles, even in a region where all electromagnetic fields,
and therefore the forces on the particles, vanish. They describe what is since
then called the Aharonov-Bohm effect. When a particle of charge q moves along
a loop enclosing flux (which can be thought of as carried by an infinitely long
flux tube), it gains an Aharonov-Bohm phase given by:

'YAB = q5 = 2ir, (B.!)

where, if is the flux associated to an electromagnetic vector potential A, we
have:

(B.2)

C being the loop. Aharonov and Bohm arrived at their expression by consider-
ing a beam of electrons, splitting at some point and interfering coherently when
they join again. An experiment that is reasonably easy to devise consists in
making the interference pattern of electrons from two slits, and showing that
this interference pattern changes if a flux line (infinite solenoid) is switched on,
perpendicular to the planar region through which the electrons move.

We can make a link with the local images of connection and curvature. We
consider the case of the gauge field strength F being identically zero in some
region V. At first, one might think that there are no physically measurable
effects in such a region V. This is not the case: effects may arise if the topology
of V is non-trivial, e.g. if V is not simply connected. Then starting from

F=dA=O (B.3)

91
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one cannot use the Poincaré lemma to conclude that A is constant and hence
physically trivial, since V is not contractible to a point, or equivalently, since
the first cohomology group H'(V; I) 0.

The Aharonov-Bohm effect is a symptom of this situation. Let L be a line
(the flux line), and let V be R3 — L. The two-dimensional space obtained
by projecting V onto a plane perpendicular to L occurs for instance in super-
conductors and in a quantum Hall system. The missing point then represents
a vortex or a quasiparticle, respectively. V is not simply connected; in fact, its
first cohomology group is that of a circle, so R. Outside the flux line L, the
magnetic field B is zero, so that F = 0. The Aharonov-Bohm effect is observed
because A is not constant. In terms of parallel transport, which is not reviewed
in this report but which can be found in standard books on differential geome-
try, we can say that zero curvature does not imply trivial parallel transport, if
the region in which the curvature is zero is not simply connected.

B.1.2 The Berry Phase
A type of evolution which is often of interest in physics is a cyclic evolution, in
which the state of the system returns to its original state after an evolution. An
example of this is the adiabatic evolution of a quantum system whose Hamilto-
nian H returns to its original value and the state evolves as an eigenstate of the
Hamiltonian and returns to its original state. In quantum mechanics, the initial
and final state vectors of a cyclic evolution are related by a phase factor. Apart
from the usual dynamical phase, it includes a geometric phase, called the Berry
phase ([B ER]). It has been studied and measured in various contexts ([SW!]).

Let a Hamiltonian H, depending on a set of parameters, undergo adiabatic
evolution along a closed curve C in parameter space (with parameter t). Then
in addition to the dynamical phase

= i f E(s)ds, (B.4)

where E(t) is a simple eigenva.lue of H(t), the wave function tI'(t) gains an extra
phase y, the Berry phase, which is determined by:

d-y(t) = ((t)!t.), (B.5)

so that,

YB = J' ((t)d(t))
dt, (B.6)

or in the language of differential forms:

YB if(tbIdiP). (B.7)
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This phase only depends on C. The expression for the Berry phase can be
derived mathematically using quantum parallel transport of a state vector. To
make the link to a Hamiltonian, the adiabaticity of the evolution is used through
the so-called quantum adiabatic theorem.

B.1.3 The Role of the Berry Phase
It is not surprising that the Berry phase coincides with the Aharonov-Bohm
phase in case of electromagnetism, that is, when B.2 holds. In fact, this has
already be shown by Berry in his original article ([BER]).

