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Abstract

Poncelet’s closure theorem concerns pairs of conics in the plane, and the
existence of a fixed point of a certain geometric construction. Griffiths and
Harris gave an elegant modern proof of the closure theorem using methods
from algebraic geometry, in which an elliptic curve takes the center stage. The
proof presented here is similar, but differs in the details. Whereas they used the
theory of Riemann surfaces for the details of the proof, a more algebraic and
explicit approach is taken here. A connection between the closure theorem
and dynamical billiards in ellipses is explored.
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Introduction

Jean-Victor Poncelet took part in Napoleon’s invasion of Russia in 1812. He was part
of the group that did not follow Marshal Michel Ney at the Battle of Krasnoi, which
was forced to surrender to the Russians. Poncelet did not disclose any information
when he was interrogated, and he was held as a prisoner of war in Saratov. During
his imprisonment from 1812 to 1814 he wrote his treatise on projective geometry,
which is considered to be the founding work of the modern subject. He published
his Traité des propriétés projectives des figures [Poncelet, 1822] after he was released,
including his closure theorem that is the subject of this thesis.

The theorem concerns pairs of conics (circles, ellipses, parabolas, hyperbolas)
in the plane, and the existence of a fixed point of a certain geometric construction.
Let C; and C, be two plane conics. Fix a point P; on C; which is not on C, and a
tangent line ¢; to C, passing through P; which is not tangent to C,. Let P, be the
point of intersection of ¢; and C; other than P;, and let ¢, be the tangent line to C»
through P, other than ¢;.

Figure 1: The construction of a Poncelet traverse.

Let P3 be the point of intersection of ¢, and C; other than P», let /3 be the
tangent line to C, through P5 other than ¢, and so on. The figure consisting of the
line segments between the points Py is called the Poncelet traverse with initial point
P; and tangent line ¢;. We say that it closesin k steps if Py = P; and ¢4 = ¢; for some
k > 1. The Poncelet traverse in figure 1 closes in four steps, yielding a triangle.

Theorem (Poncelet’s closure theorem). If one Poncelet traverse closes in k steps,
then every Poncelet traverse closes in k steps.

In other words, the condition that a Poncelet traverse closes is independent of
the initial point and tangent line; it depends only on the two conics. Throughout
this thesis we understand an initial point to be one that is not on C, and an initial
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tangent line to be one that is not tangent to C;, because if a Poncelet traverse would
start there then it would close trivially.

The closure theorem admits an elegant modern proof using methods from al-
gebraic geometry. Let X be the set of pairs (P, ¢), where P is a point of C; and ¢ is a
tangent line to C, passing through P. We definetwomapso: X — Xand7: X — X
as follows. For every pair (P¢) € X, put o(P,¢) = (P',¢), where P’ is the point of
intersection of ¢ and C; other than P, and put (B ¢) = (P,¢'), where ¢’ is the tan-
gent line to C, passing through P other than ¢. Note that ¢ and 7 are involutions
of X, i.e. they are their own inverses. We call their composition n = 7o. With the
notation from the previous page, we have n(P1,¢;) = (P2,¢»), and more generally
nk (P1,41) = (Pg,?)). Hence we can rephrase the closure theorem in terms of the
mapn: X — X.

Theorem (Poncelet’s closure theorem). If there exists an integer k > 1 such that n*
has a fixed point which is not a fixed point ofn, thenn* is the identity on X.

It is this form of the theorem that admits an elegant algebro-geometric proof.
Namely, it can be shown that the set X is a variety (the object studied in algebraic
geometry) of such a particular kind that its involutions are very well understood.
This understanding yields a swift proof of the closure theorem. The first proof of
this kind was given by Griffiths and Harris [1977]. They used the theory of Riemann
surfaces for the details of the proof.

In chapter 1 of this thesis we take a more explicit and algebraic approach. First
we define affine varieties in section 1.1, which includes the conics that we are inter-
ested in, and we define projective varieties in section 1.2. Instead of showing that X
is a variety, we construct a projective plane model M of X in section 1.3. We pro-
ceed in section 1.4 to introduce morphisms and rational maps between varieties.
This allows us to define two birational maps o0 : M-> M and 7 : M -> M in section
1.5 that are analogous to the maps of X with the same name. We call their compo-
sition 1 = 70, and Poncelet’s closure theorem is then restated in terms of the map
1n:M->M. We go on in 1.6 to define the dimension of a variety, and we show that M
has dimension 1, so M is a curve. In section 1.7 we define nonsingularity and we see
that every projective curve is birational to a nonsingular curve, called its nonsingu-
lar model. In particular, M has a nonsingular model which we call E. We show that
birational maps of M induce automorphisms of E, and hence Poncelet’s closure
theorem can be restated for the last time in terms of the automorphism n: E — E.
In section 1.8 we introduce the notion of a divisor on a nonsingular curve. This al-
lows us to define the genus of a curve in section 1.9, and we show that E has genus
1. In section 1.10 we single out the curves of genus 1 with a given rational point on
them, called elliptic curves, and it turns out that E is an elliptic curve. We show that
elliptic curves have a natural additive group structure, and that every elliptic curve
is isomorphic to one given by a Weierstrass equation such as y> = x> + ax+b. In
section 1.11 we finally consider morphisms of elliptic curves. We find that the au-
tomorphism group Aut(E) = Tr x Aut(E, O), and in particular every automorphism
of E can be written uniquely as a product of a translation and an isogeny. We apply
this to o, T and 7 to find that 7 is in fact a translation. Hence if ¥ has a fixed point
for some k, then 1 must be a translation by a point of finite order k, so n* is the
identity. This proves Poncelet’s closure theorem.

In chapter 2 we explore a connection between Poncelet’s closure theorem and
dynamical billiards in ellipses. In particular, we apply Poncelet’s closure theorem
to a billiard table and we ask two interesting and difficult questions.



Chapter 1

The proof of Poncelet’s closure
theorem

In this chapter we give an algebro-geometric proof of the closure theorem. Our
basic definitions concerning varieties are a combination of those of Hartshorne
[1977] and Shafarevich [1994]. Throughout we do algebraic geometry over the field
of complex numbers, which we deem sufficiently general for the task at hand. For
the material on divisors and the genus we have consulted Fulton [2008], and the
material on elliptic curves is based on that of Silverman [2009]. In order to make
the thesis relatively self-contained we have included all the relevant definitions and
theorems from algebraic geometry, although our treatment is brief and we have
omitted some of the more technical proofs. The reader familiar with basic alge-
braic geometry will know which parts to skip.

1.1 Affine varieties

In this section we begin to set the stage for our proof of Poncelet’s closure theorem.
We introduce the first kind of varieties that we will meet (the affine ones), among
which are the conics (circles, ellipses, parabolas, hyperbolas).

We define affine n-space, denoted A", to be the set of all n-tuples of elements of
C, the complex numbers. We use the notation A” instead of C" to distinguish affine
spaces from vector spaces, in which the origin and vector subspaces are special. By
contrast, we shall encounter “subspaces” of A" that do not include the origin, and
these will be just as important as those that do. An element P = (a,...,a,) € A"
will be called a point, and the a; will be called its coordinates. The closure theorem
concerns the affine plane (2-space). In our pictures of A> we shall draw only the
points with real coordinates, for practical reasons.

Now, for the “subspaces” just mentioned, let C[xy, ..., x,,] be the polynomial ring
in n variables over C. The elements of C[x,..., X;] can be interpreted as functions
A" — C in the obvious way. If f € C[xy,...,x;] is a polynomial, then we can talk
about the set of zeros of f, namely Z(f) = {P € A" : f(P) = 0}. More generally, if T is
any subset of C[x;,..., x,], we define the zero set of T to be the common zeros of all
the elements of T, thatis Z(T) ={P€A": f(P)=0forall fe T}.

Definition. A set Y c A” is an algebraic set if there exists a subset T < C[xy, ..., Xj]
such that Y = Z(T).
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In particular, the empty set Z(1) and the whole space Z(0) are algebraic.

Definition. We define the Zariski topology on A" by declaring the complements of
the algebraic sets to be open. It’s easy to verify that this is indeed a topology.

