Ey university of faculty of mathematics
fﬁﬂ_ / groningen / and natural sciences

BACHELOR THESIS IN MATHEMATICS AND
Puavysics

Thomas precession in very special
relativity

Supervisors
Dr. A.V. Kiselev
Dr. R.G.E. Timmermans

Author:
Klaas Hakvoort

Abstract

In this text, I look at how Thomas precession looks like within the
context of very special relativity, as proposed by Cohen and Glashow.
I first derive the subgroup structure of the Lorentz group, before look-
ing at the specific subgroups used by Cohen and Glashow and pointing
out some properties of these particular subgroups. I then work inside
the framework of these subgroups to derive the Thomas precession and
look at differences between the precession in these subgroups versus
classical Thomas precession. It is found that they behave quite differ-
ently, and thus differences could be found between special relativity
and very special relativity.
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1 Introduction

The group of all Lorentz transformations, often called the Lorentz Group,
is a very important group in physics. The theory of special relativity is a
direct consequence of this group, and many physical theories are derived from
symmetries of this group. One example of this would be the Standard Model.
The fact that the laws of physics in this model must be invariant under the
Lorentz transformations leads to many of the particles in this model.

However, it is known that not all physical processes behave ’nice’ under
Lorentz transformations, most of these being due to the weak interaction.
Thus in 2006 A.G. Cohen and S.L. Glashow [1] came up with the theory
that it is only a subgroup of the Lorentz Group under which all of physics is
invariant. In particular, they argue that one of the subgroups labelled T'(2),
E(2), SIM(2) and HOM (2) might be the actual symmetry group of nature.

In this thesis, I will first give a short introduction of the Lorentz Group
before deriving its subgroup structure, by the guide of Toller [2]. T will then
look into the subgroups that Cohen and Glashow propose and show some
special properties of these. To conclude, I will look at Thomas precession,
both in the classical sense, using the whole Lorentz group, and restricted
to their subgroups 7'(2) and HOM (2). In particular, I will look at possible
differences in the precession frequency to see if there is any validity in their
ideas.



2 Lorentz Group

In order to discuss the subgroups of the Lorentz Group suggested by Cohen
and Glashow [1], we first need to determine what the Lorentz Group is and
what its subgroups are. The Lorentz Group consists of all real, linear space-
time transformations that leave the length of space-time vectors invariant [3].
Space-time most commonly refers to Minkowski space-time E(3,1). This is
a vector space over the real numbers, with vectors © = (xg, z1, z2, x3) and
metric tensor

1 0 0 0
o -1 0 o0
1o 0o -1 o0

00 0 -1

This allows us to define a distance & = (z,x) = n,,2"2", where the

Einstein-summation convention is used [3]. Let A denote a general Lorentz
transformation, then its action on a vector can be described by

' = Az or ' = A

g
v

Since vectors lengths are unchanged, 7, ,2"z” = AL A
following properties:

Np.ox?x”, we have the

o det(A) = +£1
® Ny =N AN,

We denote the set of all Lorentz transformations by £. It becomes the Lorentz
Group if we take the rule of composition as our group law, let inverse trans-
formations be inverse elements and choose do nothingas our unit element.
Since the Lorenz Group consists of linear transformations of 4-vectors, it can

be represented by a sub-group of the group of all linear transformations on
R, GL(4,R) [3].

Definition 1. A representation D of dimension d of a group G is a homo-
morphism
D:G — GL(d,R) s.t. Vg € G det(D(g)) # 0

and D(g1 0 g2) = D(g1)D(g2) V91,92 € G [4).

Let us take a look at this representation. This representation forms a Lie
group, which is a special kind of group, defined as follows:

Definition 2. A Lie Group G is a group that is also a smooth manifold,
such that the following mapping is smooth: G x G — G : (o,7) =o' [5].
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Since it is a manifold, at least locally it admits a parametrisation. This
means that we can write elements of the group g € G as g = g(a) and we
can choose our parametrisation such that g(0) = e, the identity element of
the group. For a representation D(g(a)) =: D(a), we can make the following
expansion in a neighbourhood close to the identity [4]:

D(dat) = 1yzq + da, X"

The X* are called generators of the group, and are calculated by
X = %D(a)‘azo. To move away from the identity, we can raise D(da) to
some power k, and take the limit. Writing da, = a,/k, we get [4]:

X\
D(a) = ]}1_{20 (1 +2 ? ) = exp(a, X?). (1)

This equation shows us how we can generate the group through its generators.
These generators form a so called Lie algebra, which is a vector space g with
the following properties:

Definition 3. A vector space g is a Lie algebra if there is a Lie product on
the space, [+, -] : g X g — g, with the following properties |4

1. |a,b] € g Ya,b € g,

2. laa + Bb, c] = ala, c] + B[b, ¢] Ya,b,c € g;Va, 5 € R,
3. [a,b] = —b, al,

4. la,[b,c]] + [b, [c,a]] + [¢, [a,b]] = 0 Va,b,c € g.

If we are looking at a matrix representation, this Lie product is usually the
common commutation relation between matrices [A, B] = AB — BA [4].

Definition 4. A sub-algebra is a sub-vector space h of some algebra g which
s atself also an algebra. In particular, it is closed under the Lie product

la,b] € h Va,be g [j].

We can now take another look at the Lorentz group and its algebra. The
Lorentz algebra L is of dimension six [6], and is spanned by 3 rotations J;
and 3 Lorentz boosts K; [3]. Let us define €;j; as the fully anti-symmetric
tensor of rank three, then the generators satisfy the commutation relations

below [2].



[Ji, Jj] = Eijk‘Jk7 (2)
[J;, K] = e KF, (3)
[Kz’,Kj] = —Giijk- (4)

Since they span the algebra, we can write each element of the algebra as a lin-
ear combination of the generators. If J = (J;, Jo, J3) and K = (K7, Ky, K3),
we can write VX € L, 3o, 3 € R3st. X = a-J + 3- K. By exponentiating
this expression, all elements of the Lorentz group.

