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Chapter 1

Introduction

In many applications it is important to study and predict fluid flow. Mathemati-
cally spoken this is the same as solving the Navier-Stokes equations (see chapter 2).
Except for a few (simple) cases these equations can not be solved analytically.
Therefore we have to rely on numerical methods to solve the Navier-Stokes equa-
tions in more interesting situations.

The generality and complexity of the Navier-Stokes equations have lead to the
development of many numerical methods for specific problems. Roughly spoken
these methods can be divided into two classes, namely methods that use

• unstructured grids or

• structured grids.

Figure 1.1: Example
lured grid (right).

of a structured (but not Cartesian) grid (left) and an unstruc-

3

(I) (ii)



To simulate fluid flow in a geometrically complex domain the first class has the
advantage that a good approximation of curved boundaries can be reached simply.
Generation of a structured (but not Cartesian) grid requires much more effort.

In figure 1.1 two examples of a grid are shown. The grid on the left (i) is a so
called curvilinear grid: the domain is transformed into a rectangle (in this case via
polar co-ordinates), a Cartesian grid is applied and this grid is transformed back
into the original co-ordinates. Of course problems arise if this transformation is
not bijective (here in the centre of the circle). Furthermore it is very difficult to
transform an arbitrary domain into a rectangle, that is grid generation is a complex
task. The second grid (ii) is a typical finite element grid (generated by the finite
element package SEPRAN). Compared to structured grids these unstructured grids
are more easier to generate. However tracking a free-surface is much more of a
problem.

Numerical methods based upon Cartesian grids do not possess the former dif-
ficulties. However in most applications the flow domain has a complex geometry
(curved boundaries). If, to simulate fluid flow in such complex domains, a Carte-
sian grid is applied irregular cells arise near the boundary (see figure 1.2). Now
the implementation of boundary conditions becomes non-trivial: these cells often
cause stability problems if time-dependent equations are solved (according to the
CFL-condition the time step must be chosen proportional to the smallest mesh
size).

In this report we will study problems (i.e. unsteady incompressible Navier-
Stokes equations in three spatial dimensions) in a geometrically complex domain.
However we choose a structural approach, that is, we discretise the equations on
a Cartesian grid as shown in figure 1.2. Hence, in a later stadium, free-surface
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computations can be added relatively simple (compared to unstructured grids).
Near the boundary we use VOF-like information [6] to ensure conservation of
mass and momentum also in irregular (small) cells and to implement the boundary
condition in a simple manner. An overview of solutions of the 'small cell problem'
is given in [9]. Furthermore we label the cells such that stability problems are
avoided as much as possible without much effort. The traditional methods use a
(non-trivial) redistribution technique [1, 9] or merge small cells near the boundary
to a larger one [10].

Based on the numerical model as discussed in chapter 3 a computer program
C0MFL0 (see appendix A for a description) has been written to solve the 3D
Navier-Stokes equations in complex geometries. In chapter 4 several results of this
program are shown. Finally, in chapter 5 some conclusions are discussed.
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Chapter 2

Mathematical Model

2.1 Navier-Stokes Equations
In this report we study the flow of a viscous fluid in a complex 3D domain fl. We
assume the fluid is incompressible, so the density p is a constant. The kinematic
viscosity ii is equal to where j.i is the dynamic viscosity. Furthermore we as-
sume the flow is unsteady. In this case the governing equations are the unsteady
incompressible 3D Na.vier-Stokes equations:

Ou Ov Ow
(2.1)

ox O!J OZ

Ou Ott Ou Ou lOp "O2u 02u O2u—+u—+v—+w— = —--—+uI—+—-+—1, (2.2)
Ot Ox Oy Oz pOx \0x2 0y2 0z2J

Ov Ov Ov Ov lop "02v 32v 02v"
= ___+v(¼—j+---j+---j (2.3)

at a Oy Oz pOy Ox Oy Oz

Ow Ow Ow Ow 1 Op '02w 02w 02w\—+u—-+v—+w— —-—-+(——+-—+-----). (2.4)
Ot Ox Oy Oz p Oz \ Ox2 0y2 0z2 j

In these equations p is the pressure and u, v and w are the velocity components
in x-, y- and z-direction respectively. Equation (2.1) expresses conservation of
mass, while (2.2), (2.3) and (2.4) express conservation of momentum in x-, y-
and z-direction. In the momentum equations the convective terms (first-order
derivatives) and the diffusive terms (second-order derivatives) can be recognized.
Since we assume the fluid is incompressible these four equations are sufficient to
solve for the pressure and velocity. If we write

fu
u=I V
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the Navier-Stokes equations can be written in short (vector) form, using the di-
vergence (div) and gradient (grad) operators:

div u = 0, (2.5)

9u 1-- +(u •grad)u = ——grad p+v div grad u. (2.6)

In this report we will discretise the equations using conservation cells; hence the
Navier-Stokes equations must be written in conservation form as well, thus

div u = 0, (2.7)

+ div (uuT) = —.- grad p + ii div grad u. (2.8)

In this step we used the fact that the velocity field u is divergence-free.
Inside Il the fluid must satisfy (2.7) and (2.8). On the boundary 01) of 1)

boundary conditions for the velocity are needed. For a viscous fluid these are

u = 0 on 01). (2.9)

These express the impenetrability of the boundary, so the normal component of
the velocity is equal to zero. Further the tangential component must be zero, since
the fluid is viscous (no-slip condition). If a part of 011 is used to drive the fluid,
say with velocity U on F C 01), then of course the boundary condition becomes

u=OonO11\Fandv.=UonF. (2.10)

The program C0MFL0 written on basis of the numerical model (chapter 3) is
capable of handling arbitrary Dirichlet boundary conditions like (2.10) in 3D.
Apart from that C0MFL0 can perform calculations in 2D. To that end we extend
the 2D-problem to 3D and then apply homogeneous Neumann boundary conditions
in the third direction for the two velocity components in the 2D-plane (i.e. full-
slip). Hence, no force is exerted on the velocity components in the 2D-plane. For
the velocity component in the third direction we apply homogeneous Dirichiet
boundary conditions. This guarantees that the third velocity component is equal
to zero, such that the flow is in fact 2D.

2.2 Non-Dimensional Formulation
Equations (2.7) and (2.8) can be made dimensionless by scaling the lengths with a
characteristic length L and the velocity components with a characteristic velocity
U. If we define (1, , ) = (x, y,z), (u, i3, ti) = (ti, v, w), I = and finally

= then (2.7) and (2.8) are equivalent to

divü=0, (2.11)

7
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+div(uu") = —grad JJ+ dlv gr.d (2.12)

where dlv and grad are the divergence and gradient operators with respect to
the non-dimensional co-ordinates. The only parameter that plays a role in these
non-dimensional equations is the Reynolds number Re, which is defined by

Re (2.13)

The Reynolds number indicates whether the flow is dominated by convection or
diffusion; if Re >> 1 the viscosity has less influence, while Re << 1 implies large
viscous effects.

In the remainder of this report we will drop the - in (2.11) and (2.12), that is
we solve (2.7) and (2.8) where p is normalized to unity.
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Chapter 3

Numerical Model

In this chapter we deduce the numerical model. Because of presentation reasons
this is done in 2D. If necessary we will explain the difficulties of an extension to
3D, although in general this extension is straightforward.

3.1 Apertures
As depicted in the introduction we cover the (complex) flow domain f with a
Cartesian grid (see figure 1.2 for an example). Because of the curved boundary of
f cells with different characters originate. This difference in character somehow
must be incorporated in the numerical method. To accomplish this we introduce
so called apertures [9]. This bears resemblance to the VOF-method [6] for flow
problems with free-surfaces.

