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Abstract

The field of spintronics uses the spin property of the electron, in addition to to its charge to define

new phenomena in magnetism and electronics. It has received increased attention in the last years

due to the numerous applications that it inspires, as well as the small scale (nanometre range) of said

applications. A powerful tool developed in the last two decades, micromagnetic simulations can now

shed light into the intricacies of magnetic textures that emerge in or at the interface between various

material systems. The present work makes use of the GPU-accelerated micromagnetic simulation

software MuMax3 to investigate the magnetic textures and non-trivial magnetization response of two

selected systems. Firstly, the phenomenon of exchange bias is modeled and the antiferromagnetic phase

is implemented in the context of the chosen simulation software. The material system considered

is Co/CoO. The model takes the material and geometrical parameters as inputs and confirms the

emergent shift in the hysteresis loop, with a modest exchange bias field of Hbias = 0.0149 T. As a

second application, the behaviour of a magnetic material with strong anisotropy, as well as a strong

temperature dependence of the anisotropy constants is investigated. The temperature dependence of

the magnetization is modelled and the Curie temperature of the sample is identified at TC = 165K.

The model is successful in exhibiting the strong anisotropy present in the sample by performing M-H

simulations for three different temperatures T ∈ {0 K, 10 K, 50 K} and implicitly, three anisotropy

regimes. The coercivity, as well as the squareness of the hysteresis loop are in close agreement with

the expected values. The simulation also proves the switching of the easy and hard directions of

magnetization at a temperature of 50 K.
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Chapter 1

Introduction

The increased interest in magnetic materials and devices, especially those showing magnetic

textures in the micro- and nanometer range, has promoted the development of new computational

techniques and programs in describing the process of magnetization reversal in such material systems.

The recent advances made in this field would however not be possible without an increase in computa-

tional power and its widespread availability since the 1980s [1], leading to the possibility of simulating

magnetization dynamics even on a personal laptop.

The present work concerns itself with the computational simulation of the magnetic textures

and response to an externally applied field of multilayered magnetic devices and their interfaces using

the micromagnetics simulation software MuMax3. It also guides the reader through the working

principle of said software and its capabilities. To this end, two material systems that show a non-

trivial magnetization behaviour are modeled. The first system is a Co/CoO bilayer where the purpose

is to prove the presence of exchange bias. The second material system considered is a SrRuO3 thin

film. This material features a non-trivial temperature dependence of the magnetization [2] and the

goal is to investigate the behaviour of such a material at finite temperatures and under an applied

magnetic field.

1.1 The Micromagnetic Approach

The micromagnetic theory is an approach to describe magnetization reversal, i.e. the magne-

tization state evolution due to sweeping the magnitude of the applied field from one extremum to its

opposite value, and thus hysteresis of a magnet at length scales between magnetic domains and crystal

1
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Figure 1.1: Hierarchy of levels of description and their typical length scales [3]

unit cells[3]. At this specific size-range, the discretization of the simulation domain is small enough to

resolve empirical magnetic textures such as domain walls, magnetic stripes, magnetic vortices, mag-

netic bubbles, etc. Naturally, a complete description of the magnetization state would be obtained

if each individual atomic magnetic moment were to be calculated. In most applications however, the

domain size exceeds the micrometer range and the atomistic discretization would require a substan-

tial amount of time and computation power. The micromagnetic approach solves this limitation by

approximating the continuum of magnetic moments in each grid cell of the discretization, while main-

taining the assumption that the magnetization is a continuous function of position and time[4]. Thus

the number of function evaluations is significantly reduced, while the magnetic texture details in the

transition regions between magnetic domains are resolved by virtue of the size of the numerical grid.

The adjective micromagnetic has been used liberally to refer to any number of magnetic in-

vestigations that reach microscopical aspects. In this paper, the meaning of the word is given by its

definition in the book ”Micromagnetics” by W. F. Brown which refers to the ”continuum theory of

magnetically ordered materials” [4].

Due to the large number of cells that require solving the magnetization dynamics, the mi-

cromagnetic description of a system is generally employed in numerical methods that describe the

time-evolution of the system in terms easily ”understood” by a computer. To analytically solve the
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micromagnetic governing equations is a sisyphean task in all but the most simple magnetic systems

(e.g. single-domain state of cubic particle). Consequently, it is easy to understand that most research

done to improve this model was focused mostly on optimization of the numerical methods or more

recently, with the release of Nvidia’s CUDA application programming interface (API), a complete shift

in the computing platform used, i.e. from CPU(central processing unit) processing to GPU(graphics

processing unit) -accelerated computing.

1.2 MuMax3

MuMax3 is a GPU-accelerated micromagnetic simulation software[5] used throughout this paper

to simulate magnetic textures and their evolution when subjected to various excitations. The program

is written in the Go programming language, using Nvidia’s CUDA platform as a compiler to enable

the use of the GPU for computation. The program was developed by the DyNaMat group of prof.

Van Waeyenberge at Ghent University.

There exists a number of micromagnetic simulation programs and they can be divided into

two categories based on the processing platform they use for computation. MuMax3, along with

MicroMagnum[6], GpMagnet[7] use the GPU (in the case of MuMax3 a Nvidia GPU) to perform the

necessary computation, due to the large number of calculations that can be performed per each time-

step. Other software, such as OOMMF[8], Vampire[9] or FastMag[10] use the CPU to perform the

simulation. Excellent parallel computing capacity is one of the main arguments for GPU-accelerated

simulation software, as the necessary calculations are not complex but dense both in space and time.

The code was initially written by Arne Vansteenkiste from the same university, however the

software is open-source and freely available on Git-Hub. Due to the availability of the source code

to be downloaded and altered to fit the user’s needs, the source code of MuMax3 has been improved

over the years towards increased functionality and implementation of various interactions that were

outside the scope of the original project.

1.3 The SrRuO3/SrTiO3 material system

The oxides SrRuO3 and SrTiO3 are materials that have a perovskite crystal structure and belong

to a widely studied class of eponymous complex oxides. In the material system analyzed in this paper,

the strontium titanate serves the role of substrate, while the ruthenate is most often epitaxially grown
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on the former to obtain a single-crystal thin film. For strontium ruthenate, the amount of research

performed on its thin film form is so great that it has become the reference system of choice when

studying its physical properties[11]. This arises from the fact that the properties of interest in this

material are present in its epitaxially grown thin film form. Moreover, these properties are present in

the source material, a desirable feature when striving for a minimum in structure disorder.

Strontium ruthenate shows itinerant ferromagnetism, a property which when discovered in

1959[12] attracted the attention of condensed matter physicists. This lead to a thorough investigation

of its physical properties, structure and possible applications in the last fifty years. The material also

shows a magnetic phase diagram when altering the temperature and applied field, with ferromagnetic,

paramagnetic and spin-glass phases being present. In this paper, only the magnetic properties of this

material are considered.

Strontium titanate displays a regular (pseudo)cubic structure with a lattice constant value very

close to the ones in the basal plane of SrRuO3, and such provide good lattice matching, and eliminate

most strain in the ruthenate layer. This match of lattice parameters, as well as other optimal growth

conditions provided by SrTiO3 promote the use of this complex oxide as a substrate in the material

system of interest in experimental investigations. Due to the fact that in the simulation, the lattice

parameters, strain and anisotropy are specified explicitly, it is not required to model the SrTiO3 layer.

1.4 Aim and Scope of this Thesis

This thesis seeks to investigate the magnetic textures that can be suitably tailored by varying the

growth parameters at the interface between SrRuO3 and SrTiO3, using the micromagnetic simulation

software MuMax3. Additionally, the phenomenon of exchange bias is modeled on a Co/CoO material

system. The paper also serves to inform the reader of the intermediate steps required to attain a

sufficient mastery of the simulation program.