A basis for the topology is given by the complements of zero sets of single poly-
nomials. This follows from the fact that if Y,, = Z(Ty) is any family of algebraic sets,
thenN Yy = Z(UTy). Points are closed in this topology because for P = (ay,...,a;,) €
A" we have {P} = Z(x; — ay, ..., X, — a). However, the topology is not Hausdorff, i.e.
any two distinct points need not have disjoint neighborhoods. To show this, it suf-
fices to show that any two basic open subsets have a nonempty intersection. This
is equivalent to the statement that any two basic closed proper subsets Z(f) and
Z(g) have a union which is not all of A”. But Z(f)u Z(g) = Z(fg), and fg #0, so
(because our base field is infinite) there is a point P € A” such that (fg)(P) # 0, and
hence P¢ Z(fg).

Some algebraic sets consist of more than one part. For instance, the algebraic
set Z(xy) can be written as the union of Z(x) and Z(y).

Definition. A nonempty subset Y of a topological space is called irreducible if it
cannot be written as the union Y = Y, uY, of two proper closed subsets. The empty
set is not irreducible.

Note that the proper closed subsets need not be disjoint, so we can say that a
set is reducible if it can be covered by proper closed subsets. Every algebraic set
Y < A” can be written uniquely as a union Y = Y U...U Y; of irreducible algebraic
subsets, no one containing another. The Y; are called the irreducible components
of Y. Now we can define the first type of object that we will be working with.

Definition. An affine variety is an irreducible Zariski-closed subset of A" with the
subspace topology. An open subset of an affine variety is a quasi-affine variety.

For any subset of A”, let us define an ideal of C[xy, ..., x;,].

Definition. For Y c A", the set I(Y) of f € C[xy, ..., x,] that vanish identically on Y
is obviously an ideal, called the ideal of Y.

We say an algebraic set Y is defined over the field k c C if its ideal I(Y) is gen-
erated by polynomials in k[x,...,x,]. For example, the unit circle Z (x% + y2 -1)is
defined over Q. A set of generators of I(Y) is also called a set of defining polynomi-
alsof Y. Algebraic sets are related to certain ideals of C[xj,..., X,].

Theorem 1.1.1. There is a one-to-one inclusion-reversing correspondence between
algebraic sets in A" and radical ideals in C[x,...,x,], given by Y — I(Y) and a —
Z(a).

Recall that the radical v/a of an ideal a in a ring A consists of the elements f € A
such that f" € a for some n > 0. A radical ideal is an ideal which is its own rad-
ical. The theorem follows from Hilbert’s Nullstellensatz (a result in commutative
algebra), and some properties of the maps Z and I. Hilbert’s Nullstellensatz states
that I(Z(a)) = v/a. For a proof, see Lang [2005, p. 380]. The fact that the correspon-
dence is inclusion-reversing implies that maximal ideals in C[x;, ..., X,] correspond
to points (the minimal algebraic sets) in A”.

Proposition 1.1.2. An algebraic set Y c A" is a variety if and only if [(Y) is prime.
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PROOF. Suppose Y isirreducible. If fge I(Y),then Y c Z(fg) = Z(f) U Z(g). Thus
Y=(YnZ(f)u(YnZ(g), both being closed subsets of Y. Since Y is irreducible,
we have either Y = Y n Z(f), in in which case Y c Z(f), or Y c Z(g). Hence either
feI(Y)or ge I(Y). Conversely, let p be a prime ideal, and suppose that Z(p) =
Y1UYs. Thenp = I(Y1) N I(Y>), so either p = I(Y1) orp = I(Y>). Thus Z(p) = Y7 or V>,
hence it is irreducible. O

In particular, A" is irreducible because the zero ideal is prime. Another feature
of the Zariski topology is that nonempty open sets are automatically dense. Indeed,
ifanonempty open set U were not dense, then the proper closed subsets A"\ U and
U would cover A”, contradicting its irreducibility.

Recall that an irreducible polynomial is one that does not admit any nontrivial
factorizations. Since C[xy,...,X;] is a unique factorization domain, an irreducible
polynomial generates a prime ideal. Hence we have the following.

Corollary 1.1.3. The zero set Z(f) of an irreducible polynomial f € Clxy,...,x,] is
an affine variety.

Such a variety defined by a single polynomial is sometimes called a hypersur-
face. A hypersurface in A" has dimension (to be defined in section 1.6) n — 1, just
as a surface in A3 has dimension 2. In the case n = 2 the variety has dimension
one, so it is more commonly called a curve. Almost all of the varieties considered
in this thesis will be curves of this kind, defined by a single irreducible polynomial.
For example, lines and conics are varieties in A? given by the zero sets of irreducible
polynomials of degree one and and two respectively. The irreducibility criterion ex-
cludes unions of lines such as Z(xy) = Z(x) U Z(y) from the conics. What remains
are the circles, ellipses, parabolas and hyperbolas, as intended.

1.2 Projective varieties

In this section we introduce projective varieties in a manner analogous to that of
the previous section. In particular, we define the projective closure of an affine
hypersurface. This will allow us to define the Poncelet variety in the next section.
We define projective n-space, denoted P”, to be the set of all lines through the
origin in A”*!, The line through the point (ay, ..., a,) € A"*! is denoted in homoge-

nonzero complex numbers, this same point may be denoted by [Aay : ... Aa,] for
any A € C*, hence the name homogeneous coordinates. We might as well consider
the lines to go through any other point than the origin in affine space. In this way
the relevance of P! to the closure theorem should be clear. Recall that a polynomial
f € Clxyp,...,x,] is homogeneous of degree d if f(Axo,...,Ax,) = Adf(xo,...,xn) for
all A € C. Analogously to the affine case, we can define the zero set of a collection
of homogeneous polynomials in C[xy,...,x;]. While homogeneous polynomials
cannot be interpreted as functions P” — C, it’s clear that their set of zeros is well-
defined.

Definitions. A subset Y of P" is an algebraic set if there exists a set T of homo-
geneous polynomials in C[xy,...,X,] such that Y = Z(T). We define the Zariski
topology on P" by declaring the complements of the algebraic sets to be open. As
in the affine case, it is easy to verify that this is indeed a topology.
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Again, the complements of zero sets of single homogeneous polynomials form
a basis for the topology. Points are closed, nonempty open sets are dense, and the
topology is not Hausdorff. The definition of irreducibility from section 1.1 also ap-
plies here.

Definitions. A projective variety is an irreducible algebraic subset of P" with the
subspace topology. An open subset of a projective variety is a quasi-projective vari-
ety. If Y is any subset of P", we define the (homogeneous) ideal of Y in C[xy, ..., X,],
denoted I(Y), to be the ideal generated by the f € C[xy,...,x,] such that f is ho-
mogeneous and f vanishes on Y. We say an algebraic set Y is defined over the field
k c Cifitsideal I(Y) is generated by polynomials in k[xy, ..., X,].

The ideal in Clxy,...,x,] generated by the homogeneous elements of degree
greater than zero is sometimes called the irrelevant ideal for the following reason.

Theorem 1.2.1. There is a one-to-one inclusion-reversing correspondence between
algebraic sets in P" and homogeneous radical ideals in C[xy, ..., X;] not equal to the
irrelevant ideal.

Here, a homogeneous ideal is an ideal that is generated by homogeneous ele-
ments. This is not the usual definition of a homogeneous ideal (which would take
slightly more time to state precisely), but it is equivalent to it. For the usual defini-
tion, see Hartshorne [1977, 1.2, p. 9].

Proposition 1.2.2. An algebraic set Y c P" is a variety if and only if [(Y) is prime.

The proof is analogous to that of theorem 1.1.2, although a lemma is needed
stating that a homogeneous ideal a is prime if and only if for any homogeneous
polynomials fg € aimplies f € a or g € a. We also have the analogous corollary.

Corollary 1.2.3. The zero set Z(f) c P" of an irreducible homogeneous polynomial
f €Clxo, ..., x,] of positive degree is a projective variety.

Finally we consider embeddings of A" in P". For example, the map (of sets)

see later that it is indeed a morphism of varieties. Obviously we can also send the
1 to an other coordinate, so there are multiple ways to embed A” in P". We elect
the embedding that sends the 1 to the last coordinate to be our favorite embed-
ding for the rest of this thesis. The points outside the image of an embedding are
called points at infinity. For example, if we embed A! in P! using x — [x : 1], then
there is one point at infinity, namely [1 : 0], which is sometimes denoted co. Upon
embedding A? in P?, we obtain a line at infinity.

Hypersurfaces in A” are related to hypersurfaces in P” in a natural way. Namely,
let Z(f) be a hypersurface in A” for some irreducible polynomial f € Clx, ..., X,].

