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Abstract	

For	this	thesis	the	electric	field	distribution	is	calculated	on	the	mouth	of	the	aperture	of	pyramidal	
horn	antennas.	A	pyramidal	horn	is	built	of	flared	planes	connected	to	a	waveguide.	If	the	field	
distribution	is	known,	the	far	field	distribution	is	calculated	by	the	two	dimensional	Fourier	
transform,	which	is	represented	as	the	radiation	pattern.	The	final	product	is	a	MATLAB	code	which	
makes	fast	plots	of	radiation	pattern	for	pyramidal	horn	antennas	with	specific	dimensions.	These	
radiation	patterns	could	be	used	as	comparison	material	to	detected	radiation	patterns	by	pyramidal	
horn	antennas.		
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Introduction	

In	this	research	project	we	calculate	the	way	a	multi‐moded	pyramidal	horn	antenna	transmits	
electromagnetic	radiation	from	free	space	into	a	rectangular	waveguide.	Waveguides	are	hollow	
metallic	structures	with	dimensions	of	order	of	the	tested	waves.	The	waves	are	from	the	terahertz	
region	and	the	corresponding	wavelengths	is	in	millimeters.	A	pyramidal	horn	is	a	flared	extension	of	
the	ends	of	the	waveguide	which	ends	in	a	bigger	aperture.	This	makes	the	surface	of	the	detector	in	
the	waveguide	much	bigger.	Every	antenna	has	its	advantages	and	disadvantages.	Pyramidal	horns	
are	simple	to	design	and	manufacture.	They	are	designed	in	rectangular	or	square	shapes.	
Electromagnetic	radiation	in	the	horn	is	analyzed	by	taking	the	solutions	of	Maxwell's	equations	as	
imposed	by	the	metallic	sidewalls	of	the	waveguide,	which	are	expressed	as	modes.	Modes	are	
grouped	in	transverse	electric	modes,	ܶܧ,	which	have	no	electric	fields	in	the	direction	of	propagation	
and	transverse	magnetic,	ܶܯ,	with	no	magnetic	field	in	the	direction	of	propagation.		

The	main	characteristics	of	horns	are	expressed	by	the	so	called	beam	pattern	(or	radiation	pattern)	
which	gives	the	coupling	of	electromagnetic	field	to	an	antenna	as	a	function	of	spherical	coordinates.	
Radiation	patterns	are	built	of	a	main	lobe	and	many	side	lobes.	Radiation	patterns	become	narrower	
when	horns	are	used,	because	more	energy	gets	in	the	waveguide.	One	more	benefit	of	horn	antenna	
is	the	property	of	making	the	translation	between	free	space	and	waveguide	very	smooth.	Because	of	
this	more	energy	will	go	through	the	horn	into	the	waveguide	instead	of	reflection.	Because	of	horns	
phase	error	occurs.	Phase	errors	are	proportional	to	the	dimension	of	the	aperture	of	the	horn.	
Greater	phase	errors	cause	a	wider	radiation	pattern.	This	is	rectified	by	making	pyramidal	horns	
longer.	The	dimensions	of	horn	antennas	are	shown	in	Figure	3.	
	
To	understand	this	topic	some	basic	cases	are	developed	first.	First	of	all,	aperture	antennas	are	
discussed.	Aperture	antennas	are	pyramidal	horn	antenna	with	no	horn.	After	that	the	pyramidal	
horns	are	discussed	with	constant	electric	field	and	field	distribution	by	modes.	
	
The	results	are	mainly	based	on	the	analysis	as	given	in	Balanis	(reference	for	the	fundamental	mode	
of	pyramidal	horns),	and	the	extension	of	this	analysis	as	given	in	the	paper	of	Murphy	and	Padman	as	
reference	for	the	higher	order	modes.		The	basic	analysis	of	the	calculation	of	radiation	patterns	from	
aperture	antennas	can	be	found	in	literature,	as	in	optics	book	by	Hecht.	The	description	of	
diffractions	from	rectangular	and	circular	apertures	are	basically	a	limiting	case	of	the	analysis	as	
presented	in	this	thesis.	As	an	introduction	to	the	final	results	and	as	a	proof	of	the	preciseness	of	the	
code,	the	results	obtained	are	compared	to	literature	values.		
From	the	analysis	a	final	equation	is	formed	which	is	used	to	present	the	asked	modes.	The	used	
software	is	MATLAB.		
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Antennas	

1. Aperture	antenna	

The	simplest	form	of	an	antenna	is	the	aperture	antenna	(no	horn).	Apertures	are	frequently	used	as	
classical	examples	in	optics	courses.	The	definition	of	the	coordinates	of	the	aperture	antenna	is	
shown	in	figure	1,	which	is	also	valid	for	the	pyramidal	horn	antenna	discussed	later.	

	

Figure	1	aperture	antenna,	dimension	a	x	b	

	

The	space	is	defined	by	the	spherical	coordinates	ߠ	and	߶	and	the	distance	to	the	source	.ݎ	ߠ	has	the	

values	between	ሾ0,
గ

ଶ
ሿ	and	߶	is	ሾ0,2ߨሿ.	The	radiation	pattern	of	a	square	aperture	antenna	is	a	sinc	

function.	The	derivation	is	given	in	literature	in	optics	course	book	by	E.	Hecht.	The	radiation	pattern	
is	shown	graphically1	in	figure	2.	

	

	

	

	

	

	

	 	

                                                 
1 Eugene Hecht, Optics, 4th edition, p. 465,466  

Figure 2   a. aperture and source       b. sinc function c. radiation pattern
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2. Pyramidal	horn	antenna		

This	chapter	starts	with	a	short	explanation	of	the	two	different	types	of	horn	antennas.	Pyramidal	
and	sectoral	horn	antennas.	Pyramidal	horns	are	flared	in	two	directions,	while	sectoral	horns	are	just	
flared	in	one	direction.	The	planes	of	the	second	direction	of	the	sectoral	horn	are	parallel	to	each	
other.	If	the	front	side	is	shown,	the	aperture	of	the	sectoral	horn	is	as	big	as	the	waveguide	in	one	of	
the	directions.	The	goal	of	the	flaring	is	receiving	more	energy	because	the	surface	of	the	aperture	is	
bigger	compared	to	the	size	of	the	waveguide.	Pyramidal	horn	antennas	are	discussed	in	more	detail,	
while	the	radiation	patterns	for	the	sectoral	horn	are	is	in	the	appendix.	Sectoral	horns	are	discussed	
to	express	the	physical	properties	of	pyramidal	horn	antenna.	The	difference	between	sectoral	horn	
and	pyramidal	horn	is	schematically	given	in	the	next	figure.		

	

a.	sectoral	horn	 	 	 b.	pyramidal	horn	

	

c.	E‐plane	view,	pyramidal	horn		 	 d.	H‐plane	view,	pyramidal	horn	

Figure	32,	Sectoral	and	pyramidal	horn	antenna	

	
Because	of	the	flared	planes,	phase	error	occurs.	This	happens	as	the	curved	dashed	line	reach	the	
mouth	of	the	aperture,	ݕᇱ ൌ 0,	while	the	curved	line	of	the	wave	reaches	the	mouth	of	the	antenna	
later.	The	phase	error	is	defined	as	ߩߜ ൌ ௘ߩ െ 	the	of	size	the	on	linearly	depends	ߩߜ	means	Which	ଵ.ߩ
aperture.	So	the	phase	error	is	decreased	if	ߩଵ	is	longer	and	the	flaring	angle	is	smaller.	

                                                 
2 C. Balanis, Antenna theory, 2nd edition, p. 652, 683 
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Modes	

Modes	are	solutions	of	wave	functions	depending	on	boundary	conditions.	In	this	case	we	look	at	the	
solutions	of	Maxwell's	equations	on	the	boundaries	of	waveguides.	The	electric	field	is	varying	in	the	
horn	and	is	zero	at	two	boundaries.	Different	modes	carry	the	same	amount	of	energy,	but	the	energy	
is	differently	distributed	over	space.	Modes	are	divided	in	many	groups.	Only	the	relevant	ones	are	
discussed	here.	For	this	thesis	the	next	two	types	of	modes	are	taken	into	account:	

- Transverse	Electric	(TE):	this	mode	has	a	magnetic	field	in	the	direction	of	propagation,	but	no	
electric	field	in	that	direction.	

ா்ܧ	:ܧܶ ൌ 	ܣ ቂቀ
௡

௕
ቁ cos

௠గ௫

௔
sin

௡గ௬

௕
	ଓ̂ ൅ ቀ

௠

௔
ቁ sin

௠గ௫

௔
cos

௡గ௬

௕
ଔ̂ቃ	 	 	 [1]	

	
- Transverse	Magnetic	(TM):	this	mode	has	an	electric	field	in	the	direction	of	propagation,	but	

no	magnetic	field	in	that	direction.		

