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Abstract

In this report the optimal control problem with packet drop-out is investigated. First the Kalman
filter is analyzed and simulations are done on different types of state estimation for a cascaded system.
We made a distinction between local and global estimation, where local refers to using multiple outputs
for the Kalman filter process and global to using only one output. In a similar fashion the construction
of the optimal controller for stochastic systems is analyzed and simulations are done on an optimal
controller for a cascaded system. We simulated that a part of the state is arrived at the controller with
different arrival probabilities and relate the dependence of the controller performance to this probability.
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1 Introduction

Wireless sensor technology is of growing interest for process and automation industry. The driving force
behind using wireless technology in monitoring and control applications is its lower deployment and recon-
figuration cost. Furthermore, wireless devices can be positioned where wires cannot go, or where there is
no steady electricity supply, for transmitters can use energy from a possibly rechargeable battery or a local
source like a solar cell.

In classical wired communication systems the probability of information getting lost is very low and there
are many ways to minimize the influence of external noise sources. This is in contrast to wireless communica-
tion technology where information loss is much more probable due to a lack of energy for transmittance, data
corruption or external electric fields. Besides this, the external noise is more prominent and very difficult if
not impossible to reduce.

Earlier research on wireless communication systems was done in [1] [2]. This research was followed up
by a stability analysis in [3] and and extension to packet loss under energy harvesting constraints in [4] [5].
The research done so far concentrates on the communication of the state estimate and control of a single
system. With the increase in computational power and the renewed interest in complex systems, the concept
of wireless communication might be extended to a network of systems. Computer networks or multi-agent
power grids are only two out of many applications of networks of systems. Throughout this report we will
be mainly interested in a network consisting of two systems. In particular we consider cascaded systems,
which are systems where the output of one system acts as input to the second system. These systems occur
regularly in practice and examples are often systems representing physical phenomena. One can think of a
water tank, whose level is controlled by a pump, or even two vehicles following each other with a specified
distance.

The main difference with respect to the optimal control problem as it is defined for a single system, is
that we have access to information from different sensors in a cascaded setting. This means that we are
able to estimate states from different sensors and that gives rise to the question of how to get the optimal
estimates. This is also known as the distributed Kalman filtering problem. The main goal of this research is
to get some insights in this problem with respect to cascaded systems and show that it is not always obvious
from which sensors one should estimate the states. Furthermore, we aim to establish some results on the
performance requirements of the wireless communication system with packet dropout.

In order to do so, we will start by giving an introduction to the Kalman filter problem for a single system
in the next section. Once this is fully understood, we will compare two cases to estimate the states of a
cascaded system in Section 3. By means of a simulation study we will show that it is not straightforward
which method of estimation is optimal. In the section thereafter, Section 4, we will investigate the optimal
control problem for stochastic systems. As it will turn out, the separation principle with respect to state
estimation and actuation also holds for stochastic systems. Finally, in Section 5, we will perform a simulation
study where we will investigate the influence of packet dropout on the controller performance.

2 Kalman Filtering

2.1 Filter construction

As mentioned above, we will start by introducing the Kalman filter for state estimation of a linear system.
Let us first define our system X, from which we desire to estimate the state, as follows
=A B
=y T i T B W (2.1)
Yk = Cxg + vy,

where x;, € R™ is the state vector at a discrete time step k, uyr € R™ an input function, y; € RP an output
functionand A : X - X, B: U — X and C' : X — ) linear maps of appropriate dimension. Here, wy, and v
are the process and measurements noise vectors respectively, which are both assumed to be i.i.d. Gaussian
with zero mean and covariances W = E{wyw]} > 0 and R = E{viv}} > 0. E{-} denotes the expected
value. The initial state x( is also Gaussian with mean Zo and covariance Fj.
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Due to the process and measurement noise, the state of the system becomes a stochastic variable. This
implies that it is impossible to have an observe that generates the state with full certainty. This means that
we desire to have an observer that generates the expected value of the state &, = E{x;}. The Kalman filter
problem deals with finding such an observer, such that the error of the estimate is minimized. To be more
specific, if we define the error of the estimate to be e = xr — Zx, we would like to minimize the expected
value of the square of the norm of ey, i.e. E{||ex||?}. As it turns out, minimizing this norm is equivalent to
minimizing the trace of the error covariance matrix. To see this, consider the following equation

E{llex]|*} = Efer ex},
= E{treget }, (2.2)
= trE{egel }.

The key concepts in the Kalman filtering process are prediction and correction. The main idea is to first
use the knowledge of the system dynamics to predict the next state based on the previous estimate. This
will be influenced by the process noise. Therefore, secondly, we use the output y to correct the predicted
state. In order to differentiate between the predicted state and the corrected state, the predicted state is

denoted Zy|,—1 and the corrected state Zy,. So in the Kalman filtering process we first make a prediction
on the state given the system dynamics and a previous estimate xj_jx_1:

Tgp—1 = AZgp_1)k—1 + Bug-1, (2.3)

The prediction is then corrected using the difference between the measurement and the expected measurement
CZk—1- This yields

Tk = Tpp—1 + Ke(yp — Cppp—1)- (2.4)

Combining equations (2.3) and (2.4), we can recognize the structure of a state observer. The remaining
question is, however, how we should choose our matrix K} such that the estimation error is minimized. To
this extend we consider the error ey = zp — 2. Denote the covariance of the error

E{eke;‘g} = E{(xk — fi‘k|k)(1’k — Zi’k‘k)T} = Pk|k (25)

Given this structure an expression for the update equation of Py, in terms of Ky and Pj_j,—1 can be
constructed. Based on this we can calculate how to choose Kj. If we substitute equation (2.4) in equation
(2.5) we see that

Py = E{(zr — ) (e — )"
=E{(zr — Zpp—1 — Ki(yk — Corp—1)) (@ — Zrp—1 — Ki(ye — Corp—1))” 1
= E{(z — Zxjp—1 — Ki(Cax + vi — Clpp—1)) (@ — Zrjp1 — Kie(Cap + vi — Cappn))” 1,
=E{((I - KiC)(xr — Zpjp—1) + Kpor) (I — K C)(xr — Tpjp—1) + Krop)TY.

(2.6)

Note that (zj — Ty k1) is the error of the prior estimate before the correction has been applied. This term
is clearly uncorrelated to the measurement noise and hence we can rewrite equation (2.6) as

Py, = (I — KC) Py (I — K,O)" + Ky RK[

(2.7)

= Pyji—1 — KxCPyjj—1 — Pyji—1CT K}l + Ki(CPy—1CT + R)K}

As mentioned earlier, minimizing the error of the estimate, is equivalent with minimizing the trace of

the error covariance matrix. Since we have derived a full expression for the error covariance matrix, we can

minimize its trace. To do so, we need to calculate the gradient of the trace of Pjyq541 from equation (2.7)
with respect to the coefficients of K and set it equal to zero, i.e.

