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Abstract

In the first two sections of this thesis the theory of number fields and the theory
of complex multiplication (CM) is discussed. In the third section, new results are
computed, namely the reflex types for two cases. First, where the Galois group of
the normal closure of the sextic CM-field K is (C2)® x C3 and second, where the
Galois group of the normal closure of K is (C2)® x S3. Moreover, in the end of
the section explicit examples of sextic CM-fields are found and the reflex fields are
computed for some of the examples. This thesis ends with discussion over further
research in using the results of this bachelor project.
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Preface

A complex multiplication field (CM-field) of degree 2g is defined to be a totally imaginary
quadratic extension of totally real number field of degree g over Q. For a given CM-
field K of degree g, one can construct a principally polarized abelian variety (ppav)
of dimension g with CM by K this construction is known as the CM-method. This
connection to algebraic geometry makes these number fields interesting to study. For
example, when g = 1, these CM-fields are imaginary quadratic fields and the abelian
varieties constructed from these fields are CM-elliptic curves, which are commonly used
in cryptography.

A CM-type @ of a CM-field K of degree 2¢ is a set of g complex embeddings of K
such that none of these embeddings are complex conjugate. To every pair (K, ®), we
can associate a CM-field, called the reflex field, K". The main theorem of CM [I0] says
that a ppav with CM by K is defined over a finite extension of the K. One interesting
question is to ask when such ppav’s are defined over K", this is known as CM-class
number one problem. This problem has been solved for ¢ = 1, g = 2 and partially
for g = 3.

Let K be a sextic CM-field. Then the Galois group of the normal closure L of K
is isomorphic to one of these groups: Cg, Dg, (C2)3 x C3 or (C3)3 x S3. The CM-class
number one problem was solved for the first two cases but it is still open for the latter
two cases. The focus of this project will be on the the latter two cases.

The aim is to understand the basics of CM-theory and compute the CM-types ®
of K and then determine the reflex CM-fields K" for each (K, ®) pair, where the Galois
group of K is isomorphic to (C3)3 x C3 or (Cq)3 x S3. We will also look at explicit
examples of sextic CM-fields for these two cases.



1 Number Fields

In this section some basic definitions from field theory and Galois theory are reviewed,
and the background on number fields is presented. Most of the definitions are standard
and can be found in Abstract Algebra by Dummit and Foote [3].

1.1 Field extensions

Suppose K and L are fields such that K C L. We say L is a field extension of K, and
write either K C L or L/K. Now, let a« € L, we say « is algebraic over K if there
exists a polynomial f(x) € K[X] with f(a) =0, i.e. ais a root of f(z). Recall that the
monic smallest degree polynomial f(x) € K[X] such that f(a) = 0 is called the minimal
polynomial of o over K. If all elements in L are algebraic over K, we say L is an algebraic
field extension over K. We write [L : K] for the dimension of L as a K-vector space.
This dimension is called the degree of L/K, which can be either finite, if [L : K| < oo
or infinite, if [L : K] = oc.

Let K be a field and let f(x) € K[X]. A splitting field of K is the field L such that

L=K(ay,...,ap),

where «;’s are all the roots of f(z). For any polynomial f(z) € K[X] a splitting field
exists and is defined uniquely up to an isomorphism that acts as identity on K, see
Theorem 25 and Corollary 28 in §13.4 [3].

Let K C L be an algebraic field extension, then L is normal over K if every irreducible
polynomial in K[X] has all roots in L. We say that a polynomial f(z) € K[X]is separable
if all its roots in a splitting field are pairwise distinct. An element o € L is separable over
K if its minimal polynomial is separable. Finally, an algebraic field extension K C L is
separable if every a € L is separable over K.

For the same field extension, a K-automorphism of L is an isomorphism of fields
such that

c: L — L
ar—a, Va€eK,

in other words, o, = id. The set of K-automorphisms of L forms a group under
composition with identity automorphism as the unit element. This holds because the
composition of two K-automorphisms of L also fixes all the elements in K and is an
isomorphism, the inverse of each map exists since they are isomorphisms and associativity
is obvious. We denote this group by Aut(L/K).

Proposition 1.1. Let L be a finite extension of the field K and let an element o € L. For
each 0 € Aut(L/K) we have that o(«) is a root of the minimal polynomial of « over K.

Proof. Assume L is a finite extension over K such that [L : K] = n and take o € L. Let
us denote the minimal polynomial of a over K by f(z). Then

f(2) = an2™ + an_12™ t + ... + a1z + ao,



where a; € K since f(x) € K[X]. Take 0 € Aut(L/K), then by the fact that o is a field
homomorphism and 0|, = id, we get

o(f(x)) = o(anz™ + an_12" ' + ... + a1z + ag)
= 0(anz") + o(an_12" ") + ... + o(a1x) + o(ap)

ano(2)" + an_10(x)" 1+ ... 4 ax(z) + ag

and therefore
0=0(f(a)) = ano ()" + ap_10(x)" 4+ ... + ay(z) + ag = f(oa)).
This shows that o(«) is a root of f(x). O

Definition 1.2. A finite field extension L/K is Galois if L is normal and separable
over K. In this case, the group of automorphisms of L/K is denoted by Gal(L/K) and
it is called the Galois group of L/K.

1.2 Number fields

In this section we will be interested in finite extensions of the field of rational numbers Q
contained in the field of complex numbers C.

Definition 1.3. An (algebraic) number field K C C is a finite degree field extension of
the field of rational numbers Q.

Proposition 1.4. Number field extensions are separable.

Proof. We begin by proving the following claim: Every non-zero polynomial in Q[X] is
separable if and only if it is relatively prime to its derivative in Q[X].

Suppose that f(z) is a non-zero separable polynomial in Q[X] with any root a € C
such that f(a) = 0. Then f(z) = (x — a)h(z), where h(a) # 0 by the definition of
separability. Taking the derivative we get

f'(x) = h(z) + (z — a)l'(x).

Since f'(a) = h(a) # 0, so a is not a root of f’(x). This implies that f(z) and f'(z)
have no common roots, so they are relatively prime.

Now assume for contraposition that f(z) is not separable. By definition, there exists a
repeated root a in f(x), so f(z) = (z — a)?g(x) and that implies that

fi(2) =2(x — a)g(z) + (z — a)*¢(z) = (z — @)(29(z) — (z — a)¢(2)).

So f(x) and f’(x) contain the same root hence they are not relatively prime. This proves
the claim.

To finish the proof, we want to show that all irreducible polynomials f(z) in Q[X]
are separable. We will show by contradiction that (f(z),f'(z)) = 1. Now assume



that (f(z), f'(z)) # 1. Then we get f(z)/f'(x), because f(z) is assumed to be irreducible
and f'(x) is also in Q[X]. But the degree of f’(x) is lower than that of f(x), so f'(x) = 0.
Since char(Q) = 0, every non-constant polynomial in Q[X] has a non-zero derivative.
We get a contradiction, so every irreducible polynomial in Q[X] is separable. O

Corollary 1.5. Every finite normal extension of a number field is Galois.

Proof. By Proposition [1.4] it follows that every finite extension of a number field is
separable. Then using Definition [I.2] it follows that every normal extension of a number

field is Galois. O

Lemma 1.6. Let K and L be number fields such that K and L are Galois over Q.
Then KL is Galois over Q.

Proof. Assume that K and L are number fields Galois over Q. Then [K : Q] = n
and [L : Q] = m and thus [KL : Q] < nm. Since KL is a finite degree extension over Q,
it is also a number field and by Proposition we have K L is separable over K. Now,
by definition, K and L are both normal (and separable) over Q so every irreducible
polynomial in Q[X] has all roots in K and L so also in K'L. This shows that KL is
normal, so we proved that KL is Galois over Q. ([

Definition 1.7. Let K C L be an non-normal algebraic field extension. The normal
closure of L is the smallest field N such that N/K is normal and L C N.

Note that all normal closures of number fields are Galois. This follows immediately
from Corollary [I.5

In the previous section, we defined algebraic elements. A similar notion exists in
number fields.

Definition 1.8. Let K be a number field and o € C, then « is an algebraic number if
there exists a polynomial in K[X] such that « is a root of that polynomial.

Lemma 1.9. If o, 5 € C are algebraic over a number field K, then there exists an
element 6 such that K(6) = K(a, ).

Proof. Let fo(x) and gg(x) be the minimal polynomials of o and § over K, respectively.
We claim that there is an element ¢ € K(«, 3) such that 0 := a+c¢f and K (o, 3) = K(0).

The first inclusion K(0) C K(a, ) is obvious since § = a+ ¢ € K(«, ). For
the second inclusion, we proceed as follows. By Proposition we know that all the
roots aj := «,...,an of fo(x) and By := f,..., Bm of gg(x) are distinct. We choose an
element ¢ € K(a, 3) so that for all o; and 3; with 4, j > 1 we have o + ¢ # oy + cf;.
Note that there are infinitely many elements in K («, 5) but only finitely many restriction
for ¢, hence such a c exists.

Let o(x) := fo(0 —cx) € K(0)[X], then ¢(5) = fo(a) = 0 and S is the only common
root of ¢(x) and gg(z) by the choice of c. So we get

ged(p(x), gs(x)) = k(z — f) € K(0)[X],
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where k is such that k # 0, hence 5 € K(0), thus also @ = 0 — ¢S € K(6). This shows
that K(a, ) C K(6), so K(«, ) = K(0). O

Theorem 1.10. (Primitive Element Theorem) Let L/K be a number field exten-
sion. Then there exists a non-zero element 6 € L such that L = K (0).

Proof. Let L/K be a number field extension and let S be a basis of L over K, i.e, S is
such that S = {ay,..., : @; € L} and L = K(ay,...,qy). Note that #5S is finite
since L is a finite extension over K, because they are both number fields. We will use
induction on the size of S. Assume that #S = 1. Then by definition L = K (). Assume
that #S = n and there exists 6 € L such that L = K (0).

Now let S = {a1,...,ant1 : a; € L}. So L = K(ay,...,a,41) but by induction
hypothesis there exists 6y € L such that L = K(6p, a,+1). By Lemma there exists
an element 0 € L such that L = K(0). O

1.3 Embeddings

Definition 1.11. Let K and K’ be two number fields and let ¢ be a field homomor-
phism ¢ : K — K’. Then ¢ is also called a field embedding of K into K’. We say that
an embedding ¢ : K — C is a compler embedding. A totally compler embedding is
an embedding of the form ¢ : K — C\ R. A real embedding is an embedding such
that ¢ : K — R.

Every field homomorphism ¢ : K < K’ is injective, because the kernel of a field
homomorphism is trivial.
The embedding p such that

p: C—C
a+ibr—a—1b

where a, b € R and i := v/—1 € C is an automorphism of C called complex conjugation.
Each number field K is a subset of C, so the restriction map p|,. : K < C is a complex
embedding of K.

Moreover, totally complex embeddings of a number field K come in conjugate pairs,
where we define the complex conjugate of a complex embedding ¢ of K, denoted by &,
to be ¢ := po ¢. Note that if ¢ is a totally complex embedding of K, then ¢ is also a
totally complex embedding of K.

Definition 1.12. A totally real number field is a number field K such that all complex
embeddings of K are real. Similarly, a totally imaginary number field is a number field K
such that all complex embeddings of K are totally complex.

Let K be a number field such that [K : Q] = n. By Theorem there exists an
element § € C such that K = Q(#). This notation will be used in the following two
Lemmas.



Lemma 1.13. Any field homomorphism ¢ : K — C fixes Q.

Proof. By the definition of a field homomorphism, it holds that ¢(a+ ) = ¢(a) + ¢(5)
and ¢(af) = ¢(a)p(pB) for any a,f € K. Therefore, for any number a € Z we have
that ¢(a) = a¢(1) and most importantly, for all a,b € Z, b # 0 we have

i 1_gpt=?

0 () = o@o) " =abt =2,

so ¢, =1d. O
Lemma 1.14. The field homomorphism ¢ : K < C is uniquely determined by ¢(6).

Proof. Since we have K = Q(), every element o € K can be written as a = Y 1" a;0"
for a; € Q. Therefore we get

¢(a) = 6()ait’) =D dlai)d(0') = D aip(6)"
=0 1=0 i=0

Note that ¢(a;) = a; by Lemma Uniqueness follows from injectivity of ¢. O

Proposition 1.15. A number field K with [K : Q] = n has exactly n complex embed-
dings.

