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Abstract. Learning with multiple graphical representations is effective in 
many instructional activities, including fractions. However, students need 
to be supported in understanding the individual representations and in how 
the representations relate to one another. We investigated (1) whether 
interactive manipulations of graphics support a deeper understanding of the 
representations compared to static graphics and (2) whether connection-
making activities help students better understand the relations between 
representations. In a study with 312 4th and 5th grade students we found that 
interactive representations were indeed more effective in improving 
student fraction learning compared to static fraction graphics, especially 
for students yet unfamiliar with the topics being taught. We found no effect 
for connection-making activities. Data shows that the success of the 
interactive representations depends on whether they provide situational 
feedback and on how graphic manipulation is embedded in the problems. 
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1.   Introduction 
 
“Oh fractions! I know there are lots of rules but I can’t remember any of them and 
I never understood them to start with.”  This utterance, by a middle-school 
student performing fraction operations, exemplifies the difficulties students have 
with understanding rational numbers (Moss, 2005). Indeed, fractions are 
considered the most challenging topic in the elementary school curriculum 
(Carpenter et al., 1993). 

Part of the challenge is the different conceptual interpretations of rational 
numbers: part-whole, percentage, ratio, measurement, division, decimal, etc. 
(Steiner & Stoecklin, 1997). Using multiple external representations (circles, 
number lines, rectangles) besides the mathematical symbols, leads to deeper 
understanding of fractions (Steiner & Stoecklin, 1997). 

The positive effect of instructional activities that combine MERs has been 
widely acknowledged (Ainsworth & Loizou, 2003; Schnotz & Bannert, 2003). 
Learners must detect relevant structures within representations and relate the 
different representations to each other. However, students often do not make 
these connections spontaneously (Ainsworth et al., 2002). Accordingly, to 
facilitate learning with multiple fraction representations it seems to be important 
to support students in dealing with the requirements of connection making. 

In a prior study on fractions learning conducted by our research group, 
students learned better with MERs, compared to working with a single graphical 
representation of fractions, when prompted to self-explain how each graphical 
representation relates to the standard fraction notation (Rau, Aleven & Rummel, 
2009; Rau, Aleven & Rummel, 2010). 

The representations in this study were presented as static graphics. In the 
current study, we want students to gain an even better understanding of the 
fraction concepts, by allowing them to actively manipulate the representations. 
These interactive fraction representations encourage exploration of the 
representational features, by requiring student action on the underlying concepts 
(e.g. drag-and-drop equivalent fractions on top of each other, to signal the 
importance of equal proportion to the whole. By doing so, student attention is 
directed to the relevant structures, supporting connection-making between the 
different representations. We hypothesize that the higher level of interaction with 
multiple representations further enhances robust fraction learning. 

However, when learners explore interactive environments they are often not 
able to interact with them in a systematic and goal-oriented way (Ainsworth et al., 
2002; Bodemer et al., 2005; van der Meij, J., & de Jong, 2006). To support and 
guide students in interaction, many solutions have been tried, such as an 
integration phase with static representations (Bodemer et al., 2005), integrating 
representations (Ainsworth et al., 2002), step-by-step introduction of interactivity 
and dynamic linking of representations (van der Meij, J., & de Jong, 2006). We 
will add additional support for interaction by embedding the interactive 
representations within a technology proven to improve student learning: example-
tracing tutors (Aleven, V., Koedinger, 2002), providing hints and feedback at 
every problem solving step and directing student attention by both visual cues and 
step-by-step instruction. 
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Reimer and Moyer (2005) explored the use of interactive fraction 
representations in a classroom and found a positive learning effect. They did not 
however, compare its effect against static representations or provide a 
comprehensive theory why interactive representations support fraction learning.  

For the past year, we have been trying to do just that. Both static and 
interactive representations have been embedded in intelligent tutoring software 
and tested in a classroom study with 312 elementary school students as presented 
in Feenstra et al., 2010.  

In this Master’s thesis, I will first give a theoretical groundwork for interactive 
representations based on connection-making theories in chapter 2 and earlier 
studies with interactive representations for learning in chapter 3. I will then 
proceed by familiarizing the reader with CTAT (Cognitive Tutor Authoring 
Tools), which has been used to construct the fraction tutors. After the research 
questions in chapter 5, I give an overview of the fraction curriculum used in 
chapter 6 and inform the reader of the choices made in the process. Chapter 7 and 
8 describe the method and results of the classroom study in detail. The discussion 
in chapter 9 is written to inform future studies by our and other research groups, 
by interpreting the results of this study. 

2. Connection making 

The use of technology to create multiple representations of a concept has become 
one of the significant instructional environments that the National Council of 
Teachers of Mathematics (2003) suggests strongly for mathematics teachers to 
consider. Multiple studies in educational psychology find a positive effect of 
multiple external representations of learning content (MERs) on student learning 
(Ainsworth et al., 2002; Schnotz & Bannert, 2003). However, simply providing a 
student with multiple representations is not necessarily sufficient for flexible 
knowledge acquisition (Ainsworth et al., 1998). For one, representations need be 
task-appropriate (Schnotz & Bannert, 2003; Mayer, 2009).  Secondly, learners 
must be tempted to engage in a number of cognitive tasks in order to benefit from 
graphical representations (De Jong et al., 1998). Unfortunately, most students do 
not spontaneously make engage in connection-making activities (Yerushalmy, 
1991). 

2.1 Multiple Representations for Fractions 

For the challenging topic of fractions, there are a number of task-appropriate 
representations available, backed by ample evidence. Both Mack (1995) and 
Cramer & Wyberg (2007) show that circle representations are effective in 
connecting students’ existing sharing and dividing knowledge to fractions. Other 
area models such as rectangles are able to promote similar learning (Caldwell 
1995). Finally linear representations (numberlines) were shown to be more 
effective than a standard fraction curriculum (Moss and Case, 1999). 
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The mentioned studies are largely observational and not much conclusive 
evidence has been gather so far on the use of multiple representations or how 
connection-making might be facilitated. Our research group (Rau, Aleven & 
Rummel, 2010) tries to accomplish just that, asking the question how the 
graphical representations should best be sequenced in a fractions curriculum. 

Whether or not we find a preferred order of fraction representations, there is 
also the questions how to get students to make connections between the 
representations. Seufert and Brünken (2006) identify two types of connection 
making. First, supporting surface feature level connection-making (e.g. by 
hyperlinking). Second, connection-making can be supported on a deep structure 
level (i.e. by explaining the relations of corresponding structures more or less 
explicitly). They found that coherence formation is most efficiently supported by 
deep structure level help (DLH) especially in combination with surface level help 
(SLH). Hyperlinks seem to guide learners’ attention to relevant connections that 
are additionally explained by the deep structure help. 

Intelligent tutors may use scaffolding with self-explanation (SE) activities to 
see relations. This is the process of having the students generate explanations to 
themselves with the goal to make sense of what students are learning (Bassok, 
1989). Vreman-de Olde and De Jong (2007) found that scaffolded students 
designed relative by more assignments about the relations in the domain tested 
and more often gave exact descriptions of the relation. Ainsworth and Loizou [1] 
conclude that learning with MERs may be beneficial because it can promote the 
SE effect. 

2.2 Connection-Making Activities 

The bottom line is to let students actively integrate (make connections) between 
relevant features of representations. Also low prior-knowledge learners need extra 
guidance to relevant features (Bodemer & Faust, 2006). In our tutors therefore, 
we wanted to include connection-making activities: problems showing multiple 
fraction representations at the same time where students connect the 
representations on either a surface level or a deep structure level. Surface level 
problems require students to show the same fraction in multiple representations, 
while deep structure level problems let students focus on shared features and offer 
self-explanation prompts to reinforce the connections. Since both SL problems 
and DL problems are given, no comparison between the two is attempted in this 
study. The goal of connection-making activities is to pilot whether including them 
makes a difference for learning and thus to inform a larger future study on this 
subject by our group. 

3. Interactivity in Education  

Supporting students in making connections means directing student attention to 
the relevant representational features (Bodemer, 2004). Allowing students to 
engage and control the visual state of the graphical representations, effectively 
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directs their attention to those relevant features. Furthermore, students are 
actively manipulating, using motor skills to work on the graphical features: they 
are ‘learning with their hands’. In earlier studies, a so-called virtual manipulative 
has been defined as an “interactive, Web-based visual representation of a 
dynamic object that presents opportunities for constructing mathematical 
knowledge” and is often modeled after concrete manipulatives (Moyer, Bolyard, 
& Spikell, 2002). The representations become virtual objects, allowing the 
student to engage and control the physical actions on objects – combined with the 
opportunities that they offer to discover and construct mathematical principles 
and relationships (Moyer et al., 2002). 

The mere use of physical manipulatives does not guarantee that students will 
understand the underlying concepts, procedures and connections however (Ball, 
1992; Baroody, 1989; Meira, 1998). This is important to consider when creating 
virtual interactive representations as well, since they these virtual objects share 
many features with their physical counterparts. In other words, simply using 
virtual manipulatives does not insure learning (Plotzner & Lowe, 2004; Bodemer 
et al., 2004; Van der Meij, 2004, 2007). Having manipulatives in a virtual 
environment, rather than physical did lead to more learning compared to physical 
manipulatives however (Suh & Moyer, 2007). Besides algebra, interactive 
fraction representations impacted student’s conceptual learning as well (Reimer 
& Moyer, 2005). No comparison was made against static representations 
however. 

3.1 Definition of Interactive Representations 

The terms ‘interactive representation’ and ‘virtual manipulative’ are considered 
inter-exchangeable in this thesis, although from this point on I will primarily use 
‘interactive representation’ to refer to this concept.  

To implement interactive graphical representations in a way that it increases 
student learning, one needs a more precise definition of what exactly interactive 
representations are. A computer tutor is by nature highly interactive: it requires 
student action and at one point it evaluates students input and returns feedback. In 
this study though, the use of the term interactivity does not refer to the broader 
tutoring context, but to the nature of the graphical representations depicting a 
certain learning content, in our case fraction representations. To avoid confusion, 
interactive representations need to be contrasted against static representations. 
Static representations are essentially pictures that display one or more educational 
concepts in a steady visual state. Displayed in figure 3.1, static representations are 
on the left end. 

 
 

 
 Picture  Animation   Meaningful action 
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Figure 3.1. Different types of graphical representations on a control scale, going from 
static pictures (no control) to animated representations (control over speed) to fully 
interactive graphical representations (meaningful control over what changes). The 
moment of feedback in interactive representations classify it as either a single-
branch, multi-branch or free-exploration virtual manipulative. 

One step up from static pictures are animated representations: simulated motion 
pictures of a representation. The student has no control over in what way the 
representation changes; it is either presented as a movie (system-linked pace) or 
as a slideshow (student-linked pace). This study compares static representations 
with interactive representations; animation is presented in figure 3.1 as an 
intermediate step between the two for clarification purposes only, and is not 
included in the experimental design. For more information on animation as a 
learning tool see Mayer and Moreno (2002). 

