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Abstract

This thesis presents and analyzes the dynamics of electrical circuits with memristive com-
ponents. Memristive devices add a new dimension for modelling innovative circuits and sys-
tems in a wide range of applications, such as neural networks, storage devices and neuro-
morphic circuits- in which the memristive devices can act as artificial synapses. The main
property of memristive devices is the non-volatile memory, which makes memristors ideal as
potential building blocks for neuromorphic computer architectures. Neuromorphic computing
is a new technology inspired by the human brain, with great potential to enable information
processing at very low cost, using electronic devices that imitate the electrical behaviour of
biological neural networks. First, we study synchronization in networks consisting of mem-
ristors and capacitors. Subsequently, electrical circuit models of (biological) neurons coupled
via memristors are considered. Accordingly, the system of differential equations that simu-
late the well-known FitzHugh-Nagumo (FHN) neuron model is adopted, in order to derive a
sufficient condition on the coupling coefficient to guarantee synchronization of FHN neuron-
memristor network, by using Lyapunov stability theory. Finally, simulation results illustrate
the synchronization phenomena of the proposed electrical circuits.
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1 Introduction

1.1 Background

Over the past few decades, the exponential growth of computing technologies has reshaped al-
most every aspect of society, from how people communicate and work to understanding the world
around us and the universe beyond. Nonetheless, computing systems, such as computers and
smartphones, as well as the Internet, consume large amounts of energy. In addition, large amounts
of energy are consumed by data centers, which are physical facilities where computing equipment
is concentrated for the purpose of storing digital data. This motivates us to always seek for alterna-
tives to make these systems more energy efficient and, on top of that, to search for ways to enhance

the processing speed of electronic devices.

Modern computing systems are built out of networks of transistors which use Boolean algebra.
Moore’s Law [1], a prediction of Gordon Moore that states that the number of transistors on a
microprocessor chip would double every two years, implies that the processing speed of com-
puting systems is improved exponentially. Hence, in order to improve the computing efficiency
further, we develop faster transistors of decreasing size. However, the physical limits to the further
miniaturization of the transistors, as well as the manufacturing cost, hinder the efficient growth of
computing technology [2[],[3]. This obstacle stimulates the quest for new trends in computing that

can be used to overcome these technical and economic limitations.

A potential computing trend is neuromorphic computing. The ambition of such an endeavor is to
draw inspiration from the operation of the human brain. The human brain can perform complex
tasks, from processing huge amounts of unstructured data, to memorizing information and even
deducing facts. The most striking difference between neuromorphic and conventional computing
lies in their use of memory structures. Conventional computing relies on a basic von Neumann
architecture. This architecture has several central processing units, physically separated from the
main memory areas. This separation produces a temporal and energetic bottleneck, since data
shuttle back and forth between the central processor and memory chips. By contrast, in both
biological and artificial neural networks, the memory and the processors are collocated, meaning
that they implement both memory storage as well as complex non-linear operators, used to perform

distributed computation, at the same time.

Since neuromorphic computation mimics a biological brain, each part of the neuronal network
must be modelled. Hence, a key challenge in building a neuromorphic computing device is to de-

velop physical building blocks to imitate the content-based memory structures found in the brain.



Among other possible devices, memristors (from memory and resistor), have gained the spotlight
as potential candidates [4],[5],[6]. Due to their dynamics, memristors can change their resistance
in response to external electrical stimulation, which gives them the potential to mimic biological
synapses. Moreover, memristors have desirable properties, such as non volatile memory and pas-
sivity, which make them more energy efficient than transistors. Despite the remarkable progress
in the field of memristors, little is known about the dynamics of these electrical elements and their
behaviour as part of a larger network of memristors, which may also include other circuit elements.

As a result, expanding our understanding of the memristor is vital for the progress of the field.

1.2 Contribution

Motivated by this lack of understanding in the dynamics of memristors, we focus this thesis on
investigating the possibility of using memristors as synapses for transmitting information between
interconnected neurons. In order to achieve that, we consider electrical circuits with memristive
elements and we study the dynamical behaviour of such circuits, and particularly the synchroniza-
tion property. Neural synchronization plays a crucial role in many cognitive functions, such as
memory, transferring and processing information. Initially, in this thesis we study circuits that
consists of memristors and capacitors, because their simplicity allows us to focus on memristor
behaviour and synchronization. Next, we replace the capacitors by FHN neurons to get a more

biologically realistic model.

This thesis is structured as follows. Chapter [2| will introduce the field of memristors and present
the first physical model which can be used to describe the behaviour of the memristor. In Chapter
B3], we will briefly describe some fundamental concepts of neuroscience, for instance, synapse and
action potential. In addition, the dynamics of a single FHN neuron under various external stimulus
is investigated.

In Chapter ] we will introduce a mathematical framework for the modelling and analysis of dy-
namical systems. This mathematical framework will be utilized in Chapter [5| where electrical
circuits of memristors are first coupled with capacitors, and then with FHN neurons. Here, we will
also prove that these networks achieve synchronization. Finally, simulation results of capacitor
-memristor networks and FHN neuron- memristor networks are drawn in Chapter [6] followed by

the conclusion in the last chapter.



2 Memristor modelling

This chapter introduces the reader to the concept of memristors and memristive devices and presents
an overview of some of their fundamental properties and characteristics. Then, a description of

HP’s memristor model is given .

2.1 The memristor

The memristor was first theorized by Dr. Leon Chua in 1971 as a new fundamental two-terminal
circuit element, next to the resistor, the capacitor and the inductor [7]. In classical circuit theory
there are four fundamental circuit variables, namely; the current 7, the voltage v, the charge ¢ and
the flux-linkage ¢. Chua realised that out of six possible pairwise combinations between these
variables, only five had been identified. As depicted in Figure |1} the voltage is defined as the rate
of change of the flux-linkage, while the current is defined as the rate of change of the charge.
The remaining three relations are defined by the definition of the three fundamental passive circuit
elements: the resistor, that relates the voltage and the current, the capacitor, that relates the charge
and the voltage, and the inductor, that relates the flux-linkage and the current. Hence, based on
simple symmetry arguments, Chua hypothesized the memristor as the missing element that relates

charge and flux-linkage.

> | v | <
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av = Rdi 1 dq = Cdv
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Figure 1: The four circuit variables (current ¢, voltage v, change ¢ , flux-linkage ¢) connected by
the fundamental two-terminal circuit elements: resistor, capacitor, inductor, memristor, see [8].



As its name implies, the memristor, an acronym for memory and resistor, behaves as a resistor
with memory, meaning that instantaneously the memristor acts as a resistor, however, its resistance

changes permanently through time, depending on the resistance in the past.

A memristor is defined by a relation of the type h(¢(t), ¢(t)) = 0. It is said to be charge-controlled
if this relation can be expressed as a single-valued function of the charge, i.e., ¢(t) = f(q(t)).
It is said to be flux-controlled if this relation can be expressed as a single-valued function of the
flux-linkage as ¢(t) = g(¢(t)).

For a charge-controlled memristor,

differentiating with respect to ¢ yields:

do _ df(q) dq
dt dq dt
After substituting the voltage as v(t) = fl—‘f and the current as i(t) = %, the voltage across a

charge-controlled memristor is given by

where

Since M (q) has the unit of resistance, it will henceforth be called the memristance. Therefore, a

charge-controlled memristor is described by

we can obtain



Here, W (¢) has the unit of conductance, and will be referred to as memductance. It is defined as

Observe that the memristance depends on the time integral of the current, i.e., ¢(t) = [ foo i(T)dr
and the memductance depends on the time integral of the voltage i.e., ¢(t) = [ foo v(T)dr. Thus,
while the memristor instantly for ¢ = 7 behaves like an ordinary resistor, its resistance depends on
the entire past history of the current and voltage. In some sense, the memristor “remembers” its

previous resistance (state) and this is exactly the property that makes the memristor noteworthy.

2.1.1 Memristive device

After the introduction of the memristor, Chua and Kang [9] observed that there exist physical de-
vices and systems whose characteristics resemble those of the memristor but cannot be realistically
modelled by the definition of the memristor. Therefore, they introduced the more general notion
of a memristive device given by the equations (I). Hence, the memristor is only a particular case

of a general class of dynamical systems, called memristive devices and defined by

&)

where x € R" denotes the state variables of the system, and the input and output signals of the
system are denoted by u(t) € R and y(¢) € R, respectively. Both f and g represent continuous
functions. It is assumed that system (1)) has a unique solution for any initial state o € R™. What
distinguishes the aforementioned system (I]) from an arbitrary dynamical system is that the output

is zero whenever the input is zero, regardless of the state x, which incorporates the memory effect.

The definition of a memristive device opens the possibility for two different types of time-invariant
memristive system: the charge-controlled and the flux-controlled memristive device. An nth-order

charge-controlled time-invariant memristive device is represented by

T = f(l’,i)7
v = R(x,i)1,



and a flux-controlled time-invariant memristive device is represented by

&= f(x,v),
i =G(z,v)v,

where x € R" is the n-dimensional state variable of the system, i(¢) denotes the current through,
and v(t) represents the voltage across the device. As before, f is a continuous function that deter-
mines how the internal state variables evolve. The functions M and G are continuous and represent

the memristance and memductance of the devices, respectively.