ெ்ܧ	:ܯܶ ൌ 	ܤ ቂቀ
௠

௔
ቁ cos

௠గ௫

௔
sin

௡గ௬

௕
	ଓ̂ െ ቀ

௡

௕
ቁ sin

௠గ௫

௔
cos

௡గ௬

௕
ଔ̂ቃ	 	 	 [2]	

ܽ	and	ܾ	are	the	dimensions	of	the	aperture	and	ܣ	and	ܤ	are	constants	that	are	determined	by	
normalizing	these	functions	for	values	of	݉	and	݊.	The	modes	are	defined	in	two	dimensions,	ଓറ	and	ଔറ.	It	
is	explained	later	how	the	plots	are	done.	Finally,	ݔ	and	ݕ	are	the	boundaries	of	the	aperture.	

For	each	mode	a	cut	off	frequency	is	determined.		

௖݂ ൌ
௖

ଶ
	ට	ቀ

௠

௔
ቁ
ଶ
൅ ቀ

௡

௕
ቁ
ଶ
	in	ሺݖܪሻ	 ,	 ሺ݉, ݊ሻ ൌ ሺ0,1,2, … ሻ	and	݉ ൌ ݊ ് 0	for	ܶܧ௠௡	 	 [3]	

ሺ݉, ݊ሻ ൌ ሺ1,2, … ሻ	for	ܶܯ௠௡	

A	mode,	with	specific	݉	and	݊	values,	will	propagate	in	a	waveguide	with	dimensions	ܽ	and	ܾ	if	the	cut	
off	frequency	of	the	mode	is	lower	than	the	frequency	of	the	wave.	The	dominant	mode	is	defined	as	
the	mode	with	the	lowest	 ௖݂.	For	rectangular	waveguides	this	is	the	ܶܧଵ଴	,	with	݉ ൌ 1, ݊ ൌ 0.	This	
mode	distributes	its	energy	mostly	in	the	direction	of	the	incoming	wave.	The	remaining	energy	is	
distributed	everywhere	else.		

Multi‐moded	antennas	tolerate	more	than	one	mode,	because	their	dimension	is	big	enough	to	do	this.	
Tolerating	more	modes	makes	the	received	signal	stronger.	The	higher	the	frequency	of	the	received	
signal	the	more	modes	that	will	propagate	through	the	waveguide	upon	attenuation.	So	for	the	same	
frequency	of	the	wave,	smaller	horns	can	tolerate	less	modes	than	greater	horns	and	for	two	identical	
horns	the	same	modes	are	tolerating	when	different	waves	are	tested.	Unless	the	waves	contain	
enough	modes.		

The	total	far‐field	radiation	pattern	should	contain	all	the	modes,	ܶܧ	&	ܯܶ,	that	are	propagating	in	the	
horn	to	form	the	final	radiation	pattern.	Each	single	mode	can	be	plotted	alone	to	study	the	
contribution.	The	perfect	image	is	formed	when	infinite	modes	are	propagating	in	the	horn,	which	
requires	very	big	horns.	This	case	is	hard	to	realize	in	practice.		
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Figure	4,	Mode	spectrum3	for	
૚ࢇ
૚࢈
൐ ૚	

The	figure	above	represents	the	order	of	appearance	of	modes	in	horn	antennas.	The	chosen	aperture	
is	rectangular,	that	is	why	degenerate	modes	do	not	exist.	When	square	apertures	are	chosen,	
degenerate	modes	appear	at	the	same	frequency.	This	is	clearly	shown	by	looking	at	equation	[3].	

As	you	can	see	the	fundamental	mode	is	the	first	mode.	All	modes	to	the	left	of	the	yellow	line,	which	
is	the	wavelength,	are	propagating	in	this	horn.	The	same	figure	could	be	obtained	for	ܶܯ௠௡	modes	by	
using	the	same	applet.	In	addition	to	the	ܶܧ௠௡	modes	given	in	blue	in	figure	4	the	same	number	of	ܶܯ	
modes	are	present.	ܶܯ௠௡	modes	do	not	exist	for	indices	equal	to	zero.	Equation	[2]	shows	the	details.	
Figure	4	is	only	shown	to	make	the	idea	of	modes	that	are	propagating	in	the	horn	clear.		

The	regularity	in	the	plots	becomes	clear	if	we	take	a	look	at	upcoming	higher	modes.	The	ܶܧ଴௡	modes	
are	ܶܧ௠଴	modes	rotated	by	2/ߨ	for	݉ ൌ ݊.	The	modes	with	indices	not	equal	to	zero,	have	complex	
structures.	Next,	six	modes	are	shown	for	square	apertures.	

	

Figure	5,	modes	a.	ࡱࢀ૚૙	b.	ࡱࢀ૛૙	c.	ࡱࢀ૜૙	d.	ࡱࢀ૚૚	e.	ࡱࢀ૛૚	f.	ࡹࢀ૜૜	(left	to	right)	

	

                                                 
3 Applet showing modes, http://www.amanogawa.com/archive/RectWaveGuide/RectWaveGuide.html 
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The	electric	and	magnetic	field	distributions	that	are	shown	in	figure	5	are	used	to	determine	the	far	
field	distribution	by	applying	the	two	dimensional	Fourier	transform.	In	this	thesis	this	is	done	
analytically.		

	

Theory	

For	this	thesis	we	consider	two	types	of	antennas,	aperture	and	pyramidal	horn	antennas.	The	
difference	in	design	affects	the	distribution	of	the	field.		

1. Aperture	antenna:	two	cases	will	be	considered:	uniform	and	sinusoidal	electromagnetic	field	
distributions	
	

a. Uniform	distribution	

The	field	radiated	by	the	aperture	is	written	in	terms	of	its	components,	which	is	done	in	Balanis4.	

ఏܧ ൌ ݅
௔௕௞ாబ௘ష೔ೖೝ

ଶగ௥
sin	߶

ୱ୧୬௑

௑

ୱ୧୬௒

௒
						 థܧ ൌ ݅

௔௕ாబ௘ష೔ೖೝ

ଶగ௥
cos ߠ cos	߶

ୱ୧୬௑

௑

ୱ୧୬௒

௒
		 ௥ܧ ൌ 0	 	 [4]	

	
Where,	 	

ୱ୧୬௑

௑
ൌ 	ሺܺሻܿ݊݅ݏ 	

ୱ୧୬௒

௒
ൌ 	ሺܻሻܿ݊݅ݏ 	 	 	 	 	 	 [5]	

	
The	angles	߶	and	ߠ	cover	the	whole	space	and	ݎ	is	the	distance	from	the	center	of	the	plane	to	the	
source	as	given	in	figure	1.	ܽ	and	ܾ	are	the	dimension	of	the	aperture,	݇ ൌ

ଶగ

ఒ
	and	ܧ଴	is	the	constant	of	

the	field.	ܺ	and	ܻ	are	given	as	following:	
	
ܺ ൌ

௞௔

ଶ
sin ߠ cos߶	 	 	 ܻ ൌ

௞௕

ଶ
sin ߠ sin߶	 	 	 	 	 [6]	

	
The	total	field	distribution,	ܧ௧௢௧௔௟,	is	then:		

	

|௧௢௧௔௟ܧ| ൌ ฬටܧ௥ଶ ൅ ఏܧ
ଶ ൅ థܧ

ଶฬ 	ൌ
௔௕௞ாబ
ଶగ௥

หඥሺsinଶ ߶ ൅ cosଶ ߠ cosଶ 	߶ሻ	ܿ݊݅ݏሺܺሻܿ݊݅ݏሺܻሻ	ห		 					[7]	

	

The	total	electric	field	distribution	is	plotted	as	function	of		the	dimension	of	the	aperture	and	space	
coordinates	in	3D.	The	plots	give	the	projection	of	ܧ௧௢௧௔௟	in	the	ݔ	and	ݕ	axes	and	ܧ௧௢௧௔௟	itself	on	the	ݖ	
axis.		

The	projections	of	ܧ௧௢௧௔௟	on	the	ݔ	and	ݕ‐axes	are	done	by	vector	analysis	from	spherical	to	Cartesian	
coordinates:	

:ݔ |௧௢௧௔௟ܧ| sin ߠ cos߶		 	 and	 |௧௢௧௔௟ܧ|	:ݕ sin ߠ sin߶	 	 	 	 	 [8]	

	 	

                                                 
4 C. Balanis, Antenna theory, 2nd edition, p. 588 
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For	a	rectangular	shaped	antenna,	ܽ ് ܾ,	the	following	distributions	appear	

 	

Figure	6,			 	 a.	ࢇ ൌ ૜ࣅ	ࢊ࢔ࢇ	࢈ ൌ ૛ࣅ	 	 	 														b.	ࢇ ൌ ࢈ ൌ ૜ࣅ	 	

	

The	ݕ െ ݔ	with	plane,	ݖ ൌ 0,	is	called	the	ܧ െplane	(߶ ൌ 90°)	and	߶ ൌ 0	is	the	ܪ െplane.	