In the centre of every computational cell we place a volume-aperture Fb, which
indicates the fraction of that cell that is open to flow (so 0 F" 1). Analogous
we put in the middle of every cell-face an edge-aperture AX (in x-direction) or
A (in y-direction). Of course in 3D a third edge-aperture AZ is introduced. We
note that edge-apertures contain information that is one dimension lower than
the information given by volume-apertures, so in 3D edge-apertures indicate the
part of a cell-surface that is open to flow. The above-mentioned is illustrated in
figures 3.1 and 3.2.

The apertures F", AX and A (and AZ in 3D) are used to discretise (2.7)
and (2.8) near the boundary and to compute the boundary velocities (see sec-
tions 3.4 and 3.6 respectively).

3.2 Positioning of the Unknown Variables
We distinguish in this section two methods (method 1 and method 2) to place the
boundary velocities. Both methods use a staggered grid (which is very common
in incompressible fluid flow), i.e. the pressure is positioned in the centre of a
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Figure 3.1: Positioning of the
volume- and edge-apertures.

computational cell, while the velocity components are placed in the centre of cell-
faces. We compare these two methods and will choose the most promising one to
study in the remainder of this report.

3.2.1 Method 1
This method is illustrated in figure 3.3. First we determine the positions where
the velocity components are solved from the momentum equations. If Ax � ,
then u is in the fluid and therefore is solved from the momentum equation in
x-direction. We will call u in this case a momentum velocity and is denoted in
figures as o. Similarly we solve v from the momentum equation in y-direction if
A � (in figures the momentum velocities in y-direction are denoted with 0).
Now the momentum velocities have been placed, the positions where the continuity
equation is discretised (x in figures) are fixed, since a momentum velocity always
needs two pressure variables to compute the pressure gradient. Furthermore the
positions of so called boundary velocities are fixed; these are velocities, not solved
from (2.8), but needed to compute the first- and second- order spatial derivatives
in the Navier-Stokes equations. As the name suggests, boundary velocities are
computed with the boundary conditions on Oil (this is explained in section 3.6).
In the figures the boundary velocities in x- and y-direction are denoted with • and
• respectively.

Method 1, as described in this section is the traditional way to determine
the positions where the continuity equation and the momentum equations are

10
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discretised; probably because this method guarantees that all variables inside f'
are solved from the Navier-Stokes equations [1, 9, 12, 13]. Often other precautions
are made (for example redistribution, cell-merging, local time steps or implicit
discretisation) to avoid time step restrictions (see section 3.2.3).

3.2.2 Method 2
The method described in this section is illustrated in figure 3.4. Contrary to
method 1, we begin to define the positions where the continuity equation is discre-
tised. Because this is done in cell-centres, we check if the centre of a cell is in the
fluid, which is equivalent to Fb � . If so, we solve the pressure in this cell from
the continuity equation. The momentum equations are discretised between every
two pressure variables. This guarantees that no new pressure variable arises. Note
that this can not be formulated in terms of edge-apertures.

Based on the distribution of the pressure and momentum velocities the posi-
tions of the boundary velocities are fixed. Inherent to method 2 these boundary
velocities can be inside as well as outside 11.

3.2.3 Comparison of Method 1 Versus Method 2
In this report we chose to implement method 2, because it has several advantages
compared to method 1.

The most important advantage of method 2 is that it avoids stability problems.
In section 3.4 we will show that, for example, the convective terms in the momen-
tum equation in x-direction, in the computational cell as shown in figure 3.11, are

11
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discretised as

1 (AUEUE — Ayuwuw Auv — Au3v3
F hXw+hXe + hy

This shows that in every conservation cell where the momentum equation is dis-
cretised the net flux of momentum through the cell-boundaries is divided by the
effective cell-volume F (hx + hXe) hy. So the convective terms are multiplied
by a very large number if F 0. This is possible in method 1, since the momen-
tum equation is discretised if the corresponding edge-aperture exceeds , which
does not ensure a lower bound for the volume-aperture F. Because the convec-
tive terms also are multiplied by the time step t this problem can be solved by
choosing t Fh. However this is a severe time step restriction if F 0. This
problem will not occur in method 2, since the momentum equation is not discre-
tised until F � . So, in method 2, the momentum equation is multiplied by a
factor 2 at most.

A second argument in favour of method 2 is obtained by examining the standard
situation, i.e. when the boundary coincides with grid lines as shown in figure 3.5.
In this situation the boundary velocity • is located exactly on the boundary, so
the boundary condition can be applied directly. The boundary velocities are
so called mirror points and are set, in the case of homogeneous Dirichlet bound-
ary conditions, as u = —0. If this situation is disturbed slightly by moving the

J

x

,..

Figure 3.5: Standard situation; boundary coincides with grid lines.

boundary to the right or to the left, then we do not want to change the positions
of the continuity equation, the momentum equations and the boundary velocities,
because of continuity reasons. This wish is illustrated in figure 3.6. Examination
shows that this figure corresponds to method 2. So method 2 is continuous under
small disturbances of the boundary Of in the standard situation, which is a de-
sired property. If we would position the equations, in the same configurations as
figure 3.6, according to method 1 then we would get figure 3.7. This figure shows
a discontinuous approach: in figure 3.7 (i) the continuity equation is discretised
in both cells, while in figure 3.7 (ii) this is only done in the left cell. Of course
method 2 is discontinuous if the volume-aperture F" . However this is not
dangerous, since this causes no stability problems as we explained above.
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Figure 3.6: Disturbances of standard situation (method ).
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n — —
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(ii)

Figure 3.7: Disturbances of standard situation (method 1).

For a third argument in favour of method 2 we examine the distance of the
boundary velocities to the solid boundary Oil. In the continuous case the boundary
conditions (2.10) are applied exactly on the boundary of the flow domain. This
is not possible anymore in the discrete approximation of the flow problem, so we
have to try to position the boundary velocities in a way such that the distance
of these variables to Oil is as small as possible. This is exactly what method 2
does. In method 1 all the boundary velocities are outside the flow domain, while in
method 2 the boundary velocities are distributed more symmetrically around the
boundary of Il. Hence, in method 2, the distance between the boundary velocities
and the boundary will in general be smaller than in method 1. Figures 3.3 and 3.4
give a good indication of this property.

The above-mentioned phenomenon has a second advantage in computing the
boundary velocities. In method 1 this is always done by extrapolation of a mo-
mentum velocity and the boundary condition, since all the boundary velocities are
outside ft If the distance between the momentum velocity and the solid boundary
is e, then the distance between the boundary velocity and the solid boundary is
h — e, since the distance between the momentum velocity and the boundary ve-
locity is equal to the mesh size h. Hence, in the case of homogeneous Dirichiet

13
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boundary conditions, the boundary velocity UB, say, is given by

/ h\
UB 11F (1 — —\ ej

where up is the momentum velocity. So the boundary velocity will become very
large in magnitude if the momentum velocity is close to the boundary (i.e. e 0).
This danger also exists in method 2, however the number of extrapolations in this
method will approximately be half the number of extrapolations in method 1, since
the boundary velocities inside the flow domain are computed by interpolation of
a momentum velocity and the boundary condition, which, of course is much safer
than extrapolation.

Because of the many advantages of the second method we decided to write the
program C0MFL0 based on this method. In the remainder of this chapter we will
work out this method in more detail.

3.3 Cell- and Velocity Labels
To clarify the difference in character of the various computational cells we will
label every single cell by one letter F, B or 0. A cell with volume-aperture 0
we will call an F(ull)-cell. Every computational cell with Fb < , which has at
least one neighbouring F-cell will be called a B(oundary)-cell. Every remaining
cell will be denoted as an 0(utside)-cell and has no significant role in the model
(see figure 3.8). Note that an F-cell need not be full, a B-cell can be empty and an
0-cell can contain some fluid. According to method 2 the continuity equation (2.7)
is discretised in the centre of every F-cell.

