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Introduction

A formal definition of a quantum computer would be that it is a system whose quantum mechanical
time evolution is used to do computation. A quantum computer just like an dassical computer has the
bit as unit of information, in the context of quantum computation called a qubit. Because a quantum
computer operates in the quantum mechanical domain, a collection of qubits can hold not one value but

a superposition of many values. This "quantum parallelism" is a fundamental advantage that a quantum

computer has over a classical computer and algorithms that exploit this feature can be significantly

faster than any classical algorithm. That said, the number of algorithm available today is small and

their usefulness is limited. Several hardware implementations of quantum computers have been made.

Unfortunately existing quantum hardware technology limits the size of these experimental quantum
computers to just a few qubits. In chapter 1 we review the field of quantum computation and introduce

an interesting new hardware candidate, dubbed the "quantum toy" by its creators. This quantum toy

is a metallic ring with three embedded ferromagnets. In certain configurations these ferromagnets can

induce a current in the ring. In fact the configurations that will or will not induce a current can be

identified with an CNOT(XOR) gate. This motivates us to explore the viability of this system using

computer simulations.

The quantum toy system is related to a long standing problem in condensed matter physics, that of

the persistent currents. When a small metal ring is placed in a static magnetic field, the magnetic field

will induce a current in the ring. Persistent currents have been observed experimentally and a great
discrepancy between theory and experiment was found. The qualitative features of the phenomenon

are explained well by theory, but the size of the current measured was one to two orders of magni-

tude larger then that predicted by experiment. As a second object of this master thesis we will study

persistent current numerically using a simple fight-binding model and compare this to existing theory

and experiment. In chapter two we review the field of persistent currents and we give an overview of

existing theory.

To make a simulation tool of a quantum mechanical system basically means that we have to solve the

Schrodinger equation numerically. In chapter 3 we briefly discuss two such method, namely the Cranck-

Nicholson method and the Suzuki-Trotter method. We will use the latter in our simulation tool. The

actual simulation is described in chapter 4. In this chapter we detail the development of the numerical

tool and show its correctness at each step. We find that the simulations qualitatively show the same

features as we would expect theoretically and experimentally. The size of current is a different matter.

When compared to experiment we find that although our results are of the same order of magnitude we

cannot make an accurate fit to the experimental data using our simple model.

In the last chapter we investigate the properties of the quantum toy system by computer simulations.
We will explore its application for quantum computation and its use as a measurement device. Upon

investigating how a quantum toy system can be used in a quantum circuit, we find that the quantum toy

is not useful for quantum computation. We then focus on the second application1 that of a measurement

device. The idea being that we can exploit the dependence of the induced current to the direction of

the embedded ferromagnets. To verify if such a scheme will work, we need to investigate if we can
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reproduce the theoretical values of the induced current. We found major discrepancies between theory
and our simulations. We found for instance that the induced current has an erratic dependence on the
electron density.

We then split our investigation between the single electron case and the half-filled case found in most
metals. The single electron case only matches the theory qualitatively. We find that indeed such a single
electron system can be build and be used as a measurement device. In the half-filled case we find that
the dependence of the current on the various parameters is so erratic that we condude that according
to our simulations, a metallic quantum toy could not be used as a measurement device. An explanation
for the difference between theory and our simulations could unfortunately not be found. To investigate
this we would have to repeat the original calculations, which is outside the scope of this master thesis.



'Chapter 1

Introduction to quantum computation

1.1 Introduction

_I8IBILIIII)H8 lB
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Figure 1.1: The input tape of a Turing machine.

The classical computer which we know today is based on the so called Turing machineEll, named after

its inventor the English mathematician Alan Turing. A Turing machine(TM) is an automata which reads

its input from a tape. This tape is divided into cells and in each cell there is one input symbol, this

is illustrated in Fig. 1.1. Suppose the TM is in a state a, upon reading a symbol I the TM invokes a

transition function &(a. I). The transition function determines according to the current state a and the

input symbol F the next state 13 the TM shall move to. Also the current symbol on the tape is changed to

some symbol E and the tape head is moved one cell to the left or the right. The computation ends when

the TM enters an accepting state. Formally a TM is represented by a 7-tuple

M (Q,Z,I,6,qo,B,F), (1.1)

where

• QisthesetofstatesoftheTM,

• Z is the set of input symbols,

• I C Z is the set of tape symbols,

• &(q, X) = (p, Y, D) is the transition function, that takes the TM from the state q to the state p upon
reading the symbol X E I and replaces X on the tape with some Y I. The tape head then moves

one place in the direction D which is either left or right,

• q0 is the start state,

• B is the blank symbol, this signifies that a tape cell does not contain a symbol,

• F C is the set of accepting states.

7



8 CHAPTER 1. INTRODUCTION TO QUANTUM COMPUTATION

The importance of the turing machine lies in the (unproven) Church-Turing thesis: [2111],

Theorem 1 (Church-Turing) Every 'function which would naturally be regarded as computable' can be com-
puted by the universal Turing machine.

The notion "naturally computable" is best explained by stating when a function is not "naturally com-
putable". A function is not "naturally computable" when either the TM fails to reach an accepting state
(the problem is undecidable) or the computing time grows exponentially with the size of the input (the
problem is intractable). The Church-Turing theorem reduces the question if a problem is solvable to the
question "can the problem be solved on a TM in linear time".

The TM the way it was proposed by Turing is based on a classical picture. Can it be used to solve a
quantum mechanical problem? Richard Feynman in his classical paper[3] answered this question. He
concluded that a classical computer is not able to simulate a quantum mechanical problem (exactly)
in the Church-Turing sense. The storage requirements and the computation time for such a simulation
grows exponentially with the size of the system. Feynman showed that the only class of computers that
would be able to simulate a quantum mechanical system is as he puts it "a computer which itself is build
of quantum mechanical elements which obey quantum mechanical laws". David Deutsch expressed this
fact in his reformulation of the Church-Turing theorem[4]:

Theorem 2 (The Church-Turing-Deutsch principal) Every finitely realizable physical system can be per-
fectly simulated by a quantum computer operating by finite means.

This is in essence a physical reformulation of the Church-Turing theorem. But because as Feynman
showed a classical computer cannot simulate a non trivial quantum mechanical system exactly in the
Church-Turing sense, it is more restrictive.

The most logical way to build a theoretical model for a quantum computer(QC) is to design a quantum
version of the TM. This is the approach initially taken by Deutsch[4J. A more intuitive approach, also
due to Deutsch, is by using a quantum circuit model[5]. This has been shown to be equivalent to a
quantum TM[7J. The quantum circuit model works in a similar manner like a normal electrical circuit
except the wires now represent qubits and all the logic gates are replaced by unitary quantum gates.

Arguably the most important gate is the controlled-NOT (CNOT) gate. The CNOT gate has two inputs,
a control bit and a target bit. If the control bit is '1' then the target bit is inverted. Otherwise it is left
unchanged. In Table 1.1 the truth table is given. Note that the first bit is the leftmost digit (unlike the
standard computer science convention which takes the rightmost digit as the first bit). In Fig. 1.2 its
circuit representation is given. The reason why CNOT is important is that together with some arbitrary
single qubit gates it can used to produce any other quantum gate. This is similar to the NAND gate
in classical computing which is sufficient to build any dassical logic gate. We will postpone further
discussion of quantum gates to the next section.

in) out)
00) 100)

____________

101) 101) IC) IC)

110) Iii)
Ill) 110) IT) ICT)

Table 1.1: Truth table of CNOT, the leftmost Figure 1.2: Circuit representation of CNOT,
qubit is the control qubit and the rightmost where IC) is the controll qubit and IT) the tar-

qubit is the target qubit. get qubit.

Simulating quantum mechanics is by itself an interesting application, but it is not the primary reason
why quantum computation is getting wide attention. There are algorithms which are fundamentally
faster (are of lower order) for their specific task than any classical algorithm. An example is Grover's
algorithm[8, 9] which can search a database using O(v'i) operations, while classically at least 0(N)
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operations are needed. Unfortunately there are few useful quantum algorithms known and after the
mid-1990'ties no new useful algorithms were found. In section 1.3 we will explore the subject of quan-

tum algorithms further.

1.2 Quantum Gates

1.2.1 Single qubit operations

Consider an arbitrary single qubit state,

(1.2)

where and are complex constants, with the condition ct2 + 2 = 1. A single qubit can be thought of
in terms of a 3-dimensional vector representation analogous to the vector representation of a spin. The
spin up component of the state vector in this analogy is and the spin down component is . This is

illustrated in Fig. 1.3.

Figure 1.3: Vector representation of a single qubit.

A single qubit gate performs some linear (unitary) transformation on the state vector. An obvious ex-
ample of a linear transformation is a rotation. Especially important rotations for quantum computation
(as we shall see later) are the rotations of n/2 degrees around the 2, and direction. To perform these

rotations we need the Pauli spin matrices

A rotation about 4) degrees around the axis is performs by multiplying the state vector with e'2.
Let X be the rotation operator that rotates the state vector around n/2 degrees around the 2 axis (and
similarly Y and Z for the Q and the directions), the operators are given by

(1.3)

— 1 (1 i.\
i)'

1 (1
— —1 i)

Similarly the inverse rotations of —n/2 degrees ), V and Z can be constructed by taking the complex
conjugate. From these gates we can construct other gates, e.g. a not gate can be build by applying X (or
Y) two times. Also we can build each rotation from the other two rotations, e.g. Z = VXY = )YX.

(1.4)
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Another important gate which is often used in quantum algorithms is the Hadamard gate. It is given by

). (1.5)

The Hadamard gate is nothing more than Y followed by a reflection in the — plane, its circuit is given
in Fig. 1.4.

10) ____J IO)+I1) Ii) 10)—Il)

Figure 1.4: The Hadamard gate.

The Hadamard gate can be used to create uniform superpositions. For instance two qubits can be put
an uniform superposition state of all possible combinations of those qubits. This is achieved by putting
both qubits in the state 10) and then performing an Hadamard transformation on both qubits. This will
produce a state

I00)+I10)+I01)+I1l)
(16)

— 2

1.2.2 Multi qubit operations

The two qubit state vector is given by

4' = 100) + l10) +y101) + pIll), (1.7)

or more conveniently in a vector

(1.8)

Higher qubit cases are constructed similarly. The order of the basis states in the state vector is just the
normal binary ordering (note again that the first bit is the leftmost bit). Thus for a three qubit state vector
the first element is 1000), the second 1100), ending with Jill) as the last element.

Multi-qubit gates are conceptually different from single qubit gates in that they represent some kind of
interaction between qubits. This interaction makes the multi-qubit case much more complex than the
single qubit case. The interaction between two qubits I and j is performed with the controlled phase
shift operator

e(00 0 0 0
— 0 e'lO 0 0
= o 0 e1°' 0

(1.9)

0 0 0 et"
which gives a phase shift depending on the state of both qubits and thus realizing an interaction.

In the introduction we introduced the CNOT gate and noted that it was a fundamental gate. In matrix
form the CNOT gate becomes

/1 0 0 o\
CNOT ( , I. (1.10)

\O o 1 0)
We can build a CNOT gate using the gates introduced up to this point, if we group CNOT in 2 x 2 blocks
we can write it as

CNOT ( = ( ) =?( )=i12 (1.11)

-j
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withItheidentitymatrix,4)oo =4io =4oi =Oand4)ii =7g.

Another useful gate is the Toffoli gate which is similar to the CN OT gate. It is a three qubit gate with
two control bits and one target bit. The target bit is inverted when both control bit are Ii> otherwise it is

left unchanged. In Table 1.2 the truth table of the gate is given and in Fig. 1.5 the circuit representation

is shown.

In Out
000) 000)
1100) 1100)

_____ _____

1010) 1010> ci)- IC1)

1110) liii)
001) 001) c c
io> 1101)

21 2

lOll) IOU)

__________ __________

liii) 110) IT) .3- ITC1C2)

Table 1.2: Truth table of the Toffoli gate Figure 1.5: Circuit representation of the Toffoli gate

Note that the Toffoli gate is quite similar to the classical AND gate, in fact we can use it to reproduce
the classical NAND gate as illustrated in Fig. 1.6. Because NAND is a fundamental gate in classical

computing, the Toffoli gate can be used to reproduce any classical algorithm on a QC.