The SrRuO3/SrTiO3 material system has been fabricated in the form of a nanodevice by P.

Zhang in the group of Spintronics and Functional Materials at the University of Groningen. Following

the investigation of electronic and magnetic properties of the device, the results hint towards the exis-

tence of topological magnetic textures in the sample, specifically at the interface between sample and

substrate. Direct characterization of the magnetic landscape is difficult due to the inadequate resolu-

tion and sensitivity of imaging techniques. Thus, a bottom-up approach was proposed, where instead
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of searching for magnetic textures in the nanodevice itself, these textures would emerge spontaneously

in a micromagnetic simulation, from a thorough description of the material system. The purpose of

simulations in this context can be to introduce new hypotheses explaining some poorly understood

measurement result or to confirm and add a degree of confidence to already proposed hypotheses.

As a consequence of the multitude of magnetic interactions that play a role in the emergent

magnetic texture, the implementation of which may not always be intrinsically provided by MuMax3,

a comprehensive understanding of both the physical and the computational aspects of the material

system is required. In view of this condition, the present work will follow a functional validation

process, where various interactions will be simulated on well studied material systems, followed by

a verification of the relevant results (magnetization curves, domain patterns, etc.) against their re-

spective literature findings. The purpose of this verification is not only to obtain results that reflect

the physical reality, but also for the simulator to acquire an intuition of how the choice of functional

parameters and initial conditions affect the end result. Additionally, it provides the reader a technical

context of the problem formulation and operation of the simulation software.

The remainder of this thesis is structured in two main chapters: Firstly, a theoretical background

will be given for the physics involved in both the micromagnetic model as well as the real material

system. This review is followed by the numerical methods and computational aspects of the simulation

software. In the first part of the second chapter, the results of the simulation on the exchange biased

material system is given, while in the last section, the SrRuO3/SrTiO3 nanodevice is modelled in

close agreement with its real counterpart. An analysis of the accuracy and relevance of the two

models follows in the form of a discussion. A conclusion based on all the considered aspects will be

formulated at the end of the thesis.



Chapter 2

Background Theory

When considering the theoretical scope of this paper, there are at least two abstractions to be con-

sidered: On the one hand, the empirical evidence accumulated over the course of centuries of human

observation concerning the known phenomenon of magnetism, has led to the proposal of various classi-

cal, semi-classical and quantum mechanical models to predict and utilize the mentioned effect. In order

to explain the laws that govern the virtual magnetic system, a clear understanding of the observable

situation must precede.

On the other hand, the simulation cannot exist without its virtual ”backbone”, the explicit set of

instructions that tell the computer how to encode the temporal and spatial details of the real world into

their well-known binary language. This process however suffers from an essential incompatibility of

the two media, namely the perceived continuity of time and space in reality. Unless every infinitesimal

piece of information in the system is known, the simulated system can never be a carbon copy of the

former. Nonetheless, clever mathematicians have put forward approximations, nearly exact models of

the system which achieve an adequate level of description. This is the second perspective covered in

this chapter, which offers the reader an overview of Numerical Methods in general, and the approach

taken by the simulation program MuMax3 in particular.

Due to its importance to the subject of this paper, the particular material system SrRuO3/SrTiO3

is also touched up on. Relevant for this work are the fabrication method, characterization and mea-

surements performed on the real sample, as well as more specific details concerning its magnetic

properties.

6
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Figure 2.1: The magnetic dipole moment of an atom, obtained from [14]

2.1 The Origin of Magnetism in Matter

Historically, magnetic phenomena have been observed and documented as early as the 6th century

B.C.[13] in naturally occurring magnetized solids such as Lodestone. A more intimate understanding

of the governing laws was achieved at the beginning of the 19th century, when the phenomenon was

linked to electricity. Since then a number of theories and models were put forward, most of which are

still studied today, either as part of the contemporary paradigm, or as examples of the logical path

followed by our predecessors. The greatest advances in magnetism however were made through the

discovery of the notion of wave-particle duality and implicitly, the discovery of quantum mechanics.

This new approach to describing the dynamics of a system, which still garners criticism to date, is the

most accomplished description of magnetic phenomenon proposed so far.

2.1.1 The Classical Magnetic Dipole Moment

Currently, it is known that magnetic fields originate from the motion of charge through space. This

statement arises from a set of fundamental laws, Maxwell’s equations, that dictate the time and space

evolution of electric charge, magnetic moments, electric and magnetic fields. From this set of rules,

one can use Ampère’s circuital law to obtain the magnetic moment of an atom.

From a classical perspective, the motion of the electron(charge) in the vicinity of the nucleus

can be considered an Ampèrian loop that gives rise to a magnetic dipole moment.

µ =

∫
I dS, (2.1)
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Figure 2.2: Single electron atomic orbitals, obtained from [15]

where µ is the magnetic dipole moment, and I is the current flowing through a loop of area

S . A charged body, say the electron, having orbital angular momentum L gives rise to a magnetic

moment

µ = γL, (2.2)

with γ the gyromagnetic ratio, a proportionality factor.

2.1.2 The Quantum Mechanical Origin of Magnetic Moments

In this theoretical framework, the position of the electron around the nucleus is, by definition, not

localized at a point, rather the probability of finding the electron anywhere in space is given by a

probability density function. Given an electron in an atom, this probability function has a well known

shape and orientation, which is given by ` andm`, the azimuthal and magnetic quantum number. These

particular probability density functions are called orbitals, and they describe the ”possible” motion

of the electron in an atomic system. It is necessary to introduce the natural unit for quantifying the

magnetic moment of an electronic system. Considering an electron (mass me, charge −e) moving in a

circular orbit of radius R around the atomic nucleus has an orbital period τ = 2πR/v and consequently
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produces a current I = −e/τ . Substituting in (2.1) yields

|µ| = µ = πR2I = −πR2 ev

2πR
= −evR

2
= − e

2me
vRme. (2.3)

The term vRme can be identified as the orbital angular momentum of the electron. From the

functional analysis developed and employed in the field of quantum mechanics, one can quantize the

component of the orbital angular momentum of an electron along a given axis (the z axis) to the

discrete values Lz = m`h̄. The magnetic quantum number can take all the integer values between −`

and `, giving (2`+ 1) different available orbitals. The magnitude of magnetic moment of the electron

that has an orbital angular momentum of exactly h̄ is defined as the Bohr magneton:

µB =
eh̄

2me
. (2.4)

This unit is commonly used to describe the size of magnetic moments, while its value is approx-

imately 9.274×10−24 Am2[16]. Using this unit, the magnitude of the magnetic dipole moment of an

electron in an atomic subshell characterized by the quantum numbers (`,m`) is
√
`(`+ 1)µB, while

its projection along a given axis is given by −m`µB.

In addition to orbital angular momentum, a rigid body classically admits another type of angular

momentum, spin. Originating from the circular motion of all points in the rigid body about the center

of mass, spin is an intrinsic quantity of the body. Despite the fact that the electron is an elementary

point particle, the analogy can somewhat be made with the spin of the rigid body. Due to the

quantum mechanical nature of the description, the spin is also a quantized variable. Following the

same algebraic treatment as for orbital angular momentum, a new quantum number is defined to

describe the possible spin states of the system, namely the spin quantum number s. This number can

take positive integer and half-integer values and is a specific, intrinsic characteristic of the particle;

for the electron, this value is 1
2 . Particular for each electron in an atomic system, the spin state is

defined by a combination of the spin quantum number and the secondary spin quantum number ms,

which can take the values
{

1
2 ,−

1
2

}
.