Consider the situation of the previous section: a magnetic field consisting of
a single line with flux 4,. For positions R not on the flux line, the field is zero,
but there must be a vector potential A(R) satisfying

(B.8)

for circuits C enclosing the flux line (we leave out the arrows on vectors). Let the
quantum system consist of particles with charge q confined to a box situated at
R and not penetrated by the flux line. In the absence of flux (A = 0) the particle
Hamiltonian depends on position and conjugate momentum j3 as follows:

H=H(13,f—R), (B.9)

and the wave functions have the form ,/,(r — R) with energies E independent
of R. With non-zero flux, the states it') I'(R)) satisfy

H(ji — qA(fl, — R)I') = EI), (B.10)

whose exact solutions are obtained by multiplying by an appropriate phase
factor, so that

(rIi) = exp ( A(r') . dri) (r — R). (B.11)

These solutions are single-valued in r and (locally) in R. The energies are
unaffected by the vector potential. Now let the box be transported round a
loop C enclosing the flux line. From (B.11) it follows that

(bIV') = f d3ri(r — R) (_A(R)tPn(r — R) + Vi'(r — R)) = —A(R),
(B.12)

where the second term in the brackets vanishes due to the normalization of i,b.
We immediately find that the Berry phase equals the Aharonov-Bohm phase.

The statistical phase y is the phase which is picked up by the wave function
of two particles, when they are interchanged. The statistical phase can be
immediately derived from the Berry phase. Namely, the interchanging can be
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viewed as carrying the Hamiltonian of one particle over an angle it around the
other one. Hence:

= . (B.13)

The occurrence of the Aharonov-Bohm effect in quantum mechanics has the
same origin as the phase factor associated with the exchange of two identical
particles (which is not there classically). As supported by the fact that Berry
phase is derived directly from the Schrödinger equation, this means that we are
dealing with a fundamental effect of quantum mechanics.
Also, in systems which are not simple connected (in physics usually punctured
two—dimensional systems), the statistical phase need not be either 0 or it: there

is an infinite range of possibilities between fermions and bosons; they are called
anyons ([SWI]).

The Berry phase has been generalized in two important ways:

• Aharonov and Anandan ([AAN]) showed that it is not necessary to re-
quire the evolution to be adiabatic. They show that their generalized,
gauge invariant phase still equals the Aharonov-Bohm phase for electro-
magnetism. This solves the problem raised by the fact that the Aharonov-
Bohm phase does not require an adiabatic approximation. In their deriva-
tion, Aharonov and Anandan do not restrict their Hamiltonian, and do
not assume a normalized state vector to be an eigenstate of the Hamil-
tonian. The closed curve then is in the projective Hilbert space of these
state vectors, and not in the parameter space. The key step is then the re-
moval of the dynamical phase as the expectation value of the Hamiltonian.
Given a cyclic evolution, an H(t) can always be found which generates this
evolution, such that the adiabatic approximation is valid.

• Samuel and Bhandari ([SBH]) showed that it is possible to compare quan-
tum mechanical phases meaningfully, even if the evolution of the system
is not unitary (norm preserving) or cyclic. Their basic idea is to join the
final state to the initial one by means of some arbitrary geodesic curve.

B.2 The Hodge dual and Yang-Mills theory
On an oriented Riemannian manifold M the Hodge star operator * inter-

changes forms of complementary degree. It is defined by comparing the natural

metric (, , ) on the forms with the exterior product:

a A *f3 = (a,13)dv, (B.14)

where dv is the Riemannian volume element. Equivalently,

(B.15)

Let the dimension of the manifold be 4. Then the * operator takes 2-forms into

2-forms, and it squares to 1:
** = 12. (B.16)
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The self-dual and anti-self-dual forms are defined as the ±1 eigenspaces fi
of , and

(B.17)

In particular, the curvature F = F+ + F_ decomposes into self-dual and anti-
self-dual pieces.

Now we apply this to Yang-Mills theory with structure group U(N), and
action

S =
— f Tr(F,F'"')dv. (B.18)

M2
This can be rewritten as

I (B.19)

where in components
= fpaflF0a, (B.20)

with the Levi-Cività symbol with four indices. We can write down the
Euler-Lagrange equations for variation with respect to the connection underly-
ing F. This gives

[D,F,L,V] = 0, (B.21)

and in terms of forms,
D*F=0. (B.22)

A connection satisfying this is called a Yang-Mills connection. Also note the
Bianchi identities, which always hold:

DF =0. (B.23)

It follows that if F is self-dual or anti-self-dual, F = ± * F, then the Euler-
Lagrange equations follow immediately from the Bianchi identities, and you
have found a Yang-Mills field (it is not generally true that you get all solutions
in this way). Such a field is called an instanton. See [NAS], [DOK], [FRU] and
[ATH] for overviews of this fascinating subject.