Definition. The homogenization of f € C[xy,...,x,] with deg f = d is given by the
homogeneous polynomial f*= ng(xo/xn,...,xn_llxn) € Clxg,...,x]. The deho-
mogenization of a homogeneous polynomial f € C[xy,...,x,] of degree d is given
by the polynomial f. = f(x1,...,x,,1) € Clxy,..., X,].

Clearly these two operations are each other’s inverses. It can be shown that
factoring a polynomial is the same as factoring its homogenization. See for instance
Fulton [2008, 2.6, p. 24]. Hence f is irreducible if and only f* is irreducible. This
motivates the following definition.
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Definition. The projective closure of a hypersurface Y = Z(f) < A" is the hypersur-
face given by Y = Z(f*) c P", where f* is the homogenization of f.

The projective closure of an affine hypersurface is also called its completion.
Note that no confusion arises in the notation, because we will never take the Zariski
closure of a set that is already closed. Using our favorite embedding we have Y n
A"=Z(f*)nA" = Z(f) = Y. Taking the projective closure adds points at infinity to
the variety. More generally, the projective closure Y of an affine variety Y < A” is the
zero set of the ideal generated by the elements of I(Y) homogenized. In general it
is not true thatiif fi,..., f; generate I(Y), then f},..., f" generate I (Y). Instead, one
should compute a Grobner basis for I(Y) and then homogenize each polynomial
in the Grébner basis. In this case we also have Y NA” = Y, so an affine variety is
an open subset of its projective closure, which means that every affine variety is
quasi-projective.

1.3 The Poncelet variety

In this section we define the variety M that is a projective plane model of the set
X from the introduction. We compute M explicitly for one pair of conics, and find
that this M is an elliptic curve. This motivates our proof strategy.

For the remainder of this thesis, let C; = Z(f1) and C, = Z(f>) be two fixed con-
ics in A2. First we choose a rational parametrization of Cj, given by ¢t — P(t) =
(x(8), y(t)) where x and y are rational functions of (i.e. quotients of polynomials
in) ¢ € C. For example, the parabola y = x? in A? is parametrized by ¢ — (¢, t?). In
general, we can obtain a parametrization of C; as follows. Fix a point Py = (xo, yo)
on C;. Define P(f) to be the second point of intersection with the line of slope ¢
through Py. In this way, every point on C; is uniquely identified by some ¢ € C,
except Py and possibly the other point on the vertical line through Py.

05 @]

0.5 [) 05

-0.54

Figure 1.1: Rational parametrization of C;.

More precisely, the line ¢ of slope ¢ through Py is given by y = £(x—x¢) + yo. Sub-
stituting this in fj yields fj (x, t(x—x¢)+y0) = A(B)x%2+B(t)x+C(1), of which one root
is xg. If A(%) # 0, then this is a quadratic and the other root is x(#) = —xo — B(t)/ A(t).
For these ¢, we define y(#) = #(x(#)—xo)+ o, and then P(t) is the other point of inter-
section of £ with C;. If we write f; = ay®+bxy+cx*+r(x,y), then A(t) = at’ +bt+c.
The zeros of A(t) are precisely the ¢ € C where the parametrization is not defined.
These are also the poles of the rational functions x(#) and y(#). There can be zero,
one or two of these.
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Example 1.3.1. Suppose C; = Z(x%+ y2 —1), and let Py = (—1,0). The line ¢ with
slope ¢ through P is given by y = #(x + 1). Computing x(#) amounts to finding the
solution of 0 = x? + t2(x+ 1) =1 = (1 + t?)x* + 21>x* + t?> — 1 other than xo = —1. This
is x(£) = (1— %)/ (1 + t?), and hence y(1) = t(x(#)+ 1) = 2¢/(1+ £?). The poles of these
are i and —i.

The poles of the parametrization will play a role later on. Equipped with a
parametrization of C;, we now define the Poncelet variety. What does it mean for a
line y = ax + b through a point P(#) € C; (not on the vertical line through Py) to be
tangent to C,? Note that we can write b = y(#)—ax(¢). The condition for the line ¢ to
be tangent to C; is exactly that f>(x, ax+ b) = 0 has only one solution. This happens
if and only if the discriminant of f>(x, ax + b) = Q(t, a)x*> + R(t, a)x + S(t, a) is zero.
The coefficients can be seen to be functions of t and a by using the expression for b.
We define m(t, a) to be the numerator of the discriminant R(¢, )2 —4Q(t, a)S(t, a).
Hence m € C[t, a] is a polynomial.

Assumption. The polynomial m(t, a) is irreducible.

We have not investigated any sufficient conditions for this to be true, but it is
the case for many interesting examples. Carrying out the above construction for
the most general of conics, we find that m(¢, a) always has degree 2 in a and degree
atmost 4 in . Among the zeros of m are the (most interesting) pairs (t, a) for which
P(t) is a point of Cj, and the line y = ax + b (with b defined in terms of ¢ and a, as
above) through P(t) is tangent to C,. Hence the zero set of m is at least very similar
to the set X described in the introduction. The pairs (¢, a) play a role similar to the
pairs (B, ¢). Note that because we have taken the denominator of the discriminant,
some zeros (¢, a) of m may be such that ¢ € C does not define a point of Cy, i.e. ¢ is
a pole of the parametrization. Also, the vertical tangent lines to C, are excluded by
construction. The number of such defects is finite, and they will not give us much
trouble. We need to make one more assumption about m for the likeness of its zero
set to X to be more than superficial.

Assumption. For every (t,a) € Z(m) there exists at most one other (¢, a) € Z(m)
such that P(¢') is the other point of C; on the line y = ax + b.

With these assumptions out of the way, we can give our fundamental definition.

Definition. The Poncelet variety M c P2 is the projective closure of Z(m) c A2
where m € C[t, a] is defined as above.

The projective closure is taken for the following reason.

Example 1.3.2. Let C; = Z(x—Ay?) where 1 € C* is a parameter and C; = Z(y —x?).
We parametrize C; by t — (112, 1). We compute f>(x,ax+b) = ax+b—x* = ax +
y(t)—ax(t)—x* = —x*+ax+t—Aat?. The discriminant is m(t, a) = a>+4(t—Aat?) =
a’ + 4t — 4)Aat®. The Poncelet variety is then the projective closure of ¢ = Aat? —
a’®/4. Let us make the change of coordinates ¢ = a,n = at. Multiplying the original
defining polynomial by a, we obtain An? —n = £3/4. Multiplying by 42 yields (2An —
1)? = A& + 1. Multiplying by A? gives (2A%n — 1)? = (1¢)® + A2, Finally, changing
coordinates to Y = 2A?n— A and X = A¢, this is Y2 = X3 + A2, The reader may
recognize this as the equation for an elliptic curve. These elliptic curves are properly
considered as projective curves, by taking the projective closure. Elliptic curves
have a natural group structure (see section 1.10).
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This example motivates our proof strategy. We will show that the Poncelet va-
riety M is a curve, and that it can always be transformed into an elliptic curve E
(albeit using more complicated transformations). We then use the group structure
of E to conclude the theorem.

1.4 Morphisms and rational maps

In this section we define morphisms and rational maps between varieties. Roughly
speaking, these are maps that can be defined by polynomials or rational functions.
The two maps of the Poncelet variety in the next section that are instrumental to
our proof will be of this kind. We also define the function field of a variety, which
will allow us to define dimension later on.

Definitions. A function f:Y — C on a quasi-affine variety Y < A" is called regular
at the point P if there is an open neighborhood U of P such that f = g/h on U
for some g, h € Clxy,..., x,], where h does not vanish on U. A function f: Y — C
on a quasi-projective variety Y < P” is called regular at the point P if there is a
neighborhood U of P such that f = g/h on U for some homogeneous polynomials
g, heClxy,...,x,] of the same degree, where h does not vanish on U. We say that f
is regular on Y if it is regular at every point of Y.

Regular functions are continuous in the Zariski topology. This follows easily
from the fact that the Zariski-closed subsets of C = A! are finite, and the fact that
a subset Z of a topological space Y is closed if and only if ¥ has an open cover of
sets U such that Zn U is closed in U for each U. Now we can define the category of
varieties.

Definition. A variety is any affine, quasi-affine, projective, or quasi-projective va-
riety as previously defined. Amap ¢ : X — Y of varieties is called a morphism if it is
continuous and for every open U < W and every regular function f on U we have
that fe is regular on ¢~ (U).