Proof. Assume K is a number field such that [K : Q] = n. From Theorem we get
that there is a § € K such that Q(0) = K. Let f(x) be the minimal polynomial of 6
over K. By Lemma we know that for ¢ a complex embedding of K, we get ¢(6)
is a root of f(x). Since K is separable, all roots of f(x) are distinct so each complex
embedding maps 6 to a different root of f(x). We can define complex embeddings

¢i: K =Q(0) — Q) cC
60— 91',
where 01 :=0,...,0, are roots of f(z). Note that ¢;’s are field homomorphisms since
@i((c1 + 0ca) + (di + 0d2)) = ¢i(c1 + di + 0(c2 + d2))
=c; +di + 0i(ca + d2)
= (1 +0ica) + (d1 + 0;d2)
= ¢i(c1 + Oca) + ¢i(dy + 0da)

@i((c1 4 0co)(d1 + 0da)) = ¢i(c1dy + cada + 0(c1da + cady))
= c1dy + cada + 0;(c1d2 + cady)
= (c1 + b;c2)(dy + 0;d2)
= ¢i(c1 + Oca)pi(dy + 0dy),

for all ¢, co,d1,ds € Q. Moreover, ¢; forms an isomorphisms since

Q) = QIX]/(f) = Q(6:)-
This shows that ¢; are complex embeddings of K and there are exactly n of them. [



Corollary 1.16. If K C L is a number field extension, then every complex embedding
of K extends exactly d := [L : K] embeddings of L in C.

Proof. This follows from Proposition [1.15| when replacing Q, K with K, L, respectively.
O

Proposition 1.17. Let K be a number field such that K/Q is Galois. The complex
embeddings of K identify exactly with the elements of Gal(K/Q).

Proof. Let K C C be a normal number field extension over Q and let [K : Q] = n.
By Corollary the extension K/Q is Galois. By Theorem there exists § € C
such that K = Q(#). Recall that the elements of the group Aut(K/Q) (in this case we
have Aut(K/Q) = Gal(K/Q)) permute the roots of the minimal polynomial of 6 over Q
by Proposition Since K C C, any automorphism o € Aut(K/Q) gives

c: K — K cC.

So the automorphisms of K give distinct complex embeddings. Moreover, K/Q is Galois
so this implies # Aut(K/Q) = [K : Q]. By Proposition we can conclude that all
the complex embeddings of K arise as automorphisms of K. O

Let K be a number field and L the normal closure of K. We have that K = Q(0) for
some element § € C. Let ¢ : K — L be a field homomorphism, then by Lemma [1.14]
the embedding ¢ is uniquely determined by the roots of the minimal polynomial of 8
over Q. By Proposition[I.17] we can then identify the complex embeddings of L with the
automorphisms of L. The embeddings of K into L C C then become

{¢), € Hom(K, L) : ¢ € Aut(L/Q)}.

Definition 1.18. Let the notation be as above. Then an automorphism ¢ € Aut(L/Q)
for which ¢, € Hom(K, L) is called an extension of ¢,

Assume that K C L is an extension of number fields such that the degrees [K : Q] = n
and [L : K] = d. By the tower law we have [L : Q] = nd. Following from Proposition [1.15]
and Corollary there exist exactly n complex embeddings ¢; of K (note that these
are also complex embeddings of L since K C L) and every complex embedding of K
extends exactly d embeddings of L in C.

L*MC

T A

Figure 1: Extending complex embeddings of K to L

Suppose that the field extension L/K is Galois. Let ¢ € Hom(K, L) then the set
{poo : 0 € Gal(L/K)}
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contains # Gal(L/K) embeddings of L into L C C and these embeddings are distinct.
By Corollary we conclude that this is the set of all embeddings in Hom(L, L)
extending ¢.

1.4 Trace and Norm

Let K be a number field of degree n over Q. The trace Tk and the norm Ng are two
maps defined as follows: Let ¢1,...,¢, be the embeddings of K with values in C. For
each element o € K , set

Ti(a) =Y ¢i(a),
i=1

Ni(a) =[] ¢i(a).
i=1
Since all ¢; are embeddings, so they are also field homomorphisms, by definition we
have ¢i(a + B) = ¢i(a) + ¢i(8) and ¢;i(af) = ¢i(a)pi(B). This immediately implies
Tr(a+B) =Tk (o) +Tk(B)
Nk (af) = Ni(a) Nk (B)
for all a, B € K. Moreover, if ¢ € Q, by Lemma [T.13] we get
Tr(ca) = ¢Tg(a) and Ni(ca) = " Ni(a).

Note that both Tk () and N («) are coefficients of the minimal polynomial of a over Q,
namely Tk () is the second coefficient and N («) is the last constant term. Then they
both must always be rational values. For example, if K = Q(v/d) where d € Q, then we
have for any a, b € Q

Tk (a+bVd) = 2a and Ng(a+bVd) = a® — db?,

because the only two embeddings of K into C are identity and complex conjugation.

1.5 Ring of integers

Definition 1.19. An algebraic number is called an algebraic integer whenever it is a
root of some monic irreducible polynomial with coefficients in Z.

Theorem 1.20. The set of algebraic integers in a number field K forms a ring, which
has rank [K : Q] = n over Z as a Z-module, i.e., it is isomorphic to Z" .

Proof. The fact that the algebraic integers form a ring follows from Corollary 1 in § 2 [§].
By Corollary on page 22 of [§] it follows that the ring of algebraic integers is a free abelian
group of rank n, which is the same as it being a Z-module isomorphic to Z™. O

11



Definition 1.21. The set of all algebraic integers in a number field K is called the ring
of integers or the mazimal order and is denoted by Ok.

In order to understand rings of integers better, let us take the trivial number field,
namely K = Q. If we take a € Q such that it is a root of some monic irreducible
polynomial in Z[X], we get (x — a) € Z[X]. Hence a € Z, which implies that Og = Z.

Now let K = Q(v/d) for some squarefree number d € K. Thus K is a second degree
extension over Q. The following proposition shows the possibilities for the ring of integers
for different values of d.

Proposition 1.22. (Example in §7.1, p.229 [3]) Let d be a squarefree integer. The set
of algebraic integers in the quadratic field Q(v/d) is

Z[\/ﬂ:{aqtb\/g:a,bel}, if d =2 or 3 mod 4,
7 1+2\/3 :{a+2l)\/g:a,b€ZandaEbmod2}, if d =1 mod 4.

Definition 1.23. Let A C B be an extension of rings. An element o € B is an integral
over A if there exists a monic polynomial f(x) € A[X] such that f(«) =0. If A and B
are integral domains, then B is integrally closed in B if every element in B that is an
integral over A is contained in A.

For example, let us take an integral o € Q. Then the monic polynomial f(z) € Z[X]
such that f(a) = 0. By Gauss Lemma (x — o) € Z[X] so also a € Z. Since both Z and
Q are integral domains, we have that Z is integrally closed in QQ, where Q is actually the
field of fractions of Z.

Definition 1.24. A Dedekind domain is an integral domain R such that
1. Every ideal is finitely generated,
2. Every non-zero prime ideal is a maximal ideal,

3. R is integrally closed in its field of fractions

Q(R):{%:a,beRandb;éO}.

Theorem 1.25. (Proposition 14 in §16.3 [3]) The ring of integers Ok is a Dedekind
domain.
1.6 Ideals in the ring of integers

Now the attention will turn more towards the ideals in the ring of integers. Let us first
recall a couple of notions that will be used in this section. A ring R is called an integral
domain if for all elements xz,y € R such that zy = 0, either z = 0 or y = 0 (or both).
The set I C R is an ideal in R if it satisfies the following conditions:

12



1. I is a subring of R,
2. For all i € I and r € R, it holds that ir € R.

We say I is a principal ideal if I is generated by a single element. An integral domain
of which all ideals are principal is called a principal ideal domain or simply PID. An
ideal I # R for which it holds that if ab € I then either a € I or b € I (or both) is called
a prime ideal. An ideal M # R is called mazimal if it holds that every ideal J of R
with M C J C R is either J = M or J = R.

In the next theorem we use the notion of a wunique factorization domain (UFD).
A UFD is an integral domain such that every element can be uniquely factorized to
the product of irreducible elements up to a unit. Every PID is actually a UFD (see
Theorem 14 in §8.3 [3]) so this theorem states that for Dedekind domains also the
opposite inclusion holds.

Theorem 1.26. (Corollary 20 of §16.3 [3]) A Dedekind domain is a UFD if and only if
it is a PID.

We say that two ideals a and b in a Dedekind domain R are equivalent if there is a
non-zero element d € R such that a = db, where db := {db : b € b}. The ideals that are
equivalent to each other form a set called equivalency class denoted by

[a] :={b C R:a~ b and a,b are ideals in R}.

Let CI(R) denote the set of all equivalence classes [a] of non-zero ideals a C R. With
respect to the equivalence relation we define the multiplication of equivalence classes by

[a][b] := [ab] (1)
for ideals a,b in R. Then the following proposition holds.

Proposition 1.27. Let R be an integral domain and let a and b be ideals in R. Then
the following holds:

1. If ca is principal for some non-zero ¢ € R then a is principal.
2. The principal ideals in R form an ideal class, which we denote by [R].

3. The set CI(R) of ideal classes in R forms a group with respect to multiplication
defined in with the identity element [R] if and only if for every ideal a there
exists an ideal b such that ab is principal.

Proof. We will prove each part of this proposition separately.

1. Assume ca = («) for some non-zero @ € R. That means o = ca for some a € a.
We want to show that (a) = a.

Since a € a we get (a) C a. Now take any b € a. Then ¢b € ca = (a) = (ca). Then
we can write cb as ¢b = kca for some non-zero k € R. By commutativity of R, it
follows that c¢b = cka, so b = ka € (a). This gives a C (a) and hence (a) = a which
means a is principal.

13



2. We need to show that any two principal ideals in R are equivalent and any ideal
equivalent to a principal ideal is also principal.

Let () and (8) be two principal ideals in R. Since a(f) = (af) = (Ba) = B(«),
we get (a) ~ (/). For the second part, let a be an ideal in R and (v) be a principal
ideal in R such that (v) ~ a. By definition, (v) = ca for some non-zero ¢ € R,
so ca is principal. By 1, we get that a is principal.

3. Assume for every ideal in R there exists an ideal such that their product is a
principal ideal. Associativity of ideal class multiplication follows directly from
associativity of ideal multiplication. For any class C' in CI(R) there exists a non-
zero ideal a such that C' = [a]. So for every C' € CI(R) we have

for some ideal a C R. To verify that every ideal class has an inverse, let C be
any class and a € C. By assumption, there exists an ideal b such that ab € [R].
Letting [b] be the ideal class of b, this means C[b] = [R], i.e. [b] is the inverse of C.
Hence the ideal classes form a group.

Now, for the other direction, assume that C1(R) forms a group with the identity [R].
Let a be an ideal in R. Then there is a non-zero ideal b such that [a][b] = [ab] = [R].
This implies that ab is principal.

O

Lemma 1.28. (Lemma 2 in §3 [§]) Let I be a proper ideal in a Dedekind domain R
with field of fractions Q(R). Then there is an element v € Q(R) \ R such that vI C R.

Theorem 1.29. For every non-zero ideal a in a Dedekind domain R, there is an ideal b
such that ab is principal.

Proof. Let a € a be such that a 20 and let b ={b € R:ba C (a)}. Then a € b so b is
a non-zero ideal because if we take any r € R, ra € a for all a € a (by the definition of
an ideal) so therefore for every b € b it holds that

rba = bra C ba C (a)

which shows that rb € b. Note that this is possible since a Dedekind domain is an
integral domain, so it is commutative. By the definition of b we get that b C (a) hence
also ab C (a). Consider A = Lab. We will show that A is an ideal in R.

Take r € R and x € A. We can write x = %albl for some a; € a and b; € b. By
commutativity we get

1 1
re =r—aiby = —airby = —a1bo,
a a a

since again, boa = rbja C (a) hence by € b. Note that since ab C aR then % € éab C R.
Now we have two options: If A = R then since R = (1) = Lab this implies (a) = ab,
so ab is principal; In the other case A is a proper ideal and by Lemma there is an
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element ¢ € Q(R) \ R such that cA C R. Since R is integrally closed in Q(R), it is
enough to show that ¢ is a root of a monic polynomial over R because then ¢ € R which
is a contradiction.