What differentiates interactive representations from animation is meaningful 
interaction. Interactive representations give the student multiple options when, 
where and how to change the graphics. Students have the ability to manipulate the 
representation itself: it becomes a virtual object. Moyer describes it eloquently as 
“virtual manipulatives [give] the opportunity to make meaning and see 
relationships as a result of one’s own actions” (2002). This definition makes it 
clear what a interactive representation or virtual manipulative is, but not why it is 
effective for learning. I am not aware of any study on this subject; so I will spend 
the remainder of this chapter discussing characteristics of interactive 
representations, in particular meaningful action, and moment of feedback, as 
these, I will argue, have great impact on the behavior of interactive 
representations. 

3.2 Meaningful Action and Interactivity Principles 

To implement an interactive representation that fosters learning, it is imperative 
that student actions closely correspond with the concepts you are trying to teach. 
Many virtual manipulatives are computerized versions of real physical 
manipulatives or abstractions of them (Bouck & Flanagan, 2009). This is an 
unnecessary limitation however, since one can think of interactive representations 
for concepts that can only exist as models, including atoms, electricity or the 
more abstract mathematical concepts such as sine waves.  
 
The main idea of interactive representations is to view representations as virtual 
objects, allowing visual manipulation in a way that is congruent with and 
constrained by the underlying concepts it aims to teach. 

        Interactive          Interactive multi-         Interactive multi-branch, 
Static     Animated movie   User-paced animation  Single-branch     branch, with feedback           free exploration 
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The greatest advantage of viewing representations as manipulatable objects, 
rather than as a mere depictions of a concept, is that students have a lot of 
experience working with real life objects, and may quickly develop an intuitive 
feeling of the possible manipulations on the representation. Herein lies the 
greatest challenge in constructing new virtual manipulatives: the closer you have 
student actions on the interactive representation correspond to the underlying 
educational concepts, the greater the possibility that fluency in working with the 
representations translate into better understanding of the material. On the other 
hand, you do not want the representations to allow manipulation that is 
conceptually impossible, such as partitioning a fraction circle into pieces of 
unequal size. 

Little or no research has been done in how exactly to achieve conceptual 
congruency in a general way, and gathering evidence on the effects governing 
learning with interactive representations seems useful if not vital. This is beyond 
the scope of this study however, and I will only do so for fractions. I will 
formulate general principles of interactivity in education, which describe most 
characteristics of interactive representations. The principles are generally 
applicable to any educational domain and I will also exemplify how I have 
applied the principles for fractions. 

The first principle is that distinct educational concepts should have distinct 
actions. The primary concepts of fractions are the numerator and the 
denominator. The denominator being into how many equal parts one whole (or 
unit) is partitioned in, thus governing the relative size of each individual piece. 
The numerator determines the quantity of those pieces. Fraction virtual 
manipulatives have distinct actions for partitioning the representation, by clicking 
an up and down button for more or less pieces respectively, and for selecting the 
number of pieces, by dragging-and-dropping pieces out of the representation into 
another, see figure 3.2. 

 

 
Figure 3.2. The denominator action is partitioning the whole using buttons, the 
numerator actions is dragging-and-dropping the pieces from left to right. 

The second principle follows out of the first one: similar conceptual ideas, 
should be represented by similar actions. Fractions can be graphically depicted 
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by different representations, such as circles, rectangles, numberlines and set 
representations, each with special characteristics of their own. All representations 
do display the numerator/denominator/whole relationship in some way however. 
Therefore, the action of dividing a whole into multiple parts is implemented 
similarly as well. 

The third principle is to make sure interaction does not contradict conceptual 
ideas: constraints in educational concepts should be reflected in constraints in 
interaction. In other words do not allow the representation to show an impossible 
state and have actions behave in accordance with. For example, when partitioning 
a rectangle, all pieces remain of equal size. Also when dragging a piece of one 
fifth out of a circle, it leaves an empty spot, signaling when you remove a fifth, 
there are four fifths left. 

The fourth principle stems from Mayer’s Multimedia Learning (2009). The 
design and functionality of interactivity should be set up in a way that it reduces 
extraneous processing: cognitive processes that do not serve the instructional 
goal. Reducing extraneous processing is achieved by 1) deleting extraneous 
words, sounds, graphics, and actions 2) signaling/highlighting the elements are 
being affected by the student’s action, 3) achieving spatial contiguity by have the 
students interact in very close proximity to the elements being acted on (e.g. 
buttons close to the graphics linked to the button press) and 4) achieving temporal 
contiguity by having the effect happen instantaneously to the cause. Extraneous 
processing is reduced in fraction representations by a minimalistic design, the 
changing of color of representations when the number of pieces is changed, 
having pieces ‘pop out’ when dragged and instantaneous updating of the 
representations when a button is pressed or a piece is dropped. 

The fifth principle is to view the representation as an object. This means that 
interaction should be as much as possible direct manipulation on the graphical 
representations, rather than indirect through buttons, text fields, or other external 
input methods. If you want students to view representations as objects, you want 
students to manipulate representations accordingly. Since interaction should 
direct student attention to the relevant representational features, pressing a 
disconnected button drives student focus away from where you would want it. 
This principle may seem obvious, but is often violated in many of the virtual 
manipulatives found on the web (see the National Library of Virtual 
Manipulatives, http://nlvm.usu.edu/, or Bouck & Flanagan, 2009 for a large 
collection of virtual manipulatives). For the interactive fraction representations, 
pieces are separable from the whole by dragging-and-dropping them from the 
circle. Partitioning the representations is done with buttons however, violating the 
fifth principle. See section 3.4 for arguments for this decision. 

3.3 Moment of Feedback 

The main premise of interactive representation is that they provide the student 
with multiple possible meaningful manipulations. When a student makes an error 
however, there is the issue whether you want to give feedback right away, or 
perhaps give the student some time to realize and correct her own mistake. The 
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choice between immediate or delayed feedback is a good example of the 
assistance dilemma (Koedinger and Aleven, 2007). One of the main ideas of 
intelligent tutoring systems is that they are able to provide immediate and 
meaningful feedback to every student’s input. This paradigm was supported in a 
study by Corbett and Anderson (1995) that found no evidence for the 
effectiveness of withholding feedback. 

There are however, some important differences between traditional tutor 
problems and interactive representations. Traditional problems require of multiple 
single-step answers to solve a problem: input a number in a field, select one of the 
options in a list, and so forth. With interactive representations, the answer is the 
final ‘state’ of the representation, with intermediate steps leading up to the final 
state. The key reason why you do not need immediate feedback on all of these 
intermediate steps is that interactive representations already have a feedback 
mechanism in place: situational feedback. 

Because the representations are graphical by nature, the representation‘s 
appearance itself provides informative feedback on its correctness. Students count 
the number of shaded pieces and the number of total pieces to find the numerator 
and denominator represented. Situational feedback is non-verbal, visually 
depicting concepts such as equivalence, as depicted in figure 3.3. 

 
Figure 3.3. The interactive representations provide situational feedback for 
equivalence, in this case finding an equivalent fraction to one-third. By dragging 
pieces of sixths from left to right, students are able to graphically see two-sixths cover 
the same area of the circle as one-third. 

For instance in figure 3.3 you can imagine the student putting fifths on the one 
third instead of sixths. Fifths do not ‘fit’ on one third, generating an ‘aha’ moment 
for the student by providing her with powerful imagery. I argue that even more 
powerful than verbal feedback on correctness in the case of graphical 
representations, is the representation’s ability to provide conceptual feedback 
visually. 

A tutor giving immediate feedback limits freedom of action, and for many 
problems it even blocks situational feedback from happening. In the example of 
finding an equivalent fraction to one-third, imagine the student trying pieces of 
fifths. Immediate verbal feedback would be given right at the point where the 
students starts dragging the first piece of fifths, preventing a possible conceptual 
‘aha’ moment from happening. 
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Interactive representations therefore, should delay verbal feedback until the 
student herself deems her answer ready to be graded. 

While the case for delaying feedback is clear, this also means the delayed 
feedback should be very informative on exactly where in the process the student 
failed. In other words, interactive representations should provide students with 
very specific explanatory feedback to support them in fraction manipulation. 
Besides error feedback, a tutor should be able to give feedback at the student’s 
request anywhere during the (untutored) problem solving process in the form of 
hints. Unfortunately, the current technology did not allow the hints to be context-
aware at the moment of implementing this study. Instead the hints covered the 
entire process from beginning to end, with increasing levels of detail: the first hint 
rephrases the question and provides extra conceptual information, the second hint 
is more concrete and the third hint usually tells the student exactly what action to 
perform. Students are supported by hints, delayed verbal error feedback and 
situational feedback to ensure successful interaction. 

3.4 Design Decisions for Interactive Fraction Representations 

In this section I will describe how the three fraction representations (circles, 
rectangles, numberlines) are implemented for use for cognitive tutoring authors. 
How the interactive representations are used by students in each fraction topic is 
described in chapter 6. More information on CTAT and designing Cognitive 
Tutors in Flash is described in the next chapter (4). The circle and rectangle 
representations were designed and implemented by myself; the numberline 
representation was started by Martin van Velsen and adjusted for fractions by 
Michael Ringenberg (see Acknowledgements) and even though I was involved in 
the process, my work on numberlines was limited. In this section therefore, I will 
primarily describe design decisions for the circle and rectangle for this reason. 

Development of the circle and rectangle representations started October 2009 
and was finished before the study in March 2010. Besides providing meaningful 
interaction (see section 3.2) and having appropriate feedback moments (see 
section 3.3), I intended the representations to be useful for not only my tutors, but 
also in future studies by our group and perhaps others. In other words, I wanted to 
implement the interactive components with a high degree of flexibility, making 
them useful for a great range of fraction tutor authors. The main premise 
however, stays the same: fraction representations are interactive virtual objects, 
supporting direct manipulation so learners ‘think with their hands’. 

 
Partitioning 
The concept of denominators is represented in area models for fractions, such as 
circles and rectangles, by the number of equal pieces the whole is divided into. 
The fifth principle of interactivity states you want to manipulate objects directly, 
so I tried to find ways to partition the representations directly (i.e. without use of 
buttons). The most logical way seems to be to have students create ‘cuts’ to make 
pieces. This introduces a couple of problems however, especially for creating 
equal pieces. What if the student’s cuts create unequal pieces? Technically, the 
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representation does not represent a proper fraction anymore. Also, going from 
halves to fourths is easy: it just requires another straight cut. But how would you 
go from halves to thirds? One way would be to force students to go back to a 
whole (glue the cuts), and make three cuts to the middle to create thirds. I felt this 
would put too much emphasis on creating equal pieces, which is not entirely 
unrelated to fractions, but not the main idea when you want to teach the 
numerator/denominator concept. Another possibility I did implement was 
whenever a cut was made, pieces would automatically morph to recreate equal 
pieces. Seeing the morphing pieces in action however, we decided it was more 
confusing than actually helping students, so we decided to go with partitioning 
buttons instead: press the up button to add a piece, and the down button to remove 
a piece. The pieces are automatically of equal size. 

