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Summary

The modeling of �uid dynamics in rotational systems has a wide variety of applications in
industry and everyday life. Therefore one wants to make a computer model being able to
calculate this �ow.
The relevant quantities in rotating �ow are the Reynolds number, describing the ratio between
convection and di�usion, and the Rossby number, describing the ratio between convection and
rotational forces.
In this thesis a numerical method is derived to compute the velocity of �ow in a lid-driven
cavity: a cubic container of which the lid is constantly moved to set the water inside in motion.
The lid-driven cavity is often treated and hence there are many benchmark results to compare
our model with. Finally, the cavity is rotated in di�erent directions to determine the in�uence
of the Reynolds and Rossby numbers on the �uid dynamics.
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Chapter 1

Introduction

Ever since Claude-Louis Navier and George Gabriel Stokes derived their equations for describ-
ing the motion of �uid substances, those have been studied intensively. The equations have
a wide variety of applications, think of weather forecasting, ocean currents or the design of
cars, aircraft and ships. It is remarkable that, almost 200 years after their �rst appearance,
no solutions exists for the three dimensional equations. It is even unknown if a solution ex-
ists at all. In fact, the Clay Mathematical Institute has included this problem in the list of
Millennium Problems and will award the discoverer of the solution a prize of $1,000,000.

In practical use the Navier-Stokes equations are often simpli�ed and solved numerically.
Most problems can, theoretically, be solved arbitrarily accurate by direct numerical simulation.
However, available memory and time are severely limiting factors and the problem of �nding
e�cient algorithms has led to the development of the mathematical �eld of Computational
Fluid Dynamics.

As if the `normal' Navier-Stokes equations did not prove challenging enough, in this paper
we will consider rotating �ow. This rotating �ow has a wide variety of scienti�c, engineering
and product design applications, providing design capabilities for jet engines, pumps and
vacuum cleaners. Moreover it provides modeling possibilities for geophysical manifestations
due to the Earth's rotation. Even for situations in which the rotation is not evident at �rst
sight, a good sense of rotating �ow is crucial for understanding the behaviour of the �ow.
Think of the vorticity produced in channel �ow, the secondary �ow in a pipe bend or the
wingtip vortices produced by airplane wings, as pictured in �gure 1.1.

Another remarkable property of rotating �ow is that, when a three-dimensional �ow is
rotated very rapidly, the �ow can be considered to be two-dimensional (c.f. [1]). This transition
from two-dimensional to three-dimensional �ow can be made continuously by rotating the �ow
with increasing velocities.

The rotating �ow will be considered as `normal' �ow, viewed from a rotating frame of
reference. This asks for rewriting the Navier-Stokes equation into a new form.

In this paper we will apply the problem of computing the movement of �uid to the example
of a lid driven cavity. This is a cubic box in which water, or any other �uid is contained. The
�uid starts moving due to a moving lid on top of the cavity. The motion of such a system
is intesively investigated, hence it is useful for verifying and testing a numerical model. This
being true for the non-rotating cavity, the problem of a rotating lid driven cavity is not so
widely considered, and thus the more interesting part.

1



2 CHAPTER 1. INTRODUCTION

Figure 1.1: Vortex produced by wingtip

The Navier-Stokes equations for rotating �ow are derived in Chapter 2. To make them ap-
plicable to a wider vaariety of problems we will show how to rewrite them in a non-dimensional
form. Next some examples of the Reynolds and Rossby numbers are given and the last part of
this chapter is dedicated to the theory about turbulence. In Chapter 3 a symmetry analysis
is performed. Chapter 4 describes the algorithms for the discretization of the Navier-Stokes
equations and next, in Chapter 5, the results of the 3D case are presented. Chapter 6 ad-
dresses the problem of the rotating cavity. The cavity is rotated in di�erent directions to
deduce relations between the important non-dimensional Reynolds and Rossby numbers.



Chapter 2

Theory

2.1 The Navier-Stokes equations

We are interested in the overall behaviour of the �ow. This means that we are not looking at,
for example, the interaction of �uid molecules and we assume the �uid to be a continuum. Now
the Navier-Stokes equations are derived from the laws of conservation of mass, mementum and
energy [2].

Conservation of mass, in the di�erential form is given by

∂ρ

∂t
+∇ · (ρu) = 0 (2.1.1)

The equation for conservation of momentum is given by

∂ρu

∂t
+∇ · (ρuu) = −∇p+∇ · τ (2.1.2)

In this thesis we will consider incompressible �ow. This does not mean that the density is
constant everywhere in the �ow, but rather that the density of a given particle stays equal
everywhere on its path. Therefore the energy equation is e�ectively replaced by the incom-
pressibility condition:

Dρ

Dt
≡ ∂ρ

∂t
+ u · ∇ρ = 0

Combining this result with (2.1.1) yields:

0 =
∂ρ

∂t
+∇ · (ρu) =

∂ρ

∂t
+ u · ∇ρ+ ρ∇ · u = ρ∇ · u

⇓
∇ · u = 0 (2.1.3)

Hence the �ow is divergence free. Moreover, for Newtonian �uids the stress tensor τ is
given by τ = µ∇u. Using this result and the assumtption that ρ and µ are constant we can
rewrite (2.1.2) to:

∂u

∂t
+ (u · ∇)u = −1

ρ
∇p+ ν∇2u (2.1.4)

where ν ≡ µ
ρ is the kinematic viscosity. Equations (2.1.3) and (2.1.4) together are called the

Navier-Stokes equations.

3



4 CHAPTER 2. THEORY

2.2 Non-inertial coordinate system

Imagine the following situation: you are blindfolded in a car. As long as the car is moving
with a constant velocity you can not tell how fast you are going, or even if you are moving at
all. Your frame of reference is moving along with the car, which means that the car seems to
be standing still. However, when the car makes a sharp turn you suddenly experience some
force pushing you outwards, even though there is no real force acting in this direction. This
e�ect is due to the fact that the reference frame you (and the car) are in, are no longer inertial
and the very basic laws of Newton are no longer valid. This might seem to cause big problems,
but we can avert these by introducing terms for the so called �ctitious forces.

When dealing with �uids moving through a accelerating or rotating body, these �ctitious
forces play an important role. There are two choices to look at the problem:

• View the problem from an outside, inertial frame of reference. One has to account for
the moving body in the boundary conditions.

• View the problem from a frame of reference moving along with the body. The boundary
conditions can be kept, but �ctitious forces have to be introduced.

Since the �uid motion with respect to the body is more interesting than the motion with
respect to an outside frame of reference, we will view the the �ow from a rotating frame of
reference. Thus, in our frame the concerned body appears to stand still. We are allowed to
do this if we account for the �ctitious forces that arise from using a non-inertial frame and
seem to in�uence the behaviour of the �ow.

Consider an inertial frame A and a non-inertial frame B whose origin relative to the
inertial one is given by OAB(t). Let the position of the particle in frame B be xB(t). Below
an expression for the force on a particle in frame B is derived [3].

Let the coordinate axes in B be represented by unit vectors ei. Then

xB =
3∑
i=1

xi ei

This equation prescribes that xB is the vector displacement of the particle as expressed in
terms of the coordinates in frame B at time t. So far nothing new. But now we view the same
particle from reference frame A. Its position xA is given by:

xA = OAB +

3∑
i=1

xi ei

This is simply the combination of the position of the origin of frame B and the particle position
in this frame. Important to notice is that the unit vectors ei cannot change magnitude, so
derivatives of these vectors express only rotation of the coordinate system B, whereas vector
OAB represents only the position of the origin of frame B relative to frame A, and so cannot
include rotation of frame B.

Having derived formulae for the particle positions, we can now construct equations for the
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velocity. Therefore take the derivative with respect to time:

dxA
dt

=
dOAB

dt
+

3∑
i=1

dxi
dt

ei +

3∑
i=1

xi
dei
dt

= uAB + uB +

3∑
i=1

xi
dei
dt

(2.2.1)

where uAB is the velocity of the origin of frame B as measured in frame A and uB is the
velocity of the particle as measured in frame B.

The interpretation of equation (2.2.1) is that the velocity of a particle seen by observers
in frame A consists of what observers in frame B call the velocity, namely uB, plus two extra
terms related to the rate of change of the frame B coordinate axes. One of these, uAB, is
simply the velocity of the moving origin. The other is a contribution to velocity due to the
fact that di�erent locations in the non-inertial frame have di�erent apparent velocities due
to rotation of the frame: the further a point is from the origin of the non-inertial frame, the
faster it moves.

Expressions for the acceleration follow from another time di�erentiation:

d2xA
dt2

=
uAB
dt

+
duB
dt

+

(
3∑
i=1

dxi
dt

dei
dt

+

3∑
i=1

xi
d2ei
dt2

)

= aAB +

(
aB +

3∑
i=1

ui
dei
dt

)
+

(
3∑
i=1

ui
dei
dt

+
3∑
i=1

xi
d2ei
dt2

)

= aAB + aB + 2
3∑
i=1

ui
dei
dt

+
3∑
i=1

xi
d2ei
dt2

where ui ≡ dxi
dt .

The interpretation of this equation is as follows: the acceleration of the particle in frame
A consists of what observers in frame B call the particle acceleration aB, and three more
terms. These are related to the movement of the frame B coordinate axes: one term, aAB,
describes the acceleration of the origin of frame B, the other two describe the rotation of frame
B. Consequently, observers in B will see the particle motion as possessing extra acceleration,
which they will attribute to forces acting on the particle, but which observers in A say are
�ctitious forces arising simply because observers in B do not recognize the non-inertial nature
of frame B.

Finally to compute the forces, the accelerations are multiplied by the particle mass:

FA = FB +maAB + 2m

3∑
i=1

ui
dui
dt

+m

3∑
i=1

xi
d2ui
dt2

The force observed in frame B, FB = maB is related to the actual force on the particle, FA,
by:

FB = FA + Ff

where:

Ff = −m aAB − 2m
3∑
i=1

vi
dui
dt
−m

3∑
j=1

xi
d2ui
dt2
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is the sum of the �ctitious forces. Thus, we can solve problems in frame B by assuming that
Newton's second law holds (with respect to quantities in that frame) and treating Ff as an
additional force.

2.3 Rotational coordinate system

We have seen how we can adjust the motion equations such that Newton's laws hold in non-
inertial reference frames. In this section we will apply these general equations for non-inertial
frames of reference to the case of a rotating frame. To derive expressions for the �ctitious
forces in this case, time derivatives are needed for vectors that take into account time-variation
of the coordinate axes. If the rotation of frame B is represented by a vector ω pointing along
the axis of rotation with orientation given by the right-hand rule, and with magnitude given
by

|ω| = dθ

dt
= ω(t) ,

then the time derivative of any of the three unit vectors describing frame B is:

dui(t)

dt
= ω × ui(t) ,

and
d2ui(t)

dt2
=
dω

dt
× ui + ω × dui(t)

dt
=
dω

dt
× ui + ω × (ω × ui(t)) ,

as is veri�ed using the properties of the vector cross product, [4]. These derivative formulas
are now applied to the relationship between acceleration in an inertial frame and that in a
coordinate frame rotating with time-varying angular velocity ω(t). Since we consider just
a rotating frame of reference, rather than a moving frame, we set aAB = 0 to remove any
translational acceleration, then:

d2xA
dt2

= aB + 2
3∑
i=1

ui
dei
dt

+
3∑
i=1

xi
d2ei
dt2

(2.3.1)

aA = aB + 2
3∑
i=1

uiω × ei(t) +
3∑
i=1

xi
dω

dt
× ei +

3∑
i=1

xiω × (ω × ei(t)) (2.3.2)

= aB + 2 ω ×
3∑
i=1

uiei(t) +
dω

dt
×

3∑
i=1

xiei + ω ×

(
ω ×

3∑
i=1

xiei(t)

)
(2.3.3)

Collecting terms results in the formula:

aA = aB + 2 ω × uB +
dω

dt
× xB + ω × (ω × xB) .

Thus, the acceleration in the inertial frame is simply the acceleration as observed in the
rotating frame plus three additional forces. These forces are called the Coriolis, Euler and
centrifugal force, respectively. Note that when considering a constant rotation (i.e. ω(t) = ω),
the Euler force equals zero.
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To make the Navier-Stokes equations (2.1.3) and (2.1.4) valid in our rotating frame of
reference we have to add the terms for the Coriolis and centrifugal force:

∂u

∂t
+ (u · ∇)u− ν∇2u +

1

ρ
∇p+ 2ω × u + ω × (ω × r) = 0 (2.3.4)

∇ · u = 0

where r is the particle position with respect to the origin of the rotating frame of reference.
The velocity in the non-inertial system is rewritten through u = u + (ω × r). The centrifugal
force ω× (ω× r) is conservative (see appendix A) and can therefore be written as a gradient:

ω × (ω × r) =

 ω1

ω2

ω3

×
 ω1

ω2

ω3

×
 r1

r2

r3


=

 ω1

ω2

ω3

×
 ω2r3 − ω3r2

ω3r1 − ω1r3

ω1r2 − ω2r1


=

 ω2(ω1r2 − ω2r1)− ω3(ω3r1 − ω1r3)
ω3(ω2r3 − ω3r2)− ω1(ω1r2 − ω2r1)
ω1(ω3r1 − ω1r3)− ω2(ω2r3 − ω3r2)


= −

 ω3(ω3r1 − ω1r3)− ω2(ω1r2 − ω2r1)
−ω3(ω2r3 − ω3r2) + ω1(ω1r2 − ω2r1)
ω2(ω2r3 − ω3r2)− ω1(ω3r1 − ω1r3)


= −

 0 ω3 −ω2

−ω3 0 ω1

ω2 −ω1 0

 ω2r3 − ω3r2

ω3r1 − ω1r3

ω1r2 − ω2r1


= −

 ∂
∂r1
ω2r3 − ω3r2

∂
∂r1
ω3r1 − ω1r3

∂
∂r1
ω1r2 − ω2r1

∂
∂r2
ω2r3 − ω3r2

∂
∂r2
ω3r1 − ω1r3

∂
∂r2
ω1r2 − ω2r1

∂
∂r3
ω2r3 − ω3r2

∂
∂r3
ω3r1 − ω1r3

∂
∂r3
ω1r2 − ω2r1

 (ω × r)