The	shape	of	the	graphs	is	not	symmetric	in	different	directions.	This	is	because	of	the	different	inputs	
X	and	Y	which	are	given	by	equation	[6].	

These	plotted	figures	are	compared	with	figures	given	in	literature5	and	the	results	match.	

	

b. ܶܧଵ଴	Mode,	plane	aperture	

The	last	section	discussed	the	uniform	distribution	on	the	plane.	This	section	is	about	electromagnetic	
distribution	at	the	aperture,	which	is	described	by	a	trigonometric	function.	This	mode	covers	more	
than	80%	of	the	energy	the	waves	are	carrying	in	the	main	direction,	the	direction	where	the	signal	
comes	in.	The	formulas	of	this	section	are:	
	

ఏܧ ൌ െ݅
௔௕ாబగ௘ష೔ೖೝ

ସ௥
sin	߶

ୡ୭ୱ௑

௑మିቀഏ
మ
ቁ
మ
ୱ୧୬௒

௒
థܧ							 ൌ െ݅

௔௕ாబగ	௘ష೔ೖೝ

ସ௥
cos ߠ cos	߶

ୡ୭ୱ௑

௑మିቀഏ
మ
ቁ
మ
ୱ୧୬௒

௒
௥ܧ															 ൌ 0	 [9]	

	

|௧௢௧௔௟ܧ| ൌ ฬටܧ௥ଶ ൅ ఏܧ
ଶ ൅ థܧ

ଶฬ ൌ
௔௕ாబగ

ସ௥
ቤඥሺsinଶ ߶ ൅ cosଶ ߠ cosଶ 	߶ሻ	

ୡ୭ୱ௑

௑మିቀഏ
మ
ቁ
మ
ୱ୧୬௒

௒
ቤ		 	 	 [10]	

	 	

                                                 
5 C. A. Balanis, Antenna theory, 2nd edition, pages 589 and 590 
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The	figure	bellow	shows	the	application	of	equation	[10],	the	ܶܧଵ଴	mode.	
	

	
Figure	7,	ࢇ ൌ ૜ࣅ	ࢊ࢔ࢇ	࢈ ൌ ૛ࣅ	

2. Pyramidal	Horn	
	

The	first	step	toward	antennas	is	adding	a	horn	to	the	waveguide.	With	a	horn	ߠ,	varies	between	ሾ0, 	ሿߨ

instead	of	ቂ0,
గ

ଶ
ቃ	as	in	the	case	of	aperture	antennas,	which	means	the	horn	radiates	signals	in	all	

directions	around	it.		

a. The	fundamental	mode	

As	given	in	Balanis6,	the	equation	describing	the	far	field	distribution	for	the	fundamental	mode,	ܶܧଵ଴,	
as	function	of	spherical	coordinates	and	dimensions	of	the	horn,	is:	

|௧௢௧௔௟ܧ| ൌ ሺ1|	ݐ݊ܽݐݏ݊݋ܿ ൅ 	|ଶܫଵܫሻ߶ݏ݋ܿ 	 	 	 	 [11]	

Where	ܫଵ	and	ܫଶ	are	

ଵܫ ൌ
1
2
ටቀ
ଶߩߨ
݇
ቁ	ቆexpቆ݅

݇௫ᇱ
ଶߩଶ
2݇

ቇ ൛ሾܥሺݐଶ
ᇱ ሻ െ ଵݐሺܥ

ᇱሻሿ െ ݅൫ܵሺݐଶ
ᇱ ሻ െ ܵሺݐଵ

ᇱሻ൯ൟ

൅ exp ቆ݅
݇௫ᇱᇱ

ଶߩଶ
2݇

ቇ ൛ሾܥሺݐଶ
ᇱᇱሻ െ ଵݐሺܥ

ᇱᇱሻሿ െ ݅൫ܵሺݐଶ
ᇱᇱሻ െ ܵሺݐଵ

ᇱᇱሻ൯ൟቇ	

ଶܫ ൌ ටቀ
గఘభ
௞
ቁ	ቀexp ݅ ቀ

௞೤మఘభ
ଶ௞

ቁ ൛ሾܥሺݐଶሻ െ ଵሻሿݐሺܥ െ ݅൫ܵሺݐଶሻ െ ܵሺݐଵሻ൯ൟቁ	 	 	 [12]	

                                                 
6 C. A. Balanis, Antenna theory, 2nd edition, pages 684 
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And		

݇௬ ൌ ݇ sin ߠ cos߶	 ݇௫ᇱ ൌ ݇ sin ߠ cos߶ ൅
గ

௔భ
	 	 ݇௫ᇱᇱ ൌ ݇ sin ߠ cos߶ െ

గ

௔భ
	 	 	 [13]	

	 	
	represented	are	which	integrals	Fresnel	the	for	inputs	as	used	are	and	݇௫,௬	on	linearly	depend	values	ݐ
as	ܥ	and	ܵ.	The	full	derivation	is	given	in	Balanis.	
	

b. Higher	modes	

Now	it	is	the	task	to	reconstruct	the	above	equation,	equation	[11],	to	contain	higher	modes.	the	
method	used	is	explained	in	the	article	of	Murphy7.	The	far	field	distribution	for	any	mode	in	the	horn	
is	calculated	as	following	

	

ܧ ൌ 	ݐ݊ܽݐݏ݊݋ܿ ቂ∬݉݁݀݋ ݌ݔ݁ ቄെ݅݇ ቀ
௫మ

ଶఘమ
൅

௬మ

ଶఘభ
ቁቅ ݊݅ݏሼെ݅݇ሺ݌ݔ݁ ߠ ݏ݋ܿ ߶ ݔ ൅ ݊݅ݏ ߠ ݊݅ݏ ߶ ሻሽݕ 	ቃݕ݀	ݔ݀ [14]	

	
For	'݉݁݀݋'	in	equation	[14]	any	mode	can	be	chosen	from	equations	[1]	and	[2].	This	derivation	is	
done	by	taking	care	of	the	flaring	of	the	planes	of	the	horn,	1st	exponent.	As	long	the	angle	of	the	
flaring	is	not	too	wide,	this	assumption	is	valid.	For	this	angle	Ψ௘,	angles	up	to	45°	are	acceptable.	The	
angles,Ψ௘	and	Ψ௛,	are	graphically	represented	in	figure	3.	The	last	term	in	equation	[14]	is	for	the	two	
dimensional	Fourier	transform	of	the	distribution	at	the	mouth	of	the	aperture.	In	equation	[14]	each	
term	depends	only		on	ݔ	or	ݕ,	which	makes	it	possible	to	divide	it	into	two	independent	parts.		
	

The	final	equation,	written	very	compact,	is	of	the	form:	

௠ܲ௡
ாு ൌ

ଵݐݏ݊݋ܿ 	൤∬ cos
௠గ௫

௔
sin

௡గ௬

௕
exp ൜െ݅݇ ൬

௫మ

ଶ௅ೣ
൅

௬మ

ଶ௅೤
൰ൠ expሼെ݅݇ሺsin ߠ cos߶ ݔ ൅ sin ߠ sin߶ ሻሽݕ ൨ݕ݀	ݔ݀	

ଶ

	 [15]	
	

௠ܲ௡
ுா ൌ

ଶݐݏ݊݋ܿ 	൤∬ sin
௠గ௫

௔
cos

௡గ௬

௕
exp ൜െ݅݇ ൬

௫మ

ଶ௅ೣ
൅

௬మ

ଶ௅೤
൰ൠ expሼെ݅݇ሺsin ߠ cos߶ ݔ ൅ sin ߠ sin߶ ሻሽݕ ൨ݕ݀	ݔ݀	

ଶ

	 [16]	
	
	

௧ܲ௢௧௔௟ ൌ ∑ ௠ܲ௡
ாு ൅ ∑ ௠ܲ௡

ுா	 	 	 	 [17]	

Equation	[14]	as	given	in	this	thesis	gives	the	electric	field	distribution	of	the	far	field.	The	same	
equation	is	used	to	give	the	power	distribution,	which	is	the	square	value	of	the	same	equation.	In	this	
thesis,	equation	[14]	is	used	to	represent	the	radiation	pattern	graphically,	this	why	the	equation	is	
given	in	this	form.	In	the	same	article,	the	constant	of	equation	[15]	is	determined.		

