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Abstract

To obtain solutions of Pell’s equation for polynomials in K[X], one can try to use the
same method as in the integer case. That is, to express the square root as a contin-
ued fraction. And examine wether some of the partial continued fractions (convergents)
provide solutions to Pell’s equation.

The continued fraction expression is found with an algorithm similar to the one used
in classical number theory to find the continued fraction of an irrational number. We
investigate this method.
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Chapter 1

Introduction

Pell’s equation is a diophantine equation mistakingly named after John Pell by Euler.
The original equation is as follows:

2 —d-y? =1 (1.1)

where z, y and d > 0 are integers and d is not a perfect square. In the classical case, one
can find non trivial solutions by finding the continued fraction expansion of v/d.
For the polynomial case, we will look at a slightly different version of the equation:

22— foyf=1 (1.2)

where f is a nonsquare polynomial. To find solutions in the polynomial case, we attempt
to express \/f as a continued fraction.

Continued fractions of integers and polynomials have many properties in common,
but some things cannot be translated from one to the other.



Chapter 2

Integer Continued Fractions

2.1 Basics

In this chapter, we explain the basics of continued fractions and show some properties
based on chapter 12 from [2].
An integer continued fraction is an expression of the following form:

1

T = ag+
ay +
as +

1

1
N

Qn

in which all a; € Z and a; > 0 for ¢ > 0. We can also denote this expression as x =

[ap; a1, ..., an], which saves space.
Given that = € Q, it can be expressed as a finite continued fraction. The coefficients a;

of which can be found using the Euclidian algorithm. As an example, look at % :

105 = 0 143 + 105 | 105 /145 = 04105 /144
143 =1%105+38 | 3/105 =1 +38 /105
105 =2%38+29 | 105/50=2429 /g

38 =1%29+9 38 /29 =142 /o9
20 =3%9+2 2/g=34%/9
9=4%2+1 Vg=4+1/y

The coefficients for the continued fraction are the integers on the right hand side of the

table and the final fraction is also included. So the continued fraction expansion for %

1S:
105 1

E_OJF 1

1+

2+
1+
3+ ——
4+



or 195 =1[0;1,2,1,3,4,2].

Given (a;);>0, with a; € Z and a; > 0 for ¢ > 0, the sequence ([ap; a1, ..., an])n>1 is known
to converge. The limit is called an infinite continued fraction and is denoted [ag; a1, ...].
Any = € R can be expressed as a (possibly infinite) continued fraction. An algorithm for
finding the coefficients for an irrational numer « is to take:

a = Qg
ar, = [ag]
1

A1 = m

where [ag] is the integer part of a;. As an example, we will look at the continued fraction
expansion of /6.

a():\/é a0:2
_ 1 7\/6+2 _
Q] = = a =2
f2
OzQ:\/»Q f+2 a2:4
043—\/6_2_041 a3:a1:2

So the continued fraction expansion of v/6 is [2;2,4,2,4,2,4,...] or [2;2,4]. This expansion
is periodic, because ag = a;. Not every irrational number has a periodic expansion, for
example e = [2;1,2,1,1,4,1,1,6,1,1,8,...].

2.2 Theorems

Now we will show some properties of continued fractions, finishing with a proof of why
certain expansions must be periodic.

Definition 1. The kth convergent Cy, of the infinite continued fraction of x € R\ Q;
x = |ag; a1, ...] is the partial continued fraction [ag;aq, ..., ax).

As mentioned before, it is known that the C} converge, in this case to z, as k goes to
infinity.

Theorem 1. Let ag,aq,... be integers and let py,p1,... and qo,q1,... be defined recursively
by:

Do = aop Q=1

p1 = apar + 1 q1 = a1

Dk = kPk—1 +Pk—2 qk = QkQk—1 + qk—2
for k=23, ....
Then the kth convergent Cy, = |ag; a1, ..., a] is given by C = p’“

Proof. This theorem can be proved with mathematical induction; we will first find the

three initial convergents.
ao _ Po
CO = ao = — = —
[aol = o

1 aa1+1 m
Cy = lag;a1] =ap+ — = ——— = —
a1 ay q1

5



1 ag(apar +1)+ap _ p2
a1 + é agay + 1 q2

Cy = [ap; a1, a2] = ap +

So the theorem holds for £ = 0, 1,2. Assume it holds for a certain k > 2, so that

Dk OkPk—1 + Pr—2
Cy = lao; a1, a9, ...,a] = — = ————= (2.1)

ak  akQk—1 + Qk—2

Because the theorem holds for this k, all the p;s and ¢;s depend on ao, ...,ap—1. So we

can replace a by ap + aklﬂ in (2.1) to obtain the following:

Crt1 = [ao; a1, ..., ap—1, Gk, Qly1]

= [CL[); A1y eeey Qf—1, A +
ak+1
1
(ak + g7 )Pk—1 + Pr—2
1
A1

A1 (ORPR—1 + Pr—2) + Pr—1
a1 (AR qr—1 + Pr—2) + Q-1
Qk+1Pk + Pk—1 _ Pk+1
1@k + Qo1 Qo1

(ar +

V-1 + Qr—2

So by the principle of mathematical induction, this finishes the proof. O
Now we can state and prove the next important property:

Theorem 2. Let Cj, = % be the kth convergent of the continued fraction [ao; a1, ...], with
k > 0. If the py, and qi are defined as in theorem (1), then

PrQe—1 — Pe—1qx = (—1)F1.
Proof. This theorem can also be proved using mathematical induction. For k = 1, we get
190 — poq1 = (apar +1) * 1 —apa; = 1.
Assume the theorem holds for a certain £ > 1, so that
PrQe—1 — Pr—1qk = (—1)F1.

Then we have

P19k — PrGk+1 = (ak+1Pk + Pk—1)Tk — Pr(Qkt1qk + Qrt1)
= Pk—1qk — PrQk—1
= (=1t = (-1)*

So by the principle of mathematical induction, this finishes the proof. O

Note that the property in Theorem 2 implies that gcd(pg, qr) = 1.
It also leads to the following useful corollary:



Corollary 1. Let C} = 5—: be the kth convergent of the continued fraction [ag;aq,...].

