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1 INTRODUCTION

1. Introduction

Banach spaces arose in the beginning of the 20th century out of the study of function spaces.
Classical examples are the spaces of all continuous, differentiable or integrable functions. Those
classical Banach spaces shared the property that they all have subspaces isomorphic to ¢y or I,
for 1 <p < o0.

If this held true in the general case, so that every Banach space had subspaces isomorphic to
either ¢y or £,, 1 < p < oo, then at least those subspaces had rather simple and intuitive
properties. Some findings further gave hope in the direction of isomorphs of ¢, or ¢y existing in
every Banach space, e.g. as given by [Casazza and Shura, 1989]

e Any Banach space contains a subspace isomorphic to ¢y if and only if X contains a sequence
{z,}52, such that )" x, does not converge with > |z*(x,)| < oo for all z* in the dual
X* of X, and

e Every bounded sequence in a Banach space has a subsequence which is either weakly
Cauchy or equivalent to the unit vector basis of ¢;.

In 1974, the Russian-Israeli mathematician Boris Tsirelson constructed a space as a counterex-
ample to those ”classical” Banach spaces showing that one can build a Banach space, which is
reflexive and finitely universal. By having chosen those specific properties, and proving that
there indeed exists such a Banach space, Tsirelson managed to force the non-existence of ¢y and
¢, isomorphics on the one hand and of subspaces isomorphic to ¢, for 1 < p < oo on the other.

Mentions of Tsirelson spaces show up in different fields of mathematics using Banach space, as
Tsirelson gave an example to a new form of Banach spaces. Even though often the Tsirelson
space constructed by [Figiel and Johnson, 1974] is the space of interest instead of its dual, the
original space by Tsirelson, the space is referred to in geometry on Banach spaces for example
with regard to distortion, but also in the applied field of computer aided mathematics to compute
the norm and in the study of polynomial functions on Banach spaces.

In this paper, Tsirelson’s original construction will be retraced and proved in greater detail and
an alternative counterexample based on his space will be introduced.

We do so by first examining isomorphs of ¢, for 1 < p < co. As we will show, £, are uniformly
convex, giving us a way of ensuring that there are no isomorphs of ¢, for 1 < p < oo, i.e. find a
Banach space of which all infinite-dimensional subspaces are not uniformly convex. For that, we
present the definition of finite universality, which implies not being uniformly convex.

Then, we will introduce four properties from which, at the end of this paper, we will conclude
reflexivity, among other implications. Also, here we prove the existence of a subset of ¢y with
the afore mentioned properties which are share with its closed convex hull as well.

Having now hinted the use of reflexivity, we will see that reflexivity does imply that there are no
isomorphs of neither ¢y nor ¢; contained in a Banach space. So, we bring reflexivity and finite
universality together to get a Banach space without isomorphs of ¢y or £, for 1 < p < 0.
Finally, we prove the existence of a Banach space of Tsirelson type, that is confirming that

There exists a reflexive Banach space in which each infinite-dimensional subspace is
finitely universal.
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2 FINITELY UNIVERSAL SPACES

2. Finitely universal spaces

In this section, we show that the property of finite universality implies that there is no uniform
convexity. This is key to the construction of the Tsirelson space as we will later provide the link
between uniform convexity and isomorphism to £, for 1 < p < co. Hence, if we manage to find
a Banach space of which every infinite-dimensional subspace is finitely universal, then we can
conclude that said Banach space does not have a subspace isomorphic to ¢, for 1 < p < co. That
leaves only the matter of ¢y and ¢; which is discussed in the other sections of this paper.

Definition 2.1 (Finite universality)

Let X be a Banach space. Then, X is called finite universal, if there exists a constant C > 1
such that for each finitely dimensional normed space E there exist a subspace F C X of the
same dimension as E and an invertible operator T : E — F such that ||T| - | T~ < C.

Remark. We can restrict ourselves to spaces E of the form Eévo, the N-dimensional space with
mazximum norm, without loss of generality, since every finite-dimensional space E can be e-
isometrically embedded in (Y by choosing linear functionals fi,....fy € E* with
maxi<;<n |fi(z)] < ||lz]] < (1 + €) maxi<i<n |fi(x)| since we can define the appropriate oper-
ator by Uz = (f1(z),..., fn(x)) then.

Definition 2.2 (Uniformly convex)
A wvector space X with norm || - || is called uniformly convex if for every 0 < e < 1 there
exists some 0 < & < 1 such that for vectors x,y € X with ||z|| =1 = ||y||

T—y Tty
> <.
o S I

Remark. Note, that {1 is not for p = 1. To show the latter, suppose {1 is uniformly convexz.
Then for x,y € € with v # y and ||z = 1 = |y||, we know that |*5%|| < 1. Now, choose
z=(1,0,0,...),y = (0,1,0,...) € {1, which are clearly ||| = 1 = |ly||. But we have ||2E2|| = 1.
Contradiction. £1 is not uniformly convex.

Proposition 2.3. If a space is uniformly convex, then it is not finitely universal.

Proof. We prove this by contradiction. Suppose that X is a uniformly convex space that is
indeed finitely universal with a constant C' > 1.

As X is uniformly convex, there exists 6 > 0 for 1/C such that for ||z| = |ly|| = 1 and ||(z —
y)/2| > 1/C, it holds that ||(z + y)/2| < 6. Also, following that X is finitely universal,
|T||-[|T~1|| < C. Using induction, we will show by contradiction that the opposite is true, leading
to an overall contradiction for the premise that X is uniformly convex and finitely universal. For
that, we show that in fact |T|| - |7~ > min(C, §2~).

For n = 1, the base step is clear as

- 1 : -
HﬂWW“WZHﬂWMW=1>mm@ﬁQU=&

Choose U to be the restriction of T in X to ¢X =1 with ¢ ~! being canonically injected into ¢Y..
Suppose also, that [|U]| - [|[U~|| > min(C, 6>~ ¥~ holds and that the same does not hold for
T - 1T, so |T|| - |71 < min(C,6%~N). Then, for each z € £¥~1 with ||z < 1, there are
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2 FINITELY UNIVERSAL SPACES

z,y € LN with z = (z +y)/2 for ||z||, ly]| < 1 and ||(z — »)/2|| > 1. But by uniform convexity,
this means that ||U|| < d||T|| and thus ||U] - |U~}Y| < min(C, §2~N+1).

Claim. Given U and T as above in we have ||U|| < 6||T|.

Proof of claim. Note, that U] = supj, < [|U(u)]|. As ¢ =1 is canonically embedded into
€5 we can write every [ul| < 1in €71 as u = (z +y)/2 for z,y € £ with [lz]],[jy]| < 1
and ||(z —y)/2|] > 1 > 1/C since C > 1. Since a subspace of a uniformly convex space in
uniformly convex, we get that ||(z +y)/2|| = |lu|]| < ¢ < 1. Then,

[Ul= sup |Uw)|< sup [T(u)|= sup [T(6u)|=d[T]
llull v -1 <1 lJullx <o flullv<1
with the index N of || - ||; indicating the dimension of the finite-dimensional normed space.

This is a contradiction for this step in the induction.

So, by this mathematical induction, we have shown that ||T'||-[|T~|| > min(C,§2~). But as the
space X is finitely universal, so there has to be some invertible operator T with ||T||- |7 < C.
We can choose N sufficiently large, such that min(C,§2~") = C, to get another contradiction,
this time to finite universality. ]

The following inequality by Clarkson ([Clarkson, 1936]) will be used gain an inequality to esti-
mate the bounds needed for uniform convexity of ¢, with 1 < p < co. We make use of the fact
that % + % = 1, so it suffices to proof the Clarkson inequality for 1 < p < co. For the case of

1 < p <2, we can, when proving uniform convexity, apply the inequality on ¢ = p/(p — 1) > 2
and then in the last step rewrite the result in terms of p.

Lemma 2.4 (Clarkson inequality). The following inequality holds for ¢, with p > 2 with z,y
arbitrary elements and % + % =1

lz + ylI” + Il = ylI” < 2272 (=[P + lyllP)-

Proof. This proof is the combination of the following two claims:
Claim. For non-negative a,b,p,q € R with 1 = % + % and p > 2, we have

2(a? +b7)P7! < 2P (aP 4 bP).

