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Abstract

This thesis describes and proves the correctness of an algorithm that computes the rational torsion subgroup for
the Jacobian of any hyperelliptic curve, and describes the explicit theory that is required by this algorithm. It
does not require a procedure that performs the group law on the rational points of the Jacobian. Furthermore,
all the required procedures are explicitly described and implemented for Jacobians of hyperelliptic curves of
genus 3. Both the design of the algorithm and many required procedures are based on work by Michael Stoll.
The rational torsion structures of many Jacobians of hyperelliptic curves of genus 3 with low discriminant
have been computed for the LMFDB.
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1 Introduction

In arithmetic geometry, techniques that aim to solve Diophantine equations often involve exploring the group
structure of the Jacobian of a given curve defined over a number field k. A classical example is an elliptic
curve E, for which the Jacobian is equal to the curve. The set of rational points F(k) is a finitely generated
abelian group, so one can find E(k) by finding generators and relations of E(k).

For elliptic curves, all possible rational torsion structures are determined [33]. The rational torsion
structures of higher-dimensional abelian varieties (such as Jacobians of hyperelliptic curves) are not known in
general, and are tied to the uniform boundedness conjecture, stating that the order of the k-rational torsion
subgroup of an abelian variety A defined over a number field k is bounded in terms of the dimension of A
and the number field k [48, Chapter 2]. Several authors have tried to construct curves corresponding to
Jacobians that have a rational torsion point with large order [29] [43], but, so far, complete algorithms for the
computation of J(Q)tors have only been known for Jacobians of hyperelliptic curves of genus 1 and 2. Having
a method to compute J(Q)sors could give more insight on the possible torsion structures that can be found.

Finding J(Q)tors is also a first step ro compute J(Q)tors. By the theorem of Mordell-Weil, J(Q)¢ors is
a finite abelian group. J(Q)iors can be used to gain experimental insight on the behavior of the rank of J,
which is connected to conjectures such as the Birch and Swinnerton-Dyer conjecture for abelian varieties
[2]. In refined versions of the Birch and Swinnerton-Dyer conjecture, the cardinality of J(Q)tors is directly
considered [58]. Furthermore, if one has obtained enough information on J(Q), one can attempt to determine
C(Q) using the method of Chabauty and Coleman [34], provided that the rank of J(Q) is strictly less than
the genus of C.

Given an elliptic curve E defined over Q, one can use reduction modulo p (where p is a suitable prime)
[49, §VII.2, VIL.3] and Nagell-Lutz Theorem [49] Corollary VIIL.7.2] to determine F(Q)iors- Techniques using
reduction modulo p generalize for higher-dimensional abelian varieties, but no analogue for the Nagell-Lutz
theorem is known. For genus 2 hyperelliptic curves, an algorithm that computes the rational torsion subgroup
of Jacobians of hyperelliptic curves of genus 2 is proposed as an application to the height difference bound
between the canonical and naive height on the Jacobian by Michael Stoll in [52, §11]. This thesis contains a
detailed proof of correctness of the generalization of this algorithm to any genus. Also, the necessary objects
that are required to make this generalization practical are described. Furthermore, this thesis contains a
generalization of a lifting procedure used in [52], §11]. In practice, this allows us to speed up the lifting
procedure.

Given the Jacobian J, most of the computations are performed on the Kummer variety K := J/{£1}
corresponding to the Jacobian. Using a generalization of the Montgomery ladder for elliptic curves, one
can perform multiplication-by-n on the Kummer variety, provided that certain doubling formulae and
biquadratic forms are known. These doubling formulae and biquadratic forms are nontrivial to compute. Our
generalization of the lifting procedure allows us to compute J(Q)tors for many curves without using these
biquadratic forms. Hence, an explicit computation of the biquadratic forms is less essential compared to the
original design.

A recent paper by Stoll [55] shows how to find a height difference bound on Jacobians for hyperelliptic
curves of genus 3, together with an algebraic description of its corresponding Kummer variety. Also, doubling
formulae and biquadratic forms that give the sum-and-difference-laws on the Kummer variety are introduced
and made available on Michael Stoll’s web page [51]. Developing an algorithm that computes J(Q)ors
for Jacobians of hyperelliptic curves of genus 3 is a natural next step. In fact, an implementation of such
an algorithm is requested by Andrew Sutherland in the workshop ” Arithmetic aspects of explicit moduli
problems” held in Banff, 2017 [I] final report: 3.10].

This thesis finishes the description of the quotient map x: J — K for the special cases that are not
explicitly described in [55]. Using this, we give a method to test whether the pre-image of a given point on K
under k is rational. This explicit description of x is important because most of the actual computations are
done on K. For example, the arithmetic on J(Q) can be replaced entirely by arithmetic on K(Q), hence we



do not do not require arithmetic on J(Q). This is one of the strengths of the algorithm because in general,
no algorithm for arithmetic on J(k) is known if no rational point on C'(k) is known. However, we do need an
implementation of the arithmetic on J (F,), where J is a reduced Jacobian over F,. By choosing particular
reduced Jacobians J, we can always find a rational point PeC (F,) for the corresponding curve C, hence an
algorithm for arithmetic on these J is known.

A complete implementation of the algorithm for genus 3 hyperelliptic curves is constructed and made
available via https://github.com/bernoreitsma/g3hyptorsion. The code is based on the file G3Hyp.m in
[51] (containing base code for the case where C has the model y? = f(x) where f is of odd degree) and the
implementation for genus 2 hyperelliptic curves in MAGMA [4] due to Stoll.

We also applied this algorithm to 67879 genus 3 hyperelliptic curves over Q of low discriminant. This
database is maintained by Andrew V. Sutherland and will be added to the L-functions and Modular Forms
Database (LMFDB) [3]. Some example computations are showcased in this thesis.

Chapter [2] introduces preliminary theory on hyperelliptic curves, the Jacobian, and the Kummer variety.
Chapter [3| discusses the strategy of the algorithm and introduces the specific background theory that is
relevant for the algorithm. A complete description and proof of correctness of the algorithm is given in
Chapter [ together with a small discussion on applications of the generalization of the lifting procedure.
Chapter [5| discusses the explicit formulae and algorithms that are necessary to make the algorithm work on
genus 3 hyperelliptic curves. After that, results and examples of the computations on genus 3 hyperelliptic
curves are discussed in Chapter [6


https://github.com/bernoreitsma/g3hyptorsion

2 Hyperelliptic curves, Jacobians and the Kummer variety

This chapter introduces preliminary theory on hyperelliptic curves, Jacobians, and the Kummer variety. If the
reader is familiar with elliptic curves, but not very familiar with hyperelliptic curves, they are recommended
to keep the case of elliptic curves in mind and note that often, the theory here is a generalization of the
theory on elliptic curves.

2.1 Hyperelliptic curves

The main goals of this section are to provide a definition of hyperelliptic curves, and introduce some basic
theory. We often restrict ourselves to what is relevant to this thesis. For a more elaborate introduction, we
refer to [23], which is also one of the main references used in this section.

2.1.1 Hyperelliptic curves and rational points

Before we define hyperelliptic curves, we first define a suitable ambient space. Then, we define hyperelliptic
curves.

Definition 2.1. Let & be a field and let g € Zxo. The weighted projective plane P; = P§ | | is the geometric
object whose points over a given field k£ are elements of

(A%(k)\ {0})/ ~ (2.2)

where ~ is the equivalence relation such that (p,n,() ~ (o', 7', ') if and only if there exists a A € k* such
that (p,n,¢) = (Ao, A7, A7),

The coordinate ring k[Pg] over k of IP’?7 is the ring k[z,y, z] together with the grading such that « and z
have degree 1, and y has degree g + 1. A polynomial in the coordinate ring of ]P’3 is homogeneous of degree d
if it consists of a combination of monomials of degree d.

For a point (p,7,¢) € A*\ {0}, we denote its equivalence class in P2 by (p: 5 : ().

Definition 2.3. Let k be a perfect field of characteristic # 2, and let g € Z>1. A hyperelliptic curve of genus
g is a subvariety C' of ]P’g defined by the equation

y? = F(2,2) i= fogpoa®9t? + - + foz?91? (2.4)
where F € k[z, 2] is squarefree and homogeneous of degree 2g + 2.