Since b C A = éab and a € a, we have cb C cA C R. By the definition of b we get
that ¢b C b. Now fix a finite generating set by, ..., b, for the ideal b (note that b is
finitely generated ideal because R is a Dedekind domain) and by cb C b we get

chy €b
cby € b

cb, € b.
Therefore each ¢b; can be written as
cb; = mi1by + myobs + ... + myby

for all 4. This can also be rewritten in the following form

bl mii . . . Miy bl

by M1 - - . Mpp| |br

Let M be the r x r matrix stated above, then via the determinant of (¢l — M), we
obtain a monic polynomial over R having c as a root. This proves theorem. O

Corollary 1.30. Let R be a Dedekind domain. Then the set of ideal classes of R
denoted by CI(R) forms an abelian group with respect to multiplication defined in
with identity [R] being the class of principal ideals in R.

Proof. From Theorem we have that for every ideal a € CI(R) there exists an
ideal b € CI(R) such that ab is principal. Since a Dedekind domain is an integral domain,
by the third part of Proposition it follows that CI(R) forms a group. Moreover,
multiplication of ideals is commutative in R, hence this group is abelian. O

In particular, by Theorem [1.25] we conclude:

Corollary 1.31. Let K be a number field. Then the set of ideal classes of Ok forms
an abelian group with respect to multiplication defined in with identity [Ox| being
the class of principal ideals in O.

By Marcus (Chapter 1 and 5 in [§]) the group Cl(Of) is finite. This group is called
the ideal class group and the size of the group is called the class number.

Theorem 1.32. If # Cl(Ok) = 1 then Ok is a PID.
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Proof. Assume # Cl(Ok) = 1, then Cl(Ok) = [Ok]. That means that every ideal in Og
is principal. [l

Note that from the previous theorem it follows that if Ok has class number one then
it is also a UFD. By determining the class number one fields we, therefore, determine
the ring of integers with UFD property.

The class number one problem for number fields of degree n determines a complete
list of such fields having class number one. When the number fields are imaginary
quadratic, this problem is known as Gauss class number one problem which was solved
independently by Baker [I], Heegner [4] and Stark [11].

Theorem 1.33. ([I], 4, [11]) Let K be an imaginary quadratic number field with the
maximal order Og. Then we have # Cl(Ok) = 1 if and only if K = Q(v/—d), where d
is such that d € {1, 2, 3, 7, 11, 19, 43, 67, 163}.

2 CM-fields and CM-types

In this chapter we provide an introduction to the theory of complex multiplication by
providing some basic definitions that build upon the theory of number fields. The
definitions, theorems, etc. follow from Complex Multiplication by Lang [7] and Complex
Multiplication by Milne [9].

Definition 2.1. A complex multiplication field also called a CM-field K is a totally
imaginary quadratic extension of a totally real number field K. In other words, a
CM-field is K = K (y/7), where r is totally negative element in Kj.

Proposition 2.2. (Characterization of CM-fields by Lang [7]) Either one of the following
two conditions characterize a CM-field:

1. K is a totally imaginary quadratic extension of a totally real field.

2. Complex conjugation p commutes with every complex embedding of K and K is
not real.

Proposition 2.3. The normal closure of a CM-field is a CM-field.

Proof. Assume that K is a CM-field and L is the normal closure of K. By Proposition[2.2]
the field K is totally imaginary, meaning that every complex embedding of K is totally
complex. We now show that L is also totally imaginary. Assume for contradiction that
there is a real embedding ¢ of L. Then ¢(a) € R for all a € L, but we know that
P (a’) € C\R for all ¢’ € K C L, hence we get a contradiction, so L is not real.

Now we will show that p commutes with every complex embedding of L. The degree
of K over Q is finite, so let [K : Q] = n and by Theorem we have that K = Q(6)
for some 6 € C. Now, the minimal polynomial f(x) of 6 over Q is of the form

f@) =I[@—00,



where 0 := 01,...,0, denote the roots of f(x). We get that there are n fields Q(6;)
which are isomorphic to K by the following isomorphism

K =Q(0) — Q(6:)
This shows that for all 7 the field Q(6;) must be a CM-field. Note that L = Q(64,...,6,)
since it is the normal closure of K. Now the complex conjugation p : C — C can be
restricted to each of these CM-fields such that by Proposition we have that Ploce,)
commutes with all complex embeddings of Q(6;) for all i. Then any complex embedding ¢

of L satisfies ¢y, , ©p=po¢, . An arbitrary element a € L is an element of Q(6)
for some 0 < 4 <n. Then we have

9(a) = b1, (@)
but then we get

podla) =podp, (a)=d4, °pla)=¢op(a)

This shows that p commutes with all complex embeddings of L and hence by Proposi-
tion 2.2 the normal closure L of K is a CM-field. O

Let K and L be CM-fields such that L is the normal closure of K. Assume that the
degree [K : Q] = 2g, so by Proposition there are 2g complex embeddings of K.

Definition 2.4. A CM-type ® of K with values in L is a set of g-embeddings of K
into L of which no two are complex conjugate of each other.

As we have shown before, complex embeddings come in conjugate pairs. By picking
one embedding from each conjugate pair, we construct a CM-type with exactly g em-
beddings. This also gives 29 possibilities on how to construct a CM-type, so there are
exactly 29 CM-types of K with values in L C C.

Definition 2.5. Let ® be a CM-type of K with values in L. The CM-type of L induced
by ® is defined as
d; = {gb S Aut(L) : ¢|K S (P}.

We say that a CM-type is primitive if it is not induced from a CM-type of a strict
CM-subfield.

Definition 2.6. Let K be a CM-field and let ® be a CM-type of K. Let o € Aut(K)
and ¢ be an embedding of K into a field L. Then we define

S0 :={poo:¢c P}

and

PP :={pop:p e d}.
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Proposition 2.7. (Proposition 1.9 in [9]) Every CM-pair (K, ®) is the extension of a
unique primitive CM-pair (Ko, ®g) with Ky C K. In fact, for any CM-field L contain-
ing K such that L/Q is Galois, K is the fixed field of

Gal(L/Ko) = {O’ S Gal(L/@) 1 Pro = (I)L},
where ®j, is the extension of ® to L.

Definition 2.8. Two CM-types ® and ®’ of a CM-field K are equivalent if there exists
an automorphism o of K such that ®o = @’.

2.1 Reflex types and reflex fields

Let K be a CM-field and let ® be a CM-type of K with values in L the normal closure
of K. The reflex (K", ®") of (K, ®) is defined as follows. Let ® be the CM-type of L
with values in L induced by ®. Note that &, is a set of isomorphisms from L to L, so
there is a set of inverses of each of these maps, denoted by <I>Zl.

From §2 of Chapter 1 in [7] it follows that ®;' is a CM-type of L with values in L.
By Proposition there exists a unique primitive pair (K", ®") that induces (L, @Zl).

Definition 2.9. The reflex type or reflex pair of (K, ®) is the pair (K", ®"), where K"
is the reflex field of (K, ®) and ®" is the reflex CM-type of (K, ®).

Lemma 2.10. The CM-type ®" is a primitive CM-type of K". If we denote the reflex
of (K", ®") by (K", ®"), then K'" is a subfield of K and ® is induced by ®"". If ® is
primitive, then we have K™ = K and " = ®.

Proof. 1t follows from the definition that K" C K and ®"" induces ®. Then if & is
primitive, there exist no CM-type that would induce ®, so & must be equal to ®"" and
hence also K = K'". ([l

As we know, every normal extension of a number field is Galois. So one can examine
the Galois groups of these extensions. The following corollary describes the Galois group
of L/K". This will be useful in constructing the reflex fields in the next section.

Proposition 2.11. With the same notation as in Definition we have

Gal(L/K") = {0 € Gal(L/Q) : 0B, = B }.

Proof. This follows from Theorem and the definition of K. O

Proposition 2.12. Let K be a CM-field and let ®; and 2 be two CM-types of K.
If ®; and P, are equivalent, then the reflex fields of (K, ®1) and (K, ®2) are the same.
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Proof. Assume that ®; and ®9 are equivalent CM-types of the CM-field K with values
in L the normal closure of K. By definition, there exist automorphisms o, 7 of K such
that ®10 = ®3 and ®37 = &;. Note that

D1 = Py = P07,
Py = P10 = Po7o,

so 77! = 0. Now we want to find K7 and K7, the reflex fields of (K, ®;) and (K, ®5)
respectively, using Proposition [2.11

Take ¢ € Gal(L/K3), then Py = ®3. Hence p®10 = ®10 and by multiplying
both sides from the right by 7, we get ¢®; = ®;. So ¢ € Gal(L/K]) hence we find
that Gal(L/K3) C Gal(L/KT). For the other inclusion take ¢ € Gal(L/K7), by def-
inition we get ®; = ®; which implies P27 = P97 and again by multiplying both
sides with o from the right we obtain ¢®; = ®3. We get that ¢ € Gal(L/Kj) which
implies Gal(L/K]) C Gal(L/K}%) and hence Gal(L/K7]) = Gal(L/K}). We conclude
that K] = K3. O
Proposition 2.13. Let K be a CM-field and let ® be a CM-type of K. Let L be the
normal closure of K. Then the reflex type of (K, ®) is (K", ®7).

Proof. Since complex conjugation p commutes with every embedding of K it follows

that ® = ® o p|x where p|g € Aut(K/Q). Then by Definition the CM-types ®

and @ are equivalent. By Proposition the reflex fields of ® and ® are the same.
Let (K", ®") be the reflex type of (K, ®). Then by definition,

"= {p|pr : o € B},

where ®; is the induced CM-type of L from ®. From the explanation in Section [1.3]it
follows that the induced CM-type of L from ® is the set

®Gal(L/K)={popoo : ¢ € Hom(K, L) and o € Gal(L/K)}
={po¢r : ¢ € Hom(L, L)}
= pdr = D;.

Then &, = {¢;" op : ¢, € Hom(L, L)} = ®; ' and we have

3 = {dlxr T, '}
= {dlx-: ¢ €2}
={p|xr:pogp e '}

= p{o|xr 1 ¢ € D71}
= pd".
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2.2 The CM-class group
Definition 2.14. The type norm of a CM-pair (K, ®) is the multiplicative map
Ng : K — K"

ped

By the definition a CM-type ® is a set of complex embeddings ¢ of K such that ¢ ¢ @,
so we have that ® contains a half of all the complex embeddings of K. The other half,
namely the complex conjugates of each ¢ € ®, form another CM-type that we can denote
by ®, since it holds that ® = p o ®. Hence by the definition of the norm in Section
and the type norm, for every a € K the following holds:

Ng () Ng () = Ng(a)Ng (o) = N (a). (2)
By Remark in §3 of Chapter 3 in [7] we know that the map Ng sends ideals to ideals,
in particular principal ideals to principal ideals. Namely, if a = () for some v € O we
have
N(I,r (’70[{) == Ncpr (’y)OKr.

Let K be a CM-field of degree 2g and let ® be a primitive CM-type of K. Let J(Ogr)
be the set of ideal classes in Cl(Ogr) such that there is an ideal representative a in each
class C € Cl(Okr) satisfying the following: there exists an element o € K for which we
have

Ngr(a) = («) such that aa € Q for some a € K. (3)

Lemma 2.15. All principal ideals in O satisfies .

Proof. Let a be a principal ideal in Ogr. Then there exists an element v € Ogr such
that a = (). Then we have

N(I,'r (’70]{) = Nq;r (’Y)OKT .
Then by , we have

Proposition 2.16. The set J(Ogr) is a subgroup of Cl(Ogr).

Proof. Take the ideal (1) from [Og+] the class of principal ideals in Og». Then we have
that Ngr((1)) = 1 because every complex embedding fixes Q, and moreover 1-1 =1 € Q,
we have that the identity element is in J(Ogr).

Let C1,Cy be two classes in J(Ogr). Then this means that there exist ideals a;
and ag in Ok such that C; = [a;] and Cy = [ag] satisfying

Nor(a;) = (1) such that aya; € Q for some a; € K,
Ngr(a2) = (ag) such that agay € Q for some ay € K.
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Then we have

Nor(aaz) = [ ] é(araz)

ped

=11 #@a) I] ¢(a2)

Pped Pped
= (a1)(a2)
= (a12)

and since ajag € Q and asas € Q, also their product is in Q.
Finally, let [a] € J(Okr). Then there exists o € K such that

Ngr(a) = (a) such that aa € Q.

