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1

Introduction

This thesis explores the role family symmetries might play in the interactions between
elementary particles. In the last decade it has become clear that neutrinos, which come in
three varieties called flavor, are able to change from one flavor to another, it is said that they
oscillate. This indicates that neutrinos have a (very small) mass. From these oscillations
the interactions between neutrinos with a definite mass and the weak force (responsible
for radioactive decay) can be deduced. The story for the quarks is similar, although the
interactions with the weak force are quite different.

These interactions, especially those for the neutrinos, seem to follow a very specific pat-
tern, called the mixing pattern. This pattern cannot be derived from the Standard Model
(SM). In the SM it just represents parameters which should be measured. Without an ex-
planation from the SM, one could either say this pattern is due to chance or there might be
a mechanism (beyond the SM) behind it. Family symmetries provide such a mechanism. A
model with a family symmetry demands that all physics should be the same if the flavors
(of the neutrinos or quarks) are interchanged in a certain way (dictated by the symmetry).
It is called a family symmetry because each flavor relates to a different family of particles.
A model with a family symmetry constrains the interactions that the model allows for. The
goal is to implement a symmetry in such a way that the allowed interactions follow the
pattern seen in nature.

This thesis focusses on models which use the group A4 to explain the mixing patterns.
A4 is the symmetry group of a regular tetrahedron and is one of the simplest groups which
can be used to try to reproduce the mixing patterns. The second Chapter discusses this
group and why it seems promising.

Before discussing models using this symmetry, first the interactions forming the patterns
we are interested in are studied in Chapter 3. We study how these interactions come about
and what their relation is to the mass terms of the fermions. Special attention is given to the
role of the neutrinos, as their interactions follow the most striking pattern and are different
from the other fermions (they are electrically neutral). This Chapter will give us the tools
we need to be able to discuss models with a family symmetry.

Many models using A4 have been put forward in the literature. Some obtain the correct
mixing pattern, but often a large number of additional fields (particles) is required to do so.
In this thesis some of the simpler cases, with less additional fields, are discussed first. The
simple models that will be discussed all have the same Higgs sector. This Higgs sector will
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be studied at length in Chapter 4. This is a necessity as the Higgs fields influence the mixing
patterns.

Chapter 5 looks at the models that can be built using this Higgs sector. It is concluded
from this discussion that these models are unsatisfactory; additional ingredients are required
to get the right mixing patterns. After this, some examples from the literature are studied.
From these examples we then try to see how these simple models might be improved.

In Chapter 6 a new possibility, not yet present in the literature, is considered. In this
case A4 is combined with a so called left-right model.

In the SM the weak force only couples to left-handed particles. The SM offers no expla-
nation as to why the weak force would make a distinction between left- and right-handed
particles. In left-right models this question is resolved by restoring the symmetry between
left and right at high energies. These models are used to provide additional ingredients
so that the correct mixing patterns can be produced in combination with A4. One of the
simplest possibilities of the resulting model is studied and turns out to be unsatisfactory, as
the right masses are not reproduced. However, in this simple case the right mixing patterns
can be reproduced. This is an encouragement to further explore this type of model.
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2

Family symmetries

It has been known for some time that the fermions of different the families mix among
each other. This is due to the fact that there is a mismatch between the weak and mass
eigenstates of the fermions.

There are two often used bases in which we can look at the relevant parts of the La-
grangian (in this case the mass terms and the weak interactions), these are called the mass
basis and the weak basis. In the mass basis the Lagrangian is written in terms of the mass
eigenstates of the fermions, in other words, all the fields have a definite mass. In this basis
the weak charged interaction is not diagonal, which is to say, fermions of different families
may interact with each other through this interaction.

In the weak basis the charged weak interaction is diagonal, meaning that the fermions
only interact with their family members through this interaction. However, in this basis the
mass matrices are no longer diagonal; the fields no longer have a definite mass. This is the
case in both the lepton and quark sector.

The two bases are related by the mixing matrices

νw =

νeνµ
ντ

 = UPMNS

ν1

ν2

ν3

 = UPMNSν
m, dw = VCKMd

m, (2.1)

where d = (d, s, b)T and the superscripts m and w stand for the mass and weak basis
respectively. The 3 by 3 mixing matrices, UPMNS and VCKM are called the Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) and the Cabibbo-Kobayashi-Maskawa (CKM) matrix and
describe the mixing in the lepton and quark sector respectively. The two mixing matrices
are unitary as they describe a transformation between two bases1.

In the lepton sector the two bases are defined in such a way that the mass matrix of the
charged leptons is diagonal in both; only the neutrino fields are transformed when we move
from one basis to the other, (2.1). In the quark sector the two bases are defined in such
a way that the mass matrix of the up-type quarks is diagonal in both; only the down-type
quark fields are transformed when we move from one basis to the other, (2.1).

The SM does not allow one to calculate the elements of VCKM and UPMNS from first
principles, they are to be measured experimentally. This is not completely satisfactory,

1In models in which the neutrino mass terms are produced through a seesaw mechanism the PMNS matrix
is not exactly unitary, although the non-unitary contributions are suppressed (see section 3.3.2).
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most of all since these matrices exhibit certain patterns. The moduli of their elements are
approximately given by

|VCKM | '

 1 λ λ3

λ 1 λ2

λ3 λ2 1

 , |UPMNS| '


√

2/3
√

1/3 0√
1/6

√
1/3

√
1/2√

1/6
√

1/3
√

1/2

 , (2.2)

where λ ' 0.22. The quark mixing matrix implies there is small mixing in the quark sector,
the off-diagonal elements are close to zero. The neutrino mixing matrix on the other hand
exhibits large mixing. It also seems to have a specific pattern called Tri-Bimaximal (TB)
mixing. It is named so because the second mass eigenstate is a maximal mix of three of the
weak eigenstates and the third is a maximal mix of two of the weak eigenstates

ν2 =
√

1/3νe +
√

1/3νµ +
√

1/3ντ ,

ν3 =
√

1/2νµ −
√

1/2ντ .
(2.3)

It should be noted that the neutrino mixing pattern is not yet completely clear. Recently,
there were indications that the (13) element of the PMNS matrix might be non-zero, [1].

These patterns could either be a coincidence or there might be some mechanism behind
them. Using a discrete non abelian group as a family symmetry provides such a mechanism.
A model with a family symmetry demands that all physics should be the same if the families
(of the neutrinos or quarks) are interchanged in certain ways, dictated by the symmetry.
This symmetry constrains the interactions that the model allows for (the way in which this
is done will become clear later, Chapter 5). The goal is to implement a symmetry in such a
way that the allowed interactions follow the same patterns as seen in nature, (2.2).

When constructing a model with a family symmetry one first has to decide which group
to use. A large amount of models have already been put forward, using a variety of groups
(usually to try to understand only the neutrino mixing matrix). The correct symmetry is not
immediately apparent from the mixing matrices, because the family symmetry will be broken
by electroweak symmetry breaking (EWSB). Some of the groups used in the literature are
shown in (Table 2.1).

Group Order Irreps Ref.’s
D3
∼= S3 6 1, 1′, 2 [2]
A4 12 1, 1′, 1′′, 3 [3], [4], [5], [6]
T ′ 24 1, 1′, 1′′,2, 2′, 2′′,3 [7]
S4 24 1, 1′, 2, 3 [3], [8]

∆(27) ∼= (Z3 × Z3) n Z3 27 11, ...,19, 3, 3 [9]

Table 2.1: Some of the groups used as family symmetries, for more groups and references see, [3].

The goal in each case is to be able to describe the mixing matrices, (2.2). However, choosing a
different group will in principle lead to a different model. A model with A4 or S4 for example,
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can lead to TB mixing to leading order. However, it is also possible for a model with S4

to naturally lead to (to leading order terms in the Lagrangian) what is called Bi-maximal
mixing in the neutrino mixing matrix,

UBM =


√

1/2
√

1/2 0

1/2 −1/2
√

1/2

−1/2 1/2
√

1/2

 . (2.4)

This pattern is called Bi-maximal because the electron neutrino and the third mass eigenstate
are maximally mixed combination of mass and weak eigenstates, respectively.

νe =
√

1/2ν1 +
√

1/2ν2, ν3 =
√

1/2νµ +
√

1/2ντ . (2.5)

When this is the case next to leading order contributions can be taken into account to obtain
a mixing pattern closer to TB mixing, see [3].

When studying family symmetries we should start with the simplest possibility. A4 seems
to fit this role as it is the smallest group with a three dimensional irreducible representation
(irrep), which is convenient because it can be used to transform the three families among each
other. Furthermore, it looks promising because it has been shown to be able to reproduce
TB mixing successfully in various models. Therefore we will consider A4 in this thesis.

In order to study models using A4, we will first study the group itself in the next section.

2.1 A4 symmetry

A4 is the symmetry group of the tetrahedron and the group of even permutations of four
objects. It therefore has 4!/2 = 12 elements. It can be seen that all twelve elements can be
obtained by repeatedly multiplying the two generators, S = (14)(23) and T = (123). These
satisfy the relations

S2 = (ST )3 = T 3 = 1. (2.6)

The combination of the generators and their relations is a so-called presentation of A4. From
this the equivalence classes and the number of elements they contain can be derived

C1 : I,

C2 : T, ST, TS, STS,

C3 : T 2, ST 2, T 2S, TST,

C4 : S, TST 2, T 2ST.

A4 thus has four conjugacy classes, this means that there are four irreps and that their
dimensions should satisfy d2

1 + d2
2 + d2

3 + d2
4 = 12. The only integer solution to this is

d1 = d2 = d3 = 1, d4 = 3, this gives us the first column of the character table. It can be
seen that the elements in C2 and C3 are of order 3 while the elements in C4 are of order 2.
This means that the characters of the one dimensional irreps will be cubic (square) roots of
unity. This gives us the characters of the one dimensional irreps. Using the orthogonality
relations, the rest of the characters can be found as well, (see Table 2.2).
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Class C1 C2 C3 C4

χ1 1 1 1 1

χ1′ 1 ω ω2 1

χ1′′ 1 ω2 ω 1
χ3 3 0 0 -1

Table 2.2: The character table of A4.

Here ω = e2πi/3 and ω + ω2 = −1. In order to build an A4 invariant Lagrangian we need
to know how to construct singlets from the different products of irreps of A4. For this we
first need the Clebsch-Gordan decomposition of direct products into irreps, which can be
obtained from the character table

1⊗ 1 = 1, 1′ ⊗ 1′′ = 1, 1′ ⊗ 1′ = 1′′, (2.7)

1(′)(′′) ⊗ 3 = 3, (2.8)

3⊗ 3 = 1⊕ 1′ ⊕ 1′′ ⊕ 3⊕ 3. (2.9)

In order to calculate the product of two triplets we will need the explicit representations.
We will first look at this in the so called Ma-Rajasekaran (MR) basis, [10].

2.1.1 The Ma-Rajasekaran basis

The one-dimensional representations can be read off from the character table

1 : S = 1, T = 1, (2.10)

1′ : S = 1, T = ω, (2.11)

1′′ : S = 1, T = ω2. (2.12)

For the three-dimensional representation we take a basis in which S is diagonal, such that
the generators are

S =

1 0 0
0 −1 0
0 0 −1

 , T =

0 1 0
0 0 1
1 0 0

 . (2.13)

Following (2.9) we now want to find out how to make singlets from the product of two
triplets, a = (a1, a2, a3) and b = (b1, b2, b3). Note that a∗ transforms in exactly the same
way as a, since the generators are real in this basis. We then have the conditions from the
transformation rules under S

(ab)′1 = a′M1(b′)T = aSTM1Sb
T = (ab)1, (2.14)

(ab)′1′ = a′M1′(b
′)T = aSTM1′Sb

T = (ab)1′ , (2.15)

(ab)′1′′ = a′M1′′(b
′)T = aSTM1′′Sb

T = (ab)1′′ , (2.16)

here M1,1′,1′′ stand for 3 by 3 matrices containing the Clebsch-Gordan coefficients. And for
T we have

(ab)′1 = a′M1(b′)T = aT TM1Tb
T = (ab)1, (2.17)

(ab)′1′ = a′M1′(b
′)T = aT TM1′Tb

T = ω(ab)1′ , (2.18)

(ab)′1′′ = a′M1′′(b
′)T = aT TM1′′Tb

T = ω2(ab)1′′ . (2.19)
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The conditions from the generator S lead to

M1,1′,1′′ =

m11
1,1′,1′′ 0 0

0 m22
1,1′,1′′ m23

1,1′,1′′

0 m32
1,1′,1′′ m33

1,1′,1′′

 . (2.20)

The conditions from the generator T set the off-diagonal elements to zero and in addition

m11
1 = m22

1 = m33
1 , (2.21)

m11
1′ = ωm22

1′ = ω2m33
1′ , (2.22)

m11
1′′ = ω2m22

1′′ = ωm33
1′′ . (2.23)

Taking the (11) elements to be one, we have for the singlets

(ab)1 = a1b1 + a2b2 + a3b3, (2.24)

(ab)1′ = a1b1 + ω2a2b2 + ωa3b3, (2.25)

(ab)1′′ = a1b1 + ωa2b2 + ω2a3b3. (2.26)

According to (2.9), apart from the singlets also two triplets can be constructed from the
product of two triplets. We will now try to construct such a triplet, c = (c1, c2, c3), out of a
product of two other triplets, a and b

(ab)3 = c. (2.27)

We first note that c1 is invariant under the generator S, Sc = (c1,−c2,−c3). Since a and
b transform in the same way under S, this implies that c1 is made up out of (some of) the
following terms

a1b1, a2b2, a3b3, a2b3, a3b2. (2.28)

Since c1 transforms to c2 (c3) under T (T 2) we know what c2 and c3 should be for each of
these terms. If c1 contains one of the first three terms, then c2 and c3 contain terms of the
form aibi, where i = 1, 2, 3. However, under S we have aibi → aibi whereas c2, c3 → −c2,−c3.
So the first three combinations are excluded and c1 is made up out of a3b2 and a2b3. These
are exactly the two equivalent three-dimensional representations in the multiplication rule,
(2.9). After working out c2 and c3 this gives us

(ab)31 = (a2b3, a3b1, a1b2), (ab)32 = (a3b2, a1b3, a2b1). (2.29)

2.1.2 The Altarelli-Feruglio basis

All of what was previously discussed was in what is referred to as the MR basis. This
basis is used frequently in the literature and will be used most of the time throughout this
thesis. However, it is sometimes more convenient to use another basis, the Altarelli-Feruglio
(AF) basis. This basis is used in one of the most well-known models attempting to use A4

to explain neutrino mixing, see for instance [3] [11]. In what follows we will see how singlets
and triplets can be constructed from two triplets in this basis.
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In the AF basis the generator T ′ is diagonal instead of S ′. The generators in the MR
(S and T ) and the AF (S ′ and T ′) basis are connected by a unitary basis transformation,
namely

T ′ = V †TV =

1 0 0
0 ω2 0
0 0 ω

 , (2.30)

S ′ = V †SV =
1

3

−1 2 2
2 −1 2
2 2 −1

 , (2.31)

where

V =
1√
3

1 1 1
1 ω2 ω
1 ω ω2

 . (2.32)

This means that for a triplet aMR in the MR basis we can construct a triplet in the AF basis,
aTAF = V †aTMR such that it transforms properly

(aTAF )′ = V †(aTMR)′ = V †GaTMR = V †GV aTAF = G′aTAF , (2.33)

where G is some combination of S and T , while G′ is some combination of S ′ and T ′. Also,
note that a∗AF does not transform in the same way as aAF , this can be seen by noting
that the generator T ′ is not real in this basis. In this section only the Clebsch-Gordan
coefficients for the product of two triplets will be discussed, the product of a triplet and the
complex conjugate of a triplet will not be used in this thesis. In the previous section we had
expressions for the singlets in the MR basis (2.24-2.26), using these and then switching basis
we obtain

(aMRbMR)1,1′,1′′ = aMRM1,1′,1′′b
T
MR = aAFV

TM1,1′,1′′V bTAF , (2.34)

which implies that (MAF )1,1′,1′′ = V T (MMR)1,1′,1′′V . And thus

1AF : (ab)1 = a1b1 + a2b3 + a3b2, (2.35)

1′AF : (ab)1′ = a1b2 + a2b1 + a3b3, (2.36)

1′′AF : (ab)1′′ = a1b3 + a3b1 + a2b2. (2.37)

The case for the triplets is somewhat more difficult. In order to put the basis transformation
to use, we will write the expressions in (2.29) as follows

(aMRbMR)i31
= aMRMib

T
MR = cMRi, (2.38)

(aMRbMR)i32
= aMRM

T
i b

T
MR = dMRi, (2.39)

where aMRi, bMRi, cMRi and dMRi are triplets in the MR basis and

M1 =

0 0 0
0 0 1
0 0 0

 , M2 =

0 0 0
0 0 0
1 0 0

 , M3 =

0 1 0
0 0 0
0 0 0

 . (2.40)
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Now changing our basis to the AF basis, we obtain

VijcAFj = aAFV
TMiV b

T
AF , (2.41)

VijdAFj = aAFV
TMT

i V b
T
AF . (2.42)

This gives us the following

cAF1 =
1√
3
aAFV

T (M1 +M2 +M3)V bTAF , (2.43)

cAF2 =
1√
3
aAFV

T (M1 + ωM2 + ω2M3)V bTAF , (2.44)

cAF3 =
1√
3
aAFV

T (M1 + ω2M2 + ωM3)V bTAF , (2.45)

To obtain the expressions for dAFi, use the above expressions for cAFi and replace Mj with
MT

j . Written out this gives us,

c =
1√
3

(a1b1 + ωa2b3 + ω2a3b2, a3b3 + ωa1b2 + ω2a2b1a2b2 + ωa3b1 + ω2a1b3), (2.46)

d =
1√
3

(a1b1 + ωa3b2 + ω2a2b3, a3b3 + ωa2b1 + ω2a1b2a2b2 + ωa1b3 + ω2a3b1), (2.47)

here the subscript AF has been dropped. These triplets are more often used in a symmetric
and anti-symmetric combination

3SAF ∼c+ d ∼ (2a1b1 − a2b3 − a3b2, 2a3b3 − a1b2 − a2b1, 2a2b2 − a3b1 − a1b3),

3AAF ∼c− d ∼ (a2b3 − a3b2, a1b2 − a2b1, a3b1 − a1b3).
(2.48)

We now know all we need about A4. However, before putting this knowledge to use by
constructing actual models we will first discuss the possibility of deducing a minimal family
symmetry from the mass matrices.

2.2 Constraining the family symmetry by the mass ma-

trices

In [12] an interesting idea has been put forward. Namely, that by studying the symmetries
of the mass matrices a minimal family symmetry can be deduced. In the case of exact TB
mixing S4 would then be the minimal family symmetry.

The argument uses the traces of the family symmetry that are still apparent in the mass
matrices. Firstly, operations which leave the mass matrices invariant (the residual symmetry
operators) are identified. Since the mass matrices came to be after EWSB they will not be
invariant under the complete family symmetry only under what is left of the family symmetry
(the residual operators). It is then argued that these operators all originated from the family
symmetry, meaning that the group they generate should be included in the original family
symmetry. This would give us a minimal group which could be used as a family symmetry;
any family symmetry should have this group as a subgroup.
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More concretely, let us look at the lepton mass matrices in the weak basis. We have for
the lepton mass terms

−Llm = lLmllR +
1

2
(νwL )cMνν

w
L + h.c. , (2.49)

here l = (e, µ, τ)T , these terms will be discussed in more detail in Chapter 3. We will look
at this in the basis where the charged lepton mass matrix, ml, is diagonal and the neutrino
mass matrix is given by Mν = U∗PMNSmνU

†
PMNS, where mν is diagonal. Since the charged

lepton mass matrix is diagonal it will be invariant under ml = F †mlF , where F is a unitary
and diagonal matrix of phases with det F = 1. If we want F to be a part of a finite group
then we should have F n = 1l. If we take F to have three different values on the diagonal then
n ≥ 3. Similarly, for the neutrino mass matrix, Mν = GTMνG. There are three possibilities
for G,

G1 = u1u
†
1 − u2u

†
2 − u3u

†
3, G2 = −u1u

†
1 + u2u

†
2 − u3u

†
3, G3 = −u1u

†
1 − u2u

†
2 + u3u

†
3, (2.50)

here ui is the ith column of UPMNS. These matrices satisfy Mν = GT
i MνGi, since Mν =

U∗PMNSmνU
†
PMNS and U †PMNSGi = DiU

†
PMNS where Di are diagonal matrices of ±1. Now

taking TB mixing to be exact, the residual operators Gi are

G1 =
1

3

 1 −2 −2
−2 −2 1
−2 1 −2

 , G2 =
1

3

−1 2 2
2 −1 2
2 2 −1

 , G3 =

−1 0 0
0 0 −1
0 −1 0

 . (2.51)

Note that multiplying two of these matrices gives the third. Taking the simplest case for F ,
(with three different entries on the diagonal) we have F = diag(1, w2, ω). Then it can be
seen that the matrices (G1, G2, G3, F ) generate S4 [12].