= −

∇
 ω2r3 − ω3r2

ω3r1 − ω1r3

ω1r2 − ω2r1

 (ω × r)


= − (∇(ω × r)) (ω × r)

= −∇1
2(ω × r)2

Using this, an adapted `pressure' is de�ned: P = p − 1
2(ω × r)2 and equation (2.3.4)

becomes:
∂u

∂t
+ u · ∇u− ν∇2u +

1

ρ
∇P + 2ω × u = 0

2.4 Non-dimensional and rotating Navier-Stokes

Consider the dimensional form of the stationary Navier-Stokes equations, as derived in the
previous section: {

∇ · u = 0
(u · ∇)u = −1

ρ∇p+ ν∇2u− 2ω × u
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In order to make all the further computations applicable to other �ows we are going to
non-dimensionalize the NS-equations. Hereto introduce the new dimensionless parameters:

x̄ :=
x

L
ȳ :=

y

L
z̄ :=

z

L

ū :=
u

U∞
v̄ :=

v

U∞
w̄ :=

w

U∞

p̄ :=
p

ρU2
∞

ω̄ :=
ω

f

where U∞, L and f are the characteristic velocity, length and frequency respectively. Plugging
these parameters into the Navier-Stokes equations we get in the x-direction:

(
u
∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z

)
= −1

ρ

∂p

∂x
+ ν

(
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

)
− 2(ω2w − ω3v)

U2
∞
L

(
ū
∂ū

∂x̄
+ v̄

∂ū

∂ȳ
+ w̄

∂ū

∂z̄

)
= −U

2
∞
L

∂p̄

∂x̄
+
νU∞
L2

(
∂2ū

∂x̄2
+
∂2ū

∂ȳ2
+
∂2ū

∂z̄2

)
− 2U∞f(ω̄2w̄ − ω̄3v̄)

Dividing by U2
∞
L yields:

ū
∂ū

∂x̄
+ v̄

∂ū

∂ȳ
+ w̄

∂ū

∂z̄
= −∂p̄

∂x̄
+

ν

U∞L2

(
∂2ū

∂x̄2
+
∂2ū

∂ȳ2
+
∂2ū

∂z̄2

)
−2

Lf

U∞
(ω̄2w̄ − ω̄3v̄)

This equation looks very much like the dimensional one except for some constants:

ν

U∞L2
= Re−1

Lf

U∞
= Ro−1

These constants are called Reynolds [5] and Rossby number [6] respectively.
We can rewrite the equations in the y and z directions in the same manner to get the

non-dimensional Navier-Stokes equation:

(u · ∇)u = −∇p+
1

Re
∇2u− 2

Ro
(ω × u)

2.4.1 Reynolds number

The Reynolds number (named after Osborne Reynolds) gives a measure of the ratio of inertial
forces to viscous forces and consequently quanti�es the relative importance of these two types
of forces for given �ow conditions. It is de�ned as

Re =
ρUL

µ
=
UL

ν

in which U and L are the characteristic velocity and length of the �ow, and ν is the kinematic
viscosity. Reynolds numbers are used, for example to characterize the nature of a �ow [7]:



2.4. NON-DIMENSIONAL AND ROTATING NAVIER-STOKES 9

• laminar �ow occurs at low Reynolds numbers. Viscous forces are dominating the be-
haviour, resulting in a constant and smooth motion

• turbulent �ow occurs at high Reynolds numbers. Inertial forces are dominating, resulting
in chaotic motion with vortices, eddies, and other �ow irregularities.

Some Reynolds numbers that are encountered in practice are given in table 2.4.1. It can
be seen that the Reynolds numbers in air are smaller than those for similar �ows in water.
Hence, air is � counterintuitive as it may sound � more viscous than water. For Re � 1, as in
all the given examples, the viscosity has in�uence only in the immediate surrounding of the
considered object, i.e. the boundary layer, rather than on the global behaviour of the �ow. In
this boundary layer and the wake behind the object the �ow will in general be turbulent (c.f.
[8]).

medium speed Re

Cyclist (tourist) air 20 km/h 1 · 105

Golf ball (pro) air 250 km/h 2 · 105

Ice skater (pro) air 45 km/h 5 · 105

Swimmer (pro) water 5 km/h 3 · 106

Car air 80 km/h 5 · 106

Shark water 20 km/h 3 · 107

Plane air 900 km/h 5 · 107

Ship water 20 km/h ±109

2.4.2 Rossby number

The Rossby number (named after Carl-Gustav Arvid Rossby) is a dimensionless number de-
�ned as the ratio between inertial forces v ·∇v ∼ U2/L, and the Coriolis forces and ω×v ∼ Uω:

Ro =
U

Lω

where U and L are the characteristic velocity and length of the �ow, and ω is the angular
velocity. This means that for high Rossby numbers the inertial and centrifugal forces dominate
whereas a small Ro signi�es a system which is strongly a�ected by Coriolis forces [9]. The
Rossby number is mostly used in large scale systems, where the rotation of the Earth plays a
role. One can think about ocean currents, satellite movement and long range ballistics. Table
2.4.2 gives some typical values for the Rossby number and their appearance.

Process Length scale Time scale Approximate Ro
Ocean tides 100-1000 km 1/2 day, 1, day, . . . 10−4 − 10−2

Ocean fronts 50-100 km weeks 10−1

Land-sea breeze 10-50 km 1/2 day 1
Hurricane 500-2000 km days 10
Tsunami 100 km day 102

Tornadoes few km < 1 hr 103

Dissipative scales 1-2 mm 1 s 104
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2.5 Turbulence

2.5.1 Inertial frame of reference

The reason we will look at rotating turbulence later in this thesis, is that the rotation provides
a nice transition from two dimensional to three dimensional turbulence. To get some more
feeling with turbulence, this section provides some insight in this phenomenon.

Turbulence causes the formation of eddies of many di�erent length scales. Most of the
kinetic energy of the tubrulent motion is contained in the large scale structures. This energy
cascades from these large scale structures to smaller scale structures by an inviscid mechanism.
This process continues, creating smaller and smaller structures which produces a hierarchy of
so-called eddies. In 1941 Kolmogorov suggested that on the smallest dlow scales an equilibirum
exists between the production of these small scales and their destruction through viscous
dissipation.

Big whirls have little whirls,
That feed on their velocity;
And little whirls have lesser whirls,
And so on to viscosity.

(Lee Fry Richardson)

We will now take a quick look at the energy spectrum of a �uid in motion. In his original theory,
Kolmogorov postulated that for very high Reynolds number, the small scale turbulent motions
are statistically isotropic (i.e. no preferential spatial direction could be discerned). The way
in which the kinetic energy is distributed over the multiplicity of scales is a fundamental
characterization of a turbulent �ow. For homogeneous turbulence (i.e. statistically invariant
under translations of the reference frame) this is usually done by means of the energy spectrum
function E(k), where k stems from the Fourier transformation of the �ow velocity �eld. Thus,
E(k)dk represents the contribution to the kinetic energy from all the Fourier modes with
k < |k| < k + dk, and therefore,

Total kinetic energy =

∫ ∞
0

E(k)dk.

The wavenumber k corresponding to length scale r is k = 2π/r which has unit m−1. The rate
of energy dissipation is given by ε ≡ dEk/dt. Performing a dimensional analysis gives

[E(k)] = m3s−2

[k] = m−1

[ε] = m2s−3

and thus

E(k) = Cεakb

m3s−2 = m2as−3a ·m−b

⇒ −2 = −3a⇒ a = 2/3

⇒ 3 = 2a− b⇒ b = −5/3
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Therefore, the only possible form for the energy spectrum function according with the third
Kolmogorov's hypothesis is

E(k) = Cε2/3k−5/3, (2.5.1)

where C would be a universal constant. This is one of the most famous results of Kolmogorov
1941 theory, and considerable experimental evidence has accumulated that supports it.

2.5.2 Non-inertial Frames

The energy spectrum of a �ow in a noninertial (e.g. a rotating) frame of reference seems to
behave quite di�erently from the inertial case. In simple words: rotation stabilizes the �ow.
This implies that the transfer of energy to smaller scales of motion occurs slower than in an
inertial frame, resulting in a steeper energy spectrum.

As mentioned before, the Kolmogorov hypotheses are based on the assumption of isotropy.
However, one of the e�ects of rotation on a �ow is to induce anisotropy, for example in the
formation of large-scale columnar vortices. The question is thus, to which extent is this
anisotropy in�uencing the energy cascade [10].

In a large eddy simulation the smallest scales of motion (or, large wavenumbers k) are
modeled rather than simulated in order to drastically decrease computational costs. To model
these scales assumptions are made on the behaviour of the energy spectrum, according to
Kolmogorov's hypotheses. If the rotating energy spectrum turns out to be very much di�erent
from the one according to these hypotheses, the according LES model is not useful.

To tell something about the e�ects of rotation, comparisons have been made between LES
models and results gathered from direct numerical simulations (DNS).

At low Rossby numbers, the �ow is expected to approach a two-dimensional �ow, but
recent studies show that it is more subtle, with three-dimensional eddies prevailing at the
smallest scales of motion.

A rapidly rotating �ow has been shown to possibly have a monotonically increasing energy,
whereas a homogeneous and isotropic turbulence does not have such a property. This is
because the last one only has direct energy and helicity cascades, i.e. in a decreasing fashion.
A rotating �ow, however, may develop an inverse cascade of energy.

Where in the inertial frame we encountered a k−5/3 form energy spectrum, in a rotating
frame experiments show that it's closer to a k−2 form [11].

In the inertial subrange the spectral energy �ux is constant and equal to the dissipation ε
according to

ε = C
−3/2
K

(Ek)3/2k

1 + c3(Ω2/Ek3)
(2.5.2)

Now a rotation wave number kΩ is de�ned

kΩ =

(
Ω3

ε

)1/2

which bounds the region of the spectrum where the rotation e�ects are important: k < kΩ.
In the region where k � kΩ, (2.5.2) gives an explicit expression

E(k) ∝ ε2/5Ω4/5k−11/5 (2.5.3)

while for k � kΩ the Kolmogorov inertial subrange (2.5.1) is recovered.
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Concluding, if the rotation wave number kΩ lies in the inertial subrange then for wave
numbers less than kΩ the turbulence motions are a�ected by rotation and the energy slope is
modi�ed. Observing the similarities between rotating turbulence and magnetohydrodynamics,
Zhou [12] found the expression for strong rotation:

E(k) = CΩ(Ωε)1/2k−2 (2.5.4)

We have seen the deduction of Kolmogorov's power law for energy decay. Kolmogorov used
some hypotheses for which he assumed homogeneous, isotropic, statistically steady turbulence.
Zhou tried to �nd a more general energy law, and came with the following: the inertial range
energy spectrum is given by

E(k) = Z2A−4/3ε2/3k−5/3

where Z is the solution to the dimensionless equation Z4 = Z0 + Z with

Z0 = A2/3[Ω/(εk2)1/3] = (AkΩ/k)2/3

Indeed, the limiting cases of no rotation (i.e. Z0 = 0) and strong rotation (i.e. Z0 → ∞)
lead to a k−5/3 and k−2 energy spectrum, respectively. For intermediate rotation rates, the
spectrum varies smoothly according to the value of kΩ.

Thus, �uid motion in a rotating frame of reference may behave very di�erently than one in
an inertial frame. The di�erences occuring should be accounted for when applying a turbulence
model and it is important to base this model on the right energy spectrum power law.



Chapter 3

Symmetry analysis

3.1 Non-Rotating Navier Stokes

Consider the non-rotating dimensionless Navier-Stokes equations:

∂u

∂t
+ (u · ∇)u− 1

Re
∇2u +∇p = 0 (3.1.1)

∇ · u = 0 (3.1.2)

For sake of clarity the vector u is denoted simply by u in this section. We will deduce some
properties of the di�erent terms in the Navier-Stokes equations, and see how we can maintain
these properties in the disccretization.
First we show that, analytically, the convective terms contribute in a skew-symmetric way,
whereas the di�usion contributes in a symmetric way [13]. Hereto, di�erentiate the energy
‖u‖2 = (u, u) with respect to time and rewrite:

∂

∂t
(u, u) = (

∂u

∂t
, u) + (u,

∂u

∂t
)

= (−(u · ∇)u+
1

Re
∇2u−∇p, u) + (u,−(u · ∇)u+

1

Re
∇2u−∇p)

= (−(u · ∇)u, u) + (
1

Re
∇2u, u)− (∇p, u)

+ (u,−(u · ∇)u) + (u,
1

Re
∇2u)− (u,∇p)

= −
(
(u · ∇)u, u

)
−
(
u, (u · ∇)u

)
+

1

Re

(
(∇2u, u) + (u,∇2u)

)
(3.1.3)

− (∇p, u)− (u,∇p)

We can simplify equation (3.1.3) further using integration by parts and neglecting the contri-
butions on the edge of the domain. First we see that integration by parts gives us the following
three equalities:

(u,∇2u) = −(∇u,∇u) = (∇2u, u)

((u · ∇)v, w) = −(v, (u∇·)w)

(∇p, u) = −(p,∇ · u)

13
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Plugging these identities, combined with the incompressibility condition (3.1.2) into (3.1.3)
leads to

∂u

∂t
(u, u) = − 2

Re
(∇u,∇u) ≤ 0

where the inequality stems from the positive-de�niteness of the inner product. Hence energy
is conserved for inviscid and decreasing for viscid �ow. The important implication of this
statement is that the spatial discretization of the Navier-Stokes equations is unconditionally
stable and conservative, provided that the discrete operators are also (skew-)symmetric. With
this in mind we will develop a discretization in which the convective operator u ·∇ is approxi-
mated by a skew-symmetric discrete operator and the di�usive operator −∇2 by a symmetric
discrete operator.

3.2 Rotating Navier Stokes

In the previous chapter we have seen how the Navier-Stokes equations can be adapted such
that they are applicable to rotating �ow:

∂u

∂t
+ (u · ∇)u− 1

Re
∇2u+∇P + 2ω × u = 0

We will now apply the same property analysis as before, but on the rotating Navier-Stokes
equations. As in the previous section we consider the evolution of energy ∂

∂t(u, u) to deduce
some properties for our discrete operators. The deduction is identical except for the term:
(u, 2ω × u).