= —20Pyj—1 + 2(CPyp—1 CT + R)K[] =0, (2.8)
0K,
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which leads to the solution for K},
Ky = Pyj—1CT (CPyp—1CT + R)™. (2.9)

Substituting K}, back into equation (2.7) and rewriting some terms leads to the Riccati difference equation
as an update equation for Py ij41:

Pk =Piji—1 — Pej—1C" (CPyj—1CT + R) ' CPyjjo—y. (2.10)

If we then consider the prior estimation error of the next step somewhat closer and take into account
that the prior estimation error is also not correlated to the process noise we can calculate

Pk = B{(Ze41 — Epr1pe) @rg1 — Eppape)”
= E{(A(zx — Zxk) + wi) (A(zk — Zpe) +wie) "}, (2.11)
= AP AT + W.

By plugging in (2.10) we see that
Ppos1je = APpjp—1 AT — APyj_1CT (C Py C + R) T C Py AT + W. (2.12)
We can rewrite this equation in as what will turn out, to be a very useful formulation

Pysajk = APyjj—1 AT — APy 1CT (CPyu—1CT + R) ' CPyp AT + W
= APy—1 AT — AKC Py AT + W
= APy 1 A" — AKyCPyp1 AT — APy CTKF AT + APy CTKFAT + W,
= APyp1 AT — AKC Py 1 AT — APy CT KL AT + Kip(CPyj—1 CT + R)KTAT + W, (2.13)
= APy 1 AT — AKC Py AT — APy, CTKTA™ + ATy CPypj CT K AT
+ AK,RKFAT +W,
= (A— AK,C)Pyp—1(A — AK,C)T + AK,RK] AT + W,

Hence we we have constructed to following update equation for Py |5 as an alternative for (2.10)

Peyip = (A— AKLC) Py (A — AK,O)T + AKRRKT AT + W. (2.14)

2.2 Filter convergence

Given this update equation the question arises what happens if & — oo. If the error covariance grows
unbounded, the state estimate becomes rather useless. In order to have the Kalman filter work properly,
that is, to generate an estimate with a bounded covariance, we need to make some assumptions on the
system. The two assumptions that we need to do, is that the system is (C, A) detectable and (AJ/V%)
stabilizable. Intuitively this makes sense. The detectability assumption is also a necessary condition for the
existence of an observer for a deterministic system. The stabilizability condition can be interpreted as the
condition that all states are excited by the noise. With these two assumptions we can guarantee the error
covariance to converge to a limit P* > 0, even if the state of the system grows unbounded.

The idea of the proof to this statement is captured in several steps. First we show that given the
observability condition, the sequence generated by equation (2.12), i.e. {Pgx—1}, is monotonic and bounded
for zero initial condition, i.e. Py = 0. This implies that the sequence converges and hence it follows from
equation (2.10) that { Py} converges as well for zero initial condition. This means that K} also converges
to some K*. It will follow from the stabilizability condition that A — AK*C is a stable matrix. With
this proven, we will be able to prove the final step, which says that given the conditions, the sequence will
converge for any initial condition. This method of filtering and the proofs, that we are about to see, originate
from [6] and can be found in many papers and book on Kalman filtering such as [7].

In the next lemma we will prove that if the system is detectable, the error covariance will remain bounded
in every step.
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Lemma 1. For all P(0) = Py > 0 and Py < oo, the sequence {Pyi1|;} is bounded by some P >0, if the
system is (C, A) detectable.

Proof. Since the system is (C, A) detectable, there exists a K such that A — KC has its eigenvalues strictly
within the complex unit circle. Consider a regular observer, which is a suboptimal filter

Tpy1 = Az — K(CZy, — yx) + Buy. (2.15)
The equation for the error is then given by

€kt1 = Thal — Tht1s

2.16
:(A—KC)6k+wk+KUk, ( )
which results in an update equation for the error covariance matrix
Poi1 = (A— KC)Py(A—- KC)' + KRKT +W. (2.17)
We can rewrite this in terms of Py as follows:
k
Pip1 = (A= KC)*Py((A— KC)")* + Y (A— KC)"(KRK" + W)((A— KC)")™. (2.18)

n=0

By the singular value decomposition we have that, since A — K C' has its eigenvalues strictly within the unit
circle that (A— KC) < AZ for some Z and |A| € [0, 1). To see this, consider the singular value decomposition
of A— KC, where ¥ is a diagonal matrix containing the singular values o of A — KC.

A-KC=UxVT,

< UgmaxIVT»
(2.19)
< Umaa:UVTv
= M.
Therefore the Py 1) is bounded by
k
Pip1 = (A= KCO)"Py((A— KC)")* + Y (A— KC)"(KRK" + W)((A— KC)")",
. =0 (2.20)
<SNFZRZT + Y N (Z(KRKT + W) Z").
n=0
Since this filter is suboptimal, it follows that the sequence is also bounded for the optimal filter. O

Next we show that given an initial condition Fp, the sequence is either increasing or decreasing, i.e.
monotonic.

Lemma 2. If Py v < Pyin—1, for some N then Pyiix < Pyjr—1 for all k > N. On the other hand if
PN = Pyin—1, for some N then Ppi1x > Pyjr—1 for all k > N

Proof. Define the function
9(Pyj—1,K) = (A — AKC)Pyjj—1 (A — AKC)" + AKRKTA" + W. (2.21)

Note that g is a positive monotonic function in Pyjp_;. Also Pyi1), = ming g(Pyjp—1, K). Hence if Py <
Pyj—1 we see that

Pey1k = mI}Hg(Pmkfh K),
Pk|k—1a Kl:)a

Pry1irs Ki)s
ming(Pk+1|k:7 K)7

g(
g(

AVANIY]

(2.22)

g(Pk+1|k7 K]:Jrl)v
= Ppiojkt1-
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Conversely we see that if Pyp—1 < Pryqjx then

Pryojkr1 = mlgng(PkJruk, K),

:g(Pk+1|ka1:+1)v
> 9(Peji—1, Kj41), (2.23)
> m}%ng(PkUcfla K),
= 9(Prj—1, Ki),
= Pri1k
O

With the proof that the sequence is monotonic, the next lemma is in fact a mere consequence. However,
it is worth stating and proving it.

Lemma 3. If Py =0, then Py, converges to a steady state error covariance matriz P*.

PTOOf. Since PQ = 0, we have that Pl,O = W, and P2,1 = (A — Ach)W(A - Ach)T + AKlRK,lTAT + W
and hence Py o < P2 ;1. By the previous lemma we have that Pyx_1 < Pryqp for all k. We are using an
optimal filter here, and hence the error covariance will be less then when a regular observer is used. Hence
by Lemma 1 we have for all k that {Pj;_1} is bounded. Therefore { Py ;_1} converges and hence according
to equation (2.10) we have that Py, — P* for some P*. O

With the previous results we have already proven that if we have an exact state estimate at a certain
time step k, the uncertainty will only grow. If the detectability condition is met, we have that the error
covariance will converge to a steady state value. The next lemma shows that for the steady state matrix K*
we have that A — AK*C' is a stable matrix, i.e. has its eigenvalues within the complex unit circle.

Lemma 4. Let the system be (C, A) detectable and (A, Wz) stabilizable. Denote P* = limj,_, oo Py, and K*
as the corresponding filter gain, then A — AK*C' has its eigenvalues strictly within the unit circle.

