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Abstract

Poncelet figures are polygons whose vertices lie on one conic section
and its edges are tangent to a second one. In this thesis we construct
examples of Poncelet figures with 7, 8, 9, 10 and 12 vertices over Q
and Poncelet figures with 11, 13, 14, 15, 16 and 18 vertices over real
quadratic number fields.
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1 Introduction

Poncelet figures are polygons whose vertices lie on one conic section and its
edges are tangent to another. Given a field K C R, a Poncelet figure over K is
a Poncelet figure for which both conic sections are given by an equation over
K, and all vertices have coordinates in K. In his bachelor’s thesis, J. Los [1]
constructed Poncelet figures over Q with 3, 4, 5, 6 and 7 vertices. Moreover,
he shows that no Poncelet figures over Q with n = 11 and n > 13 exist.
In his conclusion he conjectures that the method he used to construct the
Poncelet figure with 7 vertices will also construct figures with 8, 9, 10 and 12
vertices, which are all other possibilities over Q. In this bachelor’s thesis, we
will check the validity of the conjecture of Los. We also consider the problem
of constructing Poncelet figures over real quadratic number fields. The goal is
to give an example of Poncelet figures with n vertices for n € {7,...,16, 18},
which are all the possible cases that occur over real quadratic number fields.

2 Preliminaries

An elliptic curve is a smooth projective curve, given by a third degree ho-
mogeneous polynomial and equipped with a distinguished point @. On an
elliptic curve, we can define a group law, making it into an abelian group,
with O as its unit element. Every elliptic curve has a so-called torsion sub-
group. This is the group formed by all points of finite order on the elliptic
curve. Given an elliptic curve E over Q, its points with coordinates in Q
form a subgroup denoted E(Q). A famous theorem of Mazur [2] (see [3] for
an amazing historical overview) states that

_z/nz, nedl,... 10,12}
E(Q)tors —
Z)22 & Z)2nZ, n € {1,2,3,4}
Any elliptic curve E where the point P = (0,0) has order larger than 3 can
be put in the special form

E: ¢ +ury — vy = 2° — vz’
This has the property that the line X = 0 is tangent to £ at P. Using this
form, it is quite easy to find relations between u and v that have to hold
to get a torsion point of the particular order you want. For example, if we
want an elliptic curve with a torsion point of order 8, then we want to have
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4P = —4P; Using the above form, we find that

w2 —2u+1" ud —3u?+3u—1

—uv + 2+ v uPv — 2uv® — 2uu + V3 + 0% + v
—4P = ,

u2 —2u+1 ud —3u?2+3u—1

AP — (—uv+vz+v —u?v? 4 3uv? — 3 —2v2> ’

Of course, we don’t want P to be a point of order 2 or 4, which means that
we should have P # —P and 2P # —2P. Since —P = (0, —v), we see that
v is nonzero. Furthermore, we have 2P = (—v,uv — v) and —2P = (—v,0).
This implies that u is not 1. So, if we want 4P = —4P, then u and v should
satisfy

—u?0? + 3uv? — v® — 20% = P — 2uv® — 2uv + 0% + 202 + v
or, equivalently,
—wPv+ut—buv —2u+ 202 +4v+1=0

Using the programming language Magma, a parametrization in one variable
of this curve is easy to find.

3 Poncelet Figures over Rational Numbers

We define the dual CV of a conic section C' to be the set of pairs (¢, d) such
that y = cx + d is tangent to C. Now, we will consider the set X = {(P,¢) €
CixCy | P e (}. If C1NCY consists (over some algebraic closure) of 4 distinct
points and if a pair (P, {) is given, then X can be viewed as an elliptic curve.
For details on this we refer to [4] and [5]. The process of assigning to a pair
(P, ¢) the “other” intersection point P’ of ¢ and Cy, and the “other” line ¢
containing P’ and tangent to Cy, we denote by (P, ¢) — (P, ().

