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Abstract

The reconstruction of a curve or surface from an unorganized set of points is a
well known problem. It is important in image analysis, but also in computer-
aided design and the reverse engineering of surfaces. One of the methods for
solving the surface reconstruction problem uses radial basis functions to con-
struct an implicit surface interpolating each point of the input set. There are,
however, no theoretical guarantees concerning the topological correctness of such
an approximation.

This master's thesis deals with the reconstruction of convex curves in the plane
using radial basis functions. In this case, an implicit curve is constructed as
the collection of points where a function evaluates to zero. The function is
constructed as a linear combination of radial basis functions centered at the
input points. A linear system results from the requirement that each input
point belongs to the curve. Using the solution to the linear system the function
is found and the curve can be reconstructed from the set of points where the
function evaluates to zero.

For samplings of a circle and the identity as the radial basis function, it is proven
that the reconstruction is a topologically correct approximation of a circle. The
same result is achieved for general convex curves under a general condition on
the coefficients of the linear system.
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Chapter 1

Introduction

The problem of reconstructing a curve or surface from an unorganized set of
points is well known in Computer Graphics and Computational Geometry. It
is, for example, used in image analysis to reconstruct edges from a set of pixels
possibly belonging to the edges. Another important area is the modelling or
reverse engineering of surfaces. With reverse engineering, a 3D laser scan of a
manufactured or natural (e.g. skull) object is created. A digital representation
of the object must be created from this laser scan for further processing. Another
option is to model an object directly using a free-form tool, where the modeller
specifies points belonging to the surface and the free-form tool must construct
a surface interpolating the points.

In many of these cases the data is given as an unorganized cloud of points
sampled from the boundary of some object. This can be a real object scanned
by a laser scanner or the shape desired by the modeller. In either case, a suitable
surface representation must be created from the point cloud, interpolating each
point and preferably approximating the desired surface closely.

1.1 Research goals
The main task of the reconstruction algorithm is to construct a surface which
interpolates the given cloud of points. It is also desirable if the resulting surface
S' is in some way a good approximation of the original surface S from which
the points were sampled. This can mean, for example, that the resulting surface
must have the same topology and hence the same number of components, holes,
etc. as the original surface. It can also mean that the error (e.g. the Hausdorif
distance) between the original surface S and the reconstructed surface 5' must
be below a certain threshold.

Many approaches have been proposed for solving this problem. Some of these
approaches even give theoretical guarantees: The reconstructed surface has the
same topology as the original surface.

In this master's thesis the reconstruction method using radial basis functions is
examined. While the method is already widely used and gives good results, there
are, so far, no theoretical giarantees concerning the topological correctness of
the reconstructed curve or surface, except that the curve or surface interpolates
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the input set. Therefore, the goal of this master's research is to find conditions
for which the reconstruction of a curve in the plane using radial basis functions
(RBF-reconstruction) gives a correct approximation of the curve.

When using radial basis functions to reconstruct a curve from a set of points,
these points are considered as constraints on an implicit function. To correctly
specify the inside and the outside of the curve, some additional constraints are
needed, which is explained in the last part of Chapter 2. How to place these
additional constraints is the main research question:

Where should these additional constraints be placed such that the reconstrac-
tion using radial basis functions (RBF-reconstri&ction) of the input constraints
derived from the input set and the additional constraints gives a topologically
correct result?

1.2 Report overview
The remainder of the report has the following structure: In the next chapter
some other work on surface reconstruction is presented, where all approaches try
to compute a piecewise linear approximation of the surface. In the last part of
Chapter 2 a method will be described where radial basis functions are used for
the modelling and design of surfaces. In Chapter 3 some required mathematical
background will be presented, including an explanation of radial basis functions.
Chapter 4 will present a more formal problem definition. In Chapter 5 the main
result of this master's thesis will be presented. The last chapter wifi summarize
the results of the report and will show unfinished work and remaining research
directions.
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Chapter 2

Related Work

A lot of research has already been performed on the (re)construction of curves
and surfaces from an unorganized set of points, especially in 2D and 3D. In the
past a number of methods has been proposed for solving the surface reconstruc-
tion problem from an unorganized set of points P. Most of these methods try to
create a piecewise linear approximation of the curve or surface. Three methods
are discussed, which will be described in the following three sections.

Least squares planes: A signed distance function is created from least squares
planes passing through neighborhoods of points. From this signed distance
function a polygonal approximation of the surface is constructed.

Delaunay based: A Delaunay triangulation is constructed from a point set
derived from P. The piecewise linear approximation of the surface is
extracted from this Delaunay triangulation.

Convex combinations: The input set P is mapped into a point set P in
the plane, after which a normal triangulation method can be used on the
points in the plane. A piecewise linear approximation of the surface is
computed by mapping the triangulation in the plane back to 3D.

2.1 Least squares planes
The first method for surface reconstruction from an unorganized set of points
is proposed by Hoppe et aL [11]. His method consists of two stages:

1. A function f : —' R is defined, such that f is an estimation of the
distance to the unknown surface.

2. A polygonization of the zero-set off is created, which results in a piecewise
linear approximation of the unknown surface.

The distance to the unknown surface is estimated by creating tangent planes
as local approximations to the surface. A tangent plane is associated with each
input point p as the plane through a neighborhood of, say k points, such that
it is the best (least squares) approximation of a plane through all the points in
the neighborhood. The estimated distance to the surface f(x) of an arbitrary
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point x to the surface is then the distance to the tangent plane with its center
point (one of the input points p) closest to x.

The sign of the distance is determined by the orientation of the tangent plane
and the position of x with respect to the tangent plane. To correctly compute
the sign of the distance 1(x) it is necessary that the orientation of the tangent
planes is consistent. When given two data points i and p, close to each other,
their corresponding tangent planes have normals nj and n,. These two normals
must have roughly the same direction. This implies that for these two tangent
planes: (n1,n2)1.

A normal n with a small angle between n1 and n3 is preferred over propagating
to a normal k with a large angle between n1 and k, while Propagating the
orientation of n1. By doing so it is ensured that the propagation is performed
correctly.

A variation of the Marching Cubes algorithm [121 is used for the polygonization
of the zero-set of the estimated distance function f.

