
University of Groningen
Faculty of Mathematics and Natural Sciences
Zernike Institute for Advanced Materials
Research group: Physics of Nanodevices
Subgroup: Physics of Quantum Devices

Simulating the Emission of
Spontaneous Spin-Flip Raman
Photons from Ensembles of

Donor-Bound Electrons in n-GaAs

Master’s thesis in experimental physics by:
Sébastien F.P. Volker

Group leader: prof. dr. ir. B.J. van Wees
Subgroup leader: prof. dr. ir. C.H. van der Wal

Supervisors: prof. dr. ir. C.H. van der Wal, J.P. de Jong MSc.
Referent: dr. T.L.C. Jansen
Completed: March 2015

Credits: 60 ECTS





Abstract

To create spin-photon entanglement for quantum information science pur-
poses, we study three-level lambda systems in an ensemble of electronic spins
in silicon-doped GaAs. This thesis simulates the rate, spectral width, and
nature of the spontaneous light emission (SLE) spectrum at (near-) resonant
excitation. Two models are used: a master equation model of the density
matrix, and a third-order perturbative approach of the density matrix that
distinguishes between (spin-flip) Raman and fluorescence light. For both
models, we find strong SLE signals, which deplete the pump beam for the
parameters of our system. We obtain a total SLE scattering cross-section of
4 µm2 using the perturbative approach. A strong effect of pure dephasing
of the excited state is found; Raman dominates fluorescence for zero pure
dephasing, but fluorescence dominates for pure dephasing rates larger than
half the population relaxation rate. We further find that Raman photons
have the width of the ground-state broadening, whereas fluorescence has a
typical width of several times the homogeneous broadening of the excited
state, the additional broadening being caused by the excited-state inho-
mogeneous broadening. To obtain a further understanding of the Raman
spectrum, off-resonance Raman scattering, the Brownian oscillator model,
and stimulated Raman scattering could be studied.
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Introduction

Ever since the establishment of the theory of quantum mechanics in the early
20th century, physicists have been curious to research the consequences of
its peculiar principles. Numerous new research areas have emerged since,
one of them being quantum information science, a rapidly developing in-
terdisciplinary field with promising applications. The field strives to bene-
fit from quantum mechanical principles in information communication and
processing. Two major applications are quantum encryption and quantum
computing. The first allows for secure communication by using the idea
that measuring a quantum system interferes with that system, thus mak-
ing eavesdropping on quantum communication impossible. The latter can
be used to solve specific problems that with a regular computer are funda-
mentally impossible or would take too much computing time. Both would
have a profound impact on academia and society, and are therefore studied
worldwide in numerous renowned research groups.

An essential element of quantum information science is to be able to
create and control multiple quantum bits (qubits), and to entangle them,
thus making the states non-locally correlated. Quantum bits are similar to
regular bits, with the fundamental difference that they can also exist in a
linear superposition of the 0 and 1 state. Possible qubits to be used are
photons (e.g by using its polarization) and matter (e.g. by using the spin
of an electron). Photonic qubits travel fast and have little interaction with
the environment, allowing for quick and almost lossless transportation of
information [1]. Electronic spin qubits can be used to create a quantum
memory: storing the information locally and, if applicable, carrying out
quantum logic operations, after which the information can again be released
and transported in the form of a photon. Since combining storage and
transportation of qubits is important in order to realize applications [2], the
interaction between photonic and electronic qubits is an important area of
research. This light-matter interaction is studied in materials that have a
strong interaction with photons and that have a coherence time long enough
to perform the necessary operations without losing the information [1].

To create this spin-photon entanglement, we at the Quantum Devices
team of the University of Groningen study an ensemble of electronic spins
in a solid state environment, using silicon-doped gallium arsenide (GaAs).
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The extra electron of the silicon donor functions as a spin localized in a
solid-state environment, with practically no interaction between the donors.
Whereas single spin qubits in both solid and non-solid environments have
been extensively studied, and spin ensembles have mostly been studied in
quantum gases, research on spin ensembles in solid-state systems is a rather
unexplored area. Even though solid-state ensembles suffer from strong inter-
actions with the environment, limiting coherence times, it also offers certain
attractive advantages: it is easy to fabricate by making use of existing fab-
rication techniques, it allows for scaling, and ensembles have a strong inter-
action with photons. In addition, the collection efficiency of outgoing light
is expected to be high due to collective enhancement, being multiple orders
of magnitude higher than for single donors in a solid-state environment [3].

We can manipulate the spin levels of our system through laser excitation,
by coupling the spin-split ground state to a donor-bound exciton, forming
a so-called lambda system. We are particularly interested in preparing the
ensemble in the spin ground level and then producing a spin flip, which
results in an outgoing Stokes Raman photon, creating the wanted photon-
spin entanglement. The spontaneous light emission (SLE) spectrum will,
however, also contain fluorescence photons in the resonant-excitation regime
that we operate in. This thesis therefore provides a quantitative description
of the complete SLE spectrum. In the simulations, we investigate the ratio
of outgoing SLE photons to incoming pump beam photons, thereby gaining
insight into the workings of the lambda system, and the nature, rate and
spectral width of the spontaneously emitted photons. This can be used to
design and interpret our experiments on detecting SLE light, especially for
filtering the SLE light from the strong pump laser beam.

We evaluate spontaneous light emission for two different models, with
increasing complexity and increasing insight into the underlying physical
processes of fluorescence and Raman scattering. Whereas theoretical mod-
els to calculate Raman and fluorescence light exist in advanced chemistry
spectroscopy, and are mainly used to find vibrational levels of molecules [4],
this thesis applies and modifies these models to describe spin-flip Raman
scattering in our solid-state ensemble.

Outline of the thesis
In chapter 1, the necessary background for the thesis will be given, ex-

plaining the three-level lambda system, spontaneous light emission, Raman
scattering, and the density matrix. In chapter 2, the master equation of the
density matrix will be used to approximate the production of spontaneous
light emission. In chapter 3, we examine spontaneous light emission in a
perturbative approach, splitting it in a Raman and fluorescence component.
We end with conclusions and recommendations for future research.

Fundamental constants that are used in the thesis can be found in Ap-
pendix A.1. SI-units are used throughout the thesis.
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Chapter 1

Background

1.1 The Three-Level Lambda System
The energy structure of the Si-donor in GaAs is a lambda system, shown
in figure 1.1a below. In a non-zero magnetic field, it consists of a spin-split
ground state (levels |g〉 and |s〉), and an excited state (level |e〉), forming the
Λ shape. The ground state is formed by the donor-bound electron, whereas
the excited state is a donor-bound exciton. Both the spin ground levels |g〉
(spin up ↑) and |s〉 (spin down ↓) couple optically to the excited state |e〉, but
not to one another. The strength of the applied optical field is represented
by the Rabi frequency Ωp (≡ E µge

h̄ , with E the electric field strength and µge
the transition dipole moment) [5]. The field can be applied with a certain
detuning ∆ from level |e〉. Population between the spin-split ground levels
can be transferred optically via the excited state, or by relaxation between
the levels.

(a) (b)

Figure 1.1: The three-level lambda system and its parameters of interest.
There are also intermediate states, and higher lying excited states for the
system, but these are of lesser interest for this thesis and are thus not por-
trayed in the figure. The diagrams were made using reference [1].
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Several parameters are of interest when modelling such a lambda system.
These are the population relaxation rates Γ, homogeneous dephasing rates γ,
the Rabi-frequency Ωp of the applied laser, and the laser detuning ∆. Figure
1.1 shows these parameters in the lambda system. In principle, there is a
relaxation and dephasing rate between every two energy levels, though some
population relaxation rates are practically zero for our lambda-system and
are thus not portrayed in the figure. For the dephasing rates, the relation
γnm = γmn is generally valid, for any levels |n〉 and |m〉 [5].

The parameters have specific values for our Λ-system, which are listed
in Appendix A.2. These values are used in the simulations throughout the
thesis unless otherwise indicated.

1.2 Spontaneous Light Emission
Spontaneous light emission (SLE) is a process in which a system sponta-
neously decays into a state of lower energy through emittance of a photon.
We consider contributions to the SLE spectrum that have a frequency of
the emitted photons that is shifted from the frequency of the incoming
pump beam. We can discern between two types of contributions in this
case, namely fluorescence and Raman light. Both are third-order nonlinear
processes, but the Raman photons result from a direct coherent scattering
process, whereas fluorescence is an incoherent sequential process that can be
viewed as excitation followed by emission, where the emission occurs after
phase relaxation (loss of coherence) in the excited state [6,7]. In the regime
close to resonant excitation, Raman and fluorescence will both contribute to
the SLE spectrum, while in the far off-resonance regime, only Raman light
plays a role [6]. Raman scattering is further explained in section 1.3.

To detect the SLE photons, we filter them from the much stronger pump
beam light using a cavity, which has spectral modes with a certain spectral
width. To optimize filtering, it is therefore important to know what ratio of
outgoing SLE photons to incoming pump beam photons can be expected,
and to know the spectral width of the SLE photons.

Considering filtering techniques in our experiment, the Raman photons
are of higher interest than the fluorescence photons. This is because Raman
photons are emitted almost instantly at predictable times, are expected to
have a smaller linewidth [6] and, in the case that stimulated effects occur,
are expected to have more directionality (see section 1.3). This is beneficial
because we want to have as high as possible detection efficiency of the SLE
photons that get emitted. Fluorescent light, on the other hand, is always
sent out randomly in all directions at unpredictable times, and is thus more
difficult to collect. Despite the unwanted contribution of fluorescence in the
resonant excitation regime, we focus on this regime in order to maximize
the Raman photon rate.
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1.3 Raman Scattering
Raman scattering is the inelastic scattering of a photon, meaning that the
outgoing photon has a different energy than the incoming photon. A Stokes
Raman photon has a lower energy than the incoming photon, whereas an
anti-Stokes Raman photon has a higher energy than the incoming photon.
Stokes and anti-Stokes scattering are illustrated in figure 1.2. Generally,
the emission intensity of Stokes photons is higher than that of anti-Stokes
photons, because more population is in the lowest ground state level in equi-
librium [4]. Raman scattering does not have to take place near a stationary
energy level, it can also go via a virtual energy level. 1 Generally, Raman
scattering is considered a weak event; a pump beam photon is Raman scat-
tered with a probability of about 10−7 − 10−6 [8, 9], even though it is hard
to generalize this probability for all systems and experimental situations.

Figure 1.2: Stokes and anti-Stokes photons compared to an applied field with
frequency ωp. The solid black lines represent stationary energy levels of the
system, the dashed line is either a virtual or stationary energy level.

Raman scattering experiments can be performed in both the off-resonant
and resonant excitation regime. Intensities of Raman light are much more
intense in the resonance regime, reported up to a factor 106 as compared to
non-resonant excitation [10], but an advantage of the off-resonance regime
is that fluorescence does not contribute to the signal. We operate in the
resonance regime and fluorescence will thus also play a role (see chapter 3).

We use Raman scattering to determine the transfer of population be-
tween our two spin states, thus knowing when a spin-flip has occurred in
the ensemble. This is referred to as spin-flip Raman scattering (SFRS). 2

1A virtual energy level used in Raman scattering is required to have an energy above
level |g〉 of more than ten times the energy splitting between levels |g〉 and |s〉 [8].

2 Raman spectroscopy is commonly used to find information about the vibrational
levels of molecules [4]. Nonetheless, spin-flip Raman photons have been experimentally
observed in numerous solid-state environments, including a GaAs sample [11].

5



1.3.1 Spontaneous & Stimulated Raman

A distinction can be made between spontaneous and stimulated Raman light
[12]. Spontaneous light emission can be viewed as stimulated emission by the
vacuum field, whereas stimulated light emission results from the stimulating
effect of an optical field [13]. For Raman scattering, this means that a
second optical field (with the same frequency as the scattered Raman light)
can stimulate the process of Raman scattering.3 This second optical field can
be applied, or it can result from Raman generation and amplification, where
the spontaneous Raman contributions from some scattering centers act as
a stimulating Raman field for other scattering centers in the ensemble, an
effect which has also been experimentally observed (see e.g. reference [14]).

Comparing stimulated and spontaneous Raman scattering, the intensity
of stimulated Raman can be many orders of magnitude higher than that
of spontaneous Raman scattering, reported up to several tens of percent
of the incident light intensity [8]. Also, stimulated Raman light has clear
directionality of emission, due to stronger emission in the direction parallel
to the laser beam. Raman light is therefore emitted in small cones of a
few degrees forwards and backwards along the laser beam [8]. In contrast,
spontaneous Raman light is emitted uniformly in random directions [9].
Finally, stimulated Raman scattering is also expected to have a smaller
linewidth than spontaneous Raman scattering [8, 9].

In our experiment, we illuminate the sample with one pump laser only,
and hence we would expect a spontaneous Raman signal. We therefore take
the intensity of the Raman signal to scale linearly with the intensity of the
incoming laser beam and with the number of donors in the sample, as is gen-
erally done for spontaneous Raman scattering [6, 12]. We should, however,
note that it is possible that Raman amplification takes place. The sponta-
neous regime passes into the stimulated regime for powers of the incident
radiation greater than a certain threshold, or for propagation lengths inside
the medium greater than a minimum one [9]. The Raman gain, the factor
governing the stimulated effect, will e.g. depend on the dipole moments, life-
times, and geometrical properties of the sample, such as the donor density
and its shape [8].4 In order to include stimulated effects in the calculation,
it is always necessary to first find expressions for the initial spontaneous
Raman process [4]. This is what will be done in this thesis; to theoretically
calculate Raman gain factors and consequently include possible Raman am-
plification effects in our sample is beyond its scope.

3There are multiple (stimulated) Raman techniques, a good overview of the different
Raman type processes and its characteristics is given in reference [12].

4The stimulated Raman signal can be determined directly from the spontaneous Ra-
man signal intensity by knowing the Raman gain factor, the interaction pathlength, the
absorption coefficient, and the intensity of the incoming laser beam. Exact descriptions
of this are given in references [8, 9].
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1.4 The Density Matrix & its Master Equation
The density matrix is used to describe quantum systems in a mixed state,
which is a statistical ensemble of several quantum states [5]. It is used for
systems whose exact wave function cannot be monitored due to nondeter-
ministic interactions with the environment, and where the system can thus
only be described statistically. It describes the system for certain known
quantum states (the energy eigenlevels in our case), and sees the rest of the
effects in the system as the environment/bath, relaxing the known quan-
tum states. It therefore makes use of phenomelogical parameters, such as
dephasing and relaxation rates, which represent the influence of the bath on
the energy levels. We use the density matrix to describe a single lambda
system with phase and population relaxation, that gets perturbed by an
optical field.

Abstractly, the density matrix is a Hermitian quantum mechanical oper-
ator, that can be represented by a 3 × 3 matrix for our three-level system,
as shown in equation 1.1:

ρ̂ =

ρgg ρgs ρge
ρsg ρss ρse
ρeg ρes ρee

 (1.1)

The diagonal elements represent the level populations, whereas the off-
diagonal elements represent the coherences [5].

Density-Matrix Master Equation

The set of equations that describes the time evolution of the density matrix
is known as the master equation, and can be expressed as follows [1, 2]:

dρ̂

dt
= − i

h̄
[Ĥ, ρ̂] + L̂(ρ̂)relax (1.2)

Here Ĥ is the Hamiltonian that describes the system interacting with
the optical field(s), and L̂(ρ̂)relax is the Lindblad superoperator that de-
scribes the relaxation and decoherence in the system. Descriptions of these
operators for our three-level lambda system are given in references [1,2,15].
For a stationary situation, the time-derivative of the density matrix can be
set to zero, which is the case when considering continuous-wave pumping
in chapter 2. The resulting expressions for the stationary elements of the
density matrix are expressed for a single three-level lambda system in the
density-matrix simulation program in Appendix F.
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Chapter 2

Master Equation Model of
Spontaneous Light Emission

In this chapter, we evaluate spontaneous light emission (SLE) via the |e〉
- |s〉 transition of the Λ-system, by applying a (detuned) pump laser with
Rabi frequency Ωp on the |g〉 - |e〉 transition. We do so by using the master
equation of the density matrix, a set of equations that describes the time
evolution of the elements of the density matrix. We estimate the SLE photon
rate by determining the population of the excited state ρee, and multiplying
it with the population decay parameter Γes (which gives the population
decay from level |e〉 to |s〉). Both continuous-wave (CW) laser excitation
and pulsed laser excitation are considered. The first is easier to simulate,
the latter more closely resembles our experimental set-up of interest.

The total SLE signal emitted from the ensemble is taken to be the sum of
the contribution of each illuminated donor, as explained in section 1.3.1. The
number of illuminated donors is estimated to be N ≈ 2 · 104 (see Appendix
B.1.1).

2.1 Continuous-Wave Pumping
In this section, we evaluate the production of spontaneous light emission in
a stationary situation, so when a continuous-wave (CW) laser drives the |g〉
- |e〉 transition of the Λ-system. The advantage of this approach is that the
time derivatives for the separate density matrix components in the master
equation can be set to zero, simplifying the calculation.

Below, we first calculate the pump beam photon rate and explain how
the SLE photon rate is obtained. We then make plots of the efficiency of
the SLE photon production, by considering the ratio of the SLE to pump
beam photon rate.
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2.1.1 Pump Beam Photon Rate

Using formulae for the electric field and the intensity I in the material, we
can calculate the number of photons that are sent into the medium per
second (Γpump), for a certain Rabi-frequency Ωp. The exact calculation is
shown in Appendix B.1.2, the result is as follows:

Γpump = I π r2

Ephoton
=
ε0 h̄Ω2

p nλ r
2

4µ2
ge

(2.1)

where,

µge = 2.56 · 10−28 dipole moment between |g〉 and |e〉 [C m]
n = 3.5 index of refraction of the material
r = 5 · 10−6 radius of laser spot at the sample [m]
λ = 818.7 laser wavelength |g〉 - |e〉 transition [nm]

Upon filling in the parameters, this becomes Γpump = 1.04 ·10−3 Ω2
p . Taking

e.g. an Ωp value equal to 0.01 GHz, which is in the undepleted/low laser
power regime, we obtain a pump beam photon rate of Γpump ≈ 1011 photons
per second.

2.1.2 Spontaneous Light Emission Photon Rate

As mentioned, we approximate the SLE photon rate by ρee Γes. For the
regime in which Ωp is much larger than the dephasing and population decay
rates of the system (called the saturation regime), we can also model ρee in
a more simplified approach in which the coherence elements of the density
matrix are ignored (named the population rate model). This model is worked
out in Appendix D. In general, however, we often do not operate (only)
in the saturation regime, and therefore it is advised to always include the
coherences when modelling the density matrix and when determining the
SLE photon rate. We shall also do that here, since we consider different
regimes of Ωp.

2.1.3 Efficiency of SLE Production

Having calculated the pump beam photon rate, and having a simulation
program to determine ρee (see Appendix F), we can calculate the efficiency
of SLE production via the |e〉 - |s〉 transition. We do so by making plots
of the ratio of the SLE photon rate to pump beam photon rate, versus
either the off-resonance detuning or the Rabi frequency of the pump beam.
Varying the detuning means that we are scanning the pump laser over the
|g〉 - |e〉 transition, whereas changing the Rabi frequency effectively means
that we adjust the power of the pump beam.

9
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Figure 2.1: Ratio of the SLE photon rate to pump beam photon rate versus
the detuning of the pump beam for Ωp = 0.01 GHz, for a single donor. A
positive detuning means we are applying a frequency with more energy than
the transition energy.

In figure 2.1, we show a typical plot of the ratio of SLE to pump beam
photons versus the detuning of the pump beam, as obtained by using sim-
ulations of the density matrix at a Rabi frequency of Ωp = 0.01 GHz. 1 It
is clear that a maximum appears at the resonance frequency, when most
photons get absorbed and re-emitted. The lineshape is Lorentzian, and the
full-width at half-maximum (FWHM) is 15 GHz 2, as expected, since this
is equal to twice the dephasing rate of the excited state, which is generally
what we expect for the lineshape of absorption and emission spectra [5].