All elements of the Lorentz group? No actually, there are elements of the
Lorentz group that are not in e*. This is due to the Lorentz group not being a
connected group [3]. Instead, there are four connected subgroups. These are
Ll, Li, L' and L* [3]. Tt is only L1 that is reached by exponentiating the
Lorentz algebra, since it contains the identity element. The other subgroups
can be obtained however by the discrete transformations of parity P and
time reversal 7' [3]. For the rest of this text, I shall focus on the subgroup of
the Lorentz group that is connected to the identity, and thus can be reached
from the algebra, i.e. LL



3 Lorentz subgroups

In physics, the Lorentz group is considered the symmetry group of nature.
This means that if we have a pair of inertial reference systems, that you can
travel between using a transformation from the Lorentz Group, then in both
systems the same laws of physics must hold. However, this might not be the
case. It is known that the weak force does not hold under parity transfor-
mations, as was discovered by Wu and collaborators in 1957 [7]. They found
that the emission of S-decay of Co% does not abide this mirror symmetry.
Thus, it might be that the true symmetry group of nature is a subgroup of
the Lorentz group Ll. As such, it is worth the time to study these subgroups.

To study the subgroups, one first needs to know what these subgroups are.
In order to look at the subgroups, I shall look at the subalgebras of the
Lorentz algebra and from there we can generated all (closed) subgroups of
the Lorentz group [5]. To do this, I shall introduce two bi-linear forms that
are invariant under automorphisms. By definition, they will commute with
all elements of the Lorentz group. 1 will then classify the elements of the
Lorentz algebra using these forms. I shall then use these classes to find all
15 sub-algebras of the Lorentz algebra.

These bi-linear forms are called Casimir constants. If we use that a general
element of the algebra is given as X = «a-J + - K, then they are given
as [2]

C, = |04|2 - W|2
Cg = OZ'B.

With this, we can make the following classification of elements, up to conju-
gation [2]:

A=ps+vKs p>0v#0 O =p*—1*0Cy=pv
A=pls  p>0  C=p"Cy=
A=vK; v>0 C,=—-1%Cy=

A=J+ K, Ci=Cy=0

This gives us the first 5 subalgebras:
1. 0-D: hg, containing only the zero element 0.
2. 1-D: h2, generated by Js + AKs3.

3. 1-D: h?, generated by Js.



4. 1-D: h£°, generated by Kj.
5. 1-D: hY, generated by J; + Ko.

Next, we want the subalgebra containing all elements with C} = Cy = 0. We
know that J; + K3 is in this subalgebra, we can thus label a general element
as A= u(J; + K3) +a-J+ - K. Applying the conditions C; = Cy = 0 Vpu
leads to the following conditions on the vectors o and B: 51 + as = 0 &
a1 — P2 = 0. This also requires that a3 = 83 = 0, and we thus find as sixth
subalgebra:

6. 2-D: h}’, generated by J; + K, and Jo — K, also called T'(2) [1].

All other subalgebras contain at least one element for which C; # 0 and/or
C5 # 0. We can assume that the general form of this element is puJs; + v K3,
by our classification earlier. For this element we can define the operator
pA = [puJs3 + vK3, A], which we call the adjoint operator. This operator has
a 6 dimensional eigenspace, since there are 6 eigenvectors. Toller [2] gives us
the following eigenvectors in C, which can easily be verified:

pKs3 = 0.
pJs = 0.

( (Jo— K1) = (v +ip) (S + Ky — i(Jo — Ky)).
p(Ji + Ko +i(Jo — Ky)) = (v —ip)(J1 + Ko +i(Jy — K7)).
p(J1 = Ky —i(Jo + K1) = (—v +ip)(Ji — Kz = i(J2 + K1)).
p(Ji — Ko+ i(Jo+ Ky)) = —(v+ip)(J; — Ko +i(Je + K7)).

pJ1+K2—Z J2

Our eigenvectors and eigenvalues are not wholly real, as they include an
imaginary element. We want real eigenspaces however, and thus we take the
real and imaginary parts of each vector, by taking the sum and difference
between conjugate vectors. In order for our eigenspace, and thus our sub-
algebra, to still be closed under the Lie bracket, our subalgebras must then
contain both the eigenvector, and its conjugate.

We now first assume that both J3 and K3 are in our subalgebra, i.e. u # 0 #
v. Then none of our eigenvectors are degenerate, and we can choose zero,
one or two pairs of eigenvectors to form our subalgebra. This way, we find
the following algebras [2]:

7. 2-D: hy4, generated by J3 and K.
8. 4-D: hy, generated by J3, K3, J; + Ky and Jy — K7, called STM(2) [1].

9. 6-D: hg, the entire Lorentz-algebra.

7



If we were to choose the second pair of eigenvectors for 8., we would obtain
a subalgebra that is conjugate under time reversal. Now, assume that we
have a specific choice of p and v, such that 4 =1 and v = X # 0. Again,
we can choose zero, one or two pairs of eigenvectors. If we choose zero, we
get h and choosing both gives us the entire algebra hy. Only if we choose
one pair, do we get a new subalgebra. The choice is irrelevant, since they are
conjugate under time reversal [2]:

10. 3-D: h%, generated by J; + A\K3, J; + Ky and Jo — K.

Another option is that K3 ¢ h, i.e. =1 and v = 0. Now, the eigenvalues
are degenerate. This allows us to choose eigenvectors of the form

Oé(Jl — ZJQ) + B(Kg + ZKl)

However, not all & and /3 are suited. Otherwise, commutation of this vector
with its complex conjugate leads to K3 € h. Proof:

[a(Jy —idy) + B(Ky +iKy), a(Jy —iJs) + B(Ky+iKy)] = (af — Ba)Ks. (5)

Thus, we want a8 — Ba = 0 and we can assume that o & /3 are real [2].
Since we want our subalgebra to be Lorentz-invariant, i.e. conjugate under
the group action, there are some additional restrictions: o« = 0, § = 0 or
a = [ [2]. For each case, we find a subalgebra. They are:

11. 3-D: h3, generated by Ji, Jp and Js.
12. 3-D: hs, generated by K;, Ky and Js.
13. 3-D: hY, generated by J3, J; + K and J, — K7, called E(2) [1].