Based on the cell-labels the velocities easily can be labeled by a combination
of two letters; for example a velocity component between an F- and a B-cell will
be called an FB-velocity (see figure 3.8). This implies the following:

• FF-velocities are solved from the corresponding momentum equation.

• All FB-velocities have to be computed by means of the boundary condi:
tions (2.10). This is explained in more detail in section 3.6.2.

• All the BB-velocities with at least one FF-neighbour have to be computed
by means of (2.10). See section 3.6.3 for further explanation.

• An F0-velocitiy can not appear.

• BO- and 00-velocities do not have to be computed, since these are not
needed in the finite difference formulas representing the first- and second-
order derivatives in the momentum equations.

We remark that the cells and velocities in 3D are labeled in exactly the same way
asin2D.

14
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Figure 3.8: Illustration of cell- and velocity labels. Open circles and squares repre-
sent the momentum velocities and closed circles and squares indicate the boundary
velocities in x- and y-direction respectively. The pressure variables solved from the
continuity equation are marked with x.

3.4 Discretised Navier-Stokes Equations
In this section we will discretise (2.7) and (2.8) on a Cartesian grid. Hereby we
will use the volume- and edge-apertures, but first we will discretise the equations
in time.

3.4.1 Time Discretisation
We will discretise (2.7) and (2.8) explicit in time, since we do not expect stability
problems as explained in section 3.2.3. If we use the most elementary explicit time
integration method Forward Euler we get:

div u4' = 0,

U —
+ grad p' = —div (if uIT) + L' div grad if,

(5t

(3.1)

(3.2)

where t is the time step, u" the velocity field at time 2,, = n St and p'1 the
pressure distribution at time t,,1. The pressure gradient is discretised at the 'new'
time t,, to ensure that the 'new' velocity field from (3.2) is divergence-free.
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3.4.2 Aperture-Based Spatial Discretisatioii
Continuity equation

The time-discretised equations (3.1) and (3.2) now have to be discretised in space
as well. We will illustrate this aperture-based discretisatiorz on the basis of the
continuity equation. This equation expresses conservation of mass in every con-
servation cell in f, in particular in every computational cell. If we take a compu-

y
A,, v,,

AvNNA;ue
Fcpc

y
As

Figure 3.9: Conservation cell for discretising the continuity equation.

tational cell near the boundary as in figure 3.9 then the net flow of mass through
the boundary of this cell in x-direction is Ahyt4' — Ahyu7'. In y-direction
this is Ahxv' — AhXVr'. Of course the sum of these fluxes must be equal
to zero, so, after dividing by the cell-volume hxhy, we get

1 — AX n-fl AYVn+l — Avvm+l

(
e

hx + hy
a

) = (3.3)

Here the edge-apertures express that no mass can flow through the physical bound-
ary oft

Momentum equations — convective terms

The convective terms div (u1unT) in (3.2) indicate the increase of momentum in
a conservation cell because of transport of momentum through the boundary of
that cell. Of course momentum can not flow through the solid boundary Oil, so
the convective terms also are discretised based on apertures. We will illustrate this
by discretising the convective terms + of the momentum equation
in x-direction. A priory we can choose the conservation cell in two different ways
(see figures 3.10 and 3.11). However the small conservation cell (on the left) will
give problems, since the apertures are not defined this way. Note that Ft and F

16



hv hy,

/lYc hYc

hv, hy,

Figure 3.10: Small conservation cell. Figure 3.11: Large conservation cell.

can not simply be averaged to get an approximation of F. This is why we choose
the large conservation cell as in figure 3.11. Now F can easily be computed:

F' — Fhxhy + FhXehyc
C (hxw+hXe)hyc

The edge-apertures A and A are computed similarly. If we take u as a weighted
average of UN and c and so on, then we can discretise the convective terms
like (3.3), thus

div (
uu'

)
• 1 (Auu — + Auv — Auv) ()UV c c Xw+Xe Yc

Momentum equations — diffusive terms

Remains to discretise the pressure gradient grad p72+l and the diffusive terms
div grad u' of the momentum equations. Contrary to the convective terms these
are not discretised based on apertures, because the boundary O1 of course does ex-
ert a force on the fluid via normal and tangential stress. If we would use apertures
then this (viscous) stress would be ignored. So the diffusive terms are discretised
in the standard manner (see also [1]). For the momentum equation in x-direction
this results in (see figure 3.11):

5pTh+l pfl+l
—

pfl+l

ax (hXw+hXe)'

17
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I. n (I. LI \flhI flf&XU — y IXe)UC T 1XWUE
iv gra U C (hx + hx)hxhx

+
(hy + hy9)u — (hy + 2hy + hy3)t4 + (hy + hyc)ug

(hy + hy4(hy + hy,)hy
Now the Navier-Stokes equations have been discretised in time and space. The
discretised equations must be solved, which is explained in the next section.

3.5 Solution Method
We will show how the discretised equations are solved in the program C0MFL0.
Therefore we first introduce some notation. The set of points in the computational
grid where an FF-velocity is defined, will be denoted by 1l. Further 1Z is the set
of points where the unknown boundary velocities (FB and BB) are defined.

We assume an initial velocity field is given on U 11 (for n = 0
we simply take u° = 0 on 1l and then compute the boundary velocities in 1?43.
Our goal is to compute a new velocity field u'1 and a new pressure distribution.
First we construct a temporary vector field IL on 1l by integrating the momentum
equations (3.2) without the pressure gradient, i.e.

IL := — t {D (uu2T) — vDhChul} 1l. (3.5)

here Dh and Gh are the discrete versions of the divergence and gradient operators,
which have been discussed in the previous section. D indicates that the divergence
operator is discretised with apertures. Note that IL is not a velocity field. At this
stage Un+i on 11h and p in all the F-cells still have to be solved from

Du72+1 0, (3.6)

u' + 5t GhP1 = IL, (3.7)

where IL is the temporary vector field as in (3.5).
The operator D works on unknown velocities in the entire grid 11h, that is on

momentum- as well as boundary velocities. Hence we can not substitute (3.7) di-
rectly into (3.6), since then the pressure in B-cells would be needed [13]. Therefore
we write

D = D'1 + D
where D'1 and D work on velocities in f1 and 1l respectively. We can not
compute the boundary velocities at the new time level, since therefore we would
need the entire velocity field at the new time level. That is why the boundary
velocities at the new time level are set equal to the boundary velocities at the old
time level, i.e. u41 = U'1 in 11k. This procedure causes an error O(5t) which
already has been introduced by the time integration method Forward Euler. Then
it remains to solve

Du'1' = —D"u'1, (3.8)

18



u'' + t GhP1 = ii. (3.9)

Now (3.9) can be substituted safely into (3.8), which results in the pressure Poisson
equation:

D'1Ghp'' = (i"u + Du). (3.10)

The new pressure distribution p' is solved from (3.10). Based on the solution of
the Poisson equation, the new velocity field on 1l is computed from (3.9):

it — St Ghp' on 1Z. (3.11)

Finally the boundary velocities are adjusted (this is explained in detail in sec-
tion 3.6) such that the new velocity field is expanded to the entire grid f1,.

At this stage one time cycle has been completed. This process can be repeated,
until a stationary state or a certain time has been reached (a stationary state can
be recognized by examining the difference of two successive solutions).

3.6 Boundary Velocities
In the previous section we have shown that once per time cycle the boundary ve-
locities are computed to extend the velocity field on to the entire computational
grid 1h• In this section we will explain this step in detail.