Then
(!

Cr —Cr—1 =
dkqk—1
for all integers k > 1 and
ap(—1)F
Cp— Oy = #ED"
Ak9k—2

for all integers k > 2.

Proof. Subtracting the fractions and applying theorem 2 shows that the first identity
holds;

k—1
Pk Prk—1 Prdk—1 — Pk—19k 1
Cp—Cgoq = — — = —( )

% Qk—1 Teqr—1 eqh—1

The second identity is not as straightforward:

Dk Pk—2 _ Pk9k—2 — Pk—29k
k. 9k—2 k9k—2

Cp — Clr—2 =

Now substitute py = appr_1+pr_2 and qr = arqr_1+qr_o and we get the second identity:

Ch— Choy = Prdk—2 — Pk—24k
qrqK—2
_ (agpr—1 + Pr—2)qr—2 — Pr—2(arqr—1 + qr—2)
B qrqK—2
ar(Pr-1qk—2 — Pk—2qk—1)
qrqK—2
ak(—l)k_Q . ak(—l)k
TkGo-2  QeGr—2

O]

For the following theorems we first need to define what a ”quadratic irrationality” is,
as the properties of such a number are necessary for the proofs.

Definition 2. The real number « is said to be a quadratic irrationality if [Q(«) : Q] = 2.

Because of this, a can always be written as

Lemma 1. If a is a quadratic irrationality, then o can be written as

Lo Ptvd
=5

where P, Q and d are integers, Q # 0, d > 0, d is not a perfect square and Q|(d — P?).



Proof. Because « is a quadratic irrationality,

where a, b and ¢ are integers, b > 0 and ¢ # 0. Multiplying both the numerator and
denominator by |c| we obtain:
_ale| + Vbc?

cle]

Now, let P = alc|, Q = c|¢| and d = bc®. Then P, Q and d are integers, Q # 0 because
¢ #0,d > 0 because b > 0, d is not a perfect square because Q(v/d) = Q(vb) = Q(«) is
quadratic over Q and Q|(d— P?) because d— P? = bc? —a?c? = c2(b—a?) = £Q(b—a?). O

One final theorem is needed before the periodicity of the continued fraction expres-
sion of quadratic irrationalities can be proved, which contains an adapted algorithm for
creating the continued fraction expansion of a quadratic irrationality.

Theorem 3. Let a be a quadratic irrationality, so by lemma 1 there are integers Py, Qo
and d such that

o= Py + Vd
Qo
where Qo # 0, d > 0, d is not a perfect square and Qo|(d — Pg). Recursively define
N P, ++d
k= —FH" "
Qk
ar, = [ag],
Pyy1 = apQp — P,
d— P?
Qri = ——H,

for k> 0. Then o = [ag; a1, az, ...]

Proof. First we need to show that Py and Qy are integers with Qy # 0 and Q|(d — P,f)
for all k£ > 0. It is obviously so for k = 0. Assume it holds for a certain k& > 0.
Then Pyy1 = axQy — Py is also an integer, as for Qp1;

2
Qr+1 = dQ]:kH
d — (axQk — Py)?
B Qr
q— p?

= O + 2ax P, — a;Qx

because Qi|(d — P?) it follows that Qg1 is an integer, and because d is not a perfect
square d # Pk?H, 80 Qr+1 7# 0. Also, because

2
Qk — d - Pk‘-‘rl
Qk+1

8



it is clear that Qg41|(d — PIEH).
To show that the a; are the coeflicients of the continued fraction of o we show that for

k>0
1

41 = ———
" Qp — ag

and o; > 1 for all j > 1.

Note that because ap < ap < ap + 1 we have 0 < ap — ar < 1, so the inverse is always
larger than one, so aj > 1 for any j7 > 1. And indeed

— Pk+\/3 -

A — ag ag

k
_ Vd—(arQr—Pr)
o Qk
_ Vd—Piyy

Qk

_ (Vd=Pyy1)(Vd+Pri1)

Qr(Vd+Piy1)

. d—PISJrl

" Qr(Vd+Pii1)

_ £ Qrt1
Qr(Vd+Pyy1)

— k+1 1
\/&+P]€+1 Akt1

Now « = [ag; a1, ag, ...], as we wanted to show. O

Now we can move on to Lagrange’s theorem.

Theorem 4. The infinite continued fraction of an irrational number is periodic if and
only if this number is a quadratic irrationality.

Proof. (=) Let the continued fraction of a be periodic, so that

o = [ao; ai,.--;GN—-1,AN, AN+1, "'7aN+k]

Now, let

B =[anN,aN+1, - ANtk
then
B =[an;aN+1, - GN+k, O]
So by theorem 1, we see that
8= Bpk + Pr—1
Bk + qr-1’
where py/qr and pg_1/qr—1 are convergents of [an;an+1,...,an+k|. Hence,

@B + (qk—1 — pk)B — pr—1 =0,
and because the continued fraction of 5 is infinite, 3 is irrational and so 5 is a quadratic
irrationality. Now since
a = [ag; a1, ...,an—1, 3],

it follows that
_ BpN-1tDPN-2
a=—-——"
Ban-1+ gN—2
where py_1/qn—1 and py_o/qn—_2 are convergents of [ag;aq,...,any—1]. Because ( is a
quadratic irrationality, we have [Q(53) : Q] = 2. Now, since « is irrational and Q(a) C
Q(B), it follows that « is a quadratic irrationality. d



Proof. (<) Let a be a quadratic irrationality, then by lemma 1 and theorem 3;
a = [ag; a1, az, ...] with a; as in theorem 3. Because this is the same as [ag; a1, ..., ag_1, k],
theorem 1 gives us the following equality:

o= Pr—10k + Di—2
Qk—10% + qr—2

Taking conjugates of both sides of this equation, it becomes:

of = Pe=10h +Pr2
Qe—10, + qp—2

Solving this for o, leads to

) Pr—2
o = —Qr—2 (¢ qr—2
k o — Pk=1

Since px_2/qr—2 and pg_1/qr—1 are convergents of «, they tend to a as k tends to infinity,
so the fraction between brackets tends to 1. So there is an integer N such that o) < 0
for kK > N. Because a4, > 0 for k > 1 we have

O0<ar—a,= - =

Qk Qk Qr’
so Qr > 0 for k > N. Also, because QrQr+1 = d — PI?H’ for k> N

Qr < QrQrpr =d— Py < d.

