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Abstract

In this bachelor’s project, I aim to describe, given a general monic
polynomial with integer coefficients of degree n < 6, the Galois group of
its splitting field over Q. First of all, there are two situations to consider:
the polynomial is irreducible or reducible. In the former case, we can
use discriminant, resolvent and the subtle connection between irreducibil-
ity and transitive subgroups of Sy; in the latter case, we can factor the
polynomial into irreducible factors of smaller degrees, explore the relation
among their splitting fields and apply the results we already obtained.



Contents

1

Introduction and preliminaries

1.1 Galois groups, transitive groups and permutations . . ... . ..
1.2 Discriminant, resultant and resolvent . . . . . . .. ... ... ..
1.3 Discussion on the reducibility of a polynomial . . . . . . ... ..

Polynomials of degrees of 1, 2 and 3

2.1 TIrreducible polynomials . . . . .. ... ... ... ... ...
2.2 Reducible polynomials . . . . . ... .. ... L.
2.3 Examples . . ... ...

Polynomials of degree of 4

3.1 TIrreducible polynomials . . . . .. ... ... ... ... ...
3.2 Reducible polynomials . . . . . .. ... ... ...
3.3 Examples . . .. ..o

Polynomials of degree of 5

4.1 TIrreducible polynomials . . . .. .. ... ... ... .......
4.2 Reducible polynomials . . . . . . ... ... oL
4.3 Examples . . . . ...

Polynomials of degree of 6

5.1 TIrreducible polynomials . . . . .. ... ... .. ... ... ...
5.2 Reducible polynomials . . . . . . .. .. ... oL
5.3 Examples . . . . . ..

18
18
21
22

24
24
33
33



1 Introduction and preliminaries

Galois theory is a deep and rich branch of algebra named after the French
mathematician Evariste Galois. In the beginning, it was introduced to solve
the famous problem: does a general polynomial of degree at least 5 have an
explicit formula for its roots? By works of Galois, the answer is no, because S,
is not solvable for all n > 5. Later, Galois theory was also found helpful in both
classical and contemporary mathematics, for example, trisecting an angle and
differential equations. In this project, I will attempt to explore the relationship
between polynomials and the Galois groups associated with them. This helps us
in understanding the polynomial in many ways, for instance, given a polynomial,
if we only know one of its roots but we also know how the Galois group acts
on its roots, we might be able to guess the remaining roots without having to
compute them.

The restriction that we are considering monic polynomials with integer coeffi-
cients might seem harsh here. But in fact, any polynomial f(z) = ap,z™ + ...+
a1z + ag in Q[z] can be transformed into a monic one in Z[z|, and these two
polynomials will have the same splitting field. First note that we can multiply
the least common multiple of the denominators of a,, ..., ag so we have a poly-
nomial in Z[z] that has the same zeros. Hence we may suppose ay,...,aq € Z.
Next, note that the following polynomial:

z" a1 a1x

) =a" () =a" Yan— + an_ + ...+ +a
o) = @ () = o o Tt sy 2 a)
will be a monic polynomial in Z[x]. Furthermore, let aq,...,a, be the ze-
ros of f(x), then a,ay,...,aya, are the zeros of g(x). Therefore they will

have the same splitting field over Q and their Galois groups, which are the
Q-automorphisms of their splitting fields, will be the same.

1.1 Galois groups, transitive groups and permutations

First, we need some preliminaries before understanding what Galois groups are
about. I assume the reader is familiar with basic concepts on fields, especially
field extensions.

Definition. A field extension L D K is called normal if every irreducible poly-
nomial f(x) € Kl[x] which has a zero in L, splits as a product of factors of
degree one in L[z].

Example 1.1. 1. Let L =C and K =R, then L O K is normal. Indeed,
every f(z) € R[z] has its zeros in C.

2. Let L =Q(v/2) and K = Q, then L D K is NOT normal, z* —2 = 0 has
a zero in L, but also has a zero x = iv/2 not in L.

Definition. An extension L O K is called separable if every element of L is
algebraic and its minimal polynomial over K is separable.



Theorem 1.1. FEvery algebraic extension of fields of characteristic 0 is separa-
ble.

Proof. See, for example, page 112 of [1]. O

Since we are concerned with algebraic extensions over Q, whose characteristic
is 0, with this theorem we don’t need to worry about separablility.

Definition. A K-automorphism L O K is an isomorphism o : L — L such that
o(k) =k
forallk € K.

Definition. The Galois group Gal(L/K) is the group of all K-automorphism of
the normal and separable extension L O K. We also denote by Galy the Galois
group of the splitting field of a separable polynomial f over a field.

Remark 1.2. Some instructive examples are included in section 2.8, which,
hopefully, can provide a rough idea about Galois groups.

Theorem 1.3. Let f(x) € Z[z], let L be its splitting field over Q and consider
o€ Gal(L/Q). Then if a € L is a zero of f(x), so is o(a) € L.

Proof. Let f(x) =0, then:
o(f(z)) =o(ana"+...+ar1x+ag) = o(a,)(o(x))"+...+0(ar)o(x)+o(ag) = 0.
O

Theorem 1.4. The Galois group of the splitting field over Q of a polynomial
in Zlx] of degree n is isomorphic to a subgroup of Sy

Proof. This is a direct consequence of previous theorem. O

Definition. A subgroup H C S, is called transitive if for alli,j € {1,2,...,n}
there exists o € H such that o(i) = j

Theorem 1.5. Let L be the splitting field of a separable polynomial f(x) in Z|x]
of degree m, then Gal(L/Q) is isomorphic to a transitive subgroup of Sy, if and
only if f(x) is irreducible.

Proof. Let f(z) € K[x] be irreducible and separable. By definition f(x) has
n distinct zeros aj,asg,...,a, € L. Therefore, for all 7,5 € {1,2,...,n} we
can construct a Q-automorphism sending a; to a;, hence Galy is isomorphic
to a transitive subgroup of S,. Conversely, suppose Gal(L/Q) is isomorphic
to a transitive subgroup of S,, let h(z) be an irreducible factor of f(z) and
a1,az2,...,a, € L be the zeros of f(x). Then there exists a; such that h(a;) = 0,
but we also have h(a;) = 0 for all j since Gal(L/Q) is transitive, which means
(after possibly multiplying by a nonzero element of K) that h = f. O



Theorem 1.6. Let H be a transitive subgroup of Sy, then n divides |H]|.

Proof. Let X = {1,...,n}. Take z € X, we have a subgroup of H, which is
called the stabilizer, defined as Stab(z) = {h € H : hz = x}.
The map

p:H— X, h+— h(1)

is surjective as H is transitive. Moreover, H/Stab(1) — X is clearly a bijection
and hence n = |X| is a divisor of |H|. O

Theorem 1.7. Let f(x) € Z[x] of degree n be irreducible and separable and L
be its splitting field over Q, then n divides |Gal(L/Q)|

Proof. This is the direct consequence of previous two theorems. O

1.2 Discriminant, resultant and resolvent

In later sections, discriminants and resolvents will be used frequently to analyze
our problem; in the meanwhile, discriminants would be difficult to compute by
hand if we do not resort to resultants.

Definition. The discriminant of a polynomial f(z) = apx™ +a,_ 12" +...+
a1 + ag, where n > 1, is defined as

A(fy=a T (w—ay)?

1<i<j<n
where the a; are the roots of f.

Remark 1.8. We generally do not consider discriminants for linear polynomi-
als. In the rest of this text, mostly we will encounter monic polynomials, and
in such cases A(f) =[] <;cjcn(i — aj)?. Furthermore, note that A(f) =0 if
and only if f has multiple zeros. In this text we consider separable polynomials
only, thus the discriminants are never zero. Moreover, A(f) is a symmetric
polynomial in the a;’s and hence it can be expressed in terms of the elementary
symmetric polynomials in the o;’s, which up to sign are the a;/a,.

Theorem 1.9. Let f be a monic, separable and irreducible polynomial in Qx|
of degree > 1, then: /A(f) € Q < The Galois group of the splitting field of f
over Q consists of even permutations only.

Proof. Tf \/A(f) € Q then it is fixed by elements of the Galois group, but
VA(f) = Ili<icjen(®i — ;) can only be fixed by even permutations; the

converse is obvious. O

The following tool will be very helpful to us in computing the discriminant of
a polynomial, which can be found on pages 47-48 of http://websites.math.
leidenuniv.nl/algebra/ant.pdf, lecture notes by P. Stevenhagen of the Uni-
versity of Leiden. However, Theorem 1.10 is not proved there.



Definition. Let g(x) = b[[;_,(x—0;) and h(z) = c];_,(x—~;) be polynomials
with coefficients and roots in a field, then their resultant Res(f,g) is defined as

Res(g,h) =b°c" H H(Bl — ;)
i=1j=1
Theorem 1.10. Let g, h be defined as in the previous definition, then we have:
1. Res(g,h) = (=1)"*Res(h,g)
2. Res(g,h) =b*T1._, h(B:)

3. Res(g,h) =b°"*'Res (g, h1), where hy # 0 satisfies hy = h mod g, and $;
is the degree of hq

Proof. 1. By definition, we have:

Res(g,h) =b°c" H H(ﬁi - 75)

i=1j=1

= (e [TT]0s -5

j=1i=1
= (=1)""Res(h, g)
2. This is obvious by substituting the definition of h into the definition of
Res(g, h).
3. hi(B;) = h(B;) as hy = h mod g, hence Res(g,h1) = b [[;_, h1(5;) by
property 2, and hence

b~ Res(g, h1) = 0"~ 0" [ 1 (8:)

i=1

=b* [[m(8)
i=1

=0 H h(Bi)
= Res(g, h)

O

Remark 1.11. In subsequent sections, we will need Res(f, f'), the importance
of which is in the next theorem. Say [ is of degree 4, then Res(f, f') involves
the resultant of polynomials of degree 4 and 3, and the computation can be made
easier by property 3, which allows us to replace f' by the remainder of f divided
by f'. Repeat this process until the remainder is of low degree (usually 1 or



2), so we can spot its zeros (say, «;) very easily. Afterwards, we use property
1 to swap f and that remainder, and finally we can use property 2 to get a
simple formula linking Res(f, f') and [] f(co;). For an explicit example using
this theorem, refer to section 2.1 where the discriminant of a general, monic
polynomial of degree 3 is calculated.

Theorem 1.12. Let f € F[z] be monic and of degree n larger than 1, then:

A(f) = (=1)2" D Res(f, f)

Proof. The proof of Theorem 1.12 requires new techniques, e.g. Sylvester’s
matrix, which are not very relevant to our problem here, thus I omit it. But
the proof can be found on, for instance, pages 119-121 of [2]. O

Now we have a tool to determine whether Gal; consists of even permutations
or not, using discriminants, which can be computed using resultants. But to
obtain more information on Galy, we’ll also need resolvents.

Definition. Let K be a field and f(x) € Klx] be separable and of degree
n. The resolvent polynomial of f(x) with respect to a subgroup G C S,, and
F(z1,...,xy) € K[z1,...,2,] such that G = {oc € S, : 0F = F} is the stabi-
lizer of F, is:

rar(Nw) = ] W-(@F)(....20), zi—a

O'iESn/G
where o; are coset representatives of S, /G and a; are roots of f(x).

Theorem 1.13. The resolvent polynomial v of f(x) € K|[z] has its coefficients
n K.

Proof. Let 7 € Gal(L/K) C S,, where L is the splitting field of f over K, then:

7(r) = H (T — (roF))(a1,...,a,) = H (T —(cF))(a1,...,an) =71

0€S, /G 0€Sn /G

Because if o; are representatives of different coset then so are 7o;. Thus, r is
fixed by all K-automorphisms and hence r has its coefficients in K. O

Theorem 1.14. Let the resolvent polynomial ra, r(f) of f(x) € K[z] be sep-
arable. Then Gal(L/K), where L is the splitting field of f over K, is conjugate
in G to a subgroup of Gr, the stabilizer of F in G, if and only if rq . r(f) has a
root in K.

Proof. (=) Let 0 € G such that 07'Gal(L/K)o C G and let aq,...,a, be
the zeros of f(z). Then for 7 € Gal(L/K) one has o 'roF(ay,...,a,) =
F(ay,...,a,). Hence

ToF(a1,...,an) =0cF(a1,...,ap)



and therefore r has a root in K.

Before proving the other direction, we note a small consequence of r being
separable:

Let o; be the representatives of G/Gr and o1 = e. Then, for all o € G, we have
o = o;7 for some 7, where 7 € Gg. Then:

oF(ay,...,an) =0;7F(aq,...,an) =0 F(a, ... ap)

which is a zero of r. Since all zeros of r are distinct, o;F(aq,...,q,) =
o1F(aq,...,ap) if and only if 0; = 03 = e. This means oF(ai,...,a,) =
F(ay,...,ap) if and only if 0 = 017 =7 € Gp.

(<) Assume o0;F(oq,...,a,) € K for some ¢ and let 7 € Gp. Then we
have 70, F(aq, ... ,apn) = 0;F(aq, ..., a,), which means ai_lraiF(ozl, cey ) =
F(aq,...,a,). Since r is separable, by the discussion just before this proof, this
occurs if and only if o; '70; € G, hence 0~ 'Gal(L/K)o C GF. O
Remark 1.15. We can actually use Theorem 1.14 to prove Theorem 1.9. Con-
sider F' = 1] c;cjcp(@i—2;) € Qlz1, ..., 2,] and a monic, irreducible and sep-
arable polynomial of degree n in Z[x] which has zeros {a1,...,an}. Let 0 € S,

then oF = sgn(o)F, hence the stabilizer is precisely A,. Then our resolvent
polynomial:

re,.r(HW) = [ @w-(F), i a

0iE€ESn/An
=y-F)y+F), zw—a
=(y—VA)(y+VA)
=y — A

Note A = [[(a; —a;) # 0 because f is separable, hence this resolvent is separable
as well. Therefore y> — A has a solution in Q if and only if Galy C A,, (up to
conjugacy, but since A, is a normal subgroup of S, no conjugation is needed).
In fact, Theorem 1.9 does not hold for monic polynomials only. Let a, be the
leading coefficient of f and multiply F by a constant a1, the above discussion
holds as well after referring to the definition of the discriminant of a general
polynomaal.

Now I present a theorem which is sometimes much easier to use than using
resolvents.