First we will classify the possible orientations of O1. In 3D this classification is
a little more complicated than in 2D, so in this section we will discuss the situation
in 3D.

3.6.1 Orientation of 9
We will divide the possible orientations of the boundary (in relation to the com-
putational grid) into three classes:

• parallel,

• semi-diagonal and

• diagonal.

This is illustrated in figure 3.12. For each of these classes we will indicate the
maximum distance between the actual boundary and the positions of the bound-
ary velocities. In our presentation we assume that the grid is uniform, say with
mesh size h in x-, y- and z-direction. Then, in case (i) (parallel), the maximum
distance between Oil and the boundary velocity is if the velocity concerned is
perpendicular to Oil and it equals h for the other two velocity components. In case
(ii) (semi-diagonal) the distance between Oil and the boundary velocity parallel
to Oil (in figure 3.12 this is the velocity in vertical direction) is less than for

19



Figure 3.12: Three possible orientations of Oh compared to the computational grid:
(i) parallel, (ii) semi-diagonal and (iii) diagonal.

the other two components this is less than Finally, in case (iii) (diagonal),

the maximum distance is the same for all three velocity components: .
From the above it follows that the distance between the physical boundary

and the boundary velocities is relatively small (compared to the mesh size h) if
these velocities are somewhat diagonal compared to Oft Based on this we decide
to apply the boundary condition in these points directly; so in fact we move the
boundary over a short distance (less than The other velocity components
(parallel and perpendicular to Oh) will be computed in a more accurate way. This
means that for every FB- and BB-velocity it has to be decided whether Oh is either
diagonal or parallel/perpendicular to this velocity component. This is described
in the next two sections.

3.6.2 FB-velocities
We consider an FB-velocity in a certain direction at a certain position in the grid

F

___

B/
Figure 3.13: FB-veiocity • and neighbouring cells.

and the neighbours of the F-cell as depicted in figure 3.13 (velocity components
in other directions are treated in exactly the same way). We will decide whether

20
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or not the boundary is diagonal oriented compared to the boundary velocity by
examining the four neighbours of the F-cell in the plane perpendicular to the
FB-velocity. These neighbours are labeled either F or B. This means a priori 16

Figure 3.14: Possible configurations surrounding an FB-vclocity.

possible configurations, however some might be classified equivalent, by rotating
the grid. The 6 remaining configurations are shown in figure 3.14. If in a certain
direction in this plane the cells are labeled different around the central F-cell, then
the boundary will be oriented diagonal compared to the FB-velocity. If in both
the directions the cells are labeled symmetrically around the central F-cell, then
this orientation will be perpendicular compared to the FB-velocity. Therefore we
classify the configurations (ii), (iii) and (v) in figure 3.14 as diagonal and apply the
boundary conditions to these FB-velocities directly. In the configurations (i), (iv)
and (vi) the boundary velocities are not diagonal and have to be computed with the
help of a momentum velocity in the fluid. Since the boundary in these situations is
perpendicular to the FB-velocity this must be the velocity in line of the boundary
velocity. Hence the cell neighbouring the F-cell, which we have ignored until now,
is assumed to be an F-cell in these cases. Of course in the computer program this
assumption is checked and if a B-cell is encountered instead of an F-cell then the
boundary condition is applied directly.

\Ve will deduce the exact computation of the boundary velocities in the con-
figurations (i), (iv) and (vi) by examining figure 3.15, which is a close-up of the
former configurations. We write uF and uB for the velocity in o and .. F. and
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Figure 3.15: Computation of FB-velocity.

F for the volume-apertures in the F- and B-cell respectively. Then, following
figure 3.15, in x = 0 the velocity must be equal to UF, while in x = hF it is set as
ufi. The position of the boundary is approximately x = F.hF + FhB; so in this
point we apply the Dirichlet boundary condition u = U. Thus

x=0 = u=up
x=FhF+FhB u=U

UU9

f hF Uh
UB UF 1

— Fh+ FhB) + FhF+FhB (3.12)

Note that (3.12) can not explode; the coefficient of uF is equal to 1
— Fb Fb hP+ B4

which (in absolute value) is bounded from above by 3, since F,. � and F � 0.
So UF is multiplied by a factor 3 at most.

3.6.3 BB-velocities
A BB-velocity (see figure 3.16) has to be computed if it appears in a discrete

B
7/__

Figure 3.16: BB-velocity • and neighbouring cells.

momentum equation. Because a momentum equation is discretised between two
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F-cells we only have to examine the FF-velocities adjacent to the boundary veloc-
ity: the BB-velocity can have 0, 1, 2, 3 or 4 neighbouring momentum velocities, as
shown in figure 3.17. If a momentum velocity appears then, because of symmetry,

F • F F/ . B
/ • B

F F

____

/___ /
(i) (ii) (iii)

F F F F

B / . 7
B

/F F

B

F F

____

F' F F F
F

(iv) (v) (vi)

Figure 3.17: Possible configurations surrounding a BB-vclocity.

the BB-velocity will be parallel to ôf, i.e. a BB-velocity is never classified as di-
agonal and therefore always has to be computed by interpolation or extrapolation.

In case (i) of figure 3.17 the boundary velocity is not computed, since it has no
neighbouring momentum velocities. Because of symmetry reasons the boundary
velocity in (ii) and (v) is computed with the momentum velocity 'above' the BB-
velocity. The formula needed for this is similar to (3.12), however now we use
edge-apertures instead of volume-apertures (see figure 3.18). Again we write UF
and uB for the velocity in o and .. Further ArF. and A are the edge-apertures
between the F- and B-cells respectively. Then, analogous to (3.12), it follows

UtLF
z = A.hF + AhB U = U

z=hF--hB ' U=UB J

1 1 hp-i-hB 1 U(hF+hB)UBUFl(1))+(1). (3.13)
For configuration (iii) in figure 3.17 no obvious choice for one of the two momentum
velocities can be made. Therefore we compute (3.13) twice (say UB.1 and UB,2)
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Figure 3.18: Computation of BB-velocity.

each with a different momentum velocity. Next we take a weighted average to
compute u:

(A1
—

+ (A2
—

UB,2
UB = Az 1 Az 1

(3.14)
—

—

We remark that the boundary velocity from (3.13) can explode. For a uniform
mesh (hp' = hfi) the coefficient of up' is equal to 1

—
which (in absolute

value) tends to infinity if A = 0 and Az. . If so, we simply increase or decrease
AZF, slightly, such that the denominator (in absolute value) is bounded from below
by a small constant, taken as in C0MFL0. I.e. we are artificially displacing the
wall over a distance of at most. A similar precaution is made in computing UB
in (3.14).

Also for configuration (iv) in figure 3.17 no obvious choice for one of the two
momentum velocities can be made; the boundary velocity is enclosed between the
two momentum velocities. Therefore the boundary condition is applied directly in
this case. The same is true for configuration (vi) where the BB-velocity is enclosed
between four momentum velocities.