Proof of claim. Without loss of generality, we can assume that a < b with non-zero b (otherwise
we get the trivial case a = b = 0). Note, that p = ¢(p — 1). Then dividing by »» = p3(P—1)

2 (a? 4+ b1)P~ < 2771 (0P 4 bP)

S (@ +1)P <22 (P 1) (with ¢ := )
c? +1
Sl ———
T (e
Loy (@D :
o1 <2l )/PW =: f(c). (by taking to the power of 1/p)
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2 FINITELY UNIVERSAL SPACES

First, we see that f(1) =1 as with g =p/(p — 1)

1
f(1) = o(p=2)/p . ;12 — 9l/p+(=2)/p—(p—1)/p — 90 _ 1.

The derivative f/(c) is with 0 < ¢ <1 (since a < b)
fle) = 20=2/p . p=1(eP 4 VP (0 4 1) 7V — 07 (P 4 1)P (et 4 1) <

is decreasing for 0 < ¢ — 1, hence f(¢) > 1 for all 0 < ¢ < 1. As we have only used
equivalences in our argument, the claim is proved.

What is left is to show that 2 (||z]|7 + [|y[|7)” " is an upper bound for ||z + y||? + ||z — y][*.

Claim. Forz,y € K=C and p > 2, we get
&+ ylP + o — ylP < 2(|2]7 + [y )P

Proof of claim. We can again assume |z| > |y| and « non-zero without loss of generality. Also,
we define ¢ := y/x (as we assume x to be non-zero) therefore 0 < |¢| < 1 (note |c| = |re®¥| = |r|
for some real r and angle ¢). Since ¢ = p/(p — 1), we divide the inequality in the claim by
|x|P so we get

p—1
Lt ef? 1= ol < 2 (Jafr= @000 N (g ey
¢ = |2/ D) '

Following Clarkson’s proof, we can transform the inequality with ¢ = (1 — 2)/(1 + z) for
0 < z <1 (the cases z = 0 and z = 1 are obvious) and expand the result

T:=-((14+2)71+1-2)7)-1+2)P"1>0

N |

using a Taylor series around zero. As the odd derivatives are vanish at zero for (142)9+(1—2)4,
we get the terms

%((1+z)q+(172)q) :Hq(q; 1)Zz+q(qfl)(24TQ)(3*Q)Z4+m
+Q(q—1)(2—21'{)'!'(%—1—Q)Z2k+...
and
(142701 =14 (g—1)2° — W%q 4.

N (@-1)2-q)...Ck=1-q) 5

2k — 1)! b
(—D2—-q).--(2k—q) o
- )l 22k L

Page 4 of



2 FINITELY UNIVERSAL SPACES

T becomes then

w[ag-1)2—-q)---2k—1—-¢q)
T_;[ (2k)! &
_(q—1)(2_‘1)"'(2k_1_Q)Z(2k—1)p
2k — 1)
(q—l)(Q—Q)“-(?k—Q)Z%p]
(2k)!

2k —1)! a

Z(2-q¢)B3—¢q)---(2k —q) o {1 — y(2k=q)/(q=1) 1 _ ,2k/(¢—1)
— ( (2k—q)/(g—1)  2k/(g—1)

i=1

The last part is non-negative as (1 —2*)/t for 0 < z < 1 and positive ¢ is decreasing, therefore
T as a whole is non-negative.

We can now build elements of £, for p > 2 by taking elements z1,22,--- € K and y1,y2,--- € K
to form sets z = (z1,%2,...),y = (y1,¥2,...) € ,. As we have p > 2, we can use the fact that
p>qas % + % =1 to apply the Minkowski inequality which states for 1 < p’ < oo and a,b € ¢,/
with p’ = p/q it holds that

00 1/p 00 1/p' 0o 1/p’
(Z |la; + bs|? ) < (Z |a¢|p> + (Z 10" )
i=1 i=1 i=1

by choosing a; = |z; + y;|? and b; = |z; — y;|9. We get

p/q

+

oo

o p/q p/q
Dl - yi|q] < [Zﬂﬂ?i Tyl + o — Z/z‘|p)q/p] :
1=1

=1

(o)
[Z |lzi +yil?
i=1

By the previous claim, for the right-hand side it holds that

00 p/q oo p/q
[Zuxi ul” o+ i yz-|p>q/1’] < [Z(zﬂxm + |yﬂ>P/Q>q/p]

i=1 =1

oo P/q
= [Z 29fag |+ mm]

=1

0o p/q
o (St +
=1

<27 ([ll” + llylIP)-

Proposition 2.5. The space £, is uniformly convex for 1 < p < co.

Proof. Let p > 2 and ||z||, ||y|| = 1. Then by using Clarkson’s inequality from we get

lz +ylI? + |z -yl < 27711+ 1) = 27
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3 SUBSETS OF /.,

Now, if [|[ZF2]| > € for 0 < e < 1, we get

[z +ylI” + [z —y|P <2° (*)
x—l—yp sc—l—yp x—yp
RN P )| —= <1
2 +6H 2 2 | =
P
& Tty <1-—¢€
2
& x;y < (1—er)t/r.

Hence, we can choose for every 0 <e<1lal0<d<1by
6= (1—e)t/p,

fitting the definition of uniform convexity.

Note, that if 1 < p < 2, then 2 < ¢ < oo and that the equivalent steps following the Clarkson
inequality for 2 < p < oo do not require p > 2. It is just the Clarkson inequality itself that
we have only proven it for 2 < p < co. Solet 1 < p < 2. Then, we have 2 < ¢ < o0 as

4=p/(p— 1) > 2. Thus, by in terms of g, we get with ||z, [ly]| = 1.
o+ gl + flz — yll? < 207 = 29.

We proceed similarly to (ED with ||Z5%|| > e for 0 < € < 1, this time choosing ¢ instead of p in
(ED. Then we get

Tty

H <(1- 6q)l/q =(1- 617/(17—1))@—1)/1) =:6>0,

implying that for 1 < p < 2, ¢, is also uniform convex.
Hence, £, is uniform convex for 1 < p < 0. [ |

3. Subsets of /.,

Remark. In a set of elements of £+, we use indices to denote the position within the set,
e.g. {x1,22,23,...,xn5}. To refer to the n-th elements of a single x; € lo, we write said x;
as function on the set of natural numbers. Then, the n-th component of the i-th element of
{x1,...,2n} € LY would be referred to as x;(n).

Definition 3.1 (Block disjoint)

A set{x1,...,xNn} of elements of { is called block disjoint if there exists a set {a;,b; }i=1,... N
with a1 < by < as < by < --+ < ap < by, such that for all n,j =1,..., N, either j < a, or
J > by both imply x,(j5) = 0.

Ezxample. A simple example of a block disjoint set would be the ordered set of unit vectors
{e;}_, with e;(j) = 1 for j = ¢ and otherwise equal to zero. The set has to be ordered since
being block disjoint means that for one, at most one elements is non-zero at each position, and
also, that elements of the set with smaller indices j < ¢ will always be zero at positions after the
i-th elements first non-zero position. This is clearly the case for the unit vectors e;. We could
also add a finite amount of zero-elements to the set, not changing the fact that the set is block
disjoint.
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3 SUBSETS OF /.,

Definition 3.2 (Operator of multiplication by characteristic function P,)

Sticking to the notation of Tsirelson’s original paper, we will indicate the operator indicat-
ing pointwise multiplication by the characteristic function 1y, 1 ), which maps the first n
positions to zero, by P,. For some n and x € {o, we then get P,(x) = (0,...,0,2(n +
1),z(n+2),...).

Corollary 3.3. Let a set {x1,...,zN} of elements of the space Lo, be block disjoint. There exist
somei=1,...,N and n such that ©; = P,(x1 + -+ zn).

Proof. Choose i to be the index of the last non-zero z;. Then choose n to be the corresponding
a;. Clearly, then x; = P,(x1 + -+ an). [ |

In the following, we give four properties that some subsets S C ¢, are supposed to have. Later,
we will show that the properties imply reflexivity and also finite universality.

P(1) Each basis vector e; of £, with e;(i) = 1 and zero elsewhere, belongs to S and furthermore,
S is contained in the unit ball.

P(2) If for x € ¢ its norm is pointwise smaller or equal than the norm of any element s € S,
than x € S, i.e. Vy e SV x € l we have |z| < |y| =z € S.

P(3) Let {z1,...,zn}, aset of N elements in S, be block disjoint, then £ Py (z1+---+ay) € S.