Figure 2.1 is for a single donor, so to find the ratio for the ensemble, we
need to multiply this ratio of SLE to pump beam photons with the number of
donors that get illuminated. However, this would lead to a ratio higher than
1, which is of course physically impossible. The SLE production efficiency
shows to be quite high, meaning that the pump beam gets depleted for the
ensemble. This would need to be taken into account to obtain a correct

1This is the width in angular frequency, meaning that Ωp = 0.01 GHz should be read
as Ωp = 2πf , with linear frequency f = 0.01/2π GHz. All the frequencies and spectral
widths in this thesis are reported as angular frequencies; this is because the density matrix
uses angular frequencies.

2The FHWM is equal to two times the sum of the parameters 1
2 (Γeg + Γes) + γ̂e

∗ as
mentioned in Appendix A.2.
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Figure 2.2: Ratio of the SLE to pump beam photon rate versus Ωp of the
laser, applied at resonant laser excitation for a single donor.

emission profile of the ensemble.
We can also make a plot with the Rabi-frequency of the pump beam as

the independent variable. We do this at resonant excitation of the pump
beam and for a single donor. The resulting plot is shown in figure 2.2.
We see that the ratio is highest for low Rabi-frequencies; for higher Rabi-
frequencies, we saturate the system such that population builds up in the |s〉
level due to the relatively slow population decay parameter Γsg. The pump
beam photon rate does keep increasing, hence the decrease in the ratio of
the two factors for high Rabi-frequencies.

Figures 2.1 and 2.2 were made using parameter values of our three-level
lambda system, as listed in Appendix A.2. The influence of the parameter
values for the population relaxation rates and the dephasing rates is investi-
gated in Appendix E, where more plots like figure 2.1 are made for varying
values of the parameters.
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2.2 Pulsed Pumping
For pulsed pumping of the laser, the goal is to obtain expressions for the
populations of the density matrix as a function of time. As input parameters,
we have the following:

• Initial conditions for ρgg, ρss and ρee (at time t = 0)
• Total simulation time T
• Timestep dt for the simulation
• Moment in time t_on when the pulse is applied
• Duration T_on of the pulse
• Rabi Frequency Ωp of the pulse (on the |g〉 - |e〉 transition)

To simulate the time-dependent situation, we use the following linear ap-
proximation to calculate the level populations at each moment in time:

ρ(t+ dt) = ρ(t) + ∂ρ

∂t
‖t · dt (2.2)

We use equations D.1 - D.3 from the population rate model to calculate the
differential ∂ρ

∂t
‖t, thereby also ignoring coherences at the moment. There-

fore, we need to apply a strong Rabi-frequency of the laser pulse, in the
saturation regime of optical pumping. 3 In addition, we need to choose a
suitable timestep dt, which has to be smaller than 10−11 s to ensure accu-
rate results (to see why this value is chosen, see Appendix B.2).

We use equation 2.2 to simulate the time-dependent level populations,
and calculate the number of SLE photons emitted by integrating ρee Γes over
(the simulation) time. We can then plot the cumulative number of emitted
SLE photons versus time. A plot of the time-dependent level populations
and the cumulative SLE photons is shown in figure 2.3 for a single donor.
For this plot, we applied a laser pulse with a Rabi frequency of 10 GHz
(in the saturation regime, so that the population rate model applies) and a
duration of 30 ns.

We can nicely see the variation of the level populations when we apply
the laser pulse. Starting in the thermal equilibrium populations of the three
levels, nothing changes until a laser pulse is applied after 10 ns, which lasts
for 30 ns. In the time that the pulse is applied, population is brought to
the excited state, from which it starts decaying, thus producing the SLE
photons on the |e〉 - |s〉 transition. Once the pulse is turned off (at time
= 40 ns), the |g〉 and |s〉 populations are seen to slowly go back to their
equilibrium populations. The excited state population already drops to its
equilibrium population of 0 before the pulse is turned off, which is because
of the strong decrease of population in level |g〉, consequently resulting in a

3For an accurate situation of pulsed pumping for low Rabi-frequencies, the coherences
would need to be included in the program.
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Figure 2.3: (a) Time-dependent level populations when applying a 30 ns laser
pulse of Rabi frequency 10 GHz to the system after 10 ns. (b) Cumulative
number of SLE photons emitted versus time for a single donor.

decrease of population that can be pumped to level |e〉. Population builds
up in level |s〉, which is due to the relatively low population relaxation rate
Γsg. This shows that we operate in the saturation regime.

We see that the expected value of the cumulative number of SLE photons
emitted is approximately 0.6 for a single donor (approximately equal to the
initial ground state population), and does not increase much anymore after
the first 20 ns in which the pulse is applied. This shows that we have
saturated the system by building up population in the |s〉 level, and more
SLE photons can only be emitted if the pulse is applied long enough such
that population relaxes back to level |g〉.

The estimated amount of donors that gets illuminated is 2 · 104 (see
Appendix B.1.1), so to obtain an expected value of 1 photon from the en-
semble, we would need to operate at lower powers of the laser, or apply
shorter pulses. As the timescales of the system then get in the regime that
the population rate model does not apply anymore, simulating this case
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would not give reliable results with the present model. We would need a
full time-dependent simulation of the density matrix. This case was not
simulated due to the increased complexity of this model, and because of the
overall limitations that the master equation model has, as explained in the
following section.

2.3 Limitations of the Master Equation Model
As was mentioned in the previous sections, the master equation model of
spontaneous light emission as presented here has certain limitations. For
continuous-wave pumping, we find that the assumption of an undepleted
pump beam is not valid when considering the entire ensemble at excitation
with low laser powers. It is still accurate to predict the level populations,
but would need to be adapted to take into account depletion of the pump
beam. For pulsed pumping, we used the population rate model, which only
gives correct values for laser powers in the saturation regime of the lambda
system.

Another limitation of the model is that it also does not distinguish be-
tween homogeneous and inhomogeneous dephasing. Even though the density
matrix is modelled for a single lambda-system, it uses the dephasing param-
eters of the ensemble, so the inhomogeneous dephasing rates of the |s〉 and
|e〉 levels. The total SLE photon rate is then obtained by adding the contri-
bution of all donors. More accurately, homogeneous dephasing parameters
should be used for individual donors, and inhomogeneous dephasing should
then be added when considering an ensemble.

The limitations just mentioned could in principle be overcome. However,
the master equation model has several more severe fundamental limitations
to determine the SLE spectrum that we are interested in. First of all, since
SLE is modelled by considering light that is emitted as a consequence of
having first been in an excited state population, it cannot be an accurate
model for Raman light. This is because Raman light results from a scattering
event, rather than that a pump beam photon is first absorbed in the excited
state, as is the case for fluorescence. It therefore seems more appropriate to
consider the estimated SLE with this model as fluorescence light. A strong
limitation of the master equation model is thus that it cannot distinguish
between Raman and fluorescence components.

Moreover, the model ignores the quantum nature of the spontaneously
emitted photons. It is relevant to take this into account, because the SLE
field mode is initially empty, and its quantized nature will thus play an
important role [6]. The pump beam, on the other hand, can be treated
classically, because it has many photons initially.

Another limitation of the master equation model is that it cannot be used
to determine the width of the SLE emission spectrum. This is important to
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know when filtering the SLE spectrum from the pump beam light.
Furthermore, this approach does not allow for properly including stim-

ulated effects in the calculation. Stimulated effects will play an important
role in ensembles, especially when using elongated waveguides instead of
thin samples.

The mentioned limitations are solved in chapter 3, where we take into ac-
count the quantum nature of the SLE field, distinguish between Raman and
fluorescence processes, accurately model homogeneous and inhomogeneous
dephasing, and find spectral widths for the emission spectra. This approach
also opens the way to include stimulated emission effects in determining the
SLE spectrum.
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Chapter 3

Fluorescence versus Raman
Spontaneous Light

So far, we have considered the master equation model to simulate the spon-
taneous light emission (SLE) from our Λ-system. In this method, there is
no distinction between a Raman and a fluorescent component, but since the
outgoing SLE light results from the system first having been in a popula-
tion (ρee), it is most appropriate to consider this as fluorescence. In reality,
however, an SLE spectrum at resonant excitation will consist of both flu-
orescence light as well as scattered Raman light. In this chapter, we treat
spontaneous light emission as a quantized field, and show the differences
between Raman and fluorescence light, to determine their photon rates and
spectral widths separately for our three-level lambda system.

The underlying theory of the approach in this chapter is that of quantum
field theory, and uses a quantum mechanical description of the signal field,
combined with a classical description of the incoming laser field [6, 12]. 1 A
quantum treatment of the SLE field is necessary because it has zero photons
initially, and through vacuum fluctuations of the radiation field, it has a
single photon at the end of one SLE process [6]. The method and results
presented here are for the resonant Raman regime, thus when exciting the
system with the pump laser near resonance of the |g〉 - |e〉 transition. 2 We
apply and modify the approach by Shaul Mukamel and Eric Olaf Potma as
presented in references [6, 12].

We make use of a perturbative expansion of the density matrix to con-
sider the third-order nonlinear process of SLE. The model is valid for all
practical laser intensities in spectroscopic set-ups [12]. 3 Furthermore, it is

1Some literature (e.g. reference [12]) also reports a classical solution to the SLE photon
rate, but this is mainly used for qualitative descriptions. Also, the classical model does
not work at resonant excitation [12].

2The method for the non-resonant Raman regime is somewhat different, see chapter
14 of reference [6] for the theoretical approach to this situation.

3The applied field must be much weaker than the electric field that binds the electron
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assumed that the system consists of a collection of small non-interacting
particles [6], which is a valid assumption for our system, since the concen-
tration of Si-donors is such that the individual donors do not interact with
one another.

3.1 General expressions for SLE
For stationary SLE experiments (continuous-wave pumping), we can write
an expression for the total power Is(ωL) of the spontaneous light emission
field in terms of the differential scattering cross-section σSLE(ωL, ωS), where
σSLE(ωL, ωS) dωS is defined as the number of photons emitted between ωS
and ωS + dωS per unit time, divided by the incident photon flux [6, 12]:

Is(ωL) =
∫ ∞

0
Is(ωL, ωS) dωS = I0(ωL) d ρ0

∫ ∞
0

σSLE(ωL, ωS) dωS (3.1)

Here I0(ωL) is the incident power, d is the interaction pathlength, and
ρ0 is the number density of donors. This equation assumes that the power
of the incident beam is independent of the pathlength through the sample,
thus assuming an undepleted pump beam. The differential scattering cross-
section can be expressed as follows [6, 12]: 4

σSLE(ωL, ωS) = 〈cos2θL〉〈cos2θS〉
ωL ω

3
S

π2 ε20 h̄
2c4 SSLE(ωL, ωS) (3.2)

Here SSLE is the quantum mechanical heart of the equation and con-
tains the nonlinear response function for the system, which can be found by
solving the density matrix of the system interacting with the light fields in
a perturbative approach to third-order. The 〈cos2θ〉 terms represent aver-
aging over molecular orientations, where θ is the angle between the molec-
ular dipole moment and the electric field polarization. For our system, the
〈cos2θ〉 terms are 1, since we have a centrosymmetric system, and because
the optical selection rules can be applied such that the dipole moment is
always aligned with the electric field vector for the whole ensemble [1].

The equations above allow us to calculate the ratio of SLE to pump
beam photons that we are interested in. To find an outcome, we need to
solve for the central term SSLE , which can nicely be represented by use
of double-sided Feynman diagrams [6]. 5 It shows to be possible to split
the function into a Raman and fluorescence (FL) component, as follows:
SSLE(ωL, ωS) = SRaman(ωL, ωS)+SFL(ωL, ωS). In section 3.2, we will work
out SSLE and show how to divide the components.
to the atom, which would correspond typically to a laser field of ∼ 1014 Wcm−2 [12].

4For a dimensional analysis of the (differential) scattering cross-section and the reponse
function SSLE , see Appendix B.3.

5For background information on double-sided Feynman diagrams, see e.g. [5, 6, 8, 16].
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3.2 SLE Response Function for the Three-Level
Lambda System

We express the SSLE function for a system with two electronic states (a
ground state and an excited state), which can each contain multiple levels [6].
In our case, the electronic ground state has two spin-split levels, and we
assume a single excited-state level.

As mentioned, spontaneous light emission is a third-order nonlinear pro-
cess, and will therefore contain four matter-light interactions (if the last
read-out emission interaction is also counted as one). In general, there are
many Feynman diagrams for this situation, but the number of diagrams can
be reduced by use of the rotating-wave approximation (RWA) and by taking
into account the following arguments [6]:

1. Because the first interaction represents photon absorption, it must be
with the ωL mode, since the ωS mode has zero photons initially.

2. The last interaction must be with ωS , as this is the emitted signal.
3. Two interactions must be with the ωL mode (cancelling each other

out), and two with the ωS mode (one of which is the last emission
interaction), to ensure that the total emission is of the ωS mode.

4. For each mode, there must be an interaction on either side of the
diagram, thus on both the bra and ket side, in order to end up in a
population of level |s〉.

In total, 6 pathways are now left that contribute to the SLE process [6].
Three of these are the complex conjugates of the other three. In figure 3.1,
we show the three relevant diagrams that are left.

We express the function SSLE in terms of the contribution of the different
Feynman diagrams, as follows [6]:

SSLE(ωL, ωS) =
∑
g,s

P (g)Ksg(ωL, ωS) (3.3)

Ksg(ωL, ωS) = Ki +Kii +Kiii (3.4)

Here Ki, Kii and Kiii are the contributions from the three Feynman di-
agrams (and its three complex conjugates). The summation in equation 3.3
is over all ground state levels, where g represents the initial level, and s the
final level after the SLE process. The equilibrium population of the initial
level g is represented by P(g). For our experiment, we are interested in the
situation that all population is initially optically pumped to the ground state
level |g〉. Hence, we ignore contributions coming from possible population
present in level |s〉. Also, we take the initial level g to be |g〉 and the final
level s to be |s〉; we thus ignore contributions that have level |g〉 as both its
initial and final energy level in the SLE process (which is elastic Rayleigh
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Figure 3.1: Feynman diagrams for spontaneous light emission in a three-
level lambda system. The figure is taken from source [6], but is adapted to
match our system.

scattering and fluorescence). The summation in equation 3.3 then becomes
irrelevant, and we can fill in P (g) = 1.

The K-contributions for the different diagrams are expressed in equa-
tions 3.5 - 3.7 for a homogeneously broadened system, and when added up
give the SSLE function that we are interested in.

Ki = −i µge µes µse µeg
1

ωeg − ωL + iγeg

1
ωee + iΓe

1
ωes − ωS + iγes

+ c.c.

(3.5)

Kii = −i µge µes µse µeg
1

ωeg − ωL + iγeg

1
ωee + iΓe

1
−ωes + ωS + iγes

+ c.c.

(3.6)

Kiii = −i µge µes µse µeg
1

ωeg − ωL + iγeg

1
ωsg + ωS − ωL + iγsg

×

1
−ωes + ωS + iγes

+ c.c.

(3.7)

In these equations, γeg is the homogeneous dephasing rate between levels
|e〉 and |g〉 (and similarly for the other levels), whereas Γe is the population
relaxation rate of level |e〉. ωeg is defined as ωe − ωg. The homogeneous
dephasing rate γeg is defined as γeg = 1

2 Γe + 1
2 Γg + γ̂e + γ̂g, where γ̂e is the

homogeneous pure dephasing rate of level |e〉.

19



Splitting the Raman and Fluorescence Components

We now split the diagrams into a Raman and a fluorescence component.
In diagrams (i) and (ii), we see that the system is in a population of level
|e〉 after two interactions, after which it takes two more interactions to end
up in level |s〉. Because the system has first been in the population of the
excited state, these two diagrams contribute to the fluorescence component
of the SLE signal. Diagram (iii) is in a coherence of |g〉 and |s〉 after two in-
teractions, and is never in a population of |e〉. This diagram is thus expected
to be the Raman component. However, it has a fluorescence component as
well [6]. To split diagram (iii) into a Raman and fluorescence component,
we look at the second fraction in equation 3.7 (containing the coherence
between the two ground state levels |g〉 and |s〉) and split it into a real and
imaginary part. The imaginary part (an absorbent-type contribution) then
represents the fluorescence part, while the real part (a dispersive-type con-
tribution) is the scattered Raman part of the equation. In equation 3.8,
this splitting is shown, where the first term is the fluorescence part, and the
second term is the Raman part.

−i
ωsg + ωS − ωL + iγsg

= −i (ωsg + ωS − ωL)
(ωsg + ωS − ωL)2 + γ2

sg

+

−γsg
(ωsg + ωS − ωL)2 + γ2

sg

(3.8)

For fluorescence, the Kiii contribution destructively interferes with the
sum of the Ki and Kii terms. This can even lead to a vanishing fluorescence
signal in the case of zero pure dephasing γ̂e = 0 (and γsg = 0, as explained
in section 3.3.4) [6].

By knowing how to divide the Feynman diagrams into a Raman and a
fluorescence component, we now have the tools to split the SSLE function
into a Raman and fluorescence part (according to equation 3.3), and there-
fore also to find the separate intensities and cross-sections of the Raman and
fluorescence signals (using equations 3.1 and 3.2).

Inhomogeneous Broadening

Up to now, only homogeneous broadening mechanisms have been considered.
However, due to a spatially inhomogeneous nuclear spin field and local strain
in the GaAs sample, inhomogeneous broadening will also play a role. Spatial
(or static) inhomogeneity means that donors at different positions in the
ensemble have varying energy splittings due to the different environment
they see, but that the energy splittings of the donors remain constant over
time. We use Gaussian distributions for these varying energy splittings,
whose characteristic widths are determined from spectra of our experiments

20



[1]. We can find the inhomogeneously broadened spectrum by integrating the
final expression for the cross-section over the transition frequency between
two energy levels according to this distribution [5, 6].

We consider inhomogeneous broadening in both the excited state level
|e〉 and in the spin state level |s〉 (level |g〉 is fixed by convention). Effec-
tively, this means that there is an additional broadening in all the energy
separations ωeg, ωes and ωsg. The average splittings are denoted as ωavgeg ,
ωavges and ωavgsg .

The numerical methods used to incorporate inhomogeneous broadening
in the calculations are explained in Appendix B.5.
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3.3 Results & Discussion of SLE Spectra
In this section, we present the results of the SLE emission spectra and
rates for an inhomogeneous ensemble of lambda systems, for the Raman
and fluorescence components separately. 6 We find the emission spectrum
of ωS photons by plotting the scattering cross-section versus the frequency
of the emitted Raman or fluorescence photons, because the intensity of the
SLE field is proportional to the scattering cross-section (see equation 3.1).

We first present the lineshapes of the Raman and fluorescence signals
in section 3.3.1, and compare their spectral widths. We then look into
the values of the scattering cross-sections for Raman and fluorescence in
section 3.3.2, comparing the two and using the cross-sections to determine
the ratio of SLE to pump beam photons. In section 3.3.3, we consider how
the SLE cross-section changes with detuning of the laser, also investigating
the change in ratio between the Raman and fluorescence components. In
section 3.3.4, we investigate the role of pure dephasing of the excited state
on the lineshapes and values of the cross-section.

3.3.1 Raman & Fluorescence Lineshapes

In figure 3.2, we show a plot of the Raman and fluorescence scattering cross-
sections as function of the frequency of the SLE field, for a fixed laser
frequency at resonant excitation (so with zero detuning compared to the
average splitting ωavgeg ). We make use of the parameters in Appendix A.2.

The Raman spectrum has a Gaussian lineshape and a full-width half-
maximum (FWHM) of 1 GHz, which corresponds exactly to the lineshape
and FWHM of the inhomogeneously broadened splitting ωsg. The fluores-
cence spectrum is broader, being a Lorentzian with a FWHM of 2.53 GHz.
The width of the fluorescence signal is a mix of the excited state homo-
geneous broadening (FWHM 1.1 GHz) and the inhomogeneous broadening
of the ground state (FWHM 1 GHz). However, this cannot account for a
FWHM of 2.53 GHz, and we thus observe an additional broadening.