According to the argument laid out previously, this should lead us to conclude that S4

is the minimal family symmetry group (in the case of exact TB mixing). However, this
argument depends on the assumption that each of these residual operators (G1, G2, G3, F )
originates from the family symmetry. This need not be the case.

As an example, let us look at part of an A4 model describing TB mixing which we will
study in more detail later (section 5.3, [3]). We will focus on the neutrino mass terms. In the
model we assign the neutrinos to the A4 triplet, νL ∼ 3, and we introduce the scalar fields,
ϕ = (ϕ1, ϕ2, ϕ3) ∼ 3 and ξ ∼ 1, which we assign to an A4 triplet and singlet respectively. In
this model the terms contributing to neutrino masses are of the form

Lm =− a1

2
νcLϕνL − b

1

2
νcLξνL + h.c.

=− a1

2
[ϕ1(νceνe − νcµντ ) + ϕ2(νcµνµ − νceντ ) + ϕ3(νcτντ − νcµνe)]

−b1

2
ξ(νceνe + 2νcµντ ) + h.c. ,

(2.52)

where the upper index c stands for charge conjugation and the AF basis was used to write the
terms out explicitly in components of the fields. By construction, this is invariant under the
operations F and G2 since these are exactly the generators of A4 in the AF basis. In order
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for Lm to be invariant under S4 it should be invariant under G3 as well (we do not need to
consider G1 since G2G3 = G1). Applying G3 is equivalent to performing the transformations
(νe, νµ, ντ ) → −(νe, ντ , νµ) and (ϕ1, ϕ2, ϕ3) → −(ϕ1, ϕ3, ϕ2). Note that Lm is not invariant
under this, effectively it transforms a to −a. Thus Lm is symmetrical under A4, not S4. If
we now let the scalar fields acquire vacuum expectation values (VEVs), 〈ϕ〉 = (v, v, v) and
〈ξ〉 = u, we have

Lm =− va

2
[νceνe − νcµντ + νcµνµ − νceντ

+νcτντ − νcµνe]−
bu

2
(νceνe + 2νcµντ ) + h.c. ,

(2.53)

This expression is still invariant under G2 but no longer under F . Additionally, it has become
invariant under G3, this is an accidental symmetry which did not come from A4. As we will
see in section 5.3, the neutrino mass matrix is now of the form,

Mν =

2A+B −A −A
−A 2A B − A
−A B − A 2A

 , (2.54)

which leads to exact TB mixing in this model. This means that we cannot assume that each
of the residual operators originated from the family symmetry. It is possible, as in this case,
that one of these is accidental and not related to the family symmetry at all. In this case
we should not include G3 as a generator of the family symmetry. Taking just F and G2 as
generators gives us A4, which would be the correct answer in this case. All of this means
that this line of argument does not give us a minimal group as a candidate for a family
symmetry.

In what follows we will consider family symmetry models based on A4 only. The knowl-
edge of the multiplication of irreps of A4 should allow us to build A4 invariant terms which
we can use to construct models. Given the irrep assignment of the fields involved the most
general A4 invariant Lagrangian can be written down. From this we will proceed to construct
the mass matrices and infer the mixing matrices, which hopefully agree with experiment. To
be able to do this we shall first discuss the different ways (not A4 specific) in which we can
build mass terms and see how these lead to mixing matrices. We will do this in the next
Chapter.
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3

Mass terms

In this Chapter we will look at the possible mass terms for the fermions and how these
are connected to the mixing matrices. We will pay special attention to the neutrinos, as they
can have mass terms which are different from those for the other fermions. In doing so, we
will study the different types of seesaw mechanism. The knowledge gained here will be put
to use when we start building models.

3.1 Dirac and Majorana terms

In general, there are two types of mass terms, which can be used to generate masses for
fermions. Firstly, we have the Dirac mass term, which is used to generate all the fermion
masses in the SM, it has the following form

LDm = −ψLαmαβψRβ + h.c. , (3.1)

here ψ is some fermion field and α and β are flavor indices. This type of mass term always
couples the left-handed part to the right-handed part of the field. In general the matrix mαβ

is not diagonal and so members of different generations can mix among each other. The
Dirac mass term is invariant under a global transformation, ψα → eiφψα. The whole kinetic
part of the Lagrangian for ψ is then invariant under this transformation. Through Noether’s
theorem this leads to a conserved current, which is jµ =

∑
α ψαγ

µψα. In the quark (lepton)
sector such a transformation leads to baryon (lepton) number conservation. Note that the
different flavor numbers are conserved when summed, but not separately.

The second type of mass term is the Majorana mass term and is of the form

LMm,L(R) = −1

2
ψcL(R)αmL(R)αβψL(R)β −

1

2
ψL(R)αm

†
L(R)αβψ

c
L(R)β , (3.2)

where the superscript c again stands for charge conjugation. This type of mass terms couples
left- (right-) handed fields to the charge conjugates of the same left- (right-) handed fields.
Again, the mass matrix, mL(R)αβ does not have to be diagonal, so that members of different
generations can mix among each other. However, the Majorana mass matrix has to be
symmetric, this can be seen by taking the transpose of the mass term

ψcαmαβψβ = ψTβmαβ(ψTαC
†)T = −ψTβmαβC

†ψα = ψcαmβαψβ, (3.3)

14



here we used some of the properties of the charge conjugation matrix, C, and the fact
that fermions anti-commute. Majorana fields have this kind of mass term, these are fields
which satisfy the relation ψ = ψc. The kinetic term for a Majorana field will be Lkin =
1
2
(ψc + ψ) [iγµ∂µ −m] (ψc + ψ). It is clear that if ψ is an electrically charged field the

mass term will not conserve electric charge. This implies that the fermion fields which have
such mass terms should be neutral, this leaves the neutrinos as the only candidates. It
can be seen that the Majorana mass term, (3.2), is not invariant under the transformation,
ψL(R)α → eiφψL(R)α. Thus, a Majorana mass term for the neutrinos would not conserve
lepton number.

As said before, in the SM the fermion masses are generated by Dirac mass terms. All
fermions apart from the neutrinos, which are massless in the SM, obtain a mass this way.
This means that the SM alone cannot explain the neutrino masses now that they are exper-
imentally shown to be non-zero , see [13] and references therein. We will therefore try to
understand how neutrino masses might be constructed in extensions of the SM using these
two types of mass terms. To this end we will first study the masses and the mixing matrices
they lead to in the SM after which we will discuss how it might be extended to incorporate
neutrino masses.

3.2 Quark sector

In the SM the fermions get their masses through a Dirac mass term. This mass term
is generated by the interaction of the fermions with the Higgs field. After spontaneous
symmetry breaking the Higgs doublet acquires a VEV which, together with Yukawa coupling
constants, act as Dirac mass terms for the fermions.

We will first look at the mass terms and their consequences in the quark sector. In the
SM the most general mass term for the quarks is given by

Lquarkm = −QLφΛddR −QLφ̃ΛuuR + h.c. , (3.4)

where QL are the three left-handed quark SU(2) doublets, φ is the Higgs doublet, while
φ̃ = iσ2φ

∗ where σ2 is the second Pauli matrix and uR = (uR, cR, tR)T , dR = (dR, sR, bR)T .
After spontaneous symmetry breaking the mass matrices become Mi = v√

2
Λi, with v√

2
the

VEV acquired by the Higgs particle and i = (u, d). These matrices are in general complex
and are not diagonal in the basis where the weak interactions are diagonal. In order to find
the particles with a definite mass, we will need to find a basis in which the mass matrices
are diagonal.

By the Polar Decomposition theorem we can write the matrix Mi as Mi = HiSi, where
H is a hermitian matrix and S is unitary. It can then be seen that the mass matrix is
diagonalized as follows

U †iMiVi = mi, (3.5)

where mi is a real and positive diagonal matrix, Vi = S†iUi and Ui is the matrix diagonalising
Hi, so that U †iHiUi = mi. Since V is the product of two unitary matrices it is unitary
itself. So we can now diagonalize the mass matrices by two unitary matrices, this means
that diagonal mass matrices can be achieved by a unitary basis transformation of the fields.
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This new basis is usually called the mass basis. These two bases are related by uR = Vuu
m
R

and dR = Vdd
m
R , for the right-handed fields and for the left-handed fields dl = Udd

m
l and

ul = Uuu
m
l . In the mass basis the mass matrices are indeed diagonal and given by mi,

however other parts of the Lagrangian also change because of this basis transformation. In
fact if we write the weak charged current in this new basis we obtain the following

LCC ∼ W+
µ uLγ

µdL = W+
µ u

m
L γ

µU †uUdd
m
L = W+

µ u
m
L γ

µdwL , (3.6)

where we defined dwL = VCKMd
m
L and U †uUd = VCKM is the well known CKM (Cabibbo-

Kobayashi-Maskawa) matrix. dwL are the eigenstates in which the weak charged current is
diagonal and the down-type quark mass matrix is not. This tells us that the eigenstates of
down-type quarks which take part in the weak charged current are linear combinations of
the down-type quark mass eigenstates. In other words, the weak eigenstates are a mixture
of the mass eigenstates. The CKM matrix contains all the information about this mixing, it
is therefore interesting to take a closer look at it.

In the general case of N generations the CKM matrix is a N ×N matrix, made up out
of two unitary matrices and so is unitary itself. A N ×N unitary matrix will have N2 real
independent parameters, these can be divided into N(N−1)

2
real parameters leading to real

quantities (angles) and N(N+1)
2

real parameters leading to complex quantities (phases). Not
all of these phases are physical. This is because the CKM matrix determines the coupling
between uml and dml , see (3.6). We can redefine these 2N fields so that, umi → eiφiumi and
dmi → eiϕidmi , everything in the Lagrangian apart from the charged current is invariant under
this transformation. We now have 2N independent phases which we could use to absorb 2N
of the phases in the CKM matrix. However, redefining all the quark fields with the same
phase does leave the charged current invariant, meaning that we can only absorb 2N − 1 of
the CKM phases. This leaves us with

N(N − 1)

2
angles, (3.7)

N(N + 1)

2
− (2N − 1) =

(N − 1)(N − 2)

2
phases. (3.8)

For three generations this gives three angles and one phase. The standard parametrization
for this matrix is

VCKM =

 c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12s23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 , (3.9)

where cij = cos(θij) and sij = sin(θij). The CKM matrix turns out to be nearly diagonal, in
fact θ12 ' 0.224, θ23 ' 0.042, θ13 ' 0.0035 and δ ' 0.021, [14].

In the next section we will venture into the lepton sector.

3.3 Lepton sector

In the lepton sector the mass terms of the charged leptons are analogous to the mass
terms of the quarks. This is different for the neutrinos. For a long time they were assumed
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to be massless in the SM, simply because there was no experimental evidence for neutrino
masses. But also because it is more difficult to construct a mass term for the neutrinos than
for the other fermions. This is in part due to the absence of right-handed neutrinos. Right-
handed neutrinos are absent in the SM simply because they have never been observed. Since
a Dirac mass term consists of the coupling between a left- and right-handed field, it is then
impossible to construct a Dirac mass term for the neutrinos without right-handed neutrinos.
A Majorana mass term is possible. With only the SM fields at our disposal, a coupling
between left-handed neutrino fields and Higgs fields is the simplest Majorana mass term we
can write down. As we will see in the next section, such a mass term is not renormalizable,
because it has dimension 5. Assuming the neutrinos have no mass then indeed seems to be
the simplest option, since it does not require any unobserved fields or non-renormalizable
terms.

To see what this assumption would mean for the mixing matrix in the lepton sector we
follow the same procedure as in the previous section. First we diagonalize the charged lepton
mass matrix and then look at the weak charged current Lagrangian

LCC ∼ W−
µ lLγ

µνL = W−
µ l

m

L γ
µU †νL = W−

µ l
m

L γ
µνwL , (3.10)

where lL = (eL, µL, τL)T = UlmL , νwL = (νe,L, νµ,L, ντ,L)T and U is one of the matrices diag-
onalizing the charged lepton mass matrix. In order to diagonalize the charged lepton mass
matrix and the weak charged current we have had to define weak neutrino eigenstates. Since
there is no neutrino mass term we can do this without consequence and there is no physical
mixing.

As mentioned before, experimentally there is evidence for (very small) neutrino masses
and a physical mixing matrix (called the Pontecorvo-Maki-Nakagawa-Sakata matrix) [13].
To accurately describe these features we will need a mass term for the neutrinos. To achieve
this we can either add a new type of field which produces a mass term by coupling to the
neutrino fields or allow for non-renormalizable terms in the Lagrangian. We will consider
the latter first.

3.3.1 Dimension-5 operator

The lowest dimensional operator that can be written down, by using just the SM fields
is the following dimension-5 operator

L5 = − gαβ
2M

(φ̃†LL,α)c(φ̃†LL,β) + h.c. , (3.11)

here LL stands for the left-handed lepton SU(2) doublet and the indices α and β label
the generation. gαβ is a matrix of dimensionless constants and M is a constant with the
dimension of mass. Since this term is non-renormalizable it will only give valid results for
energies up to the scale of E � M . The idea is that this is not the final theory, but only
the effective theory at low energy. At the energy scale of M this mass term is generated
by unknown interactions, hopefully described by a new theory. In the same way as the
non-renormalizable Fermi theory was a low energy description of weak interaction, which is
now described by the renormalizable mediation of vector bosons.
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Taking a closer look at the dimension-5 operator, we see that after the Higgs field acquires
its VEV, 〈φ〉 = v, we obtain the following mass term

Lm = − v2

2M
gαβνcL,ανL,β + h.c. , (3.12)

which is a Majorana mass term. This should not be much of a surprise since without a
right-handed neutrino field we cannot build a Dirac mass term. The neutrino masses will
be of the order of mν ∼ v2

M
. If we take the scale of the new theory, M , to be large this

could explain the small neutrino masses. We will see an example of an interaction at a high
energy scale which can generate this effective mass term at low energy, called the see-saw
mechanism, later (section 3.3.2).

In order to find the mixing matrix we need to diagonalize the mass matrix. Because the
Majorana mass matrix, Mν

αβ = v2

M
gαβ is symmetric, the diagonalization is slightly different

from the case in the quark sector. As we have seen any complex matrix can be diagonalized
by two unitary matrices U and V

U †MνV = m, (3.13)

where m is real, positive and diagonal. Since Mν is symmetric we can write

Mν(Mν)† = Um2U †, (Mν)T ((Mν)T )† = V ∗m2V T , (3.14)

→ V TUm2 = m2V TU. (3.15)

Since V TU is unitary, the last relation implies that it is a diagonal matrix of phases. This
means that there is a diagonal matrix of phases, D, such that Vν = V D,Uν = UD →
V T
ν Uν = 1l, V T

ν = U †ν . From this we can see that the mass matrix can be diagonalized as
follows

DU †νM
νVνD

∗ = m→ V T
ν M

νVν = m. (3.16)

So the Majorana mass matrix can be diagonalized by just one unitary matrix. After diago-
nalising the charged lepton mass matrix we have for the charged current Lagrangian

LCC ∼ lLγ
µνL + h.c. = lmL γ

µV †l Vνν
m
L + h.c. , (3.17)

here Vl is one of the matrices diagonalizing the charged lepton mass matrix; V †l MlUl =
diag(me,mµ,mτ ). So we now have

νwL = V †l Vνν
m
L = UPMNSν

m
L . (3.18)

The 3 by 3 unitary matrix UPMNS is in the neutrino sector what VCKM is for the quark
sector. This means the parametrization is similar to the quark case, there is only one
difference. Since in this case the neutrinos are Majorana particles we can not absorb phases
in a redefinition of the neutrino field. This would then also redefine νcL and therefore not
leave the mass term invariant. This means we will have N − 1 extra phases. The correct
parametrization then is

UPMNS =

 c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12s23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

eiα1 0 0
0 eiα2 0
0 0 1

 ,

(3.19)

18



where cij = cos(θij), sij = sin(θij) and α1 and α2 are the phases due to the Majorana nature
of the neutrinos. If neutrinos turn out to be Dirac particles instead, the phases can be
absorbed and we effectively have α = β = 0. As of yet it is not clear whether neutrinos are
Dirac or Majorana particles. Oscillation experiments cannot distinguish between the two as
they are not sensitive to the Majorana phases [15]. Neutrinoless double beta decay would
be evidence of lepton number violation and the Majorana nature of neutrinos [13].

The experimental values of the angles seem to be close to s12 ≈
√

1/3, s23 ≈
√

1/2 and
s13 ≈ 0, see [13] and references therein. Although recently, there were indications that s13 is
non-zero, [1]. These values (with s13 ≈ 0) seem to point to a PMNS matrix exhibiting TB
mixing. The TB mixing matrix has the following form, in a particular phase convention

UTB =

−
√

2/3
√

1/3 0√
1/6

√
1/3

√
1/2√

1/6
√

1/3 −
√

1/2

 . (3.20)

Because this is the pattern we will eventually want to reproduce (assuming s13 ≈ 0) it will
be useful to know what the form of the neutrino mass matrix is when the PMNS matrix is
close to the TB mixing pattern. To see this will take a slightly more general mixing matrix
matrix U and absorb any phases in the masses

U =

−c12 s12 0
s12√

2
c12√

2

√
1/2

c12√
2

c12√
2
−
√

1/2

 , m =

m1 0 0
0 m2 0
0 0 m3

 , (3.21)

where the mi are now in general complex. The neutrino mass matrix then takes the form

Mν = U∗mU † =

x y y
y w v
y v w

 , (3.22)

here x, y, w and v are functions of θ12 and the masses. In the case of exact TB mixing,
s12 =

√
1/3, we have x+ y = w + v and m1 = x− y, m2 = x+ 2y and m3 = w − v.

Oscillation experiments are not only sensitive to the mixing angles but also to the dif-
ference between the squares of the neutrino masses [13], [15]. They are given by ∆m2

21 =
m2

2−m2
1 ' 7.7∗10−5eV 2 and |∆m2

31| = |m2
3−m2

1| ' 2.4∗10−3eV 2, [13]. Any model describing
the neutrinos should be able to reproduce these differences. These results also imply that
at least two of the neutrinos have a non-zero mass. Note that the sign of ∆m2

31 is unknown,
this gives rise to two possibilities; normal (∆m2

31 > 0) and inverse (∆m2
31 < 0) hierarchy.

Instead of allowing dimension-5 operators, as we did here, we can add a number of new
fields to be able to construct neutrino mass terms. The mass term are usually obtained
through a so called seesaw mechanism. In some of these mechanisms the neutrinos now also
mix with the added fields. The mixing matrix is affected as a result of this. The effect on
the PMNS matrix is very small so that the parametrization (3.19) remains valid to a good
approximation. Also the form of the neutrino mass matrix when the PMNS matrix is near
TB mixing is still valid. We will study the different seesaw mechanisms next.
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3.3.2 The seesaw mechanism

We will now see how we can achieve a neutrino mass term by introducing additional
fields. These fields will lead to neutrino mass terms through their interactions with the
neutrino fields. Usually this requires the new fields to have heavy masses in order to produce
the light neutrino masses that are observed. This feature of a heavy mass producing a small
mass is called the seesaw mechanism. There are three basic types of seesaw mechanisms,
each relating to the introduction of a different kind of field. Type I seesaw, [15], introduces a
number of fermion SU(2) singlets, usually interpreted as the right-handed neutrinos. Type II
seesaw, [4], instead adds a scalar SU(2) triplet, whereas type III seesaw, [16], adds a fermion
SU(2) triplet to the SM. These are not the only possible mechanisms, a mix of the three
different types is certainly a possibility. For now, we will discuss the three types separately,
starting with type I.