And
Pk2+1 <d= P1?+1 + QrQrs1

so that

—Vd < Py < Vd.

These inequalities, which hold for £ > N, show that there is only a finite number of
possible values for the pair of integers Pp, Qi for & > N. Because there are infinitely
many integers k with k& > N, there are two integers ¢ and j such that P; = P; and Q; = Q;
with ¢ < j. Hence, from the definition of oy, it is clear that o; = ;. Consequently,
a; = Aj, Aj4+1 = Aj41, etc. Hence,

a = [ag;ar, a2, ..., @1, g, Wiy 1, oy A1

This shows that « has a periodic continued fraction expansion. O

10



2.3 Reducedness

In this paragraph we will show that the periodic part of a quadratic irrationality always
starts at k& = 1 and that it is palindromic, i.e. « = [ag;ar, ..., an| with a, = 2 - ay,
a1 = ap—1, a2 = an—2, etc.

Definition 3. A quadratic irrationality o is called reduced if « > 1 and —1 < o’ < 0,
where o is the conjugate of o

Since « is a quadratic irrationality, it can be written as o = (P++v/D)/Q, its conjugate

is o/ = (P -+vVD)/Q.

Theorem 5. The continued fraction of the quadratic irrationality o is purely periodic if
and only if a is reduced.

Proof. (<) Assume « is a quadratic irrationality. Recall that the partial fractions of the

continued fraction are given by
1

Qpt1 = ———
+ Oék_ak:7

where ay = [ag] for K =0,1,... and apg = . It follows that

1
= Qp — ag,
Ok+1
and by taking conjugates, we see that
1 /
= Clk. — ag.
iy
Using mathematical induction, we can prove that —1 < o) < 0 for k = 0,1,.... First,

note that because ap = « is reduced, —1 < af < 0. Assume that —1 < «a}, < 0, then
because ap > 1Vk (where ap > 1 because a > 1), we see that

1/a;€+1 < _17

so that —1 < o} ; < 0. Hence, —1 < aj <0 for £ =0,1,.... Next note that

/
ap = ag + ——,
Okt 1

and because —1 < aﬁg < 0 it follows that

1
-1 <ap+ — < 0.

Qpy1
Consequently
-1-— <ap < ——,
Q1 Q1
so that )
Qg [_ 7 ]
g1



Because « is a quadratic irrationality, the proof of theorem 4 shows that there are i, j €
Zo, i < j such that a; = a;, and hence with —1/a; = —1/a;. Because a;—1 = [—1/]
and a;_1 = [—1/q;], it is clear that a;—1 = a;_1. Furthermore, because oj_1 = a;—1+1/c;
and aj_1 = aj_1 + 1/aj, it’s also clear that a;—1 = ;1. Continuing this argument, we
see that o;_2 = aj_2, aj_3 = aj_3, ..., and, finally, that oy = a;_;. Since

o = a = [ag; a1, -.-,aj—i—l,aj—z‘]
= [ao; a1, -~-70Lj—z‘—1,040]

- [CLO; ALy ey aj—i]v

we see that the continued fraction of « is purely periodic. O

Proof. (=) Assume that « is a quadratic irrationality with a purely periodic continued
fraction, i.e. « = [ag;ar, .., ag). Then, because o = [ag; ay, ..., a, ], theorem 1 gives us

_ Qpg + Dg—1
o = Pk T Pkl

gy + qr—1’

where pr_1/qx—1 and pi/qy are the (k—1)th and kth convergents of the continued fraction
expansion of a. We can rewrite this to obtain

aka® + (gk—1 — pr)ox — pr—1 = 0.

Now let 8 be a quadratic irrationality such that § = [ax; ax_1, .-, a1, ao|, that is, with the
period of the continued fraction of « reversed. Then § = [ag; ak_1, ..., ag, ], so that
B+l

B=—F—7F—,
Ba + d;,_4

where p}._/q,._, and p}./qj, are the (k—1)th and kth convergents of the continued fraction
expansion of 5. Note that

Pk/Pk—1 = |ag; ak—1, ..., a1, a0] = pi/qp
and

Qk/qu = [ak;akq, --~,a1] = PZ_1/Q§C_1-

Because pj,_,/q;,_, and p} /g are convergents, they are in lowest terms. Also, pi/pr—1
and qi,/qx_1 are in lowest terms, because theorem 2 tells us that prqp_1 —pr_1qx = (—1)*.
Hence,

Ph =Dk O =Dk—1, Dho1=T> qp1 = Qh—1-

Inserting these values into our equation for 3, we see that

5= Bk + qx
BPr—1 + qr—1

Rewriting this, we obtain
Pe-18" + (h—1 — pk)B—qr =0

12



Which in turn gives,

ar(—=1/8)* + (qr—1 — pr)(=1/B) — pr—1 = 0.

So the two roots of the quadratic equation

qrr® + (qk—1 — PK)T — Pr—1

are o and —1/f, so that, by the quadratic equation, we have o/ = —1/3. Because
B = [ax;axg_1,---, a1, ag), we see that S > 1, so that -1 < o/ = —1/8 < 0. Hence « is
a reduced quadratic irrationality. Furthermore, note that because 8 = —1/d/, it follows
that
—1/0/ = [ak; Qle—Tyoeny ao].

