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Abstract

The location of the lower edge of the conformal window for the non-Abelian SU(3) gauge theory

has been the subject of debate for many years. In this thesis we present strong evidence in favor

of a conformal window that includes theories with Nf = 8 fundamental fermions. We study the

symmetry restoring zero-temperature (bulk) and finite-temperature (thermal) phase transitions that

are known to exist for theories inside the conformal window and QCD respectively. We use probes

of chiral symmetry breaking and confinement in combination with lattice simulations to locate the

lower edge of the conformal window between Nf = 6 and Nf = 8. Furthermore we show that

the anomalous dimension of the scalar glueball operator can be useful as a novel probe of the

mechanism underlying the emergence of the conformal window. In particular it may confirm a UV-

IR fixed point merging scenario in favor of predictions made by perturbation theory and large-Nc

approximations, or vice versa. Finally we introduce lattice upscaling as new technique to reduce

computational costs of lattice simulations.
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Chapter 1

Theoretical background

This chapter briefly describes the key theoretical concepts needed to understand the bulk of this

work in a concise way.

We will start with a short review of SU(3) gauge theory and the concept of chiral symmetry.

Next, we cover the energy scale dependence of quantum field theories, building up from the concept

of scale dependence to the β function and finally scale invariance as a prerequisite for conformal

symmetry.

1.1 QCD and beyond

Quarks where first introduced in the 1960’s as an explanation for the discovery of the multitude

of hadronic states that form the "particle zoo". In the quark model, proposed Murray Gell-Mann,

hadrons are composed of combinations of quarks and antiquarks. By studying the composition of

the hadronic states it was quickly realized that quarks should carry a new quantum number, called

"color", if they were to abide Pauli’s exclusion principle. The color quantum number mediates the

strong force which is responsible for interactions between quarks. When hadron collision experi-

ments at high energy were performed, it appeared that quarks behave as if they are free particles.

This behavior suggests that the strong coupling constant must tend to zero at high energies and was

dubbed asymptotic freedom. On the other hand, isolated quarks have never been observed. This

indicates that the strong coupling must become large at low energies making it impossible for color

charged particles to be isolated, a phenomenon which is called color confinement. Even though

the quarks themselves carry color, the hadrons must therefore be colorless. At the time, theorists

where puzzled by these observations. However, it was soon realized1 that non-Abelian Yang-Mills
1See for instance [37] Chapter 16
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theory could explain asymptotic freedom and was therefore a likely candidate for a theory of the

strong force.

SU(3) gauge theory

As mentioned above, Yang-Mills theory offers a way to describe the strong force which entails

asymptotic freedom. Yang-Mills theory was the first realization of a gauge field theory with a

non-Abelian gauge symmetry group[58], as opposed to for instance QED which has Abelian U(1)

symmetry.

Since quarks come in three colors, SU(3) is the natural choice for the symmetry group of the

strong force. The introduction of interactions with fermionic matter fields in the SU(3) gauge

theory goes by the familiar way of adding the fermion fields and promoting the proposed symmetry

to be local. E.g., for a quark triplet in the fundamental representation, q(x), and a local element

of the gauge group, U(x) ∈ SU(3), the transformation

q(x)→ U(x)q(x),

must leave the fermionic Lagrangian density,

q̄ (iγµ∂µ −m) q,

unchanged. This requirement forces the introduction of a covariant derivative, Dµ(x), containing

the gauge fields of the theory:

∂µ → Dµ(x) = ∂µ − igAaµ(x)T a,

where Aaµ denote the gauge fields and T a(a = 0, · · · , 8) the (traceless and Hermitian) generators

of SU(3). Note that each of the Aaµ is a 3x3 matrix, but we omit the matrix indices to prevent

cluttering of the notation, so instead of writing the indices explicitly as in (AaµT
a)αβq

β we write

AaµT
aq .

The most general fermionic Lagrangian density of the many flavor SU(3) gauge theory can

then be constructed by coupling a chosen number of fermion flavors, Nf , to the gauge field by

means of the covariant derivative:

Lf =

Nf∑
f=0

q̄f (iγµDµ −mf ) qf .
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However, to build the complete Lagrangian density we must also include gauge-invariant terms

that depend only on Aaµ. This is done by adding the Yang-Mills Lagrangian density:

LYM = −1

4
F aµνF

aµν .

Here we have introduced the field strength tensor,

F aµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµA

c
ν , (1.1)

with fabc the structure constants of SU(3), defined by the commutation relations

[
T a, T b

]
= fabcT c.

Note that the Yang-Mills Lagrangian density contains a term coupling the gauge fields to

themselves. This is due to the non-Abelian nature of the symmetry group and induces interactions

between between the gauge fields. For QCD, these interactions eventually lead to the phenomenon

of confinement.

With the addition of the Yang-Mills term, the complete Lagrangian density of many flavor

SU(3) gauge theory becomes:

L =

Nf∑
f=0

q̄f (iγµDµ −mf ) qf −
1

4
F aµνF

aµν . (1.2)

QCD, as observed by experiments until now, is described by an SU(3) gauge theory with 6

massive and non-degenerate quarks in the fundamental representation. We will see later that the

symmetry properties of the theory are highly dependent on Nf and in particular that conformal

symmetry can emerge when the number of fermions is increased.

Chiral symmetry

Chiral symmetry is the invariance of the Lagrangian in Eq. 1.2 under the chiral transformation:

q → q′ = eiθγ
5
q,

q̄ → q̄′ = q̄eiθγ
5
,
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where γ5 = iγ0γ1γ2γ3 , is the "fifth" gamma matrix. Note that since (γ5)2 = I we can construct

the following chirality projection operators:

PR =
1

2
(1 + γ5),

PL =
1

2
(1− γ5),

which project the quark fields onto states with definite chirality, e.g. eigenstates of γ5:

qR ≡ PRq, qL ≡ PLq.

For which we have γ5qR = qR and γ5qL = −qL. The fermionic part of the Lagrangian can now be

rewritten as:

q̄ (iγµDµ −m) q = q̄Liγ
µDµqL + q̄Riγ

µDµqR − (q̄RmqL + q̄LmqR) .

Using the fact that
{
γ5, γµ

}
= 0, it is evident that the terms containing the Dirac operator are

invariant under chiral transformations, while the mass term explicitly breaks chiral symmetry. So

exact chiral symmetry may only be achieved by taking the chiral limit, m→ 0.

However, even though the massless Lagrangian is chirally symmetric, the ground state of the

theory may still break chiral symmetry. For instance, the ground state of QCD is not invariant

under chiral transformations. We call this phenomenon a spontaneous breaking of the symmetry.

The fact that the coupling constant of the theory becomes large at low energies prohibits the

use of perturbation theory in this region. An analytical description of the way chiral symmetry is

spontaneously broken and the effect of this breaking on the physics is therefore currently unavailable.

However, lattice simulations allow us to study the chiral properties of SU(3) gauge theory in a

non-perturbative way and show that, in the case of QCD, chiral symmetry is only restored above

some critical temperature.

1.2 RG flow, the β function and scale invariance

Renormalization group flow a’ la Wilson[37, Ch.12.1], is an intuitive way to illustrate how renormal-

ization amounts to a redefinition of the parameters at varying energy or length scales. Under the

action of these rescaling operations, which form the so called renormalization group, the effective

coupling parameters of the theory will "flow" from one point in the parameter space of the theory

to another. The β function(s) describe this flow of the coupling constant, g, under the action of
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the renormalization group. In this section we briefly explain the origins of this function and its

implications for the properties of SU(3) gauge theory.

The renormalization group

To conveniently illustrate the concept of the renormalization group we take the φ4 theory as our

model. Furthermore, we set the source term to zero and introduce a sharp momentum cut-off, Λ,

which gives the following generating functional:

Zφ =

ˆ
[Dφ]Λ exp

(
−
ˆ
ddx

[
1

2
(∂µφ)2 +

1

2
m2φ2 +

λ

4!
φ4

])
, (1.3)

where,

[Dφ]Λ =
∏
|k|<Λ

dφ(k).

Next, we determine what happens when the momentum cut-off is rescaled to a slightly lower value

bΛ, with b . 1, without further changing the physical properties of the system. This means that we

have to integrate out all the momenta on the shell bΛ ≤ k < Λ. Therefore we split the integration

variables φ(k) into two groups. We introduce

φ̂(k) =

φ(k) for bΛ ≤ k < Λ;

0 otherwise.

Now we redefine φ(k) with the only modification that it is zero for k > bΛ. This enables us to

write the old φ as φ+ φ̂, so that:

Z =

ˆ
Dφ
ˆ
Dφ̂ exp

(
−
ˆ
ddx

[
1

2
(∂µφ+ ∂µφ̂)2 +

1

2
m2(φ+ φ̂)2 +

λ

4!
(φ+ φ̂)4

])

=

ˆ
Dφe−

´
L(φ)

ˆ
Dφ̂ exp

(
−
ˆ
ddx

[
1

2
(∂µφ̂)2 +

m2

2
φ̂2 + λ

(
φ3φ̂+ φφ̂3

6
+
φ2φ̂2

4
+
φ̂4

4!

)])
.

Here we have collected all terms independent of φ̂ into L(φ). The next step would be to carry out

the integration over φ̂. However, this is a lengthy process2 that involves evaluating the diagrams

generated by the field φ̂ which goes beyond the scope of this section. Instead, it will suffice to
2See for instance [37] Chapter 12 for a detailed derivation.
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state the end result which can be written as:

Z =

ˆ
[Dφ]bΛ exp

(
−
ˆ
ddxLeff (φ)

)
,

where we have introduced an effective Lagrangian:

ˆ
ddx Leff (φ) =

ˆ
ddx

[
1

2
(1 +4Z)(∂µφ)2 +

1

2
(m2 +4m2)φ2

+
1

4!
(λ+4λ)φ4 +4C(∂µφ)4 +4Dφ6 + · · ·

]
. (1.4)

The various new quantities (4Z, 4m, · · · ) represent small changes that are induced by the

integration over φ̂. The key observation here is that, under a small shift of the cut-off, the initial

Lagrangian is effectively mapped to a new Lagrangian with modified couplings. The operations

that transform the Lagrangian from one specific UV cut-off bΛ to lower cut-off b′Λ, b′ < b, form

the so called renormalization group. Note that these operations do not form a group in the strict

sense of the word, since the operations are in general irreversible. Now, under repeated action of

the renormalization group the Lagrangian will flow from one point in parameter space to another,

this is called the renormalization group flow.

α

β

Fixed point

Figure 1.1: Conceptual drawing of the renormalization group flow of a system with a fixed point.
Here the parameters α and β represent irrelevant and relevant couplings respectively.

In general, there exist points in the parameter space of a Lagrangian of a physical system that

are mapped to themselves under the action of the renormalization group, e.g., points at which the

Lagrangian is unaffected by of the ultraviolet cut-off. These fixed points come in two forms, trivial

and non trivial fixed points. At a trivial fixed point all the couplings in the Lagrangian are zero

and the theory is therefore free. At a non-trivial fixed points the couplings are not all zero, which
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implies that the theory is interacting. Fixed points are furthermore classified as either UV-stable

or IR-stable, depending on whether the fixed point is approached when scaling towards high or

low energies respectively. At a fixed point, the theory is unaffected by scale transformations and

is therefore said to be scale invariant. Moreover, for SU(3) gauge theory one can show that, at a

fixed point, the theory is also conformally invariant[20].

We conclude this section by identifying three different kinds of couplings with respect to their

behavior under RG transformations from the UV to the IR near a fixed point.

• Relevant couplings grow under RG transformations3. They therefore drive the system away

from the fixed point.

• Irrelevant couplings diminish under RG transformations and therefore play no role in describing

the system at large distance scales.

• Marginal couplings stay constant under RG transformations.

The Callan-Symanzik equation

Although the concept of the renormalization group flow is a very intuitive way to show that physics

can be described by renormalized quantum field theories, making quantitative predictions by inte-

grating out slices in momentum space is technically challenging. We therefore turn to renormalized

perturbation theory instead, which will allow us to derive the relation between the bare and renor-

malized n-point functions.

In renormalized perturbation theory the renormalization conditions are defined at a specific

momentum scale M . For convenience, we consider the φ4 theory, which can be renormalized

according to the following conditions:

1PI = 0 at p2 = -M2,

1PI
d

dp2 = 0 at p2 = -M2,

1PI1PI = -ig at (p1 + pk>1)
2 = -M2.

3The mass term in Eq. 1.2 is an example of a relevant coupling
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These conditions fix the values of the coupling constants at the arbitrary momentum scale M .