Type I seesaw mechanism

In this type of seesaw mechanism NR right-handed sterile neutrino fields,
νR = (νR1 , ..., νRNR )T , are introduced. These are called sterile because they do not participate
in any interaction; they are singlets under the whole gauge group. With these we can write
down a number of neutrino mass terms

Lνm = −νRMDνL −
1

2
νcLMLνL −

1

2
νRMRν

c
R + h.c. , (3.23)

the first term here is the usual Dirac mass term, the last two terms are Majorana mass terms.
In general ML is a 3×3 matrix, MD is a NR×3 matrix and MR is NR×NR. The left-handed
Majorana term is not invariant under the symmetries of the SM, and as stated before there
is no neutrino mass term (with dimension 4) possible with just the SM fields. This is why
in most cases of type I seesaw ML is considered to be zero, we will keep it as it also appears
when combining type I and II. The right-handed Majorana mass term is allowed since νR is
a singlet under all the SM symmetries.

There are some properties of these matrices which will be useful. Firstly, the Majorana
mass matrices are symmetric as discussed before. While for the Dirac mass matrix we have

νRαMαβνLβ = −νTLβMαβνRα
T = −νTLβC†MαβCνRα

T = νcLαMβαν
c
Rβ. (3.24)

With this in mind we can write the mass terms in a much more compact way

Lνm = −1

2
ncLM

D+MnL + h.c. , (3.25)

where nL =

(
νL
νcR

)
and MD+M =

(
ML MT

D

MD MR

)
. This mass matrix is a N by N symmetric

matrix, where N = NR+3. To diagonalize this we change our basis in order to get a diagonal

mass matrix. The new basis is defined by nL = VνNL, where NL =

 νL,1
...

νL,(N+3)

 are the states
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with a definite mass. The Lagrangian now becomes

Lνm = −1

2

∑
i

miN c
L,iNL,i + h.c. . (3.26)

This can be rewritten by introducing νi = νL,i + νcL,i, which are Majorana fields; ν = νc. It
is then clear that the mass term is a Majorana mass

Lνm = −1

2

∑
i

miνci νi. (3.27)

In general the combination of Dirac masses and Majorana masses will lead to Majorana-
neutrinos. Only when ML = MR = 0 they will be Dirac-neutrinos.

To be able to say something about the mass scale of the neutrinos, we will need the mass
scale of these different mass terms. Since the Dirac mass terms are thought to be generated
through the VEV of the Higgs, the natural size of these terms is of the order of the mass
of the other SM particles, i.e. the electroweak scale. We imagine the masses of the right-
handed neutrino fields to be generated by physics beyond the SM at a large energy scale,
so we expect them to have a large mass. To sum up, we have O(ML)� O(MD)� O(MR)
and the neutrino mass matrix is

MD+M =

(
ML MT

D

MD MR

)
. (3.28)

This is a N by N matrix as before. To get an idea of the mass scales this results in, we
will block diagonalize the mass matrix (up to corrections of order MDM

−1
R ) with an N ×N

unitary matrix W

W TMD+MW '
(
ML −MT

DM
−1
R MD 0

0 MR

)
, (3.29)

where

W =

(
1− 1

2
M †

D(M †
R)−1M−1

R MD M †
D(M †

R)−1

−M−1
R MD 1− 1

2
M−1

R MDM
†
D(M †

R)−1

)
. (3.30)

We now have the 3× 3 mass matrix for the light neutrinos

Mν 'ML −MT
DM

−1
R MD (3.31)

And the NR × NR mass matrix, MR for the heavy neutrinos. So we expect to have NR

neutrinos with masses of the order of the energy scale of the new physics. And we have three
neutrinos with much lighter masses, lower than the SM masses, since we expect the elements
of M−1

R MD to be small. We would expect O(MT
DM

−1
R MD) ∼ v2/M , where v is the VEV of

the Higgs doublet and M is the energy scale of the new physics. As we will see in the case
of type II seesaw, the scale of ML will be similar to v2/M , although M may have a different
origin in this case.

When we put ML = 0 we need at least two right-handed neutrinos to give masses to
all the left-handed neutrinos. In the case of just one right-handed neutrino, the Dirac mass
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matrix is just a row vector, MD = (mD1,mD2,mD3) and the right-handed Majorana matrix
becomes a scalar. The mass matrix for the left-handed neutrinos is then given by

Mν ' −MT
DMD

1

MR

. (3.32)

The eigenvalues of MνM
†
ν should give the squared masses of the light neutrinos,

MνM
†
ν =

1

M2
R

MT
DMDM

†
DM

∗
D =

|mD1|2 + |mD2|2 + |mD3|2

M2
R

MT
DM

∗
D. (3.33)

Since the columns of this matrix are clearly not linearly independent it will have zero eigen-

values, indeed just one mass is non-zero: m1 = (|mD1|2+|mD2|2+|mD3|2)2

M2
R

, m2,3 = 0.

Type II seesaw

In this kind of model, instead of introducing a right-handed neutrino field, a scalar SU(2)

triplet is introduced. This scalar triplet is usually written as ∆ =

(
∆+/
√

2 ∆++

∆0 −∆+/
√

2

)
, so

that it transforms under SU(2) as ∆→ U∆U †. We can then write down a coupling between
the scalar triplet and the left-handed lepton doublets

Lνm =
1

2
gαβLcLαiσ2∆LLβ + h.c. . (3.34)

After the ∆0 field acquires a VEV, this would result in a Majorana mass term for the
neutrinos. Note that in order to conserve lepton number the ∆ fields should have lepton
number -2. Since we added a scalar field, we now have an enlarged Higgs potential. The
Higgs potential that is usually taken [4] is generally of the form

V (φ,∆) =µφ†φ+
1

2
λφ(φ†φ)2 +M2Tr(∆†∆) +

1

2
λ∆Tr(∆†∆)2

+λφ∆φ
†φTr(∆†∆) +Mφ∆φ

T iσ2∆†φ+ h.c. .
(3.35)

If we take the VEVs, 〈∆0〉 = u and 〈φ0〉 = v, and look at the minimum conditions we obtain,

0 =
∂V0

∂v
= 2v(µ+ λφv

2 + λφ∆u
2 +Mφ∆u), (3.36)

0 =
∂V0

∂u
= 2u(M2 + λ∆u

2 + λφ∆v
2) +Mφ∆v

2. (3.37)

Since we expect the mass of the triplet to originate from physics at a high energy scale, we
will take M ∼ Mφ∆ �

√
µ. We can then obtain the VEVs, v2 ∼ µ and u2 ∼ µ2

M2 � µ.
As was the case in type I seesaw, taking one mass to be large means having small neutrino
masses of the order of mν ∼ v2

M
. In this case a large scalar triplet mass forces its VEV to

be small and thus generates a small neutrino mass. If we were to combine type I and II,
we could assume that the additional fields, ∆ and νR, have masses of the same high energy
scale, M . In that case both contributions to the neutrino masses are of the same order
O(ML) ∼ O(MT

DM
−1
R MD ∼ v2/M . Note that the Mφ∆ term in the potential is important in

order to get a small u, and does not conserve lepton number.
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Type III seesaw

In this last type of seesaw, first proposed in [16], we will discuss, NΣ lepton triplets are
introduced. The scheme is then very similar to type I seesaw as we will see. We will write

the lepton triplets as follows, Σα =

(
Σ0
α/
√

2 Σ+
α

Σ−α −Σ0
α/
√

2

)
. The terms generating the masses

are

−Lm = yαβφ̃
†ΣαLLβ +

1

2
Tr(MαβΣαΣc

β) + h.c. , (3.38)

where the Mαβ term is a Majorana mass term for the Σα fields and is generated by physics
at some higher energy scale. After spontaneous symmetry breaking a Dirac mass term is
generated between the neutrinos and the neutral component of the triplet, Σ0

α. Indeed, we
get a 3×NΣ Dirac mass matrix MD = v√

2
yαβ and a NΣ ×NΣ heavy Majorana mass matrix

(MΣ0)αβ = Mαβ, so that we can write

Lνm = −1

2
ncMD+Mn+ h.c. , (3.39)

here Lνm contains all the terms from Lm which involve Σ0. We have for the mass matrix

MD+M =

(
0 MT

D

MD MΣ0

)
and n =

(
νL

(Σ0)c

)
, with Σ0 = (Σ0

1, ...,Σ
0
NΣ

)T . We can now see that

this is completely analogous to type I seesaw and that the Σ0
α fields play the role of the

right-handed neutrino fields. Following the line of reasoning from the type I case, we obtain
for the neutrino masses

Mν ' −MT
DM

−1
Σ MD. (3.40)

As before, taking a large mass for the introduced fields results in a small neutrino mass.

It is interesting to see that in each of these seesaw scenarios the effective operator at low
energy is similar to the dimension 5 operator (3.11) discussed earlier. In the case of type
II seesaw this is rather clear. After the neutral component of the scalar triplet fields has
acquired its VEV, u ∼ v2

M
, the mass term (3.34) has exactly the same form as the dimension

5 operator after spontaneous symmetry breaking, (3.12). In the case of type I and III seesaw
we can see this by integrating out the introduced fermion fields. The relevant piece of the
Lagrangian, before spontaneous symmetry breaking, for both cases, is

−L = χmDφ̃
†LL +

1

2
χMRχ

c + h.c. , (3.41)

where χ represents either the right-handed neutrinos or the Σ0 fields from the triplet fermions
and mD is a matrix of dimensionless coupling constants. Assuming that at low energy we
can neglect the kinetic term for χ we obtain for the equation of motion

0 ' −∂L
∂χ

= mDφ̃
†LL +MRχ

c. (3.42)

We now have for the introduced fermion fields

χc ' −M−1
R mDφ̃

†LL, χ ' −(φ̃†LL)cmT
DM

−1
R . (3.43)
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Inserting this into the Lagrangian, we get

L ' 1

2
(φ̃†LL)cmT

DM
−1
R mD(φ̃†LL) + h.c. . (3.44)

This is equal to (3.11) when
gαβ
M

= −(mT
DM

−1
R mD)αβ. The dimension 5 operator thus seems

to describe each of these scenarios effectively at low energy.
We now move on to discuss the neutrino mixing matrix for these different scenarios.

Mixing matrix

We will discuss the diagonalization of the most general (seesaw) neutrino mass matrix.
We will take the neutrino mass matrix to be the most general mass matrix that can be
produced by seesaw type I, II or III or a combination of these. Such a matrix can still be

written as MD+M =

(
ML MT

D

MD MR

)
, where we imagine the Dirac mass matrix to result from

the coupling of neutrinos to singlet or triplet fermion fields or both. MR then results from
the coupling of these fermion fields among themselves. Note that for type II seesaw we have
MD = MR = 0. In this case the neutrino mixing matrix comes about in exactly the way as
in the case of the dimension 5 operator.

In what follows nL =

(
νL
χc

)
, where χ again stands for the newly introduced fermion

fields, NR is the number of fields that are introduced and N = NR + 3.
To see what happens to the mixing matrix we diagonalize the neutrino mass matrix by

changing our basis as before, so that

Lνm = −1

2
ncLM

D+MnL + h.c. = −1

2

∑
i

N c
L,imiNL,i + h.c. , (3.45)

here nL = VνNL in which Vν diagonalizes MD+M , nL contains the left-handed weak eigen-
states and NL the mass eigenstates. We can write the left-handed neutrinos as linear com-
binations of the mass eigenstates as follows

νL,α = (Vν)αkNL,k, (3.46)

where α = e, µ, τ and k ranges from 1 to N . Now diagonalizing the charged lepton mass
matrix as we did before, we have the following weak charged current

LCC ∼ W+
µ lLγ

µνL + h.c. = W+
µ l

m
L,αγ

µ(V †l )αβ(Vν)βkNL,k + h.c. , (3.47)

where Vl is one of the 3× 3 matrices diagonalizing the charged lepton matrix as before and
α and β range over the flavors while k ranges from 1 to N . We can conclude that the weak
basis and the mass basis are related as follows

νwL,α = (V †l )αβ(Vν)βkνL,k = UαkνL,k, α = e, µ, τ, β = 1, 2, 3, k = 1, ..., N, (3.48)

νc,wR,α = (Vν)αkνL,k, α = 1, ..., NR, k = 1, ..., N. (3.49)
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It can be seen that Uαk = (V †l )αβ(Vν)βk is in general not a unitary matrix. Although Vl and
Vν are unitary matrices, the rectangular matrix (Vν)αk, α = 1, 2, 3, k = 1, ..., N in general
is not. This means that even though UU † = I, generally U †U 6= I.

In the cases of pure type I or III seesaw it can be seen that the diagonalizing matrix Vν
will be of the form

Vν ' W

(
A 0
0 B

)
, (3.50)

where A a 3 × 3 matrix and B a NR × NR matrix diagonalize −MT
DM

−1
R MD and MR,

respectively. Looking at W we see that the upper left block is of order one while the upper
right block is of order MDM

−1
R . This tells us that up to order MDM

−1
R the matrix U is block

diagonal. So, up to order MDM
−1
R we have

νwL,α = UαkνL,k, i = e, µ, τ, k = 1, 2, 3. (3.51)

Which means that the light and heavy states mostly mix among themselves and that mixing
between light and heavy states is suppressed by a factor MDM

−1
R . In most models the

mixing between the heavy and light states is neglected and the PMNS matrix is taken to be
(nearly unitary) UPMNS = V †l V

′
ν where V ′ν is the matrix diagonalizing the upper-left block

of W TMD+MW , which is −MT
DM

−1
R MD. Under these approximations the parametrization

of UPMNS is the same as in equation (3.19).
The non-unitarity of U has an effect on the neutral part of the weak interaction. If we

rewrite the neutrino neutral current in mass eigenstates we obtain

νLγ
µνL = NLγ

µV †ν VνNL = NLγ
µU †UNL. (3.52)

The neutrino neutral current is no longer diagonal in the mass basis, though the off-diagonal
terms are of the order MDM

−1
R .

Now that we have studied the mass terms and resulting mixing matrices there is one
more part we will need in order to construct an A4 model. This part is the Higgs sector.
When the Higgs fields acquire vacuum expectation values (VEVs) they provide mass terms
for the fermions. A different VEV will in general provide different mass terms. Since it is
these mass terms we are particularly interested we will have to study the possible VEVs of
the Higgs fields. This is exactly the goal of the next Chapter.
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4

Higgs sector

In this thesis the goal is to reproduce the mixing matrices, in order to do so we will need
to be able to construct the mass matrices of the fermions. For this we not only need to
know about the symmetry group and the possible mass terms, but also about the VEVs of
the Higgs doublets. These help determine the mass matrices and so it is important to know
which VEVs are possible. The Higgs masses are also of interest since these should obey
experimental constraints. In order to find the possible vacua and the masses of the Higgs
particles, we need the scalar potential. In search of the minima and the Higgs masses we will
follow the reasoning of [5] and [17]. In this Chapter we will try to find the possible VEVs
and see which of them are acceptable and which are not.

4.1 Multiple Higgs doublets

Throughout most of this thesis we will assume two additional Higgs SU(2) doublets, so
that we have three Higgs doublets acting as a triplet under A4. The reason for this is that
in order to get viable mass matrices for the quarks and leptons, the Higgs doublet needs to
be something other than a singlet, see [18]. In A4 this leaves only a triplet assignment for
the Higgs field. This means that we will need two additional Higgs doublets.

Before we start discussing the Higgs potential we will look at what changes in the SM
when we introduce two additional doublets. The Higgs mechanism does not only gives rise
to the fermion masses but also provides the W± and Z bosons with masses. To see how this
goes when we have three doublets instead of one, we will take a look at the relevant part
in the Lagrangian. This is the term involving the covariant derivative, in the case of three

doublets, φi =

(
φ+
i

φ0
i

)
, (i = 1, 2, 3), and A4 invariance it is given by

L =
∑
i

(Dµφ)†i (D
µφ)i, (4.1)

here (Dµφ)i = (∂µ− ig2~τ . ~Aµ− i
g′

2
Bµ)φi. Where g (g′) and Aaµ (Bµ) are the coupling constant

and gauge field of SU(2) (U(1)) respectively and τa are the Pauli matrices. We assume the
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Higgs fields acquire the following neutral VEVs

〈φi〉 =

(
0

1√
2
vi

)
. (4.2)

The vi are in general complex, the covariant derivative in the vacuum is then as follows

(Dµ〈φ〉)i =
vi√

2

(
−ig

2
(A1

µ − iA2
µ)

i
2
(gA3

µ − g′Bµ)

)
. (4.3)

The minimum of the Lagrangian of (4.1) then becomes

L0 =
gv2

8

[
(A1

µ)2 + (A2
µ)2
]

+
v2

8

[
gA3

µ − g′Bµ

]2
, (4.4)

here v2 =
∑

i |vi|
2. This means that we have the usual fields with slightly modified (compared

to the SM) expressions for the masses

W± =
1√
2

(A1
µ ± iA2

µ), M2
W =

g2v2

4
,

Z =
gA3

µ − g′Bµ√
g2 + g′2

, M2
Z = v2 g

2 + g′2

4
,

Aµ =
gA3

µ + g′Bµ√
g2 + g′2

, MA = 0.

(4.5)

We see that the main difference with the one doublet case of the SM is that the squared
VEV of the old doublet has been replaced by the sum of the squares of the new ones,
v2
SM → |v1|2 + |v2|2 + |v3|2. Fortunately, there is still a massless combination of the gauge

fields so that the photon field remains massless. Note however, that the vacuum alignment we
chose is an assumption since the charged components, φ+

i , may obtain a VEV as well. If one
of these charged components would obtain a VEV there is no longer a massless combination of
the gauge fields available. This, together with the fact that this would produce an electrically
charged vacuum (when it is not compensated by the VEV of another, oppositely charged,
field), makes these VEVs undesirable. This is the reason that in what follows we will assume
that the Higgs doublets acquire the following VEVs

φ1 =

(
0

v1e
−iα/2

)
, φ2 =

(
0

v2e
iβ/2

)
, φ3 =

(
0

v3e
iγ/2

)
. (4.6)

We will denote this as (v1e
−iα/2, v2e

iβ/2, v3e
iγ/2). The vi are now real, note that we can

set one of these phases to zero by a global rotation.
Our goal is to see what kind of vacua are possible and to calculate the Higgs masses in

these cases. From this we can then conclude which of the vacua are suitable to use in a
model and which we can discard. Towards this end, in the next section we will construct to
most general A4 invariant potential.
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4.2 The Higgs potential

If we have three Higgs doublets the most general potential, invariant under the SM
symmetries and A4, is

V =µφ†φ+ λ1(φ†φ)1(φ†φ)1 + λ2(φ†φ)1
′
(φ†φ)1

′′
+ λ3(φ†φ)31(φ†φ)32

+{λ4(φ†φ)31(φ†φ)31 + λ5(φ†φ)32(φ†φ)32 + h.c.}
=µ(φ†1φ1 + φ†2φ2 + φ†3φ3) + λ1(φ†1φ1 + φ†2φ2 + φ†3φ3)2

+λ2(φ†1φ1 + ω2φ†2φ2 + ωφ†3φ3)(φ†1φ1 + ωφ†2φ2 + ω2φ†3φ3)

+λ3

[
(φ†3φ2)(φ†2φ3) + (φ†1φ3)(φ†3φ1) + (φ†2φ1)(φ†1φ2)

]
+
[
λ4[(φ†2φ3)2 + (φ†3φ1)2 + (φ†1φ2)2] + λ5[(φ†3φ2)2 + (φ†1φ3)2 + (φ†2φ1)2] + h.c.

