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ABSTRACT

In this thesis, an overview of research in the field of torsion subgroups of elliptic curves over
algebraic field extensions of Q is provided. This field of research is currently very active. In
2018, a result was published by Daniels et al. showing that the torsion subgroup of an elliptic
curve is finite, when the underlying field is a Galois extension of Q and contains only finitely
many roots of unity. The proof of this result is discussed in this report. Furthermore, the
compositum of all prime degree extensions is treated. For this field extension, a sufficient
criterion is provided for which the prime torsion of an elliptic curve over this field is trivial.
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1 Introduction

The main topic of this thesis is the torsion subgroups of elliptic curves over algebraic field
extensions of Q. In the past years, many new results in this topic have been uncovered, and
there is continued interest in this field of study.

Around the start of the 20th century, it was found that an elliptic curve over a number
field forms a finitely generated abelian group. This group has a finite torsion group. A lot of
research has since been dedicated to finding a classification of the torsion subgroups of such
elliptic curves. The question was expanded to elliptic curves over infinite extensions of Q,
and results have been obtained for example for the composita of all degree 2 and all degree 3
extensions of Q.

This report first of all aims to give a historical overview of what has been done in this area
of research, while introducing all relevant concepts that are necessary to properly understand
the results. Special attention is payed to one very recent result, published by Daniels, Lozano-
Robledo, Najman and Sutherland [I]. We will look at a proof that was provided in this article
and fill in details, aiming to make it more understandable for people who are less familiar
with the field.

We will continue to provide a general approach that can be applied in the search for the
torsion subgroup of an elliptic curve over a certain field. We will provide a few results that
can be applied very generally, and may be helpful in classifying torsion subgroups in new cases.

Finally, we will show an application of this general approach. The field that we will consider
is the compositum of all extensions of Q that have prime degree. We will give a sufficient
criterion for the prime torsion of an elliptic curve over this field to be trivial.



2 Preliminaries

2.1 Field extensions

In this section, some basic definitions in the area of field theory will be summarized. These
will first be stated, and then be made explicit by means of an example. A more elaborate
treatment of this topic can be found in section 21 of [24].

We will start with the notion of a field extension, which we will need throughout this re-
search. A field extension is a pair of two fields, of which the first is a subfield of the second.
Important and well-known examples of field extensions are Q C R and Q C C.

The smallest subfield of a field is called its prime field. This prime field can be charac-
terized by a notion we call the characteristic of a field K. If the prime field is finite, it is
isomorphic to a finite field of prime order p. In this case the field K is said to have charac-
teristic p, and we write char(K) = p. On the other hand, if the prime field is infinite, it can
only be isomorphic to Q. K is then said to have characteristic zero, or char(K) = 0. In this
last case, we can talk about the field extension Q C K. In this research we will only consider
fields with characteristic zero.

If we have a field extension Q C K, we can consider K as a vector space over Q. This
is used define the concept of the degree of a field extension.

Definition 2.1 The degree of a field extension Q C K 1is defined as the dimension of K
viewed as a Q-vector space. The degree is denoted by [K : Q).

We will only be interested in particular field extensions, which are called algebraic. To un-
derstand what is meant by this, we first need to define the notion of an algebraic element of
a field extension K C L.

Definition 2.2 Let K C L be a field extension. An element o € L is called algebraic over
K if there exists a nonzero polynomial with coefficients in K, of which « is a zero.

The extension K C L itself is called an algebraic extension if every element of L is algebraic
over K.

If an extension Q C K is such that the degree [K : Q] is finite, the extension is automatically
algebraic [8, p. 2-3]. In this case, the field K is called a number field.

As an example, consider the field Q[v2] := {a + bv2 | a,b € Q}. Q is a subfield of this
field, so we can consider the field extension Q C Q[v/2]. It follows that Q[v/2] has character-
istic zero.

To determine the degree of this extension, we consider Q[v/2] as a vector space over Q. The
pair {1,1/2} serves as a basis, so this vector space has dimension 2. We can conclude that the
degree [Q[v2] : Q] = 2.

It can also be shown that the extension is algebraic. For example, the element v/2 is a zero
of the polynomial X2 — 2, which has coefficients in Q. Hence /2 is an algebraic element.
In a similar way, for each element of the form a + by/2 it is possible to construct a poly-
nomial with coefficients in Q of which it is a zero: the polynomial z? — 2ax + a® — 2b* =



(x — (a+bv2))(z — (a — b\/2)) serves this purpose. The extension is therefore algebraic, and
its degree is finite. It follows that Q[v/2] is a number field.

Another useful notion is that of an algebraic closure. First of all, a field K is called alge-
braically closed if all algebraic extensions of K are trivial, i.e. if for any algebraic extension
K C L it follows that K = L. Intuitively this means that all elements that are algebraic
over K are already in K, and hence a nontrivial extension must contain elements that are not
algebraic over K.

Definition 2.3 An algebraic closure of a field K is an extension field K of K such that

e K C K is algebraic,
o K is algebraically closed.

For every field an algebraic closure exists, and it is unique up to isomorphism. This means
that if we find two distinct fields satisfying the definition of an algebraic closure of K, these
two fields are isomorphic.

Q denotes an algebraic closure of Q. In this text, we fix Q to be the algebraic closure of Q
that is contained in the field of complex numbers C. All extensions of Q we will encounter
in the sections to follow are considered as subfields of this algebraic closure. For such fields
K C Q, we have K = Q.

2.2 Elliptic curves

Now that we have introduced some general notions in field theory, we can use these to under-
stand the main structure that is important in this research, namely that of an elliptic curve.
The theory in this section is mainly based on [25].

Elliptic curves can be defined as the solution set of a degree three polynomial equation in
the variables x and y. The general form of this equation is

y2 + a1y + azy = xS + a2x2 + a4x + ag

where a1, as,a3,a4 and ag are constant elements in some field. This equation is called the
generalized Weierstrass equation.

If the characteristic of the field is not equal to 2 or 3, an invertible coordinate transformation
can be performed to obtain an equation of a simpler form. If we perform the substitutions

2
yr—ry— %% —az/2and x — x — é(az + %1), we obtain an equation of the following form:

v’ =23+ Az + B (1)

where z and y are again variables, and A and B are constant elements in the field. We call
this equation the Weierstrass equation. Because our research is concerned with fields of
characteristic zero, we can focus on the form of equation .

If A and B are elements of a field K, we say that the elliptic curve is defined over K.
This is denoted as E/K. If K C L is a field extension, we can look at the set of L-rational
points F(L) on the elliptic curve, which consists of all solutions of the Weierstrass equation
with coordinates in the field L, together with one extra point co. The reason for adding this
point will become clear later.



Definition 2.4 Let E/K be an elliptic curve defined by the Weierstrass equation y? = 3 +
Ax 4+ B. Let K C L be a field extension. The set of L-rational points of E, denoted by
E(L), is defined as

E(L)={(z,y) € Lx L|y* =2+ Az + B} U {occ}.
The element oo is called the point at infinity.

The addition of the point at infinity is necessary to introduce a group law on the set E(L).
This group law turns F(L) into an abelian group in which oo serves as the identity element.
The construction of the group law can be visualized easiest if we look at elliptic curves with
coordinates in R. In this setting we can plot a graph of the elliptic curves in the (z,y)-plane.
Two representative examples are shown in figure

(a) y? =a® —x b)y?=a3+u

Figure 1: Graphs of two elliptic curves over R [25] p. 10].

An elliptic curve over R has either three distinct real roots (figure or one real root (figure
11b)). We want to exclude the case in which the curve has a multiple root, because in this case
the curve has a singular point. In order to do this we introduce the concept of the discriminant
of an elliptic curve. We define the discriminant as

A = —16(4A3 + 27B?).

An elliptic curve is nonsingular if and only if its discriminant is nonzero [23| Prop III.1.4].
From now on we require all elliptic curves to be nonsingular.

We will first describe the group law on an elliptic curve E(R) graphically (see figure ,
and then give the general formulas. First of all, consider two distinct points P, = (x1,¥1)
and P» = (z2,y2) in E(R) \ {oo}. Draw a line [ through these two points. In the case that
P, = P, we define [ to be the tangent line to the elliptic curve at P;. If [ is not vertical,
it will intersect the curve in a third point, which we call P. This can also be a double
intersection point if the line is tangent to the curve in P; or P,. The reflection of Pj in
the z-axis, Ps, is what we define to be the sum of P, and P,. In the case that [ is a vertical
line, we define Py + P» = oo. We also define that P+o0o = co+ P = oo for all points P € E(R).



.
£

Figure 2: Addition of points P; and P [25] p. 12].

The group law defined in this way turns E(R) in an abelian group. The definition below
makes the graphical construction more explicit, and generalizes to elliptic curves over general
fields K.

Definition 2.5 [25, Sec. 2.2] Let E be the elliptic curve defined by y* = z3 + Ax + B, with
A,B e K. Let Py = (xz1,y1) and P» = (z2,y2) be two elements in E(K) \ {oo}.
We define the coordinates of the sum Py + Py = Py = (x3,y3) as follows:

1. If x1 # 2, then
T3 = m? —x1 — 22 and y3 = m(x1 — x3) — Y1,

where m = 2= is the slope of the line through P and Ps.

2. If x1 = xo but y1 # yo2, PL + P = o0.

3. If P =Py and y1 # 0, then

xr3 = m2 — 2x1 and Yz = m(x1 - x3) — Y1,

3z3+A

where m = Sy is the slope of the tangent line to E at P;.

4. If PL =Py and y1 = 0, then Py + P, = o0.

5. forany P € E(K), P+oo=00+ P =P.

Note that we can see using this definition that if P; and P are in E(K), then the coordinates
of P are also in K. Hence E(K) is closed under the addition operation. Showing associativity
becomes very technical because of the case distinction in the definition. The complete proof
which shows how this addition operator turns F(K) into an abelian group can be found in
sections 2.2 and 2.4 of [25].



2.3 Maps between elliptic curves

It is possible to describe maps from one elliptic curve to another. These maps can be classified
based on how much structure they preserve.

Let E; and E3 be two elliptic curves (defined over a field K). A map « : By — Ej is
called a morphism when it is defined at every point of F7, and its coordinate functions are
given by rational functions with coefficients in Q. A morphism is a map that preserves the
projective curve structure of elliptic curves. In this thesis, we will not go into the details of
projective space and projective curves. An introduction to this topic can be found in [23].

A map a : Fy — FEs is called an isogeny if it is a morphism, and furthermore the
point at infinity is mapped to itself, i.e. «(occ) = oo. It can be shown that an isogeny

a: B (K) — E»(K) is a group homomorphism [25, Thm 12.10], and hence preserves the
group structure of the elliptic curve. To define properties of isogenies, we introduce a standard
form for the rational functions that define the isogeny.

Lemma 2.6 [25, p. 50-51] Let Eq, E5 be elliptic curves defined over a field K. Let a: By —
Es be an isogeny. Then o can be written in the form
p(x) u(x
a(z,y) = () ( )y>

q(z)" v(z)

with p(x), q(z), u(z),v(z) € K[z].
If g(z) = 0 or v(z) = 0, we have a(x,y) = oo.

We say an isogeny on an elliptic curve F/K is rational if the rational functions it is given
by have coefficients in K. In this case we also say that the isogeny is defined over K.

We define the degree of an isogeny as follows:

deg(a) = Max{deg(p(z)),deg(q(x))}

Furthermore, we say « is separable if the derivative of % is nonzero.

For separable isogenies, there is a relation between the degree and kernel of . Here we
focus on nontrivial isogenies, i.e. isogenies that do not send every point to oo and are there-
fore nonconstant. These isogenies are automatically surjective [23, Thm I1.2.3]. For fields of
characteristic zero, every nonconstant isogeny is separable [25, p. 51], which is why separable
isogenies are of particular interest for us.

Proposition 2.7 [25, Prop 12.8] Let a : By — FEy be a nontrivial separable isogeny of an

elliptic curve E/K. Then deg(a) = #ker(«), where ker(a) C E(K).

In Section [5| we will make use of isogenies of a certain type. Their properties are defined
below.

Definition 2.8 We call an isogeny « : By — Eo cyclic if ker(«) is a cyclic subgroup of

Ei(K). An n-isogeny is a cyclic isogeny of degree n.



The following result is useful in showing the existence of an isogeny in particular cases.