Since under renormalization the bare fields are transformed4 as φ0 → φ = Z−1/2φ0, the renor-

malized n-point Green’s functions, G(n)(x1, · · · , xn) are equal to the bare Green’s functions,

G
(n)
0 (x1, · · · , xn), up to a rescaling by Z−n/2:

G
(n)
M (x1, · · · , xn) = Z−n/2G

(n)
0 (x1, · · · , xn).

Next we consider what happens to the renormalized Green’s functions when we introduce a shift

in the renormalization scale. Note that the bare Green’s functions do not depend on M . So,

considering G(n) as a function of M and g and taking the d
dlogM = M d

dM derivative on both sides

we find:

M
d

dM
G

(n)
M (x1, · · · , xn) = M

dZ−n/2

dM
G

(n)
0 (x1, · · · , xn)

↓

M

(
∂

∂M
+

dg

dM

∂

∂g

)
G

(n)
M (x1, · · · , xn) = −M n

2Z

dZ

dM
G

(n)
M (x1, · · · , xn).

From this we can directly write down the Callan-Symanzik equation:[
M

∂

∂M
+ β(g)

∂

∂g
+ nγ(g)

]
G(n)(x1, · · · , xn;M, g) = 0, (1.5)

where we have introduced the quantities:

β(g) =
∂g

∂log(M)
, (1.6)

γ(g) =
1

2

M

Z

∂Z

∂M
. (1.7)

Both β and γ are explicitly defined to be functions of only the coupling constant g, which

follows from dimensional analysis.

Equation 1.6 defines the famous β function of quantum field theory, which describes the running

of the coupling constant with the energy scale. Note that if β is zero for some particular value of

g, the value of the coupling is independent of the energy scale at this point. In other words, fixed

points of the renormalization group are defined as the points at which β is zero.
4In renormalized perturbation theory the field strength renormalization Z is absorbed into the field φ. See [37]

Chapter 7
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β(g)

(b)

β(g)

(a)

β(g)

(c)

g g g

Figure 1.2: Three conceptual forms of the β function. For (a) the theory possesses a trivial
infrared fixed point (QED,φ4). Theories (b) and (c) both contain a trivial ultraviolet fixed point
while only (b) has a non-trivial infrared fixed point.

The β function and scale invariance

Explicit evaluation of the β function relies on perturbation theory and is therefore only applicable

when the couplings are small. Without going into detailed calculations we can distinguish three

different behaviors in the region of small g:

1. β < 0; The coupling vanishes with increasing energy scales leading to an ultraviolet fixed

point. The most famous example of a theory with a negative β function is QCD, where this

behavior leads to the phenomenon of asymptotic freedom. At high energies, these theories

are completely solvable using Feynman diagrams. However, for lower energies this method

breaks down, forcing us to resort to exact computational methods.

2. β = 0; The coupling constant does not flow and is therefore independent of the energy

scale. Theories with this behavior do not contain any ultraviolet divergences and are called

finite field theories. An example of such a theory is N = 4 supersymmetric Yang–Mills

theory. Before renormalization was understood, these theories were seen as likely candidates

for solving the problem of ultraviolet divergences.

3. β > 0; For these theories, the coupling goes to zero for low energies leading to an infrared

fixed point. At high energies the coupling may become increasingly large or even diverge.

Therefore, we can only resort to Feynman diagram perturbation methods at low energies.

QED is an example of such a theory since it develops a Landau pole, i.e., the coupling diverges

at finite energy.

Next, we consider the behavior of β for values of g away from zero. Since current perturbative

studies are all based on the assumption that g is small, the behavior of β at large g is actually

largely unknown. In the next section we will see that for non-Abelian gauge theories it is not
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unreasonable to assume that there exist theories for which the β function changes its course for

increasing g and not necessarily in a strong coupling regime, leading to a non-trivial zero. In the

context of the RG flow this means that the value, g∗, with β(g∗) = 0 is a non-trivial fixed point.

If β crosses the g-axis at this point from below, as in Figure 1.2 (b), this point lies in the infrared,

while if β crosses from above the point lies in the UV.

Implications of γ(g)

We now investigate the physical implications of the auxiliary function, γ(g), that was introduced

in the Callan-Symanzik equation (Eq. 1.5). We will see that in the neighborhood of a fixed point

the two-point functions are governed by simple scaling laws. However, in the case of a non-trivial

fixed point, the power of the scaling is generally different from what one would expect from naive

dimensional analysis. This shift in the exponent is called the anomalous dimension of the observable.

To clarify this concept we again consider the φ4 theory. Although we know from numerical

studies that in four dimensions this theory most likely does not possess a nontrivial fixed point, it

can be shown that in lower dimensions it does contain one. We therefore explore the implications

of a fixed point in the renormalization group flow.

First we note that the Callan-Symanzik equation (Eq. 1.5) can actually be solved in several

cases, in particular for the φ4 theory there exists an analytic solution. We will now state5 the

solution of the Callan-Symanzik equation for the two-point Green’s function, G(2)(p, g,M), in

momentum space:

G(2)(p, g,M) =
i

p2
G (ḡ (p; g)) exp

(
2

ˆ p

M
d

(
log

p′

M

)
γ
(
ḡ
(
p′; g

)))
, (1.8)

where G (ḡ) is a function that has to be determined and ḡ (p, g) satisfies:

d

d log (p/M)
ḡ (p; g) = β(ḡ), ḡ (M ; g) = g.

The differential equation describes a modified running coupling constant, ḡ (p; g), redefined as a

function of momentum and with a flow rate simply given by the β function . The function G (ḡ)

can not be determined from general principles of renormalization theory and can only be computed

by expanding G(2)(p, g,M) as a perturbation series in g and then match terms to the expansion

of Eq 1.8. For the two-point function of the φ4 theory this gives: G (ḡ) = 1 +O(ḡ2).

Now consider the case in which the β function of the φ4 theory looks like Figure 1.2 b. Then,
5For a detailed derivation see [37] Section 12.3
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in the vicinity of the fixed point, the β function can be approximated as

β ≈ B (g − g∗) ,

where B is a positive constant. Then for ḡ near g∗:

dḡ

d log( p
M )
≈ B (ḡ − g∗) .

This equation can be solved easily, giving:

ḡ(p) = g∗ + C
( p
M

)B
.

We immediately see that ḡ indeed tends to g∗ as we approach the infrared, p → 0. This solution

for the running coupling has a dramatic consequence for the exact solution of the Callan-Symanzik

equation (1.5). For large p the integral in the exponent will be dominated by values of p for which

ḡ(p) is close to g∗. So that we have:

G(2)(p, g,M) ≈ G(g∗) exp
[
−2
(
log

p

M

)
(1− γ(g∗))

]
≈ C

(
M2

p2

)1−γ(g∗)

.

So the two-point correlation function scales via a simple power law. However, the key observation

here is that the power law is different from what one would expect from dimensional analysis. This

means that at the fixed point we have a scale-invariant theory where the scaling laws are shifted

by the interactions of the theory. As mentioned above, this shift in the power, γ(g∗), is called the

anomalous dimension of the field.

In general, any quantum operator, O, can have a non-zero anomalous dimension at a fixed

point. In fact, in Section 3.3 we exploit this fact to define a probe of confinement based on the

anomalous dimension of the scalar glueball operator.

The β function of non-Abelian gauge theories and the conformal window

The first explicit expression for the β function of non-Abelian gauge theories was derived[27] using

perturbation theory to leading order (one-loop) O(g3). An improvement of these results was made

by Caswell [9], who extended the approximation to next-to leading order (two-loop) O(g5). The

12



latter result can be written as:

β(g) =
b0

16π2
g3 +

b1
(16π2)2

g5 +O(g7).

For SU(N), the coefficients b0 and b1 are functions of the number of colors N and the number of

flavors, Nf . For fermions in the fundamental representation we can express them as:

b0 = −11N

3
+

2Nf

3
,

b1 = −34N2

3
+

13N2 − 3

3N
Nf .

Note that only these coefficients do not depend on the renormalization scheme and are therefore

universal coefficients which only depend on group invariants. From this result we can draw two

conclusions:

• First consider the behavior of β for small g, large Nf and N = 3. Note that for small

g the β function is dominated by b0 so that the β function will turn negative definite for

Nf > NAF
f = 16.5. This means that for Nf ≥ NAF

f asymptotic freedom is lost.

• Secondly, the form of these two coefficients shows that for certain Nf we have b0 < 0 and

b1 > 0. This allows one to conjecture a range, N c
f < Nf < NAF

f , where the beta function

takes the form of Figure 1.2 (b) and therefore contains a nontrivial infrared fixed point.

Recall that at a fixed point the theory is scale invariant and that for SU(3) gauge theories one can

show[20] that scale invariance implies a more general invariance: conformal symmetry.

Theories with conformal symmetry are invariant under conformal group transformations. The

conformal group is an extension of the Poincaré group with special conformal transformations and

dilatations. It has 15 degrees of freedom: ten for the Poincaré group, four for special conformal

transformations and one for dilatations. Mathematically, a conformal transformation can be defined

in reference to a transformation of the metric, since for a conformal-group transformation xµ → x̄µ

we have:

ḡµν(x̄) = Ω2(x)gµν(x), (1.9)

where Ω is some non-vanishing function of x.

Since conformal symmetry is a very general symmetry, its presence implies the presence of less

general kinds of symmetries. One of these symmetries is chiral symmetry. Studies on the mechanism

of conformal symmetry restoration have shown[38] that, even though conformal symmetry is only

fully restored at the infrared fixed point, for theories in the interval N c
f < Nf < NAF

f chiral
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Figure 1.3: Conformal field theories are invariant under special conformal transformations and
dilatations in addition to transformations of the Poincaré group. These transformations include
stretching and twisting of space-time as pictured above.

symmetry is restored for all values of the coupling. In other words, the presence of an infrared fixed

point implies the restoration of chiral symmetry.

The critical number of flavors, N c
f , defines the location of the so called conformal phase

transition and the region N c
f < Nf < NAF

f is called the conformal window.

Theories inside the conformal window contain a conformal infrared fixed point and chiral symme-

try is restored at all temperatures, including T = 0. Below the conformal window, chiral symmetry

is only restored above some critical temperature, Tc. This temperature marks the location of a ther-

mal phase transition separating a chirally broken and confining phase from the deconfined phase

with exact chiral symmetry. The conformal window closes at NAF
f where β turns negative definite.

From these properties we can conjecture the qualitative phase diagram for SU(3) gauge theory

shown in Fig. 1.4.

Nf

T

Nf Nf=16.5

Conformal window

Quark-gluon plasma

(deconfinement)

Hadronic states

(confinement)

c

Figure 1.4: Conjectured phase diagram of many flavor QCD in the T ×Nf plane. The opening of
the conformal window is indicated by N c

f and the loss of asymptotic freedom by NAF
f . Below N c

f

the system exhibits spontaneous chiral symmetry breaking at low T allowing for hadronic states.
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The exact location of the lower edge of the conformal window is currently still under debate.

Recent results [7] obtained in the Veneziano limit, N →∞ while Nf
N constant, predict N c

f = 7.5,

which is in agreement with 4-loop perturbative predictions in the MS scheme. One of the main

goals of our research was to locate the lower edge of the conformal window, using a numerical

approach described in Chapter 3. The results can be found in Chapter 5.2 and are in agreement

with these predictions.
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Chapter 2

Lattice gauge theory

Discretization or latticization of quantum field theories is a very effective way to enable simulations

on a computer. It also regularizes the theory by introducing a lattice spacing, which is effectively

equivalent to a momentum cut-off. In this chapter we will illustrate the idea’s and complications

of latticization by discretizing the Dirac action for a fermionic field.

2.1 Fermions on the lattice

In the continuum limit the action for a free fermionic field can be written as:

S = −
ˆ
d4x

[
1

2

(
ψ̄(x)γµ∂µψ(x)− ∂µψ̄(x)γµψ(x)

)
+mψ̄(x)ψ(x)

]
. (2.1)

Recall that the spinors ψ and ψ̄ are Grassmann variables which means that they anti commute:

ψα(x)ψ̄β(y) = −ψ̄β(y)ψα(x),

where the α, β, ... are the Dirac spinoral indices.

Now we discretize space-time, which means that we replace the continuous Minkowski space

by a four dimensional lattice of points. These points are separated by a distance aµ, the so-called

lattice constant. The index µ indicates that the spacing is not necessarily equal for each direction.

However, in this thesis we will only consider isotropic lattices, e.g., lattices with equal spacing

in each direction. This discretization of space-time means that coordinates of the points on the

lattice can be written as x = nµaµ where nµ are integers. Since the partial derivatives are only
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well defined for a continuous theory they have to be replaced as follows:

∂µψ(x)→ 1

aµ
[ψ(x+ aµµ̂)− ψ(x)] .