This additional broadening especially becomes apparent when applying
the laser with a large detuning. Figure 3.3 shows the Raman and fluorescence
emission spectra for a -20 GHz detuning. The Raman FWHM is still exactly
1 GHz. The fluorescence FWHM is, however, even larger now, being 2.83
GHz. Also, we see that while the Raman spectrum is still nicely symmetric,
the fluorescence spectrum shows strong asymmetry. Moreover, Raman light
is centered exactly around ωL − ωavgsg , whereas the maximum value for the
main fluorescence peak is 200 MHz detuned from that.

6The main results for a homogeneous lambda system are summarized in Appendix C.
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Figure 3.2: Raman and fluorescence differential scattering cross-sections as
function of ωS − ωavges at resonant excitation. The maximum value for the
fluorescence peak is indicated on the right side of the figure.

Figure 3.3: Raman and fluorescence differential scattering cross-sections as
function of ωS − ωavges at ωL − ωavgeg = −20 GHz. The maximum value for
the fluorescence peak is indicated on the right side of the figure.
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Figure 3.4: Schematic representation of the line broadening effects for spon-
taneous light emission. The grey bars represent the average level position of
|e〉 and |s〉, whereas level |g〉 is fixed (black bar). The homogeneous broaden-
ing is shown by the green Lorentzians for different energy splittings ωeg. The
probability distribution for these energy splittings is given by the inhomoge-
neous distribution, which is represented by the black Gaussian lineshapes.

The additional broadening can be explained by the fact that fluores-
cence emission is centered around ωeg − ωsg (= ωes) for an individual ho-
mogeneously broadened lambda system, whereas Raman is centered around
ωL − ωsg. This is because for fluorescence, the pump beam photon is first
absorbed by the excited state, after which the excited state re-emits an ωS
photon. For Raman, however, the pump beam photon is not absorbed, but
rather is scattered according to the resonance term ωsg + ωS − ωL + iγsg
(see equation 3.7), which shows that ωS has the width of the ground-state
broadening and not of the excited state [6].

We schematically explain the broadening effects using figure 3.4. As an
example, we take three homogeneous systems of the excited state within
the inhomogeneously broadened ensemble (i.e. we pick three values for the
splitting ωeg, which could represent three different donors in the ensemble).
Both Raman and fluorescence have a resonance term ωeg−ωL+ iγeg, mean-
ing that all three systems will contribute to its cross-section, even though
systems 2 and 3 contribute less because the laser excitation is in the (far)
tail of their homogeneous Lorentzians. For fluorescence, all 3 systems ab-
sorb pump beam photons. Once absorbed, the subsequent emission of the
three systems will be centered around ωeg − ωsg, which is different for all
systems. Fluorescence light thus gets emitted from all three energy levels,
causing the total fluorescence signal to be broadened. Despite the fact that
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all 3 systems contribute to its cross-section, the Raman photons will simply
be scattered, and only have the width of the inhomogeneous broadening of
the ground-state level |s〉.

Because of the distribution for inhomogeneous broadening, values for the
splitting ωeg are more likely to be closer to ωavgeg . This means that in the
ensemble, a donor with the ωeg splitting of system 2 has a higher probability
of occurrence than systems 1 and 3. Therefore, despite the fact that the
laser is resonant with system 1, system 2 also has a significant contribution.
For fluorescence, this means that when applying the laser with a certain
detuning, the lineshape will be shifted towards the average energy splitting
ωavgeg . Raman light will still be centered around ωL − ωsg.

Another remarkable result of figures 3.2 and 3.3 is that the Raman and
fluorescence spectra are quite similar in width, unlike general statements
about fluorescence light having a broad spectral width compared to Raman
light. The reasons for their similarity is that the inhomogeneous broadening
of level |s〉 is of the same order as the homogeneous broadening of level |e〉.

To distinguish between Raman and fluorescence light in experiments, we
could excite the system with a large detuning, and look for asymmetry in
the emitted light. Both asymmetry and a shift from ωL−ωsg are indications
for fluorescence rather than Raman light.

3.3.2 Emission Intensity of Raman and Fluorescence Light

The total cross-section for SLE is the integral over ωS in the plot of figure
3.2, and at resonant excitation corresponds to a value of 3.58 · 10−12 m2 for
Raman and 3.65 · 10−13 m2 for fluorescence. This is a remarkable result,
because for situations often studied in literature, the fluorescence signal is
stronger than the Raman signal, since in these cases the excited state pure
dephasing rate is stronger than the population relaxation rate (see section
3.3.4 for the role of pure dephasing) [6]. In our system, however, this is not
the case, and the Raman signal dominates the fluorescence signal by a full
order of magnitude. The total SLE cross-section is 4.0 · 10−12 m2.

Using these cross-sections, we calculate the ratio of SLE to pump beam
photons with equation 3.1, to find an average ratio per donor of 0.046 for
Raman and 0.0046 for fluorescence. 7 For the ensemble, we obtain a ratio
that is higher than 1. This is of course physically impossible, and is caused
by assuming an undepleted pump beam. When including depletion of the
pump beam, we get equation 3.9 instead, which was obtained by making the
power of the pump beam dependent on the pathlength through the sample:

Is(ωL)
I0(ωL) = 1− exp(−ρ0 d σ

total
SLE(ωL)) (3.9)

7We used the donor density ρ0 = 3 · 10 19 m−3 and the sample thickness d = 10 µm,
and divided the result by the donor number N (as calculated in Appendix B.1.1).
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Here σtotalSLE(ωL) is the total cross-section for all SLE in the Λ-system, i.e.
including light that is emitted on the |e〉 - |g〉 transition (Rayleigh scattering
and fluorescence). We have to include light on this transition, because all
SLE events will deplete the pump beam. We assume for now that SLE on
the |e〉 - |g〉 transition is equal to the light emitted on the |e〉 - |s〉 transition 8,
so that σtotalSLE(ωL) = 8.0 · 10−12 m2.

When filling in this cross-section in equation 3.9, we obtain a ratio of
SLE to pump beam photons equal to 1 for the thickness of our sample. In
experiments, we observe instead that several tens of percent of the pump
beam light is absorbed or scattered, maximally about 50%. To get a ratio of
SLE to pump beam photons of 0.5 from the simulations, the sample would
need to be 3 nm thick, rather than the 10 µm thickness of the actual sample.
We thus find a significant difference between simulations and experiments.

This difference could be caused by the choice of the dipole moments µge
and µse, which we have determined from other simulations to both be 2.56 ·
10−28 C m. Because the cross-section is proportional to the dipole moment
to the power four, changes in its value strongly affect the value of the cross-
section and thus the ratio of SLE to pump beam light. To account for the
difference in sample thickness, the dipole moments µge and µse would need
to be approximately a factor 7.5 smaller.

Comparison of Cross-Sections with Other Systems

We can compare our results with resonant excitation of an ensemble of
rubidium (87Rb) atoms, which were used for similar quantum optics experi-
ments [14]. For rubidium, dipole moments of optical transitions are reported
between 1.7 · 10−29 C m and 3.6 · 10−29 C m, and total resonant scattering
cross-sections between 1.4 · 10−13 m2 and 2.9 · 10−13 m2, which is calculated
using a model for resonance fluorescence [17]. We find that the dipole mo-
ments and scattering cross-sections in our system are roughly one order of
magnitude larger. This is remarkable, because despite the fact that rubid-
ium has dipole moments that are one order of magnitude smaller than for
our system, the cross-sections are also only one order of magnitude smaller,
and not 104 as expected because of the fourth power of the dipole moments
in the expression for the cross-section.

For molecules, the reported Raman scattering cross-sections are often
a lot lower, around 10−26 m2 [6]. The total absorption cross-section for
molecules (equal to the total cross-section σtotalSLE(ωL)) is of the order of 10−20

[6]. The difference with our GaAs system could be caused by the relatively
8Due to Fermi’s Golden Rule, we know that the fluorescence emitted on the |e〉 - |g〉

transition is equal to fluorescence emitted on the |e〉 - |s〉 transition multiplied by the ratio
µ2

ge/µ
2
se. In our case, µge = µse. Still, this is a simplified approach, as we should calculate

the Rayleigh scattered component as well. For the present analysis, this assumption is
sufficient, as it serves to show the order of magnitude of the SLE intensity.
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low dipole moments for molecules. Typical molecular dipole moments are
1-10 D (Debye), whereas it is 77 D in our case (1 D = 3.33 · 10−30 C m). Of
the 8 orders of magnitude difference between the absorption cross-section for
molecules and our system in total, one order of magnitude can roughly be
explained by the cosine terms in equation 3.2: for molecules, averaging over
molecular orientations gives a factor 1/3 for each cosine term, so a factor
1/9 in total. To explain the remaining 7 orders of magnitude, the dipole
moments would have to differ by a factor 60.

Differences in cross-sections with other systems can further be explained
by the frequency of ωL and especially ωS photons, on which the cross-section
also has a fourth-power dependency in total (see equation 3.2).

3.3.3 Cross-Section versus Laser Detuning

We investigate the total scattering cross-section as function of laser detuning
in order to see if we can optimise the ratio of Raman to fluorescence photons
by detuning the laser, trying to limit fluorescence light without reducing the
Raman photon rate by too much. In figure 3.5, we plot the total scatter-
ing cross-section versus the laser detuning for the Raman and fluorescence
components. The spectra are very similar: both Raman and fluorescence
have a Gaussian distribution with a FWHM of 15.5 GHz. The width of the
SLE spectrum when scanning the laser frequency corresponds to the large
inhomogeneous broadening of the excited state. 9

We find that the ratio between Raman and fluorescence components is
almost constant within ± 20 GHz detuning, within a few percent. This
is supported by Appendix C, in which we show that the ratio of Raman
to fluorescence for a homogeneous system is exactly constant for all detun-
ings. The few percent difference that is still observed most likely arises from
limitations in the accuracy of the numerical simulations for inhomogeneous
broadening (see Appendix B.5 for comments on this).

It therefore seems that the ratio of Raman to fluorescence photons cannot
be optimised by applying the laser with a detuning, because a large detuning
strongly limits the Raman photon rate, while not increasing the ratio of
Raman to fluorescence photons. This is a remarkable result, as we would
expect the ratio of Raman to fluorescence photons to increase when detuning
the laser, since fluorescence is a resonant effect that requires absorption
and subsequent emission by the excited state, which is not the case for
Raman scattering. A reason for this could be that the present model is
only valid at near-resonant excitation. This is because the rotating-wave
approximation is used to neglect off-resonance terms, and because the model
assumes a frequency-independent pure dephasing rate [6]. This is generally

9The inhomogeneous width of the ensemble is 15 GHz, so there is an additional broad-
ening due to the homogeneous broadening of the excited state. The FWHM is indeed seen
to increase when increasing γeg for both the Raman and fluorescence signals.
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Figure 3.5: The total scattering cross-section as function of laser detuning.

not the case, and is only a valid assumption within a few γeg of a single
homogeneously broadened system [6]. For large detunings, γ̂e is expected to
vanish [6], which means that we would expect a higher ratio of Raman to
fluorescence photons.

To find more accurate predictions for the ratio of Raman to fluorescence
intensity, the Brownian oscillator model could be investigated, which is valid
for arbitrary detunings. This model is further explained in the recommen-
dations in chapter 5.

3.3.4 Influence of Pure Dephasing γ̂e

Pure dephasing can arise in the system from e.g. a finite linewidth of the
applied laser, atom-atom interactions, and effects of the solid-state environ-
ment [18]. So far, we have presented the results for an ensemble of lambda
systems that has a small pure dephasing of γ̂e = 0.05 GHz, because for
our system the homogeneous pure dephasing rates are assumed to be a lot
smaller than the population relaxation rates (as suggested by chapter 6 of
reference [2] and research on single InAs-GaAs quantum dots [19]). Since
the ratio of the pure dephasing rate γ̂e to the population relaxation rate
Γe of the excited state has a strong influence on the emission intensity of
the Raman and fluorescence components [6], we investigate the scattering
cross-section at resonant excitation for different values of γ̂e. This is shown
in figure 3.6 for the Raman and fluorescence signals.

We see that the Raman intensity shows a strong drop as the pure dephas-
ing rate increases, whereas the fluorescence signal is seen to rapidly increase
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Figure 3.6: The total scattering-cross section at resonant excitation as func-
tion of pure dephasing γ̂e for the Raman and fluorescence components.

at first, after which it stabilizes and slightly decreases again. At γ̂e ≈ 0.5
GHz (equal to half the population relaxation rate, Γe/2), the Raman and
fluorescence cross-sections are equal.

We see that even though the pure dephasing rate has a strong influence
on the cross-sections of Raman and fluorescence, the total cross-section is
still in the same order of magnitude, and pure dephasing can therefore not
explain the high emission intensities that we find.

Special case γ̂e ≈ 0 and γsg 6= 0

When γ̂e is set to zero, we would expect a vanishing fluorescence signal,
because in this case the Kiii term (equation 3.7) cancels the contribution
Ki + Kii (equations 3.5 - 3.6), when the value of the parameter γsg is also
zero. However, because we have a non-zero γsg value, a (relatively) small
fluorescence cross-section of 6.9 ·10−15 m2 is found nonetheless. Its lineshape
at resonant excitation is shown in figure 3.7. We see that the fluorescence
signal for γ̂e = 0 is narrowed due to the Kiii term (FWHM of 1.15 GHz),
because plotting the fluorescence signal without this term (FWHM 2.42
GHz) still gives a similar lineshape as in figure 3.2.

This remarkable lineshape and non-vanishing fluorescence signal is due to
the non-zero γsg value, which gives the fluorescence signal a small Lorentzian
peak with a FWHM of 2γsg on top of the broader feature with a FWHM

29



of 2γes, for a single homogeneously broadened Λ-system. 10 For γsg = 0,
this peak becomes infinitely narrow and can be mathematically excluded,
as is done in reference [6], where γsg is assumed to be zero; this results in a
vanishing fluorescence signal for γ̂e = 0. This additional narrow peak is not
expected to be a real physical feature, but rather an artifact of the model.
In-depth analysis on this is presented in Appendix B.4.

Because γsg � γes, the narrow peak of width γsg does not have a strong
contribution to the total cross-section. This is confirmed by making the
plots in figure 3.6 for γsg = 0, which is shown to give the same curves.
When the homogeneous dephasing rate γsg would be larger as compared
to γes, the limitations of the present model would show up more, and the
Brownian oscillator model could be studied instead, which allows for non-
zero γsg values (see chapter 5).

The lineshape at resonant excitation for γ̂e = 0.05 GHz is narrowed by
2% as compared to setting γsg to zero (and thereby eliminating the narrow
peak). For lower γ̂e, this percentage is seen to increase. A practical way to
find fluorescence lineshapes (but not its rate) for low γ̂e is to exclude the
Kiii term; this removes the narrow peak that is assumed an artifact of the
model, but does not change the fluorescence lineshape with width γes (see
Appendix B.4). Also, because γsg � γes, and because γsg is a lot smaller
than the inhomogeneous dephasing of level |s〉, γsg could be approximated
to zero, which removes the artifact from the model and gives more accurate
values for the fluorescence cross-sections at low γ̂e.

Figure 3.7: Resonant Raman and fluorescence (with and without Kiii term)
differential scattering cross-sections as function of ωS − ωavges , for γ̂e = 0.

10For a demonstration of this, see figure C.1.
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Chapter 4

Conclusions

The goal of this thesis was to investigate the rate, spectral width, and nature
of the spontaneous light emission (SLE) spectrum on the |e〉 - |s〉 transition of
an ensemble of three-level lambda systems in Si-doped GaAs, when applying
a pump laser on the |g〉 - |e〉 transition. We have done so by approximating
the ratio of the SLE to pump beam photon rate with the master equation of
the density matrix. In a second model, we used a perturbative approach of
the density matrix to determine the SLE spectra of Raman and fluorescence
separately, including a proper description of both homogeneous and inho-
mogeneous broadening in the ensemble. The main results are summarized
in table 4.1.

For both models, we find a high ratio of SLE to pump beam photons
for the ensemble, leading to depletion of the continuous-wave pump beam,
and a ratio of higher than 1 if depletion of the pump beam is not included
in the model. Especially in the perturbative approach the rates were found
to be very high, with a total scattering cross-section of 4 µm2 at resonant
excitation. This could possibly be due to overestimation of the electric
dipole moments of the transitions in our lambda system, which are very
high compared to e.g. ensembles of rubidium atoms and molecular systems.

Raman Fluorescence SLE master equation
Ratio per donor 0.046 0.0046 7.9 · 10−5

Total cross-section [µm2] 3.6 0.37 -
FWHM spectrum [GHz] 1.0 2.5 -
Scanning FWHM 15.5 15.5 15

Parameters: ∆ = 0 Γe = 1 GHz γ̂e = 0.05 GHz

Table 4.1: Main results for the perturbative approach (Raman and fluores-
cence) and the master equation model of the density matrix. With "ratio per
donor", we mean the average SLE to pump beam photon rate per donor.
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The ratio of Raman to fluorescence intensity was also investigated, which
is seen to strongly depend on the value of the pure dephasing rate γ̂e. For
zero or small pure dephasing, the Raman rate dominates and the fluores-
cence signal is relatively non-existent. For γ̂e ≈ 0.5 GHz, the two rates are
equal, and for higher γ̂e, fluorescence is dominant. In our system, the pure
dephasing rate is expected to be a lot smaller than the population relaxation
rate Γe (1 GHz), which would mean that Raman light dominates the signal.
This would be a favourable condition for our experiment, in which we prefer
the coherent Raman photons.

We found a constant ratio of Raman to fluorescence cross-sections as a
function of laser detuning from resonance. This could, however, be a conse-
quence of assuming a frequency-independent pure dephasing rate, which is
generally not valid. To find more accurate predictions for the ratio of Raman
to fluorescence photons, the Brownian oscillator model could be studied (see
chapter 5).

For the SLE lineshapes, we find that Raman light corresponds with the
lineshape and spectral width of the inhomogeneous broadening of the spin-
split ground state, and that the frequency of Raman photons shifts linearly
with the pump beam frequency. For fluorescence, the spectral width of ap-
proximately 2.5 GHz corresponds to the excited state homogeneous broaden-
ing mixed with the ground-state inhomogeneous broadening, with an addi-
tional broadening effect due to the excited-state inhomogeneous broadening.
Despite this additional broadening, a remarkable result is that fluorescence
light is not much broader than Raman light. In experiments, Raman and
fluorescence light can be distinguished by detuning the laser, which is ex-
pected to show asymmetry and broadening for fluorescence light. Detuning
the laser also allows us to increase the detected Raman to fluorescence ratio
when filtering SLE. This is because the fluorescence signal is more spread
out in this case, and when tuning a filter cavity such that a spectral mode
is centered around the main Raman peak with the characteristic Raman
spectral width, a large part of the fluorescence signal can be filtered out.

Comparing the two models that we used, we find that the master equa-
tion model fails to give SLE lineshapes, and does not distinguish between
Raman and fluorescence light. Because it considers SLE that results from
population having been in the excited state, it is most appropriate to con-
sider it as fluorescence. Another difference between the master equation
model and the perturbative approach is that the master equation model
has a saturation regime in which the SLE photon rate is seen to no longer
increase due to population that builds up in level |s〉; a saturation regime
cannot be included in the perturbative approach, because the change in level
populations is not included. This could cause an overestimation of the SLE
signal for high laser powers for this method.

This thesis has also raised some new questions, for which recommenda-
tions are given in chapter 5.
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Chapter 5

Recommendations

The calculation of the spontaneous light emission (SLE) spectrum for our
three-level lambda system has given us several insights into what we can
expect from experiments. The model provides a solid foundation to compare
experiments with and investigate its parameters, and can also be used for
other materials that we investigate, such as ensembles of SiC divacancies.

Because high rates were observed for spontaneous light emission in the
resonant excitation regime, it would be worth to also investigate Raman
scattering in the non-resonant regime. Chapter 14 of reference [6] provides
a description of off-resonance Raman scattering. It would be interesting to
see if the SLE rate is still high in this case, and differs by approximately
a factor 106 from the resonant SLE signal, as predicted by literature [10].
If the Raman rate is high enough in the off-resonant regime, it could be
worth to consider performing the experiments in this regime, to exclude the
influence of fluorescence light.