	 	

                                                 
7 Equation (7) of the same article by A.J. Murphy and R. Padman 
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The	integral	is	developed	by	making	use	of	these	mathematical	rules:	

׬ cos
௠గ௫

௔
exp ቄെ݅݇ ቀ

௫మ

ଶ௅ೣ
ቁቅ expሼെ݅݇ݔ sin ߠ cos߶ሽ	݀ݔ ൌ

ଵ

ଶ
ටቀ

గఘమ
௞
ቁ	൬exp ൬݅

௞ೣᇲ
మ
ఘమ

ଶ௞
൰ ൛ሾܥሺݐଶ

ᇱ ሻ െ ଵݐሺܥ
ᇱሻሿ െ

݅൫ܵሺݐଶ
ᇱ ሻ െ ܵሺݐଵ

ᇱሻ൯ൟ ൅ exp ൬݅
௞ೣᇲᇲ

మ
ఘమ

ଶ௞
൰ ൛ሾܥሺݐଶ

ᇱᇱሻ െ ଵݐሺܥ
ᇱᇱሻሿ െ ݅൫ܵሺݐଶ

ᇱᇱሻ െ ܵሺݐଵ
ᇱᇱሻ൯ൟ൰	 	 	 	 [18]	

	
	

׬ sin
௡గ௫

௕
exp ቄെ݅݇ ቀ

௬మ

ଶ௅ೣ
ቁቅ expሼെ݅݇ݕ sin ߠ sin߶ሽ	݀ݔ ൌ

ଵ

ଶ
ටቀ

గఘమ
௞
ቁ	൬exp ൬݅

௞ೣᇲ
మ
ఘమ

ଶ௞
൰ ൛ሾܥሺݐଶ

ᇱ ሻ െ ଵݐሺܥ
ᇱሻሿ െ

݅൫ܵሺݐଶ
ᇱ ሻ െ ܵሺݐଵ

ᇱሻ൯ൟ െ exp ൬݅
௞ೣᇲᇲ

మ
ఘమ

ଶ௞
൰ ൛ሾܥሺݐଶ

ᇱᇱሻ െ ଵݐሺܥ
ᇱᇱሻሿ െ ݅൫ܵሺݐଶ

ᇱᇱሻ െ ܵሺݐଵ
ᇱᇱሻ൯ൟ൰	 	 	 	 [19]	

	

The	fully	derivations	of	the	final	forms	are	given	in	the	appendix.	Equation	[15]	becomes	

	

௠௡ܧ
்ா ൌ ଵݐݏ݊݋ܿ ቈ

௬ܮ௫ܮඥߨ
݇

൜exp ൬݅ ቀsin ߠ cos߶ െ
ߨ݉
ܽ
ቁ
ଶ ଶߩ
2݇
൰		exp ൬݅ ቀsin ߠ sin߶ െ

ߨ݊
ܾ
ቁ
ଶ ଵߩ
2݇
൰ exp ݅ ቀ

ߨ݉
2
൅
ߨ݊
2
ቁ ଶܨଵܨ	

൅ exp ൬݅ ቀsin ߠ cos߶ െ
ߨ݉
ܽ
ቁ
ଶ ଶߩ
2݇
൰ 		exp ൬݅ ቀsin ߠ sin߶ ൅

ߨ݊
ܾ
ቁ
ଶ ଵߩ
2݇
൰ exp ݅ ቀ

ߨ݉
2
െ
ߨ݊
2
ቁ ସܨଷܨ	

െ exp ൬݅ ቀsin ߠ cos߶ ൅
ߨ݉
ܽ
ቁ
ଶ ଶߩ
2݇
൰		exp ൬݅ ቀsin ߠ sin߶ െ

ߨ݊
ܾ
ቁ
ଶ ଵߩ
2݇
൰ exp ݅ ቀെ

ߨ݉
2
൅
ߨ݊
2
ቁ ଺ܨହܨ	

െ exp ൬݅ ቀsin ߠ cos߶ ൅
ߨ݉
ܽ
ቁ
ଶ ଶߩ
2݇
൰		exp ൬݅ ቀsin ߠ sin߶ ൅

ߨ݊
ܾ
ቁ
ଶ ଵߩ
2݇
൰ expെ݅ ቀ

ߨ݉
2
൅
ߨ݊
2
ቁ ܨ଻଼ܨ	 ൠ቉	

[20]	
	

And	[16]	is	

௠௡ܧ
்ெ ൌ ଶݐݏ݊݋ܿ 	ቈ

௬ܮ௫ܮඥߨ
݇

൜݁݌ݔ ൬݅ ቀ݊݅ݏ ߠ ݏ݋ܿ ߶ െ
ߨ݉
ܽ
ቁ
ଶ ଶߩ
2݇
൰		݁݌ݔ ൬݅ ቀ݊݅ݏ ߠ ݊݅ݏ ߶ െ

ߨ݊
ܾ
ቁ
ଶ ଵߩ
2݇
൰ ݌ݔ݁ ݅ ቀ

ߨ݉
2
൅
ߨ݊
2
ቁ ଶܨଵܨ	

െ ݌ݔ݁ ൬݅ ቀ݊݅ݏ ߠ ݏ݋ܿ ߶ െ
ߨ݉
ܽ
ቁ
ଶ ଶߩ
2݇
൰		݁݌ݔ ൬݅ ቀ݊݅ݏ ߠ ݊݅ݏ ߶ ൅

ߨ݊
ܾ
ቁ
ଶ ଵߩ
2݇
൰ ݌ݔ݁ ݅ ቀ

ߨ݉
2
െ
ߨ݊
2
ቁ ସܨଷܨ	

൅ ݌ݔ݁ ൬݅ ቀ݊݅ݏ ߠ ݏ݋ܿ ߶ ൅
ߨ݉
ܽ
ቁ
ଶ ଶߩ
2݇
൰		݁݌ݔ ൬݅ ቀ݊݅ݏ ߠ ݊݅ݏ ߶ െ

ߨ݊
ܾ
ቁ
ଶ ଵߩ
2݇
൰ ݌ݔ݁ ݅ ቀെ

ߨ݉
2
൅
ߨ݊
2
ቁ ଺ܨହܨ	

െ ݌ݔ݁ ൬݅ ቀ݊݅ݏ ߠ ݏ݋ܿ ߶ ൅
ߨ݉
ܽ
ቁ
ଶ ଶߩ
2݇
൰		݁݌ݔ ൬݅ ቀ݊݅ݏ ߠ ݊݅ݏ ߶ ൅

ߨ݊
ܾ
ቁ
ଶ ଵߩ
2݇
൰ െ݅݌ݔ݁ ቀ

ߨ݉
2
൅
ߨ݊
2
ቁ ܨ଻଼ܨ	 ൠ቉	

[21]	
	
	

ா்ܧ	:ܧܶ ൌ 	ܣ ቂ
௡

௕
ଓ̂	ଵܧ ൅

௠

௔
	ଔ̂ቃ	ଶܧ 	 	 ெ்ܧ	:ܯܶ ൌ 	ܣ ቂ

௠

௔
ଓ̂	ଵܧ െ

௡

௕
	ଔ̂ቃ	ଶܧ 	 	 [22]	

This	is	the	first	part	of	the	final	equation.	
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The	sum	of	these	two	expressions,	ܧଵ	and	ܧଶ,	give	the	field	distribution	of	a	mode	at	the	aperture	for	
the	far	field.	F‐values	are	the	same	in	both	cases,	which	are	the	Fresnel	integrals	for	each	߶	and	ߠ.	Any	
	by	modes	௠௡ܯܶ	for	same	the	together,	equations	two	these	adding	by	formed	be	can	mode	௠௡ܧܶ
subtracting	 ௠ܲ௡

ுா	from	 ௠ܲ௡
ாு.	For	example,	if	we	take	a	look	at	the	fundamental	mode.	If	the	derivation	is	

correct,	equation	[14]	should	be	reducible	to	equation	[11].	This	is	the	case	since	ܧଵ଴்ெ‐modes	is	equal	
to	zero	if	n=0	and	ܧଵ଴்ா	implies	to	equation	[11].	The	derivation	is	given	in	the	appendix.	

The	formulas	given	in	the	literature	contain	one	more	term,	ሺ1 ൅ cos 	the	taking	by	done	is	This	ሻ.ߠ
components	in	the	߶	and	ߠ	direction	of	the	quantity8.	The	total	electric	field	distribution	is	then	the	
absolute	value	of	the	components.	This	new	expression	is	extremely	helpful.	Now	higher	order	modes	
can	be	presented	graphically.	
	
To	plot	these	functions,	the	absolute	values	are	needed.		

ா்ܧ ൎ ฬቀ
௡

௕
ଵቁܧ

ଶ
൅ ቀ

௠

௔
ଶቁܧ

ଶ
ฬ	 	 	 ெ்ܧ ൎ ฬቀ

௠

௔
ଵቁܧ

ଶ
൅ ቀ

௡

௕
ଶቁܧ

ଶ
ฬ	 	 	 [23]	

Approximation	sign	is	used	instead	of	equal	sign	because	the	constants	in	front	of	the	expression	have	
been	omitted.		

                                                 
8 Balanis, p. 914 
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Results	

By	using	the	final	equation	obtained	in	the	last	chapter,	infinite	number	of	modes	are	possible	to	plot.	
In	this	chapter	only	important	modes	are	plotted.	These	modes	are	used	for	discussion	and	test	
purposes.		