2.2 General properties

Memristive devices have many attractive properties, which distinguish them from the wide range
of dynamical systems. Some of the most interesting properties are discussed in this section. For

more details as well as for the proofs of the properties we refer the reader to [/]], [9]].

* Pinched Hysteresis Loop
A strictly passive memristor under a sinusoidal excitation centered at zero always gives rise
to a Lissajous-like hysteretic 1 — v response crossing the origin which is at most a double-

valued function of the input.

As depicted in Figure [2|a typical response of a memristor under a sinusoidal input in an ¢, v
diagram is a pinched hysteresis loop. This hysteresis loop crosses the origin, which implies
that the output of the system equals zero whenever the input is equal to zero. Moreover,
Figure [2| illustrates that the area of the hysteresis loop of a memristor decreases with the
frequency of the input signal, and converges to a straight line as the frequency tends to

infinity.
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Figure 2: Pinched hysteresis loop of a memristor. The input voltage is V' (t) = sin (27 ft) where f

denotes the frequency and takes several values. The dashed lines represent the loop slope, which
decreases with increasing frequency, see [[10].

In addition, we assume that system (T]), has a unique periodic solution x(¢) for all ¢ > ¢, with
the same period as that of the input signal. Hence, consider a flux-controlled memristive
device, under periodic current input ¢ with amplitude I, i.e., i(t) € [—1,I]. Since the input
crosses each value twice during one period, every value of ¢ corresponds to at most two
distinct values of v(7). Figure |3]illustrates this property: the left figure corresponds to a
memristor, because any value of 7 corresponds to at most two values of v, while the right

figure cannot correspond to a memristor, since there is a value of ¢ that corresponds to more
than two values of v.

kv L

Figure 3: Left: Possible hysteresis loop. Right: Impossible hysteresis loop [9].



* Passivity
A memristor characterised by a piecewise differentiable q — ¢ curve is passive if, and only if,
its memristance is nonnegative i.e., M (q) > 0 (or memductance W (¢) > 0) at any instant

of time.

The passivity criterion establishes that the memristor may exist in a purely passive form with-
out the need of an internal power source to operate. This, among other properties, makes
memristors potential building blocks for neuromorphic computing, since passive compo-

nents are more energy-efficient than devices with internal power supply.

* Non-volatile memory
Another desirable property of the memristor is that they act as non-volatile memory. Specif-
ically, if we remove the input after a certain amount of time, and come back to use it, the
device will continue its operation from the same resistance as (at least for an ideal memristor

as ¢ or ¢ is zero when no input is applied) to the one in which we left it.

* Polarity
Memristors react to the direction of the current, meaning that they have polarity. This prop-
erty is shown on the proposed symbol of the memristor used in electronic diagrams which is
depicted in Figure[d] We can observe that the symbol is not symmetric, so we can distinguish

between the positive (left) and negative (right) side of the memristor.

—

Figure 4: Symbol of a memristor.

2.3 Physical memristor: HP model.

Despite the fact that the memristor was proposed in the early 70’s, for several decades it was
considered nothing more than a mathematical curiosity. It was until very recently, in 2008 when the
first nanoscale solid-state device, recognised as a memristor, was fabricated by Hewlett-Packard
(HP) Labs and the field of memristors was revived again [11]. More precisely, as illustrated in
Figure 5 the actual device is made of a thin titanium dioxide semiconductor film of thickness
D which is located between two platinum electrodes. The dioxide film can be represented by two
regions, one having low resistance Ry, called doped and one having high resistance Ropp, called

undoped. The state variable w is the absolute extent of the doped region.

10
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Figure 5: A graphical illustration of HP’s memristor device. The semiconductor film of thickness
D, has a doped and an undoped region. The resistance of each region is modelled by a variable

resistor: Rp N% for the doped and Ropp (1;”) for the undoped region. [11]

When an input current is applied through the memristive device, the wall separating the two regions
is moving, i.e., the variable w changes. This causes the total memristance of the device to change.
Thus, the total memristance of the device is modelled by two variable resistors in series, whose
ratio depends on the position of the wall, as shown in Figure [5, and is described by
w(t) w(t)
M(w(t)) = Ron—= + R 1——= 2

(w(?)) on—p opp( D) (2)
where we assume that 0 < w(¢) < D in order that M (w(t)) > 0. Moreover, Roy is the resistance
of the the maximum conducting state and Ry pp represents the opposite case (Roy < Rorr). In
addition, the dynamics of the memristive device can be modelled through the time dependence of
the width w of the doped region. Hence, the state equation is given by

dw(t) RON

W) — ), 3)

Thus, the model is a charge-controlled memristive device given by

dw(t) RON 3

dt :/’LU D ?/(t>7

o(t) = <R0N$ + Rorr (1 - @)) i(t),

where w(t) is a state variable, i(t) is the current through the device and v(t) is the voltage drop

across it.

11



The above system can be expressed as a function of ¢(¢) by integrating (3)) in order to obtain ¢(t),

Ron
D

w(t) = po—r=4q(t) + wo,
and substituting w(¢) into (2)), which gives

Ho RON
DQ

Wo

q(t) + f) + ROFF-

M(g(t)) = (Row — Rorr) (

12



3 Neuron modelling

Among other applications of memristors, the most important one is in neuromorphic circuits. Neu-
romorphic circuits are circuits whose operation is meant to mimic that of the human brain. There-
fore we need to understand how biological neurons function. The purpose of this chapter is to
introduce, based on [12], [13], some fundamental concepts of neuroscience, in particular the idea
of synapses and neural spiking. Based on these concepts, two of the main dynamic neural models

are briefly discussed.

3.1 Biological neuron and synapse.

Neurons or nerve cells are specialized cells that are involved in information processing in the brain.
A neuron consists of three functionally distinct parts, called dendrites, soma, and axon, see Figure
@ The dendrites are where the neuron receives information in the form of signals, from other
neurons. The soma controls, depending on the strength of the information, whether it is going to
send out the signal or not. If the information is strong enough, the signal travels along the axon
to other neurons. We refer to the sending neuron as the pre-synaptic neuron and to the receiving
neuron as the post-synaptic neuron. A typical neuron makes contacts to more than 10,000 other
neurons. These contact points are called synapses. Here, the pre-synaptic neuron sends signals in
the form of chemicals, which are called neurotransmitters and are regarded as electrical pulses or
spikes. This phenomenon is known as an action potential. When this occurs we say that the neuron

fires.

Action potentials are of great significance to the functioning of the brain, since they transmit in-
formation in the nervous system. Consequently, it is of paramount importance to understand how
they are propagated. Similarly to any other cell, neurons are surrounded by a cell membrane and
there exist many channels allowing positive or negative ions to flow into and out of the cell. The
difference in voltage between the inside and outside of the cell membrane is called membrane

potential.

13
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Figure 6: Schematic illustration of biological neurons and the signal transmission from a pre-
synaptic neuron to a post-synaptic neuron through a synapse. The axons at the lower end lead to
other neurons. The inset shows an example of a neuronal action potential. This short voltage spike
will propagate along the axon of the pre-synamptic neuron to the synapses of other neurons, see
[12].

A single neuron can receive thousands of synaptic inputs from many different pre-synaptic neurons.
These inputs produce electrical transmembrane currents that influence the membrane potential of
the neuron. Without any input, the neuron is at rest, which corresponds to a constant membrane
potential. If the input increases the voltage potential we call the synapse excitatory. If the input
decreases the voltage potential the synapse is called inhibitory. The type of the synapse does not
change through time, however each synapse can have varying strength, called synapse weight,
which depends on the ionic flow through the neurons. When the total sum of the inputs makes
the neuron’s membrane potential reach a certain threshold, then an action potential is generated

and the membrane potential returns to the resting state. Then, the neuron is able to fire again, see
Figure[7]

14
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Figure 7: Left: Schematic diagram of the propagation of an action potential. A neuron fires
when the total sum of the excitatory and the inhibitory synapses with the surrounding pre-synaptic
neurons exceed a certain threshold. Right: Action potentials of an actual neuron in the mouse’s
cortex. At rest the membrane potential is about —70mV, as soon as the membrane potential reaches
a certain threshold, around —50mV, its trajectory shows a spike-like excursion with an amplitude
of about 100 mV. Afterwards the voltage potential returns to the rest ready to fire again.[14]

3.2 Neuron models

In this section we briefly present two of the most well-known dynamical models in computational
neuroscience for capturing neural firing behaviours. First, the groundbreaking Hodgkin-Huxley
model is reviewed and subsequently a simplified version, the FitzHugh-Nagumo model, is dis-

cussed.

3.2.1 Hodgkin-Huxley model (HH)

In the early 1950s, Alan Hodgkin and Andrew Huxley [15] developed a detailed mathematical
model explaining how action potentials are generated along a squid giant axon. The two re-
searchers described the dynamics of the membrane of the axon using an equivalent electrical cir-

cuit, analogous to Figure[8]
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Figure 8: Electrical equivalent circuit for the dynamics of the voltage potential in the HH model,
see [16].