Now, we are going to do the opposite. Given an elliptic curve E with
equation

E:y? + uzy + vy = 2° 4 va?,

we want to construct C; and Cy such that we can view E as such a set
X, and moreover such that the process (P, ) — (P’, ') corresponds to the
translation over 7" = (0,0) on the elliptic curve E. If we do this, then we
can get a Poncelet figure by considering the case where 7' is a point of order
n, and the pair (P, ¢) we start with corresponds to a rational point P on E.
Because T" was a point of order n, we will get back where we started after n
steps. This means that we obtain a Poncelet figure with < n vertices. We
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will require that Fy is a point of infinite order, because otherwise P, might
depend on T" and we will trace a Poncelet figure of smaller order multiple
times.

To view E as a set of the form X, we consider new variables b and ¢ given
by

T +v r+v
b= , = ——.
Yy —y —ur — v
Rewriting gives
b+ c+be v(u—1)c

T = —0 , = )
b+ c+ bcu y b+ c+ bcu

Substituting this gives the curve
b2t + 2v(b*c + be?) + be(u® — u + 2v) +v(b® + ) + (u — 1)(b+¢) = 0.

Now, we set C; to be the parabola (b,b%), then we let CY be parametrized
by (z(c), y(c)) where

20¢2 + (U —u+2v)c+u—1
ve? 4 2ve + v

z(c) =

and 'y (1)

ver + (u—1)c
yle) = ——5———"—.

ve? + 2ve + v

In other words, we have b* = z(c)b + y(c).
We now find the general formula for Cy by substituting y = x(c)z + y(c) into
the general formula a;2% + asxy + asy? + a,x +asy +ag. Since this line should
be a tangent line, we get that the discriminant is zero for all ¢. This gives us
a nonlinear system of equations. Using the programming language Maple,
we find that the general formula for C is

(u* — 2u® + 4uv + u? — 12uv + 40* + 8v)2? + dv(u® — 2u + 1)zy
+2(u? = 2u + Duz + dv(u —v — 1)y +u* —2u+1=0.

The process (P,¢) — (P, ') corresponds to (b, c) — (V/, ), described as
follows. The new b is, for given ¢, the “other” solution to the equation in
b,c. So

b =—b+x(c).

Next, substituting ¢’ into the b, c-equation, ¢ yields one solution and the other
one is . Hence
d=—c+z().
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The first involution (b,c¢) — (V/,¢) corresponds to the involution Py
(—v,0) — Py on the elliptic curve. The second one (V,c) — (V',c) corre-
sponds to Py — (—v,uv — v) — Py. Therefore the composition corresponds
to translation over (—v,uv —v) — (—v,0) = [4](0,0).

Hence if (0,0) is a torsion point of odd order N we obtain a Poncelet
figure consisting of N vertices, and if the order is even we obtain a figure
with less vertices.

Now that we have laid the ground work, all that is left is using the
methods from the introduction to construct the u and v for the elliptic curve
to have a point of order n and positive rank. Using the programming language
Magma, we have created the following table of examples of the elliptic curves
used to make the Poncelet figures in section 8. We remark that examples
of pairs of conic sections defined over Q with the property that a Poncelet
figure with N € {5, 8, 10, 12} vertices based on these conic sections exist,
were also constructed by Mirman [6, Section 3]. However, he did not insist
that also the coordinates of all vertices in the figure are rational numbers.
Moreover Los [1] constructed Poncelet figures over Q with N vertices for each
N €{3,4, 5,6, 7} and the same was done by Malyshev [7] for N = 5.

Ord((0,0)) | w v Point of infinite order
7 55 | -48 (30,198)
433 483 75 375
8 0| s (%, %)
9 13 | 84 (6,18)
10 - | o (5 ©51)
463 13195 145 21025
12 8 | 48 (E? 384)

As discussed above, with 7" = (0,0) on the elliptic curve, the function b
used here is invariant under the involution Fy — 27T — P, and c is invariant
under Py — —2T — Py. As a consequence, the process (P, () — (P, {') in our
case corresponds to translation over 47 on E.