P(4) For every element s € S there exists some n such that 2P, (z) € S.

Claim. Let S have . For all s € S and all ¢ € Nsq there exists n such that 21P,(z) € S.

Proof of claim. The claim is proved by repeated application of

So, take s € S and n; such that 2P, (z) € S. As 2P,,(z) is in S, we can reapply property
(4) with some ng, getting 2P,,(2P,,(x)) € S. By definition of P,, 2P, (x) and P,(2x) are
equivalent. We get

S35 2P,, (2P, () = 2(2P,, (Pp, (2)) = 22Pma>c{nz,n1}(z)-

Hence, by applying [P(4)| ¢ times, we get 29P,(z) € S for some n.

Note a couple of things concerning the foregone properties:

Remark.
R(1) Clearly, the properties and also apply to the closed and the convex hull of S.
R(2) For S C s such that S has the properties [P(1)} and/or [P(3), the closure of S has

the same properties.

R(3) Property s in gemeral not preserved when taking the closure.
R(4) Properties and imply that S C ¢q.
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3 SUBSETS OF /.,

In the following we need to prove Banach-Alaoglu. To do so, we first need to prove Tychonofl’s
theorem.

Theorem 3.4 (Tychonoff). Let X; be compact topological spaces for each i € I C N. Then, the

Cartesian product [[,.; X; is compact in the product topology.

Proof. Let X; be compact space for each i € I and X := [[,.; X;. Suppose that O is a family
of open subsets of X. We assume that there is no finite subfamily of O that covers X, meaning
that X would not be compact which then leads to a contradiction. To do to, we try to find a
point x € X which does not belong to any finite subfamily of U. We introduce some notation
which will only be used within this proof:

Define X; := [[;c; Xi for J C I and X; = X. The canonical projection is given by 7 ; :
Xp - XyforJcJ cIandny: X — Xy for JJ = I. Elements of the union P of all
X are called partial points, which means that every partial point has a unique domain J C [
such that it is contained in X ;. The natural extension ordering is denoted by =< on P, i.e. for
partial points p € X; and ¢ € X we get p < ¢ for J C J'. We say that a partial point p
with domain J is bad, if there is no neighbourhood V of p such that 7T;1 : Xj; — X is covered
by a finite subfamily of O. The set of all bad partial points will be denoted by B. The con-
catenation of two partial points p, ¢ with disjoint domains .J and J” is given by pvq € [],c ;. Xi-

What we try to prove now is that there is a partial point p with domain J = I. But first we
realise that

Claim. If pg is a bad partial point then any partial point p with p =< pg is a bad partial point
as well, i.e. B is downward closed for <.

Proof of claim. Fix pyg € B to be a bad partial point with domain Jy and let p € P with
domain J C Jy. Let V be any neighbourhood of p € X, then by the definition of the
canonical projection we have a Vj := 7r;017 ;7 (V) which is a neighbourhood of py € Xj,. But
71,(Vo) cannot be covered by a finite subfamily of O. Then p is bad follows by rewriting
Vo=t (V) =1 (n7 ' (V) as 73 (V) = 75 (Vo).

In the following, we will formulate two lemmas. The first one revolves around finding another
bad partial point such that it is ”greater” with regard to < for initial domain J # I. That means
that as long as we do not have J = I, we can find a greater, ”more maximal” bad partial point
with regard to <. The second lemma states that that the is indeed a <-maximal bad partial
point. But if J # I, we would find a <-greater bad partial point. Hence, we get that J is equal
to I. However, we just found a bad partial point for domain I and by definition of the ”bad”
property, we cannot cover any of its neighbourhoods V' by a finite subfamily of O. Therefore, for
the neighbourhood being the point p itself, it is also not possible to cover it by a finite subfamily
of O, in particular by any elements of O. But p € X; = X and it is not contained in O, so O
does not cover X. By this contradiction, X will be compact.

Lemma 3.5. Let p be a bad partial point with domain J C I. For any ig € I\J, there is a point
a € X(y) such thatpVa € B.

Proof. Suppose that this was not the case, so pV a ¢ B for all a € Xy;;. So, we can find an
open neighbourhood V;, of p V a in X jyy4,) for any a such that ﬂ-;LJl{io}(Va) can be covered by
a finite subfamily of O. We can write the neighbourhood V, in terms of open neighbourhoods
Np,a and N, for p in X; and a in Xy, y, respectively, as V, = Np o x N.
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3 SUBSETS OF /.,

Now, X{;,} is compact that means that we can cover is by a finite amount of open set, i.e. there
are ai,...,a, € Xy such that X¢; 0y = N, U---UN] . Inturn, N := Np o, N...Npg, is a
neighbourhood of p in X ;. We can then write

T (Np) = T30y (Np X Ng YU - Um 5o (N X Ng ) e (Va) U mr03 (Vi)

But then we can cover 75 '(N,) by a finite subfamily of O meaning that p is not bad. Contra-
diction.
There is a point a € Xy;,y for every ig and p such that p V a is bad. |

Lemma 3.6. Under =<, there is a mazimal bad partial point.

Proof. Following Zorn’s lemma, for (B, =) to contain a maximal element, it suffices to show
that any ordered subset C of (B, <) is bounded in B. Note, that C' is an ordered set in (P, <).
Now, combining all points ¢ € C gives us a partial point p € P as P is the union of all spaces
X;,J CI. So, C bounded in P by p.

To show that indeed p € B, let J be the domain of p and V' an arbitrary neighbourhood of p
in X;. V has is of the form W;};(W) with a finite subset F* C J and W an open set in Xp
with p, := m;r(p) € W. Since F is finite, we can find qo € C with p|, < go. This qo is a bad
partial point as C' is an ordered subset in (B, =). But then, by the preceding D|r 18
a bad partial point as well. Then, 7r;1(W) can also not be covered by a finite subfamily of O
and additionally, similar to above, W;l(W) = w}l(V) indicates that p is a bad partial point as
well, i.e. the bound p of any ordered set C' in (B, <) is in B. |

As by the explanation given before the lemmas, this concludes the proof.
|

With Tychonoft’s theorem proved, we can approach Banach-Alaoglu’s theorem since we are now
able to make use of the compactness of the Cartesian product of compact spaces.

First, we take the Cartesian product over closed unit balls of different radii. As those are com-
pact, so is their Cartesian product. Then, we note that the closed unit ball of X* is contained
in said Cartesian product and in the end show that the product topology and the weak topology
coincide on said ball.

We denote the weak topology on X by o(X, X*) and the weak* topology on X* by o(X*, X).

Theorem 3.7 (Banach-Alaoglu). Let X be a normed space and X* be its topological dual-space.
Then ball(X*) := {z* € X* : ||a*|| < 1}, which denotes the closed unit ball in X*, is o(X*, X)-
compact.

Proof. We define
Dy ={z€C:|z| <}

for all z € X to be the closed unit ball of radius [|z|| in C. As D, is compact in C for
all x, s theorem implies that D := [[, .y D, is compact in the product topology.
Note, that we can denote elements of D as sequences z* = {2*(2)},ecx since 2* maps X into
Uzex Do = C with |2*(x)| < [|z|| for all z € X. So 2* is a functional and if it is linear, then
[z*]| = supjg=1 [z*(x)] < supjg=1 [lz[| = 1 and thus 2* € ball(X*). This even means that
ball(X*) contains exactly all linear elements of D. Take a sequence {z*(7)};cs in ball(X*) with
xz*(i) — a* € D. Note, that the canonical projections 7, for x € X in the product topology are
continuous, so we get that x* is linear as

Taztby (27 (1)) = amy (27 (1)) + by (2™ (1)) — amy(x™) + bmy(z™).
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3 SUBSETS OF /.,

But ball(X™*) contains all linear functionals so ball(X*) C D is closed. As a closed subset of a
compact space is compact, so is ball(X*) in the product topology.

What is left to show is that the product topology of D restricted to ball(X*) coincides with the
weak™® topology.

Suppose, {2*(i)}ier C ball(X*) with 2*(i) — z* in the product topology on D. Then also
x* € ball(X*) and zF — z* in the weak™ topology. So, every closed subset of the closed unit ball
of X* with respect to the weak* topology is also closed with respect to the product topology.
Now, suppose that {z}};er C ball(X*) with zf — 2* with respect to the weak* topology. For
any fixed € X, the canonical projection is continuous on ball(X*) w.r.t. the weak* topology.
But the product topology is the smallest topology in which 7, is continuous of every x € X thus
weaker than the weak* topology on ball(X™*).