B.3 Quantization of Electric Charge
Electromagnetism is a U (1) gauge theory. The discreteness of the unitary rep-
resentations of U(1) implies the quantization of electric charge, as follows.
Let p be a 1-dimensional unitary representation of U(1) on C,

p: U(1) —+ U(1), (B.24)

eit '* eIOi, a E I. (B.25)
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The condition a(t + 2ir) = at + 2irn, with n E Z, gives a = n. Let now
be a matter field belonging to p. Then the minimal coupling provided by the
covariant derivative reads

Di,b = — p,eA,1i,b = — ineA,4t,b, (B.26)

so the charge of 1' is ne where e is fixed since the same electromagnetic potential
couples to all charged fields.

B.4 Killing Vectors and Spacetime Symmetries
Isometries (metric-preserving mappings) of a (pseudo-)Riemannian manifold can
be used to give formal definitions of homogeneity and isotropy of spacetime.

• Let M be a Riemannian manifold, P E M with coordinates x),. Let N(P)
denote the neighboorhood of a point P.

• A displacement of P in M is given by x, '— x, + ,. A point X N(P)
is mapped onto a point X' E N(P') by x' '— x +*(xk). ' thence defines
a vector field on N(P).

• We wonder if we can cover a part of M in a congruent (metric-preserving)
way by displacing P.

• Introduce the coordinate transformation x" = — (xc) near P'.

• Let the metric tensor at X N(P) be g$(xIC). What is it at X' X(P')?
In the original coordinate system, it is 9k(xIc) = gik(xk — ek).

• Now we need to know how the metric transforms under coordinate trasnfor-
mations. Because we should have

gdxtdx g;m(ixhI1m, (B.27)

we find

81131m 81101m
+ ) = Um(2 + ) = 7.--gg(xk). (B.28)

• To evalute this further, we notice that x" = — ' so that = —

(the comma indicating a derivative to the coordinate that follows it), and
we make a linear (infinitesimal) approximation:

+ ) g(x') + g1,1(xk). (B.29)

• We also neglect second order in so we find from (B.28):

g,(xk) + gjj:(xC)4 = (5 — 'g)(c57 — )gim(Xk) (B.30)
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g2, + = gij — ;9lj — '9im (B.31)

+ + = 0. (B.32)

These are called the Killing equations, and the vector is called a
Killing vector.

The Killing equations can be written in a more compact form:

ei;k + k;j = 0, (B.33)

where
ei;k = i,k — r,m (B.34)

is the covariant derivative, with

Fl = + 9*j,k — gik,j) (B.35)

are the Christoffel symbols.
Proof: Use = so that ,k = 9ij,k3 + Then

i;k = k;i = i,k + ek,1 — Fm —
= (gj,,k + + gij + 9kj, — 2rm
= (gij,k + gkj,i)X' + 9'J3k + Ykj'j — gm3 + Yuj,lc — gik,j)gmle'

= (gs3,, + gkj,i)x3 + + 9kj3j — (g,1 + Yij,k —

= Yij +gkj' +gk,6'.
0

\Ve give the definitions of homogeneity and isotropy announced above.

• M is called homogeneous if for any P E M and P' in a neighbourhood
of P, there exists an isometry which carries P into P'.

• M is called isotropic around P M if there are Killing vectors in a
neighbourhood N(P) of P such that ' = 0 at P and ei;k span the space
of second-rank antisymmetric tensors at P.

• A manifold which is isotropic about every point is called maximally sym-
metric, and it it homogeneous.

The motivation for the second definition is quite complicated and can be found
for instance in [NAP].

A maximally symmetric space bears that name because it has the maximum
number of linearly independent Killing vectors. The number of linearly inde-
pendent Killing vectors is the dimension of the isometry group. Suppose the



98 APPENDIX B. GEOMETRY AND PHYSICS

dimension of the manifold is n. If , and j;m are known at any given point, we
can evaluate all higher derivatives of by differentiating the Killing equations.
Hence as a vector field is completely determined from the n quantities z
and the n(n — 1) quantities l;m (it is an antisymmetric tensor, see the Killing
equations). The dimension of the isometry group is therefore at mostd(d + 1).

