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Introduction
Iii this master's thesis I investigate Galois coverings of P' (C) which are unbranched

outside the set {O, 1. x.} and have Galois group SL(2,q). In the first chapter it is explained

very briefly why such coverings are interesting. The second chapter introduces Galois

coverings of a topological space and the most elementary properties of such coverings. We

also present a classification of Galois G-coverings, and derive from that a classification

of Galois G-coverings of P' (C) \ {O, 1, oo} in terms of so-called admissible triples of the

group G. In the last section of chapter 2 it is shown how Galois coverings of a punctured

Riemann surface X \ S extend to branched coverings of the whole Riemann surface X,

and how admissible triples contain all the information about the ramification of these

extensions.
The theory from chapter 2 can be put in an algebraic setting. This is done in chapter

3, and in the same chapter we will prove that in the case of smooth irreducible projective

curves and finite groups G of automorphisms, Galois G-coverings and quotients by the

group G are one and the same thing; this knowledge enables us to construct, in chapter
five, sonic SL(2. q)-coverings for small q.

The fourth chapter - which is purely group theoretical in nature - is devoted to the

groups SL(2, q). In chapter 3, we have given a classification of the (algebraic) Galois
SL(2, q)-coverings of the complex projective line, which are unbranched outside 0, 1 and

oc, in terms of admissible triples of generators of SL(2, q); in chapter 4 it will be shown how

the set of admissible triples, modulo equivalence, can be computed explicitly. In the same
chapter, some results of Dickson (namely the classification of the subgroups of SL(2, q)
and Dickson's lemma; the proofs of these results can be found in the appendix) are used
to prove the existence of certain admissible triples of SL(2, q).

Since a Galois cover is nothing but a quotient by a group of automorphisms, the question
whether SL(2, q) can occur as the Galois group of a map f : C — P' is equivalent with

the question whether SL(2, q) can be embedded in Aut(C). \Ve show in chapter 5 that if
C has genus 0 or 1, then SL(2, q) is a subgroup of the group of automorphisms of C only

if q = 2 or 4. We conclude the fifth chapter by constructing, for these q, explicit rational
and elliptic SL(2, q)-coverings of P1 with three branch points.

Table of Theorems

Theorem 1: Classification of coverings P.6

Theorem 2: Classification of Galois covers of P1 (C) \ {O, 1, oo} (topological case) P.8

Theorem 3: GAGA P.12
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Theorem 5: Quotients of projective varieties exist and are projective P.14

Theorem 6: Galois coverings are G-coverings P.15

Theorem 7: Classification of subgroups of SL(2, q) P.57
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Chapter 1

Motivation

This chapter will be used to motivate why it is worthwhile to write a dissertation on coy-

erings of F' with three branch points. Hopefully the reader is convinced, after having read

the following brief summary of some topics which have been of interest during the last
decade, and in which coverings — in particular those of F' which are unbranched outside a

set of three points — are a tool of great importance.

Dessins d'Enfant: In 1984, Alexander Grothendieck wrote a manuscript, called Es-

quisse d'un Programme, in which he introduced his dessins d'enfant. Roughly, these are
connected trees on a topological surface, satisfying certain properties. One of Grothendieck's
goals was to obtain a complete description of the structure of the group Gal(Q/Q) — a group

about which not much is known at the moniei,t —, and his idea was to investigate the action
of Gal(Q/Q) on certain sets of dessins. This very complicated action depends on correspon-

dences between dessins d'enfant, algebraic curves over Q, and coverings X — P1(C) which

are unbranched outside the set {O, 1,oo} (such coverings are called Belyi morphisms; the
correspondence between curves over Q and Belyi morphisms is a result of Belyi, 1979). Dur-

ing the nineties, lots of mathematicians have been trying to help carry out Grothendieck's
proposed programme, in which coverings of the complex projective line with three branch
points are one of the main objects of interest. The interested reader can take a look in
[De] for more information.

Inverse Galois Theory: The inverse Galois problem over the (arbitrary) field K
can be stated as follows: Given a finite group G, does there exist a Galois extension L/K,
the Galois group of which is isomorphic to G?
In the case K = C(t) the answer to this question is quite easily shown to be 'yes', for
each finite group G. Namely, a finite group G is isomorphic to a quotient of the group
ir with presentation < a,,... , anjai . ... a,, = 1 >, for some n � 1 (namely, if G is
generated by 9,,... , gni then we put g,, := (g, ... g,,,)1 and define an epimorphism

ir —* G : a, '—* gj). The group ir is the fundamental group of the complement of n points

P,,... , P,,, in the sphere P'(C) (lemma 2.3.1), and the kernel H := ker(ir —* G) defines

(by theorem 1(a)(i) and propositions 2.1.7 and 2.1.8) a Galois G-covering f : Z —÷ r :=
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(C) \ { P1,... , P,}. As we mention in section 2.4, there exists a compact Riemann surface

Z which contains Z as an open subset, and one can extend f to a surjective holomorphic

map F Z —+ P1(C) with the properties that Aut(Z/P'(C)) Aut(Z/P) and that the

corresponding function field extension M(Z)/M(P') is Galois. Finally, one can show

that the covering F : Z —+ P'(C) satisfies Gal(M(Zc)/M(P'(C))) 4ut(Z/P'(C)) (cf.

theorem 6). Thus

Gal(M(Zc)/M(P1(C))) Aut(Zc/P'(C)) Aut(Z/P) G,

in other words M(Z) is a Galois extension of the field M(P'(C)) C(t) with group C.

The problem becomes more interesting if one replaces C(t) by Q(t) or number fields, in

particular K = Q. There are purely group theoretical criteria, so-called rigidity criteria,

which ensure that certain finite groups G can be realized as Galois group over K = Q. The

proofs of t Iiese also depend on the study of coverings of the Riemann sphere P' (C) which

are unbranclied outside a given finite set of points, together with descent-methods, which

allow one to transform results about Galois extensions of C(t) into statements in inverse

Galois theory over Q (or other interesting fields). So nowadays, coverings are unavoidable

in inverse Galois theory. An extensive treatment of this subject can be found in [Vo] or [Ma].

Diophantine Problems: Classical in number theory are diophantine problems, that

is, the question of finding all rational or integer solutions of polynomial equations. The

most famous diophantine equation is the Fermat equation

(FE)

(pa positive integer). In 1995, Andrew \Viles succeeded to complete a proof of Fermat's last

theorem, which says that (FE) has no nonzero integer solutions if p> 2. Many conjectures

have been made on the generalized Fermat equation

41) + By = Czr, (GFE)

(A, B. C nonzero integers, and p, q, r positive integers), and several of these are now known

to be true. For instance, in a 1994 paper of Henri Darmon and Andrew Granville [DG}, it

is proven that the equation (GFE) has only finitely many proper integer solutions (that is,

solutions x, y, z with g.c.d.(x, y, z) = 1) whenever + + < 1. Besides famous theorems

of Minkowski and Faltings, another important ingredient in this proof is the existence of

coverings of P' with prescribed ramification indices p, q and r above the points 0, 1 and

oo respectively. This illustrates that also in arithmetic, the theory of coverings plays an

important role.

In the next chapter we start with an overview of the theory of coverings from the
topological viewpoint. which everybody with a little knowledge of topology and group

theory can understand.



Chapter 2

Coverings of Topological Spaces

The goal of this chapter is to introduce the notion of coverings, in particular Galois cov-

erings, from the topological point of view, and to give a classification of the connected

coverings and Galois coverings of a (sufficiently nice) topological space X in terms of sub-

groups of the fundamental group ir1 (X) resp. in terms of ordered tuples of generators of

the Galois group. The main result will be the classification of the Galois coverings of the

space 1P1 (C) \ {O, 1, oo}. In the final section we give this an interpretation in terms of
fliemann surfaces. We will not give proofs, since they involve only annoying and lengthy

calculatioiis with paths in topological spaces; good references covering the material in this

chapter are [Fo], [Fu], fla], [Pul,2J and [V].

2.1 Definitions and Fundamental Properties of Cov-
erings

In this section we make the reader familiar with the notion of coverings of a topological
space. \Ve start with a bunch of definitions, and then state some basic results on Galois
coverings and on the relationship between automorphism groups and the fundamental
group.

Definition 2.1.1
A (topological) covering of a topological space X is a pair (Y, f), where is a topological

space, and f I —* X is a continuous map with the property that each x E X has an
open neighborhood U such that f'(U) is the disjoint union of open subsets of I each
of which is mapped homeomorphicahly onto U by f. If we fix a point xo E X (from now
on called a base point of X) and a point I/o E f'(xo) C I, then we say that (Y,yo,f) is a
pointed covering of (X, x0).

An isomorphism of coverings (I, f) (1'.f') is a homeomorphism g : I —+ Y' with

f = f' 0g. \Ve write (Y, Yo, f) (Y', y, f') if in addition g(y) = g(y).
The group of automorphism.s or deck transformations of a covering (Y, f) of X is defined

to be Deck(Y/X) or Aut(Y/X) := {isomorphisms from (Y, f) to itself}.
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A covering U: —÷ X is said to be the universal covering of X if is path-connected

and simply connected U

Remark 2.1.2
(a) The group Aut(Y/X) acts on Y and the orbits under its action are contained in the

fibers of f. In particular, 1ut(Y/X) acts on each of the fibers of f.

(b) If (Y, f) is a covering of a connected space X, then all fibers of f have the same
cardinality, say n. (To see this, fix a point x X. The set S := {y X1

f'(y) =1 f'(x) I} is open in X. By applying this to all points whose fibers have

cardinality different from that of f'(x) we see that S must be closed as well. Since

X is connected, it follows that S = X.) In this case, the covering is said to be an

n-sheeted covering, and n is called the degree of the covering.

(c) If G is a group of homeomorphisms of X acting evenly on X, then the projection

map X - X/G is a covering map. A covering which is (isomorphic to one) of this

form is called a G-covering. An isomorphism of C-coverings is an isomorphism which

respects G-actions U

The following lemma relates G-coverings and so-called Galois coverings.

Lemma 2.1.3
(a) If (i f) is a connected C-covering of a space X, then G it(Y/X), for each

x E X we have f1(x) G I and the action of G on each fiber off is faithful and

transitive 2

(b) If (Y, f) is a connected covering of a locally connected space X, then Aut( /X) acts
evenly on Y. 1ff has a fiber on which 4ut(Y/X) acts transitively then the covering
is an 4ut(Y/X)-covering: There is a hoineomorphism Y/4ut(Y/X) X so that f
is tile composition Y —* Y/Aut(Y/X) X.

PROOF: Proposition 11.37;38 [Fu] U

Definition 2.1.4
Let (X, x0) be a connected topological space with base point, and suppose that C is a group.

If (Y, f) is a connected covering of X with the property that Aut(Y/X) acts transitively on

f1(xo) and C is isomorphic with 4ut(Y/X), then ( f) is called a Galois covering with

Galois group G, or simply a Galois G-covering . The (isomorphism class of the) Galois

group of such a covering will be denoted by Gal(Y/X) U

'If G is a subgroup of the group of homeomorphisms of a topological space X, then G acts on X. We

say that this action of G is even if each x E X has a neighborhood U such that for all g,h G one has

gU fl hU 0 = g = h. Notice that an even action is fixed-point-free.
2That is, for each x X and for all y,y' E f'(x) there exists exactly one g E G such that gy = y'.

31n the case where X is a Riemann surface or an algebraic curve, this terminology is justified by the

fact that the corresponding extension of function fields is Galois, and that G is isomorphic to the Galois

group of this function field extension. See for instance [Fo] for the Riemann surface case.
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This definition implicitly includes that being Galois is independent of the chosen base-

point x0. Moreover, the notation Galois G-covering suggests that a Galois covering is a
G-covering; this is indeed true, as proposition 2.1.7 (b) shows, but only if we make some
assumptions about our space X.

In the remainder of this chapter, (X, x0) will denote a connected, locally
path-connected and semilocally simply connected pointed space.

In fact, this is no severe restriction on a connected space X. Only very weird spaces
which we will not come across do not satisfy the above condition. The first thing to know is

that such a space always possesses a (pointed) universal covering (cf. Theorem 13.20 [Fu]),
which we will denote by (Q, wo, u); it is always a Galois covering with Galois group iso-

morphic with r1 (X. x0). The existence of this universal covering is exactly what makes life

so easy, since it has the property that it can be lifted to each pointed connected covering
space of (X,xo). More exactly, we have:

Proposition 2.1.5
If ', Yo f) is a connected pointed covering of(X, xo) theii there exists a unique continuous

map gy0 : (, w0) —* (Y, y) of pointed spaces which lifts the universal covering. The map
gy0 is a covering map, so (, w0, gy0) is the universal covering of (Y, yo).

PROOF: Proposition 13.5 [FuJ or Proposition 2.5 [P1] •

\Ve can attach an algebraic invariant to a connected pointed covering (Y, Yo, 1) of
(X, .ro). naiiiely the image f(7r1(Y, Yo)) C 7ri(X,xo) of ir1(Y, Yo) under the map fS

: [a] '—*

[foa] . This group f(iri(1', yo)), which we will call the characteristic subgroup of (Y, y, f)
(notation CIwr(Y, y)), is indeed an invariant of connected (pointed) coverings, as the fol-
lowing proposition shows.

Proposition 2.1.6
Between two connected pointed coverings (Y, y, f) and (Y', y', 1') of (X, x0) exists an iso-
morphism preserving base points if and only if the characteristic subgroups of the pointed
coverings are equal. The two pointed coverings are isomorphic if and only if the charac-
teristic subgroups are conjugate in iri(X,xo).

PROOF: The first statement is the Eindeutigkeitssatz, P.176 [Ja]. The second state-
ment follows from the first; it is proven in [Fu], chapter 13 U

Another consequence of our assumption about the space X is:

Proposition 2.1.7
a) A connected covering f: (Y, y) —÷ (X, x0) is Galois if and only if one of the following

holds:

4The group f(iri(Y,yo)) is in fact isomorphic to the group { E Aut(1l/X)Igy0 ° = 9vo} =
.4ut(1/Y) C 4ut(1/X).
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(i) Char(Y,y) i iri(X,xo);

(ii) 411t(Y/X) acts transitively on f'(xo);

(iii) 4ut(Y/X) acts transitively on all fibers off.

b) If f : (Y, y) —* (X, x0) is a Galois covering then it is a G-covering, where G =

Gal(Y/X). Conversely, each connected G-covering of X is Galois.

PROOF: Section 13.4 [Fu]U

The final result of this section links the fundamental group and the automorphism

group of a covering.

Proposition 2.1.8
1ff : (1, y) —* (X, x0) is a connected pointed covering, and N denotes the normalizer of

Char(iy) in iri(_V,xo) , then

N/Cliar(Y,y) 4ut(Y/X).

PROOF: Theorem 13.11 [Fu]

2.2 Classification of Coverings

In this section we present some classifications of coverings, in particular of Galois coverings,

modulo isomorphism, and modulo so-called equivalence. It is convenient to redefine Galois

G-coverings as follows:

Definition 2.2.1
Fix a group G. A Galois G-covering of the space X is a triple ( -, f, r), where (Y, f) is a

Galois G-covering in the sense of definition 2.1.4, and -r : G —+ Gal(Y/X) is a fixed group

isomorphism. The set of Galois G-coverings of X will be denoted by GalCov(G).

Let F := (Y,f,T) and F' := (Y',f',r') be two Galois G-coverings of a space X. We

say that F and F' are isomorphic (F F') if (Y,f) (Y',f') (see definition 2.1.1(b)).
Moreover, F and F' are said to be equivalent6 (I' ' F') if there is an isomorphism : F F'

with the property 1! o r(g) = T'(g) o 4, for all g E GU

Theorem 1
Let X be a connected, locally path-connected and semilocally simply connected topo-

logical space, with universal covering (il, u). Fix a base point xo E X and a base point
E lying over x0. Denote by ir the fundamental group ir1(X,xo) of X.

5i.e. the largest subgroup of 7r1(X,xo) in which Char(Y , y) is normal.

61n [Fu], this is called G-isomorphic.
7Notice the similarity between this theorem and the main theorem of Galois theory for fields.
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(a) (Classification of the connected coverings)
There are bijections

I connected pointed 1 / base point preser- ii
coverings of (X, x0) J / ving isomorphism (subgroups of ir};

(ii) {connected coverings of X} / isomorphism 4:4 {subgroups of ir} / Inn(ir).

(b) (Classification of the Galois coverings)
Fix a group G which is isomorphic to the quotient it/H, for some subgroup Hof

it. The group Aut(G) acts on Epi(ir,G) by the rule ()([a]) := c(([a])). with
E Aut(G) and E Epi(ir,G).

(1) There are bijections

GalCov(G)/isomorphism 4:4 (H <lit it/H G} 4:4 Epi(ir, G)/Aut(G).

(ii) Mod ulo equivalence, the Galois G-coverings are classified by

GalCov(G)/equivalence 4:4 Epi(ir, G)/Inn(G).

PROOF: (a) Proposition 2.1.6 shows that (the conjugacy class of) the characteristic sub-
group defines an inject ive map to the right; it can be shown that this map is surjective
too.

(14 (i): The first bijection follows from (a)(ii) and the fact that a characteristic sub-
group of a Galois cover has no conjugates but itself, since it is normal in it. Furthermore,

one easily shows that two maps in Epi(ir, G) have the same kernel exactly when they differ
by an automorphism of G, so the second bijection is given by '—* ker().

(ii): The proof of this part depends on an action of ir1(X,xo) on Y which is described
in the proof of Theorem 13.11 [Fu]; We won't go into the details here U

2.3 Classification of Galois Coverings of 1P1(C)\{O, 1, oo}

\Ve denote by * the topological space F' (C) \ {0, 1, oo}, the topology being the one in-
duced by the classical topology on C. Since, in the following chapters, we are interested
only in the Galois coverings of P with a fixed finite Galois group G, we will now classify
these Galois coverings. All we have to do is compute the fundamental group of r (which
from now on will be abbreviated by it).
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Lemma 2.3.1
The fundamental group ir of r has presentation <a0, a1, a a0a1a = 1>

In general, ifS = {P1,... , P,} is a finite subset of P1(C), then

\ S) =< a1,... ,an lal. .. a, =1>,

where the a, are nonintersecting loops, based at a fixed point Po outside S, winding once

around P2 in counterclockwise direction.

PROOF:8 Identify P with the complement of the north and south pole (N and S) and 1

in the sphere S2. Choose open discs D1 D2 C S2 centered at N, not containing 1, and

let x E D2 \ Di be the base point of S2. Using stereographic projection to R2 (in this space

fundamental groups are easy to find), it follows that iri(S2 \ (D1 U {S, 1}),x) =<a1,a>
where a1 and a are simple loops based at x around 1 and S. If a0 is a simple loop in

D2\D1 with winding number 1 around N, then ir1(D2\Di,x) = ir1(D2\{N},x) =<a0>.

By reversing some orientations if necessary, we may assume that a0 has image (aia)' in

iri(S2 \ (D U {S, 1}),x), so that Seifert and van Kampen imply

ir1(r) ir1(S2 \ {N,S, 1},x) <a0> *<aO> <a1,a>=<ao,ai,aoo aoa1a = 1>.

This is independent of the base point since P* is path-connected. The generalization fol-

lows by induction U

This result, together with the classification theorem of the previous section, leads to a

nice classification of the Galois covers of 1P*. First, we introduce the notion of admissible

systems of generators of a group G.

Definition 2.3.2
Let a finite group G and a triple (ni, n2, n3) of positive integers be given. An ordered triple

(gi,g2,g3) in G x G x G is called admissible with respect to (n1,n2,n3) if the gj generate G,

ord(g) = n2, and g1g2g3 = 1. Two such admissible triples (g1, g2, g3) and (h1, h2, h3) are

called equivalent (resp. quasi-equivalent) if there exists an a e Inn(G) (resp. a E Aut(G)),
such that a(gj) = h2, for i = 1, 2, 3. The set of admissible systems of generators of G w.r.t.

(n1,n2,n3) will be denoted Adm(G,(ni,n2,n3)) U

Theorem 2
(Classification of the Galois coverings of P'(C) \ {O, 1, oo})

In the notations of theorem 1, the Gal ois covers of P with group G are classified as follows:

(i) GalCov(G)/ .4 U(flI,fl2,fl3)(Adm(G (n1,n2,n3))/quasi_equi valence).

(ii) GalCov(G)/ (Adm(G, (ni, n2, n3))/equivalence).

8There are other ways to prove this lemma, see for example Corollary 4.29, P.81 [Vo].
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PROOF: Since ir =< a1,a2,a3 aa2a3 >, the sets Epi(ir,G) and

{(gl,g2,g3) E G3 g1g2g3 = 1 and <g1,g2 >= G}

can be identified, by sending to the triple ((a1),(a2),(a3)). This identification re-

spects the action of 4u1(G), so this theorem is nothing but theorem 1(b) U

\Ve can of course generalize this theorem by replacing 0, 1, 00 by an arbitrary finite

number ii of points in P'(C), and by adjusting the definition of admissible s stems of

generators.

2.4 Branched Coverings of Riemann Surfaces

One cami show that each covering f X —+ Y \ S of a punctured Riemann surface (i.e.

the complement of a closed discrete set S of points in a Riemann surface Y) extends to
a proper liolomorphic map f : X —+ Y, where X is a Riemann surface containing X
an open subset. Such an extension is called a branched covering of Y. \Vhen Y is taken

to be the Riemann sphere, and (X,f) is Galois, it will turn out that the ramification
indices of t lie holomorpliic map f can be read off from the admissible n-tuple of generators
corresponding to (Xi, ft) (theorem 2). References for this section are [Fo], [Fu] and [Vo].

A Riemann surface is a connected one-dimensional complex manifold equipped with a
coniplex structure - see [Fo]. \Ve start with some definitions on ramification of analytic
maps l)et weemi Rieniann surfaces.

Definition 2.4.1
Let f X —+ Y be an analytic map between Riemann surfaces. Suppose that at P E X
the map f locally has the form z '—* E1az". The ramification index of f at P is the
number e1(P) := min{n � 1 I a O}, and P is said to be a ramification point of f if
e1(P) > 1. A point Q e Y is a branch point if the fiber f'(Q) contains a ramification
point U

The first result of this section is the fact that a connected topological covering of a
punctured Riemann surface can be extended to a proper analytic map of Riemann surfaces.
First we need to know what a proper map is.