Proposition 2.9 [23| Prop 111.4.12, Remark I11.4.13.2] Let E1/K be an elliptic curve and let
® be a finite subgroup of E1(K). Then there are a unique elliptic curve Es/K and a separable
isogeny « : By — Ey satisfying ker(a) = ®.

Furthermore, If ® is invariant under the action of Auty(K), Then we can find an elliptic
curve By and separable isogeny « that are both defined over K.

We say that two nontrivial isogenies « : £y — Fs and ¢ : £y — F3 are equivalent if and
only if they have the same kernel. Namely, nontrivial isogenies are surjective. When they
have the same kernel, there exists an isogeny 7 : Ey — F3, which has an inverse, such that
¢ = moa [23, Cor I111.4.11]. Hence av and ¢ only differ by an isomorphism of elliptic curves.

2.4 Torsion points

We will now focus on a particular map, the multiplication-by-n map on an additive abelian
group G. For the rest of this report, we will denote by N the set of natural numbers starting
at 1,ie. N={1,2,3,...}. For a number n € N, the map

n]:G— G

is given by
n|(P)=P+...+P

with n terms in the right-hand side. We can extend this definition to all integers Z, by for
n < 0 defining [n](P) = [-n](—P), and furthermore letting [0](P) = 0 for all P € G (where 0
denotes the identity element of G).

When applied to an elliptic curve, the addition on the right hand side is given by the addition
operation of Definition For an abelian group G, the multiplication-by-n map is a group
endomorphism.

Using the map [n], we can define the n-torsion subgroup G[n] C G. This subgroup consists
of all elements P of order n, i.e. elements for which [n]P is equal to the identity element. We
can recognize these elements as elements of the kernel of [n]:

Gln] = {P € G| [n]P = 0}.

Note that G[n| has a group structure. Namely, if P,Q € G[n|, then [n]|P = [n|Q = 0. Because
[n] is a homomorphism of groups, we obtain [n](P — Q) = [n]P — [n]Q = 0—0 = 0. Hence
P — @ € G|n|, which implies that G[n] is a subgroup of G.

We can also define the full torsion subgroup of G, consisting of all elements that have
finite order. This set can be obtained as

Giors = | GInl.
n=1

A third related concept that will be useful to us is the p-primary component of G. This
is the subgroup of all elements of G whose order is a power of p, where p is a prime number.
We will denote this subgroup as follows:

G[p™] = {P € G| P € G[p'] for some i € N}.



The torsion subgroup and p-primary components are again subgroups of G.

Because we defined a group law on elliptic curves, we can apply all the concepts above in
this setting. Let E/K be an elliptic curve and K C L. In this case, the multiplication-by-n
map on F(L) is an isogeny. Furthermore, if F is defined over K, then [n] is also defined over
K [23].

In the setting of elliptic curves we then obtain
E(L)[n] ={P € E(L) | [n]P = oo}.

Similarly,

E(L)tors = | E(L)In]. (2)

An important result about n-torsion subgroups of elliptic curves is the following:

Theorem 2.10 [25, Thm 3.2] Let Q C K be an algebraic field extension, and let E/K be an
elliptic curve. Then for allm € N

E@)[n] = Z/nZ & Z/nZ.

The @-sign indicates a direct sum. We will also use the notation (Z/nZ)? = Z/nZ & Z/nZ.
Recall that because Q C K is an algebraic extension, Q is the algebraic closure of K.

Theorem [2.10| gives a characterization of n-torsion subgroups for arbitrary elliptic curves
over algebraic extensions of Q. It states that these subgroups are always of the form of a
direct sum of two finite abelian groups. This is a very powerful characterization.

An important consequence of Theorem [2.10] is that we can find a two-dimensional basis for
E(Q)[n]. Namely, Z/nZ @ Z/nZ is a free Z/nZ-module of rank 2, which implies that there
exist a basis of two elements for this module. We can thus also find a basis of two elements
for E(Q)[n]. The explicit isomorphism of Theorem depends on the choice of this basis.

Theorem will prove to be useful in finding a description of the full torsion group (as
defined in ) A description of such a torsion group will not be fully general, but depends on
which field and which specific Weierstrass equations are considered. In the next section, we
will see an overview of existing literature concerning the full torsion groups of elliptic curves
over specific fields.



3 Torsion subgroups of elliptic curves over extensions of

3.1 Torsion subgroups of elliptic curves over number fields

We will start by focusing on elliptic curves over number fields. Recall that this means that
the extensions of Q we consider are finite. We will first show that a torsion subgroup over
such a number field is always of a particular form. It will then turn out that a very general
result can be obtained about these torsion subgroups, which only depends on the degree of
the field extension and not on the specific field or curve.

In 1922, it was shown by Mordell [20] that the abelian group E(Q) of Q-rational points
on any elliptic curve F/Q is finitely generated. In 1929 Weil [26] proved that the same state-
ment is true for the group of K-rational points F(K), where K is a number field and E is
defined over K. The following theorem therefore applies to these groups.

Theorem 3.1 (Fundamental Theorem of Finitely Generated Abelian Groups) IfG
is a finitely generated abelian group, it can be decomposed uniquely as follows:

G2Z" ®(Z/mZ) ® (Z/nZ) ® --- B (Z/niZ)
where v >0, n; > 2 for all1 <i <k andn; | niy1 for 1 <i<k—1.
From this theorem, it also follows that Gyors = @le Z/n;Z (the subgroup of all elements of

finite order) is a finite group.

For elliptic curves over number fields K, we can even derive a stronger statement.

Theorem 3.2 Let E/K be an elliptic curve, where K is an algebraic field extension of Q. If
E(K)iors is finite, then
E(K)tors 2= Z/nZ @ Z/nmZ

for some n,m € N.
To prove this theorem, it is useful to start by introducing a few useful definitions and results.

Definition 3.3 The exponent of a group G, denoted by exp(G), is defined as the least com-
mon multiple of the orders of all elements in the group, if this exists. Otherwise the exponent
s taken to be infinity.

If exp(G) < oo, it follows from this definition that for each element g € G, its order must
divide the exponent of the group. Hence [exp(G)]g = 0 for all g € G. The following result
about the exponent of a finite group can be obtained.

Proposition 3.4 Let G be a finite group of order n. Then exp(QG) is finite and it divides n.

Proof. 1t follows from Lagrange’s theorem that in a finite group, the order of each element
divides the order of the group. Hence all elements have finite order. Their least common
multiple is then also finite. Furthermore, if all numbers in a certain set divide n, then their
least common multiple, which is in this case exp(G), also divides n. |

The next two lemmas characterize the m-torsion subgroups for groups of the from @le Z/n;Z
with k,n; € N. These results will be useful in the proof of Theorem

10



Lemma 3.5 Let m,n € N be such that m | n. Then
(Z/nZ)m| = Z/mZ.
Proof.

€ (Z/nZ)m] < ma=0
<= n|ma
n
— —la
m
= ac 7

m
< ac (EZ) /nZ.
m
Hence (Z/nZ)[m] = (XZ)/nZ.
Note that Z/mZ = (;7)/nZ by the explicit isomorphism
¢:Z/mL —s (%Z) /nZ
a+mz— [ﬁ} a + nz.
m

It follows that (Z/nZ)[m] = (;5Z)/nZ = Z/mZ. ]

Lemma 3.6 Let G = @ Z/n;Z with k,n; € N. Let m € N. Then

k

G[m] = @(Z/niZ)[m).

i=1

Proof.
(a1,...,a;) € GIm] <= [m|(ai,...,ar) = (0,...,0)
<~ ([m]ai,...,[mlay) = ( ,0)
< a; € (Z/n;Z)[m] for allze{l Jk}
k
= (a1,....ax) € P@/ni2)
i=1

We can now use these results to formulate the proof of Theorem

Proof of Theorem We assume that E(K)yrs is a finite group. By Proposition
the exponent of E(K)irs then is a finite number. Let us define m = exp(F (K )iors). Then
for each P € E(K )iors, we have [m|P = oo. It follows that E(K)iors € E(K)[m].

Note that K C Q implies that E(K) C E(Q), which in turn implies that E(K)[m] C E(Q)[m].
From Theorem we know that F(Q)[m] =2 (Z/mZ)?. It follows that

E(K)tors € E(Q)[m] = (Z/mL)?, 3)

11



hence E(K );ors is isomorphic to a subgroup of (Z/mZ)?.
We also know as a result of Theorem that F(K)¢ors = @le Z/n;Z where n; | njq.

Let p be a prime such that p | n;. Then p | n; for all i = 1,..., k. Lemma implies
that (Z/n;Z)[p| = Z/pZ. Using Lemma we obtain

= (Z/pL)". (4)

This also means that, unless k = 0 and E(K )5 is the trivial group, E(K);ors has an element
of order p. In this case p | m. We can then, using Lemmas and conclude that

(Z/mZ)*[p] = (Z/mZ)[p])* = (Z/pL)*. ()

From it follows that E(K)[p] is isomorphic to a subgroup of (Z/mZ)?[p]. Using and
(B), this translates into (Z/pZ)* C (Z/pZ)?. The only way in which this is possible is when
ke {0,1,2}.

We conclude E(K)iors = @?:1 Z/n;Z where ny | na, and ny1,ng € N. This can be written as

E(K)tors = Z/nZ & Z/nmZ
with n,m € N, as desired. [ |

The integers n and m in Theorem depend both on the coefficients that define the Weier-
strass equation of E, and on the field K over which the elliptic curve is considered. Note
that for number fields K we know that F(K )5 is finite, and hence in this case we can apply
Theorem Attempts have been made to obtain more specific results for particular number
fields. We will now give an overview of some of these results.

In 1977, Mazur found a description of all possible forms the torsion subgroups of elliptic
curves over the rational numbers could take.

Theorem 3.7 (Mazur) [I7] Let E/Q be an elliptic curve. Then

Z/mZ with 1 <m <10 0or m =12, or

E ors =
@k {Z/QZ B 7Z/2mZ with1<m < 4.

Which particular group is attained depends on the coefficients of the Weierstrass equation of
the elliptic curve. The theorem lists all possible group structures that can occur, and all of
them actually do occur. This means that for every group mentioned in Theorem [3.7] there
exists an elliptic curve E/Q such that E(Q);ers is isomorphic to this group.

From this theorem, we see in particular that there is only a very restricted number of possibil-
ities for the torsion subgroup, considering the large amount of different Weierstrass equations

12



the theorem applies to. The maximum number of torsion elements for a group F(Q) is equal
to 16, the number of elements in the group Z/27Z & Z/8Z. Hence we have a bound for this
number of elements which does not depend on the elliptic curve E.

A result similar to Theorem was determined for elliptic curves over number fields of
degree 2, also called quadratic number fields. Kenku and Momose [11] started with this in
1988, and it was finished in 1992 by Kamienny [10].

Theorem 3.8 [11,10] Let K be a quadratic number field, and E/K an elliptic curve defined
over this field. Then

Z/mZ with 1 <m <16 or m = 18, or
Z2L & Z)2mZ  with1 <m <6, or

Z/37.® 7)3mZ withm =1or 2, (onlyif K =Q(\/3)), or
ZIAZ S L)AL (onlyif K = Q(v/-1)).

E(K)tors =

Again the specific form depends on the field K and the elliptic curve E. In this case, we
again find that if we look at any quadratic number field K, we can find an upper bound for
the number of elements in E(K );ys which is independent of E. In this case the number 24 is
such a bound, the number of elements in Z/27 & Z/127. This upper bound is even valid for
all quadratic number fields.

It was conjectured that such an upper bound on the number of elements in the torsion group
might exist also for fields extensions of a degree higher than 2. In 1996, Merel [19] indeed
proved that there exists a uniform bound on the number of elements in E(K);yrs. This bound
depends only on the degree of the extension Q C K, and not on the particular number field
K or the coefficients of the elliptic curve FE.

Theorem 3.9 (Merel) [19] For all positive integers n, there exists a constant B(n) > 0 such
that
#E(K)tors < B(n)

for all number fields K that satisfy [K : Q] = n, and for all elliptic curves E/K.

Theorem [3.7] and [3.8) make this bound explicit for extensions of degree 1 and 2, respectively.
Namely, the only degree 1 extension is Q C Q, and hence from Theorem [3.7] we saw that we
can choose B(1) = 16. Similarly, from Theorem [3.8|it follows that we can choose B(2) = 24.