Since Cl(Ogr) is a group then there exists [b] € Cl(Ogr) such that [ab] = [Okr].
Then this means that there is a v € Ok such that ab = (). Then we have

Ngr (7Ok+) = Nor(ab) = [] ¢(a) [T #(b) = () Nor (b).
ped ped

Thus, we have Ngr(b) = 1(¢) = (2¢) where Ngr(7Ogr) = (§) and Nor(7) = ¢ € Ok.
Moreover, by the property , we have £€ € Q. Then we get

(@7 ') (@) = (a@) '€ e Q
as a@ and &€ in Q. O

By Corollary the class group Cl(Ogr) is an abelian group so J(Ogr) is an
abelian subgroup so J(Okr) is normal and therefore the quotient Cl(Ogr)/J(Okr) is a

group.

Definition 2.17. The quotient group C(Ogr) := Cl(Ogr)/J(Okr) is called the CM-
class group of (K, ®).

Remark 2.18. Since Cl(Ogr) and J(Ogr) are finite, the group C(Ogr) is finite.

A generalization of the Gauss class number one problem is the CM-class number one
problem. This problem asks for which CM-fields of degree 2g the CM-class group C(Ogr)
is trivial, i.e. when #C(Ogr) =1 (in this case we say that (K, ®) has CM-class number
one). This problem corresponds to the class number one problem for the imaginary
quadratic number fields, that was introduced in the previous section. For quartic CM-
fields it was solved by Kiliger and Streng (2015) [5] but for sextic CM-fields it has only
been solved partially by Kilicer (2016) [6].
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Theorem 2.19. (Proposition 2.1 in [2]) Let K be a sextic CM-field, and let G be the
Galois group of the Galois closure of K/Q. Then G is one of the following groups:

1. CQXC:}gCG
2. 02X53%D12

3. (C2)?x G4 with G4 € {C3, S5} where x denotes the semi-direct product of groups,
so G4 is acting by permutations on the three copies of Cs.

The CM-class number one problem was solved by Kiliger for the first two cases. We
will therefore restrict ourselves to the third case, for which the CM-class number one
problem is still open.

3 Sextic CM-fields and their reflex fields

In this section we assume that K is a sextic CM-field with L the normal closure of K.
In Theorem we saw that there are 3 cases for what Gal(L/Q) can be isomorphic
to. In the first case K = L, because K is normal over Q and in the second case, we
have K/Q is not normal but K contains an imaginary quadratic subfield [2]. We will
restrict ourselves to the third case, where K/Q is not normal and K does not contain
any imaginary quadratic subfield [2]. The goal of this section is to find the reflex fields
and reflex types of (K, ®) for every CM-type ®. For that we will first determine all the
complex embeddings of K, then all its CM-types which will help us compute the reflex
pairs (K", ®") of (K, ®).

3.1 Sextic CM-fields with Galois group G = (C)3 x Cj

3.1.1 The group G = (C2)? x C3
Let (C2)3 = (a,b,c : a®> = b* = ¢ = 1,ab = ba, ac = ca, bc = cb) and similarly
let C3 = (x : 3 = 1). The group Cs3 acts on (Cs)3 by

r-a=b, x-b=c and z-c=a.

This action induces the following automorphism of (Cs)3

z: (Cr)® — (Cy)3
a—b
b—c¢
cH——a.
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Let ¢ be the homomorphism from C3 to Aut((C2)?) sending z to the induced auto-
morphism, i.e,

@ : O3 — Aut((C2)?)

ar—b
r— < b—c
c—a

By Theorem 10 in §5.5 [3] the set G of ordered pairs (r,t) with r € (C2)% and t € Cj is
a group with respect to the multiplication

(r1,t1)(ra, t2) = (r1p(t1)(r2), tita). (4)

In the group G, we have (1,z)(r,1)(1,7)"! = (p(x)(r),1) for all r € (C2)3. By identi-
fying (1,z) with = and (r,1) with r € {a,b,c} via isomorphisms C5 — {(1,¢) : t € C3}
and (Cq)3 — {(r,1) : 7 € (C2)3}, respectively, we can present the group G by

G = {(a,b,c,z : A== =23=1, ab = ba, ac = ca, bc = cb,

' =a),

= (a,b,c,x : aAd=v’=c2=23=1, ab = ba, ac = ca, bc = cb,

zax~' = b, zbx™' = ¢, zea”

ar = xc, bx = xa, cx = zb).

The group G is a non-abelian group of order #(C3)-#C3 = 24. The subgroup (C3)?
is normal in G since zaz™' = b, xbx~! = ¢ and xzcz~! = a. Note that the elements of G
are the same elements as of (C2)3 x Cs3, but the multiplications of elements on G differs
from the one in (Cy)3 x Cs.

Lemma 3.1. The center of G is (abc).
Proof. By the definition, the centre of the group G is
Z(G):={g9g€G:zg=gz}.

First we want to show that 1 and abc commute with every element of G. By definition,
we know that 1 commutes with every element of G, so 1 € Z(G). Now, an element g € G
can be written in the form ¢ = a®b°c® 2!, then we have three cases: i = 0,1, 2.

If ¢ = 0 then

(abe) (a0 c®) = a® b* c®abe,
since a, b, c commute with each other. If i = 1 then we get

(abc)(a1b?c®x) = a®* b2 c®abcx
= a“'b?c®xcab

= (a“b*c®x)(abc).
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And finally, if ¢ = 2 then

(abc)(a®b%c®2?) = a®b% c® abex?
= a“ b2 c%2%bea

= (a®'b®2c%2%) (abe).

Secondly, we will show that no other element than 1 and abc commutes with all
elements of G. By the definition of G we get a,b, ¢, x,ax,bx,cx ¢ Z(G). Similarly, we
know az? = 22b, bx? = x%c and cz? = z%a, so also 22, ax?, bx?, cx® ¢ Z(G). Moreover,
we get ab, be, ca, abx, bex, cax, abx?, bex?, cax® ¢ Z(G) since for these elements it holds
that abz? = 2%be, bex? = xca, and cax? = x%ab. Finally, abcx, abcx® ¢ Z(G) since we
have a(abcx) = xzba and a(abcxr?®) = z2ca. From this we can conclude that the center
of G is Z(G) = (abc). O

Definition 3.2. The group G described in this section is called the semi-direct product
of groups (C2)? and C3 with respect to ¢ and is commonly denoted by G = (C2)? x, Cs.
For simplicity, we will be writing G = (C3)? x Cs.

3.1.2 Intermediate extensions of L/Q

Assume that Gal(L/Q) =2 (C2)3 x Cs. Since # Gal(L/Q) = [L : Q] = 24, by the tower
law, the Galois extension L/K is of degree 4 since [K : Q] = 6 by definition. See the
orders of these extensions over QQ in Figure

Let us denote the totally real cubic intermediate field extension Q C K, C K.
Let § € K1 \ Q be a totally positive element such that K = K, (y/—4) and let

8o =6, 01 := x(00), 82 := (o).

The extension N := K (v/—00,v/—01,vV/—02) = K(v/—01,v/—0d2) is a subfield of L.
Since 0;’s are distinct, the extension N/K is of degree 8. However, since [L : K] =8,
we get L =N = K_:,_(\/—(S(), V=01, \/—(52) with

1 — Gal(L/Q) — Gal(L/K4) — Gal(K4+/Q) — 1

where Gal(K, /Q) = C3 and Gal(L/K) = (C3)? (Lemma 2.2 in [2]). Recall that (Cs)3
is a normal subgroup of (Cs)? x C3, which by Galois correspondence implies that K /Q
is Galois. Hence we get that dp, d1,02 € K.

Lemma 3.3. The number fields K = K (v/—d0), K+(v/—01) and K (1/—02) are iso-
morphic to each other.

Proof. Using the automorphism x € G we have that

v K (V60) — Ky (V/6)
V=00 — /4.
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Note that this is a homomorphism of fields since K, (v/—9;) C L and Aut(L/Q) = G.

Since there exists an inverse map

25 Ko (V/03) — Ky (V/0o)
V=03 > /=i,

such that z'z3~% = 23 = 1, we have that 2’ is an isomorphism of fields. Hence

(K1 (V/=80)) = K4 (v/=81) = K1 (/=5).

6 Ky 6 (a,b,c
3 3
Q <a7 b7 C7 x>

Figure 2: Sublattices of subfields of L and of subgroups of Gal(L/Q)

3.1.3 Complex embeddings of L

In this section we will find all the complex embeddings of L. We know that L. C C
and L/Q is Galois so we can identify the complex embeddings of L with the automor-
phisms of L. Let us therefore examine the Galois group of L/Q.

We will now explicitly write the complex embeddings corresponding to the genera-
tor automorphisms a, b, ¢,z of Gal(L/Q). Note that it is enough to write the images
of v/=dg,v/—01,/—02, because by Lemma every field homomorphism fixes Q and
since L = K (v/—d0, V—01,v/—02) and K = Q(dy, 01, d2), by permuting these we auto-
matically permute dg, d1, d2. Since x fixes the field K, we will write the images of dg, d1, 2
for this automorphism.

a:L—LCC b:L—LCC c:L—LcCC
—bo — —/—0o V=60 — /=00 V=b0 — /=
V=01 — /=01 —6) — —/—81 V=01 — /=01
V=83 — /=03, V=02 — /=03, —by — —\/—0,
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x:L—LCC
50 — (51
(51 — (52
(52 — (50.
The generators b, ¢ are fixing K elementwise, i.e, fixing dy, hence we get

Gal(L/K) = (b, c).

Since a, b, ¢, x are the generators of Gal(L/Q), we get 24 complex embeddings of L
by combining these generators. For example, the embedding ax is given as

ax —(50 — — —51,
AV —(51 — —(52,
vV —(52 — —(50.

Note that ax = xc # xra = bx. The embedding xa looks as follows

ra: /=0y /01,
—(51 — — —(52,
AV —52 — —(50.

Proposition 3.4. The element p = abc corresponds to complex conjugation on L.

Proof. By Proposition complex conjugation commutes with every embedding of L,
hence with every element of Gal(L/Q). So the corresponding automorphism is in the
center of G = Gal(L/Q). Then by Lemmal3.1] we get p = abc since complex conjugation
is of order 2. O

We denote the complex conjugation by p and if ¢ is an embedding of L then we
denote by the complex conjugate of ¢ by ¢, where ¢ := ¢ o p, which is the same as po ¢.

p: —dp = —+/ —do,
—01 > —/ 01,
s s —\/ 0.

3.1.4 Complex embeddings and CM-types of K

In this section we will find all complex embeddings of K and then compute the CM-
types of K. Since we have [K : Q] = 6, there are 6 complex embeddings of K. These
embeddings are totally complex since K is a CM-field. Recall that totally complex
embeddings come in pairs, so we can denote them by ¢1, p2, ©3, 91, Pa, @3-
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Proposition 3.5. The set § = {1|K,;1:‘K,:c|2K,p|K,px|K, px|2K} contains all complex em-
beddings of K.

Proof. In Section [1.3| we have shown that if ¢ is a complex embedding of K and we
take o € Gal(L/K) we can extend the set of complex embeddings of K to L using ¢oo.
We have that Gal(L/K) = (b,c), so to prove that S contains all complex embeddings
of K we will show that (b,c)S = G.

Take 1 € Gal(L/K). Since p|,, = a, then we have

15 = 1{1‘K,3:|K,x|2K,p|K,px|K,,0x|2K} = {1,z,2% a,az, az’}.
Similarly for b, ¢, bc € Gal(L/K), we get
bS = {b, bz, ba’, ab, abx, abz*},

cS = {c,cx, ca?, ac, acx, acx®},

and
beS = {bc, bex, bex?, abe, abex, abea®}.