2.2 Delaunay based
The first methods for topologically correct curve or surface reconstruction orig-
inate from the field of Computational Geometry and several theoretical guaran-
tees were produced concerning the correct reconstruction of a curve or surface.
Amenta et aL [21 gave the first provably correct algorithm, which produces a
piecewise linear curve from an unorganized set of points in the plane.

2.2.1 Definitions
The proof involves the notion of an f-sample and some definitions about the
medial axis of the curve:

DEFINITION 2.1
The medial axis MA( C) of a curve C is the closure of all points inside C with
two or more closest points on C.

Figure 2.1: Example of the medial axis of a curve. The circles centered on the
medial axis are medial balls.
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The medial axis can be viewed as the collection of the centers of all maximal
balls (medial balls) empty of points on C, but with two or more points of C on
the balls boundary. An example of the medial axis is shown in Figure 2.1.

DEFINITION 2.2
The local feature size LFS(p) of a point p is the distance of a point p to the
medial axis.

This minimal distance is not necessarily the distance to the center of the medial
ball which has p on its boundary.

A collection of points P is called an e-sample if it satisfies the following condition:

DEFINITION 2.3
For each point p E C a point q E P with I — q <E LFS(p) is sampled.

2.2.2 The crust
When decomposing the plane into Voronoi regions, the result is a collection of
cells, with one cell Vor(p) for each point p. The cell Vor(p) is the set of all
points in the plane closer to p than to any other point of the input set P. The
collection of all these cells is called the Voronoi Diagram V(P) of P.

Using the definitions it is shown in [2] that each intersection Vor(p) fl C of a
Voronoi cell with the curve must consist of one single curve segment containing
the sample point p, if P is an E-sampling with 1. This intersection is called
the restricted Voronoi cell. When creating edges between each pair of points
with adjacent restricted Voronoi cells a restricted Delaunay triangulation is
created and this gives a representation of the adjacencies of the samples along
the curve.

These adjacencies are represented by edges in the Delaunay triangulation and it
is shown that for an €—sample, with 1, this restricted Delaunay triangulation
contains the required reconstruction and the reconstruction method must select
exactly those parts which connect points which are adjacent on S.

2.2.3 The algorithm:
In the case of curve reconstruction a Voronoi diagram of the input set P is
built. Let V denote the set of Voronoi vertices of this Voronoi diagram. It is
sufficient to compute the restricted Delaunay triangulation by computing the
Delaunay triangulation D(P U V), which is called the "raw crust". The correct
reconstruction of the curve C can be computed as the union of those edges of
V(P U V) with both endpoints in P and this results in the "crust".

The main theorem on curve reconstruction in [2] is:

THEOREM 2.1
For an e-sample P of a curve C the crust of P is a topologically correct polygonal
reconstruction of C, if <0.252.
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A similar method is used for surface reconstruction, although direct filtering
from D(P U V) is not sufficient. To construct the restricted Delaunay triangu-
lation, poles are considered. A pole p+ is defined as the vertex of a Voronoi cell
Vor(p) the farthest from the sample p and the pole p is defined as the vertex
second farthest from the sample P. It is shown in [1] that the vector from p to
p+ is a nice approximation of the surface normal, which is used for filtering out
triangle with too large a deviation between estimated and real triangle normal.

Let Q denote the union of all poles p+ and p for each Voronoi cell Vor(p). The
restricted Delaunay triangulation is now constructed by creating the Delaunay
triangulation of P U Q. The required triangles are filtered from D(P U Q) as
those triangles with three samples as endpoints. Triangles with a large deviation
between the triangle normal and the estimated surface normal are removed in
a postprocessing step.

In [1] it is shown that this method results in a piecewise linear approximation
of the surface S for an f-sample with 0.01. In [3] this condition is improved
to e < 0.06 and it is also shown that the distance between a point x and the
reconstructed surface S is at most 4iLFS(x).

2.2.4 Summary
Based on the Delaunay triangulation of a set of points derived from the input
set P, a correct reconstruction of the curve or surface is constructed if the input
set P satisfies some conditions:

1. P is an f-sample of the curve C with e < 0.252

2. For surface reconstruction, P is an f-sample of the surface S with c <0.06.

In several articles published by Dey et at. ([7], [6] and [3]) this algorithm is
improved.

2.3 Convex combinations
A different method proposed by Floater in [10] for surface reconstruction is
based on his method for parameterizing triangulations [9]. In his work on the
parameterization of a triangulation the goal is to find a mapping which maps a
piecewise linear surface patch (a triangulation T) into a convex polygon in the
plane, while preserving the adjacencies imposed by the triangulation T.

As shown in [1 such a mapping can be found by using convex combinations:
Demand that each vertex v from T maps towards a vertex t in the plane, such
that it is a convex combination of its neighbors in T. Solving the resulting
system allows for the construction of the mapping and in [9] it was proven that
the resulting mapping is invertible if the boundary of T is mapped into the
boundary of a convex polygon in the plane.

2.3.1 Reconstruction
Within this framework, a convex combination mapping can be used for surface
reconstruction: Given a collection of points Pi on a surface 5, a piecewise linear
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approximation must be found: A triangulation T with exactly

p

as the set of
vertices, which has the adjacency relations imposed by S.

In the case of creating a parameterization of a surface triangulation, a mapping
must be found, mapping the entire surface patch into some convex region in the
plane, which preserves the adjacency relations as imposed by T. The problem
of reconstructing a surface can be described as finding the adjacency relations.

This is done by first making a guess of the neighbors for each point: Collect
around each point p a collection of K points p, (e.g. use K = 20). This
results in a graph with a large number of edges (candidate neighbors). Map
these points using the candidate neighborhoods into the plane using a convex
combination mapping : R3 — R2. This methods works only when the surface
has a boundary and this boundary is known. In [101 this boundary is extracted
manually from the input set, although an automatic method is also devised.

As is stated in 181 a convex combination mapping is always found if each point
can be connected to a boundary point by following the guessed adjacencies.
Intuitively, this implies that the set of candidate neighbors must not be too
small.

The result of the mapping will be a collection of points p, in a convex polygon
in the plane. This can be triangulated using a standard triangulation method
(e.g. Delaunay triangulation) resulting in a triangulation T* in the plane.

In [10] it was shown that the inverse ' of the mapping exists. This inverse
mapping is used to map the triangulation * back into R3. This results in the
desired piecewise linear surface T approximating the surface S.