Theorem 1.16 (Dedekind’s Theorem). Let f(x) be a separable and irreducible
polynomial of degree n in Z[x], and

¢ Zz] = Fplz], Zaixi — Zaﬁxi
i=0 =0



be the map of reduction modulo a prime number p. Assume p(f) is also separable
and has the same degree as f, and o(f) = fr ... fk where each [} is irreducible
over F,,, then Galy, the Galois group of the splitting field of f over Q, contains
a permutation which is a product of cycles of lengths deg(f7), ...deg(fr).

m

Proof. See, for example, Chapter VII section 2 of [3]. O

Remark 1.17. In this paper we are only considering monic polynomials, thus
the degree is always preserved under reduction. Note that in general, if G is
a transitive subgroup of S, having a large index, it’s impossible to conclude
Galy = G using only Dedekind’s Theorem, because that would be equivalent to
proving that for all p, f(x) factorizes into certain forms over F,. (See Example

4.5).

1.3 Discussion on the reducibility of a polynomial

As noted in previous sections, it is crucial to know whether a given polynomial
is reducible or not before we apply theorems, thus, in this section, we explore
some common ways to do that.

Theorem 1.18 (Lemma of Gauss). Let f(z) € Z[x] be monic. If g(x) € Q[z]
is monic and divides f(z), then g(x) € Z[z] as well.

Proof. This is a very famous result from algebra, thus I state it without proof.
The proof can be found in many textbooks, for instance, chapter 11 section 3
of [4]. O

Remark 1.19. Note that it means if f(x) € Z[z] is monic and (non-trivially)
reducible in Q[z], then its factors are monic (up to product with a unit) and have
their coefficients in Z as well. Put another way, this means the reducibility of a
monic polynomial with integer coefficients over Q is equivalent to its reducibility
over Z.

Theorem 1.20 (Eisenstein’s criterion). Let f(X) = ap2™ + ap_12* 1 +... +
a1z + ag € Zx]. If there exists a prime number p such that:

e p dwides each a; for 0 <i<mn
e p does not divide a,,
o p? does not divide ag
then f(x) is irreducible over Q.
Proof. See, for instance, page 404 of [4]. O

Remark 1.21. Note that the irreducible polynomials which satisfy the Fisen-
stein’s criterion are only small portion of all irreducible polynomials. In a paper
[5], it is shown that less than 1 percent of polynomials with at least 7 non-zero
coefficients satisfy the Fisenstein’s criterion; on the other hand, there are p™

10



polynomials of degree n in F,[z], out of which %Zd‘n w(d)p? polynomials are
irreducible (see page 588 of [6]). For exzample, on F5 there are 57 = 78125 poly-
nomials of degree 5, and 11160 of them are irreducible, which accounts for a
proportion much greater than 1 percent.

Theorem 1.22. Let f be a polynomial over Z. If f splits into linear factors,
then A(f), the discriminant of f, is a square in Z.

Proof. Let f(x) = ana™ 4+ an_12" ' + ...+ a1z + ag, then its discriminant is

where the «; are the zeros of f(x). Take an arbitrary «;. Construct a monic
polynomial g(x) in Z[x] such that after evaluation at a”~q;, every term has a

2
common factor a? ~"~1:

g(x) =2" 4 ap_1a,2" "+ ...+ ara” "*zaga? !
n—1 n%—n—1 n n?—n—1 n—1
glan " a;) =ay canal + ay Cap—10) T 4

2 2
—n—1 —n—1
+ap " aro+ay T ag

=" f(aw)

=0.

Thus a1, are zeros of g(z). But by Theorem 1.18, a”~'a; must be integers,
hence A(f) = a2"~2 [Ticicjen (o — a;)? must be square in Z. O

Remark 1.23. The above theorem actually holds not just for Z, but also for
all domains; see [7] for more information. Notice the similarity and difference
with Theorem 1.9, which proved a necessary and sufficient condition about when
A(f) is a square in Q, assuming f(x) is irreducible in the first place; while in
our current theorem, we assumed f(x) splits into linear products then we arrive
at a direct consequence of this: A(f) is a square in Z.

Theorem 1.24. Let f be a polynomial over Z of degree n. If f is irreducible
over Z, then

TEnn
2nn!

IA(H >

where A(f) is the discriminant of f.

Proof. This is a direct consequence of a theorem called Minkowski’s bound or
Minkowski’s constant. The proof can be found, for instance, chapter V section
4 of [8]. O

11



Remark 1.25. By elementary logic (A = B means not A or B), this theorem

also means that, either f is not irreducible or |A(f)| > ”;Z!n , which is equivalent

to say |A(f)| < ”;Z!” = f is reducible. This could be helpful when discussing
reducibility of polynomials. However, this theorem is not a good tool to detect
reducible polynomials, because the discriminants tend to be much larger than the
bound. A somewhat trivial example is when n = 2, the bound is w/2 = 1.57...,
consider f(x) = 22+3x+2 having discriminant 1 < 1.57, so it must be reducible.
In fact f(x) = (x + 1)(x + 2).

12



2 Polynomials of degrees of 1, 2 and 3

The case of degree 1 is trivial, as there is only one subgroup of S;. The case of
degree 2 is similar, there are only two subgroups of Sa. Let f(z) = 2® + a1 +ag
be an arbitrary monic polynomial in Z[z]. If its discriminant A(f) = a? —4ayg is
a square in Q then the zeros of f(x), —a; & v/a? — 4ao, are in Q as well, hence
Galy only consists of identity; otherwise its Galois group is isomorphic to Ss.
Thus the remaining of this section will only concern polynomials of degree 3.

2.1 Irreducible polynomials

Let f(z) = 2® +a22% + a2+ ag be an arbitrary monic irreducible polynomial in
Z[z] and L be its splitting field over Q. Thus |Gal(L/Q)| divides |S3| = 6, and
by Theorem 1.7, 3 divides |Gal(L/Q)|, hence |Gal(L/Q)| = 3 or 6. The only
subgroup of S3 of order 3 is Az, which consists of even permutations only, and
Ss3 itself consists of both odd and even permutations, thus Theorem 1.9, which
points out the connection between discriminant and even permutations, would
be helpful here.

First, we need to calculate the discriminant of f, this can be done with the help
of the resultant and Theorems 1.12 and 1.10:

A(f) =(=1)2*2Res(f, f') = —Res(f.f') by Thm 1.12
=(=1)(=1)*2Res(f', f) = —Res(f', f) by Thm 1.10(1)

2 2a2
= — 3% Res(32% + 2a0x + ay, (% — %)x +ap— alaQ) by Thm 1.10(3)
2 2a2
=—-9(-1)*! ~Res((% — %)x +ag — “19“2,3932 + 2a2z 4+ a;) by Thm 1.10(1)
2a1 2a§ 9 aias 2a1 2a§
— _g.(2 _ 2%2y2 9200 (192 _ e )
( 3 5 )7+ (a1 + 2az( 5 ao)/( 3 9 )
2 2a2
+ 3((“19“2 - ao)/(% - %))2) by Thm 1.10(2)

= — 27a2 — 4a? + 18aparaz + aa3 — 4apas.

We can also transform f(x) to a simpler polynomial in the form of 2® + px + ¢,
the discriminant of which is easier to compute, and it generally gives us more
insight into its zeros. This will be presented below.

Write f(x) in terms of its three roots, expand and compare with the original
polynomial, we have:

f(@) = (x — z1)(z — 22)(z — 23)
=3 - (1 + 22+ xg);v2 + (x122 + 2123 + Tow3)T — T1T2X3

=73 —|—a2x2 +a1x + ag

13



a2

Note that if we substitute z = y — %2 we have a 3rd-degree polynomial h(y)
in the form as h(y) = y* + py + ¢, and the roots of h and f differ by a fixed
rational constant %, thus the Galois groups with respect to them are the same.
Writing out the process explicitly:

a9 a9 as
h(y) = (y - 3)3 +az(y — 3)2 +ai(y — 5) +ao
1 1 2 1 1
=y® —agy® + gagy - Eag +agy® — gagy + §a§ tay — gaaz +ao
1 2 1
=3+ (—gag)y + (ﬁag’ - gwaz + ao)
=y’ +py+q
Thus p = —%a% and q¢ = 22—70@ — %alag + aop.

Next, we would like to compute the discriminant of h. Let x1, z2, z3 be its roots,
expand (z — x1)(x — x2)(z — x3) and compare coefficients, we have:

1 +x0+2x3=0
T1T2 + T1T3 + T2X3 =D
T1T2X3 = —q

which leads to:

(xl - ZCQ)Q (.%'1 + 562)2 —4x129

I

w

+
|

and similar results for (r; — x3)? and (z3 — 22)%. Thus:

A =(21 — 22)*(z1 — 73)2 (23 — 22)?

4 4 4
(a02) (2-2) (22
3 1 2

(z12923)° + 16¢2 (23 + 23 + 23) + 4q (2323 + 2323 + 2323) + 64¢°

T1X2X3

63¢> + 164 (x? + a3 — (z1 + 332)3) +4q ((pr1 + @) (pr2 + @) +)
- T1T2T3

. (pz1 + q)(prs + q) + (pz2 + g)(pxs + q)

T1X2T3
= —4p* - 27¢*
Thus, by Theorem 1.9, if VA € Q, the Galois group with respect to this poly-

nomial consists of even permutations only, and hence it must be isomorphic to
Ag; if VA ¢ Q, then the Galois group is isomorphic to Ss.

14



2.2 Reducible polynomials

Let f(x) = 2% + a22? + a12 + ag € Z[z] be reducible, then there are a few
different cases to be considered:

e Case 1: f(z) = (x —a)(x — b)(x — ¢) where a,b,c € Z

If this case happens, by Theorem 1.22, its discriminant is a square of an integer.
In this case Galy is trivial as f(z) has rational roots only.

e Case 2: f(x) = (22 +ax +b)(z — ¢) where (22 + ax +b) is irreducible over
Q and a,b,ce Z

This case can be identified when f(z) is reducible and contains only one integer

root. In this case, Gal; is the same as the Galois group of the splitting field
over Q of 22 4+ ax + b, which has been discussed in the beginning of this section.

15



2.3 Examples

Example 2.1. Let f(x) = 22 — 3w+ 2, which does not have real zeors. Its zeros

are:
3+ V178
r=—
2
thus Galy = Sy, and the action of its element is complex conjugation.

Example 2.2. Let f(x) = 23 —2, its discriminant is —108 which is not a square
in Q, thus Galy = Ss.

The actions of elements in Galy can be seen intuitively by plotting its roots in
the complex plane in figure 1:

Re

Figure 1: Roots of 2% — 2 in complex plane

Note S3 =2 (o, 7) where 03 = e and 7% = e, thus here o corresponds to rotating
the roots by 120 degrees and T corresponds to flipping the roots about the z-axis.

Example 2.3. Let f(x) = 2% + 22 — 20 — 1, its discriminant is 49 = 72, thus
Galf = A3 = Zg.

The actions of elements in Galy can be seen by inspecting its three roots:

X1 :E+E6
x2262+55
£3=ES+64

16



where ¢ is a primitive 7th oot of unity (so €” =1 and € # 1, in other words,
S+ +et+e3+e2+e+1=0). Note that
2} = (e +£%)?

=e?+el? 2.1

=2 4+e542

= T2 —+ 2
Similarly:

I§:$3+2, $§:I1+2,

Hence the action of elements of Galy on the set of zeros is squaring and sub-
tracting 2.

17



3 Polynomials of degree of 4

3.1 Irreducible polynomials

Let f(x) be an arbitrary monic irreducible polynomial in Z[z] and L be its
splitting field over Q. Thus |Gal(L/Q)| divides |S4| = 24, and by Theorem
1.7, 4 divides |Gal(L/Q)|, hence |Gal(L/Q)| = 4,8,12,24. Thus, first of all, we
make a classification of these transitive subgroups, and we only need them up
to conjugacy within Sy, as we can always re-lable the zeros of f(x).

o Vi = {e,(12)(34),(13)(24), (14)(23)} = ((14)(23),(12)(34)), the Klein
four-group which is normal in Sj.

o Dy =V, U{(1243),(1342), (14), (23)} = ((1234), (13)), the dihedral group.
In fact, there are three such subgroups in total, the other two are V4 U
{(1324), (1423), (12), (34)} and V; U {(1234), (1432), (13), (24)} and they
are all conjugate in Sy.

o Z, = ((1234)) = {e,(1234),(13)(24), (1432)}, the cyclic group of order
4. In fact there are 3 such subgroups, the remaining 2 are ((1324)) =
{e, (1324),(12)(34), (1423)} and ((1243)) = {e, (1243), (14)(23), (1342)},
and of course they are all conjugate in Sy.

[ ] A4.
[ ] S4.

There is another class of subgroups of order 4, the non-normal Klein four-
group, which is ((12), (34)) = {e, (12), (34), (12)(34)} (or any of the 6 subgroups
conjugate to this one in S4). This group is clearly not transitive because, for
example, no element in it maps 1 to 3. The above are the only classes of
subgroups of order 4, 8, 12, 24 of S4 and 5 of them are transitive.

It is not hard to describe the subgroup structure of these groups, which is
summarized in Figure 2 in the next page, where G; — G2 means G; D G3 (in
general, after possibly conjugating G5 inside Sy, but for the specific subgroups
presented above no conjugation is needed).

Let f(x) = 2* + azx® + a2 + a1z + a¢ € Z[x] be monic and irreducible. The
discriminant of f(z) can be calculated, with the help of resultant, by using
Theorem 1.12 and Theorem 1.10 to be:

A :144a(2)a2a§ + 18a§a2a3 — 192a(2)a1a3 — 6a0a%a§ + 144a0a%a2 — 4a0a§a§
+ a?a3ai + 256ay — 27a] + 18apa;azal — 4aa3 — 128a3a3 + 16agasy
—4a2a3 — 27aZa3 — 80aga;alas.

By the following command in Magma (freely available online at http://magma.
maths.usyd.edu.au/calc/), we can find an F € Q[x1,...,z4] that has Dy as
stabilizer:
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Figure 2: Structure of transitive subgroups of Sy

Q:=Rationals();

D4:=MatrixGroup<4,Q | [0,0,0,1, 1,0,0,0, 0,1,0,0, 0,0,1,0],
(o,0,1,0, 0,1,0,0, 1,0,0,0, 0,0,0,11>;
InvariantsOfDegree(D4,2);

I chose F' = x1x3+ w24 here. The action of Sy on F' = x1x3+ 214 clearly gives
three different polynomials, namely zix3 + oy, 122 + 2374 and x1x4 + T2x3
(which is equivalent to say that the elements in S4/Dy are e, (23) and (34)).
Hence the resolvent polynomial of f(z) = z* + azx® + ax2? + ayx + ap with
respect to F' and D, equals:

r(y) =1, r(f)(y) = (y—(1az+asas))(y— (araz+azas))(y— (aroa+azas))
where «; are zeros of f(x). Vieta’s formula for f(z) = 2* + az2® + ax2? + a17 +
ap = H?Zl(:n — ;) gives:

az = —(a1 + s + a3 + au)
a2 = 102 + 13 + oz + Qg + Qiag + i3y
a1 = —(masas + agasay + agazay + aoozay)

ap = (1 ipz3yy
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Expand r(y):

r(y) =y’ — ((a10g + agay) + (ras + azoy) + (aroy + 042043))'5/2

+ ((anag + asaq)(a1as + asay) + (@1as + asay)(aray + asas)

+ (@102 + agag)(arou + azas))y

— (12 + azay) (a3 + azay) (a1ag + azas))

=% — (102 + a1a3 + aoas + aray + asay + azoy)y?