With this substitution the fermionic action becomes:

−
∑
x

∑
µ

1

2aµ

[
ψ̄(x)γµψ(x+ aµµ̂)− ψ̄(x+ aµµ̂)γµψ(x)

]
−m

∑
x

ψ̄(x)ψ(x), (2.2)

where Σx ≡ ΠµaµΣn is a sum over all the points on the lattice which replaces the integral. Now

we can define the path integral with external sources η and η̄ for free fermions on a lattice as:

Z(η, η̄) =

ˆ
Dψ̄Dψei[S+Σx(η̄ψ+ψ̄η)],

where

Dψ̄Dψ =
∏
x,α

dψ̄xαdψxα,

and we have introduced the notation:

ψx ≡ ψn ≡ a3/2ψ(x), ψ̄x ≡ ψ̄n ≡ a3/2ψ̄(x).

In the above, the ψn are defined for later reference. As mentioned earlier, we will only use isotropic

lattices, so in principle we could drop the index on aµ. However, for reasons that will be clarified

below, we will keep the temporal lattice spacing separate, so: ak = a for k = 1, 2, 3 and a0 = a0.

For computational convenience it is useful to make an analytic continuation to imaginary time.

This continuation can be carried out by rotating the temporal axis over a straight angle in the

complex plane:

a0 = |a0|exp(−iφ), φ→ π

2
, a0 → −ia4, (2.3)

with a4 = |a0|. If we now define γ4 ≡ iγ0 the fermion action can be written as:

S = −
∑
n

 4∑
µ=1

a4

2aµ

(
ψ̄nγµψn+µ̂ − ψ̄n+µ̂γµψn

)
+ a4mψ̄nψn

 , (2.4)

so that the path integral finally takes the Euclidean form:

Z(η, η̄) =

ˆ
Dψ̄DψeS+Σn(η̄ψ+ψ̄η). (2.5)
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Note that the integrand in the path integral has become real and bounded from above, simplifying

calculations and analysis greatly. In some cases it may be necessary to analytically continue back

to real time which can be done by the inverse of the rotation in Eq. 2.3.

2.2 Fermion doubling

The fermionic action we obtained by the naive discretization we applied in the previous section leads

to a phenomenon called fermion doubling. This means that it gives rise to not one but 24 = 16

fermions with each two charge and spin states. To show this we first write Eq2.5 in matrix form:

Z(η, η̄) =

ˆ
Dψ̄Dψe−ψ̄Aψ+η̄ψ+ψ̄η,

where the matrix A is defined as:

Axy =
∑
zµ

γµ
1

2
(δx,zδx,z+µ̂ − δx,z+µ̂δx,z) +m

∑
z

δx,zδy,z

and we have set a = a4 = 1 (lattice units) for convenience. This expression can be readily

integrated, see for instance [59] Chapter 1, to give:

Z(η, η̄) = detAeη̄A
−1η,

where we defined A−1
xy ≡ Sxy as the fermion propagator. We can evaluate this expression by

applying a Fourier transformation to momentum space, where we assume space-time to be infinite:

A(k,−l) =
∑
xy

e−ikx+ilyAxy = S(k)−1δ(k − l),

and we have introduced

S(k)−1 =
∑
µ

iγµ sin k +m.

Transforming back to non-lattice units we find that the fermion propagator in momentum space

becomes:

S(k) =
m− i

a

∑
µ γµ sin(akµ)

m2 + 1
a2
∑

µ sin 2(akµ)
. (2.6)

To check if this results converges to the fermion propagator for a continuous theory we take the

continuum limit, a→ 0, giving:
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S(k) =
m− iγk
m2 + k2

+O(a2). (2.7)

Which is exactly what we find in the continuum theory.

Now we recall that a pole of the fermionic propagator corresponds to the existence of a massive

particle. Comparing equations 2.6 and 2.7 we notice that in the continuum case there exists one

pole at k4 = i
√
k2 +m2. However, for the lattice propagator we find there are not one but 16

poles in total. This can be seen by noting that the sine functions have 16 points in the 4 dimensional

torus, −π < akµ ≤ π, where they all vanish. Around these points the propagator can be expressed

as:

S(k) =
m− iγ(A)

µ pµ
m2 + p2

+O(a), k =

(
kA
a

)
mod(2π) + p,

with kA the vectors for which all the sines vanish:

kA = (xA, yA, zA, tA) where xA, yA, zA, tA ∈ {0, π} ,

and γ(A)
µ = γµcos(πAµ). It is now evident that for each of these points we have a pole at 0 =

m2 + p2, so in the neighborhood of each of the kA
a .

The above phenomenon is called fermion doubling or species doubling. Obviously, fermion

doubling raises some serious concerns since we now have 16 fermions in lattice theory compared to

just one in the continuum theory.

The occurrence of the fermions doublers can be resolved by changing the way we discretize.

We are in fact free so choose the way we discretize a theory, as long as in the continuum limit,

a→ 0, we recover the original continuum theory. Alternative formulations of the discrete fermion

action have therefore been introduced. Currently, the two most common types of fermionic action

used in simulations are the so called Wilson fermions and Staggered fermions[33] (also called

Kogut–Susskind fermions).

2.2.1 Staggered fermions

The occurrence of fermion doubling is related to fundamental problems related to the anomalies

and topology of the theory. Exploring this topic further is technically complex and goes beyond the

purpose of this thesis. We therefore continue by introducing an important method to deal with this

problem, called the staggered fermion method. The staggered fermion action is especially useful

to us since it retains explicit chiral symmetry.

To introduce the staggered fermion method we start with the naive fermion action and make
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a unitary transformation of the variables:

ψx = γxχx, ψ̄x = χ̄x(γx)†.

Here we have introduced γx ≡ (γ1)x1(γ2)x2(γ3)x3(γ4)x4 , where the xµ are not indices but the γ

matrices are actually raised to the xµ-th power. Now, because

[
(γx)†γµγ

x+µ̂
]
αβ

=
[
γxγµ(γx+µ̂)†

]
αβ

= ηµxδαβ,

where

η1x = 1, η2x = (−1)x1 , η3x = (−1)x1+x2 , η4x = (−1)x1+x2+x3 ,

the fermion action then takes the following form:

S = −
4∑

a=1

[∑
xµ

ηµx
1

2

(
χ̄axχ

a
x+µ̂ − χ̄ax+µ̂χ

a
x

)
+m

∑
x

χ̄axχ
a
x

]
.

This way the gamma matrices have been effectively removed from the action. This implies that

the different Dirac indices of the fields χ and χ̄ are not mixed and that, in this representation,

the action is just a sum over four identical terms. So, in principle, we only need to take one of

these fields to describe fermions on the lattice. It can be shown that disregarding the summation

over a, and therefore taking χ and χ̄ as one component fields, indeed reduces the number of Dirac

particles in the continuum limit by a factor of four. For QCD, the four remaining fermions can be

interpreted as different quark flavors of equal mass. What remains is to make the action gauge

invariant, which can be achieved by inserting the link variables,

Uµx ≡ exp
(
igaAbµ(x)Tb

)
,

between the fermionic fields. The link variables are the lattice analogs of the gauge fields and

are defined on the links connecting the sites of the lattice. This gives us the gauge-invariant

staggered-fermion action:

SF = −
∑
x,µ

ηµx
1

2
[χ̄ax(Uµx)abχbx+µ̂ − χ̄ax+µ(Uµx)abχbx]−

∑
x

mχ̄axχax.

Here a and b are the SU(3) color indices and we have no spin of flavor indices for χ and χ̄.

Using weak-coupling perturbation theory one can show[24, 25] that, in the continuum limit, the
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Figure 2.1: Graphical representation of APE smearing in three dimensions, link variables are
replaced by an average of the link its surrounding staples.

staggered-fermion action describes QCD with four mass-degenerate flavors. The symmetry group

of the action[23] is suitable for describing hadrons using a construction of composite fields[26]. By

constraining χ̄ and χ to only the even and odd lattice sites respectively it is possible to further

reduce the number of fermions to two.

Because our research focused on the chiral properties of the SU(3) theory we required a chirally

symmetric lattice action. We therefore used the staggered fermion action in all our simulations.

2.3 Lattice smearing techniques

Measurements taken directly on the lattice often suffer from lattice artifacts. These artifacts can

be so large that the true physical value might become obscured. To counteract these artifacts

and to improve the signal-to-noise ratio, methods to approach the continuum theory have been

devised. These methods generally rely on algorithms that "smear" the lattice in order to obtain a

configuration that better resembles the continuum.

2.3.1 Link smearing

Smearing techniques rely on averaging the link variables with links in their neighborhood. The

original links are called thin links while the smeared ones are called fat links. Smearing can be

carried out in different ways, but all these methods must be defined such that the fundamental

properties (symmetries, transformation laws, locality, etc.) of the system remain unchanged. In

this thesis we will use two smearing methods: HYP smearing and stout link smearing in the form

of the Wilson flow.

APE and HYP smearing

APE smearing[2] is a gauge invariance preserving[31] method that averages a link variable, Uµ(x),

with its nearest neighbors, Uµ(x + ν̂), where ν 6= µ. The averaging is controlled by the so

called smearing fraction, α, in order to control the degree of smearing. The value of the smearing
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Figure 2.2: Typical example showing the effectiveness HYP smearing on the Polyakov loop (P)
on a set of 60 configurations. Each line shows the evolution of a single configuration under the
action of HYP smearing. The signal of Re[P] is amplified significantly. The signal of Im[P] starts
out noisy but, all configurations converge towards zero after smearing.

fraction must be adjusted for the system under consideration, if α is too small the smearing

will take too many steps to reach desired smoothness, if it is too big the lattice will be altered

too radically; destroying the measurement information. One APE smearing step amounts to the

following transformation:

Uµ(x)→ U ′µ = (1− α)Uµ(x) +
α

6

∑
ν 6=µ

Cµν(x),

where
∑

µ 6=ν Cµν(x) denotes a sum over the six neighboring staples (the name comes from the

shape of these objects). One obtains

Cµν ≡ Uν(x)Uµ(x+ ν̂)U †ν (x+ µ̂) + Uν(x− ν̂)Uµ(x− ν̂)Uν(x− ν̂ + µ̂). (2.8)

After this operation, the original link value is replaced by the smeared value and projected

back onto SU(3). The need for this projection was discovered empirically, since smearings that

do not apply this projection are much less effective. In practice, it is generally preferred to apply

this smearing procedure multiple times. On the other hand, iterating this process too many times

results in a trivial, featureless lattice which bares no resemblance to the original configuration.

HYP smearing is a variation on APE smearing for which the gauge configurations are smoothed

within a hypercube sized volume but not beyond it; more specifically, each step of HYP smearing

consists of three iterative APE smearings constructed[30] in such a way that the resulting fat links
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Figure 2.3: Graphical representation of 1st order stout link smearing, link variables are replaced
by a weighed average of paths of the original links.

only mix thin links from lattice unit sized hypercubes attached to the original link.

Studies[21] show that applying HYP smearing can be an effective way to increase the signal-to-

noise ratio of Wilson and Polyakov loop measurements. Figure 2.2 shows a typical example of the

effectiveness of HYP smearing for amplifying the Polyakov loop signal. We will use this property

to improve our measurements of the Polyakov loop in Section 5.2.

Stout link smearing

One of the main disadvantages of APE smearing is that it is not differentiable. To overcome this

problem, several alternative smearing methods have been introduced. Part of our research uses a

technique called stout link smearing [41].

It is convenient to first introduce the following notation for the weighted sum over all the

perpendicular staples:

C̄µ =
∑
ν 6=µ

ρµνCµν ,

where Cµν is defined by Eq. 2.8. The weights ρµν are adjustable real parameters. Next we

introduce the SU(N) matrix Qµ(x):

Qµ(x) =
i

2

(
Ω†µ(x)− Ωµ(x)

)
− i

2N
Tr
(

Ω†µ(x)− Ωµ(x)
)
,

where:

Ωµ(x) = C̄µ(x)U †µ(x).

Note that we do not sum over µ in the above expression. Then Qµ(x) is Hermitian and

traceless, so that eiQµ(x) is an element of SU(N). With these ingredients the iterative stout

smearing algorithm is formulated, mapping links U (n)
µ (x) at step n onto links U (n+1)

µ (x):

U (n+1)
µ (x) = eiQ

(n)
µ (x)U (n)

µ (x).
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Since eiQµ(x) is and element of SU(N) we know that U (n+1)
µ (x) is and element of SU(N) as

well, so that there is no need to project the smeared links back to SU(N).