IC1) IC1)

IC2) IC2)

Ii) - . I1eC1C2) = I—(Ci A C2))

Figure 1.6: Classical NAND gate constructed with a Toffoli gate

Consider some arbitrary function f(x), suppose we want to incorporate it in a quantum circuit. For this

there exists the Uf gate which takes two inputs Ix) and IIJ) and outputs , f(x)). The circuit for this gate

is1

Ix) Ix)

Uf

ly)

Figure 1.7: The Uf gate for an arbitrary function f(x)

1.3 Quantum Algorithms

1.3.1 The Deutsch-Josza algorithm

The oldest quantum algorithm which is fundamentally faster than any classical algorithm is Deutsch's

algorithm. Unfortunately the algorithm itself is not very useful, its importance lies more in the fact

that is a proof of concept. DeutscWs algorithm[41 is an application of quantum parallelism, consider an

'Note that in this context Ix) and j) can contain more then one qubit.



arbitrary function f(x) : {0, 1) — {0, 1]. Note that there are 4 possible functions in this case: Constant 0,
constant 1, the identity and the inverse function (defined by f(0) = 1 and f(1) = 0).

Suppose we were interested to determine if the function f(x) is constant. Classically this requires two
evaluations of f(x), but Deutsch's algorithm allows it to be computed in one evaluation. The network of
Deutsch's algorithm is given in Fig. 1.8.

In the first step of the algorithm we put both qubits in a mixed state using the Hadamard gate

Iii,) — [IO)i
+I1)il 110)2—11)21

- U

LlJ1vJ{ li1) — ± [l0)i+I1), 1 1I0)z—I1)zl if f(0) = f(1)

= i1) — ± 1io>-ii)
I

110)2-11)21 if f(0) f(1),-L L.'j
110)2—11)21{ 4')=±IO)i
I ..' j iff(O)=f(I)

4') = ±Il)i rlo)2—I1>21 if f(O) f(1 ),

upon measurement of the first qubit we now know in one measurement if f(x) is constant or not.

Now we extend Deutsch's algorithm to n qubits, we define a function f(x) : {0, 1} —+ {0, 1} which is
either constant or a balanced function (balanced means that in 50% of the cases the function returns a '0'
and in the other 50% a '1'). If we would want to investigate if the function is balanced or constant then
classically we would, in the worst case, need n/2 + 1 evaluations of f(x). There exists an generalization
of Deutsch's algorithm called the Deutsch-Josza[6] algorithm that can determine this in one evaluation.
Its network is given in Fig. 1.9.

In the first step of the algorithm the top it qubits are put in a superposition state containing all possible
combinations with equal probability. This application of the Hadamard gate was demonstrated in the

12 CHAPTER 1. INTRODUCTION TO QUANTUM COMPUTATION

l0)

1)

Ix')

lu')

Figure 1.8: Deutsch's algorithm

applying Uf to this state gives after some simple algebra,

(1.12)

the final Hadamard transformation then gives our final result

(1.13)

(1.14)

10)'

Ii)

Ix')

lu')

Figure 1.9: The Deutsch-Jozsa algorithm.
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previous section. We obtain a state a state

— I00..0) + I10..0) + + Ill.]) = Ix) [10)— 11)1 115)- 1j, (.

where we omit the qubit labels as it is understood to which qubits each term applies. Applying Uc gives

— 2"—l
(—1 )'Ix) [10) — Ii) 1 16V'W (.)

In the final step the top ii qubits are again put through a Hadamard gate. This is the most difficult step
to follow. We will show this operation in detail. First we write the effect of the Hadamard gate as

1
in—i

Hix) = = (—.1)I). (1.17)

=0

This notation is best understood by an example, consider the case ii =

HI0 —
(1)00I0) + (_1)0.hIl) — 0) + Ii) Hil — (_1)i010) + (_1)1hIl) — 10)—Il) 118)-' )-

The effect of the Hadamard gate on ii. qubits is thus

= [Hixi)] [Hixi)] ... [HIx)]
= 1 )X Iii)] (—1 )X2V2I2)] .

.. [21
(—1 )XVn

= .=
(1.19)

Applying this result to (1.16) gives

= [2s_i (—fl"'HIx)] [10) —Ii)] = 2 (_fl_1)I)] [I0)H1)]
. (1.20)

Now suppose that f(x) is a constant function, then we can move the term (1)" outside of the sum.
We fix h) at some non-zero value, then the sum

2 1 (J)X,)
=0, (I)I0)) (1.21)

because the factor (—1 ) will just as often negative as it will be positive. The only i) state which will
survive is 10).

Now suppose that f(x) is a balanced function and that y) = 10). Then the wave function will vanish
because

(1)(_1)(0lo)
=0, (1.22)

thus if f(x) is balanced j) will never be in the state 10). Now lets summarize our result, if lu) = 10) then

f(x) is constant, if hi) is in any other state than tO) then f(x) is balanced. Although this algorithm has no

practical application it is a nice proof of concept that can be used as a test case for a physical QC.
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1.4 Decoherence

Quantum computation relies on the fact that a quantum mechanical state can be in an arbitrary superpo-
sition of all possible states. In the classical world, we know from everyday life that these superposition
states are never observed. But if nature is described by quantum mechanics then why do these super-
position states not exist in the classic world of everyday life? This problem is closely related to the
measurement problem due to von Neumann[1O].

Suppose we have some spin-i system in a state 4 = c1 1) + P .1.) and we want to do a measurement
on this state using a quantum mechanical measuring device M. The device can either be in a state lM1)
or I M1). Furthermore there is a mechanism in the measurement device so that when the system is spin
down the measurement device makes the transition I .L)IM1) —, I 1)1M1). Initially we will put M in the
state 1M1) The state of the system after a measurement is thus

ID) = ixi l)1M1) + 131 .I.)IM). (1.23)

If we write the density matrix p of this system,

= = Ii2i ixi IM1)(M1I + 113121 .L)(,l. IM1)(MjI + f3J 1)(J. 1M1)(MjI + 13cI i)(l IMj)(MTI.
(1.24)

In the classical limit we need to discard the off-diagonal terms of the density matrix. Von Neumann
introduced for this a non unitary process, which he dubbed "process 1" that kills all coherences. The
result of "process 1" leaves us with the reduced density matrix

p 1x121 IXI IM1)(M11 + 113121 .L)U. 1M1)(M11, (1.25)

where al2 and 11312 are probabilities. Of course the question remains, what is the origin of this "process
1". The solution comes from the fact that the Schrodinger equation describes the unitary evolution of a
closed system, but in fact no quantum system is closed as every system will interact with its environment.
In informal language the information contained in the coherences is leaked into the environment.

To model the process of decoherence we use the master equation,

—[H, PJn,m — Yn(pn,rn — with = 0 for n. in (1.26)

with P.TR the equilibrium value and y a phenomenological damping term describing the decay of the
coherences induced by "process i", y is known as the dephasing rate 2• The derivation of equation
(1.26) is fairly straightforward. The first term comes from the actual differentiation of the density matrix
whereas the second term is added to model the decay of the coherences (which after all doesn't come
from Schrodingers equation).

The importance of the dephasing rate in the context of quantum computation is that it gives a time
limit within which an algorithm can operate. This time limit greatly complicates the development of a
physical quantum computer.

1.5 Physical Quantum Computers

To build a physical QC is far from straigJtforward. In fact the largest quantum computer build to date
had only seven qubits [11]. There are many proposals of candidates for QC hardware. We will now
discuss some of these candidates candidates. For a more complete review see Ref. [161.

2nthecasewhentheprocessthatwearedeibingisadeaypysweve-ynm =4 ÷+( +rm)where r and
r descnbe the decay rates from state it respectively in
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1.5.1 Nuclear Magnetic Resonance

The NMR QC is the most simple QC to realize experimentally and as such it is the type of QC that is
most often used in experiment. The scheme is simple. We use the spins of nuclei as qubits. Each nucleus
will have a slightly different magnetic moment. By applying a magnetic field tuned to the resonance
frequency of a particular nucleus we can rotate the spins individually. In a typical setup the spins are
contained in some (complex) molecule. An experiment is then carried out over some ensemble of typi-
cally 1020 molecules.

The most famous experimental realization of a NMR QC was done at IBM by Vandersypen et al. [11],
they did an experimental realization of Shor's algorithm on a seven qubit NMR QC (as mentioned
previously this is the record amount of qubits to date).

Unfortunately the NMR QC has one major problem. Because all spins are in the same molecule it is very
difficult to build a setup containing more then a few qubits. Unless a scheme is invented that does away
with the need for these complex molecules, it seems very unlikely that a NMR QC can be useful for
computation. But even in its current form the NMR QC is important as a proof of concept and can be
used as a testbed for quantum algorithms.

1.5.2 Ion traps

Figure 1.10: An ion trap known as the linear Paul trap. On the electrodes an RF field is applied trapping
the endosed ions in the radial direction, on the end rings an dc field is applied confining the ions the

longitudinal direction.

An ion trap QC is a scheme in which a series of ions is trapped inside a linear Paul trap[12, 13]. The
ions are also cooled to lower decoherance. In figure 1.10 a linear Paul traps is shown. On the electrodes
there is a R.F field applied. At the right frequency this field gives a net central force with the origin in the
center of the trap. This traps the ions in the radial direction. Furthermore at the end there are two rings
to which a static field is applied. This confines the ions in the longitudinal direction.

The actual computation is done as follows[14]: We assume that there are two long lived states Ig) and
le). These state constitute a qubit. Also we consider the first two collective vibrational modes 0) and Ii)
of the ions. We can excite the ions using laser pulses. As an example we will now demonstrate how a
controlled Z gate can be build on a ion-trap QC using two ions a and b. Suppose that initially the two
qubit system is in the vibrational ground state 10). First we give a laser pulse to ion a with the effect

Ig)I0) —, Ig)I0),
(1 27)

Ie)aIO) Ig)a11).

a side note, Wolfgang Paul received a Nobel prize for his ion trap in 1989 together with Hans Dehmelt and Norman F.

Ramsey.
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Then a second pulse on ion b is applied with the effect

Ig)bIO) —' Ig)bIO),

I9)bIl) —, I9)bIl), '128
je)bjO) —, Ie)bIO),

Ie)bIl) -4 —Ie)bIl),

after which the first pulse to ion a is repeated, leading to a total effect

Ig)0Ig)I0) —' Ig)Ig)bIO),

Ig)ale)b10) —' lg)Ie)bI0),
(1 29)

Ie)Ig)bI0) — e)alg)bIO),

Ie)ale)btO) —' —Ie)aIe)bIO>,

which is just the controlled 2 gate. An example of an experimental realization of a ion-trap QC is the
experiment done by Guide et aI.[15] who have realized the Deutsch-Josza algorithm on a 3 qubit ion-trap
QC.

1.5.3 The quantum toy

S3

S2
Si

Figure 1.11: The quantum toy, a metallic ring with three embedded ferromagnets, here S is the magne-
tization direction

A promising candidate for QC hardware was recently proposed by Tatara and Garcia[2], this system
dubbed "the quantum toy" is shown in Fig. 1.11. The details of this system are postponed to chapter
5. But as this system serves as a motivation for the rest for the rest of the thesis, will now give a short
description. The quantum toy is a small metal ring which has three ferromagnets embedded, labeled
S1. 52 and S3. These ferromagnets can in the right configuration induce a current in the ring. In fact the
current I in the ring has the following proportionality

IxS1.(S2xS3). (1.30)

This product is only non-zero if none of the ferromagnets are parallel to each other. Suppose now that
we fix S1 in the direction and restrict the other two magnets to the Q — plane. These two magnets will
be our qubits, we assign the value 0 to the direction and assign 1 to the direction. Below we have
constructed a truth table for this arrangement. The truth table is just that of a CNOT(XOR) gate, which
is a fundamental gate for quantum computation as we saw previously in this chapter.

S2 S3 I00 001 1

1 0 -111 0

Table1.3:TruthtabIeofI=.(S2 xS3),withO=Qandl =.
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This system seems very promising and it will be one of the goals of this master thesis to study the
viability of this system by means of computer simulation. Besides quantum computation, the quantum
toy is also of interest because it is related to a major problem in mesoscopic physics, namely that of the
persistent currents. We will discuss persistent current in detail in the next chapter.

