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Abstract

In this thesis the Ziglin-Morales-Ramis theory for non-integrability of Hamiltonian systems is
discussed as well as how the Painlevé property can be used to find completely integrable Hamil-
tonian systems via the Painlevé test. Furthermore differential Galois theory and preliminaries,

Hamiltonian systems and the Painlevé equations are discussed.



Notation: Below we give an overview of the used notation:
0 = a derivation.

r( .= 9" := the i*" composition of a derivation.

R* := group of units.

(x) == the ideal generated by z.

i := the natural map.

R{{z}} = a differential polynomial ring.

Ck = the field of constants of a differential field K.
K = the algebraic closure of K.

L/K = the field extension of L over K.
DGal(L/K) := the differential Galois group of L/K.

A"™ := n dimensional affine space.
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Introduction

In this report we shall introduce differential Galois theory. To do so rigorously, we shall also discuss
preliminaries from algebraic geometry and algebraic groups. We shall see how differential Galois the-
ory can be used to show whether a differential equation is integrable or not, the ultimate purpose to
apply differential Galois theory to the non-integrability of Hamiltonian systems. We do so via so-called
Ziglin-Morales-Ramis theory, and apply the theory to completely determine the (non-)integrability of
the spring pendulum. We shall show what it means for a Hamiltonian system to be completely inte-
grable using Hamlitonian formalism, and what it means when a systems is not completely integrable,
via the KAM and Nekhorosev theorems. We shall also discuss the Painleé equations and property, and
show how this property relates to the complete integrability of Hamiltonian systems. As an example

we find integrable cases of the Hénon-Heiles system using the (ARS) Painlevé test.

1 Preliminaries

In this section we discuss some preliminaries for the theory which will be discussed in this report.

1.1 General preliminaries
We start with general preliminaries, needed for both Section 2 and Section A.

Definition 1.1 (Multiplicative subset).

Let R be a ring. Let S C R such that s;,s0 € S = s1 -2 € S and such that 1 € S.

Example 1.2.

Let R be a commutative ring and let I < R be a prime ideal, then R\ I is a multiplicative set.

Definition 1.3 (Localisation).

Let R be a commutative ring and S % 0. Define the following equivalence relation on R x S. Let
i, 8t € R (r1,81) ~ (12,82) <= 3t € S s.t. (1182 —ros1)t = 0. Then let ST'R:= R x S/~, and

denote its elements as r/s.



Remark 1.4.

We note the following things concerning localisations:

(i) Note that a localisation S~ R is a ring, with zero 0 = 0/r, unit 1/1 and multiplication r1 /s -
r182 + 1251

172 -
ro/se = —— and addition r1/s; + ro/s2 =
5182 5182

(ii) The map v : R — S™1R: r + r/1, the localisation map, is a ring homomorphism.

(iii) If R is an integral domain, and we choose S = R*, then S™!R is a field of fractions, as the
condition (r1sg —ras1)t =0 = 7152 = 7951 in an integral domain, which corresponds to the

condition used in the definition of a field of fractions.

Proposition 1.5 (Universal property of localisation).

Let ¢ : R — @ be a ring homomorphism such that ¢|q : S = Q*. Let 1 be the localisation map,

then there exists a unique homomorphism A such that the following diagram is commutative:

R

This h will be given by h : r/s — ¢(r)p(s) L.

Proof. Let h : r/s v ¢(r)¢(s)~!, then clearly h makes the diagram commute, as h o ¥(r) =
h(r/1) = o(r).

Now for uniqueness: By way of contradiction, assume g : ST'R — @ is a ring homomorphism

distinct from h making the diagram commute, then
¢(r) =g(r/1) = d(r)g(r/1)™" =1 = ¢(r)g(1/r) =1 = g(1/r) = o(r)~"
Thus g(r/s) = g(r/1-1/s) = g(r/1) - g(1/s) = ¢(r)é(s)~* = h(r/s). Thus h is unique. |

Proposition 1.6.
Let ¢ : R — S be a ring homomorphism for R a simple ring, then ¢ is injective.

Proof. Let ¢ : R — S be a ring homomorphism. Then ker(¢) < R an ideal, thus ker(¢) € {0, R},
since R is simple, but ¢(1) =1 = ker(¢) = 0, thus ¢ is injective. [ |

Definition 1.7 (Transcendence basis).

Let L/K be a field extension, a transcendence basis is a set {a; }ier such that L/K(oy; i € I) is an

algebraic extension.



Proposition 1.8.

A transcendence basis always exists.

Proposition 1.9.

Consider the following short exact sequence of groups:

e KwG¢H e.

If ¢ has a retract, then G = K x H. If ¢ has a sequent, then G = H x K.

1.2 Algebraic Geometry preliminaries

Here we discuss some preliminary results necessary for discussing algebraic geometry in A.

Definition 1.10 (Noetherian ring).

A ring R is Noetherian if every ideal is finitely generated.

Example 1.11.

Any principal ideal domain is Noetherian.

Proposition 1.12 (Equivalent definition for Noetherian rings).
Let R be a ring. Every ascending chain of ideals stabilises <= R is Noetherian. Said differently:

Let I, < R. If
VIgClIy---

dn such that I, = I,,41 =---
<= R is Noetherian.

Proof. " <=": Let R be Noetherian, then every ideal is finitely generated, then any ascending
chain of proper ideals must have an additional generating element. Let Iy C I; C --- be a chain

of ideals. Then let J = U;enI; be an ideal, then J = (r;) j<m, since J must be finitely generated.
, where again we use that each

Then there is some I;, such that J C I, , thus I;;) = I;;41 = ...

ideal must be finitely generated.

"= ": Let each ascending chain of ideals in R stabilise. By way of contradiction now assume

that that there is some I <R such that I is not finitely generated. Then we may write I = (ry)aca.



Then we pick some countable infinite subset J := (r;);en, then

(r1) C (ri, rg) -+

is an infinite ascending chain which does not stabilise % Hence each ideal must be finitely

generated. ]

Theorem 1.13 (Hilbert basis Theorem).

Let R be a Noetherian, then R[X] is Noetherian.

Proof. Let R be an Noetherian ring. Now let I C R[X] be an ideal. By way of contradiction
assume [ is not finitely generated. We now inductively define a process:

First for f € I let deg(f) be the degree of f (as a polynomial). Let fj be the polynomial of least
degree in I (this choice need not be unique).

Then let f; be the polynomial of least degree in I\ (fp).

Let f; be the polynomial of least degree in I\ (fo, f, ..., fi—1)-

By our assumption this process will be non terminating. Now let a; be le leading coeflicient of
the polynomial f;. Then (ai, ag, ...) = (a1, ag, ..., a,), where we use that R is Noetherian.

Thus we can write Zinriai = Gp41. Define
n
g = Zrifixdeg(fnﬂ)—deg(fj) € (for - fn).
=0

Clearly fine1—9g ¢ {(fo,---, fn), but deg(fr+1 — g) < deg(fn+1), where we use that the leading
coefficients of f, 11 and g cancel, using that a, 11 = Zi"riai. This yields a contradiction. Thus

I must be finitely generated. |

Corollary 1.13.

Let R be a Noetherian ring, then R[z1, ..., x,] is Noetherian.

Proof. By Theorem 1.13 R[z1] is Noetherian, thus R[x;, x2] is Noetherian, thus applying the
theorem iteratively yields that R[xq, ..., z,] is Noetherian. |



2 Differential Galois Theory

After Galois theory had been established for algebraic equations, Sophus Lie (1842 - 1899) was inspired
to do the same for differential equations, which led him to the discovery of what we now call Lie groups.
He did not end up making any direct contributions to the theory of differential Galois theory, but was
the first of many interested in this field. Emile Picard (1859 - 1942) publishes an article establishing a
theory for linear differential equations in 1877. Ernest Vessiot (1856 - 1952) also makes contributions
to this theory of linear differential equations. The differential Galois theory of linear differential
equations is now know as Picard-Vessiot theory. In 1898 Jules Drach (1871 - 1941) publishes his
thesis, establishing differential Galois theory for non-linear differential equations, however Vessiot
find mistakes in this thesis, and has worked on trying to re-establish the results from Drach’s thesis,
however, this was never fully accomplished. Ellis Kolchin (1916 - 1991) makes Picard-Vessiot theory
rigorous, by making the connection to algebraic geometry, and publishes his results in his book from

1973. In this section we shall discuss Picard-Vessiot theory.

2.1 Basics of Differential Algebra

We will now introduce some basic concepts and results from differential algebra. In this section we’ll
will follow and take inspiration from [1, 2, 3, 4]. In the following we will take rings to be unitary and

commutative.
Definition 2.1 (Derivation on a ring / differential ring).
(i) Let R be a ring. A map 0 : R — R is called a derivation on R if
(Vr,s e R) O(r+s) = 9(r)+ 9(s),

(Vr,s € R) 9d(rs) = 9(r)s+rd(s).

Often we will write 7/ := 9r, similarly 7/ = 90r, etc. as well as r() := 9d...9r = d'r (and
—

set 80(’[‘) = ’I“). 7 times

(ii) Let R be a ring, and let d be a derivation. Then the double (R, ) is a differential ring. If R
is a field, then we call it a differential field.



Example 2.2 (Differential rings).
The following are examples of differential rings:
(i) Any ring with 0 = 0 is trivially a differential ring.
(ii) R[X] with R a ring and O the formal derivative is a differential ring.

(i) C(X) with 9 = di is a differential field.
x

The following basic facts hold, as one would expect for a derivation on a ring.

Proposition 2.3.

Let (R, 0) be a differential ring.

(i) (VseR*) O(sh)=—s"'s's7!,

(iii) (Vr € R)(Vn € N) 9r"™ =nr"~1y/,

(iv) (Vs € RX)(Vn € Z) 0s" =ns" s,

(v) (Vr € R)(Vs € RX) 8(rs~!) = (1's — rs')s—2.

Proof.
(i) Note that

0(1)=0(1-1)=0(1)1+10(1) = 0(1) + 0(1).
Thus 9(1) =20(1) = 9(1) =0.
(ii) Let s € R*. Note that
0(1) =0(ss™ ) =s'st +50(s") =0,
where in the final equality we used (i). This implies 9(s~!) = s71s's7 L.

(iii) Let r € R. We will proceed via induction, note that the case for n = 1 is trivially true.

Now assume that 9(r"™) = nr" =1/, then
™)y =0(r - r™) = r'r" +ro(r™) = v+ r(ne™ ) = 0" ™ = (0 + D)t

(iv) Let s € R*. Then by (iii) the formula holds for n € N. By (ii) d(s7!) = —s~2s’. Now

A(s™) =9[(s )" = n(s )" 1A(s7H) = nsT P THY(s7Y) - —s725' = —ns~(MHD ¢



where in the third equality we applied (iii).

(v) Let r € R and s € R*, then

Ors ™) =r's P 4ro(s™) =r's 4 r —s72% = (1's —rs’)sT2

Proposition 2.4.

Let (R,0) be a differential ring. Let § : R[e]/(¢?) = R be the natural map. There is a canonical
bijection between derivations on R and sections of § (homomorphisms s such that jos = id g/ (e2))-
This bijection sends a section s : r — r + €f(r) to the derivation 05 : r +— f(r), who’s inverse is the

map that sends a derivation 0 to a section s : 7 — 1 + €d(r).

Proof. First note that trivially s : r — 7 + ef(r) is indeed an inverse of the natural map. The
given bijection (we prove it is a bijection below) maps s to ds : 7 — f(r), we now show that O

is indeed a derivation. Let Z,7 € R[e]/(e?), then

s(+y)=s@) +s@) =(@+y) +e(fl@)+ ).

Similarly

s(7y) = 5(7)s(7) = 2y + e (f(@)y + 2/ ().

Thus for z,y € R we have 0s(z + y) = 0s(x) + 0s(y) and 0s(z,y) = 0s(x)y + 20s(y). Hence 0,

is indeed a derivation.

Now we show 0 — sy is indeed a section.
59(0) =0 and s5(1) =1+ €d(1) =1,

where in the final equality we applied Proposition 2.3, Item (i) in the final equality. Now we

check that addition is preserved:

so(x+y) = (x+y) +ed(x+y) = (z+ed(x)) + (y+ €dy)) = sa(z) + sa(y).

Now we check that multiplication is preserved:

so(vy) = vy + ed(zy) = 2y + e0(w)y + 20(y) = (v + €d(x)) (y + €d(y)) = so(x)s0(y)-

It is easy to see that sy is indeed a section of . Now we show that the map is indeed a bijection,

as claimed. Note that s: x +— x + f(z) gets sent to dy, which gets sent to ss, : & — x + €ds(x) =

10



x + ef(x). O gets sent to sy, which gets sent to s, : x — I(z).

Thus the given maps are each others inverse and thus indeed yield a bijection. |

Definition 2.5 (Differential ring homomorphism).

Let (R,0r) and (S, 9s) be a differential rings. Let ¢ : R — S be a ring homomorphism, such that
(Vr € R)  ¢(Orr) = 0s9(r).

Then ¢ is a differential ring homomorphism. The concept of an isomorphism specializes analogously.

Definition 2.6 (Differential ideal).

Let (R, ) be a differential ring. Let I < R be an ideal. If 9T C I, then [ is a differential Ideal.

We will then call a simple differential ring, a ring in which the only differential ideals are R and (0).

Example 2.7.

Let ¢ : R — S be an differential morphism. Let r € ker(¢), then ¢(r) =0 = 0= ¢(r) = o(1’).
Thus ker(¢) is a differential ideal.

Remark 2.8 (Differential quotient rings).

Let (R,0) be a differential ring and I < R be an differential ideal. Then 0 induces a derivation
on R/I as follows. Let 8 : R/I — R/I : 7 + 9(r). This is well-defined, as d(I) C I ensures that
a+I#b+1 = 0(a)+1#0(b)+1.

Note now that by Example 2.7, we see that the first isomorphism theorem still holds for differential

morphisms and differential ideals, i.e. we obtain the following diagram:

¢

R — ¢(R)

uj X

R/ ker(¢)

for § the natural map, and all maps differential morphisms (note that f is indeed a differential

morphism by the above).
Proposition 2.9.

Let (K, ) be a differential field of characteristic zero and let R/K be a ring extension. Then m is

a maximal differential ideal = m is a prime ideal.

11



Proof. Recall that I is prime <= R/I is an integral domain. Note that R has a maximal
differential ideal, which can be shown in much the same way as for regular maximal ideals, via
application of Zorn’s lemma. Thus let m < R be a maximal differential ideal and by way of
contradiction we assume that R/m is not an integral domain. Note that R/m is a differentially
simple ring, thus we will now try to find proper non-trivial differential ideals as a contradiction.
Thus let s, € R/m such that st = 0. We shall show that then 9"(r)s"*! = 0, via induction.

The base case is trivial for n = 0. Now assume 9" (r)s" ™! = 0. Then
0" (r)s" ™ =0 = 9" (r)s"™ + (n+1)0"(r)s" =0

= 0" (r)s" M s+ (n+1)0"(r)s"s =0 = 9" (r)s"T? =0,

where in the final implication we applied the induction hypothesis. Now we define I = (r, 7/, ...)<
R/m, this is then clearly a differential ideal.

Now first we assume (Vn € N) s™ # 0. Then each element of I is a zero divisor. Thus 1 ¢ I, but
r eI+ (0)% (as R/m should be simple).

Now assume In € N s.t. s™ = 0. Since the chosen zero divisors were arbitrary, this implies every
zero divisor must have this property. In particular then a has this property. Let m € N be the
least number such that a™ = 0, then 9(a™) = ma™ 'a’ =0 = d’ is a zero divisor, again since
a is an arbitrary zero-divisor the same result holds for 9*(a) (they are also zero divisors). Now
we can consider the same differential ideal I as before, a € T and 1 ¢ I, thus again I is a proper,

non-trivial differential ideal $ | |

Proposition 2.10 (Derivation on a localisation).

Let (R,0) be a differential ring and let S~' R a localisation of R, then there is a unique extension
of 0 to STIR.

Proof. Using Proposition 2.4 we first find a correspondence between 9 and the section sy : R —
R[e]/(e?). We now extend this map naturally to map to S~ R[e]/(e), as follows:
syt x 2/1+ ed(2/1). From now on we will omit the bar indicating the quotient. Let x € S,
then

z—ed(z) [r+ed(z)][x —ed(z)]

3:9 (l’) .TQ = .132 =1.

Thus we may invoke the universal property of the localisation mapping (see Proposition 1.5) to

12



see there exists a unique map sz making the following diagram commute:

R %o S1R[]/(e)
o
7;[}\,4 ) /”/3!‘95 ,
S-1R

where 9 is the localisation mapping. Now

s3(/y) = 55(0) - 550)™* = [o/1+ D/ 1] [0 /)] = wfy + LI

Clearly this is a section of § : ST'R[¢]/(e?) — S™'R, thus there is a bijection between sz and a

derivation on ST'R given by 0 : z/y — M .
Yy

Definition 2.11 (Differential extension).

Let (R,0r) be a differential ring. A differential extension (S,0s), a differential ring, of (R, dr), is

an extension of R (i.e. R is a subring of S) such that Og|, = Or.

Proposition 2.12 (Separable field extensions).

Let K be a field, and K(«)/K be a finite separable extension. Then 0 extends uniquely to K(«).

n

If f* =" a;z" € K[X] is the minimal polynomial of c, then we get

i Olai)a’

n in.t—1"
> g iaia

d(a) = —

Proof. We will denote the extension of  to K(«) by 9. Let (K,d) be a differential field, then
a differential extension from K to K(«) is completely determined by where it sends «, i.e. if
we know how @ acts on a, we know how it acts on the whole of K(«), to see this note that
5(21 biai> = 32, 9(b)at +ib;a’1d(a). Let f* = Y7 a;z' be the minimal polynomial of a,

we then have that

fAa)=0 = 3f%(a) =Y da)a’ +iaa’ " (a) =0
=0

Yizo d(a;)a’
Yisotai—d(a)’

Thus if J is a derivation, then it must be unique.