Pressing the analogy further, the total spin angular momentum of an electron is given by√
s(s+ 1)h̄, with one of its carthesian components taking the value msh̄. Thus, the magnitude

of the total magnetic dipole moment originating from its spin is:
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µ(spin) =
√
s(s+ 1)gµB =

√
3

2
gµB, (2.5)

while the magnetic moment along the z axis

µ(spin)
z = −gµBms, (2.6)

where g is a dimensionless parameter called the g-factor. This constant relates the observed

magnetic moment of a particle to the specific angular momentum that gives rise to it. In case of the

spin g ≈ 2, such that the component of the magnetic moment along a chosen axis equates to µB for

electrons. The g-factor is present for magnetic dipole moments of all origins. For the orbital angular

momentum g = 1, while for the total angular momentum, the coefficient takes a special form called the

Landé g-factor, which is dependent on the relative contributions of the constituent angular moments.

2.1.3 The Magnetic Solid

In a bulk material, there is a large number of atoms with magnetic moments of various magnitudes

and directions. One can define a new quantity, the magnetization M, which in the continuum approx-

imation, is a smooth vector field representing the spatial density of the magnetic dipole moment. In

vacuum, for an applied magnetic field H, the measured magnetic field B is simply the product of the

former with a the magnetic permeability of free space µ0

B = µ0H. (2.7)

In a magnetic solid, the magnetic flux density is dependent on both H and M, while the latter

can be affected by the applied magnetic field. In linear magnetic materials, the effect of an applied

field on the magnetization is given by

M = χH, (2.8)

with χ a dimensionless scalar called the magnetic susceptibility. This quantity provides insight into

the nature of the magnetic material and its behaviour under a magnetic field, and is a parameter for

defining the three main classes of magnetic materials: paramagnets(χ > 0,χ << 1), diamagnets(χ <

0) and ferromagnets(χ > 0,χ >> 1). The relation given above only holds for paramagnetic and
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Figure 2.3: Hysteresis of a ferromagnet showing points of interest along the loop, obtained from [17].

diamagnetic materials.

One apparent consequence of the proportionality between M and H is that the magnetization

can grow indefinitely with increasing applied magnetic field. By the definition of the magnetization,

there must be a value for which all magnetic moments in the considered volume are aligned, thus

providing an upper bound for M. This quantity is called saturation magnetization and is equal to the

weighted sum of magnetic moment magnitudes.

Ferromagnets

In ferromagnetic materials, the observed dependence of the magnetization on the magnetic field

strength is non-linear and dependent on the sign of the change in H. Thus, the measured M -H

curve in such a material will be different when sweeping the field from positive to negative or from

negative to positive. These graphs display a magnetization closed loop, known as Hysteresis.

This effect is a consequence of the Variational Principle applied to the energetics of a ferro-

magnet, which dictate the dynamics of the magnetization field. In a ferromagnet, the various spin

interactions introduce energy costs of different magnitudes that compete to give the ground state of the

magnetic system. Earlier observations made on magnetic textures describe a ”puzzle”-like structure

of regions in which the magnetization is collinear and locally reaches saturation, yet its orientation is

different in each respective region. These regions are known as domains, and are a main cause of the
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Figure 2.4: Two magnetic moment configurations: On the right, net magnetization is 0 but locally,
the magnetization reaches saturation; On the left, the sample in its single-domain state[18].

hysteresis in the M -H plot of ferromagnets.

2.2 Energetics of Magnetic Interactions

As mentioned in the previous section, the magnetization vector field in a magnetic material arises from

energy minimization considerations, with the formation of magnetic domains as a consequence[3]. The

magnetization dependent energy terms have various origins and effects on the long and short range

ordering in a magnetic sample.

A. Heisenberg Exchange Energy

The exchange interaction is the phenomenon that favours parallel alignment of neighbouring spins and

is the deciding factor in ferromagnetic ordering. Its origin is purely quantum mechanical in nature

and such, a mathematical treatment is necessary for its derivation.

Consider a two electron system, their positions given by the two position vectors r1 and r2. The

overall wavefunction of the system can be separated into a spatial term and a spin term. The spatial

term is essentially a linear combination of the product between the two states ψa and ψb, to obtain

the symmetric (under exchange of electrons) and antisymmetric spatial functions[19]

ϑ+ =
1√
2

[
ψa(r1)ψb(r2) + ψa(r2)ψb(r1)

]
(2.9)

ϑ− =
1√
2

[
ψa(r1)ψb(r2)− ψa(r2)ψb(r1)

]
. (2.10)

The spins of the two electrons can combine into a joint spin state with quantum number s = 0
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or 1,defining the singlet and triplet state respectively. The names arise from the degeneracy of the

energy levels, the state with s = 1 having three possibilities for its secondary spin quantum number,

ms = {−1, 0, 1} and thus yields three degenerate spin functions. The singlet state spin function χS is

asymmetric while the three triplet spin functions χT are symmetric.

Due to Pauli’s exclusion principle, the general wavefunction describing the two electron system

must be antisymmetric under exchange of electrons. For this reason, the wave functions for the singlet

and triplet cases are

ΨS =
1√
2

[
ψa(r1)ψb(r2) + ψa(r2)ψb(r1)

]
χS (2.11)

ΨT =
1√
2

[
ψa(r1)ψb(r2)− ψa(r2)ψb(r1)

]
χT . (2.12)

Given Ĥ, the Hamiltonian, and assuming the wave functions are normalized, the energy of the two

states can be written as

ES =

∫
Ψ∗

SĤΨSdr1dr2 (2.13)

ET =

∫
Ψ∗

T ĤΨT dr1dr2. (2.14)

The difference between the two energies is then

ES − ET = 2

∫
ψ∗a(r1)ψ∗b (r2)Ĥψa(r2)ψb(r1)dr1dr2. (2.15)

One can express the Hamiltonian of the system in the parametrized form

Ĥ =
1

4
(ES + 3ET )− (ES − ET )S1 · S2. (2.16)

For the singlet state, S1 · S2 = 1
4 , while for the triplet state S1 · S2 = −3

4 such that the respective

energies of the two spin states can be recovered upon substitution[20]. The obtained expression has

a constant term and a spin-dependent term, with the later being of interest. Defining the exchange

constant J as

J =
ES − ET

2
=

∫
ψ∗a(r1)ψ∗b (r2)Ĥψa(r2)ψb(r1)dr1dr2, (2.17)

the spin-dependent term of the parametrized Hamiltonian can be written as



14 Chapter 2. Background Theory

Ĥspin = −2JS1 · S2. (2.18)

For positive values of J, the triplet state is energetically more favourable and materials with this value

of the constant show ferromagnetic ordering, with spins tending towards a parallel alignment. On the

other hand, for J<0 the singlet state is favoured and the material is said to have antiferromagnetic

behaviour[20]. Thus, the exchange constant is a parameter that distinguishes between two kinds of

magnetic ordering.

In a magnetic solid, the exchange interaction acts between all pairs of neighbouring atoms,

promoting the so called Heisenberg model. The Hamiltonian in this case is expanded to

Ĥ = −2
∑
i>j

JijSi · Sj, (2.19)

where i > j accounts for the double counting of spin pairs. The calculation of the exchange integral

depends on the choice of electrons to be considered (on the same atom, on neighbouring atoms,on next-

to-neighbouring atoms) as well as the crystal environment (lattice parameters, chemical structure),

such that a number of well studied exchange interactions can be defined (direct exchange, double

exchange, superexchange).