In my tutors, partitioning happens instantaneously, clicking means one piece 
added or removed. Options in the component provide flexibility in the sense that 
a box can be added displaying the current amount of pieces and a button may be 
added for delayed partitioning (i.e. going from two to five pieces requires three 
clicks on the up button, causing the number in the box to go from two to five but 
no change in the representation; clicking another ‘part’ button actualizes the 
change in the representation). While available, I did not use the box option in my 
tutors, because I did not want the student to be able to read off the denominator as 
a number: she has to count the total pieces. I decided not to use the ‘part’ button 
either, because it creates an arbitrary extra action with no conceptual significance.  

 

 
Figure 3.4. Different ways a circle might behave when creating more pieces from two-
fourths. From left to right: active all pieces, deactivate all pieces, retain the active 
pieces, retain amount: show leftover, retain amount: skip impossible denominators. 

A question you run into when designing partitioning is what to do with the 
shading when you partition an area model into more or less pieces. Consider the 
case of two-fourths as shown in figure 3.4. There are different options what could 
happen when you have two-fourths on a circle and then click the up button. The 
first three are straightforward to implement, but change the amount displayed in 
most cases: activate all pieces (numerator becomes denominator), deactivate all 
pieces (numerator becomes zero), or retain active pieces (numerator stays the 
same).  The latter two options are designed to retain the amount shown on the 
circle when partitioning: the ‘retain amount: show leftover’ option shows as much 
pieces of fifths as possible, and creates a different piece for the remaining 
amount: in this case two-fifths and one-tenth to have the same amount as two-
fourths. The fifth option skips denominators that cannot display the current 
amount: it shows equivalent fractions only. Pressing the up button moves the two-
fourths to three-sixths, skipping fifths altogether. The latter two options are 
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conceptually more correct, but might lead to confusion in certain cases (e.g. 
showing unequal pieces or not being able to get to fifths). Depending on the tutor 
problem, you may want to use a different option. 
 
Selecting pieces 
Once a student creates the right number of total pieces, she needs a way to show 
the numerator by shading a certain amount. Clicking the pieces you want shaded 
easily seems a nice way of accomplishing this. However, dragging pieces out of 
the circle and dropping them somewhere else corresponds more closely to the 
‘representations being a virtual object’ analogy. Additionally, one might argue 
that physically removing pieces directs student attention better to the relevant 
representational features, in this case showing the numerator. Especially concepts 
such as equivalence benefit from dragging-and-dropping, allowing students to 
stack pieces on top of each other (see section 6.3). Therefore, in my tutor I use the 
dragging and dropping action as the preferred method of showing the numerator. 
This requires two or more circles/rectangles to show a fraction: first the student 
needs to partition an untutored circle and then drag some of the pieces from this 
circle to an empty circle/rectangle elsewhere. 
 
 
Colors and images 
Authors using circles and rectangles have multiple options of coloring the shaded 
pieces. They may select one specific color for all pieces, define a color per piece, 
or may want to show just the outlining (transparent pieces). The Rational Number 
Project (Cramer & Wyberg, 2007) consists of a fractions curriculum with 
extensive use of circles as manipulatives. Every fraction has a different color, 
kept consistent over the entire course. I use a similar color-coding in this study: 
fourth are always orange, fifths are always pink. One main advantage of having a 
set different color for every fraction is that you can have the color be a constant 
between representations. Students might have an easier time identifying sixths on 
a numberline if the dashes are colored green, just like the color they have seen 
before the sixths in on the circle and rectangle. 

In addition to colors, authors may define images to be displayed on circles and 
rectangles. This is especially useful for contextual problems: a problem about 
dividing pizzas now has an actual pizza that a student can partition and drag 
around. I use contextual fraction representations such as pizzas, pies and 
chocolate bars to introduce area models to students. 

 
Tutoring and Representation-driven Problem Solving 
Authors may either want interactive representations tutored at every student 
action, or provide delayed feedback as described in section 3.3. Therefore, the 
representation can be set to either tutor every student step (immediate feedback), 
tutor after the students signals she is done by pressing an ‘Okay’ button (delayed 
feedback), or do not tutor the interactive representation at all (no feedback). In 
most of my tutor problems, I have the ‘Okay’ button option, providing the 
students with a measure of untutored freedom before their answer is graded. The 
representations display a green glow when the tutor grades the answer as correct 
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(and disables further actions), a red glow when the answer is incorrect and a 
yellow glow when a student requests a hint for a particular representation. For 
more information on hints, see chapter 4. 

While solving fraction problems, I believe the process should be as 
representation centered as possible, meaning the exercises should contain as few 
text as possible. The reason for this is two-fold. One, the very goal of 
representations is to have students think about fractions in a visual way. And two, 
students often have trouble reading large amounts of text (Mayer, 2009) so 
having too much verbal information might sooner confuse rather than clarify. 

The representations are both conceptually and spatially in the ‘center of where 
the action is’, continually directing student attention to the relevant features. This 
also means representations themselves are updated along with the question, 
instead of instantiating a new representation for each problem-solving step. The 
amount of text is kept to a minimum, removing or updating older questions along 
the problem solving process. I believe these guidelines maintain a ‘clean’ tutor, 
lowering extraneous processing.  
 
Beautification 
While looking at screenshots of other tutors in education literature and finding 
(non-commercial) interactive material on the web, it seems many education 
researchers are not overly concerned with the visual design of material. I do want 
to make the case for aesthetically pleasing tutors however. First and foremost, 
good graphical design makes representations clearer and more sharp-cut. I have 
added a thicker cartoon-like stroke to the circle and rectangle and spaced the 
pieces apart a little, because the distinct contrast as found in cartoons brings out 
the relevant representational features better. Important to note here is that 
graphical improvements should add to the visualization of relevant features, not 
add distractions that generate extraneous processing. Secondly, nice looking 
tutors are pleasant to look at, possibly increasing student motivation. When 
students use tutors, they need to accept the tutor as an educational tool. Interface 
design choices effect perception of trustworthiness and credibility (Kim & Moon, 
1997). People ascribe poor performance to a poorly designed user-interface and 
the other way around. In order to get the tutor accepted as a teaching authority, its 
design should match the high quality of its educational content. The above is 
mostly intuitive speculation on my part; I know of no literature investigating the 
effects of graphical design on learning. I do feel aesthetics is a more than trivial 
part of the learning experience however, and should be given significant 
consideration when creating educational tools. 

4. Intelligent Fraction Tutors 

Intelligent Tutoring Systems (ITS) have been developed to help instruction in 
various domains, including mathematics (Corbett, Koedinger & Anderson, 1997). 
ITS provide support for guided learning by doing. They may assign problems to 
students on an individual basis, monitor students’ solution steps and provide 
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context-sensitive feedback and hints (Anderson, Corbett, Koedinger & Pelletier, 
1995). For every problem-solving step, the tutor provides direct customized 
instruction or feedback to students. It can employ different methods for feedback 
and has flexibility in the way learning material can be presented. The intent is to 
engage students in sustained reasoning, to interact based on understanding of 
student behavior, and to realize aspects of human tutors. 
 
The first research in intelligent tutoring was undertaken to explore how a 
scientific theory of learning could be converted into an engineering theory for 
optimizing learning (Anderson et al., 1995). Some tutors were built as part of the 
development of the ACT* architecture of cognition and learning, and later of the 
ACT-R architecture. Because these tutors have an underlying cognitive model of 
student behavior, the tutors were dubbed Cognitive Tutors. 
 

 
 

4.1 CTAT and behavior graphs 
For this study we used a particular kind of Cognitive Tutors, namely example-
tracing tutors (Aleven, McLaren, Sewall & Koedinger, 2009). We developed a 
set of example-tracing tutors for fractions learning, that are behaviorally similar 
to Cognitive Tutors, but rely on examples of correct and incorrect solution paths 
rather than on a cognitive model underlying student behavior. We created these 
tutors with the Cognitive Tutor Authoring Tools (Aleven et al., 2009). The use of 
CTAT as research platform to investigate interactive fraction representations is 
attractive for several reasons.  

First, Cognitive Tutors have a proven track record in improving students’ 
mathematics achievement (Anderson, Corbett, Koedinger, & Pelletier, 1995; 
Koedinger & Aleven, 2007).  

Secondly, example-tracing tutors are developed with CTAT using 
“programming by demonstration” (Lieberman, 2001), an approach that allows 
authors to produce vast numbers of tutored problems relatively quickly, without 
the use of programming. 

In CTAT, an example-tracing tutor is composed two layers: 
 

• The front layer students interact with is a graphical user interface 
(GUI) with a set of CTAT widgets, either in Flash or Java. Our 
example-tracing tutor uses a Flash GUI, because of its superior 
support of graphical manipulation and animation. Tutoring happens 
though user interface components augmented to communicate with 
the tutoring system.  
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• Instead of a cognitive model, a behavior graph keeps track and 

provides feedback on student behavior, see figure 4.1. The name 
‘example-tracing tutors’ originates from the way behavior graphs are 
generated. An author demonstrates correct, alternative correct, and 
incorrect actions in the GUI and a CTAT tool known as the Behavior 
Recorder records all of these actions and constructs a behavior graph. 
Each edge of the graph represents an action taken by the student on a 
particular widget of the GUI. For instance, out of the start state there 
is one correct action, namely, to put “2” in the left text box. If the 
student inputs another number or clicks on the numberline itself an 
error message is returned. The student’s actions are represented as a 
Selection (the GUI widget selected, such as the text area named 
“num2”), Action (the type of action taken, such as “Update Text”), 

and Input (the value provided, such as “5”). Each node of the graph 
represents a state of the interface after a path of edges from the root to 
that node has been traversed. Because it does not matter whether the 
student inputs the “2” or “5” first, these steps are considered 
unordered, which is shown by the green hue around the edges (the 
steps are in the same unordered group). Below the steps is a tutor-
performed action. While normal student performed actions require the 
student to act, a tutor-performed action usually changes something in 
the interface once the behavior graph reaches the node above. In this 
example, after the student finishes both steps (“2” and “5”), the tutor-
performed action tells Flash to display the next question.  

 
4.2 Cognitive load theory 
Learning supported by multimedia, such as intelligent tutors is rooted in cognitive 
science. In his book Multimedia Learning (2009) Mayer describes three 
assumptions for a cognitive theory of learning: the dual-channel assumption, the 
limited capacity assumption and the active processing assumption. The dual-
channel assumption is that humans possess separate information processing 
channels for visually represented material and verbal represented material. The 
dual-channel is rooted in Paivio’s dual-coding theory (Clark & Paivio, 1991) and 
Baddeley’s model of working memory (Baddeley, 1992). Graphical 
representations can be seen as visual material, while the symbolic representations 
and question text are verbal material. Our fraction tutors therefore, present both 
picture-based and word-based representations in close proximity to facilitate 
integration processes, which in turn foster robust learning (Schnotz & Bannert, 
2003).  