= J(a) =~

Now we check that 0 is indeed a derivation. We will do so by showing that that sz is a section
for various restrictions of K(«a), playing the contents as well as using the notation from Propo-

sition 2.4. We proceed by induction, for K|[a], noting that K[a] = K(a), since « is algebraic.

13



Trivially 5‘}( is a section of |, (for i : K(a)[e]/(€*) = K(a)).
Now assume that for all polynomials in a, >, b;a’, of degree < n we have that fo S5 (ZZ bm/’) =
>, bia® as our induction hypothesis. Then

n+1 n n+1

fosz Z bio' | = hosgj(bnﬂa"“) +Zbi04i =fosz(bp+1a") - fosz(a) +Zbiai = Z b

K3

Thus s is indeed a section, so 0 is indeed a derivation on K («). |

Example 2.13 (Non-separable field extension).

It is not hard to show that Fy(v/t)/Fa(t) is a non-separable field extension. Note that (Fy(t),0) is
a differential field, with J acting as % does on rational polynomials. Assume 0 extends to Fo(+/1),
then 1 = 9(t) = (vt - Vt) = 20(v/1)V/t = 0 4. Thus we see that Proposition 2.12 does not hold
for general extensions, and that in general it is not even necessarily possible to make an arbitrary

extension into a differential extension.

Definition 2.14 (Constant).

Let (R, 0) be a differential ring. Let ¢ € R such that dc = 0, then c is called a constant.

Remark 2.15 (Ring of constants).

Let (R, 0) be a differential ring, then Cg := {r € R; Or = 0} is a subring of R. To see this note
that trivially 0 € OR and that by Proposition 2.3, (i), 1 € R. Additionally let r,s € Cg, then
O(r+s)=0r+0s=0,and 9(rs) =r's+rs’ =0.

14



Example 2.16.

We will now examine the ring of constants over certain differential rings.

(i)

Let (Z,0) be a differential ring, then 0 is the zero map.

To see this, first note that (¥n € N) 9(—n) =9(-1)n—9(n) = —19(1) - —1 — 9(n) = —9(n),
h d (ii). Th Z =40(1+---+1)==x(0(1 1)) = h

where we used (ii) us (Vz € Z) 0(z) ol+---+1) (0(1) +---+9(1)) = 0, where

we used Proposition 2.3, (i). |z| times

Let (Q,0) be a differential ring, then O is the zero map. To see this, note that (Vg €
Q) 3n,m € Z such that d(q) = d(nm~1) = d(n)m=t + nm=10(m)m=1 = 0.

Let (Q,0) be a differential ring, then 0 is the zero map.
Using that this extension can be written as a countable number of separable extensions over
Q, we can apply Proposition 2.12, from which it follows that 0 must be the zero-map for each

subsequent extension.

For transcendental extensions we need not obtain the zero-map as our only possible derivation.
Let t be a transcendental number, then Q(z) = Q(t). Let ¢ be this isomorphism, then ¢! o

45 ¢ defines a derivation on Q(t), indeed any differential on Q(z) could thus be translated.

Let (R, 0) be a differential ring. From the previous result one might doubt whether 9 needs to
be the zero-map, but maybe the additional structure of R imposes enough conditions for the
zero-map to indeed be the only possible derivation.

This turns out not to be the case, as we will now show. We do so using a similar approach to
(iv). We need to make sure R has an algebraically independent basis, to exemplify this problem
somewhat, note that: 7 and /7 — 2 are both transcendental, but are not algebraically inde-
pendent over Q, as x — 3% + 2 has a zero when evaluated at both those numbers, less trivially
it is not known yet whether 7 and e are algebraically independent or not.

However we do not need to explicitly find an independent basis. From theory from transcen-
dence basses, we know that for every field extension L/K there exists a set {l,}aca (for A an
indexing set) of elements of L such that L/K(l;; i € I) is an algebraic extension, this however
does require use of the axiom of choice.

Thus in particular 3{¢,}aea for t, transcendental, such that R/Q(t,; a € A) is algebraic.
Thus letting t,, be some fixed element of {t,}aca We have that 3¢ : Q(ta; o € A\ ag)(x) =
Q(ta; o € A) : 2+ tga,, thus again ¢~ Lo % o ¢ is a derivation on R. A similar argument also

shows that 0 on C is again not necessarily the zero-map.

Note that if a ring R contains a subring .5, then the ring of constants of the subring Cg, will be a

subring of the ring of constants of R, i.e. RO S — Cgr 2 Cs.

15



2.2 Picard-Vessiot Rings

In this section we will introduce solution spaces, and give a differential analogue to splitting fields for
differential algebra, via Picard-Vessiot rings. In the following, unless stated explicitly, all modules will

be assumed to be left modules.

Definition 2.17 (Derivation on a module).

Let M be a left R-module, and let Or be a derivation on R. Let 0p; : M — M such that
(Vr € R)(Vm € M) 0Opn(rm) = Or(r)m + rdp(m).

This definition can be extended analogously for right R-modules. In general we will abuse notation

slightly and denote 0p; and Or by the same symbol.

Definition 2.18 (Differential module).

Let M be an R-module, and 0 be a derivation on M, then (M, 0) is a differential R-module.

Example 2.19.

Let (M, 0 ), (N, On) be differential R-modules, for R commutative, then (M @ g N, Opgn : m@n —

m' ®@n+m®n’) is a differential module.

Definition 2.20 (Differential module homomorphism).

Let (M, 0n) and (N, Oy) be differential R-modules. Let ¢ : M — N be an R-module homomor-
phism. If
(Vm e M)  ¢(Oum) = Ond(m),

then ¢ is a D-module homomorphism. The concept of an isomorphisms specializes analogously.
Remark 2.21.

Proposition 1.6 also holds for differential modules, and differentially simple rings, with an analogous

proof.
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Remark 2.22 (Free D-module).

If (M, 0) is a free differential module, then 9 is completely determined by how it acts on the basis
of M. Let {e;};cr be a basis for M. Then

meM — mzZriei7
iel

with r; = 0 for all but finitely many i. Now

d(m) =0 Zriei = Z@(ri)ei + r;0(e;).

i€l iel
Thus Oe; — Y jer Sii€ for 0 # s;; € R for only finitely many s;; completely determines 0.
Furthermore note that

a(m) = Z 8(7’1')67; +7‘Z-Zsijej

iel jel
In general we will work of a differential field, and have dim(M) = n. In this case the elements of M
can be seen as vectors, and 0 has a matrix representation, as M will now be a vector space, thus

we obtain

om=0 —= 7”i/€i + 7 Zsijej =0 = 728(7’1)61' = Z”I’i Zsijej,

jerI el el JerI
/

1 S11 S12 Sin ™

/

Ty S21 S22 Son T2

> — =
’
Tn Sn1 Sn2 Snn Tn

= 7' = (=9)r,

where we let J act on the vector » component-wise.

Thus with every matrix differential equation y’ = Ay, we can associate a module corresponding to

A, via the above given identification.
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Remark 2.23 (Linear scalar homogenous differential equation).

Let a; € K, then £(y) = 4™ + an,_1y™ Y +-- -+ a1y’ +apy = 0 is a scalar homogenous differential
equation. This can be represented as a differential matrix equation via

/ r -

y 0 1 0 0 Y
y/ 0 0 1 0 y’
) 0 0 0o ... 1 yn=2)
y(n—l) —ap —ap —ag ... —Qp-1 y(n_l)

Proposition 2.24.

Let K be a field, let A € M,,(K) and let 4y’ = Ay be a matrix equation. Let {v;}i<,, be the set of
solutions to the matrix equation, then if the v; are linearly dependent over K this implies that the

v; are linearly dependent over Ck.

Proof. Let {v; }i<m be a set of linearly dependent vectors. Let {v;},<4, for ¢ < m be a minimal lin-
early dependent subset, then {v; }o<;j<, is linearly independent and we have that vi = >"7_, k;v;,

for k; € K. Now we have that

l
q q

q q q
O=wi'—Avi= (Y v | —AD vi= (k'vi+kw) = > kv = k'
j=2 j=2 j=2 j=2 j=2

—— kjl:() — kj€CK.
This result can be extended to all of {v;};<., by repeating the above for differing proper subsets
of {vi}i<m (i.e. switching one vector from {v,}2<;<, with a linear dependent vector from

iticm \ {vj}e<i<q)- L

Remark 2.25.

Let M be a differential module over K, related to the matrix differential equation y = Ay, then

ker(9) on M can be seen as the solution space of the matrix equation y = Ay. To see this note that

if {e;}i<n is a basis on M, then
Zviei € ker(0) < Zvi’ei +vie/ =0 Zvilei = —¢;]'v; <= VvV = Av.

Similarly if R/K is a ring extension we can use extension of a scalars and note that R” 2 R x K™

R ®k M, equipping it with the derivation from Example 2.19.
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Remark 2.26 (Linear scalar inhomogeneous differential equation).

We shall now show that an inhomogeneous differential equation can be rewritten as a homogeneous
differential equation of a higher order. Namely we will show that £(y) = k and k[ L(y)]’ = 0 span
the same solution space, for k € K a differential field.

First suppose v satisfies £(v) = k. Then
kL)) = k[+k]) = k(1) = 0.
Conversely let v satisfy k[+L(v)]’ = 0, then

HELON =0 = [LLO) =0 = L) =c = L() =ck,

for ¢ € Ck, thus a solution to the homogenous differential equation is still in the span of the solution

of the inhomogeneous differential equation.

Proposition 2.27.

Let K be a field, let A € M, (K) and let y' = Ay be a matrix equation. Then the set V =
{v € K™;v = Av}, called the solution space of y’ = Ay, is a vector space over Ck such that

Proof. K is afield, thus C is a field, then obviously V is a vector field over C'c. For the statement
on the dimension, we have that any set {v;};<n+1 of vectors must be linearly dependent over K

and thus by Proposition 2.24 the same is true over Ck. |

Definition 2.28 (Wronskian matrix).

Let (K, ) be a differential field. Let y; € K, then

Y1 Y2 S Yn
v v
W(ylv EERE) yn) =
yl(n—l) y2(71—1) o yn(n—l)
Is called the Wronskian matriz and wr(y1, ..., yn) ==det (W(y1, ..., yn)) is called the Wronskian.

Proposition 2.29.

Let {y;}i<n C K, for (K, 0) a differential field, then {y;}:;<, are linearly dependent over Cx <=
Wr(y17 HERR Z/n) =0.
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Proof. " = ": Follows immediately from the linear dependence.

"—=" wr(y1, ..., Yn) = 0, thus the column vectors of W(yi, ..., y,) are linearly dependent
over K. Now we will find a matrix A € M,,(K) such that the vectors (y;, ..., y;*~1)7T satisfy
the matrix equation y’ = Ay. If we find this matrix, we can employ Proposition 2.24, to obtain
the desired result.

We define linear operator on K™ inductively.

Li(y) = ,
y — %y otherwise,
0 if ﬁi(yiﬂ) =0

Liv1 = ,
Li(y) — %ﬂl(y) otherwise.
Now we check via induction that £,, has the desired property. For n =1, £L1(y1) = 0 as desired.
Now as our induction hypothesis assume (Vi < m) L,,(y;) = 0. Thus we evaluate L,,+1(Ym+1)
(the cases y; for i < m are trivially true by the induction hypothesis). If £,,(ym+1) = 0, we are

done, else
Lo (Ym+1)’ r
Lm, (ym+1 )

Thus we are done. | |

L1 (Ymi1) = [’m(ym—s—l)/ - m(Ym+1) = 0.
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Example 2.30.

(i)

d d
Let ((C(x), d) be a differential field. Let £ = i 1 be a differential operator. Then it is
x x
clear that e” is a solution of £(Y') = 0, and that the solution space is thus spanned by e*. Now
the corresponding matrix equation is just ' = (1)y and the W(e®) = wr(e®) = e”.
2

d d
Let ((C(as), d) be a differential field. Let £ = 2 + 2 be a differential operator. Then it
x x

is clear that ¢V2* and e~#V2* is a solution of £(Y) = 0, and that the solution space is thus
spanned by V2% and e~V22 Now the corresponding matrix equation is

’ -

vy} |0 1| [y
y/ —2 0 y/
The Wronskian matrix is
[ iv2x —iV2z
W(ez\/i:r efiﬁac) _ € €
V261V 2V

with corresponding determinant
wr(e'V2 em V) = _i\/2 — (iV/2) = —i2v/2 # 0.

Thus €'V2% and e~1V2® are linearly independent over C.

Definition 2.31 (Fundamental matrix).

Let R be a ring an K be a field. Let R/K be a differential extension such that Cr = Ck.
Furthermore let A € M, (K). Then a matrix F' € GL,(R) is called the fundamental matrix if

F =

AF.

Remark 2.32.

In particular note that if a fundamental matrix exists, since it is invertible, the solution space of the

corresponding differential matrix equation has full dimension.
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Remark 2.33 (Uniqueness of fundamental matrices).

We shall show that fundamental matrices are unique up to multiplication with a matrix of constants.
Note that if F is a fundamental matrix for the equation F' = AF over R/K, and M € GL,(Cg),
then

(FM) = F' M = AFM

is again a fundamental matrix.

Let G be a fundamental matrix satisfying G’ = AG distinct from F, then
FF'=A = G =FF'G = F[(F)'¢=aG
then
(FIF) @) = AFI(F) @) = FIF) G+ FIF) @Y = AF[(F) @) = F(F) '@

— F(F)'¢) =0 = [(F)"'G’'] € GL,(CR).

Definition 2.34 (Picard-Vessiot ring and field / extension).

Let (R,0) be a differential ring and y' = Ay a matrix differential equation. Let the following

conditions hold:
(i) R is a simple differential ring.
(ii) There is a fundamental matrix, corresponding to y’ = Ay, such that F/ = AF.

(iii) As a ring R is finitely generated over K by det(F 1), and f;;, the coefficients of F.

Then R is a Picard-Vessiot ring over y’' = Ay.
If in L/K is a field extension such that L = frac(R), then we call L/K a Picard-Vessiot field or
Picard-Vessiot extension.

Often we will abbreviate Picard-Vessiot with "PV".

Remark 2.35.

Thus condition (ii) tells us the solution space of the matrix differential equation y’ = Ay, for y now
having elements in R has full dimension.

Furthermore (iii) tells us that R is generated over K as the coefficients of the solutions of y’ = Ay.
Thus in particular R is the smallest (up to isomorphism) ring extension over K to have a solution
space full dimension. Thus we may think of a PV ring as the differential analogue of a splitting

field.
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Remark 2.36 (Field of fractions of a Picard-Vessiot ring).

Since a PV ring R is differentially simple, it’s maximal differential ideal is trivial. Hence, since
by Proposition 2.9 this maximal differential ideal is also prime R/(0) = R, thus R is an integral

domain, and frac(R) is well defined.

Proposition 2.37.

Let 4y’ = Ay be a matrix differential equation over a differential field K. Then the following hold:

(i) There exists a Picard-Vessiot ring R, where R/K is an extension.
(ii) Let R, S are two Picard-Vessiot rings for the matrix differential equation, then R = S.

(iii) Let R be a Picard-Vessiot ring, then Cgrac(r) = Ck-

Proof.

(i) Let F' = (fij)ij<n be a matrix of variables. Let Q = K|[f;;,det(F)~'; 4,5 < n]. We
extend the derivation to K{[f;;; ¢,j < n] by letting 0(F) = AF' and then extend to @ via
the localisation with respect to det(F'), where we apply Proposition 2.10. We then also
see that by how we extended Q/K that Cqo = Ck. Note now that @) satisfies conditions
(i), with fundamental matrix F' and (iii) of a Picard-Vessiot ring. However @ is not
necessarily differentially simple, thus we quotient out a maximal differential ideal 9t < Q,
i.e. R:= @Q/M, which is then necessarily is differentially simple. Conditions (ii) and (iii)

still remain true under this quotient, thus R is a Picard-Vessiot ring.

(ii) Let Ry, Ry be two PV rings over the same differential matrix equation over a field K, with
corresponding fundamental matrices F;. Now equip R; ® Ro with the differential given by
O:11Q®ry > (r1) ®@re+1r1 ® (r2). Define S :== Ry ® Ry/I for I < Ry ® Ry a maximal
differential ideal. Now let ¢; : Ry — S : 71 — 71 ® 1 + I and define ¢ similarly. Since R;
is a simple differential ring, by Remark 2.21 ¢; : R; = Im(¢;) is an isomorphism. Then
clearly Tm(¢;) is generated over K by the coefficients of ¢;(F;) and ¢;[det(F;)~!]. Now
¢;(F;) are both fundamental matrices over S, for the same matrix differential equation as
R;. Since Cr, = Cg,, and by our choice of differential on S, we find that Cs = Cg, ®
Cr, = Cg, ®k Cg, = Cg,, where we use that by Proposition 2.37, (iii), Cg, C Cx C K.
Hence by Remark 2.33 we have that there is some constant invertible matrix C' such that
$1(F1) = ¢2(F2)C. Thus Im(¢1) = Im(¢2), as they are generated by the same variables
over K. Thus we have that R; = Rs.

(iii) See [1, 3].
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2.3 Differential Galois groups

In this section we will define the differential Galois group, show it is an linear algebraic group and go

forth and establish the differential analogue to the fundamental theorem of Galois theory.

Definition 2.38 (Differential Galois group).

Let 4y’ = Ay be a matrix differential equation over a differential field K, and let R be the PV ring
over K, then we let DGal(R/K) := DAutg(R), the group of differential K-algebra automorphisms.

Proposition 2.39.

The differential Galois group is a linear algebraic group over Ck.

Proof. We shall first show the differential Galois group is isomorphic to a subgroup of GL, (Ck)
and then show it is closed.