+ (OZ%O&QO@, + a1a§a4 + a1a§a4 + OéQOégOéi + a%a3a4

+ 01104204:% + 041042052 + Ol%OégOé4 + 04%042054 + 041013043 + alagaﬁ

+ ao0day)y — adasazay — ataiai — atasal

—apadazay — a%agai — a1a2a§a4 — ajasazal — a%a%ai
Compare coefficients of the expansion with Vieta’s formula, we have:

r(y) = y* — ay® + (a1as — 4ag)y — a3 — apa3 + 4agas

To describe the Galois group G = Galy of the splitting field L over Q of f(z),
there are a few cases to be considered.

e Case 1: 7(y) is irreducible over Q

Since r(y) is of degree 3 and is irreducible, it does not have a zero in Q and
moreover it is separable. Hence by Theorem 1.14, Gal; cannot be a subgroup
of Dy, so it is either A4 or Sy, and this can be checked by whether VA € Q and
apply Theorem 1.9.

Alternatively, we have that both f(x) and r(y) are irreducible over Q, so they
are minimal polynomials of a; and ajas + azay € L respectively. Thus, by
the tower law, [L : Q] must be divisible by 3 and 4, the degrees of f(x) and
r(y), and hence |G| = |Gal(L/Q)| must also be divisible by 3 and 4. From the
list of transitive subgroups of Sy we can see that only Ay and Sy satisfy this.
Therefore, by Theorem 1.9, if v/A € Q we have G = Ay, otherwise G = S,.

e Case 2: r(y) is reducible over Q

Since r(y) is of degree 3 and is reducible over Q, it must has a zero b € Q, thus
Theorem 1.14 applies here (provided r(y) is separable), hence Galy must be one
of Dy, V4 or Zy. Next, if \/A(f) € Q by Theorem 1.9 we have Galy C A4, and
out of V4, Z4 and Dy only Vy = {e, (12)(34), (13)(24), (14)(23)} satisfies this,
thus in this case Galy = Vj.

Now assume /A(f) ¢ Q. Without loss of generality, let the zero b = ajag +
agay € Q (as we can always re-label the «; to make this happen), by using
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Vieta’s formula mentioned before, it can be shown that :

4b — ag —dag =4(a1as + agay) — (a1 + as + a3 + 044)2

—d(agas + aqas + agas + ooy + asoy + azoy)
=daqas + dasay — 2anae + 20qa3 + 20104 + a% + a%
+ 2a0003 + oz% + 200004 + 2003004 + ozi) — 4o
—daiaz — dasag — dagay — dasay — dagay
:a% + 20100 — 200103 — 2001004 + a% + ag
— 2003 + ozi + 2ai304 — 20004

=(oq + s —ag — a4)2

Thus we have:

\/4b—|—a§—4a2:a1+a2—043—0l4

Consider /A(f)(4b + a2 — 4az) = \/A(f) (a1 +as —az — 1), if this expression
lies in Q then elements of G must fix it, and out of the two remaining choices
D4 and Z4 only the latter one does so, because (1324) is a generator of Z4 (up
to conjugacy), and:

{(1324)x/A(f) = —V/A(f)

(1324)(0&1 + o — a3 — 044) =Qq3+0g4 —Qy — Q1 = —(041 + oy — a3 — 044)

Therefore (1324) fixes \/A(f)(a1 + ag — a3 — ay) = /A(f)(4b+ a? — 4ay).
Hence if \/A(f)(4b+ a3 — 4az) € Q then Galy = Z,, otherwise Galy = Dj.
The previous argument fails when 4b + a3 — 4az = 0, in this case, we use a
similar expression

b2 — 40,0 = (041052 + 063014)2 — 40[10&20&30(4 = (041042 — 043064)2

and proceed the same way, it’s easy to see that if /A(f) (b2 — 4ag) € Q then
Galy = Zy4, otherwise Galy = Dj.

Remark 3.1. To differentiate whether Galy is isomorphic to Dy or Zy, various
other methods exist, e.qg. Dedekind’s Theorem 1.16 or another resolvent with
respect to Zy. The end of section 4.1 explores such possibilities, where we have
to find a way to differentiate D5 or Zs.

3.2 Reducible polynomials

There are several cases to be considered:

e Case 1: f splits into linear factors in Q[z]
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If this case happens, by Theorem 1.22, its discriminant is a square of an integer.
In this case the Galois group is simply the identity, as it only has rational roots.

e Case 2: f has only one irreducible factor of degree 2 or 3

In this case, f(z) = (x — a)(x — b)g(x) or f(z) = (x — a)h(z) where g(x) and
h(z) are irreducible over Q and are of degrees 2 and 3 respectively. Then clearly
Galy = Galy or Galy = Galy, and we can apply results we already have.

e Case 3: f has two irreducible factors of degree 2

Write f(z) = g(x)h(z), where g(z) and h(x) are irreducible over Q and are
of degrees 2. Let Ly, L, and Lj denote the splitting field of f(z), g(z) and
h(z) over Q respectively. If h(z) splits in Lg[x], then Ly = L, and hence
Galy = Galy = Sy . Otherwise, Ly is the same field as Ly, D Lj, D Q where D
denotes field extensions of degree 2, and hence

Galf = Galg X Galp, = S x Sy =2V,

The case in which Galy = Sy, i.e. g(x) and h(x) share a common splitting field,
can be identified by the following theorem.

Theorem 3.2. Let f(x) = g(x)h(z), Ly and Ly defined as above. Then h(x)
splits in Lg if and only if A(g)A(h) is a square in Q.

Proof. Write g(z) = 2 + az + b, h(z) = 22 + cx + d € Z[z] for the irreducible
factors (they have to be of this form by Lemma of Gauss 1.18). Then L, =
Q(v/a® — 4b) which has a basis {1,va? — 4b}. If h(x) splits in L,[x], then there
must exist ¢1, g2 € Q such that:
Ve2 —d4d = g1 + gov/a? — 4b
= Ve —4d — g\/a? — b= q
= A —4d + @ (a® — 4b) — 2g5\/ — 4d\/a?® — 4b = ¢

which holds if and only if V¢ — 4dva? — 4b € Q. O

3.3 Examples

We use the following command in Mathematica:

IrreduciblePolynomialQ[x"4+a3 x"3+a2 x"2+al x+a0]

d=256 a0~3-27 al"4+144 a0 al"2 a2-128 a0"2 a272-4 al"2 a2"3
+16 a0 a274-192 a0"2 al a3+18 al”3 a2 a3-80 a0 al a2”2 a3

-6 a0 al"2 a372+144 a0"2 a2 a3"2+al"2 a272 a3"2-4 a0 a2"3 a3"2
-4 al”3 a373+18 a0 al a2 a373-27 a0"2 a374;

Sqrt [d]

theta:=y~3 -a2 y~2 +(al a3-4a0) y-al"2 -a3"2 a0 +4 a2 a0
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Factor[thetal]

f=4 beta - a3"2 -4a2
Sqrt[d f]

This command except for the last two lines, given integer values as, ..., ao,
returns whether f(x) = 2* + azz® + agx? + a2 + ag is irreducible, \/A(f), the
resolvent polynomial and its factorization. If the resolvent has a unique zero in
Q, set this zero to be 8 and run the last two lines.

Example 3.1. Let f(z) = 2* + 223 + 422 + 62 + 8 which is irreducible, then
VA(f) = 4v2685 ¢ Q, and the resolvent polynomial 0(y) = 60 — 20y — 4y? + 3>
which is irreducible over Q, hence Case 1 in Section 3.1 applies and Galy = Sy.

Example 3.2. Let f(x) = x* + 8z + 12 which is irreducible, then \/A(f) =
576 € Q, and the resolvent polynomial 0(y) = —64—48y+y> which is irreducible
over Q. Hence Case 1 in Section 3.1 applies and Galy = Ay

Example 3.3. Let f(x) = 2% + 422 + 5 which is irreducible, then /A(f) =
16v/5 ¢ Q, and the resolvent polynomial 0(y) = (—4+y)(—20 + y?) which has a
unique zero y = 4 in Q and is clearly separable. Set 8 =4 and run the 2nd part
of command, we have 453 + a2 — 4ay = 0 so we cannot use \/A(4B + a3 — 4ay)

here. But B+ a3 — 4ag = —4 # 0, and \/A(B + a3 — 4ap) = 32V/5i ¢ Q, thus

Case 2 in Section 3.1 applies and Galy = Dy.

Example 3.4. Let f(x) = 2* + 1 which is irreducible, then \/A(f) =16 € Q,
and the resolvent polynomial 0(y) = y(—2 + y)(2 + y) which splits into linear
factors over Q. Hence Case 2 in Section 5.1 applies and Galy =V,

Example 3.5. Let f(x) = 2 + 323 + 922 + 27x + 81 which is irreducible, then

A(f) = 3645v5 ¢ Q, and the resolvent polynomial 0(y) = (—18 4+ y)(—81 +
9y + y?) which has a unique zero y = 18 in Q and is clearly separable. Set
B = 18 and run the 2nd part of commmand, we have 483 + a3 — 4ay = 27 # 0
and \/A(4B + a3 — 4ay) = 10935v15 ¢ Q, thus Case 2 in Section 3.1 applies
and Galy = Z,.
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4 Polynomials of degree of 5

4.1 Irreducible polynomials

Let f(z) be an arbitrary monic and irreducible polynomial in Z[z] and L be
its splitting field over Q. Thus |Gal(L/Q)| divides |S5| = 120, and by Theorem
1.7 since f(z) is irreducible in Q[z], moreover 5 divides |Gal(L/Q)|. Hence
|Gal(L/Q)] is one of 5,10, 15, 20, 30, 40, 60, 120. Thus, first of all, we would like
to make a list of the transitive subgroups, of S5 (again, up to conjugacy):

o 75 =2 ((12345)) = {e, (12345), (13524), (14253), (15432)}, the cyclic group
of order 5. Subgroups of 5 (a prime number) must be cyclic, thus Z5 is
the only kind of subgroup of order 5 up to conjugacy.

e D5 = ((12345),(14)(23)), the dihedral group of order 10. Furthermore, a
subgroup of order 10 must contain an element of order 2 and an element
of order 5 by Cauchy’s theorem, the latter can only be a 5-cycle and
the former can only be either a transposition or the form of (ab)(cd).
If it’s a transposition we get a group of order larger than 10 (in fact,
Ss = {((12345), (12))}); if it’s (ab)(cd) we get Ds. Thus Dj is the only
kind of subgroup of order 10 up to conjugacy.

o GA(L,5) = ((12345), (1243)), the general affine group of order 20. There
are 6 such subgroups and all are conjugate in S5. For more information
on affine groups, see, for example, page 27 of [9].

o As.
L S5.

The uniqueness of these transitive subgroups are proved by the following theo-
rem.

Theorem 4.1. Let G be a transitive subgroup of Sx, then G is conjugate to one
of the above groups.

Proof. 5 must divide the order of G, thus G must contain a 5-cycle (abcde),
furthermore G contains Z5 = ((abede)) as a subgroup, which is also a Sylow-5
group. By Sylow’s theorem, the number of Sylow-5 groups as subgroups in G
is equal to 1 mod 5, and it divides #G. Thus either G has exactly 1 or exactly
6 subgroups of order 5 (in the latter case all 5-cycles in S5 are in G).

e Case 1: G has exactly 6 subgroups of order 5.

Note that in this case, since all 5-cycles are contained, all 3-cycles in S5 can also
be obtained via:

(ijk) = (likjm)(jiklm), i, j,k,1,m=1,2,3,4,5

Hence G contains As, so it is either Ay or Ss. The fact that A,, is generated by
the 3-cyclesin S, is a well-known fact in group theory.
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e Case 2: (G has exactly 1 subgroup of order 5.

Without loss of generality, let (12345) be the generator of this subgroup. Note
that, for all g € G:
g((12345)) g~ = ((12345))

hence G is a subgroup of the normaliser
N(((12345))) = {0 ((12345)) o~ " = ((12345)) ,0 € S5}

On page 414, lemma 14.1.2 of [1], it is proved that N = GA(1,5) (in fact,
it’s proved there that in S,, N({(12...p))) = GA(1,p), where p is a prime).
Transitive subgroups of GA(1,5) must be of order 5, 10 or 20, in the discussion
in the beginning of this section, we saw that they can only be Z5, D5 and
GA(1,5) and hence G must be conjugate to one of them.

O

GA(1,5) is the group of maps i — c¢i + d where ¢,d € F5 and ¢ # 0. It
is generated by translation by 1 and multiplication by 2 which correspond to
(12345) and (1243) respectively. Note that GA(1,5)NA5 = ((12345), (14)(23)) =
Ds, because:

GA(1,5) N As = {e, (12345), (13524), (14253), (15432)}
U{(14)(23), (15)(24), (25)(34), (12)(35), (13)(45)}

= {e,a,aZ,a3,a4,b, ab, a®b, a’b, a4b}
where a = (12345) and b = (14)(23).

Remark 4.2. This can also be proved using the sign homomorphism GA(1,5) —
{%1}, of which the kernel is a subgroup of order 10 consisting of the even per-
mutations in GA(1,5). In our discussion in the beginning of this section, we
saw that Ds is the only subgroup (up to conjugacy) of Ss of order 10.

Hence, the connection between the 5 transitive subgroups can be described by
Figure 3 in the next page, where G; — G2 means G; O Go (after possibly
conjugating Gs):

Thus, one way to solve our problem could be: first use a resolvent polynomial
whose stabilizer is GA(1,5), then consider whether the discriminant is a square
in Q or not, if it is, then the Galois group is a subset of As. In this text, we use
h = 42, where

U = T1To + ToX3 + T3X4 + 45 + T1T5 — L1X3 — T3L5 — ToXy — Loly — T1T4

It is clear that w? is fixed by GA(1,5) = ((12345),(1243)), thus we have
Stab(u?) 2 GA(1,5). On the other hand, elements of Stab(u?) must belong
to one of the 5 transitive subgroups of S5 mentioned earlier; many elements in
As and Ss, for example (123) € A5 C S5, do not fix u? while the generators of
GA(1,5) do, thus Stab(u?) C GA(1,5) hence we have equality.
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Figure 3: Structure of transitive subgroups of Sj

There are 6 coset representatives in S5/GA(1,5): (1), (123), (234), (345), (145)
and (125), hence the resolvent polynomial 6(y) of f(z) = 2° + asz* + azx® +
asx?® + ayw + ag, with respect to h(xy, T2, 13,24, 75) € Zlx1, T2, T3, T4, T5] and
GA1,5 C S5 is:

Ocac,s),n(y) = H (y — Th)(x1, 2, T3, T4, X5), T — Q;
r€Ss5/GA(L5)

(y*Tih)(ﬂfl,$2,w3,‘T4,$5), Tt oy

I
.::a

«
I
A

(y — mih) (0, ag, ag, 0, a5)

|
.Em

Il
N

(3

where 7; are the six coset representatives and «; are the roots of f(r) = x® +
asx* + a3z + ax® + a12 + ag. For sake of simplicity we’ll write (y) instead of
Ocac,5),n(y) from now on.