Proof. With this stationary filter gain K* we have that P* is given by the Ricatti equation
P* = (A— AK*C)P*(A— AK*C)" + AK*RK*T AT +W. (2.24)
Let z be an eigenvector of (A — AK*C') then we have that

2P Py =27 (A - AK*C)P*(A— AK*C)T + AK*RK*T AT 4+ W)z,

2.25
= |\22T P*x + 2T (AK*RK™* AT 4+ W)z. (2.25)

From this it follows that
(1 — (M2 Pz = 2T (AK*RK*T AT + W) (2.26)

Since P*, R and W are positive (semi)-definite, A cannot be greater than 1. If A = 1 we have that the
following equations must hold:

a) 2TWz =0,
b) 2T AK* =0,

c) 2T (A - AK*C) = \aT.
But a) and b) together imply that 274 = XzT, i.e. 27(A — AI) = 0. Together with c) this means that

2T (A — Al W%) = 0. However, we assumed that the system was (A, W%) stabilizable. This means that

for all unstable eigenvalues of A, we assumed that (A — AJ W%) has rank n. Hence 7 (A — AT W%) =0
if and only if x = 0. This means that A cannot equal one. O
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If we combine what we have proven so far, we come to the main result of Kalman filtering.

Theorem 1. Consider the system as in (2.1). If the system is (C, A) detectable and (A, Wz) stabilizable,
then for any Py > 0, it holds that Py, — P*.

Proof. From equation (2.14) we have that the update equation for the prior error covariance is given by
Pii1p = (A — AKC) Py (A — AKC)T + AKLRKFAT + W. By Lemma 3 we have that {Pyr—1}
converges to some limit, which we denote ®, for zero initial condition. From this it follows that if Py = 0:

k
lim Ppp_q = li A— AK*C)"(AK*R(K*)TAT + W)((A — AK*C)T)™,
Jm Prj— kg&;( )" ( (K™) + W)(( )") (2.27)

= .

By Lemma 4 A — AK*C has its eigenvalues strictly within the complex unit circle and by the singular value
decomposition we have that that A — AK*C' < AZ for some Z and |A| € [0,1). Then for all Py > 0 we have
that

lim (A — AK*C)*Py((A — AK*C)T)F < Jim MR zPZT = 0. (2.28)
—00

k— o0

Suppose we have an arbitrary positive semi-definite initial condition and use the suboptimal steady state
Kalman gain Ky = K* for all steps. Then it holds for any initial condition Py > 0 that

k—o0 k—o0

k
lim Pyj—1 = lim ((A — AK*C)*Py((A — AK*C)T)* + Z(A — K*C)"(AK*R(K*)TAT + W)((A - AK*C)T)"

n=0
k
= lim » (A- AK*CY"(AK*R(K*)TAT + W) ((A - AK*C)")™,
—00
n=0
= 0.

(2.29)

This shows that, if K™ is used in every step, { Py|x—1} converges to ®, for all Py > 0. Since K* is suboptimal
in every step, we have that, if the optimal gain matrix K, is used in every step, { Pyjx—1} is bounded for all
Py > 0. By Lemma 2 the sequence { Pj;_1} is also monotonic and thus it converges for any initial condition
Py > 0. It follows from (2.10) that limg oo Py, = P* for some P* for all Py > 0. O

2.3 Filter performance

Now that we have conditions on the system for the convergence of the error covariance with a Kalman filter,
we will investigate the performance of a Kalman filter. The main question we would like to answer, is how
we can minimize the error covariance given the system. Would it be useful to reduce the process noise if the
measurement noise is really small? If one has access to two different measurements, which one is optimal to
use for a Kalman filter? Whereas the first question is rather straightforward to answer, the second one is
not straightforward to answer as we will show.

The answer to the question on noise reduction follows from Theorem 1. We state it as a corollary and it
says in fact that any reduction on the noise, both the process and measurement noise, will result in a lower
error covariance matrix.

Corollary 1. Consider a system xpy1 = Axg + Bup + wy, yp = Czp + vg, where the the covariance
of the process and measurement noise is given by W and R respectively. If W and R are changed to some
W < W and R < R, then the estimates of the state resulting from the Kalman filter have an error covariance
P <P

10

)
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Proof. Let K* be the steady state Kalman gain resulting from R and W and K" with respect to R and W.
We have that

khﬂrrolo Py = @ := lim (mén

k
> (A— AKC)"(AKRK" AT + W)((A - AKC)T)"] > ,

k—o0
n=0
k
= lim > (A— AK"C)"(AK R(K")"AT + W)((A - AK"C)")",
—00
n=0
k - o (2.30)
< lim Y (A- AK*C)"(AK*RK*" AT + W)(A — AK*C)"",
k—o00 —
k
< lim Y (A— AK*C)"(AK*RK*" AT + W)(A — AK*C)"",
k—o00 "0

=& := lim Pk|k71-
k—o0

Then in a similar fashion we see

P = min (I -KC)®(I - KC)" + KRK™],
< min [(I-KC)®(I—-KC)" + KRK"], (2.31)
= P*

The second question is more difficult two answer. The filtering theory and current literature on it focuses
mainly on the optimization given a certain measurement. In a multi-agent network and also in the cascaded
setting as we will see later on, one might have access to multiple measurements. Therefore it is useful to see
how we can how the Kalman filter performs with respect to the measurements.

One might assume, that given two measurements y; and ys with the same noise and the system is
observable from both y; and ys, that this might lead to the same error covariance, once a Kalman filter is
applied. This is however not true, as the following example will show. Consider the following system

1 3
Tht1 _< >$k+Buk+wka

2 1
>= ik =0 1)ag+ vk, (2:32)
Y2k =(1 0)zk+ v,

with covariance matrices R = W = I. If we take the initial error covariance matrix P(0) = 0 and run
the Kalman filter, we find the result in Figure 1.

11
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Trace error covariance
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Figure 1: The comparison of the error covariance using y; and ys.

As a respons to this example, one would like to formulate necessary and sufficient conditions on C; and
Cs, such that we can tell by the system matrices how to estimate the states optimally. An intuition tells
us that it might be worth while investigating what the relative influence of the noise it compared to the
measurement part C;xi. Another suggestion might be to see how Kj, evolves as a function of C;. However,
these subjects are not trivial. Hence we will give some more straightforward results. In order to do so we
first need the next two lemma’s.

Lemma 5. Consider two positive definite matrices A and B, such that A < B. Then we have that B~ <
AL

Proof. First note that since 0 < A we have that 0 < AA~'A and hence 0 < A~!. Since A and B are positive
definite and B — A is positive semidefinite, by the Schur complement we have that:

(? A]—1> = 0. (2.33)

Since B is positive definite and hence invertible, we can take the Schur complement again to find
At —B7t>o0. (2.34)
O
In order to prove the results we will use the next lemma.