Let DGal(R/K) be the differential Galois group corresponding to the differential matrix equa-
tion ¥y’ = Ay. Let 0 € DGal(R/K) and F' = AF, then, since ¢ is a differential morphism,
o(F) is also the fundamental matrix for the same differential matrix equation. From Re-
mark 2.33 we then see that o(F) = FC,, for C, € GL,(Ck). Thus we have an injection
DGal(R/K) — GL,(Ck) : 0 — C,. Thus DGal(R/K) is isomorphic to a subgroup of GL, (Ck).
Recall that we obtained a PV ring by extending K to K[1/det(z;;), z;j; 4, j < n] and then factor-
ing out a maximal differential ideal M<K [1/ det(x;;), zi5; ¢, 7 < n],i.e. R = K[1/det(x;;), xij; 4, ]

IN

n]/m. An automorphism ¢ € DGal(R/K) acts on K[1/det(x;;),x;;; 1,j < n], by the previous
identification, i.e. o(x;;) = (24;)Cs. Then o(m) C m, as m is an ideal. By Hilbert’s basis theorem
K[1/det(z;;), zij; 4, < n] is Noetherian, thus m is finitely generated. Let (r;);<,, = m, and let
{ei}i<n be a basis for Cx. Now, since o acts as a matrix, o(r;) = Zj cijei, i.e. a finite sum,
where ¢;; € C'x and depend on Cj, thus we can see ¢;; as a polynomial with entries in C;. Then
om)Cm = o(r;)) =0 = > cje; =0 = ¢;; =0, thus Im[DGal(R/K) — GL,(Ck)] is
Zariski closed. ]

Remark 2.40.

Note that DGal(R/K) = DGal[frac(R)/K]. We have that DGal(R/K) — DGal[frac(R)/K] : o
[r/s— o(r)/o(s)]. Now if (V7 € DGallfrac(R)/K]) 7(R) = R, then each K-algebra automorphism
of frac(R) is also an K-algebra automorphism of R, in which case the two groups will then be
isomorphic. Now as R and 7(R) are both generated over K by the coefficients of the fundamental

matrix and the inverse of the determinant, they are isomorphic, and the result follows.
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Theorem 2.41 (Fundamental theorem of (linear) differential Galois theory, [1, 3]).
Let L/K be a PV field extension of K, then

(i) There is the following bijection between subgroups H C DGal(L/K), and intermediate differ-
ential fields K C M C L.

{Differential intermediate fields} <— {Closed subgroups of DGal(L/K)}
M — DGal(L/M)
L"+—H
Note here that L? := {a € L; (Vo € H) o(a) = a}.
(ii) The above bijection is inclusion reversing.

(iii) H C DGal(L/K) is a normal subgroup <= M = L.
Additionally we then have DGal(L/K)/DGal(L/M) = DGal(M/K), said differently DGal(L/K) —

DGal(M/K) : 0 — ol,, is a surjective group homomorphism.

(iv) LPSalL/K)° /[¢ is a finite Galois extension, with Galois group DGal(L/K)/DGal(L/K)°, and

[DCal(L/K)° _ 7.

We will postpone some examples of differential Galois groups till the next section.

2.4 Integrability

We shall now show the differential analogue of radical extensions and their connection to solvable
Galois groups. Here it will able us to characterise integrability, via the identity component of the

differential Galois group.

Definition 2.42 (Integral / exponential integral elements).
Let R/K b a differential extension.

(i) Let o € L, if d(r) € K, then we call a integral over K, and write 33 € K such that o = [ 3.

We shall call differential extensions by integral elements, integral extensions.

(ii) Let « € L, if & # 0 and 9(«)/a € K, then we call « exponentially integral over K, and
write 35 € K such that a = e) P. We shall call differential extensions by exponential integral

elements, exponential integral extensions.

(iii) If a differential equation is solvable by any combination of integrals, exponential integrals and

visa verse, we call the differential equation solvable by generalised quadratures.
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Definition 2.43 (Liouvillian extension).

Let L/K be a differential extension such that there exists a chain of intermediate differential exten-

sions

K=KyCK CKyC---CK, 1CK,=1L

such that Vi K;11 = K;(a;) one of the three statements is true for «;:

(i)
(ii)
(iii)

«; is algebraic over K;_1,
«; is integral over K; 1,

«; is exponentially integral over K; ;.

Then we call L/K a Liouvillian extension.

Example 2.44.

(i)

Consider the differential equation " — %’y’ = 0. Clearly it has solutions 1 and [ a, which are
linearly independent over C'. Thus we can associate to it the matrix differential equation
0 1

Yy = Y,
0 d/a

which has corresponding fundamental matrix

lfa

0 a

Then K|ay] is differentially simple, as any non-trivial differential ideal contains a polynomial
of [, which contains ([ a)’ = a a unit. Then it is easy to see that K[[a] is a PV ring,
thus K([a) is a PV extension. Let o € DGal[K([a)/K], then as o is a differential K-
automorphism, then o([ a) = [a+ ¢ for ¢ € Ck. Then DGal[K ([ a)/K] = G,.

Consider the differential equation v/ = ay, for a € K*, with fundamental matrix e/ := «,

then Ko, a~] is again clearly a simple differential ring and thus a PV ring, then K (a) is a PV
/ ! ’

extension. Note that if o € DGal[K («)/K], then (@) = 2la)=cla)a’ _ olaaja—o(ajea _ g,

[e3% e}

Hence o(a)/a=c¢ = o(a) = ca, for ¢ € Ck. Thus DGal[K () /K] = Gy,.
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Lemma 2.45.

Let L/K be a normal differential extension. If Ja; € L for ¢ < n such that
J
Vo € DGal(L/K)| 3b;; € Cr, such that o(a;) = Zbijai (j <n),
i=1

then K(«;; i < n) is Liouvillian.

Proof. Without loss of generality we assume the «; # 0. We proceed by induction. For the base

case consider

0(0[1) =ba1 = J(all) = bllo/l.
Thus dividing both sides of the equality we obtain
o(a)/ar) = a)/a.

This holds for any o, thus o /a; is invariant under DGal(L/K), thus using the normality of the
extension o /a; € K. Thus oy is an exponentially integral over K. As our induction hypothesis

the property holds for any sum of length less than m. Now we divide o(«a,,) by o(ay), we then

obtain
i bQ' (673
olomfon) =1+ 2=
b
Now we differentiate both sides, yielding
m b ) . /
ollamfon)] =Y 32 (2]
b\

This is of the same form as in the theorem, but for a sum of m terms. The induction hypothesis
then gives that M = K (a1, [a;/a1]’; 2 < i < m) is a Liouvillian extension. Then M (a;/aq; 2 <
i < m) is a series of integral extensions and thus Liouvillian. However clearly K(a;; i < m) =
M(a;/a1; 2 < i < m). Thus the induction hypothesis holds, and in particular is true for m = n,

thus we are done. ]
Theorem 2.46 (Liouville theorem).
Let L/K be a PV extension, then the following are equivalent:

(i) DGal(L/K)" is solvable.

(ii) L is a Liouvillian extension of K.

(iii) L is contained in a Liouvillian extension of K.
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Proof. "(i) = (ii)": Set M = LPGalL/K)° then M/K is a normal finite extension by the
fundamental theorem, (iv). We have that DGal(L/M) = DGal(L/K)". Thus by the Lie-Kolchin
theorem, DGal(L/K)? has a basis such that its elements are upper triangular, this exactly means
we may invoke Lemma 2.45 (realising that the lemma is written to be applied for lower triangular
matrices, but that this doesn’t matter), using that L is a PV extension. Thus we have that L/M
is a Liouvillian extension. We also have that M/K is finite, thus M/K is algebraic and thus
Liouvillian. Hence we have that L/K is Liouvillian.

"(ii) = (iii)": Let M/K be Liouvillian for K C L C M. Then there exists a chain satisfying

the conditions for a Liouvillian extension. Let the following be such a chain:
K=KyCK, C---CK,=M.

Then there is some 7 such that K; C M C K, 1, where K;1/K; is Liouvillian extension with a
chain of length one. Then it is easy to see that if m € M = m € K;;; = m is algebraic,
integral or exponential integral over K.

"(iii) = (i)": Let M/K be Liouvillian and K C L C M. Then we can write M = K(a1, ..., ap).
We will proceed by induction on n, i.e. on the length of the chain of the Liouvillian exten-
sion. We take M = K as our base case, then K = L = M = DGal(L/K) = {e}
and thus has a solvable identity component. Now as our induction hypothesis we assume
that if M/K is Liouvillian with a chain length n and L C M, then DGal(M/K) has a solv-
able identity component. Consider the extension L(a1)/K(cy). It is not hard to see that
L(a1)/K(a1) is a PV extension. Let H := DGal[L(a;)/K («1)]. Consider the group homomor-
phism DGal[L(a1)/K(o1)] = DGal(L/K) : 0 — ol Since o fixes a1, the homomorphism has a
trivial kernel and is thus injective and isomorphic to some closed subgroup of DGal(L/K). Since
L¥ = L(a1)? N L = K(ay1) N L, we have that H = DGal (L/[L U K (cv)]). Clearly L(a;) C M,
and M/K(ay) is Liouvillian and with a shorter chain length than M/K, thus by our induction
hypothesis we have that DGal[L(ay)/K (a1)]° = H? is solvable. Now we make a case distinction
on what kind of extension K(a;)/K is, and in each case show that DGal(L/K)? = H°.

Let a; be algebraic over K. Then [DGal(L/K) : H] is finite, hence DGal(L/K)? C H°,
but clearly DGal(L/K)?® 2 H°, thus we have the desired equality and since H° is solvable,
DGal(L/K)" is solvable.

Let oy be transcendental over K, and thus integral or exponential integral. In both cases we
will show that DGal[K («;)/K] is abelian, in which case L N K(«)/K is normal and also has a
abelian Galois group, by the fundamental theorem, (iii). Then H is normal in DGal(L/K) and
DGal(L/K)/H = DGal[(L N K(a)/K] is abelian, then by Proposition 2.9, (ii), DGal(L/K)° is
solvable. First we show that if «; is integral over K, then K(ay)/K is a PV extension. Let
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o) =a € K. To do this we first show that Cx = C Ko, - Then we need to show that any rational
polynomial in a; must have a non-zero derivative. We proceed by induction on the degree of the
denominator of the rational polynomial. For our base case we then consider a regular polynomial.
By way of contradiction first assume there is polynomial f s.t. f(a) = 7 b;a} is a constant.

Then

bnfl _bnfl '
f'la1) =0 = byna+b,,, =0 = a_bn-n_< b, > ,

where we use that since « is transcendental, 21 cia' =0 = ¢; = 0. The above contradicts

—by—
nbn

Lt ce K%, for ¢ a constant.

/
. b
o being transcendental, as o) = a = ( > 1) = oy =

Now as our induction hypothesis we assume [f(a)/g(a)]" is non-zero for all rational polynomials

with a denominator of degree m. Again we argue by contradiction. Thus we assume that there

exists a rational polynomial f/g s.t. [f(a1)/g(a1)] =0 for g of degree m + 1. Then

f'(ar)ag(ar) — fla1)g' (a1) —0 — f'(a1) _ flar)

glat)? g'(e1)  glar)

[f(e1)/g(en)] =0 =

But if g:égi; = g((gig is true, then since ¢’(«) is of degree m, this contradicts the induction
hypothesis 4. Thus we now have shown K(aq)/K has no new constants. Note that 3" — %y’ =0
has solutions 1 and «;, which are linearly independent over Ck, then by Example 2.44, Ttem (i),
we see that the corresponding differential Galois group is G,, which is abelian. Now for a;
exponential integral. Then of/a; = a € K*, thus we can associate the matrix equation y’ =
ay, which by Example 2.44, (ii), has a corresponding differential Galois group G,,, which is

abelian. | |

Corollary 2.46.
DGal(L/K) a Galois group for the PV extension corresponding to the matrix equation y' = Ay.
Then

(i) DGal(L/K) is connected and solvable <= y’ = Ay can be solved by quadratures.
(ii) DGal(L/K) is unipotent <= y’ = Ay can be solved by integrals.
(i) DGal(L/K) is diagonalisable <= y’ = Ay can be solved by exponentials.

Proof.

(i) Same as the proof of the theorem, but now for "

<— " the proof simplifies, as, since the
Galois group is connected the fundamental theorem gives us that K is algebraically closed,

so there is no algebraic extension.

(ii) "= ": If DGal(L/K) is unipotent, then the proof of Lemma 2.45 can easily be modified

to see that now any extension is an integral one, using the notation from the proof of
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Lemma 2.45, just let b;; = 1 (and note that the automoprhism in the proof is of the form
of a lower-triangular matrix, but this doesn’t matter).

" <= ": We can write M/L/K with M = K(B1, ..., Bm), where each ; is integral over
K. Let Ko = K and K(8;; j <) == K;. Now since we can write DGal(M/K) as a chain of
groups which are extensions of unipotent groups, Proposition 2.17 yields that DGal(M/K)

is unipotent.

(iii) " = " If DGal(L/K) is diagonalisable, then the proof of Lemma 2.45 can easily be
modified to see that any extension is an exponential integral one, using the notation from
the proof of Lemma 2.45, just let b;; = 0 for ¢ # j.
"«=": If y’' = Ay can be solved by only exponential extensions, then we can write K C
K(aq) C K(ag, a2) C K(oq, ..., an) = L, for Kip1 = K(aq, ..., ajp1)/K(ag, ..., a;) =
K; an integral extension. Then we know that G;/G;y+1 = G,,, where the G; correspond
to the fields extensions K;. We shall now prove that then G, = G?

m?

the base case note that Go = e, thus G1/Gy 2 G,, = G; = G,,. For the induction

via induction. For

hypothesis assume G; = G¢,. Consider the following exact sequence of groups:

€ Gi+1 L G, h

Gi/Gi—H =G, — e.

Since G, is connected G; is connected, then by the Lie-Kolchin theorem, we may assume
G, is upper triangular, then r : G; — G;41, which sends a matrix to its diagonal defines a
retract for ¢, thus the sequence is split exact. Then we have that G; = G;11 x G,,, = GiFL.

Thus the induction hypothesis holds in general, and we are finished. -

Remark 2.47.

Being algebraic / integral / exponential integral over a field over C(z) with the usual derivation

yields all the standard elementary functions. For example [1/z = In(z), [ = arctan(z) are

1

z2+1

integral extensions, e® is an exponential integral extension, hence trigonometric functions are also
eiz_ef'iz

exponential integral (sin(x) = “=5%—), and {/z is an algebraic extension. Being Liouvillian allows

for all of these kinds of extensions, and their compositions.

For example sin'/?(z) is also Liouvillian over C(x) and sin'/?(z) is a solution to the differential

equation -2 sir@(wﬁ—cos%w) y// o Cos(x)2sin(:c) yl = 0 over (C(ZL'7 eiw)'
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Remark 2.48.

We note some extra things from the above proofs. Let G denote the differential Galois group.

(i) If the identity component of the Galois group is of the form D,, x U,,, then D, and U, are

both extensions of the base field, i.e. we get no integrals of integral extensions (no " [ el ").

(ii) If U,, = G, then each integral extension, is an extension over the base field, i.e. we get no

compositions of integral extensions.

(iii) We can also specify there to be algebraic and integral or algebraic and exponential integral

equations, by letting G not be solvable and respectively G° be either diagonal or unipotent.

To summarise this a Liouvillian extension can be written as

G()
——
G/GO Ge, U
K LG’ M L

algebraic, exponential integral integral
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Example 2.49.
Consider the differential equation
y// + 2xy/ -0

over C(z), with the usual derivation. It has solutions given by [ ¢®” and 1. Thus the corresponding
PV extension is C(z, [ 6x2,6I2). The Galois group is then determined completely by where the

automorphism sends [ ¢ and e*”. Let o be such an automorphism, then

2 2
e’ > e
g = 2 2
Je = A [e" +e,

for A, c € C. Clearly this corresponds with the matrix group

It is not hard to verify that the commutator subgroup is given by

which is solvable. This means that ¢ + 2xy’ = 0 is solvable by quadratures, of course the solutions
we gave showed that this would already be the case. Mover note that this group is not unipotent,
diagonal or abelian, thus not isomorphic to D,, x U,,. It is in fact easy to see that this is the usual
semidirect product G, X G,, This can be stated differently: The differential equation is not solvable
by elementary functions, i.e. we needed to add an integral of an exponential. Thus in particular

2, .
J e is not an elementary function.

2.5 Differential Galois theory over C(z).

We shall now introduce kovacic’s algorithm, for determining if a linear differential equation of order
2 is Liouvillian or not. There exist variants for higher order equations as well.
Proposition 2.50.

Let L(y) = 0"y + a,_10" "'y + --- + a10y + apy be a linear differential operator. Then £ can be
transformed to the form £ = 9" + b, 10" 2+ -+ bg, via y = vz, for v a solution of nv' +a,_1 = 0.

The solutions of £ are Liouvillian <= the solutions of £ are Liouvillian.
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Proof. Let L(y) = 0"y + a,_ 10"ty + -+ +a10y + agy. If we substitute vz for y, the only 971

term we can get, comes from the terms 0™y + a,,—10" " 1y.

0" (v2)+a,_ 10" (v2) = vO" 2V O e a1 (0" e ) = 0" (i Han1)0" T (2) .

thus by definition of v the 9”1 term cancels.

Note that v/ = —a,_1/n € K, thus v is Liouvillian. Let a be a liouvillian solution of £, then

K (o, v) is Liouvillian. Now /v is a solution of £ and K (a/v) C K(a,v), thus a/v is Liouvillian.

Let 8 be a Liouvillian solution of E, then K (v, () is a Liouvillian extension, furthermore v is a

solution of £, and K (v3) C K(v,3), thus v3 is Liouvillian.

The transformation outlined above does not preserve the differential Galois group in general.

Proposition 2.51.

)

Let F' be the fundamental matrix corresponding to the matrix differential equation y’ = Ay, then
det(F)" = tr(A) det(F).