To further investigate the remarkable lineshapes that we observe for the
fluorescence signal for a non-zero γsg, the Brownian oscillator model could
be studied, which is a more general model meant to describe emission line-
shapes for various kinds of broadening mechanisms [6]. Appendix 9A of
reference [6] provides a Brownian oscillator approach to model SLE, includ-
ing relaxation between the ground state levels (so a non-zero γsg value).
Also, the Brownian oscillator model gives a better prediction for the ratio of
Raman to fluorescence photon emission, because it can be used for arbitrary
detunings [6]. The model can additionally be used to calculate intermediate
cases of homogeneous and inhomogeneous broadening, which allows us to
model other cases than spatial inhomogeneity.

Further work could be done on extending the model in chapter 3 to
pulsed-laser excitation. In principle, the perturbative approach allows for
both time-independent and time-dependent simulations of the SLE signal,
despite the increased complexity of time-dependent modelling. Reference [6]
gives expressions for the photon emission rate also in terms of the time-
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dependent nonlinear response function. This method can help us predict the
Raman rate and width when we apply a laser pulse, and help to understand
the difference between Raman and fluorescence in the time-domain.

For future work, it would be interesting to use the microscopic treat-
ment of the spontaneous scattering cross-section to calculate macroscopic
stimulating effects for certain geometries of our sample. This will be im-
portant when collecting the emitted Raman light. As mentioned in section
1.3.1, the stimulated Raman signal is dependent on the spontaneous Ra-
man scattering cross-section [8]. The investigation of stimulated effects is
especially interesting regarding current experiments on waveguides, which
can theoretically help us predict its collective enhancement effect for certain
geometries. Once the spontaneous and stimulated scattering cross-sections
have been determined, this also means that their ratio can be tested for in
experiments. This is because spontaneous light will be sent out in all direc-
tions randomly, whereas the stimulated light will have clear directionality.
This could further enhance theoretical understanding of the scattered light
emission.

Obviously, one could also consider other models to simulate spontaneous
light emission, such as a full quantum mechanical model, quantizing both
the SLE and laser field. This is for instance shown in reference [13].

The master equation model could also be extended, by including deple-
tion of the pump beam and extending the pulsed model to include coher-
ences. It would be interesting to compare the experimental results with both
models and see how they fit the experimental data.
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Appendix A

Constants and Parameters

A.1 Fundamental Constants
h̄ = 1.054 · 10−34 reduced Planck constant [kg m2 s−1]
ε0 = 8.854 · 10−12 permittivity of free space [F m−1]
c = 2.998 · 108 speed of light [m s−1]
kb = 1.38 · 10−23 Boltzmann constant [m2 kg s−2 K−1]

A.2 Parameters for the Lambda System
Below, the parameter values for our Si-doped GaAs lambda system are spec-
ified in angular frequencies. These are used in the thesis unless otherwise
indicated.

Population Relaxation Rates
Γsg = 0.3 kHz - 1 MHz Γgs = Γsg e−EZeeman/kbT

Γge = 0 Γeg = 0.5 GHz
Γse = 0 Γes = 0.5 GHz

For Γsg, the 1 MHz value is used in the thesis.

Homogeneous Pure Dephasing Rates
γ̂g = 0 ; γ̂s = unknown (set to 0) ; γ̂e = unknown (set to 0.05 GHz)

Inhomogeneous Pure Dephasing Rates (Master Equation Model)
γ̂∗g = 0 γ̂∗s = 0.5 GHz γ̂∗e = 7 GHz

Standard Deviations of Gaussian Inhomogeneous Broadening
σ∗sg = 1/

√
8 ln 2 GHz σ∗eg = 15/

√
8 ln 2 GHz

Frequencies of the Optical Transitions
ωavgeg = 367,300 · 2π GHz ωavgse = ωavgeg − ωZeeman

37



Electric Dipole Moments of the Transitions
µeg = 2.56 · 10−28 C m µes = 2.56 · 10−28 C m

Donor Density ρ0 and Sample Thickness d
ρ0 = 3 · 1019 m−3 d = 1 · 10−5 m

In the relaxation rates above, EZeeman is the energy of the Zeeman splitting
between the |g〉 and |s〉 levels. ωZeeman is the angular frequency of the
Zeeman splitting, which is approximately 37 · 2π GHz at the magnetic field
that we operate at (6.5 T). The temperature T is kept at 4.2 K (Helium
temperature) in our experimental set-up. ωavgeg is the average frequency
splitting for the ensemble between levels |e〉 and |g〉.

In determining the pure dephasing rates, we have set the absolute zero
energy at the ground state level |g〉. Because a dephasing rate is always
between two levels, this means that γ̂sg is simply equal to γ̂s, and similarly
γ̂eg is equal to γ̂e. To get γ̂es, we add γ̂s and γ̂e.

To find the homogenous dephasing rate between two energy levels, we
add the population relaxation rates and the pure dephasing rates in the
following way, for any levels x and y (where x 6= y) [5]:

γxy = 1
2 Γx + 1

2 Γy + γ̂xy (A.1)

Γx is the total population relaxation out of state x, so e.g. Γe is equal
to Γeg + Γes.

In the simulations used for the master equation model of the density
matrix, as in chapter 2, inhomogeneous broadening has been taken into ac-
count by setting the pure dephasing parameters such that they describe the
inhomogeneous broadening that we observe from spectroscopic data taken
in our experiments. This is strictly not possible of course, because the mas-
ter equation model describes a single lambda system, and inhomogeneous
dephasing only comes into play when there are multiple lambda systems.

In the approach used in chapter 3, this is done differently, because we
use the homogeneous dephasing rates for a single lambda system, and then
integrate over various possible energy level splittings that may occur in the
ensemble, in order to include inhomogeneous dephasing. We used a Gaussian
probability distribution to describe inhomogeneous broadening, for which
the standard deviations are listed above.

The homogeneous pure dephasing rates are unknown, but we do know
that the homogeneous dephasing rate is dominated by population relaxation,
hence we take the pure dephasing rates to be small or zero.
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Appendix B

Supplement to Simulations

This appendix serves to explain some of the methods used for the simulations
in this thesis. Sections B.1 and B.2 are additional information to chapter 2:
the calculations that were made are shown, and the choice of the timestep
in the time-dependent density matrix simulation is explained. Sections B.3
- B.5 are additional information to chapter 3: a dimensional analysis of the
SLE scattering cross-section is presented, the role of γsg on the emission
lineshapes is analysed, and the methods used to simulate inhomogeneous
broadening in the ensemble are explained.

B.1 Calculations

B.1.1 Number of Illuminated Donors

In calculating the number of donors that get illuminated by the laser (both
for a CW and pulsed laser), we use an estimate of the radius of the laser
spot and of the donor density. The required parameters and the result are
listed below:

r = 5 · 10−6 radius of laser spot [m]
A = π · r2 = 2.5 · 10−11 π spot size [m2]
d = 1 · 10−5 thickness of sample [m]
n = 3 · 1019 donor density [m−3]

N = n× d×A number of donors illuminated
N = 23562 = 2 · 104

In the simulations, the number that is not rounded-off will be used to avoid
propagation of error.
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B.1.2 Photon Rate of the Pump Beam for a CW-laser

To calculate the photon rate of the continuous-wave pump beam for a certain
Rabi-frequency Ωp, we make use of the following formulae for the electric
field E and intensity I in the material:

E = h̄Ωp

µge
(B.1)

I = ε0E2 n c

2 (B.2)

where,

h̄ = 1.054 · 10−34 reduced Planck constant [kg m2 s−1]
µge = 2.56 · 10−28 dipole moment between |g〉 and |e〉 [C m]
ε0 = 8.854 · 10−12 permittivity of free space [F m−1]
c = 2.998 · 108 speed of light [m s−1]
n = 3.5 index of refraction of the material

In addition, we need to know the spot size of the laser beam illuminating
the sample, and the energy of a single photon in the laser beam. The radius
of the laser spot in our laboratory is estimated to be r = 5 · 10−6 m at the
sample position. The photon energy is calculated using Ephoton = hc

λ
, with

λ equal to 818.7 nm, which is the wavelength used for addressing the |g〉 -
|e〉 transition of the lambda system.

Combining the formulae above, we obtain the following expression for
the photon rate of the pump beam (Γpump):

Γpump = I π r2

Ephoton
=
ε0 h̄Ω2

p nλ r
2

4µ2
ge

(B.3)
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B.2 Timestep for Pulsed Laser Simulations
In determining a suitable timestep for a time-dependent simulation of the
density matrix, multiple factors play a role. A large timestep is preferable to
decrease simulation time, but can also decrease the accuracy of the results.
Therefore, we need to make sure that the timestep is at least several times
smaller than the timescale of the dynamics of the system, represented by the
dephasing and population relaxation parameters. Also, we want to be able
to turn the laser on and off in a short moment of time. Different timesteps
have been investigated in a plot of the population of ρee versus time, on the
maximum of the curve (where the differences between the different timesteps
show most clearly). The results are shown in figure B.1.
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Figure B.1: Effect of timestep dt on the time-dependent simulation results
for ρee. Timesteps ranging between 10−13 and 10−10 s have been investigated.

We see that for timesteps dt ranging between 10−13 s and 10−11 s, the results
are quite close together, within 0.001 of the level population depicted. When
further increasing the timestep, results start to deviate more and the method
gets less accurate. The timestep therefore has to be 10−11 s or smaller to
obtain results with a high precision.
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B.3 Dimensional Analysis of the Cross-Section
In this section, we evaluate the unit of the scattering cross-section in equa-
tion 3.2. We consider the response function SSLE and the prefactor sepa-
rately, and then combine the two to find the unit of σSLE(ωL, ωS).

Response Function SSLE

The SSLE term is proportional to the dipole moment µ to the fourth power.
Because the SI-unit of a dipole moment is C m, the dipole moments account
for a C4 m4 term in the unit of SSLE . Furthermore, the SSLE term consists
of three fractions that each have the unit Hz−1. The SI-unit of SSLE is thus
C4 m4 s3.

The unit of the nonlinear response function is not always the same across
textbooks, as it depends on which factors are taking along in the response
function, and which ones are included in the prefactor. The factors h̄ are
for instance often also part of the response function itself, but in this case
it is part of the prefactor.

Prefactor

The prefactor in equation 3.2 consists of the following elements (the cosine
terms are dimensionless):

• ωL = [Hz] = [s−1]
• ωS = [Hz] = [s−1]
• ε0 = [F m−1] = [C2 J−1 m−1]
• h̄ = [kg m2 s−1] = [J s−1]
• c = [m s−1]

Combining the units with the correct powers of the parameters, we find that
the unit of the prefactor is C−4 m−2 s−2.

Differential and Total Scattering Cross Section

Combining the response function SSLE and the prefactor, we find that the
unit of the differential scattering cross-section σSLE(ωL, ωS) is m2 s, or m2

Hz−1. When integrating this function over the different frequencies ωS as
follows

∫∞
0 σSLE(ωL, ωS) dωS , we find that the unit of the total scattering

cross-section σSLE(ωL) is m2.
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B.4 Influence of γsg on Homogeneous Lineshapes
As mentioned in section 3.3.4, the value of γsg has an important role in
determining emission spectra of Raman and fluorescence light, and taking
a non-zero γsg shows remarkable results. In this appendix, we further in-
vestigate the role of γsg on the lineshapes of a homogeneously broadened
system.

In the approach of reference [6], γsg is approximated to be zero. This
might be due to the fact that in molecular systems, fluorescence light is
about 100 times broader than Raman light [6]; since fluorescence light has
the width γes and Raman light the width γsg, this could be a reason to
neglect γsg in the calculation for molecular systems, because it is a lot smaller
than γes. We also see from our simulations that neglecting γsg in this case
has little effect on the magnitude of the total cross-section.

For γsg = 0, we see from equation 3.8 that the Raman signal becomes
the delta function −πδ(ωS − ωL + ωsg), centered at ωS = ωL − ωsg. The
overall fluorescence component, consisting of the contributions Ki+Kii, and
part of Kiii, has the broadening γes (= γeg in this case) of the excited state.
When integrating the fluorescence part, the ωS value that is exactly equal
to ωL − ωsg needs to be excluded, as this is an undefined point. 1

For γsg 6= 0, the Kiii term (see equation 3.8) changes the emission
spectra. The Raman component is now no longer a delta function but a
Lorentzian with a linewidth of γsg. Fluorescence shows a remarkable line-
shape due to the negative contribution of Kiii. It has a broad lineshape
corresponding with the width γes, with on top of that a smaller lineshape
with a width corresponding to γsg. For a pure dephasing γ̂e rate equal to
zero, this means that the fluorescence signal no longer vanishes, but shows
a small peak with a FWHM of 2γsg. This smaller peak is centered around
ωL − ωsg and has a width of 2γsg, and therefore appears to be more of a
Raman feature, resulting from the resonance term ωsg + ωS − ωL + iγsg in
equation 3.8.

This effect is demonstrated in figure B.2, which shows the lineshapes
at resonant excitation of the different K-contributions for fluorescence, for a
homogeneously broadened system with the parameters of our lambda system
and γ̂e = 0. In B.2a, we see that the Ki and Kii contributions are equal,
adding up to a positive Lorentzian with a FWHM of 2γes. The Kiii term is a
negative Lorentzian that is equal in magnitude to the sum of Ki and Kii (for
zero pure dephasing of |e〉). However, it also shows a narrow peak centered
at ωS − ωes = 0, with a FWHM equal to 2γsg. When setting γsg = 0, this
small peak disappears, and the Kiii term destructively interferes with the
Ki +Kii term. The total signal is then simply a Lorentzian with lineshape

1This is done by taking the principal part of this contribution, see reference [6] for
more information about this mathematical construct.
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γes, which can be zero in the case of zero pure dephasing γ̂e.
Based on this analysis, it seems logical to ignore the Kiii contribution of

fluorescence to find its lineshape. This is because fluorescence has the width
of the excited state, and not the width of the ground state dephasing γsg [6].
Therefore, a practical way to find the fluorescence lineshape is to exclude
the Kiii contribution: this will remove the small peak with width γsg that
is assumed an artifact of the model, while keeping the broader feature with
width γes. This only works for determining lineshapes and is not valid for
the rate, because ignoring Kiii overestimates the fluorescence cross-section.

The above analysis is for a homogeneously broadened lambda system.
When taking inhomogeneous broadening into account, it seems reasonable
to assume that γsg = 0, because it is a lot smaller than the inhomogeneous
width σsg, and because it is a lot smaller than the homogeneous width γeg.
For γsg = 0, the SLE function can be expressed as in equation B.4 for a
homogeneously broadened lambda system [6]. The delta-function in square
brackets is the Raman component, while the other part is the fluorescence
component. To find the inhomogeneously broadened signal, this expression
can be integrated over different energy splittings ωeg, ωsg, and ωes, which
gives Raman light the width σsg instead of the delta-function (regardless of
γsg being 0 or not, as long as γsg � σsg).

SSLE(ωL, ωS) = 2π |µ2
ge| |µ2

se| ×
1

(ωeg − ωL)2 + γ2
eg

×[
δ(ωsg + ωS − ωL) + 2γ̂e

Γe
γeg/2π

(ωes − ωS)2 + γ2
eg

] (B.4)

(a) (b)

Figure B.2: (a) Contributions to the fluorescence cross-section for the dif-
ferent K-terms for zero pure dephasing γ̂e. (b) The sum of the K-terms for
fluorescence, leading to a Lorentzian lineshape with a FWHM of 2γsg.
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B.5 Simulating Inhomogeneous Broadening
In chapter 3, we calculated the Raman and fluorescence signals for an ensem-
ble with both homogeneous and inhomogeneous broadening. In this section,
we show how these integrals are evaluated using the programming scripts in
Appendix F. We consider Raman and fluorescence separately.

B.5.1 Raman

For Raman scattering, consider figure B.3. The figure shows the general
situation for the scattering process, namely that we apply a pump laser with
Rabi frequency Ωp on the |g〉 - |e〉 transition, with a certain detuning ∆ from
the average energy splitting ωavgeg of the levels |e〉 and |g〉. A Raman photon
is sent out from the same detuning ∆ (because Raman photons do not take
on the width of the excited state |e〉), to somewhere in the inhomogeneous
width of the |s〉 level.

Figure B.3: Schematic representation of modeling inhomogeneous broaden-
ing. The homogeneous broadening of the levels |e〉 and |s〉 are depictured as
small Lorentzians (green lineshapes), whereas the inhomogeneous broadening
is shown by the larger Gaussian distributions (black thin lineshapes). The
average energy levels |g〉, |s〉 and |e〉 are denoted by the black bars and their
corresponding labels.

We first consider the situation that we have no inhomogeneous broad-
ening and that only the Lorentzian lineshapes of the |e〉 and |s〉 levels play
a role. We know that the ωS photons take on the homogeneous broadening
of the spin-state splitting, which has a Lorentzian lineshape with a FWHM
of 2γsg. We therefore have to consider frequencies of ωS centered around
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ωL−ωsg, with a window of several times γsg, which represents the half-width
half-maximum (HWHM) of the Lorentzian lineshape. If we pick a total win-
dow of 24γsg (12γsg left of ωsg and 12γsg right of ωsg), then we cover about
95% of the total integral of the Lorentzian, which is a sufficient accuracy for
these simulations, without slowing them down too much.

If we then add inhomogeneous broadening of level |s〉, we have to repeat
this process for different level positions of |s〉, within the Gaussian inhomoge-
neous feature. To make sure we obtain a good profile of the inhomogeneous
distribution, we need to make sure that the step-size for varying the level
energy is at least smaller than the standard deviation σsg of the Gaussian.
We take it to be σsg/5, so that a proper profile is obtained. We take the
window over which we vary ωsg to be 6σsg, as this covers more than 99% of
the integral of the distribution. 2

Similarly, we can add inhomogeneous broadening of the excited state,
which is an additional for-loop in which we vary the splitting ωeg. Since
we have a fixed and precise laser frequency ωL, we only have to consider
ωeg energies in the surroundings of the laser frequency ωL. This can also
be seen from inspecting equation 3.7, in which the first fraction results in
a Lorentzian with linewidth γeg centered around ωL. We thus need to vary
ωeg over a window of 24γeg around ωL, with a step size of γeg/5, to get the
correct profile of the Lorentzian with 95% accuracy.

Adding inhomogeneous broadening of |e〉 as just describes works when we
apply a pump beam at ωL equal to ωavgeg , because then we are at a symmetric
point of the inhomogeneous Gaussian distribution, and looking either way
includes ωeg splittings with equal probability. However, when we are in the
tail of the Gaussian, there is an asymmetry when looking at the probability
of energy splittings ωeg left and right of ωL. Therefore, the window size
needs to be increased. With laser excitation within ±20 GHz of ωavgeg , we
see that a window of 48γeg is large enough; further increase does not increase
the scattering cross-section much more. 3 In general, because the required
window size depends on detuning, it is good to test if increasing/decreasing
the window size has a significant effect on the rate and lineshape.

The result of these integrations (a numerical summing in our program) is
the total scattering cross-section for one fixed laser frequency ωL. To know
the variation of the cross-section as we vary the frequency of ωL, we can
add an additional for-loop in which we vary the laser frequency ωL over the
inhomogeneous profile of the Gaussian of the excited state, with standard
deviation σeg. We then take a window of 6σeg and a step-size of σsg/5.

2Programming-wise, the inhomogeneous broadening of ωsg is added as a for-loop sur-
rounding the for-loop that integrates the different values of ωS for fixed level positions of
|g〉, |s〉 and |e〉.