Adding the elements of these four sets together we obtain all the elements of G. We
conclude that (b, c)S = G, so the set S contains all complex embeddings of K. O

For simplicity, we will denote the complex embeddings of K as follows
1 = 1|K’ P2 = T|p p3 = x2|K
— — — 2
SD]_:p|K7 @2:[3.’1}'|K7 @3:px|K'

Now we will construct the CM-types of K. Note that in each CM-type there are 3
elements, because it does not contain 2 elements that are complex conjugates of each
other. We obtain 23 = 8 CM-types:

{9017 ¥2, 903}7 {@17 ¥2, @3}7 {Sala¢27 903}a {9017 902’63}7
{¢1>¢27¢3}’ {@17¢2’¢3}7 {¢17 902763}7 {¢17¢27 303}'

The following theorem will be used in showing that the only field automorphisms
of K are 1), and p|,.. This result will be helpful in finding the equivalence of CM-types.

Theorem 3.6. (Theorem 9 in §14.2 [3]) Let K be a field and let G < Aut(K/Q) be a
subgroup of the group of automorphisms of K. Let F be the fixed field F = K. Then

[K : F] = #G.

Proposition 3.7. The only field automorphisms of K are 1|, and p|,.
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Proof. We have [K : Q] = 6 so the group of automorphisms of K has # Aut(K/Q) < 6.
Note that the identity 1), and the complex conjugation p|,. are in Aut(K/Q), so it has
already at least 2 elements. If Aut(K/Q) is of order 6, then this would imply that K/Q
is Galois, which is a contradiction. We also know that # Aut(K/Q) # 3 or 5, because
these subgroups do not contain an element of order 2. So # Aut(K/Q) = 2 or 4.

Now assume F = KAE/Q) where # Aut(K/Q) = 4. Then also [F : K] = 4 (using
Theorem but here we arrive to a contradiction, because [K : F| = 4 must divide the
degree [K : Q] = 6 by the tower law, but this does not hold. Hence # Aut(K/Q) = 2,
which means the only K-automorphisms are 1, and p,.. (]

Since the only non-trivial automorphism of K is p|,., by Definition each CM-
type @ is only equivalent to its complex conjugate ® := {¢ : ¢ € ®}. Thus, we get the
following;:

D1 = {¢1, 2,93} ~ {B1, P2, B3} = 1,
D2 = {B1, 2,03} ~ {91, 82, B3} = P2,
D3 = {1, P2, 93} ~ {P1, 2, P53} = B3,
Dy = {p1, 2,93} ~ {P1, Pa, p3} = Pu.

Proposition 3.8. All the CM-types mentioned above are primitive.

Proof. We want to show that there is no CM-subfield of K, which then by definition
implies that no CM-type is induced and hence they are all primitive.

Assume for contradiction that there exists an intermediate extension Q C N C K,
such that NV is totally imaginary quadratic field over Q, i.e., a CM-subfield of K. This
implies that N/Q is Galois because all quadratic field extensions are normal. But as
mentioned in Section K /Q is also Galois. The field NK | must hence be Galois
over Q by LemmalI.6|and moreover it is a subfield of K since both N C K and K, C K.

As [K; :Q]=3and [N :Q] =2, weget [NK, : Q] = 6 and that implies K = NK .
However, K/Q is not Galois over Q whereas NK is, so we get a contradiction. O

3.1.5 Reflex fields

Finally, we will find the reflex types (K", ®") of (K, ®) for K and each of its CM-types ®.
By Proposition and Proposition it follows that if ® is a CM-type of K with
the reflex type (K7, ®"), then ® has the reflex type (K", ®"). Hence we only need to
consider the following 4 cases:

D1 = {1, 02,03}, Po = {P1, 2,03}, B3 = {01, P, 3}, Py = {91, 902,83}  (5)

Take a CM-type ® of K. In order to find the reflex of (K, ®) we will follow the expla-
nation in Section We have that Gal(L/K) = (b,c) = {1,b,¢,bc}. Using Gal(L/K)
we can get the set of induced embeddings of ® denoted by ®;, by computing

®; = & Gal(L/K). (6)
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Firstly, finding this set is useful because then by Proposition we get Gal(L/K")
from which we can determine K. Secondly, we want to find ®”. Since each embedding
in @7 is an isomorphism we can determine the set of inverses of the embeddings in @,
denoted by (®1)~!. Finally by computing

(@)~ (Gal(L/K")) ™" = (@r)}, (7)

[kr’

which follows from (@), we obtain ®" = (&)}

|xr”

Theorem 3.9. Let K be a sextic CM-field and let L be the normal closure of K such
that Gal(L/Q) = (C2)? x C3. Let ® be a CM-type of K with values in L. The reflex
types of (K, ®) are

(L, p(b, )

(L) (b, c))
= (L) p(b, c))

(L), (b, c)).

Moreover, these reflex fields are isomorphic.

Proof. We will consider each of the 4 cases mentioned in separately.

The reflex of (K, ®;)
We first consider ®1 = {1, 7|, l"QK} The CM-type induced by ®1 on L is
‘I>17L = ‘I)l Gal(L/K)
=®,{1,b,¢,bc}
= {1,z,2%, b, b, 2%b, ¢, zc, x°¢c, be, xbe, x2be}.

We will first compute K| using Proposition 2.11} We want to find the elements
of Gal(L/KT), which are the elements o € Gal(L/Q) such that

O'(I)l,L = (I)l,L‘ (8)

Note that o has to be contained in ®; ; since 1 € ®1 1, so we only check the elements
contained in ®; ;. First we will show that the elements b, b, 22b do not satisfy the
criterion in . We have

bx € b®y 1, but bx = za ¢ Oy,

xbr € xb®y 1, but zbxr = ra ¢ 4 1,

22bx € x2b(I>17L but z%bx = a ¢ Oy
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Similarly, for the elements ¢, xc, x°c we get

cx? e c®q,1, but cxr? = 2%a ¢ o,
zex? e xc®q,1, but zex? =a ¢ Py,

z?ca? € 2c®y 1, but 2%ca? = xa ¢ Oy .

Finally, for bc, zbc, z2bc we have

bex € be®y f, but bex = zab ¢ O 1,

xzbcx € xbe®q 1, but zbex = z2ab ¢ Dy,

?bex € ZL'QbC(I)LL but z2bex = ab ¢ Q1.
Therefore for any o € {b, b, 22b, ¢, zc, xc, be, xbe, x%be} we have that o®; 1, # P11, so
then o ¢ Gal(L/K?T). Now we will show that the elements 1, x, 2% do satisfy the criterion

in . For the element 1 it of course holds that 1®y ; = ®; ;, by the definition of the
identity element. Now, for z, 2% we get that

x®y = {x, 22,1, b, 2°b, b, zc, ¢, ¢, zbe, 2be, be} = Oy,

$2(I)1’L = {221, z,2%b,b, zb, 2%¢, ¢, zc, °be, be, xbe} = Dy 1.

We conclude that Gal(L/K7) = (z). Hence K] = L{®),

Now we will find the reflex CM-type ®] of (K, ®;). For this we need to determine
the set of inverse maps in ®; j, denoted by (@LL)_l and then find @] = ((DLL)‘;(lr' We
have that

(<I>17L)_1 = {1,2%,z,b,bz%, bz, ¢, ca?, cx, be, bex?, bex).
Since (z) fixes K] elementwise and ®] = ((I)LL)I_;;’ we get that ®] = {1,b,¢,bc}. We

obtain the following reflex type of (K, ®;)
(K", ®7) = (LY, (b,c)).

The reflex of (K, ®3)
Now we consider ®3 = {p|,., 7|, a;|2K }. Similarly, extending ®2 to L gives us the following
(I)QJJ == (I)Q Gal(L/K)
= ®y{1,b,¢,bc}
= {p,x, 2%, pb, xb, 2°b, pc, zc, 2, pbe, xbe, 2%be}
= {abe, x, 2%, ac, xb, 2°b, ab, xc, %, a, xbe, xbe}.
Again, by using Proposition we will compute Gal(L/K}) in order to find the

reflex field K3 of (K, ®2). Note that since the element p € ® 1, and we are searching for
all 0 € Gal(L/Q) such that 0®5 1, = ®2 1, we find that op € $o 1, hence o € ®5 1, where

Dy 1, = {1,zabe, z2abe, b, vac, v2ac, ¢, xab, x%ab, be, za, x°a}.
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We will therefore only consider the elements of ®3 . We begin with showing that the
elements b, ¢, bc do not satisfy , because

bx € by 1, but br = ax ¢ P 1,
cx? € c®y 1, but cx? = 2%a ¢ ®q 1,

bex € be®y g, but bex = xab ¢ Pa ..

2

Similarly, for the elements xzabc, 22abe, x2ac, vab, xa, x>a we have

zxabcx € xabc®y 1, but xabcx = z2abe ¢ Do,
x2abex? € anbcq)g,L but z2abcx? = zabe ¢ Doy,
z2acx € w2ac®2,L but z2acz = be ¢ Do p,

zabxr € xab®y 1, but zabr = z2ac ¢ g,

zaz® € za®y 1, but rar’ =b ¢ Oop

zlax € x2a(I>2,L but z2ax = ¢ ¢ Por.

Now we will show that 1, zac, 22ab satisfy the criterion in . For 1 it holds by definition
that 1®9 ;, = ®9 ;. For zac, x2ab we get that

zacPy ;, = {xb, z%be, ab, x, x%¢, a, xbe, 2°b, abe, xe, 1%, ac) = Dy 1,

x2ab<I>27L = {2%¢, ac, xbe, %be, abe, xe, 1%, a, xb, 2°b, ab, x} = Do 1.

Hence we get that Gal(L/K") = (zac), so K5 = L) In order to find the reflex

CM-type @5 we need to determine (<I>27L)*1 and then @ = ((I)ZL)E(IT' We have that
2

(<I>2,L)_1 = {abe, 2%, z, ac, bz, bz, ab, cx?, cx, a, bex?, bex ).
By Proposition we get that @5 = {abc, ac, ab, a} hence

(K3, ®%) = (L™, p(b, ).

The reflex of (K, ®3)
We have @3 = {1,., pz|,, ZL“QK} Extending this up to L this gives

¢)3,L = (I)g Gal(L/K)
= ®3{1,b,c,bc}
= {1, px, 2, b, pxb, b, ¢, pxc, xc, be, prbe, x2be}

= {1, zabc, 22, b, zac, °b, ¢, zab, ¢, be, za, z°bc}.
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We follow the same procedure as before. An element of Gal(L/K?%) is 0 € Gal(L/Q)
such that o®3 ;, = ®3 1. Note that ¢ has to be contained in ®3 7, since 1 € ®; 7, so we
only need to check the elements contained in ®3 1, such as we did when finding the reflex
type of (K, ®1). Now we obtain the following

1®3 1, = {1, zabe, 22, b, zac, 2°b, ¢, xab, ¢, be, xa, x2be} = @31,
_ 2 2 2 2 _
zab®s 1, = {xab, 27, bc, xa, x*, ¢, vabe, x°be, b, xac, v7c, 1} = @3 1,

x2bc<1>3,L = {2%be, ¢, zac, %c, be, vabe, 2%, 1, za, 22, b, zab} = Q3 1.

This shows that Gal(L/K}) = (zab) so K} = L{*%) Tn order to find ®} we determine
the set of inverse maps of ®3 1, where

(<I>37L)71 = {1,abcx? x,b, acx? bz, c,abx?, cx,be, ax?, bex}.
Using Proposition we get @5 = {1,b, ¢, bc} so therefore the reflex type of (K, ®3) is

(K§7q)g) = (L(zab)’ <bv C>)

The reflex of (K, ®y)
We consider &4 = {1|K,x‘K,px|2K}. Extending this up to L gives

(194,[/ == <I>4 Gal(L/K)
= ®4{1,b,c,bc}
= {1, z, pz?,b, xb, px°b, ¢, zC, prc, be, xbe, prbe}

= {1, z, x%abe, b, xb, x2ac, ¢, xc, 2% ab, be, xbe, °a}.

Now we will determine Gal(L/K}). Again, the elements of Gal(L/K}) have to be
contained in ®4 7, since 1 € ®4 1, so we will only check those such as we did when finding
the reflex type of (K, ®1) and (K, ®3). We get the following

1®y 7 = {1, z, 2%abe, b, zb, 2°ac, ¢, xc, £2ab, be, rhe, t2a} = ®yr,

xbe®y f, = {xbe, z2ab, b, xc, 2a, 1, zb, 2% abe, be, x, 2% ac, ¢} = Py 1,
x2ac<l>47L = {z%ac, be, zc, 22abe, ¢, xbe, 22a, b, z, 22ab, 1, xb} = Dy 1.