The limited-capacity assumption, also based on Baddeley’s model of working 
memory (Baddeley, 1992), is that humans are limited in the amount of 

Figure 4.1. A behavior graph on the left, with the corresponding graphical user interface 
on the right. The behavior graph allows the student to put in 2 and 5 and gives an error 
message if the student inputs anything else. 
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information that can be processed in each channel at one time. A tutor should not 
provide too much information at once to prevent a cognitive overload. Many 
problems in the fraction tutor hide subsequent questions and have them appear 
when the behavior graph tells the GUI that the student has reached that step. Text 
and graphics of previous questions that have become obsolete are removed from 
the screen. 
The third assumption, active processing, is that humans actively engage in 
cognitive processing in order to construct a coherent mental representation. These 
cognitive processes are: 

1. selecting relevant material 
2. organizing selected material and 
3. integrating the resulting word-based and image-based representations  

(Mayer, 2009).  
It is important therefore to visually connect conceptually similar items on the 

GUI. An example is shown in figure 4.2, an equivalence problem. After students 
find an equivalent fraction on the circle representation, the circle itself travels the 
screen and lands next to the textboxes that require the student to input the 
symbolic notation of that same equivalent fraction. 

 

 
Figure 4.2. Facilitating connection making (integration) of representations by moving 
the result from the graphical problem step (top) to the symbolic problem step 
(bottom). 

5. Research Questions and Hypotheses  

The goal of this study is to determine how students can best be supported in 
learning with fraction representations using interactive fractions and connection-
making activities. More specifically:  
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1. Are interactive graphical representations more effective in supporting robust 
fraction learning compared to static graphical representations? 

 
2. Should learners actively relate representations to one another with connection-
making activities? 

 
We expect interactive fraction representations, implemented conforming to the 
principles, delayed feedback and design choices described in chapter four, to lead 
to significant learning benefit compared to static representations. Especially 
where the interactivity corresponds closely to the concept and situational 
feedback is highly informative, such as with equivalence items, we expect a large 
gain. 

We hypothesize that connection-making activities foster better fractions 
learning as well, especially for more abstract representations such as numberlines. 

6. Tutor Curriculum 

To test our hypotheses, we constructed an example-tracing tutor as described in 
chapter four. The fractions tutor was made available online on the MathTutor 
website in five problem sets: one for each day of tutoring. The first two days were 
used to get students familiar with the (interactive) representations and brush up on 
their basic fraction knowledge. On the final days the students worked with harder 
concepts such as equivalence and fraction comparison. The following is an 
overview of all the ‘days’ and a detailed description of the fraction concepts 
taught. Extra attention is given to how interactivity was implemented to be 
congruent with the concepts and the connection-making activities between the 
representations used. 

6.1 Day One: Circles and Rectangles 

Total problems: 29 
Of which connection-making: 6 
 
The first problem set assumes students do not possess any fraction knowledge 
yet, starting off with two contextual problems about pizzas and pies. The goal is 
to connect the fraction concepts (numerator, denominator and circle 
representations) to other (world) knowledge the students already have. The trade-
off in contextual items is that they induce extraneous processing (see chapter 3, 
interactivity principle three). So after introducing the representations using 
concrete examples, the next problems reduce extraneous processing by 
substituting pizzas and pies for more abstract context-free circle representations. 
This ‘context to abstract’ process is repeated for the rectangle problems midway 
through day one. The main learning goal of the 29 problems in problem set “day 
one” is to strengthen the understanding of the denominator part of the symbolic 
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fraction by associating it with the number of total pieces and the numerator part 
of the fraction by associating it with the number of shaded pieces. Besides the 
main learning goal, some problems focus on minor representational concepts such 
as the need for equal sized pieces, multiple ways of creating the same fraction on 
a rectangle and absolute versus relative size of pieces (i.e. the absolute size of a 
piece does not matter, only its relative size to the whole). 

Interactivity 
As described in the previous paragraph, the main focus of “Day One” is the 
relationship between numerator/denominator in a symbolic fraction and how 
these are represented in area models such as circles and rectangles. According to 
our interactivity principles of chapter 3, the student actions have to ‘make sense’ 
of the concept: the interactivity has to closely match the numerator/denominator 
relationship. We implemented this by creating partitioning buttons to divide the 
circle/rectangle into pieces (denominator) and then dragging pieces from left to 
right until the student has moved the right number of colored pieces (numerator). 
See Figure 6.1. The interactive representations provide situational feedback on 
the correctness by allowing the student to count the colored pieces versus total 
pieces. The student is given delayed tutor feedback when she presses the ‘Okay’ 
button next to the right circle, indicating she thinks she has found the correct 
answer. Additional feedback on the interaction is provided by the HINT button as 
well as answer-specific feedback whenever the student submits an incorrect 
response. The tutor will generate a different error message depending on whether 
the denominator or numerator is wrong. The static version of the same problem is 
displayed in figure 6.2. Rather than constructing the fraction in a circle, the 
student has to select the correct answer from four options. With this setup, one 
might argue that the interactive condition benefits from emphasizing the 
distinction between numerator/denominator with two separate actions, while the 
static condition merely requires the student to recognize the final answer. If the 
interactive representations turn out to be more effective than the static version, 
this is not necessarily due to interactivity. To address this possible experimental 
confound, we added an extra multiple-choice step in the static tutor, which asks 
students to select the correct denominator first, and only then the correct 
numerator. 
 

 
 
 

 

 

 

 

Figure 6.1. Reinforcing the fraction denominator 
concept by partitioning the circle and reinforcing the 
numerator by dragging and dropping pieces. 

 

Figure 6,2. The same problem as in figure 6.1, now in 
the static condition. Both the denominator and 
numerator concepts are reinforced using multiple-
choice. 
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Connection-making 
The final six out of 26 questions are connection-making problems (for the 
connection-making activity conditions). In these problems, students are asked to 
create fractions using one representation, and dragging pieces to a different one, 
see figure 6.3. A piece of the circle changes into a piece of a rectangle to signal to 
the student that physical form does not matter, only the fraction it represents. 

  

 

 

 

6.2 Day Two: Numberlines 

Total problems: 20 
Of which connection-making: 8 

 
Fraction numberlines are usually the hardest for children, being more abstract 
than circles and rectangles (National Council of Teachers of Mathematics, 2003). 
4th and 5th-grade students do have experience with integer numberlines however. 
The introduction problem in this second problem set gradually changes the 
regular integer numberline into a fraction numberline, introducing terms such as 
‘sections’ and ‘dashes’ in the process. Working with the numberline in the 
problems following the introduction, the student learns to locate correct spots on 
the line given a fraction and to name dot shown on the numberline. Right before 
the final problems, where students work with all representations, the students 
brush up on circles and rectangles. 
 
Interactivity 
Like circles and rectangles, students can partition the numberline by pressing the 
‘up’ and ‘down’ buttons. Dashes appear on the numberline, upon which the 

Figure 5.3. Explicit connection-making between the 
circle and the rectangle representations. A wedge of 
1/7 changes into a rectangle part of 1/7 when 
dropped onto the rectangle. 
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student can place dots representing fractions, see figure 6.4. Both the interactive 
and the static conditions allow students to place dots on the numberline. The 
difference between the interactive and static condition is the means of partitioning 
the numberline. The static conditions asks the student how many sections he 
needs in a textbox, and displays that amount of dashes on the line, as opposed to 
the buttons in the interactive conditions. 
 
Connection-making 
The first four problems after the introduction deal with connecting the harder 
numberline to the better-known rectangle (again, for the connection-making 
activities conditions only). A rectangle displayed on top of a numberline with its 
edges on “0” and “1”, has the pieces exactly lined up with the dashes of the 
numberline, as shown in figure 6.4. When the rectangle has only one row, both 
representations display fractions in one dimension, and aligning the numberline 
graphically to the rectangle this way might help students connect this shared 
feature. 

 
Figure 6.4. Explicit connection-making by displaying a 1-dimensional rectangle on 
top of a numberline. 

The final numberline problems are the largest problems in the entire tutor 
curriculum, containing two questions about each representation (circle, rectangle, 
numberline and symbolic), combining into eight problem-solving steps. In the 
connection-making activities condition, representations are connected in both 
proximity and question content, as displayed in figure 6.5. The first three steps 
require the student to create three-sixth on all three graphical representations, 
given the symbolic notation. The representations are then stacked together to 
signal they all represent the same fraction. The fourth step is to locate a different 
fraction shown in the circle on the numberline. In the no connection-making 
activities condition, all these steps are separate: no graphical representations are 
shown at the same time. There is only one graphical representation visible at any 
one time and the symbolic fraction notation acts as the only connection.  
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Figure 6.5. Connection-making activities with all representations. 

6.3 Day Three. Equivalence 

Total problems: 11 
Of which connection-making: 0 
 
Equivalence is one of the subjects in elementary math students have the most 
difficulty with (National Council of Teachers of Mathematics, 2003). One 
advantage of fraction representations is that they can show equivalence 
graphically. For instance, circles with the same relative area shaded, by 
definition, show equivalent fractions. The equivalence problem set consists of 
two parts, a visual part with graphical representations and a procedural part with 
only symbolic representations. The second part (without interactive 
representations or connection-making) was added for didactic purposes: during 
pilot studying we found the visual part created a good conceptual understanding 
of equivalence, but students were unable to apply their knowledge to symbolic 
fractions. I decided to add procedural understanding of equivalence (i.e. the 
numerator and denominator multiplied by the same integer creates an equivalent 
fraction) to the problem set, even though –at first glance– it does not directly 
contribute to any of the conditions.  

The first eight problems in this set consist of a conceptual top part and a 
procedural bottom part, see figure 6.6 and figure 6.7. The students start out by 
finding an equivalent fraction using the representations on the top. Then, they are 
asked to name the fraction they have found on the bottom. Students need to find 
two equivalent fractions to one given fraction this way. Each time the students 
finds a fraction, a miniature copy of the representation is moved down next to the 
symbol notation to signal conceptual similarity by means of proximity. As a final 
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step, students are asked to procedurally explain how to get the equivalent fraction 
they found from the original, see figure 6.7. 

  

 
 

The second part of “Day Three” consists of three problems without any graphical 
representations. Students need to apply the procedural knowledge to find 
equivalent fractions, see figure 6.8. These problems are structurally similar to the 
final steps in the previous problems.  
 

 
Figure 6.8. Finding equivalent fractions without the use of graphical representations. 
From left to right, find equivalent fraction given: denominator, numerator, 
multiplyer and 'make up your own fraction'. 

This problem set is missing numberlines and connection-making problems. The 
first is due to time constraints: we wanted students to understand both the 
conceptual and procedural part of equivalence in less than one hour. Numberlines 
introduce a completely different representation of equivalence (i.e. equivalent 
fractions are dots located on the same spot). I would rather use the available time 
to get most students proficient in one type of representation, than confused with 
both. Of course, given more time for equivalence, I do think adding the 
numberline interpretation of equivalence would be beneficial. It would be 
interesting to find out where the time-wise tipping point lies of when devoting 
student practice to one concept versus adding another is most beneficial to student 
performance. 