O

Theorem 6. Let d € Z~ nonsquare. define oy = P,g}:/&) ar, = o], Pry1 = apQp — P,
d—P?

and Qp+1 = Q:+1 , for k=0,1,2..., where ag = \/d. Furthermore, let py/qi denote the

kth convergent of the continued fraction expansion of \/d. Then
Pr—d- g =(-1)""Qrs1.
Proof. Because Vd = ag = [ap; a1y ..., G, ak11], theorem 1 tells us that

[0 —+ D
\/& _ k+1Pk T Pk 1'
Qk+19k + Qk—1

And since agy1 = (Pry1 + Vd)/Qpi1, we have

Vi = (Pet1 + Vd)pr + Qr1pr—1
(Piy1 + V) + Qr1r—1

Rewriting this, we obtain
dar, + (Pes1ar + Qry1ar—1)Vd = (Piy1pk + Qu1pi—1) + prVd.
This gives us dqi, = Pry10k + Qry1pk—1 and Pry1qr + Qrqi—1 = D

Multiply the first of these two equations by ¢i and the second by pg, then subtract the
first from the second to get

Pr—d- qp = (Peh-1 — Po10k)Qrs1 = (= 1) ' Qpy1,

where theorem 2 gives the last equality. O

13



Chapter 3

Solving Pell’s equation; the
integer case

Pell’s equation, as mentioned earlier, is
a?—d- b =1.

where a,b,d € Z, a,b # 0 and d > 0 nonsquare. Solutions are found using the continued
fraction expansion of v/d.
On Z[v/d] we have the norm;

N(a+bVd) =a® —d- b2

Any o = a+bVd € Z[\/d] is a unit of Z[/d] if and only if it has N(«) = +1, which means
if and only if a? — d-b> = £1. So every solution of Pell’s equation or the negative variant
of Pell’s equation is a unit of Z[v/d|.

Because Z[Vd] € Q[v/d] C R, v/d can be expressed as a continued fraction. And
because V/d is a quadratic irrationality, with P = 0 and Q = 1, its continued fraction
expansion is periodic.

All that’s left is to find which convergents of the continued fraction of v/d actually
solve Pell’s equation. To do so, we first show that the periodic part of every quadratic
irrationality of the form a = v/d starts at k = 1.

Lemma 2. The periodic part of every quadratic irrationality of the form o = V/d starts
at k=1, i.e. « = [ap;a1, ..., an|. Furthermore, the periodic part itself is palindromic.

Proof. Tt is clear that « is not reduced, as it’s conjugate o/ = —+/d, is not between -1
and 0. However, the quadratic irrationality [a] 4+ « is reduced, because it’s conjugate,
[a] — v, does lie between -1 and 0. Therefore, from theorem 5, we know that the continued
fraction of [a] + «v is purely periodic. Because the initial part of the continued fraction of
[a] + a is [[a] + o] = 2[a] = 2ap, we can write

[a] + a = [2a0; a1, ..., ay)

= 1200501, ey py 200, A1y oy G,y -

14



Subtracting [a] = ap from both sides, we find that

a = [ag;ay, ...an, 2a9, ay, ...]

— [ClO% A1, ..., Qnp, 2&0]

To see that the periodic part is palindromic, note that from theorem 5, the simple contin-
ued fraction expansion of —1/([a] — @) can be obtained from that for [a] + « by reversing
the period, so that

1/(a—[a]) = [an; an—1, ..., a1, 2a0].

But also note that

a — [a] =05 a1, a2, ..., an, 2a0],

so that by taking reciprocals, we find that

1/(a —[a]) = [a1; a2, ..., an, 2ay).

Therefore,

a1 = an, a2 =Aan—-1, ..., anp =4y,

so that the periodic part of « is palindromic, i.e.

a = [ag; a1, a, ..., az, ar, 2ag).
L]

Theorem 7. Let d € Z~o nonsquare, let pi/qi denote the kth convergent of the continued
fraction of Vd, k = 1,2, ..., and let n be the period length of the continued fraction.
Then, when n is even, py/q, provides a solution for p% — dq]% =1 when k = jn —1,
with j = 1,2, ..., and provides no solutions for pi - dq,% = —1.
When n is odd, pr/qr provides a solution for pi — dq% =1 when k = 2jn — 1, and
provides a solution for pi - dq,% =—1when k= (2j—1)n—1, with j =1,2,....

Proof. From theorem 6, we know that
pi —d-qt = (1" Qpa1,

where Q41 is defined as before.
Because the period of the continued fraction expansion of v/d is n and the period starts

at k =1, we know that Q)j, = Qo =1 for j = 1,2, ..., because oy = Vid = POQLO\/&. Hence,

2 2 in—2 j
Pin—1—d- qjp_q = (=1)"7Qjn = (—1)".
This equality shows that when n is even, (pjn—1,¢jn—1) is a solution of pi — dq% =1, and

when n is odd, (p2jn—1,¢2jn—1) is a solution of pi — dgi = 1, and (P2j—1)n—154(2j-1)n—1)
is a solution of pi — dq,% = —1.

15



As an example, look at d = /6. We know the continued fraction of /6 is [2; 2,7], it’s
convergents are:

2 5
Co=> C=-
077 =5

22 49

02—5 Cg—%
218 485
Ci=%9 =15

Because the period length is 2, only the odd k will solve Pell’s equation;

k=0 4—6%x1=-2
k=1 25 —6x4=1
k=2 484 — 6% 81 = —2
k=3 2401 — 6400 =1
k=4 47524 —6%7921 = -2
k=5

235225 — 6% 39204 =1

The continued fraction expansion of v/41 has an odd period; v41 = [6;2,2,12]. With it’s
first few convergents Cy = % Cy = %, and Cy = % Because the period is odd, (p2,¢2)
solves p? — 41 % ¢®> = —1:

k=0 36 —41%x1=-5
k=1 169 —41%x4 =5
k=2 1024 —41%25=—1

It can be shown that the first pair (pg, gx) to solve Pell’s equation for a certain d, is
the smallest solution. That is, the solution (z,y) with x + yvd > 1 where z + y\/d is as
small as possible. Which makes it the smallest, non trivial, unit in Z[\/&]

16



Chapter 4

Polynomial Continued Fractions

4.1 Basics

A polynomial continued fraction is of the form [ag; a1, ..., a,], in which the a; are polyno-
mials over a field K, in a variable X and deg(a;) > 0 for ¢ > 0. As in the integer case,
given (a;)i>o the sequence ([ag;ai,...,an])p>1 of rational functions in K (X), we would
like to have convergence to an infinite continued fraction; [ag; a1, ...].