Lemma 6. Consider a system xp41 = Az, + Buy + wi with two outputs y1 = Cixr +vik and yo, =
Cozxy, + va, with E{vavlT,k} = Ry and E{vzkv;k} = Ry. Let Pyy—1 be the error covariance of the
prior estimate due to a Kalman filter using y1r and let Py 1 be the error covariance if ysr is used.
Denote Pg = limg o0 Py pjp—1 and Pg, = limg oo P gjp—1- If Pg, < P, then we have limy o0 Py g <
limg 00 P2 k-

Proof. By equation (2.11) we have

Pg, = lim APy AT+ W, (2.35)
and
P, = lim APy AT + . (2.36)

12
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By assumption we have that Pgl < P("}Q and thus Pgl — P(’SQ < 0. Hence we see that

Po = PG, = klgglo (AP s AT — AP, 3, A7),

. (2.37)
= lim A(Pl klk — PQ k|k)A ,S 0.
k— o0 ’ ’
From this it follows that
lim (Pl,k\k - P2,k|k) = lim Pl,k\k — lim PQ,k\k < 0. (238)
k—o00 k—o00 k—o0
O

This last lemma means that optimizing our prior estimate, will result in a better posterior estimate.
Hence to increase the performance of a Kalman filter, we can do this by optimizing the prior or the posterior
estimate. Equipped with these lemma’s, we can prove the next theorem.

Theorem 2. Consider a system xyy1 = Az + Buy + wy with two outputs y1 = Cray + vi g and Yo, =
Cozy + vo ) with E{vl,kvfk} = E{vz’kvgk} = R. Let Py i, be the error covariance of the estimate due to a
Kalman filter using y1 x and let Py i be the error covariance if ya i, is used. Denote P = limy o0 P1 pjp—1
and Pé«Q = limkﬁoo PZ,k\kfl- If

CF (CoPgs, C3 + R)™'Co < CT(C1P5, CT + R)™'Cn, (2.39)
then Pa < sz.
Proof. Recall that by equation (2.12)

Pry = AP: AT — AP; CT(CiPe, O + R)T'CP5 AT + W (2.40)
Hence we see

Ppy = AP: AT — AP; CT(C1Pe, Cf + R)T'CLPE AT + W

< AP AT — AP CF (CoPL Cy + R) ' CoPE AT + W, (2.41)
=P prik-
By Lemma 2 Py ;113 Will be increasing for all £, and hence P¢, < Pp, . O

The next result shows that if the noise becomes relatively smaller compared to the measurement, or
differently stated, that Czy is amplified, the error covariance of the estimate is reduced.

Theorem 3. If Cy = aCy for some 1 < « then Pg, < P, .
Proof. Recall that by equation (2.12)
Pyyipp = APy 1 AT — APy Cf (C1Py—1 CF + R) 'O Py AT + W (2.42)
From this we see that in the limit that k£ — oc:
P = AP; AT — AP CT (C1P5, CT + R) 'O PE AT + W
-1
1 1
= AP; AT — AP; CT — (2021%1 C; + R) Co Py AT + W,
a? \«

1 /1 -t 2.43
= AP} AT — Apglcg’g (042(0213510{ + aQR)) CoPs AT + W, (2.43)

= AP; AT — AP; O3 (CoPg, Cy + ®R)) 1O Ps AT + W,
= AP: AT — AP} CT (CoPs, CF + R)) 'Oy Ps AT + W.

From this we see that P75 is the same error covariance as we would get by estimating the error covariance
using 73 = Cyx + Uy, where vy, has covariance R. However, since R < R we have by using Corollary 1, that
using yo = Chxy, + v, would result in a lower error covariance. O

13
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In the case that C; and Cy are invertible, we can state the following result.

Theorem 4. Consider a system xyy1 = Az + Buy, + wi, with two outputs y1 = Ciag + vik and Yo, =
Cixy + va,. Assume both Cy and Cy are invertible and that R = Ry = Ry. Then the state estimate can be
estimated optimally from y1 1 if and only if

CyR™'CY <CyR'OT (2.44)
Proof. Consider the Riccati update equation
Pk+1|k = Apk‘k_lAT - Apk‘k_lclT(Olpk‘k_lclT + R)ilclpk“g_lAT + W. (245)

The second term in this equation, omitting A and A7 and denoting (C~1)T = C~7, can be rewritten as

Pyj—1C] (C1 Pyjjo—1 CT + R) T C1 Pyt = Pyj—1CF (C1C5 ' CoPypp—1C5 C3 7O + R) ™1 C1 Py,
= Pyp—1CT (C1(C5 ' CoPyu—1C3 C3 7 + CT P RCTT)CT ) 1 O Py,
= Py—101 CT T ((C3 ' CoPys—1C3 C3 7 + CT'RCT ) 10T Cy Py,
= Pk\szl(CQ_l(C2Pk|kflc2T + CchlRCfTCg)CQ_T)_lpk\kfh
= Pyji—103 (C2Pyj—1C5 + C2C07 'RCTTCT) 1 Co Py
(2.46)

Then by Corollary 1 we have that if CoC} 1RC’1_ 1TCQT < R then y; will result in a better estimate of the
state. This is equivalent with

CyR™'CY <CyR7'OT. (2.47)
O

3 Extension to Cascaded systems

Now that we have a solid understanding of how the Kalman filter works for a single system, we will extend

the filtering problem to cascaded systems. With the extension to cascaded systems several questions arise,

namely how to estimates the states. First we will define what we mean by a cascaded system more explicitly.

Consider two systems of the form

5, = { Tik+1 = Aixig + Bug gk + wi g, 7 ie{1,2), (3.1)
Yik = Cizi ) + vk,

where x; , € R" is the state vector for a discrete time step k, u;, € R™ an input function, y; , € RP an
output function and A; : X - X, B; : U — X and C; : X — Y linear maps of appropriate dimension. The
process and measurement noise is assumed to be i.i.d. Gaussian noise with both vectors with zero mean
and covariance W; = E{wzkwlTk} >0and R; = E{vlkvlTk} > 0, respectively. The initial state x;¢ is also
Gaussian with mean #; ¢ and covariance P;o. Furthermore, it is assumed that (A4;, B;) and (A4, Wi%) are
stabilizable and (C;, A;) is detectable for ¢ € {1, 2}.

A cascaded system is defined as the interconnection of two of these systems, where the output of the first
system serves as an input of the second system, such that yo = u;. This is a cascaded system and a block
diagram is shown in Figure 2.

w2 wy

—> 22 E1

Figure 2: A cascaded system
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The interconnection of these two systems can be modelled as follows

- A1 Bi1Cy _— 0 o
= u ,
k+1 0 Ay k By k k

¥ X B = = Azi + Bug + wg, (3.2)
Y1,k ={C1 0)zp + vk,
Yok =(0 Cy)xk + vy,

T2k W2 k

(P P2 (W10
P = (P1T2 ng) , and W = < 0 W2> ) (3.3)

respectively, where we omitted the dependence on k for clarity reasons. By P we mean however Pj;_1.

where x; = ( l’k) and wy, = ( 1’k) and the corresponding (error) covariance matrices are given by

3.1 Detectability and Stabilizability

As we have seen that detectability is an important notion for the existence of an optimal filter, we start by
investigating the detectability of a cascaded system, consisting of two detectable subsystems. We will prove
a stronger result, namely on observability of a cascaded system with observable subsystems. As it will be
shown, since both system ¥; and X, are observable from y; and ys, respectively, and B;Cs # 0 it follows
that 31 x X is also observable from y,. By proving this result, the case where the systems are detectable
instead of observable is guaranteed as well.