]
,

(4.7)

here we used the MR basis and all the parameters are real, apart from λ4 and λ5 which are
in general complex. Note that although we wrote down all the possible A4 contractions, we
only used one SU(2) contraction, φ†φ. This is because all the other possible contractions
can be written in terms of this one. To see this we will look into these other contractions.
The multiplication rules of SU(2) are

2 ⊗ 2 = 1 ⊕ 3, 3 ⊗ 3 = 1 ⊕ 3 ⊕ 5. (4.8)

This means we can build singlets from the doublets, a(′) = (a
(′)
1 , a

(′)
2 ) and b(′) = (b

(′)
1 , b

(′)
2 ), as

follows 1 ∼ (ab)1, ((ab)3(a′b′)3)1. The superscript denotes the irrep the combination inside
the brackets is in. We have two types of doublets in our potential, φi and φ̃i. The first term
then allows us to construct the singlets (φiφj)

1 = φTi φ̃
∗
j , (φ̃iφ̃j)

1 = φ†i φ̃j and (φ̃iφj)
1 = φ†iφj,

where the Clebsch-Gordan coefficients were used to write them out explicitly. The only
non-zero coupling that can be constructed from this which we have not yet used is

(φ†i φ̃j)(φ
T
k φ̃l
∗
). (4.9)

A4 restricts this term some more, among other things it demands that each index should
appear an even number of times. To see this, note that the three elements of the class C4

(section 2.1) imply that the potential should be invariant under

φa → −φa, φb → −φb, φc → φc, (4.10)

with a, b, c any permutation of 1, 2, 3. Since we only have three Higgs doublets, it is clear
that two of the indices of the quartic term (4.9) should be equal, say i = j for clarity. If we
now apply the transformation (4.10) with a = i we see that the term goes to minus itself
unless k = l, in which case it is invariant. So indeed, every index should appear an even
number of times, this holds for every term in the Higgs potential. This means we are left
with just one term which is of the form

(φ†i φ̃j)(φ
T
i φ̃j

∗
) =(φ†i φ̃j)(φ

T
i φ̃j

∗
)T = −(φ†i φ̃j)(φ

T
j φ̃i
∗
)

=− φ−i (φ0
j)
∗φ+

j φ
0
i + φ−i (φ0

j)
∗φ0

jφ
+
i + (φ0

i )
∗φ−j φ

+
j φ

0
i − (φ0

i )
∗φ−j φ

0
jφ

+
i

=(φ†iφi)(φ
†
jφj)− (φ†iφj)(φ

†
jφi),

(4.11)
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where we used the fact that the second Pauli matrix is anti-symmetric in the first line.
Now, for terms of the form ((ab)3(a′b′)3)1. The Clebsch-Gordan coefficients for two SU(2)

doublets, a and b, and two triplets, c = (c1, c2, c3) and d = (d1, d2, d3) are

(ab)3 ∼ (a1b1,
√

1/2(a1b2 + a2b1), a2b2), (cd)1 ∼ c1d3 + c3d1 − c2d2. (4.12)

By using the two doublets φi and φ̃i we can construct three kinds of triplets (φiφj)
3, (φ̃iφ̃j)

3

and (φiφ̃j)
3. From this it can be seen that from all the possible terms only the following

contractions are allowed
(φiφ̃j)

3(φkφ̃l)
3, (φ̃iφ̃j)

3(φkφl)
3. (4.13)

Again, A4 requires that every index appears an even number of times. This restricts the
number of terms somewhat, by writing these out we find that they can be written as

(φ̃iφ̃i)
3(φjφj)

3 = (φ†iφj)
2, (φ̃iφ̃j)

3(φiφj)
3 = 1

2

[
(φ†iφi)(φ

†
jφj) + (φ†iφj)(φ

†
jφi)

]
, (4.14)

(φiφ̃j)
3(φiφ̃j)

3 = −1
2
(φ†jφi)

2, (φiφ̃j)
3(φjφ̃i)

3 = 1
2
(φ†iφj)(φ

†
jφi)− (φ†iφi)(φ

†
jφj), (4.15)

(φiφ̃i)
3(φjφ̃j)

3 = 1
2
(φ†iφi)(φ

†
jφj)− (φ†iφj)(φ

†
jφi). (4.16)

So it can now be concluded that any SU(2) contraction invariant under A4 can indeed be
written in terms of φ†iφj. This implies that the potential discussed above is indeed the most
general one, after renaming the parameters it can be written as

V =µ(φ†1φ1 + φ†2φ2 + φ†3φ3) + λ1(φ†1φ1 + φ†2φ2 + φ†3φ3)2

+λ2

[
(φ†1φ1)(φ†2φ2) + (φ†1φ1)(φ†3φ3) + (φ†3φ3)(φ†2φ2)

]
+(λ3 − λ2)

[
(φ†3φ2)(φ†2φ3) + (φ†1φ3)(φ†3φ1) + (φ†2φ1)(φ†1φ2)

]
+

1

2
λ4

[
eiε
[
(φ†2φ3)2 + (φ†3φ1)2 + (φ†1φ2)2

]
+ h.c.

]
,

(4.17)

here the parameters µ, λi and ε are all real. We renamed the parameters as follows

λ1 = λ′1 + λ′2, λ2 = −3λ′2,

λ3 = λ′3 − 3λ′2,
1

2
λ4e

iε = λ′4 + (λ′5)∗,
(4.18)

where the primes denote the old parameters.
The parameters are constrained by the demand that the potential should be bounded

from below. This should hold in the limit that we let any combination of the fields go to
infinity as well. Since µ will be negative in order to facilitate a minimum away from the
origin, the contribution of the quartic terms should be positive when we take such a limit.
We will write the fields as

φi =

(
|φ+
i |eiβi
|φ0
i |eiα

)
. (4.19)

The constraints we find this way are given in Table (4.1). Adding the (π/2) in the last row
corresponds to the minus sign and without it the condition with the plus sign is obtained.
Whether this is the complete set of constraints is uncertain. In any case, each of these
constraints we found should be satisfied by the potential.
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Constraint (|φ+
1 |, |φ+

2 |, |φ+
3 |) (|φ0

1|, |φ0
2|, |φ0

3|) Phases
λ1 > 0 (∞, 0, 0) (∞, 0, 0) -

3λ1 + λ3 + λ4 cos ε > 0 (∞,∞,∞) (∞,∞,∞) αi = βi = 0

3λ1 + λ3 > 0 (∞,∞,∞) (∞,∞,∞)
αi = βi,
β1 = β3 + ε/4 + 3π/8,
β2 = β3 − ε/4 + π/8

4λ1 + λ2 > 0 (∞, 0,∞) (∞, 0,∞) α1 = β1 − β3 + α3 + π

4λ1 + λ3 ± λ4 > 0 (∞, 0,∞) (∞, 0,∞)
αi = βi,
β1 = β3 − ε/2 + (π/2)

Table 4.1: The constraints on the parameters of the potential obtained by demanding that the
potential is bounded from below.

4.3 CP violation

Now that we know the potential, we can try to see whether or not there is CP violation
in the Higgs sector. Under the simplest CP transformation the Higgs doublets transform

as φi → φ∗i , where φi =

(
φ+
i

φ0
i

)
. The Higgs potential (4.17) is clearly not invariant under

this transformation, the transformation effectively changes ε to −ε. However, one can also
perform a basis transformation under which the physical content of the Lagrangian does not
change. Such a transformation can be written as

φi
basis−−−→ φ′i = Vijφj, (4.20)

where Vij is unitary. We can then define a more general CP transformation as follows, [19],

φi
CP−−→ Uijφ

∗
j , (4.21)

where Uij is unitary. The Higgs potential conserves CP if there exists a matrix U such that
the CP transformation (4.21) leaves the Higgs potential invariant, [19]. We can now see that
the Higgs potential (4.17) is invariant when we combine the simplest CP transformation with
the exchange of two Higgs doublets. For instance, if we exchange the first and second Higgs

doublets the matrix U becomes, U =

0 1 0
1 0 0
0 0 1

 and the doublets transform as follows

φ1
CP−−→ φ∗2, φ2

CP−−→ φ∗1, φ3
CP−−→ φ∗3. (4.22)

The Higgs potential is indeed invariant under this CP transformation. In this way we can
conclude that there is no explicit CP violation in the Higgs potential.

However, there is still the possibility of spontaneous CP violation. Near the minimum

the VEVs are acquired and the Higgs doublets can be written as φ0i =

(
φ+
i

vi + φ0
i

)
, where vi

are in general complex. For the potential to be CP invariant in this case it can be shown
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that the CP transformation should satisfy [20]

〈φi〉 =
∑
j

Uij〈φj〉∗. (4.23)

So we get (v1, v2, v3)T = U(v∗1, v
∗
2, v
∗
3)T . Using the same CP transformation on the Higgs fields

as before, (4.22), we see that (4.23) is satisfied when1 v3 ∈ Re and v1 = v∗2. When these
constraints are satisfied, the A4 Higgs potential will be invariant under the CP transformation
(4.22) even after the VEVs are acquired. This is the case for all minima looked at in [17],
these will be discussed in section 4.4.

4.3.1 Invariants

Instead of searching for a transformation that leaves the potential invariant, it is often
simpler to calculate so called invariants. These are quantities which depend on the param-
eters of the Higgs potential and are invariant under a basis transformation. They are zero
when CP is conserved and when any of them is non-zero CP is violated. If the A4 Higgs
potential is indeed CP conserving these invariants should all be zero.

Explicit CP violation

There are two kinds of invariants; those that deal with the potential before the VEVs
are acquired and those that deal with the potential afterwards. We will first look at the case
before the VEVs are acquired, i.e. we will see if there is explicit CP violation. In doing so,
we will follow [19].

To see how such invariants can be constructed, consider a general multi-Higgs doublet
potential

V = φ†iYijφj + φ†iφjZijklφ
†
kφl, (4.24)

where Yij = Y ∗ji, Zijkl = Z∗jilk and Zijkl = Zklij by hermiticity. Under a basis transformation,
(4.20), we have

Y ′ij = ViaYabV
†
bj, Z ′abcd = VaiVckZijklV

†
jbV

†
ld. (4.25)

If the potential is invariant under a CP transformation, (4.21), then there should be a matrix,
U , such that

Y ∗ab = U †aiYijUjb, Z∗abcd = U †aiU
†
ckZijklUjbUld. (4.26)

We will write the matrices as Zbd
ac = Zabcd and Y b

a = Yab.
These relations give us the means to construct invariants. By combining a number of

these matrices and contracting each upper index with a lower index, we obtain scalars, Ii,
which are invariant under a basis transformation. This can be seen by applying a basis
transformation, (4.25), to such a scalar. Since every upper index is contracted with a lower
index, every matrix V (which appears through the basis transformation) is contracted with
its hermitian conjugate. Thus, a basis transformation will leave the quantities Ii invariant.

1If we had chosen to exchange another pair of Higgs doublets, say, φi and φj (i 6= j) in the CP transfor-
mation (4.22), these constraints would change to vi = v∗j and vk ∈ Re, where i 6= k 6= j.
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If the potential is invariant under a CP transformation, (4.21), the relations (4.26) should
hold. Because in the invariants, Ii, every upper index is contracted with a lower index, each
matrix Uai we obtain through use of (4.26) will be contracted with another, U †ib. Thus (4.26)
implies that such a scalar will be equal to its conjugate.

So, we now have quantities, Im Ii, which are invariant under a basis transformation and
zero when CP is conserved (i.e. when (4.26) holds). The simplest invariants we could
construct in this way are

Im I1 = ImY i
i , Im I2 = ImZkl

kl , Im I3 = ImZ lk
kl ,

Unfortunately, these simple examples are identically zero since Y and Z are both hermitian.
However, it is possible to construct useful invariants in this way.

For three Higgs doublets one of the simplest invariant which is relevant is given by, [19],

Im I4 = Im
[
Znq
akY

m
n Z

rs
mqZ

tx
rxZ

ka
ts

]
∼ (Y33−Y22)f(Z)+(Y33−Y11)g(Z)+(Y22−Y11)h(Z), (4.27)

where f(Z), g(Z) and h(Z) are functions of the elements of Z. From the explicit form of
this invariant it can be seen that it will be zero in the A4 case. For the A4 Higgs potential,
Y = µ1l in any basis, which means Im I4 vanishes. This was to be expected since in the
A4 Higgs potential we have already identified a CP transformation (4.21) which leaves the
potential invariant.

Spontaneous CP violation

In the case of spontaneous CP violation we will follow [21]. We now have two conditions
for CP invariance in the vacuum: 1) before the VEVs were acquired there should exist a
CP transformation, (4.21), which leaves the potential invariant. 2) the CP transformation
matrix, U , should satisfy (4.23). In this case invariants will be developed from a specific
basis. Namely, the basis in which just one of the doublets acquires a VEV.

We will start in a general basis with the general VEVs 〈φ〉 = (v1, v2, v3). Assuming there
is a CP transformation, (4.21), which leaves the potential invariant and (4.23) is satisfied,
we have

U

v∗1v∗2
v∗3

 =

v1

v2

v3

 . (4.28)

From here we move to the basis, φ′, in which just one doublet acquires a (real) VEV, we
have

φ′ = V φ, (4.29)

such that 〈φ′〉 = (v, 0, 0), (v ∈ Re) and thus V

v1

v2

v3

 =

v0
0

. In this basis the CP

transformation is
φ′

CP−−→ U ′φ′∗, (4.30)

where U ′ = V UV T . It can be seen that (4.23) is satisfied in this basis as well

U ′

v0
0

 = V U

v∗1v∗2
v∗3

 = V

v1

v2

v3

 =

v0
0

 . (4.31)
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For this to hold U ′ should have the form U ′ =

 1 0 0
0
0

U2×2

, where U2×2 is a unitary 2 by

2 matrix.
In the φ′ basis the Higgs fields Imφ0′

1 and φ+′
1 are the Goldstone bosons, which are eaten

by the W and Z bosons. Thus the CP transformation in this basis

φ′
CP−−→ U ′φ′∗, (4.32)

reduces to (
φ′2
φ′3

)
CP−−→ U2×2

(
φ′∗2
φ′∗3

)
, (4.33)

while leaving Reφ0′
1 invariant. Thus, if the potential is invariant under a general CP trans-

formation, (4.21), and (4.23) holds then in the φ′ basis the potential is invariant under a CP
transformation of the form of (4.33).

When we write the neutral Higgs fields and U2×2 in their real and imaginary components,
Φ0 = (Reφ0′

2 ,Reφ0′
3 , Imφ0′

2 , Imφ0′
3 )T and U2×2 = ReU2×2 + i ImU2×2, the transformation of

(4.33) for the neutral fields can be written as

Φ0 CP−−→
(

ReU2×2 ImU2×2

ImU2×2 −ReU2×2

)
Φ0 = U4×4Φ0, (4.34)

where U4×4 is a orthogonal matrix. A similar transformation holds for the charged fields,
which can be obtained by letting Φ0 → Φ+ = (Reφ+′

2 ,Reφ+′
3 , Imφ+′

2 , Imφ+′
3 )T . Similarly,

a basis transformation,

(
φ′2
φ′3

)
basis−−−→ K

(
φ′2
φ′3

)
, where K is a unitary 2 by 2 matrix, can be

written as

Φ0 basis−−−→
(

ReK − ImK
ImK ReK

)
Φ0 = K4×4Φ0, (4.35)

where K4×4 is orthogonal. Again analogously for Φ+. The matrices U4×4 and K4×4 have the
properties

K4×4ε(K4×4)T = ε,

U4×4ε(U4×4)T = −ε,
(4.36)

where ε =

(
0 1l2
−1l2 0

)
. With these properties we can construct quantities which are invariant

under a basis transformation but uneven under a CP transformation, as was done in [21].
This can be achieved by going back to the potential which can now be expressed in

terms of Φ0, Φ+ and Reφ0′
1 . We can imagine the parameters of the Higgs potential to be

transforming under a CP transformation. Tensors of parameters connecting a vector, Φ0

or Φ+, with invariants will transform as a vector, tensors connecting two vectors (some
combination of Φ0 and Φ+) will transform as a second rank tensor, etc. For example, the
terms making up the neutral and charged mass matrices are

Vm =
1

2
M2

11(Reφ0′
1 )2 + Reφ0′

1 b
TΦ0 +

1

2
(Φ0)T cΦ0 +

1

2
(Φ+)ThΦ+

CP−−→1

2
M2

11(Reφ0′
1 )2 + Reφ0′

1 b
TU4×4Φ0 +

1

2
(Φ0)TUT

4×4cU4×4Φ0 +
1

2
(Φ+)TUT

4×4hU4×4Φ+

(4.37)
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where the neutral mass matrix is given by M2 =

(
M2

11 bT

b c

)
, c is a 4 by 4 matrix and

b a vector of length 4. The 4 by 4 charged mass matrix is M2
C = h. Thus, under a CP

transformation b
CP−−→ UT

4×4b, c
CP−−→ UT

4×4cU4×4 and h
CP−−→ UT

4×4hU4×4. While under a basis

transformation we have b
basis−−−→ KT

4×4b, c
basis−−−→ KT

4×4cK4×4 and h
basis−−−→ KT

4×4hK4×4. With
this we can construct invariants, the simplest ones would be

bT εb, Tr[cε], Tr[hε],

all of these quantities are invariant under a basis transformation but uneven under a CP
transformation, however, they are also identically zero. This can be seen by recalling that c
and h are symmetric while ε is antisymmetric. Thus, the simplest useful invariants are

J1 = bT cεb, J2 = bT ccεb, (4.38)

these are both invariant under a basis transformation but odd under a CP transformation
(by equations (4.36)). Of course, more invariants can be constructed by replacing c by h in
J1 and J2. Furthermore, additional invariants can be obtained by sandwiching ε between
more and more elements of M .

If there exists a matrix U4×4 such that the potential is invariant under a CP transforma-
tion, (4.34), then from (4.37) we must have b = UT

4×4b, c = UT
4×4cU4×4 and h = UT

4×4hU4×4.
Since the invariants are uneven under a CP transformation these equalities imply Ji = −Ji.
For example, if there exists a matrix U4×4 such that the potential is invariant under (4.34)
then we can write

J1 = bT cεb = bTU4×4U
T
4×4cU4×4εU

T
4×4b = −J1, (4.39)

so that J1 = 0.
In conclusion, if there exists a CP transformation (4.21), in any basis, under which the

potential is invariant before the VEVs are acquired and the transformation matrix satisfies
(4.23), this will lead to a CP transformation of the form (4.34) which leaves the potential
invariant in the φ′ basis. The existence of such a CP transformation which leaves the potential
invariant in this basis then implies that the kind of invariants we have just constructed and
are mentioned in [19] are zero.

These conditions are met in the A4 Higgs sector. Namely, there is a CP transformation,
(4.22) which leaves the potential invariant. In this case the CP transformation matrix satisfies
(4.23) for all the vacua as we will see in the next section. This implies that there is no CP
violation in the Higgs sector, explicit nor spontaneous. If we check this explicitly for the A4

Higgs potential, then both J1 and J2 are indeed zero. In principle however, the VEVs of the
Higgs doublets could still contribute to CP violation in the CKM and PMNS matrices. If or
when this happens remains to be seen.

We will now return to the Higgs potential and derive the minimum conditions to see
what the possible and interesting vacua are.

4.4 The vacuum solutions

Before we look at the possible vacua, it should be mentioned that there are some configu-
rations of the parameters we will not be interested in. These are the configurations for which
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the potential has additional accidental symmetries. These are unwanted because if we are
studying an A4 invariant theory we want the Higgs potential to be invariant under A4 and
not invariant under some larger symmetry group, G > A4. Also, when a continuous sym-
metry is present in the potential and is spontaneously broken when the VEVs are acquired
we will obtain additional Goldstone bosons. Since the potential is invariant under SU(2)
which gets spontaneously broken we already have the usual three Goldstone bosons. This is
exactly the amount that can be eaten by the gauge bosons so that they obtain a mass, as
they did in (4.5). This means that we will not be able to get rid of the massless particles
generated by the spontaneous breaking of the larger symmetry. For these reasons we will
not use any vacuum which constrains the parameters in such a way that the potential has
additional symmetries.

There are several accidental symmetries possible in this potential. For example, setting
λ4 = 0 leaves the potential invariant under two U(1) symmetries, φ1,2 → eiα1,2φ1,2. Note
that there is another transformation which leaves the potential invariant, φi → eiαφi, but it
is already present in the most general potential and is part of the SU(2)× U(1) symmetry.