Remark 2.5. An elliptic curve defined over k can be defined as a hyperelliptic curve of genus 1 that contains
a k-rational point.

Indeed, C' is a subvariety of IP’?7 because the polynomial y? — F(z, z) is homogeneous of degree 2g + 2 in
the coordinate ring of P2. The coordinate ring k[C] of C is the ring k[z,y, 2]/ (y* — F(z, z)) with its induced
grading.

Hyperelliptic curves and points on hyperelliptic curves are also often described using an affine equation
for practical reasons. It is important to clarify how these two descriptions interact precisely, so we derive the
affine description here. The intersection of C' with the affine patch of ]P’g defined by z = 1 is the affine variety
C** defined by

v’ = F(2,1) = f(x) = fagr22™> + - + fo. (2.6)
Since F' is squarefree, we must have that f € k[z] is squarefree and deg f is equal to 2g + 1 or 2g + 2. The
coordinate ring k[C?!] of C* is then k[x,y]/(y? — f(z)) with its induced grading, i.e., deg(z) = 1 and
deg(y) =g+ 1.



The points at infinity C'™ of C consist of the intersection of C' with the line z = 0 in IE”Z. We observe
that C = C¥ U O™ If (p: ¢ 1) € C™ then (% = fo 1292972, hence C™ = {(1: @ : 0),(1: —a: 0)}, where
o? = fag+2. It follows that C' has one point at infinity if fog1+2 = 0 and two points at infinity otherwise. Also,
C has two k-rational points at infinity if fo,+2 € k% \ {0}, where k? denotes the set of squares in k. The
curve C' contains precisely one k-rational point at infinity if fo,42 = 0 and no k-rational points at infinity if

fagt2 & k2.

Theorem 2.7. Let k be a perfect field of characteristic # 2, and let C' be a hyperelliptic curve of genus g.
Then, C' is a smooth, geometrically irreducible curve.

Proof. Besides proving smoothness and geometric irreducibility, we also prove that C' is, in fact, a curve, i.e.,
C has dimension 1.

First, we observe that, w = —f(z) and %‘yﬂw)) = 2y, hence (using char(k) # 2) a singular
point on C*f must be of the form («,0), such that f(a) = f’(«) = 0. This contradicts f being squarefree.
The points at infinity are nonsingular by [23, Lemma 10.1.11]. We conclude that C' is smooth.

Following the strategy of [23, Lemma 10.1.2], C* is not geometrically irreducible if and only if y? = f(z)
factors as an element of k[z,y]. Equivalently, y? — f(x) = (y — a(x))(y — b(z)) for some a,b € k[z], which

can only be true if a(z) = —b(z), equivalently f = —a?, contradicting f being squarefree. The lemma [23]
Lemma 10.1.2] also proves that C*f has dimension 1. We conclude using [23, Theorem 10.1.14] that C is
geometrically irreducible and has dimension 1. O

Throughout this thesis, C' denotes a hyperelliptic curve defined over a perfect field k£ of characteristic
# 2. and g denotes the genus of that hyperelliptic curve. With f, we denote the polynomial defining C*f in
Equation , and F' denotes its homogenization as described in Equation . Also, k denotes a perfect
field of characteristic # 2, and k denotes its separable closure, which is also its algebraic closure since k is
assumed to be perfect. Furthermore, we denote ¢ D k to be a separable field extension of k. If we consider
k-rational points on a curve defined over k, we often refer to k-rational points by simply calling them rational
points if k is clear from the context.

Many results that follow hold more generally, but we will state them for C' instead. If k£ has characteristic
2, the defining equation always leads to a singular curve (see the singularity conditions on points in the
proof of Theorem . For hyperelliptic curves over fields of general characteristic, we refer to [23, Chapter
10).

Remark 2.8. One might wonder why a weighted projective plane is necessary for the homogenization of
affine curves with defining equation y* = f(z). In P?, for g € Z>1, homogenization would lead to the
projective algebraic equation y?229 = F(xz,z). This gives the point (0 : 1 : 0). By taking an affine patch
defined by y = 1. We can observe that the partial derivatives in the coordinates z and z are both zero, hence
this point is always singular. The weighted projective space is not necessary in the case of an elliptic curve.
An elliptic curve can be defined by y?z = F(x,z) where F has degree 3. Similarly using an affine patch
defined by y = 1 and taking partial derivatives, we see check that the point at infinity (0 : 1 : 0) is nonsingular

in this case: The partial derivative W =1— f'(x) evaluates to 1 at the point (z,z) = (0, 0).

Definition 2.9. The function field £(C) of C Xy, £ is the subfield of the field of fractions of ¢[C] defined as
0(C) :=={h1/ha : h1, hy € £|C] are homogeneous of equal degree}

An element of the function field is called a rational function of C' over ¢. A rational function described
as the quotient hjy/hg with hy and hg in l[z,y, 2] is called regular at a point (p : ¢ : n) if ha(p,(,n) # 0.
For a point P = (p : ¢ : n) such that ¢ = hy/hs is regular at P, the evaluation of ¢ at P is defined as
d(P) :== h1(p,¢,n)/ha(p,(,n). The value of ¢(P) does not depend on the choice of hq, hs.

The following is useful to describe rational functions in an affine context.



Lemma 2.10. The function field k(C?) of C*, defined as the field of fractions of k[C?f], is isomorphic to
k(C).

Proof. See [23, Corollary 5.4.9]. O

2.1.2 The Galois action on hyperelliptic curves

The action of the Galois group on points on C' gives an alternative definition of rational points on C, and is
later also used to define an action of the Galois group on points on the Jacobian, which eventually describes
rational points on the Jacobian. Let G} := G(k/k) be the absolute Galois group of k. An automorphism
o € Gy, acts on a point in P§ via its coordinates, i.e., if P = (p: ( : ), then o(P) = (o(p) : 0(¢) : o(n)).

Lemma 2.11. The following equation of sets holds.
P2(k) = {P € PX(k) : o(P) = P for all 0 € Gy}. (2.12)

Proof. This is proven using Hilbert’s Theorem 90 [47, Chapter X, Proposition 2], a proof for general (non-
weighted) projective spaces is described in [23] Lemma 5.2.5]. Using that o is an automorphism, this proof
can be generalized to weighted projective spaces. O

Lemma tells us that for fields & C ¢ C k, we have that /-rational points are the points in C(k) fixed
by Gal(¢/k). In particular, we can find the smallest field ¢ for which a point P € ]P’g(l}) is ¢-rational by finding
the smallest field extension such that Gal(¢/k) fixes P.

2.1.3 Weierstrass points

Weierstrass points are special points that are used throughout this thesis. In essence, the existence of a
rational Weierstrass point gives us a canonical representation of rational points on the Jacobian, which is
also important for implementing arithmetic on the Jacobian. We use the hyperelliptic involution to define
Weierstrass points because it generalizes better if one wants to work in characteristic 2.

Definition 2.13. The map ¢: C' — C defined (z: y: 2) — (z: —y : z) is the hyperelliptic involution of C.
The map 7: C — P! defined by (z:y: 2) — (x : 2) is the quotient map of C.

Definition 2.14. A point P € C is called a Weierstrass point if «(P) = P.

We see immediately that P := (p : ( : i) is a Weierstrass point if and only if { = 0. The Weierstrass
points are also the ramification points of the quotient map.

If k is algebraically closed, C' always has rational Weierstrass points. If a rational Weierstrass point exists,
it is usually fixed to be at infinity (see Section . Most literature that assumes k to be algebraically closed
only considers curves of odd degree due to the following observation.

Example 2.15. If fy542 = 0 then the point at infinity is a Weierstrass point. If fog12 # 0, then the points
at infinity are not Weierstrass points. This follows immediately from the discussion of C™ above.