B.5 Quantum Mechanics in Curved Spacetime
We describe canonical quantization for a test particle on a general manifold,
under certain assumptions ([KUU]). A test particle is a particle which is affected
by the gravitational field but does not influence it.

1. The basic idea is to use the exponential mapping to relate a curve on the
manifold to a vector in the tangent space. Generalized translations are
then defined by first going to the tangent space, then translating, then go-
ing back to the manifold. The derivatives with respect to the generators of
these generalized translations play the role of the generalized momentum
operators. They satisfy commutation relations and uncertainty relations.

2. Let M be a manifold with a symmetric (torsionless) affine connection
F(x) = r. Let x, y E Me be two points in a neighbourhood Me Of
e E M, such that the geodesic arc between them is uniquely determined.

3. Let G be a Lie group. The exponential mapping at e E G is a mapping
expe : TG — G mapping the set of tangent vectors tv onto the unique
one-parameter subgroup g(t) of G tangent to v at the origin e. The role
of the one-parameter subgroup is taken here by the unique geodesic arc.

4. Let : TM — TM be the parallel transport mapping of tangent vectors
from TAf to TM along the unique local geodesic arc joining e and y.
Then geodesic multiplication (generalized translation of z by y) with
respect to e is defined as:

x.yELyERz(expoT0eXP')X. (B.36)

5. Generators: first order Taylor expansion (infinitesimal translation):

(x y)" = x + R(x)yt' +..., (B.37)

where
O(x. )P

(B.38)

In the origin we have R(e) = c5.

6. Infinitesimal translations define a vector field, and so do the generalized

ones:
R(x) := (B.39)
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They form a Lie algebra with structure functions

[R(x),R(x)] =p(z)Ri,(x). (B.40)

7. For flat (Minkowski) space, R0 = L0 and we have x a = x + a, a shift
ofxbya. Hence R(x)=5 and R(x)=&,(x).

8. The momentum operators are associated with the vector field in x.
The generalized definition is therefore

Pk = jhR'Om. (B.41)

The position operators x are multiplication by the Riemann normal
coordinates x'.

9. The kinematic algebra of quantum mechanics of one particle in curved
space-time now reads

[x1,x'] = 0, [z1,pk] = ihR'(x), EPj,Pk] = —ihp(x)p. (B.42)

10. On any Lie algebra we have the uncertainty relation

LAB> ([A,B]). (B.43)

This can readily be applied here, to obtain generalized uncertainty
relations.

11. Relations: quantum field theory in curved spacetime, algebraic quantum
field theory, quantum mechanics, Lie groups.

B.6 Magnetic Monopoles
• Magnetic charges (monopoles) were first postulated by Dirac in explaining

the quantization of electric charge.

• Nonabelian gauge theory (instead of the U(1) of electromagnetism) has
nonlinear Maxwell equations, which admit soliton solutions: solutions
in which the singular point particle of Dirac is replaced by a smooth field
approximately localized at the position of the "particle". This is called
the 't Hooft-Polyakov monopole.

• Ingredients are the Yang-Mills connection A and the mass-generating
Higgs field having a gauge-invariant potential function V (). The
Yang-Mills-Higgs action is therefore:

= (F, F) + (DqS, Dçb) + V(). (B.44)

Mathematically, q is a section of a vector bundle associated to the principal
G-bundle on which A is defined. Physically, is a scalar field transforming
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under some representation of G, often the adjoint representation. Dçb is
the covariant derivative of q. The most common form for the potential is
V() = A(1 — II2)2.

• The corresponding equations are the Yang-Mills-Higgs equations:

DAF = 0 (Bianchi identity), (B.45)

DA * F = —[qS,DAQ5], (B.46)

DA * DAQf 2A(IØI2 — 1). (B.47)

• The 't Hooft-Polyakov monopole is only known numerically, but there is
a simplified model introduced by Prasad and Sommerfield, in which the
Higgs potential is dropped (A = 0). These are known as BPS monopoles.