Figure 6.6. Dragging pieces on top of a given 
fraction to find equivalent fractions (interactive 
condition). Note that the bottom part is empty until 
the student finishes the conceptual part. 

Figure 6.7. The procedural bottom part consists of 
finding which what number to multiply the original 
numerator/denominator to get the new fraction.  
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Since the procedural problems do not have graphical representations and the 
conceptual problem steps work with creating equal areas, I felt having both a 
circle and rectangle at the same time would be more confusing rather than 
beneficial. Especially since it is hard to compare surface area between circles and 
rectangles. 

 
Interactivity 
In the interactive conditions, students drag-and-drop pieces on top of a given 
fraction to find a fraction that perfectly covers the area of the given fraction. The 
representation itself gives situational feedback on the correctness. For instance, in 
figure 6.9 the student realizes fifths cannot cover one half. Having traveled into 
an incorrect problem-solving branch, the student may remove the fifths, 
repartition the left circle and proceed to try another branch (e.g. move sixths from 
left to right).  

The equivalence problem set in the static condition also works with finding 
equal areas. Since the graphics themselves have to remain static, the student’s 
task is to recognize the correct representation from four possible choices, see 
figure 6.10. The procedural part of the problems is the same as in the interactive 
condition. 

 
 

Figure 6.9. Interactive representations 
provide visual feedback on the 
correctness of the student's actions.  

Figure 6.10. The static version of equivalence 
problems. 
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6.4 Day Four. Comparing Fractions I 

Total problems: 14 
Of which connection-making: 4 
 
Students need a good understanding the relative size of fractions. Without this 
conceptual foundation, they cannot operate on fractions in a meaningful way. The 
Rational Number Project (Cramer & Wyberg, 2007) calls a good understanding 
of relative size ‘having a number sense’. One useful way to test and instruct 
number sense is to have students compare fractions and respond which of the two 
is the largest.  

Day four focuses on moving students beyond ‘the fraction with the largest 
numbers is the biggest fraction’ as their only means of comparing fractions. It 
starts off with five questions where both fractions have the same denominator. 
After selecting the largest, which isn’t all that hard since the student can tell the 
difference off the graphical representations, the problem asks the student to self-
explain why the one fraction is larger. As depicted in figure 6.11, the question the 
tutor asks first is how many more pieces the larger fraction has to emphasize the 
reasoning behind it. Two out of five problems have self-explanation prompts, 
focusing on making the underlying procedural rules explicit. 

 

 
Figure 6.11. After selecting how many more pieces the larger fraction has, the 
prompt lets students self-explain why the one fraction is larger from a symbolic 
perspective. 

After working with fraction having the same denominator, the next five questions 
have fractions with the same numerator. This is a bit harder for children, because 



 26 

of the compensatory relationship between the number of equal parts of the whole 
and the size of each part. They can see from the graphical representations that the 
one with the lowest denominator is actually the one that is larger. As with the 
previous problems, the problem explains why by having the student compare 
single pieces of both fractions (i.e. “if 1/6 is smaller than 1/5, then 4/6 is also 
smaller than 4/5”). Two out of the five same-numerator questions have a self-
explanation prompt as well.  

The final questions of day four let the student compare a fraction with one 
half, helping students get a feeling whether fractions fall into the first or second 
half of a whole. As with the previous problems, students get to tell the larger 
fraction from the representations, self-explaining their choice after. The self-
explanation consists of students converting the 1/2 to the same denominator as the 
other fraction, see figure 6.12. With the same denominators, the problem is the 
same as the first problems of day four. 

No numberline representations were used in comparing fractions, due to time 
restraints on completing the tutor before the study started. 
 
Interactivity 
Since the students have extensive practice making fractions by day four, the 
representations in the comparison problems show the fraction from the beginning. 
Interactivity therefore, serves only the self-explanation part of the problems. For 
the same-denominator problems, students have to drag the difference between 
both fractions to the middle, leaving two equal fractions. The static version is 
displayed in figure 6.11, selecting the difference instead of dragging pieces. 

For the same-numerator problems, the student is asked to drag one piece of each 
fraction to the middle, starting with the larger piece. Displaying the pieces on top 
of each other, student attention is directed to the “if 1/6 is smaller than 1/5, than 
4/6 is also smaller than 4/5” logical relationship. The static version displays one 
piece of both fractions, asking the student which one is larger. 

In the ‘compare with one half’ problems, interactivity is limited to the 
partitioning buttons, used to convert 1/2 to the same denominator as the other 
fraction. The static version uses multiple-choice to convert one half to the other 
fraction’s denominator. 
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Figure 6.12. Students compare a given fraction with 1/2 by converting 1/2 to the same 
denominator as the given fraction. 

 
Connection-making 
Connection-making activities were implemented for two out of five problems for 
both the same-denominator and same-numerator problems. Instead of comparing 
two fractions depicted by the same representation, the fractions would each have 
a different representation. This makes it harder to read the larger fraction right off 
the graphics, and forces the students to reason on a more conceptual level. 

6.5 Day Five. Comparing Fractions I 

Total problems: 6 
Of which connection-making: 2 
 
Continuing the objective to instill a number-sense in students, day five 
incorporates equivalence into day four’s comparison problems. Two fractions 
with different denominators are given and the student is asked to convert one or 
both so that they have a common denominator. Converting fractions is done on a 
representational level: the student is asked to match the number of pieces on both 
sides. This process is simplified by the fact that each denominator has its own 
representational color throughout the tutor: finding matching denominators is 
finding matching colors. As with the three kinds of day four problems, converting 
to a common denominator is primarily a visual problem, rather than a procedural 
one.  
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After converting two fraction representations to a common denominator, the 
problem has been transformed to a same-denominator problem, just like the first 
problems in day four. The student is asked to fill in the symbolic notations of the 
fractions she found in the previous step, as depicted in figure 6.13. The final step 
is a self-explanation prompt, reflecting on which fractions are considered 
‘equivalent’ and which fractions have the same denominator (and can thus be 
compared). 

This problem set had more than six problems in the original planning. It 
featured comparison problems without representations, just as the equivalence 
day has procedural items. Also, I piloted this day with ‘find a fraction in between 
two other fractions’ problems on a numberline. I decided to shorten day five 
however, avoiding the situation where not enough students would be able to 
finish our tutor, such as in one of our previous experiment with fraction tutors 
(Rau, 2009). 

 

 
Figure 6.13. Four steps in comparing fractions in day five: 1) convert to a common 
denominator, 2) name the converted fractions, 3) select the larger and 4) self-explain 
the relationship between fractions. 

 
Interactivity 
The use of representations in the day five problems is mainly to convert the given 
fractions into fractions with a common denominator. In the interactive condition, 
representations can be converted using the partitioning buttons. The student 
presses ‘Okay’ when two fractions have the same number of total parts. In the 
static condition, the student chooses amongst four options for both 
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representations. One denominator on left side matches the denominator of one of 
the representations on the right side. The student needs to find and select both, to 
successfully convert the given fractions into fractions with the same denominator. 
 
Connection-making 
Connection-making activities were implemented for two out of the six problems, 
similar to day four connection-making: students compare a circle with a rectangle 
instead of two of the same. 

7. Method 

7.1. Experimental Design and Procedure 

A total of 312 fourth and fifth grader students in three US elementary schools 
participated in the study during regular mathematics instruction. All students 
worked with a set of Intelligent Tutoring Systems for fractions (example-tracing 
tutors, as mentioned in chapter 4) designed and implemented specifically for this 
study. Students were randomly assigned to one of four conditions in a two-by-two 
experimental design. On the one hand they either worked with interactive fraction 
representations or with static graphics and multiple choice. On the other hand 
they either worked with single representation problems only or had one fourth of 
the problems consist of multiple different representations and connection-making 
activities. 

Table 7.1. Experimental conditions in a 2x2 design 

 Interactive representations Static representations 
Connection-making activities Int-CM Sta-CM 
No connection-making activities Int-NoCM Sta-NoCM 
 

Students’ knowledge about fractions was assessed before, immediately after, and 
eight to eighteen days after the experimental sessions. On the first day of the 
study, students completed a 30-minute prior knowledge test. On the five 
following days, students worked individually for a total of five hours on fraction 
identification, equivalence and comparison problems with the computer-based 
fractions tutors. Immediately after completing the tutor, the students received a 
30-minute post-test. The 30-minute delayed post-test was planned eight days after 
completing the tutor, although not all classes managed to administer the test at 
this time, since the standardized state test were scheduled the week after, and 
most teachers gave priority to state test preparation over the delayed post-test. 
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7.2. Test instruments 

The pre-test, immediate and delayed post-test were all structurally equivalent, 
with 26 questions consisting of 13 reproduction items and 13 transfer items, see 
table 7.2. Reproduction items were fraction questions requiring the same 
conceptual and procedural knowledge as was taught in the tutor. Transfer items 
consisted of the same basic concepts as the tutor questions, but required either 
additional concepts or required the students to apply their knowledge in an 
unfamiliar situation. See appendix A for the entire fractions test. 
Table 7.1. Test concepts and item types 

 
 
 
 
 
 
 

For “Identifying Fractions”, the reproduction items asked to students to give the 
symbol notation of the fraction displayed in a representation or encircle the 
correct representation given the symbolic fraction. The “Identifying Fractions” 
transfer items were improper fraction questions. Improper fractions did not occur 
in the tutor curriculum. 

 Reproduction for “Constructing Representations” required the students to 
draw fraction representations given a symbolic fraction, either from scratch or 
given the basic outline of the representation. In the transfer versions of this type, 
the students had to reconstruct the whole (unit) given a drawn fraction. This 
meant adding more pieces to a rectangle, or locating where “1” is on a 
numberline that displays “0” and a fraction. 

“Equivalence” was taught extensively on the tutor, both with and without 
representations. This made all four test questions reproduction items. There were 
two transfer items that required the students to use fraction equivalence to 
compare two fractions, but these items are filed under “Comparing Fractions”. 

The “Fraction Arithmetic” items featured a cover story such as “Your weekly 
allowance is 12 dollars. How much is 1/3 of your allowance?”. Students needed 
to abstract the mathematical operation(s) from the text in order to solve the 
problem. This transfer item was not taught on the tutor and required the student to 
apply their conceptual knowledge in context. Hence, all “fraction arithmetic” 
items were considered transfer items. 

Finally, “Comparing Fractions” asked the students to compare two rational 
numbers, allowing different ‘benchmarks’ to figure out the solution. The fractions 
on the two reproduction comparison problems had either the same denominator or 
the same numerator. Both of these benchmarks have been taught in the tutor as 
well. The three transfer problems were slight adaptations from similar tutor 
problems: one tutor problem type asked the students to compare fractions with ½. 
The transfer item on the tests had two fractions, one larger and one smaller than 
½, making ‘one half’ the benchmark for this problem (e.g. “compare 5/11 and 

Concept tested Reproduction Transfer Total 
Identifying Fractions 4 3 7 
Constructing Representations 3 3 6 
Equivalence 4 0 4 
Fraction Arithmetic 0 2 2 
Comparing Fractions 2 5 7 
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4/7”). In two other transfer problems, the two fractions could be easily converted 
to a common denominator. Students did a similar problem type at the very end of 
the tutor, but used graphical representations to compare, rather than merely 
symbols as in the transfer test questions. The final transfer benchmarks was 
comparing fractions with a whole, one with two fractions smaller than “1” (e.g. 
7/8 and 4/5) and with both fractions greater than “1” (e.g. 7/6 and 10/9). In both 
cases “1” is the benchmark, and students had to assess how far the fractions were 
removed from a whole. 