Clearly the composition of two morphisms is a morphism, so we have a cat-
egory. A morphism of varieties is sometimes called a regular map. The identity
morphism Y — Y is denoted idy. An isomorphism between X and Y is a one-to-
one morphism ¢ of X onto Y such that ¢! is a morphism. An isomorphism ¥ — ¥
is called an automorphism of Y. The automorphisms of a variety Y form a group
under composition, which we denote by Aut(Y). We associate a field with every
variety.

Definition. If Y is a variety, we define the function field k(Y) of Y as follows: an
element of k(Y) is an equivalence class of regular functions U — C, where U is a
nonempty open subset of Y, and where two regular functions f: U — C and g :
W — C are equivalent if f = g on Un W. The elements of k(Y) are called rational
functionson'Y.

If Y < A" is an affine variety, then k(Y) is isomorphic to the fraction field of
the coordinate ring A(Y) = C[xy,...,x,]/1(Y), which is an integral domain. The fact
that A(Y) is an integral domain follows from theorem 1.1.2 (ideals of varieties are
prime). If two polynomials f, g € C[x,..., x,] define the same function Y — C, then
their difference f — g belongs to the ideal I(Y). Hence the elements of A(Y) can be
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interpreted as polynomial functions Y — C. The function field of a projective vari-
ety Y c P" is isomorphic to the function field of ¥ nA” for some embedding of A"
in P" with Y nA" # @. This follows from the fact that a rational function is uniquely
determined by its values on a nonempty open set (because nonempty open sets are
dense). We will characterize the function field of the Poncelet variety in proposition
1.7.4. Morphisms into affine varieties are characterized by the following lemma.

Lemma 1.4.1. Let X be any variety, and let Y < A" be an affine variety. A map
v : X — Y is a morphism if and only if x;y is a regular function on X for each i,
where the x; are the coordinate functions on A™.

For a proof, see Hartshorne [1977, lemma 1.3.6, p. 20]. The next lemma charac-
terizes an important subclass of the morphisms between quasi-projective varieties.

Lemma 1.4.2. Let X cP" and Y < P™ be quasi-projective varieties. Amap ¢ : X —
Y given by p([xo:...: xz]) = [@o([xp:...:xXpD e @m([Xg ... 2 xp])], where the @; €
Clxo,...,Xx,] are homogeneous of the same degree and don’t vanish simultaneously
at any point of X, is a morphism.

These lemmas will help us define maps of the Poncelet variety in the next sec-
tion. For now, they give a good impression of what morphisms usually look like.
The following lemma tells us more about morphisms.

Lemma 1.4.3. Let¢p: X — Y and v : X — Y be two morphisms that agree on an
opensetUc X. Thengp =v.

This is also proven in Hartshorne [1977, lemma 1.4.1, p. 24]. The lemma moti-
vates the following definition.

Definition. A rational map ¢ : X->Y is an equivalence class of morphisms U —
Y from an open subset U < X to Y, where two morphisms U; — Y, U, — Y are
equivalent if they agree on Uy N U,. The rational map ¢ is dominant if some (and
hence every) U — Y has its image densein Y.

The lemma implies that the relation just described is an equivalence relation.
In general, a rational map is not a function from X to Y, hence the dashed arrow.
The meromorphic functions in complex analysis have a similar status. If p: X - Y
is arational map defined by a collection of morphisms U, — Y, then the domain of
@ is defined to be dom ¢ = U, U,. We say that ¢ is defined at the points of dom ¢.
Composing rational maps in general is problematic, because it may happen that
the image of the domain of one does not intersect the domain of another. How-
ever, one can compose dominant rational maps, so we can consider the category of
varieties and dominant rational maps. An isomorphism in this category is called a
birational map:

Definitions. A dominant rational map X -» Y is called birational if it has an in-
verse dominant birational map. In this case we say that X and Y are birationally
equivalent.

It is clear that two varieties are birationally equivalent if and only if they have
isomorphic open subsets. We also have the following result.

Theorem 1.4.1. Two varieties X andY are birationally equivalent if and only if their
function fields are isomorphic as extension fields of k = C.
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For a proof, see Hartshorne [1977, corollary 1.4.5, p. 26]. From this theorem it
is particularly clear that birational equivalence is an equivalence relation. We will
show later (in section 1.7) that the Poncelet variety is birational to a nonsingular
variety E. In the next section we define two birational maps o : M-> M and 7 :
M--> M of the Poncelet variety. For this we use the following easy lemma.

Lemma 1.4.4. A birational map Y ->Y of an affine variety Y can be uniquely ex-
tended to a birational map Y -> Y of its projective closure.

PROOF. The birational map is represented by an isomorphism ¢ from an open
dense subset U c Y to another dense open subset ¢(Y). Under the standard em-
bedding, both U and ¢(U) are dense in Y. Hence ¢ also represents a birational
mapY — Y. 0

We shall call such an induced birational map by the same name as the original.
There is no harm in this, as the induced birational map agrees with the original on
the affine chart.

1.5 Maps of the Poncelet variety

In this section we introduce two birational maps o : M-> M and 1 : M-> M of the
Poncelet variety that correspond to the maps of X from the introduction. We restate
the closure theorem in terms of these maps.

Let P = (x(1), y(1)) be a point of C; and let a be the slope of a tangent line ¢
through P. Let P’ = (x/, ') be the other point of intersection of ¢ with C;. We seek
¢ such that x(¢') = x’ and y(¢') = y'. We know that x’ is precisely the other root of
the quadratic fi (x,ax+ b) = Q(¢, a)x% + R(t,a)x + S(t, a) besides x(z), where again
we have used the fact that b = y(t) — ax(t). Hence x' = —x(t) — R(t,a)/ Q(t, a). The
corresponding y-coordinate is y' = ax’ + b. Now we can let ¢’ be the parameter
such that x(¢') = x" and y(¢') = y'. For our general parametrization by lines of slope
t through a point Py = (xg, yo) € Cy, this is ¢’ = (y' — y9)/(x — x¢). In the case that
m is quadratic in ¢, say m(t,a) = Q(a) 2+ R@)t+ S(a), we simply have ¢/ = —t —
R(a)/Q(a). In any case, this gives a birational map o : Z(m)-> Z(m) defined by
(t,a) — (t',a). The fact that o is a rational map follows from lemma 1.4.1, and it is
birational because it is its own inverse as a rational map.

Let ¢’ be the other tangent line to C, through P, with slope a'. Since m is always
quadratic in a, say m(t,a) = Q(Ha® + R(t)a + S(t), we can simply put @’ = —a —
R(1)/Q(r). This gives a birational map o : Z(m) — Z(m) defined by (¢, a) — (¢, a’).

Definitions. The maps o : M-> M and 7 : M -> M are the birational maps that are
uniquely determined (lemma 1.4.4) by the birational maps

ot,a)=(',a) and 7(t,@)=(t,a)
of Z(m). We call their compositionn =70o.

These maps correspond to the maps of X from the introduction. Note that the
maps o and 7 have fixed points and are not the identity on M. We will make great
use of this later. To be explicit, we restate Poncelet’s closure theorem in terms of
n:M-->M.

Theorem 1.5.1 (Poncelet’s closure theorem). If there exists an integer k > 1 such
thatn* has a fixed point that is not a fixed point ofn, thenn* is the identity on M.
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For concreteness, we compute o and 7 for some example.

Example 1.5.2. Let M be the Poncelet variety from example 1.3.2, i.e. M is the
projective closure of ¢ = Aat® — a*/4. Since m(t,a) = Aat? — t — a*/4 is quadratic
in both ¢ and a, the maps ¢ and 7 of Z(m) are simply the maps that permute the
roots of m. Thatis, o(t,a) = (ia —t,a) and 17(t,a) = (t,41t%> — a). The coordinate
transformation X = Aa, Y = 2A%at — A shows that M is the elliptic curve Y2 = X3 +
A?. We compute the maps o and 7 in these new coordinates. We use the inverse

coordinate transformation a = X/A, t = gA—Jr)? to find

Y+7L)2 (Y+7L
-X,

3
o(X,Y)=(X,-Y) and T(X,Y)z(( ) -Y-2A).

Hence
” ) }T ) )T .

Using incredible foresight, one might recognize this as the map P— P +[0: A:1] of
the elliptic curve, where the plus sign denotes addition in the elliptic curve group.
One can show that that [0: A : 1] has order 3 in the elliptic curve group, and hence
n° is the identity. This proves Poncelet’s closure theorem for every pair of conics of
the form in example 1.3.2,i.e. C; = Z(x— Ay?) and C, = Z(y — x?).