2.3.2 Wilson flow

In our research we have made preliminary attempts to use the concept of Wilson flow in field space

in order to measure the anomalous dimension of the scalar glueball operator (see Section 3.3)

on the lattice. We apply the ideas described by Lüscher[36] using smearing routines provided by

Szabolcs et al[8].

For (continuum) SU(3) gauge fields the Wilson flow field, Bµ, is defined by the following

differential equations:

Ḃµ = DνGνµ, (2.9)

Dµ = ∂µ + [Bµ, ◦] .

Here a dot denotes differentiation with respect to the "Wilson flow time" t ≡ 1
8µ2

, with µ the

renormalization scale, and Gνµ the field strength tensor as defined by Eq. 1.1 here expressed in

terms of the flow field:

Gµν = ∂µBν − ∂νBµ + [Bµ, Bν ] .

The boundary condition,

Bµ|t=0 = Aµ,

determines the starting point of the gauge field. From Eq. 2.9 one can show [36] that, as t

increases, Bµ approaches stationary points of the Yang-Mills action.

In lattice gauge theory, the Wilson flow of Eq. 2.9, V̇µ, is defined (see [36]) in terms of the link

variable, Uµ(x):

V̇µ(x) = −g2
0 (∂x,µSW (V ))Vµ(x), Vµ(x)|t=0 = Uµ(x). (2.10)

Here SW (V ) denotes the Wilson action as defined in Section 2.1 and we have defined the boundary

conditions analogous to the continuum case. The differential operator, ∂x,µ, denotes the SU(3)

valued operator which, acting on functions, f(V ), is defined as follows:

∂ax,µf(V ) ≡ d

ds
f(esXV )|s=0, X(y, ν) =

T
a if (y, ν) = (x, µ)

0 otherwise.
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T a are the generators of SU(3) so that the contraction

∂x,µf(V ) ≡ T a∂ax,µf(V )

is basis independent. In can be shown [5] that for a finite lattice the Wilson flow will be smooth

and unique for all flow times, t. Furthermore we note that Eq. 2.10 implies that that as t increases,

the action will decrease monotonically. In other words, as the link variables "flow" the lattice will

be smoothed out. The routines we use to carry out the Wilson flow therefore rely on a form of

stout link smearing as discussed in the previous section.

Given the definition of the flow time, as the system evolves to higher t we are effectively probing

larger and larger length scales of O(
√
t). In other words, the Wilson flow allows us to do non-

perturbative studies at low energy scales and could give insights into the evolution of theories in

the infrared. Even though the Wilson flow of Eq. 2.9 can not be identified with Renormalization

Group flow, it remains interesting to investigate the relation between the two descriptions of the

evolution of a system from the high to low energy scales.
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Chapter 3

Probing conformality

Now that we have defined the conformal window and have given a brief introduction on lattice

field theory we wish to distinguish theories inside and below the conformal window using lattice

simulations. In this chapter we introduce the set of observables and accompanying strategy that

we used for this purpose.

3.1 The chiral phase transition

From Chapter 1.2 we know that chiral symmetry is a prerequisite for conformal symmetry and

that the opening of the conformal window is signaled by the restoration of chiral symmetry at all

temperatures (specifically in the zero temperature limit, T → 0). To measure the presence or

absence of chiral symmetry on the lattice we use the concept of an order parameter. An order

parameter is, in general terms, a quantity that distinguishes two phases that are separated by a

symmetry breaking phase transition. The order parameter is generally zero in the symmetric phase

and may be non-zero in the broken phase. A classical example is ferro-magnetism, where we have a

ferromagnetic phase for which spin reversal symmetry is broken and we can introduce magnetization

as the order parameter.

So what is the order parameter of the chiral phase transition? Noting that chiral symmetry

is the QFT analog of spin reversal symmetry, we find that an order parameter is given by the so

called chiral condensate or quark condensate:

〈ψ̄ψ〉 = − lim
m→0

lim
V→∞

1

V

ˆ
V
dx〈ψ̄(x)ψ(x)〉

lattice

=
Nf

4a3N3
sNt
〈Tr

[
M−1

]
〉,
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whereM is the fermion matrix1 for a single flavor. Ns and Nt are the spatial and temporal extent of

the lattice respectively. A detailed derivation (see [48] Ch4.1.2) indeed shows that a non-vanishing

chiral condensate is a sufficient condition (although not necessary) for chiral symmetry breaking.

So, if chiral symmetry is not explicitly broken, we expect:

〈ψ̄ψ〉 = 0 ⇒ exact chiral symmetry,

〈ψ̄ψ〉 6= 0 ⇒ spontaneously broken chiral symmetry.

Before we continue, a quick word on how the temperature of the system, T , is defined on

the lattice. The thermal properties of quantum field theories are usually derived using a so called

thermal field theory (TFT). The basic idea2 here is that the expectation values of operators in a

thermal ensemble may be written as expectations values in ordinary quantum field theory where the

system is evolved by an imaginary time τ = −it, with 0 ≤ τ ≤ 1
T and periodic boundary conditions

on the fields have to be imposed. This approach has been very successful at understanding the

high temperature behavior of QCD, where it enters the quark-gluon plasma phase. If we now

consider a discrete space-time on a L3 ×Nt lattice with lattice spacing a, we can directly express

the temperature in terms of the lattice parameters:

T =
1

aNt
.

So the temperature is completely determined by the temporal extent of the Euclidean lattice. Given

the above, one would expect that the way to proceed may be straightforward. First, we generate

lattice configurations for different numbers of fermions, Nf , and at a large Nt, approaching the

zero temperature limit. If we then measure the chiral condensate we expect to find a critical N c
f

such that 〈ψ̄ψ〉Nf = 0 for Nf > N c
f , signaling the opening of the conformal window.

However, for computational reasons3, our lattice simulations require the use of an explicit mass

term. Remember from Section 1.1 that chiral symmetry is explicitly broken in theories with a

nonzero mass, making it difficult to observe a chirally exact field theory directly on the lattice.

Currently, the only way to tackle this problem is to measure quantities on the lattice at different

(decreasing) masses in order to determine the mass dependence of the observable. One can then

use this data to predict the value of the observable in the chiral limit by extrapolating the mass

dependence to m→ 0.
1See [50] Ch. 7.1.
2See [6] or [59] Ch5.2 for a detailed derivation.
3This is related to the critical slowing down[47] of lattice simulations occurring when a→ 0 or m→ 0.
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Figure 3.1: Graph based on data from [17] , 〈ψ̄ψ〉 is plotted as a function of the bare lattice
coupling β = 10

g2
for Nf = 12 and values for the bare mass. The two jumps indicating the bulk

(left) and the exotic (right) phases are clearly visible. The measurements are taken for different
masses in order to obtain an extrapolation to the chiral limit (m→ 0).

Furthermore, we have to consider the presence of a so called bulk phase transition inside the

conformal window. Evidence[3] shows that, at sufficiently strong coupling and for Nf ≤ 16.5,

lattice SU(3) gauge theory is always chirally broken and confining. So, even for theories inside

the conformal window, there exists some critical coupling, gc, above which chiral symmetry is

spontaneously broken. Note that this chiral symmetry breaking transition is fundamentally different

from the thermal phase transition that exists below the conformal window. In fact, we will exploit

the differences between the bulk and thermal phase transitions to distinguish theories inside and

below the conformal window.

The order of the bulk transition is another important property, since it probes the possible

emergence of a second non trivial fixed point at high energies (UVFP). It can be shown (see for

example [40] Ch4) that, for a theory inside the conformal window, a second order bulk transition

is associated with the existence of a UVFP, while a first order bulk transition indicates that the

theory is inside the conformal window but does not contain a UVFP.

The existence of the bulk phase transition has been backed up by studies of SU(3) theory

with Nf = 12 fundamental fermions, which is known[15, 4] to lay inside the conformal window.

Measurements of the chiral condensate for this theory with improved staggered fermions[11, 17]

show the appearance of two sharp jumps as a function of the lattice coupling β = 10
g2
, see Figure

3.1. These two jumps in turn imply the existence of three distinct phases. Evidence suggests

[16, 19] that the primary, larger jump is indeed a bulk transition and is of first order. The second,
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smaller jump is caused by the type of improvement used in the fermion action[17]. We will refer

to this jump as the edge of the exotic phase. Furthermore, observations of the chiral condensate

suggest that the entire region that precedes the bulk transition (or rather β > βc = 10
g2c
), including

the exotic phase, is chirally symmetric.

So how can we use the properties of the phase transitions to distinguish theories in and outside

the conformal window? In practice we should be able to distinguish a theory with a bulk transition

(inside CW) from one with a true thermal transition (outside CW) by studying the behavior of the

theory for given Nf at varying Nt and β.

First we consider the behavior of a theory below the conformal window. Since this theory must

be chirally broken in the zero temperature limit, a chirally restoring phase transition has to be

driven by thermal effects. In other words, there exists a critical temperature,

Tc =
1

acNt
,

at which the transition takes place. Note that this physical temperature can not depend on the

lattice parameters. So, if we change Nt, the critical lattice spacing, ac, should change accordingly

to provide the same physical Tc. Now recall that a is actually the UV regulator of the theory, so

when we change the coupling, β, the physical lattice spacing is changed as well. Given that the

theory has a negative beta function this means that a actually decreases with increasing β. So if

we locate the critical coupling, βc, at which the chiral phase transition occurs, for increasing Nt

we expect βc to increase such that, as Nt →∞, we should simultaneously see βc →∞. In other

words, the jump in 〈ψ̄ψ〉 should move towards higher β and disappear as we approach the zero

temperature limit.

For theories inside the conformal window the situation is fundamentally different. Here a chirally

symmetric phase should remain at all Nt and survive the zero temperature limit. So the critical

coupling, βc, which here signals the bulk phase transition, should remain finite as we let Nt →∞.

In fact, there is no reason to expect that βc depends on Nt. So here we predict that the jump in

〈ψ̄ψ〉 does not move away from a given βc as we approach the zero temperature limit.

Note that, by using the differences between the bulk and thermal phase transition in this way,

we have eliminated the complications caused by the chiral symmetry breaking mass term and can

understand a lot of the physics of these systems without making an extrapolation to the chiral

limit.
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The chiral susceptibilities

The chiral condensate gives rise to two related quantities of interest: the scalar susceptibility, χσ,

and the pseudo-scalar susceptibility, χπ. They are defined as:

χσ =
∂〈ψ̄ψ〉
∂m

,

χπ =
〈ψ̄ψ〉
m

.

The scalar susceptibility measures the variation of the chiral condensate as a function of the fermion

mass, m. At fixed β it can be divided into a connected and a disconnected part (due to quark-line

disconnected contributions), χσ = χconn + χdisc, which on the lattice and for Nf flavors can be

written as:

χconn = −
Nf

4a2N3
sNt
〈Tr

[
(MM)−1

]
〉,

χdisc = +
N2
f

16a2N3
sNt

[
〈Tr

[
M−1

]2〉 − 〈Tr [M−1
]
〉2
]
.

The connected and disconnected contributions to the scalar susceptibility are in general measured

separately.

By using the Ward identities, both the scalar and pseudo-scalar susceptibility can be related[32]

to the space-time volume integral of the scalar and pseudo-scalar propagators. One can show[32]

that when chiral symmetry is restored, the chiral partners (the π and and σ mesons) become

degenerate, implying that χσ and χπ become degenerate as well. Assuming chiral symmetry is not

explicitly broken, this in turn forces their associated cumulant,

Rπ =
χσ
χπ
,

to be one in the chirally symmetric phase and zero when chiral symmetry is spontaneously broken.

This makes Rπ a useful quantity when distinguishing between a chirally symmetric and a chirally

broken phase. We will therefore use it, together with 〈ψ̄ψ〉, to map out the locations of the chiral

symmetry breaking phase transitions.
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3.2 The Polyakov loop

In order to draw a complete and consistent picture we also measure the Polyakov loop, which was

introduced by Alexander Polyakov[45] as:

L ≡ 1

3N3
s

∑
~x

Tr

Nt∏
x4=1

U4(~x, x4),

where Ns is the spatial extent of the lattice and U the link variables.

For pure Yang-Mills theory, the Polyakov loop is an order parameter of the transition between

the confined and deconfined phases. This can be seen by the fact that, at finite temperature, the

expectation value of L can be expressed as:

〈L〉 = e−
Fq
T , (3.1)

where Fq is the difference in free energy induced by adding a single static quark probe to the theory.

Confinement then requires Fq to be infinite, while in the deconfined phase the presence of isolated

quarks requires Fq be finite, i.e.,

〈L〉 = 0 ⇒ confined,

〈L〉 6= 0 ⇒ deconfined.