So Gal(L/K}) = (xbc) and K} = L), In order to find @, we will determine (®4 )"
by finding the inverse of each of the elements in ®4 ;. We obtain

(<I)47L)_1 = {1,22, abcz, b, bx?, acz, ¢, cx?, abzx, be, bex?, ax}.

Now we get @) = (<I>4,L);(}I = {1,b,¢,bc}. Hence
(K}, @) = (L) (b, c)).
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Finally, we will show that the reflex fields that we found are actually isomorphic to
each other. Note that (zac) = (ara) = (a~'za) = a~(x)a, so (zac) is conjugate to (z).
Similarly we can show (rab) = b~1{x)b and (xbc) = ¢ !(x)ec, so also (wab) and (wbc)
are both conjugate to (z) as well. Then L"71<x>(’, where o € {1,a,b,c}, is the set of
all @ € L such that o~ 'z’c(a) = «, which is the same as z'o(a) = o(a). Hence

Lo Hwe — {a€L:o(a)e L<”C>} = oL\,

Since o is bijective, we conclude that

L(;L’) o~ L(xac) o~ L(zab) ~ L(:vbc>‘

3.2 Sextic CM-fields with Galois group G = (C5)3 x S3
3.2.1 The group G = (C3)3 x S3
Let (C2)3 = (a,b,c : a®> = b¥* = ¢ = 1,ab = ba, ac = ca, bc = cb) and similarly
let S3 = (z,y : 23 = y? = 1,yzy = 22). The group S3 acts on (C3)? by
r-a=>o, x-b=c, T-c=a,

a="b, y-b=a, Yy-c=c.

This action induces the following automorphisms of (C3)?

z: (Cy)? — (Cy)3 y:(Cy) — (Cr)?
a—b a—b
b—c b—a
cr—— a, c— cC.

Let us now define ¢ be the homomorphism from C3 to Aut((C2)?) sending  and y
to the induced automorphism, i.e.

a—b
r—<b—=c
c—a

|
&

Y S3 — Aut((Cy)?)

y—<cbm—a
cr e

The set G of ordered pairs (r,t), where r € (C2)® and t € S3 forms a group under
multiplication

(r1,t1)(ro, t2) = (r19(ta)(r2), tite), (9)
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which follows by Theorem 10 in §5.5 [3]. Note that by (9) we get

(L DA™ = @(1)(r),1)

for all » € {a,b,c} and t € {z,y}. We will identify the element (1,¢) with t € (x,y)
and similarly (r,1) with r € (a,b,¢) via the isomorphisms S35 — {(1,¢) : t € Ss}
and (Co)3 — {(r,1) : v € (C2)3}, respectively. Hence we can represent G as follows

232 2,3

G = (a,b,c,z,y : a = =23=y? =1, ab=ba, ac = ca, bc = cb,

axr = zc, bxr = za, cx = b, ya = by, yb = ay, yc = cy,yr = x2y>.
Lemma 3.10. The center of G is (abc).

Proof. The centre of the group G is defined as
Z(G) ={g€G:zg =gz}

By the definition of G' above, we already see that x, za, zb, zc,y, ya,yb,yzr ¢ Z(G) and
from this it follows that any element of the form xa®b°2c®, x2a®b°2c®, ya b2 c®,
yra®b®c® | yr?a® b2 ¢ Z(G). Hence we are left with elements of the form a®b¢2c.
Since ax = zc, bx = xa and cx = xb, we have a,b,c ¢ Z(G). Combining these we get
that abx = xca, acx = xcb and bex = xab hence ab, be, ca ¢ Z(G).

Now we want to show that 1 and abc do commute with every element of G. By
definition, 1 commutes with every element of G, so 1 € Z(G). Now, every element g € G
can be written of the form g = z'y/a®b%c. Note since the elements a, b, ¢ commute
with each other, we have abcx = xzabc abcx? = x?abe and abcy = yabe. From this we
obtain the following

(czbc)(:rig/jaell)62 ) = :Ui(abc)aelb@ce?’
= 2%y’ (abc)a b2 ¢
= 2'y7a®b°2 % (abe).
We conclude that Z(G) = (abc). O

Hence it follows that the group G is a non-abelian group of order #(C3)3 - #S53 = 48.
The subgroup (C3)? of G is normal in G since war=' = b, zbz~! = ¢, zcx™ = a
and yay~' =b, yby ' =a, yey ' =c.

Definition 3.11. The group G described in this section is called the semi-direct product
of groups (Cq)3 and S3 with respect to ¢ and will be denoted by G = (C2)? x Sj.

3.2.2 Intermediate extensions of L/Q

Assume that Gal(L/Q) = (C2)? x S3. Since # Gal(L/Q) = [L : Q] = 48, by the
tower law, the Galois extension L/K is of degree 8 since [K : Q] = 6 by definition.

34



We will denote the totally real cubic intermediate field extension by Q € K, C K.
Let § € K1 \ Q be a totally positive element such that K = K (v/—0) and let

(50 =0 = y(él),

&1 := z(do) = y(do),

by := 22 (80) = y(d2).
Since Ky is not Galois, we have that 01,2 ¢ K, but they are contained in the Galois

closure of K, denoted by L'. By Lemma 2.2 from [2] we have that Gal(L/L') = (C3)3
and Gal(L'/Q) = S; following from that by Galois correspondence, with

1 — Gal(L/L") — Gal(L'/Q) — Gal(L/Q) — 1.

See the order of these extensions in Figure
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Figure 3: Sublattices of subfields of L and of subgroups of Gal(L/Q)

3.2.3 Complex embeddings of L

In this section we will find all the complex embeddings of L. As we already explained,
the complex embeddings of L can be identified with the automorphisms of L. Let us
therefore examine the Galois group of L/Q.

We will now explicitly write the complex embeddings corresponding to the generator
automorphisms a, b, ¢, z,y of Gal(L/Q). By Lemma every field homomorphism fixes
Q and since L = L'(v/—d0, V=01, v/ —02), by permuting \/—dy, v/—d1, v/ —d2 we automat-
ically permute dg, d1, d2, so it is enough to write the images of v/—dg, v/—0d1, v/ —d2. For
x and y we however write the images of dg, d1,02 because these are embeddings of L'.
Similarly as in Section we get the following
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a:L —LCC b:L —LCC c:L—LcCC

—00 —+ —\/=0o V=80 — /=& V=8 — v/~

V=01 — /=61 —81 > =/ =01 V=b1— V=

V=0 — /=05, V=02 — /=05, —0y — =/ =02,

x:L—LcCC y:L—LCC
0o — 01, 5o — 01
01 — 09, 01 — dp
do — 0o, 09 — 0.

The generators b, ¢ and the element 22y (which permutes v/—d&; with \/—dz) are fixing
K elementwise, so we obtain

Gal(L/K) = (b, ¢, zy). (10)

Since a, b, ¢, z,y are the generators of Gal(L/Q), we get 48 complex embeddings of L by
combining these generators.

Proposition 3.12. The element p = abc corresponds to complex conjugation on L.

Proof. By Proposition complex conjugation commutes with every embedding of L,
hence with every element of Gal(L/Q). So the corresponding automorphism to p is in
the center Z(G) of G = Gal(L/Q). Then by Lemma [3.10, we get p = abc since complex
conjugation is of order 2. O

3.2.4 Complex embeddings and CM-types of K

In this section we will determine all complex embeddings of K and since [K : Q] = 6,
there are 6 complex embeddings of K. These embeddings are totally complex since K
is a CM-field and therefore each of these embeddings has its conjugate pair. We will

denote them by 1, p2, ¢3, 91, P, Ps3.

Proposition 3.13. The set S = {1‘K,a:|K,x|2K,p|K,p:c|K,pa;|2K} contains all complex
embeddings of K.

Proof. By the explanation in Section [[.3] we can take ¢ a complex embedding of K
and o € Gal(L/K) and we can extend the set of complex embeddings of K to L by ¢oo.
We have that Gal(L/K) = (b, ¢, x%y), and in order to prove that S contains all complex
embeddings of K we will show that (b, ¢, z%y)S = G.

Take 1 € Gal(L/K). Since p|,, = a, then we have

158 = 1{1‘K,x|K,x|2K,p|K,pa;|K,px|2K} = {1,z,2%, a,ax, az’}.
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Similarly for b, ¢, bc € Gal(L/K), we get
bS = {b, bx, ba?, ab, abx, abx?},

cS = {c,cx, ca?, ac, acx, acx®},

and
beS = {be, bex, bex?, abe, abex, abex?}.

Finally for %y, bx?y, cx®y, bcx?y we obtain

2*yS = {2y, xy,y, ax’y, axy, ay}
br’yS = {bx?y, bxy, by, abx’y, abxy, aby}
cx’yS = {cx’y, cxy, cy, acz®y, acxy, acy}
bex?yS = {bex?y, bexy, bey, abex?y, abexy, abey}).

Adding the elements of these sets together we obtain all the elements of G. We conclude
that (b, ¢, 2%y)S = G, so the set S contains all complex embeddings of K. O

We will denote the complex embeddings of K as follows
$1 = 1|K’ P2 = T\ w3 = leK
P1 = Plgs Py = P, @3:P9€|2K~

Each CM-type of K will contain 3 of these embedding, such that two that are con-
jugate to each other cannot be in the same CM-type. We get the following CM-types:

{301? ¥2, S03}7 {@17 ¥2, @3}7 {9017¢27 903}7 {@17 902763}7
{@17@27@3}7 {§017¢27¢3}7 {@17 9027@3}; {@17@27 903}

Proposition 3.14. The only field automorphisms of K are 1|, and p.
Proof. See the proof of Proposition O

Now we want to determine the equivalency of the found CM-types. Since by Propo-
sition @ the only non-trivial automorphism of K is pj,, by Definition @ each CM-

type ® is only equivalent to its complex conjugate ® := {¢ : ¢ € ®}. Thus, we get the
following;:

D1 = {1, 2, 03} ~ {P1, P2, P3} = @1,
Dy = {P1, 02,03} ~ {91, P2, B3} = P2,
D3 = {1, P, 03} ~ {P1, 92, B3} = D3,
Dy = {1,902, 73} ~ {P1, P2, p3} = Pu.
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Proposition 3.15. All the CM-types mentioned above are primitive.

Proof. We want to show that there is no CM-subfield of K, which then by definition
implies that no CM-type is induced and hence they are all primitive.

Assume for contradiction that there exists an intermediate extension Q C N C K,
such that N is a totally imaginary quadratic extension over @Q, hence a CM-subfield
of K. And since K is a subfield of L'(v/—dg) (see Figure |3)), we get that N is a subfield
of L'(v/=dy). The extension N/Q is Galois because all quadratic field extensions are
normal. Moreover, since L' is the Galois closure of K, the extension L'/Q is Galois,
which is a subfield of L'(v/—dp). Hence the field NL' C L'(v/=dp) is also Galois over Q
by Lemma Now, since [N : Q] = 2 and [L' : Q] = 6, then we have two options for
the degree of NL' over Q, which is either [NL': Q] = 6 or 12.

If [NL': Q] = 6, then N C L', but this is not possible since L’ is a totally real field
so it cannot contain a totally imaginary subfield V.

In the other case we have that [NL' : Q] = 12, but then NL' = L'(v/—4&y), where
the right hand side is Galois over Q, but the left hand side is not (since it does not
contain \/—d; and \/—d3). Therefore, we get a contradiction. We conclude that all the
CM-types are primitive. O

3.2.5 Reflex fields

In this section we will find the reflex types (K", ®") of (K,®) for K and each of its
CM—tyBes ®. We only need to consider the following 4 cases, because the reflex type
of (K, ®) can be concluded after we have found the reflex type of (K, ®).

Q1 = {1, 02,03}, P2 = {P1, 02,03}, P3 = {01, P9, 03}, Pa = {1,002, 03}  (11)

Theorem 3.16. Let K be a sextic CM-field and let L be the normal closure of K such
that Gal(L/Q) = (C2)? x S3. Let ® be a CM-type of K with values in L. The reflex
types of (K, ®) are

(K7, @) = (L) (b, c)) (KL, %) = (L%, p(b, c))

(K3, @) = (L9 p(b, c)) (K§, ®F) = (L7 (b, c))
(K5, ®%) = (Li#abv) (b, c)) (K5, ®%) = (L= p(b, c))
(K5, ®f) = (LI (b, c)) (K§, ®F) = (LY p(b,c)).