4 Poncelet Figures over Real Quadratic Num-
ber Fields

We will now consider the possibilities over a real quadratic number field.
These are extensions of degree 2 of the rational numbers, while still being
a subfield of the real numbers. In other words, these are fields of the form

Q(Wd) = {a+bVd | a,b € Q}, where d is a positive rational number that is
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not a square. According to [8], an elliptic curve E over a quadratic number
field K has a torsion subgroup isomorphic to one of the following groups

7/nZ., ne{l,.. . 16,18}
2228 7/2nZ, ne€{l,... 6}
Z/3Z®Z)3nZ, n e {1,2}
ZJAZ & 7,47

E(K)tors =

To obtain an example of such F/K having a point of order n, one starts with
y2+uxy+vy:x3+vx2

as before. Then (0,0) € E having order n yields a relation between u and v,
and we want a solution u,v € K for this relation. For example, if v and v
satisfy

v? 4 (u® —u? — 1) —u®+u=0,

then we can find constants r and s, given by

v+ud—u —u? 4+ u
§=——0, r:—(1—5)+s
VF+Uut—u v

and the elliptic curve given by
v+ (L=str—1))ay— (r—rs(r—1)y =2 — (r —rs(r —1))a?

has (0,0) as a point of order 13. The curve defined by this equation in u
and v is called X7(13). In general, if we want an elliptic curve with torsion
subgroup isomorphic to Z/nZ, then this curve is referred to as Xi(n). A
table of these X;(n) is given in [9] and [10]. In all the cases that we are
interested in, namely n € {11,13,14, 15,16, 18}, these X;(n) are elliptic or
hyperelliptic. This means that they can be written in the form of v} = f(u,),
where f is a polynomial.

We want to find elliptic curves with a point of order n over some real quadratic
number field. To find the number field, we substitute values for u; and define
the corresponding elliptic curve over the field Q(+/ f(uy)). If this curve has
positive rank, then we are done and we can apply the same process as in the
previous section to find the corresponding Poncelet figures. The following
table gives examples of the elliptic curves used to make the Poncelet figures
in section 8. We have taken the example of the elliptic curve with a point of
order 18 from [11] and transformed it so that (0,0) has order 18.



General Method 9

Ord((0,0)) u v Point of infinite order
11 -4_1y7 —15- 373 (16 +2v/73, % + §V73)
13 % — 'T? 193 %)" — %\/ 193 (125 — 9/193, —6974 + 5024/193)
14 2752183 + % 105 - 12;;8 - 182728 105 (4%2 + ﬁ\/ﬁ 7491231528 - 49;?28 \/ﬁ)
993 2 /2 11750 146 /2 650 66 /aqr _ 1299380 75428 /2 F
15 575 T 875 345 109375 T 100875 345 <ﬁ - Tgs 345, 2731375 | 2734375 345)
16 121 + 3910 —3510 — 110710 (=24 — 9v/10,9402 — 2970+/10)
18|00 2 OGST | T s /GROT | (S 4 HSL-\/O6521, S s /55501

5 General Method

As we saw above, the method described here runs into a problem when
applied to finding a Poncelet figure of even order.
A solution to this is to choose more “natural” transformations.
Before, we chose two new variables b and ¢ and we got two involutions X —
X,
(P,0) — (P, 1), (P,0) — (P, 1),

where P’ is the other point on ¢ and ¢ is the other line that P is on. Now,
we want to first choose these involutions and then find corresponding trans-
formations. We choose the first involution to be

17 P— —P
and we choose the second one to be
12P|—>(0,0)—P

so that i3 0 iy maps P to P + (0,0). We now search for invariants of ¢; and
i9 in the sense that i} f := f o4, = id. The explicit formula for ; is

ih(z,y) = (x,—y — ux — v).

We quickly see that z is invariant, because if(x) = z. The explicit formula
for i is

Y

, wx + vy +v? w’zs + v + 0%y + 03
io(z,y) = :

2 3
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Now, we can find that yzﬂ is invariant. To see this, we calculate

uve4v2a2+ovly4u3
N (y + v) T 4

G wvz+vy+v2

IQ
wz + va® + vy + v + 23
ur? 4+ zy + vz
wx + vy + v? + y? + uzy + vy
ux? + xy + vx
(y +v)(y + uz 4 v)
z(y + uzx + v)
Yyt
—

T

Now, if we set

and apply all the previous steps to get a Poncelet figure of order 8, we get
Figure 6, which is exactly what we want. In this case, the dual conic C3 is
parametrized as

v — uc 02+vc+uv)

0.0 = (V5

c c
The conic C% is given by

w?z? +y* + 2ury + (—2uv — 4v)z — 2vy — v(du — v) = 0.