Hence, we get that both topologies coincide on the closed unit ball of X*. As ball(X™*) is compact
in the product topology, so it is w.r.t. the weak™ topology. |

Proposition 3.8 (Existence). There exists a weakly compact set K C ¢o which has the properties

[POMPC)

Proof. First, we construct S such that it has the properties [P(1)iP(3)} Then, we show that
its closure, which by has said properties as well, additionally has We stick to the
topology of pointwise convergence.

Define S; to be the set of all basis vectors e; scaled by some « within the unit ball, namely
S1 = {ae; : i € Nj|la] < 1}. Thus, S; has and For [P(3)l define the set
T, = {%PN(xl,...,xN) cx; € S1 V1 <4 < N,N € N} as the set of 5Py over all block
disjoint sets of elements of S7 of arbitrary length N. But we need to include arbitrary set of
elements of 77 (or a combination of elements of S; and T37) with regard to as well. Thus,
we define Sy := 57 UT; and T, analogously to the previous definition of T, and so forth.
Hence, we constructed the smallest set fulfilling the properties [P(1)] [P(2)] and [P(3)} denote by
S:=5USU....

Now, let K be the closure of said S C ¢, in the topology of pointwise convergence; it has

In case that every x € K is finite, it is clear that K has since given x finite with length N, we
choose n > N. Then we get that P, (z) = 0 (per definition of P,,), implying that 2P, (z) =0 € K
for this n with 0 € K by Therefore, we need to take a closer look at the case x € K infinite.
So, let z € K by infinite. We select a sequence x7) of elements in S which converges pointwise
to x in the given topology. For sufficiently large j, (/) will reasonably close to the infinite z,
thus given more than one non-zero mapping. But this means that z0) ¢ Sy, as S; only contains
scaled standard basis vectors. . ‘

This means that /) € T;, for some n € N; that is () = 1Py, (:cgj) + 4+ :vg\],j) for some block

disjoint set {x(lj), e ,x%f} of S.

Let kmin := {k : (k) # 0} be the smallest position in which  maps non-zero. Note, that
kmin > N; as the point is mapped non-zero. Since kpi, is fixed for z € K and is independent

of j, we can choose N = N;. This leaves us with z(/) = %PN(xgj) + -+ mg\][)) for the set

{xgj), e ,x%)} of S. Since () — x pointwise, we can assume that each xgj) converges to some
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3 SUBSETS OF /.,

x; € K foralli=1,..., N. Then we get that
V) — g
%PN(xgj) +-- er%)) — %PN(IZH +---+ayn)
and a corresponding convergence to the set of K-elements
{xgj)7...,x%)} — {x1,...,zn}

Following the definition of block disjointedness, we are working on the set of natural numbers
for the corresponding set {a;,b;}32,. Clearly, the limit of a sequence b := {b; }>2; will be
strictly smaller than the limit of a} := {a+1), }nz, for b;, < a(i+1), and all i and n. We end
up with a sequence {a},b}}2; with a] < b} < a)y < b, <.... Therefore, the limit of a sequence
of block disjoint sets is block disjoint. By there exist then ¢ and n’ such that

x; = Pp(x1 4+ -+ xn). Then, we get for n := max{n/, N}
2Pn($) = 2Pmax{n’,N}(z)
1

=Py Pn(zi+---+2aN)
=PyPy(z1+-- +N)
= PN(IZ) e K

Note, that characteristic functions are abelian, i.e. Py Py (z) = Py Pn(z). Also, Puaxin/, N} (2) =
P, Py (x) directly following the definition of the characteristic function.

Altogether, this means that for any arbitrary € K we have found an n such that 2P, (z) € K.
Thus, K has has all the listed properties. Since K has the properties [P(1)|to [P(4)] it is a subset
of cy. In particular, K is contained in the unit ball of ¢y by [P(1)}

As K is pointwise compact by and contained in ¢y, it is weakly compact in
Co. |

Theorem 3.9 (Hahn-Banach separation theorem). Let X be a K topological with K € {R,C}
and A, B C X non-empty, disjoint, convex set. Furthermore, A let be open. Then there ezists a
linear continuous map ¢ : X — K and a real o > 0 such that

pla) <a <), VYaeAbeB.
Proof. We first show the real case K = R. Define
C = A — B =+ i)

by fixing some ag € A,by € B and defining xg := by — ag # 0 since A and B are disjoint. As A
and B are convex, so is C and 0 € C as a9 — by + by — ag € C. Note, that C' is open as well as it
can be written as union over all b € B of open sets A — b+ x(. Since x¢ € C, we know from the
course on Functional Analysis [de Snoo and Sterk, 2019] that then by Hahn-Banach there exists
a linear continuous map ¢ € X* such that ¢(xg) = 1 and ¢(c) < 1 for all ¢ € C. By the linearity
of v, we get that ¢(bg) — ¢(ap) =1 and for all a € A,b € B

@(C) 2p(a) — p(b) + p(z0) < 1
“p(a) < p(b) = (p(bo) — ¢(ag)) + 1
Sp(a) < p(b).
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Let o = infpe g (D), then we get p(a) < a < ¢(b) for all a € A,b € B. To get a strict inequality
between ¢(a) and «, suppose that there is some a; € A such that ¢(a;) = a. Then, for some
€ > 0 we have a1 + exg € A. But then

a > play + exg) = @(ar) + ep(xo) = p(a1) +e=a+e.
Contradiction. There is a strict inequality between ¢(a) and «, resulting in
pla) <a<pb), Vaec AbeB.

In case K = C, we can proceed the same way as above for the real case and then define a function
@' = p(x) — ip(iz). u

Definition 3.10 (Local convexity)
We say that a topological vectorspace X is locally convez, if for every element x € X and
every neighbourhood N, there exists an open convex set O such that x € O C N.

Theorem 3.11 (Hahn-Banach separation theorem for local convexity). Let X be a locally convex
C-vectorspace, A C X locally convex and compact and B C X convex and closed with A, B
disjoint. Then there exists a continuous linear map ¢ : X — C and «, 8 € R such that

Rep(a) < a < B < Reyp(b)
forallae A,be B.

Proof. Let C = B — A, then C is closed and 0 € C as A and B are disjoint. As C' is closed,
this means that X\C' is a neighbourhood of 0. So, we have some open convex D such that
0 € D C X\C as X is locally convex which is disjoint to C. Noting that C N D = {), we can
apply the [Hahn-Banach separation theorem|to get

Rep(c) <v<Rep(d), VeeC,deD.
But 0 € C, so v > 0 and
Rep(d) —Rep(c) >y >0, VeeC,deD.

The proof is completed by choosing o = sup.c Rep(c) and 8 = infsep Re¢(d) since o + v <
B. ]

Proposition 3.12 (Kakutani’s Theorem). The closed unit ball in a normed space X is compact
in the weak topology if and only if X is reflexive.

Proof. Suppose the closed unit ball in X is compact in the weak topology o(X,X*). Then
ball(X) is weakly*-closed in X** as the weak* topology on X** restricted to X is the weak
topology of X, ie. o(X**, X*) |x=o(X, X™).
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Claim. Let X be a normed space, then the ball(X) is o(X**, X*)-dense in ball(X**).

Proof of claim. Let B be the closure of the ball of X under o(X**, X*) in X**, this means
that B C ball(X**). Suppose that ball(X) is not dense in X**. Then there is some x3* €
ball(X**)\ B. Following the [Hahn-Banach separation theorem for local convexity| there then
is some scalar a € R, € > 0 and z* € X* such that for all = € ball(X) we have

Rey¢'(z) < a < a+¢€ < Rey'(x*)
< Rep(r) <1< 1l+4+e<Rep(z™). (with ¢ := a~t¢' e := a~t€)

Note, that for all z € ball(X), we have that ez € ball(X) as well, implying that |¢(x)| < 1
for ||z|| < 1. This in turn means that ¢ € ball(X*). We get

14+e<Rep(™) <|p(@™)] < [™] < 1.

Contradiction. ball(X) is o(X™**, X*)-dense in ball(X™**).

Therefore, ball(X) is o(X**, X*)-dense in ball(X**). This means that ball(X) = ball(X**),
which in turn implies that X is reflexive.