Let K((+)) be the field of formal power series in the variable 4+ over K, with elements

o0
> b X
n=—N

where b, € K for all n, and b_x # 0. In it, we define the norm:

£ e
n=—N

With respect to this norm, the field K((+)) is known to be complete, so any Cauchy-
sequence in K ((4)) converges. Now, it can be shown that ([ag; a1, ..., an])n>1 is a Cauchy-
sequence, it converges in K ((+)) with an infinite continued fraction as the limit and that
every o € K((+)) has such a continued fraction expansion.

= €N

In the integer case, for d € Z nonsquare, we look at the units of Z[v/d] to find solutions
for Pell’s equation. To find these units, the continued fraction expansion of v/d needs to
be constructed. Note that this fraction and all it’s convergents are in Q[v/d] C R. So
starting from the rings Z C Z[v/d] move to the fields Q[v/d] C R that they are subrings
of.

Proposition 1. If f € K[X] has odd degree, the only z, y € K[X]| that satisfy
2’ — fyf =1
are (z,y) = (£1,0).

Proof. Say y € K[X], y # 0, then deg(y?) is even, and deg(fy?) is odd, as well as
deg(fy? + 1), but since z? — fy? = 1, deg(fy? + 1) = deg(2?) is even. So y = 0 and
2?2 =1. ]
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Proposition 2. If f € K[X] has leading coefficient a,, which is not a square in K, then
the only x,y € K|[X] that satisfy

2’ — fy? =1
are (x,y) = (£1,0).

Proof. Say f € K[X] has leading coefficient a,,, nonsquare in K, y = yo + ... + ys X* €
K[X] and z = 29 + ... + 2, X™ € K[X]. Then the leading coefficient of fy?; a,y? is not
a square. Whereas the leading coefficient of x?; z2, is a square. In that case, 22 — fy?
doesn’t have degree zero, unless y = 0 and m = 0, and it will only solve the equation

when x = £1. ]

If the leading coefficient of f is a square, say A? for some A € K*, then dividing f by
A2 and multiplying b by A changes the equation a® — fb> = a into a® — ﬁ)g = « in which
f is monic. So without loss of generality, we may assume from now on that f is a monic
polynomial.

Now we know that f is monic and has even degree, but we also need f to be nonsquare
and have deg(f) > 0, because otherwise, the solutions will once again be trivial,

(a) In case deg(f) = 0, then we have f = 1 hence the equation is a? — b?> = a. This
means that a +b and a — b are units in K[X], so they are constant. Write a+b = A, then
a—b=a)\"!. This implies a = ’\‘H"Txl and b = ’\_"‘7;71 In particular, both a and b are
constants, and any nonzero A € K yields a solution a, b.

(b) In case deg(f) > 0 and moreover f is a square, write f = g2 for a polynomial g of
positive degree. The equation now looks like (a + gb)(a — gb) = «. Arguing as above, one
obtains A € K* such that a + gb = XA and a — gb = aA~!. It follows that gb = )‘_O‘Tkl
Since ¢ has positive degree, this implies that b = 0. Now a? = a, so a has to be constant,
and to have a solution one needs that « is a square in K*. In particular for e = 1, this

special case only has the trivial solutions (a,b) = (£1,0).

To find solutions for Pell’s equation, we look at units of K[X][y/f]. Now, K[X] and
K[X][V/f] are subrings of the field K(X)[v/f]. (Compare Q[v/d] in the integer case.)
For the convergence to a continued fraction, we want to move to K((5)). It is clear that
K(X) C K((+)) because K(()) is a field that contains both K and X. All that’s left
is to show that v/f € K((+)). For that, we expand the definition of the degree of an
element of K[X] to K(()).

Definition 4. For 3 € K((%)) of the form

S

n=—d

deg(B) = d.
Note that this

Lemma 3. Let K be a field with char(K) > 2, then for any f € K[X]| nonsquare, monic
and of even degree, \/f € K((+)).
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Proof. To see that v/f € K((+)), an element of K((5)) whose square is f needs to be
constructed. First, rewrite f as

f=X%214 .. 4+aX 2.
Now, to find v/f we only need to find a Y00 b,z " € K((+)) so that

b 2
<b0 + Xl + > =14 ...+apX 2

or

2bob1
X
(For the next step, we use that char(K) > 2.) Choose by = 1, so that

b + =14 .. +agX 2

2bi _ agd—

X X’
which gives us by;
asd—
by — 22 1

Say by, ..., by, have been chosen, then for b, 1, look at X ™! with coefficient
Z bibj = asd—m—1-
i+j=m+1

Rewrite this as

2bm+1 + Z bibj = azq—m—1,
i+j=m-+1
(1,5)#(0,m~+1)#(j,3)

then all terms are known except for 2b,,41, so we can also choose the correct b,,+1. Since
all b, can be chosen, \/f € K((+));

V=D b X

n=—d
]

Every g €
{8} € K]

K((+)) can be written uniquely as 8 = [8] + {3}, where [3] € K[X] and
|. For instance

%) d [%S)
V=) b XT"=) b XY by X"
n=—d =0 n=1

=W+

To construct continued fractions of polynomials, such as a = +/f, the following algo-
rithm can be used:

o) =
ar, = o]
1
Qpt1 = op — g
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As an example, look at f = X% + X 4 1, a nonsquare polynomial in F3[X].

CYQ:\/T:\/XG-l-X-Fl CLO:X3

a = ST a1 =2X2+ X +2
QQZW ar =X +1

oy = Xyt ag =X +1
m;z% ag = 2X

a5 = X PVT a5 = 2X +2
046:% ag = 2X

a7 = BT ar =X +1

ag = XLEHVE as =X +1
agzﬂ%ﬁﬁ ag=2X%2+ X +2
a9 =X3+f ayp = 2X3
allsz(ﬁ_\l/T:al a1 =2X’+X+2=a

This expansion is periodic, because a1 = aj.

4.2 Theorems

Some of the theorems for integers can be directly applied to polynomials as well:

Theorem 8. Let ag, a1,... be nonzero polynomials over a field K in a variable X.
Let pg, p1,... and qqo, q1,... be defined recursively by:

Po = ag g =1
p1 = apay + 1 qn=a
Pk = axPk—1 + Pk—2 Qk = OkQk—1 + Gk—2

for k > 2. Then the kth convergent C) = [ag; a1, ...,ax| is given by Cy = %.