2.2 Divisors and the Picard Group

Before we define the Jacobian, it is important to introduce the divisor group and /-rational divisors. The
Picard group is a group of divisors modulo an equivalence relation. The f-rational equivalence classes
in the Picard group correspond to ¢-rational points on the Jacobian. This allows us to create a divisor
representation of ¢-rational points on the Jacobian. In this section, we introduce divisors and the Picard
group. Creating divisor representatives for the equivalence classes in the Picard group is done in Section
after we introduced the Jacobian variety itself in Section [2.3



2.2.1 Divisors

Definition 2.16. A divisor D on C is a Z-linear combination of the form

D= Z CKPP

PeC(k)

such that ap = 0 for all but finitely many points P € C(k). The support of the divisor is the set of points
P € C(k) that have nonzero coefficient. For two divisors D = > pecm apP and D' =3 p oy op P, we
say that D > D’ if ap > oy for all P € C(k). Here, ”>" clearly defines a partial order. A divisor D is called
effective if all coefficients are nonnegative, i.e., D > 0. The degree of a divisor is the sum of its coefficients,

i.e., deg(D) := X pec() P

The set of divisors is denoted by Div. Considering addition as operator, Dive is a free abelian group.
We denote the set of divisors of degree d € Z by Div(é. Clearly, the degree of divisors is additive, hence Div%
is a subgroup of Dive.

Let G be the absolute Galois group of k. The action of G on Dive is defined by its induced action on
its points, i.e., if 0 € G}, then

g Z OépP = Z apJ(P).

PeC(k) PeC(k)

A divisor D is called k-rational if D is fixed under Gg. Clearly, adding two rational divisors results in a
rational divisor. Note that this does not require all the points in the support to be rational. We demonstrate
this in the following example.

Example 2.17. We will provide an example of a rational divisor D that has no rational points on C in
its support. Let C be defined over Q such that fo;9 = —1. Consider the divisor D = (1:7:0) 4 (1: —i:
0) € Dive where i2 = —1. We have that i ¢ Q lives in the quadratic number field Q(i). Any o € G fixes
coordinates in Q, and either fixes 7 or sends ¢ to —i. In both cases, we can check that o(D) = D, hence D is
rational.

2.2.2 Principal divisors

Principal divisors are a particular kind of divisors that can be obtained by considering the roots and poles of
a rational function. We consider them because they define the equivalence relation on the Picard group.

Definition 2.18. Let P € C(k), then the map vp: k[C]\ {0} — Z>( is defined such that vp(h) = 0 if P is
not a root of h, and vp(h) =m > 1if P is a root of multiplicity m in h. We extend vp to k(C)* defining
’Up(hl/hg) = Up(hl) — ’Up(hg).

Since any element in k(C) has finitely many roots and poles (poles are the zeros of the denominator), vp
is well-defined for all P € C'(k). We usually denote rational functions in k(C) in an affine way, i.e., since
rational functions in k(C?%) using Lemma

Definition 2.19. Let ¢ € k(C)*. We define a divisor of the function ¢ to be

div(g) = > vp(¢)-P.

PeC(k)

A divisor of a function is said to be a principal divisor. The set of principal divisors is denoted by Prince.
The set of ¢-rational principal divisors are denoted by Prince (€).
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It is clear that div(¢;) + div(¢e) = div(¢i¢a) for functions ¢1,¢2 € k(C)*. Therefore, the map
div: k(C)* — Divc is a group homomorphism, hence Princ is a subgroup of Dive. Subsequently, Prince (k)
is a subgroup of Divg (k). The degree of a principal divisor is always equal to zero [54, Lemma 4.7], so
Princo € Divy. Another important property of the map div is Galois-equivariance:

Lemma 2.20. Let o € G}, let C be defined over k. For any ¢ € k(C)*,
o(div(¢)) = div(a(¢)).
Proof. From [23| Lemma 7.4.14], we know that vp(¢) = v,(p)(c(¢)). Hence,

2.2.3 The Picard group

Now, we can define the Picard group using the divisor theory that is introduced before. We will introduce it
shortly here, and its connection to representing rational points on the Jacobian is stated after introducing
the Jacobian in Section 2.3

Definition 2.21. The Picard group of C is the abelian group
Picc = Dive/Prince.

Two divisors are called linearly equivalent if they differ only by a divisor of a function, i.e., if they are in the
same divisor class in Picc.

Recall that principal divisors have degree 0. Hence, the degree of a divisor class in Pice is well-defined.
For d € Z, we denote Picdc to be the divisor classes of degree d in Picc. We observe that Pic% is a subgroup
of Picg.

Consider any automorphism o € Gy, and divisor D € Picc. By construction, we can write any divisor
in [D] to be D' = D + div(¢) for some function ¢ € k(C)*. It follows from Lemma that o(D'") =
(D +div(¢)) = 0(D) + div(o(¢)). Hence, we can define a group action of Gy, by setting

o([D]) := [o(D)].
We define the group of ¢-rational points on Pice to be
Picc(¢) := {[D] € Picc : o([D]) = [D] for all 0 € G,}.

Remark 2.22. Note that it is possible that a divisor class is rational, but no rational divisor in this class
exists. Examples can be found in [I3, Appendix: Ch. 4]. If C contains a rational point, then a rational
divisor class always contains a rational divisor, also explained in [I3] Ch. 4: Appendix]. Further discussion
can be found in [I5] and [44].

11



2.3 The Jacobian

The central object of study in our thesis will be the Jacobian variety corresponding to a hyperelliptic curve.
Before we introduce the Jacobian, we define abelian varieties and introduce some important properties.

Definition 2.23. An abelian variety A over a field k is a projective algebraic variety over k that is also an
algebraic group, i.e., there exists a group law on A that is defined by regular functions.

For a detailed introduction, we refer to [25 §A.7]. We note some relevant properties of abelian varieties
here.

Observation 2.24. The following properties are satisfied for an abelian variety A defined over a field k
1. A is a smooth variety.
2. The group structure of A is abelian.
3. The set A(k) of k-rational points on A forms an abelian group.

Proof. 1) See [25], §A.7.1].

2) See [25, Lemma A.7.1.3].

3) This follows from the fact that a regular function is also a rational map, and that the group law consists of
regular functions. O

Elliptic curves are abelian varieties, hence there exists an abelian group law on rational points of elliptic
curves, which consists of chord-and-tangent addition, see, e.g., [49, II1.2]. Hyperelliptic curves C of genus

g > 2 are not abelian varieties in general. Instead, we use an embedding into an abelian variety: the Jacobian
of C.

Theorem 2.25. Given C/k of genus g, there exists an abelian variety over k with dimension g such that,
for each field extension £ D k, J(¢) = Pic(¢).

This theorem is further described in [25] §A.8].
Definition 2.26. The abelian variety J described in Theorem [2.25is called the Jacobian of C.

The (geometric) dimension of the Jacobian J corresponding to a curve of genus g is equal to g [25]
A.8.1.ii]. One way of defining the geometric dimension of a variety is that it is the transcendence degree of its
coordinate ring. (This is already used in the proof of Theorem . Since this theory is not explicitly used in
this thesis, we will simply refer for more details to [25].

The following theorem, called the Mordell-Weil Theorem is a foundational theorem in arithmetic geometry.

Theorem 2.27. (Mordell-Weil) For a number field ¥ 2 Q and an abelian variety A over k, A(k) is a
finitely generated group.

This theorem has been proven for elliptic curves over Q by Louis Mordell [37], and later generalized to
Jacobians of curves of higher genus by André Weil [59]. The theorem in the current form, assuming k to
be any number field and A to be any abelian variety, is later proven: for a brief survey of the history of
Mordell-Weil Theorem, see [12]. For an elaborate discussion, see also [25], Part C].

Remark 2.28. Using [25] A.8.1], there exists a natural embedding C < J that maps P +— [P — D], where
D is a fixed divisor of degree 1. This map restricts to C(¢) < J({) if D € Divg(¢). In particular, if there
exists a point Py € C(£), one can choose D = Py as rational divisor.

Since the goal of our thesis is to search the rational torsion points of the Jacobian, we can use the
Mordell-Weil Theorem to conclude that
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Corollary 2.29. The rational torsion subgroup J(Q)ors is finite.

Note that this particular result does not need Mordell-Weil theorem to be proven, one can use height
theory to show that for a bound B, only finitely many points have a height less than B, and the height of a
rational torsion point is always bounded. See Theorem and [25, Chapter B.5].