Another continuous symmetry that could be possible for some value of the parameters
is an SO(3) symmetry. In other words the potential might become invariant under ~φ→ O~φ

where ~φ = (φ1, φ2, φ3)T and O is a 3 by 3 orthogonal matrix with determinant 1. This can be
checked by writing down the most general SO(3) symmetric potential. Since SO(3) contains
the transformations φi → −φi, we know that every index, i, should appear an even number
of times in every SO(3) invariant term. The argument from the A4 case then applies here
as well and we again conclude that we only need to consider the SU(2) contraction φ†iφj. If
~φ is a triplet of SO(3) then so is ~φ† and the most general SO(3) invariant potential is

VSO(3) = g1(~φ†~φ)1 + g2(~φ†~φ)1(~φ†~φ)1 + g3(~φ†~φ)3(~φ†~φ)3 + g4(~φ†~φ)5(~φ†~φ)5 (4.40)

This can be worked out with the help of the Clebsch-Gordan coefficients, after some rewriting
and renaming of the parameters this can be written as

V =g1(φ†1φ1 + φ†2φ2 + φ†3φ3) + g2(φ†1φ1 + φ†2φ2 + φ†3φ3)2

+g′3[(φ†1φ1)(φ†2φ2) + (φ†1φ1)(φ†3φ3) + (φ†3φ3)(φ†2φ2)

−[(φ†3φ2)(φ†2φ3) + (φ†1φ3)(φ†3φ1) + (φ†2φ1)(φ†1φ2)]]

+g′4[(φ†2φ3)2 + (φ†3φ1)2 + (φ†1φ2)2 + (φ†3φ2)2 + (φ†1φ3)2 + (φ†2φ1)2

−2[(φ†3φ2)(φ†2φ3) + (φ†1φ3)(φ†3φ1) + (φ†2φ1)(φ†1φ2)]]

(4.41)

We see that the most general A4 potential (4.17) takes this form when λ3 +λ4 = 0 and ε = 0.
Thus, we now have identified two cases we will not consider. This is not to say that all the
other vacua will be without extra symmetries and Goldstone bosons, but at least we have
ruled out two uninteresting cases which we can now avoid altogether. Some vacua with these
extra symmetries were looked at in [17] in which case extra massless particles were indeed
found.

Now that we know two cases which we should avoid, we will try to find the minima which
are interesting to us. To find the minima we derive the vacuum expectation value of the
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scalar potential with respect to the VEVs of the Higgs doublets, this leads to

0 =
∂V0

∂v1

= v1

(
µ+ 2λ1v

2 + λ3(v2
2 + v2

3) + λ4(v2
2 cos θ3 + v2

3 cos θ2

)
,

0 =
∂V0

∂v2

= v2

(
µ+ 2λ1v

2 + λ3(v2
1 + v2

3) + λ4(v2
1 cos θ3 + v2

3 cos θ1

)
,

0 =
∂V0

∂v3

= v3

(
µ+ 2λ1v

2 + λ3(v2
2 + v2

1) + λ4(v2
2 cos θ1 + v2

1 cos θ2

)
,

0 =
∂V0

∂α
= λ4v

2
1(v2

3 sin θ2 − v2
2 sin θ3),

0 =
∂V0

∂β
= λ4v

2
2(v2

3 sin θ1 − v2
1 sin θ3),

0 =
∂V0

∂γ
= λ4v

2
3(v2

1 sin θ2 − v2
2 sin θ1), (4.42)

where

θ1 =ε− β + γ, θ2 = ε− α− γ,
θ3 =ε+ α + β, v2 = v2

1 + v2
2 + v2

3.
(4.43)

We will now see what the solutions to these equations are, we start by looking at the case
where the vacuum alignment is in general complex.

A: complex vacua

In this case we have two possible vacua, (v1e
−iα/2, v2, 0) and (v1e

−iα/2, v2e
iβ/2, v3)

(or permutations thereof). This is because we need at least two VEVs in order to have a
phase which cannot be absorbed by a global rotation. Working out the minimum conditions
for the first option we obtain:

1A : ( 1√
2
ve−iα/2, 1√

2
v, 0)

Plugging the first vacuum alignment into the minimum conditions we obtain ε = −α +Nπ
and (λ3 + λ4)(v2

1 − v2
2) = 0. After picking v1 = v2 there are two constraints

µ = −v
2

2
(4λ1 + λ3 + λ4), ε = −α +Nπ, (4.44)

here we have absorbed the possible sign of cos θ3 = ±1 in a redefinition of λ4.

As was shown in [5] for the second option we get the vacuum:

2A : (we−iα/2, weiα/2, rw)
Here w = v√

2+r2 , r is a dimensionless constant and we have absorbed the phase of the third
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VEV by a global rotation. This vacuum alignment then has the following constraints

0 = µ+ v2(2λ1 +
1

2 + r2
(λ3(1 + r2) + λ4(cos θ3 + r2 cos θ1), (4.45)

0 = µ+ 2v2(λ1 +
1

2 + r2
(λ3 + λ4 cos θ1), (4.46)

0 =
v4

(2 + r2)2
(r2 sin θ1 − sin θ3). (4.47)

B: real vacua

For real vacua we of course have the special cases of the complex vacua; α = β = γ = 0.
These give two possibilities:

1B : ( 1√
2
v, 1√

2
v, 0)

This vacuum is obtained by taking α = 0 in the first complex vacuum. This leads to the
following conditions on the parameters

µ = −v2(4λ1 + λ3 + λ4)/2, ε = 0. (4.48)

2B : ( 1√
3
v, 1√

3
v, 1√

3
v)

This vacuum is obtained by taking α = 0 which forces r = 1 in the second complex vacuum.
The conditions on the parameters of the potential then reduce to

µ = −v
2

3
(6λ1 + 2λ3 + 2λ4 cos ε). (4.49)

The fact that this vacuum alignment places less conditions on the parameters has a large
effect on the masses of the Higgs particles, as we will see later.

Since we are not interested in vacua with λ4 = 0 or λ4 + λ3 = 0, there is just one other
possible vacuum:

3 : (v, 0, 0)
or permutations thereof. We did not see a complex version of this vacuum, because a pos-
sible phase can be absorbed by a global rotation. Again there is just one condition on the
parameters of the potential

µ = −2λ1v
2. (4.50)

Note that all the discussed vacua indeed satisfy the relation (4.23) for CP invariance
after the VEVs are acquired. At first sight vacuum 2A may seem to violate this condition,
however this vacuum can be written as ( 1√

2
ve−iα/4, 1√

2
veiα/4, 0) by a global rotation.

In the upcoming section we will discuss the masses of the Higgs particles for each of these
vacua. From this we hope to be able to say something about whether or not a particular
vacuum is suitable for modelling.
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4.5 The Higgs masses

By inspecting the potential after the VEVs are acquired, φi =

(
1√
2
(Re φ+

i + iIm φ+
i )

vi + 1√
2
(Re φ0

i + iIm φ0
i )

)
,

we can write the mass terms as follows

Lm =
1

2
Φ†M2Φ +

1

2
(Φ+)†M2

CΦ+, (4.51)

here ΦT = (Re φ0
1, ...,Re φ0

3, Im φ0
1, ..., Im φ0

3) and (Φ+)T = (φ+
1 , φ

+
2 , φ

+
3 ). Furthermore, M2

and M2
C are a 6 by 6 and a 3 by 3 matrix respectively. By hermiticity of the Lagrangian, M2

is hermitian. It is also easy to see that it is symmetric by taking the transpose of the mass
term, ΦTM2Φ = ΦT (M2)TΦ. Thus, M2 is a real symmetric matrix and can be diagonalized
by an orthogonal matrix.

Similarly, by hermiticity we can see that MC is hermitian. It is diagonalized by a unitary
matrix. The elements of this matrix are real when the VEVs are real and ε = 0, this is
because the elements of M2

C are combinations of the parameters of the potential and the
VEVs. The matrix is then real and symmetric and diagonalized by an orthogonal matrix.

Another thing happens when the VEVs are real and ε = 0; the imaginary parts and the
real parts of the neutral fields no longer mix among each other in the neutral mass matrix.
In other words it becomes a block diagonal matrix consisting of two 3 by 3 matrices. Such
a matrix is of course diagonalized by a block diagonal matrix. This means that there are
three mass eigenstates which are linear combinations of Re φ0

i . And there are three mass
eigenstates which are linear combinations of Im φ0

i of which one is the Goldstone boson which
will be eaten by the Z boson.

Now that we are somewhat familiar with the mass matrices, we will discuss the masses.
Each of the vacuum alignments and their conditions discussed above leads to different mass
matrices. Since we have avoided vacua with additional symmetries we expect the right num-
ber of Goldstone bosons to come out, which means we expect one charged and one neutral
mass state to be zero. After calculating the eigenvalues for each of these vacua, as was done
in [17], one obtains:

1A : ( 1√
2
ve−iα/2, 1√

2
v, 0)

This vacuum has the right amount of massless states. However, when α = 0 we again obtain
the completely real case, 1A : (v, v, 0), in which case tachyonic states ensue. This can be
seen by noting that m2

1 and m2
3 cannot both be positive when α = 0. In general however,

we can have all the m2
i positive.

m2
1 =− v2(λ3 + λ4), m2

2 = v2(4λ1 + λ3 + λ4), (4.52)

m2
3 =

v2

2
(λ3 − λ4 + 2λ4 cos(3α/2)), m2

4 = −2λ4v
2, (4.53)

m2
5 =

v2

2
(λ3 − λ4 − 2λ4 cos(3α/2)), m2

6 = 0, (4.54)

m2
C1

=
v2

2
(2λ2 − λ3 − λ4), m2

C2
= −v2(λ3 − λ2 + λ4), (4.55)

m2
C3

=0. (4.56)
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2A : (we−iα/2, weiα/2, rw)
In the general complex case, 2A, the mass matrices become rather complicated, which is
why only the following cases of r will be considered:
r ∼ 0
The minimum conditions now become

ε ≈ −2α +Nπ, λ4 ≈ λ3

1−2 cos 3α
, (4.57)

µ ≈ −v2(2λ1 + λ3
1−cos 3α

1−2 cos 3α
). (4.58)

This leads to the following masses

m2
1 ∼ v2O(r2), m2

2 ∼ −2v2 λ3

1− 2 cos 3α
,

m2
3 ∼2v2(−2λ1 + (4λ1 + λ3)(1− cos 3α)/(1− 2 cos 3α)),

m2
4 ∼− 2v2λ3 cos(3α)/(1− 2 cos 3α),

m2
5 ∼− 4v2λ3 sin2(3α/2)/(1− 2 cos 3α),

m2
C1
∼− v2(λ3 − λ2 + (λ2 + (λ3 − λ2) cos 3α)/(1− 2 cos 3α),

m2
C2
∼− v2(2λ3 − 2λ2 + (λ2 + 2(λ3 − λ2) cos 3α)/(1− 2 cos 3α),

m2
6 =0, m2

C3
= 0.

(4.59)

Apart from the usual Goldstone bosons we now have another mass, m2
1, which is nearly

massless. Therefore this option is discarded.
r � 1

In this case the conditions for the minimum become

ε ≈ α +Nπ, λ3 ≈ −λ4, (4.60)

µ ≈ −2λ1v
2. (4.61)

Since λ3 + λ4 ≈ 0 we now have an approximate O(3) symmetry and so one might expect
extra (nearly) massless states. Indeed, one finds m2

1,2 to be very small

m2
1,2 ∼v2O(1/r2), m2

3 ∼ 4λ1v
2, (4.62)

m2
4,5 ∼2λ3v

2, m2
6 = 0, (4.63)

m2
C1,C2

∼λ2v
2, m2

C3
= 0. (4.64)

Since m2
1,2 are nearly massless this case is discarded.

2B : (
√

1
3
v,
√

1
3
v,
√

1
3
v)

The real case, 2B, is quite different. The mass matrices are simpler again and the masses
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can be calculated analytically. In this case we get the right number of massless states

m2
1 =

4v2

3
(3λ1 + λ3 + λ4 cos ε), m2

6 = 0,

m2
2,3 =

v2

3
(−λ3 − 4λ4 cos ε+

√
λ2

3 + 4λ2
4(2− cos 2ε) + 4λ3λ4 cos ε),

m2
4,5 =

v2

3
(−λ3 − 4λ4 cos ε−

√
λ2

3 + 4λ2
4(2− cos 2ε) + 4λ3λ4 cos ε),

m2
C1,C2

= −v
2

3
(3(λ3 − λ2) + 3λ4 cos ε±

√
3λ4 sin ε),

m2
C3

= 0.

(4.65)

3 : (v, 0, 0)
The last vacuum again gives us the right amount of massless states.

m2
1 =4v2λ1, m2

2,3 = v2(λ3 − λ4), (4.66)

m2
4,5 =v2(λ3 + λ4), m2

6 = 0, (4.67)

m2
C1,C2

=λ2v
2, m2

C3
= 0. (4.68)

4.6 Final remarks

With the masses calculated we can already say a lot about the different vacua. If we are
going to build a model with one of these vacuum alignments we cannot allow for tachyonic
states, simply because they are not observed. So, we can discard the vacuum with tachyonic
states, (v, v, 0). Looking at the vacuum alignment (ve−iα/2, veiα/2, rv) we see that it
produces masses of the order of m2 ∼ r2v2 (m2 ∼ v2

r2 ) where r ∼ 0 (r � 1). Unlike most
other vacuum alignments which result in masses of the order of m2

i ∼ v2. This means that
instead of a lightest Higgs mass of the order of the VEV (as it should be), the lightest
Higgs mass will be some orders of magnitude smaller. The numerical analysis performed
in [17] confirms this. Not only in the limiting cases, but in general, the lightest Higgs mass
seems to be very small. For this reason we should discard this solution as well, since nearly
massless Higgs particles are not observed. However, by adding a small A4 breaking term
in the Higgs potential this problem can be overcome, as was shown in [22]. Nonetheless, if
we assume that the A4 symmetry is not explicitly broken we can conclude that just a few
phenomenologically acceptable solutions remain. Discarding the solutions with tachyonic
states and too low Higgs masses we are left with

S1 : ( 1√
3
v, 1√

3
v, 1√

3
v), (4.69)

S2 : (v, 0, 0), (4.70)

S3 : ( 1√
2
ve−iα/2, 1√

2
v, 0). (4.71)

In the next Chapter we will first try to see whether we can build a viable model with
this Higgs sector and using these three acceptable VEVs. It appears the options are limited.
This is due to the fact that in two of these VEVs, S2 and S3, some of the Higgs doublets do
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not acquire a VEV. The remaining VEV, S1, has just one parameter in both cases this does
not allow for a lot of freedom when constructing a model.

Therefore, we will also look at a model (by Lavoura and Kühböck (LK), [5]) which uses
the VEV, 2A. This case had a very light Higgs mass, but this could remedied by adding
a small A4 breaking term in the potential. This LK model has other problems which were
discussed in [22], but the use of the 2A VEV does give more freedom when constructing a
model.

We will also discuss another model (by Altarelli and Feruglio (AF), [3]), which uses a
different Higgs sector and adds a number of additional scalar fields. From this we can see that
these additional fields allow for more freedom while constructing a model. Firstly, however,
we will discuss the possible models using the Higgs sector of this Chapter.
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5

A4 models

In this Chapter we will take a look at the fermion mass matrices we can construct in
an A4 symmetric Lagrangian. We will consider models using the previously discussed Higgs
sector, (4.17). This basically means that we will study the possible Yukawa couplings, LY ,
in combination with the Higgs sector of (4.17). When discussing the lepton sector we will
employ the dimension-5 operator and the type I seesaw mechanism (by adding right-handed
neutrinos) to generate light neutrino masses. Type II and III seesaw will not be considered.
Type III seesaw leads to the same physics for the neutrinos and type II seesaw would force
us to change the Higgs potential. We will see what kinds of models are possible with this
minimum of additional Higgs and neutrino fields. We will call these models ‘simplest A4

models’ for their small amount of additional fields.
After concluding that these options are not satisfactory for one reason or another, we will

discuss two models: the LK, [5], and the AF, [3], [11], model. The LK model uses a VEV,
2A, which requires small A4 breaking terms in the potential in order to produce acceptable
Higgs masses. The AF model uses a different Higgs sector with a number of additional scalar
fields. In both cases we will see that this allows for more freedom when constructing a model.

However, we will start by looking at the possible Dirac mass matrices in models using
the Higgs sector, (4.17), of the previous Chapter.

5.1 Simplest A4 models

The Dirac mass matrices do not only depend on the VEVs but also on the A4 representa-
tion assignment of the fermions. We will be looking for viable combinations of assignments
and vacua.

There are some restrictions to the choices one can make in the assignment of the fermions.
Because the Higgs fields constitute an A4 triplet, we will need at least one fermion A4 triplet
in order to construct A4 invariant terms of the form ψLφψR + h.c., where ψ = (ψ1, ψ2, ψ3)
is some fermion field of three generations. ψL are SU(2) doublets, whereas ψR are SU(2)
singlets. These Dirac terms are necessary since they produce the mass terms after sponta-
neous symmetry breaking. The mass terms of the charged leptons and down-type quarks are
of this form. The Dirac mass terms of the neutrinos and the up-type quarks have a similar
form, with φ replaced by φ̃.
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Furthermore, we would like members of the same SU(2) doublet to be in the same A4

representation and members of an A4 triplet to be in the same SU(2) representation. This
also restrict our field assignment.

5.1.1 Possible Dirac mass matrices

Let us begin by seeing what the consequences are for a Dirac mass matrix when it is
generated by the coupling between the Higgs fields, one A4 fermion triplet and fermion
singlets. We will be interested in the diagonalized matrices to see whether or not the correct
charged fermion masses can be produced. The masses that should be reproduced have a
strong hierarchy, m3 � m2 � m1, and none of the masses should be zero. If either demand
is not met by an assignment, the assignment is unacceptable and cannot be used to model
the charged fermions.

We start by considering the assignment ψLi ∼ 3 and ψRi ∼ 1,1′,1′′.

ψLi ∼ 3, ψRi ∼ 1,1′,1′′

Field ψL ψR φ

A4 3 1, 1′, 1′′ 3

SU(2) 2 1 2

In this case the most general A4 invariant Lagrangian is given by

−LY = y1(ψLφ)1ψR1 + y2(ψLφ)1
′′
ψR2 + y3(ψLφ)1

′
ψR3 + h.c. (5.1)

Using the relations (2.24)-(2.26) we find for the resulting mass matrix

M =

y1v1 y2v1 y3v1

y1v2 ωy2v2 ω2y3v2

y1v3 ω2y2v3 ωy3v3

 , (5.2)

here yi are Yukawa coupling constants and vi the VEVs of the Higgs doublets (in the case
of neutrino or up-type quark masses they should be replaced by v∗i ).

Note that if we permute the assignment of the singlets, say 1′,1,1′′ instead of 1,1′,1′′,
we obtain a mass matrix which has the form of the previous matrix with its columns per-
muted similarly as the singlet assignment and redefined Yukawa coupling constants. In this

case the new matrix would be given by M ′ =

 y1v1 y2v1 y3v1

ωy1v2 y2v2 ω2y3v2

ω2y1v3 y2v3 ωy3v3

 = M(y′)E where

E =

0 1 0
1 0 0
0 0 1

 and y′1 = y2, y′2 = y1 and y′3 = y3. This means that the expressions

for the masses remain of the same form. Since, generally, if the mass matrix is diagonal-
ized as follows U(y)M(y)V (y) = diag(m1,m2,m3) then the new matrix is, M ′ = M(y′)E
where E is a permutation matrix. This new matrix can be diagonalized by U(y′)M ′V ′ =
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U(y′)M(y′)V (y′) = diag(m1(y′),m2(y′),m3(y′)), where V ′ = ETV (y′). V ′ is still unitary be-
cause E is a permutation matrix and unitary itself. Thus, the only difference in the masses
is that the Yukawa coupling constants have been redefined.

If we were to assign the left-handed fields to singlets and the right-handed fields to a triplet

we would obtain the following mass matrix M ′ =

y1v1 y1v2 y1v3

y2v1 ω2y2v2 ωy2v3

y3v1 ωy3v2 ω2y3v3

 = M †(y′, v∗),

where y′ represent redefined coupling constants. So, if the old matrix is diagonalized as fol-
lows, VMU = diag(m1,m2,m3), then the new matrix (which has the form M ′ = M †(y′, v∗))
is diagonalized by U †(y′, v∗)M ′V †(y′, v∗) = diag(m1(y′, v∗),m2(y′, v∗),m3(y′, v∗)). Again the
form of the masses is not affected.

Note that if we would use the same singlet twice, e.g. 1,1′,1′, we would obtain zero
masses. The rows (or columns) of the mass matrix, M , would no longer be linearly inde-
pendent and the same would be true for MM † which would then obtain some zero as an
eigenvalue. Since the eigenvalues of this matrix correspond to the squares of the masses, one
of them will be zero.