Note that if we define a new polynomial
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then 6(y) can be calculated with the help of T'(y):

6
0(y*) =] [w* - mih)
i=1
6
=T; I_I(y2 —h) (as 7; € Sy do not act on the indeterminate y)
i=1
6
=Ti 1_[(312 —u?)
i=1
6
= [[w—wy+uw

i=1

6
=(-1)° H(y — ) (—y — Tu)

v

followed by replacing 42 by 3. The product ending up having even powers of y
only is a guaranteed result, as polynomials in R[z] in the form g(z)g(—z) must
be invariant under the change of sign of z, where R is commutative.

Remark 4.3. In this section, as in the previous one, we will need some results
that are too complicated to work out by hand, (for example, determining whether
the resolvent has a root in Q and the explicit formula of the discriminant of a
general quintic), and I would like to leave them to computer programs (e.g.
Mathematica) where appropriate.

In Mathematica, define the 6 u as:

ul = x1 x2 + x2 x3 + x3 x4 + x4 x5 + x1 x5 - x1 x3 - x3 x5 - x2 x5 -
x2 x4 - x1 x4

u2 :=ul /. {x1 -> x2, x2 -> x3, x3 > x1}
u3 :=ul /. {x2 -> x3, x3 > x4, x4 —> x2}
ud :=ul /. {x3 -> x4, x4 -> x5, x5 -> x3}
ub :=ul /. {x1 > x4, x4 -> x5, xb -> x1}

u6 :=ul /. {x1 -> x2, x2 -> x5, xb -> x1}
Then run the following;:

Eliminate [{Gamma==(y - ul)(y - u2)(y - u3)(y - ud)(y - ub)(y - ué),
el == x1 + x2 + x3 + x4 + x5,

e2 == x1 x2 + x1 x3 + x1 x4 + x1 x5 + x2 x3 + x2 x4 + x2 x5 +
x3 x4 + x3 x5 + x4 x5,
e3 == x1 x2 x3 + x1 x2 x4 + x1 x2 x6 + x1 x3 x4 + x1 x3 x5 +

x1 x4 x5 + x2 x3 x4 + x2 x3 xb + x2 x4 x5 + x3 x4 x5,

ed == x1 x2 x3 x4 + x1 x2 x3 xb + x1 x2 x4 x5 + x1 x3 x4 x5 +
x2 x3 x4 x5,

e5 == x1 x2 x3 x4 x5}, {x1, x2, x3, x4, x5}]
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By the result and the expression for v/A, we have:
I'(y) = y° + Bay* + Bay® + Bs — 2°V Ay

where A is the discriminant of f(z) = 2° + ay2* 4+ az2® + ax2? + ayx + ag,

By =80103 — 30% — 2004
By :303L — 16010303 + 160%03 + 16020§ + 160%0204 — 80504
— 112010304 + 24003 — 640305 + 2400, 0905 — 4000305
Bg =8010503 — 09 — 16030503 — 160305 + 64010905 — 64073
— 160%0304 + 280304 + 640%020304 — 11201030304
— 1280%0304 + 224020204 — 640 03 + 224030907
— 1760202 — 64010302 + 320073 4 48010505 — 192020203075
— 800%0305 + 64001 032,05 + 3840%0405 — 640010204075
— 1600030405 — 16000702 + 40000902

and o; are elementary symmetric polynomials. Now
0 (y*) =Ty (~y)
— (4% + Bay* + By + Bs)* — 20A -y
and replace y? by y, we have
0(y) = (v* + Boy® + Bay + B6)2 —2"0A .y

After evaluation x; — «;, we also have o; — a; € Z and hence the resolvent
0(y) € Z[y] indeed, which can also be inferred from Theorem 1.13.

We could use Theorems 1.10 and 1.12 to compute A explicitly, but it’s too much
of work to do polynomial division manually, so we can use tools like Mathematica
or Maple to do it. In Mathematica, run

Discriminant[x"5 + a4 x"4 + a3 x"3 + a2 x"2 + al x + a0, x]

we have:
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A

=256a5a3 — 192ajaza a? — 128ajaia? + 144ajazatag — 27a%a] + 144a3a3azal

— 6ajazalag — 80aiazaiaiag + 18ajazasai — 1600a3azal + 16a5a3a¢ — 4aiasal
+ 160a3asa1a2 — 36a3alay — 27a%a3a3 + 18atasasarag — 4atasal — dajaiasag
+aja3asal + 1020aja3aial + 560ajaza3al — 746a3azazatag + 144a2aza’

+ 24aa3a ag — 6a2a3a? 4+ 2000a3asad — 50a3a’al — 630asa3azra? + 24asaia’iag
+ 356a4a§a§a1a0 80a4a3a2a1 + 2250a4a3a0 72a4a3a2a0 + 18a4a3a§af

— 2050a4a3a2a1a% + 16Oa4a3a§a0 — 900a4a2a0 + 1020a4a2a1a0 — 192a4a2a1

— 2500a4a;1a3 + 108a5a2 — 72a3aza1a0 + 16a3a’ + 16a3a3ag — 4a3a3a?

— 900a3a1a? 4 825a3a3a2 + 560a2asa?ag — 128a2a} — 27a3a? + 2250a3a;a?

— 630a3a§a1a0 + 144a3a2a1 — 3750a3a2a0 + 2000a3a ao + 108a2a0

— 1600azatag + 25643 + 3125a;

Summing up what we have right now:

1.

2.

® N o o

f(x) = 2° + aga® + aga® + aza® 4+ a12 + ag € Z[x] is irreducible;

Galy C S5 is conjugate to one of the following: Zs, D5, GA(1,5), As or
S57;

If VA € Q, then Galy C A5 by Theorem 1.9;

If O(y), the resolvent we found, is separable and has a zero in Q, then Galy
is conjugate to a subgroup of GA(1,5) by Theorem 1.14;

If 3 holds but not 4, then Galy = As;
If 4 holds but not 3, then Gal; = GA(L,5);
If both 3 and 4 do not hold, then Gal; = S;.

If 3 and 4 hold simultaneously, Galy = Z5 or Galy = D5 as seen from
Figure 3;

Remark 4.4. In situation 4, checking whether 0(y) has a root in Q or not can
be explored a bit further. Note that 0(y) must be monic and have its coefficients
in Z, thus by Lemma of Gauss 1.18, if it has a zero in Q that zero must be in
Z; further more, that zero must divide the constant term of 6(y), so in our case
it divides B2 hence it must divide Bg. Therefore we can try substituting factors
of Bg into O(y) and see if we get zero. Likewise, reducing the polynomial in T,
might help too.

Thus, only situation 8 needs to be explored further. One way to do this is
through the next small theorem:
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Theorem 4.5. Let f(z) be a monic and irreducible polynomial in Zlx], then
Galy is conjugate to Zs = ((12345)) if and only if f(z) splits into linear products
in Q(a)[z], where a is a root of f(x).

Proof. Tf f(x) splits completely in Q(a), [L : Q] = 5 where L is the splitting
field of f(z) over Q, but |Galy| = [L : Q] = 5, Galy C S5 and Gal; must be
transitive, thus, up to conjugacy, Galy = Zs by the discussion in the beginning
of this section.

Similarly, if Galy = Zs, then [L : Q] = |Gal¢| = 5, hence the result follows. [

Remark 4.6. However, note that this theorem could be difficult to apply without
the help of a computing program. Suppose f(x) has zeros a; and f(x) splits
into linear factors in Q(oy)[z], then the above theorem tells us that the Galois
extension is of degree 5, hence for the remain zeros as, s, ay, as there exists a
4-by-5 matriz in Q such that:

1

ar by ¢ di e fe%
(65}

az by ca dy e 2 a3
al —_—

a3 b3 c3 d3 e3 ¥ oy
1

as by cy dy ey 1 as
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Furthermore, by expanding [[(x — ;) = f(z) = Y s;a" € Z[x] and comparing
coefficients, for each of the coefficients in front of the terms z*, 2,22, z', 1 we
obtain similar equations. But again, in general it would be difficult to solve them.

A quick way using this theorem with Mathematica is presented in Example 4.5.

Another way to differentiate situation 8 could be using Dedekind’s Theorem
1.16, which in this case implies Gal; contains 5-cycles if and only if for every
prime number p such that the reduction modulo p of f is separable, it is either
irreducible or splits into linear factors over IF,. On the other hand, if situation
8 happens and for some p, the reduction modulo p of f contains two irreducible
quadratic polynomials in F,[z], then Gal; must be isomorphic to Ds, which
contains a generator of the form (ab)(cd).

However, note that the above method using Dedekind’s Theorem works well in
situation 8 only in case Galy = Ds; see the remark below Dedekind’s Theorem
1.16. Yet another, more systematic way to differentiate situation 8 could be
using a new resolvent polynomial with respect to Zs instead of GA(1,5). First,
we need to find a polynomial in Z[x1,...,x5] that has Zs as its stabilizer, then
check whether the resolvent has a root in Q and apply Theorem 1.14. This can
also be done using Magma.
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Note that subgroups of S,, can be represented by a matrix group. E.g. (12345)
corresponds to the following 5-by-5 matrix because:

(1 22 33 24 T5) =(x2 23 x1 x5 1)

S oo ~=O
OO = OO
o= O oo
—_ o0 O oo
OO OO

Thus the five transitive subgroups of S5 can be represented as follows in Magma:

Q:=Rationals();

Z5:=MatrixGroup<5,Q | [0,0,0,0,1, 1,0,0,0,0, 0,1,0,0,0, 0,0,1,0,0,
0,0,0,1,01>;

D5:=MatrixGroup<5,qQ | [0,0,0,1,0, 0,0,1,0,0, 0,1,0,0,0, 1,0,0,0,0,
0,0,0,0,11,[0,0,0,0,1, 1,0,0,0,0, 0,1,0,0,0,

0,0,1,0,0, 0,0,0,1,0]>;

GA15:=MatrixGroup<5,Q | [0,0,1,0,0, 1,0,0,0,0, 0,0,0,1,0, 0,1,0,0,0,
0,0,0,0,11, [0,0,0,0,1, 1,0,0,0,0, 0,1,0,0,0,

0,0,1,0,0, 0,0,0,1,0]>;
A5:=MatrixGroup<5,Q | [0
0,0,0,0,11,[0,0,0,0,1, 1
0,0,1,0,0, 0,0,0,1,0]>;
S5:=MatrixGroup<5,Q | [0,
0,0,0,1,0],[0,1,0,0,0, 1
0,0,0,1,0, 0,0,0,0,11>;

,0,1 1,90,0,0,0, 0,1,0,0,0, 0,0,0,1,0,
O)O’ » VYo 0)1’0’0)0’

B

> 03120’070, 070,1,090:

We want to find an F' € Q[z1, ..., x5] such that F is fixed by Z5 but not by any
element in any larger group. It helps to use the following command to find the
number of basis of the invariant space of degree d = 1,2, 3,4 in the polynomial

ring Q[x1, ..., x5]:

[#InvariantsO0fDegree(Z5,d) : d in [1..4]];
[#InvariantsOfDegree(D5,d) : d in [1..4]];
[#InvariantsOfDegree(GA15,d) : d in [1..4]];
[#InvariantsOfDegree(A5,d) : d in [1..4]];
[#InvariantsOfDegree(S5,d) : d in [1..4]];

The result says when d = 1 the invariant space of five groups have dimension
1; when d = 2, the invariant space of Z5 or D has dimension 3 and for the
remaining groups the dimension is 2; when d = 3, the invariant space of Zj
has dimension 7, that of D5 has dimension 5 and for the remaining groups the
dimension is 3. Thus there must exist an F' of degree 3 such that F' is fixed by
Zs5 but not by any larger group. Run the following and compare the result, we
can find a choice for our F:

Invariants0fDegree(Z5,3);
Invariants0fDegree(D5,3);
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InvariantsOfDegree(GA15,3);
Invariants0fDegree (A5,3);
InvariantsOfDegree(S5,3);

One option is F = .23%332 + xla:% + x%mg + x%m + xix5 — T1X2X3 — T1T2T5 —
T1T4%5 — ToX3T4 — T3T4T5, which is a difference between two elements that
appear in Invariants0fDegree(Z5,3) ; for invariant space for Z5. To find the
coefficients of our resolvent rs; . (y) = [I,cs, /7, (v — 7(u)), use the following
command:

U:=InvariantsO0fDegree(Z5,3); u:=U[2]-U[6];
P<x1,x2,x3,x4,x5>:=PolynomialRing(Q,5) ;
orb:=(P!u) "Sym(5); #orb;

R<el, e2, e3, e4, eb> := PolynomialRing(Q, 5);
a,b:=IsSymmetric(-&+orb, R); b;

The last line gives us the coefficient of y?3, the other coefficients can be found
similarly using Vieta’s formula. For example, the constant term is the product
of all terms in orb so it can be calculated by :

&*orb

The coefficient in front of y?? can be given as:

c:=&+[orb];
X:=[0: j in [1..24]];
i:=1;

while i le 24 do

X[il=&+[orb[il: i in [1..il];

i=i+1;

end while;

d:=&+[orb[k]*(c-X[k]): k in [1..24]1];
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4.2 Reducible polynomials

Let f(z) be a monic reducible polynomial of degree 5 in Z[z]. As always, let’s
discuss this case by case.

e Case 1: f(z) contains a linear factor.

Examples of this case could be f(z) = (x — a)(z* + bx® + cx? + dx + ¢), f(x) =
(x —a)(x —b)(z —c)(x® +dx+e), f(x) = (v —a)(2® +bx +c)(z? + dz +e) etc.,
where a, b, ¢,d, e € Z. Since linear factors in Z always split in @Q, in this case we
can always refer to results we already have and there is nothing new to say.

e Case 2: f(z) has two irreducible factors, one of which is of degree 2 and
the other is of degree 3.

Let f(z) = g(z)h(x) = (2% + ax + b)(23 + cx?® + dx + €), where a,b,c,d, e € Z,
g(x) and h(z) are irreducible over Q. Let Ly, L, and Lj denote the splitting
field of f(x), g(z) and h(z) over Q respectively.