Proof. Let F' = AF', with columns labelled {f;}i<, and coefficients labelled F' = (f;;); j<n. Let
A= (aij)i_’jgn, then i,j = ZZ aikfkj. Then

det(F) =

i iz
f21 f22
fnl fn?

fln
f2n

frn

fll f12
for fa
fnl fn2

fln
fon

frn

Juu Jiz
Jar o fa2

/ !
nl n2

fln

i
nn

f2n

Now we substitute the expression for fi’j into the above expression and note that due to linear

dependence we then obtain for example that

fll f12
I I
il i2

fnl fn2

fln

7| =
n

frn

fll

f12

Sowaifrr Doy Gikfr2

fnl

Thus det(F) = tr(A) det(F).

Remark 2.52.

fn2

fln
ok ik frn

frn

f11

(2273 fil (¢27 fi2

fnl

f12

fn2

fln

(4273 fin

frn

= Q45 det(F)

Using the matrix representation of a linear differential operator L of order n (see Remark 2.23), we

then see that by the above proposition, det(F')’
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Proposition 2.53.

Let L/K be a PV extension with corresponding fundamental matrix F, then DGal(L/K) C
SL,(Cy) < det(F) € K.

Proof. " = ": Let 0 € DGal(L/K), then we have seen that o acts on F' by matrix multiplication
with a matrix C, with constant coefficients, for instance o(F) = FC,. Then o acts on det(F')
by multiplication by det(C,) = 1, so det(F') is invariant under o, thus det(F) € K.

"<=": Let det(F) € K, then det(F) is invariant under DGal(L/K), but ¢ acts on det(F') by
multiplication by det(C,), thus det(C,) =1 = o € SL,,(Ck). |

Now we will discuss Kovacic’s Algorithm, for how to perform the algorithm see [5]. Let y” +p(z)y =0
be a differential equation over C(z), with corresponding fundamental matrix F'. Note that any dif-
ferential equation of degree 2 can be written in this form by Proposition 2.50. Now, since there is no
y'-term, we have that by Remark 2.52 det(F')’ = 0 by, then det(F') € C, then by Proposition 2.53 the
corresponding Galois group, is a subgroup of SLs(C).

We shall now, up to conjugation give the connected subgroups of SLy(C), as given in [6].

Proposition 2.54.

Let G be an algebraic subgroup of SLy(C), then, up to conjugation, G is one of the following groups
listed below.

1. The Galois group is finite, and the identity component is trivial.

2.
1 *
G=G"=
0 1
3.
a b .
vk G = ; a a k-root of unity, b€ C 3,
0 a!
with
a0 _ 1 x
0 1
4. The Galois group a subgroup of
0 0
¢ iceC* 3 U C,CE(CX ,
0 c™ —c”
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where

0
G’ = ; . ;ceC”
o~
5.
0
G=G0= (C) |ieecx
-
6.
b
G=c"'=1{1" aeC*. beC
0 a

7. G = G° = SLy(C).
Here G has solvable identity components in cases 1 through 6.

Using this Kovacic’s algorithm can determine the differential Galois group, determine integrability,
and give solutions to the given differential equation, if the algorithm fails, the differential equation is
not integrable. For example Mathematica uses this algorithm to solve certain differential equations,

and the algorithm can directly be invoked using the "kovacicsols" command in Maple.

With the following conditions, it can be easy to sometimes show a differential equation is not Liou-

villian.
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Proposition 2.55 ([3]).

One of the following cases is true for the differential equation y” + p(z)y = 0.
1. Let f € C(z). /7 is a solution of the above equation.
2. Let [C(z, f) : C(x, f)] = 2. €/ is a solution of the above equation.
3. All solutions of the above equation are algebraic over C(x).

4. The differential equations has no Liouvillian solution.
Furthermore we have that the above are respectively necessary conditions for:

1. Every pole of p(z) has an order equal to 1, or divisible by 2 and the order of p(z) at oo must
be 2 or of odd order greater than 2.

2. p(z) has at least one pole of order 2, or of odd order greater than 2.
3. The orders of poles of p(x) do not exceed 2, and the order of p(x) at co must be at least 2.

4. None of the above is true.

Example 2.56.

Consider the following differential equation: 3" — zy = 0, this is called the Airy equation. p(x) = x
has order —1 at oo, and no further poles, thus by Proposition 2.55 the Airy equation is not Liouvillian

and has a differential Galois group corresponding to SLy(C).
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3 Symplectic geometry, Hamiltonian systems and (non-)integrability

We shall discuss some Hamiltonian formalism as to define what it means for a Hamiltonian system to

be completely integrable. This section is based on the contents of [7, 8, 9, 10, 11].

Definition 3.1 (Symplectic form / manifold).

Let M be a C* manifold of finite dimension. Let w be a closed non-degenerate differential 2-form,

then w is a symplectic form. We call a manifold equipped with a symplectic form a symplectic
manifold.

Remark 3.2.

Recall that w is closed if dw = 0 and non-degenerate if

(Vme M)(Ww#0€ T,M) 3wst. wn(v,w)#0.

Example 3.3.

Consider (R?, dz A dy), then clearly w is closed 2-form, and is non-degenerate.

Proposition 3.4.

Symplectic manifolds have even dimension.

Proposition 3.5 (Musical isomorphism).

Let (M,w) be a symplectic manifold, then w? : TM — T*M : v+~ w(v,-) is an isomorphism.

Proof. w is bilinear, thus w(v,-) is linear. Now, since for finite dimensional vector spaces we have
that dim V = dim V*, we see that w* is an isomorphism. |
Theorem 3.6 (Darboux’s theorem).

Let (M, w) be a symplectic manifold of dimension 2n, then Vm € M there are coordinates p1, ..., Pn, q1, - -, Gn,

which we will refer to as the canonical coordinates, in an neighbourhood open U,, of m, s.t.
w="dp; ANdg;).

Remark 3.7.

Said differently, every symplectic manifold is locally diffeomorphic to (R?", "7 dp; A dg;).
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Definition 3.8 (Hamiltonian vector fields).

Let (M,w) be a symplectic manifold, H € C*°(M) and let Xz be a vector field such that for all
vector fields Y

w(Xy,Y) =dH(Y).

Then we call Xg, the Hamiltonian vector field of H.

Proposition 3.9.
The Hamiltonian vector field X g, for H exists and is unique.

Proof. Tt is easy to check that Xy = (w*)~1(df), which, since by Proposition 3.5 w® is an

isomorphism, exists and is unique. |
Example 3.10.
Consider the symplectic manifold (R?, w = dz A dy). Let f € C*, then df = 0, fdz + 0, fdy. Now

w#(9;) = dy and w*(9,) = —dz, then

X = (W) Hdf) = (W) (Oufdz + 9, fdy) = 9,0’ (dx) + Dy’ (dy) = Dy fOr — 0w fO,.

Definition 3.11 (Poisson brackets).

Let (M,w) be a symplectic manifold, then {F, G} = w(XF, X¢) is the Poisson bracket of F' and G.

Example 3.12.

Let (R, w = dz A dy) be a symplectic manifold. Let f,g € C*(R), then {F,G} = w(Xp, Xg) =
Oy fO-H — 0y fO,H.
This shows that for a general symplectic manifold (M, w) of dimension 2n, using Darboux’s theorem,

we can take w to be in canonical coordinates and find that for f,g € C*(M)

n

(.9} = (04, f0p,9 — 0y, [04,9).

K3
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Definition 3.13 (Hamiltonian flow).

Let Xy be a Hamiltonian vector field. Let (M,w) be a symplectic manifold. Let ¢ : M — M for

t € (—¢, €), be a parametrised smooth function satisfying ¢; (w) = w and
d
(Ve e M) &@(ac) = Xp[p:(x)] and ¢o(z) = 2.

Then ¢; is the flow generated by Xpg.

Remark 3.14.

The Hamiltonian flow conserves energy, which follows from that H o ¢; is constant in ¢. To see this,

note that

d
&H opy=dHo¢; - Xgopy= L(XH o ¢t)W(XH o ¢t) = W(XH o¢y, Xy o ¢’t) = 0.
Proposition 3.15.

Let ¢; be the flow along the Hamiltonian vector field Xy and F' € C*°, then

SF 000 = {Fo b, Hogr)

Proof. Let

d

C(Fot)=dF oo, So=dFop - Xpod = {Fob, Hod),

where in the first equality we apply the chain rule, and in the second equality we used that ¢; is

the flow of X, and in the last equality we use that X is a Hamiltonian vector field. |

Remark 3.16.

Let (M,w) be a symplectic manifold of dimension 2n. By Darboux’s theorem we may assume we are
working in the canonical coordinates w = Z:L dp; Adg;. Let ¢; be the flow of the Hamiltonian vector
field Xpy. Note that we then use the form of the Poisson bracket as described in Example 3.12.
Then

d
&Pi(@) = {pi o¢y, Ho ¢t} = aqipi o '3q,;H o Py — 8pipi oy - 3qu oy = —3qH Sy
and

d
&qz’(@) ={giodr, Hopi} =0y,qi0 ¢ 0y H 0t — 0p,qi 0 1 - 0y, H 0 ¢y = 0p, H 0 .

Thus the Hamilton equations of motion hold on a symplectic manifold.
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Definition 3.17 (Hamiltonian system / first integral / completely integrable).

(i) Let (M,w) be a symplectic manifold, and H € C*°(M), then the triple (M,w, H) is a Hamal-
tonian system.

(ii) (M,w, H) be a Hamiltonian system. Let f € C*°(M), then if {f, H} = 0, then f is a constant

of motion or a first integral.

(iii) Let (M,w, H) be a Hamiltonian system with f, g first integrals of this system, then they
commute if {f,g} = 0.

(iv) Let (M,w, H) be a Hamiltonian system of dimension 2n, let f; € C>°(M) s.t. i < n — 1 such
that H, f1, ..., fa—1 all commute pairwise. In addition let {df;}i<, be linearly independent

on some open dense subset of M, then we call (M,w, H) completely integrable.
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Example 3.18.

(i) Since {H,H} =0, H is trivially a first integral, this corresponds to energy conservation, thus

any one degree of freedom Hamiltonian is completely integrable.

(ii) Cousider the spherical pendulum, with mass m, length I, where 6 is the angle of the pendulum
with respect to its position at rest (the angle a 2 dimensional pendulum would make), and ¢

is a rotation around this rest position.

[cosd

2

’s,
S‘/if)a,
Figure 2: The coordinate system used for the spherical pendulum. Image from [12].

Such a pendulum has a Hamiltonian
H = 1/2mi?(6% + sin?(0)¢?) — mlg cos(),

which can be rewritten in canonical momenta p, = ml? sin? (0)¢ and pg = mi26, as

PR (S lcos(0)
=5 | P 2 (0) mgl cos(0).

This is then a Hamiltonian system (R*,w = df Adpg +dé Adpy, H). The equations of motions

are then
pi cos(6)

9 = —0sH =0and pg = —0gH = —————
bo ¢ AR po b mi2sin®(6)

— mgl sin(0).

From pg = 0, we can see that {py, H} = 0 and is a first integral, clearly the corresponding
conserved quantity is angular momentum. Since then ml? sinz(ﬁ)d = const, we can then

integrate to find an expression for ¢.
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Theorem 3.19 (Arnold-Liouville theorem).
Let (M,w, H) be a completely integrable Hamiltonian system, with n degrees of freedom, then
(i) setting each first integral equal to some constant value defines a smooth surface / C* manifold
in 2n-dimensional phase space. Each solution starting on the surface must remain on the surface

indefinitely. If in addition the surface is bounded and connected, it defines an n-dimensional

torus D x T™, for D C R™.

(ii) if the surface discuss above is indeed a torus, there exist canonical "action-angle" coordinates

(Iiy ...y In; 61, ..., 0,) € D x T™ in which the Hamiltonian becomes a function of simply
(I, ..., L), ie. H(pi,qi; i <n) = H(I;; i < n), where

dI; do; .

dt e (i <n)

Ii(t) = Ii(to), 0;(t) = 0;(tp) + w; - t mod 2,

for w; = g—g, which are referred to as frequencies. Here the symplectic form becomes ), dI; A

dé;.

(iii) the equations of motion can be solved by quadratures.

Definition 3.20 (Liouville Torus / (non-)resonance).

(i) The torus described in Liouville-Arnold theorem, (ii), is called the Liouwille torus.

(ii) Consider a Liouville torus T from a Hamiltonian system. We use the notation from Liouville-
Arnold theorem, (ii). If there exist {k; € Z};<y such that )", kjw; mod 27 = 0, for k; not all

0, then we call (w;; ¢ <n) and T resonant, otherwise we call (w;; i < n) and T non-resonant.
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Example 3.21 ([13]).

Consider the Hamiltonian corresponding to a one dimensional harmonic oscillator

2 2 2
p mw.q
H=—

2m+ 2

with frequency w and mass m. It is completely integrable, as it has only one degree of freedom. We
set F = % + %qu = 1= % + %;‘12, from which we see that the trajectories though phase

space from ellipses. Consider the change of variables

21
q= \/;sin(e) and  p = V2Imw cos(0).
w

Substituting this change of variables for H yields H = Iw. Then for the Hamilton equations for H
it clearly follows that %I =0 and %9 = I. We also see that the frequency w is resonant, if w € Q

and non-resonant otherwise.

Proposition 3.22.

Let T be a Liouville torus. If T is resonant, the flow on it will be periodic. If T" is non-resonant, the

flow is non-periodic.

Remark 3.23.

The Liouville-Arnold theorem tells us that completely integrable systems behave well. Their motion
through phase space is confined to some surface and cannot traverse all of phase space. In the case
the surface is a Liouville torus, there orbits can only go though a finite amount of phase space and
the motion will be similar at all times due to this, a small change of initial conditions cannot lead to
a big change in the final conditions of the system. Thus completely integrable Hamiltonian systems

are non-chaotic.

3.1 Non-integrability

We shall now discuss some results on not completely integrable systems. This section is based on
[14, 15]. In honour of Oscar II, King of Norway’s 60th birthday in 1889 a scientific competition
was held, with four prize problems, one of which was on the study of the behaviour of a system of
arbitrarily many bodies attracting each other according to Newton’s law, and in particular the study
of the stability of the solar system. Henri Poincaré (1854 - 1912) was the prize winner, for his results
on the n body problem. In his prize winning paper he worked on Hamiltonian perturbation theory
and the non-integrability of Hamiltonian systems. After this he kept working on elaborating on the

ideas he laid out in his prize winning paper.
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Poincaré did this by considering perturbed n-degrees of freedom Hamiltonians of the form
H(I;.0;, ;1 <n)=Ho(I;;i <n)+ef(I; 0;) (i<n),

where Hj is completely integrable and in action-angle coordinates and where f is some analytic

function, and € controls the size of the perturbation.
Using this the following result was proved:

Proposition 3.24.

The completely integrable Hamiltonian systems with > 2 degrees of freedom form a set of measure

0 is the space of Hamiltonian systems.

This result might seem to indicate that most Hamiltonian systems might display some chaotic motion,
as the lack of constants of motion, indicates that there would not be invariant surfaces, thus the motion
would not be constrained to only one part of phase space. Historically this idea of non-integrability
implying chaos in some sense was taken to far, and untrue statements were proved. This idea of
Hamiltonian systems being chaotic was desired, for its use in statistical mechanics [14]. We shall now
discuss the results, which showed, along with the back up of numerical simulations, that this is not

the case, which in some sense caused a paradigm shift.

Definition 3.25 ((non-)Degenerate Hamiltonian).

Let H be a completely integrable system with action-angle coordinates (Iy, ..., Ip; 01, ..., 0,) €
D x T™, then H(I;; i < n) is non-resonant if the hessian matrix of H(I;; ¢ < n) has non-zero

determinant for each point in D. Otherwise we call H degenerate.
Proposition 3.26.

For a non-degenerate Hamiltonian system, the set of non-resonant Liouville tori form a set of full

measure and are everywhere dense. The set of resonant tori from a dense set of measure 0.
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Theorem 3.27 (KAM-theorem).

Let (Hp, M) be a completely integrable non-degenerate Hamiltonian system, with n > 2 degrees of

freedom, with action-angle coordinates (I, ..., Ip; 01, ..., 6,,). Consider the Hamiltonian system
H(I;, 0;, €0 <) = Ho(l;; i <n)+ef(li, 0;, 61 <n),

where f is smooth and € € R, then for some sufficiently small value for €, the perturbed Hamiltonian
H has a non-empty set S of n-dimensional tori in it’s phase space on which the flow of H is quasi

periodic. Furthermore as ¢ — 0, the measure of .S becomes full.

Remark 3.28.

The following result can be interpreted as follows. For small enough perturbations, many of a non-
degenerate Hamiltonian system’s non-resonant tori are only slightly deformed, whereas the resonant
tori, and some close to resonant tori break up chaotically. The slightly deformed non-resonant tori
not breaking up entails that if an orbit in phase space starts on the surface of the torus, then it

remains there, so these orbits remain stable.
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Example 3.29.

Below is depicted the phase portraits of a kicked rotor for increasing kicking strengths. The increased

kicking strengths can be interpreted as increased perturbations. As can then be seen, in most of

the Poincaré sections there are still regions of stability.

Figure 3: Image from [16].

The KAM-theorem gives that certain orbits remain eternally stable under small enough perturbations,

however, the following result gives a similar result for non-eternally stable orbits:

Definition 3.30 (Steep function).

Let f: D C R®™ — R be an analytic function, then f is steep if it has no stationary points and its

restriction to any plane has only isolated stationary points.
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Theorem 3.31 (Nekhoroshev theorem).

Let (Hy, M) be a completely integrable non-degenerate steep Hamiltonian system, with n > 2 de-
grees of freedom, with action-angle coordinates (I3, ..., I,; 61, ..., 6,). Consider the Hamiltonian
system

H(IZ, 97;, €] ) S TL) = IT[()(L,7 ) é n) +€f(-[17 92', €] ) S ’17,)7

where f is smooth and € € RT, then there exist a, b, ¢, d € R such that for sufficiently small ¢, we
have that
I(I;; ¢ <n)(t) — (L;; i < n)(0)] < ae® for [t| < cexp(e™?).

Remark 3.32.