2.3.2 Curve reconstruction
This method can also be used for the reconstruction of a curve in any number of
dimensions. However, for this method a proof has been given in [8] concerning
the correctness of the reconstruction.

When reconstructing a curve C C R between two endpoints x0 and from
a given collection of points X, a mapping (t : [0,1] — Rd) must be found
mapping the straight line into the curve. The mapping can be found by com-
puting a piecewise linear mapping using convex combinations which preserves
the ordering of the points along the curve.

Around each point x a neighborhood N1 of points is collected. Each point
x, E N1 is within a ball of radius R1 centered at a point x1. The parameters
t1 = t(x1) are computed for each point using weights )t, between each pair of
points x, and x, with each weight satisfying

ifx3 EN1
A =0 ifx3 N1.

This results in the equation for each point x1:

n-fl
t(x1) = t1 =
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When rewriting this equation to

+ At, = )tj,0t0 + A1,+it+1,

it can be written as A t = b with

n+1

a3 = —A, a1, = ), b = )t,oto + A-,+it+1.
j=o

Solving for t results in a collection of parameters t2. When ordering the points x2
according to their parameter value t the curve can be reconstructed by creating
edges between two points which are adjacent in the ordered sequence.

It was proven in [8] that this method gives a correct reconstruction of a curve
under some conditions on the neighborhoods:

1. Each point x1 must be within the candidate neighborhood of its adjacent
point x,1 and vice versa: x1 E N1+1 and x,1 E N.

2. Each point x3 must be closer to x, than to x11 for j <i, while it must
be closer to x,1 than to x for j > i.

While a proof is given for correct curve reconstruction, there is no proof for the
reconstruction of surfaces using this method. Nonetheless, useful results have
been obtained with surface reconstruction using convex combinations.

2.4 Modelling with radial basis functions
A different area of research is concerned with the modelling of surfaces in
computer-aided design. Several methods have already been proposed for the
design of surfaces, but most of them use parametric surface patches. In [15]
an approach is given for the modelling of implicit surfaces by specifying the
points, which the desired surface must interpolate. The desired surface is then
computed using a RBF-reconstruction method.

It is shown in 115] that it is necessary to distinguish the inside from the outside of
the surface, which can be performed by specifying some additional constraints.
Three methods were presented for distinguishing the inside from the outside of
the surface:

1. Placing a few additional constraints on the inside.

2. Placing several additional constraints on the outside.

3. Placing constraints at specific points in the direction of the desired surface
normal.
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2.4.1 Inside constraints
The placement of a single constraint, which specifies the inside of the curve, is
for several input sets sufficient to construct a single component interpolating
each point. An example of this is shown in figure 2.2(a). The curve interpolates
the collection of small circles, while only one additional point (the +) is specified
inside the curve. As shown in figures 2.2(b) and 2.2(c) the exact position of the
inside constraint influences the shape of the curve although it still remains a
single component.

Figure 2.2: Demonstration of placing inside constraints.

2.4.2 Outside constraints
A method found to be especially useful for the design of curves was to place
several constraints around the desired curve. This is shown in figures 2.3(a) and
2.3(b). In this case the number of components does not change when placing
the additional constraints in a different way, while the shape is influenced by
the placement of the additional constraints outside the curve.

Figure 2.3: Demonstration of placing outside constraints.

2.4.3 Normal constraints
The last method proposed in [15] is to place additional constraints to specify
the desired curve normal. Inside constraints and outside constraints are placed,
such that they lie along the direction of the desired curve normal. In this way
the modeller of the curve has a lot of control over the shape of the curve. This
is demonstrated in figures 2.4(a), 2.4(b) and 2.4(c). The desired normal at one
input point is changed in the middle figure and at two input points in the right
figure.
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Figure 2.4: Demonstration of placing normal constraints.

2.4.4 Summary
As shown in the previous examples, the placement of additional constraints can
have large effects on the shape of the resulting curve.

The remainder of the article shows how radial basis functions can be used to
create implicit surfaces from polygonal models, which is not a research direction
for this project.
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Chapter 3

Mathematical Background

Before presenting the obtained results, some mathematical background will be
given, including an explanation of radial basis functions.

Because the result of the reconstruction using radial basis functions is an implicit
surface, a definition of implicit surfaces will be given in the first part of this
chapter, together with some of their properties. The next part of the chapter
will present the main theory for variational methods, which forms the basis for
the reconstruction of a surface using radial basis functions. In the remaining
parts of the chapter an example of a well-known problem will be given, which
can be solved using radial basis functions.

3.1 Implicit surfaces
An implicit surface is the surface S C Rd derived from an implicit function
f:Rd_iRas

S={XERd I f(x)=O},
which is commonly denoted by f' (0).

The surface S is called a regular surface whenever the gradient Vf vanishes
nowhere on the surface S.

VpES : Vf(p)0.

The sphere is a classical example of an implicit surface (Figure 3.1(a)). It is the
collection of points with the same distance R to the center of the sphere. If the
center of the sphere is at the origin then,

f(x,y,z)=x2+y2+z2 —R2.

Another example of an implicit surface is a torus (Figure 3.1(b)). If the torus
is also centered at the origin then the implicit function is

f(x,y,z)=(x2+y2+z2+r_r)2_4r(x2+y2),

with the additional condition that r1 > r2.
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Figure 3.1: Two examples of implicit surfaces: A sphere on the left and a torus
on the right.

3.1.1 Advantages and disadvantages of implicit surfaces
Implicit surfaces are very useful for the modelling of smooth deformable objects,
which is not an easy task using polygonal models or parametric surface patches.
Blending two implicit surfaces together is merely a matter of interpolation, while
polygonal representations require sophisticated machinery for this blending pro-
cess. Furthermore, implicit surfaces give a very general type of representation
of surfaces, where many surfaces can be specified using combinations of simple
functions. Finally, implicit surfaces are easy to ray-trace and can also be used
in constructive solid geometry.

One of the biggest disadvantages of implicit surfaces is the fact that ray-tracing
implicit surfaces can not be performed at interactive rates and that a polygonal
model must be constructed in many cases.

3.2 Radial basis interpolation
The goal of the method is to reconstruct a surface from a given set of constraint
points P = {pi,. . . , PN } c Rd, which are to be interpolated by the desired
surface. When viewing the desired surface as the zero-set of a function (1) the
goal is to find a function I : 1W' —, R which satisfies the interpolation constraints
f(p1) = 0. Together with the criterion that the surface is a smooth surface, this
can be viewed as a scattered data interpolation problem, where a function must
be constructed satisfying the constraints f(p) = = 0, while the smoothness
is measured by an energy function which must be minimized.