Naturally, attempts have been made to also find explicit descriptions of the torsion groups
of elliptic curves over higher degree number fields. These attempts have however only been
partially successful. From private conversations it was understood that for cubic fields (degree
3), a general description analogous to Theorem has very recently been found. This has
however not yet been published. For higher degree extensions, no general results have been
obtained yet.

It is possible to obtain more specific results when we only consider the set of elliptic curves
that are defined over Q. In other words, we restrict the coefficients in the Weierstrass equa-
tion to rational numbers. In this case, a description of the torsion subgroups that appear over
quadratic and cubic extensions has been found by Najman [21].
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The discussion above describes torsion subgroups of elliptic curves over number fields, i.e.
over finite algebraic extensions of the rational numbers. The word ’finite’ is essential here.
The next step is to look at elliptic curves with elements in infinite extensions Q C K. This
means that the field K is an infinite-dimensional vector space over Q. In this case, the group
E(K) is no longer automatically finitely generated. Theorem can therefore no longer be
applied to obtain a description of its torsion subgroup. In some specific cases we can however
show in a different way that F(K) still has a finite torsion subgroup.

3.2 Torsion subgroups of elliptic curves over infinite extensions of QQ

We will now look into elliptic curves over infinite algebraic extensions of Q. We consider fields
K with Q C K C Q, for which the degree of Q C K is infinite. The requirement that K is
contained in the algebraic closure of Q ensures that K is an algebraic extension of Q.

We will first look at fields of a specific form. To describe these, we need the notion of a
compositum of fields. We will use a slightly restricted definition that requires the fields to be
contained in a common field. This definition is sufficient for our purposes, because all fields
we consider are subfields of Q.

Definition 3.10 Let L be a field and (K;)icr a collection of fields, all of characteristic zero,
such that K; C L for alli € I (where I is some indexing set). The compositum of the fields
(K)ier 1s the field generated by the elements of each K;. It can be written as Q(U;er K;). This
is the smallest subfield of L containing each of the fields K;.

A field Q(V'), where V is some set, can be described as follows:

QWV)={f(vr,...,vn) | neN, feQ[zy,...,xn], v1,...,0, € V}.

We will consider the compositum of all number fields of a certain degree d. We will look at
the torsion subgroups of elliptic curves over such a compositum.

Definition 3.11 For all d € N |, Q(d*) denotes the compositum of all field extensions of
degree d:

Q(d*) == Q({a € Q| [Q(e) : Q] = d}).

We will focus our attention again on elliptic curves that are defined over Q. In this case, for
all d > 2 the group E(Q(d*>)) is not finitely generated [3, 6]. This means we can not use
Theorem to obtain information about its torsion group. However, the torsion groups have
been studied for d € {1, 2, 3}.

For d = 1, Q(d*) is simply equal to Q. Hence we arrive at the torsion subgroup struc-
ture already described in Theorem

The case d = 2 has been described by Laska, Lorenz [16] and Fujita [4, [5]. In this case the
compositum can be characterized as Q(2°°) = Q({y/m | m € Z}). The group E(Q(2*)) is
not finitely generated, but the torsion subgroup E(Q(2°°))irs was found to be finite. The
classification of all possible structures of the torsion subgroup can be found in Theorem 2 of
[5].

This year, in 2018, Daniels, Lozano-Robledo, Najman and Sutherland [I] published an ar-
ticle in which they described the torsion subgroup for the elliptic curves over Q(3°°), the
compositum of all cubic fields. Their result is the following.
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Theorem 3.12 [I, Thm 1.8] Let E/Q be an elliptic curve. The torsion subgroup E(Q(3%))iors
s finite, and isomorphic to a group of one of the following forms:

Z)2Z®T/2mZ  withm =1,2,4,5,7,8,13, or
Z)AZ D ZL/AmZ withm =1,2,4,7, or

Z/6Z @ Z/6mZ withm =1,2,3,5,7, or
Z)2mZ & Z/2mZ with m = 4,6,7,9.

E(Q(goo))tors =

We again see that there is a finite number of possibilities for the torsion subgroup.

A more general result that was presented in the same article [I], deals with elliptic curves
over fields that are Galois extensions of Q. The definition of a Galois extension will be pre-
sented in the next section. In the following theorem, the concept of roots of unity in a field
K is mentioned. An element z € K is called a root of unity if there exists some positive
integer n for which z" = 1.

Theorem 3.13 [Il Thm 4.1] Let E/Q be an elliptic curve, and let K be a (possibly infinite)
Galois extension of Q. Assume K contains only finitely many roots of unity. Then E(K)iors
1s finite.
Furthermore, there exists a uniform bound B, depending only on K, such that for every elliptic
curve E/Q

#E(K)tors < B.

This theorem says that if we impose certain properties on a field, then similar to the situations
before, the torsion group of an elliptic curve over this field is finite. We can find a bound for
the number of elements in this group, which does not depend on the elliptic curve E/Q.

In the next section, we will introduce some new concepts that will help us to formulate a
proof of Theorem [3.13] The main objective there is to fill in details in the proof provided by
Daniels et al. [I] to make it more self-contained and accessible. This proof will be formulated
in Section [Bl
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4 Galois Theory

4.1 Introduction to Galois theory

In the proof of Theorem and the sections to follow, we will make use of a very powerful
theory called Galois theory. We will give a brief introduction of general Galois theory, which
is applicable to infinite field extensions. For finite extensions, many details are less compli-
cated, but since we will also be dealing with infinite extensions this is not sufficient. Only
the relevant and useful results are treated here. A more elaborate treatment can be found in
lecture notes by Stevenhagen [24], on which this section is based.

First of all, let K C L be an algebraic field extension. Then for every element a € L,
there exists a polynomial ff € K|x] which is the monic polynomial of minimal degree in K |[x]
such that « is a zero of fi¥. A monic polynomial is a polynomial for which the coefficient
of the highest power of z is equal to 1. This unique polynomial f% is called the minimal
polynomial of o« over K. We can use this concept to define two important notions.

Definition 4.1 Let K C L be a field extension. An element o € L is called separable over
K if its minimal polynomial over K, f, has no multiple roots. A field extension K C L is
called separable if all a € L are separable over K.

Definition 4.2 [24, Def 23.12] A field extension is called normal if for each o € L, its
minimal polynomial over K splits into linear factors in L|x].

We use these notions to formulate a definition of a Galois extension.

Definition 4.3 A field extension K C L is called Galois if it is algebraic, separable and
normal.

The Galois group of K C L is defined as Gal(L/K) := Autg (L) (The group of field auto-
morphisms of L that act as identity on K ).

The following theorem states the well-known Galois correspondence. It makes use of the
notion of closed subgroups. In order not to get stuck on the details, we refer to Section 28 of
[24] for the construction of the used topology.

Theorem 4.4 (Galois Correspondence) [24, Thm 28.8] Let K C L be a Galois extension
with Galois group G. Let M be the set of all subfields F such that K C F C L, and let H be
the set of all closed subgroups of G. There exists an inclusion reversing bijection:

v M—H
F — Autp(L).

The inverse is given by ¥~ (G) = LY, where LE is the subfield of L consisting of elements
that are fized by G.

Let F € M. Then F C L is Galois with Galois group H = (F) = Autp(L). For each
o € G, the field o(F) € M corresponds to the group c Ho~' under ¢p. The extension K C F

is mormal if and only if H is a normal subgroup of G. In this case K C F is Galois and
Gal(F/K) = G/H.
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It follows from this theorem that if we look at an extension Q C K C Q, we have that Q C K
is Galois if and only if Gal(Q/K) <1 Gal(Q/Q), where <1 indicates a normal subgroup. If this
is not the case, the following concept can be useful.

Definition 4.5 Let K C L be an algebraic field extension. The normal closure of this
extension is the smallest field M containing L for which K C M is a normal extension.

For all algebraic extensions, such a normal closure exists and is unique up to isomorphism.

4.2 Galois Representation

In this section, we will show how Galois theory can be useful in the context of elliptic curves
and their torsion subgroups. We start with the following useful result.

Proposition 4.6 [24] Thm 23.8] Let K be a field of characteristic zero. Then every algebraic
extension of K is separable.

Consider the extension Q C Q. It follows directly from the definition of an algebraic closure
that this extension is algebraic. Proposition implies that it is also separable. Q C Q is
also automatically normal. To see this, note that all zeros of every polynomial over Q are
by definition algebraic over Q. It follows that all these zeros are in the algebraic closure Q,
hence every polynomial splits into linear factors in Q[x]. We conclude that Q C Q is Galois,
by Definition We can speak of its Galois group Gg := Gal(Q/Q) = Autg(Q).

Let us now look at the group E(Q) for some elliptic curve E/Q. The Galois group Gg
can act on the elements of F(Q) coordinate-wise in the following way: for P = (z,y) € E(Q)
and o € G, we let 0(P) = (0(x),0(y)). Note that since E is defined over Q, o(P) is again a

point on the elliptic curve:

v’ =23+ Az + B
o(y?) = o(a® + Az + B)
o(y)? =o(z)® + Ao(x) + B.

The last step follows from the fact that ¢ is a homomorphism that acts as identity on Q, and
A, B € Q. We define o(00) = oo.

It can be observed that Gg also acts on the group E(Q)[n]. Namely, if P = (z,y) € E(Q)[n],
then [n]P = co. Recall from Section that the isogeny [n] is defined over Q, so any o € Gg
acts as identity on the coefficients of [n]. We thus have [n](c(P)) = o([n|P) = o(c0) = 0.
This implies that o(P) € E(Q)[n].

We can furthermore show that o acts as an automorphism on E(Q)[n], because o is an au-
tomorphism on Q. Namely, if o(z1,y1) = o(z2,¥2), then (o(z1),0(y1)) = (o(x2),0(y2)).
Because ¢ is injective this implies 21 = 22 and y; = 2, so o acts injectively. Because E(Q)[n]
is a finite group (Theorem , this implies that the action is automorphic.

The action of Gg on E(Q)[n] therefore induces a so-called Galois representation

przn : G — Aut(E@)[n]). (6)
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We consider Aut(E(Q)[n]) as a group, In which case the map pg,, is a homomorphism of
groups.

The automorphism group of Z/nZ @& Z/nZ is equal to the general linear group GLa(Z/n7Z),
which consists of all 2 x 2 matrices with coordinates in Z/nZ that are invertible. Such a
matrix is invertible if and only if its determinant is a unit in Z/nZ. From Theorem m
we can deduce that Aut(E(Q)[n]) & GL2(Z/nZ). The explicit isomorphism depends on the
choice of basis for E(Q)[n] that defines the isomorphism in Theorem We will denote by

YEn - Aut(E(Q)[n]) — GL2(Z/nZ)
such an explicit isomorphism.

We can define the field Q(E[n]), obtained by adjoining the z- and y-coordinates of points
in E(Q)[n] to the field Q. This is a subfield of the extension Q C Q.
Note that ¢ € Gg is in the kernel of pg,, if and only if it fixes all coordinates of points in

E(Q)[n], in other words, if and only if it fixes Q(E[n]). Hence Q(E[n]) = @ker(pE’"). The
Galois correspondence then imples that

Gal(Q/Q(E[n])) = Autggn)(Q) = ker(ppn).-

Gal(Q/Q(E[n))) is thus the kernel of a group homomorphism, and therefore a normal subgroup
of Gg. It follows, again from the Galois correspondence, that the extension Q C Q(E|[n]) is
Galois with Galois group Go/ker(pg.n)-

By the first isomorphism theorem, this Galois group is also isomorphic to the image of pg .

It is thus a subgroup of Aut(E(Q)[n]). Now using the isomorphism ¢f,, we obtain that
Gal(Q(E[n])/Q) is isomorphic to a subgroup of GLy(Z/nZ).

18



5 Proof of a uniform bound for torsion subgroups

In this section, we will elaborate on the proof of Theorem given by Daniels, Lozano-
Robledo, Najman and Sutherland in their article [I]. We will walk through their implicit
intermediate steps and in this way provide a more self-contained explanation of their work,
which is understandable for people who are less familiar with this field of research.

In this entire section, we will work under the assumptions of the theorem. So F is an el-
liptic curve with coefficients in Q, and K is a Galois extension of (Q containing finitely many
roots of unity.