The rest of the thesis is devoted to generalizing the above example. We will
show that M is always a curve in the next section. Then we show that M can be
transformed into an elliptic curve E. The birational maps ¢ and 7 induce automor-
phisms of E. We use the structure of Aut(E) to conclude the theorem.

1.6 Dimension

In this section we define the dimension of affine and projective varieties. We find
that the Poncelet variety has dimension 1, so it is a curve.

We will define the dimension of a variety Y in terms of its function field k(Y).
For this we first recall some basic facts about field extensions. A field extension K
over k is called algebraic if each element of K is a root of some non-zero polyno-
mial with coefficients in k. A subset S of K is a transcendence basis of K over k if
it is algebraically independent over k (the elements do not satisfy any non-trivial
polynomial relation with coefficients in k) and K is algebraic over k(S), the field
obtained by adjoining the elements of S to k. Any two transcendence bases for a
field extension have the same cardinality [Lang, 2005, theorem VIII.1.1, p. 356]. The
transcendence degree of a field extension K over k is the cardinality of a transcen-
dence basis for K over k.

Definition. The dimension of a variety Y, denoted dimY, is the transcendence
degree of its function field k(Y) over the ground field k = C.

In particular, dimension is invariant under birational maps, by theorem 1.4.1.
Obviously A” has dimension n, as its function field is the field of rational functions
in n algebraically independent variables. A variety of dimension 1 is called a curve.
In particular, A' = Cis a curve, in contrast to the usual interpretation of C as a plane.
Curves in A? and P? are called plane curves.

Proposition 1.6.1. A hypersurface in A" or P" has dimension n—1.
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PROOF. Because the function field of a projective variety is the same as the function
field of an affine open subset, we can reduce to the affine case. Let H = Z(f) c A" be
a hypersurface, with f € C[xy,..., x,]. The coordinate ring of H is C[x,..., x,1/(f),
which is generated by the X; = x; + (f) satisfying f(Xj,...,X,) = 0. Through the
canonical embedding of the coordinate ring in its fraction field (i.e. the function
field of H), the X; can be considered elements of k(H). Without loss of generality,
suppose that x, occurs in f in some way. Then Xj,..., X, are algebraically in-
dependent over C. But then k(H) is algebraic over C(Xj,..., X,-1), because X, is
aroot of f(Xj,...,X,-1,X) € C[Xy,...,X,—11[X]. This means that the Xj,..., X1
form a transcendence basis of k(H), so H has dimension n — 1.

In particular, hypersurfaces in A% and P? are curves.
Corollary 1.6.2. The Poncelet variety M  P? is a curve.

For a reducible algebraic set Y, we define the dimension of Y to be the maxi-
mum of the dimensions of its irreducible components. The next two results will be
helpful in the next section.

Proposition 1.6.3. IfY isa varietyand X C Y is a proper algebraic subset of Y, then
dimX <dimY.

Proposition 1.6.4. An algebraic set Y of dimension zero is finite.

PROOF. Because every algebraic set is a finite union of varieties, and the dimen-
sion of a projective variety can be computed in terms of the dimension of an affine
variety, it suffices to show this for a variety Y in A”. If dim Y = 0, then k(Y) has tran-
scendence degree zero over C and hence is algebraic over C. But C is algebraically
closed, so k(Y) = C. From the inclusions C c A(Y) < k(Y) = C we see that A(Y) =C.
Hence I(Y) < C[x3,...,X,] is an ideal such that C[xy,...,x,]/I(Y) = C. This means
that I(Y) is maximal, so Y is a point. O

For the remainder of this thesis we concern ourselves with the rich theory of
curves. We define singularities on curves, the genus of a curve, and then we single
out the curves of genus 1 with a rational point on them, called elliptic curves.

1.7 Singularities

In this section we define singularities that curves may have. We show that a curve
has only finitely many singular points, and we describe a method to find these
points. We see that every curve is birational to a nonsingular curve. In particular,
the Poncelet variety has a nonsingular model. We show that the birational maps
defined on the Poncelet variety induce automorphisms of its nonsingular model.
We restate the closure theorem in terms of these automorphisms.

It will turn out that singularities can be analyzed locally, so we treat the affine
case first and reduce the projective case to it later. For the rest of this section, let
C = Z(f) c A? be a curve. We borrow a definition from differential geometry.

Definitions. A point P = (a,,...,a,) € C is nonsingular if the partial derivatives
0f/0x; don’t vanish simultaneously at P. In this case the line }_; f, (P)(x; —a;) =0
is called the tangent line to C at P. A point that isn’t nonsingular is called singular,
or a singularity. The set of singular points of C is denoted SingC. A curve without
singular points is called a nonsingular curve.
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More generally, a point on a variety Y < A” is said to be nonsingular if the Ja-
cobian matrix of the generators of I(Y) has rank n —dim Y. From the definition it
should be clear that a nonsingular curve is also a complex manifold. It is entirely
possible to apply the theory of complex manifolds to nonsingular varieties, but we
do not pursue this. Nonsingularity may also be defined algebraically and more in-
trinsically in terms of local rings, but we shall find the Jacobian criterion to be most
practical for our purposes. The following theorem is fundamental.

Proposition 1.7.1. SingC is a finite set.

PROOF. If Sing C = C, then the functions  f/8x; are zero on C, and hence df/0x; €
I(C) for each i. But I(C) is the principal ideal generated by f, and deg(6f/0x;) <
deg f for each i, so we must have 0 f/0x; = 0 for each i. This is a contradiction, and
hence SingC is a proper subset of C. Certainly SingC is closed, so it has dimension
zero by proposition 1.6.3, and hence Sing C is finite by proposition 1.6.4. O

Now that we know the number of singularities is finite, we begin to investigate
them. This is particularly doable case of a planar curve.

Definitions. Write f = fy+...+ f;, where f; is homogeneous of degree i. The mul-
tiplicity of P = (0,0) on C, denoted up(C), is the least r such that f, # 0. We can
write f; = HL:." , where the L; = a;x + B;y are distinct lines. The L; are called the
tangent lines to C at P and r; is the multiplicity of the tangent L;. If C has up(C)
distinct tangents at P, then P is called an ordinary singularity.

The hypothesis n = 2 is used in the factorization of f,. The homogeneous poly-
nomial in two variables f;(x, y) can be factored into a product of lines by first writ-
ing f; = y*g where y doesn't divide g, dehomogenizing and factoring in C[x] like
fr« = g« = c[1(x—¢;), and then homogenizing to obtain f, = cykl'[(x —¢&;y). These
definitions can be extended to a point P # (0,0) by performing the appropriate
translation. For projective curves, we define a point to be singular if it is singular in
an affine chart. Equivalently, a point P of a projective curve Z(f) < P" is nonsingu-
lar if the partial derivatives 0 f/0x; don't vanish simultaneously at P. The Poncelet
variety M < P? may be singular.

Example 1.7.2. Let C; = Z(x? + y? — 1) be the unit circle and C, = Z(3x* —4y? —12)
a hyperbola. Parametrize C; by x(#) = (1 —t?)/(1 + t?) and y(t) = 2¢/(1 + t?). Our
general construction from section 1.3 yields m(t, a) = 3t* —3a®t* - 10at? + 4at> -
3a’-4at+10t*+3. Hence M = Z(m*) c P?, and we let ¢, a, s be homogeneous coor-
dinates in P2. First we check for singularities in the affine chart s # 0. This amounts
to solving the system of polynomial equations m(t, a) = %—rf(t, a) = a—';l(t, a)=0. To
do this we use the standard method of computing a Grobner basis for the ideal of
C[t, a] generated by m(t, a), ‘%’ (t,a), and %—’Z (t,a) in lexicographic order and solv-
ing the system of equations obtained by equating the elements of the basis to zero
successively. The Grébner basis turns out to be ¢ — a, a> + 1. Hence the singular
points in the affine chart s # 0 are (i, i) and (—i,—i). Next we check for singularities
in the affine chart a # 0. For this we compute a Grobner basis for the ideal of C[#, s]
generated by m*(¢,1, s) and its derivatives with respect to ¢ and s. This yields the
singularities (0,0), (1,7) and (1, —i) in the affine chart a # 0. However, these last two
points [1:1:i]=[-i:—i:1]and [1:1:—i] =[i:i:1] were already found in the
previous chart. Next we check for singularities in the affine chart ¢ # 0. For this
we compute a Grobner basis for the ideal of Cla, s] generated by m* (1, a, s) and its
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derivatives with respect to a and s. This basis is a + s2, s(s® + 1). Hence the singu-
lar points are (0,0), (1,i) and (1,—i) in the affine chart ¢ # 0. Again, these last two
points were already found in the first chart. In summary, the singular points of M
are[i:i:1],[-7:—i:1],[0:1:0] and [1:0:0]. We investigate the nature of the sin-
gular point [0 : 1: 0], which already has coordinates (0,0) in the affine chart a # 0.
We have m*(t,1,s) =3s%+10s* 2 +3s2t* —4s* 1+ 45213 —35s* = 10522 =3¢, The term
of lowest homogeneous degree is m4 = —3s* — 105> — 3t*, and hence [0: 1: 0] is
a singularity of multiplicity four. Since my4(¢,1) has four distinct roots, the singu-
larity is ordinary. Similarly, the other three points can be found to be ordinary of
multiplicity 2.