1.6 Conclusion

The fact that there exist quantum algorithms that are fundamentally faster then any classical algorithm
suggest that in the future quantum computation might be able to offer tremendous performance in-
creases in certain applications. Presently a number of experiments were done on various QC hardware
implementations (most notably using NMR and ion trap technologies). Unfortunately these systems
will not scale up to more then a few bits. What is lacking at present is a viable QC hardware that can be
made large enough to be useful for actual computations. The recently proposed quantum toy system [2]

seems to be a promising candidate. It will be one of the goals of this thesis to study this system using
computer simulations.

-a
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Chapter 2

The theory of persistent currents

2.1 Basic electrodynamics

The Maxwell equations are

-. -. -. -. 1B
V•E=p, VxE+——0,

C (2.1)E rVB=O, ct C

where p is the charge density and rthe current density. The equation of motion for a charge q moving in

an electromagnetic field is
dp - -.=q(E+vxB), (2.2)

where is the velocity of the charge. The electric field and the magnetic field can be defined in terms

of a scalar potential 4) and a vector potential A

='xA. (2.3)

The potentials A and 4) are gauge invariant, thus a transformation

(2.4)

for an arbitrary function f(, t) leaves the electromagnetic fields invariant. A particularly useful gauge

transformation is the Lorentz gauge
(2.5)

Using this gauge transformation allows us to rewrite the Maxwell equations to

(2.6)

19
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2.2 The Aharonov-Bohm effect

Aharonov and Bohm[1J proposed the following experiment, shown graphically in Fig. 2.1. A beam of
electrons approaches a solenoid of radius R and is split in two parts. The solenoid extends perpendicular
to the plane of the paper. The solenoid is assumed to be long, in this case there is an uniform magnetic
field inside the solenoid but outside the field is zero. The magnetic flux (1> through the solenoid is defined
as

(2.7)

The vector potential outside the solenoid is non-zero, in spherical coordinates it is given by

(2.8)

where 0 is a unit vector in the azimuthal direction.

Figure 2.1: The Aharanov-Bohrn effect, a beam of electrons splits around an solenoid and recombines
after passing the solenoid

In the experiment one half of the beam will pass the solenoid in the same direction as the vector potential
A and the other half will pass it in the opposing direction. Now the question is, how large is the phase
shift picked up by either one of the two beams. Let ' be the wave function for the case A = 0, the
presence of a finite A changes 4i' such that it adds a phase factor g

(2.9)

The phase factor g is given by
e

g(ii — I A(r') . dr', (2.10)hj0
thus the total phase factor is

ecD ffØ\ ecD
g = J 1) (rØdsp) = (2.11)

where the plus sign corresponds to the beam which is along A and the minus sign corresponds to the
beam moving in the opposite direction as A. This leads to a phase difference

(2.12)

where (I)o = hc/e is the flux quantum.

2.3 Origin of persistent currents

When a one dimensional metallic ring is placed in a static magnetic field a current will flow[2, 3]. This
current will remain present even if the magnetic field is switched off. This can be understood by noting
that an electron traversing such a ring will see a periodic potential,

V(x + L) = V(x), (2.13)

Ekctro, beam
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Figure 2.2: Bandstructure of an electron in a periodic potential (solid lines), the dashed lines give the

free electron case.

where L is the length of the ring. The solution to the SchrOdinger equation for such a potential is accord-
ing to Bloch's theorem of the form

iI,(x + L) = e'i(x), (2.14)

where ic is a constant. To determine k we need to know the magnitude of the phase shift an electron
obtains after making a full cycle around the ring. This is determined from the Aharanov-Bohin effect

discussed in the proceeding section, thus k = , which leads to the following boundary condition

i(x + L) = et2'0l(x). (2.15)

The electron states are periodic in D with period (D0, the actual shape of the band structure is deter-
mined by the potential variation along the ring, see figure 2.2. When the magnetic field is not present
the situation corresponds to k = 0. When the magnetic field is introduced the value of k will change

according to
(2.16)

giving rise to a current. The size of the current for an electron of energy level E is

(2.17)

using the relation k = we can can rewrite this as

I=—c. (2.18)

To say more about the current we need a Hamiltonian. A widely used model is the tight-binding model

H = _V (cct+l,oe2tNO0 + e_2mn 0ct+i0cja) + WT4, (2.19)

t=1 a j=1

where N is the number of lattice sites, V is the hopping term, flj is the counting operator and W1 is
the on site energy. When W = 0 for all t, then the energy levels and the current can be determined
analytically[3] by diagonalizing the Hamiltonian. This can be achieved most easily by going to Fourier

space. We substitute

c,0
=

Lck,aetkJ, (2.20)
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with k = 27m/N. Inserting this in equation (2.19) gives for the first term

ccj+i . = c,ae_u1(i+fl = (2.21)

As

=8kIc', (2.22)

we finally get

C,0C ckOck,(e. (2.23)
k

Using this we can rewrite the Hamiltonian (2.19) as

H = _V •(cOckOetke2tn4//4oN + e_2'Le_ulr4OckO),

—v (4 aCk a(e' +2n + (2.24)

—2V (cos(k + 27I4/4)ON)C,Cka.

This matrix is diagonal in k. Thus all eigenvalues are (substituting k = 2int/N)

= —2Vcos([n + 1)/cD0]), (2.25)

and the current is given by
2eV . 2ir

ITt = —--sin(--[n+D/0J). (2.26)

To calcuJate the total current for a system with in electrons we have to sum over the in eigenstates
that are lowest in energy. The crucial step now is to determine over which states we have to sum. The
most obvious choice is to find a region for D/D0 so that we can take it 0, ±1, ±2,... as the first in
eigenstates. There is a difference between the case when we have an odd number of electrons and when
we have an even number of electrons. In the case of an even number of electrons the states

(2.27)

are lowest in energy for 0 � (I)/(l) <1. When we have an odd number of electrons the states,

— Ne 1 < N2 1

(2.28)

are lowest in energy when — � D/iVo < . Summing over the appropriate eigenstates will give the
total current [3]

i — f _I50) Ne ødd —0.5 < <0.5
229

— j _j0sin(2n4/No-n/N) Ne even 0 < <1

with lo = sin() =

In Figs. 2.3(a)-(b) we plot one period of the total current (2.29) for two different N. For small N the shape
of the total current is still slightly curved but when N is increased, very quickly a seesaw like shape
appears.



2.3. ORIGIN OF PERSISTENT CURRENTS 23

Figure 2.3: The current I for(a) even Ne and (b) odd Ne.

Now we are going to consider the case when electron spin is taken into account. Each state in (2.25) can

now be occupied by two electrons. There is again a distinction between the case of an even number of
electrons and when we have an odd number of electrons

's—{
2I(!) Neiseven

— Nisodd,
(2.30)

where (z) is the total current in the case of z spinless electrons determined by equation (2.29). Thus
we can understand the current in the case with electron spin taken into account in terms of the spinless
case. For example when N = 5 we find 'spin = I(3) + I(2)
We are now going to work out the case when N5 is odd. Here we have to sum over an even I and an
odd I as defined in equation (2.29). However when doing this summation there is an complication,
the domains of (D/(Do do not overlap completely. We need to define' ITU for odd N" on the region

(I/Po < 1. This is easily done by noting that in the region � CD/(Do < 1 the lowest energy states
are centered around it = —1. Thus we need to sum over the states

doing this summation yields

N+1 N—3
— 2

�TL� (2.31)

= sin(2n(4,/o—1)/N) N5 isodd 0.5 � <1.5.
TtS sln(n/N)

To compute the total current we need to consider two different cases

1. is even, then the total current becomes (from (2.30)),

(2.32)

2eV
'spin =

sin(nM1 )
sin(2n/No—n/N) + sin(ir-1) sin(2n/No)

sin(n/N)sin(n/N)
+ sin(n/N)sin(n/N)

0 S D/Do <
� D/D0 < 1

(2.33)

2. is odd, then the total current becomes,

2eV 1 sin(nM!) sn(2n/N4o) + sin(7Ef1) sin(2n/N$o—n/N)
sin(n/N)sin(n/N)

IsptTL = —- j, sin(n-1-) sin(n/N)
s1n(2n(/$o—1)/N) + sin(i-- sin(2n/N4o—n/N)

) sin(n/N)

N' is thenumberof electrons in Ins.

0 S 'D/Do <

� /Do < 1

(2.34)

(a) (b)
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In Figs. 2.4(a)-(b) we plot the total current in a ring of 30 sites for Ne = 3 and Ne = 5.

I

I

Figure 2.4: Total current for a ring of N =30 sites with in (a) N =3 electrons and in (b) N =5 electrons.

It is quite unfortunate that equations (2.33) and (2.34) cannot be simplified. However when N is large we
can make the following approximation. We replace the factors N + 1/2N and (Ne — 1)/2N in equations
(2.33) and (2.34) by Ne/2N. In figures 2.4(a)-(b) the current in the interval 1/2 < D/D0 < 1 is the same as
that in the interval 0 ç D/(P0 <1/2 except that it is shifted in the "y" direction. When N increases this
shift in the "y" direction will become less and less and it is this shift that we ignore in our approximation.
This leads to a CD/2D0 periodicy, with a total current given by

1,sin(,t(2/$o—1/2)/N) 0< -- < Neisodd'sptn = — 0 sin(n/2N) — 4'o (2.35)

with I = sin(!jjf ). To show the validity we plot for a ring of 30 sites the case with Ne = 17 both
from equation (2.34) and equation (2.35). Clearly the approximation here is very good.

I I

I
II

Figure 2.5: Comparison between current computed with equation (2.34) and (2.35) for N = 30 and
N = 17, where (a) is calcuia ted from equation (2.34) and (b) is calculated from equation (2.35)

24 The effect of disorder

When disorder is present we cannot derive a general analytical expression for the current. The size of
the persistent current will dependent on the nature of the disorder. Consider a random potential with
strength W,so that —W/2 <W W/2. We can analyze this situation with a transfer-matrix approach,
following Cheung, et al.[31.

N
0.015

0 .01

0.005

-0.005

—0.01

-0. 015

0.2\

(a)

0.6 I

(b)

-0.04

(a) (b)
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We can assign to each site j a transfer matrix T, that connects site j to sites j — 1 and site j + 1. We can
write the wave function as

,( ) — f Aetk_(u/2)0) + Be_lx__h/l1) x = (j — 1)a,ja
X

—
Cet —(j+1/2)a) + x = ja, (j + 1)a

(2.36)

with a the lattice spacing. The energy is given by

E(k) = —2ycos(ka). (2.37)

We now impose the continuity condition and that the wave function obeys the tight-binding SchrOdinger

equation

( e"""2 et'2 \ (A\ (e_ulh/2 etk'2 \ (C
+ (W — E)etlZ _Veulh/2 + (W — E)e_tI/'2) B) = IVeuI2 Ve_t10'2) D

(2.38)

Rewriting this gives T
(C\ — (et1'°/t tj/tj \ (A\ (A'
D) — r'/t e—"°/tj) k,B) =T 39)

where the reflection coefficient tj and the transmission coefficient r are given by,

ZiVsin(ka) Wt
tJ = 2iVsin(ka) — Wj'

r; = tj — 1 = ZtVsin(ka) —
(2.40)

Starting with some initial coefficients A and B at site j we can use this transfer matrix to calculate the

wave function at sites j + 1, j + 2 After applying this procedure N times (for a ring with N sites)

we are back at site j, the transfer matrix we have obtained by this procedure is called the total transfer

matrix and is defined by,

T_fll _(1/t i-it
— I) — l/t

j =0

where r and t are the total reflection and transfer coefficients. Of course boundary condition (2.15) must

hold. Thus we have
T () = ei2flI0 (a). (2.42)

For this condition to hold eth1'0 must be a eigenvalue of T. Thus the relation det(T — et2'0) = 0
holds. Writing out this relation gives

cos(2rr4/4o) = Re(1/t) f(E), (2.43)

where we have used the relation i-I2 + 1t12 = 1. The matching condition f(E) determines the allowed

values for k and thus also determines the eigenenergies. When we evaluate f(E) at energy level E we

find that the current I is just

— — of OE — e sin(274i4o) 2fl_CCOOfh Re(l/t)
This is our central result. We can now calculate the persistent current for a given potential distribution
by just by simply multiplying all the transfer matrices Tj and reading of the resulting transmission

coefficient t.