6 Other Conic Sections

In the above discussion, we have used the parabola as one of the conic sections
by default. Of course, we can use any other conic section. We will go over
how to do this in this section.

We want to use the ellipse 2—2 + z—z = 1 as one of our conics. This means that
we want a rational parametrization for this conic. Such a parametrization is

given by
2b 1—b2B
1+ T+ )

where «, § € Q. We now find functions z(c) and y(c) such that

1— 2 %
et =0T

a+y(c).
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This condition can be rewritten to
o 2000) B ylc)
B+ylc)  B+ylo)

From the previous section, we find the equations

_ 2ax(c)  v—wuc B—yle) E+ve+ww
B+y(o) c ' Bty c
Solving these equations, we get
15} uc —v 2+ (—v+1)c—uw
(o) = o) = gt D

T A+ De+w’ A+ (v+1)c+uv
Using these functions, we find that the second conic is given by
Cy : — puls? + 2a(uv + u + 2v)zy + o (duv — v* — 20 — 1)y*+
2a8(uv — u + 20)x + 20* (4uv — v* + 1)y + o*B(duv — v* + 20 — 1) =0
We use these methods to construct examples of Poncelet figures of order 12

and order 14 defined over real quadratic fields, given in 2sectiom 8.
We can do the same thing for the hyperbola 2—2 — % = 1. A rational

52
parametrization for this conic is

1+ b2 1—Hﬁ
2% o ’

where «, f € Q. We now find functions z(c) and y(c) such that

1 —b? 1+ b
oy 0= #le) et yl)
This condition can be rewritten to
a2, f-aul)

() +B " B+
From the previous section, we find the equations

2y(c)  v—uc B—ax(c) E+ve+uv
ar(c)+B8 ¢ B+ azx(c) c '
Solving these equations, we get
B —a*+ (—v+1)a—uv ua — v
(c) = ( ) , ylo=2

a @+ (v+1)a+w a?+ (v+1)a+uv

Using these functions, we find that the second conic is given by

Cy :B*(4uv — v* 4 2v — 1)a® + 2aB8(4uv — v* + Day + o (4uv — v* — 2v — D)y +
208%(uv — u + 20)x + 20 B(uv + u + 20)y — o?f%u® = 0.

We use these methods to construct an example of a Poncelet figure of order
16 defined over a real quadratic field, given in section 8.
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7 Conclusion

We have seen how to construct Poncelet figures of a certain order using two
methods and have actually constructed examples of these figures in all pos-
sible Q-rational cases for the number of vertices, and also for all the possible
new cases that arise when we allow the coordinates of the vertices to be de-
fined in some real quadratic field.

The general method can likely be extended to number fields of higher degree.
If one substitutes a certain value xy for x and find a root yy of the corre-
sponding polynomial, then the elliptic curve will be defined over Q(yy) and
we can apply all the theory in the above sections. We invite the reader to
research this.
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8 Poncelet Figures

Figure 1: A Poncelet figure of order 7 over Q and the conics y = 2% and

45691522% — 56197122y — 344960z — 702464y + 3136 = 0.

n point line

L (9% | v="T8% wu
2 (_%’ 451629176) Y —%x - 15116;1524
3| (—asi s0138) | U= —%50% — iy
4| (35580 |y =—Ge - Y

5| (=5 30) | Y= —isos0® T 00
6| (30 momr) | Y= —hosi? + mes
7| (=50 1sa1) | ¥=—To0% — 1o
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Figure 2: A picture of a Poncelet figure of order 9 over Q and the conics
y = 2% and 9691222 + 48384xy + 3744x — 24192y + 144 = 0.

number point line
1 (5,25) |y=%2o-2
2 (7:3) | ¥=17+ s
e
N I
5| () |y —Fa
6 | (21 |¥=—5%""m
T () [ Y=t
8 | Gow) |V=Tr—7
9 (2,4 y = Tz + 10