The singularities of the Poncelet variety will play a role in section 1.9, where we
compute the genus of the Poncelet variety. We have the following theorem about
projective curves.

Theorem 1.7.3. For every projective curve C c P" there exists an m and a nonsingu-
lar curve C' < P™ such that C is birational to C'.

This is theorem 7.5.3 in Fulton [2008]. The nonsingular curve C’ in theorem
1.7.3 is called a nonsingular model or desingularization or normalization of the
original curve C (or its function field). In particular, the Poncelet variety M has a
nonsingular model which we call E. Note that a nonsingular model of a plane curve
need not (and in fact cannot in some cases) be planar. In example 1.3.2 the Pon-
celet variety was already nonsingular, so E = M. We can give a useful description of
the nonsingular model of the Poncelet variety.

Proposition 1.7.4. The function field of the Poncelet variety M can be written C(t, z)
where z> = h(t), h is without square factor and deg h < 4. There exists a nonsingular
model of M such that z2=h(t) inan affine chart.

PROOF. Let m(t,a) = mpa® + mya+ mgy = 0 with m; € C[t]. We have 2mya+ my)% +
(dmomg — m%) = 0. Introduce y = 2mya + m; and m% —4momygy = gzh with g, h €
C[t] and h without square factor. Then we have y? = g?h, and by introducing z =
y! g we obtain the equation z? = h(z). Clearly C(t,a) = C(t,z). The fact that h has
degree at most 4 is derived as follows. Suppose x(t) = A/B and y(¢) = C/D for some
A,B,C,D e C[t] with gcd(A, B) = gcd(C, D) = 1. Put E = gcd(B, D) and write x(f) =
A'IE and y(t) = C'/E for A’,C’ € C[t]. Then b = y(t) — ax(t) = F/E where F = C' -
aA'. Let f> = boo+bo1 X+ba x> +b11xy+b1oy+bay?. Then fo(x, ax+b) = m(t, a) E?
and gcd(m, E) = 1. By writing out m(t, a) in terms of F and E, we find that m; has E
as a factor and my has E? as a factor. Hence m? — 4mpmy has E? as a factor. What
remains after factoring out E? has degree at most 2 in E, and hence degree at most
4 in ¢. For the proof that there exists a nonsingular model of M such that z2 = h(p)
in an affine chart, see Silverman [2009, example I1.2.5.1, p. 22]. O

Note that the proof above is constructive. Given the equation m(t,a) = 0 of a
Poncelet variety, we can compute h(t) to obtain the simple description z? = h(t) of
its function field.

Example 1.7.5. Let M c P? be the Poncelet variety from example 1.7.2, defined by
m(t,a) = —(3t* + 1012 + 3)a® + 4(£3 - t)a+ 3t* + 10£% + 3. Write m(t,a) = mpa® +
mya+ mg with m; € C[t]. Then m% —4dmymy = 4(t2 + 1)2(9¢* + 4612 + 9), and hence
h(t) = 9t* + 4612 + 9. Thus the function field of M can be written C(t, z) where z2 =
9t* +461% +9.
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Note that a rational map from a curve induces a rational map of its nonsingular
model. A fundamental result about smooth projective curves is that rational maps
are defined at every point.

Proposition 1.7.6. A rational map C-~>Y from a smooth projective curve C to a
projective variety Y is a morphismC — Y.

For a proof, see Silverman [2009, I1.2.1, p. 19].

Corollary 1.7.7. A birational map C -~ C' between smooth projective curves C and
C' is an isomorphism C — C'.

It follows from corollary 1.7.7 that the nonsingular model of theorem 1.7.3 is
unique up to isomorphism. Since birational maps of M induce birational maps of
E, theinduced maps o : E — E and 1 : E — E are automorphisms of E. To be explicit,
we restate Poncelet’s closure theorem for the last time in terms of n: E — E.

Theorem 1.7.8 (Poncelet’s closure theorem). If there exists an integer k > 1 such
thatn* has a fixed point which is not a fixed point of n, thenn* = idg.

In fact we shall see that the induced map 7 : E — E itself has no fixed points,
even if n: M--> M does. This was already the case in example 1.5.2.

1.8 Divisors on curves

In this section we define divisors on nonsingular curves. This will allow us to define
the genus of a curve in the next section.

Throughout this section C will denote a nonsingular projective curve. We give
a brief overview of the theory of divisors that we will be needing.

Definition. The divisor group Div(C) is the free abelian group on the points of C.

An element of Div(C) is a formal finite sum of points D =} ,, d,, P, (with d,, € Z),
called a divisor. More generally, Weil divisors are formal sums of codimension 1
subvarieties, but we will only be interested in the case of curves, in which the codi-
mension 1 subvarieties are just the individual points of C. The degree of a divi-
sor, denoted degD, is the sum of its coefficients }_, d,,. We write }_ npP =Y mpP
if each np = mp. The divisors of degree 0 form a subgroup, which we denote by
Div?(C). For any nonzero rational function f € k(C), we define the divisor of f, de-
noted div(f), to be Y pccordp(f)P. Here, ordp(f) equals k if P is a zero of order
k >0, -k if P is a pole of order k > 0, and zero otherwise. If ordp(f) = —1 then P
is called a simple pole of f. Since f has only a finite number of poles and zeros,
div(f) is a well-defined divisor. The divisor of a function is also called a principal
divisor, and the subgroup of principal divisors is denoted Prin(C). From the rela-
tions div(fg) = div(f) + div(g) and div(1/ f) = —div(f) it is clear that this is indeed
a subgroup. Two divisors D and D’ are said to be linearly equivalent if they differ
by a pricipal divisor, i.e. D’ — D € Prin(C), in which case we write D’ = D. This is an
equivalence relation. It can be shown that Prin(C) c Div?(C), i.e. deg(div(f)) = 0 for
nonzero f € k(C).

Definition. The divisor class group of C is Pic(C) = Div(C)/Prin(C), which is also
called its Picard group. The degree-0 part of the divisor class group of C is Pic®(C) =
Div?(C)/ Prin(C).
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Ifarational function f € k(C) has a pole of order at most n at the point P € C and
a zero at the point Q € C, then we can write this neatly as div(f) = Q — nP. Hence
inequalities with divisors are useful for describing poles and/or zeros of functions.

Definition. To a divisor D € Div(C) we associate the set of functions
L(D) ={f € k(C) : div(f) = -D} U {0}.
Thus arational function f belongs to L(D) if f =0orordp(f) = —np forallPe C.
Theorem 1.8.1. L(D) is a finite-dimensional linear space over C.

We denote the dimension of L(D) by I(D). These spaces are sometimes called
Riemann—Roch spaces, for their role in the Riemann—Roch theorem. Bases for these
linear spaces can be computed using computer algebra systems such as MAGMA
or SAGE.

1.9 The genus of a curve

In this section we define the genus of a curve. We will find that the Poncelet variety
has genus 1 and contains a rational point, which leads us to the next section on
elliptic curves.

There are many ways to define the genus of a curve, and most definitions agree
on certain classes of curves. We give a definition in terms of divisors. Throughout
this section, let C be a projective curve that is nonsingular unless stated otherwise.

Theorem 1.9.1. Thereis an integer g such that (D) = deg(D) + 1 — g for all divisors
D. The smallest such g is called the genus of C. The genus is a nonnegative integer.