The Continuum Approximation

It is useful to express the Heisenberg Exchange Interaction in a model where the discrete nature

of the lattice of spins is ignored. To this end, let J be constant for the nearest neighbour pairs

and vanishing otherwise. Thus, for a given spin S, the Hamiltonian is

Ĥ = −
∑
j

JS · Sj, (2.20)

where the summation runs over the nearest neighbours only. Considering classical spins that

can have any orientation in space and assuming that the angle between neighbouring spins φij

is very small, φij << 1 for all i, j, the energy of the system can be written as

Eexch = −JS2
∑
<i,j>

cosφij = constant +
JS2

2

∑
<ij>

φ2
ij, (2.21)

where the small angle approximation cos θ ≈ 1− θ2 was used. The constant term corresponds
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Figure 2.5: The reduced magnetization unit vectors at neighbouring sites, i and j

to the energy of the state where all spins are parallel and can be ignored. Let m be the reduced

magnetic moment, defined as m = M/Ms, where M is the magnetization and Ms the saturation

magnetization. The reduced moment has the same orientation as the magnetization, while its

carthesian components are analogue to the direction cosines of the spin at the lattice points rij

according to Fig.2.5. Then the canting angle between adjacent spins can be approximated with

|φij| ≈ |mi −mj| ≈ |(rij · ∇)m|, (2.22)

and the energy cost due to misalignment

Eex = JS2
∑
<ij>

[
(rij · ∇)m

]2
. (2.23)

In the continuum limit, the summation can be replaced by an integral over the volume of the

sample

Eex = A

∫
V

[
(∇mx)2 + (∇my)

2 + (∇mz)
2
]
d3r, (2.24)

where all the constants have been collected into a single material-dependent term A, named

the exchange stiffness constant. Its value is then

A = 2JS2z/a, (2.25)

where a is the distance between adjacent spins and z is the number of sites in the unit cell of the

crystal lattice. The obtained energy expression for the exchange interaction is dependent on

the change of magnetization, a trait that can be exploited in the formulation of the numerical
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method used in simulation programs.

B. Magnetocrystalline Anisotropy Energy

The expression of the Heisenberg Hamiltonian is isotropic with respect to the crystal axis, as the the

spin quantization axis does not have any spatial restrictions. This assumption does not suffer from loss

of generality, but empirical evidence suggests that the magnetization does have a preferred direction

of alignment, which intuitively should depend on the crystal environment. This property is known as

magnetocrystalline anisotropy and it arises largely due to relativistic corrections to the Hamiltonian,

such as the spin-orbit coupling or the dipole-dipole interaction, which in turn break the rotational

symmetry of the spin quantization axis[21].

The crystal anisotropy energy term must be a spatial function with the magnetization as an

argument and as coefficients, some angular relation between the magnetization and the crystallographic

axes. It is then helpful to express the crystal anisotropy energy as a power series expansion of the

direction cosines α1, α2, α3

Eanis = b0 +
∑

i=1,2,3

biαi +
∑

i,j=1,2,3

biαiαj +
∑

i,j,k=1,2,3

biαiαjαk + . . . (2.26)

where (α1, α2, α3) = (sin θ cosφ, sin θ sinφ, cos θ) with θ, φ the polar and azimuthal angles re-

spectively. Moreover, experimental investigations show that the energy contribution of higher order

terms in the expansion are compensated with thermal noise, such that mostly the first six order terms

are included in the energy expression.

As the energy cost associated with magnetocrystalline anisotropy is dependent on the crystal

environment, it is expected that the formula takes a different expression for each crystal lattice. More

accurately, it is the symmetry of the crystal environment that dictates the final form of the energy

expression. A general restriction is provided by the intrinsic symmetry of the magnetic moment: the

energy of the system must be the same if you flip the orientation of all magnetic moments in the

crystal lattice. This requirement yields for the odd order terms in the expansion

∑
i=1,2,3

biαi =
∑

i=1,2,3

bi(−αi) =⇒ b1 = b2 = b3 = 0 (2.27)
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the same requirement is found for all terms with odd powers of direction cosines and all odd

rank tenson coefficients are identically null.

The correlation between the symmetry of the crystal lattice and the symmetry of the physical

property of interest (magnetic moment, magnetization) is stated in Neumann’s Principle: ”The sym-

metry elements of any physical property of a crystal must include all the symmetry elements of the

point group of the crystal”, where the set of all symmetry operations which leave at least one point

unmoved defines the point group[22]. Neumann’s Principle is satisfied if the tensor which describes the

physical property of the crystal is invariant under the same symmetry operations (Voigt’s Principle).

It follows that if the tensor of the physical property is b, then b = MT bM for all symmetry operations

M of the point group. A derivation of the energy expression for a cubic crystal environment follows.

Cubic Anisotropy Consider a cubic crystal lattice with a 3-fold rotation axis [111] and the

tensor representing the first order anisotropy[23]

bij =


b11 b12 b13

b21 b22 b23

b31 b32 b33

 ,

while a rotation of 120◦ about the [111] axis is given by

M =


0 0 1

1 0 0

0 1 0

 .
Then according to Voigt’s Principle

MT bM =


0 1 0

0 0 1

1 0 0



b11 b12 b13

b21 b22 b23

b31 b32 b33




0 0 1

1 0 0

0 1 0

 =


b22 b23 b21

b32 b33 b31

b12 b13 b11

 = b. (2.28)

From (2.28) we obtain further restriction on the first order anisotropy tensor such that it is

dependent on only three variables
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b =


b11 b31 b21

b21 b11 b31

b31 b21 b11

 =


a c b

b a c

c b a

 .
The same treatment can be applied for a different symmetry operation, 90◦ rotation about the z axis

([001]), giving the final form of second order anisotropy tensor dependent on a single variable

b =


a 0 0

0 a 0

0 0 a

 , (2.29)

which implies that
∑

i,j=1,2,3 bijαiαj = a(α2
1 + α2

2 + α2
3) = a, due to trigonometric considerations.

In the same fashion, the tensors for the fourth and sixth order anisotropy terms can be reduced by

virtue of the symmetry of the crystals system. The complete expression for the anisotropic energy

contribution due to a crystal environment is then

Eanis = K0 +Kc1(α2
1α

2
2 + α2

2α
2
3 + α2

3α
2
1) +Kc2(α2

1α
2
2α

2
3) +O(α8

i ). (2.30)

Note – The preference of the magnetization to align with specific directions is a consequence of the

Variational Principle, where the system tends to minimize the total energy. It is sensible then, to

assume that by introducing a large enough thermal noise, this preference is quenched. Thus, the

anisotropy constants present in the energy expansion must be temperature-dependent properties of

the material system.

By following the same steps as for the derivation of cubic anisotropy, one can easily obtain

expressions for other types of crystal lattices or crystal symmetries. Other frequently encountered

anisotropies are the hexagonal, biaxial, uniaxial and tetragonal anisotropies.

C. External Field (Zeeman) Energy

This term represents the energy cost of misalignment between an applied magnetic field and the

magnetic moment of the sample. Consider a single spin with magnetic moment µ in a field H. The

Hamiltonian in this case is
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Ĥ = −µ0µ ·H. (2.31)

In the continuum approximation[20], the total misalignment energy for a sample in a magnetic field is

EZeeman = −µ0

∫
H ·M dV = −µ0Ms

∫
H ·m dV (2.32)

D. Stray (Demagnetizing, Magnetostatic) Field Energy

In addition to the external applied field, the magnetization of the sample also creates a magnetic

field inside the bulk, that opposes the field that created the magnetization in the first place. This

secondary field also introduces an energy term, the expression of which can be obtained by replacing

the demagnetizing field in (2.32). The demagnetizing (demag for short) field Hd can be thought to

originate from the magnetic ”monopoles”[3] accumulating in the volume and on the surface of the

sample. It must then be true that

∇ ·Hd = −∇ ·M (2.33)

∇×Hd = 0. (2.34)

Equation (2.34) implies that

Hd = −∇φd (2.35)

where φ is a magnetic scalar potential.