A little over half of the test problems use representations, as shown in table 
7.3. The rest of the problems use symbols only, although students were allowed to 
draw their own graphical representations in some problems to explain their 
answer. For most test items, just giving the answer or drawing the correct 
representation was considered enough. For ten out of the 26 questions, we asked 
the students to “explain their thinking” in pictures, words or both. Half of the 
points for these questions were earned by giving the right answer, the other half 
for providing a correct reasoning. 

 
Table 7.2. Number of graphical representations used in the tests 

  
 
 
 
 

 
The three versions of the test were distributed randomly over the students so that 
each student got each version once for either the pre-test or one of the post-tests. 
The versions were structurally equivalent, differing only in the fractions used. In 
order to balance the difficulty, we had an equal portion of easy fractions 
(denominator < 5), intermediate fractions (denominator between 5 and 8) and 
hard fractions (denominator > 8). In addition we piloted the tests with a retired 
math teacher and four elementary school students. 

Each test was graded by two graders with teaching experience, which both 
received a two-hour instruction beforehand on the answer coding scheme and the 
range of correct answers. Questions were graded in three parts: half the points 
were awarded for the correct answer, half for a correct explanation (when 
applicable), and points could be deducted for conceptual errors (such as drawing 
parts of unequal size). 

7.3. Statistical method 

To analyze the data, we used hierarchical mixed-effects model (Gelman & Hill 
(2007) with five nested factors to explain part of the variance in the data. A 
hierarchical mixed effect model attempts to explain variance by accounting for 
the repeated measures, and the hierarchy in classes, grades and schools. At level 
1, we modeled performance for each of the three tests for each student. At level 2, 

Representation used Total 
Circle 4 
Rectangle 5 
Numberline 5 
None (only symbols) 12 
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we accounted for differences between students. At level 3, we modeled 
differences between classes. At level 4 accounted for differences between grades 
and schools. Since grades span across schools, grades are not nested within 
schools. 

8. Results 

Of the 13 classes participating in our study, we had to exclude four. The primary 
motivation was we had to delay our study by a week, placing delayed post-test 
the week before the Pennsylvanian standardized state tests all schools are 
required to take. The result was only four classes took the delayed post-test before 
the state tests, two teachers chose not to take the delayed post-test at all and the 
remaining seven classes took the delayed post-tests between immediately after 
and three weeks after the state tests. Besides taking out the two classes that did 
not take the delayed tests, we had to exclude two more, because the data suggests 
that the students received additional fraction training between the immediate and 
delayed tests.  

In total, a 119 students were excluded, either because they were in one of the 
four excluded classes, they were absent during one of the tests and/or more than 
two days of tutoring, they completed less than half of the questions on a test or 
interpreted the tests as a collaborative endeavor. Of the 312 students originally 
enrolled in our study, 193 students took all three tests, less than we had hoped for, 
but still substantial for decent statistical analysis. Of the 26 original test questions 
we excluded two transfer items. One ‘reproduce the unit’ transfer question was 
excluded because one of the test versions had different formulations of the test 
questions, and the other one because the question was ambiguous, and both 
graders greatly differed in interpretation of the answers. 

Using Cohen’s kappa coefficient for inter-rater agreement on remaining 24 test 
questions, we found a reliability of 0.78, which stands for a ‘substantial 
agreement’ between the two graders (Fleiss, 1981). Therefore, the average 
between both graders was taken as the final score for each question, making the 
assumption that if the graders disagree, apparently the student answer could be 
taken either way. 

8.1 General Performance 

As stated in section 7.3, we used a hierarchical mixed-effects model to analyze 
the student data. Accounting for the repeated measures (between test), and which 
student belongs to what class and grade all explained a significant portion of the 
variance (p < 0.001). The schools did not explain additional variance on top of 
the random effects mentioned above (p=0.13).  

Figure 8.1 shows the general increase in performance. Students scored an 
average of 11.5% better on the immediate post-test (p < .001, effect-size: 1.42) 
compared to the pre-test, an increase in performance they retained on the delayed 
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test (p < .001, effect-size: 1.30). Figure 8.2 shows that students working with 
interactive representations scored 3.7% better than the group learning with static 
graphics (p < .02, effect-size: 0.46). The interactivity main effect was not 
significant for the delayed post-test (p = .10). 

 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 

 

Looking at the other main effect in figure 8.3, ‘connection-making activities’, we 
found no significant difference for the immediate (p = .83) nor the delayed post-
test (p = .09). Figure 8.4 displays the combined main effects. On the immediate 
test, we found no differences between groups. On the delayed test there is a small 
significant difference between the students working with interactive 
representations and connection-making activities and the students having static 
fractions and no connection-making (p < .05, effect-size: 0.49), as hypothesized 
in chapter 5. However, no significant interaction effect was found between the 
two main effects on the immediate post-test (p = .80), or on the delayed post-test 
(p = .24). 

40.0%	  

50.0%	  

60.0%	  

70.0%	  

Pre-‐test	   Immediate	  
Post-‐test	  	  

Delayed	  Post-‐
test	  	  

P
er
fo
rm

an
ce
	  

Performance	  by	  Condition	  -	  Interactivity	  

Interactive	   Static	  

35.0%	  

40.0%	  

45.0%	  

50.0%	  

55.0%	  

60.0%	  

65.0%	  

70.0%	  

Pre-‐test	   Immediate	  
Post-‐test	  	  

Delayed	  Post-‐
test	  	  

P
er
fo
rm

an
ce
	  

General	  Student	  Performance	  

* * 
}* 

Figure 8.2. Main effect: interactive representations 
versus static representations. Significant effect for the 
immediate post-test. 

Figure 8.1. Students improve significantly from pre-test 
to immediate post-test and from pre-test to delayed 
post-test. 
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8.2 Grade Levels 

Dividing the students into 5th and 4th grade (figure 8.5) shows that both grades 
learn from the tutor. In fact, there is no difference in learning for both the 
immediate post-test (p = .78) and delayed post-test (p = .93) between both grades. 
While there is a difference between 4th and 5th grade performance on the pre-test 
and immediate test (p < .001), there is no significant difference between grades 
on the delayed test (p = .21). The missing significance on the delayed post-test 
can be explained by the added variance in the delayed post-test data though, 
possible induced by variation in test dates. 

Figure 8.6 shows that the effect of interactive representations on performance 
holds only for 4th-graders. The 4th-grade interactive group performed 14.6% 
better than the static group (p < .001, effect-size: 1.06) on the immediate post-
test, and on the delayed test, the interactive group outperformed the static group 
by 8.8% (p < .04, effect-size: 0.60). While the 5th-graders show the same overall 
learning as the 4th graders, the interactivity has no additional effect. In fact, the 
interactive 4th-graders perform equally well as both 5th-grader groups. 

Connection-making activities show trends that students better retain, the 
knowledge learned for both grades, but not significantly so. 
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Figure 8.3. The second main effect we tested was 
whether connection-making activities between 
representations aid fraction learning. The graph shows 
a trend that connection-making activities help retention 
of learned knowledge. This effect however, was not 
significant. 

Figure 8.4. Since our study had a 2x2 factor design, we are 
able to compare the condition with the two main effects to 
the condition without the two main effects. For the delayed 
test, the difference between interactive, connection-making 
and static, no connection-making is significant. 
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Figure 8.5. Differences in general performance between 5th-
grade students and 4th-grade students. On the delayed test, 
the difference between grades is no longer significant. 

Figure 8.6. Interactive representations improve 4th-grade students 
performance only. 4th-grade students with interactive 
representations become perform as well as 5th-grade students. 
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8.3 Prior Knowledge 

One likely reason for why interactive representations help 4th-grader students and 
not 5th-grader students is that interactive representations help building initial 
knowledge. Indeed, in figure 8.8 we have divided the students into a low-prior 
knowledge group (lowest quartile of pre-test scores) and high-prior knowledge 
group (highest quartile of pre-test scores). This figure shows only an interactivity 
effect for the low-prior knowledge group (p < .04, effect-size: 0.74). Even though 
the low prior-knowledge interactivity effects seem present in the delayed tests as 
well, no significant differences were found (p=0.15).  

Both groups do learn significantly (p < 0.001) and, not surprisingly, comparing 
the performance gains, the low prior-knowledge group learned significantly more 
from pre-test to the immediate test (p < 0.001) and from pre-test to delayed test (p 
< 0.001). 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

 

8.4 Question Content 

Diving deeper into exactly what part(s) of the fraction curriculum content are 
affected by our interventions, figure 8.10 shows a breakdown of general 
performance by content. Student performance increases on all items, (p < 0.01 for 
all content on both from pre-immediate and pre-delayed) but some more so than 
others. Identifying fractions (representations to symbolic notation) appear to be 
the easiest with a 67% average correctness on the pre-test, a 76% average 
correctness on the immediate post-test and a 75% average correctness on the 
delayed post-test. Constructing fractions (symbols to graphical representations) is 
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Figure 8.8. Interactive representations versus static 
representations split by pre-test score. The interactivity is only 
effective for low prior-knowledge students. 

Figure 8.9. Student with low pre-test scores learn 
significantly more from the cognitive fraction tutor. 
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with a respective correctness average of 55%/68%/66% on par with fraction 
arithmetic (51%/71/66%). Comparison and equivalence items start of equally bad 
with just an average correctness of 45%, but equivalence scores soar after use of 
the tutor to 68% on the immediate post-test and a 71% correctness on the delayed 
post-test. Comparison items on the other hand, show an increase similar to the 
other items with 57% correctness on the immediate post-test and 55% on the 
delayed.  Indeed student performance increases significantly more on equivalence 
items (p < 0.02) compared to the other items.  
 

 
 
 
 
 
Figure 8.11 displays a very interesting result. Only equivalence items show a 
significant effect for interactive representations (p < 0.001). The rest of the items 
do not show any difference in performance between interactive and static 
representations. None of the content items show a difference between connection-
making and no connection-making either. 
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Figure 8.10. Breakdown of test performance per content 
item. Equivalence shows the largest increase. 
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Figure 8.11. Only equivalence items show an effect for interactive 
representations. 
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8.5 Representations used 

 
Figure 6.12. General performance by representation used in the test questions. 
Students struggle most with symbols and numberlines. 