2.4.1 Localization

In a randomly disordered system, a phenomenon called localization may occur (for a review see Ref. [4]

or Ref. [51). The phenomenon was discovered by Anderson in 1957[6]. Loosely speaking a localized state
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is a state that is confined to a certain region in space. Consider for example an infinite rod containing
a random impurity potential along the rod. At time t = 0 we put a wave packet at location x = 0 on
the rod. As time goes by the wave packet diffuses. In the absence of a potential the wave packet would
at t = 00 have diffused to x = ±00. The presence of the random potential leads to back scattering of
the wave packet. At t = oo the wave packet will not have diffused to infinity but will be confined to a
certain region of space. The width of this region depends on the strength of the disorder. Of course the
wave packet will not be strictly confined to a region. Instead the wave function will decay exponentially
along the rod,

0 e°t" (2.45)

where E. is the localization length.

In the presence of a random disorder potential, 1- and 2-dimensional systems will always be localized.
If the strength of the potential is weak, the localization length can become extremely large and such a
system will effectively behave like a delocalized system. In three dimensions the strength of the disorder
will determine if a state is localized or not. If a state is localized then at temperature T = 0 the system
will be an insulator. If it is delocalized then the system will be a conductor.

In the following we will focus on our 1-dimensional rings. The fact that it is a ring makes the system
special in this context, because the localization length can be larger then the ring. We expect a negative
influence of the disorder on the size of the persistent current2 because of the localization effect. Indeed
the current is highly dependent on the localization length. When the localization length is larger than the
ring, he current will be hindered little by the disorder. This is what we call weak disorder in this context.
When the localization length becomes smaller then the size of the ring, the current will be reduced
dramatically. This limit is called st rong disorder.

For the half-filled case an estimate can be made for the localization length E. in two limits[3]

105aV2
2 (W(<2nV)

VV (2.46)

= log(W/2eV)'
(W>> 2rrV)

where a is the lattice constant. Normally in a persistent current experiment we are interested in the first
limit. It can be shown that the current in this limit for the half ifiled case is

I = toe_'-', (W 2itV) (2.47)

with Lo evf a.

2.5 Experimental results

Copper

There have been a number of experimental observations of persistent currents. the most famous exper-
iment is the one by Levy et al. [9] who were the first to observe a persistent current experimentally.
In the experiment io isolated copper rings were put in a slowly varying magnetic field. These rings
were actually squares with a circumference of 2.2 m. The size of the persistent current measured was
I =3 x 103evf/L per ring. But surprisingly the current was periodic in (I) with period D0/2 instead of
the expected cIo periodic

This period halving is actually an averaging effect which is most easily shown in case of spinless elec-
trons by considering the Fourier spectrum of the current[3]. The I'th Fourier coefficient is proportional
to cos(tkçL) with kf = Nelt/L. The Fourier coefficient as a function of N alternates sign for odd t but

2Although scattering effects can in some cases lead to an enhancement of the current.
3The situation is more complex when spin is induded, but the periodicy is the same[81.
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is positive for even L In the ensemble of copper rings, each ring can have a different (randomly dis-
tributed) number of electrons N. Although because the rings are isolated from each other N stays
constant in each ring. Because the odd Fourier coefficients alternate in sign as a function of N, only
the even Fourier components survive the averaging. This leads to an halving of both the period and the
amplitude.

Gold

The first experiment using gold rings was done by Chandrasekhar et al.[9]. They measured the magnetic
response in single gold loops. Thus in contrast to the experiment of Levy we do not have to deal with
averaging effects in this experiment, which means that we can compare these measurements straightfor-
wardly against the numerical calculations of section 4.4.3. Three different loops were used, two rings of
2.4 .un and 4,0 pm diameter and the third loop was an square with dimensions 1.4 p.m x 2.6 p.m. They
found an persistent current I of 0.3evf/L � I � 2.Oevf/L at temperature T = 10 mK.

A second experiment using 30 gold rings was done by Jariwala et al.[8]. The rings had length L =
8.0 ± 0.2 pin of thickness 60 ± 2nm and width 120 ± 2Onm. The persistent current measured is an
average over the 30 rings. Because of the small number of rings now both an (Do periodic and (I)o/2
periodic component is present. The (D periodic component of the current I = 4.57 x 103evf/L and
the cI)o/2 periodic component is 'h/c = —4.78 x 103ev1/L per ring. Because of the small number of
rings, the measured current is not a true ensemble average. It is therefore questionable if we can use
these results to test against in our numerical results.

GaAs-A1GaAs

A third kind of experiment is using a GaAs-AIGaAs semiconductor In such a system a layer of A1GaAs
(an alloy of AlAs and GaAs) is embedded between two layer of GaAs. Because AIGaAs has nearly the
same lattice structure as GaAs, but with a larger band gap, a thin essentially two dimensional conduction
layer occurs at the boundary between the layers. Mailly et al. [11] measured the current in a single
GaAs-A1GaAs loop, consisting of a 720 nm buffer layer, a 24 nm undoped AIGaAs spacer layer, a 48
nm Si doped A1GaAs layer and a 10 run GaAs cap layer. The ring is cooled with liquid helium. At this
low temperature the electron density at the heterointerface is Pet = 3.6 x 1 1 1 an, the Fermi velocity
Vf = 2.6 x iO rn/s and the elastic mean free path 1. = 11 un. The internal diameter of the ring is 2 pm
and the line thickness 0.7 .tm. The measured current I was found to be 0.4evf/L � I � 1 .2CVf/L which
is of the sante order as the value expected for a disorderless system, I = evf/L.

Rabaud et al.[13] did an experiment on an ensemble of 1 o connected rings consisting of a 1 .tin buffer
layer, a 15 run undoped AlGaAs spacer layer, a 48 nm Si doped AlGaAs layer and a 5 nm GaAs cap
layer. The ring is cooled to 4.2 K. At this low temperature the electron density at the heterointerface is
Pet = 5.2x1011 cm21theFermivelocityvf = 3.16x105m/sand theelasticmeanfreepathl. = 8p.m.The
rings are actually squares with an internal side length of 2 pm and the line thickness is 1.0 p.m. Because
we are taking an ensemble average the observed current I had a periodicy of cD/2 due to the averaging
effect we discussed previously in connection to Levy's experiment. The size of the current was found
to be I = (9.48 ± 1.9) x lO2evt/L. The experiment was repeated for the case where all rings were
disconnected. Surprisingly the current was found to be similar to that of the connected rings. Thus
according to this experiment the difference between an ensemble of connected rings and an ensemble of
disconnected rings is negligible.

2.6 Dephasing rate and persistent currents

From the above it should be clear that the present theory underestimates the persistent current by one
to two orders of magnitude. There is a second unsolved problem in mesoscopic physics that might be
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related to the problem of the persistent currents. The dephasing rate is theoretically expected to go to
zero when the temperature approaches T =0. Mohanty et a!. [15] however showed experimentally that
in reality the dephasing rate becomes constant at low temperatures. Kravtsov and Altshuler proposed
that that these two problems might be connected[14]. Unlike what is normally assumed they proposed
that a ring in a static magnetic field is not an equilibrium system. Non-equilibrium noise (of whose
origin no assumptions are made) can induce an ac electrical field. It is also known that an ac electric
field can induce a dc current[16]. The central result of Ref. [14] is that there is a relation between the
noise induced current I and the dephasing rate -rd, caused by that same noise

Fr = Ce, c
= { 1: (2.48)

where the constant C depends on the Dyson symmetry class. = 1 for the pure potential disorder
and = 4 when spin-orbit scattering is present. Kravtsov and Altshuler compared Equation (2.48) to
experiment in their paper [14], the results are listed in table 2.1. The agreement between equation (2.48)
and experiment is remarkably good, however it is clear that equation (2.48) is also unable to make an
accurate prediction of the persistent current.

Experiment
iO GaAs-A1GaAs rings [12]

Observed current
1.5OnA

Current according to eq. (2.48)
<1.2OnA

1 o copper rings [9] 0.30 nA <0.90 nA
30 gold rings [8] 0.06 nA 0.03 nA

Table 2.1: Comparison between equation (2.48) and experiment taken from fl4J.
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Chapter

Numerical methods

3.1 Introduction

3.1.1 Partial differential equations

To do a simulation of a quantum mechanical system basically means solving the Schradinger equation,
which is a second order partial differential equation. In general a linear second order partial differential
equation(PDE) is of the form,

82u a2u a2u ôu au
(3.1)ax2 axa 8ij2

We can classify a PDE according to the determinant of the matrix,

z= ( ), (3.2)

• If det(Z)>O then the PDE is effiptic, an example of an elliptic PDE is the Poison equation,

V2u(x,j) = f(x,). (3.3)

• If det(Z)<O then the PDE is hyperbolic, an example of a PDE of this type is the wave equation,

V2u(x,t) = a2u(x,t)
(34)at2

• If det(Z)=O then the POE is parabolic, two examples of parabolic PDE are the heat equation,

V2u(x,t) = au(x,t)
(35)at

and the Schrodinger equation,

_-V21I,(x, t) + V(x)*(x, t) = t)
(3.6)

3.1.2 Stability

A loose definition of stability would be that a numerical method is stable when a small change in the
input parameters yields a small change in the results of the method.
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The methods we are interested in are so called iteration methods. In such a method we start with a vector
which is given as an initial condition. Then we repeatedly apply a it x it matrix A characterizing

the method to the result vector . Thus at the n'th step of the method we have,

= (3.7)

To actually prove when such a method is stable, we need some results from matrix theory. We will now
give the theory needed to prove stability for iteration methods.

We will start with the norm of a matrix. In the case of the vector there exist an intuitive norm, namely
the length of that vector. For a matrix the concept of a norm is much less intuitive, we define the matrix
norm formally below.

Definition 1 A matrix norm on the set of all it x n matrices is a real valued function II. , satisfyingfor all it x it

matrices A and B and all real numbers cc.

hAll >0,
hA + Bhi � hAil + ilBhl,

• A=0ifandonlyifA=0,
• hlABhl � hlAhllIBli.

• ilkil = IccihlAhl,

In the following we will frequently use the notion of a natural matrix norm.

Deflnition2 If hl•hi isavector norm on R,XE R'1 andAisanxnmatrixthen,

hAil = max hlAhl, with llil = 1,

is the natural matrix norm associated with the vector norm.

An important quantity of a matrix A is that of the magnitude of its largest eigenvalue, which is called

the spectral radius.

Definition 3 The spectral radius p(A) of a matrix A is defined by, p(A) = max IXI, where A is an eigenvalue of

A.

A very useful result is that we can link the spectral radius of a matrix A to its norm.

Theorem 3 For any it x it matrix A and natural matrix norm . we have, p(A) � flAfi

Proof: For E R' with = 1 and A an eigenvalue of A,

DAli = ll)lhllhl = IIAIh = hl.hl � lIillllxll = hAll,

thus p(A) � iA II. 0

We can for all matrices A define a natural matrix norm .
in such a way that hAil comes arbitrarily

close to p(A).

Theorem 4 For each it x it matrix A and each arbitrary e > 0 there exists a natural norm . such that,

p(A) � hAil � p(A) + C

For the proof we refer the reader to Ref. [1].

A very important matrix property for numerical methods is that of convergence. We will later find that
convergent matrices necessarily represent a stable method.

Definition 4 A it x n matrix A is convergent when lim+ (A)t, = 0,for all matrix elements t, .
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Thus for a convergent matrix A, we have for any natural norm IA II <1. We can use this fact together
with the theorems defined up to this point to give a very useful condition for convergence.

Theorem 5 A ii. x n matrix A is convergent fand only if p(A) < 1

Proof: From theorem 3 we know,
IIA1II � p(A) = p(A)

From theorem 4 we know that we can find a natural matrix norm and scalar e such that,

hAil � p(A) + 1.

e

But, IlAhl <hAII <O', meaning that,

urn (IIAII"l =0,
It—4 00

which is just the definition of convergence. 0

Now finally we have developed all the mathematics necessary to prove when an iteration method is
convergent. Suppose that our iteration method starts with an error in the initial data As we
noted at the beginning of this section, the method can only be stable when this error does not grow after
each step. Meaning that for the matrix A characterizing the method we have the following condition for
stability,

A'e° �
Thus according to theorem 5 if A is convergent then it is necessarily stable. But what about the case
where A is unitary, thus when hAil = 1? We can easily prove that in this case p(A) = 1.