Definition 2.4.2
A continuous map f : X —* between topological spaces is said to be proper if the
preimage of each compact set in is again a compact set U

Proposition 2.4.3
Let Y be a Riemann surface, S a closed discrete subset of Y and 1 I \ S. Suppose
that f* : X —÷ 1 is a finite-sheeted connected covering. Then there exists a Piemann
surface X which contains X as an open subset, such that X \ X is finite, and there exists
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a proper analytic mapping f : X —÷ Y which extends f*.

The pair (X, f) is unique in the folloiving sense: If (X', f') is another pair with the above

properties, then there exists a unique biholomorphic map : X —+ X' with f = f' o

PROOF: See Satz 1.8.4, Satz 1.8.5, P.17,48 [Fo]

\Ve want the extensions of topological coverings mentioned in the above proposition to

be branched coverings, so the following definition is the most natural one:

Definition 2.4.4
A branched covering of a Riemann surface Y is a pair (X, f), where X is a Riemann surface

and f is a proper surjective holomorphic map from X to Y. \Ve call a branched covering

(X, f) of Y, unbranched outside a closed discrete subset S C Y, Galois, if the restriction

(X \ f'(S), ft) is Galois in the topological sense •

If we take only compact Riemann surfaces into consideration, then a branched covering

restricts to a connected topological covering of the set of unbranched points, as the next

proposition shows:

Proposition 2.4.5
Let f : X —* be a noncoiistant holomorphic map between compact Riemann surfaces.

Denote by B C Y and R := f(B) C X the sets of branch points respectively ramification

points of f. Then B and R are finite, and the restriction f : X \ R —+ Y \ B is a finite-

sheeted connected covering.
If f has ii sheets then for each Q E Y we have

Epf-I(Q)ef(P) = n.

PROOF: Proposition 19.3, P.266 [Fu] I

As a consequence, we have the following very nice description of branched coverings of

compact Riernann surfaces:

Lemma 2.4.6
Let Y be a compact Riemann surface. A branched cover of Y is the same as a pair (X, f),
where X is a compact Rieinann surface and f : X - Y is nonconstant holomorphic.

PROOF: If (X, 1) is a branched cover, then X is compact because f is proper. Con-

versely, if f : X —* Y is a nonconstant holomorphic map between compact Riemann
surfaces, then f is surjective by proposition 2.4.5. To show that f is proper, we need two
topological facts, namely that a compact subspace of a Hausdorif space is closed, and that

a closed subspace of a compact space is compact (see section 1.8 [Ja]). \Ve apply this by
using the compactness of X and Hausdorffness of If V C is compact, then 1' must
be closed, hence f (1') is closed and therefore compact as well! I
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In this section we have seen thus far, that a branched covering of a compact Riemann

surface Y can be defined as a pair (X, f) where X is a compact Riemann surface, and

f X —* Y is a nonconstant holomorphic map. Each such branched covering, which

has branch locus S C Y, restricts to a connected topological covering of Y \ S, and each

connected topological covering of \ S extends to a branched covering of which is deter-

mined up to biholomorphic equivalence. In the sequel, we call branched coverings simply

coverings or covers.

To conclude this chapter, we take a look at the extensions of the topological Galois

coverings of * = P' (C) \ (0, 1, oo}, and we show how the orders of the elements of an

admissible triple are related to the ramification indices of the corresponding branched

covering map.

Proposition 2.4.7
Let f .\ —* P'(C) be a Galois cover, which is unbranched outside the set S {0, 1, oo}.

Let (go, g1, g) be an admissible triple corresponding to the restriction fj .V := X \
f'(S) —* P.

a) The ramification index ej(Q) is constant on the fibers of f (this follows from the
Galois property). Therefore we will simply speak of the ramification index off at a
point P E P1(C), and denote it by ej(P) ej(Q), where Q E f—t(P) C X;

b) We have e1(P) = ord(gp), for P = 0, 1,00 (this is well-defined, since the order
function is constant on quasi-equivalence classes of admissible triples);

c) Each element oL4ut(X*/P*) extends uniquely to an analytic automorphism of

f :X —* P'(C), i.e. a biholomorphic map : X —* X with fo = f. ConverseI;

each analytic automorphism of f X —* P' (C) arises in this wa The group of
analytic automorphisins off : X —* P'(C) will be denoted by Aut0(X/P'(C)); it is
of course isomorphic with Au t (X * /*).

PROOF: See for example Chapter 5 [Vol U

One can show that the quotient of X by Autan(X/P'(C) has a unique structure of
Riemann surface for which the quotient map r is analytic. Furthermore, there is a biholo-

morphic map 4 :X/Autan(X/P'(C)) —* P'(C) such that f = I ir. So a Galois covering
of P1 (C) which restricts to an unbranched cover of r is nothing but a quotient by a finite
subgroup G of the group of analytic isomorpliisms of X, and to such a covering corresponds

a unique (quasi-)equivalence class of admissible triples of G; the orders of such a class of
triples describe exactly the ramification indices of this branched covering map.

\Ve have thus given theorem 2 an interl)rctation in terms of branched coverings of
Riemann surfaces, and related the order function to the ramification index. In the next
chapter we will generalize some of these ideas to projective algebraic curves over arbitrary
fields, instead of just over C.



Chapter 3

Coverings of Algebraic Curves

It is well-known that complex projective curves and compact Riemann surfaces are essen-

tially one and the same thing. Therefore we can ask ourselves the question if the theory of

coverings of Riernann surfaces has an analogue in terms of algebraic geometry (where the

base field need no longer be the field of complex numbers!). In this chapter we will give

an answer to this question. We fix an algebraically closed field K = K throughout. All

varieties are assumed to be irreducible algebraic varieties over K (notation: V/K), and all

curves are, in addition, assumed to be nonsingular.

3.1 Translation to Algebraic Curves
\Ve will define coverings of algebraic curves, and recall some properties of algebraic curves.

For proofs, we refer to Chapter 2 [Si]. The next theorem is part of J-P. Serre's paper
GAGA (Géométrie algébrique et géométrie analitique, 1956).

Theorem 3
There is a functor an, from the category of complex projective curves and algebraic mor-

phisms to the category of compact Rieinann surfaces and analytic maps, which is an
equivalence of categories U

For a discussion, see Section 3.6 [P2]. By this result and lemma 2.4.6, the following
definition makes sense:

Definition 3.1.1
An (algebraic) covering of a projective curve C2/K is a pair (C1, f) consisting of a projec-

tive curve C1/K and a nonconstant morphism f : C1 —+ G2 U

The map f is automatically surjective, and it induces an injection of function fields

K(C2)'—÷ K(C1):g—3gof,

which is of finite degree. This degree is called the degree of f.
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Definition 3.1.2
A Galois G-covering (or simply Galois covering) of the curve G2/K is a triple (C1, f, T),

where (C1, f) is a covering of C2 with the property that the extension K(C1)/K(G2) is
Galois, and r is an isomorphism from the group Aut(Ci/G2) := {isomorphisms 4) : C1 —*

C1 with f o 4) = f} onto the group GU

We will see in theorem 6 that G is isomorphic to Gal(K(Ci)/K(C2)).

Definition 3.1.3
In analogy with definition 2.1.1, we define two covers (C1, f) and (Ci, f') to be isomorphic
(notation ), if there is an isomorphism of curves 4) : C1 —* C with f = f'o4). Two Galois
G-covers (C1, f, r) and (Ci, f', 'r') are equivalent 1 (notation "-.), if there is an isomorphism

4): (C1, f) —* (Ci, f') with 4)o r'(g) (r')(g) 04), for all g E Cl

Fix a projective curve C. Recall that, by the hypothesis of nonsingularity, for each

P E C, the local ring K[CJp is a discrete valuation ring (DVR) (i.e. a local PID). A local
parameter at P is a generator tp of the maximal ideal mp of K[CIp. The order function
Vp : K(C) —* Z defined liv g '-+ max{k E Z g E K[C}p . t,} does not depend on tp, and
defines a discrete valuation Oil tile function field K(C). One can generalize the notion of
ramification of maps of Riemann surfaces to algebraic curves, as follows:

Definition 3.1.4
Lt f : C1 —# C2 be a tionconstant morphism of projective curves over K, and let P E Ci.
Tile ramification index of f at P is the positive integer

ej(P) := vp(f(tf(p))).

say that f is tamely ramified at P if either char(K) = 0, or ej(P) and char(K) are
relatively prime. Otherwise tile ramification is called wild I

One can show that, in the case that K = C, all the definitions made in this section
are in harmony with the corresponding definitions for Riemann surfaces. For example, the
function field C(C) of a complex projective curve C is isomorphic to the field M(Can) of
meromorphic functions on the corresponding Riemann surface C0, and the algebraic and
analytic definition of ramification index agree, etc.

Furthermore, the classification theorem 2 of topological Galois coverings of P'(C) \
{0, 1, 'x} has the following algebraic analogue:

Theorem 4
The set of Galois G-covers of the algebraic curve P' (C) which are unbranched outside 0, 1
and mod nb equivalence, is in bijection with the set

U (Adm(G, (n1,n2,n3))/equivalence).
(ni,n2,n3),n?1

11n [Sh], this is called C2 -isomorphic.
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If (C1, f, T) mod corresponds to the triple (g, g, g) mod .—', the ramification index

ej(P) at P = 0 (resp. P = 1, oc) equals ord(gi) = n1 (resp. ord(g2) = n2, ord(g3) = n3).

PROOF: P.117 [Sh}

3.2 Quotients of Curves by Finite Groups of Auto-
morphisms

In section 2.4 we have already encountered the fact, that a Galois covering f : X —* P' (C)

with Galois group G identifies P'(C) with the orbits of G on X. Here we will show that

something more general llol(1s: Each Galois covering of a projective curve 1' is a quotient

of a projective curve X by a finite subgroup G of Ant(X). By a quotient we mean the

following:

Definition 3.2.1
Let X be an variety, and suppose that G C Aut(X) is a finite subgroup .A quotient of

X by G is a pair (Y, it), where 1' is a variety, and it : X — Y is a surjective morphism

which identifies the points of Y with the G-orbits on X (i.e. V x E X we have 7r(7r(x))

{g(x) g E G}), such that the following universal mapping property is satisfied:

(UMP Quotient) For each variety Z and morphism g: X Z, X Z

there is a inorphism 9' : Y —4 Z wit 11 g = g' o it, exactly when g is

const ant on the G-orbits. 9'

Y

It is clear how one defines isomorphy of quotients R

Notice that if we speak of a quotient of a variety 1 by a finite group G, an action of G

on 1' (i.e. an embedding G —* Aut(1 )) must be specified. Thus distinct actions of a finite

group G on V may define non-isomorphic quotients of V.
\Ve have defined quotients for varieties in general, since the standard proof of the

following result is no more difficult than for the special case of projective curves.

Theorem 5
The quotient of a projective variety X by a finite subgroup G C Aut(X) always exists. It
is again projective, and it is unique up to isomorphism; we denote it by X/G.

PROOF: Chapter 10 [Harr] U

\Ve continue with a lemma which allows us to convert questions about curves into
questions about function fields, which are usually easier to solve because of the presence
of the classical Galois theory.
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Lemma 3.2.2
a) There is a functor F from the category of smooth projective curves over k and

surjective morphisms to the category of one-dimensional function fields over k and

k-injections, which is an arrow-reversing equivalence of categories.

b) Similarly, there is an equivalence from the category of curves over k and nonconstant
rational maps, to the same category of one-dimensional function fields over k.

c) A rational map from a curve to an arbitrary variety is defined at each smooth point.
In particular, ia tional maps from a smooth curve to a variety are morphisms.

PROOF: a) The functor F maps a curve C to F(C) := k(C)/k; And a morphism
y : C —* D is mapped to the comorphism F(g) := : k(D) —* k(C) : 0 o g. Corol-

lary 1.6.12 [Hart] shows that F is an equivalence of categories.
b) See Corollary 1.6.12 [Hart].
c) See Proposition 11.2.1 [Si] •

The algebraic analogue of corollary 2 of proposition 2.1.8 now sounds as follows:

Theorem 6
a) Let (C1, f) be a Galois covering of the projective curve G2/k (the isomorphism to

the Galois group is of no importance here). Denote by K, the function field k(C2)/k,

for i = 1,2, and set G := Gal(Ki/K2). Then Aut(Ci/C2) C, and the covering
f : C1 — G2 equals the quotient ir : C1 C1/Aut(Ci/C2).2

b) Gonversely, for aiiy smooth irreducible projective curve C1/k and for each finite
subgroup G Aut(Cj), the quotient C1/G is again a smooth irreducible projective
curve, and ir : C1 —* C1/G is a Galois covering.

PROOF: a) An immediate consequence of lemma 3.2.2 (a) is that the groups of maps in the
top rows of the following two diagrams, making these diagrams commute, are isomorphic:

C1 ••• C1 K1 •

ij
j I If'

id id
K2.

In other words, Aut(Ci/G2) C. In the sequel we identify these two groups. Notice that
we have hereby shown that f : C1 —+ G2 is a Galois G-covering, G = Gal(Ki/K2).

\Ve need to show that C'2 satisfies the universal mapping property of the quotient of C1
by G. The first task is to show that the fibers of f coincide with the C-orbits on C1. To
this end, we include the following short digression on DVRs.

2More precisely, there is an isomorphism 4) : C1 /G —, C2 with 4' o ir = f.



16
Coverings of Algebraic Curves

For the moment, we let C, C1, C2 denote arbitrary (nonsingular projective) curves over

k. Recall that a subring R C k(C) is a DVR (or place ring) of the function field k(C)/k

if and only if k R k(C), and x R = x1 E R, for all x E k(C). The set

of DVRs of a function field K/k will be denoted by PK/k, or IPK (do not confuse this

with the projective line IN(K) over K). Since we consider nonsingular curves, the map

C —p : P i—* Rp := k[C]p (local ring at P) is a bijection. Further, the maps

C —+ k(C) and [f : C1 —* C2] '—* [restrict : Pk(c1) — k(C2)] (where k(C2) is identified with

a subfield of k(C1) via the comorphism f : g —* gof, and restrict(R) := Rfl k(C2)) define

an equivalence from the category of (nonsing. projective) algebraic curves over k to the

category of abstract curves over k (section 1.6 [Hart]). We denote this functor also by .

A finite subgroup H of Autk(C) and its image L := .F(H) C Aut(k(C)/k) naturally

define actions 011 C resp. Pk(C) Indeed, if R C k(C) is a place ring, and ,L' E L. then

y(R) '(x) R ('(x))' E R = ((xfl) e (R)

shows that (R) is a place ring of k(C)/k as well. Notice that

for all e H and P e C we have: ()(Rp) = R0(p). (3.1)

Also. for a nonconstant morphism of curves f : C1 —+ G2 we have

f = restrict o : C1 —+ Pk(c2), (3.2)

because for all P E C1, there holds Rf(p) = R fl k(C2).

\Ve return to our Galois G-cover f : C1 —+ 6'2. Recall that we have identified Aut(Ci/2)

with G = Gal(Ki/K2). The following list of equivalent conditions shows that indeed the

fibers of f coincide with the G-orbits on C1. Let P and Q be two points on Ci.

f(P) = 1(Q)
Q bitive (f(P)) = g(f(Q))

restrict(Rp) = restrict(RQ)

gEGwithg(RP)=RQ
(3.1) g E G with R9(p) = RQ

Qbitive gEGwithg(P=Q.
It only remains to verify (*). This follows from the assumption that K1/K2 is Galois: On

the one hand, if R e 1K1 and g E G, then R and g(R) lie over the same place ring in

since

g(R)flK2 = g(RnK2) = Rn K2.

The converse direction is equivalent with saying that G acts transitively on the set of exten-

sions in K1 of a place ring S, for each S E IPK2. The latter is shown in Theorem 111.7.1 [St]
. \Ve conclude that the fibers of f are exactly the G-orbits on C1.

3As follows: Suppose that R and W restrict to the same DVR S, but 4)(R) R' for all 4) E G. Denote

by N the norm map NK1/K2 : K1 —* K2. By the approximation theorem, there exists z E K1 with

VR' (z) > 0, and VQ(z) = 0 for all Q R' lying over S. A computation shows that this z has the property

vR(N(z)) = 0 < vR'(N(z)), contradicting the equivalence vR(x) = 0 vs(x) 0 = 0, which

holds for all x E K2.

-
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To complete the proof of a), we must show that the following diagram of k-morphisms

of curves

c1 hZ

C2

can be completed to a commutative triangle, whenever h is G-invariant. The equivalent
picture in the function field category is

k(C1)
h k(Z)

ft

k(C2).

Notice that by assumption C1 and C2 are irreducible projective smooth curves, but about
Z (which at first sight should denote an arbitrary variety!) we do not know much. \Ve can
replace Z by the image of h, so that h becomes surjective, and Z becomes an irreducible
(and even complete) curve. But Z need not be smooth projective.

\Ve assume however, that f : C1 —+ C2 is Galois, i.e. k(C1)/k(c2) is Galois, in other
words k(C2) = I(C1)G. Because of G-invariance of h, we obtain h o g = h Vg E G
g o 1 = h Vg E G = g o h) = h) Vg e G. So k(Z) can be identified with a
subfield of the subfield of G-invariants of k(C1), i.e. k(Z) can be injected into k(c2).
Lemma 3.2.2 (b) shows that this inclusion induces a nonconstant rational map r from G2
to Z. Lemma 3.2.2 (c) shows that r is necessarily a morphism.

b) As before, the problem can be translated to the category of function fields over k.
We define L to be the subfield K(C1)G, and C2 the smooth projective curve correspond-
ing to the function field L. The inclusion L —+ K(C1) determines a surjective morphism
f : C1 —* C2, and by Artin's theorem (Theorem 11.3 [Ga]) the extension K(C1)/L is Galois
with group G. So f C1 —+ C2 is a Galois C-covering. Now we just apply a), and conclude
that this Galois G-covering is in fact the quotient of C1 by G we started with U

In sum, for smooth irreducible projective curves, quotients by finite groups of automor-
phisms and Galois coverings are one and the same thing. The quotient C1 —+ C1/G, with

G Aut(Ci), has the property G = 4ut(Ci/(Cj/G)) Gal(K(C1)/K(Ci/G)).
Just like we defined topological C-coverings (remark 2.1.2(c)), we will from now on

refer to Galois G-covers, or quotients of an algebraic curve by group C, as a C-covering.

Finally we will need the following result, which in essence says that the quotient of

a variety by a finite group G, which has a normal series 1 = G0 G i ... i G, =
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can be viewed as the composition of certain quotient maps by the factor groups

, G/G1, G1/Go = G1. Thus, together with the previous result, this gives

us a way of obtaining Galois covers out of one or more successive quotients by finite groups
. We give explicit examples of this idea in section 5.4.

Proposition 3.2.3
Let X be a projective variety, and let G C .4ut(X) be a finite subgroup. Suppose that

H cl G is a normal subgroup. Then G/H acts naturally as a group of automorphisms on
X/H, and the quotients (X/H)/(G/H) and X/G are isomorphic.

PROOF: The proof is quite straightforward, and follows from the mapping property of
quotients. For example, the following diagram, which is a triple application of the mapping
property of the quotient of X by H, shows how an automorphism g E G Ait(X) induces

an automorphism of X/H:

Thus one defines (P mod H) := g(P) mod H. (Here one uses normality of H in G,
since the H-invariance of, for instance, the map lrH og, is ensured only if (irH og)(h(P)) =

o (go h)(P) = lrH o (ho g)(P) = (lrjj ° h)(g(P)) = lrH(g(P)), i.e. if go h = hog.) It
is clear that the subgroup { g E G} ç .4ut(X/H) so obtained carries the same group
structure as the abstract group C/H. The rest of the proof can be treated with similar
commutative diagrams, and isn't difficult either

4Roughly this says that we know what a G-covering looks like, as soon as the quotients by the compo-
sition factors of C are known; In other words, we have reduced the problem of finding Galois covers with
a finite group to the problem of finding the quotient by a finite simple group.

X/H

7rH

4

0
9_I

-V X
WH V/H idx/H

lrH 0

X/H



Chapter 4

Admissible Triples of SL(2, q)

In the previous chapters we have found several classifications of coverings. The main re-
suits were theorems 1 (b), 2 and 4. \Ve have seen in the case of topological spaces, as well

as in the case of algebraic curves, that the Galois G-coverings are exactly the connected
G-coverings, i.e. the quotient by a group of automorphisms which is isomorphic to G.

The aim of the current chapter is to classify the SL(2, q)-coverings of the algebraic curve
P'(C), which are branched only above 0,1 and 00, modulo equivalence. \Vith theorem 4 (or
theorem 2 (ii) in the case of topological covers), we reduced this problem to a pure group-
theoretical one: Determine the set U(ni,n2,n3) (Adm(G, (ni, n2, n3))/equivalence). From

now on, this last set will be abbreviated by Adm(G)/ . Notice that an admissible
triple (gl,g2,g3) is determined by the pair (gi,g2), since g3 = (gig2)'. We will call
the induced action of SL(2, q) on these pairs simultaneous conjugation (thus: (g1, g2)h =

(hg11?, h'g2h)). So the following problem is central in this chapter:

Determine the set of ordered pairs of generators
of SL(2, q) modulo simultaneous conjugation .

\Ve start with summing up some basic properties of SL(2, q), and determining the
conjugacy classes of SL(2, q) and the stabilizers of its elements under SL(2, q)-conjugation.
Theii, using Dickson's lemma A.3.2, we prove the existence of certain admissible triples of
SL(2, q) for general odd q, and we present an algorithm which computes the set Adm(G)/
for general, but fixed, odd q.

'I don't know if it is possible to give a nice classification of these pairs for general q. In this chapter,
we will just try to say as much as possible about this set.
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4.1 First Properties of the Groups SL(2, q)

Most of the notations on groups can be found in appendix A.1. The group of 2 x 2
matrices with determinant 1 and entries in the finite field Fq is denoted by SL(2, q). We

fix a group SL(2, q) and an algebraic closure F of lFq throughout; p � 2 denotes the

characteristic of F (so q = pr for some r � 1). For ) E F' and a E F we introduce the

abbreviations d,,, ( i) and t0 := ( fl. The matrices t0 and their conjugates are

called transvections.
The characteristic polynomial of an element x E SL(2, q) equals T2 — trace(x)T + 1.

It will be denoted by f(T). Recall that the theorem of Cayley and Hamilton says that

f(x) =0.