Moreover, these reflex fields are isomorphic.

Proof. We will consider each of the 4 cases mentioned in separately.

38



The reflex of (K, ®;)
We first consider ®1 = {1, 7|, ZL"QK} The CM-type induced by ®; on L is

q)l,L = CI)l Gal(L/K)
= & {1,b, ¢, be, %y, 2?yb, 2 yc, 2’ ybe}
= {1,x,x2, b, zb, 2%b, ¢, xc, xc, be, xbe, x2be, 2%y, v,
zy, 2yb, yb, zyb, zye, ye, vye, z2ybe, ybe, xybc}.

We will first compute the reflex field K7 of (K, ®1) using Proposition We want
to find the elements of Gal(L/K7), which are the elements o € Gal(L/Q) such that

o®1,=P1 1. (12)

Since 1 € ®4 1, every o satisfying has to be in ®1 ;.. We will therefore only consider
those elements. We get that

19y 1, = {1,x,x2, b, zb, 2%b, ¢, xc, xc, be, xbe, x2be, %y, v,
zy, 22yb, yb, zyb, zye, ye, vye, z2ybe, ybe, zybe} = @1 1,
x®1 1 = {x, 22,1, 2b, 2%b, b, zc, 2%¢c, ¢, xbe, 22be, be, Y, TY,
22y, yb, zyb, x2yb, ye, zyc, 22ye, ybe, zybe, a:2ybc} =dy
x2<131’L = {xQ, 1, $,x2b, b, xb, :z2c, c, e, azzbc, be, xbe, xy,ny,
y, zyb, 22yb, yb, xyc, x2yc, yc, zybe, 2> ybe, ybc} = ®q 1,
yPy L = {y, :UQy, xy, yb, achb, xyb, yc, :Uch, xyc, ybe, a:bec,
zybe, z, 1,22, 2b, b, 2%b, zc, ¢, z2¢, xbe, be, x2bc} =dy
zy®1 1 = {zy, v, x2y, zyb, yb, 2*yb, vye, ye, x2ye, xybe, ybe,
x2ybc, 22, 2,1, 2%b, 2b, b, 2%¢, xc, ¢, %be, xhe, be} = &y g
m2y<1>1,L = {22y, zy,y, 2%yb, zyb, yb, x>yc, Tyc, ye, xybe, zybe,
ybe, 1,22, z, b, 2%b, xb, ¢, x°c, ze, be, 2be, xbe} = @1 1.
We can show that for any other element o € ®; j, apart from 1, z, 22y, vy, v%y we have

that o® 1, # ®1 . For example, if o = :r2yc, then the element x2y0x2 € (nyc)CDLL but

since z?ycr? = ya ¢ ®1 1, we have (2?yc)®y 1 # @1 1. By Proposition we conclude
that Gal(L/K7) = (z,y) and thus K] = Ly,

Now we will find the reflex CM-type ®] of (K, ®;). For this we need to determine
the set of inverse maps in ®; , denoted by (®1 1)~ ! and then find ®] = ((I>1’L)_1 We

\K{ ’
have that

(<I>17L)*1 = {1,2%,z,b,bz?, bz, c, cx?, cx, be, bex? bex, yz, y,

ya?, byz, by, byx?®, cyx, cy, cyx®, beya, bey, beya®}.
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Since (x,y) fixes K| elementwise and ®] = ((I)l’L)Ej we get that ®] = {1,b,¢,bc}. We

r?
1

obtain the following reflex type of (K, ®;)

(K7, @7) = (LEY (b, e)).

The reflex of (K, ®3)
Now we consider ®3 = {p|,., 7|, ac|2K }. Similarly, extending ®2 to L gives us the following

Oy 1, = {abc, z, 22, ac, b, 2%b, ab, xc, x2c, a, xbe, 2be, *yabe,

y, zy, xyac, yb, xyb, x*yab, yc, xyc, v*ya, ybe, xybc},
with the set of inverse elements

(<I>2,L)_1 = {abc, 22, z, ac, bx?, bz, ab, cx?, cx, a, bex?, bex, abeyz,
Now we want to find Gal(L/K%) using Proposition Note that since p € ®5 1, and

we are searching for o € Gal(L/Q) such that c®y 1, = ® 1, we find that op € $y 1, and
hence o € 62@

1®y 1, = {abe, z, 22, ac, b, 2%b, ab, xc, x°¢, a, xbe, x%be, *yabe,
y, zy, 22yac, yb, xyb, x2yab, yc, vye, *ya, ybe, zybe} = P,
zac®y 1, = {xb, z2be, ab, x, 2%¢, a, xbe, 220, abe, xe, 12, a, yc, xybe,
z2yac, ybe, zyc, 2 yabe, y, xyb, t2ya, yb, zy, x2yab} =oy

2 a,xb, b, ab, z, xyb,

anbCI)ZL = {$2C, ac, xbe, x2be, abe, xe, v
z2yab, ybe, vy, x2ya, ye, zybe, 2 yabe, yb, xyc, xyac, y} =®op
ny@ng = {nyabc, zy, y, x2yac, zyb, yb, x*yab, xyc, ye, x2ya, zybe,
ybe, abe, 2%, x, ac, £2b, xb, ab, xc, xc, a, 2be, xbc} = o 1,
zyac®sy 1, = {zyb, ybe, z2yab, zy, ye, x*ya, zybe, yb, x2yabe, xye, v,
x2yac, z2e, zbe, ac, 2%be, xe, abe, 2%, xb, a, °b, x, ab} = @y,
yab®s 1, = {ye, z2yac, vybe, ybe, 2yabe, zyc, y, w2ya, xyb, yb, 2yab,

zy, xb, ab, %be, x, a, 2¢, xbe, abe, 22, xc, ac, 332} =®y

We conclude that Gal(L/K5) = (zac,z%y) and thus K = Lieewa®y) - Since (zac, z2y)
fixes K elementwise and ®5 = ((1)27L)E<1T, we get that &5 = {abe, ca, cb,a} = p(b,c). We

2
obtain the following reflex type of (K, ®2)

T r zac,x?
(K27(1)2) = (L< ’ y>7p<b7 C>)
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The reflex of (K, ®3)

We have ®3 = {1, pa:|K,:c‘2K}. Extending this up to L this gives

®3 1, = {1, zabc, z2,b, zac, 2%b, ¢, zab, xc, be, za, 22be, 2%y, yabe,
xy, x2yb, yac, xyb, x*yc, yab, vyc, x2ybe, ya, xybc},
with the set of inverse elements of ®3p,
(‘I>37L)_1 = {1, abca?, x,b, acz?, bz, ¢, abx?, cx, be, ax®, bex, yx, abey,
yaz?, byx, acy, byz?, cyx, aby, cyx?, beya?, ay, bcym2}.
We will first find Gal(L/K3%). For the following elements it holds that

1®3 1, = {1, zabe, z2,b, zac, %b, ¢, xab, xc, be, za, 22be, 2%y, yabe,
zy, 22yb, yac, zyb, z2yc, yab, vye, x*ybe, ya, zybe} = P31,
zab®s 1, = {xab, 22b, be, za, 22, ¢, xabe, £2be, b, zac, %e, 1, yac, ryc,
z2ybe, yabe, zybe, 2*ye, ya, xy, x2yb, yab, zyb, x2y} =®3 7,
xzbcq)g,L = {bec, ¢, zac, 2e, be, vabe, 2, 1, xa, z2, b, zab, xybe,
x2yb, yab, xyc, xzy, ya, xyb, :):bec, yabe, Ty, z2e, yac} = ®3 1,
xy®s3 1, = {xy, yabe, 22y, zyb, yac, 2*yb, zyc, yab, 2ye, xybe, ya,
22ybe, 22, zabe, 1, 22b, xac, b, x°c, zab, ¢, 2%be, xa, b} = P31,
yab®s 1, = {yab, z2yb, xybe, ya, 2y, wyc, yabe, 2 ybe, zyb, yac, z2ye,
zy, zac, ¢, x2be, zabe, be, tc, va, 1, 2, vab, b, xQ} =®3
x2ybc<1>3’L = {az2ybc, zye, yac, r2ye, xybe, yabe, x2yb, xy, ya, 2>y, zyb,
yab, be, x°b, zab, ¢, z2, xa, b, %be, zabe, 1, 2¢, zact = P3 ,
Hence we get that Gal(L/K3) = (zab,zy) and thus K} = L{®®2v)  Since (xab,zy)
fixes K} elementwise and ®% = ((I)&L)Ejg’ we get that ®F = {1,b,¢,bc}. Hence we get
the following reflex type of (K, ®3)

(K5, B) = (L), (b,c)).

The reflex of (K, ®,)
Consider &4 = {1),., 7|, pa:‘zK}. Extending this up to L this gives

Q47 ={1,x, z2abe, b, b, 22ac, ¢, xe, % ab, be, xbe, 22a, 2%y, v,

zyabe, 2yb, yb, xyac, £2yc, ye, zyab, x*ybe, ybe, xya},
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with the set of inverse elements of ®4 1,

(<I>47L)71 = {1,22, abczx, b, bx?, acz, ¢, cx?, abzx, be, bex?, ax, yz, y,

abeyz?, byx, by, acyx?, cyz, cy, abyx?, beyz, bey, ayxz}.
Now we will find the elements of Gal(L/K}). We find that

1®y4 1 ={1,z, z2abe, b, b, 22ac, ¢, xe, x2ab, be, xbe, 22a, 2%y, v,
zyabe, 2yb, yb, zyac, x*yc, ye, xyab, x ybe, ybe, zya} = Py,
xbe®y 1, = {xbc, z2ab, b, e, x%a, 1, b, 22abe, be, x, 2 ac, ¢, ybe,
zyac, 22ye, ye, xyabe, £2ybe, yb, zya, 2%y, y, Tyac, x2yb} =dy
a:2acq)47L = {a:Qac, be, ze, 22abe, ¢, xbe, 2a, b, x, 2ab, 1, zb, xyab,
z2ybe, yb, zya, x2yc, y, xyabe, 22yb, ybe, zyac, 22y, ych = Py,
y®y 1 = {y, 22y, zyabe, yb, 2%yb, zyac, ye, z2ye, xyab, ybe, x2ybe,
zya, z, 1, z%abe, b, b, 2%ac, zc, ¢, 2 ab, xbe, be, x2a} =®y
xyac®y 1, = {xyac, ybe, z2ye, xyabe, ye, x*ybe, vya, yb, 22y, zyab,
y, x2yb, 22ab, xbe, b, x%a, xe, 1, 2%abe, b, be, x2ac, z, c} =Py
x2ybc<1>47L = {xzybc, zyab, yb, 22ye, xya, y, 2yb, ryabe, ybe, 22y,

zyac, yc, be, r?ac, xe, ¢, v abe, xbe, b, ?a, z, 1, 2 ab, xb} = Dy 1.

Hence we get that Gal(L/K}) = (xbe,y) and thus K} = L% Since (xbc,y) fixes K}
elementwise and 9 = ((I)4uL)E<1w we again have that ®} = {1,b, ¢, bc}. Hence we get the
4

following reflex type of (K, ®4)

(K5, ®F) = (LY (b, ).

Now we will show that the reflex fields are isomorphic. The reflex fields are fixed by
the groups (z,v), (zac, z%y), (wxab, ry) and (zbc,y) respectively. We will first show that

these groups are conjugate. Note that

(zac,2*y) = (axa,az’ya) = a(z,y)a = o~ (z,y)a,

because az?ya = z2bya = x*yaa = 2%y. Hence (wac, 2%y) is conjugate to (z,y). Similarly

we have that
(zab, zy) = (bxb, bryb) = b~ (x, y)b

and
(wbe,y) = (cxe, cyc) = ¢ Ha,y)e,
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so also (zab, zy) and (xzbc,y) are both conjugate to (x,y). So we can write any reflex
field of K as L% (%9 where o € {1, a,b,c}. By definition

Lo Nz _ {acL:o'syo(a) =a}
—{aeL:zyo(a) =oc(a) =L@,
Since o is an isomorphism, we get

L@y o [ (waca®y) o [ (zabay) o [ (zbey)

4 Explicit examples

In this section we provide some examples of sextic CM-fields and we explicitly compute
the reflex fields for some of them. This is done using SageMath.