∂

∂t
(u, u) =

(
∂u

∂t
, u

)
+

(
u,
∂u

∂t

)
=

(
−(u · ∇)u+

1

Re
∇2u−∇P − 2ω × u, u

)
+

(
u,−(u · ∇)u+

1

Re
∇2u−∇P − 2ω × u

)
= (−(u · ∇)u, u) + (

1

Re
∇2u, u)− (∇P, u)− (2ω × u, u)

+(u,−(u · ∇)u) + (u,
1

Re
∇2u)− (u,∇P )− (u, 2ω × u)

= −((u · ∇)u, u)− (u, (u · ∇)u) +
1

Re
((∇2u, u) + (u,∇2u))−

−(∇P, u)− (u,∇P )− (2ω × u, u)− (u, 2ω × u)

As before this equation can be considerably simpli�ed using integration by parts and neglecting
the contributions on the edge of the domain. This yields

(u,∇2u) = −(∇u,∇u) = (∇2u, u)

((u · ∇)v, w) = −(v, (u · ∇)w)

(∇P, u) = −(P,∇ · u)
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Moreover, since the Coriolis force is perpendicular to the velocity u, the inner products (2ω×
u, u) and (u, 2ω×u) are equal to zero (c.f. [14]). Thus we end up with the very same inequality:

∂

∂t
(u, u) = − 2

Re
(∇u,∇u) ≤ 0

Therefore, when dealing with the rotating Navier-Stokes equations, using a symmetry-preserving
discretization ensures an unconditionally stable and conservative algorithm.
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Chapter 4

Discretization

4.1 Driven Cavity

In the previous chapters, we saw how the Navier-Stokes equations can be rewritten to use
them in a rotating frame of reference. We will now use these equations to model the �ow in
a lid-driven cavity. This is a thoroughly tested problem, due to its easy geometry and simple
boundary conditions (c.f. Figure 4.1).

Consider a square domain in which a �uid is contained. On the boundaries we have
Dirichlet conditions: u = v = 0, except on the top (the lid) where we de�ne u = 1, v = 0.
Since the driven cavity problem has been considered so often, there is a lot of data available

u = 1, v = 0

u = v = 0

u = v = 0u = v = 0

(0, 0) (1, 0)

(1, 1)(0, 1)

Figure 4.1: The lid-driven cavity

(see for example [15]).
The Navier-Stokes equations are used to describe the �ow in the lid-driven cavity. We will

use a Finite Volume Discretization which is based on the integral form of these equations.
They are given by:∫

Ω

∂u

∂t
= −

∫
∂Ω
u · (u · n)dS +

1

Re

∫
∂Ω

∂u

∂n
dS +

∫
Ω
∇p

= −
∫
∂Ω
u · (u · n)dS +

1

Re

∫
∂Ω

∂u

∂n
dS +

∫
∂Ω
p · ndS (4.1.1)

17
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4.2 Algorithm

The integral equations from the previous section will be solved using an algorithm based on
[16]. First, we introduce some notation

du

dt
= −convu(n) + di�u(n) − rotu(n) −∇p

and de�neR = −convu(n)+di�u(n)−rotu(n). For the time-discretization an explicit, multistep,
Admas-Bashforth scheme is used. Since this method requires two previous values, in the
�rst iteration we use an explicit, one-step, Euler method. For small enough time steps, the
Adams-Bashforth method is more accurate than the Euler method. The spatial directions are
discretized with a second order central scheme.

We can now rewrite the above equation to derive an algorithm for computing the velocity
�eld in time step n+ 1, given the velocity �eld in time step n:

u(n+1) − u(n)

δt
= R(n) −∇p

u(n+1) = u(n) + δt
(
R(n) −∇p

)
u(n+1) = û(n) − δt∇p

Here û(n) is some intermediate velocity. It has no physical meaning, but will be used to ensure
that the velocity �eld is divergence free. Then the algorithm consists of 4 steps:

Compute Rn = −convu(n) + di�u(n) − rotu(n) (4.2.1)

Compute û(n) = u(n) + δtR(n) (4.2.2)

Solve δt∆p = ∇ · û(n) for p (4.2.3)

Correct the velocity u(n+1) = û− δt∇p (4.2.4)

These four steps are repeated until convergence, i.e. ‖u(n+1) − u(n)‖ < tol.

4.3 Computational Grid and Boundary Conditions

The (cubic) cavity is divided in nx × ny × nz computational cells. In each cell the velocity is
discretized in the three cartesian directions:

u =

 u
v
w


To avoid decoupling of the pressure, (c.f. [2]) a staggered grid is used, i.e. u is de�ned in the
east and west cell faces, v in the north and south faces and w in the front and back faces. The
pressure is de�ned in the cell centers (c.f. �gure 4.2 (left)).

In each step the x, y, z-momentum equations are solved in the faces where u, v, w are
de�ned, respectively. The continuity equation is applied in the cell centers.

The choice of this computational grid leads to some trouble with the boundary conditions,
since for example,the horizontal velolcity u is not de�ned on the bottom of the cavity. This
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is solved by introducing mirror cells outside the domain (c.f. �gure 4.2 (right)). Consider
the velocities uS and vS at the bottom of the cavity. In the example vi,1 is de�ned at the
boundary, hence no problem here: vi,1 = vS . For the horizontal velocity a simple interpolation
is used: ui,2+ui,1

2 = uS , hence ui,1 = 2uS − ui,2.
There are no boundary conditions for the pressure. This is no problem however since the

pressure is only present by its gradient and thus it its determined only up to an arbitrary
constant. It is usual to impose the pressure avarage or the value of the pressure at one point
to uniquely de�ne the pressure �eld [17].

ui−1,j,k ui,j,k

vi,j−1,k

vi,j,k

wi,j,k−1

wi,j,k

pi−1,j−1,k−1

δxi

δyj

δzk

ui−1,2

ui−1,1

ui,2

ui,1

vi,1

Figure 4.2: Velocity and pressure discretization, and boundary conditions (right)

4.4 Discrete Momentum Equation

Consider cell (i− 1, j − 1, k− 1), as shown in �gure 4.2. We will now derive the discrete form
of the momentum equation (4.1.1) in this cell. The discrete equivalent of taking the integral
over a control volume Ω in the analytic equation, is multiplication with the considered volume.
Analogously, wherever an integral over a cell wall ∂Ω appears in the analytic case, we have to
multiply with the area of that wall when discretizing. Hence, we gain the following discrete
momentum equation for the East wall of the cell:

δ̃xiδyjδzk
u

(n+1)
i,j,k − u

(n)
i,j,k

δt
= −uConvi,j,k + uDi�i,j,k −Gradp

δ̃xiδyjδzk
u

(n+1)
i,j,k − u

(n)
i,j,k

δt
= Rui,j,k − (pi,j−1,k−1δyjδzk − pi−1,j−1,k−1δyjδzk)

where we have introduced Rui,j,k := −uConvi,j,k+uDi�i,j,k for sake of notation. We are going to
rewrite this equation in a way such that we can compute a new velocity �eld from the old one,
satisfying the discrete Navier-Stokes equations. Therefore introduce the discrete intermediate
velocity

ûi,j,k := u
(n)
i,j,k + δt

Rui,j,k

δ̃xiδyjδzk
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We can insert this new velocity in the momentum equation, and rewrite it to:

δ̃xiδyjδzk
u

(n+1)
i,j,k − û

(n)
i,j,k

δt
= −(pi,j−1,k−1δyjδzk − pi−1,j−1,k−1δyjδzk)

u
(n+1)
i,j,k = û

(n)
i,j,k + δt

(pi−1,j−1,k−1 − pi,j−1,k−1)δyjδzk

δ̃xiδyjδzk

Dividing the area of the considered wall out of the pressure part of the equation yields:

u
(n+1)
i,j,k = û

(n)
i,j,k + δt

pi−1,j−1,k−1 − pi,j−1,k−1

δ̃xi
(4.4.1)

We have now derived an equation to compute the new horizontal velocity u(n+1)
i,j,k in the

eastern wall from the velocity �eld in time step n. We can do the same derivations for the
velocities in the other cell walls.

In the north cell face vi,j,k is the velocity of concern. Hence we consider a control volume
around this vi,j,k and derive the following momentum equation:

δxiδ̃yjδzk
v

(n+1)
i,j,k − v

(n)
i,j,k

δt
= −vConvi,j,k + vDi�i,j,k −Gradp (4.4.2)

= Rvi,j,k − (pi−1,j,k−1δxiδzk − pi−1,j−1,k−1δxiδzk)

As for the u-direction we have introduced Rvi,j,k := −vConvi,j,k + vDi�i,j,k. Furthermore, we
introduce

v̂i,j,k := v
(n)
i,j,k + δt

Rvi,j,k

δxiδ̃yjδzk

As before we will plug this auxiliary velocity in (4.4.2) to �nd the recipe for updating the
vertical velocity v:

δxiδ̃yjδzk
v

(n+1)
i,j,k − v̂

(n)
i,j,k

δt
= −(pi−1,j,k−1δxiδzk − pi−1,j−1,k−1δxiδzk)

v
(n+1)
i,j,k = v̂

(n)
i,j,k + δt

(pi−1,j−1,k−1 − pi−1,j,k−1)δxiδzk

δxiδ̃yjδzk

v
(n+1)
i,j,k = v̂

(n)
i,j,k + δt

pi−1,j−1,k−1 − pi−1,j,k−1

δ̃yj
(4.4.3)

This equation can be used to update the velocity in the North and South walls of the compu-
tational cell.

To make the discretization complete, we derive an equation for the z-direction in a similar
manner. The velocity component of concern is denoted by wi,j,k. Then

δxiδyj δ̃zk
w

(n+1)
i,j,k − w

(n)
i,j,k

δt
= −wConvi,j,k + wDi�i,j,k −Gradp

= Rwi,j,k − (pi−1,j−1,kδxiδyj − pi−1,j−1,k−1δxiδyj) (4.4.4)

Again we use the notation Rwi,j,k := −wConvi,j,k + wDi�i,j,k and de�ne the new velocity

ŵi,j,k := w
(n)
i,j,k + δt

Rwi,j,k

δxiδyj δ̃zk
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Then equation (4.4.4) can be rewritten to provide us with a formula for updating the velocity
in the z-direction:

δxiδyj δ̃zk
w

(n+1)
i,j,k − ŵ

(n)
i,j,k

δt
= −(pi−1,j−1,kδxiδyj − pi−1,j−1,k−1δxiδyj)

w
(n+1)
i,j,k = ŵ

(n)
i,j,k + δt

(pi−1,j−1,k−1 − pi−1,j−1,k)δxiδyj

δxiδyj δ̃zk

w
(n+1)
i,j,k = ŵ

(n)
i,j,k + δt

pi−1,j−1,k−1 − pi−1,j−1,k

δ̃zk
(4.4.5)

We have now derived equations for updating the velocities in the x, y and z-directions, using
the old velocities and some pressure values. Until this point, we have not encountered the
pressure and it is thus unknown. This may seem problematic, but we have thus far only
considered part of the Navier-Stokes equations, namely the momentum equations. The last
part dictates the velocity �eld to be divergence free. Therefore the continuity equation needs
to be discretized as well. First, let us discretize the divergence of the velocity �eld in this cell:

∇ · u = (ui,j,k − ui−1,j,k)δyjδzk + (vi,j,k − vi,j−1,k)δzkδxi + (wi,j,k − wi,j,k−1)δxiδyj (4.4.6)

The velocities appearing in this equation are the velocities in the East, West, North, South,
Front and Back wall respectively. We have already seen how these velocities can be computed.
Since the continuity equation dictates ∇ · u(n+1) = 0, we can rewrite (4.4.6) to:

0 = (u
(n+1)
i,j,k − u

(n+1)
i−1,j,k)δyjδzk + (v

(n+1)
i,j,k − v

(n+1)
i,j−1,k)δzkδxi + (w

(n+1)
i,j,k − w

(n+1)
i,j,k−1)δxiδyj

We can now apply the appropriate formulae in the six walls of the computational cell.

0 =

(
û

(n)
i,j,k + δt

pi−1,j−1,k−1 − pi,j−1,k−1

δ̃xi

)
dyjdzk

−

(
û

(n)
i−1,j,k + δt

pi−2,j−1,k−1 − pi−1,j−1,k−1

δ̃xi−1

)
δyjδzk

+

(
v̂

(n)
i,j,k + δt

pi−1,j−1,k−1 − pi−1,j,k−1

δ̃yj

)
δzkδxi

−

(
v̂

(n)
i,j−1,k + δt

pi−1,j−2,k−1 − pi−1,j−1,k−1

δ̃yj−1

)
δzkδxi

+

(
ŵ

(n)
i,j,k + δt

pi−1,j−1,k−1 − pi−1,j−1,k

δ̃zk

)
δxiδyj

−

(
ŵ

(n)
i,j,k−1 + δt

pi−1,j−1,k−2 − pi−1,j−1,k−1

δ̃zk−1

)
δxiδyj

We have now obtained a relation between the pressure and the old, known, velocity. To make
this relation more precise, the velocity terms are brought to one side and the equation is
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divided by the cell volume δxiδyjδzk:

ûi,j,k − ûi−1,j,k

δxi
+
v̂i,j,k − v̂i,j−1,k

δyj
+
ŵi,j,k − ŵi,j,k−1

δzk

=
δt

δ̃xiδxi
pi,j−1,k−1

+
δt

δ̃xi−1δxi
pi−2,j−1,k−1

+
δt

δ̃yjδyj
pi−1,j,k−1

+
δt

δ̃yj−1δyj
pi−1,j−2,k−1

+
δt

δ̃zkδzk
pi−1,j−1,k

+
δt

δ̃zk−1δzk
pi−1,j−1,k−1

−

(
δt

δ̃xiδxi
+

δt

δ̃xi−1δxi
+

δt

δ̃yjδyj
+

δt

δ̃yj−1δyj
+

δt

δ̃zkδzk
+

δt

δ̃zk−1δzk

)
pi−1,j−1,k−1

This is the Poisson equation for the pressure in cell (i, j, k). Gathering the equations for all
computational cells results in a (possibly very large!) system of equations which can be solved
for p. Using the thus found pressure, we make sure the new velocity u(n+1) is divergence free.
This u(n+1) is obtained through equations (4.4.1), (4.4.3) and (4.4.5).

u
(n+1)
i,j,k = û

(n)
i,j,k − δt

pi,j−1,k−1 − pi−1,j−1,k−1

δ̃xi

v
(n+1)
i,j,k = v̂

(n)
i,j,k − δt

pi−1,j,k−1 − pi−1,j−1,k−1

δ̃yj

w
(n+1)
i,j,k = ŵ

(n)
i,j,k − δt

pi−1,j−1,k − pi−1,j−1,k−1

δ̃zk

4.5 Average velocities

When computing the convection and rotation, we need velocity values at places where those
are not de�ned. Therefore we interpolate surrounding velocities. There are two obvious choices
for this average velocity. On one hand, one can choose it to be the standard average of the
surrounding velocities, i.e. the velocity halfway. Now the �rst derivative is given by:

vi−1 vi vi−1
v̂i−1 v̂i

hi

Figure 4.3: The average velocities resulting in a skew-symmetric operator
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∂v̂

∂x
=

1
2(vi+1 + vi)− 1

2(vi + ui−1)

hi
= 1

2hi
(vi+1 − vi−1)

Doing this for all i produces the operator

D =
1

2hi



. . . . . .