The last option is p = 0, v # 0, i.e. J3 ¢ h. Proceeding as before, we find
the following 2 additional subalgebras [2]:

14. 2-D: h$°, generated by K3, J; + Ko.
15. 3-D: h$°, generated by Kj, J; + Ky and Jy — K7, called HOM (2) |1].

We can show how these subalgebras are related in figure [1f on the next page.
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Figure 1: Subalgebras of the Lorentz algebra [2]. An arrow between two
(sub)algebras means that the upper algebra is contained in the lower one.

We have thus found all subalgebras of the Lorentz algebra, and consequently
all subgroups generated by these subalgebras [8]. We can now look at the
subgroups generated by them, as we will do in the next section.



4 Glashow Groups

Cohen and Glashow [1] say that the true symmetry group of Nature is not the
full Lorentz group, but rather is a subgroup. They introduce the idea that
the true symmetry group of Nature is one of four subgroups they mention.
These subgroups are generated by exponentiating certain subalgebras of the
Lorentz algebra. These subalgebras are [1]:

T(2) = span(Jy + Ky, Jo — K1) (6)
E(2) = span(Ji + Ky, Jo — Ky, J3) (7)
HOM (2) = span(J; + Ko, Jo — Ky, K3) (8)
SIM(2) = span(J; + Ko, Jo — K1, J3, K3) (9)

They also postulates that, if you conjugate any of these subalgebras by time
reversion T and parity reversal P, you will get the entire Lorentz algebra and
group. We proof this for the smallest of these subalgebras, T'(2), since it is a
subalgebra of the other ones. Thus, if the theorem holds for this subalgebra,
it will also hold for the other three subalgebras.

Proposition 4.1. Conjugating T'(2) by T and P, we get the entire Lorentz
algebra L.
L=TQ2)&TeP

Proof. To prove the proposition, we will use that a subalgebra is closed under
commutation, i.e. the Lie bracket. We first need to know the action of T and
P on T(2). Since J; leaves time invariant, we have T J;T~' = J;. However,
J; is not invariant under parity, since parity affects the space axes. Thus

PJ,P~' = —J,. Since the Lorentz contraction in K; does include the time
axis, we have TK;T~! = —K;. The boosts are also invariant under parity,
PKiP_l - Kz

Thus, the actions of T and P on T'(2) are given as
T(h+K)T ' =J — Ky, PL+K)P'=—-J +K,
T(Jo—K)T'=Jh+K, Plh-K)P'=—-Jh-K

Thus, if we include T and P in our algebra, the right hand side of these

equations must be included. Since a subalgebra is also a vector space, any
linear combination of the right hand sides with the generators of 7'(2) must

10



also be inside the subalgebra. In particular

%(J1+K2)+%(J1—K2) = Ji, (10)
%(Jl + K>) — %(Jl — K3) = K, (11)
%(JQ—K1)+%(J2+K1) = Ja, (12)
_%((]Q_Kl)—i—%(Jg—i-Kl) = K, (13)

are all included in our subalgebra. Now, the subalgebra must be closed under
commutation. Using the first and third equation, we thus get

[J17 J2] = J37
while the first and second relations yield us
[Jl, KQ] — K3.

This last set of six equations has thus given us all six generators of the Lorentz
algebra and thus the (connected) Lorentz group. Further conjugation with
T and P will give us the rest of the Lorentz group [1] [3]. O

Now, in processes for which 7" and P symmetries hold, we can thus not dis-
tinguish between the full Lorentz group and any of the subgroups Cohen and
Glashow suggest. However, for processes that violate 7" and P, a difference
is possible and may be measurable. This is however not within the scope of
this thesis, and thus I shall not go into this any further.

However, I will take a little detour to show another special property of their
subalgebras: they are all solvable.

Definition 5 (Solvability of an algebra). Let for a Lie algebra g and n € N,
go =g and g; = [gi—1, gi—1]. Then this Lie algebra is called solvable if In € N
s.t. g, =0, i.e. if g, 1s the trivial subalgebra.

We can also define the stronger property of nilpotency as follows:

Definition 6 (Nilpotence of an algebra). Let for a Lie algebra g and n € N,
ho =g and h; = [h;_1,g]. Then this Lie algebra is called nilpotent if In € N
s.t. h, =0, i.e. if hy, is the trivial subalgebra.

11



Theorem 4.2 (Solvability of Cohen and Glashow’s algebras). The following
Lorentz subalgebras are all solvable:
T(2) an(Jy + Ky, Jo — K7)
E(2) = span(J; + K, Jo — K1, J3)
HOM (2) = span(J, + K», Jo — K1, K3)
SIM(2) = span(J; + Ko, Jo — Ky, J3, K3)
Now for our proof, I will restrict myself to the largest of subalgebras, STM(2),

since the other algebras are contained therein. Thus, if it is solvable, so are
all its subalgebras.

Proof. To show that STM(2) is solvable, we need to look at the Lie bracket
operation on the algebra:

[J1 + Ko, Jo — K3 = (14)
[J1 + Ko, J3) = —JQ + K, (15)
[Jo — K1, J3) = J1 + K> (16)
[J1 + Ky, K3 = =Ky — J) (17)
[Jo — K1, K3 = K| — J, (18)

Thus, we can see that ¢ = span(J; + Ks, Jo — K7). The next step is to
compute g2 = [g1,¢1]. We can see from equation that go = 0, and thus
take n = 2 in our definition and find that STM(2) is solvable. O

From this proof, we can also see that T'(2) itself is actually nilpotent, since
(14) is the commutator of the two basis elements in this algebra.

So why is it important that these algebras are solvable? Because they are
linked to differential equations [9]. The algebras are vector spaces on a dif-
ferentiable manifold [5], and thus can be expressed as differential operators.
We can then look at the symmetries of such a differential equation F. If F'
is first order, then the symmetries are all differential operators V' such that
[V, F] = 0. If these symmetries form a solvable algebra of dimension m, then
a partial differential equation F' in n variables can be transformed into a
equation in n — m variables [9] [10].