With the treatment of the boundary velocities the numerical model is complete.
In appendix A a description of the computer program based on this model can be
found.
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Chapter 4

Results

We will discuss some results of
various flow problems.

the computer program COMFLO on the basis of

4.1 Square/Cubic Driven Cavity
A classical flow problem, for testing computer programs that simulate fluid flow,
is the square (2D) or cubic (3D) driven cavity (the 2D cavity is illustrated in
figure 4.1 on the left). The flow domain is simply covered by a Cartesian grid where

Figure 4.1: The square driven cavity (left) and the 2D skewed driven cavity (right).

the boundary coincides with grid lines [2, 4]. The program C0MFL0, especially
written to simulate fluid flow in complex geometries, of course, should be able to
solve these 'simple' problems as well. In figure 4.2 some results of the square and
cubic driven cavity are shown. The centerline velocity in x-direction (i.e. the same
direction as the cavity is driven with) is plotted against the cavity height. Note the
difference in the 2D and 3D velocity profiles (in particular for Re = 500), due to
secondary flow patterns, in the plane perpendicular to the velocity in x-direction,
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Figure 4.2: Velocity profiles for the square (left) and cubic (right) driven cavity for
Re = 100 and Re = 500. The number of grid points in every direction is indicated
by the number N.

in 3D. For Re = 100, 20 grid points in every spatial direction seem adequate to
solve the Navier-Stokes equations. However, for Re = 500, accuracy is gained by
adding more grid points.

x x x x

x x x x

x x x x

x x x x

(i)

x x x x

x x x x

x x x x

x x x x

(ii)

x x x x

x x x x

x x x x

x x x x

(iii)

Figure 4.3: Example of
contracted grid.

(i) a standard grid, (ii) an expanded grid and (iii) a

In the remainder of this section we will focus on the cubic driven cavity and
test COMFLO especially for the occurence of irregular cells near the boundary.
Therefore we first expand and contract the grid somewhat. Suppose that for a
standard and uniform grid, the cubic driven cavity is approximated by N + 1 grid
points in every spatial direction. The mesh size h, for this standard grid is equal to
h3 = and in every direction the continuity equation is discretised in N cells. If
the mesh size h is taken such that h3 <h < 4-j. then the same number of equations
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is discretised, but grid lines do not coincide with the solid boundary anymore (the
volume-aperture F' for cells near the boundary now satisfies < Fb < 1). We will
call this grid an expanded grid. If the mesh size is decreased instead of increased,
i.e. < h < h3 (so 0 < Fb < for cells near the boundary) we will call the
grid a contracted grid. In figure 4.3 these various grids are illustrated for N = 4.

In this section we chose the mesh size h = .1-- for expanded grids and h =
for contracted grids.

Again we plot the centerline velocity for these grids (see figure 4.4) and com-
pare the solutions to those obtained on a standard grid. For smaller Reynolds
numbers the solutions on the expanded/contracted grids correspond very much to
the solution on a. standard grid. For higher Reynolds numbers the solutions differ
somewhat. With a smaller mesh size or a refinement near the boundary accuracy
could be gained. However, for these expanded/contracted grids, every boundary
velocity has to be computed by interpolation or extrapolation, since none of the
boundary velocities is located exactly on the boundary of fI (in the continuous case
all the boundary velocities are located on the solid boundary; so this is desirable in
the discrete approximation as well). Furthermore, for the expanded grids the mo-
mentum velocities are close to the boundary, which gives rise to some inaccuracy
as explained in section 3.2.3. So the expanded/contracted grids do not improve
the solutions compared to those on standard grids. However the results show that
the computer program is capable of handling irregular cells near the boundary.

It is important to examine the stability of the time integration. In section 3.2.3
we expected, because of an alternative labeling system, that the time step t, to
solve a certain problem on a grid with irregular cells, would have to be chosen at
most a factor 2 (the convective terms in the momentum equations are divided by
F' and this is bounded from below by ) smaller than the time step necessary
to solve the same problem on a standard grid (with, of course, the same number
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Figure 4.4: Velocity profiles for the cubic driven cavity for Re = 100, N = 20 (left)
and Re = 500, N = 40 (right); the grid is expanded and contracted compared to
the standard grid.



grid Re = 100 Re = 500

standard St = 0.04 St = 0.02

expanded St = 0.02 St = 0.02

contracted St = 0.04 St = 0.02
rotated St 0.06 St = 0.02

Table 4.1: Time steps for which the time integration is just stable (accurate to 2
decimal places); solved on various grids, with N = 20 for Re = 100 and N = 40

for Re = 500.

of grid points). In figure 4.2 we solved the cubic driven cavity on a uniform grid
with 20 grid points in every spatial direction for Re = 100 and with 40 grid points
for Re = 500. This implies a mesh size of h = 0.05 for N = 20 and h 0.025
for N = 40. The time step for which the time integration is just stable (accurate
to 2 decimal places) is for Re = 100 equal to St = 0.04 and for Re = 500 equal
to St = 0.02; consistent with the CFL-condition (i.e. ! � 1 in every point of
the grid). The time steps necessary for the solutions in figure 4.4 are presented in
table 4.1. As expected the time step does not have to be adjusted dramatically.
For the expanded grid a smaller time step must be chosen (for Re = 100), because
both the volume- and edge-apertures are closer to (for Re = 500 this difference
is not visible since the time step is taken accurate to 2 decimal places).

Apart from an expansion or contraction of the grid there is another way of
testing the computer program. Therefore we rotate the grid about the central
axis. A cross-section of the cubic driven cavity and two different rotated grids
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Figure 4.5: Two examples of a rotated grid. On the left all the boundary veloci-
ties are located exactly on the solid boundary, while on the right all the boundary
velocities have to be computed by interpolation or extrapolation.



are shown in figure 4.5. The grid on the left has the advantage that all the
boundary velocities are located exactly on the boundary of the flow domain, while
for the grid on the right all the boundary velocities have to be computed by
interpolation or extrapolation. The latter grid has the same disadvantages as the
expanded/contracted grids which we discussed before and the results turn out to
be equally accurate.

The left grid in figure 4.5 approximates the continuous case more accurate (the
boundary conditions can be applied directly, since all the boundary velocities are
located on the boundary of the flow domain). For this grid we plot the centerline
velocity against the cavity height (note that the centerline velocity now is a combi-
nation of the velocities in two directions). The results are shown in figure 4.6. For
Re = 100 the solutions are identical. The solutions for Re = 500 improve if the
number of grid points is enlarged; for N 40 the solutions are very much alike.

4.2 Skewed Driven Cavity (2D)
In the previous section we have shown that the computer program gives promising
results, even when irregular (small) cells occur. Therefore we will now consider
fluid flow in more complex geometries.

First we solve the skewed driven cavity problem in 2D (see figure 4.1 on the
right). The velocity fields for Re = 100 and Re = 1000 are shown in figure 4.7 and
correspond very much to the results in [5, 8] obtained on a curvilinear grid. We
used N = 40 grid points in the two spatial directions. Again the time step turns
out to be related to the mesh size.
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Figure 4.6: Velocity profiles for the cubic driven cavity (Re = 100 and Re = 500).
The rotated grid (where all the boundary velocities are located on the boundary) is
compared to the standard grid. On the left N = 20 grid points are used, on the
right N = 40 grid points.



Figure 4.7: Velocity field for the 2D skewed driven
on the right Re = 1000.

cavity. On the left Re = 100,

Figure 4.8: Detail of the bottom half of the skewed driven cavity for Re
and Re = 1000 (right).

= 100 (left)

The velocity in the bottom of the cavity is small compared to the top. Therefore
the bottom half of the cavity is shown in more detail in figure 4.8, such that
the qualitative behaviour is better visible. Note the significant difference in the
solutions for the two Reynolds numbers.

4.3 Cylindrical Driven Cavity
Next we consider a cylinder, with height and diameter equal to unity. The

cylinder is driven by rotating the top (see figure 4.9).
In the top of the cylinder the fluid flows away from the axis in a spiral move-

ment, because the top is rotated. Therefore in the centre of the top of the cylinder
the pressure is relative low and fluid is drawn from the bottom of the cylinder.
Hence, in the bottom, fluid flows towards the axis of the cylinder. The above-
mentioned is illustrated in figures 4.10 through 4.12. We note that in figures 4.10
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Figure 4.9: Cylindrical (left) and hemispherical (right) driven cavity.

and 4.11 the velocities are scaled; in fact the arrows in the figures on the right are
much smaller than the arrows in the figures on the left (the velocity in the bottom
of the cylinder is smaller than the velocity in the top of the cylinder).