Lemma 4.1.1
(a) Ifp = 2 then Z(SL(2, q)) = {I}. Ifp> 2 then the only element of order 2 in SL(2, q)

is —I and Z(SL(2,q)) = {+I}.

(1)) If q > 3 then SL(2, q) has no nontrivial normal subgroups, except for the center
Z(SL(2. q)) in case p 2. Therefore PSL(2, q) is simple whenever q > 3. The

exceptional groups satisfy PSL(2,2) = SL(2,2) S3 D23, and PSL(2,3) 4.

(c) SL(2.q) has size (q+ 1)q(q— 1) =q3 —q.

(d) Iii SL(2, F), each element of SL(2, q) is conjugate to some dj,, or +t0. If p = 2 the

elements of SL(2, q) have order 1,2 or a divisor of q ± 1. If p > 2, the elements of

SL(2. q) have order 1,2. p, 2p or a divisor of q ± 1.

(e) \on(entrai elements with the same trace have the same order. In some cases the

converse also holds 2 For all x E SL(2,q) \ Z(SL(2,q)) we have:

p=2 ord(x)=2 trace(x)=0
ord(x)_= 3___trace(x) = 1

J)> 2

I

ord(x) = 3 trace(x) = —1

ord(x) = 4 trace(x) = 0

ord(x) = 6 trace(x) = 1

ord(x) = p trace(x) = 2

ord(x) = f2p trace(x) = —2

(f,) SL(2, q) is generated by its transvections.

2Not always: An example of two elements of order 5 in SL(2, 34) having distinct traces is the following:

The splitting field of X5 — 1 over Fi is the field F3 F3 [X'], which is the splitting field of

f(X) := X4 + ... + X + 1 over F3. Here X denotes the zero X + (f) of f(X) in the extension field
3 _32 _33 —5 — —— 1 —4

F3[X]/(f). The other roots off are X ,X = X and X = X. Since X = 1 we have X = X

and (X2Y' = The matrices diag(3,3) and diag(X2,X3) SL(2,34) have order 5 but their traces,
—X3 — — 1 and X3 + X2 respectively, are distinct.
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Proof: For (a) - (c) and (f) I refer to P.73-P.78 [Rob] and P.393-P.394 [Suz].

(d) The order of x will be denoted by lxi. If the characteristic polynomial f(T) =
(T — A)2 then A = ±1 is a double eigenvalue of x, so x has a normal form ±t0 for some

E F. If n 0 then x is central. For other c we have

JltIi—tI=2, ifp=2
lxi

— lVi =p or — = 2p, if p>3.

Suppose now that f(T) = (T — A)(T — A') has no double root. If f(T) is reducible,
i.e. A E lFq, then A E 1F, so lxi = iAi divides q — 1. In the remaining situation, f(T) is
irreducible in lFq[TI. The set of roots of a degree-d irreducible polynomial over a finite field

of q elements is of the form a, 0q, qd_l
So = and lxi = IAI divides q + 1.

(e) We know that the trace of x E SL(2, q) determines f1(T). So noncentral elements
with the same trace have the same normal form under conjugation in SL(2, q), hence the
same order. The Cayley-Hamilton-theorem and lemma A.1.4 (c) prove the last assertion:
For all x E SL(2, q) we have x2 — tr(x)x + 1 = 0. This implies

2
12 ifp=:2;

tr(x) = ±1 4*x2Fx+1 =0
3 2

16 ifp�3andtr(x)1;
x ±1=(x±1)(x ++1)=0lxi=

3 otherwise,

and, finally, if p � 3 and tr(x) = ±2, the (double) eigenvalue of x is ±1, so the normal
form of x is ±t0 and lxi p (if tr(x) = 2) or 2p (if tr(x) = —2).

The only-if-part of the assertion follows from lemma A.1.4 (c). For example, if p � 3
and lxi = 6, then x is conjugate to ( ,i), for a primitive 6-th root of unity (we assume
here p > 3). The lemma shows 0 = 1(A4 = 2(A2 — A + 1), i.e. tr(x) = A + A—' = 1.

Other cases are treated in the same way

4.2 The Conjugacy Classes of SL(2, q)
The conjugacy class of x E SL(2, q) will be denoted by t(x), and the stabilizer (w.r.t.
conjugation in SL(2,q)) of x by StabsL(2,q)(x), or 6(x). In this section we determine both
these sets and their sizes, for each x.

Since conjugate matrices have the same trace. elements in one and the same conjugacy
class have the same characteristic polynomial. Moreover, for each t E ]Fq the polynomial
T2 — fT + 1 occurs as a characteristic polynomial of some x E SL(2, q) (namely, of x =
(?1), for instance). For each t E lFq, we will find the conjugacy classes corresponding to
the polynomial T2 — tT + 1, and we will find their sizes. \Ve denote by ( a generator of

and write f(T) = (T — A)(T — A') = T2 — tT + 1.
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Case 1: 1(T) has a double zero

In this case A = A' = ±1. Suppose that Al C SL(2, q) has eigenvalue polynomial

fM(T) = f(T), with A = 1. Choose an eigenvector v1 e lFq X Fq, and let v2 be independent

of v1. Denote by (v, I
v2) the matrix with first column v1 and second column v2. If this

matrix has determinant d, then Q := (v,
I
d'v2) has determinant 1, and Q'MQ = ( )

for some a C Fq. For a = Owe find the identity matrix. Therefore choose a,8 0. Then()() = ()() C= 0 and aD = flA, that isa= 3712. So () and U?)
are conjugate if and only if a and /3 differ by a square in lFq. Since all finite fields are

perfect, this holds for all a, /3 C F; if p = 2; if p � 3, this gives rise to two conjugacy
classes. In the same way, if p � 3 and A = —1, we obtain two classes as well.

The stabilizer of aiiv of the four matrices ( ), ( fl , (') and (' ,) is easily

shown to be {±I + ( ) I Be Fq}. According asp = 2 or p � 3, this has size q or 2q, so

1w the orbit-stabilizer-lemma, the corresponding conjugacy classes have size q2 — 1 resp.

(q2 — 1)/2.

Case 2: f(T) has two distinct zeros in Fq

\Ve assume that f(T) = (T — A)(T — A—') with A A' C F;. Suppose that Al is a
matrix having trace t = A + A—'. Choose eigenvectors v1 and v2 in Fq X lFq corresponding

to A and A'. If det(v,
I

v2) d, define Q := (vi
I
d'v2). Then Q'AIQ = (), so Al

is conjugate to the diagonal form inside SL(2, q). The matrices ( ,) and ( ) are
conjugate if and only if A = A±l. We conclude that each the polynomial f(T) corresponds

to exactly one conjugacy class, namely the one which is represented by dA = ( ).
Since the stabilizer of ( i) in SL(2, q) is the cyclic group (( j)) (where ( denotes a

generator of F;) the orbit-stabilizer lemma shows that in case 2, each I ( contains

ISL(2. q)/(q — 1) = q(q + 1) elements.
Finally, we remark that there are exactly (q — 2)/2 (if p 2) or (q — 3)/2 (if p � 3)
polynomials f(T) = T2 — tT+ 1 (t E lFq) which have two distinct roots in Fq (namely, each

of the pairs {A, A'} with A e F; \ {±1} defines one), so in case 2 we obtain exactly as
niany conjugacy classes.

Case 3: f(T) has two distinct zeros in Fq2 \ Fq

According as p = 2 or p � 3, case 1 showed that there are 1 or 2 characteristic polyno-
mials with double root A = A', and case 2 showed that there are or 2j polynomials

with roots A A—' C F;. So we end up with (if p = 2) or (if q � 3) irreducible
characteristic polynomials, having distinct roots which lie not in Fq.

Lemma 4.2.1
Suppose that x C SL(2,q) has an irreducible eigenvalue polynomial f(T) = T2 — tT + 1.
Then x is conjugate to (.?, ) in SL(2,q), and i5(x) is cyclic of order q + 1.
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PROOF: Suppose that the lemma holds for all x = ( ) with T2—tT+1 irreducible. The
orbit-stabilizer-lemma then tells us that the conjugacy class of x contains q(q2—1)/(q+1) =

q(q — 1) elements. According as p = 2 or p > 2, there are exactly q/2 resp. (q — 1)/2

different t with the property that T2 — tT + 1 is irreducible, so we find q2(q — 1)/2 resp.

q(q — 1)2/2 elements in SL(2, q) which are conjugate to some x of the above form. Adding
these to the elements which have a reducible eigenvalue polynomial, we obtain exactly

q(q2 — 1) elements, that is, the whole of SL(2,q).

It remains to show that for x = (...9 ), the lemma is valid. Fix such an x. By the
Cayley-Hamilton-theorem, we have x2—tx+1 = 0, and since x isn't diagonal, the eigenvalue
polynomial is also the minimal polynomial f(T) of x over Fq. So Fq[x] Fq[T]/(fx(T))
lFq2. One easily sees that C(x) := {y E Mat(2, q)

I
yx = xy} = { ( - a+bt) a, b E lFq } =

lFqI + lFqx = F[x] (where Mat(2,q) denotes the set of all 2 x 2 matrices over Fq), SO
(x) = {y E SL(2,q) = xy} = {y E C(x)

I
det(y) = 1} = {y E Fq[xJ

I
det(y) = 1}.

Therefore, to complete the proof, it is sufficient to show that (det1Fq[x])'(l) is a cyclic
group of order q + 1. One can use the norm to do this.

Recall that the norm N := : Fq2 + Fq is defined by '—÷ det(rn0), where

in denotes a matrix representing multiplication by . An easy calculation shows that
\T(a) = a2 for all c. The restriction N1r2 : —* is a group homomorphism. In

general, in a cyclic group G'm =< x >, and for n m, the elements g E G'm with the
property gfl = 1 form a subgroup < x/n >. Therefore ker(N1) = { E Fq2

I

q+1 = 1} is

cyclic of order q + 1.

Finally we show that the norm and determinant on Fq[x] are one and the same func-
tion; if this is true, then it follows that (x) = (det1F[X])'(1) = ker(N1), a cyclic group of
order q + 1. Each element y in lFq[x] can be written as ax + b. On the one hand we have
det(ax + b) = a2 + b2 + abt, on the other hand we have N(a + bx) = (ax + b)(ax + b)Q =
(ax + b)(ax + b) 2+' + b2 + ab(x + x) a2 + b2 + abt. So indeed N = det, and the
proof is complete U

\Vv summarize the information from this section in the following table:

[ The conjugacy classes of SL(2, q) for p = 2:

Class Rep. x U?) UI) (?')
Char. Pol.

f(T)

(T + 1)2 (T + 1)2 (T — A)(T — A')
E F \ {1}

T2 — tT + 1
irr. in lFq[T]

# Classes 1 1 (q — 2)

I'(')I 1 q2—1 q(q+1) q(q—1)

(x) SL(2,q) {I+(g)lBEFq} Cq+i
Remark center elts. of

order 2

elts. of order 1

but dividing q — 1

elts. of order 1

but dividing q + 1
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The conjugacy classes of SL(2,q) for p � 3:

Class Rep. x U?);
(—1 0 \
" 0 —1)

UI); (1);
(—1 1 \. (—1 (
. 0 —1)' \ 0 —1

(1) (0_i)

T2Char. Pol.
f(T)

(T + 1)2;
(T—1)2

(T + 1)2 and

(T—1)2
(T — A)(T —

)eF\{±1}
— +

irr. inlFq[T]

# Classes 1; 1 1; 1; 1; 1 — 3) — 1)

i1(x)I 1; 1 (q2 — 1) q(q + 1) q(q — 1)

e(x) SL(2,q) {±I + ( ) B E Fq} (()) Cq+i

2Remark center elts. of order

- p and 2p
elts. of order 1, 2

but dividing q — 1

elts. of order 1,

but dividing q + 1

Recall that (isa generaior of F;, and that t(x) and 3(x) denote the conjugacy class and
the stabilizer of x in SL(2, q), respectively.

4.3 A Few Existence Results
Definition 4.3.1
Let f : C —+ P' (C) be an SL(2, q)-cover which is unbranched outside {0, 1, oo}, and denote

b (gi, 92, g3) the corresponding (equivalence class of) admissible triple(s) of SL(2, q). The

triple (lgil, 1921, 1931) will be called the branch type of the cover (C, f). For simplicity each
triple (n1,n2,n3) of positive numbers will be called a branch type of the group SL(2,q), or
we say SL(2,q) has branch type (n1,n2,n3), if there exists an SL(2,q)-cover unbranched
outside {0, 1, x}. which has branch type (n1,n2,n3) (or equivalently, if SL(2,q) has gen-
erators x,y which satisfy (lxi, Iyl I'yI) = (ni,n2,fl3)) •

Of course, if (ni, n2, n3) is a branch type, then (n(i), fl(2), n,(3)) is also a branch type
for any permutation a of {1, 2, 3} (the geometrical proof of this statement is just the 3-
transitivity of PGL(2,C) = .4ut(P1(C)): One can compose the covering map f with an
automorphism of P' which permutes the set {0, 1. } in the appropriate way). Therefore
in this section, we are interested only in unordered branch types.

The classification theorem 7 and Dickson's lemma, which can be found in appendix A,
can be used to prove some results on the existence of certain branch types of SL(2, q).

Example 4.3.2
In the proof of Dickson's lemma, it is shown that SL(2, 5) can be generated by two elements
x, y of order 3, the product of which has order 10. In other words, SL(2, 5) has branch
tVI)e {3, 3, 10}.

Explicitly, one can take x = (?:I) and y = ( !). Namely, in the previous section it
was shown that up to conjugation, the only element of order 3 in SL(2,5) is x := (?:).
By lemma 4.1.1 (e), we have yl = 3 tr(y) = —1 and ixyl = 10 tr(xy) = —2. Solving
these equations for y E SL(2, 5) yields only six possibilities, one of which is y := (...9

This y satisfies in addition (xy)2x1 = 4. So
I

< x, > is divisible by lxi = 3, Ixyl = 10
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and j(xy)2x1 = 4, thus 6011 <x,y> .
Since <x,y> is cannot be normal in SL(2,5), and

therefore not be of index 2, it follows that < x, y >= SL(2, 5) •

Proposition 4.3.3
Let p � 3 be prime and assume that q is a power of p. Then SL(2,q) does not posses
any of the branch types {2, -. *}, {p,p,p} and {p, 2p, 2p} (where * denotes an arbitrary
number).

PROOF: Since p 2, the only element of order 2 is the central element —I. Because
no SL(2,q) is Abelian, but < —I,x > is Abelian for each x E SL(2,q), there cannot be
branch types containing 2. Suppose < x, y >= SL(2, q) and IxI = II = p. Then x and
y fix a line in say lFq(ai : a2) and Fq(bi : b2), respectively. These lines are distinct.
since otherwise x and y could be conjugated simultaneously to the form ( ?). This would
mean that < x, y > consists only of elements of order 1, 2,p or 2p, a contradiction. So
{(a1, a2), (b1, b2)} is a basis for F x lFq, and on this basis x and y have the form (h?)
and (?) respectively. Therefore tr(xy) = 2 + a/3, so by lemma 4.1.1(e), xy has order
p exactly if n/i = 0. This would mean that either x or y is the identity, contradicting
xI = Il = p. The case {p, 2p, 2p} is treated in the same way U

Proposition 4.3.4
Let p > 3 be prime. For each k = 3, 4, 6, p, 2p, the group SL(2, p) has branch types
b = {p, p. k }, {p, 2p, k} and { 2p, 2p, k} , unless b {p, p, p} or b = {p, 2p, 2p}.

PROOF: The "iinless'-stateiiwiit is just a special case of proposition 4.3.3. \Ve now
show the existence of branch type {p, p, I}. Define x = t1 and y = ( ), where a is an
indeterminate, algebraic over 1F. Then xy = ( has trace 2+a. Lemma 4.1.1(e) shows
that ry has order 3,4. 6,p or 2p exactly ifa = —3, —2, —1,0 or —4 respectively. For each of
these a we have n2 —1 if p = 3, so by Dickson's lemma we find that whenever a 0, we
have < x, y >= SL(2,p). This shows the existence of branch types {p,p, k}, k = 3,4,6, 2p

unless k = p = 3.

\Ve turn to {p, 2p, k}: Define x = t1 and y = (' ), then tr(xy) = a — 2 so lxyI =
3,4, 6,p or 2p exactly if a = 1,2,3,4 or 0, respectively. Dickson's lemma says that <

>= ((fl, ( -jU)' = SL(2,p) unless a = 0 or p = 3 and a = 3(= 0). In all the
other cases we obtain SL(2,p) =< x,y"' >< x,y > SL(2,p), so x and y generate
SL(2,p). Thus all {p,2p,k}, k = 3,4,6,p are branch types of SL(2,p), unless p = 3 and
k=6.

The final case {2p, 2p, k} can be treated as the previous one: \Ve consider the matrices
x = —t_1 and ,, = (1 ) The trace of their product becomes 2 — a, and now Dickson's
lemma says that < xP',y—' >= SL(2,p), unless p = k = 3. The result follows U

3Notice that since p> 2 indeed always 3,4 and 6 divide either q ± 1 or 2p.



26 Admissible Triples of SL(2, q)

Proposition 4.3.5
Let p � 3 be prime, n> 1 and q = pfl 3,9. Suppose that r >2 is a divisor ofq —1 or

q + 1, and define N to be the order of p in the group (Z/rZ)*. If either

(i) N = ii is odd, or

(ii) N=2nandrjq+1,

then {p, p, r }, {p, 2p, r } and { 2p, 2p, r} are branch types of SL(2, q).

PROOF: \Ve will only prove that {p, p, r} is a branch type of SL(2, q); the cases
{p,2p,r} and {2p,2p,r} are treated similarly (as in proposition 4.3.4). Define x = t1 and

y = ( ), where a is an unknown. Then xy has trace 2 + a. If xy has order r relatively
prime to p, then xy is conjugate to d( for some primitive r-th root of unity ( in lFq2. Since

the trace is invariant under conjugation, we find a = — 2, with w := (+ (_1. Thus we

fix an a := (+ (' — 2, for some r-th root of unity (.
Dickson's lemma A.3.2 ensures that < x,y >= SL(2,F(a)) only if (p,a2) (3, —1).

In this case however, we have a E IF9. For this reason we have restricted to q 3. 9:

then we can never have (p, a2) = (3, —1) and F(a) = lFq at the same time. We iiiay thus
assume, that Dickson's lemma holds without exception!

First. suppose that rq — 1. \Ve have < x,y >= SL(2,q) if and only if F(w) =
]F(a) = IFq = So we have to find conditions on r and N under which F(w) =
Lemma A.3.1 helps us out. Nanielv, it says that

I if N is even and rIpN/2 + 1; (1)

if N is odd. (2)

Situation (1) gives us no information. For in that case, if F(w) = then N = 2n and

rp'2+1 = p'2+l, contradicting the assumption 2 <rIp'—1. Situation (2) however shows,

if N = n is odd, then IF(a) = F(w) = and therefore <x,y >= SL(2,p') = SL(2,q).
Finally, if on the other hand rq+1, the same argument shows that 1F(a) = IF(w) = IF

if either N = 2n, or N = n is odd. This completes the proof U

The above propositions show the existence of certain branch types {ni, n2, n3} in

SL(2, q). The next proposition shows something stronger: For certain triples {ni, n2, n3}

of integers n � 3 (depending on q), we know that {n1, n2, n3} is a branch type of SL(2, q),
and that in addition every two elements x,y e SL(2,q) with {lxI, IyI,lxyI} = {ni,n2,ri3}
necessarily generate SL(2, q).

Proposition 4.3.6
Let p � 3 be a prime, and let q> 3 be a power of p. Define the set

E(q):={{q_1,r+,p},{q_1,r+,2p}I2<r+q+1}U
{{q+1,r_,p},{q+1,r_,2p}2<r_q_1}.
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a) For all x, y E SL(2, q) we have

{ixi, iyi ixyi} E (q) =< x, y >= SL(2, q),

unless

p=3' q=32=9, lxi=4, yi=lO andlxyl=3or6. (4.1)

b) Foreach {n1,n2,n3} E E(q) there exist x,y E SL(2,q) with {ixI,iyi,ixyi} = {ni,n2,n3}.
Therefore each element in E(q), different from {4, 10, 3 or 6} in case q = 9, is a branch

type of SL(2,q).

c) In the exceptional case (4.1), .r and y generate either the whole group SL(2, q), or a
group isomorphic to SL(2, 5) (the group of type (viii) in theorem 7k).

PROOF: Choose two elements x, y E SL(2, q) with 2 < ixiq — 1 and 2 < IyIIq + 1.

By section 4.2 we may assume x = dA for some A E Fq \ {±1}. Let y = ( ) have trace

t. By lemma 4.1.1(e), we have Ixyl = p [tr (A- A—'d) 2 and Ab 0 or )'c 0]

[a = and b 0 or c 0]. So we can define i = (de=1 t-a) with a as above, and
conclude that for any two divisors 2 < r+, r_ of q + 1 there exist elements x, y E SL(2, q)

with (l'l iyi i'yl) = (r+,r_,p). If we replace 2A in the definition of a by —2A, we find in
the same way existence of x, y with (lxi, lyI lxyl) = (r+, r_, 2p). This shows that the first
statement in (b) holds, thus (b) follows if we have proven (a).

To prove (a), we choose arbitrary elements x and y in SL(2, q) with 2 < IxIq — 1 and

2 < iyilq + 1 and Ixyl = p or 2p, and we want to find conditions on x, y under which
< x,y >= SL(2,q). Since < x > and < y > are contained in non-conjugate maximal
Abelian subgroups of < x, y > which have size relatively prime to p (namely in cyclic
subgroups of order q — 1 and q + 1, respectively), we find (in the terminology of section
A.2) s + t � 2. Scanning the table in theorem 7, we see that G :=< x, y > must be a
group of type (viii) (i.e. isomorphic with SL(2, 5); this can only happen if p = 3), (ix) (i.e.

G SL(2,q') for some q' < q), or (x) (i.e. G < SL(2,q'),dA > for some q' < q and
A E IFq with < A2 >= 1F). \Ve consider the two cases, in which < x > resp. < y > are
themselves maximal Abelian subgroups of SL(2, q):

lxi = q — 1: If G were of type (viii), then in fact q = 9 (since SL(2, 5) SL(2, 3), and
for q > 9 the element x would have order 33

— 1 = 26, whereas SL(2, 5) doesn't
contain elements of such high order). But if q = 9 then lxi = 8, which is also not the
order of an element of SL(2, 5). Thus G must be of type (ix) or (x).