It is also possible to do the reverse, and to find the differential equation from
the algebra. For example, if one defines vectorfields M; ; = ¢; j 1 Ji and

My, = K, anti-symmetrically, i.e. M,, = —M,,, then the set MW, =
M,, + S,., where S,, = 1/4[y,,7 ] is the commutator of the gamma-
matrices, are fields that leave the Dirac-equation invariant [10]. As such,
they can be used to derive this equation.

12



5 Thomas precession

One of the classic tests for relativity is Thomas precession. In 1926 Thomas
used relativity to solve a problem that appeared in atomic spectroscopy. The
different band lines in hydrogen were twice as far apart as the theory pre-
dicted, however Thomas explained the difference between theory and practice
by using a relativistic effect [11].

In this section, I will first derive this Thomas factor using the full Lorentz
group. [ will then focus our view on the Cohen and Glashow subgroups
and try to see if any Thomas-like precession arises. I will look mainly at
the smaller group generated by T'(2) and this group adjoined with Kj, i.e.
HOM(3).

5.1 Thomas’ half

We start with normal Thomas precession. During the 1920’s, when re-
searchers such as Pauli and Landé were trying to explain the different fre-
quency bands found in atomic spectroscopy, they realized that these bands
were caused by magnetic fields [11]. In order to calculate the magnetic field
at the electron however, instead of doing this from the lab frame, in which the
electron was orbiting the core, they did the calculation from the electron rest
frame. In this frame, the electron is at rest and the core is orbiting around it.
Since the magnetic field at the electron is of interest, this makes the calcu-
lation easier. Researchers then directly applied the result they found in the
electron frame to the lab frame |11]. This would be fine, if the electron was
moving in an inertial frame. However, the electron is not in such a frame and
is instead accelerated at each instant, so as to orbit the core. These constant
accelerations lead to a relativistic effect and thus to a relativistic correction
to the theory, known as Thomas’ half [11].

Thomas conjectured that, although the electron is not in an inertial frame,
the electron frame at each instant is an inertial frame and the electron’s
orbit comprises of many 'jumps’ between these frames. There is one rule
however, we are not entirely free in the choice of coordinate systems in these
inertial frames, in order to provide a consistent theory [11]. The coordinate
systems we are allowed to use were called proper axes by Thomas. These
systems were related, in that the systems at t =ty and t = to+ At are called
quasi-parallel.

Definition 7. Let I and I' be two inertial reference frames, and S and S’

be coordinate systems on these frames. Then a vector a in I and a vector a’
/ / /

in I" are called quasi-parallel iof a, : ay :a, =a, :ay:a.
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Definition 8. Let I and I’ be two inertial reference frames, and S and S’ be
coordinate systems on these frames. If in these frames, the basis vectors ey,
ey, e, are quasi-parallel to respectively e;,, e, €., these coordinate systems
are called quasi-parallel.

Let’s assume that we have two inertial frames I and I’, with coordinate
systems S and S’. If we look at the motion of the origin of S’ from S, then
for the velocity, we get the vector wer. Vice versa, the velocity of the origin
of S as measured in S’ is given by wy,. If these velocity vectors satisfy

Wwor = —Wwo, (19)

then the systems S and S’ are quasi-parallel and there is a special Lorentz
transform, a pure boost, relating these two systems. If instead |wo/| = |wp|,
then one frame is rotated w.r.t the other one. I.e. 35, a coordinate system
in I, such that S and S’ are quasi-parallel and in order to reach S from 9,
the coordinate axes need to be rotated by some angles about certain axis.
I omit the proof of this for brevity, but the interested reader can find it in
"The history of spin’ by Sin-itiro Tomonaga [11], page 190 and further.

We now proceed with our calculation of the Thomas factor. Let I be the
lab inertial frame. A particle is moving through this frame with velocity v.
We define our coordinate system S such that the particle is moving in the z
direction at t = 0, with the particle located at the origin of S. The y and
z directions are arbitrary, but orthogonal to x. We define the particle rest
frame at this instant as I’ with coordinate system S’. Its origin is located
at the particle at t = ¢/ = 0, and S and S’ are thus related by a boost in
the z direction. If we define the rapidity a = tanh_l(g), then points in the
different coordinate systems are related by [12], page 98, formula 3.27

x cosha sinha 0 0 Zg
i | | sinha cosha 0 0 T

Throughout this text, instead of time ¢, [ use xy = c-t to indicate the time
axis. We now look into a third inertial frame [”, with coordinate system S”.
It is related to S” by a boost in the 3 direction with rapidity S. Thus the
coordinate transformation from I’ to I” is given by [12]

xy coshfg 0 sinhp 0 x

| _ 0 1 0 0f [« (21)
xh sinh3 0 coshf 0 x|

zl o 0 0 1) \af

14



If we now look at how the origin of S is moving in the S” system, we can

combine and to find

xg . coshg 0 sinhfg 0 cosha sinha 0 0 T
T 0 1 0 0 sinha cosha 0 0 0
2yl | sinhf 0 coshf 0 0 0 10 0
x5/ 5 0 0 0 1 0 0 0 1 0/,
cosh v cosh 3 g cosh v cosh 3 . i !
B sinh v B e sinh v B xizj—shﬁa
~ " | coshasinh B |~ coshacoshB | coshasinhf | = | 2/ tanh g
0 O 0 o 0 o)

We can equally compute the movement of the origin of S”, O”, as seen from
S, by taking the inverses of and (21)). Thus we get