Theorem 6 If then x nmatrixAis unitary, then p(A) 1.

Proof: For an unitary matrix A, the equality A = A—' holds. But if A = 1 is an eigenvalue of A, then
is an eigenvalue of A-'. This can only be the case if hAt = IAi = 1. 0

Now to summarize our results, an iteration method is stable if and only if p(A) � 1.

3.2 The Cranck-Nicholson method

We will now derive the Cranck-Nicholson method, this is a method for parabolic PDE's (like the
Schrodinger equation). We wifi start by discretizing the parabolic PDE

au 2a2u
(3.8)

for this we use the difference methods

________

— u(Xj,tj)—U(Xt,t, —k) Ok2
a — k

a2u(,t,) u(x+h,t)—2u(x,t,)+u(x1—h,t)
a2 — 82

+ . (.)
Using the notation wi,, = U(XI, t)), we can rewrite the PDE as

Wt, —w,jl 2w1+1,j —2w1,j +wj.i,j —

k 62 —. (.)



1 +y —y/2 0 ... 0 1 —y y/2 0 ... 0

—y/2 . . . y/2 . . ...

A= .• ..• .• ,B= o . . . o

.. . —TI2 ... ... ... -y/2

0 ... 0 —TI2 1 +y 0 ... 0 TI2 1 —y

where again y = j. This method is called the Crank-Nicholson method which is of order O(k2 +
62)1. The Crank-Nicholson method is an unitary method [3] and is therefore unconditionally stable.

Unfortunately, to compute = A1 Bw", we need to invert the matrix A, making this method
inefficient for large matrices.

3.3 The Suzuki-Trotter method

An alternative approach is to discretize the solution of the SchrOdinger equation, in general we can write
the Schrodinger equation in the form,

= H4, (3.17)

333.3. THE SUZUKI-TROTrER METHOD

Given an initial state w(i, 0), we can write each w1,1 in terms of w_ 1 and thus solve the PDE using the
iteration Aw with

l+ZT —T 0 ... 0

—T

A= .. .. , (3.12)

—T
o ... 0 —T l+2y

where y = j. This method is called the backward-difference method and it is of order O(lc + 52). The

eigenvalues of A are

forj=1,2,...,N (3.13)

As we want to calculate w" from w', the method is stable if p(A1) � 1. As A � 1 this is the case
for any y. Because the method is stable for all parameters y, we call this method unconditionally stable.
Because this method only has linear convergence in time, it is desirable to improve this method so that
it is also quadratically convergent in time. This can be done by using the forward difference expression

wjH —wt,j 2h2wt+i,j—2wt,j +Wt_1,j
—o 314)

k 2in 52 —,

we could derive from this expression a forward-difference method in the same way we did for the
backward-difference method. But if we average the ftirward difference method at time step j with the

backward difference method at time step j + 1 then we get the expression

wt,j+1 2 [Wj,1 —2wj,j +wt_1,j Wi+1,J+1 —2wj +wt_i,j+il —o '315
k 52 + 52

leading to the iteration Aw11 = Bw with

(3.16)

'For more details we refer to an sufficiently advanced textbook on numerical methods, e.g. Ref. (2].
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where H is the Hamiltonian of the system. The solution to this equation is just,

4, e_tm4,o =
(—iHt/h), (3.18)

which is because H is hermitian an unitary transformation. To compute this exponent we could simply
compute a large number of terms from the series expansion. But aside from the obvious inefficiency of
this method it is also not unitary In many cases we can simplify this matrix exponential considerably
by splitting the Hamiltonian in two parts H = A + B in such a way that we can compute the matrix
exponent of A and B easily. Care should be taken that A and B are also hermitian, so that the matrix
exponents of A and B are again unitary. However in general eA+B eAeB. This can be easily shown by
using the power series expansions to second order

eA+B=1+(A+B)+!(A2+AB+BA+B2)+...,

1

2
1 1

(3.19)

eAeB =(1 +A+A2+...)(1 +B+.B2+...)=1 +(A+B)+(A2+2AB+B2)...,

only when A and B commute eA+B = eAeB is exact. The method we just described is called the first
order Suzuki-Trotter method. A second order method using this procedure is obtained easily to be

eA+B eA/2eBe2 (3.20)

whose correctness can easily be checked by considering the Taylor expansion. For higher order Suzuki-
Trotter methods the problem becomes more difficult. A fourth order method is given by [4]

= (3.21)

where,
C(A, B) = [A + 2B, [A, B]]/24. (3.22)

It can be proven that this indeed has an fourth order error bound. To compute the exponent of the double
commutator we simply decompose C(A, B) into a series, C(A, B) = Cj and invoke the first order
Suzuki-Trotter formula,

=[1ec1, (3.23)

which leaves the fourth order behaviour intaCt [4]. The choice of decomposition will depend on the
particular C(A, B). It is also not a priory clear if the fourth order method will be faster then the second
order method. Even though the fourth order method is of higher order, it also does more computations
per time step then the second order method. In practice though it turns out that for most applications
the fourth order method is significantly more efficient then the second order method.
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Chapter

Numerical results

As part of the master thesis a numerical simulation tool was developed to study persistent currents
in small rings. The tool was developed incrementally, starting out with a basic Hamiltonian and then
expanding it step by step until arriving at the full Hamiltonian. At each step the correctness of the
implementation was thoroughly tested. The numerical method we used is used is the Suzuki-Trotter
method described in section 3.3. In the following chapter this step-by-step development will be given in
detail. Following this we shall use the numerical tool to analyze the properties of various rings and we
will compare the results to theory and experiment.

4.1 Single electron ring without impurities

We start with the most simple Hamiltonian, namely the tight-binding Hamiltonian with one spinless
electron and no impurities,

H = —v (CCj+i e2/'0 + e2tc+1cj), (4.1)

we treated this system analytically in section 2.3.

4.1.1 The time step operator

To simulate the system described by Hamiltonian (4.1) we use the second order Suzuki-Trotter method
detailed in section(3.3). The reason for not choosing a fourth order method is that we are going to make
many small changes to the Hamiltonian and the fourth order method would complicate the develop-
ment considerably. Hamiltonian (4.1) can be split in two block diagonal matrices with identical 2 x 2
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matrices on the diagonal,

37
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••.
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\0
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... 0

••.

where t = Vel2n/N. Also implied here is that the first and the last element of the Hamiltonian work
on the same lattice site (because we have a ring). Now we are going to calculate ett which is the time
step operator. This operator takes our system from the state $(T) at time T to the state 4(T + r). The
second-order Suzuki-Trotter method gives the approximation etHT etBT'letetBth'2. We only need
to consider the exponent of 2 x 2 matrices H that are on the diagonal,

(4.3)

The exponent of this matrix is,

_________

(—l)1(V'r)21 / 0 e2u140'
=

2n!
—

(2n — 1)! e_2t14/N4)0 0 )n=1

with I the identity matrix. It is straightforward to implement this method in a computer program.

4.1.2 The current operator

To be able to calculate the current i in the ring for some eigenstate we need to derive a current operator
for Hamiltonian (4.1). The current operator is in general given by[l]

= =t(H,P],

where P denotes the polarization which is given by

P

(4.5)

(4.6)

where Rk is the position vector and n 4ck,O is the counting operator. The evaluation of the
commutator of equation (4.5) is straightforward but lengthy. To simplify notation we use the notation
t = We start by evaluating the first term of the commutator,

HP = — (c 0ct+1 .at+C+l ,aCt,ot)Rk4aCk,a Lc 0ct+i ,0t+c÷1 aCt,at')RiCaCt,or
I okt I a

•(C gCt+,at + cLi ct,0t)Rt+i ,aCj+1

'0 t

t 0 0

(4.2)

-( 0
H = e_2t4)/N4)0

e2h1/N0o
0

(—iV'r)1 / 0e_tV = n! e_2t4)'N4)0
n=0

e2t/No\0)
/ 0

= cos(VT)I — tsin(V'r) e_2t440
e2t4"14'°

0

(4.4)
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Similarly the second term of the commutator is

PH = — RkCc• aCk.o(C 0Ct+i,ot + C+iCt,at)—
t a kéi

ki+ 1

Rc 0Ct,a(Ct 0Ct+1 at + Ct+l aCt,at*) — R+cLi at+1,a(4aCt+1 ,0t + CL1

Note that the standard fermion commutation relations given by

fck,c,} = &(k—p)

{4,c,}=O (4.7)

{ck,cp} = 0.

imply that the first term of PH and HP cancel each other, writing out the commutator gives

[H, P] = — Rj(c act+i,at(ct 0cj,a — cj,ac ) + (cj,c — c,act.a)ct+i,act,at)—

V Rt+i(c÷1ctgt (C+10Ct+i, — Ct+i.cC+i a) + (Ci+1,aC+1a — c+iacj+i,a)cacj+i.at).

Applying again the commutation relations (4.7) and inserting the result in equation (4.5) gives the cur-
rent operator

= —iV Rj(—4 ci+i .t + cLi ,oCt,at) — i.V R+i (—ct+i ,aCt,at + CCt+i at)

= —tV — Rt)(cact+i .t — c÷1 ,0c,0t).

In our case we take (Rj1 — R) — 1 and thus the final result is

= —tV L(c ct÷lc,et21T4)TJ — 0c,0). (4.8)

4.1.3 Numerical calculations

The last ingredient for our program is a tool for computing the eigenstates of a system with N sites and
flux 4). For this we will use the LAPACK[2] numerical library. We will also use it to check the results of
the time step operator by doing an exact diagonalization of the Hamiltonian.

Now everything is in place to do some calculations. We start with the case N = 3 and use this as a
starting point to show the correctness of the program. We can calculate the eigenvalues and eigenvectors
for N = 3 easily by hand, this we can then use as a check for the results from LAPACK. The eigenvalues
were calculated analytically in section 2.3, where according to equation (2.25),

= —2Vcos( (ii. + 4)14)0)). (4.9)

We now start with the case 4) = 0. Then the eigenvalues calculated by diagonalizing Hamiltonian (4.1)
by hand are {—2, 1,1) and the corresponding eigenvectors are

(D (°)'
(1). (4.10)
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When we take 4) to be non-zero and repeat the manual calculation of the eigenvalues and eigenvectors,
we find the eigenvalues to be

{—2cos(2ir4)/N4)o), —2cos((4)/4)o + 1)), —2cos(j(4)/4)o — 1))),

and the corresponding eigenvectors now are

(4.11)

(4.12)

Notice that when we take 4) —, 0 the eigenvalues for the case with finite 4) will be identical to those of

4) = 0 but the eigenstates are totally different. As we shall see below at 4) = 0 a discontinuous jump
in the current for some of the eigenstates. In Figs.4.1(a)-(d) we plot the current for all eigenstates as a
function of 4)/4)o, the continuous line is from the analytical expression equation (2.25) we derived in.

section 2.3,

and the triangles are numerical results calculated with the program. These results from the numerical
tool are indeed consistent with the theoretical values, tests for larger systems show the same consistency

with theory

(4.13)

(a) (b)

(c) (d)

Figure 4.1: The currents in the various (eigen) states with in (a) the first eigenstate, (b) the second eigen-
state, (c) the third eigenstate and (d) the ground state.
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4.2 Many-electron systems

We will now extend our program to the many-electron case. The many-electron version of Hamiltonian
(4.1) for N electrons when neglecting electron-electron interactions is just

N N

H = _VL (cjoCe,t+i,a + C÷10Ce,t,g). (4.14)

An Neclectron wave function can be written as a product of Ne single electron wave functions. To do
this there are two important facts which have to be taken in to account when constructing the wave
function:

• Electrons are indistinguishable particles, thus one can't track which particle is in a certain state but
only say that a particle is in that state.

• Electrons are fermions, thus no two electrons can be in the same state.

Take for instance the case of two electrons in a two level system with energy levels c and Lb. Using the
considerations detailed above we construct a wave function for this case as

4'(1,2) = (4.15)

with i (x) and lb (x) the single particle wave functions belonging to states a respectively 6b. note that
the wave function disappears when both particles are in the same state.