. . . . . . 1
−1 0 1

−1
. . . . . .
. . . . . .


Clearly D is skew-symmetric, which is consistent with the non-discretized property of the �rst
derivative.

On the other hand, it might seem reasonable to compute average velocities in the cell faces,
i.e. weighted average velocities.

vi−1 vi vi−1
v̂i−1 v̂i

hi−1 hi hi+1

Figure 4.4: Weighted average velocities

v̂i−1 =
vi−1hi + vihi−1

hi + hi−1
v̂i =

vihi+1 + vi+1hi
hi+1 + hi

The �rst derivative is given by

∂v

∂x
=

v̂i − v̂i−1

hi
=
vihi+1 + vi+1hi
hi(hi+1 + hi)

− vi−1hi + vihi−1

hi(hi + hi−1)

=
1

hi+1 + hi
vi+1 +

(
hi+1

hi(hi+1 + hi)
+

hi−1

hi(hi + hi−1)

)
vi +

1

hi + hi−1
vi−1

If we again collect the terms in a discrete operator, its matrix will no longer be skew-symmetric.
As stated in chapter 3, we want a symmetry preserving discretization, hence the �rst average
will be used.
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4.6 Convection, di�usion, rotation

The convective term of the Navier-Stokes equation is −u(∇·u). Integrating this over a control
volume V with surface S and applying the divergence theorem yields:

∫
V
−u(∇ · u)dV = −

∫
S
u(u · n)dS

This section describes how the analytical terms for convection, di�usion and rotation will
be discretized. Equation are formulated in the x-direction. Formulas for the y and z-direction
can be derived analogously.

4.6.1 x-direction convection

First we will derive the discretization for the convection part of the Navier-Stokes equation.
Consider the 6 sides of a control volume East, North, West, South, Front and Back.. Then
the integral in the x-direction becomes:∫

V
u(u · n)dV =

∫
E
uEuEdE −

∫
W
uWuWdW

+

∫
N
vNuNdN −

∫
S
vSuSdS

+

∫
F
wFuFdF −

∫
B
wBuBdB

vi,j−1,k vi+1,j−1,k

vi,j,k vi+1,j,k

wi,j,k−1

wi,j,k

wi+1,j,k−1

wi+1,j,k

ui−1,j,k ui,j,k ui+1,j,k
W E

S

N

F

B

δxi δxi+1

δ̃xi

δyj

δzk

Figure 4.5: Relevant units for convection in the u-direction

As can be seen in �gure 4.5, we need some velocities in place where they are not de�ned
for calculating the convection. In the previous section we derived that the best way to cope
with this is to simply take the average of the surrounding velocities. These average velocities
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are:

uE = 1
2(ui,j,k + ui+1,j,k)

uW = 1
2(ui,j,k + ui−1,j,k)

uN = 1
2(ui,j,k + ui,j+1,k)

uS = 1
2(ui,j,k + ui,j−1,k)

uF = 1
2(ui,j,k + ui,j,k+1)

uB = 1
2(ui,j,k + ui,j,k−1)

vN = 1
2(vi+1,j,k + vi,j,k)

vS = 1
2(vi+1,j−1,k + vi,j−1,k)

wF = 1
2(wi+1,j,k + wi,j,k)

wB = 1
2(wi+1,j,k−1 + wi,j,k−1)

The six sides of the control volume are rectangles with areas:

E =W = dyjdzk

N = S = dzkd̃xi

F = B = d̃xidyj

with d̃xi = 1
2(dxi + dxi+1).

4.6.2 x-direction di�usion

The di�usive term of the Navier-Stokes equation is given by Re−1∇2u. In the �nite volume
discretization we rewrite this using the divergence theorem:

1

Re

∫
V
∇2udV =

1

Re

∫
V
∇ · (∇u)dV =

1

Re

∫
S

(∇u) · ndS (4.6.1)

where V is the volume of the computational cell and S its surface. The vector n is the outward
normal vector, hence in the left cell faces it points in the negative x-direction.

We once again name the 6 sides of a control volume East, North,West, South, Front and
Back. Then we can write out (4.6.1) in the x-direction:∫

∂Ω

∂u

∂n
dS =

∫
E

∂uE
∂x

dE −
∫
W

∂uW
∂x

dW

+

∫
N

∂uN
∂y

dN −
∫
S

∂uS
∂y

dS

+

∫
F

∂uF
∂z

dF −
∫
B

∂uB
∂z

dB

The outward derivatives are computed in the middle in the cell faces. As we have derived in
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ui−1,j,k

ui,j,k

ui+1,j,k

ui,j−1,k

ui,j+1,k

ui,j,k−1

ui,j,k+1

δxi δxi+1

δ̃xi

δyj

δzk

δ̃yj

δ̃yj−1

δ̃zk

δ̃zk−1

Figure 4.6: Relevant units for di�usion in the u-direction

section 4.5, the velocity derivatives are given by:

∂uE
∂x

=
ui+1,j,k − ui,j,k

δxi+1

∂uW
∂(−x)

=
ui−1,j,k − ui,j,k

δxi
∂uN
∂y

=
ui,j+1,k − ui,j,k

δ̃yj
∂uS
∂(−y)

=
ui,j−1,k − ui,j,k

δ̃yj−1

∂uF
∂z

=
ui,j,k+1 − ui,j,k

δ̃zk
∂uB
∂(−z)

=
ui,j,k−1 − ui,j,k

δ̃zk−1

The areas of the six sides become:

E =W = δyjδzk

N = S = δzkδ̃xi

F = B = δ̃xiδyj

with δ̃xi = 1
2(δxi + δxi+1), δ̃yj = 1

2(δyj + δyj+1) and δ̃zk = 1
2(δzk + δzk+1)
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4.6.3 x-direction rotation

Of the three forces arising from a rotating system � i.e., Euler, centrifugal ans Coriolis �
the �rst two do not appear in the equations under consideration, hencewe discretize only the
latter: −2ω × u. It is discretized as follows:

uCori,j,k = 2(ω2ŵ − ω3v̂);

In this equation v̂ and ŵ are velocities in the y and z. Those velocities are not de�ned in the
vertical cell faces. There for we need to compute them from the surrounding velocities. We
use a symmetric four-point averaging: with

v̂ =
1

4
(vi,j,k + vi,j−1,k + vi+1,j,k + vi+1,j−1,k)

ŵ =
1

4
(wi,j,k + wi,j,k−1 + wi+1,j,k + wi+1,j,k−1)

In this way The discretization is analogue in the other directions.

vi,j−1,k vi+1,j−1,k

vi,j,k vi+1,j,k

wi,j,k−1

wi,j,k

wi+1,j,k−1

wi+1,j,k

ui−1,j,k ui,j,k ui+1,j,k
W E

S

N

F

B

(xi−1, yj , zk−1)

(xi+1, yj−1, zk)δxi δxi+1

δ̃xi

δyj

δzk

Figure 4.7: Relevant units for rotation in the u-direction

4.7 Average velocities in cell corners

In the last step of the program, the three directional velocities are computed in the cell corners.
In this way it is possible to construct the velocity vector �eld. Figure 4.8 shows the relevant
velocities and distances for computing the �nal average vertical velocity v.

vresi,j,k =

vi,j,kδxi+1+vi+1,j,kδxi
δxi+1+δxi

δzk+1 +
vi,j,k+1δxi+1+vi+1,j,k+1δxi

δxi+1+δxi
δzk

δzk + δzk+1

=
vi,j,kδxi+1δzk+1 + vi+1,j,kδxiδzk+1 + vi,j,k+1δxi+1δzk + vi+1,j,k+1δxiδzk

δxiδzkδzk+1 + δxi+1δzkδzk+1

=
vi,j,kδxi+1δzk+1 + vi+1,j,kδxiδzk+1 + vi,j,k+1δxi+1δzk + vi+1,j,k+1δxiδzk

(δxi + δxi+1)(δzk + δzk+1)



28 CHAPTER 4. DISCRETIZATION

vi,j,k vi+1,j,k

vi,j,k+1 vi+1,j,k+1

vresi,j,k

δxi δxi+1

δzk

δzk+1

δ̃zk

δ̃xi

Figure 4.8: vres

4.8 Non-uniform grid

The higher the resolution, the better the approximation. Therefore we want the computational
cells to be as small as possible. However this comes at a memory and computation time cost.
For example, when solving the pressure Poisson equation an (nxnynz) × (nxnynz) matrix
is constructed. Doubling the number of cells in each direction produces a matrix which is
26 = 64 times as large. Even using the sparse structure of the matrix, its size still scales with
n3
x, which becomes very large rapidly. The most interesting phenomena of the �ow occur near

the domain boundaries. Thus we create a mesh with smaller cells near the boundary and
larger cells in the middle of the cavity. The ratio between neighbouring cell lengths, a ≡ δxb

δxm
is taken constant.

Consider the x-direction. If we divide the cavity length, which is equal to 1, symmetrically
in nx cells, this means that nx/2 cells span half the length. These cells are getting smaller
with a constant a factor. This is the so called quasi uniformity constant, which should not
deviate to far from 1 to maintain stability [18]. This leads to the following equation for the
length of the cells

1

2
=

nx/2∑
k=0

akδxL

Solving this equation for δx gives the length of the smallest cell to be δx0 = a−1
2a(1−a−nx/2)

. It

is the size of this smallest cell that is relevant for the stability of the method. Some values
are given in table 4.1.

Table 4.1: min{δxi} for di�erent nx and a

nx
a 1 0.9 0.8

8 1.25E-1 1.06E-1 8.67E-2
16 6.13E-2 4.20E-2 2.52E-2
32 3.12E-2 1.26E-2 3.62E-3



Chapter 5

Non-Rotating Cavity

This chapter presents the results of the program cavity.m.The behaviour of the model and
the �ow are tested by varying several parameters: nx, Re and Ro.

5.1 Validation

To validate the program, �rst of all we vary some numerical parameters. Choosing Re = 100,
utop = 1, and ω = 0 we get the following graphs (�gure 5.2). Focusing on center velocities,
�gure 5.1 shows the calculated velocity (u blue, v red, w green) for di�erent mesh sizes. It

Figure 5.1: Velocities u, v and w in the cavity center, against di�erent mesh sizes δx

can be seen that for smaller δx2 the velocity goes to some value linearly, as to be expected.
Moreover, the intersection of these lines with the y-axis gives a good approximation of the

29
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exact values of u, v and w:

lim
δx→0

u = −0.20722

lim
δx→0

v = 0.02467

lim
δx→0

w = 0.00122

Now we will take a closer look on the overall behaviour of the cavity �ow. Figure 5.2 shows
two velocities: the horizontal velocity in a vertical line through the center of the cavity, i.e.
u(1

2 , y,
1
2), and the vertical velocity in a horizontal line through the cavity center, i.e. v(x, 1

2 ,
1
2).

The values on the wall are

u(1
2 , 0,

1
2) = 0

u(1
2 , 1,

1
2) = 1

v(0, 1
2 ,

1
2) = 0

v(1, 1
2 ,

1
2) = 0

and thus satisfying the boundary conditions.
Note that the values on the axes, ranging from -1 to 1 are the velocities. The axes

simultaneously represent the cavity walls in which case they run from 0 to 1. The results in

Figure 5.2: Velocity pro�les for di�erent mesh sizes.

�gure 5.2 are computed for Re = 100 on 5 di�erent grids. All the grids were non-uniform with
a quasi uniformity constant a = 0.9, but the number of cells were respectively 8, 12, 16, 24
and 32. A closer view is given in the next �gure.
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Figure 5.3: Zooms around extremities of 5.2

Figure 5.3 shows two zooms of the previous �gure. It can clearly be seen that increasing
the number of computational cells results in a smoother solution.

We have seen that a su�cient number of grid cells provides us with a smooth solution.
We have, however, no idea about the correctness of such a solution. Therefore we will now
compare our results to that found in literature. To quantitatively compare the results, we
look at the horizontal velocity through the vertical centerline (x, z) = (1

2 ,
1
2) (c.f. �gure 5.4).

The boundary conditions dictate u|y=0 = 0 and u|y=1 = 1. Clearly the boundary conditions
are satis�ed. The black dots stem from �unic et al. [19], the pink circles from Yang et al
[20]. The two lines are computed using a uniform 32x32x32 grid (blue line) and a uniform
64x64x64 grid (red).

Figure 5.4: u(1
2 , y,

1
2)
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Figure 5.5: v(x, 1
2 ,

1
2)

The di�erences in velocity pro�le with respect to �gure 5.2 are due to the fact that the next
�gures are computed with a Reynolds number of 1000 in stead of 100. We use this Reynolds
number because Prof. Yang and Dr. �unic provided me with the data from this experiment.