Firstly, the membrane potential V,,, is defined as V,,, = v;,, — v, Where v;,, and v,,; are the poten-
tials inside and outside the cell, respectively. Furthermore, the total current /(t) across the mem-
brane has two components, one corresponding to membrane capacitance and one corresponding to
the flow of individual ions through the membrane. The capacitive current is equal to /o = CmddL;".
The ionic current, [;,,, is the algebraic sum of the sodium current /,, potassium current [ and

the Ohmic leak current /. Based on Ohm’s law, the ionic current is given by
Iion - ]Na + ]K + IL - GNa(vm - ENa) + GK(Vm - EK) + GL<vm - EL)?

where G y,, G, G, represent the conductance for each ion through the membrane and E,, Fx, Ef,
are the equilibrium potentials for each ion i.e. the membrane potential at which there is no net
movement of that ion across the membrane. Both Gy, and G are time and voltage dependent

functions, while FEn,, Ex, Er, C,,, G, are constants that are determined via experimentation.

Using Kirchoff’s current law, the algebraic sum of all the currents entering and leaving a junction
must be equal to zero, so we have /(¢) = 0. Hence, the dynamics of the membrane can be described
by
Cmﬂ = — [ + Ina + 1] + Leat
dt @)
=[Gk (V = Ex) + Gna(V = Ena) + GL(V — EL)] + Leat

where /.., is an externally applied current.

If there is no stimulus applied, so /.,; = 0, the neuron remains at rest i.e. ‘il—‘t/ = 0 and therefore

16



action potentials are not generated. If /.,; # 0 depending on the different types of input, we obtain

different scenarios on the dynamics of the neuron.

Based on pioneering experimental techniques, Hodgkin and Huxley proposed to model the time

and voltage dependence of the sodium and potassium conductance of the membrane as

GNa(ta V) = gNam3h7

)
GK<t7 V) = gKTL4,

where the variables n, m, h are described through the differential equations

n=an(V)(1=n) =B, (V)n,
1= am (V) (1 —=m) = fn(V)m,
h=an(V)(1 = h) = Bu(V)h.

The parameters gy, i are called maximal conductance and describe the total number of sodium
or potassium channels within the cell. The n, m, h are called gating variables and vary from 0 to
1. The variables m, h control the activation and inactivation gates of sodium channels respectively,
whereas the activation gates of potassium channels are controlled by n. The functions a(V") and

B(V') describe the transition rates between open and closed states of the channels and they are

given by

10-V -V
(V) =0 O T T Bo(V) = 0.1256xp<%),

25—V -V
am(v) - O'lexp(%l_ov) - 17 Bn(v) - 46Xp<@>,

-V 1
V) =0.07 — (V) = .

Oéh( ) CXP< 20 >7 6 ( ) eXp(golz)V) 11

Substituting the potassium and sodium conductance () in equation (@) we obtain the complete set

of the Hodgkin-Huxley equations

A%
Cm% = —gxn*(V — Ex) — gnam®h(V — Eng) + g (V — EL),

i = aa(V)(L = 1) = Bu(V)n,
= an(V)(1 = m) = Bu(V)m,
= an(V)(L ~ h) = Bu(V)h.

(6)
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3.2.2 FitzHugh-Nagumo model (FHN)

A two-dimensional simplification of the Hodgkin-Huxley model was derived by FitzHugh (1961)
[17] and, independently, by Nagumo et al. (1962) [18]. The FHN model is often used to describe
the behaviour of a neuron and its ability to propagate an action potential. Its justification is based
on the observation that the membrane voltage V' and the activation of sodium current m evolve on
a similar time scale, whereas the activation of potassium current n and the inactivation of sodium
current A change in much slower time scales. Given these similarities, we combine V' and m under
a single ’voltage-like’ variable 1/, and we couple n with (1 — h) into a single ‘recovery’ variable
W.

The two equations in the FHN neuron model are then given as

. V3
V=V~ =W+ La,
3 )

W =c(V +a—bW).

The parameters a, b and c are dimensionless and positive. The [.,; corresponds to an externally

applied current, while the parameter ¢ determines how fast ¥ changes relative to V.

In order to get some insights into the dynamics of the FHN model, and how the external current
influences the firing behaviour of the neuron, we analyze the nullclines of the system. In the (V, W)
plane, the V'-nullcline is the cubic curve W =V — V?S + I.;¢ and the W -nullcline is the straight
line W = (V + a)/b ,as shown in Figure @ Using realistic parameter values results in one point
of intersection between the nullclines. Thus, the unique fixed point (V*, W*) of the FHN model is

the solution of the system

V3
V___W+Iext207
3 ()

V+a—-0W=0.
We analyze the stability of the equilibrium point by linearizing the system around it.

Let f(V,W)=V — ‘%3 —W+1Ipand g(V, W) = c(V +a—bW). Wetake apoint V = V* 4 z.

By differentiating it we obtain V = . Likewise, we choose W = W* + y and we get W = 4.

18



Taking the Taylor expansion of V and W we can write

T = %(V -V + %(W — W) + high order terms,
Y= %(V -V + %V’VVV)(W — W*) + high order terms.

Taking both x and y to be sufficiently small, we can neglect the higher order terms. Therefore, we

have

i=(1-V")z—y,
: ®)
y = cx — cby.

Expressing the system (9) as a matrix equation gives

()= 2)0)

This is the Jacobian matrix and easily we compute the eigenvalues

—V*2 41 —beE/(V2—1—bc)? —4c

Atz = 5

Thus, the stability of the equilibria depends on the position of the fixed point in the phase space.
The solution is stable if and only if both the eigenvalues have negative real part. This happens

when

—V1—bec<V*<+V1-—bc

Hence, we have stability whenever the 1//- nullcline intersects the V'-nullcline along its right-and

left branches.

As illustrated in Figure [9] the external stimulus /.,; changes the initial value of V' and thereby
shifts the V-nullcline. Hence, for different values of .., the fixed point can be on the left, middle,

or right section of the V'-nullcline.
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Figure 9: Nullclines of the FHN model for different values of external stimulus /.,; when a

0.7,b=0.8,c = 0.08.

Next, we investigate how the dynamics of the FHN model responds to different external stimulus.

When we have weak or zero stimulus, as depicted in Figure 10| the fixed point is on the left branch

of V-nullcline, and the system will follow a tight trajectory around the equilibrium point and

immediately return to the rest state.
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(a) Phase plane.

Figure 10: Phase plane and trajectory diagram of FHN model with parameters a

0.8,¢=0.08, and I.,; = 0.08.
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As illustrated in Figure by increasing the current input, the fixed point slides onto the middle
branch of the V'-nullcline, and becomes unstable. Because of the cubic non-linearity we observe

a limit cycle oscillation in the phase plane. On the trajectory graph, infinite spiking waves can be

observed, meaning that the neuron fires action potential.
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Figure 11: Phase plane and trajectory diagram of FHN model with parameters a

0.7,b
0.8,¢ = 0.08, and I,,; = 0.6.

Increasing the external stimulus further, the fixed point is on the right section of the V -nullcline,

and becomes stable, as shown in Figure[I2] A fast spiking appears, which becomes damped oscil-
lations and eventually converges to the equilibrium.
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Figure 12: Phase plane and trajectory diagram of FHN model with parameters a = 0.7,b =

0.8,¢=0.08, and I.,; = 1.45.
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To summarize, despite its simplicity, the FHN model adequately reproduces the main qualitative
dynamical behaviours of realistic neural models. However, the aim of the model is not to describe
the physiological perspective of a neuron, but to give us an insight into the dynamical mechanism
behind the firing of a neuron. We study such simpler neuron models in order to discover new
phenomena, for which we can then search in more detailed biological neuron models and finally

verify them through experiments.

Next, FitzHugh-Nagumo neuron model networks , in which memristors are used as an artificial

synapse will be studied.
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4 Mathematical framework

In this chapter we define some mathematical notions from graph theory and Lyapunov stability.
These concepts will be crucial for analyzing the stability of non-linear dynamical systems in later

sections.

4.1 Notation

It is helpful to start with some essential notation and terminology which will be used throughout

this document.

The set of real numbers is denoted by R, also the interval [0, c0) is denoted by R>. Let R™ denote
the real coordinate space of dimension n and let R, the subset of those real numbers that are non-
negative. We denote the n-dimensional vector whose elements are 1 as 1,,, and whose elements
are 0 as 0,,. The transpose of € R™ is denoted by x”. Let vectors z, y € R", then the relationship
x < yisdefinedby x; < y; fori € {1,...,n}, where x; denotes the iy, element of x. The relations
>, <, > are defined similarly. As || - || we define the Euclidean norm ||z||? = 2% + - - - + 2 for any
vector = € R”, and the distance between z and y is defined by d(z, y)= ||z — y||. The spectrum of
a matrix M is the set of its eigenvalues and is denoted as o (M ). Moreover, the kernel of a matrix

M 1is denoted by Ker(A/) and consists of all solutions of z of the linear system Mz = 0.