The finiteness of E(K)rs will be shown in three separate steps. We will start by show-
ing that E(K )ors is isomorphic to a direct sum of its p-primary components. This shifts the
problem to showing that this direct sum is finite. Secondly, we will show that the p-primary
component of E(K )ors is nontrivial for only finitely many primes p. Thirdly, for these primes,
we will show that the p-primary component is finite. These three results together then imply
that E(K)iors is a finite group. The uniform bound on the number of elements of E(K s
will follow directly from the proof.

5.1 Direct sum of p-primary components

We will prove the following proposition in the general setting of abelian groups.

Proposition 5.1 Let G be an abelian group. Then the torsion subgroup Giors s isomorphic
to the direct sum of the p-primary components of G.

Proof. Let g € Giors. Then g has some finite order m, for which [m]g = 0. Consider its prime
factorization m = Hle Pyt

Let m; = m/p;*. We have that gecd{m, ..., my} = 1. This implies that there exist l1,...,l; €
Z for which Zle ly;m; =1 (this is a generalization of Bézout’s identity).

Let g; = [m;]g. We obtain
k

k
g= [Z Lmi| g=">_[lilgi

i=1 i=1
Note that [p;‘] g; = [p;’] [mi]g = [m]g = 0. Because m is the order of g, this implies that
p;’ is the order of g;. It follows that g; € G[p$°], and so is [l;]g; (because G[p$°] is a group).
Hence g can be written as a sum of elements of the p-primary components of G. Because this
reasoning is true for any g € Giors, We can conclude that Giops is the sum of the p-primary

components of G.

Furthermore notice that whenever p; # py for two prime numbers, we have that G[p$°] N
G[p3°] = {0}. This implies that the sum of p-primary components of G is actually a direct
sum, which concludes the proof. |

Because E(K) is an abelian group, Proposition tells us that we can write

P EE)p™] (7)

p prime

E(K)tors

12
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In order to show that E(K ) is finite, we can focus on showing that the above direct product
is finite. This is how we will proceed.

5.2 The p-primary component is nontrivial for only finitely many p

To show that there are only finitely many p-primary components of E(K );ys that are non-
trivial, we need a few intermediate results first. We will first try to say something about the
p-torsion subgroups E(K)[p]. Recall from Theorem that E(Q)[p] = (Z/pZ)?. Because
E(K)[p] is a subgroup of E(Q)[p], it must be isomorphic to a subgroup of (Z/pZ)?. For a
prime number p, (Z/pZ)? only has 3 distinct isomorphism classes of subgroups. The order of
a subgroup of (Z/pZ)? must divide p?. First of all, if a subgroup has exactly p? elements, we
obtain the full group (Z/pZ)%. Secondly, we have the trivial subgroup {(0,0)}, which has only
one element. The final possibility is a subgroup of order p. If we look at (Z/pZ)? as a Z/pZ-
vector space, the subgroups of order p are exactly the one-dimensional subspaces of (Z/pZ)?.
these are the cyclic groups generated by elements of the form (a,b) € (Z/pZ)? \ {(0,0)},
which are isomorphic to Z/pZ. To summarize, the three isomorphism classes of subgroups of
(Z/pZ)? are the following:

o (Z/pZ)?,
» 7/DZ,
e {0}.

What we will do is make a rough classification of the cases in which E(K)[p] is in each of
these three isomorphism classes.

One of the useful concepts we will need in order to do this is a map called the Weil pair-
ing. To define this map, let n be a positive integer. We will make use of the group of nth
roots of unity in Q, defined as follows:

pn={z€Q|z" =1}

This is a cyclic group of order n. The Weil pairing is a map

en : E(Q)[n] x E(Q)[n] — pn

for some elliptic curve FE, that satisfies a set of properties. The following theorem ensures the
existence of such a mapping.

Theorem 5.2 (Weil pairing) [25, Thm 3.9] Let K be a field of characteristic zero, let E /K
an elliptic curve and let n € N. Then there exists a Weil pairing

en : E(@Q)n] x E(Q)[n] —
satisfying:
1. e, is bilinear in each variable:

en(Sl + SQ,T) = en(Sl,T)en(SQ,T)
en(S,T1 +T2) = en(S, T1)en (S, Tz)

for all S,S1, 8, T,T1,T> € E(Q)[n].
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2. If e,(S,T) = 1 for all T € E(Q)[n], then S = oo. Similarly, if e,(S,T) = 1 for all
S € E(Q)[n], then T = oo.

3. en(T,T) =1 for all T € E(Q)[n].
4. en(S,T) = en(T,S)~t for all S, T € E(Q)[n].

5. en(0(8),0(T)) = o(en(S,T)) for all o € Aut(Q) that are the identity map on the coef-
ficients of E.

6. en(a(S),a(T)) = e, (S, T)%*9) for all separable endomorphisms o of E.

We introduced the Weil pairing because it has some results that will become useful in proving
Theorem These results rely on the fact that there exists a basis of two elements of

E(Q) Sectlon .

Corollary 5.3 [25, Cor 3.10] Let {T1,Ts} be a basis of E(Q)[n]. Then e, (T, Ts) is a primitive
nth root of unity, meaning it is a generator of .

Corollary 5.4 [25, Cor 3.11] If E(Q)[n] C E(K), then u, C K.

Proof. Let o0 € Autk(Q). Let {T1,T>} be a basis of E(Q)[n]. By assumption, E(Q)[n] C
E(K), so Ty and T» have coordinates in K. Hence o(T1) = T1 and o(T2) = T». It follows
from property 5 in Theorem that

en(T1, T2) = en(0(T1),0(Ts)) = o(en(T1, T2)),

and hence e, (T}, T?) is fixed by all 0 € Auty(Q). We conclude e, (T1,Ts) € Q . By

the Galois correspondence, K = ¢ 1(¢(K)) = v 1 (Autx(Q)) = @AMK(Q). It follows that
en(T1,T3) € K. By Corollary we know that e, (T1,T5) is a primitive nth root of unity,
and hence it generates u,. We conclude u,, C K. |

—Aut K

For the rest of this section we will again restrict to an elliptic curve E/Q and a field K
that is a Galois extension of Q containing only finitely many roots of unity. We have the
following lemma.

Lemma 5.5 [I, Lemma 4.3] Let E/Q and let K be as in Theorem . Then E(Q)[n] C
E(K) for only finitely many n € N.

Proof. Assume E(Q)[n] € E(K) for an infinite number of n € N. Then by Corollary for
all these n, u, C K. Since u, is cyclic for all n € N, each p, contains an element of exactly
order n. Therefore there is at least one unique root of unity for each number n. It follows
that K contains an infinite number of roots of unity, which contradicts the initial assumption.
We conclude that F(Q)[n] C E(K) for only finitely many n. ]

It follows from Lemma that E(K)[p] = E(Q)[p] for only finitely many prime numbers
p. Hence there are only finitely many primes p for which E(K)[p] = (Z/pZ)?.

Next we would like to characterize when E(K)[p] can be isomorphic to Z/pZ, and for this
we will rely on a result about n-isogenies. The next result gives a restriction on the rational
n-isogenies that can occur for elliptic curves defined over Q. It is based on results by Mazur
[18] and Kenku [12, 14} 13} 15].
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Theorem 5.6 [I, Thm 4.4] Let E/Q be an elliptic curve with a rational n-isogeny. Then
either n <19 or n € {21,25,27,37,43,67,163}.

We will use this theorem to find a restriction on when E(K)[p] can be isomorphic to Z/pZ.

Lemma 5.7 [1, Lemma 4.5] Let E/Q, and let K be as in Theorem[3.13 If E(K)[p| = Z/pZ,
then p < 163.

Proof. We will prove this lemma by first showing that there exists a rational p-isogeny of F,
and then applying Theorem

First of all, E(K)[p] is a subgroup of F(Q), so by Proposition there is a separable isogeny
a of E with ker(a) = E(K)[p]. By assumption, F(K)[p| is isomorphic to Z/pZ. Therefore
ker(a) is a cyclic group of order p. Because « is separable, Proposition implies that
deg(a) = p. Hence « is a p-isogeny.

In Section we showed that the group F(Q)]p] is stable under the action of Gg = Gal(Q/Q),
meaning that the action permutes the elements in E(Q)[p]. Because Q C K is Galois, a com-
pletely analogous argument shows that F(K)[p] is stable under the action of Gal(K/Q). Hence
E(K)[p] = ker(«) is Galois-stable. Proposition [2.9|implies that we can choose « such that it

is defined over Q, and hence rational. By Theorem [5.6], we obtain that p < 163. |

We will use Lemma [5.5] and [5.7] to finalize the second part of our proof of Theorem [3.13

Lemma 5.8 Let E/Q, let K be as in Theorem[3.15 Then E(K)[p™] is nontrivial for only
finitely many primes p.

Proof. By assumption K contains only a finite number of roots of unity, so we can define
the number m to be the maximum of the orders of roots of unity in K. Furthermore define
n = max{m, 163}.

Let p > n be prime. Since p > m, K does not contain a root of unity of order p. Hence
pp ¢ K. From the contrapositive of Corollary it follows that E(Q)[p] ¢ FE(K). Hence
E(K)[p] # E(Q)[p], and E(K)[p] 2 (Z/pZ)?. Recall that this means that either E(K)[p] =
Z/pZ or E(K)p] is trivial. Now from Lemma it follows that if E(K)[p] = Z/pZ, p must
be less than or equal to 163. Because this is not the case, E(K)[p] is trivial.

We will now show that this implies that also the p-primary component of F(K) is trivial.
For assume there is some P € E(K)[p™] such that P # oo. Then [p°|P = oo for some e € N,
where p° is the order of P. It follows that [p]([p®~!]P) = oo, so [p*~!|P € E(K)[p]. Now
either [p®~1] P # oo, which contradicts the fact that E(K)[p] is trivial, or [p° ] P = oo, which
contradicts the fact that p€ is the order of P. Hence such a P can not exist and we conclude
that F(K)[p>] is trivial.

The p-primary component of E(K )5 is therefore trivial for all p > n. [ |

5.3 Finiteness of p-primary components

The last part in proving Theorem [3.13] will be showing that all p-primary components that
are nontrivial have a finite number of elements. We will again make use of Theorem
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Lemma 5.9 [I, Lemma 4.6] Let E/Q, let K be as in Theorem . Let p be prime, and let k
be the largest integer for which E(Q)[pF] C E(K). If E(K )iors contains a subgroup isomorphic
to Z/ka ® Z/PZ with j >k, then E admits a rational P ~*-isogeny. Moreover,

4 ifp=2,
3 ifp=3,
j—k<{2 ifp=5,
1 ifpe{7,11,13,17,19,43,67,163},
0 otherwise.

Proof Because E(K)i,rs contains a subgroup isomorphic to Z/p*Z @ Z/piZ, we can choose
Q € E(K) a point of order p’. Recall from Section that we can find a Z/p’Z-basis for
E(Q)[p?]. Let {P,Q} be such a basis.

Let 0 € Gg. By the action of the Galois representation (Section , a(Q) € E(Q)[p’]. We
can thus write 0(Q) = [a]P + [b]Q for some a,b € N. Rearranging gives [a|P = o(Q) — [0]Q.
Recall that Q C K is Galois, which implies from the Galois correspondence that o(K) = K
and hence o(Q) € E(K). It follows that [a|P € E(K).

Let t be the power of p in the prime factorization of a. Then [a]P € E(K)[p’~!]. Note
that [p']Q € E(K)[p’~!] as well. Because P and @ are linearly independent, so are [a]P and
[p']Q, and hence {[a]P, [p!]Q} is a basis for E(Q)[p’~!]. Both basis elements are in E(K), so
we conclude that F(Q)[p’~!] C E(K ). It follows from the definition of k that j —t < k.

We obtain j — k < t, and hence p/~* is a divisor of a. We can write a = p?*¢ for some ¢ € N.

We can show that E admits a rational p’~* isogeny by constructing a subgroup of E(Q)
that is cyclic of with degree p/~*, and furthermore Galois-stable.

Consider the subgroup ([p*]Q). By Proposition there exists a separable isogeny « of E
with ker(a) = ([p¥]Q). First of all note that ([p*]Q) is cyclic by definition. Secondly, because
Q has order p’, we know that [p*]Q has order p? ¥, so ([p*]Q) has p’~* elements. Proposition
then implies that deg(a)) = p’~*. This shows that « is a p/“*-isogeny.