• They are solutions of the Bogomolny equations:

F = *D; (B.48)

they describe static monopoles in The Bogomolny equations are the
dimensional reduction to R3 of the self-dual Yang-Mills equations in
Euclidean R:

DAF =0, F = * F. (B.49)

• The solutions are characterized by an integer k (the magnetic charge of
the solution), the Chern number of an eigenspace of seen as a complex
line bundle over a sphere of radius R.

• The moduli space of monopoles (A, qS) is a hyperkähler manifold
when equipped with a suitable, Taub-NUT-like metric.

• The time evolution of a monopole is described by a geodesic on this
moduli space!

B.7 Symplectic Manifolds
1. A symplectic manifold is an even-dimensional smooth manifold with a

nondegenerate closed 2-form w, the symplectic form.

2. A symplectic form can exist only on an even-dimensional manifold M.
Namely, a form being nondegenerate means that it has full rank, rank 4.' =
dim M. Write w = w13 0' A 0 in an appropriate basis {0'}. The rank of
w is the rank of the antisymmetric matrix (w1). The rank of a square
antisymmetric matrix is even, hence w can exist only if dim M is even.
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3. Darboux's theorem: If w is a symplectic form on a 2n-dimensional
symplectic manifold, there are about each point canonical coordinates
(Pi,...,pn;qi,...qn) such that

=>Jdp1Adq. (B.50)

4. The cotangent bundle TV to a manifold V has a natural symplectic
structure. If the local coordinates in T V are p and q, then let w = dpAdq
(canonical 2-form). For a Lagrangian system with configuration space
V and Lagrangian function L, the "generalized velocity" q is a tangent
vector to V and the "generalized momentum" p = is a cotangent
vector. Therefore, the "p, q" phase space of the Lagrangian system is
the cotangent bundle of V and has a natural symplectic structure.

5. On a symplectic manifold, like on a Riemannian manifold, there is a nat-
ural isomorphism I between vectors v at x and 1-forms Pv on TM:

Pv(W) = —w(v,w). (B.51)

This extends to an isomorphism of vector fields X and 1-forms px on TM:

px(x)(Y) = —w(X(x),Y(x)), written briefly as p(Y) = —(X,Y).
(B.52)

6. A vector field X1 = Idf corresponding to the differential df of a func-
tion f is called a Hamiltonian vector field. The function is called the
Hamiltonian function.

df X1 = Idf: (B.53)

= —w(Xj,Y);

w(Xj,Y) = —Yf. (B.54)

Here, Yf is the derivative of f in the direction of the vector field Y.

7. TakeM=I2'={(p,q)}. Then

'=( ). (B.55)

If we have a function H that describes the time evolution of the system,

that is the phase velocity vector field XH
= ( ), then H satisfies

Hamilton's canonical equations:

OH OH
XH = IdH p = -.-- and q =. (B.56)
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8. Hamilton's equations are equivalent to the Euler-Lagrange equations:

d (OL\ OL

dt oq
=0, (B.57)

where for a mechanical system we call L(q, 4, t) = T — U, the difference
of kinetic and potential energy, the Lagrangian (if there is an explicit
time-dependence, the system is called non-autonomous), the q's are the
generalized coordinates, and p = is the generalized momentum.

are the generalized forces and f L(q, 4, t) is the action. All in analogy
to the case of one particle on a line, moving in a potential U(x). Then
L = mx2 — U(x), the momentum is m, the force is —, and the
Euler-Lagrange equation is Newton's law, mà = —

9. The vector fields on a manifold form a Lie algebra (an algebra with a
commutator). The Hamiltonian vector fields on a symplectic manifold
also form a Lie algebra. The commutator in this Lie algebra is called the
Poisson bracket of vector fields.

10. The Hamiltonian functions on a symplectic manifold also form a Lie alge-
bra. The commutator in this Lie algebra is called the Poisson bracket
of functions.

(f,g} = w(Xj,X9). (B.58)

11. This shows that every symplectic manifold is a Poisson manifold, i.e. a
manifold with a Lie algebra structure (the Poisson bracket) on its function
space, such that its contraction with any fixed function is an operator of
differentiation by some vector field.