4.2 Graph theory

This section, based on [19], [20] and [21]], introduces some mathematical preliminaries from graph

theory. Graph theory provides a helpful tool to model and study network systems.

Consider an undirected graph G = (V, ) where V = {v;,vs,...,v,} is the finite set of nodes
and £ C V x V the set of edges, which consists of elements of the form {v;,v;} for some
i,j = 1,2,...,n. If {v;,v;} € &, then the nodes v; and v; are said to be adjacent. The graph
is said to be simple if has no self-loops or parallel edges. Moreover, the graph is said to be con-
nected if there is a path joining each pair of nodes in V. Finally, a graph is called the complete
graph over n nodes and denoted as K, if any node is adjacent to every other node.

Consider a simple, undirected graph G = (V, £) with n nodes and m edges. Assume that an orien-
tation has been assigned to the edges. This means that one of the nodes of a edge has the positive

end and the other has the negative end.
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Various matrices arise naturally in the field of graph theory. Next, we introduce the most prominent

examples.

The degree matrix of G, Degg € R™", is the diagonal matrix whose diagonal elements are the
degrees of each node, i.e. the number of edges connected to the node. The degree of the ith node

is denoted by d(v;), fori = {1,2,...,n}. Hence, the degree matrix is defined as

d(Ul) 0 Ce 0

0 d 0

Degg = (Uz) )
0 0 d(vy)

The adjacency matrix Ag € R™ " is the symmetric matrix that contains the information on the

adjacency relationship in the graph G. Its elements a;; are defined as

1, if{’Ui,Uj} Eg,
CLZ'j =
0  otherwise.

The incidence matrix D = (d;;) € R™*™ of the graph G, is defined as

1, if 7 is the positive end of edge 7,
dij = —1, ifis the negative end of edge j,
0 otherwise.

It can be shown that Ker(D?) = spanl, = {v € R" : v = (v...9),0 € R}, if the graph G is

connected.

The Laplacian matrix of the graph G, denoted by Lg, can be defined as L5 = Degg — Ag. Equiv-
alently, it can be calculated as Lg = DDT, where D is the incidence matrix of G. In components

Lg = (l;;) € R™™, the Laplacian matrix reads

— 4, if ¢ R
=4 " = (10)

Zn B .f._ .
=1 Y L=
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where a;; are the elements of the adjacency matrix Ag.

A weighted graph G = (V,E,{wi;}{ijyee) is a graph where {w;} o, v,3ee s a set of strictly
positive numbers associated to the edges {v;,v;} € &£ of the graph G. The weighted Laplacian
matrix Lg = (I;;) € R"*" of a weighted graph is defined as

— Wy, if (”UZ',U]') S 8,

n

Lij = D it Wigs if 1= 7,

0, otherwise.

Moreover, the weighted Laplacian can be written as
L = DWDT,

where YW € R™ ™ is a diagonal matrix, with the weights {w;; } ., .,}c¢ on the diagonal.
A graph G = (V, €) can be regarded as a weighted graph, by setting the weights to be equal to 1
for all {v;,v;} € £.

We conclude this section with some useful results.

Lemma 1. Let G be a simple, undirected, weighted graph on n nodes and with Laplacian Lg. The
following properties hold:

1. Lg is symmetric, i.e. Lo = Lg" .
2. Lg is positive semi-definite, i.e. x7 Lgx > 0 for all z € R™.

3. Lg has n non-negative, real-valued eigenvalues: 0 = Ay < Ay < ... \,. Moreover, Ay > 0

if and only if G is connected.
4. Lgl, = 0,, i.e. 0is an eigenvalue of Lg with eigenvector 1,,.

We refer the interested reader to [[19] for the proof of the aforementioned properties.

Next, we present the Laplacian matrix and the Laplacian spectrum of the complete graph.
Lemma 2. Let G be the complete graph on n nodes K,,. Then, the Laplacian of K,, is given by

1
Ly, =n(l ——1,17)
n

and the spectrum of L, , satisfies 0(Lr,) = {0,n,...,n}.

25



Proof. From the definition of the Laplacian we have

‘CKn == D€gKn - AKn' (11)

A graph is complete if there is an edge between every pair of vertices. Therefore, each vertex of
K, has degree (n — 1), so
Degk, = (n—1)I. (12)

Moreover, the adjacency matrix A, takes the form of all ones with zero on the diagonal, hence,
Ag, =117 — 1. (13)

Substituting (12)) and (13)) in (IT)) we obtain

EKn = DegKn — AKn
=(n—-1I—-(1,1F - 1)

1
=n(l ——-1,10).

Now, to obtain the spectrum of Lk, , we have that the spectrum of the rank one matrix 1n1:,f 18
{0,0,...,0,n}. Moreover, we observe that the addition of the matrix n/ shifts all eigenvalues of

matrix 1,17 by n. Hence,

0(Lk,) =1{0,n,...,n}.

Based on the definition of the Laplacian matrix we provide a useful equality.

Lemma 3. Let G = (V,E) be a simple undirected graph on n nides and with Laplacian matrix

Lg. Forany x,y € R",

v Lor =Y ay(yi—y)(@ — ).
{’l)i,’l)j}eg
Proof. First, for all rows 7 of the Laplacian and for any x € R™ we have

(Lgx); Zl,jxj = lyx; + Z lijx;. (14)

J=Llj#i
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After using the definition of the Laplacian in we obtain

(Lgx); Z a;;T; + Z —a;j)T Z a;i(x; — ;).

J=1j#i Jj=1,j#i Jj=1,j#i

Second, we compute:

Tﬁgx—Zyz L) Zyz< Zn: aij(l'i_l'j)>

i=1 J=1,j#i
n n n
= g aijyi(xi - 96]‘) = E QiY; T — E A55Y; L5
i=1,j=1 i=1,5=1 i=1,j=1
n n n n
1 1 1 1
=3 E @i YiTi + 5 g iYili — 5 E iyl — o E AijYiZj.
2 4= 2 4= 2 4= 2 4=
1=1,7=1 1=1,7=1 1=1,7=1 1=1,7=1

The Laplacian is symmetric therefore a,;; = a;; and we can write

1 < 1< I < 1 <
yTﬁgZ' = 5 Z aijyixi + § Z aijijj — 5 Z aijinCj — 5 Z aijyj:z:i
i=1,7=1 i=1,57=1 i=1,5=1 i=1,7=1

n

1
= B E az'j(yixi + YTy — YTy — iji)-
i=1,j=1

Recall that a;; = 0 if {v;,v;} ¢ £ therefore,

n

y'Lgr = > ai(yi—y) (e — 1),

{v’i Vg }65

which finalizes the proof. 0

Using this result, we have for the complete graph K, that a;; = 1 for all ¢ # j. In this case,

n

v Lk = > (yi—yp) (@ — ).

i=1,j=1

Next, we introduce the Courant-Fischer Theorem , which can be useful for obtaining bounds on

the eigevalues of symmetric matrices.

Theorem 4. (Courant-Fischer).

Let A be an n x n symmetric matrix with eigenvalues \y < Ay < --- < )\, and corresponding
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eigenvectors vi, Vs, . .., U,. Then,

T . xT Ax
A1 = min z° Ax = min ,
||lz||=1 a0 2Ty
. T . .Z'TA.CC
A= min 2z  Ar = min ,
[|z||=1,zLvq e£0xlv xlx

T v’ Az
A, = maxz Az = max T
llz||=1 240 T2

Proof for the Courant-Fischer theorem is provided by [22] .

Let a weighted graph G = (V, €, {g(ij)}ur,0;1ec ), Where the weight associated to every edge
{vi,v;} € & is determined by the function g(¢). We assume that the function g(¢) is bounded
from below. Consequently, the dependent weighted Laplacian Lg(¢) of G is defined by Lg(¢) =
DG(¢) D", where G(¢) = diag(g(¢s;)v,,v,}ee) is a diagonal positive definite matrix with g(¢;;)(v,.0;}ee

as its entries.

Lemma 5. Consider a connected weighted graph G = (V, &, {g(gbij)}{vi,vj}eg) with incidence
matrix D € R™™, Then the dependent weighted Laplacian L(¢) = DG(¢)DT is symmetric and
positive semi-definite, and for each ¢ € R™ and for any p € R, it holds

gmin)\ DDT
p Lg(d)p > %p%xm

where Gy is a lower bound on () ,i.e, Gmin < g(@) for all ¢ € R™ . Moreover, \o(DD7T) is the

second smallest eigenvalue of the matrix D D™,

Proof. For any p € R" and ¢ € R™ we have

n

P Lg(¢)p =p"(DG($)D")p= > g(d:)(pi —p;)* >0, (15)

{viv;}e€

as follows in a similar way as the result of Lemma|[3] Hence, the dependent weighted Laplacian is
positive semi-definite.
Let g, a lower bound of g(¢), it follows from equality that

n

p" (DG(&)D")p > Guin Y, (i — 1;)” = gminp” DD"p. (16)

1,jEE
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Since the inequality holds for any vector p € R™ take p = c1 + v where ¢ € R and the vector

v is orthogonal to 1. Thus, the inequality becomes

P L () > Gmin(cl + )T DD (cl 4+ v) = gpinv DD v. (17)
The last equality holds, since the graph G is connected i.e. DT1 = 0.
Now, applying the theorem Courant-Fischer (Theorem [4) for the Laplacian matrix D DT we get

TDDT
A(DDT) = min ==L
v£0wl1l vv

such that
vI DDTv > \y(DD" v,

forallv L 1.
Substituting this result into we obtain a lower bound for the dependent weighted Laplacian as

pTEQ(¢)p 2 gmm)\z(DDT)vTv. (18)
Likewise, for the Laplacian of a complete graph Ly, by choosing p = c1 + v we get
PTﬁKnp = (c1+ U)TEKn(cl +0v) = UTﬁKnU < An(EKn)vTv.