4.1 Examples of sextic CM-fields
Code [l calculates the sextic CM-fields with minimal polynomial in the form
2%+ Az* + B2* 4+ C

such that the Galois group of their normal closure is isomorphic to (C2)3 x C3. We want
to find CM-fields with class number one, because these are more interesting for further
research.

Code 1: Finding sextic CM-fields with Gal(L/Q) =2 (C3)3 x C3

R.<X> = PolynomialRing (QQ)
Fl.<a,b,c,x> = FreeGroup ()
Hl = F1 / [a"2, b"2, ¢"2, x"3, axbxaxb, axcxaxc, bkxcxbxc, x*xa*xx"2xb,
x*kb*x"2%c, X*cxx 2%a|
for A in range(1,20):
for B in range(1,30):
for C in range(1,30):
if (X°6 + AxX"4 + B«X"2 + C).is_irreducible ():
K.<a> = NumberField (X"6 + AxX"4 + B«X"2 + C)
if K.is.CM():
L.<b> = K. galois_closure ()
G = L. galois_group ()
GG = G. as_finitely _presented_group ()
if GG.is_isomorphic (H1):
if K.class_ number () = 1:
print (K)

For this code we get the following output.
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Code 2: Output for Code

Number Field in a with defining polynomial X6 + 10xX"4 4+ 21xX"2 + 11
Number Field in a with defining polynomial X"6 + 12xX"4 + 17«X"2 + 2
2 + 3

Number Field in a with defining polynomial X"6 4+ 15xX"4 4+ 14xX"

Similarly, we can compute some sextic CM-fields with the Galois group of the normal
closure isomorphic to (Cs)? x S3, again with class number one. See Code

Code 3: Finding sextic CM-fields with Gal(L/Q) =2 (C3)3 x S3

R.<X> = PolynomialRing (QQ)
F2.<a,b,c,x,y> = FreeGroup ()
H2 = F2 / [a"2, b"2, ¢"2, x"3, y "2, axbkxaxb, axckxaxc, bxcxbxc,
xkaxx 2xb, x*bxx"2xc, X*CxX 2%a, yxX*xyxX, ykxaxyxb, yxbkxyka, yxcxyx*c,
X 2%y *X " 2xy|
for A in range(1,10):
for B in range(1,30):
for C in range(1,30):
if (X6 + AxX"4 + B«X"2 + C).is_irreducible ():
K.<a> = NumberField (X 6 + AxX"4 + BxX"2 + C)
if K.is.CM():
L.<b> = K. galois_closure ()
G = L.galois_group ()
GG = G. as_finitely_presented_group ()
if GG.is_isomorphic (H2):
if K.class_.number () = 1:
print (K)

For this code we get the following output.
Code 4: Output for Code

Number Field in a with defining polynomial X"6 + 7+xX"4 + 10%xX"2 + 2
Number Field in a with defining polynomial X6 + 8xX"4 + 12xX"2 + 3
Number Field in a with defining polynomial X6 + 9xX"4 + 14xX"2 + 4
Number Field in a with defining polynomial X6 + 9xX"4 + 16xX"2 + 2
Number Field in a with defining polynomial X"6 + 9xX"4 + 17%xX"2 + 8
Number Field in a with defining polynomial X"6 + 9xX"4 + 19xX"2 4 7
Number Field in a with defining polynomial X"6 + 9xX"4 + 21xX"2 + 8

4.2 Reflex field computation for Gal(L/Q) = (Cy)? x Cy
Let us take K the CM-field with defining polynomial
f(x) = 2% + 152 4 1422 + 3.

For this field we have that the Galois group of the normal closure L of K is such
that Gal(L/Q) = (Cq)3 x C3 and K has class number one. We use Theorem to
find the reflex fields of K. Using SageMath we compute the fixed fields of the following
groups: (z), (zab), (zac), (xbc) with the notation from Section [3.1}
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First we begin with finding the Galois group of L over K, in other words we want to
find which elements fix K.

Code 5: Computing the reflex fields

X = polygen (QQ)

poly = X"6 + 15xX"4 + 14%X"2 + 3

K.<n> = NumberField (poly)

L.<n> = K. galois_closure ()

G = L.galois_group ()

(r0, s0, t0, u0) = G.gens()

r0.order ()

s0.order ()

t0.order ()
0

ul.order

The generators of Gal(L/Q) are of orders 2, 2, 3 and 2 respectively. From the investiga-
tion in Section we know that K is fixed by a group generated by 2 elements both of
order 2. That is why we define number fields K1, K2 and K3.

Code 6: Code for computing the reflex fields

Gl = G.subgroup ([u0, r0])
G2 = G.subgroup ([s0, r0])
G3 = G.subgroup ([u0, s0])
Kl = Gl.fixed_field () [0]
K2 = G2. fixed_field () [0]
K3 = G3. fixed_field () [0]
K.is_isomorphic (K1)
K.is_isomorphic (K2)
K.is_isomorphic (K3)

We now check to which of these number fields is K isomorphic. The output that we get
is the following:

False
True
False

Therefore we have that K = K2 and moreover Gal(L/K) = G2 = (s0,70). The next
step is to find which elements correspond to the elements a, b, ¢, x using the notation
from Section We already know that the order of t0 is 3 and and Ky is Galois
over Q, hence t0 corresponds to . Now we want to find the complex conjugation.

Code 7: Computing the reflex fields

s0.as_hom

()

()

t0 . as_hom ()

= ()

o 4+ o=
Il
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embeds = K.embeddings (L)
for phi in embeds:
print (L(u(phi(m))) = phi(m).conjugate ())

sOxt0 = t0x*r0

Since for each embedding the output is ‘True’, we get that the element w0 corresponds
to complex conjugation abc. Moreover, since s0 x t0 == t0 * r0 also gives ‘True’, we
get that sO corresponds to ¢ and r0 to b. Therefore we can proceed with defining the
subgroups (x), (zab), (zac), and (xbc) of G and then finding the fixed fields which by
Theorem [3.9] are the reflex fields of K.

Code 8: Computing the reflex fields

H1 = G.subgroup ([t0]) # In our notation <t0> = <x>

H2 = G.subgroup ([t0*r0%u0]) # In our notation <tOxuOxr0> = <xac>
H3 = G.subgroup ([t0*u0%s0]) # In our notation <tO0xuOxs0> = <xab>
H4 = G.subgroup ([t0*r0%s0]) # In our notation <tOxrOxs0> = <xbc>
Klr = Hl. fixed_field ()

K2r = H2. fixed_field ()

K3r = H3. fixed_field ()

K4r = H4. fixed_field ()

Finally, we get the following results:

K7 is number field with defining polynomial:

28 + 1227 4+ 902° 4 43225 + 14482 + 334227 4 519622 + 4923 + 2077

K35 is number field with defining polynomial:

28 + 1227 + 11025 + 61227 + 24722 + 678623 + 1275822 + 145412 + 7177

K3 is number field with defining polynomial:

28 4+ 1227 4 25025 + 18722 4 18048x* + 8134223 + 41830022 + 9126752 + 2365111
K7} is number field with defining polynomial:

28 4+ 1227 + 19020 + 13322° + 9048z + 3544223 + 9655022 + 1466852 + 119911

4.3 Reflex field computation for Gal(L/Q) = (Cy)? x S3
Let us now consider K the CM-field with defining polynomial
f(z) = 2%+ 72* + 1022 + 2.

For this field we get that the Galois group of the normal closure L of K is such
that Gal(L/Q) = (C3)® x S3 and K has class number one. In order to find the re-
flex fields of K, using Theorem [3.16] we need to find the fixed fields by the following
subgroups of Gal(L/Q): (x,y), (wac, x?y), (xab, ry) and (zrbc,y) using the notation from

Section 3.2
First we begin with finding which elements fix K.
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Code 9: Computing the reflex fields

X = polygen (QQ)

poly = X6 + 7xX"4 + 10xX"2 + 2
K.<n> = NumberField (poly)

L.<n> = K. galois_closure ()

G = L.galois_group ()

(r0, s0, t0O, u0, v0) = G.gens()
r0.order ()
s0.order ()
t0.order ()
u0. order ()
v0.order ()

We get that the orders of the generators of G are 3, 2, 2, 2, 2, respectively. Since we
know that # Gal(L/K) = 8, we need to try all the following combinations to see which
elements fix K.

Code 10: Computing the reflex fields

Gl = G.subgroup ([s0, t0, u0])
G2 = G.subgroup ([s0, t0, v0])
G3 = G.subgroup ([s0, u0, v0])
G4 = G.subgroup ([t0, u0, vO0])
Kl = G1. fixed_field () [0]
K2 = G2. fixed_field () [0]
K3 = G3.fixed _field () [0]
K4 = G4. fixed_field () [0]

Kl.is_galois ()
K2.is_galois ()
K3.is_galois ()
K4.is_galois ()

The output for this code is the following:

False
True
False
False

Since K2 is Galois over Q and the only order 8 normal subgroup of G is (a, b, ¢), we have
that (s0,t0,v0) = (a, b, c). That also implies that (r0,u0) = (z,y).

Next we want to find the complex conjugation and using that we will find what
elements correspond to the elements a, b, ¢, x, y.

Code 11: Computing the reflex fields

r = r0.as_hom ()
s = s0.as_hom ()
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t = t0.as_hom ()
u = u0.as_hom ()
v = v0.as_hom ()

embeds = K.embeddings (L)
for phi in embeds:

print (L(v(phi(m))) = phi(m).conjugate ())
t0xr0 = r0xs0xv0 #ax = xc
sO0xt0xr0 = r0*xt0 #bx = xb
sO0*xv0*xr0 = r0*xs0x*t0 #cx = xa
t0%(r0%u0) = r0*ul*s0*t0 #Hay = yb
sO0xt0%(r0%xu0) = (r0*u0)=t0 #by = ya
sO0*xv0x(r0*xul) = (r0%ul0)*s0xv0 H#cy = yc
(r0*u0)*r0 = r0 "2+ (r0xul) #yx = x" 2y

Since all the outputs say ‘True’, this shows that v0 corresponds to complex conjugation
abc. Futhermore, we get that r0 = z, s0 = ab, t0 = a and u0 = 2%y.

Code 12: Computing the reflex fields

G.subgroup ([r0,r0xu0]) # <x,y>
G.subgroup ([r0*s0xt0+v0,u0]) # <xac,x"2y>
G.subgroup ([r0*s0,r0"2xu0]) # <xab ,xy>
G.subgroup ([r0%t0%v0,r0xu0])  # <xbc,y>
Klr = Hl. fixed_field ()

K2r = H2. fixed _field ()

K3r = H3. fixed_field ()

K4r = H4. fixed _field ()

Finally, we get the following results:

K7 is number field with defining polynomial:

o8 — 40827 + 7574425 — T767360x° 4 4800808442t — 1855661140823 + 4431691543682

— 60126455468162 + 35489528179524

K5 is number field with defining polynomial:

28 — 40827 + 9907225 — 146154242° 4 1407513996x* — 881747972642 + 3523360622976
— 821542087820162 + 879745494828996

K3 is number field with defining polynomial:

28 — 40827 + 80928z° — 937094425 + 6992655482+ — 34351844688z + 1095311139264

— 20717588448576x + 184356641271492

K} is number field with defining polynomial:

28 — 40827 + 9792025 — 136408322 4 1262978892x* — 753024690722 + 28031438949122:
— 621389840964482 + 664976326747716
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5 Conclusion

In conclusion, the sextic CM-fields with Galois groups of the normal closure (C2)3 x C3
or (Cy)3 x S5 were studied in order to compute the reflex types of these CM-fields. This
was done using number theory and complex multiplication theory. The new results that
have been computed are stated in Theorem for the first case and Theorem for
the second case.

Furthermore, these computations can be used to compute the CM-class number
one problem for the cases 3 and 4 of Theorem which is still open for these two
cases. Using SageMath we have found sextic CM-fields for these two cases and finally
we have explicitly computed the reflex fields for two of these results, namely for the
field with the defining polynomial 2% 4+ 152 4+ 1422 + 3 and the field with the defining
polynomial 2% + 72% + 1022 + 2.
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