To show Galois-stability, let o € Gal(Q/Q). Then

a(p"Q) = [p"o(Q) ("] is defined over Q)
= p")([a] P + []Q)
= P[P P+ [0]Q)
=[PP + [bp")Q
= [blp*1Q € (P"1Q) (P € E@Q)[p')

So ([p*]Q) 1S indeed Galois-stable. This implies by Proposition [2.9| that we can choose « as a
rational p? *-isogeny.

Theorem now restricts the possible values of p ~*. The restrictions on j — k follow directly
from the possibilities listed in this theorem. [ |

Lemma will be useful in showing the last ingredient to our proof of Theorem showing
that all p-primary components of E(K);ors are finite.
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Lemma 5.10 Let E/Q, and let K be as in Theorem . Let m be the mazximum order of a
root of unity in K, and let n = maxz{m,163}. Then for all primes p < n, E(K)[p>] is finite.

Proof. Let p < n be prime. First of all, note that
E(K)[p] C E(K)[p°] € --- C E(K)[p'] € - C B(K)[p™].

Furthermore each E(K)[p'] is finite (Theorem [2.10). We want to show that E(K)[p>] C
E(K)[p'] for some i € N.

Let k be the largest integer for which E(Q)[p¥] C E(K) (which exists by Lemma . For
this k, we have E(K)[p*] = (Z/p*Z)?. Let us assume that there is some j > k, such that

E(K)[p™] # E(K)[p’] (3)
(if this is not the case, E(K)[p>] C E(K)[p*] and we are done). For this j, we have
(Z/p"2)* ¢ E(K)P'] € (Z/P'L)". 9)

The first set inclusion follows from and the second one follows because E[p’] € E(K) by
definition of k. The C symbol in @ is taken in a broad sense, in this case meaning ”is iso-
morphic to a subset of”. We will use this convention more often without explicitly mentioning
it.

It follows from (9) that E(K)[p’] will be of the form Z/p'Z & Z/p'Z for some k < i < j
and k < 1 < j. Note that this means E(K)[p’] € E(K)[p"{4]. It follows from that
either ¢ or [ must be equal to j. Because the other number is greater than or equal to k, we
obtain

Z/p*Z o /L C E(K)[p].

This means the conditions for Lemma [5.9 are met, and this lemma says that j — k < 4. So
for all j > k + 4 we have E(K)[p’~!] = E(K)[p’] and hence E(K)[p>®] C E(K)[p**4]. This
shows that the E(K)[p™>] is finite. |

Taking together (7)), Lemma and Lemma we can derive that E(K)ps is isomor-
phic to a finite direct sum of finite groups. We conclude that E(K ) is finite.

Note that the number of elements in E(K)ps is equal to the product of the number of
elements in each p-primary component E(K)[p°]. The number of nontrivial p-primary com-
ponents is bounded by n (as defined in the proof of Lemma . Note that the value of n
only depends on the chosen field K. From the proof of Lemma [5.10] it follows that for each
prime p < n, we have E(K)[p™] C E(K)[p**t*]. We also have #E(K)[p***] < #E(Q)[p*™] =
#(Z/p*+42)? = p**+49) | The number of elements in E(K)[p>] is therefore bounded by p?¢+8.
The maximum value of this k over primes p < n, is bounded by the value of m (the maximum
of the orders of roots of unity in K) through Proposition The number m in turn only
depends on the field K. It follows that a uniform bound on the order of E(K):yrs can be
given, depending only on the field K. This bound actually only depends on the maximum of
the orders of roots of unity in K. This concludes the proof of Theorem [3.13]
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6 General Approach

The main problem we have been talking about until now is finding the torsion subgroup for
elliptic curves with points in several extensions of Q. In Section |3 we provided an overview
of some results of this type that are known today. In this section, a general approach to
problems of this nature will be described, which could be helpful to tackle similar problems
in the future.

6.1 Characterizing the torsion subgroup using the Galois representation

We will consider an algebraic field extension Q C K and an elliptic curve E/K for which we
know that the torsion subgroup E(K);s is finite. As an example, we know from Section
that K can be any number field. Similarly, by Theorem [3.13| we can choose K to be a Galois
extension of Q containing finitely many roots of unity.

Under the assumption that E(K);os is finite, we already saw in the proof of Theorem (3.2
that if M = exp(E(K )iors), we have E(K )iors € E(K)[M]. From the definition of the torsion
subgroup, we also have E(K)[M] C E(K)irs. We can conclude E(K)iors = E(K)[M]. The
problem of describing the torsion subgroup of an elliptic curve has now reduced to describing
the M-torsion subgroup for some natural number M.

In this section, we will make use of the Galois representation to obtain a description of the
torsion subgroup E(K )iors. Recall the map pg, from (6]), whose image lies in Aut(E(Q)[n]).
For practicality, we also define a map

Pen: Go — GLy(Z/n). (10)

This map is equal to pg, composed with the isomorphism g, and can also be referred to
as a Galois representation.

Let us consider Gk = Gal(Q/K), which is a subgroup of Gg. It follows from the Galois

correspondence that K = @GK. Using this equality, we can give another description of the

M-torsion subgroup of E(K). Namely, F(K)[M] consists of the points in E(Q)[M] that have
coordinates in K, so coordinates that are fixed by Gx. This means that E(K)[M] is the
subgroup of elements that are fixed by pg v (Gi). We can write this as

B(K)[M] = (B@)M])" . (1)
Using Theorem and the fact that E(K)rs = E(K)[M] we obtain

E(K)tors 2 ((2/M2)?)"5 5. (12)
E(K)ors is therefore isomorphic to a subgroup of (Z/MZ)?, as we already saw in the proof

of Theorem The relation in gives a description of this subgroup using the Galois
representation.
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6.2 Characterizing the n-torsion subgroup

For algebraic field extensions Q C K, we would now like to find some strategies for charac-
terizing E(K)[n] as a subgroup of (Z/nZ)? for arbitrary n. This information can be used to
describe E(K)iors-

First of all, we give a condition under which E(K)[n] is equal to the full torsion group.

Proposition 6.1 Let K be an algebraic extension of Q, and let E/K be an elliptic curve.
Let n € N. Then
E(K)[n] = (Z/nZ)’ <= pp.(Gr) ={(§9)}-

Proof. Recall that E(K)[n] C E(Q)[n] and E(Q)[n] = (Z/nZ)?. It follows that
E(K)n] = (Z/nZ)* <= BE(Q)n] = E(K)[n]

= EQIn] = (EQ)n])r= ) (by (1))

<= forall 0 € pp,(Gk), we have o = idE(@)[n]
— ,OE,n(GK) = {idE(@)[n]}
= PG = (5D}

Next, we can give a characterization of the cases for which E(K)[n] contains an element
of order n. In other words, E(K)[n] will have at least n elements. In the following, we will
write elements of (Z/nZ)? as column vectors, such that we can apply matrices of GLo(Z/nZ) =
Aut((Z/nZ)?) by multiplication from the right.

The following characterization will rely on the concept of a stabilizer subgroup.

Definition 6.2 Let G be a group that acts on a set X. Then for x € X, the stabilizer of x
by G is defined as Stab(z) = {g € G | g(x) = x}.

First of all, we will choose the element (}) € (Z/nZ)?* as a particular element of order n. We
will show that the stabilizer of () by GL2(Z/nZ) is equal to the following subgroup:

B, = {((1) Z) la,be Z/nZ} N GLs(Z/nZ). (13)

To see this, let (¢ %) be any matrix in GLo(Z/nZ). Then (% ?%) is in the stabilizer of (}) if
cd cd 0

and only if we have
a b\ (1) (1
c d)\0) \0O
al (1
c) \0OJ°
Hence we must have a = 1 and ¢ = 0. By definition, this is equivalent to stating (‘é 3) € B,.

We can give the following classification about elements of order n:
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Proposition 6.3 Let K be an algebraic field extension of Q. Let E/K be an elliptic curve,
and let n € N. Then E(K)[n] contains an element of order n <= pp, ,(GK) is contained in
a conjugate subgroup of B,.

To show this, we will need two intermediate results, that require the concept of a transitive
group action.

Definition 6.4 A permutation group G on {1,...n} is called transitive if for all z,y €
{1,...n} there is a 0 € G such that o(z) = y.

Lemma 6.5 The group GLo(Z/nZ) acts transitively on the elements of order n in (Z/nZ)?.

Proof. First of all, note that the elements of GLy(Z/nZ) are homomorphisms of (Z/nZ)?,
and hence they send elements of order n to elements of order n.

Let (%) € (Z/nZ)? be arbitrary. Let us denote by [a,b] = {za + yb | x,y € Z/nZ} the ideal
of Z/n7Z generated by a,b € Z/nZ. (we deviate from standard notation of ideals to avoid
possible confusion with elements in (Z/nZ)?). We know that all ideals of Z are of the form
mZ for some m € N. The third isomorphism theorem for rings implies that all ideals of Z/nZ
are then of the form mZ/nZ, for some m € N such that m | n. Therefore we can write
[a,b] = [m] for some m | n. Let us denote by d the order of (). First note that

[da, db] = [d][a, b] = [d][m] = [dm]

as ideals of Z/nZ. We then have:

d($)=(9) < da=db=0modn
< [da,db] = [0]
< [dm] = (0]
<= dm =0 mod n.

The order of () in (Z/nZ)? is therefore equal to the order of m in Z/nZ. This is the smallest
number d such that dm | n. Because m | n, we obtain d = -.

Now if () is an element of order n, this implies that we have m = 1 and hence [a,b] = [1].
By definition of an ideal, there exist x,y € Z/nZ such that za + yb = 1 mod n.

The matrix Mg, = (§ V) is an element of GLy(Z/nZ), because its determinant is az + by =
1 € Z/nZ* and hence it is invertible. This matrix maps the element (}) to (7). Hence we
know that for any two elements (§), (§) € (Z/nZ)? of order n, we have () = MM (1).

This implies that GL2(Z/nZ) acts transitively on the elements of order n. |

We will proceed by showing that the stabilizer subgroups of elements of order n are exactly
the conjugate subgroups of B,.

Proposition 6.6 Let P,Q € (Z/nZ)? be two elements of order n. Then their stabilizers are
conjugate subgroups.

Conversely, if G is the stabilizer of some element of order n, then all conjugate subgroups of
G are stabilizers of some element of order n in (Z/nZ)?.
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Proof. Let P,Q € (Z/nZ)? be two elements of order n. Because G'Ly(Z/nZ) acts transitively
on the elements of order n (Lemma [6.]), there exists a matrix M € GLy(Z/nZ) such that
Q = MP. We have

o € Stab(P) <= oP =P
— oM Q=P
— MoM'Q=Q
— MoM™' e Stab(Q).

It follows that Stab(Q) = M Stab(P)M 1.

For the converse statement, let Stab(P) be the stabilizer of some element P € (Z/nZ)?
of order n. Let M € GL2(Z/nZ) be arbitrary. Recall that M P is again an element of order
n. We look at its stabilizer:

o € Stab(MP) <= oMP = MP
— M loMP=P
< M~ 'oM € Stab(P)
< o€ MStab(P)M™!

We obtain that a conjugate subgroup M Stab(P)M ™! is the stabilizer of the element M P €
(Z/nZ)?. |

We can use this result to formulate the proof of Proposition [6.3

Proof of Proposition First of all, recall from and that
B(K)[n] = (B@)n))"" ) = ((2/n2)?) e (14)

(=) It follows from that E(K)[n] contains an element of order n <= ((Z/nZ)2)p/E*”(GK)
contains an element of order n. Let us call this element P. p , (Gk) fixes this element,
meaning o ,(Gk) C Stab(P). Proposition implies that Stab(P) is conjugate to By,
because B,, stabilizes an element of order n.

(<) Now assume pl, (Gx) € MB,M~" for some conjugate subgroup of B, where M €

GLy(Z/nZ). Then by Proposition [6.6| we know that M B, M~! is the stabilizer of some
element P € (Z/nZ)? of order n. hence P is fixed by the automorphisms of Pen(GK),

and it follows that P € ((Z/nZ)Q)pIE»”(GK). Using we conclude that E(K)[n] also
contains an element of order n.