Suppose now that X is reflexive. Then, by [Banach-Alaoglul ball(X**) is o(X**, X*)-compact.
As X is reflexive, we get that X is o(X, X*) compact. [ |

Definition 3.13 (Absolutely convex)

A set X is called absolutely convex if for all scalars a, B such that |a| + |8| < 1 and for all
elements x,y € X, it holds that ax 4+ By € X.

Equivalently, a set X is absolute convex if and only if it is convez, for 0 < a < 1 and all
z,y € X we get ax+(1—a)y € X, and balanced, for all |a] <1 and x € X there is ax € X.

Krein and Smulian proved that the closed convex hull of a weakly compact set in a Banach space
is weakly compact. While it is important to for proving [Proposition 3.15] it is only used in this
instance and given the proof for Krein-Smulian is non-trivial and relies on other findings such as
Eberlein-Smulian, it would be beyond the scope of this paper to provide a complete proof. We
refer to the original paper by [Krein and Smulian, 1940]. Of course, there are other approaches
to prove the theorem. One of them is making use of measures, for which we will outline the steps
in the following.

Theorem 3.14 (Krein-Smulian). The closed convex hull of a weakly compact set K in a Banach
space X is weakly compact.

Proof.

e Given that Eberlein-Smulian’s theorem on the equivalence of different forms of compactness
is known (again, we refer to the original proof [Eberlein, 1947]), we can assume that X is
separable.

e Then, we have to show that the identity on K, f: (K,o(X,X*)) — (X, || - ||) with k — k,
has the following property with respect to every measure of the dual of the space of all
continuous functions on K with supremum norm, C'(K)*, has the property

/IlfHdu <0,
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i.e. it is Bochner-integrable.

e Then, we need to prove that the operator
T:C(K)" — X, /Lr—>/ fdu
K

is weakly continuous.

e Finally, we use T' to map the unit ball of C'(K)* onto a weakly compact set containing the
closed convex hull of K.

Proposition 3.15. Take a weakly compact set K C co such that it has all the given properties.
Then V , its closed convex hull, is an absolutely convex weakly compact subset of co. Additionally,

V' also has the properties|P(1)HP(4).

Proof. By we get given weakly compact K, its closed convex hull V is weakly
compact as well. Note, that z € K implies that —z € K as well by absolute homogeneity of

norms. Then for all |o| < 1, we have that ax € K = —az € K. So, the convex hull is balanced,
meaning that V is absolutely convex.

By and already hold for a convex hull V' of a K which fulfils and [P(2)
To prove [P(3)} we limit ourselves to the convex hull M of K. We can do this since . extends
to the closure (see . For we have to use the absolutely convex weakly compact V.
Take a set {x1,...,2n} of elements of M and suppose it is block disjoint. Since M is the convex
hull of K, it is the set of all finite convex combinations, implying that we can write each z; as

n)

T; = agl)xgl) +--- agn)xg

with xgj) € K and scalars agj) >0forj=1,...,nand Y ai = 1. Using property [P(2)| with
k=1

K C M, we get that z;(k) = 0 implies :rgj)(k) = 0. Then a set of a summand from each of the

convex combination of all z;, so {mgﬁ)7 e ,xg\],N)} with j1,...,jn§ € [1, N] is block disjoint. This

in turn means that %PN(;Egjl) +- 4 xg\],N)) € K as K has all the properties.

Note that since {x1,...,zn} is block disjoint, for each k € N there is at most one x; such

that x;(k) # 0. We can write x; + -+ + zn as convex combination of elements of the form
xgjl) +-+ xg\],’v). Then, we get for those scalars Y.;_, B = 1 that

1 1 ) ) o -
§PN($1+"'+$N):§PN(51(:C§]1’1)—|—~~~+x$\J,N’1))+---+ﬁn/(x(1“’ )+,,,_~_$§\J]N7 )))

1 : . 1 - -
:§PN(61(5”§]1’1)+"'+x§\]rN’1)))+"'+§PN(5n'(w§“’ )4 g 2Ny

Since M is the convex hull, which in particular means that it is the set of all convex combinations
of elements of K, and we have written %PN (1 + -+ xN) as convex combination of elements
of K with scalars 8y, we get %PN (r1+---+axn) € M. Hence, M, and with that also its closure
V', has property (3).

We make use of some concepts of Measure Theory to show [P(4)| for V. For that, define the
set D, := {z € K : 4P,(z) € K}. Note, that for increasing n, we ”ignore” more and more
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initial positions of the mapping x, thus increasing n allows for more elements to included in the
respective D,,. Also, if some z is contained in D,, for some n, it will be contained in all of the
following D, for n’ > n. In particular, the countable union of all those D,, is exactly K. Now,
fix xp € V and Riesz’s representation theorem states that for a linear functional ¢ : ¢g — K all
elements f in ¢y there exists a unique probability measure p on K such that ¢(f) = [ w fdp.
Let ¢ map ¢(f) = f(xo). For this u, we get u(D,,) - 1since Dy C Dy C ... and K =U2, D;

imply that 1 = p(K) = limy,—o0 #(Dy). Then, there is some ng for which z(D,,) > 3.

Suppose that 2P, (xg) € V. As V is the closed convex hull of K and p is a probability mea-
sure on K, there then exists a functional f with f(z¢) > 1. As we have a non-negative mea-
surable function, we can approach it by simple functions of sets D,, and K\D,,, as given in
[de Snoo and Winkler, 2019]. We get

1 3 1
1</ fdp = fdu+/ fdu < zp(Dry) + 2u(K\Dp,) < = + = < 1.
K D K\Dy, 2 8 2

Contradiction. Indeed, 2P, (z¢) is in V. |

4. Bases of Banach spaces

Every Banach space can be seen as a vector space. A basis in the common vector space sense
spans the space and is also linearly independent. But while a finite set of linearly independent
vectors spans a finite vector space in the way that it is used in linear algebra, we run into prob-
lems with infinite Banach spaces. Indeed, it can be shown that such a finite basis for an infinite
Banach space is uncountable.

Thus, we will introduce the term of a Schauder basis to have a proper description of the spaces’
bases. Furthermore, we will show that an unconditional Schauder basis has, given certain prop-
erties, implications for isomorphisms of ¢y and ¢;. Said properties will then be combined in the
following section to the property of reflexivity.

Definition 4.1 (Schauder basis)
A sequence {e;}32, is called Schauder basis of a Banach space X, if for every x € X there
exists a unique scalar sequence {a;}$2, such that x can be written as convergent series

o0 .
Do (e, e,
n
xTr — E ;€;

i=1

=0.

lim
n— oo

In the following, let @,, denote a linear, bounded projection for a normed vectorspace X and a
Schauder basis {e; };en with

o0 n
Qn X = span{ei NS Ngn}, Zaiei — Zaiei.
i=1 =1

Note, that if {e;}°, is a Schauder basis for X, then ||@,z — x| — 0 for all z € X and n — oc.

Definition 4.2 (Unconditional Schauder basis)
A Schauder basis {e;}32, is called unconditional (Schauder) basis if for every x € X there

is a unique sequence of scalars {a; }32, such that the series Y .-, a;e; converges to x for all

Page 15 of



4 BASES OF BANACH SPACES

rearrangements of indices; that is for all bijective maps m : N — N, we have

im Zl O (j)En(j) = T-
iz

Definition 4.3 (Normed block-system)
A sequence of the form {Z?;;;l Aje;}32, is called normed block-system with respect to the
basis {e;}3° if the norm for each of its terms is equal to one for some increasing integer

sequence {n,}2, with ny = 1.

Proposition 4.4. Suppose that V is an absolutely conver weakly compact subset of cq with
\P(4). Let X be its linear hull with a norm || - ||x chosen in a way that V is the unit ball. Then
X is a reflexive Banach space. The sequence of unit vectors {e;}3° forms, for which e;(j) =1
fori =7 and zero otherwise, an unconditional basis in X, and the conjugate system of functions
{€3}1° is an unconditional basis in the dual X*. If {x;}5° is a normed block-system with respect
to the basis {e;}3°, then for arbitrary N and A1, ...,An

< 1.
1Py Ay + oo+ Avan)llx < 2 max il

Proof. Clearly, X is a Banach space, as V is closed in ¢y which in turn is a complete metric
space, and X is its linear span. Note, that the Banach space X is reflexive if and only if its
closed unit ball is weakly compact in the weak topology of X (see|Kakutani’s Theorem)), and in
this case said unit ball is named V. So take any f € X*. We can represent this f restricted to
the unit ball V' by elements f, € ¢, assuming that there is a basis {e]}32, for X* (the existence
of which we prove below), as follows

fo=fler)el + fle2)ez + -+ flen)ey, = f — P f,

So, as f, — f with n — oo, every f |y is the uniform limit of some sequence {f, |v}22,,
implying that f is continuous on the weak topology of c¢g. Hence, we can identify both the
topologies on V and V is not only compact in ¢y but also in the weak topology of X. X is a
reflexive Banach space.