2.4 The Riemann-Roch Theorem, representing divisor classes

In order to perform arithmetic on the Jacobian, one has to find a way to represent points on J. A natural
first attempt would be to observe that J is a projective variety, hence one could embed J into some projective
space PV. One such embedding exists for N = 49 — 1 [39, Chapter III]. For genus 2, such a basis is explicitly
constructed in [13] §2.1].

Considering J as a projective variety using an embedding in P*~! becomes difficult very quickly when
larger g are considered. It is much easier to describe points on J(k) as divisor classes in the Picard group
using Theorem We will construct a way to use divisors to represent a class on Pic%(k). For this, we use
Riemann-Roch spaces and the Riemann-Roch Theorem.

Definition 2.30. Given C' defined over k, we define the Riemann-Roch Space as the k-linear space
L(D) = {¢ € k(C)* : div(¢) + D > 0} U {0}.

Theorem 2.31. (Riemann-Roch) Let C be of genus g, defined over k. For every divisor D € Dive(k), we
have that dimy£(D) is finite. Moreover, there exists a divisor M € Div(k) such that

dlmkﬁ(D) = deg(D) — g + 1 + dlmkﬁ(M — D)

The class of M is unique, it is called the canonical class. A divisor in the canonical class is called a canonical
divisor.

Proof. For the proof of C defined over algebraically closed fields, we refer to [30, Theorem 2.7]. Then,

a generalization to general k is described just underneath [25, Theorem A.4.2.1], using [25, Proposition
A.2.2.10]. O

The Riemann-Roch Theorem was first proven for & = C by Bernhard Riemann [45] and Gustav Roch [46].
Later, the theorem was generalized to algebraic curves.

Recall that a divisor D € Div¢ is effective if D > 0. Given D € Divg(k), the Riemann-Roch Theorem
gives us information about the space of rational functions whose corresponding principal divisors can be
added to D to result in an effective divisor. This gives us information on linearly equivalent effective divisors
on D. In order to create a divisor representation of points in J(kf), we consider effective divisors and subtract
a certain fixed divisor an appropriate number of times in order to create a divisor representation in Picoc. We
use the Riemann-Roch Theorem to find an effective divisor such that, when subtracting a fixed divisor, we
land in Pic%, and no linearly equivalent effective divisors in this form exist.

Another condition we impose on our divisor representation is that the divisor is in general position.

Definition 2.32. A divisor D € Divg is in general position if it is effective and there is no point P € C such
that D > P + (P, and, in case the degree of f is odd, the point at infinity P, is not in the support of D.

In this section, we only create a divisor representation for curves C' where f has odd degree. The case
where f has even degree is more complicated, especially when g is odd. For genus 3, this case is treated in
Section Before we describe a divisor representation, we will make some useful observations on divisors.

Lemma 2.33. Let D and D’ be divisors of C, let M be a canonical divisor.

1. If D' > D, then £(D) C L(D’).
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. If deg(D) < 0, then £(D) = 0.
3. If D' > D and deg D' = deg D + 1, then dimy£(D’) — dimi L(D) € {0,1}.
4. We have dimgL(M) = g and deg M = 2g — 2.
5. If deg D > 2g — 1, then dimiL(D) = deg(D) — g + 1.
Proof. Within this proof, ¢ € k(C)*.
1. If D' > D, then div(¢) + D > 0 implies that div(¢) + D’ > 0.

2. Recall that the degree of a principal divisor is equal to 0. Hence, deg(D) < 0 implies that D +div(¢) <0
for any ¢ € k(C)*.

3. Assume D’ > D and deg D' = deg D+ 1. Using the Riemann-Roch Theorem, dimy £(D’) —dimi L(D) =
1—dimpL(M — D') +dimi £L(M — D). Using (1), we have —dim,L(M — D’) + dim L(M — D) > 0 and
using D’ > D, we have dim; £(D’) — dimy £(D) > 0, hence dimy£(D’) — dim,L(D) € {0,1}.

4. Note that dimg£(0) = dimg (k) =1 =1 — g+ dimpL(M), hence dimiL(M) = g, and using this fact, it
follows that deg M = dimpL(M) — 1+ g — dimi L£(0) = 2g — 2.

5. If deg(D) > 29 — 1, then deg(M — D) < 0 using (4), hence dimzL(M — D) = 0, using (2). The result
follows from the Riemann-Roch Theorem.

O

Now, we are ready to introduce a divisor representation for J(k) corresponding to C' defined over k where
f has odd degree.

Theorem 2.34. Let C be a hyperelliptic curve defined over k such that f has odd degree. Let P, € C(k)
be the unique point at infinity and let @ € J(k). Then, there exists a unique effective divisor Dg € Dive (k)
in general position and of minimal degree such that Q = [Dg — deg(Dg)Pw)-

Proof. First, we prove the existence of an effective divisor Dg of minimal degree, this is also written in [54]
Corollary 4.14].

Let D be any divisor such that @ = [D]. Define L,, = L(D + mPx) for m € Z>,. Since deg(D) = 0,
L,, = {0} for m < 0 using (2) of Lemma and from (3) it follows that 0 < dimg, Ly, 41 — dimy, Ly, < 1.

For sufficiently large m, part (5) of Lemma[2.33]implies that dim L,,, = deg(D +mPx) —g+1 > 0. Hence,
there exists an n € N such that dimyL,,+1 — dimg L,, = 1. We can now conclude that there exists a minimal
n such that dimy L,, = 1. From now on within this proof, we fix this n.

Let ¢ € L,,. Define Dy = div(¢) + D +nPs > 0. Then, Q = [D] = [D + div(¢)] = [Dg — nPx), and
deg(Dg) = n. Since ¢ is unique up to scaling, D¢ is unique and of minimal degree.

To show that D¢ € Dive(k), we take an arbitrary o € Gy, and observe that

[Dg —nPs] =Q

=0(Q) because @ is k-rational
= 0([Dg —nPx])
= [0(Dg — nPx)] Galois-action on Picl (k)

Since Py is rational, Q@ = [0(Dgq) — nPs]. Note that o(Dg) is effective and in general position. Since
Dg is the unique effective divisor in general position of minimal degree such that Q = [Dg — nPs] and
deg(Dg) = deg(o(Dg)), we conclude that o(Dg) = Dqg.

The proof that D¢ is in general position and of minimal degree can be found in [54, Lemma 4.17]. O
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An important, immediate observation is that deg(Dg) can be bounded.
Corollary 2.35. For Dq as found in Theorem [2.34] deg Dq < g.
Proof. Using the Riemann-Roch Theorem, dimy, L,, > deg(D+mPs)—g+1=1if m=g. Hencen <g. O

With this divisor representation, one practical observation is that applying the hyperelliptic involution to
a point in the support of Dg corresponds to negation in Pic%.

Lemma 2.36. Let C be defined over k where f has odd degree. As divisors, P + ¢(P) ~ 2P,. Hence,
applying ¢ to Dg corresponds to negation on J in the divisor representation given in Theorem @

Proof. This is a particular case of [54] Example 4.5]. O

As an example, if Dg = P; + P» in general position, and we add a point on J(k) represented by the
divisor ¢(P;) in general position, then we can reduce Py + P, + ¢(Py) to P in the divisor representation.

2.5 Mumford representation

Provided that deg(f) is odd, we can now represent a point in J(k) using a divisor on its corresponding curve
C' in general position of minimal degree. The next step is to find a procedure that performs arithmetic on
J(k). More precisely, given divisors in general position D, D’ on C that represent points @ and Q' in J(k),
we can see that [D + D'] = Q + @', but generally D + D’ is not in general position, and is not of minimal
degree. Therefore, a method to find a linearly equivalent divisor in general position of minimal degree is
necessary. We introduce the Mumford representation, which is a way to represent divisors in general position.
The Mumford representation is then used to create a procedure that performs addition as described above.
Moreover, the Mumford representation is also a conveniently compact way of representing divisors in general
position using polynomials.