Suppose that G is of type (x), that is, there is q' � \Vjthl Fq' < F, and some
dA E SL(2, (q')2) such that G < SL(2, q'), dA >. This last group has only maximal
Abelian subgroups of size 2(q' ± 1) and 2q' (this is proven in the appendix, case
(. t) = (0, 2)). For q > 9 we always have

2(q'+ 1) � 2(/+ 1) <q— 1 = lxi,
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which is in contradiction with the size of the maximal Abelian subgroups. Since q' �
p> 3 and q � (q')2, we must have q = 9. But that means IGI = 2ISL(2,3)l = 2 3,
contradicting our assumption that y E G has order 5 or 10.

We conclude that G is necessarily a group of type (ix). If G SL(2, q') with q' �
then G contains elements of order p, 2p, or a divisor of q' ± 1. But these numbers are
all distinct from lxi = q — 1, so we may indeed conclude that q' = q, and therefore
G =< x,y >= SL(2,q).

II = q + 1: \Ve may assume lxi q — 1. As above, if G is of type (viii) then, as above,

p = 3, and now x,y e SL(2,9) satisfy x = 4lyI = 10 and Ixyl = 3 or 6. These

orders divide the size of SL(2, 5), so in the situation (4.1), it is indeed possible that
G SL(2, 5). The groups of type (ix) and (x) are treated just like we did it before,
in the case lxi = q — 1. Thus we have proven (a) and (c) as well •

4.4 Computing Admissible Triples of SL(2, q)

In theorem 4 we have given the set Adrn(SL(2, q))/ a geometric interpretation: It

is in bijection with the set of SL(2, q)-covers of P' (C) which are branched at 0, 1 and
x univ. modulo equivalence. In this section we will show how one can compute the set
.4din(SL(2. q))/ '—i, or equivalently, the set of ordered pairs of generators of SL(2, q) modulo
simultaneous conjugation. For the sake of simplicity we will restrict to odd q.

Convention 4.4.1
Recall that the conjugacy class of x in SL(2, q) is denoted by t(x), and the stabilizer
StabsL(2,)(x) by 3(x). The set of conjugacy class representatives of SL(2, q) that was
found in section 4.2 will be abbreviated by Rep(q). For an element x E SL(2, q), by an
(x)-class we mean a subset of SL(2, q) which is of the form y6(X) := {z'yz

I
z E (x)},

for some y E SL(2, q) (so if x is central, the (x)-classes are exactly the conjugacy classes

of SL(2,q)) U

Lemma 4.4.2
The set

U {(x,y) y runs through a set ofS(x)-class representatives}

xERep(q)

is in bijection with (SL(2, q) x SL(2, q)) mod SL(2, q), the set of pairs of elements in
SL(2, q) modulo simultaneous conjugation.

PROOF: The obvious map (x, y) '-+ (x, y) mod SL(2, q) defines a bijection between the
two sets in the lemma U

Our main problem, as formulated on page 19, can therefore be restated as follows:
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Determine those pairs in the set

U {( ) y runs through a set of 6(x)-class representatives},
xERep(q)

which generate SL(2,q).

\Ve will try to do this now. To begin, we make two observations: If x is noncentral,
andy E 6(x), then <x,y >C 6(x) SL(2,q). Moreover, SL(2,q) is never Abelian, so if
(x, y) generates SL(2, q), both x and y are noncentral elements. So we consider only pairs
(x,y) with x,y E SL(2,q) noncentral, and such that y 6(x).

The first conjugacy class representatives that we consider are ( ), (' ), ( t)

and (' C,) (recall that we assumed p > 2). Let x be one of these. We have 6(x) =
{± ?) I E Fq}. Conjugation of an arbitrary element in SL(2, q) by an element of 6(x)
looks like

(1 —a'\ (a b'\ (1 a'\ — (a — ac aa + b — a2c — ad

\o lRc d,/O i) c ac+d

(up to some signs, we find the same if there are —1 on the diagonal). In particular, the
element c remains constant under 6(x)-conjugation. If (x, y) generates SL(2, q), then y
cannot be an upper-diagonal matrix, for otherwise <x, y > generates a subgroup of upper
diagonal matrices. Thus we write y := ( ), with c 0. If we define a := —c'(d' — d),

then conjugation of y by (i?) shows that y is conjugate to a matrix having bottom row
(c,d'), for aiiv d' E IFq. \Ve take d' := t := trace(y), and conclude that y can be conjugated

to ( ) 1w an element of 6(x). \Ve end up with the following potential pairs of
generators of SL(2, q) (with x one of the above four matrices):

{(x,y) I y = ( ) ,with CE F and t E ]F}. (4.2)

The next type of conjugacy class representatives to consider, are the noncentral diagonal

matrices ( ,i), where ,\ E 1F \ {±1}. If x equals one of these matrices, we have 6(x) =
{d = ( 9) a E 1F}. Again, if (x,y) generates SL(2,q) and y = ( ), then neither b
nor c are allowed to equal zero, since otherwise < x, y > is a group of lower resp. upper
diagonal matrices. Conjugating y by an element of 6(x) looks like

(a' O'\ (a b'\ (a 0 \ ( a a2b
0 a) c d) o a') = a2c d

So the diagonal of y remains unchanged under 6(x)-conjugation. If t denotes the trace of

y, then & —td+1 = (d—t)d+1 = —ad+1 = bc 0. \Ve will see what this means for
the different possibilities of t.

• t= 2: In thiscase &—td+1 = (d— 1)2 so wecanchoose dE Fq \{1}. Forsuch a
fixed d we have a = t — d. After 6(x)-conjugation we can achieve that c is either 1

or ( (where ( denotes, as usual, a generator of the group 1F, which is a non-square).
Then b is determined by the identity ad — bc = 1.
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• t = —2: This case is similar to the previous one. The diagonal can be anything of

the form (—2— d,d) with d —1, and c can be chosen from {1,(}; then b is again

determined by det(y) = 1.

• T2 — tT + 1 reducible but t ±2: There are (q — 3)/2 such t E Fq.For each of these

t there are q — 2 ways to choose d E ]Fq such that d2 — td + 1 0, since T2 — tT + 1

has two distinct roots in Fq. For each of these d we can again choose c E {1, }, and

b has no freedom anymore.

• T2 — tT + 1 irreducible: There are (q — 1)/2 such t E lFq. For each of these t, each

d E ]Fq satisfies d2 — td + 1 0. For a fixed d, the coordinate c can again be realized

as being either 1 or (, and b is determined b the condition (kt(y) = 1.

\Ve have obtained the following potential pairs (x, y) of generators of SL(2, q) (where x is

a noncentral diagonal matrix):

{(x,y) I y = (2_dde1) ,with d E lFq \ {1}, and c = 1 or (} (4.3)

{(x, ) = (_d 1=1) ,with d E lFq \ {—1}, and c = 1 or (4.4)

{(r, y)
I
y = (t: d1) ,with t F \ {±2} such that T2 — tT + 1 is reducible,

de Fq such that d2 — td+ 1 0, and c= 1 or (} (4.5)

{(x, y) y = (t:1 11) , with t lF such that T2 — tT + 1 is irreducible,
d E Fq, and c = 1 or } (4.6)

It remains to investigate the pairs (x, y), where x = (?') has an irreducible eigenvalue

polynomial T2 — tT + 1, and y runs through the set of e(x)-class representatives. For such
x however, it turns out to be very difficult to write down the representatives y explicitly.

The stabilizer of x can however be computed quite easily.

Ve fix a representative x = (?) where t = A + .A' and A E Fq2 \ Fq. In SL(2, q2),

we can conjugate x to d. Namely, the matrix

A2

:= (T .i7r) SL(2,q2)

has the property J—1/f = x. Since StabsL(2,2)(dA) = {d,1
I
p E 1F2 }, we find that

(x) = StabsL(2,q)(x) = SL(2, q) fl StabsL(2,q2)(x)

= SL(2, q) fl St ib1(2,q2) (.\IdAM)

= SL(2,q) fl MStabsL(2,q2)(dA)M

= SL(2,q) n M' (dc21) M,
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where (q2_1 is a fixed generator of the group F2. On the other hand, recall that by
lemma 4.2.1, (x) is cyclic of order q + 1. But a cyclic group of order q2 — 1 has a unique
subgroup of order q + 1; in our case, we find

(x) = M' (d-') M. (4.7)

\Ve will denote the generator of (x) by 'Yx• Thus 'y M'd'M. Conjugating an
element of SL(2, q) by 'y. looks however quite complicated in general, and we won't be
able to write down, for arbitrary q, an explicit set of (x)-class representatives.

Remark 4.4.3
A very inefficient and straightforward method for computing a set of (x)-class repre-
sentatives, in a fixed group SL(2,q), is the following: Let dom := SL(2,q) as a set,
and define reps := 0. Now pick an element in dorn, add it to reps, and remove the set
y6(X) = {'yz

I
z (x)} from dom. Repeat this process until dom is empty; then reps

is a set of (x)-class representatives. This method applies of course to au element x, in
an arbitrary finite group G •

Let us finally mention a criterion which ensures that two elements x, y in SL(2, q) do not
generate SL(2, q). Notice that the pairs (x, y) in equations (4.2)-(4.6) have the property
that x, y and I are linearly independent over Fq. The same holds for pairs (x, y) if x has
an eigenvalue polynomial which is irreducible over Fq, and if y 3(x) (indeed, the proof
of lemma 4.2.1 shows that (x) = {aI + bx a, b E lF and det(aI + bx) = 1}. This means
that y E SL(2, q) depends on I and x if and only if y E 3(x)). Thus for all potential pairs
(x, y) of generators of SL(2, q), the matrices x, y and I are linearly independent over Fq.

Lemma 4.4.4
For the above constructed potential pairs (x, y) of generators of SL(2, q), we have:

a) If both xy and yx depend linearly on x,y and I over Fq, then <x,y > SL(2,q);

b) If the field generated by the entries of the matrices x and y is strictly smaller than
lFq, then <x,y > SL(2,q).

PROOF: a) \Ve denote by < x, y >R the smallest unitary ring containing all the elements
of < x, y> (the group generated by x and y under multiplication; notice that <x, y >C<
x, y >R), and by <x, y > the vector space over 1F spanned by the elements of < x, y >R.
By the Cayley-Hamilton theorem, there are relations x' = trace(x)—x; y' = trace(y)—y;

= trace(x)x — I; and y2 = trace(y)y — I. Now, if also xy and yx depend on x, y and
I over lFq, it follows that all the elements of < x, y > are contained in lFqx Fqy ® lFqI,

and therefore < x, y >R, which consists of all the finite sums of elements of < x, y >, is

contained in FqxFqyFqI as well. Thus < x, y >= FqaSFqyFqI is three-dimensional.
Therefore it is sufficient to show that if x and y generate SL(2, q), then < x, y >Fq 5

four-dimensional. Suppose < x,y >= SL(2,q). Then and
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—I are all contained in < x, y >R (where ). denotes a generator of IF;). Therefore also

and () E< x,y >R for all Q E Fq. It follows that .\Iat(2,Fq) <
X,J >RC< X,7J >FqC Mat(2,lFq), hence dirnFq(< XY >Fq) =

b) This is clear U

This section can be summarized in the form of an algorithm, which is displayed on

page 33. The function generators is Boolean valued, and returns true if x and y gener-

ate SL(2, q). It checks if one of the conditions a) and b) in lemma 4.4.4 holds . If none of

both holds, it checks with brute force if x and y generate SL(2, q) (in GAP for instance,

the answer to this question is given by Group(x,y) = SL(2,q)).

One can of course adapt the algorithm easily to characteristic 2, because besides the

choice of the conjugacy class representatives x, no use has been made of the odd charac-

teristic.

4.5 Lists of Admissible Triples for Small Odd q

\Ve have implemented algorithm 1 in GAP [GAP]. Given an odd prime p, and q a p-
power, let us define sets p := {p, 2p}, q_ := {n > 2 dividing q — 1} and q := {n >
2 dividing q+1}. For each pair (x, y) generated by the algorithm (thus < x, y >= SL(2, q)),

we have computed the triple {Ixj, IyI IxyI}, and ordered it in such a way, that multiples
of p precede divisors of q — 1, and divisors of q — 1 precede divisors of q ± 1. For each

sUch ordered triple t, we have finally counted the number of (x, y) in the output of the
algorithm, which have the property {IxI, IyI lxyI} = t (so this number equals the number of

(list inct Galois SL(2, q)-covers which are unbranched outside {O, 1, oo} and have unordered
branch type t, up to equivalence; it is listed in the column #). In the tables below, we

have listed for the six smallest odd q these ordered triples together with the number of
their occurrences. The tables should be understood as follows: The column under ordered
triple (seti, set2, set3) contains all the admissible triples (gi,g2,g3) of SL(2,q), ordered in
the above explained way, with the property g2 E set, for i = 1, 2, 3.

It follows from the Hurwitz genus formula that if f : C —* P' is a covering with Galois

group SL(2. q) and branch type (eo, e1, e), then the genus

g(eo,ei,e) := g(C) =
q — q (i — --- —

—

+ .
2 e0 e1 e

For q = 3 and 5 we have added this genus g to the table, to illustrate how large the genera
of SL(2, q)-coverings can become, even for the smallest q. For example, the genus g of an
SL(2, 13)-covering satisfies 209 = g(3, 3, 7) g � g(26, 26, 26) = 967.

4One easily checks if a) holds: Associate to a 2 x 2 matrix M = ( ) the vector VM := (a, b, c, d). Four

2 x 2 matrices M1,... , M over lFg are linearly dependent if and only if the 4 x 4 matrix, the columns of
which are the v., has zero determinant.
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INPUT: an odd prime power q = p' � 3.
STEP 0: (initialization)
(is a fixed generator of
t is a fixed generator of
adm_pairs := 0; % will contain those pairs in lemma 4.4.2, which generate SL(2, q).
adm_triples := 0; % will be a set of representatives of Adm(SL(2, q))/ '.
STEP 1: (first type of conjugacy class representatives x)
forx in do

for c in do
for t zfl Fq do

y := ( '); % thus (x,y) runs through the pairs in (4.2)
if generators (x, y, q) = true then

add (x, y) to the set adin_pairs
end if;

endfor;
end for;

endfor;

STEP 2: (second type of conjugacy class representatives x)
for each unordered pair {.X, A—'}, with A E F \ {±1} do

(A 0 \.X .— o A')'
for y as in (4.3)-(4.6) do

if generators (x, y, q) = true then
add (x, y) to the set adm_pairs

endif;
endfor;

endfor;

STEP 3: (third type of conjugacy class representatives)

for t = A + )' in ]Fq with T2 — tT + 1 irreducible in Fq[T] do
x:= (0_i);
use the brute-force-method (remark 4.4.3) to compute a set E of (x)-class
representatives in SL(2, q) \ (x) (the generator of e(x) is given by (4.7);
its entries can be expressed in t and A);

for y in i do
if generators (x, y, q) true then

add (x, y) to the set adm_pairs
end if;

endfor;
endfor;

STEP 4: (computing the admissible triples modulo equivalence)
adintriples := {(x,y,xy)

I
(x,y) E adm_pairs };

OUTPUT: adm_triples is a set of representatives of .4dm(SL(2, q))/ '—i,
that is. it represents the set of SL(2, q)-covers of P1 (C)
which are unbranched outside {O, 1, oo}, modulo equivalence.

Algorithm 1: Computing admissible triples in SL(2, q) modulo equivalence, for odd q.
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I I 11(6,6,4) 61 6

q = 5: q._ = {4}, q+ = 43,6)

(p. +, +)
(7,4,8)
(7,8,8)
(14,4,8)
(14, 8,8)

Admissible Triples of SL(2, q)

q=3: q_=,q4}.
(p.p,p)jgl#II(P.P.+)191 #
(3,3,6) 3 6 (3,3,4) 2 6

(6,6,6) 7 2 (3,6,4) 4 12

(PP [# (p,P,) j (p.+) g #1 p.-'+
12

(p,+,+)(7[
19 12

(5,5,10) 31 6 (5,5,4) 22 6 (5,5,3) 17 61 (5,4,3)
24 12 (10,3,3) 15 6

(10,10,10) 43 2 (5,10,4)
—

28 12 (5,5,6) 27 61 (5,4,6)
20 12 (10,6,6) 35 6(10.10,4) 34 6 (5,10,3) 23 12) (10,4,3)
30 12(5,10.6) 33 12! (10,4,6)

(10,10,3)
—I I______ I = (10.10,6) 39

: q = {3. 6}. q+ = {4,8}.! (v.P.—) I (p,p,+) #
Th

(p.—.—) #I (p.—,+J
6) (7,7.3) (7,3.6) 121

6

(7,3,4)
(7,3,8)

!
242 (7,7,6) I

(7.7.8)
(7, 14,3) 12) (14.4)
(7.14,6) 12 (7, 14.8)

(14, 1-1,3) 6 (11.14.1)
(14,14.6) 6 (14,14.8)

12

12

24

6

12

(14,3,3)
(14.6.6) 6 (7,6,4)

(7,6,8)
(14,3,4)
(14,3,8)
(14,6,4)
(14,6,8)

12

24

12

24

12

24

-.-,-I# (-.-.+)
—

# -.+,+# +.+.+Lj
1624 (3,3,8) 12 (3,8,8) 12 (8,8,8)

12 (3,6,8) 24 (6,8,8)

24 (6,6,8)
12

32 : q= 4,8}, q+ {5. I0}.

# p.p.-
—

(p,p,+) I # (p.-.-) L#ft p.-.+
(3,3,8) 12 (3,3,5) 12 (3,8,5)

(3,8,10)
48

48(3,6,8) 24 (3,6,10)
48(6,6,8) 12 (6,6,5) 12 (6,8,5)
48

(p.+,+) #
5,10) 24 (8,8,8) 16

(—.-+)
(4,8,5) 48

(—,+,+) I
(4,5,5) 12

(+++) T
(5,5,5) 4

36(6,5,5) 12 (4,8,10) 48 (4,5,10) 24

12

(5,5,10)
1210. 10) 12 (8,8,5) 48 (4, 10,10)

48 12(8,8, 10) 48 (8,5,5)
(8,5,10)
(8, 10, 10)

11: = 15, 10), q+ = 43,4,6,12).
(p.p.p) l# (p,p,—) (p,p,+) (p.—,—) # (p.—.+) #

(11.11.22) 6 (11,11,5) 12 (11,11,3) 6 (11,5,5) 12 (11,5,3) 24

24(22,22,22) 2 (11,11, 10) 12 (11,11,4) 6 (11,5,10) (11,5,4)
24(11,22,5) 24 (11,11,6) 6 (11,10,10) (11,5,6)
48(11,22,10) 24 (11,11,12) 12 (22,5,5) 24

24

(11,5,12)
(11,10,3) 24(22,22,5) 12 (11,22,3)

(22,22,10) 12 (11,22,4) 12 (22,10,10)
continued

24 (11,10,4)
next page.
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continueo froiii previous page
(p,+,+) [ (-,-,-) [ (_,,+) [ (-,+,+) {

—

(11,22,6) 12 (11,10,6) 24

—

(11,22,12) 24

—

(11,10,12) 48

(22,22,3) 6

—
(22,5,3) 24

(22,22,4) 6 (22,5,4) 24

—

(22,22,6) 6 (22,5,6) 24

(22,22,12) 1 2 (22,5,12) 48

(22,10,3) 24

(22,10,4) 24

(22,10,6) 24

L____ i____ 1 I (22,10,12) 48

(p. -.-) # (-. - -) # (-,-,+) # (-.+,+) # (+,+.+) #
(I1,3.-1) 12 (5.5.5) 4 (5,5.3) 12 (5,3,3) 12 (3,3,12) 12

(11.3.6) 12 (5.5,10) 36 (5,5,4) 12 (5,3, 12) 48 (3,6,12) 24

(11,3,12) 24 (5,10,10) 12 (5,5,6) 12 (5,1,12) 48 (3,12,12) 12

(11.1,6) 12 (10,10,10) 12 (5,5,12) 48 (5,6,6) 12 (4,12,12) 24

(11,4, 12) 24
—

(5.10.3) 24 (5,6, 12) 48 (6,6,12) 12

(11,6,12) 24 (5.11)4) 24 (5, 12,12) 48 (6,12,12) 12

(11, 12,12) 12 (5,10,6) 2 4 (10,3.6) 24 (12,12,12) 16

(22,3.3) 6 — (5.10, 12) 96 (10.3.12) 48 —

(22.3.4) 12

—

(10.10.3) 12 (10.1.12) 48

(22,3.12) 24
—

(10.10.1) 12 (10.6.12) 48

(22,4,6) 12

—

(10,10.6) 12 (10.12.12) 48

(22,4,12) 24 (10.10.12) 48

(22,6,6) 6

(22,6,12) 24

(22, 12, 12) 12

q = 13 : = {3, 4,6, 12). q+ = {7. 14}.