In general an N s-particle Fermionic wave function is given by an alternating sum of the permutations
of the states

W(1,2,...,fl)=L(1)"P14)a(1h)b(2)l1)n(fl) (4.16)

= 4'a(1)*b(2) .. *a(2)11b(l) . . + (4.17)

where P stands for the permutation operator and (—1 )" is —1 for odd permutations and +1 for even
permutations. Another way to write wave function(4.17) is via a Slater determinant defined by

*(1) '4(2) ... 11)a(TL)

1 lI)b(1) 1b(2) ... '1b(n)
(4.18)

vni : :i(1) (2) ...

or alternatively in a more compact notation,

(4.19)

where A is the anti-symmetrize operation.

Let 'Y(1,2,... ,n) = det{1Qlj...} and D(1,2,... ,n) = det{DQ(I)b...(I)fl}be the N particle wave
functions. The overlap of these two wave functions is given by [4,5]

(DIW) = D det{O), (4.20)

where D is a normalization constant and 0 is the overlap matrix defined by

= (I) (4.21)
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The matrix elements of a one body operator T = t, with t an operator that only acts on particle
c, is given by

((1)111Y) = (A(Da(Db nItAab 1) = J'n). (4.22)

Thus the effect of the operator t is to replace the cc'th row of (4.20) with

= (tDI4') = (It*). (4.23)

Equation (4.22) can be evaluated by means of a cofactor expansion, let A = aj1 be a n x n matrix then,

det{A} = a;c, (4.24)
ti

where c is the so called cofactor matrix determined by,

c a1 det{A}. (4.25)

Using this result in equation (4.22) gives the final result

(D11W) = ((It$)c = (1W) L((DoJtalh)Ox (4.26)
cx3

Now to return to our system. We have a N particle system in the ground state with 'Y(1 .2,... ,N) =
Alj'a*b . . . i, where iI are the orthogonal single particle wave functions. Because the Hamiltonian
(4.14) only has single electron terms, the time step operator in this case is just a product of N single
particle time step operators (identical to one derived for the one-electron case). Each time step operator
works on a different single particle wave function .

To evaluate the current we note that the current is a single particle operator and thus the expectation
value of the current can be evaluated from equation (4.26). Note that the 4's are orthogonal and thus the
overlap matrix in this case is just the unity matrix,

(WIPY) = (IJ*). (4.27)

These results allow us to extend our simulation to the many-electron case with little effort. We can almost
treat it as Ne single particle systems.

4.3 many-electron ring with disorder

The Hamiltonian in the case with disorder reads

N N

H = —v [. (cjce,i+i ,a + gCe,t,g) + WTti] , (4.28)

where w, is the disorder potential at each site. The current operator remains unchanged by the addition
of the impurity term because the impurity term only has diagonal components and therefore commutes
with the counting operator.

The most obvious way to construct the time step operator is to split the Hamiltonian in two parts A and
B, where A is the Hamiltonian without impurities and B is the impurity term, allowing us to recycle the
result from our previous analysis. This is however not the most efficient splitting[3], but as our splitting
is easier to adapt to further additions to the Hamiltonian we will opt for this less efficient splitting.
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In Figs. 4.2(a)-(d) we present results for different lattice sizes. We plot the error of the time-evolution
operator against time for two time steps r = 0.1 and r = 0.05 and take 4/4)o = 0.25. The impurities are
generated with a random number generator, the strength of the perturbations is between — � W <
The initial wave function is also chosen to be random.

Figure 4.2: Time evolution of the error in the wave function for (a) N = 3, (b) N = 4, (c) N = 99 and (d)
N = 100.

Notice that the error reduces with a factor four when we take ¶ to be a factor two smaller, which is
consistent with what we expect from a second order Suzuki-Trotter algorithm.

4.3.1 The effect of disorder

The presence of a random disordering potential induces the phenomenon of localization of which the
basic features were discussed in section 2.4.1. The basic features are also present in our simulation.
For instance when there is a random potential present in the ring, the eigenstates will be localized. In
the Figs. 4.3(a) and (b) the density distribution of two eigenstates is plotted for a number of disordering
strengths. The eigenstates are labeled according to their energy in increasing order (eigenstate 1 is lowest
in energy and eigenstate 200 is highest). The disorder strength W determines the maximum/minimum
of the potential according to —W/2 � W � W/2.

I

(a) (b)

(c) (d)
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Figure 4.3: Electron density for N = 100 and 4)/4)o = 0.2 for (a) eigenstate 50 and (b) eigenstate 100.

For W = 0 the state is not localized and for small W the localization length is larger then the ring. This
feature is present in the figures above as these states are (nearly) uniformly distributed over the ring.
In the case of large W the localization length becomes smaller than the ring and these states are clearly
localized in some region, as shown in Figs. 4.3(a) and (b).

Another basic feature is the behaviour of the second moment < x2(t) > — <x(t) >2 of t). For a

localized state the second moment converges to[6]

lim <x2(t)>_<x(t)>2=2E.2, W>>V (4.29)
t—,00

where E, is the localization length. For any finite W all states are localized, but in the limit of small W
the localization length will be so large that in effect electrons will behave like free particles. The second

moment in this case is [6]

<x2(t)>_<x(t)>2=t2, W=0, (4.30)

where t is the time. Of course these two limits of the second moment are only valid if boundary effects

can be neglected. In the case of our ring that means that in the localized regime the localization length

must be smaller then the ring.

In Figs. 4.4(a) and (b) the phenomenon of localization by plotting the time evolution of the second
moment for various W in a ring of N = 1000 sites. As initial wave function we put one electron in the

middle of the ring. The magnetic field will be switched off, thus 4) =0. Clearly these plots are consistent

with their expected asymptotic behaviour. In paragraph 2.4.1 we discussed the effect of disorder on the
current. An estimate of the average current in the weak disorder limit (W << 2nV) for a haif-ifiled ring

with 4)/4)o = 0.25 was also made. We found that

I = IoeL1' (4.31)

with E = 1O5a, a the lattice spacing and W the maximum amplitude of the random impurity po-
tential. In Figs. 4.5(a) and (b) we plot the numerically calculated currents together with the estimate.
The average current was calculated for a ring with V = 1 by averaging the current over a 100 different
random impurity distributions. The estimate agrees very well with the numerical results for small W
but as W increases the estimate looses its accuracy.



1
9000

8000

7000

6000

j60004000
00
20001

1.1

0.9

0.8

0.7

.:l 0.6

0.5

0.4

0.3

0.2

0.1

Figure 4.5: The average current in the weak disorder limit with 4/4)o = 0.25 and for lattice sizes (a)
N =20 and (h) N = 50.

4.4 Making contact with experiment

Until now the results from our simulation tool could not be directly translated into experimental quan-
tities. We defined all constants in a convenient way (like setting V = 1). For the tight-binding model this
is adequate to discover the main features of the system. But to do quantitative predictions that can be
verified by experiment we need to map the Hamiltonian describing the continuum case onto the tight-
binding Hamiltonian. This will allow us to redefine all the constants in such a way that the that we can
simulate the continuum problem using our implementation of the tight-binding model. The continuum
Hamiltonian is given by

H = — eX/c)2 +- . + V(x), (4.32)

where P = —ih is the momentum operator, A the vector potential, the magnetic field which is
related to A by g = x A and the spinors which are related to the Pauli spin matrices a by = d/2.
The second term in equation (4.32) is called the Zeeman term.
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Using 4) = itR2B and L = 2nR for a ring of radius R we find

B=54). (4.33)

These relations allow us to rewrite equation (4.32) as

H = _!_[(P + (eA/c)]2
+ 2ehrr4)

+ V(x). (4.34)
2i,. ntcL

To make contact between equation (4.34) and the tight-binding model, we need to rewrite equation (4.34)
in terms of dimensionless quantities. A convenient choice of units is to use the Fermi level as a basis for
our new units. We use the following units

Energy: E —, [Ed, Momentum: k — [kF], Length: x — [Ad, Flux: 4) —' [4)o). (4.35)

From section 2.2 we know that the effect of the vector potential is to add a phase factor et to the wave
function i. We can thus temporarily remove it from our equation and add the phase factor later at the
end. We now write equation (4.34) in the new units'

h2 1 a2 eh 4)o 2n4)'a
H = - + — • L'2 + Ef V

tf a2 4n2h21 ,i+ L,24)cTZ+Ef" (4.36)

Eí ô2 2Ef
= — T + 4) ci + Ef V

= Ef
Equation (4.36) has formal solution

4i(x,t) = etHtm$(x,O) = etfth'?141(x,O). (4.37)

This allows us to one more change of variables we redefine t as an dimensionless quantity t — Eft/h.
Now we are going to discretize equation (4.36). We use the central difference formula

cic+i —2cc +CCt_i), (4.38)

where & is the distance between two coordinates Xj and Xj+i. Inserting this in equation (4.36) gives

11 24
=

— 4j21t&)2 (cct+i — 2cc + cct_i) — -Eycjalct — W1cci

(439)

= — (CCj+i + CCt....j) — — (Wi +
2n2&2

)cct)

As a final step we are going to add the phase factor et which we omitted when we removed the vector
potential from the Hamiltonian. In section 2.2 we calculated the total phase shift i between electrons
traveling clockwise and anti-clockwise around the ring which was given by equation (2.12):

= 27t-, (4.40)

this translates into a phase shift per "hop" of e±2$0N, where the sign is determined by the direc-
tion of the electron movement. We are now ready to write the final result which is just a tight-binding
Hamiltonian

= — (cc+1 e2' + e_2/Ncct_i) — ctic — (W +
2n252

)CCt). (4.41)

11n the following will put an accent on a variable to indicate that it is in the new units.
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To do an accurate simulation we need to have a reasonable number of sampling points per Fermi wave-
length, typically we take 10 lattice points per Fermi wavelength. Note that in this situationwe also have
lattice points between the atoms but that in our model, all impurities are localized at sites that contain
an atom.

To be able to interpret the results of the current operator, which we calculated previously (the result is
in equation (4.8)), we need to repeat the derivation using our new units. The current operator is defined
to be

=—[H,P)=—[H,Rjitj), (4.42)

with P the polarization and R1 the position vector. We rewrite this in terms of our new variables,

jeEr H= ——[H, L R1n1] = —————[— 2.... R1rtj] (4.43)
1 ft

where we have used that n.1 is a density with unit 1/length so that the units of R1 and it1 cancel each
other. The current operator reads

= — e12 'c10ct,g) = (4.44)

where i is the dimensionless current operator. In the derivation we used (Ri÷i — R1) = 5.

4.4.1 Effects of the Zeeman term

Before we compare the output of our numerical simulations with experiment we first have to investigate
what the effect of the Zeeman term is on the persistent current. Because the term scales with L2 we expect
the effects to be noticeable only when either the rings are very small or when the magnetic field is very
large. The Zeeman term adds a potential energy term which is dfferent for spin up as for spin down.
When we consider an Ne electron ground state, the Ne states that are lowest in energy are filled. When
the Zeeman term is not present all states are doubly degenerate in energy (one state with spin up and
the other with spin down). The effect of the Zeeman term is that there will be a preference for one spin
direction, thus the sequence in which states are filled up in the ground state may will be altered if the
effect is large enough.This will have dramatic effect on the persistent current, which will loose it's 4
periodicy In its extreme limit the sequence of states for a system of N sites will be altered such that the
states with the preferred spin direction will occupy the first N states which are lowest in energy.

In Figs. 4.6(a)-(c) we present plots of the persistent current for various gold lattices. We used W = 0 and
Ne N. The effect is (as expected) the most profound in the case N =3. Clearly visible is also that when
4 becomes large enough that the system will be split completely between negative energy states with
spin down and with positive energy states having spin up. When this splitting is complete, then in the
half-filled case the current will vanishes2. When we add disorder the behaviour is similar.

In our examples the effect of the Zeeman term is very large. However, the magnetic fields involved
in these examples are also extremely large. For instance the field strength necessary to create a flux of

= 1 in a gold ring with N = 100 is B = 4it/L2 = 79.3 T. In experiment field strengths of the order
of mT are used. Therefore we will omit the Zeeman term in the rest of our simulations.