To prevent a trivial solution (f = 0), some additional constraints on the function
are required. This means that additional points must be placed where the
function has a non-zero value. These additional constraints distinguish the
inside from the outside of the surface. In Section 2.4 three methods for placing
these constraints were explained.

This problem where a function must be found satisfying a collection of con-
straints while minimizing a certain energy function is called a scattered data
interpolation problem and is a problem for which many numerical algorithms
exist. But these algorithms discretize the region of interest, which automati-
cally implies that the resolution is independent of the number of constraints.
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It would sometimes be desirable if the accuracy of the approximating surface
depends on the number of constraints, instead of on the discretization accuracy.
Radial basis functions can be used on such an occasion. The desired function f
is expressed as a linear combination of radial basis functions centered at the
constraints:

f(x)= w (IIx-pII)+Q(x) (3.1)

In this expression Q(x) denotes a linear polynomial which adds a linear and
constant portion to f. In [14] it is shown that this polynomial is required
to guarantee that the desired function f is a unique solution satisfying the
interpolation constraints and the minimization constraint.

The constraints f(p,) = h3 imply

f(p) = w - II) + Q(p) = h.

When adding the additional constraints > = 0 and = 0 a linear
system results:

(D p'\ (w\ (h\pD o)q)=O
The part D in the matrix denotes the submatrix filled with elements related
to the distances between the constraint points: D, = 4>(IIp — p,II). The part
q denotes the coefficients of the linear polynomial Q and p corresponds to the
matrix filled with the coordinates of each point

p.

They are required for the
evaluation of the polynomial.

When assuming that the linear system is non-singular, it can be solved and the
resulting weights can be used to construct the desired function f, which satisfies
all constraints. The resulting surface can be extracted using a polygonization
method, e.g. the ones proposed by Boissonnat et al. [4], Boissonnat and Oudot
[5] or Plantinga and Vegter [13].

The minimization of energy as mentioned in the beginning can be achieved by
choosing a specific radial basis function 4>. An example of this will be shown in
the next section.

3.3 Example: Thin-plate
A well-known example of scattered data interpolation is thin-plate interpolation.
In this specific situation the input is a set of points Pi in the plane with their
desired heights h1. From these constraints the goal is to construct a "smooth"
function f : R2 —+ R, interpolating the constraints. The smoothness criterion is
expressed by an energy-function E(f):

E(f)
= f f1(v) + 2f,(v) + f(v)dv

In this expression the second partial derivative of f with respect to x is denoted
by frr. The curvature of the entire function over the region 1 is measured by
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this energy-function and is a means of measuring the curvature of the desired
height field. The curvature must be minimized to produce satisfactory results
and it can be proven (14] that choosing q5(r) — r2 log r as the radial basis function
satisfies the minimization condition.

This approach is very similar to the process of placing a (very thin) plate of metal
over a set of different sized spikes. The resistance of the metal to bending ensures
that the plate smoothly changes it heights, while simultaneously touching the
tip of each spike.
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Chapter 4

Problem Definition

The goal of this master's thesis is to find conditions for which the reconstruc-
tion using radial basis functions of a convex curve gives a topologically correct
approximation. Because there are no known theoretical guarantees for correct
RBF-reconstruction the research is initially performed in 2D and not for general
dimensionality.

As shown previously in Section 2.4, the placement of additional interior and
exterior constraints greatly influences the shape and topology of the resulting
curve. This is also the main research direction: How should the additional
constraints (exterior and interior) be placed, such that the reconstructed curve
is guaranteed to be correct.

To further simplify the research, the most simple radial basis function is used:
cb(r) = r and the polynomial is initially stripped from the constructed implicit
function. When given an input set P the goal remains to determine the positions
of the interior constraints P. and the exterior constraints P_.

PROBLEM 4.1
How should the set of additional constraints P÷ and P_ be positioned such that
the reconstructed curve, as the zero-set of the implicit function

F(x) = liz —pill + w,. lix —p,ll + W,C liz Pkll,
p.EP p,EP PkEP—

is guaranteed to be a topologically correct approximation of the original convex
curve C from which P is sampled.

P, P and P.. must be disjoint, such that F(p) = 0, for p E P, F(p) > 0, for
pEP and F(p)<0, forp€P_.

4.1 Topological correctness
It only remains to determine a good notion of correctness. Intuitively, the
reconstructed curve S = F'(O) should have at least a shape "similar" to that
of the original curve C. What this means formally is hard to explain, but
one can argue that the curve S must have at least the same topology as C
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(the same number of components). When a sampling of an ellipsoid results
in a reconstruction consisting of two small circles, the reconstruction will be
incorrect. An example of such a reconstruction is shown in Figure 4.1.

D

Figure 4.1: An example showing how S is not a correct reconstruction of C,
because the number of components is not the same.

Furthermore, the desire will be that the distance between the original and the
reconstructed curve is as small as possible. This can for example be expressed
by using a Hausdorif distance.

DEFINITION 4.1
The Hausdorif distance fl(A, B) between two sets A and B is defined as

1-1(A, B) = mm (h(A, B), h(B, A))

where

h(A, B) = max ( mm (lib — all)
OEA \bEB

This is however a difficult definition to work with, because it is hard to say
when a distance measure is small enough and the Hausdorif distance is very
difficult to compute in many cases. Therefore, another condition will be used:
The topology between the reconstructed and the original curve must be the
same and the order of the points along the initial curve C must be preserved in
the reconstructed curve S. The formal definition will then be:

DEFINITION 4.2
The reconstructed curve S = F' (0) is a correct reconstruction of the curve C
if an isotopy between the two curves can be constructed and the ordering of the
points P on S is the same as the ordering of P on C.

This means that an isotopy must exist, which leaves the constraint points fixed.
From the formal definition of isotopy there must exist a continuous and invertible
mapping by which S can be deformed into C and vice versa. Then, for each
point p E S a unique corresponding point q E C must exist and vice versa. In
figure 4.2 it is shown how the object on the left is not isotopic to the object on
the right, because there is no deformation possible without breaking the outer
component on the right.
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Figure 4.2: An example showing how S is not a correct reconstruction of C,
because there is no deformation possible from the two components on the left
to the two components on the right.