First of all, note that:

[Lg: Q=2
[Ly: Q] =3 or 6,

Thus if g(x) splits in Ly, we must have Ly = Ly, [Ly, : Q] = 6 and [Ly, : Ly] = 3,
hence Gy = G, = Ss.

Let 27 and x5 be roots of g(x), x3, x4 and x5 be roots of h(z). Note that
[Lg: Q] = 2, thus x1,22 € Lj if and only if they are swapped by elements
of order 2 and fixed otherwise, but elements of order 2 in S3 are precisely 3
transpostisions which are odd, and odd permutations reverse the sign of (x3 —
x4)(x3 — x5)(r4a — x5) and even ones fix it. Therefore, all elements of Sz fix

(xl.— x9)(xs — x4) (w3 — x5) (x4 — x5) = VA(g9)\/A(h), This is equivalent to
saying
VAgVA(R) €Q

Now suppose g(z) and h(z) do not share the same splitting field. Thus Ly =
Ly, O L D Q where D denotes field extension, and Gy = G, x G, must be a
nontrivial subgroup of Ss x S3 22 Dg, the dihedral group of order 12, thus either
Gy = Dg, or Sy x A3 = Zg which is isomorphic to the cyclic group of order 6.
Finally, note that the latter happens if and only if A(h), the discriminant of
h(z), is a square in Q by Theorem 1.9.

4.3 Examples

First of all, use the following code in Mathematica for our discriminant and
resolvent polynomial:

IrreduciblePolynomialQ[x"5+a4 x"4+a3 x"3+a2 x"2+al x+a0]
B2=8 a4 a2-3 a372-20 al ;
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B4=3 a374-16 a4 a3"2 a2+16 a4"2 a272+16 a3 a2"2+16 a4"2 a3 al-8 a3"2
al -112 a4 a2 al+240 al"2-64 a4"3 a0+240 a4 a3 a0-400 a2 a0 ;

B6=8 a4 a3"4 a2-a3"6-16 a4"2 a3"2 a272-16 a3"3 a272+64 a4 a3 a2"3

-64 a274 -16 a4"2 a3"3 al+28 a3"4 al+64 a4"3 a3 a2 al-112 a4 a372 a2 al
-128 a4"2 a2"2 al+224 a3 a272 al-64 a4~4 al~2+224 a4~2 a3 al~2

-176 a3"2 al"2-64 a4 a2 al"2 +320 al”3+48 a4 a3"3 a0-192 a4"2 a3 a2 a0
-80 a3”"2 a2 a0+640 a4 a2"2 a0 +384 a4"3 al a0-640 a4 a3 al a0

-1600 a2 al a0 -1600 a4"2 a07"2+4000 a3 a0"2 ;

d=Discriminant [x"5+a4 x"4+a3 x~3+a2 x"2+al x+a0,x];

Sqrt [d]

theta=(y~3+B2 y~2 +B4 y +B6)"2 - 2710 d y

Factor [thetal

PolynomialGCD[theta, D[theta,y]]

Given integer values ay, . .., ag, Mathematica will display the following: whether
f = 2° 4+ ada* + a32® + a22? + alz + a0 is irreducible, VA, the resolvent
polynomial and its factorization over Z, and whether it is separable (only value 1
means separable, because of the well-known fact that a non-constant polynomial
f is separable if and only if ged(f,f’)=1). Our resolvent polynomial will be monic
and with integer coeflicients, so by Lemma of Gauss if it has a root in Q, that
root will also be in Z, thus factorization over Z suffices here.

Example 4.1. Let f(x) = 2° — 6z + 3. We have VA = 9i/21451 ¢ Q,
and the resolvent polynomial is 1779231744y + (—69120 + 8640y + 120y? + y3)?
which is irreducible over Z. Furthermore, it is separable. Therefore Galy cannot
be a subgroup of GA(1,5) (by Theorem 1.14) or As (by Theorem 1.9), thus
Galf = S5.

Example 4.2. Let f(x) = 2° + 1022 + 24. We have VA = 36000 € Q, and the
resolvent polynomial is —1327104000000y + (—640000 — 96000y + y3)2, which
is irreducible over Z. Furthermore, it is separable. Therefore Galy cannot be
a subgroup of GA(1,5) (by Theorem 1.14), nor can it be S5 (by Theorem 1.9),
thus Galy = As.

Example 4.3. Let f(x) = z° — 2. We have VA = 100v/5 ¢ Q, which means
Galy is either S5 or GA(1,5) by Theorem 1.9. Furthermore, the resolvent poly-
nomial is —51200000y + 4%, which clearly has a root y = 0 in Q. In addition, it
is separable. Thus Galy = GA(L,5) by Theorem 1.14.

Example 4.4. Let f(z) = 2° — 5z + 12. We have VA = 8000 € Q, and
the resolvent polynomial is (—100 + y)(—16000000 -+ 660000000y + 6320000y +
52000y3 +300y* +y°), so it clearly has a root in Q. Furthermore, it is separable.
Thus Galy = Ds or Galy = Zs by Theorems 1.9 and 1.14. In Fslz] f =
(x+2)(2? +2+2)(2® +22+2), hence by Dedekind’s Theorem 1.16 Galy contains
a product of two 2-cycle, thus Galy = Ds. (Factorization of a polynomial f over
F, can be done in many convenient ways, for example, the command ’Factorlf,
Modulus — > p]’ in Mathematica.)
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Example 4.5. Let f(z) = 2°+2* —42® — 322+ 3z+1. We have VA =121 € Q,
and the resolvent polynomial is —14992384y + (3872y — 132y> + y*)2, which
clearly has a root y = 0 in Q. Furthermore, it is separable. Thus Galy = Ds
or Galy = Zs by Theorems 1.9 and 1.14. First, I tried factoring f(x) over I,
forp=2,3,5,...,67, it turns out f(x) either is irreducible or splits into linear
factors, so there is a good chance that Galy = Zs. To validate this, Dedekind’s
Theorem alone will not work, becasue then we have to prove that for all p, f(x)
either is irreducible or splits into linear factors over F),. Instead, we can apply
Theorem 4.5 by running the following in Mathematica:

Factor[theta, Extension —-> Root [1+3*#1-3%#1"2-4x*#1"3+#1"4+#1°5&,1]]

The result says 0 splits into linear factors over Q(«y), where ay is a root of f.
Thus indeed Galy = Zs.
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5 Polynomials of degree of 6

5.1 Irreducible polynomials

As seen from previous sections, the idea of determining Galois group with respect
to an irreducible monic polynomial of degree n in Z[x] can be quite straightfor-
ward : first we classify all the transitive subgroups of .5,,, then we use resolvents
and discriminants. Both parts are significantly more difficult in case of degree 6
than lower degrees: there are 1455 subgroups of Sg while there are only 156 of
S5 [10], and the degrees of resolvent polynomials would be very high. Since the
latter part is essentially rational root-finding, it does not provide us much in-
sight into Galois theory and it can be handled by computer algorithms relatively
easily, in this section I would like to focus on the first part only.

First of all, we describe the element structure of Sg:

Representative | Number of elements | Order | Odd or even
identity 1 1 Even
(12) 15 2 Odd
(123) 40 3 Even
(1234) 90 4 Odd
(12345) 144 5 Even
(123456) 120 6 Odd
(12)(34) 45 2 Even
(123)(45) 120 6 Odd
(123)(456) 40 3 Even
(12)(34)(56) 15 2 Odd
(1234)(56) 90 4 Even

Consider a single cycle of length n. Firstly, there are (g) ways to choose them;
secondly, for each combination of these n numbers we have n! ways to permute
them; lastly, n single cycles (ajas ... ay), ..., (a;a1 ...a,—1) represent the same
element, thus we divide the number by n. For a product of 2 cycles of lengths n
and m, repeat the above firstly choose n elements in 6 then choose m elements
in 6 — n and multiply the result together. In case n = m, divide the number
by 2 because (ab)(cd)=(cd)(ab); in case n # m, this is unnecessary because
(abc)(de)#(dea)(bc). A similar result holds for a product of 3 cycles of length

2. Thus the second column is calculated to be ﬁ for a single cycle of
6! (6—n)!

s G=n)n G=n—m)Tm for a product of two disjoint cycles of lengths n,m

6! (6-—m)! 1 6! 41 2l 1
(6—n)!n (6—n—m)!m 2 (6—2)!12 (4—2)!'2 (2—2)!2 3
product of three cycles of lenght 2.

length n

for a

when n = m, and

when n # m,

By theorems 1.5 and 1.7, we are looking for transitive subgroups of Sg of order
6, 12, 18, 24, 30, 36, 48, 60, 72, 90, 120, 144, 180, 240, 360 and 720. The clas-
sification of these transitive subgroups are available in many places online (e.g.
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the command TransitiveGroups(6) in Magma lists every transitive subgroup of
Se), thus in some difficult cases I'll prove (non-)existence only; in simpler cases
T'll prove both (non-)existence and uniqueness

e Order of 6

Any group of order 6 must be isomorphic to either the cyclic group Zg =
((123456)) or S3. In fact they can both act transitively. Transitivity of Zg
is obvious. In the case of S3, note that the group

((145)(263), (12)(34)(56))

= {e, (145)(263), (154)(236), (12)(34)(56), (16)(24)(35), (13)(25)(46)} is clearly
transitive and is isomorphic to Ss.

Remark 5.1. Another way to gain more insight into the transitivity of Ss in
Se s, instead of numbers, we consider letters, and S3 = ((xyz), (zy)) clearly

acts transitively on this set of six elements {a?Qy,x2z,xy2,y2z,xz2,y22}.

e Order of 12

If G is a transitive subgroup of order 12, G cannot be cyclic because no element
in Sg has order 12. Out of the non-cyclic groups of order 12, Dg or Ay are
transitive. Dg = (o, 7) constructed from Zg = (o) and a transposition 7 € Sg
such that 707 = 0! is clearly transitive. In addition, note that the following
group

((145)(263), (12)(34)) = {e, (145)(263), (154)(236), (12)(34), (1635)(24)}
U {(13)(2546), (13)(2645), (1536)(24), (164)(235)}
U {(146)(253), (145)(263), (154)(236)}

is clearly transitive and is isomorphic to A4 = ((123),(12)(34)), since we can
construct a bijection between the conjugacy classes (123) and (123)(456) by the
element structure table.

e Order of 18

S3 X Z3 constructed from Ss discussed earlier is transitive. Note that all the
elements of order 3 in S5 belong to the conjugacy class (123)(456), thus we can
choose o € Sg of order 3 belonging to the class (123) such that o ¢ S3 and
o1 = 7o for all 7 € S3 to construct S3 x Z3.

e Order of 24

The obvious ones are A4 X Z5 and Sy, they are transitive as Ay is transitive. The
construction of the former is explored in the following remark; for the latter,
note that by adding a generator (14)(25)(36) into A4 = ((135)(246), (14)(25))
we obtain ((135)(246), (36)) = S,
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Remark 5.2. From the element structure table of Sg we can see that elements of
order 2 can be odd or even, thus this gives us two classes of subgroups isomorphic
to Ag X Za, one is Ay x Zy = ((135)(246), (14)(25), (15)(24)) , which consist of
even permutations only; the other is Ayx Zs = ((135)(246), (14)(25), (15)(24)(36)),
which consists of 12 even permutations and 12 odd ones. Such problem does not
occur when coupling a group with Zs, because all elements of order 3 in Sg are
even. In addition, this is also not a problem for Sy X Zs, because Sy already has
half of its elements even and the other half odd, so no matter the generator of
Zy is even or odd, Sy X Zs must be half odd half even as well.

e Order of 30

No subgroup of 30 exists in Sg. Otherwise, by Sylow’s theorem, there must be
a Sylow-3 subgroup of order 3 and a Sylow-5 subgroup of order 5. They are of
prime orders so they are cyclic and their intersection is trivial, hence they must
generate a cyclic group of order 15, which is impossible in Sg.

Remark 5.3. Similar reasoning can also be used to explain why no subgroup of
order 15 or 30 exist in Ss.

e Order of 36

S3 x S3 and (Z3 X Zs) x Z4, where the latter is a semi-direct product, are
transitive subgroups of Sg.

e Order of 48

Zo x Sy is a transitive subgroup.
e Order of 60

Ajs is a transitive subgroup, see the case of Order of 120 for details.
e Order of 72

S31Z5 is a transitive subgroup, where ! denotes a wreath product. Let G C S,
and H be groups, then the wreath product of H and G is defined as the semi-

direct product:
H!G=H"xG

where GG acts on H via as a subgroup of S,,. So in our case:
S31Zy = 52 % Zy
e Order of 90

There does not exist subgroup of order 90 = 2-32.5 in Sg. Suppose there exists,
let G be such a group.
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Suppose G contains even permutations only, then by similar argument in the
case Order of 240 below, we have Ag is isomorphic to a subgroup of Sy, which
is impossible;

Thus G must contain precisely 45 even elements and H = G N Ag is a subgroup
of Ag of order 45. But by Sylow’s theorem (where n, denotes the number of
Sylow p-subgroups), ns = 1 mod 5 and ns divides 9 so ns = 1 and similarly
nz = 1, but these two Sylow subgroups together generate a cyclic group of order
15, which is impossible in Sg.

e Order of 120

In Theorem 4.1, we used the fact that Ss contains exactly 6 Sylow-5 subgroups
which are cyclic groups of order 5. Furthermore, these subgroups are conjugate
to each other by Sylow’s theorem. Let S = {Py, P, P5, P4, Ps, Ps} be the set
of these subgroups and note that Vi,j € {1,2,3,4,5,6}, Jo € S5 such that
oPo! = P; because P; are conjugate. This shows that S5 acts transitively
on S. Now define X = {x1, 2,23, 24, 25,26} to be the set of roots of our
polynomial. Clearly X = S thus S; acts transitively on X as well. In fact,
in Theorem 4.1 we noted that if a subgroup of S5 contains exactly 6 Sylow-5
subgroups, then it is either As or S, thus the above also holds for As, hence
Ajs is also a transitive subgroup of Sg.