3For more sophisticated programming, the window size could be made smaller by in-
cluding a dependency of the window size on the detuning, to include for asymmetrical
effects.
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Spectrum of ωS
The way we just described incorporating inhomogeneous broadening is how
it is usually done: one takes the expression for the parameter of interest
(the total scattering cross-section in this case) and integrates it over the
different energy splittings caused by inhomogeneous broadening [5]. The
disadvantage of this approach is that we cannot extract the final emission
profile of the ωS photons for a fixed ωL, because the integration over ωS is
in the most inner for-loop of the integration, and we can thus only obtain
it for homogeneous broadening of a lambda system. Therefore, we instead
would like to rearrange the script such that, for a fixed ωL, the integration
over ωS is the outer most for-loop, which will allow us to plot the scattering
cross-section versus the frequency of the emitted SLE photon.

In order to do this, we need to know the different values of ωS that have
a significant contribution. We know that ωS will take on the broadening of
the ground-state splitting ωsg. This equals the inhomogeneous width of the
|s〉 level. We thus need to take a window equal to at least 6σsg and a step-
size of σsg/5, to obtain a good profile of the lineshape of the ωS photons.
We vary ωS around ωL − ωavgsg .

In the next for-loop, we vary ωeg around ωL similarly to how described
before, so with a window of 48γeg around ωL, and a step size of γeg/5, to
get the correct profile of the Lorentzian and include for asymmetry of the
Gaussian inhomogeneous broadening.

For the most inner-for loop, we vary ωsg. We vary this around ωL − ωS ,
corresponding to the resonance term in the second fraction of equation 3.7.
We can do this because we know that ωS scatters from the excited state
level at the same energy position as where ωL is incident.

The approach just described allows us to find the emission spectrum of
ωS . Rather than looking at the profile of ωS photons emitted for different
energy level splittings in our ensemble, we look at different frequencies of
ωS and look at the contributions to it from energy levels close to the ωS
photon. Mathematically it does not make a difference, but it nicely allows
us to plot the emission spectrum of the Raman photons.

B.5.2 Fluorescence

The situation for fluorescence is somewhat more complicated, because it is
not a scattering process, but a sequential absorption and emission process.
This means that fluorescence photons will not be sent out from the same
energy position as where the ωL photon is incident, but rather its emission
profile will be centered around the excited state level |e〉 that absorbs the
incident pump beam photon. It will therefore also take on the width of the
excited state, which is not the case for Raman photons.

First we again consider homogeneous broadening, meaning that the en-
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ergy level positions are fixed. We know that the ωS photons will take on the
excited state width, and also that when they are emitted to the |s〉 level,
they additionally can take on the width of this level. Because both are
Lorentzian lineshapes, we have to vary ωS with a window of 24γeg + 24γsg
around ωeg −ωsg. As step-size, we need to take the width of the smallest of
the two Lorentzians in order to obtain an accurate profile, so the step-size
should be γsg/5.

Adding inhomogeneous broadening of the |s〉 level is similar to Raman
scattering: we want to obtain a good profile of the Gaussian inhomogeneous
feature, and thus take a window of 6σsg centered around ωavgsg , with a step-
size of σsg/5.

To add inhomogeneous broadening of the excited state level |e〉, we have
to consider all the excited state levels that can absorb the pump beam ωL
photon. Similar to Raman scattering, we look at ωeg splittings centered
around ωL with a window of 48γeg and a step-size of γeg/5.

Spectrum of ωS
Similarly to the Raman case, the approach just described works to find the
total scattering cross-section for a fixed ωL value, but it cannot get a proper
lineshape of the emitted ωS photons. We thus again want to rearrange the
for-loops such that ωS is the most outer one (for a fixed ωL).

This means that we have to consider the different values of ωS that have
a significant contribution. We know that when applying a pump beam with
frequency ωL, splittings ωeg in the neighbourhood of ωL will contribute.
Therefore, we vary ωS around ωL−ωavgsg . We take a window of 72γeg +6σsg,
because the fluorescence photons can be absorbed by energy levels |e〉 in a
window of 48γeg around ωL (which is, similarly to the Raman case, taken to
be 48γeg rather than 24γeg at large detunings, due to the asymmetry of the
Gaussian inhomogeneous broadening). The photons will then be emitted
again from this level, within a window of about 24γeg. That is why 72γeg is
taken in total, even though it is statistically very unlikely that an ωL photon
will be absorbed by level |e〉 in the far tail of its homogeneous Lorentzian,
and then re-emit in the (other side of) the far tail of the Lorentzian. 4 We also
add 6σsg to the window, because the ωS photons can be emitted anywhere
in the inhomogeneously broadened ground-state level |s〉.

In the next for-loop, we similarly vary ωeg around ωL, so with a window
size of 48γeg, and a step size of γeg/5.

For the most inner-for loop, we vary ωsg around ωavgsg , with a window of
6σsg and a step size of γsg/5.

4From figure 3.3, we can see that for large detunings it can be beneficial to take a large
window size of ωS , to find the complete broad spectrum. This also means that the window
size for ωeg has to be 72γeg. When finding results at a certain detuning, it is always good
to test if increasing/decreasing the window sizes affects the results significantly.
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Appendix C

Homogeneous Raman and
Fluorescence Results

In this appendix, we report the main results for the Raman and fluorescence
cross-sections for a lambda system with homogeneous broadening only. We
use the homogeneous parameters of our lambda system as described in Ap-
pendix A.2 (but with γ̂e = 0). No plots are shown, as the spectra are
all simple Lorentzians that provide little additional information. Instead,
we report the full-width half-maximum (FWHM) of the Lorentzians. The
exception is the fluorescence signal with the Kiii term included, which is
plotted because of its interesting double-peak feature.

C.1 Raman
The main results for the homogeneous Raman signal can be summarized as
follows:

• The emission spectrum of Raman photons is Lorentzian in shape and
has a FWHM of 2γsg. This corresponds with the homogeneous de-
phasing rate of level |s〉.

• The emission spectrum of Raman photons is exactly centered around
ωL − ωsg, also when detuning ωL from the |g〉 - |e〉 transition. This
shows that the Raman photons scatter where the ωL photon is incident.
The Raman photons do not get re-emitted by the excited state and
therefore also do not take on the width of the excited state.

• When plotting the total scattering cross-section versus laser detuning
(so scanning the pump laser over the |g〉 - |e〉 transition), the width of
the spectrum takes on the width of the excited state |e〉 and the |s〉
level, so a Lorentzian lineshape with a FWHM of approximately 2γes.

• The total Raman scattering cross-section is equal to 4.3 · 10−11 m2 at
resonant excitation.
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C.2 Fluorescence
We investigate the fluorescence signal with and without the Kiii term in-
cluded, following up on the discussion in Appendix B.4.

C.2.1 No Kiii term

The main results for the homogeneous fluorescence signal without the Kiii

term included can be summarized as follows:

• The emission spectrum of fluorescence photons is Lorentzian in shape
and has a FWHM of 2γes. This corresponds with the dephasing of the
excited state |e〉, combined with the dephasing caused by the |s〉 level.

• The emission spectrum of fluorescence is exactly centered around ωes,
also when detuning ωL from the |g〉 - |e〉 transition. This shows that
fluorescence is a sequential process, namely that it is first absorbed,
and then emitted again by the excited state level |e〉.

• When plotting the total scattering cross-section versus laser detuning
(so scanning the pump laser over the |g〉 - |e〉 transition), the width of
the spectrum is equal to the width of the excited state level |e〉 and the
|s〉 level, so a Lorentzian lineshape with a FWHM of approximately
2γes.

• The total fluorescence scattering cross-section is equal to 4.3 · 10−11

m2 at resonant excitation, which is the same as the Raman signal.
• The ratio of fluorescence to Raman cross-section is exactly 1 for all

laser detunings, when there is no pure dephasing γ̂e of the excited
state.

• When setting a pure dephasing γ̂e = 1 GHz, the ratio between fluores-
cence and Raman is still exactly constant for all laser detunings, but
is equal to 3 (so the fluorescence signal is stronger).

C.2.2 With Kiii term

The main results for the homogeneous fluorescence signal with the Kiii term
included can be summarized as follows:

• The emission spectrum of fluorescence photons is a broad Lorentzian
with a FWHM of 2γes, with on top of that a Lorentzian peak with a
FWHM of 2γsg. For a pure dephasing γ̂e of the excited state equal to
0, only the small Lorentzian peak prevails. When increasing γ̂e, the
broader feature becomes visible as well.

• The broad emission spectrum is centered around ωes, also when de-
tuning ωL from the |g〉 - |e〉 transition, as expected for fluorescence.
The narrow Lorentzian peak on top of the broader feature is centered
around ωL − ωsg, as is the case for Raman light.
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Figure C.1: Fluorescence differential cross-section for applying a laser with a
detuning of -1 GHz from resonance, with γ̂e = 0.5 GHz. A narrow peak with
FWHM 2γsg centered around ωL − ωsg shows on top of a broader lineshape
with FWHM 2γes centered around ωes.

• The previous two points are visualised in figure C.1, where we take
γ̂e = 0.5 GHz, and apply a laser with a detuning of -1 GHz from
resonance. We see that the broad fluorescence lineshape with FWHM
of 2γes is centered around ωes, and the small Lorentzian with FWHM
of 2γsg is centered around ωL − ωsg.

• When plotting the total scattering cross-section versus laser detuning
(so scanning the pump laser over the |g〉 - |e〉 transition), the width
of the spectrum is 0.71 GHz (for γ̂e = 0), which remarkably enough is
smaller than the width of the excited state |e〉.

• The total fluorescence scattering cross-section is equal to 1.2 · 10−13

m2 at resonant excitation (but is zero when setting γsg = 0).
• The ratio of fluorescence to Raman cross-section is exactly 0.002 for all

laser detunings, when there is no pure dephasing γ̂e of the excited state.
This shows that the fluorescence signal almost vanishes as compared
to the Raman signal, and that only the small Lorentzian peak with
FWHM 2γsg contributes to the cross-section.

• When setting a pure dephasing γ̂e = 1 GHz, the ratio between fluores-
cence and Raman is still exactly constant for all laser detunings, but
is equal to 2 (so the fluorescence signal is now stronger than the Ra-
man signal). The pure dephasing thus plays an important role, since
the fluorescence cross-section at resonant excitation is 0.95 · 10−11 m2

instead of 1.2 · 10−13 m2 in this case.
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Appendix D

Population Rate Model

D.1 SLE Rate for a Three-Level System
In chapter 2, we approximated the SLE photon rate by ρee Γes, and used
simulations to determine the population ρee. We can, however, also use
an analytical approach to find ρee, by writing out the rate equations of
the elements of the density matrix. To simplify this calculation, we model
it by ignoring coherences, the off-diagonal elements of the density matrix,
and hence only look at the populations. Also, the model is for resonance
excitation. We will call this model the population rate model (PRM). We
write out the differential equations for the populations when applying a
pump laser with Rabi-frequency Ωp on the |g〉 - |e〉 transition. The rate
equations for the populations are constructed by considering the inflow and
outflow of population for each level by excitation through the optical field or
by relaxation from another level. The resulting equations are listed below:

∂ρgg
∂t

= −Ωp ρgg + Ωp ρee − Γgs ρgg + Γeg ρee + Γsg ρss (D.1)
∂ρss
∂t

= Γgs ρgg + Γes ρee − Γsg ρss (D.2)
∂ρee
∂t

= Ωp ρgg − Ωp ρee − Γes ρee − Γeg ρee (D.3)

For a continuous-wave laser, we can equal the equations to zero, since we
are dealing with a stationary situation. We then solve the equations for ρee
and multiply the outcome with Γes to find the following expression for the
SLE photon rate in the population rate model:

ΓPRMSLE = ρee Γes = Ωp Γes Γsg
χΓsg(Ωp + Γeg + Γes) + Ωp(Γsg + Γeg)

(D.4)

where χ ≡
(
1 + exp

(−EZeeman
kb T

))
and we used that Γgs = Γsg exp

(
−EZeeman

kb T

)
.
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We have to note that even though we used the term Ωp, it is not valid to
call this a Rabi frequency. The Rabi frequency is a frequency measure of the
electric dipole interaction between an atom and a laser field. The parameter
in the PRM model is instead a population rate variable that describes trans-
fer of population through laser excitation. Real Rabi frequencies come forth
out of coupling with coherences, and not with populations as in this model
where coherences are ignored. We nonetheless use the term Ωp, because it
plays a similar role to the actual Rabi frequency in the correct quantum
mechanical model that we used in the simulations of the density matrix.

D.1.1 Comparison of PRM with Full Simulations

We now compare the population rate model with the full simulations of the
density matrix by plotting the population ρee versus the Rabi frequency Ωp

of the pump laser for both methods. Such a plot is shown in figure D.1.
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Figure D.1: Population ρee vs. Ωp of the three-level lambda system for the
population rate model (PRM) and the full density matrix (DM) simulation.

A striking result is that the methods are identical for high Rabi frequen-
cies, but start deviating significantly when Ωp gets lower than ≈ 1 GHz.
Apparently, the population rate model does accurately describe the popu-
lation ρee (and thus the SLE photon rate) for higher Rabi frequencies, but
ignoring the coherences no longer gives good results at lower Rabi frequen-
cies. To try to understand this, the difference between the two methods is
further investigated in the following section, where we use a two-level system
to compare the expression for ρee analytically for both methods.
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D.2 Analytical Comparison of Models for a Two-
Level System

In this section, we analytically compare the full quantum-mechanical model
(which we simulated for the three-level system) to the simplified population
rate equation model. As mentioned, the first model includes coherences,
the second one ignores coherences. For a two-level system, it is easier than
for a three-level system to find an analytical expression for the elements of
the density matrix in the quantum-mechanical model, and hence we do not
need simulations. Therefore, we can use the two-level system to compare
the analytical solutions for both models and try to use this to understand
what happens when ignoring coherences.

The population rate model for a two-level system is constructed, sim-
ilarly to the three-level system, by considering the inflow and outflow of
population from the different levels. For the two-level system, we consider
level |g〉 and levels |e〉 as its two levels, and hence we ignore level |s〉. For
the population decay rate out of level |e〉, we simply add the variables Γeg
and Γes from our three-level system, to get a total population decay out
of level |e〉 that we name Γe. As the pure dephasing rate, we take γ̂∗e that
we used in the three-level system (for its numerical value, see Appendix A.2).

The equations for the populations of the two-level system in the population
rate model are as follows:

∂ρgg
∂t

= −Ωp ρgg + Ωp ρee + Γe ρee (D.5)
∂ρee
∂t

= Ωp ρgg − Ωp ρee − Γe ρee (D.6)

Equalizing the equations to zero (because of the stationary situation) and
solving for ρee, we obtain the following equation:

ρPRMee = Ωp

2 Ωp + Γe
(D.7)

The quantum mechanical model, on the other hand, gives the following
expression for the population difference w (defined as w ≡ ρee − ρgg) [5]:

w = weq
1 + ∆2 T 2

2
1 + ∆2 T 2

2 + |Ω|2 T1 T2
(D.8)

Here weq ≡ ρeqee−ρeqgg (with eq meaning equilibrium), which is equal to −1 in
our case, since all population is assumed to be in the ground state in equi-
librium. T1 is the population relaxation time, which is equal to 1/Γe. T2 is

54



the homogenous dephasing time, with 1/T2 = γeg, which is the homogenous
dephasing rate. The homogeneous dephasing rate is γeg = 1

2Γe + γ̂∗e in this
case. ∆ is the laser detuning from resonance, which we take to be 0.

Upon filling in the parameters, we get the following equation for ρee (the
superscript QM refers to the quantum mechanical model):

ρQMee = 1
2

(
1− 1

1 + |Ωp|2 T1 T2

)
(D.9)

The resulting plot of ρee in equations D.7 and D.9 versus the Rabi-frequency
Ωp of the pump beam is shown in figure D.2.
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Figure D.2: Population ρee vs. Ωp of the two-level system for the population
rate model (PRM) and the quantum mechanical (QM) model.

This figure for the two-level system is very similar to figure D.1 for the
three-level system. This seems to suggest that the two-level system is a good
approximation to explore the differences between the models.

When comparing equations D.7 and D.9, we see that its overall structure
is somewhat similar. They for example both converge to a population of
1/2 for Ωp → ∞. We can further compare the models by looking at the
differences that arise between the equations in certain limiting cases. In the
case that Ωp is much larger than the other parameters in the system (Γe and
γeg), the resulting equations for the population rate model and the quantum
mechanical model respectively are as follows (using that 1

1+x ' 1−x for small
x):
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ρPRMee = 1
2

(
1− Γe

2 Ωp

)
(D.10)

ρQMee = 1
2

(
1− Γe γeg

|Ωp|2
)

(D.11)

Another limiting case is that for small Ωp, where Ωp is much smaller than
Γe and γes. In this case, the equations for both models are as follows:

ρPRMee = Ωp

Γe
(D.12)

ρQMee = 1
2
|Ωp|2

Γe γeg
(D.13)

An important difference between the quantum mechanical model and
the population rate model is the homogenous dephasing rate γeg, a param-
eter that is not present in the population rate model, because it ignores
coherences. It also does not drop out of the quantum mechanical model for
the limiting cases just mentioned. Since dephasing processes directly affect
all spectroscopic observables [6], it is thus not strange to find that a model
ignoring coherences gives deviating results. The homogenous dephasing rate
γeg does become less significant for the first limiting case (equations D.10
- D.11), as the term containing γeg goes to zero in this case. Since both
equations converge to the same value, this explains the relatively accurate
predictions of the population rate model for large Ωp’s.

If we ignore pure dephasing γ̂∗e so that only Γe now makes up the ho-
mogenous dephasing rate γeg, we get closer to the physical situation of the
population rate model. However, we still see a remarkable difference be-
tween the two models. The PRM has a linear (inverse) relation with Ωp

(the Ωp/Γe term), whereas the QM model has a quadratic (inverse) relation
with Ωp (the (|Ωp|/Γe)2 term when the pure dephasing is zero).

We can see this effect if we carefully examine figure D.2 for both limiting
cases. For large Ωp, there is a point for increasing Ωp that the QM line crosses
the PRM line and stays above the PRM line for larger Ωp, always closer to
the convergence value of 1/2 than the PRM line. Similarly for the three-level
system, the lines are seen to cross. This crossing effect is seen to be far more
visible/prominent when a similar plot is made for a pure dephasing rate of
0, but also occurs when it is not set to zero.

For small Ωp, we see that the population rate model has a higher value for
ρee than the quantum mechanical model, because mathematically (|Ωp|/Γe)2

< Ωp/Γe when the ratio Ωp/Γe < 1. This is indeed reflected in figure
D.2, where the population rate model gives a higher ρee than the quantum
mechanical model for Ωp below 7.5 GHz, where the two lines cross in the
figure. This is approximately the point that Ω2

p equals the product Γe γeg
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and thus when the square term of the quantum mechanical model makes ρee
converge more quickly to the convergence value than the population rate
model.

D.3 Concluding Remarks on Use of Coherences
We can conclude that the population rate model is in general not valid to
predict the population ρee (and thus the SLE photon rate), except for pre-
dicting its convergence/saturation value for large Rabi-frequencies Ωp. The
two main differences between the PRM and the quantum mechanical model
are the absence of the homogenous dephasing rate in the PRM model, and
the linear vs. quadratic dependence on Ωp in the PRM and quantum me-
chanical model respectively. For low Ωp, these differences prominently show
up and the PRM model is not accurate at all. For high Ωp, the differences
between the models are masked, since the term containing the dephasing
rate and the (linear or quadratic) dependence on Ωp gets small. There-
fore, the PRM model seems to work well in this regime. These differences,
however, still remain of course, but are just less noticeable.

In short, this means that the population rate model only works for the
case that the Rabi frequency Ωp of the pump beam is much higher than
the dephasing and population relaxation rates of the system, thus when the
system is saturated by the strong pump beam, such that the pumping is
faster than the dynamics of the system. The PRM model then accurately
predicts the saturated value of the ρee population and thus the SLE photon
rate. In all other cases, it is inaccurate, and it is thus advised to always
include coherences in the density matrix when modelling the system.