Poncelet Figures

15

Figure 3: A Poncelet figure of order 11 over Q(1/73) and the conics y = x*

(62086 —16142

and —

27V/T3)y + (4 +

73)1, +( 17168 2128\/_)Iy+( 15100 16';6)x+(_2896_
SVT3) = 0.

number point line
1 (3t + 3VT73, 850 — ALVT3) |y = (-2 4+ SVT3)z + (—2% + 15V73)
2 | (3t RV 55 — sV 13) y=<—%+5‘%v >x+(—%+%§v 3)

29 1 457 29 175

3 (— 61 T a1 737 2048 ~ 2048 73) | y= (_Tsz - 1T2 73)z + (- 256 256 73)
4 <_% — 53 V73, 29878 21818 73) |y= <_2_ -3 sV 7 3)x — (_ - 1_16 73)
5 (—1—72—— 73,8 + LV/73) y:(j4—189—4g 73)z 4+ (-2 + FV73)
6 (E+ 3V s+ V3) |y=(3+2 73)x+(%+§ 73)
7 (1{+—2 73,38 4 =B73) |y = (2 + VW) + (F2 + UVTI)
8 (§+‘31 73,80+ 25VT3) | y=(B+ IV + (F+LV73)
9 (5 + 0 73, 13672 +15VT73) |y = (=5 4+ BTz + (52 + 2VT3)
10 <_T17+ 1 3 581 68\/_> y:<%_’_ —109\/_)1,_’_(&_’_—17 73)
11 (_5_117 + 73’ 1148518 + 1458 73) Y= ( 108 + 108 v )
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Figure 4: A Poncelet figure of order 13 over Q(+/193) and the conics y = x?
and (A0ST4856 _ 1730254040  /TG3) 72 | (412253056 _ 20674624 | /TGy - (22880528 _

164;2860 193)1,_{_(_39424;320 + 2840704\/@)y+ (39464 2840 193) =0.

n point line

1 (5 + 36\/@’ 61s) T 3 V193) y= (v + 1?(1;4)77 + (35 + 25V193)

2 (7% — 55V 193, 1335 + 42(1)2@) y=(- %222 1222 193)x (7% - E 193)

3 (-8 - 119334 4 88../193) | y= (5 + 22/193)x + (22 + 28,/193)

4 (55 + 4\/ﬁ 3,6113 + 440+/193) y = (1207 + 139./193)z + (522 + 63/193)

5| (-3 - SVIIB, I 4 BVIOY) |y = (-3 - S T80 + (2 - 25.VT0)
6 | (-2 7 VG5, 10 1 LI IG) |y = (— S B T + (R — )
T (& 147 193, 51505 + 2}289 193) |y = (-5 — 2 V198)z + (% — 795 V/193)

8 (7% — 1193, 181 4+ 18,/193) y=(2+ %\/@)x + (22 4+ 11,/193)

9 2+ 193 ﬂ + 21 193) y=(2+1/193)z 4+ (3 + 2 193)

10 (9 — 1193, 137 193) y=(5F — 5V193)z + (- + v/193)

11 (=31 — 24 193, égé + ﬁ\/@) y=(n+ 192\/@>I + (% + 765 V193)

12 (% + 10z 192 193, Izlsg}sg + 158141312\/@) Y= (_% - @ 193)z (% + 322 193)

13| (=5} —32v/193,320890 4 B8./193) | y = (-3 — 392vV193)x + (13 + 5/193)
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Figure 5: A Poncelet figure of order 15 over Q(1/345) and the conics y = x?