2For N = lOOth snotvsib1einthepIots,butwasfoundtobeat4)/, 245
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(c)

Figure 4.6: Demonstration of the Zeeman effect, the current in the half-filled case with W = 0 as a
function of4) for (a) N = 3, (b)N = 20 and (c)N = 100.

4.4.2 Choice of the potential

In our first tight-binding approach all lattice points contain an atom and at each lattice site we assign a
(random) potential. In effect the shape of this potential is rectangular, centered around the lattice sites,
as shown in figure 4.7. In this section we mapped the continuous Hamiltonian onto our tight-binding
Hamiltonian. In this situation we also have lattice points between the atoms. We now need to choose a
potential shape. There are numerous choices we could make, for instance we could localize it at lattice
sites containing an atom. This would in effect again be an "delta function" potential. However a "delta
function" or rectangular potential does not seem a realistic model. Although the precise shape of the
actual potential is unknown, a better choice seems to be an potential that is centered around the lattice
sites containing an atom and decreases from there to a minimum in the middle of two atoms. The most
simple potential of this kind is an triangular potential, with its extremum at the site containing an atom
and is zero at the point halfway between two atoms like shown in figure 4.8. Even more realistic be a
Gaussian shaped potential. We wffl use the the following potential as our Gaussian potential,

V(x) = Wje_25)2, (4.45)

where x1 is the location of the 'th atom. This potential has the feature that it is significant near the atom
and nearly zero between atoms, as illustrated in Fig. 4.9 for W = 1.

We now demonstrate the effect of these potentials. In Figs. (a)-(d) we have plotted the average (dimen-
sionless) persistent current at 4/4o = 0.25 as a function of W. In order to make a fair comparison we

—4

qw0

(a) (b)

6 12
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need to define the disorder strength W in such a way that the total "strength" of the disorder potential
is the same for all potential shapes. Thus f V(x)dx is the same for all potentials. We define for the rest of
this subparagraph3,

W=Max(Wt),
rXt+a/2

W = I dx[V(x)]
Jxj—o/2

(4.46)

where x is the location of the i'th atom. Thus W now defines the maximum amount of work the random
potential can do on an electron. In the following the averaging was done over 50 different random
disordering configurations.

I — — — — I

'T I I —
——

'I

Figure 4.7: Rectangular potential shape used im-
plicitly in the initial tight-binding approach.
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Figure 4.8: A triangular shaped potential.

Figure 4.9: The Gaussian function we use for our Gaussian
shaped potential for W = 1, as defined in the text.

Gold has a lattice constant a O.5Af. Thus in our calculations the localized potential with & = 0.5
corresponds to the tight-binding model. The results from the tight-binding approach differ greatly from
the continuum values. This means that using our approach we will be able to do much more accurate
calculations then was previously done. The persistent current for all three potentials converges for 5 —

0, though the current is different in each potential as can be seen in figure 4.10(d). We found that the
Gaussian potential is sampled accurately at 5 = 0.1. As this potential seems the most realistic we will
use the Gaussian potential in our simulations.

3We will use this definition of Wonly in this subparagraph.
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Figure 4.10: Average current as a function of W with N = 10 and Ne = 10 for the following potentials:
(a) The "localized potential" where the potential is only defined at sites containing an atom. (b) The
trian gular potential as shown in figure 4.8. (c) The Gaussian shaped potential defined by equation (4.45).

(d) The three potentials together in one figure for 6 = 0.05.

4.4.3 Numerical results

In section 2.5 we discussed the various persistent-current experiments. We will now try to reproduce
these results with our numerical tool. Unfortunately the rings used in the experiments had of the or-
der of 1 4 lattice sites. This is something which we can't simulate on an ordinary PC because we then
would have to diagonalize an 1 o x 1 4 Hamiltonian. The rings we wifi be considering are much smaller,
nonetheless they should agree to considerable extent to experiment if all the important processes gov-
erning persistent currents are present in our system. In table 4.4.3 we list the basic properties of the
materials used in these experiments, this serves as an input for our numerical work.

Metal Valency Pet [cm3] kf [cm] Af [cm] Vf [cms'] Ef leVi Lattice spacing [A]
Cu 1 8.45 x 1022 1.36 x 108 4.62 x 10 1.57 x 108 7.00 2.56

Au 1 5.90 x 1022 1.20 x 108 5.23 x 10_8 1.39 x 108 5.51 2.88

Table 4.1: Basic properties of materials used in persistent current experiments, taken from Ref. (71

When we express the lattice spacing for gold and copper in terms of their Fermi wavelength we find
that their lattice spacings are very similar. The lattice spacing of gold is 0.508023 [Ad and that of cop-
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per is 0.554114 [Ad. In fact they are so close together that we cannot distinguish between them in our
simulation. We will therefore use the same simulation for both gold and copper.

We will start with a ring of N = 20 sites and mesh size 6 = 0.1. In Figs. 4.11(a) and (a) we have plotted the
current as a function of 4) for various disorder strengths. Because the amplitude of the current depends
greatly on the configuration of the disorder we take an average over 50 configurations.

(b)

Figure 4.11: Average current for gold as a function of 4), with N =20 and 6 = 0.1.

In tables 4.2 and 4.3 we present the amplitude of these currents. We have also indicated for which value
of 4)/4)o the maximum occurs. The results for copper are calculated from the results we obtained for
gold. The difference between both current amplitudes is just the ratio between their Fermi energies.

We are now going to compare these results to experiment. For gold the expected current amplitude [8]
is 0.3evf/L � I < 2.Orvf/L, giving, 2.31 pA I � 15.38 pA is indeed consistent with our numerical
results. With consistent we mean that the value of the current can be reproduced with a realistic value
of W. For copper the expected current is [9]4 I = 6 x lO3evf/L = 0.29 pA. This is also consistent with
our numerical results.

W [Ef] I [pAl [4)0]
0.0 21.00 0.00
0.5 10.64 0.12
1.0 6.07 0.16
2.0 1.01 0.23
3.0 0.25 0.23
4.0 0.094 0.18
5.0 0.057 0.18

Table 4.2: Current amplitudes for gold,
withN =2Oand6=0.l

W [Ef] I [pA] 4m,c [4)0)
0.0 26.68 0.00
0.5 13.51 0.12
1.0 7.71 0.16
2.0 1.28 0.23
3.0 0.32 0.23
4.0 0.12 0.18
5.0 0.072 0.18

Table 4.3: Current amplitudes for copper,
withN =2Oandô=0.1

We will now repeat the previous calculations for N = 100. In this case we now cannot do an ensemble
average over the entire range 0 � 4)I4)o � 1 because of the large amount of time needed for such a
calculation (more than 24 hours for 50 averages over the entire range). Instead we do one calculation
over a single disordering configuration and then calculate an average current at the maximum over 50
configurations.

In tables 4.4 and 4.5 we present the current amplitude for the various disordering strengths as well as

4The ensemble averaging has halved both the current and the amplitude of the current amplitude in this experiment. Thus to
compare with our numerical values we need to add an factor two to their results.

(a)

I$o
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the value of for which the maxima occur.

51

W [Ef] I [pA] 4)max [4)o]

0.0 4.20 0.00

0.5 1.05 0.14
1.0 0.10 0.20
2.0 3.98 x 1O 0.25

W [Ed I [pA] 4)max [4)o]

0.0 5.34 0.00

0.5 1.33 0.14
1.0 0.13 0.20
2.0 5.06 x i0 0.25

The experimental value of the current amplitude for gold is [81 0.3 iA � I � 3.06 pA and that of copper
is [9] I = 6 x 103evf/L = 0.058 .iA. We could argue that the numerical values are consistent with
these experimental values in the sense that they agree for a realistic value of W. The current in the free
electron case (W = 0) is expected to have an 1/L dependence in the current. Comparing the results for
N = 20 and N = 100 we indeed see an factor 5. The currents for the cases with disordering however
decrease much more rapidly. The experimental results on the other hand scale with 1 IL. This means that
our model is unable to reproduce these experimental observations. Of course this is hardly surprising
considering the simplicity of the model. Qualitatively there is good agreement.

2.5-006

2e-006

1.5.006

1.006

0

.57
1.006

.1.5.006

-2.006

Table 4.4: Current amplitudes for gold,
withN =lOOandó=0.1

Table 4.5: Current amplitudes for copper,
withN =lOOand5=O.1
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Figure 4.12: Average current for gold as a function of 4, with N = 100 and 6 = 0.1.
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Chapter

The quantum toy

5.1 Introduction

S3

S2
Si

Figure 5.1: The quantum toy, a metallic ring with three embedded ferromagnets. The direction of the
magnetization is given by .

Recently Tatara and Kohno [1] showed that a metallic ring containing three or more ferromagnets can
carry an persistent current which is induced by the direction of the ferromagnets. In figure 5.1, such a
ring with three ferromagnets is shown. In another paper Tatara and Garcia [2] proposed that this novel
system (dubbed "the quantum toy") can perhaps be useful in the context of quantum computation.

An electron traversing a ring containing a number of ferromagnets will be scattered at each site contain-
ing a ferromagnet. At each scattering the wave function of the electron will be multiplied by a phase
factor

= ctettd, (5.1)

with c and complex constants, t a unit vector along the magnetization direction and d the Pauli spin
matrices. The scattering will induce a different phase shift for electrons moving clockwise than those
moving counter-clockwise. The reason for this is that the Pauli spin matrices do not commute. Thus, for
a ring containing two ferromagnets we have a phase difference

= A(ri )A(f2) — A(i2)A(ii) 0. (5.2)

Charge transport however arises from the trace of the phase shift[1]. Since

Tr(A(fi)A(fi2)) —Tr(A(fi2)A(i1)) =0, (5.3)

as can be easily deduced from the Pauli matrix commutator,

[a1,a;] =2t€jjkak, (5.4)

53
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with (jk the Levi-Cevita tensor. We will need at a minimum three ferro magnets. Using the fact that

elt = cos() + tffj sin() (5.5)

we find the current Ito be proportional to

I cx Tr(A(fii )A(fi2)A(i3)) — Tr(A(i3)A(f2)A(i)) = 4a3 sin3()f1 (t2 x 113). (5.6)

Thus when there are three ferromagnets embedded in the ring a current can be induced and the amount
of current depends on the direction of the ferromagnets. For more then three spins the problem will
rapidly become more complicated. As all the basic features are present in the case of three magnets we
will focus on that.

The product f . (12 x 113) can only be non zero when none of ferromagnets are parallel to each other.
It is this fact that gives the quantum toy its interesting features. Suppose we fix one of the ferromagnets
in a certain direction and define that direction to be the direction. We put the other two spins in the
x-y plane. The product in (5.6) can only be non zero if one spin is in the 2 direction and the other in
direction. We now assign a value to both directions, we assign the value 0 to the 2 direction and assign 1
to the direction. We can now study when a current I is induced in this scheme by creating a truth table
for C = ( x f3)asshowninTable5.1

S2 S3 C00 001 1

1 0 -1
1 1 0

Table 5.1: Truth table ofC = • (S2 x S3), with0 =2 andl =.

From Table 5.1 we conclude that the quantum toy operates like a CNOT(XOR) gate. As we saw in the
first chapter the CNOT gate is a fundamental port for quantum computation. At first sight this looks
very promising. Unfortunately it turns out that the gate is not suitable for quantum computation. To
use the gate in a quantum circuit we need to transfer the output of a first gate a (the output being the
existence of a current) onto a second ring . We could of course inject the current onto a second ring but
this is not sufficient. To couple both CNOT gates, we have to couple existence of a current on the first
ring a to the direction of one of the ferromagnet on ring . This however is not something that can be
done in a way that is useful for quantum computation.

Another way to view the quantum toy is to view the ring itself as a qubit. We call the state where the
ring carries a current 1 and the state without a current 0. It is is unclear however how such a qubit could
be used in a way relevant for quantum computation.

A more useful application is perhaps to use the quantum toy as a high precision magnetic field mea-
surement device. By aligning one spin along the field to be measured we could by manipulating the
direction of the other two spins1 observe the direction of the magnetic field by observing the induced
current. This of course can only be done if the response of the current to the variation of the ferromagnets
is large enough to obtain a sufficient sensitivity.