- Modes	appeared	in	literature	

First	of	all,	the	modes	used	in	Balanis	are	plotted	to	justify	the	code.	The	next	plot	shows	the	radiation	
pattern	for	the	fundamental	mode	for	these	dimensions:	ܽଵ ൌ 5.5	ܽ݊݀	ܾଵ ൌ 2.75	in	terms	of	ߣ	and	the	
axial	length	of	the	horn	is	6ߣ	in	both	planes.	

	

	 	
Figure	8,	radiation	pattern	fundamental	mode,	a.	by	code		 	 	 b.	literature		

The	two	plots	are	equivalent	to	each	other	by	simple	observation.		

For	ܽଵ ൌ ,ߣ12 ܾଵ ൌ ଵߩ	and	ߣ6 ൌ ଶߩ ൌ 	used	dimension	for	while	tops,	two	has	distribution	field	the	ߣ6
in	the	last	plot,	figure	8,	only	one	top	occurs.		

	 	
Figure	9,	radiation	pattern	ࡱࢀ૚૙	mode,	a.	3D	 	 	 	 	 b.	side	view	(Y‐Z	plane)		
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The	appearance	of	double	top	points	is	due	to	components	which	are	of	out	of	phase	with	the	planes	
of	the	horn	antenna.	The	values	do	not	add	constructively	then.			

	

	

Figure	10,	c.	literature	

With	simple	observation	of	figures	10a	and	10c,	we	conclude	the	equivalence	of	the	plots.	Figure	10a	
is	not	relativized.	The	components	on	the	z‐axis	have	values	according	to	the	dimension	of	the	
antenna.	Relativizing	the	values	of	the	graphs	to	the	maximum	value	is	frequently	done	in	literature.		

The	intensity	plots	are	given	in	literature	also.	This	part	is	of	more	interest	in	design	theories,	which	
requires	side	lobe	levels	of	lower	than	‐30	dB.	These	plots	are	only	given	to	show	the	ability	of	the	
code	to	construct	these	plots,	as	well.	
	
	

	
Figure	11,	a.	Intensity	plot	
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- Higher	modes	pyramidal	horn	antenna	

It	is	preferred	to	show	results	in	surface	plots,	which	make	them	visually	better	understood.	The	
difference	between	surface	and	contour	plots	is	the	projection	on	the	axes.	Contour	plots	represent	
the	physical	quantity	on	the	z‐axis	with	the	projections	of	space	coordinate	on	both	x	and	y	axes.	
Surface	plots,	on	the	other	side,	use	only	projections	of	the	quantity	on	all	axes.	The	surface	plot	of	the	
fundamental	mode	given	in	figure	8	is	shown	below.	
	

	
Figure	12,	surface	plot	fundamental	mode	

The	most	common	design	of	horn	antennas	are	square	aperture	antennas	for	manufacturing	reasons.	
For	square	aperture	antennas,	degenerate	modes	occur.	Degenerate	modes	are	modes	with	the	same	
cut	off	frequency.		Radiation	patterns	of	degenerate	modes	are	equivalent	by	a	rotation	of	

గ

ସ
	.	This	

property	is	shown	for	a	pyramidal	horn	of	the	following	dimensions:	ܽଵ ൌ ܾଵ ൌ ଵߩ	and	ߣ5.5 ൌ ଶߩ ൌ
	.ߣ60
	

	
	

	

Figure 13, Pyramidal horn    a. ࡱࢀ૙૚    b. ࡱࢀ૚૙  



18 
 

	with	modes	௠௡ܧܶ	while	directions,	axial	the	in	field	electric	an	only	have	modes	଴௡ܧܶ	and	௠଴ܧܶ
݉, ݊ ് 0			have	contributions	in	both	directions	as	given	in	figure	5.	The	radiation	pattern	of	three	
cases	are	shown	to	understand	the	pattern.			

	

Figure	14,	࢔࢓ࡱࢀஷ૙,	a.	ࡱࢀ૚૚	 	 	 	 b.	ࡱࢀ૛૛	 	 	 	 c.	ࡱࢀ૚૛	

	

Computational	method	

The	software	used	to	develop	the	wanted	code	is	MATLAB.	The	code	contains	150	rows.	It	is	meant	to	
plot	any	asked	mode	with	any	dimensions	of	a	pyramidal	horn	antenna.	The	equation	used	to	make	
the	plots	contains	a	double	integral,	equation	[14].	The	integral	is	solved	analytically.	The	solution	of	
the	integral	contains	the	Fresnel	integrals.	These	integrals	are	left	for	MATLAB	to	solve.	The	script	
takes	about	a	minute	to	solve	the	task.	This	calculation	time	is	faster	compared	with	design	software	
which	takes	a	day	to	give	the	same	simulations.	The	advantage	of	the	code	is	its	simplicity,	which	
make	it	easy	to	analyze	and	edit	it.	A	disadvantage	is	the	repeated	calculations	if	some	indices	are	
changed.		

This	calculation	time	could	be	even	shorter	if	approximation	equations	are	used	for	the	Fresnel	
integrals	instead	of	the	analytic	solution	by	MATLAB.	Because	of	the	limited	time	spend	on	this	thesis,	
the	new	code	has	not	been	finished.	

This	approximation	equation9	could	be	used	to	make	the	code	work	faster.	

ሻݔሺܥ ൌ ׬ cos
గ

ଶ
ଶݐ

௫
଴ ݐ݀ ൌ

ଵ

ଶ
൅ ݂ሺݔሻ sin

గ

ଶ
ଶݐ െ ݃ሺݔሻ cos

గ

ଶ
	ଶݐ [24]	

Where	 	݂ሺݔሻ ൌ
ଵା଴.ଽଶ଺

ଶାଵ.଻ଽଶ௫ାଷ.ଵ଴ସ௫మ
൅ ߳ሺݔሻ,	 	 	݃ሺݔሻ ൌ

ଵ

ଶାଵସ.ଵସଶ௫ାଷ.ସଽଶ௫మା଺.଺଻௫య
൅ ߳ሺݔሻ	 ,	߳ሺݔሻ ൎ 0	

The	next	step	would	be	a	code	that	summate	many	radiation	patterns	in	one	graph.	This	would	be	the	
applied	form	of	equation	[17].	For	the	same	reason	above,	this	code	is	not	ready.	

The	script	is	given	in	the	appendix.	 	

                                                 
9 Article, Computation of Fresnel Integrals 
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Discussions	and	Conclusions	

In	this	thesis,	the	description	of	the	fundamental	mode	is	used	as	given	in	Antenna	Theory	by	C.	
Balanis.	This	formulation	is	extended	to	contain	higher	order	modes	as	explained	in	the	article	by	
Murphy	and	Padman.	In	this	article,	an	expression	is	given	wrongly.	Because	of	this,	the	equation	
obtained	for	the	higher	order	modes	is	wrong,	too.	The	exponent	on	the	right‐hand	side	of	equation	
(8)	of	the	same	article	must	be	a	plus	instead	of	a	minus.	The	final	form	of	the	equation	is	expected	to	
be	reducible	to	the	fundamental	mode	for	the	values	݉ ൌ 1, ݊ ൌ 0.	By	replacing	this	mistake,	the	final	
equation	derived	is	correct	and	is	reducible	to	the	equations	given	in	Antenna	Theory	for	the	
fundamental	mode.	

Furthermore,	the	way	the	radiation	patterns	are	plotted	is	explained.	The	plots	are	the	absolute	values	
of	the	total	electric	field	distribution	which	has	components	in	the	ݔ	and	ݕ	directions.	If	square	
apertures	are	used	with	݉ ൌ ݊,	then	both	ܶܧ	and	ܶܯ	radiation	patterns	become	undistinguishable.	
This	is	illustrated	by	using	equation	[23]	with	݉ ൌ ݊.			

Lastly,	a	property	of	the	fundamental	mode	is	to	radiate	the	biggest	percentage	of	its	energy	in	the	
main	direction.	This	means	that	higher	modes	distribute	their	energy	mainly	in	other	directions	and	
contribute	a	small	amount	to	the	main	direction.	If	all	modes	are	propagating	in	the	horn,	a	large	horn	
compared	to	wavelength,	then	the	same	amount	of	energy	is	radiated	everywhere	in	space	
surrounding	the	antenna.	This	point	is	not	presented	graphically,	because	the	script	is	only	able	to	
plot	the	patterns	together	independently	instead	of	adding	them	together.	Possible	additional	
research	in	the	future	could	make	the	script	more	advanced.	
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Appendix	
	

1. Derivation	of	equations	[20]	and	[21]	
	

The	electromagnetic	modes	are	described	by	goniometric	function	with	arguments.	The	arguments	

are	integer	multiples	of	ቀ
గ

௟௘௡௚௧௛	௢௙	௔௣௘௥௧௨௥௘
	.ቁ݈ܾ݁ܽ݅ݎܽݒ

	

ଵܧ ൌ cos
௠గ௫

௔
sin

௡గ௬

௕
	 	 ଶܧ ൌ sin

௠గ௫

௔
cos

௡గ௬

௕
	

The	derivation	is	done	for	ܧଵ	following	the	article	written	by	Murhy.		
	