By Lemma [2} it follows that the largest eigenvalue of Lx, is A\, (Lk,) = n, therefore an upper
bound for L, is
P Li,p < nv'v. (19)

Finally, (18) can be rewritten as

min Ao (D DT
p> g 2( )m)TU’
n

p"Lg(¢)
after which substituting from inequality (19) leads to

DDT)

min)\
p Lg(p)p > %ﬂﬁm

for any p € R", ¢ € R™. [
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4.3 Lyapunov stability

In this section, based on [23]],[24]], we review basic concepts from Lyapunov stability theory with

emphasis on global asymptotic stability with respect to sets. We start with some basic definitions.

Consider the dynamical system

where z(t) € R" is the state vector, u(t) € R™ is referred to as input vector and y(t) € RP as
output vector. The smooth maps f : R x R™ — R™ and h : R® — RP describe the dynamics for
the system. If f and h do not explicitly depend on time ¢, then the system is called time-invariant,
otherwise it is called time-varying. A system is forward complete if for every initial condition the
corresponding solution is defined for all ¢ > 0. In case there are no input variables u, and the

system is time-invariant, the system takes the form
&= f(x(t)). (20)

The function f is assumed to satisfy the following conditions for the existence and uniqueness of
solutions. First, f is continuous in x. Moreover,it is locally Lipschitz in z, that is, for each compact
set X' C R” there exists some constant L such that ||f(z) — f(y)|| < L|jlx — y|| forall z,y € K.
We denote by x(t, x¢) the solution at time ¢ of system with initial condition x(0) = .

Some comparison functions are next defined. These are used in many statements in non-linear

control theory. For more details on such comparison functions see [25]].

Definition 6. A continuous function oo : R>yg — Rxq is said to be a K-function if is strictly

increasing and «/(0) = 0. It is said to be a K, function if, in addition a(s) — oo as s — 0.

Definition 7. A continuous function 3 : R>o x R>¢g — R>( is said to K L-function if, for each fixed
s, the mapping [(r, s) is a K-function with respect to r and, for each fixed r, the mapping B(r, s)

is decreasing with respect to s and 3(r,s) — 0 as s — oc.

We call a state z* € R" an equilibrium point of (20) if f(z*) = 0. A dynamical system can
have zero, one or more equilibrium points. Intuitively speaking, an equilibrium point is stable if
trajectories which start close to it remain close to it, and unstable if they do not. An equilibrium

point is asymptotically stable if it is stable and in addition the trajectories that started close enough
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to £* converge to it as as time tends to infinity.
Instead of equilibrium points, attractors can be closed subsets .4 of the state space.

Definition 8. A set of states A C R™ is called an invariant set of system ([20) if for all o € A and
forallt >0, z(t) € A

For example, the equilibrium points of (20)) are a special class of invariant sets.

Next, we introduce the following notation for the distance between a point and a set. Let A C R"

be a nonempty set and £ € R". Then, we denote the distance of £ from A as
neA
For instance, the equilibrium point x* of can be represented by the set
A={z eR" : x =2},

for which the point-to-set distance is |z|4 = in£{|x —n|} =]z — 2.
ne
For stability of sets we use the definitions and theorems from [26]].

Definition 9. System is globally asymptotically stale (GAS) with respect to a closed invariant
set A C R" ifit is forward complete and there exists a KC.L—function 3 such that, given any initial

state x, the solution x(t, x¢) satisfies

|z (t, 20)| 4 < B(|To|a,t), VE>0.

When set A is compact, the forward completeness assumption is redundant, since in this case the

solutions of the system are bounded.

In order to introduce Lyapunov functions with respect to set, the Lie derivative of a function is
defined.

Definition 10. Letr V : R — R a differentiable function, and f : R® — R"™. Then, the Lie
derivative of V with respect to f is the scalar function defined by

cvie) = Yo ).

s

31



Next, we introduce the concept of Lyapunov function which is widely used to verify if a dynamical

system is asymptotically stable.

Definition 11. A smooth Lyapunov function for the system (20) with respect to a nonempty, closed,
invariant set A C R™ is a function V : R™ — R such that:

1. there exist functions o, s € Ko such that

ar(|z|a) < V(z) < as(|z]a), Vo €RT,

2. there exists a positive definite continuous function o such that

LV (x) < —as(|x]|a), YVreR"/A.

Using these definitions, the following theorem from [26] allows us to determine stability for the
system with respect to .A. The first theorem is for general closed, invariant sets and assumes com-

pleteness of the system.

Theorem 12. Assume that the system (20)) is forward complete. Let A C R™ be a nonempty, closed,
invariant set for this system. Then, system [20) is GAS with respect to A if and only if there exists

a smooth Lyapunov function V with respect to A.

The following theorem is an equivalent result. However, it does not assume forward completeness,

instead it applies only to compact set .A.

Theorem 13. Let A C R™ be a nonempty, compact, invariant set for system (20). Then, (20) is
GAS with respect to A if and only if there exists a smooth Lyapunov function V with respect to A.
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5 [Electrical circuits with memristors

In this chapter, with the use of graph theory, we provide a general mathematical description of
networks of memristive devices coupled first with capacitors and next with FitzHugh-Nagumo
neurons. We will study the dynamics of the networks and particularly the synchronization property,
since synchronization is one of the fundamental issues in understanding the behaviour of chaotic

-nonlinear systems.

5.1 Electrical networks
In this section we will express resistive electrical circuits in terms of graphs based on [20]].

Consider a simple, undirected, connected, weighted graph G = (V, g, {wij}{id'}eg) with n nodes

and m edges. Let D € R™*™ denote the incidence matrix that specifies the structure of the graph.

T
We denote by p = (p1 Py ... pn> the vector of voltage potentials at the nodes, and by
T
J = (jl Jo ... jn> the vector of nodal currents leaving the nodes. Furthermore, let v =
T T
<v1 vy ... Um> define the vector of voltages across the edges and 1 = (z’l io ... z’m>

the vector of currents through the edges. An example of this notation is given in

In order to find a relation between the voltage potentials and the voltages across the edges, and
between the nodal currents and the currents through the edges, we need to introduce Kirchhoff’s

voltage and current law e.g, [27].

Kirchhoff’s voltage law.
For any electric circuit, the algebraic sum of the voltages around any closed loop is zero, at any

time.

Kirchhoff’s current law.
For any electric circuit, the total current entering a node is exactly equal to the charge leaving the

node, at any time.

Considering the aforementioned theorems, and based on [28] we can derive a model for resistive

networks. We deduce that the voltages across the edges v are equal to

v="DIp.
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Similarly, the nodal currents j are equal to
j = —Du.

Furthermore, in each edge of the graph has been assigned a real number {wj; }{; jjce representing
the conductance on this edge and let /' = diag ({wij}{m}eg) € R™ ™ According to Ohm’s law,

a relationship between the voltage, the current and the conductance along the edges is given by
1= Who.

Combining the above relations, we obtain a relation between the nodal currents and voltage poten-

tials as
j=-DWD"p,

where the matrix £ = DW D7 is the weighted Laplacian of the graph.

5.2 Circuits with capacitors and memristors

In this section, building on the aforementioned result, we will describe and discuss the formation

and synchronization of an electrical circuit containing capacitors and memristors.

5.2.1 Model description

Consider an electrical network of memristors and capacitors as illustrated in We regard
this circuit as a graph in which the edges corresponds to memristors and where grounded capacitors
are connected to the nodes.

Each memristor is time-invariant and the memductance g is not an explicit function of the port
voltage v and it is positive for every state ¢. The dynamics of the memristor situated at the edge &

is represented by

21
in(t) = g(or)or(t),
where ¢y and 75, denote the flux-linkage and current at the edge k£, respectively.
For the capacitor at the node s the dynamics is given by
csps(t) = Js(t), (22)
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where c; is a positive constant that denotes the capacitance. Moreover, ps and js stand for the

voltage potential and current at node s, respectively.

Let G = (V,&,{g(¢x) }kes) a simple undirected, connected, weighted graph with n nodes and m
edges. The weights g(¢y,) describe the memductance of the memristor and depend on the dynamics
(21). In addition, the orientation of the graph is given by the orientation of the memristor and is
described in the incidence matrix D.