To prove that the sequence of unit vectors {e;}$2; is a Schauder basis in X, we have to show
that limy, oo [|[2— Y 1o @ies]| = limy, o0 || Paz|| = 0 for each 2 € X with respective unique scalar
sequence {a;}$2,. Since V has and X is the linear span of V', we get that for all z € X and
all ¢ € N there exists n such that 29P,(z) € X C ¢p. As we are in ¢, this has to bounded and
by choosing ¢ — oo, we get that ||P,(z)||x — 0. As two distinct unit vectors always map on
distinct non-zero points, one non-zero point each, the arrangement in the sum under the limit
does not matter. {e;}52; is an unconditional Schauder basis.

Let {x;}2, be a normed block-system with ||2;||x = 1 for all i. This particularly means that
x; € V the z; do not share any e; for 1 <4, j < N for arbitrary N form the unconditional basis.
This is the very idea of block disjointedness. Then by we have %PN (xt1+--+ay) eV
which implies

1
HPN(:U1+~~+xN)H <1
2 X

S| Pr(zi+ -+ an)|x <2
<=>||PN()\1$1+-'-—|—)\N1‘N)HXS max |>\i“||PN(x1+"'+1’N)||X < 2 max ‘/\z|
1<i<N 1<i<N
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for arbitrary N and scalars A1,..., Ay.
To prove that {ef}$°, is an unconditional Schauder basis in X*, we need again to show that

IPxf|l = 0 for all f € X*. Suppose that this was not the case, i.e. | P f|| > € > 0 for all n. We

construct a normed block-system {z;}5°; to the basis {e;}32; to show a contradiction by using
the way we did above. For that, let ;1 € X be finite (remember, only the last non-zero
x; in a block disjoint set can be infinite) with ||z1]| = 1 and f(x1) > e. Then, let zo € X, also
with ||z2|| = 1 and f(z2) > €, be block disjoint to z7, meaning it maps natural numbers larger
than those of 1 to non-zero points. By repetition, we get a block disjoint normed block-system
{z;}32, with f(z;) > € for all i. Choose an arbitrary N. By property (3) we can say that
%PN(-'L‘N-&-I R ng) € X. Also, PN(-%'N-&-l + -4 ng) = IN41+ -+ x2n as Hle =1
means that the x; are non-zero, so for each ¢ we have that z;;; is mapping non-zero at least one
position to the right of of those of ;. Now according to the inequality above, we have

[zn41+ -+ 2anl|x = [[PN(@n+1 + -+ 22n)[[x < 2.

And yet, there is f(any41 + -+ xan) = f(xn41) + -+ + f(xzan) > Ne. Note, that the contra-
position for a continuous function f’ € X* at zero is

F& >0V >03r e X :|z||x <& N|f(z)] > €.

Thus, with x = zy41 + -+ + 2oy and ¢’ = 2,¢/ = Ne¢, we have shown that f is not continuous.
Contradiction.
Since limy, o0 || P} f|| = 0 does hold for all f € X*, {ef}$2, is an unconditional basis in X*. W

Definition 4.5 (Shrinking basis)
A Schauder basis {e;}2, of a Banach space X is shrinking if for every bounded linear
functional on X and with x element of the span of a subset of basis vectors, the limit

lim ( sup }{If(w)l el = 1}> =0

n—oo z€span{e;:i>n

tends to zero.

Lemma 4.6. A Schauder basis {e;}2, of a Banach space X is shrinking, if and only if the
biorthogonal functionals {e}2, form a Schauder basis of X*.

Proof. Let {ef}2, be a basis of X*, this means that [|@Q}z* — z*| — 0 for all z* € X*. Note,
that (Qne") |{e;352,,,= 0, 80 limy o0 [l€™ e,y ,, | = 0. Thus {e;}§2; shrinking.

i=n+1

Let {e;}§2; be shrinking, i.e. lim, e [|€* [f¢,}2c =0, and let x € X such that [|z]| = 1. We get
(" = Qne)(x) = " ((I = Qn)x) < le” [gey ,, (befe:) +1).

Then limy, e [[€* [{e;322 || = 0 implies [|@,e* —e*[| — 0. [

Definition 4.7 (Boundedly-complete basis)
A Schauder basis {e;}52, is called boundedly-complete if sup,, || >, as€;]| < co for a se-
quence of scalars {c; }52, implies that Y .o, a;e; converges.

Page 17 of



4 BASES OF BANACH SPACES

Theorem 4.8. If a Banach space B with basis {e;}32, is reflexive then {e;}$2, is both shrinking
and boundedly-complete.

Proof.

e Suppose {e;}72; was not shrinking. Then there exists a linear functional f and some
fixed € > 0 for a bijective mapping 7 : N — N\{0},7 — =(i) and a sequence {z;}2, =
{32y ar(iyen(y} with [|z;|| < 1 such that f(x;) > € for all i and lim; o 7(i) = co. But
as the x; are bounded, the sequence must have a weakly converging subsequence. But
construction of {x;}52,, this limit has to be zero, but this is a contradiction to f(z;) > €
for all 4.

e To prove that {e;}$°, is a boundedly-complete basis, let {f;}5°; be a sequence of linear

functionals defined by f;(e;) = 6; Note, that this sequence is a basis on B* since we
can see every f; has ’extracting’ the i-th coordinate scalar from some x € B. Also, let
sup,, || Yor, ase;|| < oo and b, = > .| aje; € B. Therefore, by, is bounded and thus, some
subsequence {b;};c; must have a weak limit b (since the unit ball of a reflexive Banach
space is weakly compact according to . This b can be written in terms of
the basis {e;}2, as b= >, B;e;. Then f;(b) = §; and f;(b;) = «; for j > . But choice
of f;, we get that f;(b) = f;(b;) for j > for all i. This means that Y .-, a;e; is convergent.

Definition 4.9 (Basic sequence)

A sequence {e;}5°, in a Banach space X is called basic sequence, if the sequence is a
Schauder basis of span{e; : i € N}.

Furthermore, a basic sequence {€;}52, of Banach space X is called equivalent to a basic
sequence {e}}2, of Banach space Y, if for every scalar sequence {a;}52, with convergent
series Y .o a;e; the series >~ a;€} also converges.

Lemma 4.10. Let {Q;}ien be a sequence of said projections in X with
(i) dimran @, = n
(i) lim, Q,(x) =« for all z € X,

then we get a Schauder basis by choosing arbitrary non-zero e; € ranQ; Nker Q;_1 fori € N and
with e; # e; whenever i # j.

Proof. Note, that since we are working with projections, that X = ran @,, + ker @Q,, and by (i),
there is ran @Q,,—1 € ran @, with one dimension difference between them. Since now ran@, N
ker Q,,—1 is of dimension one (just keeping the n-th term of the sum), we represent this as the
projection @Q,, — Q,—1. Using this notation, we can write @, (x) as sum

n

Q@) =) (Qn — Qu-1)(@).

i=1
Now, with property (ii) and the e; as given in the statement of this lemma, we can write the
projections (@, — Q,—1)(x) using a linear functional a; as a;(x)e;:

oo

Z a;(z)e; = 1171111 Qn(z) = 2.

=1
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We get uniqueness of representation when we look at some z = >, B;e; € X

an(x)en = ( —Qn-1 (Z Bz%) = Bnen.

Note, that for all i < n, we get Q,,(e;) = e;, otherwise we get @, (e;) = 0. |

Lemma 4.11. A4 sequence {e;}2, in a Banach space X is a basic sequence if and only if there
is a constant C > 0 for all scalar sequences {a;}5°,, for all n,m with n < m such that

m
S C Z a;e;
i=1

i€

(1)

and for all i € N we have non-zero e;.
Proof.
= Suppose {e;}$2; is a basic sequence, then

|Qn Z ai€4

=1

i €q < Sup ||Q7’L|| i €4 I

so this direction immediately follows.