13523377736 419344728 2 814386560 31121536
and (zie5i610025 T Saeisisioess Y 040)T (83740234375 ;" 83740234375 3%?2 (;Zy +
31045104 998608 32390784 132800
(3679921875 + 669921875 345)27 + (2392578125 + 2392578125 345)y + ( 765625 +
2_\/315) = 0
765625 -
number point line
V315, TSI + memiodn V/345) v=(% 345)a + (*
2 (mum + lgsdﬁjxm + im0 V315) y= (35 13501 \/m) + (Ssone
3 St + s V345, WJJ‘? + T V/345) v= (e + é?Zi?S??v 345)x + CRARY
4 K ;l‘}’vl +:T 345, ;;I’% + 7181% 00345) y= GZi”z?f + ity V345)e + ('Z’ﬁi?;’; 3215327 345)
5 (L0102 4 890, /345, 303809505 4 18198500 | /345) y= (& 2SS /345 + (12920088 . 20300138\ /345)
6 i V315, G + %TC’SZ;VJ%) y=1(3 V) Tosmrrors + tisassiens V540)
7 (3 “‘fié“ + ioor V315, Sitioisis 2 V/345) y=(% o V345)w + (SRR + oormizieos v 345)
8 5 V34 2+ Totstosomees V345) | ¥ = ( &*%WV“J)’*(%W*%V“@
9 (1’93 gl 1«92 Ts V345, ?Zgiﬁiz + %v 315) y=( 2o V/345)x + (R + St v/345)
10 b 5V345) y=( o V/345)T + (Shemies + semor vV 345)
11 345) y=( 0L \/345)x + 35018 V/345)
12 y= (%12‘47:) + 2;112‘)5 345) ( 1360864 + 1:;;:;2 345)
13 23T, Y = (Tosamseee. T smoniieV345)z + (702575;;%30 + 715?3?3“8 V345)
14 > T V345, BRES 345) y=( n 2 /3I5)T + S + israrser V/345)
15 (2 + 0 /375, 1omesisaizs v= <74u‘ml§87%35,° + 7" Sy V/345) + 345)
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/

/////// | | | | | | | |

Figure 6: A Poncelet figure of order 8 over Q and y = 22 and —1143422422 +

37746552zy — 101494849y + 532800z + 5442800y — 40000 = 0.

number

O N O Tt s W N

(63839 4075417921

point line
(3 %)  |v=
(S0 200) | U=
(1) |-

400 ° 160000 ) Y=

(—7547 56957209) _
50 0 2500 Y

( 787 619369) _
95 7 9025 Y

(—22157 490932649) _
32300 ’ 1043200000/ | Y

( 1109 1229881) _
340 > 115600 Y
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Figure 7: A Poncelet figure of order 10 over Q and y = 22 and i’gi 2 1?:Uy —

720 240 114720
1331x+y 1Y+ Taear =0

14641
number point line
31 961 — 29 62
(117121 Yy=7%+ 150
2 14 _ 89, 206
2 (11> 121) = 7Tt 57
103 10609 _ 68 —38419
3 ( 77 0 5929 ) Y =117+ 929
4 (@ 139129) _ o1t 24991
770 5929 = 154 1694
—67 4489 _ —13 2747
5 (22> 484) Y= 184
6 (41 1681) Y 1189
227 484 = 2 242
—29 84 _ 20 1421
7 ( 1 ) Yy=1%+ 15
49 2 _ 63 —686
8 (1 To1 ) =0T+ 15
4 106 _ 13, 11
9 (11 2) Y=171%+ 17
11 _ 30, 31
10 (1 2) =717+ 151
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0068 0065 -00B4 002 006 0088 00% 0054 -002 -0

,,,,,

Figure 8: A Poncelet figure of order 12 over Q, using the conics 22 + y? = 1

319466449

0.

214369 .2 6298181 6342629 2 320728561 321999889 _
and —=EPa® — oy = Fg T Tz Y~ Tise YT w01 —
number point line
0328 —339825 — 1191 —11079
1 (339953’ 339953 ) Y= 213007 1 11075
—152 —5775 1393 _8183
2 (5777’ 5777 ) Y= 307307 t S105
20688 —185185 612 —979431
3 (186337’ 186337 ) Y= 164717 + 280007
_15576 —421057 5876 —12363
4 (4213457 121345 ) Y= 36807 L T 12209
—912 —3185 3600 —22465
5 (33137 3313 ) Y= 523377t 5337
—6288 —154385 436 — 44179
6 (1545137 154513 ) Y= 55T T Zuas
—8088 —113425 _ —181836 —92611211
7 (113713’ 113713 ) Y= 601875 T 604875
N (—4086192 —59822425) _ 226633, | —250438
59961817 ° 59961817 Y = 145200 259075
9 (—11792 —287175) _ —ll4123, | 47328
287417 * 287417 Y = 53200 47075
10 (—518512 —1951425) _ 37508216, | —252007501
2019137 ' 2019137 Y = 250878775 250878775
11 (—1182297888 —31846639825) _ 18644256 , | —379578869
31868578513 ' 31868578513 Y = 330832725 380832725
613728 —4520425 66904 1241221
12 (4561897’ 1561807 ) Y= 2135057 T 1243505
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Figure 9: A Poncelet figure of order 14 over Q(1/105), using the conics