4.2 Initial conjecture
When experimenting with several input sets (samplings of a convex curve), it
appears that the placement of a single interior constraint is sufficient to produce
a correct reconstruction. This is the initial conjecture from which the research
was started. In Figure 4.3 an example is given of two reconstructions of a convex
polygon where the additional constraint is placed inside the polygon.

Figure 4.3: Two examples of the RBF-reconstruction from the vertices of a
convex polygon. The function çi5(r) = r is used as the radial basis function. A
single additional constraint (the + in the figures) is used.

PROBLEM 4.2
When given the vertices P = {pi,.. , PN } of a convex polygon C in the plane,
find out how the RBF-reconstruction from P as the zero-set of

F(x) = w• fix - pj 11+ w . fix - p

is guaranteed to be a topologically correct reconstruction of the original convex
polygon C, where F(p2) = 0 for each p E P and '+ is placed inside C with
F(p) = 1.
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4.3 Need for a condition on the sampling den-
sity

The placement of a single constraint inside the convex polygon is often sufficient
to guarantee a topologically correct reconstruction. For some collections of
points the placement of a single constraint inside is not sufficient. An example
of such an input set is shown in Figure 4.4

0

o Cb°Co
Figure 4.4: An example demonstrating that a single additional constraint inside
is not always sufficient.

In the top figure an example is given of a reconstruction where the leftmost
point is in the same component as the middle 4 points. The bottom left picture
shows the reconstruction when moving the additional constraint to the right.
Then the left point is not in the same component anymore, but the right point
is. This means, intuitively, that moving the additional constraint a little to the
left again could result in a component interpolating all the points. However, as
is seen in the bottom right picture, this does not occur: Both the leftmost and
the rightmost points are not in the same component as the middle point.

This is a good example of a point set where the reconstruction using only one
additional constraint inside the convex polygon is insufficient for a topologically
correct reconstruction. This implies also that some restrictions are required
on the collection of input points. When considering the input set P as the
vertices of a polygon C, the example in Figure 4.4 shows that the polygon has a
sharp angle at the leftmost point. This must be prevented and for a theoretical
guarantee it is probably required that the sampling of a convex curve is in some
way dense enough.
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Chapter 5

Main Result

The main result of this master's thesis concerns the topologically correct re-
construction of a specific version of a convex curve: A circle. The circle is a
simple convex curve and is therefore chosen as the first type of convex curve to
be examined. Hopefully, a proof for the topologically correct reconstruction of
a circle can be extended easily towards a proof for general convex polygons.

Let P be a set of points {pi,. . . , p' } in the plane lying on a circle C and with
radius r. The point P÷i is the successor of p1, where the indices are cyclic.

Define an implicit function F : R2 — R as

F(x) = w. lix -ll . lix -p+li (5.1)

and let this be constructed as the RBF-reconstruction which uses cb(r) = r as
the radial basis function and with unknown weights w and w. The points
from the input set P are used as the zero-constraints on the function: F(p1) = 0

for each p2 E P and p is placed at the center of the circle where F(p) = 1.

Let S be the zero-set of the function F, then the main result of this thesis is as
follows:

THEOREM 5.1
If the angle between 1-i and pp-f is smaller than ir for any two consecutive
points p and Pi+ 1 on the circle, then:

1. S = F'(O) is isotopic to C.

2. The points p have the same order on S as on C.

The proof of this theorem is presented in the remainder of this chapter, where
first an explicit expression for the function F is determined, followed by the
proof of both parts of theorem 5.1.
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5.1 Determining the interpolant
For simplicity, assume p' = (r, 0). Notice that the set of points P = {pi, . . . , p }
can be described by a set of angles:

with o > 0 such that j a = 2ir,

such that, as demonstrated in Figure 5.1, each point p2 can be written as

P1 = (rcosak,rsinak).

S. P2

Figure 5.1: The angles determined by the set of points Pi,• .. , PN and p÷, where
a2,1....1 = (2 + . .. + a1_1.

Because of the specific distribution of the points Pt, the function F and its
gradient VF can be derived from their positions:

LEMMA 5.1

N / a1
L1 (tanj + tan—1—). liz —p41—4. fix —p+ll

r
s—i \VF(x) = .L. (tan

%
+ tan . v,(x) —4• v+(x)].

2rT
1.1=1

T= tan v,(x)—
— flx—p,Il
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x —and v+(x)=
Ilx—p÷II

S..

Pi+1

F(x) =
[11

and

with

I
(5.2)

(5.3)



5.1.1 The value of the weights
For the proof of Lemma 5.1, the weights w1 and w need to be determined.

LEMMA 5.2

o_1 1
= (tan -- + tan .

N
= __? where T = tan

Notice, for the proof of Lemma 5.2, that a set of equations results from the
constraints for the points j and p+:

F(p3) = 0 for j = 1,. . . , N and F(p) 1.

The constraints F(p,) = 0 can be written as

.flp —pj +w jjp —p+Il = 0, forj = 1,...,N, (5.4)

and F(p+) = 1 can be written as

IIp+ —pill +w ll+ —p+ll = 1. (5.5)

This is a set of N + 1 linear equations with N + 1 unknowns (the to's).

Write

= IIr —rll = 2rsinak and c°j,+ = ll —P-i-Il =

Hence so = Lp —pill =0 and p = llp —p311 = IIp —p,lI = cc,,,. This allows
the set of N equations derived from the zero-constraints (equation 5.4) to be
written as

w,p,,j = —w+j,+ for j = 1,.. . , N. (5.6)
i 1

This can be viewed as a linear system: . = E where

C3 = = —w+r

For points in general position this matrix is non-singular and the system can be
solved using a method like LU-decomposition, Gauss-elimination, etc.

Observe that the set of equations (equation (5.6)) can be written as

2r . A =
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sin(/32+...+13N_1)
sin(/33 + + I3—i)

0

This matrix A is non-singular and the matrix r is its inverse: It is a banded
matrix with a single band on both sides of the diagonal:

The matrix r has entries = 0, except:

Proof:

'Yi,i = 1i = (cotf31_j + cot/3j).

'hi—i = L4_1 = cscf3_i.