(p,p,p) # (p,p,—) # )p.p.H p.—.— p.—±
(13,13.26) 6 (13,13,3) 6 (13.13.7) 18 (13,3,4) 12 (13,3,7) 36

26,26.26) 2 (13. 13.4) 6 (13. 13. Il) 18 (13,3,6) 12 (13,3.14) 36

(13. 13.6) 6 1326,7) 36 (13.3,12) 24 (13,4.7) 36

(13. 13. 12) 12 (13.26. 11) 36 (13,4,6) 12 (13,4,14) 36

(13.26.3) 12 (26.26.7) 18 (13,4,12) 24 (13,6,7) 36

(13,26.4)
(13.26,6)
(13,26, 12)

12

12

24

(26.26.14) 18

—

—

(13,6,12)
(13, 12,12)
(26,3,3)

24

12

6

(13,6,14)
(13,12,7)
(13,12,14)

36

72

72

(26,26,3) 6

—
(26,3,4) 12 (26,3,7) 36

(26,26,4) 6

—

(26,3,12) 24 (26,3,14) 36

(26,26,6) 6

—

(26,4,6) 12 (26,4,7) 36

(26,26,12) 12 (26,4,12) 24 (26,4,14) 36

(26,6,6) 6 (26,6,7) 36

(26,6,12) 24 (26,6,14) 36

(26,12,12) 12 (26,12,7) 72

(26, 12, 14) 72

(p.+.+) # (—,—,—) # (—,—,+) [ (—.+.+) (+,+,+)
(13.7.7) 36 (3,3,12) 12 (3,3,7) 18 (3,7.7) 54 (7,7,7) 24

(13,7,14)
(13,14,14)
(26.7,7)
(26,7,14)

108

36

54

72

(3,6,12)
(3,12,12)
(4,12,12)
(6,6.12)

24

12

24

12

(3,3,14)
(3,4,7)
(3,4,14)
(3,6,7)

18

36
36
36

(3.7,1-I)
(3,1-1,14)
(4,7,7)
(4.7.14)

108

54

54

108

(7,7,14)
(7,14,14)
(14,14,14)

162

72

54

(26,14.14) 54 (6,12,12) 12 (3,6,14) 36 (4,14,14) 54

continueff'on next pag



36 Admissible Triples of SL(2, q)

..C()fltiflhle(i I!i)Ifl J)Ii? VI OtIS J)ig(
(p,.+) #ft(-..-) ft (-.-.+) #-,+,+ # +,+.+i #i

(12. 12.12) 16 (3. 12,7) 72 (67.7) 51

(3. 2,14) 72 (6,7.11) 1DM

(1.6,7) 36 (6, 11, 14) 54

(4.6.14) 36 (12,7.7) 108

(4.12,7) 72 (12,7,14) 216

(4,12,14) 72 (12,14,14) 108

(6,6,7) 18

(6,6,14) 18

(6,12,7) 72

(6, 12,14) 72

(12.12,7) 72

(12.12,14) 72

Finally, for p = 2 and q = 2, 4. 8 a computation yielded the following tables of branch types

of the groups SL(2,q):

q = 2 : q— = 0, q = {}i
(p,p,+)jgl
(2,2,3) 101

q = 4 = {3}, q+ = {5).
(p,_,+)Igl#lI(P,+,+)Igl#lI(_,_,+)I9I#II(_.+.±)I9I#II(+.++)I9!#I
(2,3.5) 1011211(2,5,5)14 I 611(3.3,5) 151 611(3,5,5) 1° 11211 (5,5,5) 1131 21

q = 8 : = {7}. q = {3,9}.

L (.P'P) i (P,P,—) Jii
II

(p,p,+) ii[ (P'—'—) II
(2,7,7)

i
55
ff
18ff

(p,—,+)
(2,7,3)
(2,7,9)

7

63
18
54

(p.+.+) (—p—'—) - (—' —+) ._2.[. (—++) .
(2,3,9) 151 18 (7,7,7) 145 12 (7,7,3) 97 27 (7,3,9) 105

161

54

81

(3,3,9)
(3,9,9)

57
113

9

9(2.9,9) 71 18 (7,7,9) 153 81 (7,9,9)
(9,9,9) 169 18

The tables in this section show that for the prime powers q up to 13 the only branch
types corresponding to a rational (i.e. genus zero) or elliptic (genus one) SL(2, q)-covering
branched above three points are the triples (2, 2, 3) if q = 2 and (2, 3, 5) if q = 4, both
of which correspond to genus zero. In the next chapter we show that the only SL(2, q)-
coverings of P'(C) unbranched outside {O, 1,oo} of genus at most one are in fact the
rational SL(2,2)-covers of type (2,2,3) and the rational SL(2,4)-covers of type (2,3,5).



Chapter 5

SL(2, q)-Covers of Genus 0 and 1

As we have said in the introduction, we are mainly interested in Galois coverings of P1
with group SL(2, q) and branch points above 0, 1 and only. In this chapter we will find

all tlic rational and elliptic Galois SL(2,q)-covers of P'. Actually, it turns out that there
are almost no such. Theorem 6 tells us that f : Ci —+ C2 is a Galois G-cover if and only if

it is the quotient of C1 by the group 4ut(Ci/C2). with G Aut(Cj/C2). Thus our first
task is to determine all the finite subgroups of Aut(Ci), in the case where C1 is a curve of

genus 0 or 1, and to find out which of them are isomorphic to some SL(2, q).

5.1 Investigation of the Finite Subgroups of Aut(IP')

In this section, K denotes an algebraically closed field of arbitrary characteristic p :=
char(K) � 0. \Ve will find all the prime-powers q (not necessarily of the prime p), for
which SL(2,q) can be embedded in Ant(P'). It is known that Aut(P'(K)) PGL(2,K)
(see Exercise 1.6.6 and Example 11.7.1 [Hart], or Lecture 18 [Barr]), and the first proposition
of this chapter gives a complete list of the finite subgroups of PGL(2, K):

Proposition 5.1.1
The finite subgroups G of PGL(2,K) are:

[
char(K)=j

lQm:7Lpx...xZpfoim�1'
m factors

P�'2

2 C for n � 1, and g.c.d.(n,p) = 1 if p � 2 p � 0
3 D2xm form � 2, and g.c.d.(m,p) = 1 if p � 2 p � 0
4.-l4andA5 p�O
5S4 p2
6Qm>Cnfoim�1a11d11HPtm1 p�2
7 PSL(2,pm) and PGL(2,pm) for m � 1 p � 2
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PROOF: For the nonzero characteristic case, see [VM]. The finite subgroups of PGL(2, C)

can be found in a book of \Veber [We]. Finally, as Serre [Se] notices, one can use the Lef-

schetz principle to generalize from C to arbitrary fields of characteristic zero: Let F be
an arbitrary field of characteristic zero, and let G = { ( ) , ( ) ,. . . , ( ) } c
Aut(P'(F)) be a finite subgroup (where a1,b,c1,d1 E F). Define the subfield E
Q(a1, b1, c1, d1, a2,... , d) C F. We can embed E in C, so we have G C PGL(2, E) C
PGL(2, C). Thus G is a finite subgroup of Aut(P'(C)), and can be found in Weber's list.
(Notice that this doesn't prove that each group in the list indeed occurs as subgroup of
PGL(2,F)!)U

In each of the above seven classes of groups, we check which groups are isomorphic to

some SL(2, q). The groups in 1. and 2. are Abelian and therefore not special linear. So we

start with case 3. As before, we denote by p � 0 the characteristic of K, and we suppose
that q is a power of the prime p' � 2. We will use in the remainder of this chapter the
propeities of SL(2, q) from chapter 4 and appendix A.

3) Each dihedral group D2 has an element of order n, which generates a subgroup
of index 2, which therefore is normal. But for q > 3, the only normal subgroup of
SL(2, q) is the center {±I}. So only if q 2, 3 we possibly have D2 SL(2, q)

(in which case n equals 3 resp. 12). However, D24 contains an element of order 12,
whereas elements in SL(2, 3) have order at most 6. The remaining group D6 has a
presentation < a, b a3 = b2 = baba = 1 >, and SL(2, 2) contains the two matrices

.4 := ([ ) and B := ( 1) which generate SL(2, 2) and satisf the relations for D6.
\Ve conclude that the only dihedral group which is isomorphic to some SL(2, q) is

SL(2, 2). Notice that this group is not contained in PGL(2, K) if p = 3.

4) The size of .44 is 12, not the size of a special linear group. We will however show

that A5 is isomorphic to SL(2, 4). Both these groups have order 60, and are simple,
so it suffices to show that, up to isomorphism, there exists only one simple group of
order 60. The next lemma will be used in showing that every simple group of order
60 can be embedded in S5.

Lemma 5.1.2
Let H be a subgroup of a group G, and denote by R the set of right cosets of H in G.
The map p: G —* Sym(R), defined by p(g) : Hx i— Hxg, is a transitive permutation
representation, with kernel the core HG (i.e. the largest normal subgroup of G which

is contained in H).

PROOF: Proposition 1.6.6 [R]

Suppose that we are given a simple group G of order 60 = 22 x 3 x 5. Denote by
n,, the number of Sylow p-subgroups of G. By Sylow's theorem we have n2 = 3,5 or

15; n3 = 4 or 10; and n5 = 6. Since distinct Sylow 3-subgroups have no nontrivial
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elements in common, we count at least 4(3—1) = 8 elements of order 3 in G. Siniilarly,

there are 6(5 — 1) = 24 elements of order 5 in G. Two distinct Sylow 2-subgroups
of G cannot have more than 2 elements in common. It follows that if n2 = 15, the
group G contains at least 1 + 8 + 24 + 15(4 — 2) = 63 elements, which is absurd.

Suppose that n2 = 3. This means that G contains a subgroup of index 3 (namely
the normalizer of a Sylow 2-subgroup). Since G is simple, by lemma 5.1.2 there is an
injection G c—* 53, which is impossible.

It follows that n2 = 5. Again by the lemma, we obtain an injection G —÷ S5. So G is
a normal subgroup of index 2 in S5. By simplicity of .45, and since G fl 45 we

either have GflA5 = {(1)} (which is impossible, since then G 4I = GI. L4s1 > IS5I),

or G fl .-l = .45 (i.e. G = 45) .As a consequence, A5 SL(2, 4).

5) The symmetric group S4, which satisfies 1S41 = ISL(2, 3)1 = 21, can be seen not to
1)e isomorphic vitIi SL(2, 3), by noting that SL(2, 3) has only one involution, though
S4 has many.

6) Suppose that SL(2, q) Qm i Ci,. \Ve must have p' 2, since otherwise SL(2, q)
has no nontrivial normal subgroups, although Qm is normal. For p' 2 the only
nontrivial normal subgroup is {±1}, hence Qm = G2, with in = 1 and p = 2. Since

pfl
— 1 = 1, we see that Qm was just the cyclic group C2.

7) Of course, PSL(2,pm) equals SL(2,ptm) if p = 2. In general, for ptm � I the group
PSL(2, ptm) is simple, so not isomorphic with any SL(2, q), p' 2. Also, PSL(2, 3)

44 is not special linear, as we mentioned earlier. We may conclude that the only
PSL(2,pm) which are at the same timmiP special linear, are these with p = 2; they
occur only if char(K) = 2.

PGL(2,pm) has
order (mn)3 — pm = ISL(2,pm)l. For natural numbers r and s, one

has r3 — r = s3 — s if and only if r = s. So if PGL(2,pm) is special linear, it
Iiiiist be isomorphic with SL(2,pm). However, PGL(2,pm) contains the subgroup
PSL(2,pm). For p � 3 this subgroup has index 2, so is normal. Since SL(2,q)
has no normal subgroup of index 2 for q � 3, it follows that PGL(2,pm) is not
isomorphic with SL(2,pm), whenever p 2. On the other hand, if p = 2, we have
PGL(2.pm) = PSL(2,pm) = SL(2,ptm).

We have proven the following proposition:

Proposition 5.1.3
Let K be an algebraically closed field of characteristic p � 0. If G is a finite subgroup of

Aut(P' (K)), which is isomorphic ivith some SL(2, q), then we are in one of the following
three situations:

i) q = 2 and p $ 3;

ii) q = 4 and p � 0;

iii) q=2m,m3andp=2•
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5.2 Investigation of the Isomorphism Group of an El-
liptic Curve

We let the genus increase by one, and try to find out what kind of elliptic covers of P' with

Galois group SL(2, q) exist. As in the rational case, this comes down to finding all the

finite subgroups of the form SL(2, q) of the automorphism group of an elliptic curve. In

the present section, we follow the terminology in [Si]; in particular, we have to adapt our

notations concerning automorphism groups. Thus, if E is an elliptic curve with identity
element 0 e E, we write

Aut(E) := {invertible isogenies : E — E};
Isoin(E) := {isomorphisms of the variety E};

in this new terminology, we are interested in the finite subgroups of Isom(E). Furthermore,

will denote the group of automorphisms of time underlying group of E by Atgrp(E). Ifl

this section, the group law in both Aut(E) and .4utgrp(E) will be denoted by := o ti'.
The group Trans(E) of translations Tp of E will be identified with E. We have the

following diagram of group inclusions:

Isom(E) Atgrp(E)7 7 %em 111.4.8 [Si]

E Trans(E) Aut(E)7n7
{0}

Throughout this section, K is assumed to have characteristic zero, since in that case
the groups E and .-lut(E) are particularly nice to work with.

Definition 5.2.1
Let two groups H and N be given, with a group homomorphism a : H —* Aut(N). For
h E H and n E N, we write := a(h)(n). We define the product N i° H of N and
H twisted by the homomorphism a to be the set N x H together with the group law
(nj,hi)(n2,h2) := (nin',hih2) •

The next lemma describes the groups E and Aut(E), and expresses Isom(E) as a
twisted product of the two former groups.
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Lemma 5.2.2
Let (E, 0) be an elliptic curve over an algebraically closed field K of characteristic 0, with

j-invariant j j(E). Denote by E Aut(E) the product of E and Ait(E) twisted by the
injection .4ut(E) —* Atgrp(E).

(a) The map (P, a) '—* Tp o a defines an isomorphism E >i Aut(E) Isorn(E).

(b) If K = C, as a group E ]l/Z x R/Z. In general, the subgroup E[m] <E (i.e. the
torsion elements of order dividing m) is isomorphic to Cm X Cm.

(c) The automorphism group of E is finite,
and is described in the following table:

X2—X1A

{ Y2—YI f x1
3x?+A ifx1 =x2,

j Aut(E

O,1728 C2

1728 = 2633 C4

0 C6

PROOF: (a) Proposition X.5.1 [Si].
(b) Corollary 111.6.4 [Si] and Theorem IV.4.16 [Hart].
(c) Theorem 111.10.1 [Si] U

In the sequel we idciitifv Isorn(E) with the twisted product in (a), and we identify E
and .4ut(E) with the subgroups {(P, id)

I
P e E} resp. ((0, a) a E Aut(E)} of Isom(E).

It is shown in the third chapter of [Si], that an elliptic curve over a field K of character-
istic 2,3 is isomorphic to one given by an equation 2 = x3 + .4X + B, with A, B E K.
This allows us to assume, from now on, that our elliptic curves are of the form

E: Y2 = X3 + AX + B.

If the unique point at infinity is defined to be the identity 0 E E, then the Group Law
Algorithm 2.3. P.58 [Si], gives us explicit formulas for the group operation on E: The inverse
of a point (x, y) e E is (x, —y), and the sum of two points (x1, Yi) and (x2, Y2) (x1, —yi)
equals (A2 — — x2, —A(A2 — — x2) — v), where A and v are defined by

and ._ f Yi2—1l2i f x2,

_____

' —x1+Axi+2B .,
I 2, 11X1X2.

The proof of lemma 5.2.2(c) shows that the cyclic isomorphism group Aut(E) C
of order n, of an elliptic curve E of the above normal form, is generated by the isogeny

E —÷ E (x, y) i-+ ((2x, 3y), where denotes a fixed primitive n-th root of unity
in K = K. For n = 2,4,6 we have V2 = [—1], the "multiplication by —1 map" (i.e.
inversion in the group E). With this information, we can immediately compute the order
of an element (P,) e Isoin(E).
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An inductive argument shows that (P, 4,)m = (EVnlq,i(p), Thus for all (P, ) E

Isom(E) we have ord() I ord(P, ). On the other hand, if E Aut(E) is an element of

order k 1,3 (so ord(4) = 2,4 or 6), then there holds for all P E E:

k—i (k/2)—1

((P)+Øo[—1](P))=O.

If = Id then of course ord(P, ) = ord(P) for all P e E. So it remains to find the
order of elements (P, ), where := , an isogeny of order 3. Recall that if such a
exists, necessarily j = 0 (since Aut(E) c) and E : y2 = + 1. In this remaining
case we will use the formulas for addition in E (with A = 0 and B = 1), to show that

Øi(p) = 0. Denote the primitive third root of 1 which defines by (. This means

that, for arbitrary P = (x, y) E, we must show that (x, y) + ((2x, y) + ((x, y) = 0. Sup-

O5C x 0, in which case y = 1 or —1, and (P) = P. Thus \ = 0 and v = —l/y = —y,

and hence P + (P) = P + P (x, y) + (x, y) = (x, —y) = —P = —2(P), in other words

ord(P, ) = 3. Finally, assume that x 0. Then P + (P) = (x, y) + ((2x, y). The,\ and
ii defining the coordinates of this sum are ..\ = 0 and v = ((2xy — xy)/((2x — x) = y. So

it follows that again P + (P) = (—x — (2x, —y) = ((x, —y) = —((x, y) = —2(P) (since

1 + ( + (2 = 0), and again ord(P, ) = 3.

This all is summarized in a lemma:

Lemma 5.2.3
Let E be au elliptic curve over a field of characteristic 0. The order of an arbitrary
isomorphism (P, ) e Isom(E) is given by

Or(1(P,4) = Iord(P) if qS = id,

ord(cb) N

\Ve can now easily derive that Isom(E) contains only very few finite subgroups iso-
morphic to SL(2, q). A calculation shows that E is normal in Isorn(E). Therefore, by the
isomorphism theorem, if G is a subgroup of Isorn(E), we have E n G G. So G contains
an Abelian normal subgroup, namely the subgroup of all translations in G.

Recall that for q > 3, the group SL(2, q) has no other Abelian normal subgroups than
{1} and Z(SL(2,q)) = {±1}. On the other hand, SL(2,4) and SL(2,5) contain elements
of order 5, and for q � 7 the group SL(2, q) contains an element of order q + 1 > 6. Since
Aut(E) is cyclic of order 2, 4 or 6, no automorphism E Aut(E) can have order 5 or order
> 6. It follows from lemma 5.2.3 that if C SL(2,q) were a subgroup of Isom(E), for
some q > 3, then E fl G would contain an element of order at least 5. This would mean
that the Abelian normal subgroup E fl G of G has size at least 5, which is impossible.

It remains to find out if SL(2, 2) and SL(2, 3) can be subgroups of Isom(E). In the
previous section we saw that SL(2, 2) D23 < a, b

I
a3 = b2 baba = 1 >. By
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lemma 5.2.2(b), E contains an element P0 of order 3. Also, the group Aut(E) always
contains the inversion map [—1]. The two elements (Po,id) and (0, [—1]) E Isorn(E) now
generate a subgroup of Isom(E) which is isomorphic to SL(2, 2). Thus, for each elliptic
curve E over a field of characteristic zero, Isom(E) contains a subgroup isomorphic to
SL(2, 2).

Finally suppose that SL(2,3) Isom(E). The group SL(2,3) consists of ±1, eight
elements of order 3, eight elements of order 6 and six elements of order 4 (this can be read off
from the conjugacy class tables in chapter 4). Suppose that j(E) 0. Then Aut(E)
so by lemma 5.2.3 all elements of order 3 and 6 are contained in E. But there are 16 such
elements, so En SL(2,3) has more than 16 elements. Since ISL(2,3)l = 24, this shows

that SL(2. 3) < E, contradicting the non-Abelianity of SL(2, 3). Therefore we may assume
that j(E) = 0, so 4ut(E) G6.

We use Dickson's lemma A.3.2 to show that SL(2, 3) is not contained in Isom(E). By
the result of Dickson, SL(2, 3) is generated by the matrices X := (I?) and Y := ( ).
These matrices have order 3, and their products XY and YX are distinct elements of
order -1. Since 4 If IAut(E)I = 6, by lemma 5.2.3, XY and YX are both contained in the
Abelian group E. But a calculation shows that (XY)(YX) = (? ) ( ) = (YX)(XY).
This contradicts the existence of the two generators given by Dickson.

Hereby we have achieved the goal of this section:

Proposition 5.2.4
Let E be an arbitrary elliptic curve over an algebraically closed field of characteristic zero.
The group Isom(E) contains an isomorphic copy of SL(2, q) if, and only if, q = 2 U

5.3 Preliminaries
Before we actually construct explicit SL(2, q)-covers of P', we spend a section on summa-
rizing the necessary results from algebraic geometry. \Ve refer to [Si] for details.

First of all, recall the Hurwitz genus formula: Suppose that f : C1 —+ C2 is a noncon-
stant separable morphism of smooth curves over K, which is nowhere wildly ramified 2•

Denote the genera of C1 and C2 by g1 and 92• Then

2g1 —2 = deg(f)(2g2 —2) + pec,(ej(P) — 1).

An immediate consequence is that if f: C1 —* C2 is a nonconstant separable morphism
of smooth curves, g1 � 92• Indeed, if we denote the sum of the ej(P) — 1 on the right by
c, the inequality g1 � g2 is equivalent with deg(f)(2g2 — 2) + c 2g2 — 2, where c � 0
and deg(f) � 1. In particular, the quotient of a curve of genus zero (equivalently, a curve
which is isomorphic to P' - such a curve is called a rational curve) has again genus zero;

'i.e. the corresponding extension of function fields is separable.
2This is of course always satisfied in case char(K) = 0.
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and the quotient of an elliptic curve (a curve of genus one) is of genus zero, or of genus

one. In fact, it can be shown that the quotient of an elliptic curve is rational if and only

if the quotient map is ramified.

Some other elementary properties of the ramification index are the following.

Lemma 5.3.1
Let f : C1 —* C'2 be a Galois covering.

a) PEf_1Q)ef(P) = deg(f), for allQ E C2.

b) ej(P) = ej(P') whenever f(P) = f(P').

c) If g : G'2 —* C3 is another nonconstant map of smooth curves, then e901(P) =
e9(f(P))ej(P), for all P E C1.

PROOF: a) Proposition 11.2.6 (a) [Si].
b) Corollary 111.7.2 (a) [St]. (Stichtenoth assumes that the ground field is perfect. In

our case K is algebraically closed, thus perfect.)
c) Proposition 11.2.6 (c) [Si] •

If a finite subgroup G C .4ut(C) is given, the ramification points of the quotient map
ir: C —* C/C are exactly the fixed points of G (that is, the points on C that are fixed by
at least one non-identity element in G), as the second lemma shows:

Lemma 5.3.2
Let C be a smooth curve, and let G be a finite subgroup of its isomorphism group. Denote
by r : C —+ C/G the quotient of C by C. For all P E C, we have

e(P) = #{g E G g(P) = P}.

PROOF: This is Exercise 3.13 [Si] U

The group of elements in C fixing the point P E C is called the inertia group at P. It
is always a cyclic subgroup of G. In this terminology, the fixed points of ir are the points
having a non-trivial inertia group.

5.4 Construction of some Rational and Elliptic Galois
Coverings

Throughout this section, the ground field k is assumed to be algebraically closed and of

characteristic 0, for example k = C. \Ve have now gathered enough information needed to
construct some of the most elementary SL(2, q)-coverings of F' (k): By propositions 5.1.3
and 5.2.4, rational and elliptic SL(2, q) covers exist only if q = 2,4 resp. q = 2; theorem 6
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shows that a Galois G-cover is just a quotient by the group G; proposition 3.2.3 tells us
how certain quotients by the composition factors of a group G fit together to form the
quotient by G itself; and finally, in the previous section it was shown how the ramification
of a quotient map by group G can be described in terms of fixed points of G.