Breaking the test results down in representation used, figure 8.12 shows that 
circles and rectangles are considered the easiest items. The performance on the 
circles is a little bit lower, because a hard rectangle problem was excluded from 
the data. Considering the hard circle problem was left in, students perform 
equally well on circle and rectangle problems. Context problems do not have a 
representation, but an accompanying text and requiring students to do simple 
fraction arithmetic. The hardest problems are problems with symbols only and 
numberline problems. The performance increase on the numberline problems is 
with 20% larger from the pre to post-tests than the performance increase of 9% on 
circle and rectangle questions (p < 0.02). 
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Figure 8.13 shows that students working with interactive representations show a 
larger performance increase than students working with static representations for 
the circle, rectangle, numberline and symbolic representations. Even though 
trends for interactivity seem to be present, especially at the immediate post-test, 
the differences between conditions were not significant looking at the 
representations separately. 
 

 
Figure 8.14. Connection-making activities by representation used. The graph shows a 
trend for all graphical representations on the delayed test, and a larger effect for the 
numberline on the immediate test. The differences were not significant. 
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Figure 8.13. Interactivity effect on representations used. The graph shows a small effect for the 
graphical representations and the symbolic representation, especially on the immediate post-
test. These differences were not significant in isolation however. 
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For the connection-making activities, similar trends were found for the delayed 
post-test, but none were significant. 

8.6 Tutor Data 

Since the tutor logs every problem-solving step for every student, we analyzed 
the tutor data for differences between conditions in number of errors made and 
number of hint requests. Since the interactive conditions do not necessarily have 
the same number of problem solving steps as the static conditions for every 
problem, we looked at incorrect answers as a proportion of total student answers. 
The students working with interactive representation make significantly more 
errors than students in the static conditions: 0.27 versus 0.24 (p < 0.003). 
Connection-making activities made no difference: 0.25 versus 0.26 (p = 0.90). 

As with student errors, we compared student hint requests between conditions 
as a proportion of total steps performed. The interactive conditions had an 
average of 0.15 hints per problem solving step, and the static conditions an 
average of 0.12 hints per problem solving step (p < 0.0002). Having connection-
making activities made no difference (p = 0.64). 

Both the number of errors and hints only differ in the first three days however: 
after identifying fractions and learning about equivalence, interactive 
representations do not generate more errors or hints than static multiple-choice. 

8.7 Student Surveys 

After completing the tutor and immediate post-test, we asked the students to 
complete a short questionnaire to assess whether they liked the tutor, thought is 
was hard, etcetera. The main reason for giving the survey to see whether students 
working with interactive representations and/or connection-making activities 
liked the tutor more or find it easier. The survey was giving on a likert scale from 
1 to 5 (1 being “hated it” and 5 being “loved it”) and include questions such as 
“Did you like working with the fractions tutor?” and multiple-choice questions 
such as “What did you find the hardest representation?”. For the entire set of 
survey questions and results, please see appendix B. There were no significant 
differences between conditions for any of the questions. 

The survey data however, does show students really liked the tutor (4.12 out of 
5 on average), thought they have become better at fractions because of it (4.13 out 
of 5 on average). The students found the tutor moderately easy (2.32 out of 5 on 
average, 1 being “very easy”, 5 being “very hard”). Figure 8.15 shows the results 
by topic. It seems there are no differences between days as to how much they 
liked the tutor problems or whether they thought they learned from it. The first 
day (working with circles and rectangles) is considered easier than the rest of the 
days (p < 0.01) though. 

The students’ favorite representation is the circle (45% selected the circle as 
their favorite). Surprisingly, students did not like the rectangle (13%) as much as 
they like the numberline and symbolic notation (22% and 19%). Students did find 
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the symbolic notation and the numberline representation to be the hardest (48% 
and 40% respectively). The circle and rectangle were considered easy (only 5% 
and 7% answered they thought these representations were the hardest). No 
differences between conditions were found. 

 

 
Figure 8.15. Survey results by topic. Students were asked whether they like the tutor, 
thought they improved their fractions knowledge by working with the tutor and 
whether they thought it was difficult. 

9. Conclusion and Discussion 

The results show that students in the lower grade and students with low prior 
fraction knowledge benefit from interactively manipulating fraction 
representations compared to working with static graphics. Connection-making 
activities between different representations seemed to have a small positive effect 
on the retention of fraction knowledge on the delayed tests, although not 
significantly so. We believe the unfortunate timing of the delayed tests, being 
scheduled a week before the start of the standardized state tests, might be one of 
the main reasons the effect is not as pronounced. The importance of the state test 
to the teacher and the school made most teachers decide to -unfortunately but 
understandably- postpone or cancel our delayed post-test. Four of thirteen classes 
completed the delayed tests before their state tests (eight days after the tutoring), 
seven finished the delayed tests after the state tests (three to five weeks after the 
tutoring), and two classes did not start the delayed post-tests. This resulted in a 
higher variance compared with the immediate tests (sd=2.23 versus sd=1.93) and 
a smaller group to analyze (N=193 versus N=250). Also, two classes needed to be 
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excluded, because the data suggests they received additional fraction instruction 
between the immediate and delayed post-test.  

The data provides reason to believe with extra precaution on the delayed post-
test, connection-making activities might help retention. Interactive 
representations do generate an increase in learning. Since the survey results show 
no difference between how much students liked working with tutors containing 
interactive representations or static representations, we conclude the nature of 
interactive representations itself, rather then a mere motivational effect, causes 
better fraction performance. 

This study answers the question “CAN interactive fraction representations 
help fraction learning?”, with a “YES”. More research is required to answer 
“HOW exactly can interactive fraction representations help fraction learning?”. 
Part of the solution lies in varying some of the assumptions made in this study, as 
described in chapter 3. Particularly the principles of meaningful interaction and 
moment of feedback are candidates for empirical research, as discussed in the next 
sections. And, more importantly, the results of the present study do provide 
interesting findings pointing to an answer to the ‘how’ question. The rest of this 
chapter I will interpret the results and discuss how these and the design 
assumptions made for this experiment may inform a future study. 

9.1 Target Students and Target Knowledge 

Perhaps the most pronounced conclusion from the data is that interactive 
representations generate a performance boost for only a subset of the students, 
namely the ones with low prior knowledge of the topics being taught. The 
performance increase is not just less in high prior knowledge students, it seems to 
be absent. The underlying question this observation poses is what kind of 
knowledge and/or skills do the high prior knowledge students already bring to the 
pre-test that low prior knowledge students do not? One answer is that interactive 
representations help in building the conceptual knowledge that explains what 
exactly happens when one performs fraction manipulations. An alternative 
explanation is that high prior knowledge students possess a different skill that 
allows them to solve the problems, for instance, high prior knowledge students 
solve fractions with procedural methods.  

The current test design does not differentiate procedural items versus 
conceptual items, and is therefore unable to tell which hypothesis is correct (or 
whether there is another unknown skill involved). Creating test items that 
specifically target procedural knowledge (e.g. calculate how many 24ths are 
equivalent to two-thirds) and conceptual knowledge (e.g. draw a picture showing 
why one half has no equivalent fraction with fifths) will help in discerning why 
exactly interactivity helps in building early knowledge. 

An indication the former hypothesis is correct is that interactivity has no 
effect on identifying fractions for the students tested. Identifying fractions is 
primarily a conceptual skill; no mathematical procedures are required or even 
useful for ‘seeing’ what fraction a graphic represents. Since the lack of errors in 
these questions suggest all students understand this concept more or less, this 
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explains why interactive representations do not cause an additional increase in 
performance for identifying fractions. 

It would be very interesting indeed to have third or even second grade 
students work with the identifying fractions tutor. The conceptual hypothesis 
predicts that students without any conceptual fractions knowledge would benefit 
from interactive representations in learning about fraction identification. 

9.2 Meaningful Interaction and Feedback Moment 

Evidence suggests the positive effect of interactive representations on learning is 
not specific to a certain kind of representation. A future study may implement any 
of the representations used in this study, and/or other interactive fraction 
representations, such as a set representation and expect student performance to 
increase, when implemented correctly. In other words, the interactivity effect 
seems representation-independent. More interesting therefore, is varying the way 
interactivity is implemented. The main premise of the way interactivity was 
implemented is this study was meaningful action: view the representations as a 
virtual object, allowing as much direct manipulation as possible.  

A study comparing direct manipulation against detached manipulation could 
gather evidence for this principle of interactivity. Interactive representations with 
detached manipulation disallow clicking and dragging within the graphical 
depictions, instead relying on buttons and text fields for changing the 
representation. We predict a tutor with detached manipulation is not as effective 
as a tutor with direct manipulation. 

Other interactivity principles described in section 3.3, such as similar 
concepts-similar action, removing extraneous processing and preventing 
contradiction with the educational concepts, seem straightforward and –while 
important to consider– have no priority for further empirical testing in my 
opinion. The results do seem to indicate the interactivity effect differs greatly 
between the different fraction concepts. Since the interactivity principles are 
applied in all tutor content, this suggests the section 3.3 principles are incomplete. 
Section 9.4 describes how differences in implementation between the equivalence 
concept and comparison concept might explain what other facets underlie 
successful interactive components. 

Our interactive representations allow a degree of freedom by providing 
delayed feedback only after the student herself signals she has found a final 
answer. This allows the student to stray from the correct solution path; relying 
instead on the situational feedback the graphics provide to realize her mistake. 
For instance, figure 9.1 displays the student going down an incorrect path, and the 
situational feedback available. It would definitely be interesting to implement a 
condition with immediate feedback, correcting the student the moment an action 
does not lead to a correct solution. In the case of figure 9.1, the student would 
receive an error message the very moment she clicks one of the pieces of fifths 
(fourth and sixths would not generate an error message since they DO lead to a 
correct solution). In the immediate feedback condition, it would not be possible to 
show situational feedback in this casse, since the student is corrected before the 
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situation graphically showing the error can even occur. Therefore, the proposed 
future study tests immediate feedback versus a combination of situational and 
delayed feedback. 

 
 

 
 
 
 

 

9.3 Static and Animated Conditions 

Even though none of the representations show a significant interactivity effect by 
itself, circles, rectangles and symbolic representations show a clear trend. 
Numberlines do not. Since numberlines are considered conceptually harder than 
circles and rectangles, you would expect a larger interactivity effect for 
numberlines. Investigating how the differences between static and interactive 
numberlines are implemented, we find that there is no real static version for 
numberlines: students in the static condition place dots within the representation 
as well, whereas static circles and rectangles require students to choose from 
multiple options and disallow direct manipulation. The only difference between 
interactive and static numberline therefore, is partitioning. We would argue that 
when the static numberlines are implemented in a way that is consistent with 
static circles and rectangles, by replacing dot placement with a multiple-choice 
mechanism, chances of finding an interactivity effect for numberlines will 
significantly increase.  

While looking into the differences between the static and interactive version 
of our representations, we found a small confound for circles and rectangles as 
well. Remember how the static condition has two phases: a ‘select the 
denominator’ phase (selecting correct partitions) and a ‘select the numerator’ 
phase (selecting the correct shading, see chapter 6). This essentially means the 
static version is not entirely static, but rather a two-frame animation: the 
representation shows an intermediate step as well as the final state. The way 
partitioning is implemented for numberlines in the static condition is by asking 
the student into how many sections the numberline should be divided, and 
automatically showing the partitioning upon a correct student response to this 
question. Using external controls such as textboxes seem closer to a true static 
version. Therefore, the static versions of circle and rectangle representations may 
be changed as well, replacing the first multiple-choice phase for a textbox, 
ensuring a consistent truly static condition. 