g2 4 ¥ ] and 2143692 6208181, 6342620, 319466449 2 — BT2561,
64 192 y 192 2304 1152
321999889 __ 0
2304 :
number point line
1 ¥ = (S0
2 y=(=
3 y= (711359045215 i 105)
310183955 :
(2 —73104983 /705 —1417916557 | —146185493 /T(F
4 y=( 0 + 111704?)h§h 105) ivtu(i Sois ]420 + Troman v105)
—1191250425 __ (212 1
5 71571466 10" 186738 y=( S>m.zo V105)a + (Sigisg + 85630 V105)
9 | 3565 _ 3,
6 ( o1 T o101V 105 Y= (5426‘1 + 5A2h0V 105)z + ( 426 5 \/ 105)
7 ZLUIS0 | 1036307 /0, 2 ;Zguosu 105) y = (S50 0 /T05) 7 . (= bUllZuJbb + 220 /105
8 + i?g‘;:gzggl V105, 5.9291‘ 105) y=( > 26V 1[)0)1 + (7 i
9 P 5 V105, Tieas + Fig6m v 105) v = (Sims + w0 V105)a + (5"
01658 - 12 5, —2376 _ (305 15 7
o el e e |- (BB B (G
11 (i 009515 /105 y=(5 I
5 —48890486965  /T(IE _ (=886270248120 so 0167019067 86008434743 _/ToE

12 (Tosoonoanora o rasrs V105) y=( quU’ZlD‘IQU +5 Seaoz10090 T sacoziosso v 105)
13 TSI | 2 2 xé;lmw%sm /105) | y = (=2 1650416851 | ]338? 16 /105)

71 T 72182505 mqusJ 0% _ —om157014 | =5
14 13?3?527140 101075746 50537873 + sos5773 v 105) y=( 12658315 T 12658315
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Figure 10: A Poncelet figure of order 16 over Q(1/10), using the conics 2 —
y? =1 and (—28007371 —88567021/10)22 4 (—56000698 — 177089761/10)zy +
(—27993331 — 88522741/10)y? + (—546180+/10 — 1727162)x + (—1726678 —
5460244/10)y — 29851 — 9438y/10 = 0.

number point line
1 =5+ o V10, 285 + FERVI0) |y = (g3 + Tosr V1007 + (Tt + o V10)
2 (3 +1V10, 5 + 58V10) Y = (z00001 + 09 V10)z + (35552 + 550 V10)
3| (Comae + o v10, SR + BREVI0) |y = (s + e V10T + (a0 + raaeer V10)
4] (G + V10, Bt + S V10) |y = (Taes + Tiosess V1007 + (Tigeass + taoesss v 10)
5 i+ o V10, 3 + SREV10) v =(Famt + mn V10)2 + (35 + B V10)
6 T+ i V105 + S VI0) v = (G + sV 10)7 + (s + g V10)
7 T+ a0 V10, I3 + 55 V10) v = (oo + saniz V10)7 + (55 + Sinis V10)
8 5o+ a0 V10, 55 + B vI0) |y = (S + oo V1007 + (i + 367V/10)
9 “mrr + o V10, 5+ EEVI0) |y = (S + ot V10)2 + (3370 + i V10)
10| (Ser + o V10, Sieer + “asasse V10) | ¥ = (Fogwas + 7onasas V1007 + (Figas + mosmnis v 10)
1 (FFhig™ + =g V10, 2555 + FEVI0) |y = (G5 + Fimsis V10)7 + (555 + s V10)
12 ot + S V10, 55 + 5 VI0) Y = (ss397 T Swosor V107 + (Figsor + sawsor v 10)
13 (S5 + = V10 B+ LEBVI0) |y = (om + Fooar V10)7 + (Fioir + 0017V 10)
14 (5" + V10,92 + $5V10) v = (greons + Tores V10)7 + (S5iears + Foreais vV 10)
15| (Soei + “anorr V10, S35 + Toion V10) | v = (Fiores + Tosamrss V10)2 + (Tisgres + 1osamess V' 10)
16 (Simor + sor V10, 5567 + 30 V10) v = G + usnar V10)7 + (S + misiar V10)
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Figure 11: A Poncelet figure of order 18