Theorem 2.37. Let C be a hyperelliptic curve. Let D be an effective divisor on C' in general position such
that all points in its support are affine. Write D = ZPeC(E) apP. Define a tuple (a,b) where a,b € k[z] such
that the following conditions hold:

1. The polynomial a is monic of degree deg D =: d.

2. For all P € C* P € Supp(D) if and only if ap > 0. Moreover, vp(D) is the multiplicity of z(P) as a
root of a.

3. We have deg(b) < deg(a), and for all P in the support of D, we have b(x(P)) = y(P)
4. As polynomials, a|(f — b?).

Then, there exists a bijection between the set of such polynomial tuples (a,b) and divisors D in general
position.

Proof. See [64, Lemma 4.16] O

Mumford representation was first introduced by by David Mumford in [39, §3, page 3.25]. In order to
perform arithmetic on J(k), one first takes two divisors in general position D and D’ and adds them together
to a divisor in general position (but not of minimal degree). This is called Cantor’s composition algorithm.
Then, one finds the linearly equivalent divisor in general position that is of minimal degree, so that we get
the unique divisor in general position as described in Theorem [2.34] This step is called Cantor’s reduction
algorithm. These algorithms work very well in the case where f has odd degree.
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Algorithm 2.38. Let C be defined over k of genus g such that f has odd degree. Let Dy, D) be k-rational
divisors on C' in general position of minimal degree, and let {a1,b1), (a2, bs) be the Mumford representations
of D1 and Ds, respectively. Then, we can compute the divisor D in general position of minimal degree such
that D € [Dy + Ds] as follows.

1. Composition: Find a divisor in [D; + Ds] in general position.

1.1. Set d := ged(aq, az, by + be)
1.2. Set a := ajay/d?

1.3. Set b to be the unique polynomial of degree < deg(a), such that b = by mod a;/d, b = by
mod ay/d, f =b* mod a

2. Reduction: Reduce the divisor with Mumford representation (a,b) to minimal degree.
Repeat the following steps while deg(a) > g:

2.1. Write f — Aac such that A € k*, ¢ € k[z] monic.
2.2. Replace a by ¢
2.3. Replace b by the remainder of —b mod a

We conclude that the divisor D corresponding to the Mumford representation of (a,b) is in general position,
of minimal degree, and D — deg(D)Ps ~ Dy + Dy € Pic (k).

Proof. See [64, Theorem 4.18]. O

One can also implement addition of points on the Jacobian in the more general case, where f has even
degree and/or where k may have characteristic 2. A detailed description can be found in [23] §10.3 - §10.4].
In the case where C' has odd genus and f has even degree, it is not always possible to find an obvious addition
algorithm. Section describes the cases where generalizations of Cantor’s algorithms can be implemented
for the case where g = 3.

2.6 Transformations

This section introduces isomorphisms on hyperelliptic curves. Since we do explicit computations with many
objects corresponding to a hyperelliptic curve, it is useful to use isomorphisms to fix certain models: one can
think of a hyperelliptic curve as an isomorphism class, and a model as a curve defined by a specific algebraic
equation of the form . Throughout this thesis, we will refer to hyperelliptic curves assuming a fixed
model, but isomorphisms are sometimes applied to obtain a desired model.

2.6.1 Isomorphisms of hyperelliptic curves

Let C and C5 be hyperelliptic curves defined over k. An isomorphism over £ of hyperelliptic curves C; — Co
is a map ¢: C; — Cy that is an isomorphism of varieties defined over ¢. Instead of introducing the notion of
isomorphisms of varieties, we refer to [49, §1.3]. This chapter gives an elementary introduction to rational
maps, using rational functions as defined in Definition [2.9] and the notion of a regular function at a point P as
described in the same definition. We will rewrite the alternative definition of a rational map and regularity in
[49, Remark 1.3.2] to fit the definition of a weighted projective variety: This only changes a few homogeneity
conditions.

Remark 2.39. The alternative definition of a rational map in [49, Remark 1.3.2] can be written for
hyperelliptic curves in IP’E as follows: Let C7 and Cs be hyperelliptic curves, both of genus g, defined over k,
defined by the equations y? — Fy(z, z) and y? — Fy(z, 2), respectively. A rational map ¢: C; — Cs is a map
of the form ¢(z,y,2) = [¢1(x,y, 2), d2(, y, 2), d3(z, y, 2)] where ¢; € k[C] are homogeneous (in the weighted
sense) polynomials in k[C4], such that the following conditions hold:
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(i) deg(¢2) = (g +1)deg(¢1) = (g9 + 1) deg(e3),
(ii) for every h in the ideal (y? — Fa(x,2)), h(d1(x,y, 2), p2(,y, 2), ¢3(z,y, 2)) € (y* — Fi(x,y,2)).

Such a rational map is regular at P € (] if there exist homogeneous (in the Pg-weighted sense) polynomials
01,2, p3 € k(C) such that the following conditions hold:

(i) deg(p2) = (9 + 1) deg(p1) = (g + 1) deg(ys),
(ii) ¢ip; = djp; mod y? — Fy(z,2) forall 1 <i,5 <3,
(iii) ¢@;(P) # 0 for some 1 <14 < 3.

2.6.2 An explicit description of isomorphisms of hyperelliptic curves
There is a general description for isomorphisms of hyperelliptic curves defined over k.

Theorem 2.40. Let C1, Cs be hyperelliptic curves over k. Any isomorphism of hyperelliptic curves ¢: C; —
C5 defined over ¢ D k can be described as

(z:y:2)— (ax+bz:ey:cx+dz)
where
a b
A= <C d) € GL2(0)
and 0 # e € £*.

Proof. Apply [23, Theorem 10.2.1], and note that if we consider curves defined by y? + h(x)y = f(x) where
h = 0, then the polynomial ¢ in the cited theorem is also equal to 0. Furthermore, the maps that do not
fix the point at infinity must map a point (zg,yo) € C2¥ to infinity. It can be checked that these maps are
described by (z:y:2) — (z:ey:z—x). O

Corollary 2.41. An isomorphism of hyperelliptic curves sends Weierstrass points to Weierstrass points (and
hence, non-Weierstrass points to non-Weierstrass points.)

Proof. This follows immediately from Theorem [2.40] and noting that ¢ sends y to —y, but fixes the coordinates
z and z. O
2.6.3 Isomorphisms between Jacobians induced by isomorphisms between hyperelliptic curves.

The search for the torsion structure of J(k) is made easier by observing that the group structure of J(k)
is preserved under an isomorphism of hyperelliptic curves. This produces the main motivation to apply
isomorphisms in this thesis.

Theorem 2.42. Let C and C3 be hyperelliptic curves defined over k. Let ¢: C7 — Cs be an isomorphism
of hyperelliptic curves over £ D k. Then, the induced map ¢, : Pic%1 ) — Picoc1 (¢) defined by mapping a
divisor P to ¢(P) is a group isomorphism.

Proof. Apply [23] Corollary 8.3.10] and observe that such an induced change of coordinates identifies divisors
that are fixed under actions of the absolute Galois group Gy. O

Corollary 2.43. If C; and C5 are two hyperelliptic curves that are isomorphic over k, then for their
corresponding Jacobians Jy, Jo, it follows that Jy (k) = Jo(k).

Lemma 2.44. Let Cy be a hyperelliptic curve defined over k. Then, C; contains a rational Weierstrass point
if and only if Cy is isomorphic over k to a curve Cy that is defined by y? = f(x), such that f has odd degree.
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Proof. If Cy has odd degree, then the statement is trivial, using that P, is a Weierstrass point. Otherwise, if
(' has no rational Weierstrass points, then Corollary implies no isomorphism to C exists such that
C5 does have a rational Weierstrass point, so in particular f cannot have odd degree. In the case that C;
has a rational Weierstrass point, then an isomorphism that maps this rational Weierstrass point to infinity
has a codomain with a Weierstrass point at infinity using Corollary It follows that the polynomial f
corresponding to C3™ has odd degree. This isomorphism exists by the following explicit construction. We can
use the change of coordinates corresponding to the matrix

(? 21) : (2.45)

in the notation of Theorem where (z1,0) is a rational Weierstrass point in C (k) O

Within this thesis, it is useful to apply certain isomorphisms to fix a model of a hyperelliptic curve. One
example where we can use this is found in Theorem Recall from Example that P, is a Weierstrass
point. In the divisor representation [Dg — Px] = @ € J(k), one can replace Py, with any Weierstrass point
instead. We can fix a rational Weierstrass point at infinity by using a change of coordinates that maps the
point to infinity.