The figures 4.10 and 4.11 show the flow is symmetrical around the central axis,
which is worthwhile mentioning since the computations were performed on a 3D
Cartesian grid instead of using cylindrical co-ordinates.

4.4 Hemispherical Driven Cavity
Finally we consider a hemispherical driven cavity with diameter equal to one.
Of course, it can be driven the same way as the cylindrical cavity, but then the
qualitative behaviour is similar to the previous results. Therefore we choose to
drive the hemispherical cavity analogous to the cubic driven cavity, i.e. at the top
of the hemisphere we demand u = 1 and v = w = 0 (see figure 4.9).

First we plot the velocity field in the plane of symmetry (figure 4.13). This
shows that the fluid 'follows' the complex geometry very well. Figure 4.14 shows
the velocity field in planes perpendicular to the velocity in x-direction, such that
the secondary flow patterns become visible. Again the solution is symmetrical
where we expect it to be symmetrical. The computations are done on a grid with
30 grid points in x- and y-direction and 16 grid points in z-direction, hence the
mesh size is approximately h = 0.03. The time step for which the solutions are
just stable turns out to be equal to 5t = 0.02. So, even in very complex geometries
(a hemisphere cuts the Cartesian grid in many different ways) the time step does
not have to be chosen much smaller than the time step corresponding to the CFL-
condition (!1 1) to stabilize the time integration.
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Figure 4.10: Velocity field in planes of different height (on the left z = 0.95 and
on the right z = 0.45) for the cylindrical driven cavity (Re = 100 and N = 30).

-025

—05
—0.5 —0.25

Figure 4.11: Velocity field in planes of different height (on the left z = 0.95 and
on the right z = 0.45) for the cylindrical driven cavity (Re = 500 and N 30).

Of course, innumerable problems can be thought of to test the computer pro-
gram. We hope that in this chapter a representative overview has been given of
the problems that can be solved with C0MFL0.
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Figure 4.12: Velocity field in a plane
for Re = 100, right for Re = 500.

through the central axis of the cylinder; left

Figure 4.13: Velocity field of the hemispherical driven cavity in the plane of sym-
metry for Re = 500.
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Figure 4.14: Velocity field in planes perpendicular to the u-velocity for the hemi-
spherical driven cavity (Re = 500). The positions of the cross-sections are
x 0.06, x = 0.26, x = 0.45, x = 0.55, x = 0.74 and x = 0.94 respectively.
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Chapter 5

Conclusions

In this report we have been engaged in simulating fluid flow in 3D complex ge-
ometries. Thereto we discretised the Navier-Stokes equations on a Cartesian grid.

In section 3.2 we distinguished two different methods to position the bound-
ary velocities; a conventional method (method 1) and an alternative method
(method 2). The latter avoids stability problems, which is an important advantage.
In chapter 4 we have seen that the time step, for complex geometries, does not have
to be chosen (much) smaller than the time step for analogous standard problems
(that is problems where the boundary coincides with grid lines). Because of this
property the Navier-Stokes equations are discretised explicitly in time. To put it
briefly, the positioning of the boundary velocities is a matter of great importance
for the stability of the time integration of the Navier-Stokes equations.

Furthermore the positioning of the variables according to method 2 puts the
boundary velocities closer to the physical boundary. This property is amplified
when the curved boundary cuts the grid diagonally. Hence, in such a situation,
the velocity boundary condition is applied directly. In the other case the exact
position of the physical boundary is determined with the help of the apertures.
As a consequence the fluid follows the (curved) boundary closely, the results in
chapter 4 confirm this statement. Moreover, these results show that the solutions
are sufficiently precise, despite the fact that not all the velocities inside the fluid
are solved from the momentum equations.

Summarized;

• apertures ensure conservation of mass and momentum also in irregular cells
near the boundary,

• an alternative positioning of the boundary velocities avoids stability prob-
lems,

• the Navier-Stokes equations can be discretised explicitly, such that simple
solution is possible,

• the boundary conditions are applied in a simple manner,
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• the solutions are sufficiently accurate, despite the complex geometries.

The current version of C0MFL0 is capable of simulating internal fluid flow
in complex geometries. For future research inflow and outflow conditions could
be added to the program, such that for example external flow (around complex
geometries) can be simulated. Another option is to expand the program to make
free-surface computations in 3D complex geometries possible.
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Appendix A

Program Description

A computer program (C0MFL0) has been written to solve the Navier-Stokes equa-
tions (2.7) and (2.8) in complex flow domains. Therefore the numerical model in
chapter 3 has been implemented in FORTRAN 77. In this appendix we will discuss
the calling sequence, the most important variables, the individual subroutines and
the input and output files of COMFLO.

A.1 Calling Sequence
The subroutines are called in the following order:

setup/pre-processing SETPAR

GRID

LABEL BNDDEF

SETFLD BC

COEFL

time integration INIT
TILDE
SOLVEP COEFR

PRESIT SLAG

BC

post-processing AVS

MATLAB

The pre- and post-processing subroutines are executed once, while the integration
in time is repeated until either a stationary state or a certain time is reached. The
individual subroutines are discussed later on.
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A.2 Common Block Variables
The most important variables are grouped in common blocks, as stated below (in
alphabetical order).

/APERT/

AX(I,J,K)

AY(I,J,K)

AZ(I,J,K)

FB(I,J,K)

/COEFP/

Edge-aperture AX between cells (i,j, k) and (i + 1,j, k).
Edge-aperture A between cells (i,j, k) and (i,j + 1, k).
Edge-aperture AZ between cells (i,j, k) and (i,j, k + 1).
Volume-aperture F1' in cell (i,j, k).

CC(I,J,K) Coefficient of
CXL(I,J,K) ,CXR(I,J,K)
CYL(I,J,K),CYR(I,J,K)
CZL(I,J,K),CZR(I,J,K)

DIV(I,J,K) Right-hand

/FLUID/

Pi,j,k in pressure Poisson equation.
Coefficient of Pi—1,j,k and Pi+1,,k•
Coefficient of Pi,j—1,k and Pi,j+1,k
Coefficient of Pi,j,k—1 and P,3,k+I.

side of pressure Poisson equation in cell (i,j, k).

NU Kinematic viscosity coefficient v.

/GRIDAR/

IMAX,JMAX,KMAX Number of grid points in x-, y- and z-direction.
X(I) ,Y(J) ,Z(K) Co-ordinates of grid points, such that the centre of a computa-
tional cell has co-ordinates ((i)+_1), ,(j)-4-y(j—1) z(k)+z(k_1))

DXP(I) ,DYP(J) ,DZP(K) Mesh size: DXP(I)=X(I)—X(I—1), etc.

DXU(I),DYV(J),DZW(K) Mesh size: DXU(I)0.5*(DXP(I)+DXP(I+1)),etc.

/LABELS/

ULABEL(I ,J,K)

VLABEL(I ,J,K)
WLABEL(I,J,K)
PLABEL(I ,J,K)

/NUMER/

Label of velocity u between cells (i,j, k) and (i + 1,j, k).
Label of velocity v between cells (i,j,k) and (i,j + 1,k).
Label of velocity w between cells (i,j,k) and (i,j,k + 1).
Label of pressure p in cell (i,j, k).

EPS Maximum error in pressure iteration.
OMEGA Relaxation parameter w in SOR-iteration.
ITMAX Maximum number of iterations per time cycle.
ITER Number of iterations in current time cycle.
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/PHYS/
tJN(I , J ,K) ,U(I ,J,K) Velocity u at old and new time level.
VN(I,J,K),V(I,J,K) Velocityv at old and new time level.
WN(I,J,K),W(I,J,K) Velocity w at old and new time level.
P(I,J,K) Pressure pat new time level.