T
As before, we denote as v = (vl vy ... vm> the vector of voltages across the edges and i =
T T
(il 19 ... zm> the vector of currents through the edges. Moreover, let p = (pl Py ... pn>
T
the vector of voltage potentials at the nodes, and j = <j1 Jo ... jn> the vector of nodal cur-

T
rents. In addition, we define as ¢ = (qbl Oy ... qu) the vector of flux-linkage through the
edges.

Having these in mind, we are ready to define the dynamics of the network.
Substituting the dynamics of the memristor (21)) and dynamics of capacitors (22)) the dynamics of
the network can be represented by

Cp=—DG(¢)D"p,

. (23)
¢ =D"p,

where C' = diag{ci,...,¢,} € R™", is a matrix having as entries the capacitance of the ca-
pacitors and G(¢) = diag{g(¢1),...,9(¢m)} € R™*™ is a matrix whose elements represent the

memductance of the memristors. Both matrices C' and G(¢) are positive definite for each ¢ € R™.

We define the weighted Laplacian of the graph G as £(¢) = DG(¢)D?, such that the dynamics
(23) can be written as

Cp = —L(¢)p,

: (24)
6= DTp.

5.2.2 Example
In this section an example of the notation and the dynamics of these networks is provided.

Consider the electrical network in Figure 13| The network consists of three memristors with mem-
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ductance g(¢) and dynamics

On(t) = ux(t),
in(t) = g(dr)vr(t),
where k € {1,2,3},
and three capacitors with dynamics
cspis(t) = Js(t),
where s € {1, 2, 3}.

.,

Ve,

Figure 13: Network of 3 memristive devices and 3 capacitors. Here, p = (py,p2,p3) and j =

(71, j2, j3) denote the voltage potentials and the currents and the nodes, respectively. Moreover, the
voltage and current across the edges are denoted by v = (v, v9, v3) and ¢ = (iy, i, i3), respectively.

The incidence matrix D of the graph, and the matrices G(¢) and C are given by

0 gl¢r) 0 0 ca 00
D=10 -1 1|,G@)=| 0 g(g) 0 |, C=10 ¢ 0
10 -1 0 0 g(ds) 0 0

C3

36



As result, according to (24)), the dynamics of the network is described by

cipr = g(é1)(ps — p1) + 9(d2) (P2 — p1),
copz = g(¢2)(p1 — p2) + 9(93)(p3 — p2),
csps = g(o1)(pr — p3) + 9(é3) (P2 — p3),

¢'1 =P1—P3,
¢§2 =P1— P2,
Qgs =p2 — P3-

5.2.3 Proof of synchronization

In this section, the objective is to prove that the memristor - capacitor network is synchronized. The
concept of synchronization refers to making identical chaotic dynamical systems with different ini-
tial conditions oscillate in a synchronized manner. We will show synchronization, by proving that

the network is globally asymptotically stable (G AS) with respect to a closed invariant set .A.

Consider a network of n capacitors and m memristors. Recall that the dynamics of this network

can be described by

Cp = —L(¢)p,

. (25)
¢ =DTp.

T
Letx = (Cp gzﬁ) € R™™ be the state vector, then the system is of the form

&= f(z),

[ —L(@)p
o= (597)

which is a time-invariant and forward complete system. Using definitions and theorems from

where f(z) is given by

Section 4.3| we can show that the system is GAS.

First we determine the equilibrium points of the system (23) by solving the equation f(x) = 0.
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This leads to
—L =0 =bl,, bEeR,
(o)p } P
DTp=0 ¢ € R™.

We represent the equilibrium points of (23)) by the set

A:{x: (ip) eRn+m:p:b1n,beR,¢eRm}.

The set A is invariant since it consists of all the equilibrium points of the system (25).
Next we define the distance from a point z € R"*™ to the set A.

T
Lemma 14. Consider the vector x = (Cp gb) € R"™™™. Let A C R"™™, with A = {x €
R™™ :p=101,,b € R, ¢ € R™} be a nonempty, closed, compact, invariant set. Then the distance
between a point x € R"™™ and the set A, denoted by |

A, IS given by
2

1
2= —-—=1,17
ofh = (1 = 12D)Cr

T
Proof. Let x = (Cp ¢> € R™™. The distance between x and a set is the infimum of the

distances between the point and those in the set, hence

Cp
2 2 __ 2 _ _
using the definition of the set A, (26) is equivalent to
c 01, |
2| = inf ( p) - ( ") = inf|Cp — b1, |2 27)
beR |\ b beR

In order to determine the b € R that minimizes the above distance we take the least square ap-

proach. Multiplying by 17 leads to

1
v'1l1, =17Cp = b* = EIZC’p.
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Thus, for b* = %150}7 the distance becomes minimum, and substituting in (27) leads to

1 2

j2f2, = ](I e
n

Y

which is the desired result. O]

Having these in view, we are ready to prove that the network achieves synchronization. In our
system we are interested only in the synchronization of the voltage potentials p, hence we can

view synchronization as stability of a suitable set .4, and make use of Theorem

Theorem 15. Consider the nonempty, closed, invariant set A C R"*™, with A = {x € R"*™ :
p=101,,b € R ¢ € R"}. Then, a capacitor-memristor network, which is regarded as a simple,

connected, undirected weighted graph and its dynamics are described by

) (28)
¢ =D"p,

is GAS with respect to set A.

Proof. We define the function V : R"*"™ — R,

as a Lyapunov function candidate of our system. In order for V' to be a Lyapunov function for (28))
with respect to the equilibrium set A C R™™™ it has satisfy the two conditions of Definition

Let oy (|2]4) = 3|z[% and as(|z]4) = |z]% two Ko-function, then for any 2 € R™*™ it holds that
1 1
§|I|?4 < 5’1’& < 2[4

Thus, for the aforementioned functions a1, as the first condition is satisfied.
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Next, we take the Lie derivative of V' along trajectories of system (28)) to obtain

ovT
=37 (z)f(x)

1
=p'(I - =1,10)Cp
n

LV (x)

= (1~ 1)L

1
=—p" L(¢)p + pTﬁlnlfﬁ(cb)p-

Recall the Laplacian property, that 17 £(¢) = 0 if and only if the graph is connected (see Lemma
[I). Using this the Lie derivative of V' equals

LsV(x) = —p" L(&)p.

By Lemma 5| we can bound £,V () as

. T
LiV(x)=—p L(p)p < -T2 2T L p

where g is a lower bound on g(¢), i.e. gmin < g(¢) for all ¢ € R™. Recall that g(¢) represents
the memductances of the memristors, hence g(¢) > 0 for all ¢ € R™ which implies that g, > 0.
Moreover, A\o(DDT) denotes the second smallest eigenvalue of the matrix D D and consindering
that the graph G is connected, the second eigenvalue of the Laplacian matrix DD7 is strictly
positive.

Furthermore, substituting the Laplacian of the complete graph K,, from Lemma [2] yields

gmin)\Q(DDT) 1

LV (r) < p'n(l — E17115 )p. (29)

n
We observe that (1 — +1,17) = (I — £1,17)(I — £1,,17)". Next, as before the matrix C' consists
of the capacitance of each capacitor, therefore, C' is a positive definite matrix. Additionally, it is
true that there exist a positive constant ¢ > 0 such that

2

1 1
p (I —=1,10p > c|(I - =1,1Cp (30)
n n
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Multiplying inequality by the negative value — gpin \o(D D7) yields

2

1 1
_gminAZ(DDT)pT(I - _1n1,£)p S _gmin/\Q(DDT)C (I - _1n1£)0p
n n

Hence, from (29) we can bound £,V (z) as

2

1
LV () < — guinra(DD e |(I — ﬁlnlf YOp

= — Guinr2(DD e |2, .

Let as(|z|4) = gminr2(DDT)c|z|%, as is a positive definite function for all z € R™*™\ A since
Gmind2(DDT)c > 0, and satisfies the second condition of Definition 11}, that is,

LyV(x) < —az(|z]a).
It follows that V'(x) = %|x|f4 is a smooth Lyapunov function for the overall system, with respect

totheset A = {z e R""™ : p=101,,b€ R, ¢ € R}

According to Lyapunov stability theory, and Theorem the system (28) is GAS with respect
to equilibrium set .A. Meaning that, the network consisting of memristors and capacitors, with

different capacitance, will achieve synchronization. This completes the proof. 0

5.3 Circuits with FHN neuron and memristor

In this section a different network is analyzed. We replace in the previous network the capacitors

with FHN neurons and we provide a sufficient condition to guarantee synchronization.

5.3.1 Model description

Consider a network of FHN neurons coupled by memristor synapses. Based on Section [5.1| and
similarly to memristors-capacitors network, we can model the dynamics with the use of a simple

undirected, connected weighted graph G with n nodes and m edges.