The results in Propositions and show how the Galois representation can be used
to obtain information about the n-torsion subgroup E(K)[n].
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6.3 Application to prime torsion subgroups

A particular case that we can consider is that of n being a prime number, which we instead
will denote by p. As mentioned in Section (Z/pZ)? only has 3 distinct isomorphism
classes of subgroups: the full group, the trivial group and subgroups isomorphic to Z/pZ. In
the following proposition, we classify under what conditions E(K)[p] is in each of the three
possible isomorphism classes of subgroups.

Theorem 6.7 Let K be an algebraic field extension of Q. Let E/K be an elliptic curve, and
let p be a prime number. Then

(Z/pZ)* == pp,(Gr) ={(§1)}

B(K)[p] = Z/pZL = pp,(GK) is contained in a conjugate subgroup of By,
but plp ,(Gr) #{(59)}
{0} — P/E,p(GK) is not contained in any conjugate subgroup of By.
Proof.

1. The first equivalence follows directly from Proposition [6.1

2. For E(K)[p] to be isomorphic to Z/pZ, we know it must contain an element of order p.
From Proposition we know that this is the case if and only if pf; ,(Gk) is contained
in a conjugate subgroup of B,,. Now there are only two possibilities for which E(K)[p]
contains an element of order p: either E(K)[p] = (Z/pZ) or E(K)[p| = (Z/pZ)*. We
can exclude the second possibility, according to item 1 of this proposition, by requiring
Prp(Gr) #{(§1)}. This shows the second equivalence.

3. Note that {0} is the only isomorphism class of subgroups of (Z/pZ)? that does not
contain an element of order p. We can therefore conclude that

E(K)[p] = {0} < E(K)[p| does not contain an element of order p.

Proposition [6.3] then implies the required equivalence.

If we are looking at elliptic curves over a specific field extension of Q, and we know something
about the Galois representation corresponding to this curve, the above results can be used in
finding a classification of the corresponding torsion subgroup. We can illustrate this with a
relatively simple example, namely the case p = 2.

Let us look at the 2-torsion subgroup of an elliptic curve. In this case, the group GLy(Z/27Z)
is isomorphic to S3, the symmetric group on three elements. Furthermore, note that By =
{(39),(31)} = Z/2Z. Let us consider a field K and some elliptic curve E/K. Then the
image of Gk under the Galois representation is isomorphic to a subgroup of S;3. S3 has four
isomorphism classes of subgroups, and each possibility will be considered below.

L If pfp ,(GK) = Ss, it is equal to the full group G'L2(Z/2Z). We then know that it is
not contained in any conjugate subgroup of Bs, because these are all isormorphic to
Z/2Z. Hence from Theorem [6.7| we conclude that E(K)[2] = {oo}, so E(K) contains no
elements of order 2.
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- plp ,(GK) = A3, we can use the same reasoning to conclude that E(K)[2] = {co}.

L If p/E7p(GK) > 7/27, it is equal to a conjugate subgroup of Bs. Hence Theorem
implies that E(K)[2] & Z /27, and there is exactly one element of order 2 in E(K).

. Finally,zif P p(GK) = {0}, then we immediately obtain from Theoremthat E(K)]2]| =
(Z)27).
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7 Application to the compositum of prime degree extensions

We would now like to apply the theory introduced in the previous section to prove a result
about a particular field extension of Q. The field we will be looking at is the compositum of
all prime degree extensions of Q:

K :=Q({aeQ][Q(«a): Q] is prime}).

This is an algebraic field extension of Q. The result we will prove about this field will be stated
in Section It relies on a set of assumptions that will not be proven in this report. To
formulate the statement and these assumptions, first some extra concepts need introduction.

7.1 Serre’s uniformity problem

The first conjecture that we will assume to be satisfied is proposed by Serre, and concerns the
Galois representation for prime power torsion groups.

The statement mentions the concept of complex multiplication, which we will briefly ex-
plain. Recall that the multiplication-by-n map is an endomorphism of an elliptic curve E for
all n € Z. If there exist additional endomorphisms of E besides these multiplication-by-n
maps, the curve is said to have complex multiplication.

Conjecture 7.1 (Serre’s Uniformity Problem) [22] Let p > 37 be prime. Let E/Q be an
elliptic curve without complex multiplication. Then the Galois representation p;; i 18 surjective
for all powers i € N:

P (Go) = GLa(Z/D'T).

There are only finitely many Q-isomorphism classes of elliptic curves defined over Q with
complex multiplication [23, p. 427]. Therefore this conjecture only excludes a relatively small
amount of possibilities, which makes the result very powerful.

The conjecture has neither been verified nor disproved at this moment, but a lot of partial
results have already been found and there is continued interested in the problem [7].

7.2 Composition series

To formulate the second assumption of our theorem, we will first need another concept. Let
us consider a finite group G. We can define a composition series of G, which is a way to break
up G into a series of subgroups.

Definition 7.2 A group G # {0} is called simple if {0} and G are the only normal subgroups
of G.

Definition 7.3 Let G be a finite group. Consider a sequence of subgroups
{O}ZNkQNk,1<“'<1N1<1N[)=G

This sequence (Ni)fzo is called a composition series of G if for alli=0,...,k—1:
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1. Nijy1 a normal subgroup of N;,
2. Nit1/Nj is a simple group.

We call the groups Nii1/N; the composition factors of G. The number k is called the
composition length of the composition series.

For all finite groups, a composition series exists. A composition series is the longest chain of
mutually normal subgroups that can be constructed for a group G. Namely, because N;11/N;
is simple, there is no subgroup H such that {0} = N;/N; < H/N; < N;+1/N;. The third
isomorphism theorem implies that it is impossible to find a group H for which N;11 << H <1 IV;.
A composition series is characteristic for a group in the sense of the following theorem, due
to Jordan and Holder.

Theorem 7.4 (Jordan-Ho6lder Theorem) Let G be a group. Then any two composition
series of G have the same composition length, and the same collection of factor groups (up to
isomorphism and ordering).

A useful way to start constructing a composition series of G is looking for any normal subgroup
N of G. This breaks up the problem into two smaller problems. The first problem is finding
the composition series of the smaller group N:

{0} <H_1<---<H;y <N.
Secondly, find a composition series of G/N:
{0} 2 N/N < Np_1/N<---<N;/N<G/N.

By the third isomorphism theorem for groups, N;1/N < N;/N implies that N;1; << N;. The
same theorem implies that if (V;+1/N)/(N;/N) is simple then also N;1/N; is simple, because
these groups are isomorphic. We can take all information together and conclude that

{0}<]Hl,14"'<1H1<]N<]Nk,1<l"'<1N1<]G

is a composition series for G. The composition factors of GG are the composition factors of N
together with those of G/N.

7.3 Composition series of GLy(Z/pZ)

We are interested in finding the composition series of GL9(Z/pZ) for a prime p, which will
be useful later on. A good start is by considering the subgroup SL9(Z/pZ), consisting of
all matrices with determinant 1. This is a normal subgroup of GLy(Z/pZ), because it is the

kernel of the map
det : GLy(Z/pZ) — (Z/pZ)*
that assigns to each matrix its determinant. Because the determinant map is surjective, it

also follows that GL2(Z/pZ)/SLo(Z/pZ) = (Z/pZ)* = Z/(p — 1)Z.

We now have SLy(Z/pZ) < GL2(Z/pZ). The next step in finding the composition series,
is finding the composition series of SLs(Z/pZ). We would like to repeat the process and find
a normal subgroup. A starting point is to find the center of SLo(Z/pZ). The center of a
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group G is defined as the group Z(G) := {h € G |Vg € G, hg = gh}. This is by construction
always a normal subgroup of G. The center of SLy(Z/pZ) |9, Thm 14.3] is:

Z(SLa(Z/p2) = {(§9): (5 %)}

We define the projective special linear group PSLy(Z/pZ) = SL2(Z/pZ)]Z(SLo(Z/pZ)). For
all primes p > 3, this group is simple [2]. Because Z(SL2(Z/pZ)) = Z/2Z is simple as well (the
group of two elements has only two subgroups), for p > 3 the composition series of S Lo (Z/pZ)
is completely determined as {id} << Z(SLa(Z/pZ)) < SLa(Z/pZ). The composition factors are
7)2Z and PSLy(Z/pZ).

For p = 2, we have PSL9(Z/27) = S3, which is the symmetric group on 3 elements. The
subgroup As is the alternating group on 3 elements. This is a normal subgroup of S3, and
because it has three elements, A3 = Z/3Z is simple. The factor group S3/As = Z/2Z is also
simple. We thus obtain the composition series {0} <1 A3 <1 .S3 with composition factors Z/27Z
and Z/3Z.

For p = 3 we have PSL9(Z/37Z) = Ay, the alternating group on 4 elements. To find the
composition series of this group, first of all consider the normal subgroup

Vi ={0,(1,2)(3,4),(1,3)(2,4), (1,4)(2,3)}.

The factor group As/Vy = Z/3Z is simple. Now consider the subgroup {(), (1,2)(3,4)} C Vi.
This is a normal subgroup because Vj is abelian. Both remaining factor groups are simple,
because {(), (1,2)(3,4)} = V4/{(),(1,2)(3,4)} = Z/2Z. We have obtained the composition
series {0} <{(), (1,2)(3,4)} < V4 < A4, with corresponding composition factors Z/3Z and two
copies of Z/27.

We summarize the analysis above in the following result.
Theorem 7.5 Let p be prime. Then the composition factors of SLo(Z/pZ) are the following
groups (up to isomorphism).

Forp=2:

e 7/27 (two times),
o 7/37.

Forp=3:

o 7/2Z (three times),
o 7/37.

Forp > 3:

o 7/2Z,
e PSLy(Z/pZ).

Now the second part of the composition series of G Ly(Z/pZ) is derived from the composition

series of the factor group GLo(Z/pZ)/SL2(Z/pZ) = 7 /(p—1)Z. To find this, we will describe
how to find the composition series of a cyclic group Z/nZ in general.
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Proposition 7.6 Let n € N. Then Z/nZ is simple <= n is prime.
Proof.

(=) Assume n is not prime. Then there exist k,l € N such that n = ki, where both k and !
are not equal to n. We can construct the map ¢ : Z/nZ — Z/nZ given by ¢(m) = Im.
Then ker(¢) = kZ/nZ = 7 /17 is a proper nontrivial subgroup of Z/nZ, which is normal
because it is the kernel of a homomorphism. Hence Z/nZ is not simple.

(<) Let n be prime. Suppose G C Z/nZ is a normal subgroup. By Lagrange’s Theorem,
#G divides #7Z/nZ = n. But n is prime, so either #G = 1 or #G = n. It follows that
Z/nZ is simple.

Proposition 7.7 Letn € N, and let n = p1 - - - pr be the prime factorization of n. A compo-
sition series of Z/nZ can be given as follows:

{0} < (p1 pr—1)Z/nZ < -+ < (p1p2)Z/nZ QA p1Z/n7 < Z/n’Z.
It has composition factors Z/p;Z with i =1,... k.

Proof. First of all, because Z/nZ and its subgroups are abelian, the sequence
{0}y C (p1++ pr—1)Z/nZ C --- C p1Z/nZ C Z/nZ.

is a sequence of normal subgroups. Now let us look at (p1---p;)Z/nZ < (p1 - - - pi—1)Z/nZ for
i =1,...k. The corresponding factor group is

((p1- - pi-1)Z/nZ) [((p1 -~ pi)Z/nZ) = (p1 -+ pi-1)Z/(p1 - Pi)Z,

where the isomorphism follows from the third isomorphism theorem. Note that we can con-
struct an isomorphism

¢:(prpi-1)Z/ (1 pi)Z — L/pi

a+ (p1--pi)Z — + piZ

(p1---pi-1)

It follows that (p1---pi—1)Z/(p1---pi)Z = Z/p;Z, which is a simple group by Proposition
We conclude that the composition series is of the desired form with composition factors Z/p;Z
fori=1,...,k. |

Proposition tells us how to construct a composition series of Z/(p — 1)Z, which completes
the composition series for GLo(Z/pZ). We can now combine Theorem and Proposition
to list all composition factors of GLy(Z/pZ).