/SPACE/

XMIN,XMAX Minimum and maximum x-co-ordinate of the mesh.
YMIN,YMAX Minimum and maximum y-co-ordinate of the mesh.
ZMIN,ZMAX Minimum and maximum z-co-ordinate of the mesh.
DOMAIN Type of flow domain (cube, cylinder, hemisphere etc.).

/TIME/

TMAX Maximum simulation time.
T Current time.
DT Time step 1.
CYCLE Current time cycle.

A.3 Subroutines
Now we discuss the individual subroutines in COMFLO (in alphabetical order). For
every subroutine we give the input and output variables and a short description.

AVS

Input: IMAX,JMAX,KMAX, FB(I,J,K), PLABEL(I,.J,K),

U(I,J,K) ,v(I,J,K) ,W(I,J,K) ,P(I,J,K).

Description: Create an AVS-file for plots.

Output: files 'comflo.fld' and 'comflo.dat' (see section A.4).

BC

Input: AX(I,J,K),AY(I,J,K),AZ(I,J,K), FB(I,J,K),

IMAX,JMAX,KMAX, DXP(I) ,DYP(J) ,DZP(K),

ULABEL(I,J,K),VLABEL(I,J,K),WLABEL(I,J,K),

U(I,J,K),V(I,J,K),W(I,J,K), DOMAIN.

Description: Dependent on the flow domain Dirichiet boundary conditions for the
velocity are set. The FB- and BB-velocities are computed using these boundary
conditions and the apertures (see also section 3.6). The various labels are used to
determine in which way the boundary velocities are computed.
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Output: U(I,J,K),V(I,J,K),W(I,J,K).

BNDDEF

Input: DOMAIN, XPT,YPT,ZPT.

Description: The boundary of a flow domain is described by s(x, y, z) = 0. Then
the interior of the flow domain is characterised by s(x, y, z) > 0 (for example a
cube in 3D: s = — max(IxI, lyl, Izi)). The variables XPT,YPT,ZPT are parameters
of the subroutine and represent a certain point in the grid. Dependent of the type
of domain DOMAIN this subroutine returns the value S in this point and a number
VOF1 if s > 0 and VOFO else.

Output: S,VOF.

COEFL

Input: AX(I,J,K),AY(I,J,K),AZ(I,J,K), FB(I,J,K), IMAX,JMAX,KMAX,

DXP(I),DYP(J),DZP(K), DXU(I),DYV(J),DZW(K), PLABEL(I,J,K).

Description: The matrix on the left-hand side of the pressure Poisson equa-

tion (3.10) is computed. Note that this matrix is independent of time, so it is

computed only once before the time integration. In every F-cell a central coeffi-
cient and 6 neighbour coefficients are needed. At the end of this subroutine all the
coefficients are scaled by the central coefficient.

Output: CC(I,J,K),CXL(I,J,K),CXR(I,J,K),
CYL(I,J,K),CYR(I,J,K),CZL(I,J,K),CZR(I,J,K).

COEFR

Input: AX(I,J,K),AY(I,J,K),AZ(I,J,K), FB(I,J,K), CC(I,J,K), NU,

IMAX, JMAX,KMAX, DXP(I) ,DYP(J) ,DZP(K), DXU(I) ,DYV(J) ,DZW(K),

PLABEL(I,J,K), U(I,J,K),V(I,J,K),W(I,J,K), DT.

Description: Compute the (time-dependent) right-hand side of the pressure Pois-
son equation (3.10) in every F-cell. The right-hand side is scaled by CC(I,J,K)
(see subroutine COEFL).

Output: DIV(I,J,K).

GRID

Input: IMAX,JMAX,KMAX, XMIN,XMAX,YMIN,YMAX,ZMIN,ZMAX.

Description: Generate a (uniform) 3D grid by dividing XMAX-XMIN into IMAX in-
tervals etc. and compute the various mesh sizes.

Output: X(I),Y(J),Z(K), DXP(I),DYP(3),DZP(K), DXU(I),DYV(J),DZW(K).
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INIT

Input: IMAXJJMAX,KMAX, ULABEL(I,J,K),VLABEL(I,J,K),WLABEL(I,J,K),

U(I,J,K),V(I,J,K)W(I,J,K), CYCLE.

Description: Start of a new time cycle. The momentum velocities U, V and W are

copied to UN, VN and WN respectively and are set equal to zero again. Further CYCLE
is increased by one.

Output: UN(I,J,K),U(I,J,K),VN(I,J,K),V(I,J,K),WN(I,J,K),W(I,J,K),

CYCLE.

LABEL

Input: IMAX,JMAX,KMAX, X(I) ,Y(J),Z(K), S,VOF.

Description: First this subroutine computes the edge- and volume-apertures, with

the help of S and VOF (returned by the subroutine BNDDEF). Then the cells are

labeled (F-cell = PLABEL1 and B-cell = PLABEL2). Based on the cell labels

the velocities are labeled, which indicate whether a velocity is FF, FB or BB and
how a boundary is computed (see section 3.6 and the subroutines BC and LABEL
in the computer program for more detailed information).

Output: AX(I,J,K) ,AY(I,J,K) ,AZ(I,J,K), FB(I,J,K),
ULABEL(I ,J,K) ,VLABEL(I,J,K) ,WLABEL(I ,J,K), PLABEL(I ,J,K).

MATLAB

Input: IMAX,JMAX,KMAX, X(I) ,Y(J) ,Z(K), PLABEL(I ,J,K),

U(I,J,K) ,v(I,J,K) ,w(I,J,K), DOMAIN.

Description: Create a MATLAB-file for plots.

Output: file 'comflo.m' (see section A.4).

PRESIT

Input: EPS,OMEGA,ITMAX,ITER, DELTA.

Description: The pressure Poisson equation is solved by SOR-iteration. The sub-

routine SLAG is called until either the 'error' DELTA is less than EPS or ITER

exceeds ITMAX. In the latter case the pressure iteration did not converge and the

program is terminated.

Output: P(I,J,K).

SETFLD

Input: IMAX,JMAX,KMAX,

ULABEL(I,J,K),VLABEL(I,J,K),WLABEL(I,J,K), PLABEL(I,J,K).
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Description: The velocity field is initialized: every momentum velocity is set equal
to zero. Furthermore the pressure is set equal to unity in every F-cell. Finally the
boundary velocities are computed by calling the subroutine BC.

Output: U(I,J,K),V(I,LT,K),W(I,J,K), P(I,J,K).

SETPAR

Input: file 'comflo-in' (see section A.4).

Description: Read and initialize the variables listed below.

Output: NU, IMAX,JMAX,KMAX, EPS,OMEGA,ITMAX,

XMIN,XMAXYMIN,YMAX,ZMIN,ZMAX, DOMAIN, TMAX,DT,CYCLE.

SLAG

Input: CXL(I,J,K),CXR(I,J,K),CYL(I,J,K),CYR(I,J,K),
CZL(I,J,K),CZR(I,J,K), DIV(I,J,K), IMAX,JMAX,KMAX,

PLABEL(I,J,K), OMEGA,ITER, P(I,J,K).

Description: This subroutine executes one SOR-sweep (so ITER is increased by
one) to solve the pressure Poisson equation; a relaxation parameter OMEGA is used.
A new pressure solution is returned, as well as the supremum norm DELTA of the
difference of the previous and the new pressure solution.

Output: P(I,J,K), DELTA.