Theorem 5. Consider two systems of the form of (3.1). £1 x Xg as in (3.2) is observable from yy if and
only if X1 and Xa are observable from yy and yo respectively and By # 0.

Proof. (=) Assume that the cascaded system ¥; x ¥4 is observable. Then we have for all complex A

A=A BCy
rank 0 As — M | =nq + no. (3.4)
4 0

Then by Fact 2.11.8 in [8] it holds that

A — X B1Cy
rank 0 Ay — A | <rank A1 — Al + rank B1Cx . (3.5)
Cl A2 — A
Cq 0
Since the rank of (Alc,_ /\I> and (ABlciI) are at most ny and ng respectively, it holds that if 31 x 35 is
1 2 —

observable, these matrices have maximum rank for all A € C. So we can conclude that (C1, A;) is observable.
To see that (Ca, A2) is observable as well, note that by Corollary 2.5.10 in [§]

rank B1Ca = rank By 0 Co
Ay — M) 0 I)\Ay—\I ’
) B 0 Cs
Smln(r&nk(o I)’nmk(Ag—)\I>>'

Hence the rank of ( A = A\ I) is at least ng and (Cq, As) is thus observable as well.
o —

(<) Now assume that (Cy, Ay) and (Cy, Ag) are observable. Since ¥; and Y5 are observable from y; and
Y2, we have for all A € C that

C C
rank (Al 1/\I> = ny, rank (A2 2)\1) = ny. (3.7)
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If we consider the following we see that

A — N BiCy Ai—)XN By 0 I 0
rank 0 Ay — AN | =rank 0 0 I 0 Cy , (3.8)
Cq 0 Ch 0 O 0 Ay — )\
Since we have that (Cy, Ay) is observable, we have that for all A
I 0
rank | 0 Co =nq + nag. (3.9)
0 Ay — A
Since this matrix is of full rank we have
A — X BiCy A - B; 0 I 0
rank 0 As — A | = rank 0 0 0 Cy ,
C1 0 Cq 0 0/ \0 Ay—\I
A=A B 0 (3.10)
= rank 0 0o I],
1 0 O
=n1 + No.

O

A second condition for the convergence of the Kalman filter is the stabilizability question with respect
to the covariance noise of the process noise. To ascertain ourselves that this won’t pose a problem, we proof
the following theorem.

Theorem 6. Consider two systems of the form of (3.1). X1 X X is (A, W%) stabilizable if and only if ¥
1 1
and Yo are (A1, W) and (Ay, W) respectively.

Proof. We have that ¥ is (A, W%) stabilizable if and only if for all unstable eigenvalues A

_ 3
rank (A1 7AL BiC Wy Ol =ny + ne. (3.11)
0 As— M 0 W

Premultiplying this matrix with some vector (xT yT) yields

Nl=

(=" y") (AlM BiCy WP 0

) = (2T (A = AD) 2TBCy 4+ yT(Ay — AI) 2TWE  yTWg
0 Az—AIOWf) (+7 G an) #BCo 4y (A =) T )

(3.12)

If (A, Wlé) is stabilizable, then for all unstable eigenvalues of A1 we have that z7 (4; — AI W%) =0

if and only if 27 = 0, see [9]. If (Aa, WQ%) is stabilizable as well and #7 = 0, then (3.12) is zero if and only
if yT = 0 too, and thus (4, W%) is stabilizable. Conversely, assume (A, W%) is stabilizable. Then we have

ny +ne < rank (Al—)\f Wlé) + rank (A27)\] WZ%), (3.13)
which implies the stabilizability of (Aj, Wlé) and (Aa, WQ%). O

3.2 Local and Global estimation

The previous theorems prove that if we are dealing with a cascaded system as in (3.2) and there exists an
optimal filter based on the measurement y;, there also exist optimal estimators of the states of the two
subsystems based on y; and yy. This poses the problem of how to estimate the states optimally. We can
distinguish two cases
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Case 1: Local estimation The Kalman filter is applied after the output y; and y. The update equations
for the error covariance matrices would be given by

P gy = APy g AT — Alpl,k\k—lcl(Olpl,k|k—1cf+R1)7101TP1,k|k—1A{+W17 Piy—o = Pro.
(3.14)

Py gk = AoPo gi—1 AT — AoPy kj—1C2(Ca Pk —1C5 + Ro) ' CJ Py -1 Ay + Wo, P 0= Psp.
(3.15)

In this way the states of the subsystems are estimated locally. For the estimation of the states of Xq,
one could however argue, that it is not reasonable to have perfect information about the input signal Coxop
for ;. It is for a Kalman filter however necessary to have information on the input signal to the system.
Therefore it is suggested to use the measurement ys as an input for the Kalman filter. This results in the
following Kalman prior estimate:

By -1 = A1Tp—1jp—1 + B1(Coza 1 +vo1-1),

) (3.16)
= A1Zp_1jp—1 + B1C2x2 -1 + Biva -1,
and posterior update
e = T g1 — Ki(C121 k-1 — Y1,k)- (3.17)

From the prior and posterior estimate we can see that the Kalman filter gain K will be influenced by this
noise in the input. The exact influence of this noise on the filter gain is, however, beyond the scope of this
thesis. We modeled a penalty for this noise by increasing the process noise. This yields that we model
system 1 as

T = Az + Biug +w
s, = 1,k+1 1,k 1Uk 1,ks (3.18)
Y1,k = C121,1 + V1K,

where w;  has covariance Wi + B, RgB?. The error covariance of the prior estimate will thus be updated
according to

Py i1k = APy g1 AT — A1 Py g1 C1(CL Py -1 CT + Ra) 'CT Py js—1 AT + Wi + B1RoBY (3.19)
Py k=0 = P1 .

Case 2: Global estimation The cascaded system is treated as one system and only the output y; is used

and the filter is applied to jointly optimize the estimates of the states. In this case we are estimating the

state of the system as given in (3.2). The update equation for the error covariance due to a Kalman filter is

given by

Pygrjk = APy—1 AT — AP 1 CT (CPyi—1C" + Ry) 7' C Py AT + W, Pr—o = P, (3.20)

were Py = (PlTl’O P12’0).
Py Pao
From now on we will omit the dependence on k of the error covariance matrix P unless it is necessary for
clarity reasons. The trace of P;; and Pss correspond to the error in the estimate of 31 and X5 respectively.
Since eventually we are interested in minimizing these traces we are mainly interested in P;; and Pss. To
make a comparison with Case 2, we will derive an explicit expression for these update equations from equation
(3.20). Denote A1 = B1C5 and note that we are dealing with the following matrices:

_ (A Ax _ (Wi 0
A_<O A22>, C=(C1 0), W_<0 W2>, (3.21)
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Py Prio
= , R=R, 3.22
(PE P22> ! (3.22)

First we compute APAT and APC”, such that we can alos compute APCT(CPCT + R)CPAT:

APAT — A1 (P AT + PoALY) + Aro (P AT, + Py AL) 0
pPAT = 0 Agy Pop AT
224224199 (3 23)
+ 0 A1 P AL + Ao Py AL
A1 P1o AL + A1aPan AL 0 ’
APCT — A1 PiCT + Aya Py OT (3.24)
B Aga Py CF ’ '
T
T T -1 v (A1 PCT + A1a Py CF T 1 (A1 PO + Ay Py CF
AH?@H?+R)CR4_( et (CLP.CT + R) Pt .
(3.25)
Multiplying these results in a block matrix P, where the blocks are given by
P22(k =+ 1) = AQQPQQA,%'Q — A22P2101T(01P1101T + R)7101P12A22 + W, (326)
Pii(k+1) :A11P11A1T1 — A11P1101T(01P1101T + R)7101P11A?1
+ A1 PiaAfy — A1 P1iCT(C1 Py CT + R) 71O Pra A, (3.27)

+ AP AT, — A1 Py CT(CL P CT + R0 P AT
+ A1aPas A]y — A12Po1 CT(C1 P CT + R) ™1 CL P AT, + W,

Pio(k+1) = (A1 Py + A1aPo) AL, — (A1 PLCT + A Py CHY(CLPLCT + R)TIC PR AL, (3.28)

Whereas there is not much rewriting of Pas(k+1) or Pia(k+1), we can rewrite Py1(k+1) in the following
ways

Pll(k’ + 1) = <A11 A12) P (All A12)T

P 0 _ Py 0 (AT (3.29)
— (An mﬁ(ﬁﬂgcuaa¢f+m)%f<§ HJ(1O+W5

3.3 Performance comparison

The estimation error covariances resulting from estimating the states in Case 1 and Case 2 will in general not
be the same. This has bee proven by [10]. This means that one of the two cases will in general be optimal,
given the parameters. It is, however, difficult to predict on forehand from the parameters which case will be
the optimal case.

If one considers the error covariance matrices from the Y5 in both cases one notices that the global
estimation of the state of 35 depends not only on the measurement y;. It also depends on the cross
covariance Pjo. The local estimation depends mainly on ys and hence one has to compare two very different
filters. As an example, consider the systems

1
2 3

Y2,k =Xk + V2k,

1
_ 2
o Tojt1 = < ) Tak + Baug + wy g,
2 pu—

(3.30)
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and

Y1,k

Tk + Bioog +w
0 2 1,k 122k 1,k

=2X1k T V1k-

(3.31)

If we have that W; = W5 = I and take B; = 10I, then we have that with two different covariance matrices
Ry we get two relatively different error covariance matrices for the state. The result of a simulation with
R1 = Ry = 0.1 and a simulation with R; = 0.1/ and Rs = 2I is shown in Figure 3.

Estimation error

Estimation error

8 T T T 10 T T T
—— Global Pyy | | Global Pys
7 / —— Local Py 9 B ——Local Py [
/ 8t |
6 / 8
/ i ,
51 1 6l .
a3 a5
Xl 1850 / 1
& s
3l / i 4+ -
- 3l “s“ i
2r ) /
2 B
1p ] e a
0 | | | | | | | 0 | | | | | | | |
1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10

(a) The trace of the error covariance with Ry = 0

B, =101.

Time step k

B, =101.

.11 and(b) The trace

Time step k

of the error covariance with Re = 27 and

Figure 3: A comparison of Kalman filter performance with different noise covariance.

Estimation error

T T
S Global Pay
_— —— Local Py
/
20 - / B
/
/
/
15 . //" -
[0 /
B /
< /
10 1
51 4
0 Il Il Il Il Il Il Il Il
1 2 3 4 5 6 7 8 9
Time step k

Figure 4: The trace of the error covariance with Ry = 27

10

and B; = 1.

The results of this simulation come with a rather intuitive explanation. As the measurement ys becomes
worse, i.e. has noise with a large covariance, the measurement y; will become favourable to use for estimating
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9. Similarly, if there is a weak coupling between 7 and X, that is, the influence of x5 on x7 can be
considered small, then the estimate of x5 from y; will become worse. This is shown in Figure 4. Here we
modelled the weak coupling by having By = I instead of By = 101.

Measurements with a low covariance matrix Re will not only result in a good estimation of x5, but also
in a good estimation of z1. As one can see in equation (3.19), the error covariance of 1 also depends on Rs.
This is due to the fact that having a very accurate measurement ys, is equivalent to knowing the input of
31 very accurately. The optimal Kalman filter assumes that the input of a system is known, and therefore
one obtains the best linear estimate if Ro = 0. This means that the error covariance of the local estimate of
1 tends to the optimal estimate of x1 as Ry tends to zero.

As an example, consider the system

T = % 0 To  + Boup +w
S — 2,k+1 1 % 2.k 2U 1,k (3.32)
Y2,k = Tok + Va2 i,
and
I + +
x = T x Wk,
9, = 1,k+1 0 2 1,k 2.k 1,k (3.33)

Y1,k =2X1,k T Vik,

with covariance matrices Ry = 51, Ry = I and W; = W3 = I. The result of a simulation is shown in Figure
5a. The fact that the local estimation of x; becomes worse than the global estimation does not necessarily
mean that the overall global estimation of z1 and x5 is better than the sum of the local ones. This is shown
in Figure 5b, where we modelled Ry = 2.57 instead of 51.

This shows that in general, the better the measurement g5, the better both local estimates become. In
general one can conclude that if one has a very good sensor to measure ys, it is very likely that the local
Kalman filters will result in a general lower error covariance of x; and xo. If it is, however, the case, that
the sensor measuring y; is much better than the sensor of ys, it will be more probable that using global
estimation will result in a better state estimate.
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Estimation error

Estimation error
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(a) The trace of the error covariance with Ry = 51. (b) The trace of the error covariance with Ry = 2.51.

Figure 5: A comparison of Kalman filter performance with different noise covariance.

4 Optimal control

Now that we have investigated the Kalman filtering problem, we can start investigating the optimal control
problem for our cascaded system. Since we can model our cascaded system as a system of the form zp 1 =
Az + Buy + wg, we can design an optimal controller for this system. To do so properly, we will first
investigate the optimal control problem for stochastic systems. This is followed by a simulation, where we
investigate the influence of packet dropout on the performance of the controller.

4.1 Optimal control for stochastic systems

It is well known that for deterministic systems the optimal controller consists of an optimal state estimator
and an optimal linear actuator. This is due to the fact that there is perfect communication assumed between
the controller and the estimator. This would yield a standard LQG controller that aims to minimize the
control cost function and it is assumed that the controller has access to the exact value of the state. When
dealing with stochastic systems this is not a feasible assumption, and one has to deal with imperfect state
information. Therefore, if one is dealing with a stochastic system such as

(4.1)

o) Tt = Az, + Buy, + wi,
Yk = Cxyp, + vg,
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with covariance matrices W and R for the process and measurement noise respectively, the main goal in
the optimal control problem, is to find an input sequence {u(k)}, such that the expected value of the cost
function is minimized. This means that we desire to minimize

N—-1
Jy =E {szvQNxN + Z (x} Quar + UkaUk)} . (4.2)
k=0

As it will turn out, we can reduce this problem, to a problem with perfect state information. We will show
that for the system in equation (4.1) the optimal controller is also separable into a state estimator and an
actuator. Once this problem is understood, we can investigate it’s application to our cascaded control system
as we have done in the previous section. The investigation of this problem follows very similar lines as [11].