< Clearly, the e; are linearly independent, otherwise we could find n and scalars {a;}?; such

that 0 # ZZ 1 ae; > Z?Zl a;e; = 0, so the equation in the lemma would not hold for any
constant C' > 0. Hence, span{e; i € N} has dimension n and we can take projections

min(n,m)
Q@ :spanfe; : i € N} — span{e; : i € N}, Zalel — Z a;e;.
i=1 i=1
By [Lemma 4.10} {e;}3°, is a Schauder basis of span{e; : i € N} and also for the closure of

this span.
[ |

Remark. In particular, the smallest constant C is defined as the basic constant be(e;), i.e.
be(e;) = sup,, [|@Qnl|-

Lemma 4.12. Let {e;}ien be a basic sequence of a Banach space X and {b;}ien a sequence of
another Banach space Y. Then the following statements are equivalent:

(1) {b;}ien is a basic sequence equivalent to {e;}ien-

(2) There exists a linear bijection ¢ : Span{e; : i € N} — span{b; : i € N}, such that ¢(e;) = b;
for each i.

(3) There are constants Cy,Cy > 0, such that for all scalars {a;}}—,

n
01 Zalez < Cqy Zaiei
J=1 X i=1 X
with || - || x, || - ||y indicating the norms on X and Y, respectively.
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4.1 Reflexivity and isomorphisms of ¢y and ¢ 4 BASES OF BANACH SPACES

Proof.

(1) = (2) We define ¢ : span{e; : i« € N} — span{b; : i € N} with (> 0, ei(z)e;) =

i=1"1

Yoo bi(x)b; for z = Y .2 el(x)e;. By the fact that both are equivalent basic sequences,

i=1 i
this map is linear, well-defined and bijective. So, for x,, — = and ¢(x,) — y, we get
n n

ei(a) = lim ¢)(x,) = lim b(o(zn)) = Bi(y):

n—oo n—roo

(2) = (3) Simply choose C1 = ||| and Cq = ||¢|-

(3) = (1) For all m < n and scalars {a;}!"_;, we have

n n
E aib; E a;e;
i=1 i=1

By [Lemma 4.11] {b;}$2; is a basic sequence.
Let )..°, a;e; be a converging series, meaning that || Y21 . azeil|x < & forn, (m+1) >
N € N following the Cauchy criterion. Then using the inequality above

n m n
E aibi — E aibi E a;e;
i=1 1=1

i=m+1

i aibi

i=1

S 02 bc(ei)
X

S 0102 bC(6i>
X

<Oy
%

m
E ai€;
i=1

Y

n

Z aibi

i=m—+1

< Cy <€

Y Y X

indicates the convergence of the Cauchy sequence {>_" ; a;b;}5>,. We proceed similarly
for the other way of the equivalence by choosing a convergent Cauchy sequence in || - ||y .

Definition 4.13 (Unconditional basic constant)

Similarly to the basic constant be(e;), we introduce the wunconditional basic constant
ubc(e;) = SUDP{ACN:A finite} [|Qall with projection Qa4 : X — span{e; : i € A},
ZiEN a;€; —r ZiEA a;e;.

4.1. Reflexivity and isomorphisms of ¢, and ¢

As much as not being uniformly convex, and with that finite universality, is important for the
examination of isomorphs of £, for 1 < p < oo, in this segment we show the analogous applies to
reflexivity with regard to ¢y and /5.
We have shown that reflexivity is equivalent to having a boundedly-complete and shrinking
Schauder basis. In the following we will prove the those properties imply the non-existence of
isomorphs of ¢y and ¢, respectively.

Lemma 4.14. If a Banach space X has an unconditional Schauder basis {e;}2, which is not
boundedly-complete, then X contains an isomorph of cq.

Proof. As {e;}2, is not boundedly-complete, there is a scalar sequence {a;}$2; with
sup,en || Yoo aseil| < oo and yet Y .o, ase; does not converge. This means that there is € > 0
such that there are ¢ > p > n for all n € N such that || Y.7__ a;e;|| > e. We define z; := aie;

qj
1=Dpj
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4.1 Reflexivity and isomorphisms of ¢y and ¢ 4 BASES OF BANACH SPACES

for sequences {p;}52,{q;}{2; with p; < ¢; < p;j41. This implies that [|z;]| > € for all j. We
define
Y i such that j € [p;, i,
i = 0, otherwise,

such that for all m € N, we can state with A\; = 0 for i > m

E Niui || = E piajeil| <K'+ sup |\ E ajej|| < K- sup |\
»_ - i=1,..., m ,_ 1=1,..., m
i=1 j=1 j=1

for some constants K, K’. But now we can see that a lower bound for || Y27 | A; ;|| by |[Lemma 4.14

giving us

m
€
sup |\ < Aizil| <K K sup  |A
ch(ei) i=1,..., | 1‘ ; o i=1,..., m‘ |
By|Lemma 4.12] {z;}9°, is equivalent to the canonical Schauder basis of ¢y and there is a bijection
between the span{z; : i € N} C X and c¢o. [ ]

Corollary 4.15. If a Banach space X with unconditional Schauder basis {€;}52, does not contain
an isomorph of co, then {e;}32, is boundedly-complete.

Lemma 4.16. Let a Banach space X have an unconditional Schauder basis {e;}2,. Said
Schauder basis is not shrinking, if and only if X contains an isomorph of 1.

Proof. As {e;}$2, is shrinking, there exists f € X* and f & span{e} : i € N} with || f|| = 1 by
Now, {e;}$2, is a Schauder basis, therefore

flx)=f (Z eé‘(w)ez) = ei@)fle) =) ue)(fe (@)
i=1 i=1 i=1

with ¢ : X — X** the canonical embedding of X into X**. But as f ¢ span{e; : i € N},
Sooo (es)(f)er (z) cannot converge towards f in the norm of X*, i.e. there is an € > 0 such that

oo
limsup sup |f Z ef(x)e; || > 2e.
neN |z|=1 i=n+1
So, there is an infinite subset S C N with elements s and s € X, |zs]] = 1 such that
|, ef(zs)ei)] > e. We can then say that there is an bijection k£ : N — S such that for

every n € N we have |f(2;°is(n) e; (T4(ny)ei)| > €. We know that f is continuous as f € X* and

also, that E;’is(n) e; (T4(n))e; converge since {e;};2, is a Schauder basis. Therefore, we can find

some g, € N with |f( g;;(;) e (Tsn))ei)| > e

We can to proceed similarly to the proof of so we want to define a sequence {z, }>° ;
such that we can apply again, seeing isomorphism between the closed span and /;.
To do so, we choose z,, in a way that f(z,) > € and introduce a sequence {p,, }°° ; with p; = 1 and
Pn+1 = Gp,, . This way, we have distinct indices for each z; the same way we did for

We get
ni1—1 1
S et (e Pt
Zp 1= T Z e; (Ts(p,))ei-
f(zi:s(pn €; (xs(pn))ei) i=s(pn)
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5 PROOF OF TSIRELSON’S THEOREM

Clearly, if we take f(z,), the rightmost sum cancels the denominator, leaving only the absolute
m1—1 . . . .

value so f(z,) = |fF(O0" :(lpn e (Ty(p,))ed)| > € :jnnd [lzn |l < ubc(e;). Usn;bg the triangle inequality,

we can get the upper bound || Y 1% a;z|| < Yoit |ag| ||zl < ubc(e;) doity |ag|.

Define the sets

My :={1<i<m:Reaq; >0}, M_:={1<i<m:Rea; <0},

assume for now that ), M,
We get the lower bound

m
E Qa;z4
=1

Rea; > —3,c); Rea; and fix the scalar sequence {a;}ien and m.

1
> izl > Rea; f(z
*ubcez Za ubc(e;) e% eaif(z)
ieMy

Zm Z Rea; — Z Rea;

iEMy i€EM_

- 2ubc Z|Reaz|

If 3¢ M, Rea; < —> ;) Rea; was the case, we could simply choose the scalar sequence
—{a;}$2, to come to the same result. Also, in the same fashion it can be shown that the same
inequality holds for Im a; instead of Re a;. Combining them, we get

m

m
€
;aizi > m; \ai|

for every m € N. Finishing the implication in this direction with we have shown
that a not shrinking unconditional Schauder basis implies an isomorph of /;.