So, any Dirac mass matrix produced through a coupling of the form ψLφψR + h.c. (with
ψL ∼ 3 and ψR ∼ any combination of singlets or vice versa) will either result in at least
one mass being zero, if the same singlet was used more than once, or it will result in the
same form of the masses as the (5.2) case. We can now see what the masses are for the
VEVs we had concluded were viable in the previous Chapter, (4.69)-(4.71).

S1 : (v, v, v)
In this case the masses that follow from the matrix are m2

1 = 3y2
1v

2, m2
2 = 3y2

2v
2

and m2
3 = 3y2

3v
2. This can be seen by noting that in this case the matrix (5.2) is

diagonalized by VM = diag(3y2
1v

2, 3y2
2v

2, 3y2
3v

2), where V =
√

1/3

1 1 1
1 ω2 ω
1 ω ω2

.

This is a good possibility, none of the charged fermion masses are forced to be zero
and all masses can be fitted by the three Yukawa constants.
S2 : (v, 0, 0)
In this case there is just one non-zero mass, m2 = (|y1|2 + |y2|2 + |y3|2)v2, thus it
cannot be used to model the charged fermions.
S3 : (ve−iα/2, v, 0)
The masses now become m3 = 0, m2

1,2 = v2(a ± |b|), where a = |y1|2 + |y2|2 + |y3|2
and b = |y1|2 + ω|y2|2 + ω2|y3|2. The zero mass makes this possibility unacceptable
as well.

ψL ∼ 3, ψR ∼ 3

Field ψL ψR φ

A4 3 3 3

SU(2) 2 1 2

We will now see whether we can construct a Dirac mass matrix with acceptable masses when
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we assign ψL ∼ 3, ψR ∼ 3. Using the relations, (2.24) and (2.29) one obtains

−LY =y1(ψL1φ2ψR3 + ψL2φ3ψR1 + ψL3φ1ψR2)

+y2(ψL3φ2ψR1 + ψL1φ3ψR2 + ψL2φ1ψR3) + h.c.
(5.3)

This gives the following mass matrix

M =

 0 y1v3 y2v2

y2v3 0 y1v1

y1v2 y2v1 0

 , (5.4)

where yi are Yukawa coupling constants and vi again the VEVs of the Higgs fields. Again,
we look at the masses for the different VEVs.

S1 : (v, v, v)

In this case the mass matrix takes the form M =

0 a b
b 0 a
a b 0

, where a = y1v and

b = y2v. The matrix is diagonalized as follows V †MV = mdiag, with

m2
1 =|a|2 + |b|2 + 2|a||b| cosα, m2

2 = |a|2 + |b|2 + 2|a||b| cos(α + 2π/3),

m2
3 =|a|2 + |b|2 + 2|a||b| cos(α− 2π/3),

(5.5)

where α = Arg(y1/y2). At first this seems viable, although the angle α may have to
be fine tuned to obtain the right masses. However, it can be seen that the hierarchy
that is present in the up- and down- type quarks and the charged lepton cannot be
reproduced in this case. To see this, we will solve the parameter |b| as a function of
the masses. We start with

|a|2 + |b|2 =
m2

1 +m2
2 +m2

3

3
≡ m2, |a||b| cosα =

2m2
1 −m2

2 −m2
3

6
≡M2,

m2
3 −m2

2 =2
√

3|a||b| sinα.
(5.6)

From this one can obtain cos2 α = 12M4

12M4+(m2
3−m2

2)2 and for |b|,

|b|2 =
1

2
m2 ± 1

2

√
m4 − 4M4 − (m2

3 −m2
2)2/3. (5.7)

Writing out the square root,

√
... = [(−m1 +m2 +m3)(m1 −m2 +m3)(m1 +m2 −m3)(m1 +m2 +m3)]1/2 , (5.8)

we see that |b|2 will be complex for m3 > m2 +m1 (or permutations thereof). Thus,
only masses which obey m3 ≤ m2 + m1 (and permutations thereof) can be realized,
meaning that the hierarchy m1 � m2 � m3 present in nature cannot be reproduced
in this case.
S2 : (v, 0, 0)
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In this case the masses turn out to be, m2
1 = 0, m2

2 = |y1|2v2, m2
3 = |y2|2v2. This is

not a viable option.

S3 : (ve−iα/2, v, 0)
In this case the masses are given by, m2

1 = 0, m2
2,3 = (|y1|2 + |y2|2)v2. This again is

not a viable option.

We can conclude that given this ‘simplest’ Higgs sector (4.17) a mass matrix that is
generated by the coupling between the Higgs fields and two A4 fermion triplets cannot
reproduce the mass hierarchy seen in nature. A mass matrix that is generated by the
coupling between the Higgs fields, one A4 fermion triplet and fermion singlets can only
reproduce the correct masses when the S1 vacuum is chosen. This is of course only true
for models using this Higgs sector (4.17). These conclusions restrict the assignment of the
fermion fields greatly. We will now see what kind of model we can produce with this in mind.

5.1.2 Constructing a model

As mentioned before, we will consider models which assume this ‘simplest’ Higgs sector.
In order to be able to produce neutrino masses we will employ the dimension-5 operator.
Additionally, we will we will introduce three right-handed neutrinos, νR, which will contribute
to the neutrino masses through type I seesaw. The considerations of the previous section
require that the Dirac mass matrices for the quarks and charged leptons1 are produced by
the coupling between the Higgs fields, one A4 fermion triplet and fermion singlets. And the
only vacuum that is viable is S1 = (v, v, v).

Quark sector

For the quark sector this means we have two options, QLi ∼ 3 and uRi, dRi ∼ 1,1′,1′′ or
QLi ∼ 1,1′,1′′ and uRi, dRi ∼ 3. As mentioned before, in both cases and for any permutation
of the singlets the masses will be of the same form.

In the case that we assign QLi ∼ 1,1′,1′′ and uRi, dRi ∼ 3 the mass matrices are diago-
nalized by, MdV = diag(md,ms,mb) and MuV = diag(mu,mc,mt). So to diagonalize these
matrices we only have to transform the basis of the right-handed fields, which means the
weak charged current stays diagonal and thus VCKM = 1l.

When we have QLi ∼ 3 and uRi, dRi ∼ 1,1′,1′′, the matrices are diagonalized by VMd =
diag(md,ms,mb) and VMu = diag(mu,mc,mt). The CKM matrix then becomes, VCKM =
V V † = 1l. Permuting the singlets in this case does not have an affect on the CKM matrix.
After permuting the assignment of the singlets, new matrices would become M ′

d = Md(y
′)Ed

and M ′
u = Mu(y

′)Eu. The Eu,d matrices can be absorbed by a redefinition of the right-
handed fields. These new mass matrices are now diagonalized by, V (y′) = V , since V does
not depend on the Yukawa couplings. So that the CKM matrix does not change. This is
actually the model discussed in [6], here a more realistic CKM matrix is obtained by allowing
for small A4 breaking terms in the Lagrangian.

1This is not necessarily the case for the neutrinos since the neutrino mass matrix also depends on the
right-handed Majorana mass terms, through type I seesaw.
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To conclude, the best possible outcome for the CKM matrix seems to be the identity
matrix, as long as we do not break A4 explicitly.

Lepton sector

The general Lagrangian from which all the mass terms for the leptons originate will be
useful in what follows. It is of the form

−LlY =LLφlR + νRφ̃LL

+
1

2Λ
(φ̃†LL)c(φ̃†LL) +

1

2
νRMRν

c
R + h.c. ,

(5.9)

where Λ is some large mass coming from a high energy scale. After the Higgs fields have
acquired their VEVs these couplings are given by

−LlY = lLMllR + νRMDνL +
1

2
νcLMLνL +

1

2
νRMRν

c
R + h.c. (5.10)

These mass matrices of course depend on the A4 representations of all the fields and the
VEVs of the Higgs fields. We will take the S1 vacuum as it is the only one which could
produce acceptable Dirac mass matrices.

For the irrep assignment we have again two choices. We can assign LLi ∼ 3 or LLi ∼
1,1′,1′′, we will start with the latter.

LLi ∼ 1,1′,1′′

Field LL lR νR
A4 1,1′,1′′ 3 3

SU(2) 2 1 1

If we pick LLi ∼ 1,1′,1′′, we are then forced to assign lRi, νRi ∼ 3 (no A4 invariant mass
terms are possible otherwise). The mass matrices are given by

Ml =v

y1 y1 y1

y2 ω2y2 ωy2

y3 ωy3 ω2y3

 , MD = v

y4 y5 y6

y4 ωy5 ω2y6

y4 ω2y5 ωy6

 ,

ML =
3v2

Λ

a 0 0
0 0 b
0 b 0

 , MR = M1l,

(5.11)

where M is a heavy mass (of the right-handed neutrinos) and yi, a and b are dimensionless
coupling constants. To diagonalize the charged lepton mass matrix we only have to transform
the basis of the charged right-handed fields, so that the diagonalization of Ml does not con-
tribute to the mixing matrix. The matrices are diagonalized by MlV

† =
√

3vdiag(y1, y2, y3)
and VMD =

√
3vdiag(y4, y5, y6). In the basis where the charged lepton mass matrix and the
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charged current are diagonal, we obtain the light neutrino mass matrix, (through the seesaw
relation (3.31))

Mν = ML −MT
DM

−1
R MD = 3v2

 a
Λ
− y2

4

M
0 0

0 0 b
Λ
− y5y6

M

0 b
Λ
− y5y6

M
0

 . (5.12)

This is not the pattern that leads to TB mixing additionally, we have two degenerate masses.
Mν is diagonalized by the PMNS matrix which is given by

UPMNS =

1 0 0

0 i
√

1/2
√

1/2

0 −i
√

1/2
√

1/2

 . (5.13)

Assigning the singlets differently would lead to the mass matrices M ′
l = EMl(y

′
1,2,3), M ′

D =
MD(y′4,5,6)ET and M ′

L = EML(a′, b′)ET . This gives for the neutrino mass matrix (in the
basis where Ml is diagonal) M ′

ν = Mν(a
′, b′, y′4,5,6), so that the form of the masses nor the

mixing pattern changes.

LLi ∼ 3

Choosing the left-handed fields as a triplet forces us to take lR ∼ 1,1′,1′′. However, we
can still assign νR to a triplet or singlets. We first look at the case νR ∼ 3.

Field LL lR νR
A4 3 1,1′,1′′ 3

SU(2) 2 1 1

In this case the left-handed Majorana mass term is quite large; there are many ways to
construct a A4 singlet from four triplets. This mass term was used in combination with the
2A vacuum in a model trying to explain the neutrino mixing matrix [23]. The resulting mass
matrix is simpler for the vacuum we are considering. The mass matrices are given by

Ml =v

y1 y2 y3

y1 ωy2 ω2y3

y1 ω2y2 ωy3

 , MD = v

 0 y4 y5

y5 0 y4

y4 y5 0

 ,

ML =
v2

Λ

a b b
b a b
b b a

 , MR = M1l.

(5.14)

The charged lepton mass matrix is diagonalized by VMl =
√

3vdiag(y1, y2, y3). In this
basis where the charged leptons and the weak charged current are diagonal the left-handed
Majorana and Dirac neutrino mass matrices are given by M ′

L = V ∗MLV
† and M ′

D = MDV
†

48



respectively. The neutrino mass matrix is then given by

Mν =V ∗MLV
† − V ∗MDM

−1
R MDV

†

=v2

a+2b
Λ
− (y4+y5)2

M
0 0

0 0 a−b
Λ
− y2

4+y2
5−y4y5

M

0 a−b
Λ
− y2

4+y2
5−y4y5

M
0

 .
(5.15)

So there are two degenerate masses and the neutrino mixing matrix is again given by

UPMNS =

1 0 0

0 i
√

1/2
√

1/2

0 −i
√

1/2
√

1/2

 . (5.16)

Assigning the singlets differently leads to Ml = Ml(y
′)E. Since the diagonalizing matrix, V ,

does not depend on the Yukawa constants it is not affected by this and E can be absorbed
through a redefinition of the lR fields.

Now the case νR ∼ 1,1′,1′′.

Field LL lR νR
A4 3 1,1′,1′′ 1,1′,1′′

SU(2) 2 1 1

Now Ml and ML have the same form as in the previous case, whereas MD and MR are now
given by

MD = v

y4 y4 y4

y5 ω2y5 ωy5

y6 ωy6 ω2y6

 , MR = M

c 0 0
0 0 d
0 d 0

 . (5.17)

In the basis where the charged lepton mass matrix and the charged current are diagonal the
neutrino mass matrix becomes

Mν =M ′
L − V ∗MT

DM
−1
R MDV

†

=v2

a+2b
Λ
− 3y2

4

cM
0 0

0 0 a−b
Λ
− 3y5y6

dM

0 a−b
Λ
− 3y5y6

dM
0

 .
(5.18)

So that again

UPMNS =

1 0 0

0 i
√

1/2
√

1/2

0 −i
√

1/2
√

1/2

 . (5.19)

In this case changing the singlet assignment can be absorbed by a redefinition of the right-
handed fields, νR, lR, and so does not change the form of the masses or the mixing.

Despite introducing additional Higgs fields and three right-handed neutrinos, the models
we can build are rather unsatisfying. In the quark sector the best result seems to be six
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independent quarks masses and a CKM matrix equal to the identity matrix. The latter might
not be too bad as a first approximation. In the lepton sector we can obtain independent
masses for the charged leptons, but the neutrinos have two degenerate masses in each case,
this is excluded by phenomenology [13]. The PMNS matrix in particular seems far from TB
mixing in each case.

Of course, we could see whether a viable model can be constructed if we add more or
less right-handed neutrino fields. Less νR fields is a bad option. In this case we cannot have
νR ∼ 3, thus the right-handed neutrinos must be A4 singlets. Having just one right-handed
neutrino leads to just one light neutrino mass from pure type I seesaw, as discussed before.
The resulting neutrino mass matrix can be obtained by setting y4 = y5 = 0 in (5.18). Two
right-handed neutrino fields lead to a neutrino mass matrix which is obtained by setting
y4 = 0 in (5.18). Both options do not improve the situation. Adding more than three
right-handed neutrinos will not be considered.

In this section we used type I seesaw. If we had used type III, the situation would be
similar. As was discussed in section 3.3.2 the neutral component of the fermion SU(2) triplet
would play the role νR did in this section. Using type II seesaw would give rise to a different
situation. The reason for not discussing this option is because introducing a scalar SU(2)
triplet would not only allow for Majorna mass terms for the left-handed neutrinos, but also
alter our Higgs potential. Models with a different Higgs potential are not in the class of
models which we called ‘simplest A4 models’.

In order to construct a viable model we need more ingredients. One way of introducing
new ingredients would be to allow for small A4 breaking terms. As stated in the previous
Chapter, such terms would make additional VEVs acceptable (it remedies the small Higgs
masses for the 2A vacuum [22]). We will examine a model (the LK model) for the quark
sector with such a VEV later on. Another way to obtain more ingredients is to introduce new
fields. A4 models which successfully produce TB mixing for the neutrinos usually employ
two scalar A4 triplets, each acquiring different VEVs [3]. Such a model, (the AF model),
will also be discussed.

5.2 The Lavoura-Kühböck model

In this model A4 is used to explain the quark mass and mixing matrices, the lepton sector
is not discussed. The most general A4 invariant Higgs potential is used (4.17). In the model
the 2A vacuum, (ve−iα/2, veiα/2, rv), is chosen. As was noted while discussing the Higgs
sector, this particular vacuum alignment produces some very light Higgs masses. This can
be remedied when A4 is softly broken [22]. In the paper by Lavoura and Kühböck [5] the
masses and mixing angles are fitted to the experimental values. Their best fit shows r to
be large, we will assume this from the start in order to be able to obtain the CKM matrix
approximately analytically.

The model assigns the left- and right-handed quarks to A4 triplets and singlets respec-
tively, QL ∼ 3, ur,i, dr,i ∼ 1,1′,1′′. In the MR basis we then get the following couplings

LY =− y1(QLφ)1dR1 − y2(QLφ)1
′′
dR2 − y3(QLφ)1

′
dR3 (5.20)

−y4(QLφ̃)1uR1 − y5(QLφ̃)1
′′
uR2 − y6(QLφ̃)1

′
uR3 (5.21)
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Plugging in the vacuum alignment gives us the mass matrices,

Md = D

 y1v y2v y3v
y1v ωy2v ω2y3v
y1rv ω2y2rv ωy3rv

 , (5.22)

Mu = D∗

 y4v y5v y6v
y4v ωy5v ω2y6v
y4rv ω2y5rv ωy6rv

 , (5.23)

where D = diag(e−iα/2, eiα/2, 1) and the Yukawa coupling constants can be chosen real since
their phases can be absorbed in a redefinition of the right-handed fields. The mass and
mixing matrices depend on the following eight real quantities, y1v, ..., y6v, α, r. Thus, these
eight quantities determine ten observables, the six quark masses, the three mixing angles
and one phase of the CKM matrix. We can already say something about the CP violating
phase in the CKM matrix. The Jarlskog invariant, [24], J = [MuM

†
u,MdM

†
d ] turns out to be

zero, [5], meaning that there is no CP violation in the CKM matrix and so δ = 0 or π. Any
CP violation will have to originate from sources other than the CKM matrix.

The square of the masses of the quarks can then be calculated by solving the eigenvalue
equations for MuM

†
u and MdM

†
d . These matrices are very similar, they are of the form

MdM
†
d = D

 ad bd rb∗d
b∗d ad rbd
rbd rb∗d r2ad

D∗, MuM
†
u = D∗

 au bu rb∗u
b∗u au rbu
rbu rb∗u r2au

D (5.24)

Here ad = v2(y2
1 + y2

2 + y2
3) and bd = v2(y2

1 + ω2y2
2 + ωy2

3), while for the up quarks, au =
v2(y2

4 + y2
5 + y2

6) and bu = v2(y2
4 + ω2y2

5 + ωy2
6). ad,u are clearly real while bd,u are not. It is

also clear that the diagonal D matrices have no influence on the masses, which means that
the eigenvalue equations have the same form for the up- as the down-type quarks

λ3 − a(2 + r2)λ2 + (1 + 2r2)(a2 − |b|2)λ− r2(a3 + b3 + (b∗)3 − 3a|b|2) = 0, (5.25)

where a, b are either au, bu or ad, bd, but r is the same for both up- and down-type quarks.
For each of these two equations λ will have three solutions, each relating to one of the three
quark masses λi = m2

i . Because the absolute value of each element of a matrix is smaller
than the sum of the eigenvalues, we can see from (5.24) that ar2 < λ1 + λ2 + λ3 ' λ3 (since
m2

3 � m2
2 � m2

1 for both quark types). Using this and a ≥ |b| in (5.25) and neglecting terms
which are a factor r2 smaller, we get for the third eigenvalue

λ3 ' ar2. (5.26)

For the smaller two eigenvalues we now have λ1,2 � ar2. Using this in the eigenvalue
equation we get two solutions. In the case that we have λ1 � λ2 and thus a hierarchical
ordering of the masses, these solutions can be approximated by

λ1 ' r2a
3 + b3 + (b∗)3 − 3a|b|2

2(2 + r2)(a2 − |b|2)
, λ2 '

(1 + 2r2)(a2 − |b|2)

2a(2 + r2)
. (5.27)
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We can now also express the parameters a and b in terms of the masses, which will be useful
later on

a =
(2 + r2)(m2

3 +m2
1)−

√
4m2

1m
2
3 − 4(m4

3 +m4
1)r2 + (m2

3 +m2
1)2rr + 4(1 + 2r2)2|b|2

2 + 4r2
' m2

3/r
2,

|b|2 =
(m2

1 +m2
2 +m2

3)2

(2 + r2)2
− m2

1m
2
2 +m2

3m
2
2 +m2

1m
2
3

1 + 2r2
, cos 3φ ' 3

a

2|b|
− a3

2|b|3
,

(5.28)

here φ stands for φu,d = Arg(bu,d).
The CKM matrix can be constructed by the matrices diagonalizing the mass matrices.