To cosha sinha 0 0\ coshg 0 sinhf 0 - x
1 | sinha cosha 0 0 0 1 0 0 0
To a 0 0 10 sinh3 0 coshf 0 0
3/ o 0 0 0 1 0 0 0 1 0
cosh avcosh 3 cosh avcosh 3
| cosh g sinh « - Zo — cosh B sinh « I tanh «
-0 —sinh g ~ coshacosh 3 - smh B zi;:ﬁl };ﬁ
O O// //
Therefore the velocity of O, as observed in S” is given by
tanh o
cosh 8
wp =c- | tanh B | . (22)
0
And the velocity of O” is given by
— tanh
wor = C- _Zirsl]ilg . (23)
0

We now consider that the particle is at the origin of S”, as seen from the
laboratory frame, at time ¢ = At. Thus the system S” is the rest system of
the particle at ¢ = At. Since the velocity of the particle was (¢ tanh «, 0, 0),
we have a change in velocity of (0, ¢ tanh 0). Now, the rapidity /5 is related

cosha?

to a velocity Au = ¢ * tanh 5 |L1]. If we then take At infinitesimally small,

15



. . 2 .
we have an acceleration a = (0,a,0), with a = —1—2% = /1 — 2—2%, using

cosha At
cosha =7, = (/1 — %)~ [11] [12]. Also, since At is small, so is Au and
thus we can neglect (Av)? to get |wor| = |w}|.

Since the transformation of S’ to S” was non-rotational, i.e. it was a proper
boost, S” has the proper coordinate axes for the particle [11]. The question
now becomes, by how much have the axes of S” rotated with respect to the
axes of S7 To compute this, we first note that there exists a coordinate frame
S in I such that S and S” are quasi-parallel. This relation can be seen in

figure [2|

<l

Figure 2: A diagram of the coordinate frames S and S [11].

In this system S the movement of O” is given by

tanh o
cosh 8

worn = —wg = —C tanhﬁ . (24)
0

We want the angle Af between these two velocity vectors, wo» and wor.
Since the z-axis is unchanged in these transformations, the rotation we are
after is a rotation about this z-axis. We can express the velocity in the

components of [11]):

Wor = woy cos Af + woy sin A (25)

Woy = —woy sin Af + woy cos Af. (26)

After some computation, which Tomonaga has done for us [11] on pages 196
to 199, we get the following equation for the angle between S and S:

A@:%(,u—z—j— ), (27)
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and an angular velocity of

N=—=
At

a

~(Ya — 1) (28)
v

The electron travels at non-relativistic speeds inside the atom (v ~ ¢/137),

thus we can take a Taylor expansion in order to simplify the above expression.

Using

7@21+T+T+O(U5) (29)
and truncating it after the v? term, (28] reduces to

av

Q=—-——. 30
We have so far only looked at ¢ = 0 and ¢t = At, however, if we expand
our view to t = 2At,3At, ..., and assume that at each instant the particle
gets accelerated by a, orthogonal to its current velocity, we get a precessing

particle with frequency
1

Qr = —5aY X e (31)
This then is the Thomas precession [11].
To now see where Thomas’ half comes from, we consider a particle, with
angular momentum S, precessing around a magnetic field. The torque of
this electron is given by

SQy = —MB. (32)

We split the magnetic moment M in a normal and abnormal part. The
normal part is Dirac’s theoretical value [11] and is given by
Mp = —6905 :
2mc

In this equation, g, is the ratio between the magnetic moment and angular
momentum. Also, the magnetic field comprises of an external magnetic field
B.,; and an internal magnetic field, generated by the rotating electron, B.
This is schematically drawn in figure [3]
Thus becomes

SQy = —M (B + B). (33)

By now also going back to the lab frame, we observe a precession

Sy = =M (B + B) + SQp. (34)
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Atomic
Core

B ext B_ext

Electron

Figure 3: Diagram of the magnetic fields inside an atom. Present are the
internal magnetic field B_int, generated by the rotating electron, and an ex-
ternal magnetic field B_ext, caused by outside influences (e.g. a big magnet).

Now, the particle is moving in an electric field, and therefore the acceleration
is given by @ = —= E, while the internal magnetic field is given by B = 1Exw.

C
This allows us to rewrite the equation for the Thomas precession into

—e 1 N
- “B=_—MpB.
2me 28 P

Substituting this into then gives

Qr

1 .
$u = ~MB — (M — ;Mp)B. (35)

For an electron, for which M = Mp, this gives

1 A
Sy =—MpB — §MDB. (36)
This then shows the Thomas factor, since the effect of the internal field is

weighted by a factor 1/2 less than the effect of an external field.

5.2 The subgroup T(2)

In the last section we have seen that the combination of two non-collinear
boosts leads to a rotation. In particular, the combination of a boost in the
x-direction and one in the y-direction leads to a rotation about the z-axis.
If we look at the commutator of the generators of these two boosts, we get
[K,, K] = —J., which is the generator for rotations about the z-axis. In
this subgroup, we have elements of the form exp(«a(J, + K,) + 8(J, — K,)).
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We are interested to see if first applying exp(a(J, + K, )) and then applying
exp(5(J, — K;)) gives another relativistic correction.

Again, we start in an inertial frame I, which we call the lab frame. We
apply a coordinate system such that our particle is at the origin at ¢ = 0 and
such that the transformation exp(a(J, + K,)) transforms the system into the
particle rest system at ¢ = 0. In order to compute this transformation, we
first need to know the matrix representations of these transformations. The
generators J, and J, are given by [12]

000 O
000 O
001 0
0 0 00
0 0 01
=10 0 00 (38)
0 -1 .00
Meanwhile, the generators K, and K, are given by [12]
0100
1000
0000
0010
0000
Ky = 1000 (40)
0000
Thus the generators J, + K, and J, — K, are given by
001 0
000 O
Jp+ K, = L oo -1 (41)
001 0
0 -1 0 0
-1 0 01
Jy— K, = 0 0 00 (42)
0 —1 0 0
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From this we can compute how the actual group elements look like:

14+a%/2 0 a —a?/2
spa(L+mx) = 0 o S
a?/2 0 a 1—a?/2
1482 80 —52
esp(0(1, ~K)=| o o0 (44)
B2 B0 1- 82

In these matrices o and [ are two variables that determine the ’size’ of the
transformation. Knowing our transformation matrices, we can compute the
transformation from I to I’. Again, we consider the motion of the origin and
we are especially interested in its velocity.