The proof is exactly the same as that of theorem 1.

Theorem 9. Let Cy = fl’—: be the kth convergent of the continued fraction [ag;aq, ...

where k € Z~q and pg and g as defined in theorem 8, then

PrQh—1 — Pe_1qr = (—1)F 1
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The proof is the same as that of theorem 2.
Corollary 2. Let Cy be the kth convergent of [ag; a1, ...], then

e

Cr —Cr1 =
Arqk—1
forall k <1, and
ap(—1)F
Cp — Cho = ar(=1)"
dkqk—2

for all k < 2.

The proof is the same as that of corollary 1.

The other theorems are a bit trickier, as we first need to define what a quadratic
irrationality is in the polynomial case.

Definition 5. An o € K((+)) is said to be a quadratic irrationality if
[K(X)(a) : K(X)] =2

Because of this, a can again be written as

by solving the quadratic equation for o and renaming the coefficients as a, b and c.

Lemma 4. If a is a quadratic irrationality, it can be written as

P+F
Q Y

where f € K[X], nonsquare, P € K[X], Q # 0 € K[X] and Q|(f — P?).

Proof. Because « is a quadratic irrationality, it can be written as

a—l—\/g

)

c
where a,b,c € K[X], deg(b) > 0 and ¢ # 0. Multipliying both the numerator and
denominator by |c|, we obtain:

ald| + Vb2
e

Now, let P = alc|, Q = c|c| and f = bc®. Then P,Q, f € K[X], Q # 0, f is nonsquare
because K[X](/f) = K[X](vVb) = K[X](a) is quadratic over K[X] and Q|(f — P?)
because d — P? = bc? — a%c? = (b — a?) = £Q(b — a?). O

With a slight change in the proof, we can now construct a theorem similar to theorem
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Theorem 10. Let a be a quadratic irrationality, so there are Py, Qo and f such that

o VI
Qo

where Qo is not identically zero, deg(f) > 0, f is a nonsquare polynomial and

Qol(f — POQ). Define:

o = Dt VT
Qx
ar, = o]
P = apQr — Py
f - P13+1
Qry1 = o

for all k > 0 then o = [ag; a1, az, ...].

Proof. For k =0, we have P, and (), polynomials, Q)i not identically zero and
Qi|(f — P?). Assume it holds for some k < 0, then

Pri1 = apQr — Py

is also a polynomial. Furthermore,

_ f-= P13+1
Qrr1 = Qx
_ [~ (aQr — P)?
Qk
_ p2
= / Qkpk + 2a, P, — a%Qk

So because Q| (f — P2) we see that Q1 is also a polynomial. And because f is nonsquare,
f# P,f 1, S0 that Q41 is not identically zero. Finally, because

Qi = f- Pk2+1
Qk+1

we can conclude that Qp11|(f — P2,;). To show that the a; are the coefficients of the
continued fraction of v we show that for £ > 0

1

O — Qg

Q41 =

and deg(a;) > 0 for all j > 1.
Note that because ay, is the polynomial part of ay, o —ay has deg < 0. So that deg(ay1)
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must be larger than 0. And indeed

Pet+Vd
ap —ar = g — Ak

_ \/?—k(aka—Pk)

Qk
_ VI Py

Qr

_ (VI =Pry1) VI +Prs1)
Qr(Vf+Pry1)

_ IR

T Qe(VF+Pry1)

_ kQk41

T Qk(Vf+Peg1)
— k41 — 1
\/f+Pk+1 Q41

So a = [ag; a1, ag, ...|, as required. B

Up to here, the theorems held for polynomials over any field, but for Lagrange’s
theorem, we need the field to be finite. The theorem is quite different in F4((5-)), but we
again prove the periodicity by showing that there are limited options for P, and Q.

Theorem 11. The infinite continued fraction expansion of \/F is periodic for f = X244
nonsquare in Fy[X|, where Char(F,) > 2.

Proof. Let ag = \/f, a quadratic irrationality, then

:P0+\/f
Qo

with Py = 0 and Qo = 1 and ap = ] has degree d.
Using the algortihm from theorem 10 we can construct ag;
Py = ag with deg(P1) = d and Q1 = f — a with 0 < deg(Q1) < 2d. Now

1 ao+f

alz =
ap — ag f—a3’

o

SO

deg(a1) = deg(ag + \/f) — deg(f — af)
< mazx(d,d) — deg(Q1)

<d—deg(Qn)
and because we want deg(cy) > 0, this implies that deg(Q1) < d must hold as well. This

implies that 0 < deg(a1) < d and 0 < deg(Q1) < d — deg(ay).
Now assume that for a certain £ > 1 we have

0 < deg(Qr)
0 < deg(Py)
0 < deg(ay,)

deg(ag);

ININ TN

d—
d;
d.
Then ay = [ax] has the same degree as ay, so

deg(Pri1) = deg(arQr — Pr) < max(deg(ax) + d — deg(ay),d) = d
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Also, the proof of theorem 10 shows us that Qg1 = (Pyr1 + v/ f)/ar11, hence
deg(Qr+1) = deg(Pir1 + V/f) — deg(ayi1)
< maw(d, d) - deg(ays1)
= d —deg(ou11)

Because Q41 is a polynomial, it has degree > 0, so deg(aj1) must be less than or equal
to d. So

0 < deg(Qp+1) < d — deg(ay);
0 < deg(Pry1) < d;
0 < deg(agy1) < d,

and by the principle of mathematical induction, these inequalities are true for all k£ > 1.
Since the degrees of P, and Qi are bounded, there is only a finite number of choices

for P, and Qy in F,[X], so there is a pair of integers (7, j) with ¢ # j for which P; = P;,

Q; = @; and by the construction of oy, this implies that o; = «;.

SoVf =a=[ag;a1,...,a;—1,a, .-, a;_1) has a periodic continued fraction expansion. [

4.3 Purely periodic continued fractions

To prove the next theorem, we need a non-recursive definition of the pgs and ¢s for an
a = |ag,ai, ..., ay). We know this is possible because they are all a certain sum of products
of the a; with 0 < i < k. The definition was found by Euler [1, p. 82-83].