Theorem 7.8 Let p > 3 be prime. Let p—1 = q1---qi be the prime factorization of p — 1.
Then the composition factors of GLo(Z/pZ) are the following groups (up to isomorphism):
o )27,
o PSLy(Z/pL),
o 7/ fori=1,... k.
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7.4 Question on transitive subgroups

Besides Serre’s uniformity problem, our theorem about the compositum of prime degree ex-
tensions will rely on another assumption. We ask ourselves the following question:

Question: Let p > 5 be prime. Can PSLy(Z/pZ) be a composition factor of a
transitive subgroup of S, for a prime q?

This question is not answered in this article. However, we can show an interesting result
about the compositum of all prime degree extensions of QQ, in the case that the answer to this
question is negative. Note that we assume p > 5, because for p = 5 we can actually find a
value of ¢ for which the answer to this question is yes. Namely, PSLy(Z/5Z) = As, which is
a composition factor of S5, so we can pick ¢ = 5 in this case. As we mentioned in Section
for p > 5, the group PSLs(Z/pZ) is simple.

In our theorem in the next section, we will thus assume the following:

Assumption 7.9 Let p > 5 be prime. Then PSLy(Z/pZ) cannot be a composition factor of
a transitive subgroup of S, for any prime q.

7.5 Elliptic curves over the compositum of all prime degree extensions

Now that we have properly introduced all necessary preliminaries, we can state the main result
that we are going to prove in this section.

Theorem 7.10 Let K := Q({a € Q | [Q(«) : Q] is prime}). Let p > 37 be a prime, and let
E/Q be an elliptic curve without complex multiplication. Assume that Conjecture (Serre’s
uniformity problem) and Assumption are true. Then

E(K)[p] ={0}.

The proof of this theorem is separated into a few intermediate results and will be given over
the course of section [7.5l

7.5.1 Shifting the problem to finding composition series

In order to prove this theorem, we will first state a useful intermediate result. This will change
our problem into a problem of finding composition series.

Lemma 7.11 If PSLy(Z/pZ) is a composition factor of py (Gk), then E(K)[p] = {0}.

We will make use of the following notion for the proof of Lemma [7.11

Definition 7.12 A group G is called solvable if all composition factors of G are abelian.

Proposition 7.13 Let G be a finite abelian group. Then G is solvable.
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Proof. Consider the composition series of G. All subgroups in this composition series are
subgroups of G and hence abelian. The composition factors are quotient groups of these
abelian groups, which are also abelian. Hence G is solvable. |

Recall the definition of B,, from . We have the following lemma:
Lemma 7.14 All conjugate subgroups of B, are solvable.

Proof. Note that any conjugate subgroup of B,, is isomorphic to B,. Hence if B,, is solvable,
all conjugate subgroups are solvable as well.

Define the group C,, :={(} %) | a € (Z/nZ)*}. Consider the group homomorphism
¢: B, — C,

given by ¢((34)) = (39). We have ker(¢) = {(}¢) | a € Z/nZ}. Note that ¢ is surjective.
It follows that ker(¢) < By, and C,, = B,,/ker(¢). So the composition factors of B, are the
compositon factors of ker(¢) together with those of C,,.

First we will focus on ker(¢). Note that (§4)(§%) = (§7°) for all a,b € Z/nZ. Ker(¢) =

Z/nZ is thus an abelian group, and from Proposition it is solvable.
Now consider the group Cy. Because (§9)(39) = (3 3) for all a,b € (Z/nZ)*, we can
conclude that C,, = Z/nZ* is abelian. again, Proposition implies that C,, is solvable.

We hence know that the composition factors of both ker(¢) and C,, are all abelian groups.
The composition factors of B,, are thus all abelian, and we conclude that B, is solvable. 1

Lemma 7.15 Let G be a solvable group, and let H be a (not necessarily normal) subgroup of
G. Then H is solvable.

Proof. Let G be a solvable group. Consider a composition series of G:
{0} =Ny < Np_1<---< Ny <Ny =G.
Define M; = N; N H for all ¢ =0,...,k. We can now consider the sequence
{0} =My C---C M, C My=H.

Because N;y1 < N;, we know there exists a group homomorphism ¢; : N; — N;/N;;1 such
that ker(¢;) = N;y1. Then if we restrict ¢; to the subgroup M;, we obtain ker(¢;|a;) =
k:er(d)i) NM; =N 1 NN;NH = M;y. It follows that M; 1 <M, foralli =0,...k— 1.

Now let us look at the factor groups of this series of normal subgroups. These are of the
form M;/M;;; for i =0,...k — 1. First of all, note that

M; /M1 = Im(¢iln,) € Im(¢i) = Ni/Nitr.

Because G is solvable, N;/N; 1 is abelian and it follows that since M;/M; 1 is isomorphic to a
subgroup of N;/N;41, it is also abelian. If M;/M;.1 is not simple, there are two possibilities.
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Either M;/M,;11 = {0}, in which case M; = M;;1 and we take one of these groups out of
the sequence. If this is not the case, we can find the composition series of M;/M;;. By
Proposition the corresponding composition factors are abelian. The composition factors
of H are obtained by taking together all composition factors of each M; /M1 # {0}. Because
these are all abelian, we conclude that H is solvable. |

We now have all ingredients to prove Lemma |7.11}

Proof of Lemma We assume that PSLy(Z/pZ) is a composition factor of pf (G ). As
an explicit example can show, the group PSLs(Z/pZ) is not abelian. Namely, (% Hg) =
(31) and (10)(51) = (14), while (21) # (14) modulo Z(SLy(Z/pZ)). By definition,
P p(GKk) is therefore not solvable.

Lemma says that all conjugate subgroups of B, are solvable, and according to Lemma
their subgroups are also solvable. It follows that ij,p(G k) cannot be a subgroup of any
conjugate subgroup of B,. Using the third equivalence in Theorem we can conclude that

E(K)[p] = {0}. u

We now have a different problem to solve, namely showing that PSLs(Z/pZ) must be a
composition factor of pf (G ).

7.5.2 K is a Galois extension of Q

We would like to show that Q C K is a Galois extension. When we know this, we can use all
results that follow from the Galois correspondence.

Recall that we defined K as follows: K := Q({a € Q | [Q(a) : Q] is prime}). We will
first try to find a different description of K. We will break up the field in the following way:

Proposition 7.16 The field K is equal to the compositum of all fields of the form Q(q*°) for
a prime q.

Proof. 'This is relatively straightforward from the definitions of these fields. We know from
Definition [B.11] that

Q(¢>) =Q({a € Q| [Q(e) : Q] = q}).
By Definition we can write the compositum of all fields Q(¢*°) as follows:

el U ee™ | = U {«cQ|Qa):Q =g}

q prime q prime
=Q({a€Q|[Q(a) : Q] is prime}) = K.

We conclude therefore that K is equal to this compositum. [ |

Now we focus on the fields Q(¢>°). We want to find a different description of such a field. In
order to do this we need the notion of a splitting field of a polynomial. The splitting field
of a polynomial f € L[z] over a field L is the smallest field extension of L in which f splits
into linear factors. This splitting field exists and is unique (up to isomorphism) for all monic
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polynomials f. If aq,...ax are the roots of f in an algebraic closure of L, the splitting field,
denoted by Qf, is equal to L(ag, ..., o).

Proposition 7.17 We have the following equality of fields:

Q(¢™) = Q({Qé | f € Q[z], f irreducible and deg(f) = q}).
Proof.

(C) Let us start from the field Q(¢™) := Q({a € Q | [Q(«) : Q] = ¢}). Let a be one of the
generators of Q(¢*), for which [Q(«) : Q] = ¢. It follows that the minimal polynomial
fg has degree ¢, and it is by definition irreducible.

By definition of a splitting field, we know that « € Qé@ , and hence it is in the compositum
on the right-hand side. Because « is arbitrary, all generators of Q(¢°) are in this

compositum, and we conclude Q(¢*°) C Q({Qé | f € Qz], f irreducible and deg(f) =
q})-

(D) Now let us consider some irreducible polynomial f € Qx| with deg(f) = ¢. Let
ai,...,aq be the zeros of f. Then Qf = Q(ai,...,0q). Now because f is irreducible,
we have that f is the minimal polynomial of each «; over Q. Hence [Q(«;) : Q] = ¢ for
eachi=1,...,q. It follows that a; € Q(¢>). Hence also Qé C Q(¢*), and because the

compositum on the right-hand side is generated by these splitting fields, we conclude
Q(g™) 2 Q({Qé | f € Qlz], f irreducible and deg(f) = ¢q}). This concludes the proof.

Note that the field Q({Qé | f € Q[z], f irreducible and deg(f) = q}) is a compositum of

all fields of the form Qé for some irreducible polynomial in Q[z] of degree ¢q. This set of
polynomials is countable, because the polynomials have coefficients in the countable set Q.
Therefore Q(¢°°) is equal to a compositum over a countable number of splitting fields. K is
the compositum of all fields Q(¢*>°), and there are also a countable number of primes. Hence
we can conclude that K is a compositum of a countable number of splitting fields.

Any splitting field Qé over Q is a normal extension of Q [24, Thm 23.14]. We can use
the following result to show that K must also be normal.

Theorem 7.18 Let (K,)nen be a countable collection of normal, algebraic extensions of Q.
Then the compositum Q(UpenKy,) is also a normal extension of Q.

Proof. Let us denote the compositum of the collection (K,)nen by L. Let L be the normal
closure of L. Then we can look at the Galois extension Q C L. For any subfield F of L,
define G := Gal(L/F). From the Galois correspondence, we know that a subfield F C L is a
normal extension of Q if and only if Gr< GQ. We therefore know that G K, < GQ for alln € N.

We will show that éL = ﬂflo:l G K, - First of all, G 1, consists of all automorphisms of L
fixing L. Because K, C L for all n € N, these automorphisms also fix the fields K,. Hence
we conclude G, € N2, G,

On the other hand, if o € (2, GK,” it fixes all fields K, so it fixes UpenKy. L is the com-
positum of these fields, which can be written as Q(U,enK,) and is generated by this union.
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We conclude o also fixes L. Hence o € G,. We conclude G, = [ Gk, .-

The intersection of an arbitrary number of normal subgroups is again a normal subgroup,
so we obtain G, < Gg. We conclude Q C L is a normal extension. |

We noted before that the field K is a countable compositum of splitting fields. These splitting
fields are all normal, algebraic extensions of Q. Therefore Theorem [7.18|implies that Q C K is
also normal. We know already that K is algebraic, and by Proposition that it is separable.
We conclude that Q C K is a Galois extension.

7.5.3 The use of Serre’s uniformity problem

Note that because Q C K is a Galois extension, we have G < Gg. We will now use Serre’s
conjecture, which states that the Galois representation p’E7p is surjective. A surjective homo-
morphism preserves normal subgroups, hence we also have p (Gk)<pf ,(Gq) = GL2(Z/pZ).

Recall from Section that the collection of composition factors of GL2(Z/pZ) then con-
sists of the composition factors of pf ,(G'x) together with those of GLa(Z/pZ)/p ,(Gk). In
Theorem 7.8 we saw that PSLo(Z/pZ) is a composition factor of GL2(Z/pZ). Hence if we
show PSLy(Z/pZ) can not be a factor of GL2(Z/pZ)/pf ,(GK), this implies that it must
be a factor of p}z’p(G k). To do this, we will first try to find a description for the group
GL2(Z/pZ)/pp,(GK) that is easier to handle, such that is becomes easier to find the corre-
sponding composition factors.

Let us define Ig := ker(pg,p). In Section We saw that Q(E[p]) = @ker(pE’p). We introduce

the notation -,
L:=Q(E[p)) =Q°.

We also saw that Gal(Q/L) = Ip from the Galois correspondence. Furthermore, Q C L is
Galois.

Define the following restriction map:

p:Gog — Gal(L/Q)
o+— olr,

and let
L= L),

Note that L’ contains exactly the elements of L that are fixed by p(Gg), in other words, the
elements in K. Hence L' = L N K. Because Q C L is Galois, the Galois correspondence tells
us that L' C L is also Galois with Galois group Gal(L/L") = p(Gk).

Claim 7.19 p(GK) = pE,p(GK).