The conclusion from this model is a remarkable one, because we would
generally expect that for low Rabi-frequencies of the pump beam, ignoring
coherences would be less problematic than when driving the system with a
higher Rabi-frequency. This is because coherence effects especially matter
when driving transitions with strong lasers. Perhaps a more in-depth analy-
sis of the population rate variable for the model would give better results on
this, as for now we just took it to be the Rabi-frequency of the pump beam.
But in the present form, this model is limited to determining the excited
state population in the case of satured pumping.
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Appendix E

Influence of Parameter Value
on Master Equation Model

In chapter 2, we considered the master equation model for the three-level
lambda system, and used it to find a value for the ratio of the SLE photon
rate to pump beam photon rate (thus the efficiency of SLE photon pro-
duction). In this appendix, we shall consider the master equation model
somewhat more, by examining how the plots of the ratio of SLE to pump
beam photon rate change for the ensemble as we vary the dephasing and pop-
ulation relaxation rates of the system, while keeping the other parameters
constant. This appendix mainly serves the purpose to show how sensitive
the lambda system is to changing parameters, and in what way. 1

There are several main characteristics of the plots that can change when
varying the parameters: 1) The constant value of the ratio of the SLE to
pump beam photon rate for low Rabi frequencies. 2) The "cut-off point",
where this constant ratio for low Rabi frequencies drops to give a steady
decrease of the ratio (this is the region where the SLE photon rate remains
constant, but the pump beam photon rate is still increasing due to the
increasing Rabi frequency Ωp). 3) The value of the constant SLE photon
rate for high Rabi-frequencies, which is not directly visible in the plots, but
a change in it can be deduced from how the lines are spaced to one another
in the high Ωp regime.

1This appendix was made with a value of µge equal to 0.1 e nm rather than the actual
value of 1.6 e nm. Therefore, the ratio of SLE to pump beam photons is generally lower
by a factor 162 than the actual ratio, because the pump beam photon rate is a factor 16
lower. However, this is just a scaling factor, and the observed trends will still hold for the
regime of an undepleted pump beam.

58



10
5

10
6

10
7

10
8

10
9

10
10

10
11

10
−10

10
−8

10
−6

10
−4

10
−2

Rabi Frequency Pump Beam [Hz]

R
at

io
 S

LE
/ P

um
p 

B
ea

m
 P

ho
to

n 
R

at
e

 

 

 Γ
sg

 = 106 Hz

 Γ
sg

 = 105 Hz

 Γ
sg

 = 104 Hz

 Γ
sg

 = 103 Hz

Figure E.1: Ratio of SLE photon rate to pump beam photon rate vs. Ωp for
varying Γsg values.

E.1 Varying Population Relaxation Rates
In figures E.1 - E.3, we vary Γsg, Γeg, and Γes respectively, while keeping
the other parameters constant. We see in figure E.1 that varying Γsg (and
therefore also Γgs, since the two are related) influences the cut-off point
where the ratio starts to drop: for lower Γsg, the cut-off point is at a lower
Rabi frequency Ωp. Also, decreasing Γsg lowers the saturated value of the
SLE photon rate for high Rabi frequencies of the pump laser. We can see
this by the fact that in this regime, the plots for decreasing Γsg have a lower
SLE to pump beam photon ratio for the same Ωp value.

Physically, we can understand what happens in figure E.1. In general, the
population flow through the system is partly limited by how fast population
can decay from level |s〉 to level |g〉, because if the relaxation from |e〉 to
|s〉 is much faster than the relaxation from |s〉 to |g〉, population will build
up in level |s〉. Therefore, increased pumping (thus increasing the Rabi
frequency of the pump laser) will not result in more SLE photons on the
|e〉 - |s〉 transition, because not enough population decays from level |s〉 to
level |g〉 to be repumped to level |e〉. Since the pumping of population is
saturated, no more population can decay to level |s〉, which is what gives
the SLE photon rate. This explains why the SLE photon rate in the high
Ωp regime drops as we decrease Γsg. Furthermore, the shifting of the cut-off
point to the left in the figure means that the system is more easily satured
by the laser pumping. This also makes sense if we lower the Γsg term, which
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Figure E.2: Ratio of SLE photon rate to pump beam photon rate vs. Ωp for
varying Γeg values.

causes the saturation.
In figure E.2, changing Γeg shows to mainly affect the constant value

of the ratio for low Rabi frequencies. We can also observe a shift in the
cut-off point, but the lines do merge for higher Rabi-frequencies, which is
not the case for figure E.1. This shows that for varying Γeg, the saturated
SLE photon rate remains the same.

Again, plot E.2 also makes sense physically, because if we increase Γeg,
more of the population decay out of level |e〉 will go to level |g〉, and less to
level |s〉. This means that the SLE photon rate on the |e〉 - |s〉 transition is
lowered relatively to the amount of pump beam photons. When saturating
the system with enough pump beam photons, however, the SLE photon rate
will have the same value, and the limiting factor will again be the population
decay from level |s〉 to |g〉 as determined by Γsg.

Finally, we vary Γes in figure E.3. This is seen to give the most remark-
able result. All three characteristics of the plot that we mentioned that
can change, actually change for this plot, for similar reasons as mentioned
before. Most remarkably, increasing Γes at first give an increase in the con-
stant value of the ratio at low Ωp, but then this constant value drops when
further increasing Γes. No clear explanation can be found for this effect.
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Figure E.3: Ratio of SLE photon rate to pump beam photon rate vs. Ωp for
varying Γes values.

E.2 Varying Pure Dephasing Rates
Varying the pure dephasing rates also influences the system and the effi-
ciency of SLE photon production. The pure dephasing rate γ̂∗g is set to zero,
so this will not be varied, because it is a convention to put this level at zero
dephasing. Varying the pure dephasing rate γ̂∗s is seen to have no influence
on the plot (it was varied between 0.0005 and 5000 GHZ). When varying
γ̂∗e , we do see an effect on the SLE efficiency. This is shown in figure E.4.

We see that increasing the dephasing rate γ̂∗e lowers the constant value
of the ratio of SLE to pump beam photons, and shifts the cut-off point to
the right, so to higher Rabi-frequencies. The saturated value (thus for high
Ωp) of the SLE photon rate remains the same.
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Figure E.4: Ratio of SLE photon rate to pump beam photon rate vs. Ωp for
varying γ̂∗e values.
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Appendix F

Simulation Programs

This appendix provides an overview of the Matlab scripts and functions
that were used for this thesis. It is split up in two main parts: one for
the simulations of the master equation model of chapter 2 and one for the
simulations regarding the perturbative approach of chapter 3.

F.1 Master Equation Model
This section is split up in two parts: scripts for continuous-wave laser exci-
tation and the script used for pulsed laser excitation.

F.1.1 Continuous-Wave Laser Excitation

To model continuous-wave laser excitation with the master equation model,
we have the following scripts:

• Density matrix simulation (by Jakko de Jong, based on reference [1])
• Photon rate of the pump beam
• Parameters of the continuous-wave model
• SLE efficiency (SLE photon rate divided by pump beam photon rate)

versus laser frequency/detuning of the laser
• SLE efficiency versus Rabi frequency of the laser

The first script is used to get an output of the 3 × 3 density matrix for
continuous-wave laser excitation, and was constructed in earlier work of the
group. The second script calculates the number of photons in the pump
beam, when providing the Rabi frequency of the pump beam as the input.
The third script gives the system parameters for modelling continuous-wave
pumping. The first three script are needed to calculate the ratio of SLE pho-
tons to beam pump photons, which is what the fourth and fifth scripts do.
These two scripts differ in that they have a different independent variable.
The fourth script also includes simulations of the Population Rate Model
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(see Appendix D), which can be compared with the full density matrix sim-
ulations.

SIMULATION OF THE DENSITY MATRIX
f u n c t i o n solmat = solDM ( G , g , w_lambda , w_laser , Rabi )
% Program wr i t t en by Jakko de Jong
% Output : the d ens i t y matrix f o r continuous−wave l a s e r e x c i t a t i o n .

%% D e s c r i p t i o n input parameters
% G i s vec to r with the r e l a x a t i o n r a t e s in the system in the order :
% [ G_gs , G_sg , G_ge , G_eg , G_se , G_es ]

% g i s vec to r with pure dephasing r a t e s in the system in the order :
% [ g_g , g_s , g_e ]

% w_lamdba i s vec to r with the f r e q u e n c i e s o f the o p t i c a l
% t r a n s i t i o n s in the lambdasystem : [ w_ge , w_se ] .

% w_laser i s a vec to r with the f r e q u e n c i e s o f the l a s e r that d r i v e s
% the t r a n s i t i o n s . [ w_driving_ge , w_driving_se ]

% Rabi g i v e s the Rabi−o s c i l l a t i o n s o f the dr iven t r a n s i t i o n s :
% [ Rabi_ge , Rabi_se ]

%% Calcu la te s p l i t t i n g s
delta = w_laser−w_lambda ; % d e l t a = [ delta_ge , de l ta_se ]
Delta = delta (1 )−delta (2 ) ;

%% Make matrix with s e t o f equat ions

W = 1 ; % Total populat ion , d e f a u l t i s 1 .
Wp=Rabi (1 ) ;
Wc=Rabi (2 ) ;

% Use terms below as RmCn = Row m Column n f o r shor t notat ion
% f o r d e f i n i n g CPTeqSET below

R4C4 = 1i ∗( delta (1 ) ) − 1/2∗( G (1 )+G (4 )+G (6 ) )−g (3 ) ;
R5C5 = 1i ∗( delta (2 ) ) − 1/2∗( G (2 )+G (4 )+G (6 ) )−g (3 ) ;
R6C6 = 1i ∗( Delta ) − 1/2∗( G (1 )+G (2 ) ) −g (2 ) ;
R7C7 = −1i ∗( delta (1 ) ) − 1/2∗( G (1 )+G (4 )+G (6 ) )−g (3 ) ;
R8C8 = −1i ∗( delta (2 ) ) − 1/2∗( G (2 )+G (4 )+G (6 ) )−g (3 ) ;
R9C9 = −1i ∗( Delta ) − 1/2∗( G (1 )+G (2 ) ) −g (2 ) ;

CPTeqSet = [−G (1 ) G (2 ) G (4 ) 0 .5∗1 i∗Wp 0 0 ←↩
−0.5∗1i∗Wp 0 0 ; . . . %gg

G (1 ) −G (2 ) G (6 ) 0 1i/2∗ Wc 0 ←↩
0 −1i/2∗ Wc 0 ; . . . %s s

1 1 1 0 0 0 ←↩
0 0 0 ; . . . %ee

1i/2∗ Wp 0 −1i/2∗ Wp R4C4 0 1i←↩
/2∗ Wc 0 0 0 ; . . . %eg

0 1i/2∗ Wc −1i/2∗ Wc 0 R5C5 0 ←↩
0 0 1i/2∗ Wp ; . . . %es

0 0 0 1i/2∗ Wc 0 R6C6←↩
0 −1i/2∗ Wp 0 ; . . . %sg

−1i/2∗ Wp 0 1i/2∗ Wp 0 0 0 ←↩
R7C7 0 −1i/2∗ Wc ; . . . %eg ∗

0 −1i/2∗ Wc 1i/2∗ Wc 0 0 −1i←↩
/2∗ Wp 0 R8C8 0 ; . . . %es ∗
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0 0 0 0 1i/2∗ Wp 0 ←↩
−1i/2∗ Wc 0 R9C9 ] ; %sg ∗

% gg s s ee eg es sg eg ∗ es ∗ sg ∗
constVec = [ 0 ; 0 ; W ; 0 ; 0 ; 0 ; 0 ; 0 ; 0 ] ;

%% Solve equat ions
% s o l = ( r_gg , r_ss , r_ee , s_eg , s_es , s_sg , s_eg ∗ , s_es ∗ , s_sg ∗) ,
% with r i s rho and s i s sigma .
sol = CPTeqSet^−1∗constVec ;
solmat = [ sol (1 ) , sol (9 ) , sol (7 ) ;

sol (6 ) , sol (2 ) , sol (8 ) ;
sol (4 ) , sol (5 ) , sol (3 ) ] ;

end

PHOTON RATE PUMP BEAM
% Program wr i t t en by Sebas t i en Volker

% This f u n c t i o n c a l c u l a t e s the amount o f photons in the pump beam
% f o r a s p e c i f i c Rabi f requency and a s p e c i f i c spot s i z e .

f u n c t i o n [ J ]= Photonspumpbeam ( Rabi_p )
h=6.626∗10^−34; % uni t : kg∗m^2/ s
mu_ge =1.6∗1.6∗10^−19∗10^−9; % uni t : C∗m

E = h∗ Rabi_p /(2∗ p i ∗ mu_ge ) ;
% This i s one o f the standard formulas coup l ing Rabi f requency and
% e l e c t r i c f i e l d

epsilon_0 = 8.854∗10^−12; % uni t : F/m
c = 2.998∗10^8 ; % uni t : m/ s
n = 3 . 5 ; % n i s the r e f r a c t i v e index ( between 3 and 4 approximately )

I = E^2∗n∗ epsilon_0 ∗c /2 ; % uni t : W/m^2
% This i s the i n t e n s i t y o f the l a s e r beam , making use o f the
% e l e c t r i c f i e l d

radius_spot = 5∗10^−6; % uni t : m
size_spot = pi ∗ radius_spot ^2 ; % uni t : m^2
% This determines the spot s i z e o f the l a s e r beam on the sample

lambda = 818.7∗10^−9; % uni t : m, wavelength o f the l a s e r
E_photon = h∗c /( lambda ) ; % uni t : J , the energy per photon

J = I∗ size_spot / E_photon ;
% J g i v e s the photon r a t e o f the pump beam that i l l u m i n a t e s
% the sample
end

PARAMETERS CONTINUOUS-WAVE MODEL
%% SYSTEM PARAMETERS MASTER EQUATION MODEL CONTINUOUS−WAVE
% Program wr i t t en by Sebas t i en Volker

% The parameters below correspond with those in the solDM funct ion ,
% f i l l e d in with t y p i c a l va lue s f o r our lambda system .
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%% POPULATION RELAXATION RATES
Gamma_eg = 0.5 ∗ 10 ^9 ;
Gamma_es = 0.5 ∗ 10 ^9 ;
Gamma_ge = 0 ;
Gamma_se = 0 ;
Gamma_sg = 1∗10^6;

h = 6.626∗10^−34; % uni t : kg∗m^2/ s , Planck constant
v_gs = 37∗10^9; % uni t : Hz , f requency d i f f e r e n c e between

% s t a t e s g and s at a magnetic f i e l d o f 6 . 5 T
E_zeeman = h∗v_gs ; % uni t : J , Zeeman energy s p l i t t i n g
k_b = 1.38∗10^−23; % uni t : kg∗m^2/( s ^2∗K) , Boltzmann constant
T = 4 . 2 ; % uni t : K, the temperature o f the system

Gamma_gs = Gamma_sg ∗exp(−E_zeeman /( k_b∗T ) ) ;
G = [ Gamma_gs , Gamma_sg , Gamma_ge , Gamma_eg , Gamma_se , Gamma_es ] ;
% G i s the vec to r with populat ion r e l a x a t i o n r a t e s in the system ,
% a l l in u n i t s o f angular f requency .

%% PURE DEPHASING RATES
puredeph_g = 0 ;
puredeph_s = 0.5 ∗ 10 ^9 ;
puredeph_e = 7∗10^9;
g = [ puredeph_g , puredeph_s , puredeph_e ] ;
% g i s the vec to r with the pure dephasing r a t e s in the system .

%% ENERGY SPLITTINGS AND LASER DRIVING
omega_ge = 367.3∗10^12∗2∗ p i ;
% The s e p a r a t i o n between s t a t e s g and e in angular f requency
omega_se = (367.3∗10^12−37∗10^9) ∗2∗ p i ;
% The s e p a r a t i o n between s t a t e s s and e in angular f requency
detuning = 0∗10^9∗2∗ p i ; % the l a s e r detuning in Hz
w_lambda = [ omega_ge , omega_se ] ;
% w_lamdba i s the vec to r with the f r e q u e n c i e s o f the o p t i c a l
% t r a n s i t i o n s in the lambdasystem
w_laser = [ omega_ge+detuning , omega_se+detuning ] ;
% w_laser i s a vec to r with the f r e q u e n c i e s o f the l a s e r that d r i v e s
% the t r a n s i t i o n s . [ w_driving_ge , w_driving_se ]

%% RABI FREQUENCIES LASER BEAM(S)
Rabi_ge = 0.01∗10^9 ;
Rabi_se = 0 ;
Rabi=[Rabi_ge , Rabi_se ] ;
% Rabi g i v e s the Rabi−o s c i l l a t i o n s o f the dr iven t r a n s i t i o n s . We
% only d r i v e the g−e t r a n s i t i o n . The l a s e r s can be switched on or
% o f f by s e t t i n g a value f o r Rabi_ge or Rabi_se . The f i r s t f i e l d in
% the vec to r Rabi i s the l a s e r on the g−e t r a n s i t i o n , the second i s
% the l a s e r that d r i v e s the s−e t r a n s i t i o n . This vec to r i s only used
% in the s c r i p t that has the f requency o f the pump beam as i t s
% independent v a r i a b l e ( and thus has a f i x e d Rabi−f r equency )

%% NUMBER OF ILLUMINATED DONORS
radius_spot = 5∗10^−6; % uni t : m
size_spot = pi ∗ radius_spot ^2 ; % uni t : m^2
thickness_sample = 10∗10^−6; % uni t : m
density_donor = 3∗10^13∗10^6; % uni t : m^−3
donors = density_donor ∗ thickness_sample ∗ size_spot ; % d i m e n s i o n l e s s
% This g i v e s the number o f donors that get i l l u m i n a t e d by the l a s e r .

SLE EFFICIENCY VERSUS DETUNING OF THE LASER
% Program wr i t t en by Sebas t i en Volker
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% This s c r i p t i s meant to make a p l o t o f the r a t i o o f SLE to pump
% beam photon rate , with the independent v a r i a b l e being the
% frequency o f the pump beam , f o r continuous−wave l a s e r e x c i t a t i o n .
% I t does so f o r s i m u l a t i o n s o f the dens i ty matrix us ing the
% f u n c t i o n solDM . The s c r i p t can a l s o be used to p l o t the l e v e l
% popu la t i ons ver sus the f requency o f the cont inous−wave pump beam .

run ( ' ParametersCW ' )

%% SOLVING DENSITY MATRIX FOR VARYING FREQUENCIES OF PUMP BEAM
omega_L =[( omega_ge−1∗10^11) : ( 1 0 ^ 7 ) : ( omega_ge +1∗10^11) ] ;
% We scan over d i f f e r e n t f r e q u e n c i e s c l o s e to resonance .
rho_gg = z e r o s (1 , l ength ( omega_L ) ) ;
rho_ss = z e r o s (1 , l ength ( omega_L ) ) ;
rho_ee = z e r o s (1 , l ength ( omega_L ) ) ;
SLEratio = z e r o s (1 , l ength ( omega_L ) ) ;
% We d e f i n e empty vector s , which w i l l l a t e r on conta in e . g . the
% l e v e l popu la t i ons f o r the d i f f e r e n t f r e q u e n c i e s we t e s t f o r .
j=0;
f o r i=omega_L

j=j+1;
rho=solDM ( G , g , w_lambda , [ i , ( omega_se ) ] , Rabi ) ;
rho_gg (1 , j )=abs ( rho ( 1 , 1 ) ) ;
rho_ss (1 , j )=abs ( rho ( 2 , 2 ) ) ;
rho_ee (1 , j )=abs ( rho ( 3 , 3 ) ) ;
SLEratio (1 , j )=abs ( rho ( 3 , 3 ) ) ∗( G (6 ) / Photonspumpbeam ( Rabi (1 ) ) ) ;%∗←↩

donors ;
end
% In the for−loop , we s o l v e the d e n s i t r y matrix f o r a l l i n v e s t i g a t e d
% f r e q u e n c i e s . The l e v e l popu la t i ons f o l l o w d i r e c t l y from p i c k i n g
% t h e r i g h t e lements o f the d ens i t y matrix . To get the SLE photon
% rate , we mult ip ly the e x c i t e d s t a t e populat ion rho_ee by the G(6)
% element (Gamma_es) and then d i v i d e by the amount o f photons in the
% pump beam ( g−e t r a n s i t i o n ) in order to obta in the r a t i o o f SLE
% photons /pump beam photon r a t e .
% The r e s u l t can o p t i o n a l l y be m u l t i p l i e d by the number o f donors ,
% to f i n d the r e s u l t f o r the ensemble i n s t e a d o f f o r a s i n g l e donor .