'Yi,i+ 1 = t'i = csc

Lemma 5.3 is proven in Section A.4, because it involves expanding a lot of
summations and using trigonometric identities and the proof itself is not really
important for the remainder of this section.
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with

where

0 sin(/3i)
sin(/3j) 0

A = sin(/3j + /32) sin(/32)

sin(13i + ... + 13N—1) sin(/32 +. .. + /3N-1)

f wj\I.'= and where w
= :

J

and c =

\WNJ

To solve this system the inverse of the matrix A is used. Consider now Lemma
5.3:

LEMMA 5.3 (INvERSE OF THE DISTANCE MATRIX)
Consider the matrix A filled with entries ) = sin /3, for 1 <i � i � N
andA,1=A1, forl j

o sin(f3i) .. sin(/3i +... + /3N.j)
sin(/3i) 0 ...

A = sin(/3i +132) sin(132) ... sin(/32 +... +I3iv-i)

sin(/3j +... + /3N—i) sin(132 +.:. + 13N—1) •..

L1 &i 0 0 ... 0 MN

&Ij L z 0 0 0

r= 0 L'2 L3 i.3 ... 0

MN 0 0 0 ... MN_i it



5.1.2 Determination of the first N weights w2
From the linear system 2r A . = E the vector ti can be determined as =

• r E, resulting in the following expression for each w2:

WI
— r

+ 'Yi,i + ',+i).
w.. ,' a,_1 a, a2 a2= —----- !CSC—-— +csc-- —cot-—i-- —cot--

From Lemma A. 1 each weight w2 can be written as

w a2= ---i-- (tan —j— + tan

5.1.3 Determination of the additional weight w
From the expression for w the expression for w.. can be derived by using equa-
tion (5.5) of the +-constraint. Observe that:

wHIp+—pfl+w+.IIp+—p+II=1 implies w1r=1.

Filling in w2 results in

N
w+r a2___(tan7+tan__) =1.

Using
N Na 1 a,T=tanT = tan--+tan—_-),

yields
2=

Now w2 can also be determined using w+:

2 / a, a_1\ 1 / a2= - tan T + tan = (,tan -- + tan

and this concludes the proof for lemma 5.2 U.

Notice that T> 0 for any collection of angles a, > 0, because tan > 0 for
a2 < 2ir. Another important property is the fact that all the weights w2 are
positive. Using <tan < for 0< a <ir allows T also to be bounded:

<T <2.

5.1.4 Proof of Theorem 5.1
Now all the (previously unknown) weights have been determined. With these
weights the RBF-interpolant F and its gradient VF can be found by substituting
the expressions for each w2 and w.
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Function F

Filling in the known weights from Lemma 5.2 into the expression for RBF-
interpolant from equation (5.1) results in

N

F(x) =

N

+tan!) lix P2ii — ii —P+Ii

= -j [ (tan +tan!) lix —pill —4 lix

which proves equation (5.2) from Lemma 5.1.

Gradient VF

The gradient VF(x) of this function can also be derived:

VF(x) = . Vlx —pill + w Viix —p+ll.

Using

Vllx — ll
=

the gradient can be derived as

VF(x) = . v(z) + w v±(x),

where , X—Pt x—p+
vttxj aflu vxj =

lix —pill lix —p+ll
Notice that VF is undefined at the constraint points P1 and at p. Filling in
the expressions for w2 and w results in

VF(x) =j [ (tan + tan v(x) —4. v+(x)]

which proves equation (5.3) and completes the proof of Lemma 5.1.

5.2 Gradient never perpendicular to a line
To prove isotopy between S and C it is sufficient that each half-line t directed
outwards from p÷ intersects S = F'(O) once. This can be accomplished by
showing that along the half-line I the function F is monotonically decreasing.
It remains then to show that F(q) <0 for any q with a large enough distance
llq—p+II fromp.

LEMMA 5.4 (NEGATIVE PROJECTION)
If the angle between j5i and Pi+1P- is smaller than ir for any two consecutive

points Pi and P1+1 01] the circle, then: The gradient of F(q) for any point q
outside or on the circle C has a negative projection on any half-line I directed
outwards from p÷.
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5.2.1 Proof for the negative projection
The gradient VF(q) lies along the direction of maximal increasing value of F
at q. For most points this vector must then be directed approximately towards
p÷ where F(p) = 1.

The line rhas direction v÷(q), so the projection of VF(q) on this line I being
negative is equivalent to

(VF(q),v(q)) <0. (5.7)

Using bilinearity of the inner product, inequality (5.7) is rewritten as:

[ (tan + tan (vi(q), v(q)) -4 (v(q),

(5.8)
The facts that both r and Tare positive and (v(q),v(q)) = II+II2 = limply
that inequality (5.8) is equivalent to

N
a2

(tan -- + tan (v2(q),v(q)) —4<0.

Writing cos = (v1(q), v÷(q)), this can be reduced to:

(tan+tan')cos/3i <4. (5.9)

p1

S

V.

•_•j

Vi

Figure 5.2: Demonstration of the vectors vi(q) and v (q) and the angles j5.

In Figure 5.2 the relation between the vectors v and v and the angles /3 is
shown. SinceO<cos/31�l, fori=l,...,Nandtan

N N a,
(tan -i-- + tan cos < (tan -- + tan

Using tan < for a E 0, ir) yields

N Na, a1_1 2 4ir
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In view of equation (5.9) this implies (VF(q), 1) <0 when 0 < a, <ir for each
i = 1,. . . , N, completing the proof for Lemma 5.4 U.

5.3 The function becomes negative
After proving that the function F is monotonically decreasing along any line
directed outwards from p (where F(p+) = 1), it remains only to prove that
the function becomes negative.

LEMMA 5.5

F(q) <0, foranypointq with IIq—p±JI>
2—T

Consider the interpolant from equation (5.2) for any point q.

N
1 a1F(q)=- (tan-+tan-__-) Ilq—pII+w±.Ilq—p÷I

Consider now also the distance q — p11 for any point q outside the circle: Then
lI — zII <flq — p+lI + r. Let G(q) be the function defined as

G(q) = (Ilq -p+II +r) + w. II - p+II

For any point q outside the circle C it follows that F(q) < G(q) and proving
that G(q) <0 also proves F(q) <0. Reduce C(q) to

G(q)
=

[r. 2T + II — p+II (—4 + 2T)]

Demanding that II — > r satisfies G(q) > 0 and then also satisfies
F(q) > 0. Because <T < 2, the factor I7 is always larger than 1 and it can
be concluded that for any point q with JJq — p+fl > r the function value
F(q) is negative, which proves Lemma 5.5.