Another application is the quadratic twist of a curve C'. At a certain point in the algorithm, we want
to reduce the discriminant of f, here defined over Z, for optimization. (See Remark ) Hence, if the
coefficients of f share a factor ¢ such that ¢ is a square in k, then one can apply the isomorphism (x : ey : 2)
where e = 1/4/c € Q, that is defined over Q.

2.7 The Kummer variety

Recall from Section[2.4]that the Jacobian variety is a very complicated variety to work with. This is motivation
to construct procedures that describe points using divisor representations and perform arithmetic in terms of
Mumford representations in Sections and respectively. For operations such as reduction and Hensel
lifting (described later in Sections and 7 it is better to work on a projective variety. To avoid working
on the very complicated variety J, we introduce its corresponding Kummer variety. It turns out that much
of the coordinates of J in P*'~! are simply necessary to encode the ”sign” of a point, i.e., to distinguish
between P and —P on J. By identifying group inverses on J, we essentially stop tracking a large amount of
data that conveys only a small amount of information.

2.7.1 Definition, general properties

Definition 2.46. The Kummer variety is defined as K := J/{—1}. We denote the corresponding quotient
map by x: J = K.

A reader that is familiar with elliptic curves may note the analogy of the Kummer variety in the following
way: An elliptic curve E is an abelian variety, and the quotient map m: E — P! that maps P to x(P) loses
the distinction between P and —P. by only looking at the z-coordinate. For an elliptic curve P! = K is the
Kummer variety.

The construction of the Kummer variety is based on theory that we will not introduce here. Instead, we
will summarize important properties in one theorem. For this theorem, and also later in the thesis, we use
the following notational convention: For a given abelian group G and an integer n € Z>1, we denote G[n] to
be the subgroup of G that consists of points of order n, which is called the n-torsion subgroup.

Theorem 2.47. The Kummer variety K satisfies the following conditions.

1. K is an algebraic variety.
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2. A point R € K is singular if and only if R € x(J[2]).
3. We have that x is 2 : 1 except at points of order 2 in J, where it is injective.
4. K can be embedded in P?*~! such that the image of this embedding is defined by quartic relations.

5. If we fix the embedding K C P?*~!, then the map x: J — K C P?’~! is a rational map.

Proof. For (1) and (2), we refer to [38]. (See also [8], §4.8] for the complex case). We also use this to conclude
that we can embed K into P?*~1. Property (3) follows by construction:  is a degree 2 map that ramifies on
J[2]. Properties (4) and (5) follow from [40, Proposition 3.1]. O

From now on, we denote the Kummer variety of a Jacobian by K, and its corresponding quotient map
is denoted by x: J — K. Since K can be embedded into P?’~!, we treat K as a fixed subvariety of P?’~1.
When considering &, we refer to a fixed map x: J — K C P?°~! such that k(J) corresponds to K as fixed in
P2’~1 as above. Throughout this thesis, we always work with a coordinate system in K that maps 0 € J to
k(0)=(0:...:0:1). This is called the origin of the Kummer.

An explicit construction of the defining equations of K for genus g > 2 is nontrivial. Moreover, for C' over
k algebraically closed, C' always contains k-rational Weierstrass points, so f can be assumed to be of odd
degree using Lemma [2:44] In an arithmetic context, we often work with & not algebraically closed, hence for
our purpose, we may not assume f has odd degree. For genus 2, a generic construction is given in [I3] §3.1].
For the corresponding map &, see, e.g., [21]. For genus 3, [65, §2] develops the defining equations of K in the
general case. For a summary, see also Section The corresponding map « is also given in [55] §2], except
in a few special cases. This thesis describes these special cases in Section

2.7.2 Pseudo-arithmetic on the Kummer

Cantor’s Algorithm as described in Algorithm allows us to perform arithmetic on the Jacobian J if f
has odd degree. In this thesis, most of the procedures are done on the Kummer variety. Since K identifies
inverses on J by definition, the group structure is lost, but enough information remains such that we can
replace the necessary arithmetic of J by certain steps on K.

For a given J, n € Z the multiplication-by-n-map is the map [n]: J — J such that

[n]P: P—P+---+ P.
~——

n times

Clearly, [—1] o [n] = [n] o [-1] because J has an abelian group structure, so we can define multiplication-by-n
(denoted here by [[n]]) on K such that the following diagram commutes:

g

lﬁ lﬂ (2.48)

K [[n]]

Now, the goal is to find a procedure that takes R € K as input, and gives [[n]|R as output.

The first ingredient is a procedure that doubles a point: given R, the output is [[2]]R. For genus 2 [I9] and
3 [55), §7], doubling formulae are developed to do this: explicit polynomials d;, homogeneous and of degree 4,
are developed such that the following holds: given R € K,

(01(R) : ... : 6k(R)) = [[2]] R.

If we assume a scaling (r1 : ... : 79¢) = R such that the first nonzero coordinate is equal to 1, then
0; € Z[fl, e fd][rl, ey 7"29].
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Remark 2.49. Doubling formulae are also used to develop a height difference bound for genus 2 and 3. This
is discussed in Section [3.41

The second ingredient, pseudo-addition, tries to replicate addition of two points on J. Replicating addition
on K is not completely possible because we lost information. Suppose that we are only given x(Q1) and
k(Q2) on K (we do not know @1, Q2 € J). Then, it is impossible to determine x(Q1 + Q2). The best we can
do, given this information, is to find an unordered pair {x(Q1 + Q2), K(Q1 — Q2)}. Hence, addition is not
possible on K. However, pseudo-addition requires a bit more input: if we get x(Q1), k(Q2), K(Q1 — Q2) as
input, we can determine k(@1 + @2) as output.

Consider k(Q1),x(Q2) € K, denote k := (K1 : ... : Ka¢). For genus 2 [I3] §3.4] and genus 3 [55, §8],
biquadratic forms B;; are developed such that, projectively, for all 0 <14 < j <29,

Bij(k(Q1), k(Q2)) = ki(Q1 + Q2)k;(Q1 — Q2) + ki(Q1 — Q2)K; (Q1 + Q2). (2.50)

If we normalize the coordinates k(@) such that the first nonzero coordinate is equal to 1, then the coefficients
of B;; are in Z[fo,... fagyo]. For 1 <i,j <29,

Bjj(k(Q1), k(Q2)) = 2k;(Q1 — Q2)k;(Q1 + Q2) (2.51)

and
1 (Q1 — Q2)Bi; (k(Q1), K(Q2)) = ki(Q1 + Q2)kj(Q1 — Q2)* + K (Q1 — Q2)ki (Q1 — Q2)kj(Q1 + Q2). (2.52)
From and , we see that
2k (Q1 — Q2) Bij(k(Q1), K(Q2)) — #i(Q1 — Q2) By (k(Q1), £(Q2)) = 2ri(Q1 + Q2)r;(Q1 — Q2)*.  (2.53)

Now, we perform pseudo-addition as follows: fix j such that x;(Q1 — Q2) # 0. Then, compute 2x;(Q1 +

Q2)rj(Q1 — Q2)? by substituting the input £(Q1), £(Q2), K(Q1 — Q2) in the left-hand side of Equation
for each 1 <4 < 29. This produces coordinates for kK(Q1 + Q2).

We conclude that, if doubling formulae and biquadratic forms are explicitly known for C', then one can
perform the procedures that are given as the following functions.

e Double: Given input x(Q) for @ € J(k), the output is [[2]]x(Q) = x([2]Q).

e PseudoAdd: Given input x(Q1), k(Q2), k(Q1 — Q2) for Q1,Q2 € J(k), the output is k(@1 + Q2).
This leads to the following procedure for computing [[n]]R.

Algorithm 2.54. Multiplication-by-n on the Kummer

Input: R where R € K(k), n € Z

Output: [[n]]R

Requirements: doubling formulae and biquadratic Forms for K as described above.

l.z=(0:...:0:1), y= R,z = R. Set m := |n|.
2. Repeat the following steps while m # 0

2.1. If m is odd, then set « := PseudoAdd(x, z,y). Else, set y := PseudoAdd(y, z, x),
2.2. Set z := Double(z),.

2.3. Set m:= | 2|,

3. Conclude: = = [[m]|R.

20



proof of correctness. In order to prove the correctness of the algorithm, we first note that since n is finite,
the iteration terminates.