In a sense the above theorem can be interpreted as follows: For the KAM-theorem we saw that
for small perturbations there are still eternally stable orbits. The Nekhoroshev theorem proves
something similar, but for only finite stability. However, the theorem is more general is the sense
that it holds for all initial conditions, whereas the KAM theorem gives eternal stability only for

initial conditions coinciding with one of the deformed non-resonant tori.

Remark 3.33.

The non-degeneracy and steepness conditions from the KAM and Nekhoroshev theorems are required

to assure certain values remain sufficiently bounded in their respective proofs.

What conclusions can be drawn from these theorems? How readily can they be applied to Physics?
For the KAM-theorem the regime for sufficiently small € in the proof is disappointingly small. Famous
mathematician and astronomer Michel Hénon calculated how small the perturbation should be for the
restricted three body problem, taking the ratio between the two non-zero masses to be the perturba-
tion. He obtained two estimated perturbation strengths [14], from two different proofs: e = 107333
and € = 1078, both to small to be applicable, however since then work has been done to make the
estimate more generous (when the theorem was proved, the concentration was on showing € to be
positive). However from numerical experiments, it has been shown that the stable orbits remain for
very strong perturbations. The estimate on the perturbation from the Nekhoroshev theorem are more
generous, and the theorem has seen some direct application in celestial mechanics and in rigid body
dynamics for example. The general thing we should take away is that completely integrable systems
are not chaotic, and that non-integral systems may display some degree of chaos, but can also still

permit regular motion.
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3.2 Two degree of freedom Hamiltonians

The simplest possible non-integrable systems are systems with two degrees of freedom. We shall now

discuss two such systems which admit chaotic motion.

3.2.1 The Hénon-Heiles Hamiltonian

Michel Hénon and astrophysicist Carl Heiles, who were interested in the question of whether a star
moving in a weakly disturbed cylindrical potential could have a third constant of motion. As previous
numerical evidence seemed to indicate this. They chose the Hamiltonian

1 1
S@®+y?) + a2ty — oo

1
H=%ﬁ+£ﬂj 3

2

The Hamiltonian is supposed to model the motion of stars around a galactic centre, when restricted
to a plane. It was not necessarily chosen for it’s realism, but for it’s simplicity, which allowed for easy

numerical investigation. The chosen potential is triangular:

2

Figure 4: Image from [17].

The potential was chosen to be constant along the lines z — % =0,z+ % =0andy+1/2=0

[18], yielding a potential

U(z,y) = (y+1/2) (m — y—\/§1> <x+ y_\/;> = %(xQ + )2y — 43/3 — 1/6.

Here the constant —1/6 is left out, setting the local minimum of the potential to 1/6. In spite
of derivation being somewhat ad-hoc, for a Hamiltonian supposedly modelling reality. It was later

found, however, that the potential of the system gives the approximation of a gravitational potential
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of a black hole with a halo [19].
It was shown numerically that at low energies the motion is non-chaotic, but that at higher energies

there are areas in phase space displaying chaotic motion.

G4

025 [

-0.25 -

-05

-0.5 05

Figure 5: Image from [20]. We can clearly see that here the Hénon-Heiles system has chaotic and

non-chaotic area’s in it’s phase space.

From the above image we suspect that the Hénon-Heiles system is not completely integrable. This was
later proved to indeed be the case. We shall later study the generalised Hénon-Heiles Hamiltonian,

which introduced 4 parameters into the original Hamiltonian, given below, via Painlevé analysis.

1 1 e
H = 5(pe+py) + 502’ +by®) + da’y — 2y,

3.2.2 Planar spring pendulum

Another two-degrees of freedom system, showing chaotic behaviour is that of the planar spring pen-
dulum. In Cartesian coordinates it has the Hamiltonian [21]:

mg

_1 2 2 1 2 2| 1 _ \/72_ — S
H= 502+ + 5 [ 17 497~ - aVEs D —ale 1) a= T

where x is the vertical coordinate, starting at the rest point of the mass, the spring has a spring
constant k, a rest length [y and the pendulum has a mass m. Changing to circular coordinates

x4+ 1 =rcos(d) and rsin(f) yields

H= %(pg +p2/r2) +12/2+ rl(a— 1) — acos(9)].
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Figure 6: The spring pendulum in circular coordinates. Image from [22].

Below we see a Poincaré section for the spring-pendulum, which signals that it is probably not com-

pletely integrable. We shall prove this in the next section using Ziglin-Morales-Ramis theory.

Figure 7: Image from [23].

The spring pendulum has been analysed as a model for atmospheric balance [24], and has, according
to [25] been used as a classical analogue for the quantum phenomenon of Fermi resonance in the

infra-red spectrum of carbon dioxide.
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4 Ziglin-Ramis-Morales theory

In 1982 S. L. Ziglin establishes an effective criterion for the non-integrability of Hamiltonian systems,
via the monodromy group of the linearised system. At the turn of the century the connection to
differential Galois theory was made, resulting in what is now called Ziglin-Morales-Ramis theory. This
will take the form of a criterion for the complete integrability of a Hamiltonian system. Using this
new theory, many results of non-integrability, which used Ziglin’s theory, were able to be simplified.
In this section we will introduce this theory and apply it to some examples. This criterion will be
based on what the people who developed this theory call the "guiding principle".

Guiding principle: Assume a Hamiltonian system is "integrable”, then we expect the linearised
system to also be "integrable”.

What "integrable" exactly means here exactly is left open.

The following theorem establishes that the "guiding principle" is true, and for what sense of integra-

bility.

Definition 4.1 (Meromorphic function).

Let f be a complex function, which is holomorphic everywhere, except at a set of isolated points.

Then we call f meromorphic.

For a n degrees of freedom the linearised system of a Hamiltonian H(g;,p;; ¢ < n) along a solution

@(t) is given by

& agfgql (o(1) 823{12 (6(1)) ... aﬁjgzn (e(1)) %;? (¢()) agfgpg (o(t) .. a;?fgm (o(t))
€nin A () gmm (9(1) - g (9(0) o (6(8)  gams (9() - 5ioge (4(1))
b || G2 (00) FIE (6(0) o L (0(0) 5 (6(8) —52E (90) - 53 (0(0)

Definition 4.2 (Reduced linearised system).

Let 5 = A€ be a linearised Hamiltonian system with n degrees of freedom, then this system may be

reduced to the form

n= S(t)n,
_Imxm 0

where 2m = n — 2. We shall call this the reduced linearised system.

o1

&1

&n

EnJrl

5277,




Theorem 4.3 (Ziglin-Ramis-Morales).

Let (C?",w, H) be a Hamiltonian system, then if (C?",w, H) is completely integrable by respectively
meromorphic / rational first integrals in the neighbourhood of a particular, non-stationary solution
@(t), such that the reduced linear system has respectively regular / irregular singularities at infinity,
we have that the differential Galois groups with base field C(t) of the reduced linearised system has

an abelain identity component.

Remark 4.4.

In general the previous theorem can be extended from the case of the complete integrability by
rational first integrals to complete integrability by meromorphic first integrals, by working over the
base field M(T"), defined as the field meromorphic functions over the Riemann surface I' defined as

the maximal analytic continuation of our particular solution ¢(t).

Proposition 4.5.

Let y”" +p(t)y’ +q(t)y = 0 be a differential equation, then tg is a regular singular point if in the limit
t — to, neither (¢t —t9)q(t) or (t — to)%q(t) diverges. Note that co may also be a regular singular
point, which we test by first applying the substitution w = 1/t and then checking lim,, .

Remark 4.6.

The Kovacic’s algorithm is very useful for the application of Theorem 4.3, as Hamiltonian systems
are systems of second order differential equations, and non-solvability is stronger than being non-

abelian.
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Example 4.7.

2 2
We shall now use Ziglin-Ramis-Morales theory to prove the Hamiltonian H = % + q143, is

non-integrable. The Hamilton equations of motion are given by
G1=p1, G2 =D2

P1=0a5, Po=2qi¢.

Now as our particular solution we pick g = ps =0 — p; =0and G =0 — p; =aand ¢g; =

at + b, for a,b € C. The corresponding linearised system is then

& 0 0 1 0] &
& |0 0 0 1| |&
&1 o 0 0 0 |&
& 0 2(at+b) 0 0f |&

We now see that the reduced linearised system is a second order differential equation of the form
2(at + b)&s = 54 = 52, which for a # 0 is clearly similar to Example 2.56, this equation is not
integrable, and has a Galois group SLy(C), which is not abelian, then Theorem 4.3 gives that the
above Hamiltonian is not completely integrable by rational first integrals. The above is an example
of a Hamiltonian corresponding to the Hénon-Heiles generalised system with all parameters set to

0.
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Remark 4.8.

One might wonder if the abelian identity components of the differential Galois groups we might
encounter in general could be classified. Often we will choose a particular solution in such a way that
we work over C(t) as a base field, and such that the reduced linear system becomes a homogenous
linear differential equation. We assume this is the case. Assume the identity component of a
differential Galois group is abelian, then the identity component is solvable, thus by the Lie-Kolchin
theorem we may assume the identity component is upper triangular. Since we assumed to be
working with a differential equation of order 2, the identity component will be a matrix group of
dimension 2. The identity component can be written as a series of group extensions, corresponding
to algebraic, integral and exponential integral extension. These group extensions will all be semi-
direct products. A semi-direct product is only abelian if the product is trivial and both groups
in the product are abelian. Then the differential Galois groups (not necessarily only the identity
components) we encounter will consist of products of finite groups, unipotent or diagonal groups.
In this case, where we are dealing with matrix groups of dimension two, the groups in the chain
will be finite groups, G, or G,,,. The direct product of two of these matrix groups has dimension 4,
and this would not correspond to a differential equation of degree 2. The direct product of a finite
group with one of these matrix groups has identity component equal to the identity component of
the matrix group. We thus find that the only abelian identity groups one will encounter this way
are

{e}, G, and G,,,.

This can be verified somewhat, by noting that the only abelian identity components occurring in

the list of Proposition 2.54 (cases 1 through 5) are of these forms.

For certain equations the abelianity of the identity of the differential Galois group has been charac-
terised. This has for example been done for the Riemann-Papperitz equation, the Lamé equation, the

confluent hypergeometric equation [5].
We shall discuss this for the Riemann-Papperitz equation.

Definition 4.9 (Riemann-Papperitz equation).

Consider the equation of the form:

l-a—a 1-8-8
a—a p—_
z z—1

p o | a8 yi-oad-pB|
v e teoyet eop |V (1)

fora +a+ 5+ E—l— v+~ =1and a,&,ﬁ,ﬁ,’yﬁ € C. This is known as the Riemann-Papperitz

equation, with singularities at 0,1 and co.
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Proposition 4.10 ([26]).

Let y” + a(t)y’ 4+ b(t)y = 0 be a complex differential equation, with a(t), b(t) € C(¢), then if this
equation has three regular singular points at 0, 1, 0o, then it can be transformed into (1) for certain
parameters which are determined as follows:

Let ¢, == limy_,4(t — s)a(t) and dy == limy_,4(t — s)2b(t), for s € {0, 1, co}. Note that for s = oo, we
first make a change of variables ¢ — 1/w and then go on a prescribed checking for a singularity at
0. If any of the limits diverge, we are dealing with a singular point which is not regular. Then we
find the roots of r(r — 1) 4+ c,r + ds = 0, called the indicial equation, and denote these as r§ and r3.
Then using the notation from (1), we obtain that the differential equation is equivalent to (1) with

parameters

0 ~_ .0 np_ .1 2_.1 _ _ o0 =~,.00
a—ro,a—rl,ﬁ—rl,ﬁ—ﬁ,’y—ro,'}/7‘1.

Proposition 4.11 ([5]).

The transformation of a differential equation to the Riemann-Papperitz equation as outlined in the

previous proposition, preserves the identity component of the differential Galois group.

The following theorem shows how the discussed transformation gives us useful results for non-integrability.

Theorem 4.12 (Kimura’s theorem, [5]).

The identity component of the Riemann-Papperitz equation with singularities at 0, 1, co is solvable

<= One of the following is true, for N=a— a,jli=y—7,0=08~— B\
(i) A+ + 7 is an odd integer.

(ii) —X+7i+Dis an odd integer.

(iii) Py [l + 7 is an odd integer.

(iv) X+ i — 7 is an odd integer.

~

(v) (Aor =) and (i or —7i) and (U or —7), belong to one of the fifteen families denoted in Table 1.
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1 1/2+1 ] 1/24m | = -

2 || 1241 1/3+m | 1/3+q | -

3 112/3+111/3+m | 1/3+q|2|(+m+q)
4 | 1241 1/3+m | 1/d+q | -

5 || 2/3+1 | 1/4+m | 1/44q | 2| (I+m+q)
6 (| 1/2+1|1/34+m | 1/5+q |-

7 2/5+1|1/3+m | 1/34+q | 2| (+m+q)
8 |12/3+11/54m | 1/5+q|2|(+m+q)
9 || 1/241|2/5+m | 1/5+q|2|(I+m+q)
10 3/5+11/3+m |1/5+q|2](l+m+q)
1 2/5+1|2/54+m|2/5+q]|2](+m+q)
12| 2/3+1 | 1/3+m | 1/5+q | 2] (l+m+q)
131 4/5+1|1/5+m | 1/5+q|2](+m+q)
4| 1/2+410|2/54+m |1/3+q|2](I+m+q)
15 3/5+1|2/5+m |1/3+q|2](l+m+q)

Table 1: Here I,m,q € Z and z € C.

4.1 Non-integrability of the spring-pendulum

Now we tackle the spring-pendulum, following [27, 28]. Recall that its Hamiltonian is given by

H = %(pf +p2/r?) +12/2 +r[(a — 1) — acos(9)],

with equations of motion
2
T = Pp, Pr = ];—g —7r—(a—1)+ acos(f),

0 = pg/r?, pg = —rasin(f).

We pick as our particular solution § = py = 0. We then obtain the relation ¥ = p, = 1 —r. By

choosing H = E = 0, we also obtain 72 = p? = r(2 — 7). We linearise the system to obtain:

é 0 0 1 0|]|&
& |0 0 0 1/ |&
Gl |-1 0 0 0 ||&
&y 0 —ar O 0 &y

Thus we obtain

! !
" o__ 2\/ __ r 1 ! Ly a
g = (&/r7) = _27,*354 + 7354 = _2752 - ;527
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which we rewrite as
7! a
y'+2—y + -y =0, (2)
r r
as our reduced linearised system. We now apply the transform ¢ — z = r(¢)/2. Note that then

dy(z) _dy(z)dz _ , 7
a dz at 72

and

d?y(z) d? 7 72 F
@ -\ > =y'—+3y,

2 4 2
where we let - denote a derivation w.r.t. ¢ and / w.r.t. z. Substituting these identities in (2) we then

obtain

.2 . . .
T 7" T r r ’ a
r ol l Ly=o0.
1Y +(2+ r 2>y+ry

Substituting # = 1 — 7 and 72 = (2 — r) gives

r(2—r 1—-3r a
(4 )y”+( +2)y’+ry:0

2
10 — 67 4a
1 /
=0
vt T(Q—T)y + r2(2—r)y
5 — 62

/

2z(1 — z)y 222(1 - z2)

We now try to transform this equation to the form of (1).

= " +

y=0.

limzﬂ: imﬂZS/Q,
20" 22(1 —2)  2-02(1 —2)
lim 22— = lim = =q/2,

B0 221 —2)  2B02(1—2)

for which the indicial equation has roots 7“871 =-3/4+ %\/9 — 8a.

. 5— 6z . 6z2-5
limG - Do g—py =i —,—=1/2
) 2 a _oalz—1)

;1_)1111(2 2 2z2(1—z)7gl—>nﬁ 222 0

for which the indicial equation has roots r§ = 1/2 and r} = 0. To handle co we make the substitution

w = 1/z, this gives us

d2y 2—w ,dy 1
—_— _— —_ _— :0.
dw? + 2w(w — 1)y dw + 2w(w — 1)y

Then

. 2—w ) 2—w
limw—r—— = lim ———— = —1,
w=0 2w(w—1)  w—02(w—1)

1
limw?——— = lim —% =0,
w—0 QW(W — 1) w—0 2(W — 1)
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for which the indicial equation has roots r5° = 2 and r{® = 0. Thus we find the Riemann-Papperitz

equation

5/2 1/2

5/2  1/2
z z—1

/

yl/ + y +

a/z_w]yzo,

22 z(z—1)

We now apply Kimura’s theorem for X = %\/m7 = %7 v = 2. From here it can then be found
that the planar spring pendulum system is not completely integrable by meromorphic first integrals
unless @ = (2 — b(b+ 1)) for b an integer [28]. We now use that a € [0,1], for the system to be
physical, we then find that the system can only be integrable if a € {0,1}. For the case a = 1, recall
that the planar spring pendulum in Cartesian coordinates is

H:%(pz+py)+% (x+1)2+y2} —(1-a)(z+1)2+y?—alz+1),

which splits for ¢ = 0, and is thus completely integrable. For the case a = 0, recall that a = %v
we can then deal with this case as follows. Note that limy_,., a = 0, if £ = 0o, then the spring becomes
just a rigid rod, and we obtain just a planar-pendulum, which has one degree of freedom, and is thus
completely integrable by meromorphic first integrals.

Thus we have fully characterised the integrability of the system.

Note that choosing the right initial condition for a three dimensional spring-pendulum, i.e. giving it

no angular momentum, results in only planar movement, thus the above argument can be extended

to characterize the integrability of the three dimensional spring pendulum.
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5 The Painlevé equations and property

Paul Painlevé (1863 - 1933) was interested in defining new functions. Many new functions are defined
as a solution to a given differential equation. Notable examples are the exponential, hypergeomet-
ric and elliptic functions. This led Painlevé to formulate and investigate functions as solutions of
differential equations satisfying the Pianlevé property. In this section we shall discuss the how the
Painlevé equations were found, their general properties as well as how the Painlevé property relates

to integrability. This section is based on [29, 30, 31, 32, 33].

Definition 5.1 (Movable singularity / Painlevé property).

Let
y(”)+F(y(i);i§n71):0 (3)

be an ODE, for F' a polynomial with coefficients in C(t).