The deconfining phase transition in pure Yang-Mills theory can also be understood[54] in terms

of spontaneous breaking of global Z(3) symmetry, which is called the center symmetry of SU(3).

Exact center symmetry is associated with 〈L〉 = 0, while broken center symmetry is associated

with 〈L〉 6= 0. However, adding dynamical fermions in the fundamental representation breaks this

center symmetry explicitly. So, in our simulations with Nf fundamental fermions, L is no longer a

true order parameter.

For massive fermions, pure Yang-Mills theory can only be recovered by taking the infinite mass

limit, m → ∞. However, empirical evidence[22] shows a clear change in the susceptibility of the

Polyakov loop for sufficiently large and sufficiently small fermion masses. Since our simulations use

relatively small masses, the Polyakov loop behaves as in the regime of small masses and is therefore

an approximate order parameter of the deconfinement transition.
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3.3 The anomalous dimension of the scalar glueball operator

Another observable that may shed light on the way a theory transitions between a conformal and

a non-conformal phase is the anomalous dimension of the scalar glueball operator,

E ≡ Tr(G2) = GaµνG
a
µν ,

where G is the gluon field strength tensor.

It is well known that the anomalous dimension of E is constrained by the nonzero contribution

to the trace of the energy momentum tensor, Tµν , which is called the trace anomaly. The trace

anomaly of QCD that enters the matrix elements of renormalized gauge invariant operators is

[1, 43]:

Tµµ =
β(α)

16πα2
Tr(G2) + fermion mass contribution, (3.2)

with the beta-function, β = dα(µ)
dlnµ and α = g2

4π . Now, in analogy with what we saw for the two-

point functions of the scalar field theory in Section 1.2, for a quantum operator O, renormalization

group theory dictates its scaling dimension at a fixed point, dO = de+γO, by the scaling equation:

dO

d logµ
= dO O(µ) ∼ µdO . (3.3)

Here de is the canonical dimension and γO the anomalous dimension. The fact that Tµµ is a

conserved Noether current means it must scale classically, i.e., dTµµ = 4 . Combining this fact with

applying Eq. 3.3 to Eq. 3.2 we find:

dE = 4− β′(α) +
2

3
β(α),

where dE the anomalous dimension of E and β′(α) is the derivative of the beta-function with

respect to α. At a nontrivial stable IRFP, β(α∗) = 0 and the anomalous dimension

γE = −β′(α∗)

is a physical property of the system, independent of the renormalization scheme.

To investigate the behavior of γE inside the conformal window we turn to perturbation theory.

For many flavor QCD we can write the β function as a series expansion:

β(α) = −
n∑
k=1

bkα
k
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Nf αIR,2 β′(αIR,2) αIR,3 β′(αIR,3) αIR,4 β′(αIR,4)

6 - - 12.992 84.646 - -
7 - - 2.453 5.956 - -
8 - - 1.464 2.654 1.552 1.784
9 5.237 4.169 1.027 1.472 1.070 1.460
10 2.21 1.522 0.764 0.869 0.815 0.851
11 1.23 0.706 0.578 0.513 0.626 0.496
12 0.754 0.360 0.435 0.296 0.470 0.281

Table 3.1: Smallest positive zero of the QCD beta-function for n = 2, 3, 4 loops in the MS
scheme and the derivative of the β function at the zero. Given for the range 6 ≤ Nf ≤ 12.

The first two coefficients[28], b1,2, are universal while higher order terms are renormalization scheme

dependent. In the MS renormalization scheme[53] these coefficients have been computed up to

four-loop order[55, 34, 57]. Now, the IRFP coupling to n-loop order, αIR,n, is a solution of

β(α) = 0 to the same order4, while for the derivative we have:

β′(α) = −
n∑
k=1

(k + 1)bkα
k.

At two loops we have αIR,2 = − b1
b2

and β′(α) = − b21
b2
. The four-loop beta-function is a cubic

equation with three zeros. The smallest positive zeros for n = 2, 3, 4 are listed in Table 3.1 and

are all in agreement with [46].

Note that in all cases the derivative β′(α∗) is positive and increases for decreasing Nf , so that

for the absolute value of the anomalous dimension, |γE |, we expect the same behavior.

Interestingly, the large-N solution[7, 14] also suggests a strictly increasing anomalous di-

mension (|γE |) when approaching the endpoint of the conformal window from above, Nf ↘ N c
f ,

and is therefore in agreement with perturbation theory.

However, the behavior predicted by both perturbation theory and the large-N approximation is

the exact opposite of what is predicted by the so called UV-IR fixed-point merging scenario as we

will see below. A UV-IR merging mechanism is the simplest framework where the so called walking

phenomenon is realized just below the conformal window.

In the UV-IR fixed point merging scenario there exist both an infrared and an ultraviolet fixed

point inside the conformal phase. As Nf decreases towards N c
f these points approach each other

and eventually merge at N c
f . To illustrate the implications of such a phenomenon, we can assume,

4Note however that a zero in the beta-function is, in general, a necessary, but not sufficient condition for the
existence of a stable IRFP.
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Figure 3.2: Left: A collection of toy beta functions showing of the qualitative differences between
beta functions for Nf > N c

f (red), Nf = N c
f (green) and Nf < N c

f (blue). The IR and UV-stable
fixed points merge for Nf = N c

f at g = gc as the theory reaches the lower edge of the conformal
window. Right: the scaling behavior of a theory just below the conformal window, showing clear
walking behavior around the coupling gc, with t = log(µ).

without loss of generality, that close to N c
f for the β function we have:

β(g, Nf ) = (Nf −N c
f )− (g − gc)2. (3.4)

For Nf > N c
f the beta function has two roots at g± = gc±

√
Nf −N c

f , which acquire an imaginary

component for Nf < N c
f so that the theory no longer has a non-trivial fixed point, see Figure 3.2

(left). Note that at the IRFP, given by the first root, we have for the derivative:

β′(g−, Nf ) = 2
√
Nf −N c

f ,

which is indeed strictly decreasing for Nf ↘ N c
f . The beta function has a local maximum at

g = gc, which becomes reachable by the renormalization group flow only after Nf drops below N c
f .

To elucidate the term ’walking coupling’, consider the case where Nf is slightly below N c
f and

the system is at some UV scale ΛUV where the coupling takes an initial value gUV < gc. If we now

scale the system to lower energies the coupling will flow quickly to larger values until it reaches

the neighborhood of gc. There it will linger until the beta function (|β|) starts growing again, at

which point g will quickly blow up, defining an intrinsic IR scale, ΛIR which is insensitive to the

initial value of the coupling, gUV . The slowdown of g around gc is also called the walking coupling

scenario. The IR scale ΛIR characterizes the longest correlation lengths of the theory and can be
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calculated by integrating the beta function, Eq. 3.4:

ΛIR
ΛUV

= exp

[ˆ gIR

gUV

dg

β(g,Nf )

]
≈ exp

− π√
N c
f −Nf

 .
For which we used |gIR,UV − gc| � |Nf −N c

f | in the approximation of the last step.

In conclusion, a nonperturbative measurement of γE , for varying Nf inside the conformal

window, would allow us to exclude this UV-IR fixed point merging scenario in favor of predictions

made by perturbation and large-N theory, or vice versa.

One obvious way to extract γE is by a nonperturbative measurement of the two-point correlator

of the scalar glueball operator. Another possibility may be suggested by the Wilson flow as described

in Section 2.3.2. There we argued that applying the Wilson flow, a form of stout link smearing,

should allow us to study a system as it flows towards the infrared. We follow [36] in defining the

quantity

t2〈E〉, t =
1

8µ2
,

where we recall that t is the so called "flow time". This quantity has been evaluated (see [36]) in

perturbation theory for SU(3) theory. The result, which has been obtained up to next-to-leading

order in the gauge coupling and for an arbitrary number of massless fermions, has the important

property that it is finite when expressed in terms of the renormalized gauge coupling.

Beyond perturbation theory, one can hope to infer the evolution towards the infrared of a

properly renormalized t2〈E〉 based on dimensional reasoning and underlying symmetries. This way

it can be argued[44] that the t-evolution of t2〈E〉 can contain a term carrying its anomalous

dimension t−2−γE/2, although the constraint that 〈E〉 = 0 at the IRFP also allows the presence of

other t-dependent terms. If the term containing γE dominates the t-evolution of t2〈E〉 as t→∞,

it would allow us to measure γE directly on the lattice using the Wilson flow.

At this point we have to remark that the actual implementation of the Wilson flow is a delicate

matter since the infrared behavior realized on the lattice by t2〈E〉 depends on the chosen kernel

of the Wilson-flow differential equation. In Section 5.3 we discuss our preliminary attempts to

measure γE on the lattice using the Wilson flow, which were unsuccessful. However, it may still

be possible to device a useful evolution equation able to distinguish between the confining and the

conformal behavior of the theory in the infrared.
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Chapter 4

Implementation and workflow

In this section we discuss the numerical implementation of lattice field theory on a computer. The

process of generating results from lattice simulations can roughly be divided in four steps, which

together form a "production chain" as indicated by Figure 4.1. We will now briefly describe each

of these steps in order to give an overview of our workflow.

system setup
generate

configurarations
post-processing analysis

Figure 4.1: Workflow diagram of the "production chain". Dashed lines indicate optional steps in
the production process.

4.1 System setup

Most of the simulations and post processing operations were carried out on Surfsara’s Cartesius[51]

high performance computing system built by Bull. At the time of operation (February 2015)

Cartesius was a composite system containing a total of 40,960 CPU cores distributed over 1716

nodes. Several different types of nodes were available and, after carrying out initial benchmarks to

determine their performance, we chose to use the "B720-thin nodes", containing two 12 core Intel

Xeon E5-2690 v3 CPU’s and 64 GB of memory per node.

For generating the lattice configurations we relied on the routines provided by the MIMD Lattice
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Figure 4.2: Results of the performance study carried out on the Cartesius HPC system. The
strong scaling study (left) shows that for each volume there exists an optimal number of cores
such that the amount of consumed core hours per volume (V) per trajectory (T) is minimized.
The vertical line indicates the multi-node threshold. The weak scaling study (right) shows that,
inter-node connectivity only slightly reduces the the computing efficiency until some threshold is
reached. Both studies were carried out on a Nf = 8, β = 3.9 and m = 0.7 system.

Computation (MILC) collaboration[13]. The MILC code offers an extensive collection of software

for both generating and post-processing lattice configurations.

In order to make the MILC code operational, the necessary packages first need to be compiled

on the target system. The MILC code contains all the routines necessary for generating the

configurations and is compatible with the message parsing interface (MPI) used on Cartesius.

However, to increase computing efficiency we chose to build the MILC code on top of the software

packages provided by the SciDAC initiative[56]. SciDAC offers a collection of routines and libraries

that enables lattice QCD computations to be performed with high performance across a variety of

architectures. The MILC code is by itself compatible with SciDAC, so the only additional steps

required are the compilation of SciDAC and setting the correct interface parameters in the MILC

makefiles.

During the compilation, several "compiler flags" have to be set in order to optimize the perfor-

mance of the code. These flags allow the code to use specific features of the system’s architecture.

On the Cartesius system we ran into some compatibility issues with the most recent MILC code,

so we were forced to revert to the somewhat older version 7.7.8.1.
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System performance

Because the MILC code had not been used on the Cartesius system before, we also carried out a

performance study in order to determine the efficiency of the system. For these benchmarks, a set

of lattices with different dimensions was generated on variety of different system configurations.

These system configurations differed in the number of cores, the number of nodes and the number

of cores per node used.

These tests allowed us to determine the scalability [49] of the MILC code on the Cartesius

system. When measuring the scalability one often distinguishes between strong scaling and weak

scaling. Strong scaling gives an indication of the efficiency of the system when the number of

processing units (cores) per unit of work is increased while weak scaling is used to measure the effi-

ciency when increasing the total amount of work but maintaining a constant number of processing

units per unit of work.

The results of these tests can be found in Fig.4.2, which allows us to determine how the inter-

core and inter-node communication speeds affect the computational speed and shows that for each

volume there exists an optimal number of cores that maximizes computational efficiency.

4.2 Generating configurations

For all our simulations we used a gauge action with tree level Symanzik improvement[52] and the

staggered fermion action for Nf degenerate flavors with tree level Naik improvement[42]. The

improvements are modifications of the action introduced to suppress errors caused by a finite

lattice spacing. This is possible by adding terms to the action that cancel the order a, a2 or higher

contributions generated by the original action. The trajectories were evolved with the Rational

Hybrid Monte Carlo (RHMC) update algorithm[12].