Figure 9.1. The student traverses an incorrect solution path while 
trying to find an equivalent fraction to one half. Delaying 
feedback allows the student to realize her mistake by the 
situational feedback "fifths do not fit a half". 
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Thinking about a true static condition raises the question what effect animated 
representations, the intermediate between static and interactive representations, 
would have on learning, especially compared to interactive representations. An 
animated representation shows essentially the same progression as an immediate 
feedback interactive representation, but supports no meaningful interaction. 
Moving from the initial state to the end state may be either a timed slideshow or a 
student-controlled transition. Since animation is a fixed series of frames, the 
student can make no errors. The animation does not need to be tutored therefore, 
although you probably would want to have checks in place to ensure students 
actually run the animation. 

 

9.4 Comparing Comparison with Equivalence: Equaling its Interactivity 
Effect 

Figure 8.11 presents us with the striking revelation that the only topic that truly 
benefits from interactive representations is equivalence. Even though 
performance on all topics increase, interactivity only helps with equivalence, and 
for both the conceptual and procedural test questions. This presents us with an 
excellent opportunity to examine what characteristics interactivity for equivalence 
has, that interactivity for comparison does not. Indeed, from a theoretical point of 
view there is no reason why interactive representations should be beneficial to 
equivalence, and not to comparison problems. Both topics have a strong 
conceptual element: fractions are equivalent if the relative areas on a circle or 
rectangle match and one fraction is larger than the other if the relative area is 
greater than the other fraction. Also, assessing differences between fractions 
underlies a conceptual number sense for fractions (Cramer & Wyberg, 2007). 
Both equivalence and comparison are challenging to the students on the pre-test, 
and show a significant increase after tutoring. Hence, looking at the difference in 
implementation of interactivity between the both topics may give us powerful 
insights in what makes interactive representations beneficial. 

So why does interactive work with equivalence items and not with 
comparison items? In short, there are three possible explanations: 

1. The order of interactive elements within a problem. While on the one 
hand interactivity is used to discover new equivalent fractions, in 
comparison it is used as self-explanation. 

2. Situational Feedback. Interactivity does not provide much situational 
feedback in comparison problems. 

3. Procedural problems. The equivalence problem set has three 
representation-less procedural problems, comparison does not. 

 
Order of Interactive Elements 
An equivalence problem starts off with asking the student to drag pieces from one 
circle on top of another, using interactivity to find the answer. After a correct 
answer on the interactive part has been accepted, the student is asked to identify 
the fraction she found in a symbolic part. A comparison problem however, 
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displays two graphical representations of fractions and begins by asking which 
one is larger. The student is able to ‘read’ the answer off the representation 
without too much effort. The interactive part comes thereafter, when the student 
is asked why the one fraction is larger. By dragging pieces to the middle, the 
student displays arguments for the correctness of her earlier answer. 

It would not be unreasonable to argue interactivity is mainly effective if it is 
used to discover an answer, rather than explaining it. Surely, the thought process 
leading up to an answer is the most fundamental part of a problem, and therefore 
the one you would want to use interactive representations for. If this were true, 
what would you expect the tutor data to look like? For a topic students are 
unfamiliar with at first, such as equivalence, you would expect more trial-and-
error behavior in the interactive conditions, compared to the static condition, 
where students just need to recognize the correct answer.  

The data points for equivalence questions 1 to 8 in figure 9.2 show the error 
rate for the equivalence problems with representations and the data points for the 
same equivalence questions in figure 9.3 show the number of hint requests. Sure 
enough, the interactive conditions show 2 to 3 times more errors made in the first 
questions (p < 0.001) and 1.5-2 times more hint requests (p < 0.01) compared to 
the static conditions. This might indicate some kind of exploratory behavior at the 
initial problems. Apparently, the manipulations on the representations make 
sense, since after the first two questions, students in the interactive conditions 
catch up and make no more errors than students in the static conditions, and 
request just as many hints. 

Tutor data shows that interactive representations show a different learning 
pattern when compared to static representations. This provides evidence in 
support for having interactivity as part of the process leading up to an answer. 

 

 
Figure 9.2. Total errors made per question for the equivalence problem set. 
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Figure 9.3. Total hint requests per question for the equivalence problem set. 

 
Situational Feedback  
As argued on section 3.3, the ability to generate an incorrect answer in 
representations, and having the graphical representation give situational feedback 
on the student’s answer is one of the main benefits of interactive representations.  
The situational feedback displayed for an incorrect equivalence answer is 
apparent (see again figure 9.1). In comparison problems however, since the 
fractions are displayed from the start, situational feedback is unavailable. The 
student is already given the final graphical state needed for fraction comparison; 
no graphical feedback is given on her actions. 

Whether students actually encountered situational feedback in equivalence 
problems remains an open question however. Since the interactive components 
only send data when a student submits an answer, no data is available of the 
corrections she might have made in between. During the study we did observe 
students responding to situational feedback, but it would be nice to have actual 
quantitative data to support our observations. As the moment of writing this 
thesis, new fraction components are in development, which make recording of 
untutored actions possible. A future study may indeed look for occurrence of 
situational feedback and the students’ response to it. 

 
Procedural Problems 
The equivalence problem set is split in a conceptual part with graphical 
representations and a procedural part without, as are the equivalence test items. 
An interactivity effect is found for both the conceptual part of the test and for the 
procedural part of the test. Comparison is purely procedural on the test and purely 
conceptual on the tutor. The fact that the comparison test items show no 
interactivity effect may be because comparison had no representation-less 
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problems in the tutor, requiring procedural mathematics. It is certainly possible 
that interactive representations build conceptual knowledge, but only comes to 
expression on test items once it is linked to procedural knowledge in the tutor. 
Perhaps the underlying rules found by tinkering with representations need to be 
internalized by having additional problems that leave the representations out. 

Since the procedural equivalence questions on the test show an interactivity 
effect as well, you would expect the same interactivity effect on the procedural 
items on the tutor. Indeed, looking at question 9 in figure 9.2 and figure 9.3, 
which is the first representation-less problem for equivalence, the tutor data 
shows that students that had been working with interactive representations in the 
problem prior to question 9 ask for significantly less hints and make fewer errors. 
This could be an indication that adding procedural items after conceptual items 
with interactive representations helps learning. 

 
Conclusion 
Now, our prediction is that an effect for interactivity can be found if one would 
revise the comparison problems so that they, like the equivalence problems,  

1. have interactivity as a part of the thought process leading to an answer,  
2. provide situational feedback and  
3. include procedural problems. 

 
To give an example, let us take one of the problems where students are asked to 
compare two fractions with the same numerator. The problem starts off with the 
question which fraction is larger, 3/8 or 3/10. Below the question are two circles, 
each displaying 3/3. Pressing the up button next to each circles changes the 
denominator, but not the numerator (1). The representations give the specific 
situational feedback that a larger denominator adds more pieces, and students see 
that having a larger denominator makes the three shaded pieces relatively smaller 
(2). Only after having visually represented the problem, is the student asked 
which fraction is the larger of the two. Having completed a couple of these 
conceptual problems, the student is asked the exact same type of questions, but 
without the representations (3). Hopefully, having internalized the conceptual 
knowledge, the student is able to answer the question using the proceduralized 
rules. Not only on the tutor itself, but also on the tests after. 

9.5 Connection-making Activities: Shallow versus Deep 

So far our discussion has focused solely on interactive representations. Although 
we found no significant effect for connection-making activities, figure 8.3 and 
figure 8.7 seem to indicate connection-making activities might help retention. 
There is reason to believe a revised tutor has a better chance capturing a 
connection-making effect, by taking measures to lower the high variance in the 
current delayed post-test data. Primarily, the importance of the delayed post-test 
should be communicated better to the teachers. In a teacher survey, some teachers 
responded that they were unaware of a third test. Combined with the unfortunate 
timing right before the standardized state tests, there were great differences 
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between classes when and how the tests were administered.  More careful 
planning will ensure a better-controlled environment, and hopefully less variation 
in the test data.  

The tutor contained 14 problems with connection-making activities, showing 
multiple representations at the same time. Not every concept had connection-
making activities however, equivalence had none and comparison only a couple 
of problems. Hence, two of the topics students show the greatest improvement in, 
were represented the least in terms of connection-making.  

Revisiting the nature of connection-making activities, one may discern two 
distinct types: shallow and deep connection-making. Shallow connection-making 
activities are problems were representations are connected simply by proximity or 
by the question asked. For instance, a student may be asked to show the same 
fraction on a numberline as is shown in a circle representation. Most of the 
connection activities in the tutor are of this type. The other type, deep connection-
making activities, actively draws student attention to shared representational 
features, either visually or by self-explanation prompts. An example of this type 
is shown in figure 9.4, where the main representational features of the numberline 
are introduced by aligning it with the already well-known rectangle. At this point, 
it is unclear which of both is more effective. Perhaps an exploratory study 
contrasting the two types may find which connection-making activity best helps 
students making connections between the representation’s relevant features. 

 
Figure 9.4. An example of deep connection-making activities. Student attention is 
directed to shared representational features, in this case fractions have the same 
relative distance from the left on the x-axis. 

9.6 Concluding Remarks 

This study shows interactive representations are more effective than static 
representations in teaching fraction concepts. Even though the question HOW 
interactive representations achieve this effect remains unanswered, detailed 
analysis of the test data provides a multitude of suggestions for future studies on 
interactive representations, namely: 

• Targeting different topics to an appropriate student level. 
• Contrasting direct manipulation with detached manipulation. 
• Testing immediate feedback versus a combination of situational and 

delayed feedback. 
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• Revising the control condition’s static representations’ to use a 
textbox for its ‘partitioning’ phase and a multiple-choice phase for the 
‘select the numerator’ phase. 

• Having a control condition with animated representations showing 
situational feedback. 

• Contrasting the use of interactivity in the finding the solution problem 
steps with the use of interactivity in the self-explaining the solution 
problem steps. 

• Comparing a tutor that teaches procedural representation-less 
knowledge only to a tutor that teaches conceptual problems with 
representations only to a tutor that starts with teaching conceptual 
knowledge and gradually moves to representation-less procedural 
problems. 

• Creating a clear distinction between conceptual test questions and 
procedural test questions. 

 
Since connection-making activities show promise both from a theoretical point of 
view and the trend found in this study’s data, future research might find an effect 
when extra care is giving to the timing of the delayed post-test and the design of 
problems in terms of shallow and deep connection-making. 

This study shows that fractions, one of the most challenging topics taught in 
elementary school, is highly sensitive to the way it is taught to students. Clever 
use of new technologies and insights in instructional activities, such as interactive 
representations, show great promise for improving the robust knowledge and 
skills children need to successfully navigate the complex plane of rational 
numbers. 
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