Yang et al use a lower-upper approximate-factorization implicit weighted essentially nonoscil-
latory scheme for solving the three-dimensional incompressible Navier-Stokes equations in a
generalized coordinate system. The algorithm is based on the arti�cial compressibility formu-
lation, and symmetric Gauss-Seidel relaxation is used for computing steady-state solutions.
A non-uniform 32 × 32 × 32 grid is used to compute the velocities.

�unic et al. start from the velocity-vorticity formulation of the Navier-Stokes equations,
where the kinematics is given with the Poisson equation for the velocity vector, while the kinet-
ics is represented with the vorticity transport equation. Kinematics is solved using boundary
element method (BEM), while kinetics is solved using �nite element method (FEM). The
computational grid used is non-uniform and consists of 32 × 32 × 32 elements with maximum
to minimum element length ratio of 8, with elements clustered near the walls.

Figure 5.5 shows the vertical velocity through the horizontal centerline (y, z) = (1
2 ,

1
2).

Again, it can be seen that my data is consistent with the results from Yang and �unic. The
boundary conditions v|x=0 = 0 = v|x=1 are satis�ed. Keeping in mind that a negative u means
a velocity to the left and a negative v means a downward velocity, the two �gures imply a
clockwise rotation. This is exactly as expected, because the top layer is moved from left to
right, and where it meets the right wall it has no other option than to go down. In the lower
right a similar thing happens, and the water is pushed left, and �nally up and to the right
again.
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We can make this clockwise rotation more visible if we combine the horizontal and vertical
velocity to draw a vector �eld. This is done in �gure 5.6. It shows the velocity pro�les for
a �ow with Reynolds number 1000. The �gure displays four (x, y)-planes at z = {0, 1

4 ,
1
2 ,

3
4}.

At z = 0 (upperleft graph) the boundary condition dictates a uniform velocity of zero, which
results in the absence of streamlines. In the other �gures, one can see the �ow with its
characteristic back�ow in the lower corners.

Figure 5.6: Velocity pro�le in (x, y)-plane at z = {0, 1
4 ,

1
2 ,

3
4} for Re=1000

Figure 5.7: Isosurface V = 0.13

Finally, �gure 5.7 shows the overall behaviour with an isosurface of V :=
√
u2 + v2 + w2 =

0.13.
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5.2 Di�erent Reynolds numbers

In this section we vary the Reynolds number. In �gure 5.8 four centerplots are shown, for
Re =100, 400, 600 and 1000. As before it shows the horizontal velocity through a vertical
line through the center of the cavity, and the vertical velocity through a horizontal line. As

Figure 5.8: Center velocities for di�erent Re

before the values on the axes represent the velocities, whereas the axes itself can be seen as
the cavity walls. A uniform 16× 16× 16 grid is used to get these results.

It can be seen that for increasing Reynolds numbers the pro�les are more constant in the
middle of the cavity and their extremities move to the domain boundary. Intuitively, one
could say that a higher Reynolds number corresponds to faster movement, and faster circular
movement. This movement pushes the �uid outwards, hence the shift towards the boundaries.

The horizontally directed purple line, representing the vertical velocity for Re = 600 seems
to behave a little strange near the right wall. This might be caused because the mesh is not
�ne enough to completely grasp the behaviour of the �ow. Re�ning the mesh � be it by
increasing the number of computational cells or using a quasi-uniform grid � might solve this
issues.



Chapter 6

Rotating cavity

6.1 Corotating Cavity

Now we consider a cavity rotating around a centeraxis perpendicular to the (x, y)-plane. In
this case the rotation is given by ω = (0, 0, ω)T . Since the rotational axis lies in the z-plane,
there will be no centrifugal force in the z-direction. This choice of ω simpli�es the force in the
other directions drastically: The discretized centrifugal force is given by

ω × (ω × r) =

 0
0
ω

×
 −ωr2

ωr1

0

 = −ω2

 r1

r2

0


The Coriolis force simpli�es to

2ω × u = 2

 −vwwu
0


To get a good idea of the in�uence of the rotation, we start with an undriven cavity, i.e.

with u = 0 on the boundary of the domain. The rotational forces are given by the term
−2ω×u. Because u = 0 there is no moving force at all and we expect the �uid to be standing
still. In the rotating coordinate system, that is. We have adapted the equations such that we
move along with the rotating cavity. With respect to this rotating frame, the �uid is indeed
standing still. One might expect the �uid to move outwards but the incompressibility prevents
this from happening. Thus, in the limit case of no driving forces in a rotating cavity, there is
no �ow.

In the discrete case the solution u = 0 is found immediately, regardless of the choice for
Ro, and the algorithm converges in 1 step. To be able to make useful statements about the
e�ect of the Rossby number, we will use some driving force u = 1. Since Ro appears in the
Navier-Stokes equation with a negative power, the boundary conditions will be negligible for
smaller Rossby numbers. Because the rotation is symmetric in the x and y directions, we
introduce new boundary conditions, as follows:

uN = −1

uS = 1

vE = 1

vW = −1

35
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uN = −1

uS = 1

vE = 1vW = −1

ω = 1

Figure 6.1: Geometry of the corotating wall-driven cavity with ω = 1

Thus the walls are driven counterclockwise, ergo in the same direction as the rotation a
schematic drawing of the boundary conditions is given in �gure 6.1.

Plotting the velocities through the center of the cavity (as we did before) yields �gure 6.2.

Figure 6.2: u and v velocity pro�les through the corotating cavity center for di�erent values
of Ro with Re = 100

It can be seen that the u and v pro�les are indeed symmetric. The pro�les corresponding
with a minor rotation (Ro = 10, 100) are almost equal to the non-rotating case (the red
circles). Decreasing Ro changes the velocity pro�les. In the cavity center the velocities stay
closer to zero and go to the boundary conditions rapidly near the edges, as can clearly be seen
at the solid red line, corresponding to Ro = 0.01. Figures 6.3 and 6.4 show enlarged u and v
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plots, to make this behaviour more clear.

Figure 6.3: A zoom of the u velocity pro�le

Figure 6.4: A zoom of the v velocity pro�le

Because the rotation axis is placed in (x, y, z) = (1
2 ,

1
2 ,

1
2), and the geometry and boundary

conditions of the problem are symmetric, the velocities in the cavity center are all zero.
Therefore we look at other velocities, namely u(1

2 ,
3
4 ,

1
2) and v(1

4 ,
1
2 ,

1
2). Figure 6.5 shows the

convergence of these quantities to 0 for increasing rotation, Ro → 0. Moreover, the vertical
velocities are shown to be equal to the horizontal ones. This is consistent with the expectation
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Figure 6.5: u(1
2 ,

3
4 ,

1
2) and v(1

4 ,
1
2 ,

1
2) for di�erent Ro

because of the x, y-symmetry.

6.2 Counterrotating Cavity

In the previous section the driving forces uwall = ±1 and the rotation ω were working in the
same direction, and therefore magnifying eachother. Now we will test what happens when we
rotate the cavity in the direction opposite to the driving forces. We use the same rotation
vector

ω =

 0
0
1


but reverse the boundary conditions such that these are now clockwise, see �gure 6.6.

uN = 1

uS = −1

vE = −1vW = 1

ω = 1

Figure 6.6: Geometry of the counterrotating wall-driven cavity ω = 1
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Plotting the velocities through the middle of the cavity for di�erent Rossby numbers
governs �gure 6.7. The �gures show the (x, y)-plane of the cavity at z = 1

2 . The left �gure
shows u(1

2 ,
3
4 ,

1
2) in the upper right corner of the plane, i.e. {1

2 ≤ x, y ≤ 1}. The pro�le in the
lower left corner of the plane is equal due to the symmetric properties of the problem. The
right �gure gives similar plots of v(3

4 ,
1
2 ,

1
2) on the region {0 ≤ x ≤ 1

2 ≤ y ≤ 1}. It is a 90
degree rotation of the left picture, once again explicable by the problem symmetry.

The red line labeled '0' represents the situation without rotation. The pro�les are com-
puted for Re = 100 using a 16× 16× 16 grid with a quasi-uniformity constant of 0.9.

Figure 6.7: u and v pro�les for the counterrotating cavity with Re = 100

It can be seen that for large Ro (the dotted green line and the undotted black line, repre-
senting Ro = 10 and Ro = 100) the velocity pro�les do not deviate much from the red curve,
hence they change little with respect to the non-rotating cavity. This was to be expected since
large Rossby numbers indicate small rotations.

For the smallest Rossby numbers (Ro = 10−2, 10−3) the �ow is somewhat stabilized. This
means that the velocities are zero throughout the cavity, except for the boundary region where
they converge rapidly to the boundary conditions. Interesting to see is that for intermediate
values of Ro, the velocity pro�le does not lie inbetween the larger and smaller ones. We can
distinguish three di�erent situations:
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• Small Rossby numbers, Ro� 1: the �ow experiences mainly the e�ects of the rotational
forces. The �ow is stabilized in the center and goes to the boundary conditions near the
edges of the cavity.

• Medium Rossby numbers, Ro ∼ 1: apparently, the velocity pro�le does not go straight
from small to big rotation.

• Large Rossby numbers, Ro � 1: representing slow rotation. The driving forces are the
main ones. The velocity pro�le resembles that of a non-rotating cavity.

Since the intermediate Rossby numbers are the most interesting region, we will now focus
on these values. Our rotation axis is placed in the middle of the cavity, so this is the place
where the least is happening. To make matters more interesting we now look at the horizontal
velocity on y = {1

4 ,
3
4} and the vertical velocity on x = {1

4 ,
3
4}. Plotting the velocity pro�les

for several values around Ro = 1, shows that for Ro = {. . . , 4, 3, 2, 1.5, 1.2, 1, .8, .7} the pro�les
move outwards. Decreasing Ro further shows that the velocity pro�les start moving back. In
other words,

∂

∂Ro
u 1

4

{
< 0 for Ro < 0.7
> 0 for Ro > 0.7

Due to the four-sided symmetry of the problem, similar equations can be composed for
u(1

2 ,
3
4 ,

1
2), v(1

4 ,
1
2 ,

1
2) and v(3

4 ,
1
2 ,

1
2).

Figure 6.8: u(3
4 ,

1
2 ,

1
2) for di�erent Ro at Re = 100.
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6.3 Other Reynolds numbers

Now, a similar analysis is performed for other Reynolds numbers The u and v velocity pro�les
for Re = 400 and Re = 1000 are shown in �gures 6.9 and 6.10 respectively. For the production
of these plots we used a 16 × 16 × 16 non-uniform grid with a quasi-uniformity constant of
0.9.

Figure 6.9: u and v center velocity pro�les vs di�erent Ro at Re = 400

Figure 6.10: u and v center velocity pro�les vs di�erent Ro at Re = 1000

The graph shows the same behaviour as before. Large Rossby numbers collide with the
non-rotating pro�les. For decreasing Rossby numbers, the pro�les move towards the diagonal
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and for the even smaller Rossby numbers the pro�les move back again. We can make these
results more quantitative by taking a look at the velocity at one point. As before we choose
u(1

2 ,
3
4 ,

1
2). This results in the following �gures:

Figure 6.11: u(1
2 ,

3
4 ,

1
2) vs di�erent Ro at Re =

400
Figure 6.12: u(1

2 ,
3
4 ,

1
2) vs di�erent Ro at Re =

1000

Figures 6.11 and 6.12 show the horizontal velocity in (x, y, z) = (1
2 ,

3
4 ,

1
2). The global

behaviour of the curve is the same as for Re = 100, however the minimum for Re = 400
is moved to the right, around Ro = 1. In the plot of Re = 1000 we see that there is not
only a minimum, but also a maximum, around Ro = 0.2. We have but few di�erent Rossby
numbers. This is because for higher Reynolds numbers the time step required for a stable
solutions becomes pretty small, and computing the solutions for di�erent Rossby numbers
takes a considerable amount of time.

In �gures 6.11 and 6.12 showed the relation between varying Rossby numbers and the
horizontal velocity in the point (x, y, z) = (1

2 ,
3
4 ,

1
2). This point was taken more or less arbi-

trarily. We can eliminate this randomness and make some qualitative statements about the
relation between Rossby and Reynolds numbers, the important quantities in our research. In
order to do this, we make a three dimensional plot with u(1

2 ,
3
4 ,

1
2) on the vertical axis, and

the Reynolds and Rossby numbers on the horizontal axes, such that the horizontal plane be-
comes the interesting Rossby-Reynolds plane. As we have seen, the di�erent Ro− u plots all
have minima. The projection of these minima on the Rossby-Reynolds plane give a relation
between the two numbers. The three dimensional graph is shown in �gure 6.13. Moreover, a
contour plot of this graph can be seen in �gure 6.14.
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Figure 6.13: A 3D plot of the horizontal velocity u(1
2 ,−

3
4 ,

1
2) for di�erent Re and Ro

Figure 6.14: A contour plot of the horizontal velocity u(1
2 ,−

3
4 ,

1
2) for di�erent Re and Ro

These �gures show the velocity in (x, y, z) = (1
2 ,−

3
4 ,

1
2). This has as a consequence that the

horizontal velocity is now positive and, for constant Reynolds number, has a maximum. Note
that these plots say nothing about the �ow in general. The fact that for increasing Reynolds
numberm the surface gets lower and �atter does not mean that there is less movement in the
cavity, but rather less movement in the speci�c point chosen. From the contour plot, we can
deeduce that the biggest change is in the smaller Reynolds regions.
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Chapter 7

Conclusions and recommendations

We have analyzed the �ow in a rotating lid driven cavity. The Navier-Stokes equations were
rewritten for a non-intertial frame of reference and made non-dimensional. This governs a new
set of equations describing the �ow in a rotating frame of reference. These non-dimensional
equations turn out to be dependent on the Reynolds number (describing the ratio of inertial
forces to viscous forces) and the Rossby number (the ratio of inertial to Coriolis force). The
new Navier-Stokes equations are discretized in a symmetry preserving way, to ensure nice
properties.

First of all it was tested without rotation in the two-dimensional case and compared to
benchmark results found in literature.