Let f be the general solution of the (3), which has singularities at coordinates dependent on unde-
termined constants of integration, then f has mowvable singularities.

If f has no movable critical singularities, i.e. singularities at which multivaluedness occurs, then f

has the Painlevé property.

Example 5.2.
Consider the differential equation
y'+ () =0

It has as a solution In(z + ¢) for ¢ a constant of integration. The complex logarithm has a critical

singularity at the origin, thus the equation has a movable critical singularity

Painlevé studied second order equations having the Painlevé property, for details see [30]. This
eventually led to the discovery of the six Painlevé equations, which we shall further discuss in this

section.
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Definition 5.3 (The Painlevé equations).

The following are the six Painlevé equations:

d2y 2
d%y
LA J¥E P
a2 Yo iy +a (P1r)
2y 1 /dy\? 1dy ay®+8 —
—_— = — _ —_—— _— — P
ar? y(dt) t do P Wty (Prr)
Ly _ 1 (dy 2+§ P dty® +2(17 - @) +é (Prv)
dt2 2y \ dt 27 4 Y Yy v
dy (1 1 \(dy\® 1dy (y—1)7° BY  w  yy+1)
—_— = R — _— _— _—— B D= — — _— _— P
ar? <2y+y—1) (dt) ra T e\ Mty Tt (Pv)
2y 1/1 1 1 dy\? /1 1 1\ dy
dt2_2<y+y—1+y—t) <dt) _<t+t—1+y—t>dt+ -
VI
yy—y—t) a+@+v(t—1)+5t(t—1)
2 (t —1)? y (=12 (y—t)?
Remark 5.4.

All of the Painlevé equations have a singularity at oo. Equations Py, Py and Py have 0 as a
singularity, and Pvyy has 1 as a singularity. All the equations may have movable poles, and have no

other singularities.

5.1 Symmetry in the Painlevé equations

We shall consider the symmetry properties of Pry in detail, following the discussion from [29], and
then state the analogue of these properties for the other Painlevé equations. To start we consider the

system of equations below:

fo = folfi — f2) + a0,
fi = filfe— fo) + o, (4)
3 = falfo—fi) +as.

We note that under the transform ¢ — t/c, f; — cfj and a; — c?a;, for ¢ # 0 a constant, the system

de-fi(t/e) _ 2dfi(t/e) _ 2dfi() dt/e _ 2
dt -

(4) is invariant, as under this transform dd—ftj gets sent to =55~ = dt/o dr = < i
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similarly, we get a -c? for the RHS of the system, thus we can divide both sides by c¢? to obtain the

invariance.

Now note that
(fo+ f1+ f2) = ap+ a1 + as,

i.e. constant. hence we obtain
fot fi+t fa=(o+ar+a)t+e

Now assume g + a1 + as # 0 and ¢ = 0. Since we may rescale the system by a constant, we may

now assume that ag + a3 + as = 1 and that fo + f1 + fo = ¢.

Proposition 5.5.

The following system of equation is equivalent to Pyy.

fo = folfi — f2) + ao,
fi = filfa— fo) + s,
fs = folfo— fi) + o,

where ag + a1 + as = 1 and that fo+ f1 + fo =t.

Proof. From the relation fo+ f1 + fo =t we can reduce the system of three equations to a system

of two equations. Eliminating fy then yields
i =hH(fi+2fa—1t)+ o,
2 =f{-2fi—f)+a.

We use the first equation from (5) to get an expression for fa:

f2=<f{_a1—f1+t>- (6)
f

Now we differentiate the first equation from (5), yielding

1 =ACA+2f2—t)+ fi(2fa = 1).
In this equation we first eliminate f} using the second equation of (5), and then eliminate fo
from the resulting equation using (6). Setting fi := y, we then obtain

1 3 a2
" N2 3 2 2
= — + -y + 2yt +y(t*/2+ a1 + 205 — 1) — —.
2y(y) 23/ Y y( / 1 2 ) 9
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(We also apply the equality ag + a1 + as = 1) Now we define a = as — ap and 3 = —2a2, and
apply the change of variables ¢ +— v/2t and y — y/+/2, from which we obtain Pry. |

Definition 5.6 (Auto-Bécklund transformations).

Let 3™ = Z?fl ai(y™)¥ be a differential equation, then a transformation of the dependent
variables, which leaves the form of the equation unchanged, but may change the parameters, is

called an auto-Bdcklund transformation.

Example 5.7.

The system (4) has an inherent symmetry, given by p(f;) = fj+1 and p(e;) = a1, for j € Z/3Z.
Then p(f;) = fj+1 and p(a;) = aj11, for j € Z/3Z is an auto-Bécklund transformation.

From now on let the subscripts of «; and f; lie in Z/37Z.

Remark 5.8.

When viewed in its symmetric form, we can easily determine some particular solutions of Pry. For ex-
ample assuming fo = f1 = fo and @g = a1 = g, it is not hard to verify that (ag, a1, ag; fo, f1, f2) =
L 1 1.t ¢ t) is a solution. Another particular solution can be found by choosing fy = ag = 0,

yielding f1 + fo = ¢, then from (4) we obtain

fi=rfilfa—fo)+a1= fifo+ a1 = fi(t— fi) + a1

u

Applying the transform f; = ;' we obtain u” — tu’ — aqu = 0, now rescaling t — /2t yields
w’ — 2tu’ — /20qu = 0. The above differential equation is Hermite’s differential equation, who’s
general solution can be expressed in terms of the hypergeometric series and Hermite polynomials.
Let g be such a solution, then it can easily be checked that

/ !
f0:07f1:g7f2:t_i7
g g

is a solution to (4).

Since the parameter space for Pry is two dimensional, and we have that ag + a1 + as = 1 for Py in

the form of (4), we can view the real parameter space of (Pyy) as an equilateral triangle with sides of
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length 2/4/3. Consider the following diagram.

(1'1:0

OQZO

Along each of the coloured lines o; = 0. From some basic geometry we then have that for any point
the length of the dotted lines in the above image add up to 1. Note then that in this coordinate system,

the centre of the triangle corresponds with the solution (ag, a1, aso; fo, f1, f2) = (%, %, %; %, %, %),

and the edges correspond to the solution in terms of solutions to Hermite’s equation.
We will now define another auto-Bécklund transformation on the system (4).

Proposition 5.9.

Take the system (4), then

o o
0o : (o, a1, az; fo, fi, f2) — (—040, ay + ag, az + ag; fo, fi + ?07 fa — fo)
0 0

defines an auto-Bécklund transformation, and o = id.

Proof. We need to show that og(g, a1, as; fo, f1, fo) satisfies the system of equations (4).

For the first equation we obtain

o0(fo)' = fo = fo(fr — f2) + a0

— o0(fo) [ o0(f1) = o0(f2) — =29} + ag = o0(fo) (c0(f1) — o0(f2) -
ao(f)

For the second equation we obtain

! 2
oo(f1)" = (fl + jﬁg) =fi— %()2) = fi(fe — fo) + a1 — %(fl - f2) — %%)

ao(fo) ao(fo) o0(fo) | o0(g0)?

= 00(f1) (00(f2) = 00(fo)) + a1 + .

—(ao<f1>—‘;§) <Uo(f2)—00(fo)+ 0 >+a1—0‘° <Uo(f1)—oo(fz)—2 <0 ) 20

The result for the third equation in the system is analogous. Thus the transformed equations
indeed satisfy the same system.

It is not hard to see that oy id. |

We can now define new auto-Bécklund transforms from compositions of oy and p. Namely let o1 =
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1 1

poop~ and o3 = poip~ . Note that these o; transforms, move us outside of our original triangle

parameter space (for real a;). We can visualise this with the following image:

We see that we move into a different triangle of the parameter space by the transformation, where
again the centre and edges of the triangle correspond to spacial solutions, thus by applying successive

auto-Bécklund transforms we obtain the following parameter space.

Proposition 5.10.

The auto-Bécklund transforms from Example 5.7 and Proposition 5.9 of Pry, form the group
(hi, ho, hs; h? = e) % (g; g° = ¢).

Proof. 1t is clear via the given geometric interpretation that these transforms will be a group. Let
G be the group generated by these transforms, then G = (p, 0;; j < 2) = (g, h1, ha, hs; g° =
h? = e,gh;jg"! = hji1), for j € Z/3Z. Since {e, g, g°} is normal in G, we easily see that
G = (hy, ha, hg; h? = e) x (g; ¢ = e). Note that (hy, ho, h3; hf = e) = A,, the Coxeter
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group. The interior bounded edges where Py has a particular solution is referred to as a Weyl
chamber. |

Remark 5.11.

Note that o;(f;) = f; + %bij, where (b;;) j<3 is given by the matrix

For Pry we derived the structure of the auto-Backlund transformations and how these related to
the parameter space of the equations. A similar result is true for the other equations, there will be
auto-Bicklund transformations which will form an extended affine Weyl groups. Again the edges and
centres of the Weyl chambers will form special solutions of the equations. These special solutions along
the edges will be in terms of the corresponding degeneration of the Gauss hypergeometric equation as

we shall see later in Figure 9. These facts are given in Table 2.

Painlevé Number of Auto-Béacklund | Hypergeometric
equations parameters Group solution

P 0 - -

Py 1 Ay Airy

P 2 AL @ Ay Bessel

Pryv 2 Ao Hermite

Py 3 Asg Kummer

Py 4 Dy Gauss

Table 2: Auto-Backlund structure of the Painlevé equations.

5.2 Hamiltonian structure of the Painlevé equations

We shall use the previous results for Pry to define a Hamiltonian structure for the system (4).

Proposition 5.12.

The following Hamiltonian system is equivalent to Pyy:

1
H = (t—q—p)pqg+ asp — a1p — aiq+ g(oq — a)t.
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Proof. First we note that (4) is equivalent to Pry. Using the notation from Remark 5.11, let
{fi, f;} =1bij and {g,h} = Z?,j:o %bij%~ Furthermore let H = fofifo + bofo + b1 f1 + bafa.
Then we then find that

{H, f5} = fi(fi+1 — Fiv2) + (bjy2 — bjy1).

Then, setting by — b1 = a9 — 1, bg — ba = a1 and by — by = v, we have that the b; satisfy
oo + a1 + oz =1 and that by + by + by = 0. Then

1 1 —1
bo= gl —a2), b= g(a1+202), by=—(201 +0a2).

We then see that f) = {H, fo}+1, fi = {H, f1} and f} = {H, fo}. Now we set f1 = pand fo = ¢,

and recall that fo + f1 + fo = t. from which it follows that {p,q} = 1 and {p,t} = {q,t} = 0.

Then the Poisson bracket becomes {g,h} = % % - % %. This is the Poisson bracket in standard
p g dq Ip

coordinates for a complex symplectic manifold. Now by substituting fo =t —q —p, f1 = p and

fo = q we obtain that

1
H=(t—q—p)pg+ ap —a1p—aiq+ g(oq — a)t,

which is then the equivalent Hamiltonian system of Pry. |

There are equivalent Painlevé Hamiltonian systems for all Painlevé equation. We denote these below.

Below we give the Painlevé equivalent Hamiltonian systems as stated in [33] for all but Py, for which

we give the equivalent system as derived above.
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Definition 5.13 (Hamiltonian Painlevé systems).

The Painlevé Hamiltonian systems are

H=q*/2-2p° —tp

H=q¢/2— " +t/2)g— («+1/2)p

H= % [2(]2]92 - (2770075]92 + (2k0 + 1)p — 277015) q + Moo (Ko + Koo )tp|
where (o, 3, 7, ) = (—4Noo koo, 4n0(ko + 1), 402, —4n3).

H=(t=q—p)pg+ (a2 —on)p—a1q + é(al — )t
where we use the notation from (4).

H = vl =176 = (salp = 12 + wiplo — 1) = ) 0+ o~ 1)

where (a, 8, v, 6, k) = (/ﬁgo/Q, —k3, —n(1+ Ky), —n%/2, (ko + ki) /4 — k'go)

1= s [ = D= 06— (o - Do - 01+
mp(p = t) + (ke = Dp(p — 1)) g+ £p — 1)

where (o, 3,7, 6, k) = (K2, /2,Kk2/2, K3/2,K2 /2, [(Ko + K1 + Kt — 1)? — Koo)/4).

5.3 Other properties of the Painlevé equations

In this section we describe some of the other general theory relating to the Painlevé equations.
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Proposition 5.14.

The following diagram shows the so called convalescence cascade, where the arrows denote that it is

possible to go from one equation to another via limits and substitutions.

(Pvi) — (Pv) — (P1v)

NN

(Prr) (Prr) (Pr)

Figure 8: Coalescence cascade of the Painlevé equations.

Example 5.15.

We shall now see how we can go from Py to Pp, as stated in the above proposition. We first let

t 2t —6e 10 y s ey + €70, a > 4e 15, Applying these substitution to Pyy yields

e 3y =32y +ty) + e 3(6y2 +1) = 3 = (27 +ty) + (62 + ).

Now letting € — 0 gives Py, of course there needs to be a justification for this to be true at possible

singularities of 2y + ty. For an example of how this can be made rigorous is given, see [32].

We shall now find a particular solution to Hyy. First consider the following:

Proposition 5.16.

Consider the differential equation S—Z = a(t)y? + b(t)y + c(t), then the substitution y = ﬁtl)% In(u)

applied to the differential equation yields a differential equation of the form

a(t)’
a(t)

u” + —b(t)| v+ a(t)e(t)u = 0.

Proof. The substitution yields

du 1u"? W1 N\ u’
————-— +—F==-(-"u] +bla—+c
au au U a \u U

Then collecting all the terms to one side, and multiplying by a and u yields

a(t)”
a(®) b(t)

"

u +

u +a(t)e(t)u=0
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Proposition 5.17.

The Hamiltonian system Hy has a particular solution
pt) = A7M(t — 1) § [(t — 1)™u(t)]
q(t) =0

where A := kg + k1 + k¢t — 1 # 0 and where we pick kK = 0 and where u(t) is the hypergeometric

function with parameters 1 — k1, k¢ + 1 and ko + x¢ — 1.
Proof. From the Hamilton equations we obtain that ¢ = 0 and that

p=—lro(p—1)(p —1t) — kap(p —t) — (ke = V)p(p — D]/t — )],

which can be brought to a form, where we may apply Proposition 5.16 for the substitution

p=A"1t(t — 1)& In[(t — 1)~ou(t)]. This substitution would yield
t(l—t)i+[rko+ ke —1— (1 =K1+ K+ 2)t]a— (1 — K1) (ke + Du =0,
which is the Gauss hypergeometric equation with the desired parameters. Thus p(¢) has the

desired solution. | |

Similarly we will find that the particular solutions of the Painlevé equations 2 up to 6 follow the
degeneration of the Gauss’ hypergeometric function. To illustrate this consider the following diagram,

which is similar to the convalescence cascade of the Painlevé equations shown previously.

Proposition 5.18.

The degeneration of the Gauss hypergeometric function follows the confluence cascade of the Painlevé
equations, as is depicted below, and the degenerations show up in the respective (with respect to

Figure 8) particular solutions of the Painlevé equations (as showed for Py above).

Gauss —— Kummer —— Hermite-Weber

Bessel —— Airy —— None

Figure 9: Degeneration of Gauss’ hypergeometric function.

Remark 5.19.

The above are the equations referred to in Table 2.
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We shall illustrate such a degeneration in the following example.

Example 5.20.

We shall show that an Airy function is just a special case of a Bessel function. As such note that

that the Bessel function is a solution of
g +ty+ (12 —a®)y =0
and that an Airy function is a solution to
j+ty=0.

We call these the Bessel and Airy functions respectively. We now apply the transform z =

%t3/2, u(z) = V/ty to the Airy equation, we then obtain
i+ ty+ (8 — 1/3%)y,

which shows the restricting the parameter of the Bessel function yields the Airy function.

5.4 The Painlevé property and Integrability

We shall show in this section how the Painlevé property is related to integrability, and use it to
determine integrable parameter choices for the Hénon-Heiles Hamiltonian system. We will use a
Painlevé test to do so, the ARS algorithm, which we describe below. We start with some background.
The Painlevé property had already been linked to integrability of Hamiltonian systems by Sofya
Kovalevskaya (1850 - 1891), who was the first to find a new completely integrable solution to the
heavy top problem after Euler and Lagrange. She used, what is now referred to as the Kovalevskaya-
test, which needs to be passed for a differential equations to posses the Painlevé property. For this
she won the Prix Bordin in 1888, for which the jury was so impressed that the prize money was more
than doubled. Since then the Painlevé property has been connected to integrability in a general way.
However having the Painlevé property is neither sufficient nor necessary for many types of integrability
[34].

We shall now introduce an algorithm, referred to as the ARS-algorithm, as outlined and justified in

[35, 36, 37], who's success is a necessary condition for an ODE having the Painlevé property.

5.5 Painlevé test

Step 1: Let 7 := (t — tp). Try u = A7~P as a solution, for Re(p) > 0 and 2y € C. Determine all the

possible values of (p, A) for which at least two terms balance.
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If p can take non-integer values, then the equation does not have the Painlevé property, if p is an
integer, continue to step 2.

Step 2: Substitute A7~P + B7"~P into the terms that balanced in step 1. Then equate the leading
terms in B. This should reduce to Q(r)B7, for Q a polynomial of degree n and ¢ > r — (p + n).
Determine the roots of Q(r).

It is the case that —1 is always a root.

If A was arbitrary, then 0 is a root.

Ignore any roots with Re(r) < 0.

If Q(r) has any other roots r with Re(r) > 0, but r ¢ N, then the equation does not have the Painlevé
property. If for all pairs (p, A) Q(r) does have only roots in N (excluding —1 or 0), continue to step
3. If for every pair (p, A), Q(r) has less than n — 1 non-negative roots, this indicates that v misses an
essential part of the solution and the algorithm is inconclusive.

Step 3: Order the positive integer roots as r; < -+ < r,,,. Substitute v = A77P + Z;.n:af(r) c;TI™P
into our original ODE, where max(r) denotes the maximal integer value of r found as a root of Q(r).
Equate powers of 7. Use this to determine the coefficients c; in order.