Once the correct executable is compiled, the simulations are initiated by an input file containing

the desired physical and simulation parameter settings. Listing 4.1 shows a snippet from the input

file containing the physical parameter settings for one of our simulations at Nf = 10. Note here

that the β = 10
g2

parameter is the bare lattice coupling commonly used in lattice simulations. It goes

beyond the scope of this thesis to discuss all the parameter settings, these are however documented

within the MILC code.

The purpose of the simulations is to obtain an ensemble of lattice configurations on which the

physical quantities of interest can be measured. The statistical distribution of the configurations

in this ensemble should reflect the physical properties of the system as much as possible. In other

words, we wish the ensemble to contain a distribution of states that is in agreement with what one
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Listing 4.1 Typical input parameter settings, in this case: V = 244, β = 4.2 and Nf = 10.

prompt 0 // Initiate the code
nx 24 // Lattice x-dimension
ny 24 // Lattice y-dimension
nz 24 // Lattice z-dimension
nt 24 // Lattice t-dimension
iseed 14125415 // Random initiation seed
n_pseudo 3 // Number of pseudo -fermions
load_rhmc_params rat_file //Load the rationals file
beta 4.200 //Value of beta paremeter
n_dyn_masses 1 // Number of dynamical masses
dyn_mass 0.01 //Value of the dynamical mass(es)
dyn_flavors 10 //No. of dynamic flavors (Nf)
u0 1.0 // Tadpole improvment value

-------This section should be repeated for each lattice -------

trajecs 5 //# traj. between configurations
traj_between_meas 5 //# traj. between measurments
microcanonical_time_step 0.0095 //Time step (tune acceptance)
steps_per_trajectory 42 //Steps per traj. (tune acceptance)
...
*Precision settings* // Settings precision
...
reload_serial lat.start //Load input lattice (if any)
save_serial lat.finish //Save output lattice (if needed)

--------------------------------------------------------------
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Figure 4.3: Typical behavior of the Chiral condensate and the plaquette value as a function of the
number of trajectories. The thermalization threshold is indicated by the dashed line, after which
the quantities just fluctuate around their expectation value.

would expect from the grand canonical partition function of the system. Therefore, we have to

adjust the simulation parameters in such a way that the Markov chain generated by the evolution

algorithm covers the whole phase space (it has to be ergodic) and that no values of the observables

are over or under represented. The most important parameters to realize this in practice are the

step size and the number of steps per trajectory. The optimal value of these parameters in turn

depends on the values of the physical inputs, such as the fermion mass and the lattice spacing.

Thermalization

Another important aspect of generating representative ensembles at thermal equilibrium is the

thermalization of the system. At the beginning of the simulation the system typically starts out

in a highly improbable state, typically all gauge field values set to 1, which is called a cold start.

The system will then evolve from this starting point towards its equilibrium state. The evolution

algorithm does this by generating a Markov chain of configurations, which are distributed according

to the path integral measure and weighted with the Boltzman factor e−S[ψ,ψ̄,U ], which is interpreted

as the probability measure. Configurations that are close together in the chain tend to be close

together in the phase space of the system as well. So, configurations near the beginning of the chain

are generally far from the equilibrium state and should therefore be excluded from the ensemble.

In practice this means that we disregard the first part of the configurations we generate, so that
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we only consider configurations that are thermalized.

To determine whether the system has been thermalized two observables are usually evaluated:

the value of the plaquette operator and the value of
〈
ψ̄ψ
〉
. In most cases we consider a system to

be thermalized when both these observables show no clear trend when increasing the number of

simulation trajectories, see for instance Figure 4.3. Conveniently, the plaquette operator and the

value of
〈
ψ̄ψ
〉
can be measured on-the-fly by the MILC code while the simulation is running. For

some observables the thermalization process may take longer, in that case more observables have

to be considered to determine the threshold for thermalization. After the thermalization threshold

has been determined, the configurations are ready for post-processing.

Lattice upscaling

The computational costs of reaching the thermalization threshold can be significant, reaching up

to 50% of the total costs for some measurements. In this section we introduce a method, which

we call lattice upscaling, for reducing the computational costs of the thermalization process.

Given a system of volume V , the main assumption for lattice upscaling is that a well thermalized

configuration of smaller volume, Vs, but otherwise identical properties and parameter settings,

resembles a thermalized configuration of the large volume V . This means that if we can somehow

generate a configuration of volume V based on the configurations of the small volume we can use

this as the starting point of the simulation and therefore skip most of the thermalization process.

The benefits of this method are twofold:

1. Thermalizing a small volume first is much less expensive than thermalizing a large volume.

2. Upscaling allows us to recycle existing configurations of smaller volumes as starting points

for simulations at a larger volume.

Now, the main challenge is to device an effective algorithm that generates the larger lattices from

the smaller ones. At this point it is important to note that upscaling must preserve both the

boundary conditions and the unitarity of the gauge field. This means for example that a

simple procedure where new lattice nodes are introduced between existing ones at which the gauge

field is averaged will not work since the unitarity is violated. However, even though one has to take

into account these two restrictions there are still many different ways to implement upscaling.

Since upscaling is a new technique, we were primarily interested in a proof of concept that

would allow us to test if it is indeed a feasible way to reduce computational costs. We therefore

chose to implement a very basic upscaling procedure, which just doubles the extent of the lattice

in each of the four dimensions using the so called "back-to-back" method.
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Thermalize Upscale

Figure 4.4: Graphical representation of upscaling using the "back-to-back" method. First, a small
volume is thermalized. Then the thermalized configuration is "upscaled" to a configuration of the
desired volume. This method preserves gauge field unitarity and (periodic) boundary conditions.

Let Ls(nµ) be the small lattice containing the gauge field Us where nµ denote the extent in

the µth dimension, then the back-to-back method generates from Ls the lattice L(2nµ) using the

following map for its corresponding gauge field U :

U(xµ) = Us(x
µ
s ), xµs =

x
µ if xµ ≤ nµ,

nµ − (xµ mod nµ) if xµ > nµ.

It is clear that the larger lattice is then just built up from mirrored copies of the original lattice

Ls where the sides of the Ls lattices are aligned such that we obtain a symmetric lattice in all

directions, see Figure 4.4. Because the gauge field itself is left untouched for each site, unitarity

is guaranteed. Also, back-to-back upscaling automatically preserves periodic boundary conditions,

which we use in our simulations.

With this implementation we carried out some preliminary tests to determine its effects on the

thermalization of the upscaled systems, the results of which can be found in Section 5.1.

4.3 Post-processing & analysis

After generating a well thermalized ensemble of configurations one needs to measure the quantities

of interest. For each of the measurements we used publicly available routines.

We used the Wilson flow script provided by [8] to measure the energy density of the gauge field

for each time step of the flow. For some of the work regarding the bulk phase transition we used

the specialized measurement application, ks_measure_asqtad, which allowed us to measure the

connected part of the chiral susceptibility.
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The data obtained after post-processing needs to be finalized before one can draw conclusions.

Statistical analysis in the form of a Bootstrap or Jackknife analysis is typically used to determine

a final measurement value and the statistical error. If the statistical error is too large, additional

configurations need to be generated to enlarge the sample size. One also needs to estimate and

reduce the systematic uncertainties when necessary. This can be done, for example, by a Finite

Size Scaling (FSS) study, extrapolation to the continuum or changing the relevant input parameters

(typically volume, mass or the lattice spacing).
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Chapter 5

Lattice results

This chapter is dedicated to the results obtained in this research. Each section of this chapter

covers one of the three main subjects that were investigated. In the first section we investigate

the consequences of lattice upscaling. The second and third sections focus on the actual physics.

Section 5.2 covers all the lattice results we obtained by studying the bulk phase transition for

different values of Nf with the observables introduced in the first two sections of Chapter 3. In

the third section we report on our findings on the measurements of the Wilson flow inside the

conformal window and just below it, following the description of Section 3.3.

5.1 Lattice upscaling

In this section we disclose the results we obtained in our brief study of lattice upscaling. Please note

that due to time limitations the number of measurements is limited. Because of reasons discussed

in Section 4.2 the following measurements all used the so called back-to-back implementation of

upscaling algorithm.

To monitor how the upscaling actually affects the Monte Carlo history of the system we started

by measuring the evolution of the chiral condensate and the plaquette. Figure 5.1 shows the effect

the upscaling of a thermalized small volume has on these two quantities compared to a cold-start,

thermalized system with the larger volume. The Monte Carlo history clearly shows how the system

responds to the upscaling process. Before upscaling a clear difference between the smaller and

larger volume is observed. The smaller volume has much larger fluctuations in both quantities and

the central values also differ. After upscaling the measured quantities of the upscaled system very

quickly approach the central values of the cold-start system and the relatively large fluctuations are

also quickly reduced to levels that match the cold-start system. These first measurements are a
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Figure 5.1: Plot showing the effect of upscaling on both 〈ψ̄ψ〉 and the plaquette, for a system
with Nf = 8, β = 3.95 and volumes 123 × 6 (before upscaling) and 243 × 12 (after upscaling),
compared to well thermalized system without upscaling (cold-start) of the latter volume. The
vertical line in the middle indicates where the upscaling was performed. This data shows that
roughly 50 trajectories after upscaling the two systems are indistinguishable.

strong indication that lattice upscaling can actually be applied in practice, since there are no visually

observable differences between the upscaled and cold-start systems after a short readjustment period

of approximately 50 trajectories after the upscaling.

To quantify the effects of upscaling and verify that it does not affect the outcome of mea-

surements, excluding cases of hysteresis, we continued by measuring three observables (the chiral

condensate, the plaquette and the connected component of the chiral susceptibility) for two dif-

ferent systems. The systems we used where Nf = 4, β = 5.3 and Nf = 8, β = 3.9. For both

systems we first thermalized two volumes, 123×6 and 243×12. We then continued the simulations

for the large volume up to an arbitrary number of trajectories and measured the three different

observables. Next the 123 × 6 volume was upscaled to 243 × 12 and a new Markov chain with the

upscaled lattice as a starting point was generated. We continued simulations while monitoring the

measurement data until comparable or better precision on all three observables, as compared to

the cold started large volume, was reached.

The results of this analysis are displayed in table 5.1. It is immediately clear that when com-

paring between the cold and upscaled system all measurements are in close agreement. So for the

observables considered here, upscaling does not affect measurements significantly. Furthermore,

significantly less trajectories are needed to reach the same level of precision. Taking into account

the costs of thermalizing the small volume, we conclude that in this case the upscaling allowed us

to reach the same precision while reducing the computational costs by 40% to 45%.

The above results indicate that lattice upscaling is a viable technique for reducing the compu-
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System Traj. 〈ψ̄ψ〉 Plaquette χcon

Nf = 4, β = 5.3
C 750 0.1877 ± 2.23E-03 1.4583 ± 9.26E-04 1.4885 ± 0.0143
U 400 0.1853 ± 1.53E-03 1.4590 ± 8.31E-04 1.4944 ± 0.0168

Nf = 8, β = 3.9
C 1750 0.4622 ± 5.23E-03 1.1556 ± 1.76E-03 1.1264 ± 0.0207
U 1000 0.4579 ± 5.91E-03 1.1571 ± 1.41E-03 1.1192 ± 0.0149

Table 5.1: Data showing a comparative analysis of cold (C) and upscaled (U) systems with a larger
volume of 243 × 12. Two different systems are being measured: Nf = 4, β = 5.3 and Nf = 8,
β = 3.9. For each system we measured three different observables, the chiral condensate (〈ψ̄ψ〉),
the plaquette and the connected component of the chiral susceptibility (χcon). For all systems and
all measured observables the measurements are in close agreement. Also notice the difference in
the number of trajectories in the large volume needed to obtain comparable levels of precision.

tational costs of lattice simulations. However, this probably only holds true for quantities that are

relatively insensitive to volume changes. For quantities that do exhibit a strong volume dependence,

lattice upscaling can in principle still be used but might not result in a reduction of computational

costs. Also, when applying upscaling in the neighborhood of a first order phase transition, measure-

ments will be affected by hysteresis. Excluding the latter case, our first observations are promising

and we therefore recommend a follow up study aimed at further improving our understanding of

the consequences of using this technique.

5.2 Study of the bulk phase transition

This section is dedicated to our studies of the bulk phase transition and the location of the lower

edge of the conformal window. Guided by the observation that theories with twelve flavors lay inside

the conformal window, we proceeded by studying systems with a lower number of flavors. Starting

with Nf = 11 and moving down to lower and lower values of Nf , we monitored the systems at

each step with the probes described in Chapter 3. Using the strategy explained in Section 3.1, we

argue that the conformal window closes between Nf = 6 and Nf = 8. A result which is in close

agreement with both perturbation theory and large-N results[7].