Since the Coriolis force, caused by the rotation, works in the direction perpendicular to
the plane of this rotation, it does not make sense to talk about a rotating cavity in two
dimensions. Therefore the model was expanded to the three dimensional case. We concluded
that the model was working well based on comparison to other models. We tested for di�erent
mesh sizes and Reynolds numbers. Having produced our own data for the non-rotating case,
the step to a rotating cavity is made.

Velocity pro�les were constructed for di�erent boundary conditions, Reynolds numbers,
and Rossby numbers. We distinguished between two di�erent situations: that of a corotating
cavity, and a counterrotating acvity.

In the corotating cavity, rotational and wall driving froces are working in the same di-
rection. It was shown that increasing the rotation, i.e. decreasing the Rossby number, the
velocity pro�les moved nicely from the non-rotating situation to the limit of a non-driven
rotating situation, in which the �uid is standing still with respect to the non-inertial frame of
reference.

In the counterrotating cavity, the two acting forces are working in opposite directions and
it turned out that there are three di�erent Rossby regions of interest:

• Ro� 1 Corresponding to little rotation. The velocity pro�les do not change signi�cantly
with respect to the non-rotating case.

• Ro ≈ 1 Corresponding to medium rotation. For around unit Rossby numbers the veloci-
ties are higher than expected. With descreasing Ro the velocities increase until Ro ≈ 0.7
and then start decreasing.

• Ro� 1 Corresponding to strong rotation. The �ow is stabilized. This means it is zero
in the middle of the cavity, converging rapidly to the boundary conditions, near the

45
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cavity walls.

Plotting the results for di�erent Rossby and Reynolds numbers in one graph gave an idea
of the relation between these two quantities. This relation can be made more speci�c by
plotting more Reynolds and Rossby numbers, but that will take time. The model used in this
research is rather slow and could be considerably fastened by reprogramming in Fortran, or
using parallel algorithms. All results can be improved by re�ning the computational meshes
used, but for the current investigation this led to temporal di�culties . The next step would
be to improve the algorithm by introducing a turbulence model. Once a turbulence model is
implemented the results in this thesis can be used to compare the data.
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Chapter 8

Appendices

8.1 MatLab code

cav2.mis the main program. It executes the algorithm until convergence

‖u(n+1) − u(n)‖ ≤ 10−8

function [ ures2,vres2,wres2,dat] =cav2(nx,Re,dt,T,omega,axpos,xuniform)

% Solves the lid-driven cavity problem in 3D

%

%% Preallocation

ny=nx;nz=nx;

%input

%maxIt=T/dt;

maxIt=1e5;

tol=1e-5;

% eu=zeros(maxIt,1);

% ev=zeros(maxIt,1);

% ew=zeros(maxIt,1);

% ep=zeros(maxIt,1);

u = zeros(nx+1,ny+2,nz+2); %Preallocate u

v = zeros(nx+2,ny+1,nz+2); %Preallocate v

w = zeros(nx+2,ny+2,nz+1); %Preallocate w

%% Boundary conditions

[u,v,w]=setBCs3D(u,v,w);

uOld = u;

vOld = v;

wOld = w;

p=zeros(nx,ny,nz);

pOld = zeros(nx,ny,nz);

ures2=zeros(nx+1,ny+1,nz+1);

49
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vres2=zeros(nx+1,ny+1,nz+1);

wres2=zeros(nx+1,ny+1,nz+1);

iter= 0;

erru=10;

errv=10;

errw=10;

errp=10;

Ru0 = zeros(nx+1,ny+2,nz+2);

Rv0 = zeros(nx+2,ny+1,nz+2);

Rw0 = zeros(nx+2,ny+2,nz+1);

maxdu=99;

tic;

Ro=1/omega(3);

%% Make grid

[x,y,z,dx,dy,dz,sx,sy,sz]=makegrid(nx,ny,nz,xuniform);

[volU,volV,volW]=vol(nx,ny,nz,dx,dy,dz,sx,sy,sz);

XFLAG=99;

A1=tic;

[A,pA]=matrixAFV(nx,ny,nz,dx,dy,dz,sx,sy,sz,dt);

t1=toc(A1);

fprintf('Matrix A constructed in %g seconds\n',t1);

L1=tic;

L=cholinc(A,0.01);

t2=toc(L1);

fprintf('Preconditioner L constructed in %f seconds \n',t2);

%% Iterate until convergence

while ((erru>tol) || (errv>tol) || (errw>tol) || (errp>tol) )&&(iter<maxIt)

%for t=0:dt:T

iter=iter+1;

if mod(iter,1e2)==0

fprintf( 'INPUT: \n');

fprintf( 'nx \t:%d \n',nx);

fprintf( 'Re \t:%4.2g \n',Re);

fprintf( 'dt \t:%4.2g \n',dt);

fprintf( 'Tmax \t:%4.2g \n',T);

fprintf( 'steps\t:%d \n',maxIt);

fprintf( 'dx:\t %4.3g \n',dx(1));

fprintf( 'CFL:\t %4.3g\n',(Re*dx(1)^2));

fprintf( '\n');

fprintf( 'PROGRESS:\t %2.2f %% \n',iter/maxIt*100);
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fprintf( 'iter=\t %d \n',iter);

fprintf( ' t=\t %g \n', iter*dt);

fprintf( 'erru=\t%4.5e\n',erru);

fprintf( 'errv=\t%4.5e\n',errv);

fprintf( 'errw=\t%4.5e\n',errw);

fprintf( 'errp=\t%4.5e\n',errp);

fprintf( 'minu,midu,maxu=\t%4.3e\t %4.3e\t %4.3e\n',...);

fprintf( 'minv,midv,maxv=\t%4.3e\t %4.3e\t %4.3e\n',...);

fprintf( 'minw,midw,maxw=\t%4.3e\t %4.3e\t %4.3e\n',...);

fprintf( 'minp,midp,maxp=\t%4.3e\t %4.3e\t %4.3e\n',...);

fprintf( '\n Div<=\t%4.3e \n\n\n',maxdu);

end

if isnan(u(3,3))

error('GAAT MIS in stap %d\t nx=%d \t ny=%d, \t Re=%d\t dt=%2.2e\n',...);

break

end

%% Convection & Diffusion

[uconv,vconv,wconv]=convection3D(u,v,w,dx,dy,dz,sx,sy,sz);

[udiff,vdiff,wdiff]= diffusion3D(u,v,w,dx,dy,dz,sx,sy,sz);

[urot ,vrot ,wrot ]= rotation3D(u,v,w,x,y,z,dx,dy,dz,sx,sy,sz,omega,axpos);

Ru=-uconv+udiff/Re-urot;

Rv=-vconv+vdiff/Re-vrot;

Rw=-wconv+wdiff/Re-wrot;

%% UPDATE U using Adams-Bashforth

if iter==1

up=u+dt*Ru./volU;

vp=v+dt*Rv./volV;

wp=w+dt*Rw./volW;

else

up=u+dt.*(3/2.*Ru-1/2.*Ru0)./volU;

vp=v+dt.*(3/2.*Rv-1/2.*Rv0)./volV;

wp=w+dt.*(3/2.*Rw-1/2.*Rw0)./volW;

end

[up,vp,wp]=setBCs3D(up,vp,wp);

%% Poisson pressure equation

b=pperhs3D(up,vp,wp,dx,dy,dz);

%% SOLVE
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[p,XFLAG]=minres(A,b,[],20,L,L',reshape(p,nx*ny*nz,1));

% p=A\b;

p=reshape(p,nx,ny,nz);

%% PRESSURE GRADIENT

%[p(i)-p(i-1)]/dx

[gpu,gpv,gpw]=grad(p,sx,sy,sz);

%% PRESSURE CORRECTION

u=up-dt*gpu;

v=vp-dt*gpv;

w=wp-dt*gpw;

[u,v,w]=setBCs3D(u,v,w);

%% Check if div u=0

du=divergence3D(u,v,w,dx,dy,dz);

maxdu=max(max(max(du)));

if maxdu>1

fprintf('DIV u(%d)=\t%4.4e \n',iter,maxdu);

end

erru=norm3D(uOld-u)/norm3D(uOld);

errv=norm3D(vOld-v)/norm3D(vOld);

errw=norm3D(wOld-w)/norm3D(wOld);

errp=norm3D(pOld-p)/norm3D(pOld);

eu(iter)=erru;

ev(iter)=errv;

ew(iter)=errw;

ep(iter)=errp;

uOld=u;vOld=v;wOld=w;pOld=p;

Ru0=Ru;Rv0=Rv;Rw0=Rw;

tim=999;

if mod(iter,1e3)==0

dat=[nx ny nz Re dt tim omega(1) omega(2) omega(3)...

axpos(1) axpos(2) axpos(3) xuniform];

for i=1:nx+1

for j=1:ny+1

for k=1:nz+1

ures2(i,j,k)=(u(i,j ,k )*dy(j+1)*dz(k+1)...

+u(i,j+1,k )*dy(j )*dz(k+1)...

+u(i,j ,k+1)*dy(j+1)*dz(k )...

+u(i,j+1,k+1)*dy(j )*dz(k ))/...

((dy(j)+dy(j+1))*(dz(k)+dz(k+1)));

vres2(i,j,k)=(v(i ,j,k )*dx(i+1)*dz(k+1)...

+v(i+1,j,k )*dx(i )*dz(k+1)...
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+v(i ,j,k+1)*dx(i+1)*dz(k )...

+v(i+1,j,k+1)*dx(i )*dz(k ))/...

((dx(i)+dx(i+1))*(dz(k)+dz(k+1)));

wres2(i,j,k)=(w(i ,j ,k)*dx(i+1)*dy(j+1)...

+w(i+1,j ,k)*dx(i )*dy(j+1)...

+w(i ,j+1,k)*dx(i+1)*dy(j )...

+w(i+1,j+1,k)*dx(i )*dy(j ))/...

((dx(i)+dx(i+1))*(dy(j)+dy(j+1)));

end

end

end

% midplots(ures2,vres2,wres2,dat);

savematrices(ures2,vres2,wres2,dat);

end

end

fprintf('\n');

fprintf( 'nx=\t%d \n',nx);

fprintf( 'Re=\t%d \n',Re);

fprintf( 'tol=\t%4.3e \n',tol);

fprintf( 'dt=\t%4.3e \n',dt);

fprintf('\n');

fprintf('Solution found in %d iterations\n', iter);

fprintf( 'erru=\t%4.3e \n',erru);

fprintf( 'errv=\t%4.3e \n',errv);

fprintf( 'errw=\t%4.3e \n',errw);

fprintf( 'errp=\t%4.3e \n',errp);

%% Average velocities in cell center points

for i=1:nx+1

for j=1:ny+1

for k=1:nz+1

ures2(i,j,k)=(u(i,j ,k )*dy(j+1)*dz(k+1)...

+u(i,j+1,k )*dy(j )*dz(k+1)...

+u(i,j ,k+1)*dy(j+1)*dz(k )...

+u(i,j+1,k+1)*dy(j )*dz(k ))/...

((dy(j)+dy(j+1))*(dz(k)+dz(k+1)));

vres2(i,j,k)=(v(i ,j,k )*dx(i+1)*dz(k+1)...

+v(i+1,j,k )*dx(i )*dz(k+1)...

+v(i ,j,k+1)*dx(i+1)*dz(k )...

+v(i+1,j,k+1)*dx(i )*dz(k ))/...

((dx(i)+dx(i+1))*(dz(k)+dz(k+1)));

wres2(i,j,k)=(w(i ,j ,k)*dx(i+1)*dy(j+1)...

+w(i+1,j ,k)*dx(i )*dy(j+1)...

+w(i ,j+1,k)*dx(i+1)*dy(j )...
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+w(i+1,j+1,k)*dx(i )*dy(j ))/...

((dx(i)+dx(i+1))*(dy(j)+dy(j+1)));

end

end

end

for i=1:nx+1

for j=1:ny+1

for k=1:nz+1

if abs(ures2(i,j,k))<1e-10

ures2(i,j,k)=0;

end

if abs(vres2(i,j,k))<1e-10

vres2(i,j,k)=0;

end

if abs(wres2(i,j,k))<1e-10

wres2(i,j,k)=0;

end

end

end

end

toc

figure(1);

io=1:length(ep);

semilogy(io(10:end),eu(10:end),io(10:end),ev(10:end),io(10:end),ew(10:end))

axis('tight');

title('Lid Driven Cavity Error')

legend('u-velocity','v-velocity','w-velocity')

xlabel('Iteration')

ylabel('Error')

drawnow expose

tit=sprintf(['/home/s1465120/Dropbox/afstudeers/Matlab/FV_3D/VarGrid',...

'nx=',num2str(nx-1),...

'ny=',num2str(ny-1),...

'nz=',num2str(nz-1),...

'Re=',num2str(Re,'%2.4g'),...

'dt=',num2str(dt,'%2.4g'),...

'T=',num2str(T,'%2.4g'),...

'omega=',num2str(omega(1),'%2.4g'),...

'_',num2str(omega(2),'%2.4g'),...

'_',num2str(omega(3),'%2.4g'),...

'axpos',num2str(axpos(3),'%2.4g'),...

'tol',num2str(tol,'%2.4g'),...