%% PLOTTING
f i g u r e
s e t ( gca , ' f o n t s i z e ' , 18)
p l o t ( ( omega_L−omega_ge ) /10^9 , SLEratio , ' Color ' , [ 0 . 0 4 , 0 . 1 4 , 0 . 4 2 ] , '←↩

Linewidth ' , 6 ) ;
% We s u b s t r a c t omega_ge from the omega_L value , to get the detuning
% of the pump beam i n s t e a d o f i t s f requency on the x−a x i s .
t i t l e ( ' Ratio SLE Photon Rate/Pump Beam Photon Rate vs . Frequency o f ←↩

Pump Beam ' , ' Fonts i z e ' , 16) ;
x l a b e l ( ' Laser Detuning \ Delta [GHz] ' , ' Fonts i z e ' , 20) , y l a b e l ( ' Ratio ←↩

SLE/Pump Beam Photon Rate ' , ' Fonts i z e ' , 20) ;

% I f wanted , below a p l o t can be made o f the l e v e l popu la t i ons
% ver sus the f requency o f the pump beam .
% f i g u r e
% p l o t ( ( omega_L−omega_ge ) , rho_gg , ' . k ' , ( omega_L−omega_ge ) , . . .
% rho_ss , ' . b ' , ( omega_L−omega_ge ) , rho_ee , ' . r ' ) ;
% t i t l e ( ' Leve l Populat ions vs . Frequency o f Pump Beam ' ) ;
% x l a b e l ( ' Detuning Pump Beam [ Hz ] ' , ' Fonts ize ' , 1 8 ) ;
% y l a b e l ( ' Leve l Population ' , ' Fonts ize ' , 1 8 ) ;
% legend ( ' Leve l g ' , ' Leve l s ' , ' Leve l e ' ) ;
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SLE EFFICIENCYVERSUS RABI FREQUENCYOF THE LASER
% Program wr i t t en by Sebas t i en Volker

% This s c r i p t i s meant to make a p l o t o f the r a t i o o f the SLE photon
% r a t e to the pump beam photon rate , ve r sus the Rabi f requency o f ←↩

the
% pump beam , f o r continuous−wave l a s e r e x c i t a t i o n .
% I t does so f o r s i m u l a t i o n s o f the de ns i t y matrix us ing the
% f u n c t i o n solDM . Addi t iona l ly , i t compares the se s i m u l a t i o n s with
% the Populat ion Rate Model .

% This program a l s o makes a p l o t o f the ( e q u i l i b r i u m ) l e v e l
% popu la t i ons o f a s i n g l e donor , ve r sus the Rabi f requency o f the
% pump beam , f o r cont inuous wave e x c i t a t i o n .

run ( ' ParametersCW ' )

%% SOLVING DENSITY MATRIX FOR VARYING RABI FREQUENCIES OF PUMP BEAM
x = [ 5 : 0 . 0 0 2 : 1 1 ] ;
Rabi_P = 10.^ x ;
% This prov ide s the d i f f e r e n t Rabi f r e q u e n c i e s o f the pump beam ,
% varying from 10^5 Hz to 10^11 Hz .
rho_gg = z e r o s (1 , l ength ( Rabi_P ) ) ;
rho_ss = z e r o s (1 , l ength ( Rabi_P ) ) ;
rho_ee = z e r o s (1 , l ength ( Rabi_P ) ) ;
SLEratio = z e r o s (1 , l ength ( Rabi_P ) ) ;
PRMratio = z e r o s (1 , l ength ( Rabi_P ) ) ;
% We d e f i n e empty vector s , which w i l l l a t e r on conta in e . g . the
% l e v e l popu la t i ons f o r the d i f f e r e n t r a b i f r e q u e n c i e s we t e s t f o r .
j=0;
f o r i = Rabi_P

j = j+1;
rho = solDM ( G , g , w_lambda , w_laser , [ i , 0 ] ) ;
% rho i s the d e n s i t r y matrix , obta ined us ing the f u n c t i o n solDM
rho_gg (1 , j ) = abs ( rho ( 1 , 1 ) ) ;
rho_ss (1 , j ) = abs ( rho ( 2 , 2 ) ) ;
rho_ee (1 , j ) = abs ( rho ( 3 , 3 ) ) ;
SLEratio (1 , j ) = abs ( rho ( 3 , 3 ) ) ∗G (6 ) / Photonspumpbeam ( i ) ;%∗ donors ;
PRMratio (1 , j ) = ( i∗G (6 ) ∗G (2 ) ) /((1+ exp(−E_zeeman /( k_b∗T ) ) ) ∗G (2 ) ∗(←↩

i+G (4 )+G (6 ) )+(i ∗( G (2 )+G (6 ) ) ) ) / Photonspumpbeam ( i ) ;%∗ donors ;
end
% In the for−loop , we s o l v e the d e n s i t r y matrix f o r a l l i n v e s t i g a t e d
% Rabi f r e q u e n c i e s . The l e v e l popu la t i ons f o l l o w d i r e c t l y from
% pi c k i n g the r i g h t e lements o f the dens i ty matrix . The vec to r
% SLEratio i s equal to rho_ee t imes the populat ion r e l a x a t i o n from
% e to s , as i s the p r i n c i p l e behind the Master Equation Model .
% This r e s u l t i s then d iv ided by Photonspumpbeam , a f u n c t i o n that
% determines the amount o f photons in the pump beam ( g−e t r a n s i t i o n )
% f o r an input Rabi frequency , in order to obta in the c o r r e c t r a t i o
% o f SLE photons /pump beam photons . The vec to r PRMratio i s the
% Populat ion Rate Model e x p r e s s i o n f o r t h i s r a t i o , and can be
% compared with the s imu la t i on that uses solDM .
% The r e s u l t s can o p t i o n a l l y be m u l t i p l i e d by the number o f donors ,
% to f i n d the r e s u l t f o r the ensemble i n s t e a d o f f o r a s i n g l e donor .

%% PLOTTING
f i g u r e
l o g l o g ( Rabi_P , SLEratio , ' Color ' , [ 0 . 0 4 , 0 . 1 4 , 0 . 4 2 ] , ' Linewidth ' , 6 ) ;
t i t l e ( ' Ratio SLE Photon Rate/Pump Beam Photon Rate vs . Rabi ←↩

Frequency o f Pump Beam ' , ' Fonts i z e ' , 16) ;
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x l a b e l ( ' Rabi Frequency Pump Beam [ Hz ] ' , ' Fonts i z e ' , 20) , y l a b e l ( ' Ratio ←↩
SLE/ Pump Beam Photon Rate ' , ' Fonts i z e ' , 20) ;

f i g u r e
l o g l o g ( Rabi_P , PRMratio , ' r . ' , Rabi_P , SLEratio , ' k . ' ) ;
t i t l e ( ' Ratio SLE Photon Rate/Pump Beam Photon Rate vs . Rabi ←↩

Frequency o f Pump Beam ' , ' Fonts i z e ' , 16) ;
x l a b e l ( ' Rabi Frequency Pump Beam [ Hz ] ' , ' Fonts i z e ' , 18) , y l a b e l ( ' Ratio ←↩

SLE/ Pump Beam Photon Rate ' , ' Fonts i z e ' , 18) ;
l egend ( 'PRM ( no coherences ) ' , ' Fu l l DM ( with coherences ) ' ) ;

f i g u r e
l o g l o g ( Rabi_P , rho_gg , ' k . ' , Rabi_P , rho_ss , ' b . ' , Rabi_P , rho_ee , ' r . ' )
t i t l e ( ' Leve l Populat ions vs . Rabi Frequency o f Pump Beam ' , ' Fonts i z e '←↩

, 16) ;
x l a b e l ( ' Rabi Frequency Pump Beam [ Hz ] ' , ' Fonts i z e ' , 18) , y l a b e l ( ' Leve l ←↩

Populat ion ' , ' Fonts i z e ' , 18) ;
l egend ( ' Leve l g ' , ' Leve l s ' , ' Leve l e ' ) ;

% D i f f e r e n t p l o t s can be made , depending on what we want . The r a t i o
% o f SLE photon r a t e to Pump beam photon rate , ve r sus the Rabi
% f r e q u e n c i e s o f the pump beam can be p l o t t e d ( a l s o f o r the PRM
% model ) . In addit ion , we can p l o t the l e v e l popu la t i ons vs . Rabi
% frequency o f the pump beam .
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F.1.2 Pulsed Laser Excitation

One script is used to determine the ratio of SLE to pump beam photons
rate for pulsed laser excitation. It makes use of the Population Rate Model
(see Appendix D) and therefore ignores coherences in the density matrix.
The script is shown below.

f u n c t i o n SLEphotons = PulsedSLE ( T , t_on , T_on , PulsePower )
% Program wr i t t en by Sebas t i en Volker

% Input arguments : t o t a l s imu la t i on time (T) , moment in time that
% the pu l s e i s turned on ( t_on ) , durat ion o f the pu l s e (T_on) ,
% and the Rabi−f r equency o f the pu l s e ( PulsePower ) .

% Output argument : expected amount o f SLEphotons emitted during the
% s imu la t i on time f o r a s i n g l e donor .

% This s c r i p t i s meant to d e s c r i b e spontaneous l i g h t emis s ion (SLE)
% f o r the master equat ion model o f the den s i ty matrix , when
% e x c i t i n g the system with a pulsed−l a s e r . The s c r i p t c a l c u l a t e s
% the l e v e l popu la t i ons over time . In addi t ion , the s c r i p t g i v e s a
% p r o f i l e o f the SLE photons emitted over time , a l s o measuring the
% t o t a l amounts o f SLE photons emitted , which i s the output o f the
% f u n c t i o n ( SLEphotons ) . Furthermore , the output i s a p l o t o f the
% l e v e l popu la t i ons ver sus time , and the cumulat ive number o f SLE
% photons ver sus time . The system uses the Populat ion Rate Model
% and t h e r e f o r e only l o o k s at populat ions , i g n o r i n g coherences .

% In the program , a pu l s e P i s app l i ed at a c e r t a i n moment in time
% on the g−e t r a n s i t i o n . The program a l s o a l l ow s f o r a pu l s e C on
% the s−e t r a n s i t i o n , though f o r the Raman exper iments we do , t h i s
% pu l se i s always o f f . I t can be used f o r other pulsed exper iments .

%% SPECIFYING SYSTEM PARAMETERS:
Gamma_eg = 0.5 ∗ 10 ^9 ; % uni t : Hz
Gamma_es = 0.5 ∗ 10 ^9 ; % uni t : Hz
Gamma_ge = 0 ; % uni t : Hz
Gamma_se = 0 ; % uni t : Hz
Gamma_sg = 1∗10^6; % uni t : Hz

h = 6.626∗10^−34; % uni t : kg∗m^2/ s , Planck constant
v_gs = 37∗10^9; % uni t : Hz , f requency d i f f e r e n c e between

% s t a t e s g and s at magnetic f i e l d o f 6 . 5 T
E_zeeman = h∗v_gs ; % uni t : J , Zeeman energy s p l i t t i n g
k_b = 1.38∗10^−23; % uni t : kg∗m^2/( s ^2∗K) , Boltzmann constant
Temp = 4 . 2 ; % uni t : K, the temperature o f the system

Gamma_gs = Gamma_sg ∗exp(−E_zeeman /( k_b∗Temp ) ) ;
G = [ Gamma_gs , Gamma_sg , Gamma_ge , Gamma_eg , Gamma_se , Gamma_es ] ;
% G i s the vec to r with populat ion r e l a x a t i o n r a t e s in the system .

%% PROVIDING BOUNDARY CONDITIONS:
gg = 0 . 6 ; % i n i t i a l l e v e l populat ion o f g
ss = 0 . 4 ; % i n i t i a l l e v e l populat ion o f g
ee = 0 ; % i n i t i a l l e v e l populat ion o f g
% These three paramaters prov ide the boundary cond i t i ons , g i v i n g
% the l e v e l popu la t i ons at time t =0.

%% PROVIDING SIMULATIONS PARAMETERS AND VECTORS:
dt = 10^−12; % uni t : s , the t imestep f o r s i m u l a t i o n s
T_sim = [ 0 : dt : T ] ; % uni t : s , T_sim g i v e s the vec to r with the moments
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% in time during the whole s imu la t i on
% The t o t a l s imu la t i on time (T) , the moment in time that the pu l s e
% i s turned on ( t_on ) and the durat ion o f the pu l s e (T_on) are
% provided as input arguments f o r the f u n c t i o n .

g = z e r o s (1 , l ength ( T_sim ) ) ;
s = z e r o s (1 , l ength ( T_sim ) ) ;
e = z e r o s (1 , l ength ( T_sim ) ) ;
SLE = z e r o s (1 , l ength ( T_sim ) ) ;
g ( 1 , 1 ) = gg ;
s ( 1 , 1 ) = ss ;
e ( 1 , 1 ) = ee ;
SLE ( 1 , 1 ) = e ( 1 , 1 ) ∗( dt /2) ∗G (6 ) ;
% We d e f i n e four vector s , which w i l l l a t e r on conta in the l e v e l
% popu la t i ons f o r the d i f f e r e n t t imes i n v e s t i g a t e d and the t o t a l
% number o f SLE photons at a c e r t a i n moment in time . We a l s o put
% the i n i t i a l system c o n d i t i o n s in the f i r s t element o f the v e c t o r s .

%% SIMULATION PART 1 (PULSE OFF)
t = [ dt : dt : t_on ] ;
Omega_P = 0 ; %Hz
Omega_C = 0 ; %Hz
% Frequenc ie s o f the pump beam P ( on the g−e t r a n s i t i o n ) and the
% c o n t r o l beam C ( on the s−e t r a n s i t i o n ) . Both are turned o f f in
% the i n i t i a l time per iod .

j=1;
f o r i=t

j=j+1;
g (1 , j ) = gg +(−Omega_P ∗gg + Omega_P ∗ee − G (1 ) ∗gg + G (4 ) ∗ee + G←↩

(2 ) ∗ss ) ∗dt ;
s (1 , j ) = ss +(−Omega_C ∗ss + Omega_C ∗ee + G (1 ) ∗gg + G (6 ) ∗ee − G←↩

(2 ) ∗ss ) ∗dt ;
e (1 , j ) = ee +(Omega_P ∗gg − Omega_P ∗ee + Omega_C ∗ss − G (6 ) ∗ee − G←↩

(4 ) ∗ee ) ∗dt ;
gg = g (1 , j ) ;
ss = s (1 , j ) ;
ee = e (1 , j ) ;
SLE (1 , j ) = SLE ( 1 , ( j−1) ) + ee∗dt∗G (6 ) ;

end

%% SIMULATION PART 2 (PULSE ON)
t = [ t_on+dt : dt : t_on+T_on ] ;
% This time per iod t i s used to s imulate the l e v e l popu la t i ons
% in time throughout the durat ion o f the pu l s e .
Omega_P = PulsePower ;
% uni t : Hz , Power i s the Rabi−f r equency o f the l a s e r pulse ,
% provided as input argument o f the f u n c t i o n .
Omega_C = 0 ; % Hz
% Frequenc ie s o f the pump beam P ( on the g−e t r a n s i t i o n ) and the
% c o n t r o l beam C ( on the s−e t r a n s i t i o n ) . Omega_P i s the Rabi
% frequency o f the pulse , which i s non−zero in t h i s time per iod .

f o r i=t
j=j+1;
g (1 , j ) = gg +(−Omega_P ∗gg + Omega_P ∗ee − G (1 ) ∗gg + G (4 ) ∗ee + G←↩

(2 ) ∗ss ) ∗dt ;
s (1 , j ) = ss +(−Omega_C ∗ss + Omega_C ∗ee + G (1 ) ∗gg + G (6 ) ∗ee − G←↩

(2 ) ∗ss ) ∗dt ;
e (1 , j ) = ee +(Omega_P ∗gg − Omega_P ∗ee + Omega_C ∗ss − G (6 ) ∗ee − G←↩

(4 ) ∗ee ) ∗dt ;
gg = g (1 , j ) ;
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ss = s (1 , j ) ;
ee = e (1 , j ) ;
SLE (1 , j ) = SLE ( 1 , ( j−1) ) + ee∗dt∗G (6 ) ;

end

%% SIMULATION PART 3 (PULSE OFF)
t = [ ( t_on+T_on+dt ) : dt : T ] ;
% This time per iod i s from the moment the pu l s e i s turned o f f
% t i l l the end o f the s imu la t i on .
Omega_P = 0 ;
Omega_C = 0 ;
% Frequenc ie s o f the pump beam P ( on the g−e t r a n s i t i o n ) and the
% c o n t r o l beam C ( on the s−e t r a n s i t i o n ) . Both are zero now , as
% no pu l s e i s app l i ed anymore .

f o r i=t
j=j+1;
g (1 , j ) = gg +(−Omega_P ∗gg + Omega_P ∗ee − G (1 ) ∗gg + G (4 ) ∗ee + G←↩

(2 ) ∗ss ) ∗dt ;
s (1 , j ) = ss +(−Omega_C ∗ss + Omega_C ∗ee + G (1 ) ∗gg + G (6 ) ∗ee − G←↩

(2 ) ∗ss ) ∗dt ;
e (1 , j ) = ee +(Omega_P ∗gg − Omega_P ∗ee + Omega_C ∗ss − G (6 ) ∗ee − G←↩

(4 ) ∗ee ) ∗dt ;
gg = g (1 , j ) ;
ss = s (1 , j ) ;
ee = e (1 , j ) ;
SLE (1 , j ) = SLE ( 1 , ( j−1) ) + ee∗dt∗G (6 ) ;

end
SLE (1 , l ength ( T_sim ) ) = SLE (1 , l ength ( T_sim ) )−ee ∗( dt /2) ∗G (6 ) ;
% t h i s s p e c i f i e s the l a s t element o f the vec to r

%% CALCULATING TOTAL NUMBER OF OUTGOING SLE PHOTONS
Integral = sum( e∗dt ) ;
SLEphotons = Integral ∗G (6 ) ;
% SLEphotons i s the t o t a l number o f SLE photons emitted in the
% t o t a l s imu la t i on time T_sim .
display ( SLEphotons ) ;

%% PLOTTING
f i g u r e
subplot ( 2 , 1 , 1 ) ;
p l o t ( T_sim , g , ' k . ' , T_sim , s , ' b . ' , T_sim , e , ' r . ' ) ;
t i t l e ( ' Leve l popu la t i ons ( g , s , e ) vs . time ' , ' Fonts i z e ' , 11) ;
x l a b e l ( ' Time [ s ] ' ) , y l a b e l ( ' Leve l Populat ion ' ) ;
l egend ( ' Leve l g ' , ' Leve l s ' , ' Leve l e ' ) ;
% This p l o t s the popu la t i ons o f g , s and e over time

subplot ( 2 , 1 , 2 ) ;
p l o t ( T_sim , SLE , ' k . ' ) ;
t i t l e ( 'SLE photons emitted vs . time ' , ' Fonts i z e ' , 11) ;
x l a b e l ( ' Time [ s ] ' ) , y l a b e l ( ' Cumulative SLE [# photons ] ' ) ;
% This p l o t s the cumulat ive number o f SLE photons emitted vs . time
end
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F.2 Perturbative Approach
The simulations in chapter 3 were made using the following scripts to cal-
culate the Raman and fluorescence cross-sections.

• Parameters Perturbative Model
• Raman Cross-Section
• Fluorescence Cross-Section

PARAMETERS PERTURBATIVE MODEL
%% CONSTANTS AND PARAMETERS PERTURBATIVE APPROACH
% Program wr i t t en by Sebas t i en Volker

% This s c r i p t l i s t s the fundamental cons tant s and system parameters
% that are used to c a l c u l a t e the Raman and f l u o r e s c e n c e s i g n a l s
% in the p e r t u r b a t i v e approach .