Following a treatment analogous to the one for electrostatics, the volume and surface pole density

can be expressed using the reduced magnetization m(r) = M(r)/Ms as

ρm = −∇ ·m (2.36)

σm = m · n (2.37)
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with n a unit vector indicating the surface normal. The magnetic potential can be calculated by

considering the boundaries of the sample and performing integration over r′

φd(r) =
Ms

4πµ0

[∫
ρm(r′)

|r− r′|
dV ′ +

∫
σm(r′)

|r− r′|
dS′

]
. (2.38)

The energy associated with the demagnetizing field is obtained from (2.32) by substituing the demag

field

Edemag =
1

2
µ0

∫
all space

Hd ·M dV = −1

2
Ms

∫
sample

Hd ·m dV. (2.39)

Substituting the expression for the demag field obtained by taking the gradient of φd in (2.39) ulti-

mately yields the energy term

Ed =
1

2
Ms

[∫
ρm(r)φd(r)dV +

∫
σd(r)φd(r)dS

]
. (2.40)

The calculation of the demagnetizing field and the respective energy is complex and generally

calls for numerical evaluation, except in the most simple cases, such as an infinitely extended plate or

an uniformly magnetized ellipsoid.

The stray field is mainly responsible for the formation of domains and domain walls inside a

magnetic sample, with exceptions arising in special cases of shape, size and anisotropy. The same

complexity argument that arises in the calculation of the demag field is taken over to the calculation

of domains and other magnetic textures. Numerical methods adapted for simulating magnetization

dynamics consequently become an indispensable tool in the exploration of magnetic domains.

E. External Stress and Magnetostrictive Effects

The final contribution to the energy functional of a magnetic sample originates from mechanical stress

in the sample. A magnetic body can deform under external forces or internal forces that arise from the

magnetization of the body itself. All effects related to the deformation of the body can be collected in

an asymmetric tensor field of elastic distortion which inputs additional energy into the system[3]. This

energy is generally small in comparison with the other contributions, thus only the first non-vanishing

order term describes the energy landscape. Generally, this energy contribution has the potential to

affect the formation of domains and magnetic textures and its inclusion in the energy functional is
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necessary for a complete description of the dynamic system. Nonetheless, due to the small magnitude

of the effects and the fact that the treated simulation program MuMax3 does not account for this

contribution, the magnetostrictive energy term is omitted in the formulation of the total energy.

2.3 Micromagnetic Equations

Akin to Newton’s Equation of Motion, Einstein’s Field Equation or Schrödinger’s Equation, there also

exists an equation that dictates the dynamics of the magnetic moments in a solid. The formulation

is credited to Lev Landau and Evgeny Lifshitz, which is why the equation is also referred to as the

Landau-Lifshitz equation. It originates from the same Variational Principle already described in earlier

sections.

The total energy of the magnetic system can be obtained by collecting all the energy terms

introduced in the previous section. In its integral form, the total energy is given by the expression

Etotal =

∫ [
A(∇m)2 + Fanis(m)−Hext ·M +

1

2
Hdemag ·M

]
dV (2.41)

where Fanis is an energy term incorporating all the contributions due to magnetocrystalline

anisotropy. The energy costs associated to the external stress in the sample as well as the magnetore-

strictive effects have been omitted from the formulation of the total free energy, due to the fact that

such considerations are incompatible with the simulation software. Nevertheless, from a theoretical

point of view, the given expression does not completely describe the real system.

Variational calculus derives from this expression of the total free energy, together with additional

constraints on the magnetization vector, a set of differential equations[3]

fL ·m = −2A∆m +∇mFanis(m)− (Hext + Hd)Ms, (2.42)

∇ · (µ0Hd + M) = 0, (2.43)

∇×Hd = 0. (2.44)

The left-hand side of (2.42) can be written as −MsHeff such that
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Heff = Hext + Hd +
1

Ms

[
2A∆m−∇mFanis(m)

]
. (2.45)

The effective field thus contains all the various magnetic considerations of interest to the goal of this

paper. In static equilibrium M ×Heff = 0, i.e. the torque on the magnetization must vanish at all

points and consequently, the magnetization must be directed along the effective field vector. If the

torque does not vanish, it will dictate the time evolution of the magnetization field, modulated by the

gyromagnetic ratio, γ of the electron. The statement can be reformulated through

dm

dt
= −γm×Heff. (2.46)

One may recognize this expression as describing precession of the magnetization vector about the

effective field. In this form, the angle between the two remains constant and the precessional motion

continues indefinitely. This feature arises from the fact that no energy losses have been taken into

account. By including an additional term in (2.46) that describes local dissipative phenomena, one

arrives to the Landau-Lifshitz-Gilbert (LLG) equation[24]

dm

dt
= −γLLm×Heff + αLLm× (m×Heff) (2.47)

where γLL = γ/(1 + α2
G), αLL = αGγ/(1 + α2

G) and αG the Gilbert damping coefficients. This

final expression lies at the crux of the micromagnetic approach and is the governing equation employed

by the simulation software. Using this expression, it is possible to obtain the state of equilibrium of the

magnetic system and implicitly the evolution of the magnetic texture under various time-dependent

perturbations.

2.4 MuMax3:Numerical Method, Features and Capabilities

The micromagnetic simulation program MuMax3 allows for the computation of magnetization dynam-

ics as well as the magnetization response to an applied magnetic field and various other excitations.

In order to do that, the software makes use of the graphics-processsing-unit (GPU), due to its ex-

cellent capability for parallelization, a quality which is required for optimally resolving 2-dimensional

magnetic textures.
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2.4.1 Design

The software was created using the GO programming language, while the CUDA computing platform

was used to implement its operation on the GPU[5]. A consequence of this choice is that a NVIDIA

GPU is required to run this software, as well as a Windows, Linux or Mac operating system.

Figure 2.6: The HTML based user interface offered by MuMax3

MuMax3 offers a web-based HTML user interface for live feedback of the magnetization and

other simulation details. It is also possible to alter the simulation constants of interest from this user-

interface. Alternatively, one may write the simulation code in a .txt file, save it under the particular

extension .mx3 recognized by MuMax3 and finally run the simulation file using the operating system’s

command prompt console.
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Figure 2.7: Schematic of spatial discretization for a 2D FD scheme[1]

The software employs a finite-difference spatial discretization, thus dividing the simulation space

into equal sized cells. Due to the many interactions present when solving the micromagnetic equation,

the quantities of interest can be divided into two categories, base on the relation that they modulate.

Volumetric quantities, such as the magnetization and the effective field are treated at the center of

each cell, while coupling quantities which represent relative interactions are considered at the faces of

each cell. Due to memory saving considerations, these former quantities are not saved for each cell,

rather material regions are defined which encompass more than one cell, and the specific material

parameters are saved per each region instead. Due to the same reason, coupling quantities are saved

in a triangular matrix.

A consequence of the finite-difference discretization is that curved sample spaces are impossible

to obtain if the cells are not small enough. To obtain complex shapes, MuMax3 uses Constructive

Solid Geometry and functions of the form f(x, y, z) that return TRUE if the point (x, y, z) lies inside

the shape and FALSE otherwise. Furthermore, using boolean operators such as AND, OR, XOR in

order to translate, rotate, mirror or substract shapes.