{f,g} = w(X1,X9) = —w(X9,Xj) = Xjg. (B.59)

12. A Hamiltonian vector field X1 on a symplectic manifold has a phase flow
t.
I. x)

dXI
(B.60)

{f,g}(x) Xjg(x) = g(q51(x)). (B.61)
t=o

13. The Hamiltonian phase flow preserves the symplectic structure: =
w. Or: the symplectic form is an integral invariant of the Hamiltonian
phase flow. Every exterior power of w is also an integral invariant of
the phase flow (Poincaré). In particular, the phase flow preserves volume
(Liouville).

14. A function f is a first integral (conserved quantity) of the Hamiltonian
phase flow with Hamiltonian function f.
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15. A locally Hamiltonian vector field on a symplectic manifold M is a
vector field JO, where 0 is not the differential of a function, but a general
closed 1-form. A one-parameter group of diffeomorphisms of M preserves
the symplectic structure if and only if it is a locally Hamiltonian phase
flow.

16. Generalization of Noether's theorem: If a Hainiltonian function f on a
symplectic manifold admits the one-parameter group of canonical trans-
formations given by a Hamiltonian F, then F is a first integral of the
system with Hamiltonian function f.

B.8 Lie Groups C Acting on Symplectic Mani-
folds M

B.8.1 General M; G Acting on M
1. Any Lie group has a Lie algebra, describing its local structure. A sym-

plectic manifold has a Lie algebra of Hamiltonian functions. A topological
group can act on a space (see A.7.5), a Lie group can act on a smooth
manifold.

Definition B.8.1 The (left) action of a Lie group G on a smooth man-
ifold is a smooth mapping

Cx M — M: (g,z) .— (g,z) = $9(x) = gx, (B.62)

such that 'Fe(X) = x and for every g,h E C and every x E M we have
4'gh(X) =

This can equivalently be expressed by saying that the mapping

G — Diff(M) : g *- (B.63)

is a homomorphism of G into the group of diffeomorphisms of M. We will
consider the action of a connected Lie group C on a symplectic manifold
M.

2. The isotropy group of x under the action 4 is

= {g E G : (g,x) = x}. (B.64)

3. The action 4 is called proper if the mapping (g, x) i— (g(x), x) is proper,
i.e. if the inverse image of a compact set under the mapping (g, x) —*
(g(x),x) is compact (see also section A.1). If 4 is proper then G is
compact.

4. The action 4 is called free if for every x M the isotropy group G is
the identity element of C.
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5. Every one-parameter subgroup of G (i.e. a smooth curve g: R -÷ G with

g(t + s) = g(t)g(s) and g(O) = e) acts as a locally Hamiltonian phase
flow on M, with some Hamiltonian function H. Assume that to every
element a of the Lie algebra G of G there corresponds a one-parameter
group g of symplectic diffeomorphisms (tangent to a G = TGe in e)
with a single-valued Hamiltonian function H0.

6. If the map a '— H0 is a homomorphism from the Lie algebra of G to the
Lie algebra li(M) of Hamiltonian functions, that is, if it is linear and and
the Hamiltonian function of a commutator is the Poisson bracket of the
Hamiltonian functions, then the group action is called a Poisson action.

Poisson action
Lie group G '- symplectic manifold M

homomorphism
Lie algebra Hamiltonian functions 1-L(M)

commutator Poisson bracket

7. Dual to this homomorphism there is a mapping from M to the dual space
= TGe of the Lie algebra,

P:M4g*, X4Px, (B.65)

given by
p(a) = H0(x) (B.66)

for a P is called the momentum map. Compare with the map that
associates to a point x in a locally compact Hausdorif topological space
X a state w(x) on the function space C(X): w(x)(f) = f(x).

8. Under the momentum map P, a Poisson action of C is taken to the coad-
joint action of G on g*.

A

Ad
9

The coadjoint action is defined by

Ad; = L;_1R;, (B.67)

where : TG9h 4 TGh and R : TGh9 —* TGh are dual to L9.
TGh -÷ TG9h and R9 : TGh —* TGh9, which are the derivatives of

respectively.
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B.8.2 M = TtV; G Acting on V

Let V be a smooth manifold, G a Lie group acting on V as a group of diffeo-
morphisms, M = T*V the cotangent bundle.