5.4 Proof of isotopy
To prove isotopy between S = F' (0) and C, it is required that a continuous
invertible mapping exists between S and C, which deforms S into C.

Recall from Theorem 5.1 that each half-line rdirected outwards from p., inter-
sects S = F'(O) only once, just like the circle C. This holds when the angle
between and Pi+1P- is smaller than ir for any two consecutive points p1
and P1+1 on the circle. From this an isotopy between the circle C and the RBF-
reconstruction S is created, by linearly interpolating between each point q on
S and the intersection point q' of the line directed outwards from + and with
direction v (q). Because each point p1 is connected by an open segment of the
curve S to the next point P1+1, the ordering of the points P is also preserved,
proving Theorem 5.1 for circles C centered at (0,0) and with p' = (r, 0).
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Figure 5.3: Construction of the isotopy, by projecting a point on S to its corre-
sponding point on C and interpolating between them.

The weights are invariant to translation and rotation, because a translation
or rotation does not change the distance matrix. Then F is also invariant to
translation and rotation because it is a linear combination of distances. From
this it follows that Theorem 5.1 holds for any circle with radius r.

5.5 Corollary: Curve lies outside the circle
Experiments with various point sets show that the resulting curve lies outside
the circle in many cases. This can also be proven as the following lemma.

LEMMA 5.6 (OUTSIDE CIRCLE)
The function value F(q) on any point q on the cfrcle C is at least 0.

5.5.1 Proof for the curve outside the circle
Let q be a point on the arc of the circle C between PN and p.

Figure 5.4: Construction of q as a point on the arc of C between P1 and PN•
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The point q can be described by a constant c E [0, 1], as shown in Figure 5.4:

q = r (cos(2ir — CQN),Sm(21r — CQN))

As can be seen in Figure 5.4 and also directly following from the definition of q:

IIq—pII =2rsin((caN+>ck)).

Inserting this expression for q — pfl into the equation for F(q) (equation (5.2))
yields

N / i—i
1 o . 1F(q)= (tan--- +tan__)2rs1n((aN+ckk) —4r

This can be simplified to
N / i—i

1 1F(q)=.- —4r

From Lemma A.3: F(q) = (g(c) — 2). The function value F(q) for any point
q on the circle C being negative is then equivalent to g(c) > 2, because T> 0.

A plot of the function g(c) is shown in Figure 5.5. Because

cos(1—2c)cN (5.10)
COSCN 4

is a scaled cosine with g(0) = g(1) = 2 for 0 <c < 1, it can be seen easily that
this function is always larger than 2 for any 0 <c < 1, as long as CN remains
smaller than ir: The left factor is always positive for any 0 < aN <7r and g(c)
achieves its maximum at c = and is precisely 2 at c = 0 or c = 1.

4O.6O.81
Figure 5.5: Plot of the function g(c) from equation (5.10).

Summary

The function F(q) is positive for every point q on the arc of C between Pi and
PN The proof for a similar result on the arcs between the other points Pj, Pt+ i
is a straightforward generalization of the given proof and also follows from the
cyclic numbering of the indices.

F(q) > 0 for any point q p on the circle C and F(p1) = 0 together complete
the proof of Theorem 5.6.
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5.6 Generalization to convex curves
Throughout the proof of Theorem 5.1 the fact that the curve C is a circle is
used only in the determination of the weights. The proof of Theorem 5.1 can
be generalized to convex curves:

Let F be the RBF-reconstruction of the vertices of a convex curve C, with one
additional constraint where F(p) = 1.

F(x) = liz —pdl +w lix —p÷Il (5.11)

Let S be the zero-set S = F'(O) of this RBF-reconstruction. Then:

THEOREM 5.1
If all the weights w are positive and > w < —w:

1. S is isotopic to C.

2. 5 preserves the order of the points P on C.

Proof:

Theorem 5.1 can be proven using the same methods for the proof of the circle:

1. Prove that the function F is monotonically decreasing along any line 1
directed outwards from +.

2. Show that there is a circle C2, such that F(q) <0 for any q outside C2.

5.6.1 F is monotonically decreasing
Recall from the proof for the circle that the requirement that F is monotoni-
cally decreasing along a line 1 directed outwards of C from i'+ is equivalent to
(VF(q),v(q)) <0. When C is a circle it was shown that each w was positive.
Assume now, that each w1 is also positive for points as the vertices of a convex
polygon C. Then the previous inequality is equivalent to:

(v(q),v(q)) + w+ <0

When again writing cos/3 for (vj(q), v (q)). This inequality is equivalent to

w . cosfl + w <0

Because —1 <cos/3 <1 and each w2 is positive this inequality holds when

wi < —w+

It can now be concluded that F is monotonically decreasing along any line 1
directed outwards from + if each to > 0 and w1 < —w+.
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5.6.2 The function becomes negative
Let D be the smallest closed disk centered at p. such that all points p, are
within D. Let r be the radius of the disk D. For any point q outside D the
distance q — Pt can be bounded from above as:

IIq—pII < IIq—p÷II+r

Let G(q) be defined as

G(q) = • (II - p+U +r) + w+ II - +II

Then, for any point q outside D holds: F(q) < G(q). Proving G(q) < 0 also
proves F(q) <0.

Reducing G(q) yields

C(q) = r w + — p (+
+

When assuming all the weights w1 are again positive, this yields the condition

>:wi
IIq—p+D >

This yields only a positive distance whenever w1 <—w+

5.6.3 Conclusion
If each weight w is positive and > w <—w then the zero-set S = F—' (0) has
only one point of intersection with any line 1 directed outwards from p÷. The
same holds for the convex polygon C (which has P as its vertices).

Each point q e S is the intersection of a unique line I starting from p.-. There is
also a unique intersection q' of this line 1 with C. The isotopy can be constructed
by linearly interpolating each point q E S between its corresponding point
q' E C. This proves both parts of Theorem 5.1.

There are no restrictions found on the sampling of a convex curve, such that
the resulting weights satisfy the conditions.
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Chapter 6

Conclusion

During this research project a complete proof has only been found for the correct
reconstruction of a circle, as is shown in Chapter 5 under the condition that the
angle between two consecutive points (made at the center) is smaller than ir.