Now let X contain an isomorph ¥ C X of ¢;. We use [de Snoo and Sterk, 2019] to prove that
X is not shrinking. First, we know that Y* = /. Also, by Hahn-Banach, we can extend every
bounded functional on Y to X with equal norm restricted to Y. This means that X* contains
an isomorph of /.. But this in turn implies that X* is not separable, then it is not shrinking as
otherwise it would have a countable basis by [ |

5. Proof of Tsirelson’s theorem

Before we finally prove Tsirelson’s theorem, we sum up the previous results of and
on properties of reflexivity in a single powerful statement. As shows

the existence of this specific reflexive Banach space X, we are only one step away from proving
Tsirelson’s claim.

Proposition 5.1. A Banach space B with unconditional basis {x;}32, is reflexive, if and only
if B does not contain any subspaces isomorphic to co or {y.

Proof. If B does not contain isomorphs of ¢y and ¢, then, by [Corollary 4.15| and [Lemma 4.16}
B is shrinking and boundedly-complete, thus reflexive following

If B is reflexive, then again by B does not contain an isomorph of ¢;. Suppose B
contained an isomorph of ¢, then as (¢p)* = ¢; and (¢1)* = ¢, B** has an isomorphic copy of
{+. But this means that B** is not separable and B being reflexive implies that B** is separable.
Contradiction. B does not contain an isomorph of c¢g. ]
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5 PROOF OF TSIRELSON’S THEOREM

The following last lemma before this paper’s main theorem concerns the use of different bases
to a Banach space. If we have one basis and there is another sequence such that the sum of
the distance between elements of both sequences is finite, thus tending to zero, then the second
sequence can be chosen as basis for the Banach space, too. This way one can relatively easy
show that, since there is an invertible operator taking one sequence to the other, there is an
isomorphism between the two.

We use this approach to isomorphically map the basis of a finitely universal space to the basis
of another space. Hence, the latter has to be finitely universal as well.

Lemma 5.2. Let {z;}32, be a norm in a Banach space X and sequence {y;}32, satisfies

o0
S i — il < oo.
=1

Then {y;}52, is a basis to the Banach space X .

Proof. The satisfied condition means that for all ¢ > 0 there is some N such that we have
Syl — yill < e. We can express each x € X as @ = > =, a;x; and identify the scalars
a; with linear functionals f;(z) giving = > ;o fi(z)z;. Then we get get for e = & with
C =sup,en || fnll

oo

1
i —Yill < =-
> llwi - will < 5

i=N
We can define some g; := y; if ¢ > N and otherwise §; := x; to rewrite the summation in terms
of an index going from 1 to infinity

) [eS) 1
Z lz; — yill = Z lzi = gill < -
i=N i=1

It is sufficient to show that {g;}5°, is a basis on X as, since we are working in infinite spaces,
{y:}52, is a basis as well then.
We introduce operators S following [Krein et al., 1940] and U by

Sr = ifl(m)(xl —%) and Uz:=z— Sz = ifz(x)gl
i1

i=1
Note, that U is invertible since it has the inverse U™! = (I — S)"' =T+ S+ 5%+ ... as
(I—8) - I+S+8%+..)=T+(S=8)+(S*-8H+(S* -8 +--- =1

and that Uz; = §;. With y = U~'x, we can express the sum representation of z in terms of v,
ie. y =35, fi(y)z;. This means that

y=>_ fily)z;
i=1
<:>U71$Z fi (Uﬁlx) T;
i=1

or = i fi (U™'2) g
=1
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5 PROOF OF TSIRELSON’S THEOREM

Denote b; := f; (U‘lx) for all 4 € N. Since the linear functional implies a unique representation
for x, so does b;. Thus, {7;}32, is a basis in X. |

Combining our work, we can finally approach the theorem we have been aiming at.

Note, that as the mentioned Banach space is reflexive and has an unconditional basis, no iso-
morphism of either ¢y or ¢; is contained, and as each infinite-dimensional subspace is finitely
universal, said subspaces are not uniformly convex. Since £, is uniformly convex for 1 < p < oo,
the Banach space does not contain ¢, for 1 < p < oo either.

Theorem 5.3. There exists a reflexive Banach space in which each infinite-dimensional subspace
is finitely universal.

Proof. We have shown that there exists a reflexive Banach space X which is the linear span of
an absolutely convex weakly compact set V' C ¢y with a norm such that V is the unit ball. In
the following, let Y C X be an arbitrary infinite-dimensional subspace.

If {x;}52, is a normed block-system with respect to the basis {e; }2; of X, then by[Proposition 4.4
we get for all arbitrary N and Aq1,..., Ay that

max | N| < [[Mzns1 + -+ Avzen]] <2 max [N
1<i<N 1<i<N

But this means that the subspace Xg C X, generated by {x;}32,, is finitely universal. Hence,
all we have to show that there is an isomorphism between Xg and some subspace Yg C Y.

To do so, let Yg be generated by the sequence {y;}2; and {x;}32; be a normed block-system
such that for all i € N, we get that ||y; — 2;|| < 27*. Then by {z;}5°, there exists
an invertible operator U such that by Uy; = z; Xg is mapped onto Ygs.

Therefore, as Y was chosen arbitrary, we can find a finitely universal subspace in each infinite-
dimensional subspace Y C X. Note, that by the definition of finite universality, it suffices that
each finite-dimensional normed space has an invertible operator mapping on some subspace of

Ys, C Yg as Yg, in turn is subspace a of Y, expanding the finite universality from Yg onto Y.
Each infinite-dimensional subspace of the given reflexive Banach space X is finitely universal. W
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6 A (MORE) ANALYTIC CONSTRUCTION

6. A (more) analytic construction

As we have now established, there is indeed a Banach space which does not contain isomorphs of
co and £, for 1 < p < oco. Yet, the original construction by Tsirelson is in itself only what is ought
to be, an example of a certain archetype of Banach space. Within a year, T. Figiel and W.B.
Johnson followed up on Tsirelson’s construct providing another space of the type of Tsirelson.
Their space has the nice property of giving an analytical, even computable, description of the
norm on the space. While presenting proof to the validity of the properties is not within the
scope of this paper, the construction is shortly stated and an outline of the approach to the proof
is given.
Firstly though, we need to fix some notation. We make use of the notation given in
[Casazza and Shura, 1989] to avoid introducing new notations for this brief mention:
Let RN denote the space of real scalar sequences which are eventually zero, meaning they have
finite support. {¢,}°2 is the unit vector basis of R(N) with zero at every position except in
n for all n. Let E,F be non-empty, finite subspaces of N and let £ < F' indicate that for
all e € E,f € F, we have that e < f. Analogously, £ < F is defined. Lastly, given any
T=3) nantn € RN) and 1 < e for all e € F, we define Bz = Y nek Untn-
Having the notations set, we define a sequence {|| - ||, }o%_, on RN for any fixed 2 € RN) and
m > 0 by

{on = maxyen |an|, and

k
@lms1 = max { [2llm, 3 maxs, S5, 1 Bjalln] } -

The maximum over E}, is the maximum over all finite subsets of N with k < By < Ey < -+ < E.
We can see that ||z||m = >, cn an| for all m as for all &k, we have that n" with |a,/| = max, |a,|
can only be in at most one of the Fj, since we have strict inequalities between them. For iterations
m > 2, note that in the inner brackets, F;z does restrict the z = > _\ anty to ZneEj antn,
so again, the maximal scalar |a,| can only appear in on of those terms in the sum. Also, by
the definition of the norm, the elements of the sequence increase with increasing m, as each
|z||ma1 is either the previous ||z||,, or a new, higher value. Therefore, for each x € RN we
have convergence with limit ||z| := lim,— 0 ||2||m bounded above by the 1-norm ||z]|;.

Then, the Tsirelson space given by Figiel and Johnson is the completion of (RN, || - [|).

While we omit validating that this construct does indeed have the properties of a Tsirelson space,
we explicitly remark that by the definition of the norm above, said norm is possible to be com-
puted which makes the space better describable in an analytical sense. Also, the original space

by Tsirelson even turns out to be the dual of Figiel and Johnson’s space with unit vectors {t* }5° ;.
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