5.4.1 Rational SL(2, 2)-Covers
The group SL(2, 2) is isomorphic to the dihedral group with 6 elements, D6 = D23.
We will explain how, for general n � 2, one can construct the quotient of P1 by a sub-
group D2 G C Aut(P') = PGL(2), which is ramified only above the points 0, 1 and

Let 1 : P1 —+ P'/G lP denote the quotient map by a subgroup G C Aut(P') with
G By the Hurwitz genus formula we know that 2 0 — 2 = D2I(2 0 — 2) +

—1), in other words 4n—2 = —1). One possibility (in fact the
only possibility, in the case n = 3) is that 1 has two fibers of each n ramification points
of index 2. and one fiber containing two ramification points of index n (see the picture
below). Since D2 = C. the quotient by D2 is of the form

p1 4 P'/G 3 (P'/c)/(D2/G).

The ramification of index n finds place at I, and the 2n ramification points of index 2 are
a result of two ramification points of index 2 of the map 12. Since PGL(2) is 3-transitive,
we can compose the quotient map P1 —* P1/D2 with an automorphism of P'/D2
so that ramification finds place only above 0, 1 and oo P'/D2. \Ve can even assume
that 0 and are branch points of index 2, and that 1 is a branch point of index n. These
preparations can be visualized by the following pictures. The first picture shows what the
ramification is of the map P1 —* P'/D6:

P1: P'/D2P':

>( )(
(n ramification points)

(n branches) (pi branches)

x ID2fl>

)( )(
(n ramification points)

and the second picture shows how F can be seen as the composition of two quotients

by cyclic groups
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P1.. PI/cnPI..
(ii branches)

>
IC,, " P Q /(D2,,/C,,)

mod mod 1

Cfl Cfl

(,, branches) w

We write G =< g, h> where g is a generator of C', and ord(h) = 2. The quotient by
C, has two ramification points, so g must have two fixed points in P. We may assume
that these are 0 and (after a conjugation of the group G in PGL(2, k); i.e. w.r.t. an
appropriate coordinate function). Since g is of the form z '—* it follows that g must

look like

g: Z (,z,

where (, is a primitive n-th root of unity.
The quotient of IP' by < g >=< z C,,z > C,2 can be represented, in the cate-

gory of function fields, by the Galois extension k(z)/k(z)<9>. The field of invariants of

k(z) under < g > is known, namely k(z)<9> = k(z"). Furthermore, the morphism from
P' to P' corresponding to the field extension k(z)/k(z") is : z '— z'2 (since the injec-
tion of function fields defined by k(") —÷ k(z) : z' —÷ z'2 indeed equals the comorphism
f(fl) (*(f))(z) = Jo (z) = f(z")). So we have found (1, : P' —÷ P' : z '—* z.

\Ve denote the coordinate function Zn on P'/G,, from now on by t. Pick an i(t) E
Aut(P'/C') which fixes 1 (so we have chosen 1 to be a ramification point of 2), and

which interchanges 0 and oo (since these points aren't ramification points, but should have
the same image under 1)2). Since h : t i—* , it follows that now h(t) = the second

fixed point of i turns out to be —1.
The fixed field k(t)<'> is k(t + ) (which is indeed of index 2 in k(t), since t2 — (t +
— 1 = 0), and the corresponding morphism 1)2 : F' —* F' is just t '—f t + f.

It remains to lift the automorphism of Aut(P'/C) to an automorphism h of F', in
such a way that < g, h > is indeed dihedral. Obviously, the map h : z '—+ induces h

w.r.t. the quotient 4 : F' —* P'/Cn. The group generated by g and h has at least 2n
elements, and h and g are easily shown to satisfy the relations for the dihedral group



5.4 Construction of some Rational and Elliptic Galois Coverings 47

So <g,h > D.

To get the ramification above the right points, we finally have to compose with an
automorphism of P'/D2. The map 12 ° : z '—+ z' + is ramified above oo (at 0 and

oo) and above the points 2 and —2 (at the points /i resp. /T). \Ve can compose 'F2o'11
with the automorphism : w to obtain our definitive quotient map 4 := 0I2041

— 2z + 1

a map whicli is ramified above 0, 1 and oo, at the points '/T, {O, cx} and "i, respectively.

5.4.2 Rational SL(2, 4)-Covers
The group SL(2, 4) has 60 elements and is simple, so obviously the quotient of P1 by
SL(2, 2) cannot be constructed as the composition of several small quotients like we did

in tin' case SL(2, 2). But there are other ways in which one can describe the quotient
P'/SL(2, 4).

First of all, it follows from Hurwitz' genus formula that if the quotient is ramified above
only three points (say above 0, 1 and oo), then the branch type of this map must be either
(2,2,30) or (2,3,5).

The group SL(2, 4) does not contain an element of order 30, so coverings of type
(2. 2. 30) do not exist. It is, however, not difficult to show that a (2, 3, 5) covering does
exist. In section 5.1 (item 4)) it is shown that SL(2, 4) is isomorphic to the simple group
PSL(2,5): and in section 4.5 one can find that (5,4,3) is a branch type of SL(2,5), say
< x, y >= SL(2, 5) with lxi = 4, y = 3 and I'l = 5. From section 4.2 we know that up
to conjugation, x = ( ) for a generator A of F. Now, look at the image of x,y and xy

under ir in the sequence Z(SL(2, 5)) —* SL(2, 5) - PSL(2, 5). Since x2 = A21d, we have

I
ir(x) = 2; and since y and zy are not a multiple of Id and have prime order, it follows

that lir(y)i = 3 and lir(xy)l = 5. Hence < lr(x),7r(y) >= PSL(2,5) SL(2,4), in other
words, (2,3,5) is a branch type of SL(2, 4).

We conclude that over C, there exist a rational SL(2, 4)-coverings of P' unbranched
outside (0, 1, oo}, and each such covering has branch type (2,3,5).

\Ve will now show how one can describe the quotient of P' by SL(2, 4) 45.

(1) \Ve consider the analogue of the problem in the category of function fields: Given the
rational function field C(t), find a Galois extension N of genus zero with the property
Gal(N/C(t)) = .45. If we write N = C(z), and if we can express t as a rational function
t(:) E C(z), then the injection t i— t() induces a morphism P' —* P' : z '—* t(z).

Now, we won't write down an explicit formula for this morphism, but we will describe
the field N as the normal closure of some smaller field. The following lemma helps us out.
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Lemma 5.4.1
Let N/K be a finite Galois extension with Galois group G, and suppose that G maps
isomorphicahly onto a transitive subgroup of the symmetric group S, for some n � 2.
Then there is au intermediate field K C L C N with [L K] = n and such that the normal
closure of L/ K is N.

PROOF: (The Galois theory used here can be found in [Ga].) View G as a transitive
permutation group on n elements. Then, the stabilizer in G of one of these elements is a
subgroup of index n. So there exists a subgroup of G of index n, say [G : HI = n. Galois

theory tells us that the field L := N" has the properties that N/L is Galois with group
H, and L/I is a separable extension of degree n. Thus there is a primitive element c for
L/K, i.e. L = K(c).

Let f be the minimal polynomial for over K. We know that dcg(f) = [K(a) : K] = n,

that f splits in N, and that all the roots := , £2,... , of f in N are distinct. Let
Il := = K(cii,... , a) be the splitting field inside N for f over K. This is the iiormal

closure of L/K, so we are done if we can show that N = Il. Notice that the extensions
N/Il and Il/L are both Galois. We denote F := Gal(N/Q), thus Gal(Il/L) H/F.

N

c H/I'

L = K(c1)

K

Since f is irreducible, its Galois group (i.e. Gal(1Z/K)) acts transitively on the set
of roots {ci,... , o}. Also, since N/Il is separable, each automorphism of Il can be ex-
tended to an automorphism of N. Thus we find that Gal(N/K)11? = Gal(Il/K) (where

Gal(N/K)111 denotes the group {gn
I

g e Gal(N/K)}). Therefore also G = Gal(N/K)
acts transitively on the set of roots of f. Now,Gal(Il/K) and G are equal, since they
define the same permutation group on c,... ,o. So Il = N U

Thus we know that there exists a Galois extension N/C(t) with group .4 which is

ramified above 0, 1, oo of type (2, 3, 5), and we know that it factors as C(t) —* L —* N
for a field L of degree 5 over C(t). Let us denote the corresponding coverings of curves

by CN CL P'(C). Since A5 has no normal subgroup of index 5, the morphism

I'
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CL —h F' is not Galois. \Ve will determine the ramification of the maps 4, and 1)2:

Since 1), is Galois and deg(1),) = 12, the map 4 cannot have ramification of index 5.
Therefore 1) has only ramification of index 2, 3. Let (1 be ramified above m points E CL

of index 2 and above ii points E CL of index 3. Then the Hurwitz formula applied to F,

yields —2 = 12(—2) + m• — 1) + n — 1), or simply 3m + 4n = 11. The only
solution of this is (ni, n) = (1, 2).

The map 12 must be totally ramified (i.e. ramified of index = deg(2) = 5) at a unique
point above oo. Now let k and I denote the number of ramification points E CL of index
2 resp. 3, now w.r.t. the map 2. An application of the Hurwitz formula to 2 yields
—2 = 5(—2)+k(2—1)+I(3—1)+(5—1),i.e. k+21 =4. The solutions (k,1) are (4.0),(2,1)
and (0, 2). However, (k, 1) = (4, 0) cannot happen since ramification of index 2 finds place
only above one point, nauielv 0; The existence of four ramification points in '(0) and

one in (1'(O) would imply deg(1)2) � 9, contradicting deg(2) = 5. For the same reason,
(k, 1) = (0,2) is not a valid solution. It follows that (k, I) = (2, 1).

In fact, we could have known in advance that neither k nor 1 equals 0, because of the
following general principle:

Lemma 5.4.2
Let F, : C\' —÷ CL and 2 : C. —÷ CK be coverings corresponding to extensions of function
fields K C L C N of characteristic zero, in which N is the normal closure of L/K. Let

:= o 1),. Then, if 2 is unramifled above the point P E CK, the map (1 is also
unramifled above P.

PROOF: This is the analogue of a result for number fields (see chapter 4 [Mar]): If
L/K is an extension of number fields, and P is a prime in K which is unramified in L,
then P is also unramified in the normal closure of L/K. In fact, this statement holds for
the normal closure of field extensions in general U

A method to write down the morphism 2 : CL —+ P' is the following: By choosing an
appropriate coordinate iL on CL F' and t on P', we may assume that (i) the branch points
on P1 of index 2, 3, 5 are 0, 1 and oc resp.; and (ii) c and 0 E L F' are ramification
points of index 5 and 3, resp. The morphism cI!2 : CL —* P' : u '—* t(u) = Ø(u)/t'(u) (with

E C[u}) then satisfies (1'(oo) = {x}, in other words = qS is a polynomial in u, of
degree 5.

Now, saying that no e CL \ {oc} is a ramification point of index n of 2 is equivalent
with saying that u0 is an n-fold zero of the polynomial 2(u) — 2(uo). Thus the above
ramification data for 2, under conditions (i) and (ii), show us that 2 = 0 must satisfy

0(u) =(u — d)2(u — e)2(u
— f);

q5(u)—1=(u—0)3(u—b)(u—c).
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Mathematica could solve this system, and gave as solution the polynomial cb(u) = u5 +
a4u4 + ...+a0, where a2 = a1 = 0, a0 =land

(19+5V3)"5
(14 =10 12(432)1/5

(—1 — v —5),

(19 + 5/)2/5
a3 =10

27 24 1/5
(—2 + —5).

Thus the injection C(t) '-+ C(u) : t '—+ (u), with as above, describes our covering
CL —* P', and the function field of the Galois A5-covering of P' is the normal closure of
C(u).

(2) In the article [BD] there is given a formula for the quotient of 1F1 by 45, namely (from

projective to affine coordinates):

ç ( y t\e' /
Q (X Y)e'

where Q and Q3 denote aiiy two of the following three homogeneous polynomials:

Qi (X, Y) = XY(X'° + 11X5Y5 ylO).

(22(-', Y) = (V20 + Y20) + 228(X'5Y5 — V5Y'5) — 494X10Y'°•

Q3(X, Y) = x3° + Y3° + 522(X25Y5 — X5Y25) — 10005(X20Y'° — X'°Y20),

and e1 = 5, e2 = 3 and e3 = 2. This formula for the quotient of P'(C) by 45 is in fact a
classical result; it was written down by H.A. Schwarz more than a century ago.

5.4.3 Elliptic SL(2, 2)-Covers
If 'I' : E —* E/G P' is the quotient of an elliptic curve E by a subgroup D6 C C
Isom(E), the Hurwitz genus formula tells us that 2•1 —2 = 1D61(2.0—2)+EPEE(e1(P) —1),

in other words, >PEE(e(P) — 1) = 12. The ramification index of c1 at a ramified point is
either 2 or 3. Moreover, lemma 5.3.1 shows that a branch point Q E P' of index e gives a
contribution (6/e). (e — 1) to the above sum (1D61/e ramification points of index e above
Q, each of which gives a contribution of e — 1). Thus for e = 2 we obtain 3, and for e = 3

we obtain 4. It follows that 1 cannot have ramification of index both 2 and 3. So we have
either 12 ramification points of index 2 (three ramified points per fiber), or 6 ramification
points of index 3 (two per fiber).

A D6-covering with ramification of index 3 does not exist, since the existence of 3 branch
points of index 3 is (cf. theorem 4) equivalent with (3, 3, 3) being an admissible triple of D6.
Indeed, (3, 3, 3) is not an admissible triple of D6, because D6 has only two elements of order
3, so {IxI, y, xyl} = {3, 3, 3} is possible only if x = y, in which case < x, y >=< x > D6.
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\Vc conclude that each elliptic D6-covering of F' has 12 ramification points of index 2,

three above each of the four branch points on F'. Since Aut(P') = PGL(2) is 3-transitive,
composition of the quotient map with an appropriate isomorphism of F' allows us to
assume that 0, 1 and oo are among the branch points. On the other hand, if P E E is a
ramification point above oo E F' of the quotient E - E/G = F' (where G D6), then the

composition E 4 E - P' has Galois group r'Grp and is ramified at oo. We conclude
that up to conjugation of the Galois group in Isom(E), each quotient of an elliptic curve
E by a group D6 is of the following form:

E:

xxx
XXX

__

xxx
XXXmI>

Although there are no elliptic SL(2, q)-covers with 3 branch points, we will - as an
illustration - show in detail how to construct the elliptic D6-cover of F' having four branch
points of index 2. This construction makes use of the equivalence of the categories of curves
resp. function fields, mentioned in lemma 3.2.2.

Claim: Under the above circumstances, the Galois group G D6 of 4 : E —i. F' is

given by G < Tp, [—1] >, for some P e E[3].

Proof: By lemma 5.3.2, the hypothesis e4,(oo) = 2 is equivalent with {g E GIg(oo) =
oc}I = IG fl Aut(E)I = 2. Therefore [—1] e G. The remaining four non-trivial elements in
G do not fix , so we can pick /3 E G and put P := /3(oo) oo. There exists a E Aut(E)
with T_p o /3 = a, that is /3 = Tp o a. The order of /3 is now given by lemma 5.2.3: If

I
oi = 6, then /3 = 6 as well, but G D6 does not contain such an element; also, if a) = 3,

then Tp o (a o [—1]) = o [—1] e G has order Ia o [—1]I = 6, which is again an absurdity.
Therefore a E {idE, [—1]}, and for both choices of a the group < Tp, [—1] > is easily seen
to be contained in G, and it is isomorphic to D6 exactly when P E E[3} U (claim)

There is a normal subgroup < r > G to which we may apply proposition 3.2.3:

The quotient 1' : E —* E/G is isomorphic to the composition E 4 E/ < Tp >4
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(E/ <Yp >) / (G/ <Tp >). The map 4) is unramified, by lemma 5.3.2, since transla-

tion has no fixed points. Therefore E/ <Tp> is again an elliptic curve, which we denote
b E. We can choose the identity 00 of the group E in such a way, that 4) (oo) = oo (by an

appropriate coordinate transformation). We denote the inversion on E and E with a sub-

script, thus [—lIE and [1]E,_respectively. Now, in the proof of proposition 3.2.3 it is shown

that the automorphism [—lIE := [—liE mod < Tp > of E has order 2 and fixes oo E E.
The only element of order 2 in Aut(E) is [—1]E, so we conclude that [—lIE = [—lIE, in

other words the map 2 : E - E/ (G/ <Tp>) is just division of E by the map [—lIE.

The map 2 indeed has four ramification points (resulting in 12 ramification points of

= 42 o 4)), since the fixed points of [—1]E are the points of order 1 or 2, i.e. the points

in E[2] Z/2 x Z/2.

We show how the two morphisms 4) and 2, describing division by Tp and division by

[—1] on an elliptic curve, are constructed.

Dividing out an elliptic curve by translation over a 3-torsion point:

In [Tol, explicit formulas are given for the quotient map of an elliptic curve E by a
group < T7 > when ITI = 3. A translation of the x-coordinate allows us to assume that
x(T) = 0. So we fix a curve E : = x3 + ax2 + cx + d which contains T := (0, /) as a
3-torsion point. The point (0, /) is easily shown to be in E[3] if and only if c2 = 4ad. So

our curve has one of the following two forms:

c=0: Now E : y2=x3+d, and T:=(0,vd)E E[3].

c 0: If one puts b := —c/(2a), the curve E is given by y2 = x3 + a(x — b)2, and (0, /) E
E[3], with d = ab2.

\Ve compute the quotient of E: = x3 + d by the group <TT > (the case c = 0; now

E has j-invariant 0). \Ve have T = (0, /) and —T = (0, —v). The group-law-algorithm
for E shows that the maps T±T are given by (x, y) i—*

(y2+2.fdy+d_x3
(q5±(x,y),±(x,y)) := 2 3

+yF2V'
X X

First we note that, since TT = idE, we have (±,P±)3(x,y) = (x,y). The maps TT =

(+, +) and 'r_T = (, _) are isomorphisms of E, so there are induced isomorphiisms
a: (x,y) '— &+(x,y),uI'+(x,y)) and a2: (x,y) —* (_(x,y),_(x,y)) of the function field

31n fact, it is easily shown that each unramified quotient of degree 3 must be division by translation over
a 3-torsion point, since lemma 5.2.3 shows that an element g E Iso7n(E) has order 3 exactly when either
g = Tp for some P E[3], org = rpoçb for some P E and Aut(E) with I = 3; an element rpO with

id has however always a fixed point, since q(rp(Q)) = Q = Q (P) = (id
and id — 4 is surjective for each 0 Aut(E) \ {id}.
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k(E) = k(x, y). The quotient of E by <TT > is the curve corresponding to the function
field k(E)<'>. So our task is to find this field of invariants, and to find the corresponding
curve.

The functions e(x,y) := x+q5+(x,y)+q5_(x,y) = x+4d/x2 and ii(x,y) :=
_(x, y) = y(l — 8d/x3) are clearly invariant under the isomorphism a of the function field

k(x,y) = k(E). So the field k(,r1) is contained in k(x,y)<YT>. To show that equality
holds, it suffices to verify lk(x,y) : k(,ii)I = 3, since

I
< Tj' > = 3. An investigation of

some other field extensions provides us with the necessary information:

• ik(x,y) : k(x)I = 2. Indeed, the minimal polynomial of y over k(x) is Y2 (x3+d) E

• Ik(x) : k()I = 3. Since x2 = x3 + 4d, we know that x satisfies the polynomial
F(X) —

2 + 4d e k()[X1. Suppose that F(X) = (X2 + aX + b)(X + c), for
certain a, b, c e k(). Comparison of the coefficients reveals a + c = —, b + ac = 0

and bc = 4(1. Elimination of b and c from the last equation gives

a2 + 2a2 + (a3 — 44) = 0. (5.1)

But we know that a E k(), say a = p()/q() for certain polynomials p and q.
So multiplication of both sides of equation (5.1) by q()3 results in an algebraic
dependence relation for over k, which is absurd. Hence F(X) is the minimal
polynomial of x over k(), and Ik(x) : k()I = 3.

• k(,q) : k()I = 2. On the one hand we have

2 2 32 3
48& 64d3

x

and on the other hand

3 23 48& 64d3
3;3

Subtraction of these two equations gives

= — 27d. (5.2)

Thus Ik(,ii) : k()l = 2.
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\Vc obtain the following picture of field extensions:

k(i. y)2\
k(x) k(,ij)

N
k(),

from which we see k(x, y) : k(, i)I = 3. Since k(, ij) C k(x, y)<°> and = 3. this

iOVCS that k(,ij) = k(x,y)<>.

The absolutely irreducible curve E given by equation (5.2) has function field k(, ii),

since if we write k(E) = k(, ), the map '—* (x, y) and i—p i(x, y) is an isomorphism

from k(E) onto k((x, y), i(x, y)). Thus E is the quotient of E by <TT>.

The morphism E —+ E describing our quotient map, say

P = (x(P),y(P)) -÷ (a,8)(P) = (a(x(P),y(P)),/3(x(P),y(P))),

should be that map, which induces the comorphism k(E) * k(E) given by the injection

(, i) i—* ((.r. y), ii(x, y)), and it is clear that the map (c(P) := (x(P), y(P)), /3(P) :=

ij(x(P), y(P))) has this property. So we conclude that if E is given by E : = x3 + d,

and T = (0, V') E E[3], then E := E/ <TT >: = — 27d, and the morphism E — E

is given by (x,y) ((x,y),ij(x,y)).

In the case E : y2 = x3 + a(x — b)2 (i.e. C $ 0), it can be shown by the same method
that E/ <YT >: = — 27a( — 4a — 27b)2, and the morphism E — E/ < TT> is given

by (x,y) '—+ ((x, y), ij(x, y)), where now

e(x, y) = 9(2y2 + 2ab2 — — ax2)x_2 and ij(x, y) =27y(—4abx + 8ab2 — x3)x3.

Dividing out an elliptic curve by [—1]:

Because of the nice form of E = E/ < TT > in both the cases c = 0 and c 0, the
inverse of a point (, ij) E E is given by —(c, i) = (, —ij). Since the fixed field of k(, i)

under this autoinorphism is exactly k(x), it follows immediately that the map E i is

given by (e,j) '—i . This map is indeed 2 to 1, except at DC and points P with i1(P) = 0.