ா்ܧ	:ܧܶ ൌ 	ܣ ቂ
௡

௕
ଓ̂	ଵܧ ൅

௠

௔
	ଔ̂ቃ	ଶܧ 	 	 ெ்ܧ	:ܯܶ ൌ 	ܣ ቂ

௠

௔
ଓ̂	ଵܧ െ

௡

௕
	ଔ̂ቃ	ଶܧ

Which	results	in:		 ௧௢௧௔௟ܧ ൌ ∬ ′݁݀݋݉′ ቄexpെ݅݇ ቀ
௫మ

ఘమ
൅

௬మ

ఘభ
ቁቅ ሼexpെ݅݇ሺcos ߠ sin߶ ൅ sin ߠ sin߶ሻሽ	݀ݔ	ݕ݀	

The	boundaries	of	the	integrals	are	െ
௔భ
ଶ
,
௔భ
ଶ
	and	െ

௕భ
ଶ
,
௕భ
ଶ
.	ܽ	and	ܾ	are	the	dimension	of	the	aperture	of	

the	antenna.	Sometimes	these	are	labeled	in	a	different	way.	In	Antenna	Theory,	the	dimensions	of	the	
aperture	of	the	pyramidal	horn	are	ܽଵ	and	ܾଵ.		

௧௢௧௔௟,ଵܧ ൌ ඵܧଵ ቊexpെ݅݇ ቆ
ଶݔ

ଶߩ
൅
ଶݕ

ଵߩ
ቇቋ ሼexpെ݅݇ሺcos ߠ sin߶ ൅ sin ߠ sin߶ሻሽ 	ݕ݀	ݔ݀	

	
Divide	this	expression	into	two	parts,	ܫଵ	and	ܫଶ.	
	

ଵܫ ൌ නcos
ݔߨ݉
ܽ

expെ݅݇ ቆ
ଶݔ

ଶߩ
ቇ expെ݅݇ሺcos ߠ sin߶ሻ 	ݔ݀

	

ଶܫ ൌ න sin
ݕߨ݊
ܾ

expെ݅݇ ቆ
ଶݕ

ଵߩ
ቇ expെ݅݇ሺsin ߠ sin߶ሻ 	ݕ݀

	
So	ܧ௧௢௧௔௟,ଵ ൌ 		.parts	two	into	divided	ଶܫ	and	ଵܫ	both	with	ଶ,ܫ	ଵܫ

	
ଵܫ ൌ ଵܫ

ᇱ ൅ 	′′ଵܫ 	 ଶܫ ൌ ଶܫ
ᇱ ൅ 	′′ଶܫ

	
This	comes	from	the	development	of	the	goniometric	equations	in	terms	of	exponents.	
	

sin ݔ ൌ
ሺୣ୶୮ ௜௫ିୣ୶୮ି௜௫ሻ

ଶ௜
	 	 cos ݔ ൌ

ሺୣ୶୮௫ାୣ୶୮ି௜௫ሻ

ଶ
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These	ܫଵ,ଶ′	and	ܫଵ,ଶ′′	are	giving	respectively	in	the	following	rows.	
	
	

ଵܫ
ᇱ ൌ exp ቄെ݅ ቂ

௞௫మ

ଶఘమ
െ ௫ᇱᇱቃቅ݇ݔ expሺ

௜௠గ

ଶ
ሻ	 ଵܫ

ᇱᇱ ൌ exp ቄെ݅ ቂ
௞௫మ

ଶఘమ
െ ௫ᇱ݇ݔ ቃቅ expሺ

ି௜௠గ

ଶ
ሻ	

	

ଶܫ
ᇱ ൌ exp ቄെ݅ ቂ

௞௬మ

ଶఘభ
െ ௬ᇱᇱቃቅ݇ݕ expሺ

௜௡గ

ଶ
ሻ	 ଶܫ

ᇱᇱ ൌ exp ቄെ݅ ቂ
௞௬మ

ଶఘభ
െ ௬ᇱ݇ݕ ቃቅ expሺ

ି௜௡గ

ଶ
ሻ	

ଵܫ ൌ ଵܫ
ᇱ ൅ ଵܫ

ᇱᇱ ൌ
1
2
ቊexp ቊെ݅ ቈ

ଶݔ݇

ଶߩ2
െ ௫ᇱᇱ቉ቋ݇ݔ expሺ

ߨ݉݅
2
ሻ ൅ exp ቊെ݅ ቈ

ଶݔ݇

ଶߩ2
െ ௫ᇱ݇ݔ ቉ቋ expሺ

െ݅݉ߨ
2

ሻቋ	

	

ଶܫ ൌ ଶܫ
ᇱ ൅ ଶܫ

ᇱᇱ ൌ
1
2݅
ቊexp ቊെ݅ ቈ

ଶݕ݇

ଵߩ2
െ ௬ᇱᇱ቉ቋ݇ݕ expሺ

ߨ݊݅
2
ሻ െ exp ቊെ݅ ቈ

ଶݕ݇

ଵߩ2
െ ௬ᇱ݇ݕ ቉ቋ expሺ

െ݅݊ߨ
2

ሻቋ	

	
	
With	 	 	 	݇௫ᇱᇱ ൌ ݇ sin ߠ cos߶ െ

௠గ

௔
		 		݇௫ᇱ ൌ ݇ sin ߠ cos߶ ൅

௠గ

௔
	 	 	

	 	
݇௬ᇱᇱ ൌ sin ߠ sin߶ െ

௡గ

௕
	 	 ݇௬ᇱ ൌ ݇ sin ߠ sin߶ ൅

௡గ

௕
	

	
Developing	the	integral	gives	the	following	expression:	
	

ଵܫ
ᇱ ൌ ට

ଶߩߨ
݇

exp ݅ ቆ
݇௫ᇱᇱ

ଶߩଶ
2݇

ቇܨଵ	

	
ଵܨ ൌ ሾܥሺݐଶ′′ሻ െ ଵ′′ሻሿݐሺܥ െ ݅ሾܵሺݐଶ′′ሻ െ ܵሺݐଵ′′ሻሿ	

	

ଶݐ
ᇱᇱ ൌ ට

ଵ

గ௞ఘమ
ቀ
௞௔

ଶ
െ ݇௫ᇱᇱߩଶቁ		 ଵݐ

ᇱᇱ ൌ ට
ଵ

గ௞ఘమ
ቀെ

௞௔

ଶ
െ ݇௫ᇱᇱߩଶቁ	

	
So	far	the	first	part	of	the	total	form	of	the	equation	is	completely	done.	The	following	parts,	however,	
follow	the	same	line	of	derivation.	
	

ଵܫ
ᇱᇱ ൌ ට

ଶߩߨ
݇

exp ݅ ቆ
݇௫ᇱ

ଶߩଶ
2݇

ቇܨଶ	

	

ଶܫ
ᇱ ൌ ට

గఘభ
௞
exp ݅ ൬

௞೤ᇲᇲ
మ
ఘభ

ଶ௞
൰ 	ଷܨ ଶܫ

ᇱᇱ ൌ ට
గఘభ
௞
exp ݅ ൬

௞೤ᇲ
మ
ఘభ

ଶ௞
൰ 	ସܨ

	
So	the	previous	equations	are	now	summarized	in	the	next	equation:	
	

ଵܧ ൌ
గ

௞
ඥߩଶߩଵ ൜exp ݅ ൬

௞ೣᇲᇲ
మ
ఘమ

ଶ௞
൰ ଵܨ ൅ exp ݅ ൬

௞ೣᇲ
మ
ఘమ

ଶ௞
൰ ൜exp	ଶൠܨ ݅ ൬

௞೤ᇲᇲ
మ
ఘభ

ଶ௞
൰ ଷܨ െ exp ݅ ൬

௞೤ᇲ
మ
ఘభ

ଶ௞
൰ 		ସൠܨ

	
		:is	ଶܧ	of	form	final	The	above.	as	procedure	same	the	follows	ଶܧ
	

ଶܧ ൌ
ߨ
݇
ඥߩଶߩଵ ቊexp ݅ ቆ

݇௫ᇱᇱ
ଶߩଶ
2݇

ቇܨଵ െ exp ݅ ቆ
݇௫ᇱ

ଶߩଶ
2݇

ቇܨଶቋ	ቊexp ݅ ቆ
݇௬ᇱᇱ

ଶߩଵ
2݇

ቇܨଷ ൅ exp ݅ ቆ
݇௬ᇱ

ଶߩଵ
2݇

ቇܨସቋ	
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Derivation	of	ܶܧଵ଴:	The	fundamental	case	is	included	in	the	above	formula,	for	݉ ൌ 1	and	݊ ൌ 0.	