There are no other subgroups of order 120, because the number of these sub-

720

groups is {55 = 6 and there are already 6 subgroups isomorphic to Ss .

e Order of 144

No subgroup of this order exists in Sg. Suppose there is, let G be such a
group, note that 144 does not divide 360 = |Ag| hence G cannot consist of even
permutations only, thus it contains precisely 72 even elements and G N Ag is
a subgroup of Ag of index % = 5, which is a prime, by the second part of
Remark 5.4 we know this is impossible,

e Order of 180

There does not exist subgroups of order 180 in Sg. If it exists, name it G.
G cannot be a subgroup of Ag because having index 2 means G is a normal
subgroup of Ag, which is impossible. Hence G must contain precisely 90 odd
permutations and 90 even permutations. By similar argument in the case Order
of 240 below, we have Ag is isomorphic to a subgroup of Sy, a contradiction.

e Order of 240

There does not exist a subgroup G of Sg of order 240. If G exists, G can not
have even permutations only as 240 does not divide 360 = | Ag|, thus G contains
120 even permutations and 120 odd ones. Hence G N Ag—p is a subgroup of
index 3 of Ag. Let Ag act on N by conjugation given by the map:

©(@)(N): N+ oNo~!
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where o € Ag. Since Ag is simple, every non-trivial element in it maps N to a
different coset, thus we actually have a map from Ag to S3. This map is in fact
a homomorphism, because:

p(oT)(N) = orNT~lo™! = p(0)p(T)(N)

furthermore it’s injective as the kernel contains identity only, so we must have
Ag is isomorphic to a subgroup of S3, which is impossible.

Remark 5.4. The above can also be used to prove that no subgroup of order
40 exists in S5, using the fact that As is simple. (In fact A,, is simple for all
n>5).

Furthermore, this can be proved in a different way, using the fact that if H is
a subgroup of G of index n where n is the smallest prime dividing the order of
G, then H must be normal. (See, e.g. page 36 of [3]). And since Ag is simple,
every subgroup of Ag must have a non-prime indez.

e Orders of 720 and 360

Se and Ag are the only ones.

Magma can list all 16 transitive and proper subgroups of Sg. Summarizing the
transitive subgroups up to conjugacy:

ID in Magma | Name | Order Generators
1 Zs 6 (123456)
2 Ss 6 (135)(246), (14)(23)(56)
3 Dy 12 (123456), (14)(23)(56)
4 Ay 12 (135)(246), (14)(25)
5 Z3 X S3 18 (246), (14)(25)(36)
6 Sy 24 (135)(246), (36)
7 Zy x Ay 24 (135)(246), (14)(25), (15)(24)
8 Zox A | 24| (135)(246), (14)(25), (15)(24)(36)
9 53 36 (246), (15)(24), (14)(25)(36)
10 Z3 % Zy 36 (246), (15)(24), (1452)(36)
11 Za X Sy 48 (135)(246), (15)(24), (36)
12 As 60 (12346), (14)(56)
13 S30 2 72 (24), (246), (14)(25)(36)
14 S5 120 (12346), (12)(34)(56)
15 Ag 360 (123), (12)(3456)
16 Se 720 (123456), (12)

We can also use Magma to check the subgroup structure of these groups. We are
interested in classifying subgroups up to conjugacy, i.e. check whether TG~ C
H for all 7 € Sg, thus the following command does so:
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All:=TransitiveGroups(6); n:=#A1ll;

T:=[A11[i] : i in [1..n]];

cT1:={@ Conjugate(T[jl,t) : t in Sym(6)Q};

{i :1iin [1..n] | #T[j] in {#(G meet T[i]) : G in cT1 }};

Given a transitive subgroup T[j], the result gives up to conjugacy which T[k]
contains T[j]. Perform this process for all transitive subgroups, we find that, up
to conjugacy:

Group Is a (proper) subgroup of
Z6 Dg, Z3 x S3, Sy, S%, Zy X Sy, S31 72y, S5, Sg
S3 D¢, Z3 x S3, Zy X Ay, S?%, Zo X Sy, S31 73, S5, Se
D6 Sg, Z2 X 54, 53 ! ZQ, 55, SG
Ay Sa, Zo X Ay, Za X Ay, Zy X S4, As, S5, As, Se
Za X S3 S%, S31 2o, Sg
54 ZQ X 547 SG
Z2 X A4 Z2 X 54, A67 S6
ZQ X A4 Z2 X S47 85) SG
S2 S3 1723, Se
Z% X Z4 Sg i 227 A(;, S@
ZQ X S4 S(;
As S5, Ag, Se
S31 72, Ss
S5 Se
As Se

where the blue Zy x Ay = ((135)(246), (14)(25), (15)(24)) and the black Z; x
Ay = ((135)(246), (14)(25), (15)(24)(36)).

This can also be summarised in the following Figure 4, where A — B indicates
A D B, and name in blue means the group consists of even permutations only.
Figure 4 looks still messy, so we’d better consider the blue ones and black ones
separately based on Theorem 1.9.

Let f(x) be a monic, irreducible polynomial of degree 6 with integer coefficients.
First of all, we would like to consider whether A(f) is a square in Z

Case 1: A(f) is a square in Q. By Theorem 1.9, Gal; must consist of even
permutations only, thus we can only consider Figure 5.
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Figure 4: Structure of transitive subgroups of Sg

A

/ |
222)422 A, ZxA,
A4

Figure 5: Structure of transitive subgroups of Sg consisting even permutations
only
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For simplicity’s sake, let rg denote rg p(f), the resolvent polynomial of f(z)
with respect to a transitive subgroup G of Sg, where G is the stabilizer of a
polynomial F' € Q[z1,..,2z6]. The corresponding polynomials F' will be deter-
mined later. And assume all the resolvents are separable. (If not, we can always
try a different F'). A straightforward strategy is constructing 4 resolvent poly-
nomials T2 740 TZ2x A and r4,, and consider whether they have a zero in Q.
By Theorem 1.14 Only one of the following situations can happen:

1. None of T 7220245 TZ2x As and 74, has a zero in Q & Galy = Ay;
2. Only 42,7, has a zero in Q & Galy = 72 X Zy;

3. Only rz,x 4, has a zero in Q & Galy = Zy x Ay;

4. Only 74, has a zero in Q & Galy = As;

5. Both rz,x4, and r4, have a zero in Q & Gal; = Ay.

We can use Dedekind’s Theorem 1.16 to make this strategy faster. By the
element structure table of Sg, we know that the only kinds of even permutations
are: e, (12)(34), (123), (123)(456), (12345), (1234)(56). These must occur in
Ag, but not necessarily in other groups in Figure 5. To find out what kind of
cycles are contained in the other 4 groups, we can use the command Classes(G)
in Magma, where G denote a group.

e A4 only contains cycles of the form: e, (123)(456) and (12)(34);

o Zy x Ay = ((135)(246), (14)(25), (15)(24)) contains what A4 has, and
(1234)(56);

e 72 x Z4 contains cycles of the form: e, (12)(34), (123), (123)(456) and
(1234)(56); (So, compared to Ag, it does not contain the class (12345)).

e Aj contains cycles of the form: e, (12)(34), (123), (123)(456) and (12345);
(So, compared to Ag, it does not contain the class (1234)(56)).

Thus, by the above discussion and Dedekind’s Theorem 1.16, the following ob-
servation would be very helpful:

Corollary 5.1. Let f(x) be a monic, irreducible polynomial of degree 6 with
integer coefficients and \/A(f) € Z. Then:

1. if f(x) factorises into an irreducible quadratic and an irreducible quartic
over some F,,, then Galy must be one of A, Za X Ay or Z3 X Zy;

2. if f(z) factorises into a linear factor and an irreducible quintic over some
Fp, then Galy must be Ag or As;

3. if f(x) factorises into three linear factor and an irreducible cubic over
some B, then Galy must be one of Ag, As or Z2 x Zy;

4. if two of 1, 2 and 3 hold simultaneously, Galy must be Ag.
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Case 2: A(f) is not a square in Q. For simplicity’s sake, let rg denote
ra,r(f), the resolvent polynomial of f(z) with respect to a transitive subgroup
G of Sg, where G is the stabilizer of a polynomial F' € Q[x1, .., z6]. The corre-
sponding polynomials F' will be determined later. And assume all the resolvents
are separable. (If not, we can always try a different F'). With the help of The-
orem 1.14 and Figure 6, we can proceed in the following steps:

6
S,'Z, S, Z,xS,
N
S,2 ZxA, S,
\
ZxS, D,
|
S,
Z

Figure 6: Structure of transitive subgroups of Sg consisting both odd and even
permutations
e Step 1: check whether rg,,7,, rs, and rg,«z, has a root in Q.
By Theorem 1.14, only one of these five situations can occur:
(i) If none of the above three resolvents has a zero in Q, then Galy = Sg;
(ii) If only rg, has a zero in Q, then Galy = Ss;

(iii) If both rg,z, and rg,xz, or both rg,,z, and rg, have a zero in Q, then
Galy is one of Zg, S3 or Dg, we proceed to Step 2;

(iv) If both rg, and rg,xz, have a zero in Q, then Gal; is one of Zg, S3, D¢
or Zs x Ay, we'll have to proceed to both Step 2 and 4;
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(v) If only rg,,z, has a zero in Q, then proceed to Step 3;

(vi) If only rg, xz, has a zero in Q, then proceed to Step 4.

e Step 2: check whether rz, and rg, has a root in Q.
(1) If neither of these 2 resolvents has a zero in Q, then Gal; = Dg;
(ii) If rz, has a zero in Q, then Galy = Z;

(iii) If rg, has a zero in Q, then Galy = Ss.

e Step 3: check whether rs2 and rz,x s, has a root in Q.
(i) If neither of these 2 resolvents has a zero in Q, then Gal; = S5 Zs;
(ii) If rgz but not rz,«s, has a zero in Q, then Galy = Sz,
(iii) If both resolvents have a zero in Q, then Gal; = Z3 x Ss.

Remark 5.5. Note that in this step we don’t need to consider Zg, S3 or Dg,
because if Galy is one of these three groups, we would have situation (iii) in
Step 1. Similar result applies for Step 4.

e Step 4: check whether rg, and 77,4, has a root in Q.
(i) If neither of these 2 resolvents has a zero in Q, then Galy = Sy x Zo;
(ii) If rg, has a zero in Q, then Galy = Sy;
(iii) If rz,xa, has a zero in Q, then Galy = Z x Ay.

And of course, sometimes we can also use Dedekind’s Theorem 1.16 to make
this process faster. Again, with the help of Magma, we can find out that:

e S350 Z5 contains all conjugacy classes except for (12345) and (1234);

e S5 contains all conjugacy classes except for (12), (123), (1234)(56) and
(123)(45);

e Sy X Zy contains all conjugacy classes except for (123), (123)(45) and
(12345);

45



e 52 contains all conjugacy classes except for (12), (123)(45), (1234), (12345)
and (1234)(56);

e 5S4 contains all conjugacy classes except for (123), (123)(45), (1234), (12345)
and (1234)(56);

o Zyx Ay = ((135)(246), (14)(25), (15)(24)(36)) contains all conjugacy classes
except for (12), (123), (123)(45), (12345), (1234)(56) and (123456);

e 73 x S3 only contains the classes e, (12)(34)(56), (123), (123)(456) and
(123456);

e Zg, Ss and Dg only contains the classes e, (12)(34), (12)(34)(56), (123)(456)
and (123456).

Thus, by the above discussion and Dedekind’s Theorem 1.16, we can make the
following useful information:

Corollary 5.2. Let f(x) be a monic, irreducible polynomial of degree 6 with
integer coefficient and /A(f) ¢ Z. Then:

1. if f(x) factorises into four linear factors and an irreducible quadratic over
some I, then Galy must be one of S¢, S31 22, S4 X Zy or Sa;

2. if f(x) factorises into three linear factors and an irreducible cubic over
some Iy, then Galy must be one of Se, S31 22, S% or Zs X S3;

3. if f(x) factorises into one linear factor and an irreducible quintic over
some Iy, then Galy must be Sg or Ss;

4. if f(x) factorises into an irreducible quadratic and an irreducible quartic
over some F,,, then Galy must be one of Sg, S31Z2 or Sy X Za;

5. if f(x) factorises into one linear factor, an irreducible quadratic and an
irreducible cubic over some Fy,, then Galy must be Sg or S31 Zs.

Summarizing, we need 3 (when /A(f) € Z) + 9 (when /A(f) ¢ Z) = 12
resolvent polynomials if Dedekind’s Theorem 1.16 doesn’t help. Define these
groups in Magma:

Q:=Rationals();
Z6:=MatrixGroup<6,q | [0,0,0,0,0,1, 1,0,0,0,0,0, 0,1,0,0,0,0,
0,0,1,0,0,0, 0,0,0,1,0,0, 0,0,0,0,1,0]>;

83:=MatrixGroup<6,Q | [0,0,0,0,1,0, 0,0,0,0,0,1, 1,0,0,0,0,0,
0,1,0,0,0,0, 0,0,1,0,0,0, 0,0,0,1,0,0],(0,0,0,1,0,0, 0,0,1,0,0,0,
0,1,0,0,0,0, 1,0,0,0,0,0,0,0,0,0,0,1, 0,0,0,0,1,0]1>;
Z353:=MatrixGroup<6,Q | [1,0,0,0,0,0, 0,0,0,0,0,1, 0,0,1,0,0,0,
0,1,0,0,0,0, 0,0,0,0,1,0, 0,0,0,1,0,0], [0,0,0,1,0,0, 0,0,0,0,1,0,
0,0,0,0,0,1,1,0,0,0,0,0, 0,1,0,0,0,0, 0,0,1,0,0,0]1>;
S4:=MatrixGroup<6,Q | [0,0,0,0,1,0, 0,0,0,0,0,1, 1,0,0,0,0,0,
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0)1,050)030’ 050’1,050)0’ 03050)110901’[1’050’0,050) 0,1,030)030)

O,O’O,O’O)]" 0305011,0’0, O’O,O’O)]"O) 0’01190)0,0]>;

[O’O’O’Oil,o’ O,O’O,O}Oil, 1’0,010,050’

Z2A4EVEN: =MatrixGroup<6,Q |

(0,0,0,1,0,0, 0,0,0,0,1,0,

0,1,0,0,0,0, 0,0,1,0,0,0, 0,0,0,1,0,0],

(0,0,0,0,1,0,

0,0,0,1,0,0, 0,0,1,0,0,0, 0,1,0,0,0,0, 1,0,0,0,0,0, 0,0,0,0,0,1]>;

0,0,1,0,0,0, 13010’0,0’0: 0’1’0:03010’ 01050,0;0:1]’

[0,0’010,1)0, 010303020’1) 1’010,01090’

0,1,0,0,0,0, 0,0,1,0,0,0, 0,0,0,1,0,0],[0,0,0,1,0,0, 0,0,0,0,1,0,

Z2A40DD:=MatrixGroup<6,Q |

[01030’031,01

0,0,0,1,0,0, 0,0,0,0,0,1, 0,1,0,0,0,0, 1,0,0,0,0,0, 0,0,1,0,0,0]1>;

0,0,1,0,0,0, 1,0,0,0,0,0, 0,1,0,0,0,0, 0,0,0,0,0,1],

(1,0,0,0,0,0, 0,0,0,0,0,1, 0,0,1,0,0,0,

0,1,050’0’0’ 0’0’01051,0’ 0,0’O’l’o,o]’[0,0’0,0,l,o, 0,030’1’010,

S3S3:

MatrixGroup<6,Q |

0,1,0,0,0,0, 0,0,1,0,0,0, 0,0,0,1,0,01,[0,0,0,0,1,0, 0,0,0,1,0,0,

O AN ~ ~O A

~rm O O ~m
OO ~ ~0O O -
" fn OO ~ O
O ~ ~O O -~
A e O H s O
OO ~ ~O O -~
n aH O & ~aO
o LR o I | -
« f OO ~ O
O O ~ ~O O -~
[ e = N I o
o (@Y
- PPN —

/ ~v O -
—H O A aHO =
PN o T I —
OO ~ ~0O O -~
“ n OO e~ ~O
OO ~» ~O v -
« a0 O ~ ~O
OO ~ ~O0O O -~
"n fn OO ~ O
O ~ ~O O -~
« OO a ~O
[l e} = o o -
PSS o

e O A A
OO ~O OO -
«a O & & O
OO ~O OO -
e O A A e
OO ~vv OO -~
“ e O nA e ~O
OO ~O OO -~
«a a O & a a0
OO ~O O O -
n e A oA A O
~ = O - ~
o
o oA — E U N

o O O
n AT A A oA —

O O ~+H OO
a a O & & o
O OV OO O -
a a0, & & €O
O O 30 O OV
a A~ O ~ a =~ QO
— O 4O+ O 3
o ol ~ & =~ O
O O XM O O O H
Bl [&]
EP N ST v
O O O O O A
e @ o~ e o~
Olﬂ“OOl..m
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OO NHOOWm
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O O NOOON

[1,0,0,0,0,0,

0,1,0,0,0,0, 0,0,0,0,0,1, 0,0,0,1,0,0, 0,0,0,0,1,0, 0,0,1,0,0,0]>;
[O,O’O’O,O,l, 1)0,O’O’O’O) 0’1’0,030,0’

0,0,1,0,0,0, 0,0,0,0,1,0, 0,0,0,1,0,0],[0,0,0,1,0,0, 0,1,0,0,0,0,

0,0,1,0,0,0, 0:110:0,0’0: 1’0:0)03010’ 010,0,0;0:1]’
0,0,1,0,0,0, 1,0,0,0,0,0, 0,0,0,0,0,1, 0,0,0,0,1,0]>;

A5:=MatrixGroup<6,Q |

(1,0,0,0,0,0, 0,0,0,1,0,0, 0,0,1,0,0,0,

S3wrZ2:=MatrixGroup<6,Q |

[0’0’0,1,0,0’

(t1,0,0,0,0,0, 0,0,0,0,0,1,
0,0,0,0,1,0, 0,0,0,0,0,1, 1,0,0,0,0,0, 0,1,0,0,0,0, 0,0,1,0,0,0]>;

[O’O’O,O’O,l’ 1,0,010,0’03 01130’0’0701
0,0,1,0,0,0, 0,0,0,0,1,0, 0,0,0,1,0,01,(0,1,0,0,0,0, 1,0,0,0,0,0,
0,0,0,1,0,0, 0,0,1,0,0,0, 0,0,0,0,0,1, 0,0,0,0,1,0]>;

0,0,1,0,0,0, 0,1,0,0,0,0, 0,0,0,0,1,0, 0,0,0,1,0,0],

0,1,0,0,0,0, 0,0,0,0,1,0, 0,0,0,0,0,1],

S5:=MatrixGroup<6,Q |
and run the command

.1217;

: d in [1.

[#InvariantsOfDegree(G,d)

for all of those groups G, the result is:

[ 1, 4, 10, 22, 42, 80, 132, 217, 335, 504, 728, 1038 ]
[ 1, 5, 10, 24, 42, 83, 132, 222, 335, 511, 728, 1047 ]

[1, 3, 6, 12, 20, 37, 56, 90, 133, 197, 276, 391 ]
[ 1, 3, 7, 13, 23, 41, 63, 98, 146, 210, 294, 408 ]
(1, 3, 6, 11, 18, 32, 48, 75, 111, 160, 224, 313 ]
[ 1, 3, 5, 10, 15, 29, 41, 68, 98, 147, 202, 291 ]
[ 1, 3, 5, 10, 15, 27, 38, 60, 84, 123, 166, 233 ]
[ 1, 3, 5, 10, 15, 26, 38, 59, 84, 121, 166, 230 ]
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[1, 3, 5, 10, 15, 27, 38, 60, 84, 122, 164, 229 ]
[ 1, 2, 4, 6, 10, 17, 24, 36, 53, 74, 102, 141 ]
[1, 3, 5, 10, 15, 26, 37, 57, 79, 113, 151, 207 ]
[1, 2, 3, 5, 7, 12, 15, 23, 31, 44, 57, 80 ]

For groups S3 and Z3 x Z4, the dimensions of their invariant spaces are repre-
sented by lines 7 and 8, which are very close to each other, hence it is especially
difficult to find their corresponding F' and I took d = 20 for them. For the
remaining cases I took d = 6. For each group, I take a difference of two bases
in its invariant space. To ensure that the stabilizer of the chosen polynomial F
is really G, 1 first define G as a matrix group and then run the command

orb:=F"Sym(6) ; #orb;

The result returns a number, and will be |G| if Stab(F) = G. As an example,
take G = Zg and run the following;:

Q:=Rationals();

G:=MatrixGroup<6,q | [0,0,0,0,0,1, 1,0,0,0,0,0, 0,1,0,0,0,0,
0,0,1,0,0,0, 0,0,0,1,0,0, 0,0,0,0,1,0]>;
inv:=Invariants0fDegree(G,6);

n:=#inv;

F:=inv[n-7]-inv[n-5];

orb:=F~Sym(6);

#orb;

The result is 120, exactly the index of Zg. If the result is undesirable, we can
change the numbers n — 7 and n — 5 slightly and try again. The result can be
summarized below, where for each group G, an F such that Stab(F) = G is
presented:

o /s

2 2 2 2 2 2 2 2 2
$1£L‘2£U4(E(2; — xlxgxgmsxg + T1T3T4 T —g$1$22$3$52 — $11'2£L'3§$55L'% — 1‘11‘2;631'42.’1,'6 —
T1T2X3XLT5 + L1TZ3T5L5 — L1X3L4T5TE + T3X4XELe + ToL3T4T5 — TaX3L4T5T6

.SB

13%1‘2.%51‘% —I%Igﬂchﬁ —$%$3I4$§—|—I1I%I§$4—1‘156213%1‘% —I1$2I2I% —I%I3I4$% —

2,2 2,.2
THTLT5T6 + TITZTETe
L] Z3 X S3

—x%x2m3x4x6+x%x2m4x5x6—331x%m3x4x5+331x%:1:3955906+x1x2m§x4x6+x1x2m3xix5—
$1x2$3$5x%—1‘13?2.%41‘%%‘6—I1$3$i$5$6+$1$3$41‘5$%—$2$§$4l‘5l‘6+$2l‘3$4x§$6

.S4
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—$%$2$3$5£L‘6+(E%£L‘2$3$5—$1$§$3$4$6—$11‘2$§$41‘5—$1$21‘4$5$%+1‘1$§$4$%—
31‘1.%‘3.%41‘%.’1?6 + x%xgxgx(; — $2$3l‘i$5$6

o 75 x Ay (subgroup of Ag)
—x%x%x% + x%xgxgxg,x(; — x%x%x% + x1x§x3x4x6 + x1x2x§x4x5 + x1x2x4x5x% +

3?1.’1?31'43?%.’1?6 — .%‘%LL’%:B?L + $2$3$i$5$6 — xim%x%

e 75 x Ay (not a subgroup of Ag)

xfx§x2+x%x§x3x4+x%x%x5x6 +x%x2x§x6+x%x2x3x§+x%x2x4x§+m%x§x4x5+
x%xgxgacg—&—x%ux%v%—i—xlx%x;xg,—;—mlxgxgmg—i—Qlex%xixG+;§1m29§§xi+x;x2m§x§+
T1TZTEL6 + T1X3X4 X5 + X1X1 5L — xgxg + T30304%6 + TZX3XL X5 + X3X4X5T5 +

mx%mx% + $2$3$ZI‘% + mgxixgajg - x%xg + m%xi%ws + mmx%x%

[ Sg X Sg
x{xgxgacixﬁ+xzxgx4x5xg+$Im§x3x4mg+xzx§x2x5m6—l—x{mgxgxgmg—i—xzmgxiwmg—i—
pSalalwyxs + aSalrsaiee — aSa3alaiaine — afa3aSwandal — aSa3adaialas —

x?w%x%mx?mé - x‘fmx%xix%x% + x‘fmgx%%mg - w?xgxgxixgx% + x?xgxngxg +
z?x%xlzﬂ@—|—z?x3x41:gajg—|—1:‘;’x;xg%:cg+z§’$;x3z4x§+z?$2x§x1x5—i—:z:‘;’a:gxga:ga:g—i-
x‘i’a:gmxg,xg + x?xgcczgngxf; - xi‘z%xgxiwg% - xi’x%xguxg:cg — x?xgxgxixgxg -

26,26, 3 _.2.6.2.3. 6,26, 6.2.3 2.6, .3.2.6_ ,2.3.2 6. 6
T{THTZLATELE— LI TLZTIL5LE— T LoTITILELG — LI TILILLLELE —TTLELEL LT G —

2..3,. 2626 726, 25 7,..5,..6 6.7 0D 6.2,.6..2,.3
TITHXILLLELg + T1X9X3T4TE + T1X3X3TL5T6 + T1X3X3T4T5 — TL1XQX3LH4TELG —

xlxgxgxixgxg + xlxgxixgxe + xlxgxgxgxg + xlxgmxgxg — xw%x%xf’ix%x% +
xlxgxgxixg—kxlxgxga:gxg—kxlxgxga:ng—|—a:1xgxf’la:gxg—l—a:lxngmgx@—i—a:lxgumgxg—i—

Q:gxgxixg,xﬁ +zgx3x4zgxg+zgx§x4w5xg+:rgx3mgxgx6 +xgx§x2x5$g+x2x3zixgxg

OZ%)QZ;L

—aSaSaiwaniad—aSadadatndve+aladrinivswd—aSadadalatns—alai v i+

p8adwsrintad —abuondaiatad —alwondaladad —alaSadaivsal—aiaSysatadad—

53,32, 6 5.3 6,32 ,5.2.36. .3 5.2 3.3.6,,4.3.6.3. .3
TYTHTZLITELE— LI THLITJTELE—TIL5TRL4LETE— L] TET3TYTE L+ TTTETRTIL5TE+

4.3, ~3.6,.3 3,6.5.2, -3, .3 .6.3.4.3 36,3 3,4 3,6, 3,52
TITHTILLTELE— LI TLRTLL5 LG+ TILoTZL TEL6+L]TILZLATZ L — T Lo LTI LETE —

w3xdaSairive—airdadrsalad+adadadaladve+adaiaiv el —adwdalwynad—
wixvdrialesrd—adrdadaiales—adrivsaindal—rindalatrsxd—adrdvsabadad—
wixoxlaiaird+adreniabadai+advoniatadad —advendadalad —aiadala adad—
virdadaialre—aiadaSaladve—aivdrdv alal —aivqnSaiadal —aivaadaladad—
rya§eladrded - aSaiaiedad o adaSatadad —r a3adatad el a  wdadadalad—

3.7.3,.6.5,.2 2,.5,.6,..3,.3 2,.3,.3..5,..6
TITHTZLATILE — T1T5LRLJTETE — T1THLRTILELE

0Z2><S4

*IL’%IEQ(E5 — a:‘ll:cgmg + $?$2$31’4 + x%zgmxﬁ + z§x3x4w5 + :cii’:c4a:5x6 - x1x§x4 +
xlxgxgxg,+x1x§m5x6—|—x1achgxg,—i—xlxgxgmi—i—xlmgxgxg+x1x2x3x2+x1x2m§x6+
xlexing — xlxgm + xlxgxsmﬁ + x1x3x2x5 + x1m3x5$g + $1$i$5$6 — x1m4x§ —
x1x4x§ — JJ%.’I}3.T6 + x§x3x4m5 + x§x4m5x6 — x2x§x5 + x2x§x4x6 + m2x3x4$§ +
x2x3x4x2—x2mﬁx5 +x2x4x§m6—x2x5xé+x§x4x5x6—x3x3m6+x3x4x5x:§—x3x§x6
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.A5

xi‘x% + :c‘fx% + x‘ll:ci + z%x% + x%x% + xfz% — x%x%u% — x%@xg:cﬁ — z%xgxgzﬁ +

x%x% — x%x%ua% — x%$3$5$(23 + x%xﬁ + x%x% + x%xé — xlxgxg,x% — xlx%xﬁa% —

:1:133295%3:% —xw%xix{) —scw;;x%m%—i—x%x%—l—m%xi—i—x%x% +x§x%+x§x§ —m%x%xg):vg —
2 2 2,.4 2,.4 2.4 2, 2 2,. 2 4,.2 4,2 4,2

THT3X4XG + X3T; + T5T5 + X505 — X2X3X4T5 — TaX T2 + X3x + L3205 + 325 +

x%xﬁ + x%xé + x%xé - xgxixgxg + xﬁx% + xf{a:g + xix% + xixé + m%x% + x%mé

o S31 7,
x%xgx?%xg, - x%xgwgmxﬁ + x%xgxgxg — ZL’%LEQ(E4£L’5$6 + x%x%m:rg, + x%x%xg,xg +
$%$3$4(E§ + x%xg,x%x(; — $1$%$3£L‘4$5 — $1$%$3£L‘5£E6 + xw%xiajg + $1$%$4$% —
J:lxgxgmxg +x1m2m§x§ — xlxgxgscia% — x1x2x3x5x§ + leg.fixg — 3:13021:495%906 +
xw%mx% + xlxga%xg - xlxgxixg,xg - x1x3x4x5x§ + x%xgxixg + x%xgmx% +
z%xixszﬁ + z§x4x5x§ - x2x§m4x5x6 + xﬂ:::,xix% — x2x3x4x§x6 + xgxiz5x§

o Sj
—x%x%xgm—x%x%xgxs+x%x§x3x6+x%x§x4x5—x%m%aux@—x%x%xg)x(;—m%xgx%m—i—
3?%.’1721’%3?5—Z’%,Tg.rgl'g-‘r.%'%xg.’lﬁgl’i—LE%LL'Q,T;),.%‘%—{L‘%Z'QQ??,{E%—$%$2$Z$5—J}%{L‘2Z‘Zl‘6—
$%$2$4$§+$%l‘2$4$%+$%$21‘§$6—x%$21‘5$%—$%$§$41‘5+$%$§$41‘6—.’L‘%$§$5.’L‘6—
.73%1‘3333335—$%Z‘3IZ$G+ZII%$31‘4[E§—1‘%33333456%—1‘%1?31‘%1‘6 +x%x3x5m§+m%xix5m5—
QJ%JJ4$§I6758%1'41’558%%’33113%1’%56471’158%1‘%1}571’139%13%1’67$1l’§$31‘i+f£11’§l‘3$§7
(Ell'%xgx%—$1$%$i$5+$1$%$2$6—1'1.’£%£C4£L'§—1’11’%.%41’%—$1$%$§$6+x1x%$5$%—
xlxgxgxi—x1x2x§x§+x1x2x§x%+m1x2xix§—xlxgxixg—:Elmgxgx%—&—xlx%x?lxg)—
1‘1.’17%.%21‘6—x1$§$4$§—$1$§.’L‘4$%+$1$§I§$6—$1$§$5.’L‘%—$1$3$Z$§+$1$3$i$%—
xla:gx%x%—xmix%xs—x1x2x5x%+x1x4x§x§—x%x%mxg)—x%x§x4x6+m%x§x5x6+
.T%l‘gxil%*I%Igl‘ZIG7$%$31‘4$§+I§I3£E4$§71‘%56313%1‘67$%$3I5I%758%17421565136%*
SU%ZE4£C§CC67$%Z’4$5$%7$2$§1’Zl‘5 +x2x§xix6+x2x§x4m§fxzfr%ux%fxgxgxgng
xgxgxg,xg—x2x3mix§—xgachix%—l—mgxgx%m%—xgximgx@'—I—meimg,x%—x2x4x§x%—
m%mixwﬁ — :E%mx%:ng + x§x4m5x% + 33395333%956 — $3$ZI5$% — mmm%x%
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5.2 Reducible polynomials
e Case 1: the polynomial contains a linear factor.