SOLVEP

Input: IMAX,JMAX,KMAX, DXU(I) ,DYV(J) ,DZW(K),
ULABEL(I,J,K),VLABEL(I,J,K),WLABEL(I,J,K),

U(I,J,K) ,V(I,J,K) ,w(I,J,K), P(I,J,K), DT.
Description: First the right-hand side of the Poisson equation is computed by
calling the subroutine COEFR. Then the pressure Poisson equation is solved by
calling PRESIT. The velocity field (3.11) at a new time level is computed and
finally the boundary velocities are adjusted via the subroutine BC.

Output: U(I,J,K),V(I,J,K),w(I,J,K), P(I,J,K).

TILDE

Input: AX(I,J,K),AY(I,J,K),AZ(I,J,K), FB(I,J,K), NU,

IMAX,JMAX,KMAX, DXP(I),DYP(J),DZP(K), DXU(I),DYV(J),DZW(K),

ULABEL(I,J,K) ,VLABEL(I,J,K) ,WLABEL(I ,J,K),

UN(I,J,K),VN(I,J,K),WN(I,J,K), DT.

Description: Computation of the temporary vector field (3.5).
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Output: U(I,J,K),V(I,J,K),W(I,J,K).

A.4 Files

COMFLO-IN

The program reads the input file 'comflo-in' to initialize variables (see the subrou-
tine SETPAR in the previous section). This file has the following structure.

xznin, xmax, ymin, ymax, zmin, zmax

-0.548387 0.548387 —0.548387 0.548387 —0.545455 0.060606

irnax, jmax, kmax

34 34 20

tmax, dt
5.0 0.02

nu, domain
0.002 5

eps, omega, itmax

1.OE-3 1.00 500

This specific file corresponds to the hemispherical driven cavity (section 4.4). For
more information on the various types of domains supported by C0MFL0 we refer
to the subroutine BNDDEF in the computer program.

COMFLO-ITER

The ouput file 'comflo-iter' shows the supremum norm of two successive solutions
of the pressure and the three velocity components. Furthermore the number of
iterations per time step is listed. After some period of time the flow becomes sta—
tionary, so ITER will be equal to one. A part of the file 'comflo-iter' corresponding
to the input file above is given here.

Omega : 1.0000
Time step : .0200

Viscosity : .0020

Cycle Iter Norm P Norm U Norm V Norm W

.6276E-01 .3260E-01 .5357E—01

5 3 .9980E-03
.2833E-01 .2066E-01 .3664E-01
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10 14 .9861E-03

.1903E-01 .1773E-01 .2819E-01

16 11 .9886E—03
.1536E—01 .1341E—01 .2169E—01

20 3 .9848E-03

.1006E-02 .5277E-03 .7431E-03
240 1 .2298E-03

.9432E-03 .4807E-03 .6627E—03
245 1 .2215E-03

• 8704E-03 . 4297E-03 . 5977E-03
250 1 .2091E—03

COMFLO.FLD and COMFLO.DAT

The subroutine AVS writes output to the files 'comfio.fld' and 'cornflo.dat', which
in turn can be used as input files for the visualization program AVS. The file
'comflo.fld' tells AVS for example the number of spatial dimensions, how many
grid points are used and the type of data that is returned. For example, the file
'comfio.fld' corresponding to the input file 'comflo-in' given above:

# AVS field
ndim3
dim134
dim234
d im3=20
nspace3
veclen6
datafloat
f ielduniform
labelvof-functie
labelx-snelheid
labely-snelheid
labelz-snelheid
labeldruk

variable 1 filecoxnflo.dat filetype=ascii skipl off set0 stride5
variable 2 filecomflo.dat filetypeascii skipl offsetl stride5
variable 3 filecomflo.dat filetypeascii skipl off set2 stride6
variable 4 filecomflo.dat filetype=ascii skipl offset3 stride5
variable 5 filecomflo.dat filetypeascii skipl off set4 stride5
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The actual data is contained in the file 'comflo.dat'. This file consists of a number
of columns, each representing a variable as described in the field-file 'comflo.fld'.
Every line of this file represents a certain point in the computational grid. A (very
small) part of 'comflo.dat' is given below.

.0000 .0000 .0000 .0000 1.0000

.1432 .0000 .0000 .0000 1.0000

.5912 -.0087 .0140 .0154 1.0474

.8292 -.0289 .0444 .0162 1.0455

.9341 —.0510 .0559 .0190 1.0435

.9759 —.0716 .0670 .0161 1.0409

.9883 -.0877 .0690 .0110 1.0387

.9883 —.0947 .0657 .0049 1.0372

.9759 —.0917 .0585 —.0005 1.0371

We remark that an indication of the boundary of the flow domain can be obtained
by examining the isosurface F' = (the first column of the file).

COMFLO.M

Finally the computer program returns the file 'comflo.m' to visualize the results
in MATLAB. This file can be executed directly in MATLAB, such that several
variables (for example the co-ordinates of grid points and the velocity fields in
planes of constant x, y or z) are introduced:

u[
w=1 ];

ui=[

For example, figure 4.13 was obtained by the MATLAB command

xr...];yi[...];
z[...];
I'I.

'II.

quiver(x ,z ,u,w)
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while the cross-sections in figure 4.14 were obtained by

quiver(x,y,ui ,vi)

where ui and vi are the velocity components in i-th cross-section plane.
The user may adapt the subroutine MATLAB to indicate which data are writ-

ten to 'comflo.m'.

46



Bibliography

[1] A.S. Almgren, J.B. Bell, P. Colella and T. Marthaler (1995) A cell-centered
Cartesian grid projection method for the incompressible Navier-Stokes equa-
tions in complex geometries. AIAA-95-174S-CP, 1100-1108.

[2] V. Babu and A. Korpela (1994) Numerical solution of the incompressible
three-dimensional Navier-Stokes equations, Computers Fluids, 23(5), 675-

691.

[3] E.F.F Botta (1992) Eindige differentie methoden, lecture notes RuG.

[4] A.B. Cortes and J.D. Miller (1994) Numerical experiments with the lid driven
cavity flow problem, Computers Fluids, 23(8), 1005-1027.

[5] I. Demirdk, . Lilek and M. Perié (1992) Fluid flow and heat transfer test
problems for non-orthogonal grids: bench-mark solutions, mt. J. Numer.
Methods Fluids, 15, 329-354.

[6] C.W. Hirt and B.D. Nichols (1981) Volume of fluid (VOF) method for the
dynamics of free boundaries, J. Comput. Phys., 39, 201-225.

[7] H.W. Hoogstraten (1992) Stromingsleer, lecture notes RuG.

[8] C.W. Oosterlee, P. Wesseling, A. Sega! and E. Brakkee (1993) Benchmark so-
!utions for the incompressible Navier-Stokes equations in genera! co-ordinates
on staggered grids, mt. J. Numer. Methods Fluids, 17, 301-321.

[9] R.B. Pember, J.B. Bel!, P. Colella, W.Y. Crutchfield and M.L. Welcome
(1995) An adaptive Cartesian grid method for unsteady compressible flow
in irregular regions, J. Comput. Phys., 120, 278-304.

[10] J.J. Quirk (1993) A Cartesian grid scheme for gas dynamic flows that involve
complex geometries, Numerical Methods for Fluid Dynamics 4, M.J. Baines
and K.W. Morton Eds., Clarendon Press, Oxford, 385-391.

[11] W. Shyy and T.C. Vu (1991) On the adaption of velocity variable and grid sys-
tem for fluid flow computation in curvilinear co-ordinates, J. Comput. Phys.,
92, 82-105.

47



[121 E.Y. Tau (1994) A second-order projection method for the incompressible
Navier-Stokes equations in arbitrary domains, J. Comput. Phys., 115, 147-

152.

[13] A.E.P. Veldman (1994) Numerieke stromingsleer, lecture notes RuG.

48