)\’ 1+a%/2 0 a —a?/2 T
21 | o 10 0 0
zh | a 0 1 - 0
) o a?/2 0 a 1—a?/2 0
1+a?/2 1+a?/2 Ty
Y I I I o |_| 20
-0 o'  1+4+a2/2 a | ez
a?/2 a?/2 —2a”/2
1+a2/2 / o

Thus, the velocity of the origin of the lab frame measured in the particle
frame is wy = ﬁ(o, a,a?/2). One thing we need to determine however,
is whether S’ is quasi parallel to S. To do this, we do the inverse calculation
of what we just did, and calculate the velocity of the particle I’ as seen from
the lab frame /. We find wo = Ha;m((), —a,a?/2) # —w),. Instead, the
quasi parallel system seems to be rotated by m about the y-axis. Thus, in any
further calculations, we need to take this rotation into account. Let us now
consider a third inertial frame I” with coordinate system S”. It is related to
I’ by a boost exp(5(Jy, — K,)). The orbit of O as measured in S” is thus
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given by the following equation:

AN 1+62/2 3 0 —pB%/2 1+02/2 0 a —a?/2 %
| B 10 -8 0 10 0 0
T4 0 0 1 0 « 0 1 —a 0
) B2/2 B0 1-—p2/2 a2/2 0 a 1—a%/2) \0
1+1/2(a? + (%) 1+ 1/2(a? + %)
. s _ i g
’ a 1+1/2(a? + p?) a
1/2(a” + %) 1/2(a” + %)

This gives a velocity of wp), = m(ﬁ, a,a?/2 + (32 /2) for the orbit of
the lab frame, as seen from the electrons frame. We now need to transform
this into the quasi-parallel system S”. To do this, we note that each rotation
it self results in a sign change in the z-element of the velocity vector, since the
other rotated element is zero. As such, the combined rotations result in the
z-component changing sign twice, which has a net result of nothing. Thus,
it turns out that S” = S” is the proper coordinate system for our particle.

We can also do the reverse, i.e. measure the velocity of O”, such as seen in

S

-1 -1

Ty 14+a%/2 0 a —a?/2 1+5%/2 B 0 —p%/2
| 0 10 0 B 10 -8
T N o 0 1 e 0 0 1 0
3/ o a?/2 0 a 1-—a?/2 g2/2 0 B 1-p5%/2
1+1/2(a? + 5% 1+1/2(a? + B?)
= 1y * - = 0 -
o v al
—1/2(a? + %) —1/2(a? + %)
We find as velocity vector wor = —W(ﬁ,a,oﬁﬂ + 8%/2) = —w))!

Thus, the systems S and S” are already quasi-parallel. As such, these trans-
formations do not lead to some kind of Thomas-factor. We could have ex-
pected this, since [J, + K,,J, — K] = 0. This motivates us to look at
the other Cohen and Glashow subgroups, since those do have non-vanishing
commutators.

5.3 The subgroup HOM(2)

The subgroup HOM (2) is the subgroup generated by J, + K,,, J, — K, and
K. Thus, the only transformations are boosts in each of the cardinal direc-
tions. However, the boosts in the x and y-directions require an additional
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rotation, if the transformation is to be a symmetry. I will look in particular
at transformations formed by combining J, + K, with K. The commutator
of these two is [J, + K, K,] = —(K, + J,), which is one of the transfor-
mations we are using. There are two different methods to look at these
transformations. First, the transformation between the lab frame I and the
particle rest frame at ¢ = 0 (I’) is a pure boost in the z-direction and we then
apply a transformation generated by J, 4+ K,. The other transformation is
the opposite order, i.e. the transformation between I and I’ is of the form
Jz + K, and we then apply a z-boost.

K, followed by J, + K,

We first set up our coordinate systems in our frames. Since we do not have
pure boosts in the x and y direction any more, we relabel our axes so that
initially the transformation between the particle’s frame and the lab frame
is still a pure, invariant, boost. The system S in the lab frame I is such that
at t = 0 the particle is moving in the z-direction with velocity v and rapidity
B = tanh™* (%), with the x- and y-axes in arbitrary directions, though all
orthogonal to each other. The S’ system in the particle rest frame also has
the particle at its origin at ¢’ = 0, and its axes are parallel to those of S at
t =t = 0. The boost between S and S’ is thus given by [12]

) coshf 0 0 sinhp T
o | 0 10 0 T
zh | 0O 01 0 To (4)
xlh sinhf 0 0 coshp x3
We then apply the transformation exp(8(J, + K,)) from ([43)). Therefore, the

origin O of S has an orbit given by
A 1+a2/2 0

a  —a?/2 coshf 0 0 sinhp T
xy B 0 1 0 0 0 1 0 0 0
T « 0 1 -« 0 01 0 0
25/ o a?/2 0 a 1—a?/2) \sinh3 0 0 coshf 0/,
1/2a?(cosh 3 — sinh 3) + cosh 3

a(cosh 8 — sinh f3)
1/2a?*(cosh 8 — sinh 3) + sinh 3
1/2a?(cosh 3 — sinh 3) + cosh 3
i 0
1/2a2(cosh 8 — sinh ) + cosh 8 a(cosh 8 — sinh f3)
1/2a?(cosh B — sinh 3) + sinh 3
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Thus the velocity of O, as seen by an observer in S” is

1
1/2a2(cosh 8 — sinh ) + cosh

wp = (0, a(cosh B—sinh 3), 1/2a*(cosh B—sinh B)+sinh 3).

Applying the correction to reach a quasi parallel system S” gives

Y 1 . B ) . .
wy, = 1502 (cosh § — smb ) _I_COShB(O,a(coshﬁ sinh 8), —1/2a7(cosh f—sinh ) —sinh ).