1. Since every diffeomorphism takes 1-forms on V into 1-forms, the group
acts on the cotangent bundle M = TV. This action is symplectic since
it preserves the canonical 1-form a ("pdq") and hence also the symplectic
form w = = dpdq.

2. A one-parameter subgroup {g} of G for which = a defines a
phase flow on M, which has a single-valued Hamiltonian function, given
by the formula from Noether's theorem:

H0(x) = a(x) (j9(x)) xE M. (B.68)

3. This action is Poisson. (Proof: the H0 are linear in p (on every cotangent
space), so are their Poisson brackets, so is the function H[0,b] — { H0, Hb }.

Since this function is constant, it is zero.)

4. The momentum map P : M —* G can be described in the following way.
We have to associate to a point x a linear function on the Lie algebra.
Define : G —* M by z(g) = gx. The canonical 1-form a on M
induces a 1-form 4*a on C. Its restriction to the tangent space at the
identity of C is a linear form on the Lie algebra .

5. One checks that this defines the momentum map: let a E g = TGe and

let g : M -+ M be a one-parameter subgroup of C for which g = e and

Then

4a(e)(a) = a(ex)(4a)

= a(x) (4z()
= a(x)(9ax)
= H0(x).

6. Let V = R3. If C is the group of rotations around the origin, then the
values of the momentum map are the vectors of angular momentum. If C
is the group of rotations around an axis, then the values of the momentum
map are the angular momenta relative to this axis. If C is the group of
translations, then the values of the momentum map are the vectors of

linear momentum.
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B.9 Symplectic Reduction

B.9.1 Classical dynamics
1. Symplectic reduction is a method to construct from a symplectic man-

ifold a new one. Hereby, the symmetry of the system is reduced.

2. This is achieved by quotienting for a value p of the momentum P by a
suitable subgroup of the symmetry group G,.

3. Define the level set of the momentum M = P' (p) as the inverse
image of p E G. Every M is an invariant of the phase flow. In general,
the action of G takes the sets M into one another.

4. However, M is left fixed by the stationary subgroup G of p in the
coadjoint representation, i.e. the subgroup consisting of those elements g
of G for which Ad;p = p. G is a Lie group acting on M.

5. The reduced phase space is obtained by factoring by the action of the
group G. For this to make sense, we have to make several assumptions.
It is sufficient to assume that

(a) p is a regular value of the momentum, i.e. the differential of P
at each point of M maps the tangent space to M onto the whole
tangent space to This makes M into a manifold.

(b) G is compact. A weaker condition could be that the action of G is
proper.

(c) The elements of G act on M without fixed points (free action).

If these conditions are satisfied, then the set of orbits Gx of the action
G on M can be given the structure of a smooth manifold. This procedure
is called regular reduction or Marsden-Weinstein reduction. The
reduced phase space F = M/G has a natural symplectic structure
and is hence even-dimensional.

6. Let us make this a little more precise.
Let G be a Lie group acting on a smooth manifold M. The orbit space
M/G is the set of all G-orbits of its action + on M. Thus the orbit map

(B.69)

We put a topology on M/G by saying that 0 C M/G is open if and only
if ir'(O) is an open subset of M.

Theorem B.9.1 If {(x, gx)lg E G, x M} is a closed set, then the orbit
space M/G is Hausdorff.

It follows that M/G is Hausdorif if the action of G is proper. Now we
have ([CUB])
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Theorem B.9.2 (Regular reduction theorem) Let 4' be a free proper
Poisson action of a Lie group G on a symplectic manifold (M,w), which
has a coadjoint momentum mapping P: M -+ G. Suppose that p G is a
regular value of P. Then the reduced spaceF,, P'(p)/G,, is a smooth
symplectic manifold with symplectic form w defined by = i.

P' (p) —* F,, is the orbit map (reduction map) of the G,,-action
x P'(p)) and i : P'(p) —÷ M is the inclusion.

7. If 0 is a coadjoint orbit of p E G, then its inverse image is defined by

P'(O) P'0_(0) = {(x,p) : P(x) =p}, (B.70)

(this construction is necessary for the following quotient to make sense -
theorem) and because G acts transitively on 0, we have the diffeomor-
phism:

F = P'(p)/G,, P'(O)/G. (B.71)

The reduced space therefore does not depend on p.