To reformulate this problem such that it is a perfect state information problem, define as a new state of
the system the information vector

Ik = (y07y1a"'ayk7u0;u1a-~-auk—1)- (43)

Assume that this information vector is available at the controller. This means that the controller has access
to the observations and inputs up to time step k and k — 1, respectively, and thus we have perfect knowledge
of this new state. For this new state, Zy, the input is ux and yx41 can be viewed as a random disturbance.
Furthermore we have

P(yr+1 | Zies ur) = P(Yrs1 | Zi, ks Yo, - Yk ) (4.4)

since ¥, ..., yr are part of the information vector Z. Here P(z | y) denotes the probability of event x
occurring given the occurrence of event y. This means that the probability distribution of yx41 depends
explicitly only on the state Zj, and the input uy. Denote E, ,{-} for calculating the expected value for - with
respect to a and b and setting all other variables to constant. By writing

E{A]}k + Buy + wk} = E{Ezk,wk {A.Tk + Buy, + wg | Tk, uk}}, (45)
we can similarly reformulate the cost per stage as a function of the new state Z; and the control input wy:
IN-1(In-1) = glvin Eun 1on 1 ATN_1@N-1ZN—1 + uk_1VN_1uN_1
+ (Azn-1 + Buy_1 +wn_1)" (4.6)
-QN((Azn_1 + Bun—1 +wn—_1) | In_1}].
Since E{wn_1 | Zy-1} = E{wy_1} = 0, this expression can be written as
IN-1(In-1) =Eoy {2y 1 (ATQNA+ Qn_1)zn—1 | In-1},
+Euy {wy 1 @nwn-1} (4.7)
+ 1?1\171}11 [UYZ\}il(BTQNB + Vn_1)un-—1 + QE{CCN,l | INfl}TATQNBuN,ﬂ.

Equation (4.7) is minimized when the last term is zero. To find the value for uy_; we take the derivative
with respect to uy—1 and set it equal to zero. This gives an optimal input uj,_; as follows

uy 1 =—(B"QnB+ Vn_1) ' BQNAE{zN_1 | In_1}, (4.8)
and upon substitution in (4.7) we obtain
IN-1(In-1) =Euy {ah_ 1 Mi_125-1 | In_1,
+Eon_, {(evo1 —E{zn_1 | In-aD) Sn_i(en—1 —E{zn_1 | In-1}) (4.9)
+ EwN—l{wgleNwal}a
where the matrices My_1 and Sy_1 are given by
My_1 =ATQNB(BQNB + Vn_1) 'BQnNA,

. (4.10)
Sno1=A"QNA—Pn_1+ Qn-1.
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Note that E{xy_1 | Zy_1} is the expected value of the state at the time instance N — 1 given the inputs
and outputs up to time step N — 2 and N. This is exactly equal to the estimate of xy_1 generated by a
Kalman filter. If we continue the dynamic programming algorithm for period N — 2, we have that

In_2(In_2) = lelvin I:]ECDN72,wN,2,yN72{x%—ZQN72xN72 + Uk _oVN—sun—2+ In_o(In_2 | In-2,un—2)}]
UN_2

=E{z}_,Qn—_2an_2 | In_2}
+ I?Iin [uh_oV—oun—2 + E{a}_;Sn_12n-1 | In—2, un_2}]
UN_2
+E{wy_,Qnwy_1}

+E{(zn-1 —E{zn_1 | IN—I})T} My 1 E{(zny-—1 —E{zn_1|Zn-1})
(4.11)

The last line in equation (4.11) is left out of the minimization, for it does not depend on ux_z. This is
proven by the next lemma. The lemma essentially says that the quality of the estimate E{x) | Z;} is not
influenced by the choice of control input.

Lemma 7. For every k, there is a function My, such that we have
xp — E{ak | Zp } = Mp(20, Wo, <oy Wp—1, V0, «ovy Vg—1), (4.12)
independently of the input being used.
Proof. Fix an input and consider the following two systems. In the first system, the control input is used,
Trr1 = Az + Buy + wg, yr = Cxi + g, (4.13)
whereas it is not considered in the second system,
Tpt1 = ATy, + w(k), (k) = Cz(k) + v(k). (4.14)

Consider the evolution of these two systems when their initial conditions are identical, i.e. xg = Z¢y as well
as the noise vectors w(k) = w(k), v(k) = v(k), for all k. Consider the vectors

Yi = (Yo, - k)", Yi = (Yo, - Ji) "

Wi = (wo, o wi), V= (vo,eve)”, Uk = (ugy ooy up)” (.15
Linearity implies the existence of matrices Fj, Gy and Hy such that
ffk = kafO"‘Gkkal + Hp Wi 1k, (4.16)
Ty = Frzo + HWg—1.
Since the vector Uy_1 is part of the information vector Iy, we have Up_1 = E{Uy_1 | Zx}, so
E{xy | i} = FxE{xo | T} + GkUk—} + HyE{W}, | Z).} (4.17)
E{z | I} = FrE{Zo | Zt.} + HLE{W} | Z\}
From this we can see that
vy — Bl{oy | T} = 7 — BE{Zx | T} (4.18)
From the equations for y; and gy in equations (4.13) and (4.14), we see that
Vi =Y — RUk—1 = SiWi_1 + T Vi, (4.19)

where Ry, Sy and T} are some matrices of appropriate dimension. Thus, the information provided by
Ty, = (Yi,Ug—1}) regarding Zj, is summarized in Yy, and we have E{Zj | Z,,} = E{Zj | Y}, such that

T — ]E{.’bk | Ik) =T — E{i’k | Yk} = Mk(il,'(hwo, ey WE—1, Vo, ...,Uk). (420)
[
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If we now return to (4.11), we see that the dynamic programming algorithm for period N —2 is optimized
by

uy_ o= —(BTSy 1B+ Vn_o) 'BTSy 1AR{zNn_o | In_2}. (4.21)
This proves that we can proceed similarly to obtain the optimal input sequence {u(k)} for every stage where
u(k) is given by

u* (k) = LiE{x(k) | Zi.}, (4.22)
where the matrix Ly is given by

Ly, = —(BTSp41B + Vi) ' BT S A, (4.23)
with the matrices K} given recursively by the Riccati equation

SN = QNv

E = ATS; 1 B(BTSy41B + Vi) BT S, 1 A, (4.24)

Sk = ATSj 1A — By + Q.

An interesting observation is that the optimal controller for the imperfect state information case is again

a linear combination of an optimal state estimator and an actuator. This make the Kalman filtering problem
in the previous section an even more important topic. For the better the state estimate will be, i.e. the

better the Kalman filter performs, the lower the control cost will be. With this understanding of how the
the optimal controller works, we can continue applying this theory the cascaded setting.