Definition 6. We define the bracket product {(ag,ai, ...,ay) to be the product of all con-
secutive terms, plus the products obtained from omitting a pair of consecutive terms, plus
the products obtained from omitting two disjoint pairs of consecutive terms, and so on.

An example:
(ao, a1, a2) = aparaz + ag + az.

Lemma 5. Given ag,...,a,, and p, and q, as defined in Theorems 1 and 8. Then
Pn = (ag,...,an) and g, = (a1, ...,an).

Proof. For n = 0 and n = 1 this is immediate from the definitions; here we use the
conventions that the product over an empty set has value 1 and a sum over zero terms
has value 0. For n > 2, note that the sequences (p;), (¢;), ((ao, ...,a;)) and ({(a1,...,a;))
all satisfy the same second order linear recursion. From this, the lemma follows. O

A fortunate consequence of Euler’s definition is that the value of (ag,ai,...,ay) is
unchanged if the terms are written in the opposite order.

(ag, a1, ..., an) = (A, A1, ..., Q).

Theorem 12. If a is a quadratic irrationality with a purely periodic continued fraction
expansion, then the quadratic irrationality with the period of a reversed is equal to —1/ca/,
where o is the conjugate of o.
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Proof. Since « is a purely periodic quadratic irrationality, we can write it as « = [ag; at, ..., ag) =
[ap; a1, ..., ak, . By theorem 8, this gives the equality

o — api + Pk—1
agqp + -1’

where pi/qr and pr_1/qr—1 are the kth and (k — 1)th convergents of . We rewrite this
to obtain the quadratic equality

qro’® + (qk—1 — pr)a — p—1 = 0.

Now, look at 8 = [ag;ak_1, .-, a1, do] = [ak; ak—1, ..., a0, f]. Again, from theorem 8, this
gives us
PRl
Bay + a1

where p) /q;. and p}._,/q,_, are the kth and (k — 1)th convergents of 3. We rewrite this
to find

0.8° + (q—1 — Pi)B — D_y = 0.

From the new definition of the p; and ¢;, we know that, for «,

Pk = <a07 "'7ak>7 Pk—-1 = <a'07 '-'7a'k717>
Q= (a1, ..., ax), Qk—1 = (@1, ..., Q—1)
and for 3,
p;g = (ag, ax—1, -, Q0), pz,l = (g, A—1...,a1),
QI,g = (ag—1, a—2, ..., ap), q;’C,l = <ak,1,ak,2, ...,a1>.

Because reversing the order still gives the same bracket product, we see that

Ph=Dks D1 = Gk
QG = Pk—1, Qo1 = Q—1-

So the equation for 8 becomes
P18 + (ar-1 — pr)B — ax = 0,
dividing by (—1/83)? we get
a(=1/8)% + (gr—1 — pr)(=1/B) — pr—1 = 0.

So the two roots of
ar2® + (qk—1 — pr)T — pr—1 =0

are o and o = —1/0. O

The following equivalent of theorem 6 also holds for polynomial continued fractions.
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Theorem 13. Let f € F,[X]| nonsquare, monic and of even degree. Define oy, ay,
Pry1 and Qri1 as in theorem 10, with ag = /f. Furthermore, let py/q, denote the kth
convergent of the continued fraction expansion of \/f. Then

pi—f g =(-1D""Qn

Proof. Because \/f = ag = [ag; a1, ..., ax, ag11], theorem 8 tells us that

_ Of41Pk + P—1

1k + qr-1
And since agy1 = (Prs1 + Vf)/Qra1, we have

V= (Prt1 + V)pr + Qrr1Pr—1
(Pes1 + vV)ar + Qri1qe-1

Rewriting this, we obtain

fai + (P10 + Qur1ak—1)V'f = (Pogapr + Qrs1pe—1) + pe/f-

This gives us fqr = Pr1pk + Qrt1Pk—1 and Pr1qr + QrGk—1 = Dk
Multiply the first of these two equations by ¢i and the second by pg, then subtract the
first from the second to get

Pr— f @k = (Or@e—1 — Pe—1k)Qi+1 = (—=1)" ' Qpp1,
where theorem 9 gives the last equality. O

To prove that every purely periodic infinite continued fraction of an integer is a re-
duced quadratic irrationality, we used a property that stems from the definition of the

convergents of a continued fraction. Namely, that o = [ag; ..., ax| = [ao; ..., ak, @] can be
written as
_ 0Pk + Pe—1
aqr + qr—1’

which can be rewritten to obtain the quadratic equation

gro® — (qr—1 — pr)o — pg—1 = 0.

However, when looking at purely periodic examples, of the form o = \/f +ag, this equality
does not seem to hold for a. Even though it should hold, since the equation comes from
the definition of the very convergents used to compute the result, as used in the proof of
theorem 8.
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Chapter 5

Solving Pell’s equation; the
polynomial case

For the polynomial case, we look at
a®— f b2 =1,

for given f € K[X], nonsquare, monic and of even degree. Because of theorem 12, we see
that lemma 2 also holds for polynomials. And thus, the following theorem has a proof
equivalent to that of theorem 7.
Theorem 14. Let f € F,[X] nonsquare, monic and of even degree. Let py/qy denote the
kth convergent of the continued fraction of \/f, k = 1,2, ..., and let n be the period length
of the continued fraction.

Then, when n is even, pi/qi provides a solution for pi — fqz =1 when k = jn — 1,
with 7 = 1,2, ..., and provides no solutions for pz — fq,% = —1.

When n is odd, pr/qx provides a solution for pz — fqz =1 when k = 2jn — 1, and
provides a solution for p% — fqi =—1when k= (2j—1)n—1, with j =1,2, ...

In the integer case, we can also prove that the solutions found through the continued
fraction expansion are the only solutions[2, p. 556], for polynomials, this is not necessarily
so. Furthermore, there are also pairs of polynomials (z,y) to be found that solve

xz—f-y2:e€F27é:|:1.
For example! , look at f = X? 4 2 over F5 with the ”solution”
X2 f.12=3.
In the integer case we have the concept of a smallest solution for a given d, for the
polynomial case, this can be compared to the solution of the lowest degree.