2.4.2 The Landau-Lifshitz-Gilbert equation

MuMax3 uses a the following form of the Landau-Lifshitz-Gilbert equation[5]:

τLL = γLL
1

1 + α2

(
m×Heff + α

(
m×

(
m×Heff

)))
(2.48)
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with τLL = dm
dt is the torque, γLL the gyromagnetic ratio and α the dimensionless damping parameter.

As discussed in the theory section concerning the micromagnetic equation, the effective field collects

all the various magnetic interactions in their magnetic field form, into a single vector field.

In order to include a magnetic interaction into the numerical scheme employed by MuMax3, the

physical phenomenon must be condensed into a field term as well as an energy density term. What

follows is a short description of the way in which some basic interactions are formulated in the scope

of MuMax3.

1. The Magnetostatic Field

The demag field is evaluated as a convolution of the magnetization with a demagnetizing kernel,

in a similar manner in which image processing operations are performed

H
(i)
demag = K̂ij ·Mi. (2.49)

The respective energy density term is defined as

Edemag = −1

2
M ·Bdemag. (2.50)

MuMax3 offers the possibility of setting periodic boundary conditions (PBC), which implies that

the magnetization wraps around in the three cardinal directions. This can be done selectively

for each direction and follows a macromagnetic approach, where exact copies are added to the

simulation box. One consequence of this aspect is that the magnetostatic kernel must include

influences from the copies of the simulation box as well.

2. Heisenberg Exchange Interaction

The effective field contribution due the Heisenberg exchange interaction takes the form

Hexch = 2
Aex

Msat

∑
i

(mi −m)

∆xi
(2.51)

where Aex is the exchange stiffness constant, Msat the saturation magnetization. The index i

runs between the 6 nearest neighbours, and ∆xi is the spatial separation between the m and

mi.
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The corresponding energy density term is then

Eexch = −1

2
M ·Hexch. (2.52)

3. Magnetocrystalline Anisotropy

MuMax3 offers two types of anisotropies which are defined implicitly: uniaxial and cubic. Each

kind has a different formulation of the input, dependent on the symmetries present in the sample

to be modeled.

In the uniaxial case, the system can be described using the first and second order anisotropy

constants Ku1,Ku2

Hanis =
2Ku1

Hsat
(u ·m)u +

4Ku2

Hsat
(u ·m)3u (2.53)

where u is a unit vector which points the anisotropy direction. The energy density is given by

Eanis = −1

2
Hanis(Ku1)M− 1

4
Hanis(Ku2)M (2.54)

with Hanis(Kui) denotes the anisotropy field where only Kui is considered.For cubic anisotropy,

the treatment is similar.

4. Thermal Fluctuations

MuMax3 includes the effects of non-zero temperature by means of a fluctuating thermal field

Htherm according to Brown [25]:

Htherm = η(step)

√
2µ0αkBT

HsatγLL∆V∆t
(2.55)

where µ0 is the vacuum permeability, kB the Boltzmann constant, T the temperature, ∆V the

cell volume and ∆t the time-step. The term η(step) is a vector field with random orientation and

magnitude given by a standard distribution, which is redefined at each time-step.

2.4.3 Numerical Scheme

As mentioned in earlier sections, MuMax3 employs a finite difference method. The premise of this

method is that a differential equation of the form can locally be approximated as a sum of finite
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difference quotients[1]. Starting from the the Taylor expansion:

u(x+ ∆x, y, z, t) = u(x, y, z, t) + ∆x
∂u(x, y, z, t)

∂x
+

(∆x)2

2

∂2u(x, y, z, t)

∂2x
+ . . . (2.56)

and ignoring higher order terms one can obtain

∂u(x, y, z, t)

∂x
=
u(x+ ∆x, y, z, t)− u(x, y, z, t)

∆x
(2.57)

In addition to spatial discretization, the simulation software uses a collection of solvers which advance

the LLG equation. These algorithms follow the Runge-Kutta iterative method, each providing a

different order of convergence and error estimate[5]:

1. RKF56, also called the Runge-Kutta-Fehlberg method offers 6th order convergence and 5th order

error estimate. This method is particularly efficient in solving finite-temperature simulations

which require relatively small time-steps.

2. RK45, also called the Dormand-Prince method offers 5th order convergence and 4th order error

estimate used for adaptive time-step control. It is the default method for dynamical simulations.

3. RK23, also called the Bogacki-Shampine method offers 3rd order convergence and a 2nd order

error estimate. This method is used for the built-in function relax(), which can compute the

ground state of the system from any high-energy state, in which case it performs better than

the RK45 algorithm.

4. RK12, also known as Heun’s method, offers 2nd order convergence and 1st order error estimate.

This method is used for simulations performed at finite temperatures (i.e. non-zero), as it does

not require torque continuity between time-steps.

5. RK1, also known Euler’s method, offers 1st order convergence. It comes in two variants, the

forward and backward Euler’s method. It is used for validation or academic purposes.

Fine-tuning the solver

MuMax3 gives the option of setting a number of simulation parameters, such as the maximum

and minimum time-step that the solver is allowed to take as well as the maximum error per step. By

varying these parameters, as well as the choice of solving algorithm, the simulator is able to fine-tune

the computation method for the desired application.
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2.5 The SrRuO3 material system

One of the simulations performed as a goal for this thesis concerns the material system SrRuO3 as a

thin film. This material exhibits a number of interesting properties, among which the most relevant

for the simulation is the strong temperature dependence of the anisotropy constants[26], as well as the

specific symmetry in the crystal[11]. These considerations will be further discussed from a modeling

point of view in the context of the simulation results.

Figure 2.8: The perovskite structure of SrRuO3 showing the oxygen tetrahedra[27]

From a structural point of view, SrRuO3 belongs to a family of complex oxide compounds called

perovskites. The eponymous crystal structure is of the form ABO3, where A and B are metallic

cations that both bond to the oxygen atoms arranged in a tetrahedron shape in the unit cell[11].

The crystal structure is also temperature-dependent and constitutes different phases in the material,

starting from an orthorhombic phase up to a temperature of 823 K, where a phase transition occurs to

a tetragonal phase. Another phase transition occurs at 953 K where the crystal structure changes to

a cubic system. The magnetocrystalline anistropy constants have been obtained from a paper where

the anisotropy is described by a tetragonal symmetry[26], the simulation details have been prescribed

to match the later.
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Simulation Results

A number of elementary simulations have been performed prior to the two material systems considered

for the goal of this thesis. These have been done in order to verify the physical correctness of the

results as well as the proper functioning of the implicit features offered by MuMax3. These preliminary

simulations involve the validation of the exchange interaction, cubic anisotropy, finite-temperature as

well as the response of the magnetization texture to an applied field and subsequently, the resulting

hysteresis loop. The results of these simulations were compared to literature values in some cases,

while for the most basic of simulations there exists a data-base for micromagnetic simulations where

a number of standard problems are given together with their expected results.

Following the verification process, the simulator is capable of recognizing simulation results

which do not match the real physical scenario, as well as discern the origin of these errors. On the one

hand, a unrealistic result can be obtained due to the insufficient description of the system, i.e. not all

magnetic interactions are taken into account, some of which may strongly influence the outcome of

the simulation; On the other hand, simulation artifacts can appear in the output, originating from the

approximate nature of the numerical method. In the later case, the error can be removed by tweaking

the solver details, the spatial discretization as well as the perturbation step-size, such as temperature

or applied magnetic field.