over Q(v/26521), using the conic
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number | line ' _
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Code

Q:=Rationals();

u:=char‘55; v:=char‘448;
E:=EllipticCurve([uchar‘ vchar‘ vchar‘ Ochar‘ 0]) ;
P:=E![Ochar‘ 0]; // This point will have order 7

PO:=E! [char‘4char‘ 32]; // This point will have infinite order

xc:=function(c)
x:=(vchar‘uxc)/c;
return Xx;

end function;

yc=function(c)
y:=(c 2+v*xctuxv) /c;
return y,

end function;

cxy:=function(xchar‘y)
C:=X;
return c;

end function;

bxy:=function(xchar‘y)
b:=(y+v)/x;
return b;

end function;

xbc:=function(bchar‘ c)
X:=C;
return X;

end function;

ybc:=function(bchar‘ c)
y :=b*cchar ‘v;
return y,

end function;

Pts:=[PO+i*P : i in [0..(Order(P)char‘1)]1];
Ki1:=[ [bxy(pt[l]char‘pt[2]) char®

bxy (pt[1]char pt[2]~2] : pt in Pts];
K2:=[ [xc(cxy(pt[llchar‘pt[2])) char® yc(cxy(ptl[1l]lcharpt[2]))]

pt in Pts];

Seq:=[ [ b[1]char‘ b[2]char‘ c[1]lchar® c[2] ]

b in Kichar‘ c in K2 |

b[2] eq cl[1]l*b[1]+c[2] 1;



REFERENCES 27

s0:=Seq[1];
"("char¢ sO[1]char® "char‘ "char‘ sO[2]char¢ ")";
"y="char‘ s0[3]char¢ "xx+"char‘ s0[4];
s:=Seq[2];
while (s ne s0) do
Exclude(“Seqchar‘ s);
"("char® s[1]char® "char‘ "char® s[2]char¢ ")";
T:=[r : r in Seq | (r[1] eq s[1]) and
([r[3]char‘ r[4]] ne [s[3]char‘s[411)];
t:=T[1];
S:=[r : r in Seq | (r[1] ne s[1]) and
([r[3]char‘ r[4]] eq [t[3]char‘t[4]1])];
s:=S[1];
"y="char‘ s[3]char¢ "xx+"char‘ s[4];
end while;

Pol [xchar‘ y] :=PolynomialRing(Qchar‘ 2);
K2 := u"2*%x"2 + y~2 + 2%uwkxxy char‘ ( 2%uxv + 4%v )*x char‘ 2*vxy char‘-
vk (4xuchar‘v); K2;

xc:=(vchar‘ux*c)/c;
yc:=(c 2+v*ctuxv) /c;
C2:=al*xx"2+al2*y~2+ad*x*y+ad*x+ab*xy+ab;
pol:=collect (numer (discrim(subs (y=xc*x+ycchar‘ C2)char‘ x))char‘ c);
solve ({coeff (polchar‘ cchar‘ 4}char‘ {coeff (polchar‘ cchar‘ 3}char‘
{coeff (polchar‘ cchar 2}char‘ {coeff (polchar‘ cchar‘ 1}char*
{coeff (polchar cchar‘ O}tchar‘ {alchar‘ a2char‘ a3char‘ ad4char‘ abchar‘ a6}) ;
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