5.2.1 Moving down from Nf = 12

We first study the behavior of the chiral condensate in the zero temperature limit as we lower the

flavor content. We therefore carried out simulations of Nf = 7, 8, 9, 10, 11 systems with a bare

quark mass am = 0.01 and at lattice volumes 123 × 24 and 163 × 32. The results of this study

can be seen in Figure 5.2.

For Nf = 11 down to and including Nf = 8, the evolution of the chiral condensate shows
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Figure 5.2: Behavior of the chiral condensate as a function of β for Nf = 12 to 7 (left to right)
at zero temperature, am = 0.01 and volumes 123 × 24 (Nf = 11 to 9) and 163 × 32 (Nf = 8, 7).
Data for Nf = 12 is taken from [17]. The data shows sharp crossovers for Nf = 8 to 12. For
Nf = 8 data for volumes 243 × 6 (dashed) and 243 × 12 (dotted) is also included showing the Nt

dependence of the exotic phase transition (see inset 1 for 243 × 12). Inset 2 shows the possible
occurrence of a hysteresis loop for Nf = 7.

a very close resemblance to the behavior found for Nf = 12 [17]. A sequence of sharp jumps is

clearly visible, indicating the presence and location of the bulk phase transition for each Nf . Note

that for Nf = 12, 9, 8 we also located the exotic phase and we have included measurements at

finite temperatures for Nf = 8. These show that the location of the weak coupling edge of the

exotic phase has an Nt dependence up to some Nt, something already observed for Nf = 12[16].

The exotic edge in the chiral condensate disappears in the massless limit, while its presence for

non-zero mass actually helps us to discriminate between theories inside and outside the conformal

window. These results indicate that the Nf = 8 theory is indeed still inside the conformal window.

For Nf = 7 the sharpness of the jump is clearly reduced, making it impossible to determine

whether a bulk phase transition is present. There are however signs of a hysteresis loop in the inter-

val β = [4.275, 4.3], hinting at the presence of a first order phase transition. Concluding evidence

on Nf = 7 is likely to be found by lowering the fermion mass, since the fermion mass is known to

obscure fine details in the behavior of the chiral condensate. Because of these complications we

will not investigate the Nf = 7 theory any further, but instead focus on Nf = 8, 6 and 4.
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Figure 5.3: Summary of the results for Nf = 8 for three different volumes: 243×6 (pink), 243×12
(blue) and 163 × 32 (green). Left shows the chiral condensate (〈ψ̄ψ〉), the chiral cumulant (Rπ)
and the real part of the (rescaled) Polyakov loop (L). Right shows the chiral susceptibility (χσ),
its connected and disconnected (preliminary) components and the derivative of the chiral cumulant
(dRπ ≡ dRπ

dβ ).
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5.2.2 Detailed results for Nf = 8

We now investigate the Nf = 8 theory in more detail. Figure 5.3 (left) shows our results for the

three main observables discussed in Chapter 3: the chiral condensate, the chiral cumulant and

the Polyakov loop. Figure 5.3 (right) shows the connected and disconnected components of the

chiral susceptibility and the derivative of the chiral cumulant with respect to β. The data for

the disconnected component of the chiral susceptibility is preliminary since measurements are still

ongoing, Rπ is therefore calculated using χcon only. In our analysis we use an approach that is

similar to the methods used by Miura et al[39] and we refer to [17] for a detailed analysis of the

Nf = 12 theory.

Looking at the chiral condensate we immediately note the high and sharp jump between β =

[3.900, 3.925]. A crucial observation here is that the location of these jumps coincides for all values

of Nt, meaning finite and zero temperature systems overlap and the transition is Nt independent.

This behavior suggests the presence of a sharp crossover, possibly a true bulk phase transition, for

these systems. At smaller coupling we also note the existence of a sharp but smaller, Nt dependent,

jump in the chiral condensate. The behavior of this jump closely matches observations of the exotic

edge made for Nf = 12 and we therefore identify this point as the edge of the exotic phase.

The chiral cumulant, Rπ, further corroborates the above conclusions, again showing a very

close resemblance to the behavior observed for Nf = 12. Note here in particular the occurrence of

a dip just before the smaller jump in the chiral condensate at small coupling, which is exactly how

the chiral cumulant behaves for Nf = 12 at the edge of the exotic phase.

Looking at the results for the Polyakov loop we see that it remains zero at strong coupling, until

the weak coupling jump is reached (left side of Fig.5.3). This suggests that the lattice system on

the strong coupling side of the exotic edge is in fact confining. Note that for Nt = 12 the Polyakov

measurements were rescaled (by a factor 20) because the signal becomes increasingly suppressed

at large Nt. We are currently investigating the effectiveness of applying HYP smearing, see Section

2.3.1, in order to increase the signal-to-noise level of the measurement. For Nt = 32 the signal

was lost completely, as is expected in the zero temperature limit (see Eq. 3.1) .

For the volume 163×32 the exotic edge is not clearly visible in the chiral condensate. However,

if we take into account the connected component of the chiral susceptibility together with the

chiral cumulant, the exotic edge does seem to be present around β = 4.2. Also note the typical

hat-like shape of the chiral susceptibility: an upwards jump at the bulk phase transition followed

by a downwards jump at the exotic edge. This behavior is also observed for the Nf = 12 theory.

In conclusion, all evidence seems to indicate that the Nf = 8 theory is qualitatively equivalent

to the Nf = 12 theory. The presence of the bulk transition is confirmed by the fact that the
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critical coupling shows no Nt dependence. In addition, it is clear that the exotic phase transition

is present, just like it is for Nf = 12. Since all available evidence indicates that Nf = 12 lies inside

the conformal window, we conclude that the Nf = 8 theory is inside the conformal window as well.

5.2.3 Results for Nf = 6
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Figure 5.4: Summary of the results for Nf = 6 for three different volumes: 243 × 6 (pink),
243 × 8 (blue), 243 × 12 (green) and 123 × 24 (red). Left shows the chiral condensate (〈ψ̄ψ〉),
chiral cumulant (Rπ) and (rescaled) Polyakov loop (L). Right shows the chiral susceptibility (χσ),
its connected and disconnected (preliminary) components and the derivative of the chiral cumulant
(dRπ ≡ dRπ

dβ ).

Moving down from Nf = 8 we now consider Nf = 6 theory. We skip Nf = 7 for reasons

explained in Section 5.2.1. The mixed signals of Nf = 7 indicate that it is close to the lower edge

of the conformal window. We might therefore expect Nf = 6 theory to be below the conformal

window and to show signatures of a non-conformal system.
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Figure 5.4 summarizes all the results obtained for Nf = 6. Again, the left hand side shows the

measurements of the three main observables (with the Polyakov loop measurements of Nt = 8 and

Nt = 12 rescaled by a factor 3 and 20 respectively) while the right hand side shows the components

of the chiral susceptibility and the derivative of the chiral cumulant with respect to β.

Considering the chiral condensate for volume 243 × 6 we note a sharp drop between β = 4.65

and 4.675. In the same interval the chiral cumulant has an inflection point. Finally, also the

Polyakov loop shows a clear change in its signal at β = 4.65 where becomes it non-zero. These

three observations indicate a sharp crossover, possibly a transition, at the midpoint of the interval:

βc = 4.6625± 0.0125. This conclusion is further corroborated by the fact that the connected and

disconnected components of the chiral condensate both show a clear maximum at this value of

beta.

Moving to volume 243× 8 we notice that the drop in the chiral condensate has been smoothed

out somewhat but is still visible and now located between β = 4.75 and 4.80. The smoothing

out can probably be attributed to the fact that the aspect ratio Ns
Nt

has decreased with respect

to the 243 × 6 volume, which causes smoothing of the signal. A small effect can also be due to

the increasing physical mass as we move to larger beta1. However, the chiral cumulant and the

Polyakov loop still show a clear jump in the region identified above. Identifying the location of

the inflection point of the chiral cumulant with the location of the sharp crossover or transition

and taking into account the fact that the components of the chiral susceptibility also show a clear

maximum, it is safe to locate the critical coupling for this system at βc = 4.875± 0.0125.

At volume 243×12 the chiral condensate is smoother than for Nt = 8, as expected. The chiral

cumulant is also smoothed out with its inflection point occurring between β = 4.9 and 5.0. The

connected component of the chiral susceptibility now shows a much broader maximum which starts

to decrease in the same region. In addition to the above, the onset of Polyakov loop takes place in

this interval as well. Compiling all these signals we locate the critical coupling for this volume at

βc = 4.95± 0.1.

Finally, we look at the zero temperature system which is represented by volume 123×24. Note

that for the chiral condensate, the chiral cumulant and the chiral susceptibility there is no clear

difference between the volumes 123 × 24 and 243 × 12. However, if Nf = 6 is really below the

conformal window there should exist a critical temperature, Tc, below which chiral symmetry is

broken and the system becomes confining. This means that the decrease of the chiral condensate,

for systems with Nt large enough to approach the zero temperature limit, should not indicate a true

phase transition. A strong indication that 123×24 and 243×12 are in fact different is the fact that
1Recall that am is fixed and a decreases with increasing β.
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the Polyakov loop behaves differently. We are currently carrying out additional measurements of

the disconnected component of the chiral condensate at increased statistics in order to clarify the

difference between the 123×24 and 243×12 systems. The preliminary data included in Figure 5.4

(right) shows the presence of a peak for the 243×12 system which is not observed for the 123×24

system, this indeed suggests the absence of a transition in this region for the latter system.

The behavior of the observables with varying βc for Nf = 6 at finite temperature is exactly

what we expect from a theory below the conformal window. However, an asymptotic scaling study

or extrapolation to the continuum limit must be performed in order to verify that the sequence

of βc’s actually corresponds to a unique physical Tc. Furthermore we notice that all signs of the

exotic phase have disappeared: the chiral condensate no longer shows a second jump and the chiral

cumulant has no sign of the characteristic dip associated with the onset of the exotic phase. Note

that the manifestation of the exotic phase in the chiral observables is triggered by the underlying

exact chiral symmetry inside the conformal window. Finally we do not see the typical hat-like shape

for the chiral susceptibility that we know from theories inside the conformal window.

5.2.4 Results for Nf = 4

Lastly, we consider Nf = 4 theory. Since the evidence suggests that Nf = 6 lays below the

conformal window, we expect Nf = 4 to have a qualitatively equivalent signature. Since there

exists a large body of external evidence in the literature that puts Nf = 4 theory well below the

conformal window, the system can serve as a reference which we can use to identify theories below

the conformal window.

The results for Nf = 4 are summarized in Figure 5.5 in a similar fashion as was done in the

previous sections. Here the Polyakov loop measurements for Nt = 8 and Nt = 12 are rescaled by

a factor 3 and 15 respectively.

Again, we start by considering the results for the volume 243×6. In agreement with the Nf = 6

system we note the presence of a sharp drop in the chiral condensate, which for this system occurs

between β = 5.3 and 5.4. In the same region, we also observe the inflection point of the chiral

cumulant, and a sharp peak in both components of the scalar susceptibility. Finally we also note

that the Polyakov loop has its inflection point in this interval as well. The sharpness of each of

these signals combined with the fact that they all coincide around the same value of β allow us to

locate the critical coupling at the midpoint of these drops at βc = 5.35± 0.05.

Moving to volume 243× 8 we see a smoothing effect in the chiral condensate as we did for the

Nf = 6 system with the same volume. However, like in the Nf = 6 case, the other observables give

a clearer signal. For the chiral cumulant we observe a sharp increase in the slope between β = 5.5
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and 5.6, as can clearly be seen by looking at its derivative. The connected and disconnected

components of the chiral susceptibility show a peak at β = 5.5. Finally also the onset of the

Polyakov loop initiates between β = 5.4 and 5.6. Given these measurements we locate the critical

coupling for 243 × 8 at βc = 5.5± 0.1.
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Figure 5.5: Summary of the results for Nf = 4 for three different volumes: 243×6 (pink), 243×8
(blue), 243 × 12 (green) and 163 × 32 (red). Left shows the chiral condensate (〈ψ̄ψ〉), chiral
cumulant (Rπ) and (rescaled) Polyakov loop (L). Right shows the connected and disconnected
(preliminary) components of the chiral susceptibility and the derivative of the chiral cumulant
(dRπ ≡ dRπ

dβ ).

For the volume 243 × 12 the chiral condensate is smoothed out even more. The peaks in

the components of the chiral susceptibility are not visible in these measurements, which can be

attributed to a lack of statistics. Looking at the derivative of the chiral cumulant we see that it

has a (fairly broad) maximum between β = 5.7 and 5.8. Since also the onset of the Polyakov loop

can be seen to start roughly between β = 5.7 and 5.8 we estimate the phase transition to take
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place around βc = 5.75± 0.15.