4.2 The cascaded setting and packet drop-out

As has been shown in the previous section, the expected value of the cost function is minimized by applying a
linear actuator and an optimal state estimator. In the first section we have investigated how to estimate the
state of a cascaded system optimally. As it turned out, in some cases, estimating the states of the subsystems
locally was optimal compared to estimating them globally. With respect to wireless communication systems,
this means that both estimates also have to be send and received by the controller. This might pose a
problem, in case one of the two state estimates does not arrive for some reason. To investigate this, we will
consider such a setting. Recall that we consider the cascaded setting of the form

x = A1B102x+0u+w
k+1 = 0 A, k By k k>

¥ x ¥g = = Azy + Bug, + wy, (4.25)
Y1,k = (Cl 0) Tk + U1k,
Y2,k = Coma i, + V2 -

Let us define a control cost as follows:
T-1
Jr=E {x%W&JT + Z x{kwlxl,k + sz,ngxzk + ufUuk} . (4.26)
k=0

It follows from the theory above that the input sequence {uy}, that minimized the expected value of the
cost function, can be computed backwards by the following formula

Ug = _(BTQk+1B + U)_lBTQk+1A£%2k‘k

o (4.27)
= —Gy, ' Lidy,

with

_ W, 0
Qr = AT Q1A+ Wy — ATQri1 B(BT Q1 B+ U) ' BT Qi1 A, QN = ( 01 W2> . (4.28)
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If we consider a cascaded system with an optimal controller, where the states are estimated locally by a
Kalman filter and sent to the controller, we are dealing with a setting as is depicted in Figure 6. We can
assign a probability to the event of a packet arriving. Some properties of the performance of the controller
in relation to the packet arrival probability will be investigated in a simulation study.

Disturbance wsq Disturbance w;

RX-BLOCK l l
. | Controller - System 2 b2 System 1 1
LT R A )
| Receiver — Transmitter [<— Kalman Filter 2 !
: Zm Lo Tm 1
RS Lo :
E — Transmitter «<— Kalman Filter 1< |
-------------------------- [ T, |
"""""""""""""""""" TX-BLOCK
Figure 6: Block diagram of the cascaded system with control block
As an example, consider the system
T = i 0-9 Tok +up +w
Sy = e % 2,k k 2,k (4.29)
Yo,k = 2x9p, + Vo i,
and
11 n n
x = T+ W1 ko,
5, = 1E+1 g o) Lk T TLE Lk (4.30)

Y1,k =Tk + V1,

with covariance matrices W7, = Wy = I and Ry = Ry = 0.11. These matrices guarantee that the local
estimation is indeed optimal. As a cost function consider

T—1
Jr=E {x%[mT + Z m{kfml’k + 4x£k1x2,k + uf[uk} . (4.31)
k=0

In most engineering applications ¥; is an unstable system and hence loosing information on the state of
31 can pose a big problem. Since Y5 is often a stable system, information loss on the state of 35 is often
less of a problem. Investigating packet drop-out between the state estimator of 3, is, however, beyond the
scope of this research. Therefore we will focus on the packet drop out between the estimator of X5 and the
controller. It is thus assumed that the state of ¥ is always delivered. In this case one can think of the
state of X5 being communicated wireless, whereas the state of ¥; is communicated via a wire. We denote
the Boolean variable v = 1 if a packet arrives and hence the probability of the packet arrival is denoted
P(y = 1). The results of three simulations are shown in Figures 7, 8 and 9. The probability of a packet
dropout for the wireless link is given by P(y = 1) = 0.85, P(y = 1) = 0.90 and P(y = 1) = 0.95 respectively.
We plotted the mean cost, which is the sum over every cost per step, devided by the amount of steps.
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Figure 7: The mean cost and cost per step of when 85% of the packages arrive.
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Figure 8: The mean cost and cost per step of when 90% of the packages arrive.
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Figure 9: The mean cost and cost per step of when 95% of the packages arrive.

As one can see, the average control cost per step decreases for growing packet arrival probability. One
sees also that at a certain pack-out probability the stability is not guaranteed anymore. This is in accordance
with the results in [3]. In order to find the expected value of the control cost,the simulations were repeated

500 times for different packet arrival probabilities. The results are shown in Figure 10.
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Figure 10: Expected mean control cost per step.
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Figure 11: The mean cost and cost per step for estimating the state globally.

A simulation where we estimate the state globally is shown in Figure 11. Running these simulations also
500 times and calculating the average mean control cost, result in an expected average mean control cost of
5.7278%103. This also shows, that for a sufficiently low packet arrival probability of the second Kalman filter,
estimating the state globally becomes more favorable, if the packet arrival probability of the first Kalman
filter is P{y =1} = 1 in both cases.

5 Conclusion and recommendation

In retrospect we have investigated the optimal control problem for cascaded stochastic systems and analyzed
the Kalman filtering problem for this type of systems. We analyzed the Kalman filter and proved under
which conditions the resulting error covariance matrix converges to a steady state value. As it turned out,
having less process and measurement noise, results in a lower error in the state estimate. We have also seen
that if there are multiple outputs available for the Kalman filter, they do not necessarily result in the same
error covariance. We achieved some results on the dependence of the steady state error covariance on the
choice of measurement, but there are still questions unanswered and lead to our first recommendation for
further research.

In our analysis of the dependence on the choice of output, we have results depending on the steady state
value of the error covariance. Furthermore we have results comparing outputs with an invertible C' matrices
or C' matrices which where scalar multiples. It remains to investigate how one can predict what output will
result in the optimal error covariance matrix without computing the steady state values for at least one
output. Similarly, one would like to obtain results for comparing outputs of different dimensions. This could
also help in the analysis of the performance of a distributed Kalman filter.

So far we have compared two ways of state estimation for a cascaded system, which we called local and
global estimation. We did this by means of a simulation. These simulations show that the performance
of the two cases mainly depended on the covariance of the measurement noise and the coupling strength
between the two systems. The fact, that there are no firm theorems on the conditions for a specific case to
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result in an optimal state estimate, gives rise to more research.

As it seems so far, the current paradigm in doing research on (distributed) Kalman filtering is to inves-
tigate a given system with a given output. Given a specific set up, there are many papers on optimizing
algorithms and combining information from the given sensors. The question of which general output equa-
tion is more favorable compared to another one is a relatively new question resulting from the increase of
system complexity and networks. Therefore, a lot of results are yet to be obtained in this area.

After the investigation of the Kalman filter problem for the cascaded setting, we gave an introduction
to optimal control for stochastic systems. It turned out, that the optimal controller was separable into an
optimal state estimator and a linear actuator. With this theory, we designed an optimal controller for a
cascaded system and investigated the influence of packet drop-out on the performance of the controller. By
means of a simulation study we have shown that the expected control cost increases as the packet arrival
probability decreases. In the simulation it was assumed that only a part of the state was communicated
wireless, whereas one could also investigate the case where the arrival of the whole state is uncertain. An
interesting question would be if the results of [3] could be extended to the cascaded setting. The simulations
suggest, that the stabilizing property of the controller can be guaranteed if the arrival probability is above
a certain threshold. However no firm claims can be made based on these simulations.

Furthermore, the simulation study shows, that estimating the states globally becomes favorable compared
to local estimation if the packet arrival probability of the second Kalman filter drops below a certain threshold
value. It remains to investigate the case where the communication link between the first Kalman filter and the
controller also becomes uncertain. Perhaps one can find a trade off between the Kalman filter performance
and the packet arrival probabilities. It remains to investigate how the behaviour of the controller would be
influenced by the packet drop-out between the estimator of ¥; and the controller.

In general, one can conclude that extending the optimal control problem with packet drop out to cascaded
systems is not straight forward. There are a lot of questions yet to be answered.
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