3.1 Exchange Bias in Co/CoO

The first non-trivial material system implemented in MuMax3 is the Co/CoO bilayer. The phe-

nomenon of interest in this case is Exchange Bias. The cause of this effect is the strong exchange

29
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coupling between the spins at the interface between the two materials. Most material systems which

exhibit exchange bias require an interface between a ferromagnet and an antiferromagnet, identified

in the interface between Co and CoO.

Exchange coupling is an quantum mechanical effect which can be described by a Hamiltonian

as defined in the theory section on the Heisenberg exchange interaction. The difficulty in modeling

such a system arises from the fact that the antiferromagnetic phase is not implicitly provided by the

simulation software and must be manually implemented.

The simulation box was taken to be a square bilayer of side 192 nm and thickness of individual

layers of 3 nm. The two layers are stacked on top of each other, such that the surfaces with largest

area form the interface. Two material regions are defined for each layer, and the material parameters

are introduced according to literature[28]. The antiferromagnetic layer was implemented through two

adjacent layers stacked on top of each other, representing the two overlapping sublattices, according

to figure 3.1.

Figure 3.1: MuMax3 implementation of exchange coupling in a FM/AFM interface

In order to obtain a realistic antiferromagnet, the consituent layers must be exchange coupled

appropriately. To this end, the four exchange stiffness constants must be included in the simulation:

AFM is given as input for the FM material region and describes ferromangetic coupling; AAFM reffers

to the coupling between the two sublattices and is defined in such a way that an energy minimum is

obtained under an antiparallel orientation; AA is a material parameter given for the antiferromagnetic

region and refers to the coupling of spins in each AFM sublattice; AI is a parameter obtained from

a energy density considerations at the interface between the two materials. The coupling between

the layer AFM1 and the ferromagnet is accomplished by setting periodic boundary conditions in the

surface normal direction.

In order to obtain a hysteresis, the magnetization of the ferromanget is initialized in a single-
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Figure 3.2: Definition of IP and OOP directions

domain state along a given direction, and a strong magnetic field of 0.1 T is applied in the same

direction. The applied field is progressively lowered until the sample reaches saturation but the

direction of magnetization is opposite. The process is repeated for increasing magnetic field until a

closed loop is obtained. For clearly showing the effects of exchange bias, both an in-plane and out-

of-plane sweep has been performed, where the two sweeping directions are defined according to figure

3.2, where θ = 90◦.

From a theoretical point of view, the phenomenon of exchange bias arises from the strong

exchange coupling of the spins in the FM layer to the spins of the AFM layer, which have the effect

of pinning the FM layer to the configuration where the FM spins are parallel to the AFM spins.

This effect induces an uniaxial anisotropy in the FM, which appears as a unidirectional shift of the

hysteresis loop along the applied field axis. Essentially, the single-domain structure in the FM layer,

with parallel alignment between the FM and top AFM layer introduces less of an energy cost than

the single domain state oriented in the opposite direction. Thus, a greater field is required to switch

the magnetization from the low-energy single-domain state to its higher energy counterpart than the

reverse case, which is the cause for the difference in coercivities. One aspect of the simulation worth

mentioning is that the configuration of the two AFM sublattices at the interface strongly influences

the exchange bias effect, depending on whether the AFM surface is compensated (i.e. the overall

magnetization of the interfacial layer is 0) or uncompensated, such as the case shown in figure 3.1.

The result of the simulation is a hysteresis loop of both IP and OOP magnetization, with the

former showing an exchange bias of Hbias = 0.0149 T, a quantity defined as the shift of the center of

the hysteresis from the unbiased system.
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Figure 3.3: M-H loops for IP and OOP magnetization in a Co/CoO bilayer

3.2 Magnetization reversal in SrRuO3

The next material system considered was the complex oxide SrRuO3 in its thin film form. This

material was chosen in order to investigate the effects of finite temperature on a material that shows a

non-trivial dependency of its magnetic properties on temperature. To this end, the material properties

were obtained from various literature sources, with the magnetocrystalline parameters being of most

interest.

In the paper by A. Konbayashi, the temperature dependence of the anisotropy constants was

investigated for all temperatures under TC , the Curie temperature of the material. The magnetocrys-

talline anisotropy of SrRuO3 was identified as a tetragonal symmetry system given by three constants



3.2. Magnetization reversal in SrRuO3 33

K1,K2,K3. The expression for the magnetocrystalline anisotropy energy is given by:

Eanis = K1 cos2 θ +K2 cos4 θ +K3 sin4 θ cos2 φ sin2 φ (3.1)

where θ and φ are the well known azimuthal and polar angles of the magnetization vector. In order

to implement such an anisotropy system into MuMax3, the magnetic phenomenon must be described

by an effective field term and an energy density term which take the magnetization vector as an input

and uses a set of Cartesian unit vectors to formulate the direction cosines and sines. Thus, after some

algebraic manipulation, the energy density term was calculated as:

Eanis = K1(m · ẑ)2 +K2(m · ẑ)4 +K3

[
(m · x̂)(m · ŷ)

]2
(3.2)

and the effective field term

Hanis = − 1

µ0Msat

{
2K1(m · ẑ) · ẑ + 4K2(m · ẑ)3 · ẑ + 2K3(m · x̂)(m · ŷ)

[
x̂(m · ŷ) + ŷ(m · x̂)

]}
(3.3)

where x̂, ŷ, ẑ are a set of right-handed Cartesian unit vectors. The values of the three anisotropy

constants together with their temperature dependence are given figure 3.4, adapted from [26]. The

graph exhibits a couple of features of interest. Firstly, at low temperatures, the material shows strong

anisotropy due to both the first order and second order constants, an effect which is noticeable once

the M-H loops of the sample are obtained. Secondly, the graph indicates a sign change of the second

order anisotropy constant above a temperature of 50 K. This temperature also signals the weakening

of the anisotropy by at least one order of magnitude, a regime where the material can be said to

exhibit negligible anisotropy.

The investigation of the material system was initiated by a micromagnetic model with the

purpose of simulating the Curie temperature of the sample. In bulk, SrRuO3 has a Curie temperature

of around 160 K. To obtain this result, the simulation box was defined as a square with thickness

of 20 unit cells while in the other two dimensions, periodic boundary conditions of 10 copies were

included, such that the size of the sample is large enough to ignore any edge effects and discontinuities.

Furthermore, the size of the grid was chosen such that the cells have sizes equal to the sides of

the unit cell. The material parameters were obtained from literature sources[11], except for the

magnetocrystalline anisotropy.
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Figure 3.4: Temperature dependence of the magnetocrystalline anisotropy constants, adapted from
[26]

The later was defined according to the earlier treatment of the energy density and effective field

term. This was possible due to the flexibility of MuMax3 concerning magnetic interactions which are

not implicitly defined. To this end, the effective field and total energy density expressions admit a

custom term, which can be algebraically and geometrically defined using mathematical operators, in

the form given by equations (3.2) and (3.3). The temperature dependence of the anisotropy constants

was included in the simulation through the use of the RemoveCustomFields() command, in order to

redefine the anisotropy with the updated constants each time the temperature changes.

For the simulation of the Curie temperature, the sample was initialized in a single domain state

along a given direction at 0 K. The temperature was then gradually increased and the simulation

was let to run for a sufficiently large amount of time for each temperature step and the average

magnetization in the selected direction was recorded.
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Figure 3.5: M-T plot of SrRuO3 thin film

Figure 3.6: The magnetization texture at various temperatures

Figure 3.5 shows the temperature dependence of the magnetization, where the anisotropy con-

stants are varied at each temperature, while figure 3.6 shows the magnetization in the topmost layer

of the sample. According to the results of the simulation, the Curie temperature of the SrRuO3 thin
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film with thickness of 20 u.c. is TC = 165 K.