Filling	in	these	two	value	makes	்ܧெ ൌ 0	and	்ܧா ൌ 	ܣ ቂ
ாమ
௔
	ଔ̂ቃ,	so	the	remaining	term	is		

௧௢௧௔௟ܧ ൌ 	ݐ݊ܽݐݏ݊݋ܥ	 ቈඵ݊݅ݏ
ݔߨ݉
ܽ

	expെ݅݇ ቆ
ଶݔ

௫ܮ2
൅
ଶݕ

௬ܮ2
ቇ 	expെ݅݇ݎ ቉ݕ݀	ݔ݀

ଶ

	

Evaluating	the	integrals	give	the	following	expression	

ଵ଴ܧ
்ா ൌ

ߨ
2݇

ඥܮ௫ܮ௬ 		൜ܨଵ ݁
ି௜ቀ௞ ୱ୧୬ఏ ୡ୭ୱథି	௫௔ቁ

௅ೣ
ଶ௞	 	 െ ଶܨ ݁

ି௜ቀ௞ ୱ୧୬ఏ ୡ୭ୱథା	௫௔ቁ
௅ೣ
ଶ௞	 	ൠ ଷܨ ݁

ି௜ሺ௞ ୱ୧୬ఏ ୱ୧୬థሻ
௅೤
ଶ௞	 		

௬ܮ௫ܮඥߨ
݇

൜exp ൬݅ሺsin ߠ sin߶ሻଶ
௫ܮ
2݇
൰ܨൠ ൜exp ൬݅ ቀsin ߠ cos߶ െ

ߨ
ܽ
ቁ
ଶ ௫ܮ
2݇
൰ ሺ	ܨଵ െ ଶሻܨ	 		

൅ exp ൬݅ ቀsin ߠ cos߶ ൅
ߨ
ܽ
ቁ
ଶ ௫ܮ
2݇
൰ ሺെ	ܨଷ ൅ 	ସሻൠܨ	

Which	is	the	fundamental	mode	as	given	in	literature.	

	

2. Sectoral	Horn	

Sectoral	horns	radiates	only	in	one	direction,	only	E	or	H	plane	is	detectable.	
	

|௧௢௧௔௟,௦௘௖௧௢௥௔௟ܧ| ൌ
ܽඥߩ݇ߨଵܧଵ	

ݎ8
	ተሺ1 ൅ ,ଵݐሺܨ	ሻ߶ݏ݋ܿ 	ଶሻݐ

cos ቀ
݇௫ܽ
2 ቁ

ቀ
݇௫ܽ
2 ቁ

ଶ

െ ቀ
ߨ
ܽቁ

ଶ
ተ	

	

 	
Figure	15,	Sectoral	horn,	ࢇ ൌ ૙. ૞ࣅ	and	࢈૚ ൌ ૛. ૠ૞ࣅ	
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3. Script	
	

a. To	plot	the	modes	
	
% Author H. Arbely 
% Netherlands Institute of Space Research, SRON 
% Physics Department @ University of Groningen, The Netherlands 
% 
% This scripts make plots of higher modes separately 
% Input values are: dimension of aperture of antenna, wavelength, axial 
% lengths rho1 and rho2 
  
% Pyramidal horn antenna 
% July 2015 
  
clear all 
  
% Parameters in units of lambda 
a1= input('Give the value of a1 in terms of lambda: ');            
%dimensions of aperture 
b1= input('Give the value of b1 in terms of lambda: '); 
rho1= input('Give the value of rho1 in terms of lambda: ');        %for x-
axis 
rho2= input('Give the value of rho2 in terms of lambda: ');        %for y-
axis 
m= input('Give the value of m: '); 
n= input('Give the value of n: '); 
lambda=1; 
klambda=2*pi/lambda; 
  
theta=linspace(0,pi,100);                   % space is defined 
phi=linspace  (0,2*pi,100); 
[Theta,Phi]=meshgrid(theta,phi); 
  
  
  
c = @(x) cos((pi/2)*x.^2);   %FRESNEL FUNCTION,       
s = @(x) sin((pi/2)*x.^2);   %FRESNEL FUNCTION,  
  
kx1=(klambda*sin(Theta).*cos(Phi)+m*pi/a1);              
kx2=(klambda*sin(Theta).*cos(Phi)-m*pi/a1); 
ky1=(klambda*sin(Theta).*sin(Phi)+n*pi/b1); 
ky2=(klambda*sin(Theta).*sin(Phi)-n*pi/b1); 
  
k=1;                                                    %loop 1, Integral 
bounadaries 
j=1; 
  
for theta_int=theta 
    for phi_int=phi 
  
        t1= sqrt(1/(klambda*rho1*pi))*(-klambda*a1/2-
(klambda*sin(theta_int)*cos(phi_int)+m*pi/a1)*rho1);              %kx2                   
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        t2= sqrt(1/(klambda*rho1*pi))*(+klambda*a1/2-
(klambda*sin(theta_int)*cos(phi_int)+m*pi/a1)*rho1);                      
             
        t3= sqrt(1/(klambda*rho2*pi))*(-klambda*b1/2-
(klambda*sin(theta_int)*sin(phi_int)+n*pi/b1)*rho2);              %ky2 
        t4= sqrt(1/(klambda*rho2*pi))*(+klambda*b1/2-
(klambda*sin(theta_int)*sin(phi_int)+n*pi/b1)*rho2); 
         
        t5= sqrt(1/(klambda*rho1*pi))*(-klambda*a1/2-
(klambda*sin(theta_int)*cos(phi_int)-m*pi/a1)*rho1);              %kx1 
        t6= sqrt(1/(klambda*rho1*pi))*(+klambda*a1/2-
(klambda*sin(theta_int)*cos(phi_int)-m*pi/a1)*rho1);    
                 
        t7= sqrt(1/(klambda*rho2*pi))*(-klambda*b1/2-
(klambda*sin(theta_int)*sin(phi_int)-n*pi/b1)*rho2);              %ky1 
        t8= sqrt(1/(klambda*rho2*pi))*(+klambda*b1/2-
(klambda*sin(theta_int)*sin(phi_int)-n*pi/b1)*rho2);           
        
        C    =integral(c,0,t2)-integral(c,0,t1);                               
        S    =integral(s,0,t2)-integral(s,0,t1); 
         
        CC   =integral(c,0,t4)-integral(c,0,t3); 
        SS   =integral(s,0,t4)-integral(s,0,t3); 
         
        CCC  =integral(c,0,t6)-integral(c,0,t5); 
        SSS  =integral(s,0,t6)-integral(s,0,t5); 
         
        CCCC =integral(c,0,t8)-integral(c,0,t7); 
        SSSS =integral(s,0,t8)-integral(s,0,t7); 
         
        F3(k,j) =C    -1i *   S;                   %F5 & F7 as defined in 
derivation in essay 
        F4(k,j) =CC   -1i *  SS;                   %F4 & F8 
        F1(k,j) =CCC  -1i * SSS    ;               %F1 & F3 
        F2(k,j) =CCCC -1i *SSSS;                   %F2 & F6 
         
        k=k+1; 
        if(k>length(phi)) 
  
            k=1; 
        end 
    end 
    j=j+1; 
end 
  
k=1;                         %loop 2, to plot values > pi/2 
j=1; 
  
for theta_int=theta 
    for phi_int=phi 
  
        if theta_int > pi/2 
         X(k,j)=(2-sin(theta_int)).*cos(phi_int); 
         Y(k,j)=(2-sin(theta_int)).*sin(phi_int);            



25 
 

         
        else 
         X(k,j)=sin(theta_int).*cos(phi_int); 
         Y(k,j)=sin(theta_int).*sin(phi_int);            
  
       end 
       k=k+1; 
  
        if(k>length(phi)) 
            k=1; 
  
        end 
    end 
    j=j+1; 
end 
  
I1= 
exp(1i*kx1.^2*rho1/(2*klambda)).*exp(1i*ky1.^2*(rho2/(2*klambda))).*F3.*F4*ex
p(1i*pi*(m+n)/2)/1i;       % contributions of final equation 
I2= 
exp(1i*kx1.^2*rho1/(2*klambda)).*exp(1i*ky2.^2*(rho2/(2*klambda))).*F3.*F2*ex
p(1i*pi*(m-n)/2)/1i; 
I3= 
exp(1i*kx2.^2*rho1/(2*klambda)).*exp(1i*ky1.^2*(rho2/(2*klambda))).*F1.*F4*ex
p(1i*pi*(-m+n)/2)/1i; 
I4= 
exp(1i*kx2.^2*rho2/(2*klambda)).*exp(1i*ky2.^2*(rho2/(2*klambda))).*F1.*F2*ex
p(-1i*pi*(m+n)/2)/1i; 
  
E_1 = ((pi*sqrt(rho1*rho2)/(4*1i*klambda))*((I1)+(I2)-(I3)-
(I4)).*(1+cos(Theta))); 
E_2 = ((pi*sqrt(rho1*rho2)/(4*1i*klambda))*((I1)-(I2)+(I3)-
(I4)).*(1+cos(Theta))); 
  