For the more general situation of convex curves, a proof has been given which
includes a general condition on the weights. While a condition on the sampling
density was found for a circle, such a condition is stifi required for a proof for
convex curves. This implies that a translation from the condition on the weights
must be found to a restriction on the sampling density.

The proof was found for the simple case of a RBF-reconstruction where the poly-
nomial from equation (3.1) was removed and the simple basis function co(r) = r
was used. A straightforward extension of the proof to general radial basis func-
tions and with the polynomial included in the implicit function is not possible.

Another open problem is still a proof for surface reconstruction in 3D. Even
the simple case of points distributed on a circle is not easily extended to 3
dimensions.

6.1 Future work
The following main directions for future work can be identified.

• For the topological correct reconstruction of a convex curve the condition
on the weights should be translated to a condition on the sampling density.

• The prove for points on a circle should be extended to a proof for points
on a sphere.

• A method should be found to include the polynomial from equation (3.1)
in the proof.

• The main result should be extended to more general basis functions.
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Appendix A

Trigonometric Identities

A. 1 Weight simplification
LEMMA A.! (WEIGHT SIMPLIFICATION)

csc 2x — cot 2x = tan x.

PROOF A.1 (WEIGHT SIMPLIFICATION)

1 cos2x 1—cos2x
csc 2x — cot 2x = — . =

sin 2x sm 2x 2 sin x cos x

Using cos2x = cos2x — sin2 x and sin2x + cos2x = 1, this can be written as

1 _cos2x+sin2x 2sin2x sinx= =—=tanx.
2sinxcosx 2sinxcosx coax

This is the proof of Lemma A.1 D.

A.2 Tan sin to cos
LEMMA A.2 (TAN SIN TO cos)

tana(sins + sin(s + 2a)) = coss — cos(s + 2a).

PROOF A.2 (TAN SIN TO cos)

tana(sins + sin(s + 2a))

can be written as (sin(x+y) = sinxcosy+sinycosx)

tan a (sins + sins cos 2a + cos a sin 2a).

Using 1 + cos2x = 1 + cos2x — sin2x = 2cos2x yields

tana(2sinscos2a+2cosssinacosa).
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sina
Because tan a = one factor cos a is eliminated

cos a

2 sin s sin a cos a + 2 sin2 a cos s = 2 sin a (cos a sins + cos s sin a)

and this can be combined back into

2sinasin(s + a).

Using

cos(x — y) — cos(x + y)
= cos x cos y + sin x sin y — cos x cos y + sin x sin y

= 2sinxsiny

with x = s + a and y = a results in

cos(s) — cos(s + 2a),

completing the proof of Lemma A.2 D.

A.3 Sum reduction
LEMMA A.3 (SUM REDUCTION)
Consider the function g(c) defined as

g(c) = (tan. + tan sin ((caN +0k)).

Then
2

cos(1—2c)oN.
COS0N 4

PROOF A.3 (SUM REDUCTION)
Let

= cON +

Then
N

g(c) = (tan L + tan sin

Splitting the sums in two sums results in

N N-i
g(c)= tan4Lsin2! + tansin

which can be collected back into

N-i
tan- (sin2. +sin2!) +tansin°' +tansin.
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This can be written as

N ci f. a . a_1\ N I. . aN_itan sin -- + Sin — tan -i-- sin -i-- +
2

• . N—1+tan7sin-- +tan—sin
2

Lemma A.2 will be used to simplify the expression within the leftmost sum.
When using Lemma A.2 with a, = + cxk and writing out co, a0 and aq,

i o•, \ N . 2ir + C-crN cx
• ccN

cos —i-— — COS -i-) — tan sin
2

+ tan sin
j=1

can be found. The entire sum can be replaced by cos ao —cos aN and because
sin(ir + x) = — sin x:

rJN N .cos-- —cos—— +2tan—--sm---—.

Again writing out a and UN leaves

g(c)=2cos—.— +2tan---sm-—--,

and this can be written as

2 1

1
cos—(1—2c)cN

COSN 4

which completes the proof of lemma A.3 U.

A.4 Proof for the inverse of the distance matrix
To proof the lemma it will be shown that A • F = I where I is the identity
matrix. Denote the entries of F by -ye,,, 1 <i, i N. It will proven that

jAs,k'yk,j =

where ö,, is the Kronecker delta-symbol. This is performed in two steps:

1. A proof for the entries on the diagonal when j = i.

2. A proof for the off-diagonal entries when j L j.
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Diagonal entries of A F:

Because 0 only for k = i — 1, k = i, k = i + 1

i,kk,i = i,i—1i—1,i + i,ij,j + A1,j÷11,

= k + k + i+1,i uk

= ')fj_j,Sifl 13k +,isifl0+yi+1,iSiflfik
k=i—1 k=i

1 1= sin/31_1 cscj3_1 + 0 + sin cscf3

11= + =1.

Off-diagonal entries of A F:

Because 'yk,jOonly fork=j—1,k=j,k=j+l

= + A;j+ij+i,j

=7j_1,jSiflI3k+Yj,jS1fl3k+Yj+1,jSifl>I3k.

Splitting the sines by using the identities sin(a + b) = sin a cos b + cos a sin b and
sin(a — b) = sinacosb — cosasinb gives

N j—i j—i

= Yj—i,j (5in/3kcosI3i_i — c08>/3k smi3i_i)

+'y,,sinflk

+yj+1,j

When writing a = I3k and rewriting the result:

= ('y_i,cos/3_i +'y+i,cos/3 +j,j)SinC

+ (—'y,_.,3 sin j3,_ + y,+i,, sin f3,) cos a.

This can be written as a sum of two terms (A. A'). = A sina + B. coso.
Filling in the y's in A yields

A = (y_i,cosI3_i +1fj+l,CO5/3 +yj,j)

= (cscj3ji cosf3j_j + csc/3, cos3 — cotf3,_1 — coti3,).
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Because cscacosa = cot a,

A = (cotfl,_i + cotf3 — cot — cot/3,) = 0.

Filling in the y's into B yields

B = y+',, sin/9 — y,_i,j sin f3_

= sc/3,sin/3, — cscf3j.isin/3j_i

= - + =0.

This concludes the proof of lemma 5.3 0.
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