In addition to M-T plot, the response of the magnetization to an applied field as well as the

process of magnetization reversal at various temperatures was investigated. Consequently, a model

was created of the same material system and the magnetic field was swept between the two values

which bring the sample to saturation. These values were not known beforehand and a coarse field

sweep was performed to find them for each temperature. Subsequently, the size of the magnetic field

step was decreased locally in the interval where magnetization reversal occurs, in order to increase

the accuracy of the results. Both IP and OOP sweeps were included in the simulation, with the two

directions being defined as in the previous section.

Three different temperatures were considered where the above-mentioned set of processes were

applied and similarly to the method used in the Curie temperature simulation, the anisotropy of the

sample was adjusted according to the temperature. The considered temperatures were chosen based on

the values of the anisotropy constants at those temperatures, which showed an interesting behaviour.

The results of these simulations are shown in Figures 3.7, 3.8, 3.9, 3.10 .

Figure 3.7: IP and OOP magnetization reversal for T = 0 K
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Figure 3.8: IP and OOP magnetization reversal for T = 10 K

Figure 3.10: IP and OOP magnetization reversal for T = 50 K (zoomed)
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Figure 3.9: IP and OOP magnetization reversal for T = 50 K

In order to compare the three different temperature regimes, a table was created with the co-

ercive field respective for each temperature and direction of applied magnetic field (IP, OOP), the

results are shown in Table 3.1.

Temperature OOP IP

Coercive
Field (T)

0 K 20.5 1.78
10 K 7.09 0.76
50 K 0.08 0.47

Table 3.1: Table of Coercive Field values for different temperatures
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3.3 Discussion

For the first material system considered, the presence of exchange bias in the sample was proven

by creating the M-H loop. In the graph, the shift of the hysteresis in the negative field direction

can be clearly seen. The treated model belongs to the case where the spins at the AFM interface are

uncompensated, i.e. the total magnetization over the topmost AFM layer is not zero. Furthermore, no

thermal training effects were considered, as MuMax3 allows for the simulation of magnetic samples at

0 K, thus no field cooling operation was needed. The effects of such an operation are to be investigated

in future works.

On the other hand, the sample in question formed by bringing into contact a Co layer to a CoO

layer is considered to be of single-crystal structure, when in most real situations, the two materials

have a granular structure. This effect can be implemented using a tool called Voronoi tessellation,

which automatically divides the sample space into grains of a set size. The material parameters can

then be defined individually in each grain, such that the anisotropy easy axis direction can be chosen

from a standard distribution about a given direction. As an additional complexity factor,the coupling

between each grain must be adjusted individually.

For the second material system considered, the simulation investigating the temperature de-

pendence of the magnetization yielded a Curie temperature of TC = 165 K. This result is in close

agreement with its value in the bulk material. The shape of the M-T curve does not exhibit the

expected curvature at the edges of the temperature range. This shortcoming can be identified to

originate from the insufficient description of the material system, in the sense that not all magnetic

interactions which are present in the sample have been implemented. For the purpose of this thesis

however, the result is sufficiently accurate.

For the M-H loops obtained, the strong dependency of the anisotropy constants on temperature

can clearly be observed. At 0 K, the hysteresis loops for both IP and OOP magnetic field sweep show

the expected squareness of the loop, as well as the strong anisotropy present in the sample. The graph

hints that the direction of easy axis of magnetization must predominantly be in the plane of the thin

film, rather than perpendicular to it. The large difference in coercivity serves to support this claim.

Immediately after increasing the temperature, the loop begins to show curvature, an effect solely

cause by a finite temperature. At 10 K, the first order anisotropy constant changes by 12%, while the

second order constant changes by about 20%. The third order constant is one order of the magnitude
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lower than the rest and its effects are relatively negligible. Even after a relatively small change in

the value of the constants, the coercivity of the two loops changes drastically, proving once again the

strong anisotropy present in the material.

The temperature of interest in this material system is 50 K, due to the fact that the first

two anisotropy constants drop to less than 4% their absolute zero value. Furthermore, the second

order anisotropy constant switches sign from negative to positive. The combined effects of the two

aforementioned aspects cause the M-H loop to narrow significantly, as well as the fact that the easy

axis direction flips to an OOP direction, as the coercive field for the OOP measurement is in this case

lower than its counterpart. This effect can be also be identified in literature, such as in [29].
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Conclusion

4.1 Summary of Thesis Achievements

The model created for the simulation of exchange bias using the micromagnetic simulation software

MuMax3 was successful for the test case of Co/CoO. The in-plane hysteresis loop shows a shift in the

negative field direction, while for the out-of-plane loop, there is no shift. The exchange bias present

in the system was measured to be Hbias = 0.0149 T.

For the SrRuO3 thin film sample, the temperature dependence of the magnetization was ob-

tained through the simulation of average magnetization at different temperatures. Using MuMax3, a

model was created using parameters found in literature and, for the first time using this software, the

magnetocrystalline anisotropy was implemented including its temperature dependence. The simula-

tion yielded a Curie temperature value of TC = 165 K, a result which agrees well with the its bulk

value.

To further understand the non-trivial temperature dependence of the magnetization, hysteresis

loops were simulated for three different temperatures, with the varying anisotropy constants. The

strong anisotropy of the material was proven from the graph at T= 0 K, where the material exhibits

a large difference in coercivities for the IP and OOP field sweeping directions. The easy axis of the

magnet was found to lie closer to the plane of the thin film.

The following two temperatures,T∈ {10 K, 50 K} were investigated in order to witness the

effects of the strong temperature dependence of the anisotropy constants. The change in coercive field

as the temperature increases is in agreement with the expected loss in anisotropy. When the second

order anisotropy constant switches its sign, the direction of easy axis of magnetization flips towards

41
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a direction perpendicular to the surface. This effect is also found in empirical measurements, such as

in [29].

It is important to mention some of the simulation software’s limitations in contrast with its

features. On the one hand, MuMax3 offers limited implict implementation of magnetic phenomena,

the example that comes to mind being magnetocrystalline anisotropy. Although it is possible to define

only an uniaxial or cubic anisotropy symmetry system, any sort of complex anisotropy can be manually

implemented via the use of custom fields and custom energy terms. Furthermore, strain cannot be

specified for the simulation sample unless the step towards defining a custom magnetic interaction

are followed. Lastly, by virtue of the processing unit employed by the software, namely the GPU,

MuMax3 is extremely efficient in calculating the magnetization dynamics of thin films of large surface

area. Conversely, it is not optimized for the simulation of a bulk system.

4.2 Outlook

Using the knowledge and experience accumulated over the course of my BSc Research Project, I

intend to implement magnetic interactions of increasing complexity, such that the materials system

to be modelled is as accurate as possible.

One interaction of special interest is the DzyaloshinskiiMoriya interaction, which enables the

formation and stability of topological magnetic textures, such as magnetic bubbles and skyrmions.

Figure 4.1 is an example of a circular magnetic thin film where the interaction is implemented and

topological textures emerge.

Furthermore, micromagnetic simulations are a tool that some of my peers would be very inter-

ested in learning its functioning and capabilities, as well as providing them with further theoretical

support in their findings. During my research project, I have found a renewed eagerness towards

exchange of ideas and teamwork in an academic context. It is probable that I will continue working

in the field of spintronics and in the spirit of diversity and collaboration, I will put my knowledge to

use during group research projects.
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Figure 4.1: Simulated circular magnetic sample where the DMI is implemented, thus sustaining the
formation of magnetic topological textures
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