'.png']);

saveas(gcf,tit);
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dat=[nx ny nz Re dt T omega(1) omega(2) omega(3)...

axpos(1) axpos(2) axpos(3) xuniform];

savematrices(ures2,vres2,wres2,dat);

%plotresults(ures2,vres2,wres2,dat,0.03);

midplots(ures2,vres2,wres2,dat);

end

setBCs3D.mdictates the boundary conditions. Wherever the velocities are de�ned on the
boundary this happens straightforward. In other faces, mirror cells are used.

function [u,v,w] = setBCs3D(u,v,w)

UE=0;VE=-1;WE=0;

UN=1;VN=0;WN=0;

UW=0;VW=1;WW=0;

US=-1;VS=0;WS=0;

UF=0;VF=0;WB=0;

UB=0;VB=0;WF=0;

u(end,:,:)= UE; %E

u(1 ,:,:)= UW; %W

u(:, 1,:)=2*US-u(:, 2,:); %S

u(:,:,end)=2*UF-u(:,:,end-1); %F

u(:,:, 1)=2*UB-u(:,:, 2); %B

u(:,end,:)=2*UN-u(:,end-1,:); %N

v(:,end,:)= VN; %N

v(:, 1,:)= VS; %S

v(end,:,:)=2*VE-v(end-1,:,:); %E

v( 1,:,:)=2*VW-v( 2,:,:); %W

v(:,:,end)=2*VF-v(:,:,end-1); %F

v(:,:, 1)=2*VB-v(:,:, 2); %B

w(:,:,end)= WF; %F

w(:,:, 1)= WB; %B

w(end,:,:)=2*WE-w(end-1,:,:); %E

w( 1,:,:)=2*WW-w( 2,:,:); %W

w(:,end,:)=2*WN-w(:,end-1,:); %N

w(:, 1,:)=2*WS-w(:, 2,:); %S

makegrid.mreturns the (x, y, z) coordinates of the computational grid, depending on the
number of grid cells and a parameter determining the size variation of the cells.

function [x,y,z,dx,dy,dz,sx,sy,sz] = makegrid(nx,ny,nz,a)

lx=1;
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ly=1;

lz=1;

t=zeros(ny/2,1);

x=zeros(nx+1,1);

y=zeros(ny+1,1);

z=zeros(nz+1,1);

dx=zeros(nx+2,1);

dy=zeros(ny+2,1);

dz=zeros(nz+2,1);

%% Definition of the grid-lines x=x(i):

if a==1

for i=2:nx+1

x(i)=x(i-1)+lx/nx;

end

else

nx2 = nx/2;

t=zeros(nx2,1);

for i=1:nx2

t(i)=(a-1)/((a^nx2-1))*a^(i-1)/2;

end

for i=1:nx2

x(i+1)=sum(t(end-i+1:end));

end

for i=nx2+2:nx+1

x(i) = lx - x(nx-i+2) ;

end

end

%% Y-gridlines

if a==1

y(1) = 0;

for i=2:ny+1

y(i) = y(i-1) + ly/ny;

end

else

ny2=ny/2;

for i=1:ny2

t(i)=(a-1)/((a^ny2-1))*a^(i-1)/2;

end

for i=1:ny2

y(i+1)=sum(t(end-i+1:end));

end

for i=ny2+2:ny+1

y(i) = ly - y(ny-i+2) ;

end

end
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%% Z-gridlines

if a==1

z(1) = 0;

for i=2:nz+1

z(i) = z(i-1) + lz/nz;

end

else

nz2=nz/2;

for i=1:nz2

t(i)=(a-1)/((a^nz2-1))*a^(i-1)/2;

end

for i=1:nz2

z(i+1)=sum(t(end-i+1:end));

end

for i=nz2+2:nz+1

z(i) = lz - z(nz-i+2) ;

end

end

for i=2:nx+1

dx(i)=x(i)-x(i-1);

end

dx(1)=dx(2);

dx(nx+2)=dx(nx+1);

for i=2:ny+1

dy(i)=y(i)-y(i-1);

end

dy(1)=dy(2);

dy(ny+2)=dy(ny+1);

for i=2:nz+1

dz(i)=z(i)-z(i-1);

end

dz(1)=dz(2);

dz(nz+2)=dz(nz+1);

sx=zeros(nx,1);

sy=zeros(ny,1);

sz=zeros(nz,1);

for i=1:nx+1

sx(i)=(dx(i)+dx(i+1))/2;

sy(i)=(dy(i)+dy(i+1))/2;

sz(i)=(dz(i)+dz(i+1))/2;
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end

end

vol.mcomputes the volume of the control volumes.

function [ volU, volV,volW ] = vol(nx,ny,nz,dx,dy,dz,sx,sy,sz)

%VOL returns the volumes of computational cells in u,v,w-direction

volU=zeros(nx+1,ny+2,nz+2);

volV=zeros(nx+2,ny+1,nz+2);

volW=zeros(nx+2,ny+2,nz+1);

for i=1:nx+1

for j=1:ny+2

for k=1:nz+2

volU(i,j,k)=sx(i)*dy(j)*dz(k);

end

end

end

for i=1:nx+2

for j=1:ny+1

for k=1:nz+2

volV(i,j,k)=dx(i)*sy(j)*dz(k);

end

end

end

for i=1:nx+2

for j=1:ny+2

for k=1:nz+1

volW(i,j,k)=dx(i)*dy(j)*sz(k);

end

end

end

end

matrixAFV.mreturns the sparse matrix operator for the Laplacian L in the left hand side
of the Poisson pressure equation Lp = r

function [A,test]=matrixAFV(nx,ny,nz,dx,dy,dz,sx,sy,sz,dt)

%construct the 7 diagonals and make a sparse matrix

nxyz=nx*ny*nz;

dE=zeros(nx,ny,nz);

dN=zeros(nx,ny,nz);

dF=zeros(nx,ny,nz);

dB=zeros(nx,ny,nz);
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dS=zeros(nx,ny,nz);

dW=zeros(nx,ny,nz);

dC=zeros(nx,ny,nz);

for i=2:nx

for j=1:ny

for k=1:nz

dE(i,j,k)=dt./(sx(i)*dx(i));

dW(i-1,j,k)=dt./(sx(i)*dx(i+1));

end

end

end

for i=1:nx

for j=2:ny

for k=1:nz

dN(i,j,k)=dt./(sy(j)*dy(j));

dS(i,j-1,k)=dt./(sy(j)*dy(j+1));

end

end

end

for i=1:nx

for j=1:ny

for k=2:nz

dF(i,j,k)=dt./(sz(k)*dz(k));

dB(i,j,k-1)=dt./(sz(k)*dz(k+1));

end

end

end

for i=2:nx-1

for j=2:ny-1

for k=2:nz-1

dC(i,j,k)=-dt*(...

1/(sx(i+1)*dx(i+1))+1/(sx(i)*dx(i+1))...

+1/(sy(j+1)*dy(j+1))+1/(sy(j)*dy(j+1))...

+1/(sz(k+1)*dz(k+1))+1/(sz(k)*dz(k+1)));

end

end

end

%%CAVITY FACES

%i=1 & i=nx

for j=2:ny-1

for k=2:nz-1

dC( 1,j,k)=-dt*( 1/(sx(2)*dx(2))...

+1/(sy(j+1)*dy(j+1))+1/(sy(j)*dy(j+1))...

+1/(sz(k+1)*dz(k+1))+1/(sz(k)*dz(k+1)));
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dC(nx,j,k)=-dt*( 1/(sx(nx)*dx(nx+1))...

+1/(sy(j+1)*dy(j+1))+1/(sy(j)*dy(j+1))...

+1/(sz(k+1)*dz(k+1))+1/(sz(k)*dz(k+1)));

end

end

%j=1 & j=ny

for i=2:nx-1

for k=2:nz-1

dC(i, 1,k)=-dt*( 1/(sx(i+1)*dx(i+1))+1/(sx(i)*dx(i+1))...

+1/(sy(2)*dy(2))...

+1/(sz(k+1)*dz(k+1))+1/(sz(k)*dz(k+1)));

dC(i,ny,k)=-dt*( 1/(sx(i+1)*dx(i+1))+1/(sx(i)*dx(i+1))...

+1/(sy(ny)*dy(ny+1))...

+1/(sz(k+1)*dz(k+1))+1/(sz(k)*dz(k+1)));

end

end

%k=1 & k=nz

for i=2:nx-1

for j=2:ny-1

dC(i,j, 1)=-dt*( 1/(sx(i+1)*dx(i+1))+1/(sx(i)*dx(i+1))...

+1/(sy(j+1)*dy(j+1))+1/(sy(j)*dy(j+1))...

+1/(sz(2)*dz(2)));

dC(i,j,nz)=-dt*( 1/(sx(i+1)*dx(i+1))+1/(sx(i)*dx(i+1))...

+1/(sy(j+1)*dy(j+1))+1/(sy(j)*dy(j+1))...

+1/(sz(nz)*dz(nz+1)));

end

end

%%CAVITY EDGES

for i=2:nx-1

dC(i, 1, 1)=-dt*(1/(sx(i+1)*dx(i+1))+1/(sx(i)*dx(i+1))...

+1/(sy(2)*dy(2))...

+1/(sz(2)*dz(2)));

dC(i,1 ,nz)=-dt*(1/(sx(i+1)*dx(i+1))+1/(sx(i)*dx(i+1))...

+1/(sy(2)*dy(2))...

+1/(sz(nz)*dz(nz+1)));

dC(i,ny, 1)=-dt*(1/(sx(i+1)*dx(i+1))+1/(sx(i)*dx(i+1))...

+1/(sy(ny)*dy(ny+1))...

+1/(sz(2)*dz(2)));

dC(i,ny,nz)=-dt*(1/(sx(i+1)*dx(i+1))+1/(sx(i)*dx(i+1))...

+1/(sy(ny)*dy(ny+1))...

+1/(sz(nz)*dz(nz+1)));

end

for j=2:ny-1

dC( 1,j, 1)=-dt*(1/(sx(2)*dx(2))...

+1/(sy(j+1)*dy(j+1))+1/(sy(j)*dy(j+1))...



8.1. MATLAB CODE 61

+1/(sz(2)*dz(2)));

dC( 1,j,nz)=-dt*(1/(sx(2)*dx(2))...

+1/(sy(j+1)*dy(j+1))+1/(sy(j)*dy(j+1))...

+1/(sz(nz)*dz(nz+1)));

dC(nx,j, 1)=-dt*(1/(sx(nx)*dx(nx+1))...

+1/(sy(j+1)*dy(j+1))+1/(sy(j)*dy(j+1))...

+1/(sz(2)*dz(2)));

dC(nx,j,nz)=-dt*(1/(sx(nx)*dx(nx+1))...

+1/(sy(j+1)*dy(j+1))+1/(sy(j)*dy(j+1))...

+1/(sz(nz)*dz(nz+1)));

end

for k=2:nz-1

dC( 1, 1,k)=-dt*(1/(sx(2)*dx(2))...

+1/(sy(2)*dy(2))...

+1/(sz(k+1)*dz(k+1))+1/(sz(k)*dz(k+1)));

dC( 1,ny,k)=-dt*(1/(sx(2)*dx(2))...

+1/(sy(ny)*dy(ny+1))...

+1/(sz(k+1)*dz(k+1))+1/(sz(k)*dz(k+1)));

dC(nx, 1,k)=-dt*(1/(sx(nx)*dx(nx+1))...

+1/(sy(2)*dy(2))...

+1/(sz(k+1)*dz(k+1))+1/(sz(k)*dz(k+1)));

dC(nx,ny,k)=-dt*(1/(sx(nx)*dx(nx+1))...

+1/(sy(ny)*dy(ny+1))...

+1/(sz(k+1)*dz(k+1))+1/(sz(k)*dz(k+1)));

end

%%CAVITY CORNERS

dC( 1, 1, 1)=-dt*(1/(sx( 2)*dx(2))...

+1/(sy( 2)*dy(2))...

+1/(sz( 2)*dz(2)));

dC( 1, 1,nz)=-dt*(1/(sx( 2)*dx(2))...

+1/(sy( 2)*dy(2))...

+1/(sz(nz)*dz(nz+1)));

dC( 1,ny, 1)=-dt*(1/(sx( 2)*dx(2))...

+1/(sy(ny)*dy(ny+1))...

+1/(sz( 2)*dz(2)));

dC( 1,ny,nz)=-dt*(1/(sx( 2)*dx(2))...

+1/(sy(ny)*dy(ny+1))...

+1/(sz(nz)*dz(nz+1)));

dC(nx, 1, 1)=-dt*(1/(sx(nx)*dx(nx+1))...

+1/(sy( 2)*dy(2))...

+1/(sz( 2)*dz(2)));

dC(nx, 1,nz)=-dt*(1/(sx(nx)*dx(nx+1))...

+1/(sy( 2)*dy(2))...

+1/(sz(nz)*dz(nz+1)));

dC(nx,ny, 1)=-dt*(1/(sx(nx)*dx(nx+1))...
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+1/(sy(ny)*dy(ny+1))...

+1/(sz( 2)*dz(2)));

dC(nx,ny,nz)=-dt*(1/(sx(nx)*dx(nx+1))...

+1/(sy(ny)*dy(ny+1))...

+1/(sz(nz)*dz(nz+1)));

dE=reshape(dE,nxyz,1);

dW=reshape(dW,nxyz,1);

dN=reshape(dN,nxyz,1);

dS=reshape(dS,nxyz,1);

dF=reshape(dF,nxyz,1);

dB=reshape(dB,nxyz,1);

dC=reshape(dC,nxyz,1);

%dC(1)=dC(1)+dt/dx(2)^2;

dC(1)=1.1*dC(1);

test=horzcat(dB,dS,dW,dC,dE,dN,dF);

A=spdiags([dB dS dW dC dE dN dF], [-nx*ny -nx -1 0 1 nx nx*ny], nxyz,nxyz);

convection3D.mreturns the convection vector�elds in x, y and z-direction

function [uconv , vconv , wconv] = convection3D(u,v,w,dx,dy,dz,sx,sy,sz)

nx=size(u,1)-1;

ny=size(u,2)-2;

nz=size(u,3)-2;

if nx~=size(v,1)-2||nx~=size(w,1)-2||...

ny~=size(v,2)-1||ny~=size(w,2)-2||...

nz~=size(v,3)-2||nz~=size(w,3)-1

fprintf('CONVECTION3D: velocity field dimensions do not match \n ');

end

uconv=zeros(size(u));

vconv=zeros(size(v));

wconv=zeros(size(w));

uE=zeros(size(u));

uW=zeros(size(u));

uN=zeros(size(u));vN=zeros(size(u));

uS=zeros(size(u));vS=zeros(size(u));

uF=zeros(size(u));wF=zeros(size(u));

uB=zeros(size(u));wB=zeros(size(u));

Axy=zeros(size(u));

Ayz=zeros(size(u));

Azx=zeros(size(u));

%% gecontroleerd

for i=2:nx

for j=2:ny+1

for k=2:nz+1
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%Average velocities

uE(i,j,k)=(u(i,j,k)+u(i+1,j,k))/2;

uW(i,j,k)=(u(i,j,k)+u(i-1,j,k))/2;

uN(i,j,k)=(u(i,j+1,k)+u(i,j,k))/2;

uS(i,j,k)=(u(i,j-1,k)+u(i,j,k))/2;

uF(i,j,k)=(u(i,j,k+1)+u(i,j,k))/2;

uB(i,j,k)=(u(i,j,k-1)+u(i,j,k))/2;

vN(i,j,k)=(v(i+1,j ,k)+v(i,j,k))/2;

vS(i,j,k)=(v(i+1,j-1,k)+v(i,j-1,k))/2;

wF(i,j,k)=(w(i+1,j,k )+w(i,j,k ))/2;

wB(i,j,k)=(w(i+1,j,k-1)+w(i,j,k-1))/2;

%Areas

Ayz(i,j,k)=dy(j)*dz(k);

Azx(i,j,k)=dz(k)*sx(i);

Axy(i,j,k)=sx(i)*dy(j);

%Final computation

uconv(i,j,k) =...

uE(i,j,k)*uE(i,j,k)*Ayz(i,j,k)...