Proof. Consider the Galois representation pg , : Gg — Aut(E(Q)[p]). We have ker(pg,p) =
Iy = Gal(Q/L). Similarly, it can be seen that ker(p) = Gal(Q/L). We conclude that

ker(p) = ker(pe,p).
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Let us now restrict the two maps to Gx. We define p¥ := p|g, and p[E{p = pEplak-

Note that ker(pX) = ker(p) N Gk = ker(ppp) N G = ker(pgp). The first isomorphism
theorem then gives

p(Gr) = G Jker(p") = G [ker(pg,) = ppp(Gr).

We conclude that Gal(L/L") & pg»(Gk) = pg ,(Gk).

Recall from the Galois correspondence that
Gal(L/Q) = Gal(Q/Q)/Gal(Q/L) = Go/Ig = ppp(Go) = GL2(Z/pZ)

These last steps follows from applying the first isomorphism theorem to the map pg, and
from Serre’s conjecture.

Recall that pf; ,(Gk) <<GL2(Z/pZ), and hence Gal(L/L") < Gal(L/Q). It follows that Q C L'
is Galois. We obtain

Gal(L'/Q) = Gal(L/Q)/Gal(L/L') = GLy(Z/pZ)/pp (G k)-

We recognize this last quotient as the group we were interested in. Our goal is now to show
that PSLo(Z/pZ) is not a composition factor of Gal(L'/Q).

7.5.4 PSLy(Z/pZ) is not a composition factor of Gal(L'/Q)

By Theorem we know that E(Q)[p] is a finite group (of algebraic elements), and hence
L = Q(E[p]) is a finite algebraic extension of Q. L', which is contained in L, is thus also a
finite algebraic extension of Q.

Theorem 7.20 (Theorem of the primitive element) [24, Thm 23.9] Let K C L be a
finite separable extension. Then there exists an element x € L with L = K(x).

Proposition and Theorem together imply that there is some 3 € L’ such that
L'=Q(B).

Recall that L' = L N K, and hence L' C K. Therefore f € K. Let (K;);e; be the col-
lection of prime degree extensions of Q, such that K is the compositum of all fields (K;);er.
Recall from Definition that § € K must be of the form 8 = f(vy,...,v,) with n € N,
V1,5 € Ujer K and f € Q[ay, ... 2], If vy € K¢, then B € K¢ +...+ K., the finite
compositum of the fields K, , ..., Ke,. Hence L' = Q(8) C K, +...+K.,. Now let K., be the
normal closure of K.,. Then by definition, Q C f(ei is Galois.

Claim 7.21 Gal(f(ei/@) is a transitive subgroup of Sy, where q; is the degree of Q C K.
Proof. We know that Q C K, is a prime extension. Therefore [K, : Q] = ¢; for some prime

gi- Because Q C K., is separable (by Proposition, we can apply Theorem to conclude
that there exists v € K., such that K., = Q(v). Note that deg(f&) = q;.
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Because Q C Q(v) is separable, we know that f& has ¢; distinct roots. Let us denote the set
of roots by {71,...,7}, where y1 = . Now we claim that K., = Q(71,...,7q), the splitting
field of fg over Q.

To see this, first of all, note tha~t K., is the normal closure of Q C Q(7), and hence a normal
extension of Q. Because v € K¢,, all roots {71,...,7} of the polynomial f& are elements
of K.,. It follows that Q(v1,...,74) C K¢,. However, we know that Q(v1,...,7s) is the
splitting field of f& over Q. Recall that any splitting field over Q is a normal extension of Q.
Hence Q(71, .., 7,) is a normal extension of Q(v), whereas K, is by definition the smallest
normal extension of Q(y). It follows that K., € Q(y1,...,7), and hence these fields must
be equal.

Because K’ei = Q(1,...,7g), it follows that all automorphisms in Gal(K’ei /Q) are com-
pletely determined by their action on the roots {7i,...,7}. Furthermore, these automor-
phisms must permute the roots of f& Namely, if «; is such a root, then f&(’yj) = 0. Now for
o € Gal(K.,/Q), we have a(fo(13) = fg(a(v;)) = 0(0) = 0, because o acts as identity on the
coefficients of f¢. Hence o(7;) is also a zero of fj. We now know that o € Gal(K,,/Q) can
completely be characterized by the permutation it performs on the zeros of fQ, which is an
element of the symmetric group S,,. We can thus consider the map y : Gal(K,,/Q) — S,
sending each automorphism to the corresponding permutation on the zeros of f& Because
each o is completely determined by this permutation of the zeros, x is injective and hence we
can view Gal(K,,) as a subgroup of S,

We still need to show that Gal(f(ei) is transitive. Note that for each root 7; we have the
isomorphism

¢j Qa]/(fg) — Q)
9(@) + (fg) — 9(v))-

Hence for each combination of zeros we can construct an isomorphism ¢ji = ¢ 0 ¢
Q(vj) — Q(9x) sending v; to 7. By Lemma 21.17 from [24], it follows that there exists an
automorphism of K, . extending ¢;5. So for all ;, v, there exists a o € Gal (Kel /Q) such that

o(vj) = By deﬁmtlon this means Gal(K,,/Q) acts transitively on {y1,...,74}- |

1.

Recall that we work under Assumption Therefore, since Gal(K.,/Q) is a transitive
subgroup of Sy, where ¢; is prime, we conclude that P.SLy (Z/pZ) is not a composition factor
of Gal(K,,/Q). This holds for all i € {1,...,n}.

Our final step is to use this fact in showing that PSLo(Z/pZ) is not a composition factor
of Gal(L'/Q). In order to do this, the following lemma is useful.

Lemma 7.22 Let G,Gy,...,G, be finite groups. Let ¢ is some injective map from G to
G1 X -+ X Gy, and let m; be the projection of G1 X - -+ X Gy, on the ith coordinate. Assume the
map p; satisfying the following commutative diagram is a surjective map for each i =1,...,n:

G<L>G1><---><Gn
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Then the collection of composition factors of G is equal to the union of the composition factors
of the groups G1,...,Gy (with possibly different multiplicities).

Proof. The proof of this theorem will be given by induction on n. In the following, we will
use the notation 7; for all maps that project on the ¢th coordinate, trusting that the corre-
sponding domain will be clear from context.

Base step

Let us first consider the case where n = 2. Let N; = ker(p;) for i = 1,2. Then N; = {g €
G | ¢(g) = (1,h) for some h € Ga}. We have N1 < G because it is the kernel of a homomor-
phism, and G/N; = G;. Hence the composition factors of G are the composition factors of
N7 together with the composition factors of G.

As mentioned before, a surjective map preserves normal subgroups. Hence pa(N1) < p2(G) =
G2. The fact that ¢ is injective implies that N; = ¢(Ny). By construction, ¢(N1) C {(1,h) |
h € G2}) and hence ¢(N7) = (w3 0 ¢)(N1) = pa(N1). It follows that po(N;) = N;. Hence
the composition factor of Nj are isomorphic to the composition factors of pa(N1), and the
collection of these factors is contained in the collection of composition factors of Gs.

In a completely analogous way, we can show that the composition factors of G are the com-
position factors of Ny together with the composition factors of G, and that the collection
of factors of N3 is contained in the collection of factors of (G;. Taking all this information
together we arrive at the conclusion that the collection of composition factors of G must be
equal to the union of the composition factors of G5 and Go (where the multiplicities might
differ, because some factors may appear in both the composition series of G; and G3).

Induction Step
Now assume that the statement of the lemma is satisfied whenever n < m. We will now
consider the case where n = m.

GQL>G1><~--><Gm

T

G;
Consider the following definition of the map r; by means of a commutative diagram.

G*Glx---xGm

projection

Glx"'XéiX"'Gm

~

G; indicates the absence of the G; in the product. By the first isomorphism theorem,
G/ker(r;) = r;(G). Hence we can define an injective map

¢iZG/k€T(Ti) —>G1 X -+ X éz X Gn
given by this isomorphism, sending g to r;(g). Let us furthermore define the natural map

wi : G — GJ/ker(r;) given by pi(g) = g. Then we can compose these maps with the
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projection on the jth coordinate (i # j) as follows: 7; 0 ¢; o ; = mj o1y = 7 o ¢, which is
surjective by our initial assumption. So 7; o ¢; is also surjective and we arrive at the following
diagram:

G/ker(r;) <2 Gy x - x Gy X - G
\» lﬂj
Gj
Now we have a diagram of the form presented in the lemma, with a product of m —1 < m
groups. Hence by our induction hypothesis, The collection of composition factors of G/ker(r;)

is equal to the union over j € {1,...,m} \ {i} of the collection of composition factors of each
G (with possibly different multiplicities).

Note that the natural map 7 : G — G/ker(r1) x G/ker(rz) is injective. Namely, ¢ is in
the kernel 7 if and only if g € ker(r1) and g € ker(rz). Note that g € ker(r1) if and only if all
coordinates of ¢(g), except possibly the first one, are zero. Similarly, g € ker(ry) if and only if
all coordinates of ¢(g), except possibly the second one, are zero. To be in both these kernels,
we thuse need ¢(g) = 0 and hence g = 0 because ¢ is injective. It follows that ker(r) = {0}
and hence 7 is injective.

Projection on either of the two coordinates gives the natural map to the factor group of
that coordinate, which is surjective. Hence we obtain the following diagram for ¢ = 1, 2:

G —— G/ker(r1) x G/ker(rs)

|

G/ker(r;)

This diagram satisfies the assumptions of the lemma, and hence from the induction hypothesis
we know that the composition factors of G are the composition factors of G/ker(r1) together
with the composition factors of G/ker(rg). Together with our earlier result this implies the
desired conclusion for n = m.

The base step and induction step together prove the lemma for all n € N. |

Define K = K, + ... K., and write G; = Gal(K,,/Q) and G = Gal(K /Q). The groups G;
are finite by Claim and by definition of K it follows that G is also finite. These groups
satisfy the following commutative diagram for i = 1,..., n:

G—— G x---xGy

where g; corresponds to restriction to f(ei. We can apply Lemma to conclude that the
composition factors of G are the union of the composition factors of each Gal(K,,/Q).

We concluded before that PSLy(Z/pZ) is not a composition factor of each Gal(K.,/Q). Tt
follows that PSLo(Z/pZ) is not a composition factor of Gal(K/Q).
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Recall that L' C K,,-...-K,, C K. Consider the surjective homomorphism ¢ : Gal(K/Q) —
Gal(L'/Q) defined by restriction of maps. We have ker(¢) <t Gal(K/Q), and hence the
composition factors of Gal(K/Q) are the factors of ker(¢) together with the factors of
Gal(K/Q)/ker(¢) = Gal(L'/Q). We conclude that PSLy(Z/pZ) can not be a factor of

Gal(L'/Q).

We will now pull all the information together to arrive at the desired conclusion. Recall
that PSLy(Z/pZ) is a composition factor of GLo(Z/pZ). We showed that this implies that
it is either a composition factor of p (Gk), or of GL2(Z/pZ)/p ,(Gk) = Gal(L'/Q). We
have now shown that this last statement is not the case. The conclusion is that PSLy(Z/pZ)
must be a composition factor of P};’p(GK)- Now we can apply Lemma to find that
E(K)[p] = {0}, which concludes our proof of Theorem
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8 Conclusion

In this report, we saw an overview of the most important results that were found in the
research area of torsion subgroups of elliptic curves over algebraic field extensions of Q. A
classification exists of all torsion subgroups that appear for elliptic curves over degree one and
two extensions of Q. Merel even showed the existence of a uniform bound on the size of the
torsion subgroups, which only depends on the degree of the field extension of Q. However,
for degrees larger than three, an explicit classification of these subgroups has not yet been
reported.

If we restrict to elliptic curves defined over Q, results can be obtained about elliptic curves
over infinite extensions of Q. We payed closer attention to the recently published classification
of the torsion group of elliptic curves over Q(3°°). We reproduced in more detail the proof of
Daniels, Lozano-Robledo, Najman and Sutherland, in which it is shown that if we look at a
Galois extension of Q that contains only finitely many roots of unity, the torsion subgroup of
an elliptic curve over this extension is finite.

Finally we provided some general results that can be used to classify torsion subgroups. We
applied these general results to the compositum of all prime degree extensions of QQ, denoted
by K. Under two assumptions, we showed for all primes p > 37 and for all elliptic curves
defined over Q without complex multiplication, that the p-torsion subgroup of the elliptic
curve over K is trivial. These assumptions are Serre’s uniformity problem and a statement
about transitive subgroups of the symmetric groups 5.
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