For f = X%+ X +1 € F3[X] the "smallest” solution is, quite obviously, the first. Note
that the period is 10, so the pair (pg, q9) solves Pell’s equation;

po=2+X2+X34+2X* +2X° +2X0 4+ X7+ X®¥ 4+ X9 4+ X104 X2y ox4
go=X +2X* + X"+ X% +2x!1
P (XS X +1)gd=1

!The third example in the appendix also solves for e
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For f = X5+ X + 1 € F5[X], the period of the continued fraction is 25. Here the
”smallest” solution for Pell’s equation is the pair (pag, q49), while the pair (pa4, g24) solves

i — fai = —1.
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Chapter 6

Conclusion

Given a field K of characteristic # 2 and a polynomial f € K[X], the Pell equation
a®— fi* =1
has no solution (a,b) # (£1,0) in polynomials a, b, in the following two cases:
e The degree of f is odd;
e The leading coefficient of f is not a square.

In the remaining case one can reduce the problem to the case that f is monic. Under
that condition, so for f monic of even degree, we obtained the following results.

e For f =1, all solutions are constants and they are explicitly described in terms of
the units of K.

e For f the square of a nonconstant polynomial, only the trivial solution (a,b) =
(+1,0) occurs.

e [f the monic polynomial f is not a square and moreover the field K is a finite field
IFy, then a variant of the classical continued fraction algorithm can be used to prove
that nontrivial solutions exist, and moreover the algorithm explicitly constructs
such solutions. In this variant, the integers Z and the fractions Q appearing in the
classical algorithm are replaced by the polynomials F,[X] and the rational functions
Fq(X), respectively. Moreover, the real numbers R are replaced by the field of formal
Laurent series Fy((%)).

We found examples in which the adapted continued fraction algorithm also found
solutions to an equation a? — fb> = a for a constant a € F, different from 1 (and even
from —1). The existence of such solutions is clear because one can multiply a,b in a
solution to the Pell equation, by a nonzero constant. However, it is not clear which of
these extra solutions will be found by the adapted algorithm (if it finds any).

Finally, although we proved that the continued fraction algorithm finds a nontrivial
solution to the Pell equation for polynomials over a finite fields, we did not prove that it
finds all solutions (upto multiplying a,b by +1), as is true for the classical case.
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Chapter 7

Appendix

7.1 Examples

71.1 X+ X +1 mod 3

=X+ X+1eF3[X] a=.f k| pi—fa}

ap =« ap = [a] = X3 0 | 2X+2

a = X AT a =2X%+ X +2 1| 2X2+ X

ay = ZAU/T a3 =X +1 2 | X2 42X +1
R a3 =X +1 3 | x?

g = XA2XVT as = 2X 4| 2X2+ X +1
a5 = 2] a5 = 2X +2 5 | x2

g = XEXEZE/T ag = 2X 6 | X2+2X+1
ar = 2 XE2] ar =X +1 7 | 2X24+ X
ag = XHEHT as =X +1 8 | 2Xx+2

g = XH20/T ag = 2X2 4+ X 42 9 |1
a=X34+VFf ajp = 2X3 10 | 2X +2

an = X2V = oy an =2X24+ X +2=a; | 11 | 2X2+4+ X
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71.2 X+ X +1mod?5

f=XS+X+1€Fs5[X] a=+F k| pi—fa
o) =« ap = [a] = X3 0 [4X +4

a = X AI a =2X24+3X +2 || 1 | X24+4X +2
ay = YELHAVT az = 2X +2 2 | 4X%+3X +4
oy = XH2XAT az =2X +1 3 | x?

aq = XH2XArVT as = 2X 4 | X2 42X +4
oy = ELPELAHAVT a5 = 3X +4 5| 4X2+3X +2
ap = XA a5 =3X +4 6 | 3X2+4X +2
ar = AT ar =X +2 7T X2+ X

ag = XHIHT as = 2X +3 8 | 3x2+1
QQZW ag =X 9 |4X

g = AXHLHAVT arp = 3X2 10 | 2X2+1

an = X1 a1 = 4X 1| X2+ X

apy = XAEHT a1z = 2X +3 12 | 4X% +4X
gy = XH2HEVT a3 = 2X +3 13 | 3X2 44

B T 14| X

ayy = AXHLHAVT a5 = 3X2 15 | 2X2 44

g = XEHIVT g = X 16 | 4X% +4X
ang = XHHEVT a7 = 2X +3 17 | 2X% 4+ X +3
g = PEXA/T a1s = X +2 18 | X2 +2X +3
a1y = 2 XRT a9 = 3X + 4 19 | 4X2 43X 41
ago = X FXEVT az = 3X + 4 20 | 4X2
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:X6 X _
f +X+1eFs5[X] a=Ff k| pi— fai
3
aglz%w CL21:2X 21 X2+2X+1
_ 4X343X4144
QQQ—WM CL22:2X+1 22 4X2+X+3
_ X342X+42+
gy = XHEAHYT ags = 2X +2 23| X +1
_ 4X34344
T e aga =2X2 +3X +2 | 24 | 4=—1
ags = X34+ VT ags = 2X3 25 | X +1
_ X34
as = Y = oy ax =2X2+3X+2 26| 4X2+ X +3
+
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71.3 X*+X+1mod?7

f=X*+X+1€eF[X] a=+f pp—fa;
ag =f ap = X2 6X +6
a = XTI a1 =2X +5 4X +4
p = 2T a; = 4X +3 5

a3 = 4X? + 4/ f = 4(ag +ag) a3 = X% = ag 4X +4
ay = 2T — 9, ay=4X +3=2q 6X +6
ag = XQ}T;‘/? = 4o a5 =2X + 5 =4as 1

ag=X>+Ff ag = 2X? 6X +6
ar = XA — o a7 =2X +5=ay AX + 4

33




Bibliography

[1] H. Davenport, The Higher Arithmetic, Cambridge University Press, 6th edition, 1993.

[2] K.H. Rosen, Elementary Number Theory, Pearson International, 6th edition, 2011.

34