For a proof, see Fulton [2008, p. 101]. This result is sometimes called Riemann’s
theorem. By definition the genus depends only on the function field, so two bira-
tionally equivalent curves have the same genus. Consequently, we can define the
genus of a singular curve to be the genus of its nonsingular model (see theorem
1.7.3). We also say that g is the genus of the function field. The following corollary
will be useful in the next section.

Corollary 1.9.2. If1(Dg) = deg(Dg) +1—g and D = D' = Dy, then [(D) = deg(D) +
1-g.

PROOF. Let s(D) =degD + 1 — [(D) for every divisor D. Theorem 1.9.1 states that g
is the smallest nonnegative integer such that s(D) < g for all divisors D. We want
to show that s(Dg) = g implies s(D) = g for D = D’ = Dy. It suffices to show that
s(D) = s(D) and D' = Dy implies s(D') = s(Dg). These are in fact proven on the
way to proving Riemann’s theorem, but since we have omitted that proof we show
the first of these for fun. Suppose that D' = D —div(g). Define v : L(D) — L(D') by
setting w(f) = fg. Then v is an isomorphism of linear spaces since div(f) = —D if
and only if div(fg) = div(f) + div(g) = —D + div(g) = —D’, and hence [(D) = (D).
Because deg(div(f)) = 0 for nonzero f € k(C) and degree is additive, we also have
degD = degD’. This means s(D) = s(D’). O

The next theorem is helpful in calculating the genus of a (possibly singular) pro-
jective plane curve.
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Theorem 1.9.3. Let C be a projective plane curve of degree d with only ordinary
singularities. Then the genus of C is given by the formula

up(up—1)
y —.

1
g=-(d-1)(d-2)-
2 PeC 2

The formula in theorem 1.9.3 is one instance of a genus-degree formula. Since
P! is birational to the nonsingular plane curve Z(f) < P? where f(x,y,2) = z has
degree 1, P! has genus zero. We apply theorem 1.9.3 to an example.

Example 1.9.4. In example 1.7.2 we found that the Poncelet variety M c P? given
by m(t,a) = 3t —3a%1* — 10421 + 4ar® - 3a? — 4at + 10¢% + 3 had four ordinary
singularities. Namely [0: 1 : 0] has multiplicity 4, and the three points [i: 7 : 1], [-i:
—i:1],and [1:0:0] all have multiplicity 2. The homogeneous defining polynomial
of M, being the homogenization of m, has degree six. By the genus-degree formula,
we have g(M)=10-6-1-1-1=1.

In fact we can compute the genus of the Poncelet variety M in full generality. For
this we use the characterization of the function field of M (and hence E) described
in proposition 1.7.4.

Proposition 1.9.5. A nonsingular projective curve with function field C(x, y), where
y2 = h(x), h(x) is without square factor and has degree d, has genus [(d —1)/2].

Here, [r] denotes the integer part of r € Q. The proof is an exercise in Silverman
[2009, exercise 11.2.14, p. 40]. Since we found in proposition 1.7.4 that d < 4, the
Poncelet variety has genus at most 1. From now on we shall assume that our E
has genus 1, which is the most nontrivial case. Note that we can arrange for E to
contain a point with rational coordinates. This leads us to the next section.

1.10 Elliptic curves

In this section we define elliptic curves and equip them with a natural group struc-
ture. We show that every elliptic curve is isomorphic to one given by a Weierstrass
equation.

Definition. An elliptic curve over the field k c C is a projective curve of genus 1
defined over k with a given point O that has coordinates in k.

The point O is also called the base point of the elliptic curve. Recall that for a
curve to be defined over k means that its defining polynomial has coefficients in k.
Because we have taken C as our base field, kK must have characteristic zero, and in
particular k is infinite. Elliptic curves can also be defined over finite fields, but we
shall have no use for this. For the rest of this section, let E be an elliptic curve over
k with base point O. There is a natural group structure on E, which we proceed to
describe.

Theorem 1.10.1. There is a one-to-one correspondence between E and Pic®(E) given
byP— P—-0.
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Recall that Pic? (E) is the degree-0 part of the divisor class group of E. Hence this
yields a group law on E by pulling back the group operations via the bijection. The
reader is perhaps more familiar with elliptic curves given by Weierstrass equations
such as y? = x* + ax + b, where a, b € k. Note that these are always nonsingular. On
these curves, a group law is usually defined by declaring that any three points on the
curve are collinear. That is, for B Q, R € E on the same line, we have P+ Q+ R = O.
The sum of two points P and Q is then given in coordinates by rational functions
of the coordinates of P and Q. It can be shown that our group law agrees with this
one in the case of a Weierstrass curve. In fact, every elliptic curve is isomorphic to
one given by a Weierstrass equation. We proceed to show this.

Lemma 1.10.1. For P € E, D = nP with n > 0, we have (D) = deg(D) = n.

PROOF. If D satisfies I(D) = deg(D) = n, and D’ is a divisor such that D’ = D, then
we have [(D') = deg(D’) by corollary 1.9.2. Since nP = (n—1)P = ... = P as divi-
sors, it is enough to show that /(P) = 1. Clearly I(P) > 0, since k < L(P). On the
other hand, /(P) > 1 would imply that there exists f € k(E) such that f has a simple
pole at P, and no other poles. But this would imply that the map f : E — P! is an
isomorphism, which contradicts the fact that P! has genus zero. Thus [(P) =1. [

Theorem 1.10.2. The elliptic curve E is isomorphic to an elliptic curve given by
2 _.3 2
Yy tarxytazy=x +axx"+asXx+ag
in P? with a; € k and base point[0:1:0].

PROOF. By lemma 1.10.1, we can choose functions x, y € k(E) such that {1, x} is a
basis for L(20) and {1, x, y} is a basis for L(30). Note that x must have a pole of exact
order 2 at O, and similarly y must have a pole of exact order 3 at O. Now we observe
that L(60) has dimension 6, but it contains the seven functions 1, x, y, x?, xy, y?, x>.
It follows that there is a linear relation

A +A2x+A3,y+A4xZ+A5xy+A6y2+A7x3 =0,

where we may take the A; € k. Note that AgA7 # 0, since otherwise every term
would have a pole at O of different order, and so all of the A;’s would vanish. Re-
placing x and y by —Ag A7x and AgA3y respectively and dividing by A3 A7, we ob-
tain an equation in the desired form. This gives a map v : E — P? sending P # O
to [x(P) : y(P) : 1] and sending O to [0 : 1 : 0], whose image is the curve with that
equation. It can be shown that ¥ is an isomorphism. See for instance Silverman
[2009, theorem II1.3.1, p. 59]. O

The bases for the linear spaces in the proof above can in fact be computed using
computer algebra systems such as SAGE, Singular and MAGMA.

Corollary 1.10.3. The elliptic curve E is isomorphic to an elliptic curve given by

Stax+b

y=x
inP? with a, b € k and base point[0:1:0].

This is proved by making two more changes of coordinates, which are possible
because the characteristic of our base field is not 2 or 3.
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1.11 Morphisms of elliptic curves

In this section we investigate the automorphism group Aut(E) of an elliptic curve.
We find that it is a semidirect product of the automorphism group Aut(E, O) of the
elliptic curve group and the group of translations with respect to the group opera-
tion. We use this fact to conclude the closure theorem.

Throughout this section we assume that E has a Weierstrass model y* = x® +
ax+b. From corollary 1.10.3 and the fact that isomorphic varieties have isomorphic
automorphism groups it follows that this is no restriction.

Proposition 1.11.1. The maps of an elliptic curve given by negation P — —P and
translation P — P + Q are morphisms.

This follows from the fact that the group law on the cubic is given in coordinates
by rational functions. A translation P — P+Q is also denoted 7¢ : E — E. We denote
the group of translations of E by Tr. We say that a point Q € E is a k-torsion point if
7 has finite order k in Tg. Since elliptic curves have a distinguished base point, it
is natural to single out the maps that respect this property.

Definition. Let E; and E, be elliptic curves with base points O; and O;. An isogeny
from Ej to E, is a morphism ¢ : E; — E; satisfying ¢(0;) = O,.

With these morphisms we obtain the category of elliptic curves. It might seem
more natural to focus on those isogenies that are group homomorphisms, but the
following theorem shows that this is unnecessary.

Theorem 1.11.2. An isogeny is a homomorphism.

The set of invertible isogenies of an elliptic curve E form a group called the
automorphism group of E, and we denote it by Aut(E, O). The following theorem
characterizes this group.