As seen before, if we have unitary matrix Uγ, (γ = u, d), such that U †γMγM
†
γUγ = m2

γ then
there is another unitary matrix Vγ so that U †γMγVγ = mγ. For the CKM matrix we then get,
VCKM = U †uUd. We use the first of these equations to find the Uγ matrices. The columns of
the diagonalizing matrices are given by,

W i
γ =


r[b2+(m2

i−a)b∗]

[(1+2r2)|b|4+(a−m2
i )((a−m2

i )
3−2r2(b3+(b∗)3)+2|b|2(a−m2

i )(r
2−1))]

1/2

r[(b∗)2+(m2
i−a)b]

[(1+2r2)|b|4+(a−m2
i )((a−m2

i )
3−2r2(b3+(b∗)3)+2|b|2(a−m2

i )(r
2−1))]

1/2

(m2
i−a)2−|b|2

[(1+2r2)|b|4+(a−m2
i )((a−m2

i )
3−2r2(b3+(b∗)3)+2|b|2(a−m2

i )(r
2−1))]

1/2


γ

, (5.29)

where Ud = DWd and Uu = D∗Wu. As we have seen, m2
3 ' ar2, using this we can approxi-

mate the third column by the following

W 3
γ '


rb∗

m2
3
rb
m2

3

1


γ

, (5.30)

here we used rb∗

m2
3
≤ O(1/r). This and the unitarity conditions then lead to

Wγ =


eiϕ√

2
ieiϕ√

2
e−iφ| rb

m2
3
|

ei−ϕ√
2

−ie−iϕ√
2

eiφ| rb
m2

3
|

√
2rb
m2

3
cos(φ+ ϕ)

√
2rb
m2

3
sin(φ+ ϕ) 1


γ

+

O(1/r2) O(1/r2) O(1/r3)
O(1/r2) O(1/r2) O(1/r3)
O(1/r3) O(1/r3) O(1/r2)

 ,

(5.31)

where ϕ stands for ϕγ + π/2 = Arg(b2
γ + (m2

2,γ − aγ)b∗γ). From this we can obtain the CKM
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matrix

VCKM = U †uUd

=

 cos θ1 sin θ1

√
2
r

[ |bd|
ad

cos(θ1 + θ2)− |bu|
au

cos(θ1 + θ3)]

− sin θ1 cos θ1

√
2
r

[ |bu|
au

sin(θ1 + θ3)− |bd|
ad

sin(θ1 + θ2)]
√

2
r

[ |bu|
au

cos θ3 − |bd|ad cos θ2]
√

2
r

[ |bd|
ad

sin θ2 − |bu|au sin θ3] 1


+

O(1/r2) O(1/r2) O(1/r3)
O(1/r2) O(1/r2) O(1/r3)
O(1/r3) O(1/r3) O(1/r2)

 , (5.32)

where θ1 = α + ϕu − ϕd, θ2 = ϕd + φd and θ3 = ϕd + φu − α. Now using (5.28), the CKM
matrix can be written in terms of the quark masses, r, ϕγ and α. Of course ϕγ are not
independent parameters, it turns out that ϕγ are constants. From the expressions for ϕγ one

can obtain, tan(ϕγ + π/2) =
xγ sin 2φγ−(x2

γ−1)|bγ | sinφγ
xγ cos 2φγ−(x2

γ−1)|bγ | cosφγ
using the expressions (5.28) this can be

written in terms the ratio xγ = aγ
|bγ | only. Deriving this expression with respect to xγ gives

∂ϕγ
∂xγ
' 0. Thus ϕγ is approximately a constant.

Using the expression for tan(ϕγ+π/2) at aγ = 2|bγ|, one obtains tan(ϕγ+π/2) ' tanφγ/2.
When xγ = 2 we have φγ ' (1 + 2nγ)π/3, with nγ ∈ N. There is an ambiguity in the angles
φγ, so will be an ambiguity in ϕγ as well; ϕγ = π

3
(kγ − 1) with kγ ∈ N.

This leaves just α and r to parametrize the CKM matrix, whereas in general it is
parametrized by three angles. We can see that θ1 should be equal to the Cabibbo angle
θ1 ' θC . Taking s13 and s23 to be small, we have s13 '

√
2
r

[ |bd|
ad

cos(θ1 + θ2)− |bu|
au

cos(θ1 + θ3)]

and s23 '
√

2
r

[ |bu|
au

sin(θ1 + θ3)− |bd|
ad

sin(θ1 + θ2)]. In this case s13 and s23 are not independent,
they are both functions of r and the quark masses. These equations can not be solved alge-
braically, instead we will fit for r, If we try to fit for r, using the experimental values for the
mixing angles we see that χ2 = χ2

13 + χ2
23 has a minimum at r = 42.49, (χ2 = 0.102) and

φu '− 1/3 arccos
3xu − x3

u

2
, φd ' 1/3 arccos

3xd − x3
d

2
− 2π/3,

ϕu =− 2π/3, ϕd = −2π/3→ α = θC = 0.225166,
(5.33)

where χ13 = (s13 −
√

2
r

[ |bd|
ad

cos(θ1 + θ2) − |bu|
au

cos(θ1 + θ3)])/σs13 , χ23 = s23 −
√

2
r

[ |bu|
au

sin(θ1 +

θ3)− |bd|
ad

sin(θ1 + θ2)]/σs23 . This fit is not as good as the fit performed in [5] (since we solved

all the parameters apart from r and did not fit them), however, the results are quite close.
Although these values fit the mixing angles well, not all parameters of the CKM matrix are
reproduced in this way since this model predicts δ = 0 which is not the case. The CKM
matrix for this fit is given by

VCKM '

 0.975 0.223 −0.0036
−0.223 0.975 −0.041
0.0058 0.041 1

 . (5.34)

This agrees quite well with the matrix we get when inserting the experimental values for the
angles and phase, [14], into the parametrisation (3.9) even though the phase, δ 6= 0, cannot
be reproduced. This is due to the fact that δ is small.
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Of course, other choices for the ambiguities in the phases, nu,d, can be made, these option
do not seem to lead to a better fit of r.

Summarizing, in this model 8 parameters were used; 6 Yukawa constants, α and r, to fit 9
observables, the 6 masses and three mixing angles. The vacuum, 2A, provided more freedom,
in the form of the parameters r and α. With it the quark mixing pattern can qualitatively be
understood. It is clear from (5.32) that the mixing among the first two generations will be
largest. However, not all the features of the CKM matrix can be reproduced in this model.
The mixing angles can be fitted, but the CP violating phase, δ, is predicted to be zero. Also,
it was pointed out in [22] that this model predicts flavor changing neutral currents which
appear to be far above the experimental bounds.

Instead of using more complicated VEVs, more freedom might be achieved by introducing
more scalar fields. In the next section we will look at a model which takes this approach in
trying to explain the mixing in the lepton sector.

5.3 Tri-bimaximal mixing in the Altarelli-Feruglio model

This model, [3] [11], introduces additional scalar fields (flavons) in order to explain neu-
trino mixing. The model is supersymmetric and allows for dimension- 5 and higher (non-
renormalizable) terms. This opens up the possibility for a number of extra terms with respect
to the case in which only dimension-4 terms are allowed. Among these terms are not only
those which will be useful while constructing this model, but also those which could spoil
the model if we would allow for them. We will be forced to find some mechanism which sets
these to zero, in this case an additional Z3 symmetry will be used.

Apart from the symmetries, A4 and Z3, an U(1)R symmetry is introduced. This contains
the R-parity, present in supersymmetric models, as a subgroup. R-parity ensures that su-
persymmetric particles only appear in pairs. The field assignment is given in Table 5.1. In
this section the neutrino masses are obtained through a dimension-6 operator, analogous to
the dim-5 operator discussed previously. Later on it will be shown that the model can be
modified so that the masses arise through the seesaw mechanism.

Field LL lR hu,d ϕS ϕT ξ ξ̃ ϕS0 ϕT0 ξ0

A4 3 1,1′,1′′ 1 3 3 1 1 3 3 1
Z3 ω ω 1 ω 1 ω ω 1 ω ω

U(1)R 1 1 0 0 0 0 0 2 2 2

Table 5.1: The irrep assignment of the AF model is shown.

In Table 5.1 ϕS, ϕT , ξ, ξ̃ are the flavons and ϕS0 , ϕT0 , ξ0 are the driving fields. The driving
fields are so named because they ’drive’ the VEVs of the flavons through their interactions
with them. All the newly introduced fields are singlets under SU(2). Following the symmetry
assignment in Table 5.1 we can write down the allowed Yukawa terms

−LY =
ye
Λ
eRhd(LLϕT )1 +

yµ
Λ
µRhd(LLϕT )1

′
+
yτ
Λ
τRhd(LLϕT )1

′′

+
xu
Λ2
ξ((LLhu)c(huLL))1 +

xS
Λ2
ϕS((LLhu)c(huLL))3 + h.c.+ ...

(5.35)
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where Λ is the cut-off of the theory (it is assumed that vu,d � Λ) and the dots stand for
terms at higher order in 1

Λ
. Throughout the discussion of this model we will use the AF

basis. As we will see later, the flavon field ξ̃ does not acquire a VEV, which is why it was
neglected in the Yukawa terms, the reason for this field will become apparent later on. It can
be seen that by introducing the additional Z3 symmetry, 5 couplings are effectively put to
zero. These couplings are those which are acquired by letting ϕT ⇔ ϕS and the previously
discussed dimension-5 operator.

The allowed vacua can be deduced from the driving term (terms involving the interaction
of the driving fields with the flavons)

wd =M(ϕT0 ϕT )1 + gϕT0 (ϕTϕT )3 + g1ϕ
S
0 (ϕSϕS)3

+g2ξ̃(ϕ
S
0ϕS)1 + g3ξ0(ϕSϕS)ξ̃ + g4ξ0ξ

2 + g5ξ0ξξ̃ + g6ξ0ξ̃
2
. (5.36)

Note that here too, the flavon fields ϕS and ϕT do not mix. There is in principle no difference
between the ξ and ξ̃ flavons (they are members of the same representations), so ξ̃ can be
defined as the combination coupling to the ϕS field. From the driving term the scalar
potential can be obtained, V =

∑
i |
∂wd
∂φi
|+m2

i |φi|2. Here φi stand for the scalar fields and mi

are soft masses, which are expected to be small with regard to the scales in wd. The minima
can then be calculated as follows

0 =
∂wd
∂ϕT01

= MϕT1 +
2g

3
(ϕ2

T1 − ϕT2ϕT3),

0 =
∂wd
∂ϕT02

= MϕT3 +
2g

3
(ϕ2

T2 − ϕT1ϕT3),

0 =
∂wd
∂ϕT03

= MϕT2 +
2g

3
(ϕ2

T3 − ϕT1ϕT2),

0 =
∂wd
∂ϕS01

= g2ξ̃ϕS1 +
2g1

3
(ϕ2

S1 − ϕS2ϕS3),

0 =
∂wd
∂ϕS02

= g2ξ̃ϕS3 +
2g1

3
(ϕ2

S2 − ϕS1ϕS3),

0 =
∂wd
∂ϕS03

= g2ξ̃ϕS2 +
2g1

3
(ϕ2

S3 − ϕS2ϕS1),

0 =
∂wd
∂ξ0

= g4ξ
2 + g5ξξ̃ + g6ξ̃

2 + g3(ϕ2
S1 + 2ϕS2ϕS3).

(5.37)

The first three equations can be solved by setting 〈ϕT 〉 = (vT , 0, 0) where vT = −3M
2g

. The

next three are solved for 〈ϕS〉 = (vS, vS, vS) and 〈ξ̃〉 = 0. The last equation then gives

〈ξ〉 = u, where u2 = −3g3v2
S

g6
. The reason for the flavon field, ξ̃ now becomes apparent, with

just one singlet scalar (reproduced by setting ξ = 0), the acquired VEV, 〈ϕS〉, would not be
possible.

With these VEVs we can obtain the mass matrices by using the multiplication rules (in
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the Altarelli basis (section 2.1.2))

Ml = vd
vT
Λ

ye 0 0
0 yµ 0
0 0 yτ

 , Mν =
2v2

u

3Λ2

3xuu+ 2xSvS −xSvS −xSvS
−xSvS 2xSvS 3xuu− xSvS
−xSvS 3xuu− xSvS 2xSvS

 .

(5.38)
The charged lepton mass matrix is diagonal and the three independent Yukawa couplings
ensure that any mass spectrum can be explained this way. Any phases of ye, yµ, yτ can be
absorbed by a redefinition of the lR fields. The neutrino mass matrix is of the TB mixing form
discussed earlier (section 3.3), thus the mixing matrix will be tri-bimaximal. The neutrino
masses are

m1 = a+ b, m2 = a, m3 = b− a, (5.39)

where the Majorana phases have been absorbed in these masses and a = 2xuu
v2
u

Λ2 and b =

2xSvS
v2
u

Λ2 . If we take experimental data into account, only the normal hierarchy is possible
in this model [25]. Demanding that ∆m2

21 > 0 implies that −|b|2 > ab∗ + a∗b and thus
ab∗+ a∗b < 0. Using this we see that ∆m2

31 = −2(ab∗+ a∗b) > 0 and thus we have a normal
hierarchy.

It can now also be seen that there is a good reason for enforcing the Z3 symmetry.
Consider for instance the following Z3 violating terms

(LLϕS)1eR + (LLϕS)1
′
µR + (LLϕS)1

′′
τR, (5.40)

due to the different direction of the VEV of ϕS these terms would guarantee that the charged
lepton matrix is not diagonal, which would make things more complicated. Furthermore,
if the ϕT ((LLhu)c(huLL))3 term were allowed the resulting Mν matrix would break the TB
mixing requirement (Mν(1, 1) + Mν(1, 2) = Mν(2, 2) + Mν(2, 3)). Finally, the contributions
from the dimension-5 operator, x

Λ
((Lhu)(huL))1, will be of the same form as the xu term,

a possible problem is that they will be of the order O(v
2
u

Λ
). The other neutrino mass terms

are a factor u
Λ

or vS
Λ

smaller than this, so the dimension-5 operator might be the dominant

contribution. Also the neutrino masses are now of the order O(v
2
u

Λ
), and the charged lepton

masses are of the order O(vdvT
Λ

). This means that the smallness of the neutrino masses
compared to the charged lepton masses no longer arises naturally from the large cut-off,
but must now come from the ratios of the VEVs. The smallness of the ratio vu

vT
may be

realized by considering the origins of the different VEVs. The VEVs of the Higgs doublets,
vu,d, should be of the electroweak scale, whereas the VEVs of the flavons, vS, vT and u are

expected to be coming from a much higher energy scale, still below Λ [11]. Thus, v2
u

vdvT
is

expected to be small.
We will now see that a similar model can be achieved through the seesaw mechanism

(type I).

5.3.1 Seesaw

The seesaw mechanism can be incorporated in the same model with a few minor changes.
Obviously a right handed neutrino field should be introduced and apart from that the Z3
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Field νR ϕS ξ ξ̃ ϕT0 ξ0

A4 3 3 1 1 3 1
Z3 ω2 ω2 ω2 ω2 ω2 ω2

Table 5.2: The changes in assignment of the model are shown.

assignment changes somewhat. These changes are summarized in Table 5.2
The new Lagrangian is given by

−LY =
ye
Λ
eRhd(LLϕT )1 +

yµ
Λ
µRhd(LLϕT )1

′
+
yτ
Λ
τRhd(LLϕT )1

′′

+yhu(LLνR)1 + xuξ(νcRνR)1 + xSϕS(νcRνR)3 + h.c.+ ...
(5.41)

The charged lepton mass matrix is left unchanged, the neutrino Dirac and right-handed mass
matrices are now given by

MD = yvu

1 0 0
0 1 0
0 0 1

 , MR =
2

3

3x∗uu
∗ + 2x∗Sv

∗
S −x∗Sv∗S −x∗Sv∗S

−x∗Sv∗S 2x∗Sv
∗
S 3x∗uu

∗ − x∗Sv∗S
−x∗Sv∗S 3x∗uu

∗ − x∗Sv∗S 2x∗Sv
∗
S

 .

(5.42)
The right handed mass matrix has exactly the same form as the neutrino mass matrix did
previously. It is then not too hard to see that this should also work. Consider the neutrino
mass matrix in the see-saw mechanism, with no left-handed Majorana term, ML = 0, it is
given by Mν = −MT

DM
−1
R MD. MR satisfies the TB condition, mdiag = UTBMRU

T
TB, this

implies that its inverse will be diagonalized as follows m−1
diag = U∗TBM

−1
R U †TB. Since MD is

proportional to the identity matrix, we have

MDM
−1
R MT

D = y2v2
uM

−1
R . (5.43)

Thus, Mν is of the TB mixing form. The masses will be proportional to the inverse of the
eigenvalues of MR, which implies that we can immediately write down the neutrino masses

m1 =
y2v2

u

A+B
, m2 =

y2v2
u

A
, m3 =

y2v2
u

B − A
, (5.44)

where A = 2x∗uu
∗ and B = 2x∗Sv

∗
S. The neutrinos now have masses of the order O(v

2
u

u
), which

means that the smallness of the neutrino masses no longer comes from the large cut-off of

the theory but is now achieved through a ratio of the VEVs. This ratio, v2
u

vdu
, is expected to

be small as u should originate from a energy scale far above that of vu,d.
Note that even if the Yukawa couplings xu, xS are taken to be real, the inverted hierarchy

can be achieved this time. ∆m2
21 > 0 now implies that (A + B)2 > A2 which allows B

to have the same or opposite sign of A. For the other squared mass difference we have
∆m2

31 = 4AB
(B2−A2)2 , since AB can be either positive or negative, both normal and inverted

hierarchy are possible.
In this model the TB mixing pattern can be explained. Interestingly, the charged lep-

ton mass matrix can be parametrized by three and the neutrino mass matrix by four (real)
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parameters. So, in this model, knowledge of seven parameters gives the values of eleven ob-
servables; six masses, three mixing angles and two Majorana phases. This seems like a better
result than previous model, [5], in which eight parameters were needed for nine observables.
However, this model was more modest in its use of additional fields and symmetries.

5.4 Final remarks

From our discussion of the ‘simplest’ A4 models we concluded that in order to explain
neutrino mixing the ’simplest’ Higgs potential, (4.17), is not enough. To see how this problem
is solved in the literature the LK and AF models were discussed. In the first more freedom
was achieved by using a VEV which requires small A4 breaking terms in the Higgs potential
in order to produce acceptable Higgs masses. The second used a different Higgs sector and
different scalar fields altogether. So there are three ways to proceed; we can allow for (small)
A4 breaking terms, introduce more (other) fields or use a different symmetry group.

We will not pursue the last option. It could be argued that the reason the ‘simplest’
A4 models are not able to explain the mixing matrices is because they do not allow enough
freedom in constructing the neutrino mass matrix. This mass matrix should be quite different
from the mass matrix of the charged fermions in order to explain the large mixing in the
PMNS matrix. Since the mass terms of all the fermions arise through an interaction with
the same Higgs fields, φ, we are rather restricted in constructing a neutrino mass matrix
which is sufficiently different from the mass matrix of the charged leptons. If we were to
consider ‘simple’ models which use other groups but a similar Higgs sector we would expect
to encounter the same problem.

In the next Chapter, we will look into a model which follows the second route; we will
introduce more (scalar) fields. The models we will look at are models with a left-right
symmetry. These have an enlarged Higgs sector which allows for Type I and II seesaw. So
we would expect to gain more freedom in constructing the neutrino mass matrix.
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6

Left-Right models

In the SM the weak interaction is asymmetrical between left- and right-handed fields,
only the left-handed fields participate. The reason for this is unknown. In left-right models
the answer is that there is a symmetry between left and right at high energies which is
spontaneously broken. In order to enable such a left-right symmetry the gauge group of the
SM is enlarged and the Higgs sector is extended.

Left-right models are of interest to us for several reasons. They have an enlarged Higgs
sector; this means additional fields which may help in reproducing the correct mixing pat-
terns. Also, left-right models allow for type I and type II seesaw, giving more freedom in
constructing neutrino mass matrices. Lastly, left-right models allow for family dependent
couplings. It seems interesting to combine this family dependence with a family symmetry,
so that these couplings may be determined by the family symmetry. For these reasons we
will explore the possibility of combining left-right models with an A4 family symmetry.