We can see this iteration as a deconstruction of m into its binary expansion, where each iteration treats
and deletes the most right coefficient. Denote

m=mi+2mo +---2"m,

for some r € N, m; € {0,1} for 0 <i <r. Let Q € k= }(R) C J. Then, after the algorithm, we want to arrive
at

z = K([mlQ = [m]Q + [2m2]@ + - - + [2"m,]Q),
using that [—1] commutes with [n] on J. Examining step 2.3, in the i-th iteration, m is odd if m; = 1 and m
is even if m; = 0.
The variable z governs the order of magnitude we consider, hence the iteration starts with z = k([1]Q),
and doubles z after each iteration on K. Before the first iteration, if ¢« = 0,

2= n(21Q) = R
x = k([m1]Q - [m;]Q) = k(0)

y = w([2']Q = [miQ- -+ [mi]Q) = R.

Given that the above is true before the i-th iteration, then for the i 4 1-th iteration, clearly z = x([2:1]Q) =
Double(x([29]Q)). In the case m is odd, m;;1 = 1, hence

x = k([m1]Q - - - [m;1+1]Q) = PseudoAdd(z, z,y).
In the case m is even, m;;1 = 0, hence

y = s([277Q — [m1]Q — - - [mi]Q) = #([2']Q — [1]Q — - - — [m]Q + [2+']Q) = PseudoAdd(y, 2, z)

By induction, we conclude that, after iteration i = r,

x = £([mi]Q---[m,]Q) = r([m]Q) = [[m]]Q € K.
O

Remark 2.55. For elliptic curves, Algorithm is equivalent to the Montgomery Ladder, introduced by
Peter L. Montgomery, finding many applications in cryptography [36]. This procedure turns out to be very
useful for cryptographic applications. For genus 2, fast arithmetic on the Kummer surface has also proven
useful for cryptographic applications. See for example [9].

Explicit defining equations for K, the biquadratic forms and the doubling formulae have been computed
for genus 2 and 3. For hyperelliptic curves of genus 4, this is work in progress by Ludwig Fiirst.

2.8 The action of the 2-torsion subgroup on K

In some parts of the theory used throughout this thesis, it is useful to examine the action of points of order
2 on K. Most of the theory is not directly considered or applied in this thesis, but several results use this
theory as referenced, so it is useful to briefly introduce some of the results here. First, the doubling formulae
0 that yield the function Double on K as described in Section must be invariant under J[2], see, e.g., [55]
Lemma 7.1]. In Section the problem of trying to find a way to compute the pre-image of the doubling
function comes up. The difference between two points in this pre-image is a 2-torsion point, and some of the
theory introduced here is used for a theoretical strategy for ”halving a point”, that is, given R € K, we try
to find R’ € K such that 2R’ = R.
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For elliptic curves, an introduction can be found in [42] §2], for genus 2 hyperelliptic curves, we refer to
[52, §3-5] and for genus 3 hyperelliptic curves, we refer to [55] §5-7].

Recall that the 2-torsion subgroup is denoted by J[2]. We consider the action of T' € J[2] on K C P?'~1.
Let R € K and fix @ be one point in k~1(R) (The other point in k~1(R) is then —Q if Q # —Q). Then, for
T e J2],

R(Q+T) = K(-Q—T) = (-Q+1T),
hence we can define the action of T on K to be the map R — «(Q + T'), and this action is well-defined. If
we denote R = (r1 : ... : 720), then we can represent this action as a linear projective transformation in
PGL(29, k). We take the coordinates (71 : ... : ros) and examine homogeneous forms in k[ry, . ..,724]. Now,
we can define an action of J[2] on such homogeneous forms as the induced action of J[2] on the coordinates
T1,...,72¢. For a point R € K and a form y € k[ry,...,72], we denote the action of T € J[2] by T - R and
T -y, respectively.

Let k°P! be the splitting field of f, and let R be the set of roots of f in k%Pl Let {S, 5’} be a partition of
R into two subsets, both of cardinality g + 1. Note that, in the case of g = 3, these two subsets correspond to
all even 2-torsion points, as introduced in [55] §5].

Lemma 2.56. For C,J, K where C has genus g = 1,2 or 3, there exists a quadratic form ysg 1 €
E*Pl[ry, ... 794] such that for any T € J[2]
T -ys,sy = (T, T )ygs,s1y

where €(T,T") = £1 is the Weil pairing of T and T’. (The Weil pairing is described in [42] §2], [52] §3], [55]
§5] for genus 1,2,3, respectively)

proof. For genus 1, this is constructed in the proof of [42] Proposition 2.1]. For genus 2, see [52, §4], and for
genus 3, see [55l §6]. O
We can now express these quadratic forms in terms of §;.

Theorem 2.57. For C of genus g = 1,2,3, there exist constants byg ¢/y such that for R € K, and the
d;-polynomials as introduced in Section

29
yrs.s1(R)? = brssi(R) (2.58)
i=1
proof. This follows from the fact that y?& s} is a quartic form in k*P'[ry, ..., 7o) that is T-invariant due to

Lemma [2.56] together with the observation that the J; form a basis for the linear space of quartic, T-invariant

forms in k*P'[ry,...79q]: this result is given in the proof of [42, Proposition 2.1] for genus 1, [52, Lemma 5.1]

for genus 2, and [55, Lemma 7.1] for genus 3. O
There is also an explicit way of computing r? and r;r; in terms of Y{s,5}-

Theorem 2.59. For C of genus g = 1,2, 3, There exists constants a; j s ¢} such that for R := (ry :...:
7”29) S K,

rirp =Y i j(s,5yY(s,s}(R) (2.60)
{s,5}
and
=Y anis,snys.sy(R). (2.61)
{8,5'}

proof. See [42], Proposition 2.1] for genus 1, and note that, in the notation of the referenced material, a similar
argument for xf also holds for z1z5 because x1x9 € Sym2V, where V is the vector space of k-linear forms in
21,2 as used in the proof of the referenced proposition. See [52, Formula 10.3, 10.4] for genus 2, and [55}
Lemma 6.8] for genus 3. O
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3 The theory of computing J(Q)tors.

3.1 Goal and motivation

In the previous chapter, we have introduced the preliminary theory on hyperelliptic curves, its Jacobian and
the Kummer variety. We will now focus more on the strategy involved in finding J(Q)sors if C' is defined
over Q. Before we go into the more detailed preliminaries for the algorithm to compute this object, we will
motivate this goal by providing some reasons why one may be interested in the J(Q)gors-

Arithmetic geometry uses geometry to find rational solutions of certain polynomial equations over number
fields. Solving such polynomial equations is, in general, difficult. For many types of algebraic equations over
@, an algorithm to compute the solution, or supply a description of their structure, is still an open problem.

We apply the Mordell-Weil Theorem (Theorem , for an abelian variety A defined over Q, and observe
that

A(Q) = A(Q)tors x Z"

in which r € Z> is called the rank of A. Suppose r = 0, then A(Q) = A(Q)tors, hence finding A(Q)tors gives
us a method to find A(Q), i.e., all solutions to a defining set of polynomial equations of A over Q.

For example, an elliptic curve F is an abelian variety, and if we find generators for E(Q), a complete set
of solutions of the curve equation over QQ can be described. A general method for finding the rank of an
elliptic curve is an open problem [49, VIII.10], but for specific cases, one can compute the rank of an elliptic
curve, see for example [49] X.6]. In the case where r = 0, we have E(Q) = E(Q)tors, and we can solve the
defining equation of E over Q by only computing E(Q)sors-

Hyperelliptic curves of genus g > 2 are not, in general, abelian varieties. However, it is proven (in
particular) in [I7] that C defined over Q of genus > 2 contain finitely many rational points. In order to
find these points explicitly, we often inject a point P € C(Q) into its Jacobian J(Q). (See Remark .
Similarly to the elliptic curves case, if the rank of J can be proven to be 0, one can completely determine
C(Q) using J(Q)tors. If » > 0, then there are infinitely many points on J(Q), hence it is harder to find the
points that have a pre-image in C(Q) precisely. One attempt to decide if certain curves have any rational
point, the Mordell-Weil sieve, requires the computation of generators for J(Q), hence in particular also the
generators for J(Q)tors [I1]. Provided that the rank is strictly less than the genus of C, another method
method to find rational points uses p-adic integrals, the Chabauty-Coleman method. This also uses the fact
that these integrals vanish on torsion points, see for example [34].