-uW(i,j,k)*uW(i,j,k)*Ayz(i,j,k)...

+vN(i,j,k)*uN(i,j,k)*Azx(i,j,k)...

-vS(i,j,k)*uS(i,j,k)*Azx(i,j,k)...

+wF(i,j,k)*uF(i,j,k)*Axy(i,j,k)...

-wB(i,j,k)*uB(i,j,k)*Axy(i,j,k);

end

end

end

uE=zeros(size(v));vE=zeros(size(v));

uW=zeros(size(v));vW=zeros(size(v));

vN=zeros(size(v));

vS=zeros(size(v));

vF=zeros(size(v));wF=zeros(size(v));

vB=zeros(size(v));wB=zeros(size(v));

Axy=zeros(size(v));

Ayz=zeros(size(v));

Azx=zeros(size(v));

for i=2:nx+1

for j=2:ny

for k=2:nz+1

%Average velocities

vN(i,j,k)=(v(i,j,k)+v(i,j+1,k))/2;

vS(i,j,k)=(v(i,j,k)+v(i,j-1,k))/2;

vE(i,j,k)=(v(i+1,j,k)+v(i,j,k))/2;

vW(i,j,k)=(v(i-1,j,k)+v(i,j,k))/2;

vF(i,j,k)=(v(i,j,k+1)+v(i,j,k))/2;
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vB(i,j,k)=(v(i,j,k-1)+v(i,j,k))/2;

uE(i,j,k)=(u(i ,j+1,k)+u(i ,j,k))/2;

uW(i,j,k)=(u(i-1,j+1,k)+u(i-1,j,k))/2;

wF(i,j,k)=(w(i,j+1,k )+w(i ,j,k))/2;

wB(i,j,k)=(w(i,j+1,k-1)+w(i-1,j,k))/2;

%Areas

Ayz(i,j,k)=sy(j)*dz(k);

Azx(i,j,k)=dz(k)*dx(i);

Axy(i,j,k)=dx(i)*sy(j);

%Final computation

vconv(i,j,k) =...

uE(i,j,k)*vE(i,j,k)*Ayz(i,j,k)...

-uW(i,j,k)*vW(i,j,k)*Ayz(i,j,k)...

+vN(i,j,k)*vN(i,j,k)*Azx(i,j,k)...

-vS(i,j,k)*vS(i,j,k)*Azx(i,j,k)...

+wF(i,j,k)*vF(i,j,k)*Axy(i,j,k)...

-wB(i,j,k)*vB(i,j,k)*Axy(i,j,k);

end

end

end

wE=zeros(size(w));uE=zeros(size(w));

wW=zeros(size(w));uW=zeros(size(w));

wN=zeros(size(w));vN=zeros(size(w));

wS=zeros(size(w));vS=zeros(size(w));

wF=zeros(size(w));

wB=zeros(size(w));

Axy=zeros(size(w));

Ayz=zeros(size(w));

Azx=zeros(size(w));

for i=2:nx+1

for j=2:ny+1

for k=2:nz

%Average velocities

wE(i,j,k)=(w(i+1,j,k)+w(i,j,k))/2;

wW(i,j,k)=(w(i-1,j,k)+w(i,j,k))/2;

wN(i,j,k)=(w(i,j+1,k)+w(i,j,k))/2;

wS(i,j,k)=(w(i,j-1,k)+w(i,j,k))/2;

wF(i,j,k)=(w(i,j,k-1)+w(i,j,k))/2;

wB(i,j,k)=(w(i,j,k+1)+w(i,j,k))/2;

uE(i,j,k)=(u(i ,j,k+1)+u(i ,j,k))/2;

uW(i,j,k)=(u(i-1,j,k+1)+u(i-1,j,k))/2;

vN(i,j,k)=(v(i,j ,k+1)+v(i,j ,k))/2;

vS(i,j,k)=(v(i,j-1,k+1)+v(i,j-1,k))/2;

%Areas

Ayz(i,j,k)=dy(j)*sz(k);
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Azx(i,j,k)=sz(k)*dx(i);

Axy(i,j,k)=dx(i)*dy(j);

%Final computation

wconv(i,j,k) =...

uE(i,j,k)*wE(i,j,k)*Ayz(i,j,k)...

-uW(i,j,k)*wW(i,j,k)*Ayz(i,j,k)...

+vN(i,j,k)*wN(i,j,k)*Azx(i,j,k)...

-vS(i,j,k)*wS(i,j,k)*Azx(i,j,k)...

+wF(i,j,k)*wF(i,j,k)*Axy(i,j,k)...

-wB(i,j,k)*wB(i,j,k)*Axy(i,j,k);

end

end

end

diffusion3D.mreturns the di�usion vector�elds in x, y and z-direction

function [udiff , vdiff, wdiff ] =diffusion3D(u,v,w,dx,dy,dz,sx,sy,sz)

nx=size(u,1)-1;

ny=size(u,2)-2;

nz=size(u,3)-2;

if nx~=size(v,1)-2||nx~=size(w,1)-2||...

ny~=size(v,2)-1||ny~=size(w,2)-2||...

nz~=size(v,3)-2||nz~=size(w,3)-1

fprintf('DIFFUSION3D: velocity field dimensions do not match \n ');

end

udiff=zeros(size(u));

vdiff=zeros(size(v));

wdiff=zeros(size(w));

for i=2:nx

for j=2:ny+1

for k=2:nz+1

udiff(i,j,k) =(u(i+1,j,k)-u(i,j,k))/dx(i+1)*(dy(j)*dz(k))...%E

+(u(i-1,j,k)-u(i,j,k))/dx(i )*(dy(j)*dz(k))...%W

+(u(i,j+1,k)-u(i,j,k))/sy(j )*(dz(k)*sx(i))...%N

+(u(i,j-1,k)-u(i,j,k))/sy(j-1)*(dz(k)*sx(i))...%S

+(u(i,j,k+1)-u(i,j,k))/sz(k )*(sx(i)*dy(j))...%F

+(u(i,j,k-1)-u(i,j,k))/sz(k-1)*(sx(i)*dy(j)); %B

end

end

end

for i=2:nx+1

for j=2:ny

for k=2:nz+1

vdiff(i,j,k) =(v(i+1,j,k)-v(i,j,k))/sx(i )*(sy(j)*dz(k))...%E

+(v(i-1,j,k)-v(i,j,k))/sx(i-1)*(sy(j)*dz(k))...%W
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+(v(i,j+1,k)-v(i,j,k))/dy(j+1)*(dz(k)*dx(i))...%N

+(v(i,j-1,k)-v(i,j,k))/dy(j )*(dz(k)*dx(i))...%S

+(v(i,j,k+1)-v(i,j,k))/sz(k )*(dx(i)*sy(j))...%F

+(v(i,j,k-1)-v(i,j,k))/sz(k-1)*(dx(i)*sy(j)); %B

end

end

end

for i=2:nx+1

for j=2:ny+1

for k=2:nz

wdiff(i,j,k) =(w(i+1,j,k)-w(i,j,k))/sx(i )*(dy(j)*sz(k))...%E

+(w(i-1,j,k)-w(i,j,k))/sx(i-1)*(dy(j)*sz(k))...%W

+(w(i,j+1,k)-w(i,j,k))/sy(j )*(sz(k)*dx(i))...%N

+(w(i,j-1,k)-w(i,j,k))/sy(j-1)*(sz(k)*dx(i))...%S

+(w(i,j,k+1)-w(i,j,k))/dz(k+1)*(dx(i)*dy(j))...%F

+(w(i,j,k-1)-w(i,j,k))/dz(k )*(dx(i)*dy(j)); %B

end

end

end

rotation3D.mreturns the rotation vector�elds in x, y and z-direction

function [urot,vrot,wrot]=rotation3D(u,v,w,x,y,z,dx,dy,dz,sx,sy,sz,omega,axpos)

nx=size(u,1)-1;

ny=size(u,2)-2;

nz=size(u,3)-2;

if nx~=size(v,1)-2||nx~=size(w,1)-2||...

ny~=size(v,2)-1||ny~=size(w,2)-2||...

nz~=size(v,3)-2||nz~=size(w,3)-1

fprintf('ROTATION3D: velocity field dimensions do not match \n ');

end

uCen=zeros(size(u));

vCen=zeros(size(v));

wCen=zeros(size(w));

uCor=zeros(size(u));

vCor=zeros(size(v));

wCor=zeros(size(w));

urot=zeros(size(u));

vrot=zeros(size(v));

wrot=zeros(size(w));

omg1=omega(1);omg2=omega(2);omg3=omega(3);

rotx=axpos(1);roty=axpos(2);rotz=axpos(3);

for i=2:nx

for j=2:ny+1
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for k=2:nz+1

ww=(w(i ,j,k)+w(i ,j,k-1)+...

w(i+1,j,k)+w(i+1,j,k-1))/4;

vv=(v(i ,j,k)+v(i ,j-1,k)+...

v(i+1,j,k)+v(i+1,j-1,k))/4;

uCor(i,j,k) =2*(omg2*ww-omg3*vv);

urot(i,j,k)=(uCen(i,j,k)+uCor(i,j,k)).*(sx(i).*dy(j).*dz(k));

end

end

end

for i=2:nx+1

for j=2:ny

for k=2:nz+1

uu=(u(i,j ,k)+u(i-1,j ,k)+...

u(i,j+1,k)+u(i-1,j+1,k))/4;

ww=(w(i,j ,k)+w(i,j ,k-1)+...

w(i,j+1,k)+w(i,j+1,k-1))/4;

vCor(i,j,k) =2*(omg3*uu-omg1*ww);

vrot(i,j,k)=(vCen(i,j,k)+vCor(i,j,k)).*(dx(i).*sy(j).*dz(k));

end

end

end

for i=2:nx+1

for j=2:ny+1

for k=2:nz

uu=(u(i,j,k )+u(i-1,j,k )+...

u(i,j,k+1)+u(i-1,j,k+1))/4;

vv=(v(i,j,k )+v(i,j-1,k )+...

v(i,j,k+1)+v(i,j-1,k+1))/4;

wCor(i,j,k) =2*(omg1*vv-omg2*uu);

wrot(i,j,k)=(wCen(i,j,k)+wCor(i,j,k)).*(dx(i).*dy(j).*sz(k));

end

end

end

end

pperhs3D.m returns the right hand side of the Poisson pressure equation Lp = r

function r=pperhs3D(u,v,w,dx,dy,dz)

nx=size(u,1)-1;

ny=size(u,2)-2;

nz=size(u,2)-2;
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rhs=zeros(nx,ny,nz);

for i=1:nx

for j=1:ny

for k=1:nz

rhs(i,j,k)=((u(i+1,j+1,k+1)-u(i,j+1,k+1)))/(dx(i+1))+...

((v(i+1,j+1,k+1)-v(i+1,j,k+1)))/(dy(j+1))+...

((w(i+1,j+1,k+1)-w(i+1,j+1,k)))/(dz(k+1));

end

end

end

%% reshape %%

r=reshape(rhs,nx*ny*nz,1);

end

grad.m computes the pressure gradient in x, y and z-direction

function [ pu , pv , pw ] = grad(p,sx,sy,sz)

nx=size(p,1);

ny=size(p,2);

nz=size(p,3);

pu=zeros(nx+1,ny+2,nz+2);

pv=zeros(nx+2,ny+1,nz+2);

pw=zeros(nx+2,ny+2,nz+1);

for i=2:nx

for j=2:ny+1

for k=2:nz+1

pu(i,j,k)=(p(i,j-1,k-1)-p(i-1,j-1,k-1))/sx(i);

end

end

end

for i=2:nx+1

for j=2:ny

for k=2:nz+1

pv(i,j,k)=(p(i-1,j,k-1)-p(i-1,j-1,k-1))/sy(j);

end

end

end

for i=2:nx+1

for j=2:ny+1

for k=2:nz

pw(i,j,k)=(p(i-1,j-1,k)-p(i-1,j-1,k-1))/sz(k);

end

end
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end

end

divergence3D.m Computes the divergence fo the velocity. This is not necessary for copmuting
the velocity, but it is useful to check if the pressure equation is solved

function [ div ] = divergence3D(u,v,w,dx,dy,dz)

nx=size(u,1)-1;

ny=size(u,2)-2;

nz=size(u,3)-2;

div = zeros(nx,ny,nz);

for i=1:nx

for j=1:ny

for k=1:nz

div(i,j,k)=(u(i+1,j+1,k+1)-u(i,j+1,k+1))*dy(j+1)*dz(k+1)+...

(v(i+1,j+1,k+1)-v(i+1,j,k+1))*dz(k+1)*dx(i+1)+...

(w(i+1,j+1,k+1)-w(i+1,j+1,k))*dx(i+1)*dy(j+1);

end

end

end

end

correctly. The divergence should be zero, (or � accounting for comptational errors � small).

norm3D.m Used to compute the errors. It returns
√∑

i,j,k u
2
i,j,k

function n = norm3D(x)

n=sqrt(sum(sum(sum(x.^2))));