Proceeding as before, we next calculate the orbit of O” as seen from S:

-1

o coshB 0 0 sinhg\ = /1+ a?/2 0 o —a?/2 AN
1 - 0 10 0 0 1 0 0 0
T N 0 01 0 Q 0 1 e 0
3/ o sinh 0 0 coshf a?/2 0 a 1—a?/2 0/ o
1/2a(cosh 3 — sinh 3) + cosh 3
1 0
= [L‘O o

1/2a?(cosh 8 — sinh 3) — sinh 3
1/2a?(cosh 3 — sinh 3) + cosh 3
_ o 0
~ 1/2a2(cosh 8 — sinh 3) + cosh 3 —a
1/2a?(cosh B — sinh 8) — sinh 3

Again, we calculate the velocity of O”, as seen by S, as

1
1/2a%(cosh f — sinh 3) + cosh

wor = (0, —a, 1/2a*(cosh B—sinh 3)—sinh 3).

Observe that wor # —wg. We next introduce the coordinate system Sin I,
which is quasi-parallel to S”. If we are to compare the angle between wgor

and wor = —wY,), then we do not need the scaling factor of (1/2a*(cosh 3 —
sinh 3) + cosh 8)~!, and T will thus neglect it in the future. Some further
calculations also show that |wor| = |wf)|. The angle between the vectors is
given by [11]
* U z * _Z
cosf = 4 —|—u; = (46)
|wor|
sing = Ly e T W X Uy (47)

lwor|?
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For reference sake, I repeat the two vectors we are comparing, without the
scaling factors:

wor = (0, —a, a®/2(cosh B — sinh 3) — sinh 3)
won = —wyy = (0, —a(cosh 3 — sinh 3), &® /2(cosh 3 — sinh ) + sinh 3)

We will now interpret coordinate system S” as the particle rest system at
time t = At, with At infinitesimally small. Then the angle § must also be
small and sin 6 ~ 0. Thus performing the calculation in gives us

20(e? — 1)

0= .
a?+ (ef —1)2

(48)

Since At is small, « is also small and thus we can look at the Taylor expansion
of and truncate it after terms of order o? to get

2a 203 2a

_ _ 4y A,
9—65_1 (6/3—1)3+O(a> T (49)

Now the original velocity, before the second transformation, was wo =
(0,0, — tanh 3). The new velocity is

1
" = _ 1/2 2 h B — sinh — sinh
wo 1/2@2(Coshﬁ_sinhﬂ)_'_Coshﬂ(oy a, /CY (COS B Sin. 5) sin 6)
o
~ (0, T cosh B’ — tanh f3).

In this last equation, I have again neglected terms of the order a?. Thus

the change in velocity is (0, oh B 0). We now look at the variable a.. This

parameter arises in exp(a(J, + K,)) and thus we have v = tanh™" (&%) for
some change in velocity Awu in the y-direction. For small «, as we are dealing

with, we can reduce this to a ~ % using the Taylor expansion of tanh.
Thus, we have an acceleration ¢ = —--<or in vector form a = (0, a, 0).
c cosh 8 At’ )

We can therefore rewrite in terms of this acceleration as

a cosh SAt

p— PP
clef —1)"7

and calculate the angular velocity as

0 __acoshﬁ
At c(ef—1) (50)

Since 8 = tanh(v/c)™!, this equation can be further expressed as

Q
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a 1

_Ea—l—v/c— V1= (v/e)?

Since we are working at non-relativistic speeds (v ~ ¢/137), this last part
can be simplified, using a Taylor expansion at v/c < 1:

0=

(51)

afc 1 v v 3v a a av v’
Q=— (- —— =4+ —4+0W) | " —F———+—. (52
( 2+ + +0( )> v+20 402+4C3 (52)
If we were to apply our transformation at each instant t = At, 2At, 3At, ...,
ensuring that at each instant the acceleration is orthogonal to the velocity
v, we achieve an angular velocity of

1 1 1 v
Or-vxa|l5——+-——— 93
(112 2cv  4c? 403) (53)
However, this is not the only rotation happening. Our transformation itself
is rotational, and thus induces an additional rotation about the z-axis. The
amount of rotation in radians is the angle « [12]. This angle « is related
to the acceleration by §; = —%cosh 8. We can turn this into an angular

velocity by
acosh3 —a

c c/1— (v/e)?

Again, we take the Taylor expansion and ignore terms after v?, since v is

non-relativistic: 1 9
a (%
(1-22)) 55)

Qa:—vxa(iJri). (56)

0, = (54)

In vector form:

cv  2c3

Our last task is then to simply sum these two angular velocities to get the
total (approximate) velocity.

Qcombined ~—-vXa (% + % =+ % + %) (57)
When we compare this to (31)), we see that we have a quite different expres-
sion. This difference could be explained by looking at the cause of the second
transformation. In normal Thomas precession, the second transformation is
another pure boost caused by the Coulomb force, while in this case, the
second transformation is itself partially rotational. As such, the observed
rotation is different.

25



Jx + K, followed by K,

The recipe is clear by now, we calculate the orbits of the origins as viewed
from the different coordinate systems, and try to calculate the angle between
the proper coordinate systems. Thus, I shall proceed with speed. The orbit
of O in S” is given by:

AN coshB 0 0 sinhpB\ [/1+a%/2 0 a —a?/2 Ty
21 | o 10 o 0 10 0 0
oy | 0O 01 0 a 0 1 — 0
25/ o sinh 0 0 coshf a?/2 0 a 1—a?/2 0/,
a?/2(cosh 3 + sinh 3) + cosh 3
0
= I'O o

a?/2(cosh 8 + sinh ) +sinh 3/
a?/2(cosh 3 + sinh 3) + cosh 3

"

4 0
- a?/2(cosh 8 + sinh ) + cosh 8 a ’
a?/2(cosh B + sinh ) +sinh 3/ |
while the orbit of O” in S is given by:
T 1+a2/2 0 o —a2/2\ ' fcoshB 0 0 sinhp\ = [a\"
1 _ 0 1 0 0 0 10 0 0
T - a 0 1 —a 0 01 0 0
3/ on a?/2 0 a 1—a?/2 sinh 0 0 coshp 0/ o
a?/2(cosh 3 + sinh 8) + cosh 3
" 0
g 'TO