Appendix A

Classification of the Subgroups of
SL(2, q), and Dickson's Lemma

The groups SL(2, q) play a central role in this thesis. We will repeatedly need information
about its subgroups. The complete list of subgroups of SL(2, q) is known; it was first
written down by L.E. Dickson [Di]. In this appendix we present a proof of this classification
theorem, and we prove another result of Dickson, known as Dickson's lemma. The material
of this appendix is taken from Section 3.6 [Su]. \Ve start with making some conventions
and recalling some elementary definitions and facts in group and field theory.

A.1 Preliminaries on Groups and Fields
Convention A.1.1
Let G be a finite group and S C G a subset. For x and g in G, the conjugate x'gx is

denoted by gX. The normalizer of S in G, the centralizer of S in G and the center of G
are denoted by

NG(S) :={g E C I S' = S};

CG(S) :={g E G
I

=' Vx E S};
Z(G) :=CG(G) = {z E G

I
zx = xz, Vx E G},

respectively. The conjugacy class in C containing x is written 1((x). The set of maximal
Abelian subgroups of G will be denoted by M. The order of an element x E G is denoted
by both ord(x) and lxi•

Definition A.1.2
If all elements of G have finite and bounded order, the exponent exp(G) of G is the least
common multiple of the orders of all of its elements. G is called an elementary Abelian
p-group (p prime) if exp(G) = p. In this case, G is a direct product of cyclic groups of
order p. A group of order a power of p is called a p-group. If H is a subgroup of a group
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G then K is called a complement of H in G if HK = G and H fl K = {1}. Suppose that

the group G acts on a set E. The stabilizer of a subset T C E in G is defined to be

StabG(T) := {g E G
I

gt = tVt E T}.

The action of G on E is transitive if for all x, y E E there exists g G with gx = y; it is

k-transitive if the induced action of G on Ik) {ordered k-tuples of distinct elements of

E} is transitive. Conjugate elements of G have the same number of fixed points U

\Ve will now list some results which will be used throughout this appendix, and occa-

sionally in other chapters as well. Proofs can be found in [Su] and [Ro].

Lemma A.1.3

a) (Normalizers, centralizers) Let G be a group, S C C a subset, x E G, and H < C

a subgroup. Then we have NG(S') = Na(S)x, CG(Sx) = CG(S)x, N,,(S fl H) =

.V((S) fl H and CH(S) = CG(S) fl H.

b) (p-groups) All p-groups have a nontrivial center. An application of Sylow 's theorem

shows that if P < G is a p-subgroup which is a Sylow p-subgroup of N(P), then
P is a Svlow p-subgroup of G. In particular, each p-subgroup P of G satisfying

P = NG(P) is a Sylow p-subgroup of G.

c) (Modular Law) If G is a group with subgroups H, K, L satis'ing K L, then

(HK) n L = (H n L)K.

d) If a subgroup H of a group C is contained in Z(G), then for each x E G, < H,x >

is Abelian.

e) If H, K and G are groups with H, K < G, and x e G, then HxK is the disjoint
union of 1K: K fl HXI right cosets of H.

f) Let G be a finite group, H < G and n = IC :
NG(H)I. Then H has exactly ii

conjugate subgroups in G, for

H9' = H92 . H9'92' = H g1g' e NG(H) 9LNG(H) = g2NG(H).

g) (Schiir-Zasseiihaus) If N is a normal subgroup of the finite group G, and INI and

I

G : are relatively prime, then N has a complement in G, and any two such
complements are conjugate in G•

Lemma A.1.4
Let p be a prime number, let IF,, be a prime field of characteristic p, and fix an algebraic

closure F of IF,,. Suppose that F is a finite or infinite field of characteristic p, and let ]F
and F denote the underlying additive resp. multiplicative groups.
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a) Every finite subgroup of F+ is an elementary Abelian p-group.

b) Eveiy finite subgroup G of r is cyclic of order relatively prime to p.

c) Let n be a positive integer which is relatively prime to p, and denote by a1,. . .

the ii distinct primitive nth roots of unity in F. For any 1 < k < n we have

PROOF: (a) This is clear since 1P is a vector space over F.
(b) \Ve assume known that the multiplicative group of a finite field is cyclic, of order

prime to p of course. To prove part (b), put e := exp(G). Then ge = 1 for all g e G, so C
is contained in the set of roots of X' — 1. In fact G equals the set of roots of X — 1 since

eliGi. Since the splitting field of ye — 1 over F is finite, G must be a subgroup of some
IF;m. Hence G is cyclic of order prime to p.

(c) Since (n, p) = 1 there are indeed n distinct n-th roots of unity. By (b) these roots
form a cyclic group <a>. For 1 <k <n we have ak — 1 0 but (,\k — 1)(1 + A + A2 +

+ = Ank — 1 = 0, therefore the second factor must equal 01

A.2 The subgroups of SL(2, q)
In this section we aim to proving the following theorem:

Theorem 7
(Classification of the subgroups of SL(2,p)) Let p be a prime number, and n> 1.

Suppose G is a subgroup of SL(2,pTh), and define q := max{pm m � 1, p I #G}. Then
G is isomorphic to one of the groups in the following table:

Case I: p ,IGI.
G IGI (p, q) (s, t)

(1) cyclic lemma 4.1.1 (� 2,1) (1,0)

(ii) < x, ylx = y2, x1' = x > 4ii (� 3, 1)
1(1,1) ifnodd
(0,3) if n even

(iii)

(iv)

SL(2,3) 24 (�5,1) (1,1)

E4 48 (�5,1) (0,3)

(v) SL(2,5) 60 (>7,1) (0,3)

'The group in (iv) is a so-called representation group of the symmetric group E, see [Su). Further-
more, in (vi), the group Q is elementary Abelian, by proposition A.2.5.
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Case II: pilGi. Let Q G be a Sylow p-subgroup, such that IQI = q.

[
G [

G
{

(p,q)
[

(s,t)

(vi) Q G and G/Q cclic q (some c) (> 2, � p) (0,0) or (1,0)

(vii)

(viii)

D2 2n,nodd (2,2) (0,1)

SL(2,5) 60 (3,3) (0,2)

(ix) SL(2,q) q3—q (�2,�4); (3,3) (0,2) or(0,1)

(x) <SL(2,q),dA> where

<,\2>HFbUtA/Fq
2(q3—q) (0,2)

The numbers s and t are to be defined shortly. They are used in the proof of this

theorem. Except for some minor changes and additional comments (like the proof of the

inequality qgi < g following equation (A.5), and in the proofs of proposition A.2.5 (ci), the

case (s, t) = (0, 2) (P.66 - P.69), and Dickson's lemma A.3.2), the proofs of this classification

theorem and Dickson's lemma that we present in the remainder of this appendix, can be

found iii [Su].

Convention A.2.1
\Ve fix an algebraically closed field F of characteristic p throughout, and assume that all

the finite fields 1F in question are contained in F. In particular, the subgroups G in the

theorem are finite subgroups of SL(2, F).
Let K denote an arbitrary field of characteristic p. It is easy to see that the center of

SL(2, K) is {±1}. So it is independent of K; it depends only on p, in the sense that it is
trivial if and only if p = 2. From now on, denote {±1} by z•

To begin, let us reduce the problem of finding the subgroups of SL(2,p) to the case
in which G contains the center 2 of SL(2,p'). That is, assuming that the theorem holds
for subgroups containing 2, we now want to show that the theorem remains valid for
subgroups which do not contain Z. If G is such a group, it follows that p 2, and that the
size of G is odd, since (by lemma 4.1.1(a)) —1 is the only element of order 2 in SL(2,p).

By assumption, the group G' := GZ is a group occurring in the above list. Since

IG'I = 21G1 with IGI odd, we can at once say that G' cannot be of the types (ii), (iii), (iv),
(v), (vii) and (viii). If G' were of type (ix), then IG'I = q(q—1)(q+l) would be divisible by

8, since q � 3. Therefore we would have 411G1, a contradiction. Similarly, G' cannot be of

type (x), since then 1611G'I. Conclude that G' must be of type (i) or (vi). If G' is cyclic of
order prime to p, then any subgroup of G' (in particular G) must be cyclic of order prime
top too, so G is of type (i) as well. Finally, ifQiG', then Q<G and IG/QI = (1/2)G'/Qj
is prime to p, so G is of type (vi).

We can conclude that indeed, it suffices to show that the theorem holds for subgroups
G containing 2. Since for G C SL(2,p) also G C SL(2, F), we will study the groups G
as subgroups of SL(2, F).
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From now on, we may assume that G is a finite subgroup of SL(2, F),
which contains the center 2 of SL(2, F).

Convention A.2.2
For elements in SL(2, F), we introduce the following abbreviations:

/A o\ fi 0
dA:=( _i)OA al

/0 A\
dA : It_.\_1 o)

w := d1

D := {d : w E Ft) D := {d, : w E Ft)
T:={tA:)\EF) H:=DT

The elements of D have order 2 if p = 2, and order 4 otherwise. The following propo-
sition summarizes some identities in SL(2, F), which we will use frequently.

Proposition A.2.3 -

(a) (i) dAd,1 d, dAd,1 = d,, dAd,1 = dA,1-1, dAd,1 = d_,-i
(ii) tt = ta+a, dtdA = tA2

(iii) d' = dA—' = w'1d\\v, d =
(b)

T (elementary Abelian p-group)

TiH;
D F*:
H={(A1) I)EF,aEF};

H/T Ft;
<D, w >=D U D

(c) (1) For fixed & Ft: {x E SL(2, F) I = t for some = H and CSL(2,F)(tQ) =

CsL(2,F)(—t) = T x 2 H.

(ii) For fixed ) e Ft \ {±1} we have {x E SL(2, F) d = d for some p} =<
D,w > and CSL(2,F)(dA) = D.

(iii) ForD1 D and Dii � 3 have NSL(2,F)(D1) =< D, w>.

(iv) CSL(2,F)(x) is Abelian x E SL(2, F) \ 2.

Proof: 111.6.2-4 [Su] U

In the proof of the next proposition and later on, we will need to know about the action
of linear groups on the projective line. Let E be any field and let VE be the two-dimensional
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vector space E2 over E. The element in 1P corresponding with (u, v) E VE will be denoted

by (u v). The rule (g, (u v)) '—+ g () makes the two-dimensional linear groups over E

act on P, and the following lemma summarizes some basic facts about this action.

Lemma A.2.4
Let the subfield E < F be finite or equal to F.

(a) SL(2, E) (and therefore PSL(2, E)) acts 3-transitive on P if char(E) = 2 or E = F,

and 2-transitive otherwise. Moreover, if p> 2 and L is a quadratic extension of E
then any triple t1 e (P)3 can be mapped to any other t2 e (P)3 by an element in

SL(2, L).

(b) consider the action of SL(2, E) on P.
(i) .r E SL(2, E) \ Z x has at most two fixed points.

(ii) EE*\{±1}d.,J fixes (1:0) and(O:1);
,\ E E* t, fixes only the point P := (0: 1) E P and StabsL(2,E)(P) = H.

(iii) 1 Q < P n SL(2. E) for some y e SL(2, F) the elements of Q have a

common fixed point in P and for x E Q \ Z this is the only fixed point.

Proof: For part (a) see Chapter 3, (6.6) [Su]. Suzuki states and proves part (b)(i) and
(b)(ii) for the case E = F. see (6.7) [Su], although he uses it later on also for finite subfields

E � F. But the proof doesn't change at all:
(b)(i) Suppose x has two fixed points P Q e P and let u and v be vectors in V'

corresponding to P and Q respectively. Then u and v form a basis of eigenvectors for 1
and since det(x) = 1, tile corresponding eigenvalues must be w and w1 for some w E F*.

Let R P, Q be a third point in P fixed by x, and let w be a vector corresponding to
R, with eigenvalue p, say. Then w = cu + /iv (cr, /3 E F'), so p(au + [iv) = = xw =

x(au + [iv) = wan + wflv p w = w = ±1 so x is conjugate to ±1, that is

xEZ.
(b)(ii) Follows from matrix computation.
(b)(iii) \Vrite y = ( ) and choose A E F* with t e Q. Then ('i' =

t E SL(2,E) = abA,b2A E E = ab e E. The only fixed point of t, is (0 : 1) so
tR=R=,tyR=yR=yR=(0:1)'RY'(0 1)=(—b:a)EPk. Thisshows
that non-identity elements in Q have a common fixed point in P I

The numbers s and t occurring in the last column of the tables in theorem 7 will be
defined shortly; they stand for the number of maximal Abelian subgroups of G satisfy-
ing a particular property. The necessary information about the set of maximal Abelian
subgroups of C is listed below. Recall that G is an arbitrary finite subgroup of SL(2, F)

containing 2 = Z(SL(2, F)).
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Proposition A.2.5
Let M be the set of all maximal Abelian subgroups of G. The following hold:

(a) M={CG(x)IXEG\Z}.

(b) Any two distinct members of M have intersection Z.

(c) Each member of M is of one of the following forms:

(i) Cyclic of order n with (n, p) = 1;

(ii) Q x 2 where Q <G is an elementary Abelian Svlow p-subgroup of G,

and each subgroup of the form (ii) is maximal Abelian.

(d) If .4 = e M is of type (i), then IXc;(A) : Al < 2. If, in particular, ING(A)

Al = 2, then for each y e NG(A) \ A, we have yxy = x', and ord(y) = 2 or 1

according as p = 2 or p 2.

(e) For each Swiow p-subgroup 1 Q < G there exists a cyclic group K G such that
= QK and Q fl K = {1}. If IKI > RI then K E M.

Proof: (a) and (b): For x e 2 we of course have CSL(2,F)(x) = SL(2, F). If x 2,
then CG(x) = CSL(2,p)(z) fl G is Abelian by proposition A.2.3(c)(iv). Choose an I E M
with CG(x) < \I. Then I < CSL(2,F)(x) (because M is Abelian), and hence itI <
CSL(2,p)(x) n G = CG(x), so CG(X) = M E M. Now choose A E M. For each noncentral
element x E G\Z, the group < 2, x > is Abelian, so A must contain a noncentral element,
say .r. Suppose B is another member of M and let y E .4flB, then AUB C CG(y) Cc(y)
is not Abelian, so y E 2, proving part (b). Therefore 4 fl C-j(x) = A or 2. and x Z, so
A CG(x), i.e. A = C'G(x).

(c) Let CG(x) E M and suppose x = d for some A E Ft \ {±1} and y E SL(2,F).
Then CG(x) = CSL(2,p)(x) fl G = CsL(2,F)(dA) fl G = D fl C by proposition A.2.3(c)(ii).
By proposition A.2.3(b) D Ft so Ca(x) is isomorphic to a finite subgroup of Ft, which
by lemma A.1.4(b) must be a cyclic subgroup of size relatively prime to p. Now assume

x = +t for some c E Ft and y SL(2, F). By proposition A.2.3(c)(i) we have c'(x) =
CsL(2,F)(±t)flG = (Tx Z)flG = (T x 2)flG. Since 2 � G, this equals (TYflG) x 2.
Also, since T F, lemma A.1.4(a) shows that CG(x) = QY x 2, where Q is a finite
elementary Abehian p-subgroup of T. Suppose that QY is contained in the Sylow p-subgroup

S of G. Since Q {1} we can choose a nontrivial element z in the center of S, and find
CG(x) = QY x 2 C S x 2 C C'G(Z) E M. Hence CG(x) = GG(Z) and QY must equal S.
So CG(x) is the direct product of an elementary Abehian Sylow p-subgroup of G with 2.
If R is another Sylow p-subgroup of G, then R = S!I for some y E G so R x 2 = (S x

is maximal Abehian as well.
(d) Suzuki spends few words on this. Let us do it better: We have seen in the proof of

(c), that x = d for some A e Ft \ {±1} and y e SL(2, q), and that A = GG(x) = D fl G.

By lemma A.1.3 (a), we find NG(A) = NG(DflG) = NSL(2,p)(D!I)flG = (NsL(2,F))flG.
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Next, proposition A.2.3 (b) and (c)(iii) show that NG(A) =< D,w >' flG = (DuD)flG.

We conclude that up to SL(2, F)-conjugation, A = D fl G, NG(A) = (D U D) n G, and

N(A)\A = DflG.
To prove lNG(4) : <2, take a look at the following diagram of group inclusions (where

K, L, M and N denote arbitrary groups, and n := IL: MI):

/K

1\ /7
LflN/
<n

Al fl N.

Indeed, the map 1(11 fl N) i—+ LM is a well-defined and injective map from the set of left

cosets of MflN in LflN to the set of left cosets of M in L. Now, just substitute SL(2, F),

< D,w>, D and G for K,L,M and N, respectively, and notice that <D,w >: DI = 2.
Finally, the identities in proposition A.2.3(a) can be used to show that any element in

N(A) \ A conjugates x into its inverse. Since these elements are conjugate to an element

in D they have order 2 or 4.
(e) Assume A = CG(+t4,) = (Tx Z)flG = Q x Z for some Slow p-subgroup Q = TflG

of G. \Ve have

NG(Q) = NG(TflG)
= fl ({xE SL(2,F)lt =t for some /3}flG)t EG

=HflG

the last equality following from proposition A.2.3 (c)(i). Since Q Nc(Q) fl T < G and

?G(Q) n T is a p-subgroup of G (by lemma A.1.4(a)), we have NG(Q) fl T Q. Now an

isomorphism theorem shows:

= NG(Q)/(NG(Q) n T) TNG(Q)/T = (H n G)T/T H/T F.

Since NG(Q)/Q F, lemma A.1.4(b) shows that this subgroup must be cyclic of order n
relatively prime to p. Write NG(Q)/Q =< x > and choose y E NG(Q) such that y Q = x.
If ord(y) = ii then NG(Q) = Q <y > and < y > flNG(Q) = {1}. In the other case we

have yfl E Q \ {1}, but (yP) = (yfl)P = 1 since Q has exponent p. Since (IQI n) = 1 we

find Nc(Q)=Q<y">and Qfl<u">={l}•
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Suppose Ki > 121. Since K is Abelian we can choose A E M containing K, and since

(jK , p) = 1, A must be of the form (1), that is A is conjugate to the group < d, > for some

A e F* \ {±1}. We have seen above that G acts on P. and the previous lemma showed
that dA, and therefore also the generator of K � A, has exactly two fixed points P1 and
P2 E P.. The same lemma showed that the elements of T have a common fixed point P

and StabsL(2,F)(P) = H � H fl G = NG(Q) � K so the generator of K fixes P. Hence dA

fixes P as well and we see A � StabsL(2,F)(P) fl G = Na(Q) = QK. Using Q T and the
fact that A is conjugate to a subgroup of D we have AflQ = {1}, so that the modular law
(lemma A 1.3(c)) shows A = A fl QK (Q fl A)K = K. Hence K E MU

\Ve will now define s and t, and show that there are only 6 possibilities for the pair (s, t).

If p I IGI, fix a Sylow p-subgroup Q < G. Since all Sylow p-subgroups of G are conjugate

in C, the set M contains all the conjugates of Q x 2, and all other members (thus all
members, if p and IGI are coprime) of M are cyclic of order prime to p. Partition this last

class of members of M into conjugacy classes C1,... , G'3 such that for a representative

e M of G2 we have:

Ii ifl<i<s
ING(Ai) : AJ = — — ' (A.1)ifs<i<s+t.

Any member of M contains 2 so 121 divides its order. NG(Q) contains 2 as well, but Q
does not, unless p = 2. Therefore we can introduce the following notations:

e := 121

e•g:= IGI
e := L411

q:=QI
ek:= ING(Q) :Ql

If pilGi then q> 1 and, by proposition A.2.5 (e), Na(Q) = QK for some K with IKI = e•k.
Furthermore, if k 1 then 2 < K, so K E C1 for some i. Hence k = 1 or gj for some i.

The following equation will be used repeatedly in finding the structure of G.

Lemma A.2.6
Still assuming that G is a finite subgroup of SL(2, q) containing the center 2 = Z(SL(2, q)),
we have, in the above notations:

___ ___

g21
(A.2)

g qk
i=1 gj i=s+1

2g2

Proof: The number of noncentral elements in C is e(g — 1). \Ve can count these elements
in another way: By proposition A.2.5(b) and (c) the number of noncentral elements equals
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1eM IA \ 21. For A1 E C'2 proposition A.2.5(b) shows that A = A, g E NG(Ai) and

A, fl A = 2 otherwise. So C contains IG Na(A)I maximal Abelian subgroups of G

(representatives of distinct cosets of NG(A,) in G defining distinct conjugates of Ai), each

of them containing A,\2j noncentral elements and each two of them having no noncentral

elements in common. Hence

#{g e G\Z3A e C withg E A for some i}
=eg, 1) 1)

The other noncentral elements must be contained in some conjugate of Q x 2. There are

IG :XG(QxZ)I = eg/eqk such conjugates and each of them contains I(Qx2)\2l = e(q—1)

noncentral elements, so we obtain eg(q — 1)/qk new noncentral elements. Adding these to

the ones contained in some C and dividing by eg proves the lemmas

Since 2 < A, we have g2 � 2 so that (gj — i)/g � 1/2. Therefore

___ ___

(A.3)

z=1 ,=s+1 i1

an(I the only possible s, t � 0 satisfying 2s + t < 4 are

(s, t) = (0,0), (1,0), (0,1), (1, 1), (0,2) or (0,3). (A.4)

\Ve are now able to prove theorem 7, by showing that for each possible pair (s, t), each

subgroup G of SL(2,p') C SL(2,F) containing 2 with (s(G),t(G)) = (s,t) is one occur-

ring in the tables of theorem 7.

(s, t) = (0, 0): Since s = t = 0, there are no maximal Abehian subgroups of order

relatively prime to p, so the only elements of order prime to p in G are the elements in 2.