As discussed in previous sections, this case is completely the same to one of the
situations we’ve already considered.

e Case 2: the polynomial factors into 3 irreducible polynomials of degree 2.

Let f(z) = g(x)h(x)j(z) where g(x), h(x),j(x) are irreducible quadratics, and
let Ly denote the splitting field of a polynomial f over Q. As g,h,j are irre-
ducible quadratics, we know L, Ly, L; are generated by attaching one of the
zeros to Q, or, equivalently, by attaching v'A to Q. Thus, two of Ly, Ly, Lj, say
Ly and Ly, are actually the same extension, if and only if \/A(g) = ¢\/A(h)

for some ¢ € Q, which is equivalent to say \/A(g)v/A(h) € Q. Now sup-
pose Ly and Lj define different extension, we want to consider whether the

remaining L; is a subfield of L = L, U L, = Q(\/A(g), v/A(h)). By previous
discussion, if v/A(g) = ¢\/A(j) or \/A(h) = ¢\/A(j) then L; is certainly a
subfield of L, so let’s also assume this does not hold. Note that a basis for L is
{1, VA(9), /A(R), /A(g) \/A(h)}, so if L; is a subfield of L, then there must
exist a, b, c,d € Q such that

a+bv/Alg) + ev/AR) + dVA(g)VAR) = VAG)
By the assumption that y/A(j) is not a rational multiple of \/A(g) or /A(h),

we have that b = ¢ = 0, and by similar method in case 3 in Section 3.2, we have
that L, is a subfield of L if and only if \/A(g)\/A(h)\/A(j) € Q.

Summarizing:

1. If the product of every pair of \/A(g), v/A(h),/A(j) is in Q, then G =
Sa

2. If \/A(g)A(h)A(j) € Q or precisely one pair of \/A(g), \/A(h), /A(H)

has its product in Q, then Gy = S5 x Sy

3. Otherwise, G = S x Sy X S

e Case 3: the polynomial factors into 2 irreducible polynomials, one is of
degree 2, the other is of degree 4.

Let f(z) = g(z)h(z), where g(z), h(x) are monic, irreducible polynomials of
degrees 2 and 4 respectively. Then the question is whether the zeros of g(x) are
contained in the splitting field of h(z). Suppose it does, let Ly and Lj be the
splitting field over Q of g and h respectively, we have:

‘Lh : Q| - \Galh|

2 =|Galy| = [L,: Q] = L : Ly|  |Galy(Ln/Ly)|

o1



note that h must not have a zero in L,. Suppose it does, then 0 cannot be its
zero so it has two or four zeros in L, because it is of even degree, Having four
zeros in Ly means |Galy| = 2, impossible; having two zeros in L, means Galy, is
Vy =2 Z5 X Zs, so it factors into two quadratic polynomials over Q, contradiction
to the assumption that it is irreducible. Thus Galy (Ly/Lg) must be a transitive
subgroup of Sy, and this means Galy, being a transitive group itself, contains
a transitive subgroup having index 2. From previous discussions on transitive
subgroups of Sy, we see that only Sy (having A4 as subgroup of index 2) and
Dy (having Z4 or Vj as subgroup of index 2) satisfy this. Thus, if Galy, is not Sy
or Dy, then the zeros of g(x) cannot be contained in the splitting field of h(x)
and thus Galy = Galy x Zy, i.e. one of Ay X Zs, Vi x Zy and Zy X Z».

Now suppose Galy, is either Sy or Dy, note that in both cases A(h) is not a
quare in Q. We would like to know when zeros of g(x) are contained in the
splitting field of h(x). If this happens, then Gal; = Gal, = S4 or Dy, which
have orders 24 and 8. We know a zero of h(x) must generate a subfield of degree
4, thus, the quadratic subfield must be generated by both /A(h) and a zero

of g(x), equivalently /A(g), thus we must have \/A(g) = ¢y/A(h) for some
q € Q, which is equivalent to say \/A(g)\/A(h) € Q.

Summarizing case 3:

(i) If Galp, = Sy or Dy and /A(g)y/A(h) € Q, then Galy = Galp;

(ii) If Galp, = S4 or Dy and /A(g)\/A(h) ¢ Q, then Galy = Galy, x Zy;
(iii) If Galy, is neither Sy or Dy, then Galy = Galp, X Zs.

e (Case 4: the polynomial factors into 2 irreducible polynomials of degree 3.

Let f(z) = g(x)h(x), where g(x), h(z) are monic, irreducible, cubic polynomi-
als. Note that if g, h define the same extension, i.e. Ly = Ly, then the problem
reduces to the case of irreducible polynomial of degree 3, which has been dis-
cussed. Thus we only consider L, # Lj,. By previous discussions in Section 2.1,
we know both L, and Lj, satisfy L = Q(«, VA) where o is a zero, and [L : Q] = 3
if VA € Q or 6 otherwise. Thus if both \/A(g) and \/A(h) are not in Q, then
L, and Ly, have a common subfield of degree 2 if and only if \/A(g) = ¢\/A(h)
for some ¢ € Q, which is equivalent to say \/A(g)\/A(h) € Q. Next, note that
Ly, and Lj, have a common subfield of degree 3 if and only if there exists an
isomorphism

¢ Qlal/(g) = Qlal/(h), @ aa? +ba+c

for some a, b, c € C. Equivalently, g(x) must be sent to 0, i.e. g(az?+bxr+c) =0
mod h. Let g(x) = 23 + as2® + a12 + ap and h(x) = 2> + baz? + byx + by (the
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fact that they are monic follows from f is monic and Lemma of Gauss). Then:

glaz? + ba + ¢) =a®x% + 3a*bx® + (3ab® + 3a’c + a*az)z* + (b + 6abe + 2abag)z®
(3ac® + b2ay + 3b%c + 2acay + aay)x?
(3bc2 + 2bcag + bay)x + cay + ag + A+ Pay

On the other hand, let q(z) = g322 + g222 + @12 + qo € Q[z] be arbitrary. Then:

h(z)q(x) =(2° + box® + brx + bo)(g32° + @22° + @17 + o)
=q32° + (g2 + b2g3)2° + (b1gs + @1 + baga)z® + (bogs + baqi + qo + big)2?
+ (bog2 + b2qo + b1g1)2” + (b1go + boq1)x + bogo

Thus if there exists g3, q2,q190 € Q making the above two expressions equal,
then L, and Lj have a common subfield of degree 3.
Summarizing case 4:

(i) If Ly, Ly, don’t have a common cubic subfield and both \/A(g),\/A(h) €
Q (so their product is also in Q) then Galy = A3 x As;

(ii) If Ly, Ly, don’t have a common cubic subfield and precisely one of 1/A(g),
VA(R) lies in Q (so their product is not in Q), then Galy = S3 x Aj ;

(iii) If Ly, Ly, don’t have a common cubic subfield, neither of \/A(g), \/A(h)
lies in Q and their product is not in Q, then Galy = S5 x Ss;

(iv) If Ly, Ly, don’t have a common cubic subfield and neither of \/A(g), \/A(h)
lies in Q, but their product is in Q, then again Galy = S3 x As;

(v) If Ly, Ly have a common cubic subfield, then Galy is one of S3x Z5, A3x Z
and S3, depending whether they have and share a common quadratic
subfield or not.

5.3 Examples

Since in this section, the resolvents are generally of much higher degrees and
have much more coefficients than in previous cases, I would like to determine the
Galois group of a polynomial by a different way using Magma, without having
to compute the coefficients of the resolvent explicitly. But essentially we are
still using the facts we obtained about resolvents.

Example 5.1. Let’s construct a monic, irreducible polynomial f(x) of degree

6 in Z[z] that has Zg as Galy. By Theorem 1.14, this happens if and only if we
can construct a separable of degree % = 120. The idea is the following:
e Step 1. Take a polynomial F € Q[z1, .., x¢] such that Stab(F) = Zg

I take h(xq,..,xg) to be:
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inv:=Invariants0fDegree(Z6,5) ;
h:=inv[41]-inv[40];

e Step 2. Take a polynomial f(x) whose Galois group to be determined.

Based on Example 2.3, I'm guessing that the minimal polynomial of € + % could
have its Galois group isomorphic to Zg, where € is the 2 -6 + 1 = 13-th root of
unity. The minimal polynomial can be determined to be f(z) = %+ 2® — 5a* —
4234622 4+3x—1. (Many ways to do that, I used WolframAlpha by simply typing
in —(—1)/13) 4 1/(—(=1)/13)Y and the result displays its minimal polynomial,
amonyg other things). Its discriminant is 371293 = 13°, thus Galy cannot be a
subgroup of Ag so it could be Zg, hence at least we didn’t make a mistake from
the beginning.

e Step 3. Obtain the splitting field K of f in the form of K = Q(a), and
the 6 different zeros of f(x)

Here we already have it: a = € + %, and the other roots are obtained by repeat-
edly squaring and subtracting 2 (again, compare Example 2.8). But for other
functions we might still need to do this again.

e Step 4. Obtain different o;h(x1,..,26), where o; are representatives Sg/Zs;
Since the index of Zg is 120, we should obtain 120 different o;h here.
e Step 5. Evaluate those o;h(x1,..,x6) at the zeros of f(x).

If the number of different outcome equals 120, then the resolvent is separable;
moreover, if in these outcomes we can found a rational number, then by Theorem
1.14 Galy = Zs.

Summarizing, we can achieve this by the following command in Magma:

Q:=Rationals() ;P<x>:=PolynomialRing(Q) ;
f:=x"6+x"5-5%x"4-4*x"3+6%x"2+3*%x~-1;
76:=MatrixGroup<6,Q | [0,0,0,0,0,1, 1,0,0,0,0,0, 0,1,0,0,0,0,
0,0,1,0,0,0, 0,0,0,1,0,0, 0,0,0,0,1,0]>;
inv:=Invariants0fDegree(Z6,5) ;
h:=inv[41]-inv[40];

orb:=h"Sym(6) ;

#orb;

K<a>:=SplittingField(f);

rt:=Roots(f, K);
PK<x1,x2,x3,x4,x5,x6>:=PolynomialRing(K,6) ;
zeroes:=[ rt[i]J[1] : 1 in [1..6]];
#{Evaluate(PK!G,zeroes) : G in orb};
{Evaluate(PK!G,zeroes) : G in orb}
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The result contains 2 numbers and a list. The first number is the number of
different o;h(x1, .., x6), if it is less than the index of the transitive subgroup G
we are considering, then Stab(h) # G so we need to try a different h. The
second number is the number of different o;h(x1,..,x¢),x; — a;, i.e. the zeros
of the resolvent. If this number is not equal to the index, then we also need to
try a different h(x1,..,x¢). Assume both numbers are equal to the index, in the
list, see if there is a rational number in it, if there is then Galy is conjugate to
a subgroup of G by Theorem 1.14; if not, either try a different h(xy,..,z6) or
Galy is not conjugate to a subgroup of G.

In our case, both numbers are 120 and there is a number 13 in the list, thus
Galf = ZG-

Example 5.2. Let f(z) = 25 + 22° + 32 + 523 + 822 + 13z + 21, A(f) =
—60209295851 = —41 - 113 - 12995747 which is not a square in Q, thus Galy
cannot be a subgroup of Ag. Furthermore, we have:

f(x) =2(2® + 22* + 222 + 22 +1) mod 3
=(x+7) (z*+2+6) (2° + 112° +424+9) mod 17

By Corollary 5.2 (3) and (5), Galy = Sg.

Example 5.3. Let f(z) = 2% + 22°% + 32% + 523 + 822 + 132 + 21, A(f) =
—13424896 = —(3664)% which is not a square in Q. Hence Galy is not a subgroup
of Ag. Using similar method in Example 5.1 by changing the 2nd to 5th lines
to this:

f:=x"6 + x°5 - 3%x"4 - 2*%x"3 - 3*%x"2 + x + 1
Z284:=MatrixGroup<6,Q | [0,0,0,0,1,0, O,
0,1,0,0,0,0, 0,0,1,0,0,0, 0,0,0,1,0,0],[
0,0,1,0,0,0, 0,1,0,0,0,0,1,0,0,0,0,0, O,
o,1,0,0,0,0, 0,0,0,0,0,1,0,0,0,1,0,0, O
inv:=InvariantsOfDegree(Z2S4,5
h:=inv[13]-inv[14];

sV

-

)

Both numbers in the result are 15, which is equal to the index of Zo X Sy, thus
Galy is conjugate to a transitive subgroup of Zs x Sy. Furthermore, f(z) = (x?+
24z +1)(z* 4623 +2622 + 62+ 1) mod 29, thus by Corollary 5.2, Galy = Zy x Sy

Example 5.4. Let f(z) = 25 — 242* + 2122 4+ 92 + 1, A(f) = 13775482161 =
312.72. 232 thus Galy is a subgroup of Ag. Moreover:

flx)=(+ 1)@ +2* +23+2°+1) mod 2
=(x +5)32®+ 622 +6) mod T

Thus, Galy =2 Ag by Corollary 5.1 (4).
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