In this case, instead of a capacitor in each node s we place a spiking neuron described by the

two dimensional FitzHugh-Nagumo equation. The dynamics of an FHN neuron was analyzed in

41



Section and is recalled as

) 14 .
Ps = Ps — 5DPs — Ws + Js,
3 3D

ws = c(ps + a — bwy),

where a, b, ¢ are dimensionless parameters taking values between 0 and 1. The nodal current is
denoted by j;. Moreover, the state variables p, and w; stand for the voltage potential and the
recovery variable, respectively.

As before, the dynamics of the k-th memristor is given by

qbk: = Uk,

i, = G(Pr)vp.-

Hence, if we denote x = <p w qb) ,” a FHN neuron - memristor network can be described by a

time-invariant and forward complete system & = f(z) as

b=p— 50) —w— Lo,

W = c(p+al, —bw), (32)
¢=D"p,
T
where as L£(¢) = DG(¢) D' and by ¢(p) we denote the vector 1 (p) = (p:{’ Py pi) :

5.3.2 Proof of synchronization

In this subsection, we will follow a Lyapunov stability approach in order to investigate the condi-

tions for synchronization of a FHN neuron - memristor network.

T
We denote the state variables of the system by the vector z = (p w q§> € R¥+m_ Con-

sider the nonempty, closed, invariant set 4 C R?*t™

A={z eR™m p=Fkl, w=I1,kl€R,¢eR"}

For stability analysis, as for the capacitors case, we are interested in the synchronization of the
voltage potentials, therefore we will use the GAS with respect to an invariant set approach. Hence,

it is necessary first to establish the distance function between a point x € R**™™ and the set A.
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T
Lemma 16. Consider the vector x = (p w ¢> € R2"t™  Let the nonempty, closed, invariant
set A C R*"™™ with A = {zx € R®"™™ :p=k1l,,w=11,,k [ €R,¢ € R"}. Then the distance

between a point x € R*™™ and the set A is equal to

2 2

1
ma=M>—%ﬁm
n

1
+ ‘([ — ~1,10w
n

T
Proof. The distance between any point z = (p w qﬁ) € R?"*™ and the non-empty set A is

given by
p
2 _ 2 _ f 2 _ s f o '2
‘x’A d(xa -’4) ;gAd(xa 77) ;2./4 w n
¢
Using the definition of set A yields
k1l i
n 2
ol = in ) I e R TR (33)
A= R " T hIeR w—I1,
¢ ¢

In order to find the £,/ € R that minimize the above distance we take a least square approach.
Multiplying by 17 yields
1
k1T, =11p — k= ~11p,
n
similarly,
1
'1'1, =1"w = 1" = —1%Tw.
n

Hence, substituting the k£*, [* back into (33]) we obtain the desired distance

2 2

1
|ﬂi=k1——L49p
n

1
+ ‘([ — =110
n

O

Having these in mind we are in position to state and prove that FHN neurons coupling via mem-
ristors achieve synchronization. We will obtain this result based on Theorem
Theorem 17. Consider an FHN neuron -memristor network which is regarded as a simple, con-

nected, undirected weighted graph G and its dynamics are described by (32)). Then, system (32)
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is GAS with respect to the nonempty, closed, invariant set A = {x € R*"™ : p = k1, w =
11,,k,l € R, € R} if for all ¢ € R™ the memductance g(¢) satisfies the following condition

1

9(¢) > N (DDTY’

where \o(DDT) is the second smallest eigenvalue of the Laplacian matrix D D™ of the graph G.

T
Proof. Letx = (p w ¢> € R**™ and define the function V : R***™ — R, given by

2 2

V(z) = L

1, .r 1 1, .r

as a Lyapunov function candidate for the system (32)).
We define the Ko.-functions v (|z]) 4 = sn|z|% and oo (|z]).4 = 5;n|x|%, for which it holds that

2 2

1||2< 1
2 A= o

1

T 1
I—--1,1

1 1
—_— I — —1an < — 2.
+ 2nc ! n nJw| < 20n|x|A

Hence, the first condition of Definition [L1]is satisfied.

By Lemma we can denote n(/ — %1n15) = Lk, , hence, the Lyapunov function candidate can

be written as,

1 1
V() = oLl + 5 [Licwl. (34)

Next, the time derivative of (34)) along the trajectories of system (32) yields

£V (@) =2 (@) f()

1 1
n nc

1
e, (= P~ LW ) + L0 L+ ot~ bu)
:pTEKnp — pTﬁKn@ — pTﬁKn[,(gb)p - pTﬁan + wTEKnp + wTﬁKn(aln) — bwTﬁan.

(35)

We can simplify equation (35)) using the Laplacian properties from Lemma [I]
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Due to symmetry of the Laplacian matrix,
pT’Can = wT'CKnp'

In addition, we have that
w' Lk (al,) = a(w' Lk, 1,) =0,

and, lastly, the quantity p” L, £(¢)p can be written as

1
P L, L(O)p = Pl = ~1,15)L(@)p = np" L(S)p-
Thus, expression (35]) becomes

vip)

LV (x)=p"Lix,p—p" Lk, 5

—np" L(¢)p — buw" L, w.

T
Recall that ¥(p) = (p3 p3 ...p3) we canapply Lemmal3} on p” L 11)(p) to obtain
b1 Do 2 pply n3

n 3 3
PTﬁKn@ = Z (ps —pj) <% - %) .

For any p € R™, both terms in parenthesis have the same sign, therefore p” L, @ > 0. As result,

we can set an upper bound for £V (x) as
LV (x) <p"Li,p—np" L(#)p — bw” L, w. (36)

By Lemmalj,
np" L(O)P > Guindo (DD )p" Ly, p
where g,,;, represents the lower bound of the memductance g(¢). Hence, (36) can be written as

LV (x) <p"Lr,p — guinr2(DD)p" L, p — bw” L, w

(37)
= (1 — gml-n)\g(DDT)) p Lg,p—bw' L, w

From the definition of L, holds that L, = %[, K. Ll since

1 1 1 1
I— =110 = —n(I — 21,1 n(1 — =1,,11)T.
(I = —1,17) = (I = ~1,170n(] — ~1,17)
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Substituting L, in we obtain

1 1
LyV (@) < (1= gundo(DDT)) — | Lic,pl* = ~b|Lc,wf*
2
—nb

X 2 (38)
=n(l- gmin>\2<DDT)) ’ (I - Elnlz) p

<1 - l1n1§) w
n

In order to have synchronization of system (32)) the Lyapunov functionn candidate must satisfy the

second condition of Definition |11} meaning that should exists a positive function as(|x)|4 such
that
LV (x) < —az(|z])4, forallz € R*™\ A,

Given the connectivity of the graph, \o(DD7T) > 0, therefore if

1

Gmin > WDT)’ (39)

then inequality (38]) can be bounded by

1 2 1 ?
LiV(r) < —p (‘ (I — —1n1£> p| + ‘ (I — —1n1§) w ) :
n n
where 1 is a positive constant which is guaranteed to exist if condition (39) holds. Thus, for

as(|z]) 4 = plxzl, we have proved the statement, and V' (x) is a smooth Lyapunov function with

respect to set A for the system (32)).

According to Theorem [12] system (32)) is G AS with respect to set A under the assumption that for
all » € R™, the memductance g(¢) is lower bounded by

1

DD (40)

9(¢) >
O

The previous result states that if the memductance of the memristive devices is sufficiently high,
then the memristance is low and synchronization can be achieved. Nevertheless, the above theorem
provides only a sufficient, but not a necessary condition for synchronization of the circuit. Namely,
if the memductance does not satisfy the inequality , the condition does not imply that the

circuit cannot be synchronized.
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6 Simulations

In this chapter, simulation results are presented to illustrate the aforementioned theoretical results

and further explore the dynamics of electrical circuits with memristors.

For the numerical results we proposed a two-terminal, time-invariant flux-controlled memristor

which is described by the equations

o(t) = (1),
i(t) = (dy arctan(¢) + da)v(t).

Correspondingly, the device’s memductance is represented by the function g(¢) = d; arctan(¢) +
do, and the parameters d;, ds > 0 stand for the coupling coefficients. Moreover, we choose dy > d;
to ensure that g(¢) > 0 for all ¢.

Notice that when d; = 0, the memductance is of the form g(¢) = ds, and the memristor model

reduces to a linear resistor.

6.1 Circuits with capacitors and memristors.

In this section, we present simulation results to verify the synchronization of the memristors-

capacitors network as shown in Theorem [T5]

As derived in Section [5.2] the network of n capacitors and m memristors can be described as

¢ = D"p,
where C' € R™™" is a diagonal matrix having as elements the capacitance of the capacitors. The

matrix G(¢) = diag{g(¢;)}!", = diag{d; arctan(¢;) + d2}7, has the memductances of the pro-

posed memristor as entries, and D is the incidence matrix that describes the network structure.

At the beginning, we investigate the dynamic behaviour of the electrical network of two identical
capacitors with capacitance ¢; = ¢ = 3, coupled with the proposed memristor as shown in Figure
We set the initial conditions as py = (1.5,0.6) and ¢y = —0.4.

47



e

Figure 14: Schematic diagram of an electrical network consisting of 2 capacitors and 1 memristor.