" cosh ,Bc—ysinhﬁ
a?/2(cosh B +sinh §) —sinh 3/,
a?/2(cosh 3 + sinh 3) + cosh 3
ZTo 0
a?/2(cosh 3 + sinh 8) 4 cosh 3 — oA i
a?/2(cosh 3 + sinh ) — sinh 3

"

O//

Moving on, if we set d = (a?/2(cosh 8 + sinh ) + cosh )71, we can give
the velocities of interest as w}, = d(0, o, a?/2(cosh 3 + sinh 3) + sinh 3) and
wor = d(0, — 5 s a?/2(cosh S+sinh 3)—sinh 3). Since S is the proper
coordinate system at ¢t = ¢’ = 0 (we defined it as such), and the transforma-

tion between S’ and S” is a pure boost, these two systems are quasi-parallel
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and thus at t = At S” is the proper coordinate system. However, both S” and
S" are rotated w.r.t. the lab frame, i.e. there is an initial rotation. Taking
this into account, we find that we are to compare the following velocities:

o
cosh ﬂ sinh 3’
wor = —wp = d(0, —a, —a*/2(cosh 3 + sinh 3) — sinh 3)

wor = d(0, — —a?/2(cosh 8 + sinh ) + sinh 3)

We calculate the angle , again using that the angle is small and thus
0 ~ sinf.

2a(e? —1
h=—— ale’ = 1) . (58)
a?sinh f + (a? +2) cosh § — 2
We then relate § to a small change in velocity, tanh g = %, to expand
to

2a (/1- (22— 8e 1)
a2(82 1) =2 (/1 (82)2) +2
We can reduce this equation to something simpler by taking the Taylor ex-

pansion and considering that 2% < 1, and thus ignore terms of order (Awu)?
or of larger order. We then get .

o= (59)

2Au  (Au)? 2Au
0=— Au)?) ~ —
— T +O((Auv)’) " (60)
From this we can calculate an angular velocity as
0 2 Au
0= =-"-"—"\ 1
At ac At (61)

We look at the change in velocity. The original velocity of O'; as viewed
from S, was wo = Ha;m(o, —a,a?/2). After the boost, this changed to

wor = d(0, ——=—%——, a?/2(cosh 3+ sinh 3) —sinh 3). Since the boost was

cosh f—sinh 8
small, < 1, we can take a Taylor expansion and ignore terms of order

greater than 2, to get wor = (0, 1+a2/2 + (1+a2/2)2, 2+a2 + (( 2)). This

a?+42)2
constitutes a change of velocity of Aw = O‘ﬁ zﬁ 2 +2)2 ) If we divide

a?/
the size of this change by the difference in tlme a cf then do At — 0, we get

_ 2 _ BVal—4at44a2+4 Auy/oB— 4a4+4a2+
a=c\/|Aw|? = Tatmar N S itarmar - We can use this in (61)):
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Au (14 a?/2)

—=a :

At Vad —4dat +4a? + 4
2 Au 2a(1 + a?/2)

Q= -2 _ 62
ac At acvad —4at 4+ 402 + 4 (62)

We can then take take the Taylor expansion of this term for «, to achieve

2 (1 5o  5ad a Hav?
Q=422 2 6)) ~ -2 - 2
c (Qa TR TR )> v 8 (63)

in which we have used that o = tanh ™ (v/c) ~ v/c for small (non-relativistic)
velocities v. In this case, the difference between this precession and normal,
Thomas precession is due to the initial orientation of our lab frame with
respect to the frame of the particle. As such, this is the effect that would be
observed, if the atom is in a certain alignment with respect to the lab.

Summary of results

Since these two subgroups E(2) and SIM(2) only add additional rotations
to the other subgroups, I have not considered these in my calculations, since

the classic Thomas effect arises from the combination of two non-colinear
boosts [11].

Now, in summary, we found the following precession frequencies:

e For pure Thomas precession

av
2¢2°

Qp =

e For the subgroup 7T'(2), it was proven that no Thomas-like precession
exists.

e For the subgroup HOM (2), two distinct precessions were found. If the
infinitesimal, second boost was J, + K,, then

e If instead the boost K, is applied infinitesimally, the resulting preces-
sion frequency is given by
a Hav?

O = -2 29
K v 8ct
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These results are all quite different, and indicate that there should be a mea-
surable difference between the different (sub)groups of the Lorentz group,
provided that this subgroup is the real symmetry group of Nature. Espe-
cially in the case of HOM (2), the order of operations matter.

At this point perhaps, it is worth to look at the physical processes that take
place. In case of the electron orbiting an atom’s nucleus, the infinitesimal
transformation is due to the Coulomb interaction. This interaction causes a
pure acceleration, and not a rotation. The fact that the Coulomb interaction
acts continuously, is what causes the rotation of the electron around the core.
The fact that the lab-frame itself does not rotate, is then what causes the
perceived Thomas precession. As such, when confined to HOM (2), it is the
frequency 2k, that belongs to K, being applied last, that is most likely to
be observed.
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6 Conclusion

I have looked at the Lorentz Group and derived its subgroup structure. A
total of 15 subgroups were found, including the trivial subgroup, containing
only the identity, and the complete group. I then looked at specific sub-
groups, in particular I looked at those subgroups that included the subgroup
generated by hY = T(2). 1 found that the generating algebras were solv-
able. I also derived the frequency of Thomas precession, if restricted to these
subgroups. I found that the angular frequency is quite different in these sub-
groups, due to the fact that at least one of the transformations must include
a rotation. Comparison of the classical Thomas precession frequency and
the one that is most likely to occur, 2k, shows that while both are linear
in the acceleration, they both behave very differently when the velocity of
the electron is changed, as long as the velocity is non-relativistic. As such,
a further (experimental) study of the Thomas precession could lead to a dif-
ference between the observed and theoretical precession frequency and thus
a hint to which subgroup is the symmetry group of nature.
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