Theorem 1.11.3. Let E be an elliptic curve. Then its automorphism group Aut(E, O)
iSZ/nZ, wheren is one of 2, 4, and 6.

For a proof of this, see Silverman [2009, theorem II1.10.1, p. 103]. Because the
groups from the theorem have only one element of order 2, we have the following
corollary.

Corollary 1.11.4. The only involution in Aut(E, O) is [-1].
We will make great use of this fact later.

Proposition 1.11.5. An automorphism ¢ € Aut(E) can be written ¢ = T, the com-
position of an isogeny ¢ and a translation T g, and this representation is unique.

PROOF. Put ¢p(P) = ¢(P)— ¢(0) and Q = ¢(0). For uniqueness (if it isn't obvious),
suppose that ¢(P) = ¢(P) +Q = ¢'(P) + Q". Then Q' = ¢(0) = Q and ¢'(P) = (P) -
Q=¢(P). O

This proposition helps us show that Tg is a normal subgroup of Aut(E). Indeed,
if ¢ = T¢ is an automorphism, then it is an easy computation that ¢7 Rl = TH(R)-
Hence the proposition shows that Aut(E) = Tg x Aut(E, O), the semidirect product
of Ty and Aut(E, O).
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Corollary 1.11.6. An involution ¢ € Aut(E) is either a translation by a 2-torsion
point, or (P) = Q— P for some Q€ E.

PROOF. Write ¢ = 7o¢. Then ¢® = 1o¢7o¢, and since ¢p1g = T¢(Q) %, we have
@* = TQ+p@$°. In particular ¢*(0) = Q + ¢(Q), and since ¢ is an involution we
must have ¢(Q) = —Q, so in fact ¢? = ¢? = idg. This means that ¢ € Aut(E, 0) is an
element of order < 2, so (by corollary 1.11.4) we have either ¢ = id or ¢ = [-1]. If
¢ =[-1],any Q € E will do. If ¢ = id, then Q € E must be a 2-torsion point. O

Finally, we are ready to prove Poncelet’s closure theorem as we stated it at the
end of section 1.7.

Theorem 1.11.7 (Poncelet’s closure theorem). If there exists an integer k > 1 such
thatn* has a fixed point which is not a fixed point of n, thenn* = idg.

PROOF. We know that 0,7 € Aut(E) are involutions of E. Hence by corollary 1.11.6
either o(P) = Q- P for some Q € E or ¢ = 7 for a 2-torsion point Q. But ¢ has fixed
points and isn't the identity on E, so the latter possibility is excluded. Analogously,
T(P) = R— P for some R € E. Hence n(P) =1t0(P) =R-(Q—-P)=P+(Q—-R), a
translation by the point Q — R € E. Since o # 7, we must have Q # R and hence
Q— R # O. Note that 7 itself has no fixed points, as we remarked at the end of
section 1.7. If n* has a fixed point for some k > 1, then Q — R is a k-torsion point
and hence n* = idp. O

1.12 Concluding remarks

In this chapter we constructed the Poncelet variety M, a projective plane model of
the set X described in the introduction. We showed that M is birational to a non-
singular elliptic curve E, and we used the group structure of Aut(E) to conclude
the theorem. It is also possible to show that X is itself a variety (using a more gen-
eral definition of a variety), and this is the approach taken by Griffiths and Harris
[1977]. Our proof is more algebraic in the sense that we used the group structure
of Aut(E). Griffiths and Harris also proved a Poncelet-type theorem for quadrics
in A3 in the same paper. Quadrics in A3 are zero sets of quadratic polynomials in
Clx, y,z]. Since this proof also involves an elliptic curve, perhaps it is possible to
give a proof in a similarly explicit way as was done for Poncelet’s closure theorem
in this chapter.

There are some more interesting facts related to the closure theorem. There is
an explicit condition due to Cayley for the existence of a closed Poncelet traverse
which involves determinants [Griffiths and Harris, 1978]. One can also look at the
theorem for conics with rational coefficients. In this case it is known that only Pon-
celet traverses with 3,4,5,6,7,8,9,10 or 12 vertices can exist. A first bound was given
by Malyshev [2008], which also included 14, 16,18,20 and 24 as possibilities. This
was improved by Los [2013] to exclude these possibilities, by examining the torsion
subgroup of an elliptic curve defined over Q. There is also a connection between
Poncelet’s closure theorem and dynamical billiards in ellipses, which we investigate
in the next chapter.






Chapter 2

A connection with dynamical billiards

In this chapter we give a brief introduction to dynamical billiards in ellipses and
we derive a result involving Poncelet’s closure theorem. We ask two interesting and
difficult questions about the connection between Poncelet’s closure theorem and
dynamical billiards in ellipses.

Let C; be an ellipse in A? (a circle is also an ellipse). We call the interior of C;
the billiard table. Define a flow on the billiard table by letting a particle move freely
with unit velocity in the interior, with elastic reflections at the boundary. That is,
the angle of incidence equals the angle of reflection, where angles are measured with
respect to the normal to C; at the point of contact.

Figure 2.1: Billiards in an ellipse.

We now describe all possible trajectories. If the trajectory passes through a fo-
cus of the ellipse, then the consecutive line segments pass alternately through the
two foci of C;. When the trajectory moves along the minor axis of Cj, it reverses
direction upon each contact with C,. In all other cases we have the following:

Theorem 2.1. The lines containing the segments of a billiard trajectory in C, are all
tangent to another ellipse or a hyperbola C, confocal with C,.

We omit the proof, which can be found in Pecker [2012, theorem 2]. From now
on, by billiard trajectories we shall mean the kind in theorem 2.1, excluding the two
simple cases described before it. The conic C; in theorem 2.1 is called a caustic
of the trajectories. The proof of theorem 2.1 in fact shows that the caustic is com-
pletely determined by a single segment of a billard trajectory. We say that a billiard
trajectory is k-periodic if it makes contact with C; at exactly k > 1 distinct points.
Clearly Poncelet’s closure theorem applies to the conics C; and Cs:

Corollary 2.2. Ifone billiard trajectory in Cy is k-periodic, then every billiard trajec-
tory in C is k-periodic.

21
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The k-periodic billiard trajectories in corollary 2.2 correspond to Poncelet tra-
verses that close in k + 1 steps. Hence the pairs of conics that satisfy the conclusion
of Poncelet’s closure theorem are divided into two classes: those that arise from bil-
liards in an ellipse, and the rest. This raises at least two questions. Can an arbitrary
Poncelet pair (Cy, C») be transformed into a billiards pair (Cj, C3) by, say, a coordi-
nate transformation? Does this divide the Poncelet varieties into two classes, or can
an ordinary Poncelet pair give rise to the same Poncelet variety as a billiards pair?
These are interesting and difficult questions that the author has not yet been able
to answer, and which may be the subject of further research.
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Glossary of Notations

An
Aut(E, O)
Aut(Y)
A(Y)

C

C*
Clx1,..., x5l
Div(C)
dome
f*

e

I(Y)
idy
k(Y)
L(D)
I(D)

Hp
ordp(f)
Pn
Pic(C)
Pic’(C)
SingC
7Q

Tg

Y

Z(T)

Affine n-space, 1

Automorphism group of the elliptic curve E, 18
Automorphism group of the variety Y, 7
Coordinate ring of an affine variety Y, 7

The complex numbers, 1

Units of C, 3

Polynomial ring in 7 variables over C, 1

Group of divisors on the curve C, 14

Domain of the rational function ¢, 8
Homogenization of the polynomial f, 4
Dehomogenization of the homogenous polynomial f,
Ideal of the algebraicset Y, 2,4

The identity morphism Y - Y, 7

Function field of the variety Y, 7

Riemann-Roch space of the divisor D, 15
Dimension of the Riemann-Roch space L(D), 15
Multiplicity of the singular point P on a curve, 12
Order of the rational function f at P, 14
Projective n-space, 3

Picard group of the curve C, 14

Degree-0 part of the Picard group of C, 14
Singular points of the curve C, 11

Translation by Q on an elliptic curve, 18

Group of translations of the elliptic curve E, 18
Projective closure of the affine variety Y, 5

Zero set of the polynomialsin 7', 1
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components of an algebraic set,
2
polynomial, 3, 4
subset of a topological space, 2
Isogeny, 18
Isomorphism, 7

Linear equivalence, 14
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curve, 11
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Picard group, 14

Plane curve, 10

Poncelet
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