E_total1=abs(sqrt((abs(E_1)*m/a1).^2+(abs(E_2)*n/b1).^2)); 
E_total2=abs(sqrt((abs(E_1)*n/b1).^2+(abs(E_2)*m/a1).^2)); 
  
A1=max(max(E_total1))  ;        % to plot the relativized graphs 
D1=E_total1/A1; 
A2=max(max(E_total2))  ;               
D2=E_total2/A2; 
  
Z=10*log10(D1); 
K=Theta*180/pi; 
  
hold on 
  
figure(1)                       % Contour Plot 
contour3(X,Y,D1,1000)           % D1 for TE, D2 for TM 
title(['E-field distribution Pyramidal Horn, TE' int2str(m),int2str(n)]) 
xlabel('x(theta,phi)') 
ylabel('y(theta,phi)') 
zlabel('Relative magnitude, energy') 
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figure (2)                      % Surface Plot 
surface(D1.*sin(Theta).*cos(Phi),D1.*sin(Theta).*sin(Phi),D1.*cos(Theta)) 
title(['Surface Plot Pyramidal Horn, TE' int2str(m),int2str(n)]) 
xlabel('x(theta,phi)') 
ylabel('y(theta,phi)') 
zlabel('Relative magnitude, energy') 
  
%%% END 
	

b. To	plot	the	logarithmic	scales	
	
% Author H. Arbely 
% Netherlands Institute of Space Research, SRON 
% Physics Department @ University of Groningen, The Netherlands 
% 
% This scripts make plots of higher modes separately 
% Input values are: dimension of aperture of antenna, wavelength, axial 
% lengths rho1 and rho2 
  
% Pyramidal horn antenna 
% July 2015 
  
clear all 
  
% Parameters in units of lambda 
  
lambda=1; 
a=0.5; 
b=0.25; 
a1=12; 
b1=6; 
  
rho1=6; 
rho2=6; 
m=1; 
n=0; 
  
klambda=2*pi/lambda; 
  
theta=linspace(-pi,pi,100); 
phi=0; 
phi2=pi/2; 
[Theta,Phi]=meshgrid(theta,phi); 
  
%t1= -((1/2)+sin(Theta)*sin(Phi));               %GRENZEN VAN DE INTEGRAAL 
%t2= +((1/2)-sin(Theta)*sin(Phi));               %GRENZEN VAN DE INTEGRAAL 
  
c = @(x) cos((pi/2)*x.^2);   %FRESNEL FUNCTIE, MATLAB HOORT DIT TE HERKENNEN         
%q = integral(fun,0,t1); 
s = @(x) sin((pi/2)*x.^2);   %FRESNEL FUNCTIE, MATLAB HOORT DIT TE HERKENNEN 
  
kx1=(klambda*sin(Theta).*cos(Phi)-m*pi/a1);     
kx11=(klambda*sin(Theta).*cos(Phi2)-m*pi/a1); 
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kx2=(klambda*sin(Theta).*cos(Phi)+m*pi/a1);     
kx22=(klambda*sin(Theta).*cos(Phi2)+m*pi/a1); 
ky1=(klambda*sin(Theta).*sin(Phi)-n*pi/b1);     
ky11=(klambda*sin(Theta).*sin(Phi2)-n*pi/b1); 
ky2=(klambda*sin(Theta).*sin(Phi)+n*pi/b1);     
ky22=(klambda*sin(Theta).*sin(Phi2)+n*pi/b1); 
  
k=1; 
j=1; 
  
for theta_int=theta 
    for phi_int=phi 
  
        t1= sqrt(1/(klambda*rho1*pi))*(-klambda*a1/2-
(klambda*sin(theta_int)*cos(phi_int)+m*pi/a1)*rho1);              %kx2                   
        t2= sqrt(1/(klambda*rho1*pi))*(+klambda*a1/2-
(klambda*sin(theta_int)*cos(phi_int)+m*pi/a1)*rho1);                      
             
        t3= sqrt(1/(klambda*rho2*pi))*(-klambda*b1/2-
(klambda*sin(theta_int)*sin(phi_int)+n*pi/b1)*rho2);               %ky2 
        t4= sqrt(1/(klambda*rho2*pi))*(+klambda*b1/2-
(klambda*sin(theta_int)*sin(phi_int)+n*pi/b1)*rho2); 
         
        t5= sqrt(1/(klambda*rho1*pi))*(-klambda*a1/2-
(klambda*sin(theta_int)*cos(phi_int)-m*pi/a1)*rho1);               %kx1 
        t6= sqrt(1/(klambda*rho1*pi))*(+klambda*a1/2-
(klambda*sin(theta_int)*cos(phi_int)-m*pi/a1)*rho1);    
                 
        t7= sqrt(1/(klambda*rho2*pi))*(-klambda*b1/2-
(klambda*sin(theta_int)*sin(phi_int)-n*pi/b1)*rho2);               %ky1 
        t8= sqrt(1/(klambda*rho2*pi))*(+klambda*b1/2-
(klambda*sin(theta_int)*sin(phi_int)-n*pi/b1)*rho2);           
        
        C=integral(c,0,t2)-integral(c,0,t1);                                 
        S=integral(s,0,t2)-integral(s,0,t1); 
         
        CC=integral(c,0,t4)-integral(c,0,t3); 
        SS=integral(s,0,t4)-integral(s,0,t3); 
         
        CCC=integral(c,0,t6)-integral(c,0,t5); 
        SSS=integral(s,0,t6)-integral(s,0,t5); 
         
        CCCC=integral(c,0,t8)-integral(c,0,t7); 
        SSSS=integral(s,0,t8)-integral(s,0,t7); 
         
        F3(k,j)=C    -1i *   S;                                                 
%F5 & F7 
        F4(k,j)=CC   -1i *  SS;                                                 
%F4 & F8 
        F1(k,j)=CCC  -1i * SSS;                                                 
%F1 & F3 
        F2(k,j)=CCCC -1i *SSSS;                                                 
%F2 & F6 
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        k=k+1; 
        if(k>length(phi)) 
  
            k=1; 
        end 
    end 
    j=j+1; 
end 
  
k=1; 
j=1; 
  
for theta_int=theta 
    for phi_int=phi 
         
        if theta_int > pi/2 
         X(k,j)=(2-sin(theta_int)).*cos(phi_int); 
          
         Y(k,j)=(2-sin(theta_int)).*sin(phi_int);            
       else 
         X(k,j)=sin(theta_int).*cos(phi_int); 
          
         Y(k,j)=sin(theta_int).*sin(phi_int);            
  
       end 
       k=k+1; 
  
        if(k>length(phi)) 
            k=1; 
  
        end 
    end 
    j=j+1; 
end 
  
I1= 
exp(1i*kx1.^2*rho1/(2*klambda)).*exp(1i*ky1.^2*(rho2/(2*klambda))).*F1.*F2*ex
p(1i*pi*(m+n)/2)/1i; 
I2= 
exp(1i*kx1.^2*rho1/(2*klambda)).*exp(1i*ky2.^2*(rho2/(2*klambda))).*F1.*F4*ex
p(1i*pi*(m-n)/2)/1i; 
I3= 
exp(1i*kx2.^2*rho1/(2*klambda)).*exp(1i*ky1.^2*(rho2/(2*klambda))).*F3.*F2*ex
p(1i*pi*(-m+n)/2)/1i; 
I4= 
exp(1i*kx2.^2*rho2/(2*klambda)).*exp(1i*ky2.^2*(rho2/(2*klambda))).*F3.*F4*ex
p(-1i*pi*(m+n)/2)/1i; 
  
E_1 = abs((pi*sqrt(rho1*rho2)/(4*1i*klambda))*((I1)+(I2)-(I3)-
(I4)).*(1+cos(Theta))); 
E_2 = abs((pi*sqrt(rho1*rho2)/(4*1i*klambda))*((I1)-(I2)+(I3)-
(I4)).*(1+cos(Theta))); 
  
E_total1=abs(sqrt(((E_1)*m/a1).^2+((E_2)*n/b1).^2)); 
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E_total2=abs(sqrt((E_1*n/b1).^2+(E_2*m/a1).^2)); 
A=max(max(E_total1))                                                                 
% to plot the log graph 
D=E_total1/A; 
Z=10*log10(D); 
K=Theta*180/pi; 
  
hold on 
  
figure(1) 
plot(K,Z) 
title(['Intensity , TE' int2str(m),int2str(n)]) 
xlabel('Theta (angles)') 
ylabel('Intensity (dB)') 
  
figure(2) 
plot(K,Z) 
title(['Intensity , TE' int2str(m),int2str(n)]) 
xlabel('Theta (angles)') 
ylabel('Intensity (dB)') 
  
legend('E-plane','H-plane') 
  
% END 
	