6.1 Left-Right symmetry

In the SM the W± and Z gauge bosons couple to left-handed fields only. In left-right
symmetric models there are similar gauge bosons, W±

L and ZL, which couple to left-handed
fields only. In addition, W±

R and ZR gauge bosons are added which only couple to right-
handed fields, so that a symmetry between left- and right-handed fields can be achieved.
In the limit that the energy at which this left-right symmetry is present goes to infinity
(MWR

→∞) the W±
L and ZL bosons are equivalent to the SM fields, W± and Z. However,

generally the bosons of the different SU(2) gauge groups mix among each other. They
mix into the SM bosons, W± and Z, and their heavier partners, W±′ and Z ′. The lower
bound on the masses of the additional gauge bosons, W±

R and ZR, is in the TeV range,
MWR,ZR & 1 TeV [26].

These gauge bosons come from an additional gauge group; the electroweak gauge group
of the SM is extended to SU(2)L × SU(2)R ×U(1)B−L. As said previously, the Higgs sector
is also extended. The Higgs doublet of the standard model is replaced by a bi-doublet, which
has (2, 2, 0) as (SU(2)L, SU(2)R, U(1)B−L) quantum numbers, and a left- and a right-handed

59



Higgs triplet, (3, 1, 2) and (1, 3, 2) respectively, are introduced,

φ =

(
φ0
A φ+

A

φ−B φ0
B

)
, ∆L,R =

(
∆+/
√

2 ∆++

∆0 −∆+/
√

2

)
. (6.1)

The bi-doublet transforms under SU(2)L and SU(2)R as φ → ULφU
†
R, whereas the triplets

transform as ∆L,R → UL,R∆L,RU
†
L,R.

There are two possibilities for the left-right symmetry transformation [26],

P :

{
ψL ↔ ψR

φ↔ φ†
, C :

{
ψL ↔ (ψR)c

φ↔ φT
, (6.2)

here ψ stands for the fermion fields, but the scalar SU(2) triplets transform in the same
way. The transformations are named P and C because they are related to parity and charge
conjugation supplemented by the exchange of the left and right SU(2) groups. We will be
focussing on the P case.

Of course, a left-right model should be similar to the SM at low energies. This is achieved
by the VEV of the Higgs triplets [27]

〈∆R〉 =

(
0 0
vR 0

)
, 〈∆L〉 = 0. (6.3)

These VEVs break the left-right symmetry and SU(2)R, which means we are back to the
gauge group of the SM. Spontaneous electroweak symmetry breaking occurs when the bi-
doublet acquires a VEV,

〈φ〉 =

(
κA 0
0 κB

)
. (6.4)

Subsequently, the left-handed Higgs triplet acquires a small VEV, 〈∆L〉 = vL, where vL ∼
κ2
A+κ2

B

vR
.

To see which of these VEVs can be complex, we need to look at the amount of phases we
can get rid of, [27]. One might be inclined to use a global rotation at this point. However,
in principle the P transformation (6.2) may have phases associated with it

ψL ↔ eiθψψR, φ↔ eiθφφ†. (6.5)

Such a transformation would require these phases to appear in the Lagrangian, luckily they
can be absorbed by an appropriate global rotation. This just leaves us with the freedom of
SU(2)L,R transformations to rotate the phases of the Higgs VEVs away. The only useful
transformations to do this are of the form

UL,R =

(
eiθL,R 0

0 e−iθL,R

)
. (6.6)

There are two parameters in these matrices, so we should be able to make two VEVs com-
pletely real. Applying these transformations we see that

κA → κAe
i(θL−θR), κB → κBe

−i(θL−θR),

vL → vLe
−2iθL , vR → vRe

−2iθR .
(6.7)
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It is clear that we can absorb two phases, but not both of the phases in 〈φ〉. A common
choice is to take κA and vR to be real and allow κB and vL to be complex. In this choice the
phase of κB is not completely free, it can be constrained by the heaviest quark masses and
the ratio κB/κA, [26].

Now that we know that in the low energy limit the SM can be obtained, let us look at
the mass terms in such a model

−LY =QL(Yqφ+ Ỹqφ̃)QR + LL(Ylφ+ Ỹlφ̃)LR

+i
1

2

[
LcLFσ2∆LLL + LcRFσ2∆RLR

]
+ h.c. ,

(6.8)

here LL,R =

(
ν
e

)
L,R

, QL,R =

(
u
d

)
L,R

, φ̃ = σ2φ
∗σ2 and Y and F are 3 by 3 matrices.

Demanding that this is invariant under P of (6.2) implies that Y = Y † and Ỹ = Ỹ †.
Although the Yukawa matrices are hermitian the Dirac mass matrices are in general not.
Consider for instance the up- and down-type quark mass matrices

Mu = κAYu + κ∗BỸu, Md = κBYd + κ∗AỸd, (6.9)

a phase in the VEVs of φ could spoil the hermiticity of these mass matrices. However, the
constraints on the phase of κB imply that the mass matrices are always approximately her-
mitian [26]. Since we have Higgs triplets and right-handed neutrinos (which are needed since
we also have left-handed neutrinos) the neutrino masses are generated through a combina-
tion of type I and type II seesaw mechanism (section 3.3.2). In this case the light neutrino
mass matrix will be given by

Mν = ML −MT
DM

−1
R MD = vLF − (κ∗AY + κBỸ )T (vRF

†)−1(κ∗AY + κBỸ ). (6.10)

Since vL ∼
κ2
A+κ2

B

vR
, both contributing terms, and thus the order of the neutrino masses, will

be of the order of mν ∼
κ2
A+κ2

B

vR
.

We see that the neutrino mass terms are produced through interaction with three types of
scalar fields, φ and ∆L,R, whereas the other fermion mass terms are produced solely through
the interaction with the φ fields. This seems promising with respect to the freedom we will
have in constructing the neutrino mass matrix.

Now that we have seen the general build-up of a left-right symmetric model, we will try
to see what happens when it is combined with A4.

6.2 Combining Left-Right and A4

When building a model, as before, first the field assignments should be decided upon. In
a model combining left-right symmetry with A4 there are fewer possible field assignments
than one might at first think. As before we cannot have the Higgs field, the bi-doublet in
this case, as an A4 singlet as it would produce degenerate masses, [18]. In order to be able
to construct singlets for terms of the form of (6.8), we need either QL or QR to be a triplet
under A4. The left-right symmetry then forces both to be a triplet, similarly for LL and
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LR. This just leaves the assignment of the scalar SU(2) triplets, for these holds the same;
picking the assignment of one of them determines the assignment of the other as well. We
will take ∆L,R ∼ 3 for the upcoming model. Summarizing we have, in addition to the usual
left-right model,

φ→ (φ1, φ2, φ3), ∆→ (∆1,∆2,∆3). (6.11)

The field assignment is summarized in the following table.

Field QL,R LL,R φ ∆L,R

A4 3 3 3 3

Table 6.1: The assignment of the left-right model is shown.

The usual procedure from here on would be to study the Higgs sector to see which VEVs
are acceptable and then study the possible mass and mixing matrices. However, the Higgs
sector is very large in this case, making it difficult to see which VEVs are acceptable and
which are not. To see whether it is possible to obtain the right mixing matrices we will
choose VEVs which seem natural,

〈φi〉 =

(
κA 0
0 κB

)
, 〈∆Ri〉 =

(
0 0
vR 0

)
,

〈∆L1〉, 〈∆L2〉, 〈∆L3〉 =

(
0 0
vL 0

)
,

(
0 0
0 0

)
,

(
0 0
0 0

)
,

these VEVs are the simplest ones which were found to be acceptable in the case of the
simpler Higss sector (Chapter 4). These VEVs allow for the same considerations as before,
meaning that κA and vR can be picked real and κB and vL are in general complex. Using
the Yukawa interactions (6.8), the multiplication rules of A4 in the MR basis, (2.29), and
following the definitions for the mass matrices, (3.23), we have

Mu =

 0 yqκA + ỹqκ
∗
B y∗qκA + ỹq

∗κ∗B
y∗qκA + ỹq

∗κ∗B 0 yqκA + ỹqκ
∗
B

yqκA + ỹqκ
∗
B y∗qκA + ỹq

∗κ∗B 0

 ,

Md =

 0 yqκB + ỹqκ
∗
A y∗qκB + ỹq

∗κ∗A
y∗qκB + ỹq

∗κ∗A 0 yqκB + ỹqκ
∗
A

yqκB + ỹqκ
∗
A y∗qκB + ỹq

∗κ∗A 0

 ,

Ml =

 0 ylκB + ỹlκ
∗
A y∗l κB + ỹl

∗κ∗A
y∗l κB + ỹl

∗κ∗A 0 ylκB + ỹlκ
∗
A

ylκB + ỹlκ
∗
A y∗l κB + ỹl

∗κ∗A 0

 ,

MD =

 0 ylκ
∗
A + ỹlκB y∗l κ

∗
A + ỹl

∗κB
y∗l κ

∗
A + ỹl

∗κB 0 ylκ
∗
A + ỹlκB

ylκ
∗
A + ỹlκB y∗l κ

∗
A + ỹl

∗κB 0

 ,

(6.12)

ML =

0 0 0
0 0 fvL
0 fvL 0

 , MR =

 0 f ∗vR f ∗vR
f ∗vL 0 f ∗vR
f ∗vR f ∗vR 0

 . (6.13)
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The mass matrices are diagonalized by the familiar matrix V =
√

1/3

1 1 1
1 ω2 ω
1 ω ω2

 as

follows

mu =VMuV
†, md = VMdV

†,

ml =VMlV
†, mD = VMDV

†,
(6.14)

where mα stands for a diagonal matrix with in general complex values. The phases of the
diagonal elements can be absorbed by a redefinition of the right-handed fields, |mu,d,l|Ku,d,l =
mu,d,l, where Ku,d,l are diagonal matrices of phases. In this basis, the quark and charged
lepton mass matrices now being diagonal, real and positive, we have uLm = V uL, dLm = V dL,
uRm = KuV uR and dRm = KdV dL. This implies for the charged currents of the quarks

LCC =
g√
2

[
W+
L uLmV γ

µV †dLm +W+
R uRmKuV γ

µV †K∗ddRm
]

+ h.c. . (6.15)

Thus, V CKM
L = 1l and V CKM

R = KuK
∗
d .

If we now demand that the leptonic charged currents are diagonal (and real), we obtain
the weak basis of the neutrino fields; νLw = V νL and νRw = KlV νR. In this basis the
diagonalizing matrices will be the mixing matrices. Writing out the neutrino mass matrices
in this basis

M ′
L = V ∗MLV

†, M ′
R = KlVMRV

TKl, M
′
D = KlmD, (6.16)

here M ′
D is clearly diagonal. The resulting mass matrix for the light neutrinos is Mν =

M ′
L −M ′T

D (M ′
R)−1M ′

D = M ′
L −mT

DV
∗M−1

R V †mD and for the heavy right-handed neutrinos,
M ′

R. Writing these out explicitly, with mD = diag(mD1,mD2,mD3), we have

Mν =

2fvL
3
− m2

D1

2f∗vr
−fvl

3
−fvl

3

−fvl
3

2fvl
3

−fvl
3

+ mD2mD3

f∗vR

−fvl
3

−fvl
3

+ mD2mD3

f∗vR

2fvl
3

 , M ′
R = f ∗vRKl

−2 0 0
0 0 1
0 1 0

Kl.

(6.17)
Mν is of the TB mixing form, (3.22), with w = −2y, thus it is diagonalized by

VL =

−c12 s12 0
s12√

2
c12√

2

√
1/2

c12√
2

c12√
2
−
√

1/2

 , (6.18)

then UPMNS
L = VLdiag(eiαL1 , eiαL2 , 1), where α1L, α2L are the Majorana phases. For exact

TB mixing we need s2
12 = 1/3, then x + y = w + v holds in (3.22). In our case this means

we have exact TB mixing when m2
D1 = −2mD2mD3, we then have the neutrino masses

mν1 = fvL −
m2
D1

2f ∗vR
, mν2 = − m2

D1

2f ∗vR
, mν3 = fvL +

m2
D1

2f ∗vR
, (6.19)

these are in general complex masses as the Majorana phases are absorbed in them. They
follow the relation mν1 = 2mν2 + mν3, this allows us to write the masses in terms of the
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squared mass differences. The definitions ∆m2
31 = |m3|2 − |m1|2 and ∆m2

21 = |m2|2 − |m1|2
together with the previous relation give us

cosα12 =
∆m2

21 + |m1|2 −∆m2
31/4

|m1|
√

∆m2
21 + |m1|2

, (6.20)

where α12 is the angle between m1 and m2, α12 = 2(αL1−αL2). It can be seen that the inverse

hierarchy is not possible in this case since
∆m2

21+|m1|2

|m1|
√

∆m2
21+|m1|2

≥ 1, thus whenever ∆m2
31 ≤ 0, as

is the case for the inverse hierarchy, we have cosα12 ≥ 1. The normal hierarchy is conceivable
however. The fact that −1 ≤ cosα12 gives us a lower bound on |m1|

|m1| ≥
∆m2

31 − 4∆m2
21√

8∆m2
31 − 16∆m2

21

' 0.015 eV. (6.21)

As |m1| increases goes to infinity, cosα12 tends to one.
It can be seen that two of the heavy neutrino masses are degenerate, we haveMν1 = 2|f |vR

and Mν2 = Mν3 = |f |vR. M ′
R is diagonalized by

UR = K∗l

i 0 0

0
√

1/2 −i
√

1/2

0
√

1/2 i
√

1/2

 , (6.22)

so that UPMNS
R = URdiag(eiαR1 , eiαR2 , 1) where α1R, α2R are the Majorana phases for the

right-handed neutrinos.
We now return to the Dirac mass matrices of (6.12), they have similar forms and are

diagonalized by VMV † = m. The matrix m is given by m = diag(m1,m2,m3), with

m1 =(y + y∗)κA + (ỹ + ỹ∗)κ∗B, m2 = (ωy + ω2y∗)κA + (ωỹ + ω2ỹ∗)κ∗B,

m3 =(ω2y + ωy∗)κA + (ω2ỹ + ωỹ∗)κ∗B),
(6.23)

where κA and κB should be exchanged for the down-type Dirac mass matrix. Note that this is
a special case of (5.5), with b = a∗ whenever κB is real. This would constrain the masses too
severely, as we saw in (5.5). However, even when κB is complex we have m3 +m2 +m1 = 0.
Meaning that |m3| = |m2 +m1| and the maximum for |m3| is |m3| = |m2|+ |m1|, it is clear
that this does not allow for the hierarchy seen in nature.

Note that mD1, mD2 and mD3 follow the same relation. This does not change the discus-
sion for the neutrino masses however, since the combinations m2

D1 and mD2mD3 appearing
in the neutrino mass matrix can still be seen as independent parameters.

6.2.1 Hermiticity

The relation between the masses of the charged fermions that resulted from the previous
model, is shared by a wider range of models. Each model with the assignment of Table
6.1 and hermitian mass matrices for the charged fermions will lead to the same relation;
m3 +m2 +m1 = 0.
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This can be seen by noting that every hermitian matrix can be diagonalized by a single
unitary matrix,

U †MU = m = diag(m1,m2,m3), (6.24)

where M is a hermitian mass matrix and U a unitary matrix. Since we know the A4

assignment we can write down M for a general VEV, it is given by

M =

 0 yκA3 + ỹκ∗B3 y∗κA2 + ỹ∗κ∗B2

y∗κA3 + ỹ∗κ∗B3 0 yκA1 + ỹκ∗B1

yκA2 + ỹκ∗B2 y∗κA1 + ỹ∗κ∗B1 0

 . (6.25)

This is the form of the mass matrices of the up-type quarks and the neutrinos, for the down-
type quarks and the charged leptons κA should be interchanged with κB. The important
thing to notice is that there are zeros on the diagonal. We can use this as a constraint
on the parameters of the diagonalizing matrix and the masses. We have M = UmU †, the
expressions for the elements on the diagonal are

0 =|u11|2m1 + |u12|2m2 + |u13|2m3,

0 =|u21|2m1 + |u22|2m2 + |u23|2m3,

0 =|u31|2m1 + |u32|2m2 + |u33|2m3.

(6.26)

Adding these three equations and remembering that U is unitary gives exactlym3+m2+m1 =
0. This means that models with hermitian mass matrices lead to wrong predictions for the
charged fermion masses and are not acceptable.

The left-right symmetry constrains the Yukawa matrices to be hermitian as mentioned
before. The only way to construct mass matrices for the charged fermions which are not
hermitian is through the use of complex VEVs. It can be seen by looking at the general
mass matrix, (6.25), that complex VEVs indeed break the hermiticity.

In the previous case however, choosing κA and κB complex did not have the desired effect.
With these complex VEVs we obtained m3 + m2 + m1 = 0, where now the masses could
be complex. Thus, the constraint on the masses was weakened somewhat but not nearly
enough. To see that the right mass hierarchy can indeed be achieved, we will look at an
example.

We will choose the following VEVs,

〈φ〉 =

(
rκA 0

0 rκB

)
,

(
κA 0
0 κB

)
,

(
κA 0
0 κB

)
, (6.27)

with κB complex. The mass matrix of (6.25) then reduces to

M =

0 a b
b 0 ra
a rb 0

 , (6.28)

with a = yκA + ỹκ∗B and b = y∗κA + ỹ∗κ∗B. Note that |a| and |b| are in principle independent
parameters, they are equal when Re yỹ∗κAκB = Re y∗ỹκAκB. This is the case when both
VEVs are real. Taking a and b to be independent we have the mass matrix which was used
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in [23] as the charged lepton mass matrix. The three parameters a, b and r were solved in
terms of the three masses.

Thus the right masses can be produced in these types of models, however it is necessary
to break the hermiticity of the mass matrices.

6.3 Final remarks

In this Chapter we looked at combining A4 with a left-right symmetric model. The
left-right model indeed allows for more freedom. The downside is that the Higgs sector
becomes rather large. Even so, using a simple VEV alignment the correct mixing patterns
can be reproduced. The model then predicts the normal hierarchy for the neutrino masses.
The charged fermion masses are non-degenerate, but not sufficiently so to describe the mass
hierarchy seen in nature. A different (complex) VEV alignment can help to overcome this
problem, the challenge will be to find an alignment which gives the correct mass hierarchy
and satisfactory mixing matrices. In conclusion, the results of this model are encouraging
to further study models combining A4 and a left-right symmetry.
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7

Concluding remarks

In this thesis models with a family symmetry were discussed, in particular those using
the group A4. Family symmetries might help us in understanding the flavor mixing patterns.
These are apparent in the interactions of the fermions with definite masses with the charged
weak interaction. As the SM offers no explanation for these patterns such models often
employ new physics. Thus, finding the right model might not only tell us how these patterns
come about but might also reveal what lies beyond the SM.

In order to be able to do this, the appropriate tools were developed in the first Chapters.
The group of our choice, A4, the weak interactions of the fermions, their mass terms and
their workings were discussed in detail. We also looked into the argument for finding the
minimal family symmetry group, [12], which in the end did not appear to be compelling.

In the later Chapters ‘simple’ A4 models with a specific Higgs sector were studied. An
interesting feature of this Higgs sector is that it does not allow for any CP violation what-
soever, as was shown in Chapter 4. The study of the Higgs sector is necessary to be able to
evaluate the possible models properly. Most importantly, studying the Higgs sector allowed
us calculate the possible VEVs which, in part, determine the mass matrices. By looking at
the Higgs masses in each of these vacua we could then decide which of these are acceptable.

After this the ‘simple’ A4 models possible with this Higgs sector and up to three right-
handed neutrinos were investigated. It was concluded that none of these were satisfactory
for various reasons. Either the masses came out wrong or the correct mixing patterns could
not be reproduced. In order to see how this might be remedied, two examples from the
literature were discussed. Firstly, the LK model, [5], for which an approximately analytical
expression for the CKM matrix was derived, using an assumption (namely, r � 1). Secondly,
the AF model, [3], was discussed. From these models it was concluded that either explicit
A4 breaking terms or additional fields might remedy the problems of the ‘simple’ models.
The possibility of choosing a different family symmetry was not pursued.

In the end A4 was combined with a left-right symmetry in the hope to be able to describe
the mixing patterns. The left-right symmetry uses additional Higgs fields which may help
with regard to the problems of the ‘simple’ models. In this case the Higgs sector was not
studied as it is rather large, instead VEVs which seem natural were chosen to base the model
on. These simple VEVs gave rise to charged fermion masses which cannot reproduce the
hierarchy seen in nature. Nonetheless, the correct mixing patterns were reproduced. This is
encouraging to further study this type of model, with a different (complex) VEV alignment.
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