It is clear that if Q < G is a Sylow p-subgroup of G, thenG = Q x 2. If IQI = 1 this gives

a group of type (i), otherwise we obtain a group of type (vi) 0

(s,t) = (1,0): In this case (A.2) becomes

11 1 1

g k qk gi

If p 4 IGI then g1 = g so G is cyclic of order prime to p, giving us a group of type

(i). In the other case we have k > 1, since k = 1 would give 1/g + 1 = 1/q + 1/g1

g(q+gi)—qgi = qgg = g(q+gi) > qgg, leading to a contradiction since q,g1 > 1. There-

fore proposition A.2.5(e) implies that Na(Q) = QK with K E M a maximal Abelian
subgroup of G which has size prime to p. Since k = g, by (A.2) we have g = qk so

NG(Q)I = IQKI = eqk = eg = IGI, i.e. Q G and G/Q K is cyclic of order prime to
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p. This is case (vi) again El

(s,t) = (0,1): Now (A.2) becomes

1 q—1 g1—11=-+ +
g qk 2g1

If k > 1 then we get 1/2> (q — l)/qk = 1/2 + 1/2g1 — 1/g > 2 since g � 2g1, so we must

have k = 1. \Ve obtain

1 1 11
q 2g1g 2'

and see that q � 2. If q � 4 then we get 1/2gi — 1/g = 1/2 — 1/q � 1/4 2g � gg + 4g
contradicting the fact gi � 2. Therefore consider the following cases:

(q 2): Now p = 2, Q :=< y > is cyclic and (by proposition A.2.5 (c)(i)) :=< x > is

cyclic of odd order g1. Notice that 2g = g = IGI so that we must have NG(.41) = G = A1Q.

Three relations which hold in G are x9' = = 1 and (by proposition A.2.5(d)) = x1.
Since the group defined by these relations (the dihedral group D291) and C have the same
size, we have C D29, and we are in case (vii).

(q = 3): In this case p = 3, e = 2 and .41 =< x > where x has order 2g with (gi, 3) = 1.

By (A.2) find 1 = 1/g + 1 — 1/3+ 1/2 — 1/2g1 = 1/6 < 1/6 + 1/g = 1/2g1 = g1 = 2,
hence g = 12 and IGI = 24. If y and z are two elements in XG(.41) \ At theti. by

proposition A.2.5(d), < y > and < z > are two cyclic groups of order 4, and since s = 0
and t = 1 these two groups must be in C1. Since IC : X(;(.4l)I = 3 there are no more
conjugates of .41 so A;(.41) = A1U < y > U < z > G. By definition of x and y we
have X(;(.41) =< x,yx = y2,x = >= Q, the quaternion group. In [Su] it is shown

that G is now determined as an extension of Q8 by V3, which is isomorphic to SL(2, 3).

Therefore we are in case (ix) 0

(s, t) = (1, 1): This case is similar to the previous one. Now (A.2) becomes

1 q—1 1 1 1

2g qk 2

where q = 1. For if q > 1 then (q — 1)/qk � 1/2k 1/292 — 1/2k � 1/2 — 1/g1 + 1/g >

1/2 — 1/g1 > 0 g2> k. Therefore k = g > g2> 1, and substitution into (A.2) leads to

acontradiction: 1/2g2—1/g1+1/qgi = 1/2—1/gi+1/g < 1/2—1/gi (gl+g2)/2g1g2 =

1/2g2 + 1/2g1 � 1/2g2 + 1/qgi > 1/2 = g + 92 > 9192 Substitution of q = 1 gives

1/2g2 + 1/g = 1/2 + 1/g > 1/2 which leaves only the following two possibilities g = 2

and g = 3:

(gi = 2): Now g = 292 and .42 <G. Let A1 =< y> and A2 =< x>. Since 2IIA1IIIGI
and q = 1 we have p> 2. By lemma A.1.3 (b), the 2-subgroup A1 of C with NG(Ai) = A1

is in fact a Sylow 2-subgroup. Hence 4 ,'lA2I (otherwise the cyclic group A2 would contain
an element of order 4 contradicting proposition A.2.5(b) since all Sylow 2-subgroups are
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conjugate). Again by proposition A.2.5(d), since NG(A2) = G, the two relations =

and x9' = y2 hold in G. The group defined by these generators and relations (a so-called
generalized quaternion group, see example 1 in chapter 2 § 9, P.258 [Su]) has size 4g1, so

G =< x,y1x92 = y2,x = x >. This is case (ii) with n odd.
(g' = 3): In this case we must have g2 = 2 and g = 12. Since (gi,p) = 1 we have p> 3.

\Vrite A2 =< x> and pick yE NG(A2) \A2, then x2 = y2 = —land = x'. As in the
case (s, t) = (0, 1) it can be shown that NG(A2) Q G and therefore C SL(2, 3).

This is case (iii) 0

(s, t) = (0, 2): Now equation (A.2) becomes

1 1 1 q—1—+—=-+
2g 292 9 qk

The assumption q = 1 leads to 2g1g2 = g(gi + 92) contradicting g � 2g and 9' + 92 > g2

so we must have q > 1. If k = 1 then (A.2) gives the contradiction 1/2 � 1/2g, + 1/292 =

1/g + (q — 1)/q > 1/2 so k > 1 as well. By proposition A.2.5 (e) we have, w.l.o.g.,
NG(Q) = QA1 with A1 flQ = {I} and k = g'. In particular eqg1 = 1X-;(Q)I � IGI = eg so

qg1 g. Substituting g' for k results into

(A.5)
292 g qgm 2g, 291

2 In fact we have qg1 <g. One can use the Schur-Zassenhaus theorem A.1.3 (g) to prove

this: If qg, = g then NG(Q) = QA1 = G. The above equation shows 91 = and since

Q fl A2 = {I} we have QA2 = C as well. Therefore A1 and A2 are two complements of the

normal subgroup Q G in G, which by the Schur-Zassenhaus theorem are conjugate in C.
This contradicts t = 2, hence we have g < 92

Nc(Q) acts on Q by conjugation. One of the orbits is {I}. Choose x E Q \ {I}. By

proposition A.2.5 Cc(x) = Q x Z � NG(Q) so ING(Q) : CG(x)I = k = g', and since Cc(x)
is just the stabilizer of x, the orbit-stabilizer-lemma shows that the orbit 0(x) containing
x has size k = g,. Therefore

q IQI 1 mod g'. (A.6)

Clearing denominators in (A.5) gives g(qgi — qg + 292) = 2qg,g2 showing that g2qglg2.
Setting a := 2qg,g2/g turns the previous equation into

qg = (q — 2)92 + a, (A.7)

so 92 = (q — 1)92 — qg1 + a which together with (A.6) shows

a mod 9,. (A.8)

2Suzuki doesn't prove this (see P.402 [Su]).
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By definition (g/2g2)a = qg. Since (p,g) = 1 we have (a,q) = 2 if p = 2 and (a,q) = 1 if

p > 2, i.e. al2gi or 9' according as p = 2 or p> 2. We will distinguish the two cases q � 3

and q � 4:
(q < 3): By (A.6) we must have q = 3 and g' = 2. (A.7) implies 2 = g, > (q—2)g2/q =

g2/3. Together with g1 <g2 and (ga, 3) = 1 this leaves only two possibilities for 92:

(92=4): Now(A.7)and(A.5)showa2andg=24. Sog,=(q—1),g2=(q+l)
and g = — 1) where q = 3 and a = 2 (so IGI = 2 3 8 = 48). \Ve will see that in the

case q > 4 the same set of equations is satisfied where a = 1 or 2. There it is shown that

G is either of type (ix) or (x). In fact, in this particular case (q = 3) G will turn out to be

of type (x).
(g2 = 5): Now a = 1 and g = 2qg1g2 = 60. As before NG(Al) Q is a Sylow

2-subgroup of G and X;(41) contains 3 conjugates of Since IG : XG(.41)I = 15, G

contains exactly 15 subgroups of size 4 so there are 5 Sylow 2-subgroups in G. Conjugation

defines a homomorphism G —+ S5. Since the only elements acting trivially on the set of
Svlow 2-subgroups are the ones in 2, the map G/Z —* 55 is an injection. Since G/Z has
size 60 it must be isomorphic to A5 S5. In [Su] it is shown that the extension G of A5

(in fact a representation group for A5) must be isomorphic with SL(2, 5). \Ve have found

a group of tyl)( (viii) U (q <3)
(q � 4): This is the hardest part of all. \Ve will see that here G is isomorphic to

some SL(2, q) or a quadratic extension of SL(2, q) (cases (ix) and (x)). By (A.7) we have

g1 > g2(q — 2)/q. Since q � 4 this shows 2g, > > g. We have seen a2gi. Moreover

a 2g, since otherwise (A. 7) would give the contradiction 91 = 92, and a 92 since the

assumption a = 92 implies (by (A.7)) q(g — gi) = 92, contradicting (92, q) = 1. Now (A.8)

shows that 92 = g + a. Therefore (A.7) and the definition of a give

g, = a(q — 1)/2

92 = a(q + 1)/2
g = aq(q2 — 1)/2

Since q — 1 = 2g,/a and q 1 mod g we must have 2/a E Z, i.e. either a = 1 or a = 2.

Notice thatp=22Iaa2 IGI=g=q(q2—1).

Claim:

G is of tV)e
f(ix) if IGI = eaq(q2 — 1)/2 = q(q2 —1),

if IGI = eaq(q2 — 1)/2 = 2q(q2 — 1).

Remember that we also still have to prove the case p = q = 3, a = 2 (see the case G2 = 4

above). Let E be an extension of F with the property G C SL(2, E). Lemma A.2.4(b) (iii)
shows that the elements of Q have a common fixed point P, e P. This point is fixed by

Nc(Q): Choose y E Nc(Q) and x E Q, then x E Q so xP, = P, xyP, = yP, = yP, =

P,. \Ve assumed NG(Q) = QA, so fixes P,. By the proof of proposition A.2.5(c)(i)
A1 is of the form < x >=< d > with \ E F \{±1} andy = () E SL(2,F). So



68 Classification of the Subgroups of SL(2, q), and Dickson's Lemma

lemma A.2.4(b)(ii) shows that the elements of A1 have a second common fixed point P2.

Calculation shows that the two fixed points of A1 are (—b : a) and (—d : c). \V.l.o.g.

P1 = (—b : a) so ab e E. Therefore cd = acb'd(ab' = —x21x'(ab'Y1 E E,

i.e. P2 e as well (Here Suzuki refers to his version of lemma A.2.4(b) but thereby

doesn't prove that indeed P2 E 1P!) For an element u E Q\ {1} define P3 := uP2 4 P1, P2.

By lemma A.2.4(a) we can choose an element v E SL(2, F) (and even in SL(2, E) if

char(E) = 2) such that P1, P2, P3 = v(0 : 1), v(1 : 0), v(1 : 1), respectively. Consider the

group G". Clearly A'j' fixes (0: 1) and (1: 0), Q" fixes (0: 1) and u"(O: 1) = (0: 1). Hence

(by the proof of proposition A.2.5(c)) D and Q" � T, in particular u" E T. Finally

ur(1 :0) = uP2 = P3 = v(1 :1) uv(1 :0) = (1:1) so U' = t1 = (fl. \Ve can conclude

that up to conjugation by v we have

u=t1EQ=TflG 41=DflG;
P1=(0:l); P2=(1:0); P3=(1:1)

Define i := ea/2 so that Cl iq(q2 — 1) (we've seen i = 1 if p = 2, and in case q = 3 we

have i = 2). Then A E F* \ {±1} such that Ai =< d, > and = eg1 = i(q — 1). In

particular < A >=
Define. := {A E E t), E Q}. \Ve will show that. = ]F and w = (.9) E G: The

proof of proposition A.2.5(d) shows that NG(Al)\Al = DflG and since ING(Al) : Au = 2

we can choose x = d E DflG. We have NG(Q)XflQ = {I} since NG(Q) = QA1 <TD = H

and conjugation by x turns an element ( ) H into the upper diagonal matrix ( 12c).

Therefore IQ: NG(Q)X nQj = IQI = q, and lemma A.1.3 (e) remarks that Nc(Q)xQ is the
disjoint union of q right cosets of .VG(Q) in G. It is easy to show that NG(Q)flNa(Q)XQ =

0, so ING(Q) U X(;(Q).IQI ING(Q)I(1 + q) = qeg1(q + 1) = iq(q2 — 1) = IGI, hence

C = NG(Q) U NG(Q)XQ (A.9)

Now pick t0 E Q \ {I}, then t = transpose(t_0$2) H � NG(Q) so by (A.9) there exist
E NG(Q) = A1Q and t5 Q such that

(1 a/32'\ — ( ö/3p p13

1 )
— = (dt1,)xt0 = dtd0t6

= — '3 -y/3p

Comparison of the entries of the two matrices shows that p = —a /3. Since t_1 = u' E Q
we can take a = —1 and find p = /3. This means that if x = d E G then also dfi E G.

So = w E G as well, and we may assume that x =w. Now for arbitrary a E A we
find p = —a showing that d_0 E A1 = D fl C whenever a E A. Suppose i = 1, then
A1 =< d, > with < A > SO A � lFq. Since IAI = IQI = q we have A = Fq. On the
other hand, if i = 2 then < d,, >= A1 < NG(Q) so for each t0 E Q and each ij E< A >

we have t,120 = (d,'t0d, E Q. Let i run over <A >, then <ii2 >= 1F, so taking a = 1

shows that lFq A. Again A = Fq.
Now the proof of the claim can be completed: Since A = Fq and w E G, all the

transvections over ]Fq are contained in G. By lemma 4.1.1(f) G contains SL(2, q). \Ve will

now distinguish between i = 1 and i = 2:
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(i = 1): Comparing the orders of G and SL(2, q) shows that G = SL(2, q) (remember
that we have conjugated G by an appropriate element v E SL(2, F)!). This is case(ix).
Notice that the fact that any two subgroups of order q — 1 (or q + 1) are conjugate does
not mean that all elements of order q — 1 are conjugate!

(i = 2): In this case G contains an element dj,, with A F but < A2 >= F. Since
G/SL(2,q) = 2, we have G =< SL(2,q),d >, i.e. G is a group of type (x). In the
particular case q = 3 and g = 4 we saw that i = 2 so a group of type (x) with q = 3 really
occurs. This proves the claim, and also the case q � 4 2 (q � 4)
\Ve have proven the case (s, t) = (0, 2) 0

(s. t) = (0, 3): In this case equation (A.2) becomes

1 1 1 1 1 q—1—+—+—=-+-+ . (A.1O)
2g 292 2g3 g 2 qk

\Ve have q = 1 and k > 1: Since t = 3, G contains noncentral elements so g > 1. Therefore

q = 1 k = g > 1, and the assumption q > k = 1 gives, by (A.10) and 1/2g < 1/4, the
contradiction g � 4q + 3g(q — 1) > 3g so in any case k > 1 (Suzuki just walks over this).

Since k equals one of the gj, equation (A.1O) shows that q must equal 1.

\Ve may assume 1 < g' g2 � . If g = 92 = 2 then g = 293 and the only other
possibility is g = 2,92 = 3 and m 5. If g3 = 3 as well then g = 12 and A2 and 43 are
subgroups of size 6. These are of the form <x > x Z and <y> x Z resp. where x and y
are elements of order 3 in G. By Sylow's theorem <x > and < y > are conjugate, hence
A2 and A are conjugate as well, a contradiction. Therefore we have to consider only the
following three cases:

(i) 91 =g2=2andg=2g3. \VehaveG= NG(A3) so if A3 =<x> and .4i =< y>
then y E NG(4:) \ A so by proposition A.2.5 (d) we have = x. Moreover

= = —I. Since x and y generate G, and the group defined by the presentation
< x, YIx = y2, x = x1 > has 493 = IGI elements, G is defined by this presentation.
Therefore G is of type (ii). Finally 93 is even, since if g was odd then (2,93) = 1, so
A1 and A2 would be Svlow 2-subgroups and therefore conjugate, a contradiction.

(ii) 9' = 2,92 = 3,93 = 4 and g = 24. Now IG : NG(A2)I = 48/12 = 4 so .4 has 4
conjugates in G. This induces a permutation representation : G —* S4. The kernel
of this map can be shown to be Z, so G/Z S4. It is a fact that the only central
extension of S4 that contains exactly one element of order 2 is the group E4 (see
(2.21), P.301 [Su]). We end up with the group in row (iv).

(iii) 9i = 2,g = 3,93 = 5 and g = 60. As in the case (s,t) = (0,2), q = 3 and 92 = 5, it
can be shown that G SL(2, 5). But now q = 1 and p � 7 so this gives a group of
type (v) El

This completes the proof of the classification theorem of the subgroups of SL(2, p's) •
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A.3 Dickson's Lemma
The two lemmas in this section are used in chapter 4, to prove the existence of certain

triples of generators of SL(2, q). We start with a lemma that gives, for certain roots of

unity ( over F, the index of F in F(( + (—i) in terms of the order of p in the group

(Z/ord(() Z) .

Lemma A.3.1
Assume that p � 2 is a prime, and that r is a positive number which is relatively prime to

p. Let ( be a primitive r-th root of unity over F, and put := (+( and N := ord(p E

(Z/r7L)*) = min{m> 1 rlpm — 1}. If either N is odd, or N is even and rpN/2 + 1, then

a) lF,1K) =

IF N/2 if N is even;

lFN if N is odd.

PROOF: a) By definition, N is the minimal positive number m with the property
(tm

= (
in other words, FN (the splitting field of XPN — X over 1F) is the smallest field containing

(, and thus F(() = FN .
b) Since w satisfies (2—w(+1 = 0, we have only the two possibilities lF(() : F(w) = 1

or 2. If N is odd then of course F(w) : FI = N, i.e. F(w) = F(() = FN. Finally, if N

is even then by hypothesis rIpN/2 + 1, thus

N/2 N/2 — N/2 —i

(P'2+1 = 1
(pN/2 = (_1 pN/2_1 =

_____

(P + ( P ( +
= 1.

This shows that IF,,(w) : FI N/2, and consequently 1F(w) = FN/2 •
The final result of this appendix is Dickson's lemma:

Lemma A.3.2
(Dickson) Let p 2 be prime and suppose A is nonzero and algebraic over F,,. Define

E := lF(A) and G :=< x,y> where

(1 o\ 11 A=1 i) andy=0
1

Then G = SL(2, E) whenever p 3, or p = 3 and A2 —1. In the exceptional case p = 3
and A2 = —1 we have G SL(2,5).

3The minimal polynomial of ( over F,, is in fact p(X) := flJ' (X — c"). Namely, it vanishes at
and it lies in F,, [X] since the Frobenius homomorphism F : x '— x' applied to the coefficients a of p(X)

shows (since F permutes the zeroes cyclically) p(X) = fl' (X — F()) = X ' + F(aN._l)XN_l +. . . +

F(ai)X + F(ao), so F(a1) = a, for all i. Therefore each a is in the field which is fixed pointwise by F,
i.e. a E F,,.
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Proof: (Taken from [Su], theorem 6.21 on P.409) ' Since lxi = Ii = p we have pIIG, so
G is one of the groups mentioned in case II of the classification theorem 7. Since xy yx,

G cannot be of type (vi). Since p 2 case (vii) can be excluded as well. Suppose that G
is of type (x), i.e. (by the proof of theorem 7) G' =< dir,SL(2,Fq) > with ir Fq but

< 2 >= F;, for some v E SL(2, F). Remember (from the proof of theorem 7, the case
(s, t) = (0, 2)) that v was found as follows: Since t1 E G we can define (by the proof of
proposition A.2.5(c)(ii)) Q = T fl G, a Sylow p-subgroup of G. Hence Q fixes the point
P1 = (0 : 1). The group A1 fixes a second point P2 = (1: a) Since t1 E Q \ {1}
we can take u = t1 so that P3 = t1P2 = (1: 1 + a). Now v is the linear map sending (0, 1)
to (0, 1) and (1,0) to (1, a) (cf. the proof of (6.6), P.395 [Su]), i.e. v = ( fl E SL(2, Fe).
Conclude that

SL(2,F(A)) � GV =< Xv,yv
> (C

0), (1+aA
1
—aA)) =< d,SL(2,F)>

Since (dr)' ( ) d,1 = (i ir2b), every element in G" =< dir, SL(2, Fq) > has a standard
form .r(d) where x SL(2,q) and i = 0,1. So 1G": SL(2,Fq) = 2, hence SL(2,Fq) GV
and we find a short exact sequence

1 SL(2,Fq) 4 GV 4 Z/2Z,

showing that every element of order p in G' is contained in the subgroup SL(2, Fq). But
yV is an element of order p in G" which is not in SL(2, Fe), a contradiction. Conclude that
G can't be of type (x) either.
G is a group of type (viii) or (ix). \Ve will first show:

G is of type (viii) p=q=3 and A2

(=) If G is of type (viii) then p = q = 3 and G/Z A. The only elements of order 3
in A5 are the 3-cycles, so if we define to be the composition of the projection map
G —i' G/Z with the isomorphism G/Z then q5(x) and (y) must be 3-cycles.
Since < (x), (y) >= A5 these 3-cycles can only have one letter in common, hence
I(x)(y)l = 5 and Ixyl = 5 or 10. This means that xy is conjugate to some
where ( is a fifth root of unity over F3. tr(xy) = tr(±dc) 2 + A = ±(( ± ')
so 1F3(A) = 1F3(( + (_i), and lemma A.3.1 shows (with r = 5 and p = 3) that
1F3(( + (—i) : lF3l = 2. This means that F3(A) = IF9.
There are only two primitive third roots of unity over F3 so by the second case in
section 4.2 there is only one conjugacy class in SL(2, 5) containing the elements of
order 3. So x and y are conjugate. An easy calculation shows that we must have
x = yt) for some v = (a1) E SL(2,9). Since 1 = x21 = (yt)21 = —c2A we have
A = —c2 for some c E F9. So A2 = c4 e (F)4 = {1, —1}. But A2 = 1 c4 =
1 —A = c2 = ±1 E F3, a contradiction. Conclude that A2 = —1. (Using this and

41n his proof, Suzuki states at once that G must be a group of either type (viii) or (ix). It is however
not very clear why G can't be of type (x); this is what I prove in the first part of my proof.
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p = 3, calculation shows that (xy)5 = —I, so Ixyl = 10. So SL(2, 5) can be generated

by two elements of order 3 whose product has order 10).

(=) This can be checked easily in GAP using the command IsomorphismGroups, which

gives an isomorphism between two groups in terms of the generators if the two groups

are isomorphic, and fails otherwise. In our case IsomorphismGrolips(GrotLP(X, y),

SL(2, 5)) returned the isomorphism defined by

Ip \ (,u 1

2
andy'—+(

\L LJ

where ji is a primitive fifth root of unity.

Hereby we have also proved that G is of type (ix) if and only if p 3 or )2 —1, and the

only thing left to (10 is to show that G equals the whole group SL(2,F(A)). The argument
used above (to exclude case (x)) shows that G" = SL(2,lFq) for some v E SL(2,F())),
hence IFq F,,(A). Since (y')12 = A E lFq we have F = F(A), i.e. G =SL(2,1F(A))
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