If at any point for the determined coefficients the equalities can’t hold, then the test has failed.
End.
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Example 5.21.
We shall apply the algorithm as outlined above to the first Painlevé equation: y” = 6y? + t.
Step 1: We substitute A(t —tg) P := A7 P into Py, this gives

Ap(p+ 1)1~ P+2) = 6A2772P 4 ¢,

We set p + 2 = 2p yielding p = 2. Then setting Ap(p+1) = 426 = A =1.

Step 2: Now we substitute 7=24 B7~("+2) into the terms of Py, which balanced in step 1, yielding
674+ B(r—2)(r —3)7"* =67 '+ 12B7" ! + 6872

Equation the terms with are first order in B gives (r —2)(r —3) =12 = 2 -5r—-6=0 =

(r +1)(r — 6) = 0, which has roots r = —1 as expected, as well as r = 6.

Step 3: We substitute
—2 -1 2 3 4
T2+ CIT T+ Cy+ O3+ Cut? + C57° + CoT

into P, and equate powers of 7, yielding:

.6 =6,

73 20 =120,

7720 =6C%+12C,,

1.0 =120,05 +12Cs,

¥ 120y =607 4+ 12C,C3 + 12Cy,

h 1 6Cs =1+ 120,C5 + 120104 + 12C5,
7% 1 12C5= 6C% + 12C2Cy + 12C1C5 + 12Cs.

Solving this system of equations yields
Cl :CQ 203204:02111(105:—1/6.

End

Hence we see that as expected, P; has passed the Painlevé test.
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The ARS algorithm can also be applied to systems of equations, in much a similar way as for just
equations.

For the first step we just substitute A;(t — o) ~P¢ into the system of for each variable z;, and go on as
described before, requiring that all the p; are integers and then determine the A;.

For the second step we substitute A;(t — to) P + B;(t — t9)" 7, and only consider the leading terms
in B; (so no cross terms). These should give a a system of equations, which can be written as Q(r)B,
where ( is a matrix who’s entries are polynomials in 7 and B = [By, Bs, ..., By,]T.

Now we find the roots of det[Q(r)] in terms of r, from where we continue as in the case for only one
equation.

For the third step we continue as done in the case for just one equation, and substitute AP +
AP Ai’max(r)Tmax(T)_pi into our original system of equations into the variables x; re-

spectfully, and check that the resulting system of equations give no contradictions.

5.6 The generalised Hénon-Heiles system

Now we apply the above algorithm to an the generalised Hénon-Heiles system, following [38, 39, 40].

This will also serve as an example of how to apply the ARS-algorithm to a system of equations. Let

1 1
H= 5(1‘ +9)+ i(aalc2 + by?) 4 daPy — gy?’,

which has equations of motion

#=—axr—2dry and §=—by—da®+ ey’

Following step 1 of the algorithm, we set 7 = (¢ — tg) and substitute x = A77P and y = B7~? into

the equations of motion. We then obtain
Ap(p+1)7~ P+ = —Aqr—P — 2dAB7~ (1D

and

Bq(q+ 1)~ = —Bbr=9 — dA*r~% 4 eB*r %,

Then clearly the only way to obtain two or more terms with equal powers is to set p+ 2 = p + ¢ for

the first equation of motion and

q+2=2p+2q ifp=yq,

q+2=2 otherwise.

for the second equation of motion. We then determine that ¢ = 2 is a possibility, then if p = ¢,

balancing the coefficients leads to
p=q=2, A==%(3/d)\/2+e/d, B=—-d/3.
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In the case p # ¢ we obtain

—1+4/1—-4-12d
p= 5 /e,q:2, AeC,B=¢6/e.

For the algorithm not to immediately terminate p needs to be an integer, which already restrict the
possible values for d and e quite heavily. We continue to step 2 and substitute z = A77P + C7" P
and y = Br~9+4+ D77~ 9. For the first case in leading orders of C' and D we then obtain the system of
equations

Cl(r —2)(r —3) +2dB] +2dAD =0

D[(r —2)(r — 3) — 2¢B] + 2dAC =0

Now we Need to find the roots w.r.t. r of the determinant of

(r—2)(r—3)+2dB 2dA
2dA (r—2)(r—3)—2eB
Via some algebra we then obtain that (r? —5r—6)((r? —5r+12)d+6e) = 0. Then if 72 —5r+6+2eB =
Si\/%*;((’;%B) = Si\/lﬁ;(l%/d). As other roots we obtain —1 and 6. Similarly for the

other case, p # ¢, we find roots r € {—1,0,6, £/1 — 48d/e}.

0 = r=

Now for the test not to fail it is required that w and :I:\/m are positive integers.
This restricts possible values to e = —6d, e = —d, and e = —2d.

Now we substitute A772 4+ A; 77 .-+ Ag7* and Br—2+ By77 ' +-- -+ Bg7* for  and y respectfully
into the equations of motion, and solve the systems we then obtain in such a way that no contradictions
occur. If this is done we find that in the case e = —d we have that a = b = 2d(As — Bs). Similarly
for the case e = —2d, we find that a = b, but @ and b remain arbitrary for the case e = —6d. Thus for
these three values it remain to show whether they are integrable or not, which we discuss below.

For the case e = —d, a = b we obtain the Hamiltonian

1
H= (@ +§)+ 5@ +9°) + e’y - 507,

Now substitute 2 = (v —w) and y = (v + w), then

4ev? 4ew?
H(v,w):an—i—%—i—an— e;v,

i.e. the Hamiltonian completely splits it two one degree of freedom Hamiltonians and thus is com-

pletely integrable. Hence the system is completely integrable for these parameters.

Similarly for a specific change of variables the Hamiltonian for the case e = —6d splits [41]. The case
e = —2d was shown to be non-integrable in [42].
Though further analysis one other integrable case was found for e = —16d and a = 16b [41]. Further-

more in [5] it was shown in that all other choices of parameters lead to non-integrable systems.
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Summary and discussion

We have discussed differential Galois theory for matrix differential equations, discussing the formalism
required from algebraic geometry and algebraic groups. We’ve seen that differential Galois theory gives
a powerful way of studying the integrability of matrix differential equations. Picard-Vessiot rings can
always be shown to exist for a given matrix differential equation and are unique up to isomorphism.
The group of differential automorphisms acts as a matrix group on the fundamental matrix of a
differential equation and it can be shown that this automorphism group is in fact a linear algebraic
group, with coefficients in the field of constants. To develop this theory, we needed to assume we
were working over a field with characteristic 0 and a algebraically closed field of constants. There are
linear differential analogues of the classical Galois correspondence and theory of radical extensions,
where here we deal with Liouville extensions, which can be thought of to encapsulate integrability,
and Liouville’s theorem establishes that this integrability in completely determined the be identity
component of the differential Galois group. Finding the differential Galois groups and it’s identity
component may be hard in general, but for second order equations over C(z) Kovacic’s algorithm
may be used, which gives a necessary and sufficient condition for integrability of the equation. We
then developed the Hamiltonian formalism and discussed (non-)integrability via the Liouville-Arnold,
KAM and Nekhorosev theorems. Afterwards we discussed Ziglin-Moralis-Ramis theory, which gives a
criterion for complete integrability and gave a detailed example of its application to the planar spring
pendulum system. After this we introduced the Painlevé property and equations, giving an overview
of basic results related to the Painlevé equations, discussing how the Painlevé property is related to
complete integrability, and giving a test for the Painlevé property in the form of the ARS test, which
we applied to the generalised Hénon-Heiles system. Both the Ziglin-Morales-Ramis theory and the
Painlevé property give two different views on integrability.

Possibly interesting questions for further research could be the following:

In the same way the exponential function was given a special place in the Liouville theorem (being
contained in a Liouvillian extension), it might be interesting to see if the same is possible for other
known functions resulting from linear differential equations, for example could we also give the Airy
function such a special role?

Monodromy finds application in the scattering of black holes, can the relation between differential
Galois theory and monodromy be exploited in a meaningful way for this application?

There are examples of first integrals being constructed using Painlevé analysis. Can some algorithm
be made to accomplish this?

Ziglin-Morales-Ramis theory gives an effective criterion for non-integrability of Hamiltonian systems.
Since for many low dimensional parametrised Hamiltonian systems, all the non-integrable parameter

values can be determined, the criterion is quite sharp. For parametrised Hamiltonians the Painlevé
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test can be used to selected possible values for which complete integrability can be accomplished. Both

the Painlevé property as well as the Ziglin-Moralis-Ramis theory go some way to answering the same

question: Is it possible to show a Hamiltonian system is completely integrable, without constructing

the actual first integrals, i.e. is it possible to deduce integrability from just the properties of the

Hamiltonian system? How sharp can the criteria be made?

To put all the discussed topics in their historical context we conclude with the following summarising

timeline.
1877: Picard publishes an article establishing differential Galois theory for linear differential equations.
1888: Kovalevskaya uses the Painleve property to find a new integrable case of the Heavy Top problem.
1889: Poincaré wins Oscar 11, King of Norway prize for his results on non-integrability of Hamiltonian

systems, relating to the n body problem.

1900 - 1906: The six Painlevé transcendents are found.
1954: Kolmogorov gives first proof of the KAM theorem.
1973: Kolchin makes Picard-Vessiot rigorous.
1982: Ziglin gives a non-integrability criterion via the monodromy group of a linearised Hamiltonian system.
1986: Kovacic develops Kovacic’s algorithm for second order linear differential equations.
1990+: Ziglin-Morales-Ramis theory is developed.
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Appendix A Algebraic Geometry

We shall in this section go through some of the preliminaries of algebraic Geometry. In this section

we will follow / take inspiration from [3, 43, 44, 45, 46].
We assume we are dealing with K a algebraically closed field.
Definition 1.1 (Affine space / variety).
(i) Let K be a field and let n € N. Then we let A% := K™ be the affine space.
(ii) Let S C K[z1, ..., x,] be a polynomial ring. Then
V(S) ={(a1, ..., an) €A™, Vf €S) fl(a1, ..., an)] =0},

is called the variety of S.

Example 1.2.

The following are examples of varieties:
(i) Let V(2? + y*> + 1) = {(a,b) € A?%; a® +b? = 1}, the unit circle in AZ.

(ii) Let I < K[z], then as K[z] is a principal ideal domain, so I = (f), for some f € K[z]. Let f

have a set of roots {ay, ..., a,} now
V) = V(f) = {be A; F(B) = 0} = {b € As [(a1 —2) - (an — 2)](B) = O} = {an, ..., an},

where we use that f can be factorised, since K is algebraically closed.

Proposition 1.3.
(i) Let S C Klz1, ..., x,) and I = (S), the ideal generated by S, then V(S) = V(I).
(i) V((0)) = A™ and V((1)) = 0.

(iii) Let {Sa}aca for some indexing set A, be a collection of subsets of K[x1, ..., x,], then

VI USa| =) V(Sa)

acA acA

(iv) Let I,J < K[z, ..., x,], then V(IJ) = V(I)UV(J).

(v) V is inclusion reversing.
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Proof.
(i) Note first that V(S) C V((S)) is trivial, as S C (S). Now we show V(S) D V((S)).
(S) =>",aifi, for a; € K[z1, ..., z,] and f; € S. Now let P € V(S), then

— VfeSf(P)=0 = (Zaiﬁ) (P)=0 = P e V((9)).

Thus V(S) 2 V((S)).

(ii) V((0)) = {P € A" 0(P) = 0} = A" and V((1)) = {P € A™; (Vf € (1)) f(P) =0} C{P €
A™; 1(0) = 0} = 0.

(iii) V(UacaSa) = {P € A™; (VSa)(Vf € Sa) f(P) =0} = Na (V(Sa)).

(iv) Let I and J be ideals and let f denote some arbitrary element in I and g some arbitrary

element in J, then
V(IJ) = {P € A™ (¥fg € 1J) (fg)(P) = 0} = {P € A™; (¥fg € 1J) f(P) = 0 or g(P) = 0}
=V(I)UV(J).

(v) If S C T, then V(S) has less restrictions on what elements can be part of it than V(T),
thus V(S) D V(T).

|
Note that by Corollary 1.13 any ideal of KJz1, ..., x,] is Noetherian, thus we can take any ideal to
be finitely generated.
Definition 1.4 (Zariski topology).
Let {V(S); S C K[x1, ..., z,]} form the basis for the closed sets of a topology Tz. The generated

topology is the so called Zariski topology.
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Remark 1.5.
Note that by Proposition 1.3, the above definition is justified, i.e. this does indeed yield a topology.

We show this using the definition of a topological space, via closed sets.

(i) By (ii), A" and 0 are closed.
(if) By (iii), NaeaV(Sa) = V(UacaSa), thus arbitrary intersections of closed sets are closed.

(iii) By first applying (i) and subsequently (iv), V(S)UV(T) = V((S))UV({(T)) = V((S)(T)). Thus

the finite union of closed sets is closed.

Thus this is indeed a topology (note that the Roman numbers refer to Proposition 1.3).

Example 1.6.

The varieties from Example 1.2 are closed sets. In particular from (ii) we can identify the Zariski
topology on A'. Any closed set, is the set of roots of a polynomials and thus finite, thus it is easy
to see that the topology is the cofinite topology.

This will not be the case for A, n > 1, as for as V(z122) = {P € A; z122(P) = 0} = {(0, z2, ..., x,)}U

{(z1,0, z3, ..., 2z}, ..., Tpn)}, which in general is not finite.

Remark 1.7 (Separation properties).

K3

Clearly (A", Ty) is T, as (YP € A") V ((z
Now from Example 1.6 we know that A' has the cofinite topology on it, which is not Hausdorff.

) — P) = P is closed.

Now note that A x (0, ..., 0) equipped with the Zariski topology inherits the cofinite topology as
its subspace topology. Thus A" is not Hausdorff, for n > 1.

Definition 1.8 (Vanishing ideal).

Let X C A", then we let Z(X) := {f € k[z1, ..., ,); (VP € X) f(P) = 0}, and call it the vanishing
ideal of X.

Remark 1.9.

Note the following basic results about Z:
(1) Z(X) is an ideal.

(ii) Z is inclusion reversing, as if Y C Z C A™ Z(Y) has less restrictions on its elements, thus

I(Y) D I(2).
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Proposition 1.10.
Let X C A" = V[I(X)] = X.

Proof. "2": It is not hard to see that X C V[Z(X)]. V[Z(X)] is closed, thus X C V[Z(X)].
"C": Y is closed, thus 3J<K|[z1, ..., x,] s.t. V(J) = X. Then using that Z is inclusion reversing

we have that Z(X) C Z[V(J)]. It is not hard to see that J C Z[V(J)] = Z(X) C (X). Hence
X = V(J) 2 V[Z(X)], using the inclusion reversing property of V. Thus we have the desired
equality. |

Definition 1.11 (Coordinate ring).

Let X C A", and define A(X) = K|[z1, ..., x,]/Z(X), we call this the coordinate ring.

Definition 1.12 (Radical ideal).

Let R be a commutative ring, and I < R an ideal, then
VI={reR;Im>0st.rmel}

is called the radical of I.
If I =1, I is called a radical ideal.

Remark 1.13.

We note the following basic facts about the radical of some ideal I.
(i) VID I
(i) VI =+1T.

(iii) Note that /T is an ideal. Let r € R and s € v/T such that s™ € I, then (rs)™ = r"s™ € [
using that s™ € I. Let s,t € /I such that s”,t™ € I, then (s +t)"*™ gives a sum of products
of s and t using the binomial expansion. In this expansion, in each term there will be a

term s"*% or t™*J, thus each term separately will contained in I, thus (s +¢)"*™ € I, hence

(s +1t) € VI. Thus /T is an ideal.
(iv) For any X C A" Z(X) is a radical ideal.

(v) Prime ideals are radical ideals.
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Theorem 1.14 (Weak Nullstellensatz, [47]).

The maximal ideals of K[z1, ..., x,] have the form ((z1 —ay, ..., z, —ay)), i.e. there is a bijection

A" & {maximal ideals of K[x1, ..., z,]}, where A" 5 P = (a1, ..., an) — ((x1—a1, ..., Tn—ay)).

Theorem 1.15 (Hilbert’s Nullstellensatz, [47]).

Let I C K[Xy, ..., x,] be an ideal, then Z[V(I)] = V1.

Corollary 1.15.

The map A" O X — Z(X), has a two sided inverse, where Klz1, ..., z,| > I — V(I) and gives a
bijection

{closed subsets of A"} <+ {VT; I < K|[x1, ..., x,]}.
Proof. Follows directly from Proposition 1.10 and Hilbert’s Nullstellensatz. |

Definition 1.16 ((Ir)reducible subset / component).

(i) Let V # () be a subset of a topological space X, if AV, Vo C V closed sets such that V = V,UV3,

then V' is called irreducible. If V' is not irreducible, it is called reducible.

(ii) We call a maximal irreducible subset a irreducible component.

Proposition 1.17.

The following are equivalent:

(i) V is irreducible.
(ii) For all non-empty opens Uy, Us C V' we have that U; N U, # 0.

(iii) Any open subset of V' is dense in V.

Proof. "(i) = (ii)": Let V be irreducible. By way of contradiction assume there exists non-
empty opens Uy, Us s.t. Uy NUs # 0. Then Uf and US are closed proper subsets of V, where
Ucuus =V 4.

"(ii)) = (i)": By way of contradiction let Vi, V5 be proper closed non-empty subsets of V,
who’s union is V, then V¢, V5’ are open non-empty subsets with a non-empty intersection %
"(ili) <= (ii)": A non-empty open set U is dense in V' <= U intersects every non-empty
open set. |
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Example 1.18.
The following are examples of (ir)reducible set:
(i) Al is irreducible. All its closed sets are finite, but A is infinite.
(i) Any non-empty closed set of A', which is not a singleton is reducible.

(iii) Any irreducible space is connected (as there doesn’t exist a partition).

Proposition 1.19.

(i) Let Y C X, then Y is irreducible < Y is irreducible.
(ii) Irreducible components are closed.