Initially, we fix the first coefficient of the memductance equal to zero, i.e., d; = 0, and the second
as dy = 0.2. In this case, the memristor reduces to a linear resistor. In the next simulation, the
second coefficient remains as dy = 0.2, while we set the first coefficient as d; = 0.1. As illustrated
in Figure|15(in both cases the network is driven to synchronization. However, the network with the

resistor has a slower convergence rate than the memristor network, see Figure 156

0.9

0.8

06"

07/

0.9

0.8

06"

o7t/

1] 10 20 30 40 50 60 0 10 20 30 40 50 60
t

(a)dy =0and dy = 0.2 (b)d; =0.1and dy = 0.2

Figure 15: Trajectories of the voltage potentials p; of two capacitors coupled with one memristor
with memductance g(¢) = d; arctan(¢) + do.

Hence, in this case the proposed memristor contributes to the dynamics of the network and provides
faster synchronization.

This result can be verified by looking at the evolution of the memristor memductance value g(¢).
As illustrated in Figure [16] the value of the memductance for d; = 0.1 is larger than for the linear

resistor, i.e., d; = 0, on average.
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Figure 16: Time evolution of memductances for the memristor and the linear resistor. The blue
curve corresponds to the memristor with memductance g(¢) = 0.1arctan(¢) + 0.2, while the
straight line corresponds to a linear resistor with memductance g(¢) = 0.2.

Next, we analyze the dynamic behaviour of a more complicated network.

Consider the electrical network in Figure 17| consisting of 5 memristors coupled with 4 capacitors

connected to ground. The initial state of the network and the capacitance of each capacitor are
fixed as py = (3.1,—2.2,0.5,3.6), ¢o = (0.3,0.5,0.7,0.1,0.5) and C' = diag (2, 1, 6, 3).
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Figure 17: Schematic diagram of electrical network consisting of 4 capacitors and 5 memristors.

First, we set the memristor coupling coefficients as d; = 0.2 and dy = 0.5. As illustrated in
Figure the voltage potentials p;(t) are synchronized and remain in a steady state solution.
Furthermore, each of the flux-linkages of the memristors converge to a steady-state value as well,

as shown in Figure (180

\
-10 N

0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
i t

(a) Trajectory of the voltage potential. (b) Trajectrory of the flux-linkage.

Figure 18: the state variables of the network depicted in Figure Here the memductance is
g(¢) = 0.2arctan(¢) + 0.5.

Next, the first coupling coefficient is kept as d; = 0.2, whereas the second coefficient of the mem-

ductance is changed. As depicted in Figure [I9|the voltage potentials are driven to synchronization
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much faster for increasing values of d,, see Figure This is an interesting observation since this
implies that higher memductance values lead to a faster convergence towards the consensus of the

voltage potentials.

N
/

o 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
t t

(a)dy =02anddy =1 (b)dy =0.2and dy = 0.4

Figure 19: Trajectories of the voltage potentials of the network depicted in Figure |17| with mem-
ductance g(¢) = d; arctan(¢) + d.

6.2 Networks with FHN neurons and memristors.

In this section, we demonstrate the synchronization property and we study the influence of the

memristors-FHN neuron networks.

Consider the network of two identical FHN neurons coupled via a memristor synapse shown in
Figure[20] As specified in Section[5.3] the dynamics of the networks is described as

P1L=p1 — % —wy + Legt — (d1 arctan(QS) + d2)(p1 - pz),

Pr=p2 = 5 =+ Ly + (dy axctan(@) + do) (pr — p2).
u';l = C(p1 +a— bwl),
wg = C(pg +a— bwg),

Cﬁzpl—pQ-
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P1,W1

p2,W2

FHN neuron 1

FHN neuron 2
Figure 20: Schematic diagram of two FHN neurons coupled via a memristor.

In all cases parameters values are chosen as a = 0.7,b = 0.8, ¢ = 0.08, I.,; = 0.6 and initial con-

ditions as po = (1.6,2.1), wy = (0.3,1.4) and ¢y = 1.5. Both the memristor coupling coefficients
dy and ds are adjustable.

First, we fixed the memristor coupling terms as d; = 0.2 and d2 = 0.5. As depicted in Figure

the membrane potentials p;(¢) of the neurons synchronize to a common harmonic oscillation. In a
similar way the two recovery variables w; become synchronized.

2 _. T T T T T T T T T
1 ! [\ .'
I|I | ! \\'-I |I
a ort :I I| I
1] |
(. | |
i L | | .’/.-/ | o II e
I'._ '.. . .___ - | . |
2 \'—-'l 1 1 1 il .I 1 I L I
1] 10 20 30 40 50 &0 70 8o an 100
t
20
M
b

80 90 100
t

Figure 21: Trajectories of the state variables p;, w; of two coupled FHN neurons via a memristor
with memductance g(¢) = 0.1 arctan(¢) + 0.5.
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Next, the two coupling coefficients of the memristor are set as d; = 0.01, dy = 0.02, whereas the
initial state remains the same. The results shown in Figure 22] demonstrate that the system still

tends to be completely synchronized, but that the convergence rate is much slower.
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Figure 22: Trajectories of the state variables p;, w; of two coupled FHN neurons via a memristor
with memductance g(¢) = 0.01 arctan(¢) + 0.02.

Thus, the coupling coefficients of the memristors have an influence on the synchronization of
the neuron network, but with the passage of time, the system ultimately results in a complete
synchronization mode. This result can be related to the sufficient condition of Theorem |17| which

states that in order to guarantee synchronization of the voltage potentials, the memductance should
be lower bounded by the given value.

Finally, in order to conclude on the generality of Theorem [I7] a more advanced memristor-FHN

neuron network is considered. We choose a circuit consisting of 6 FHN-neuron models coupled
via 8 memristors as depicted in Figure 23]
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Figure 23: Schematic diagram of 6 FHN neurons coupled via 8 memristors.

The initial state of the network is pg = (2.1, 2.4, —0.2, —0.5,0.6,0.8), wg = (1.4,0.1,2.3,—0.4,0.1,0.4)
and ¢y = (—0.6,0.3,0.7,—0.6,0.07,0.9, —2.1, —0.05), while the FHN neuron parameters remain

asa = 0.7,b = 0.8,¢c = 0.08, I.,; = 0.6 and the coupling coefficients of the memristors are

di =0.1and dy = 0.2.

As it was expected, Figure [24] depicts that, even though the dynamics is more complex in com-
parison with two coupled FHN neurons, the voltage potentials as well as the recovery variables

become synchronized.
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Figure 24: Trajectories of the state variables p;, w; of the network depicted in Figure
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7 Conclusion

This work can provide a further theoretical understanding of the behaviour of memristors coupled
with different electrical elements, and their potential applications as building blocks for neuromor-

phic computing architectures.

Firstly, we introduced memristors and we laid out their most relevant properties. Thereafter, the
first physical model of the memristor was presented. Then, in order to study if the memristor
could be used as a synapse for transmitting information between interconnected neurons, we briefly
explained how biological neural networks communicate through synapses and how action potential
is generated. In this sense, two of the most well-known neuron models, the Hodgkin-Huxley and

the FitzHugh-Nagumo, were discussed.

Subsequently, we modelled electrical circuits consisting of memristors and capacitors. This is
realized by describing these circuits as simple, undirected, weighted graphs, whose edges cor-
respond to the memristors, and whose nodes correspond to the capacitors. Thereafter, we used
Lyapunov stability reasoning and global asymptotic stability with respect to an invariant set, in
order to prove that the capacitor-memristor networks achieve synchronization. Similarly, electrical
circuits, which simulate the dynamic behaviour of the FHN neuron models coupled via memristors
were designed, and a sufficient condition of synchronization was derived. In a brain, neuronal
activity is synchronized, to process and transfer information. Consequently, we showed that elec-
trical circuits of memristive elements can achieve synchronization, therefore the memristor could

be possibly used as a building block for simulating artificial synapses.

Finally, in the simulation results section, a flux-controlled memristor model was adopted and used
as a coupling element between electronic circuits. We saw that electrical circuits reach synchro-
nization, despite the initial conditions and the coupling factors of the memristor. Nevertheless, we
observe that the parameters values of the memristor influence the convergence rate of the system,

meaning that higher values of memductance increase the rate of synchronization.

An interesting direction of future work is to broaden these results in memristive devices, since most
practical devices are memristive systems. For example, we can replace the memristor model by
a broaden spectrum of memristive models and then investigate if these circuits achieve synchro-
nization. Furthermore, adding external input to the memristor - FHN neuron circuits is another
promising direction. The human brain processes information and the addition of an external input

in the aforementioned model provides a first step in modeling and analyzing this circuit. Prov-
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ing that the circuit is input-to-state convergent will demonstrate many desired stability properties.
Following that, we would like to study not only the synchronization behaviour of the voltage poten-
tials, but we also want to gain more insight in the behaviour of the memristors themselves. Lastly,
in any realistic application, noise is expected to affect the performance of memristor circuits. For
instance, if the circuit does not synchronize under the influence of noise, memristors may not be

suitable to simulate synapses.
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