8. If M = TV, with G acting on V, then G also acts on M, and we have
that the reduced phase space is diffeomorphic to T* (V/G).

9. Regular reduction can be generalized to singular reduction. The re-
duced phase space is not necessarily a manifold anymore. Therefore one
characterizes it by its function space:

Theorem B.9.3 (Singular reduction theorem) Let 4' : G x M —* M
be a proper Poisson action of a Lie group G on a symplectic manifold
(M,w), which has a coadjoint momentum mapping P: M — . Suppose
that the coadjoint orbit 0,, through p E ' is locally closed. Then on the
singular reduced space F,, = P-'(O,,)/G there is a nondegenerate Poisson
algebra (C°°(F,,),{ , },,).

This theorem needs some explanation. Let ir : M — M/G be the orbit
mapping of the G-action 4'. The topological space

F,, = P'(O)/G = ir(P'(O,,)) (B.72)

is the singular reduced space corresponding to p. Because the action
of G is proper, M is Hausdorif.
Now we define C°° (F,,), the space of smooth functions on F,,. We tell
a continuous function f : F,, -+ R to be smooth if there is a smooth
G-invariant function f : M — Q such that

= I1P'(O). (B.73)

Let COO(M)G be the space of smooth G-invariant functions on M. It
follows that C°°(F,,) is COO(M)G restricted to P'(O,,):

C°°(F,,) = C°°(M)'/I, (B.74)
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where I is the ideal of smooth G-invariant functions which vanish iden-
tically on P (p). Because 0 is iocaliy closed, it is a submanifold of
Hence P'(O) is closed. Then I is a closed subspace of C0o(M)G and we
can give C°°(F) the quotient topology.

This construction is reminiscent of noncommutative geometry, which might
be helpful in direct phase-space quantization of (constrained) systems with
symmetry.

B .9.2 Quantizing Symplectic Reduction
1. In physics, symplectic reduction can be used in reducing the phase space S

of an unconstrained system to the phase space S° of the constrained
system, (hopefully) coinciding with the physical degrees of freedom.

2. Classical reduction goes in two steps:

(a) Imposing the constraints 4 = 0; this restricts the phase space of the
unconstrained system to the constraint hypersurface C.

(b) Quotienting by the null foliation .M of the induced symplectic form
onC.

3. In quantum theory, only one of these steps need to be taken. Dirac
chooses the first step, Landsman chooses the second step. Dirac:

{I) €K :4,111) =OVi}. (B.75)

An important question is whether reduction and quantization actually
commute.

4. The difficulties with Dirac's approach are:

(a) The equations 4 III') = 0 often have no solution in 1-1.

(b) It only works when the constraints are first-class.

5. An alternative is to introduce a modified inner product on fl. This cir-
cumvenes both difficulties.

6. As we saw, the classical reduction in the case that a connected Lie group
G acts canonically on S is called Marsden-Weinstein reduction. The con-
straints are given by Gauss's law. Quotienting by the null foliation is
identifying gauge-equivalent points. (For the exact contents of this state-
ment, see Guillemin and Sternberg.) A generalized version of this pro-
cedure can be quantized using the modified inner product obtained from
Rieffel induction.
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B.1O Gauge Theory
1. In gauge theory, we have a Lie group G and a manifold M. We consider

a principal G-bundle P over M. On this bundle, a connection (locally a
gauge potential) and a curvature (locally a gauge field strength) can be
defined.

2. A gauge transformation can be viewed as an automorphism of P (ac-
tive viewpoint), or as a change of local coordinates (passive view-
point).

3. For a trivial bundle we have

Aut(P) = Diff(M) x G. (B.76)

4. As we saw in section 4.11, in noncommutative geometry, we consider
the automorphisms of the algebra A = C (M) ® A(G), which is the group

Diff(M) x G.

5. \Ve should be careful in distinguishing this from the setting of a Lie group
acting on a manifold, as considered above. There, G was a subgroup of
Diff(M).

Gauge theory is of course treated in many good books.
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