%% FUNDAMENTAL CONSTANTS
h_bar = 1.054∗10^−34; % uni t : kg m^2 s^−1
c = 2.998∗10^8 ; % uni t : m s ^−1, speed o f l i g h t
epsilon_0 = 8.854∗10^(−12) ; % uni t : F m^−1,vacuum p e r m i t t i v i t y
k_b =1.38∗10^−23; % uni t : J K^−1 Boltzmann constant

%% SYSTEM PARAMETERS
omega_eg_avg = 367300∗10^9∗2∗ p i ; % uni t : Hz , the average s p l i t t i n g ←↩

between s t a t e s g and e in angular f requency
omega_sg_avg = 37∗10^9∗2∗ p i ; % uni t : Hz , the average s p l i t t i n g ←↩

between s t a t e s g and s in angular f requency
omega_es_avg = omega_eg_avg−omega_sg_avg ; % uni t : Hz , average ←↩

s p l i t t i n g between s t a t e s s and e in angular f requency

Gamma_eg = 0.5 ∗ 10 ^9 ; % uni t : s ^−1, t h i s i s the populat ion r e l a x a t i o n←↩
r a t e from s t a t e e to g

Gamma_es = 0.5 ∗ 10 ^9 ; % uni t : s ^−1, t h i s i s the populat ion r e l a x a t i o n←↩
r a t e from s t a t e e to s

Gamma_sg = 1∗10^6; % uni t : s ^−1, t h i s i s the populat ion r e l a x a t i o n←↩
r a t e from s t a t e s to g

E_Zeeman = h_bar ∗ omega_sg_avg ; % uni t : J , the Zeeman energy ←↩
s p l i t t i n g between s t a t e s s and g

T = 4 . 2 ; % K, the temperature at which the system i s kept at
Gamma_gs = Gamma_sg ∗exp(−E_Zeeman /( k_b∗T ) ) ; % uni t : s ^−1, t h i s i s ←↩

the populat ion r e l a x a t i o n r a t e from s t a t e g to s
Gamma_e = Gamma_eg + Gamma_es ; % uni t : s ^−1, t h i s i s the populat ion ←↩

r e l a x a t i o n r a t e o f s t a t e e
Gamma_s = Gamma_sg ; % uni t : s ^−1, t h i s i s the populat ion r e l a x a t i o n ←↩

r a t e o f s t a t e s
Gamma_g = Gamma_gs ; % uni t : s ^−1, t h i s i s the populat ion r e l a x a t i o n ←↩

r a t e o f s t a t e g

puredeph_e = 0.05∗10^9 ; % uni t : s ^−1, t h i s i s the pure dephasing ←↩
r a t e out o f s t a t e e ( homogeneous v e r s i o n taken f o r th i s , app l i ed←↩

to s i n g l e lambda system )
puredeph_s = 0 ; % uni t : s ^−1, t h i s i s the pure dephasing r a t e out o f←↩

s t a t e s ( homogeneous v e r s i o n taken f o r th i s , app l i ed to s i n g l e ←↩
lambda system )

gamma_eg = (1/2) ∗ Gamma_e + (1/2) ∗ Gamma_g + puredeph_e ; % ←↩
homogeneous dephasing r a t e between e and g
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gamma_es = (1/2) ∗ Gamma_e + (1/2) ∗ Gamma_s + puredeph_e + puredeph_s ; ←↩
% homogeneous dephasing r a t e between e and s

gamma_sg = (1/2) ∗ Gamma_s + (1/2) ∗ Gamma_g + puredeph_s ; % homogeneous←↩
dephasing r a t e between s and g

mu_ge = 2.56∗10^−28; % uni t : C m, t h i s i s the d i p o l e moment between←↩
s t a t e g and e

mu_se = 2.56∗10^−28; % uni t : C m, t h i s i s the d i p o l e moment between←↩
s t a t e s and e

d = 10∗10^−6; % uni t : m, t h i s i s the pathlength through the sample , ←↩
so i t s t h i c k n e s s

rho_0 = 3∗10^13∗10^6; % uni t : m^−3, t h i s i s the number d ens i ty o f ←↩
donors

RAMAN CROSS-SECTION
%% RAMAN CROSS−SECTION SEMI−CLASSICAL APPROACH
% Program wr i t t en by Sebas t i en Volker

% This s c r i p t outputs a p l o t o f the Raman s c a t t e r i n g cros s−s e c t i o n
% versus the f requency o f the Raman photons . When s e t t i n g a non−zero
% window_L f o r scanning o f the l a s e r , i t a l s o g i v e s a p l o t o f the
% t o t a l s c a t t e r i n g cros s−s e c t i o n ver sus the l a s e r detuning

run ( ' ParametersSC ' )

%% PARAMETERS FOR CALCULATING INHOMOGENEOUS BROADENING

% Varying omega_L
dw_L = 1∗10^9; % uni t : Hz , the step−s i z e taken f o r an element ←↩

d_omega_L
window_L = 0∗10^9; % uni t : Hz , the t o t a l width o f the window in ←↩

which we examine f r e q u e n c i e s o f omega_L .

% Varying omega_eg ( inhomogeneous broadening )
sigma_eg = (15∗10^9) / s q r t (8∗ log (2 ) ) ; % the standard d e v i a t i o n o f the←↩

Gaussian inhomogeneous broadening o f l e v e l e
dw_eg = gamma_eg /5 ; % the step−s i z e taken f o r an element o f ←↩

d_omega_eg
window_eg = 48∗ gamma_eg ; % uni t : Hz , the t o t a l width o f the window ←↩

in which we examine f r e q u e n c i e s o f omega_eg

% Varying omega_sg ( inhomogeneous broadening )
sigma_sg = (1∗10^9) / s q r t (8∗ log (2 ) ) ; % the standard d e v i a t i o n o f the ←↩

Gaussian inhomogeneous broadening o f l e v e l s
dw_sg = gamma_sg /5 ; % the step−s i z e taken f o r an element o f ←↩

d_omega_sg
window_sg = 48∗ gamma_sg ; % uni t : Hz , the t o t a l width o f the window ←↩

in which we examine f r e q u e n c i e s o f omega_sg

% Varying omega_S
dw_S = gamma_eg /5 ; % uni t : Hz , the step−s i z e taken f o r an element ←↩

o f d_omega_S
window_S = 8∗ sigma_sg ; % uni t : Hz , the t o t a l width o f the window in ←↩

which we examine f r e q u e n c i e s o f omega_S

% Vectors used f o r s t o r i n g r e s u l t s
w_L_Raman = z e r o s ( 1 , ( f l o o r ( window_L /dw_L ) + 1) ) ; % t h i s i s the ←↩

vec to r that w i l l conta in the numerica l va lue s o f the r a t i o o f ←↩
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omega_S i n t e n s i t y to incoming l a s e r i n t e n s i t y f o r s e v e r a l va lue s←↩
o f omega_L

w_S_Raman = z e r o s ( 1 , ( f l o o r ( window_S /dw_S ) + 2) ) ; % t h i s i s the ←↩
vec to r that w i l l conta in the numerica l va lue s o f the r a t i o o f ←↩
omega_S i n t e n s i t y to incoming l a s e r i n t e n s i t y ( f o r a f i x e d value←↩

o f omega_L)
w_eg = z e r o s ( 1 , ( f l o o r ( window_eg / dw_eg ) + 1) ) ; % t h i s i s the vec to r ←↩

that w i l l conta in the numerica l va lue s o f the I_S/I_L r a t i o ( f o r←↩
a f i x e d omega_S value and omega_L value )

w_sg = z e r o s ( 1 , ( f l o o r ( window_sg / dw_sg ) + 1) ) ; % t h i s i s the vec to r ←↩
that w i l l conta in the numerica l va lue s o f the I_S/I_L r a t i o ( f o r←↩

a f i x e d omega_eg and omega_S value and omega_L value )
range_S = z e r o s ( 1 , ( f l o o r ( window_S /dw_S ) + 1) ) ; % t h i s i s the vec to r ←↩

that w i l l conta in the d i f f e r e n t va lue s o f omega_S that we ←↩
eva luate the I_S/I_L r a t i o f o r

range_L = ( omega_eg_avg − window_L /2) : dw_L : ( omega_eg_avg + window_L←↩
/2) ; % t h i s i s the vec to r o f omega_L va lue s we w i l l eva luate the←↩

I_S/I_L r a t i o f o r ( the r a t i o o f omega_S i n t e n s i t y to incoming ←↩
l a s e r i n t e n s i t y )

%% INTEGRATION TO FIND THE CROSS−SECTION
f o r i = 1 : l ength ( w_L_Raman )

omega_L = ( omega_eg_avg − window_L /2) + ( i−1)∗dw_L ;
f o r j = 1 : l ength ( w_S_Raman )

omega_S = ( ( omega_L−omega_sg_avg ) − window_S /2) + ( j−1)∗dw_S←↩
;

range_S (1 , j ) = ( ( omega_L−omega_sg_avg ) − window_S /2) + ( j−1)←↩
∗dw_S ;

f o r k = 1 : l ength ( w_eg )
omega_eg = ( omega_L − window_eg /2) + ( k−1)∗ dw_eg ;

f o r l = 1 : l ength ( w_sg )
omega_sg = ( ( omega_L−omega_S )−window_sg /2) + ( l−1)∗←↩

dw_sg ;
w_sg (1 , l ) = exp(−(omega_sg−omega_sg_avg ) ^2/(2∗←↩

sigma_sg ^2) ) ∗ omega_S ^ 3 ∗ . . .
2∗ r e a l (−1i ∗(1/( omega_eg−omega_L+1i∗←↩

gamma_eg ) ) ∗(−1i ) ∗ ( ( gamma_sg ) / ( (←↩
omega_sg+omega_S−omega_L )^2+gamma_sg←↩
^2) ) ∗(1/(−( omega_eg−omega_sg )+←↩
omega_S+1i ∗( gamma_es ) ) ) ) ;

end
w_eg (1 , k ) = exp(−(omega_eg−omega_eg_avg ) ^2/(2∗ sigma_eg←↩

^2) ) ∗sum( w_sg∗ dw_sg ) ;
end
w_S_Raman (1 , j ) = (1/( s q r t (2∗ p i ) ∗ sigma_eg ) ) ∗(1/( s q r t (2∗ p i ) ∗←↩

sigma_sg ) ) ∗ omega_L /( epsilon_0 ^2∗ p i ^2∗( h_bar ) ^2∗c ^4) ∗(←↩
mu_ge ^2∗ mu_se ^2) ∗sum( w_eg∗ dw_eg ) ;

end
w_L_Raman (1 , i )=sum( w_S_Raman ∗dw_S ) ;

end

%% DISPLAY & PLOTTING OF PARAMETERS
display ( w_L_Raman ) ;

f i g u r e
s e t ( gca , ' f o n t s i z e ' , 18)
p l o t ( ( range_S−omega_es_avg ) /10^9 , w_S_Raman , ' k ' , ' Linewidth ' , 6 )
x l a b e l ( ' \omega_S − \omega_e_s^{avg} [GHz] ' , ' Fonts i z e ' , 20) , y l a b e l ( '←↩

D i f f e r e n t i a l Raman c r o s s s e c t i o n [m^2 s ] ' , ' Fonts i z e ' , 20) ;
f i g u r e
p l o t ( ( range_L−omega_eg_avg ) /10^9 , w_L_Raman , ' Color ' , [ 0 . 8 5 , 0 . 1 6 , 0 ] , '←↩

Linewidth ' , 6 )
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x l a b e l ( ' Laser detuning \ Delta [GHz] ' , ' Fonts i z e ' , 20) , y l a b e l ( ' Total ←↩
Raman s c a t t e r i n g c r o s s s e c t i o n [m^2 ] ' , ' Fonts i z e ' , 20) ;

FLUORESCENCE CROSS-SECTION
%% FLUORESCENCE SIGNAL SEMI−CLASSICAL APPROACH
% Program wr i t t en by Sebas t i en Volker

% This s c r i p t outputs a p l o t o f the f l u o r e s c e n c e s c a t t e r i n g cros s−
% s e c t i o n ver sus the f requency o f the Raman photons . When s e t t i n g a
% non−zero window_L f o r scanning o f the l a s e r , i t a l s o g i v e s a p l o t
% o f the t o t a l s c a t t e r i n g cros s−s e c t i o n ver sus the l a s e r detuning .

run ( ' ParametersSC ' )

%% PARAMETERS FOR CALCULATING INHOMOGENEOUS BROADENING

% Varying omega_L
dw_L =1∗10^9; % uni t : Hz , the step−s i z e taken f o r an element ←↩

domega_L
window_L = 0∗10^9; % uni t : Hz , the t o t a l width o f the window in ←↩

which we examine f r e q u e n c i e s o f omega_L

% Varying omega_eg ( inhomogeneous broadening )
sigma_eg = (15∗10^9) / s q r t (8∗ log (2 ) ) ; % the inhomogeneous width o f ←↩

the e s t a t e t r a n s l a t e d i n t o the sigma f o r the Gaussian f u n c t i o n
dw_eg = gamma_eg /5 ; % the step−s i z e taken f o r an element o f ←↩

domega_eg
window_eg = 48∗ gamma_eg ; % the t o t a l width o f the window in which we←↩

examine f r e q u e n c i e s o f omega_eg

% Varying omega_sg ( inhomogeneous broadening )
sigma_sg = (1∗10^9) / s q r t (8∗ log (2 ) ) ; % the inhomogeneous width o f the←↩

s s t a t e t r a n s l a t e d i n t o the sigma f o r the Gaussian f u n c t i o n
dw_sg = gamma_sg /5 ; % the step−s i z e taken f o r an element o f ←↩

domega_sg
window_sg = 8∗ sigma_sg + 24∗ gamma_sg ; % the t o t a l width o f the ←↩

window in which we examine f r e q u e n c i e s o f omega_sg

% Varying omega_S
dw_S = gamma_eg /5 ; % uni t : Hz , the step−s i z e taken f o r an element ←↩

domega_S
window_S = 48∗ gamma_eg + 8∗ sigma_sg ; % uni t : Hz , the t o t a l width o f ←↩

the window in which we examine f r e q u e n c i e s o f omega_S

% Vectors used f o r s t o r i n g r e s u l t s
w_L_FL = z e r o s ( 1 , ( f l o o r (0 ) + 1) ) ; % t h i s i s the vec to r that w i l l ←↩

conta in the numerica l va lue s o f the r a t i o o f omega_S i n t e n s i t y ←↩
to incoming l a s e r i n t e n s i t y f o r s e v e r a l va lue s o f omega_L

w_S_FL = z e r o s ( 1 , ( f l o o r ( window_S /dw_S ) + 1) ) ; % t h i s i s the vec to r ←↩
that w i l l conta in the numerica l va lue s o f the r a t i o o f omega_S ←↩
i n t e n s i t y to incoming l a s e r i n t e n s i t y ( f o r a f i x e d value o f ←↩
omega_L)

w_eg = z e r o s ( 1 , ( f l o o r ( window_eg / dw_eg ) + 1) ) ; % t h i s i s the vec to r ←↩
that w i l l conta in the numerica l va lue s o f the I_S/I_L r a t i o ( f o r←↩

a f i x e d omega_S and omega_L value )
w_sg = z e r o s ( 1 , ( f l o o r ( window_sg / dw_sg ) + 1) ) ; % t h i s i s the vec to r ←↩

that w i l l conta in the numerica l va lue s o f the I_S/I_L r a t i o ( f o r←↩
a f i x e d omega_eg , omega_S , and omega_L value )
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range_L = ( omega_eg_avg − window_L /2) : dw_L : ( omega_eg_avg + window_L←↩
/2) ; % t h i s i s the vec to r o f omega_L va lue s we w i l l eva luate the←↩

I_S/I_L r a t i o f o r ( the r a t i o o f omega_S i n t e n s i t y to incoming ←↩
l a s e r i n t e n s i t y )

range_S = z e r o s ( 1 , ( f l o o r ( window_S /dw_S ) + 1) ) ; % t h i s i s the vec to r ←↩
that w i l l conta in the d i f f e r e n t va lue s o f omega_S that we ←↩
eva luate the I_S/I_L r a t i o f o r

%% INTEGRATION TO FIND THE CROSS−SECTION
f o r i = 1 : l ength ( w_L_FL )

omega_L = ( omega_eg_avg − window_L /2) + ( i−1)∗dw_L ;
f o r j = 1 : l ength ( w_S_FL )

omega_S = ( ( omega_L−omega_sg_avg ) − window_S /2) + ( j−1)∗dw_S←↩
;

range_S (1 , j ) = ( ( omega_L−omega_sg_avg ) − window_S /2) + ( j−1)←↩
∗dw_S ;

f o r k = 1 : l ength ( w_eg )
omega_eg = ( omega_L − window_eg /2) + ( k−1)∗ dw_eg ;
f o r l = 1 : l ength ( w_sg )

omega_sg = ( omega_sg_avg − window_sg /2) + ( l−1)∗←↩
dw_sg ;

w_sg (1 , l ) = exp(−(omega_sg−omega_sg_avg ) ^2/(2∗←↩
sigma_sg ^2) ) ∗ omega_S ^ 3 ∗ . . .

(2∗ r e a l (−1i ∗(1/( omega_eg−omega_L+1i∗←↩
gamma_eg ) ) ∗(1/(1 i∗ Gamma_e ) ) ∗ ( 1 / ( (←↩
omega_eg−omega_sg )−omega_S+1i∗←↩
gamma_es ) ) ) . . .

+2∗ r e a l (−1i ∗(1/( omega_eg−omega_L+1i∗←↩
gamma_eg ) ) ∗(1/(1 i∗ Gamma_e ) ) ∗(1/(−(←↩
omega_eg−omega_sg )+omega_S+1i∗←↩
gamma_es ) ) ) . . .

+2∗ r e a l (−1i ∗(1/( omega_eg−omega_L+1i∗←↩
gamma_eg ) ) ∗ ( ( omega_sg+omega_S−←↩
omega_L ) / ( ( omega_sg+omega_S−omega_L )←↩
^2+gamma_sg ^2) ) ∗(1/(−( omega_eg−←↩
omega_sg )+omega_S+1i∗ gamma_es ) ) ) ) ;

end
w_eg (1 , k ) = exp(−(omega_eg−omega_eg_avg ) ^2/(2∗ sigma_eg←↩

^2) ) ∗sum( w_sg∗ dw_sg ) ;
end
w_S_FL (1 , j ) = (1/( s q r t (2∗ p i ) ∗ sigma_eg ) ) ∗(1/( s q r t (2∗ p i ) ∗←↩

sigma_sg ) ) ∗ omega_L /( epsilon_0 ^2∗ p i ^2∗( h_bar ) ^2∗c ^4) ∗(←↩
mu_ge ^2∗ mu_se ^2) ∗sum( w_eg∗ dw_eg ) ;

end
w_L_FL (1 , i )=sum( w_S_FL ∗dw_S ) ;

end

%% DISPLAY & PLOTTING
display ( w_L_FL ) ;

s e t ( gca , ' f o n t s i z e ' , 18)
f i g u r e
p l o t ( ( range_S−omega_es_avg ) /10^9 , w_S_FL , ' Color ' , [ 0 . 1 7 , 0 . 5 1 , 0 . 3 4 ] , '←↩

Linewidth ' , 6 )
x l a b e l ( ' \omega_S − \omega_e_s^{avg} [GHz] ' , ' Fonts i z e ' , 20) , y l a b e l ( '←↩

D i f f e r e n t i a l f l u o r e s c e n c e c r o s s s e c t i o n [m^2 s ] ' , ' Fonts i z e ' , 20) ;
f i g u r e
p l o t ( ( range_L−omega_eg_avg ) /10^9 , w_L_FL , ' Color ' , [ 0 . 1 7 , 0 . 5 1 , 0 . 3 4 ] , '←↩

Linewidth ' , 6 )
x l a b e l ( ' Laser detuning \ Delta [GHz] ' , ' Fonts i z e ' , 20) , y l a b e l ( ' Total ←↩

f l u o r e s c e n c e s c a t t e r i n g c r o s s s e c t i o n [m^2 ] ' , ' Fonts i z e ' , 20) ;
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