As with Nf = 6, we see that the zero temperature system, with volume 163×32, behaves very

similar to the Nt = 12 system. Since all observables are significantly smoothed out, a transition

value for the coupling is no longer observed, which is as it should be.

5.2.5 Comparative discussion on the lattice results
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Figure 5.6: A comparative review of the results for Nf = 8 (left) and Nf = 6 (right) showing
the three main observables: the chiral condensate (〈ψ̄ψ〉), chiral cumulant (Rπ) and Polyakov loop
(L)

Taking into account all the presented data for Nf = 4, 6 and 8, we conclude that the Nf = 4

and 6 theories are fundamentally different from the Nf = 8 theory. The Nf = 4 and Nf = 6

theories instead behave very similarly: βc shows a clear Nt dependence and disappears for large

Nt. Also, no exotic phase is present at weak coupling. The Nf = 8 theory on the other hand
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clearly contains an exotic phase. Furthermore, a most striking piece of evidence is that the critical

coupling does not show any Nt dependence.

The Polyakov loop also shows notable differences. For Nf = 4 and Nf = 6 it becomes nonzero

at the thermal transition, signaling the onset of the high-temperature deconfined phase. ForNf = 8

it only becomes nonzero at the edge of the exotic phase, where the system is deconfined and chiral

symmetry is exact.

As mentioned before, the behavior of Nf = 8 closely resembles that of the Nf = 12 theory,

indicating it is indeed still inside the conformal window. On the other hand, the notable differences

between theories in the interval Nf = 8, ..., 12 and what we observe for Nf = 6 and 4 suggest the

latter are below the conformal window.

The evidence gathered in the previous sections allows us to draw the phase diagram of the zero

temperature bulk phase transition. The critical couplings found for Nf ≥ 8 are best fitted using a

function that is linear in β. Extrapolating this line to Nf = 16 we obtain βc(Nf = 16) ≈ 1.2 which

is consistent with previous studies done by [17] and unpublished results2. The result of this fit can

be found in Figure 5.7 where we have reported the measured location of the bulk phase transition

as a function of Nf , giving the critical bulk line (red). The line of critical couplings gc should

reflect the fact that fermion screening becomes increasingly effective for increasing Nf , which is

the leading order effect separating the two phases with different symmetries for Nf ≥ N c
f . This

effect fundamentally differs from the sub-leading order Nf dependence that might occur in the

chirally broken phase for systems below the conformal window, Nf ≤ N c
f , on coarse lattices. At

N c
f the bulk phase transition line should actually flatten in the chiral limit, which is sketched in the

figure as a dashed red line. This is the only possible fate of the bulk line if the conformal window

exists and given the fact that it separates a chirally broken from a chirally symmetric region.

The critical bulk line is drawn using the zero temperature limit data, however to illustrate that

this flattening of the bulk line below N c
f actually occurs we have also included the locations of the

finite temperature phase transitions for Nf = 4 and Nf = 6. As noted in the previous sections,

these thermal transitions exhibit a clear Nt dependence making them fundamentally different from

the bulk phase transitions. In fact, already at the smallest Nt = 6, the transition clearly occurs at

a weaker coupling than would be predicted by the linear extrapolation of the bulk line to Nf < 8

(dashed black line). Moving to larger Nt we see the critical couplings move further and further

away from the extrapolated bulk line. Finally, in the zero temperature limit we no longer observe a

phase transition for Nf = 4 and Nf = 6, which corroborates the conclusion that chiral symmetry

2For am=0.025 and Nf = 16 the transition was shown to occur at βc = 1.675 ± 0.025 using the same action.
This result is currently unpublished.

55



0

4

8

1 2

0 .1 5 0 .2 0 0 .2 5 0 .3 0 0 .3 5 0 .4 0
1 β

Nf

Nt = 6
Nt = 8
Nt = 12
T → 0

Chiral symmetry

Broken chiral symmetry

6

2

10

Figure 5.7: Lattice phase diagram showing the bulk phase transition line. The data points for
Nf = 7, ..., 12 are the midpoints of the sharp crossover in Figure 5.2. A linear in β fit for the
data points Nf = 7, ..., 12 is shown as a solid red line and extrapolated below Nf = 8 as a dashed
black line. Flattening of the bulk line at the lower edge of the conformal window is illustrated as
a dashed red line. Critical couplings at which a thermal transition occurs are displayed for Nf = 4
and 6 with Nt = 6, 8, 12.

is all the way broken for these systems.

The extension of the bulk line discussed in the above paints a clear picture regarding the phases

of many flavor SU(3) gauge theory on the lattice. All evidence points towards a situation in which

Nf = 8 is still a conformal theory while Nf ≤ 6 theories are not.

The situation for Nf = 7 theory is less clear at this point. Although Figure 5.2 shows a slight

jump and signs of a hysteresis loop exactly in the interval where the extrapolation would predict a

bulk phase transition to occur (β = [4.275, 4.3]), future study is still needed to clarify the situation.

Simulations of the same system at lighter mass might clarify the fate of Nf = 7.

We conclude that the lower edge of the conformal window extends down to between

Nf = 6 and Nf = 8. This result is in remarkable agreement with the result in the Veneziano limit

of large-N QCD[7](N c
f = 7.5 for SU(3)) and four-loop perturbation theory. It also explains why

the anomalous dimension of the fermion mass is found to be perturbatively small for Nf = 12,

since Nf = 12 is simply far away from the lower edge of the conformal window[10, 35].
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Figure 5.8: Wilson flow measurements for volume 324 and constant beta β = 4.5 (left) and volume
244 with a variable β between 4.2 and 5.8 (right). We observe no qualitative differences for Nf

between 7 and 11, while Nf = 12 suffers from finite volume effects. The fact that for all systems
that seem unaffected by finite volume effects D tends to 1 suggests the current implementation of
the Wilson flow is unsuitable for measuring γE .

5.3 Measuring γE using the Wilson flow

In this last section we disclose the results of our lattice studies on the anomalous dimension of

the scalar glueball operator, γE . We introduced this quantity in Section 3.3 as a novel probe for

confinement. The most solid way to measure γE on the lattice would be by using the two-point

correlation function for the scalar glueball operator, 〈Tr[F 2(x)]Tr[F 2(y)]〉. However, we noted

that the Wilson flow, as introduced in Section 2.3.2, could be an intriguing alternative.

The actual measurements on the lattice were carried out using the routines provided by Szabolcs

et al.[8]. These routines evolve an input lattice configuration according to the lattice evolution

equation 2.10. After each progressive step of the flow, the quantity of interest, t2〈E〉, is measured.

We argued that the t-evolution of t2〈E〉 can contain a term t−2−γE/2. If this term is present and

dominant at large t, the dlog derivative,

D ≡ d log(t2〈E〉)
d log(t)

,

depends linearly on γE in that region. Therefore, we implemented a routine to calculate this

derivative based on the output of the Wilson flow routines. For each measurement we then averaged

the resulting flow lines over all the configurations in the ensemble.

Our strategy comprised of taking a set of measurements for values of Nf between 7 and 12.

Each of these measurements was carried out using a constant value for the coupling: β = 4.5.
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This value was chosen with the existence of the bulk and exotic phases in mind, so that for all Nf

the measurement was to be taken outside the bulk and exotic phases. Since initial tests had shown

that finite volume effects were present for volumes ≤ 244, we chose the relatively large volume

324. Recall that given the renormalization properties of the theory, raising either the number of

fermions, Nf , or β effectively decreases the lattice spacing a and reduces the physical volume [29].

Therefore, we also carried out a set of simulations to study the effect of changing β on the behavior

D. These measurements were taken for Nf = 8 at volume 244 and β ranging between 4.2 and

5.8.

The results of these simulations are shown in Fig. 5.8. The different values of Nf show no

qualitative differences for systems with Nf between 7 and 11. For all the systems in this range,

D converges to 1. Only the Nf = 12 system shows a fundamentally different behavior. However,

since this system has the smallest physical volume we attribute this difference to finite volume

effects. The fact that all systems unaffected by finite volume effects seem to converge towards

D = 1 suggests that the Wilson flow of t2〈E〉 is not able to extract the value of γE .

The results for the Nf = 8 system with a variable β point to the same conclusion. For all

systems, D flows towards D = 1 until some critical value of β is reached, above which finite volume

effects destroy the signal (in this case for β > 4.7). The Wilson flow therefore seems unable to

probe the physics of scalar glueball operator in the infrared.

One could however still argue that the behavior of the systems we concluded to suffer from

finite volume effects, i.e., the systems where the flow bends down before reaching D = 1, contains

the actual physics and that the other systems are simply too close to the confining bulk phase

(driving them towards the D = 1 plateau). One can test this by considering that if the lower

plateau is indeed physical, the system should converge towards it. So, when we increase the length

of the Markov chain, D should not fluctuate too wildly.

To exclude this scenario we increased the simulation length of the Nf = 8, β = 5.0 system

to over 5000 trajectories while monitoring the behavior D. In Fig. 5.9 we see that the low lying

"plateau" indeed fluctuates wildly and shows no signs of stabilizing, even after 5000 trajectories.

In conclusion, the current implementation of the Wilson flow does not probe the physics of

γE . It is not able to discriminate between systems in- and outside the conformal window, since

it drives all the systems that are not affected by finite volume effects towards D = 1. A possible

explanation[44] for this behavior is that the t-evolution of t2〈E〉 is strongly affected by terms

other than t−2−γE/2, which are allowed by the constraint that 〈E〉 has to be zero at the IRFP.

Alternatively, the linear in t behavior could be due to the flow driving the system towards a minimum

of the action[36].
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Figure 5.9: Wilson flow up to a high number of statistics (key showing n.o. trajectories) for an
Nf = 8, β = 5.0 system. The flow shows large fluctuations and no sign of convergence.

The theoretical arguments that we used to introduce the scalar glueball operator as a probe of

confinement are solid. However, as the above analysis shows, the current implementation of the

Wilson flow does not deliver the desired results. We therefore recommend a future study on the

theoretical properties of the Wilson flow equation and how it can be implemented to extract the

scaling properties of γE .
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Chapter 6

Concluding remarks

The most important result of this thesis was found during our studies of the bulk and thermal

phase transitions of many flavor SU(3) gauge theory. In the analysis of Section 5.2 we showed

that by probing chiral and confining properties, we were able to obtain strong evidence in favor of

a conformal window that extends not only well below Nf = 12 but even includes Nf = 8. This

is especially important considering the fact that previous studies[18] had located Nf = 8 theory

below the conformal window. Based on our numerical studies, we located the lower edge of the

conformal window between Nf = 6 and Nf = 8. A conclusion that is in remarkable agreement

with the result in the Veneziano limit of large-N QCD[7] and four-loop perturbation theory.

In order to determine the fate of Nf = 7, we recommend studying this system at a lower

mass. This should help to clarify the presence of a bulk phase transition of which we saw hints

in the measurements at am = 0.01. We think it would also be advisable to perform a broader

study using a lower mass, not only focusing on Nf = 7, in order to determine how the theory as a

whole behaves when approaching the chiral limit. However, our current conclusions are robust and

unlikely to be affected by such an inquiry.

The anomalous dimension of the scalar glueball operator, as introduced in Section 3.3, is a

promising observable whose scaling behavior at large distance scales can serve as probe of con-

finement. We showed that its behavior also encodes the way conformal symmetry is broken since

it allows us to discriminate between predictions made by large-N and perturbation theory and a

UV-IR fixed point merging scenario. A non-perturbative study aimed at confirming these results

on the lattice would be a natural next step. However, our first attempt to do so, using a numerical

implementation of the Wilson flow[36], turned out to be unsuccessful. The results of Section 5.3

show that this strategy did not allow us to probe the physics of γE . The reason for this is possibly

explained in [44], but further analysis of the theoretical properties of the Wilson flow equation
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and its kernel is needed. We therefore recommend a more thorough study, aimed in particular at

implementing a numerical method for measuring γE in the infrared.

Finally, lattice upscaling, as introduced in Section 4.2, shows a promising improvement in

the thermalization costs of lattice simulations. Our measurements on the effectiveness of this

technique showed savings up to approximately 95% on the thermalization costs. An additional

benefit of lattice upscaling is the fact that it can be used to recycle already existing systems as

starting points for simulations at larger volumes. However, since this technique is new, it should

be tested more thoroughly before applying it at large scale. In particular we recommend a further

study aimed at determining its effects on systems with different boundary conditions and in the

case of hysteresis.
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