Proof.
(i) " == ": Any open set intersecting Y, also intersects Y. Thus any two open set in Y have
a non-empty intersection, thus Y is irreducible.
" <= ": By way of contradiction assume Y is irreducible and Y is not. Then Y =
ViuVh, = Y=V, UV, %

(ii) Follows directly from (i).

Proposition 1.20.

Let X C A™. A variety X is irreducible <= A(X) is an integral domain.

Proof. " = ": Let X be irreducible. Let fi, fo € K[z1, ..., 2] such that fg € Z(X), then
by the inclusion reversing property of V, we have that X C (V)(f1) UV(f2). Then since V(J;)
is closed, and since X is irreducible, we must have that V(f;) C X for ¢ € {1,2}. Then this
fi € Z(X), hence I(X) is a prime ideal, and A(X) is a coordinate ring.

" <= ": By way of contradiction assume X is reducible, then X = X3 U X, for X; C X, then
Z(X;) - Z(X2) € Z(S). Then since T is inclusion reversing we have that Z(X;) 2 Z(X). Then
Z(X) is not a prime ideal, thus A(X) is not an integral domain. |

The above proposition shows that A" is irreducible, as A(A™) = K[z, ..., 2,]/(0), is a domain.

Corollary 1.20.

The bijection from Corollary 1.15 restricts to

{closed irreducible subsets of A"} «» {I; I A K[x1, ..., z,] is a prime ideal}.
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Proof. Follows from noting that R/I is an integral domain <= [ is a prime ideal. |

Definition 1.21 (Noetherian topological space).

A topological space X is called Noetherian if any descending chain of closed subsets stabilises, said

differently
VVi,2Ve 2

dneNsuch that V,, =V, 41 =---.

Example 1.22.

(i) R with the Euclidean topology is not a Noetherian topological space as one can easily make a

descending chain of closed balls which does not stabilise.

(ii) A™ is a Noetherian topological space. This follows from Corollary 1.15, the inclusion reversing

property of Z and the fact that K|[xy, ..., x,] is a Noetherian ring.

(iii) Any subset of a Noetherian space with the inherited subset-topology, is a Noetherian topological

space.

Proposition 1.23.

Any variety is a finite union of irreducible sub-varieties.

Proof. By way of contradiction assume that a variety X cannot be written as a finite union of
proper sub-varieties. Then we can write X = U;enV;, for V; proper sub-varieties of X. Then we

can construct the following descending chain of closed subsets, which does not stabilise:
XOX\X12X\(Xh1UuXy)D:---

This contradicts the fact that X is Noetherian % Thus X can be written as a finite union of

irreducible closed subsets. |

Proposition 1.24.

Let X,Y be topological spaces, then if V' C X an irreducible set and f : X — Y is continuous, then
f(V) is irreducible.

Proof. Let V C X be irreducible. By way of contradiction assume that f(V) is reducible, then
f(V) = Uy N Uy, for U; proper irreducible subsets of f(V). Then f~Y(U; NUz) = f~1(U1) N
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f~Y(Us), and since f is continuous, f~! sends closed sets to closed sets, thus V = f~1(U;) N
FHUs) 5. u

Proposition 1.25.

Let X C A™ and Y C A" be varieties, then X,Y are irreducible = X xY C A™™" is irreducible.
Proof. We want to show that Z(X x Y) is a prime ideal, as then by Corollary 1.20, X x Y is
irreducible. Let fi, fo € K[z1, ..., Tm, Y1, ---, Yn] and let f1fo € Z(X x Y), then for yg € Y

define X;(yo) = {x € X; fi(z,y0) = 0}. X; C X is clearly closed. Now note that X; U Xs = X,
thus since X is irreducible we must have that X;(yo) = X for ¢ = 1 or i = 2. Now define
Yi={yeVY; Xi(y) = X} ={y €Y; (Vo € X)fi(z,y) = 0}, thus Y; is also closed, again we
have that ¥; =Y fori =1ori=2. Then Vy € Y)(W e V) fi(z,y) =0 = f, e Z(X xY).
Thus Z(X x Y) is prime and we are done. |

Definition 1.26 ((Quasi) affine-variety).

Let V' C A™ be a closed irreducible subset, then V is called a affine variety. Let V be an affine

variety, then if U C V is an open subset, then U is called a quasi-affine variety.

Definition 1.27 (Polynomial / rational functions).

Let X C A™, then ¢ : X — K is called a

(i) polynomial map if

f € K[z, ..., x,] such that ¢ = f.
(ii) rational function at a point P if

3f,g9 € K[z, ..., x,] such that g(P) # 0 and ¢|, = f/g.
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Definition 1.28 (Regular functions / Morphisms).

(i) Let X C A™ be a quasi-affine variety, and let ¢ : X — K, then ¢ is reqular at a point P,
if in some open neighbourhood U of P, ¢|; is a rational function, with no poles in U. Let
Ox[U] ={9¢|y; ¢ € K[z1, ..., ] is regular.} denote the algebra of regular functions (where
addition and (scalar)multiplication are performed point-wise). Sometimes we might not want
to specify U and instead use Ox p for the algebra of regular functions at a point P. Additionally
let Ox be algebra of regular functions X — K.

(ii) Let X,Y be varieties, for X C A™ and Y C A™, then ¢ = (¢1, ..., ¢dm) : X = Y is a

morphism of varieties if each ¢; is regular.

Remark 1.29.

We shall show below that for X a closed set we have that ¢ : X — K is a regular function if

(VP € X) ¢ is a polynomial function.

Proposition 1.30.

(i) The ring Ox is isomorphic to the coordinate ring A(X).

(i) The ring Ox p is isomorphic to [A(X)\ 9Mp] 1 A(X), the localisation of the complement of
the maximal ideal (without 0) associated to P by the Weak Nullstellensatz.

Proof.
(i) The homomorphism F' : K[z1, ..., x,] = O(X) : f — [z — f(x)] is clearly surjective, thus
the first isomorphism theorem gives that K[z, ..., z,]/ker(F) =2 O(X), but ker(F) =
Z(X), thus K[z1, ..., 2,)/Z(X) = A(X) 2 O(X).

(ii) Note that mp is a maximal ideal of K[z, ..., 2,], a principal ideal domain, thus mp is
a prime ideal, and the complement is a multiplicative set. Now the localisation yields
the set of rational functions f/g s.t. f € A(X) and g € A(X) \ mp, where we used the
identification of elements of A(X) and polynomial functions, from (i). Thus we obviously

have an isomorphism. -

Proposition 1.31.

Let X C A™ be Zariski closed. A function ¢ : X — K is regular <= ¢ € A(X).
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Proof. Consider the ideal I == {g € A(X); g¢ € A(X)}, i.e. the ideal of denominators of ¢.
Then V(I,) = 0 (as the denominators may not have any roots), <= 1€ [, < ¢ A(X). R

The above result shows that regular functions on X C A™ are polynomial functions.

Now we validate our definition of a morphism of varieties, by showing that regular maps are Zariski-

continuous.

Proposition 1.32.

(i) A regular function ¢ : Y — K is continuous when K is interpreted as Al.

(ii) A morphism of varieties is continuous.

Proof.
(i) It is enough to show local continuity. Thus let U C Y be some open subset in which ¢ is
represented by f/g. We shall check that ¢~ sends closed sets to closed sets. A closed set
in K = A! is a finite union of points, thus it is enough to show that the pre-image of a

point is a closed set.
¢~ H(a)NU = {P e U; ¢(P) = a} = {P € U; f(P)/g(P) = a} = {P € U; (ag—f)(P) = 0}.

Thus ¢~ (a) UU = V(f — ag) N U, which is closed, thus ¢ is continuous.

(ii) Let ¢ = (¢1, ..., ¢m) : X — Y be a morphism of varieties for X C A™ and ¥ C A™.
Let V C Y be a closed subset, then V' is an ideal and thus by Hilbert’s basis theorem
we can write V. = (f1, ..., fr). We know then that each ¢; is a polynomial function,
then ¢ o f; is a polynomial on X, hence p~1[V(f;)] = V(p o f;), which is closed. Then

o Y V({fi}i<r)] = Nip™V(fi), which is again closed. Thus ¢ is continuous. =
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Appendix B Algebraic Groups

We shall now discuss algebraic groups. This section is based on [48, 49, 46]

Definition 2.1 (Algebraic group).

Let K be an algebraically closed field with characteristic 0. Let G be an algebraic variety over K,

with group law i : G x G — G : (z,y) — zy, inverse ¢ : G — G : z + 2! and a unit element e such

that the regular group axioms hold, furthermore let the operations, p, ¢ be morphisms of varieties.

Then the triple (G, p,¢) is an algebraic group.

A Zariski closed subgroup of GL,,(K) is called a linear algebraic group, where an n x n matrix with

coefficients in K can then be identified with a subset of A™".

Remark 2.2.

We note the following about algebraic groups:

(i)

(if)
(iii)

G x (G is equipped with the Zariski topology and not the product topology, thus an algebraic

group is not a topological group.
A closed subgroup of an algebraic group is again an algebraic group.

We may identify an element from M, (K) with an element from K"*" = K n* Let u be
matrix multiplication, then for A = (a;;)i j<n, B = (bij)ij<n € My (K), (A, B) = (¢ij)ij<n =
Zl" a;;1by. Thus matrix multiplication is a regular map.

If we restrict ourselves to GL, (K), we can see that the standard matrix inverse also yields a
regular map, using the adjoint, as A~! = det(A4)~'adj(A), is regular, since A is nonsingular.

Thus GL,,(K) is a linear algebraic group with the identity matrix as a unit.

Let V be a K-vector-space, and let GL(V') be the group of K-linear automorphisms of V', then
if dim(V') =n, GL(V) = GL,(K).
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Example 2.3.

(i)

(i)

(iii)
(iv)

(vii)

(viii)

Consider G, := Al, ((x) = —z and p(z,y) = v +y. This is an algebraic group, with unit 0.
We shall call this the additive group.

Consider the algebraic group with underlying set V(zy — 1 = 0) C A2, with component wise
multiplication and and inverting. This group is isomorphic to (K*,-,1). We shall call this

group the multiplicative group and denote it by G,,.
GL; (K) is equal to the above multiplicative group, thus this is a linear algebraic group.

T, (K), the set of upper triangular matrices is a linear algebraic group, as it is the set of zeros

polynomials {X;;}j<i<n, and thus closed.

D, (K), the set of diagonal matrices is a linear algebraic group, as it is the set of zeros polyno-

mials {X;; }i£j<n, and thus closed.

U, (K), the set of upper triangular matrices with 1’s on the diagonal is a linear algebraic group
as it is the set of zero’s for polynomials {X;; —1=0;i=j <n}U{X;; j<i<nandi##j}

and thus closed.

SL, (K), the set of matrices with determinant 1, is a linear algebraic group, as it is the set of

zeros polynomials det(X;;) — 1, and thus closed.

Similarly, representations of finite groups are linear algebraic groups, in fact any finite group is
a linear algebraic group, as the permutation matrices of dimension n x n form matrix groups
isomorphic to S, clearly these groups and subgroups are closed, thus by Cayley’s theorem any
finite group can be expressed as such a subgroup of a permutation matrix group, and is thus

a linear algebraic group.

Remark 2.4.

We will talk about irreducible and connected components of algebraic groups. These will then refer

to the subsets of the underlying variety of the group, and be meant in an topological sense.

Definition 2.5 (Morphism of algebraic groups).

Let G, H be algebraic groups then ¢ : G — H is a morphism of algebraic groups if ¢ is a group

homomorphism and a morphism of algebraic varieties.
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Example 2.6.

(i) Let (G, u,t) be a commutative algebraic group then ¢ is a morphism of algebraic groups.

Additionally since ¢ o ¢ = idg it is an automorphism.

(i) Conjugation, i.e. ulg, p(—, g~1)] is an automorphism of algebraic groups.

Proposition 2.7.

i) Let G be an algebraic group, then there is a unique irreducible component, denoted G°, con-
(i) g group, q p : :

taining the identity element.
(ii) For algebraic groups a component is irreducible <= a component is connected.
(iii) G° < G.
(iv) G° has finite index in G.

(v) Let H C G be a closed subgroup of finite index, then H C G°.

Proof.

(i) By Proposition 1.23 we may write G = J,,,, Vi for V; irreducible components. Let {V;};<,
for r < m be the subset of components containing the unit element e € G. Now we take the
multiplication map M : G" — G, defined recursively as j (u(z1, ©2), x3) etc. This map
is continuous, and X, <r G; is irreducible by Proposition 1.25, thus by Proposition 1.24
M(X,., Vi) = X is irreducible. Since e is contained in all the subsets, we have that

Vi € X, but we must also have that V;, = X for some iy, this can only be true if r = 1.

(ii) By (i), the irreducible component containing e is unique. Then, since g — hg is a homeo-
morphism, there is also a unique irreducible component containing h. This is true for all
h € G, thus G is partitioned into irreducible components, thus these are the connected

components.

(iii) Since taking the conjugate of G°, maps it to an irreducible subset containing e, is must be

an automorphism, thus G is normal.

(iv) Since u(g, —) is continuous, u(g, G°) is irreducible, but by Proposition 1.23 the number of

irreducible subsets must be finite, thus the index of G¥ in G is finite.

(v) Let {H;}i<n be the set of cossets of H. These partition G and are all closed, since multi-
plication is a homeomorphism. Then (J,.,, G° N H; = GY, means that there is only one 1,

for which the intersection is non-empty (otherwise G° would not be irreducible). Now the

89



union of the cosets not equal to H is closed. The complement of this union is H, thus H is
also open. Then if H C G°, H would partition G in the subspace topology, thus H 2 G°.

The finiteness of the index is required for the union to remain closed. -

Definition 2.8 (Identity component / connected).

(i) Let G be an algebraic group, then the irreducible subset of G containing the unit of G is called
the identity component, and denoted G°.

(ii) Let G = G°, then we call G connected.

Proposition 2.9.

(i) Let G be an algebraic group, and H a closed subgroup, which is a connected component, then

[H, H] is connected.
(ii) Let G be an algebraic group, with H a closed normal subgroup, such that G/H is abelian and

HY is solvable, then G is solvable.

Proof.
(i) H aconnected component, then H is irreducible, thus Hx H — H : (hy, hg) + hihahy 'hy!

is a morphism of algebraic groups and thus [H, H] is connected.

(ii) G/H is abelian, thus [G, G] € H. Then [GY, G°] C H, and then by (i), [G°, GY] is
connected. As HY is a connected component and H® and [G°,G°] contains the unit,

[G°, G°] C H°. HPY is solvable, hence [GY, G°] is solvable and then G° is solvable.

Remark 2.10.

Let ¢ : G — H be a morphism of algebraic groups, then ¢(G°) = ¢(G)°. This follows from the fact

that e € ¢(GY), as ¢ is a group homomorphism, and must be connected as ¢ is continuous.

Definition 2.11 (Unipotent group / element).

A unipotent group is closed subgroup of U,. We will denote such a group by U,,. Each element of

a unipotent group is unipotent meaning Vu € U In € Ns.t. (u — I)™ =0, i.e. w — I is nilpotent.

Proposition 2.12.

Let G be an unipotent group, then G is solvable, additionally there is a subnormal series (G;)i<n,

where Gi/Gi+1 = Ga.
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Proof. Let G be an n-dimensional unipotent group. Consider the chain.

r b 1 * * 1 0 0
1 = *
1 = * 0 1 =« *
0 1
* . .
1 * : o1 %
o --- 0 1
L . o o0 --- 0 1 o0 --- 0 1

where we replace more and more off-diagonal elements by zero-entries. Consider the following

map _ _
1 a2 - aipn
0 1
= Inxn + Qij,
An—1,n

where a;; is the matrix with only non-zero element a;; at position (¢,7). The image of this
homomorphism is isomorphic to G, and its kernel is of the from of a matrix in the above chain,
thus from the first isomorphism theorem we see that the a chain consists of normal subgroups,
and each quotient at each step of the chain is isomorphic to G,, which is abelian, thus G is

solvable. | |

Remark 2.13.

It is not hard to see that D,, = G}, thus D,, is connected, as products of irreducible sets are

irreducible. Let D,, denote a closed and connected subgroup of D,,, then D,, = D,,, for some n < m.

Theorem 2.14 (Lie-Kolchin, [50]).

Let V be a finitely generated vector-space. Let G C GL(V) be a connected solvable group, then

there is a basis for V' such that G is upper triangular.

Corollary 2.14.
Any connected solvable linear algebraic group G is isomorphic to U x D, for U a unipotent group

and D a diagonal group.

Proof. By the Lie-Kolchin theorem we have that G is upper-triangular. The map which sends a
matrix to it’s diagonal is a homomorphism for upper triangular matrices. U, is it’s kernel, and

thus a normal subgroup. Then clearly D,,U,, = G and D,, " U,, = I, thus D,, x U,. | |
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Definition 2.15 (Semi-simple group / element).

A semi-simple element of a linear algebraic group, is an element which is diagonalisable. A semi-

simple group is a linear algebraic group in which each element is semi-simple.

Theorem 2.16 (Jordan-Chevally decomposition, [51]).

(i) Let G be an linear algebraic group, over a field with characteristic 0. Then every g € G can be

decomposed as g = gsgu = Gugs, where gs, g, € G are respectively semi-simple and unipotent.

(ii) Let ¢ : G — H be a morphism of algebraic groups, then ¢(gs) = ¢(g9)s and ¢(gu) = ¢(9)u-

Proposition 2.17.

Let K, H be unipotent groups and e K ¢ G v H e be a short exact sequence

of algebraic groups. Then G is unipotent.

Proof. Since by Theorem 2.16, each element g € G is fo the form g.g,,. Then ¥(g) = ¥ (gsgu) =
¥(g)s¥(g) is an element in H and thus unipotent, therefore ¥ (g)s = e. Thus the semi-simple

elements of G are in the kernel of ¥ and thus in the image of ¢, and thus must be unipotent,

hence g must be unipotent, thus G is unipotent. |
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