The perturbation theory of Tatara and Kohno[1J yields the induced current density in a ring with three
ferromagnets (for temperature T = 0):

=_! (__)3cos(kFL).(nxr) (5.7)

where v = hkr/m is the Fermi velocity, J rWL/L with L the length of the ring, W the width of the
ferromagnets and the coupling strength between the ferromagnets and electrons traversing the ring.

'Typically we would fix one spin and vary the other.
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In the following chapter we will simulate a quantum toy system using the simulation tool developed
in the previous section, we will test the validity of equation (5.7) and explore the possibility to use the
quantum toy as an measurement device.

5.2 Numerical simulations

Tight binding model calculations

For simplicity we will start with a tight-binding approach, which is sufficient to obtain the qualita-
tive features of the system. Later when we are going to do more quantitative calculations we shall
parametrize the Hamiltonian to make contact with the continuum model, similarly to what we did
in section 4.4. The tight-binding model for a system with embedded ferromagnets is

H —to .Ct+1,a + C1 0C,o) + C . + Wnj, (5.8)

i a t i t

where C c is a coupllng constant, t the counting operator, et = (Ct.1) and , is the magnetization

direction of the j'th ferromagnet. For the Suzuki-Trotter decomposition we choose to split the Hamilto-
nian in two parts

A = —t0 (C,0Ct+i , + c+i,act,a), B = c e& . + Wnj. (5.9)

I a I j I

The current operator associated with this Hamiltonian is the same as in the previous case, which we
will now prove. The current operator is defined by j = i[H, P1. Of course to see how the current oper-
ator changes we only need calculate the commutator for the terms concerning the ferromagnets, thus
we only need to calculate, t)e1,e]. To simplify notation we substitute A d. fi. Because
creation/annihilation working on different lattice sites always commute we can drop the particle index,

we can now evaluate the commutation relation

F+ A 1 — A h+*L'—a'aa''a','-s .SJ — "aa'L g'-a"— S — $ S'a a'

This can only be non zero when s = a or s = a', thus the commutator becomes

Aaa'[CCa'Cra — eeee0' + tecr'e,ea' — e,ea'eea'). (5.11)

Applying the fermionic commutation relations to this result gives

eea' )Ca — (1 — eea)ea' + (1 — e,ea')ea' — — eTea')ea'], (5.12)

which simplifies to
Aaa'[5aa'Cta — + ee0' — 6aa'e,ea'] = 0, (5.13)

thus the current operator remains unchanged.

Now we start by testing the time step operator for a ring of N sites. We insert 3 spins which are dis-
tributed equally over the ring. We put the first spin in the 2 direction, the second in the Q direction and
the third in the direction2. We can verify the results of the time step operator by comparing them to
results obtained by diagonalizing the Hamiltoman directly with LAPACK. In Figs. 5.2(a)-(d)we plot the
error on the wave function for various values of N and 'r. We use 4 = 0.25, W = 1 and C = 1.

2From now on we will use the notation (2, , 2) for such an arrangement.
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Figure 5.2: Error in time step operator for (a)N = 3, (b)N =4,(c)N = 99 and(d)N = 100

There is a factor 4 between the error for 'r = 0.1 and T = 0.05. This is consistent with the expected
quadratic convergence of the second order Suzuki-Trotter method. Thus we can be confident that our
simulation code is working properly. We will now show that the expected relation between the direction
of the ferromagnets and the current, I cx x i), is indeed observed in our simulation. In figures
5.3(a)-(d) we plot the current as a function of the electron density for a number of spin configurations,
we use C = 0.05 in all cases. For the configuration of magnetization direction of Figs. 5.3(c) and (d) we
expect that the current is zero and indeed, the numerical data confirms this. In cases carrying a current
we observe that the size of current fluctuates wildly with the electron density The current even becomes
zero for configurations that according to theory[l] should carry a current. For example when N is even
then the current is zero at Ne = N/2. This effect will disappear when we go to the continuum case.
The conclusion therefore is that we can use the tight-binding model for one electron to simulate the
qualitative features of a quantum toy, but for the many-electron case we need to go to the continuum
model.

We now need to investigate the dependence of the current on the coupling constant C. The ferromagnets
have a sort of double effect. On the one hand they can in the right configurations induce a persistent
current. But on the other hand electrons also scatter from the ferromagnets which actually reduces the
current. In Fig. 5.4 we plot the current as a function of C with W = 0 and the ferromagnet configuration
(2,g,).
The interplay between both effects is clearly visible. According to theory[1] the current should scale with
C3 for small3 C (see (5.7)). However when we magnify the response for small C we find that the current

3Equation (5.7) was derived using perturbation theory, so we can only expect it to hold for small C
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is proportional to C2 for small C. As we are not in the continuum limit we cannot necessarily expect that
(5.7) will hold, therefore statements about the correctness of (5.7) have to be postponed until the next
subsection.

(c)
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N1
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Figure 5.3: The current as a function

0.00

of Ne for spin configurations (a) (, , ), (b)
and (d)

(c)

Figure 5.4: Current as a function C for Ne = 1 and spin configuration (Q,g,).

To conclude our numerical study of the single electron case we show the N dependence of the current.
In Fig. 5.5 we plot the N dependence for Ne = 1, C = 0.05, W = 0 and ferromagnet configuration

(, , ). The current scales with '/, not at all what we would be expect from (5.7), which predicts that
the current scales as 1/N4. But as we already noted, we do not necessarily expect (5.7) to hold in this
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system. The current as a function of N is well behaved in the sense that for larger rings one extra lattice
site yields only a small change of the current.

0.00012

2e-005

0
10 20 30 40 50 60 70 80 90 100

N

Figure 5.5: Current as a function N for Ne = 1, we use spin configuration (2, Q, ) and C = 0.05.

As a concluding remark we would like to note that it is possible to build such a single electron system.
We could for instance make a conducting ring of a small number of molecules [3]. For this system we
would have controfl over the number of free electrons and thus be able to enforce Ne = 1. In this
molecular ring quantum toy it will also be more valid to use the tight-binding method than in a metal.
In the tight-binding picture electrons "hop" from one atom to the other, but in a real metal the electron
shells of neighbouring atoms overlap. This is one of the main reasons why we will map our system
onto the continuum model in the next subsection. In a molecular ring however the notion of an electron
"hopping" from one molecule to the other is much more realistic.

Continuum model calculations

Similar to our discussion for the spatial distribution of the on-site potential in section 4.4.2, we have
to model the strength of the ferromagnets in space. Because of the highly localized nature of magnetic
impurities we will use a delta function potential (i.e. the ferromagnets are localized at sites containing
an atom). In Figs. 5.6(a)-(d) we plot the current as a function of the electron density for a number spin
configurations. We use C = 0.05 in all cases. The current has been calculated using the parameters for
gold, allowing us to scale the y-axis in viA. 5.7(a) and (b) we plot the current as a function of C for W = 0
and the ferromagnet configuration (2, , ) for gold rings. Observe that the qualitative features of the
dependence of the current on the ferromagnets direction are present, but that the Ne dependence iS
quite erratic. This kind of behaviour is clearly in violation to what is predicted by equation (5.7).

We now investigate the dependence of the current on the coupling constant C in the continuum case. In
Figs. 5.7(a) and (b) we plot the current as a function of C for W = 0 and the ferromagnet configuration
(2, , ) for gold rings. The behaviour is more complicated than in the tight-binding case. For example
there is a strong even-odd effect. For odd N the current is three orders of magnitude larger than for even
N. Also there is a discontinuous jump in the current at C =0 for odd N. Though for the case of even N,
the current does scale with C3 for small C, we again have found a violation of equation (5.7).

We are now going to study the N dependence of the current. Previously we found that there was a
strong even-odd effect, therefore we wifi study the case of odd and even N separately. In Figs. 5.8(a) and
(b) we plot the N dependence for gold rings. We will use the ferromagnet configuration (2, , ), W = 0
andtake =0.1 forthemeshsize.

According to equation (5.7) the current should scale as 1/N4. Neither for even N or odd N this is the case.
Surprisingly the shape of the current as a function of the lattice size is a damped periodic signal with a
periodicy of 12 sites, for which unfortunately we presently have no explanation. Another striking feature
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is that the current for odd N is three orders of magnitude larger then when N is even. The explanation
for this lies in the C dependence of the current, as can be seen in Figs. 5.7(a) and (b). Needless to say, the
N dependence of the current is far from well behaved. Meaning that a small increase in the number of
lattice sites can make a large difference in the current.

We can only conclude that we are not able to reproduce (5.7). It is possible that in the derivation of
equation (5.7) not all relevant terms were included. For instance, perhaps the scattering effect due to the
ferromagnets was not taken into account. We can unfortunately not check which effects were included
in the derivation of equation (5.7) without repeating the calculation. This unfortunately is beyond the
scope of this master thesis.
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Figure 5.8: Cwrentas a function N for spin configuration (2, , ) and C = 0.1 in gold for(a) even N and
(b)oddN.

5.3 The quantum toy as a measuring device

Even though we cannot reproduce (5.7) quantitatively in our simulation, we have observed the I cx

(r x ii) dependence of the current. Therefore it might still be possible to use the quantum toy
as a measuring device of the type we discussed in section 5.1. We found in the previous section that
the single electron case was well behaved, therefore a single electron molecular ring as discussed in the
previous section would be the most logical candidate. For completeness however we will also consider
the case of gold rings.

The measurement device we propose is a quantum toy with three ferromagnets S1. S2 and S3, a mea-
surement can be conducted using the following three step measurement procedure.

Step I Allow S1 to align itself to the magnetic field to be measured.

Step 2 Initially fix S2 in some direction and vary S3 in the plane perpendicular to S2. By observing the
magnitude of the induced current we can put S3 perpendicular to the plane containing S1 and S2.
This direction is simply the direction where the current is a maximum.

Step 3 Vary S2 in the plane perpendicular to S3 to find the direction of S1. Here we have two options, we
can either look for a maximum or a minimum in the current, as we shall see shortly the sensitivity
is largest for the case where we look for a minimum

For this scheme to work there needs to be a sufficient sensitivity of the current on the direction of the
ferromagnets. To show the sensitivity we put the ferromagnets in the configuration (./1 —-y22+y,, )
and then plot the current for 0 � y � 1. In effect we rotate the first spin from the Q direction to the 2
direction. The results are presented in Figs. 5.9(a)-(c).

N
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Figure 5.9: Angular dependence of current for spin configuration (1 — y2 + y, , ) and C = 0.05 in
(a) single electron rings, (b) gold rings (N = N) with even N and (c) gold rings (Ne = N) with odd N.

In the single electron case we observe indeed the I cx i-fl . (r x ii) behaviour. The angular dependence
is largest around the minimum but is also sizable around the maximum. In the case of the gold rings
we see that for odd N the maximum is not always at -y = 0. As we will not be able to choose the
exact number of lattice sites in a gold ring, we wifi be unable to perform step two of the measurement
procedure. Therefore according to our simulations this kind of scheme will only work for a molecular
ring type quantum toy.

5.4 Conclusion

The reason we became interested in the quantum toy is the simple relation between the current I and
the direction of the embedded ferromagnets, namely I cx i-fl -(i xii). This relation between the current
and the ferromagnet direction makes the quantum toy a natural XOR port, which led us to investigate
the possibility to use the quantum toy as a candidate for quantum computer hardware. Unfortunately
our analysis in the first section showed that the quantum toy was not suitable for quantum computer
hardware.

As a second application we proposed that it would be possible to exploit the I cx i-fl .(rixr) dependence
to use the quantum toy as a measurement device. This was only possible if the current is given by (5.7),

=_- (J_)3cos(kFL).(lixl). (5.14)
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We checked the validity of equation (5.7) numerically for two different system. The first system was a
single electron tight-binding system. Here we would not expect (5.7) to hold quantitatively. We however
found the most important qualitative feature, namely the I cc rii . (r x r) dependence. We concluded
that such a system could be used as a measurement device.

The second system was a gold ring, here we found large deviations from (5.7). There is a large even-odd
effect. The current is three orders of magnitude larger for a ring with an odd number of lattice sites then
it is for a ring of an even number of sites. Also for a ring with an odd number of sites, I cc (r x
is not fulfilled. We were therefore unable to reproduce (5.7) and according to our calculations a metallic
rmg type quantum toy would be unsuitable as a measurement device. The reason for the deviation
between theory and our calculations remains unclear.
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