The rank of an abelian variety is, in general, difficult to compute, even for elliptic curves. The Birch
and Swinnerton-Dyer conjecture [7] is a conjecture that would imply a method for computing the rank of
E(Q) [50, Proposition 2.2]. This conjecture is an open problem, and in fact one of the seven Millennium
problems of the Clay Mathematics Institute [2]. In §3 of the problem description written by Andrew Wiles in
the given reference, a generalization to higher dimensional abelian varieties can be found. Also, a refinement
is discussed that directly considers the order of the rational torsion subgroup of an abelian variety, see also
[58]. To gather numerical evidence for the full conjecture, we need to compute #A(Q)sors-

On elliptic curves, all possible rational torsion structures are determined in [33]. For Jacobians of
hyperelliptic curves of genus g > 2, this is still an open problem. Some research has been done by producing
Jacobians with large torsion points (see [29], [43]). Clearly, having a decisive method that computes the
rational torsion structure (even if this is done implicitly, i.e., without computing generators) can give insight
into what rational torsion structures exist in higher dimensional abelian varieties.

The strategy for computing J(Q)tors can be summarized as follows. One first uses reduction modulo p for
certain primes p to find a small set of reduced points that could potentially lift to a rational torsion point
on J. This a generalization of the approach in elliptic curves described in [49, §VII.2, VII.3]. Then, one
applies Hensel lifting on the Kummer variety to find a rational lift of the reduced point. We use the theory of
heights to determine a precision of this Hensel lifting at which we can conclude whether a reduced point lifts
t0 J(Q)tors O nOt.
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3.2 Reduction

The first step in finding the Jacobian is to look at the reduction of its Jacobian. Essentially, we reduce points
on J modulo a suitable prime number p to a corresponding Jacobian J over IF,,. This interacts well with the
curve C, and gives us useful information on the rational torsion subgroup of J(Q).

3.2.1 A brief introduction to p-adics

Reduction can be defined over QQ, but we introduce this theory in the setting of p-adic numbers. This is
necessary because we will use Hensel lifting, a p-adic analytic method, in Section Usually, p-adics are
defined by introducing the p-adic valuation. A valuation is a function defined on a field k£ that behaves
logarithmitically in the sense that multiplication of elements in k£ corresponds to addition on the image under
the valuation. A valuation can be used to define an absolute value on k. Instead of thoroughly introducing
notions such as local fields and valuations, we refer to two sources. For an introduction of the theory involved
that is closely related to this thesis, we refer to [54] §3]. For a more general and elaborate introduction, we
refer to [35, Chapter 7].

Definition 3.1. Let a € Z and p be a prime number. The p-adic valuation v,(a) is the valuation defined by

Up(a):{oo ifa=0

max{n : p"|a} otherwise.

Using that v, is a valuation, we can extend it to Q. Let us say ¢ := a/b € Q, then we can define

vp(q) = vp(a) — vp(b).
Now, we define the p-adic absolute value.

Definition 3.2. For a prime number p, the p-adic absolute value is the absolute value || - ||,: Q@ — R>( that

is defined by
lall, = 0 ifg=0
e = pvr(@) if g #0.

An absolute value induces a metric, which induces a topology. Similarly to the real numbers R D Q, the
p-adic numbers are the topological completion Q, D Q with respect to the topology induced by || - ||,. One
can then extend vy, hence || - ||, to @,. A construction is described in [35, Chapter 7]. A point o € Q, can
be approximated by the series ---a_1p~ 4+ ag + a1p 4+ agp® + - -+ such that o; € Z and 0 < o;; < p. The
ring of p-adic integers Z, is the subring {a € Q, : v,(a) > 0}. If a € Z,, then a; =0 for all i < 0 (i.e., Z,, is
the closure of Z in Q,). For Q, all absolute values are equivalent to the real absolute value denoted by || - ||o
or || - ||, for a prime p. This is Ostrowski’s theorem, see [35, Theorem 7.12].

3.2.2 Qp-rational curves and reduction modulo p

Definition 3.3. Let C be defined over QQ, such that F' has coefficients in Z,. Then, its reduction modulo
p is the curve C defined by 32 = F(z, z), where Fe Zy[z, 2] is obtained by reducing the coefficients of F'
modulo p.

Its corresponding reduction map, pc,p: C(Qp) — c (F,) maps a point P € C to its reduction modulo p in
the following way. Let P be represented by coordinates (p : 7 : ¢) in the weighted projective plane ]P’f] such

that p,n, ¢ € Z, and at least one of p,n,( is a unit. Then, we map P to C by reducing its coordinates to
(7:77: Q).
If, for a prime p, the corresponding reduced curve C' is nonsingular, then C' is a hyperelliptic curve. In

this case, p is called a prime of good reduction for p. If p is not a prime of good reduction for €', then p is
called a prime of bad reduction for C. Using Section clearly C is singular if and only if F' has repeated
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roots, or p = 2. Hence, p is a prime of bad reduction for C if and only if p|2Disc(F). It follows immediately
that there are only finitely many primes of bad reduction for C.

Now, we will introduce reduction on J(Q,), and show that reduction on J interacts with reduction on C
in a nice way.

Theorem 3.4. Let p be a prime of good reduction of C. Let C be the reduced curve corresponding to C' and
p. Let J be the Jacobian (defined over F,) of C. Then, there exists a reduction map py,: J(Q,) — J(F,)
that is a group homomorphism. If C(Q,) is nonempty, consider the embedding j: C' < J introduced in
Remark for a fixed base point Py € C(Q,), and the embedding j: C < J for the base point Py. Then,
the following diagram commutes:

C(Qy) —— J(Qy)

lPC,p lPJ,p

C(F,) —— J(F,)

proof. From [54, Lemma 4.20], we show this by noting that we can extend pc,, to a group homomorphism
on Dive(Q,) by linearity. Note that the degree is fixed under pc . Given a function h = hy/hy € Q,(C),
we can see for i € {1,2} that the roots and poles of h map to roots and poles of hl/hg under py, with
corresponding multiplicities. Hence, principal divisors map to principal divisors under reduction, so p;, is a
well-defined group homomorphism. The commutativity of the diagram follows by construction. O

Note that if C(Q,) = 0, then the commutative diagram is vacuously true. Hence, for any C' and prime of
good reduction p, reducing modulo p and considering the corresponding Jacobian commutes with considering
J and then reducing modulo p.

3.2.3 Reduction on the torsion subgroup

Now that we have introduced reduction modulo p, we will introduce theory that gives us further information

on J(Q)tors .

Theorem 3.5. Let p be a prime of good reduction for C' defined over Q,. For any integer m coprime to p,
the restriction of py, to J(Q,)[m] is injective.

proof. See [25, Theorem C.1.4]. The proof is given in Section C.2 of the given reference. O

Now, the following procedure gives us a lot of insight on J(Q)tors. From now on, for a given prime g and
finite abelian group G, we consider the g-part of G to be the subgroup of G consisting of points of order g™
such that n € Z>q, i.e. the g-part of G is the ¢-Sylow subgroup of G.

1. Select a few primes of good reduction for C.

2. Determine a finite set S of primes ¢ such that the g-part of J(F (Fp) is nontrivial for a certain number of
primes p # q. For each such ¢, we compute the largest subgroup G, that is contained in the g-parts of
all J (F,) considered where p # ¢. Using Theorem (3.5 we then conclude that J(Q)ors € NgesGq =: G.

In step 2, we consider J(FF,). If we have C(F p) # 0, then using the commutative diagram in Theorem [3.4] .
and the discussion in Section one can consider .J (F,) and perform arithmetic using Mumford representation.
Hence, one can determine J(F »)- A weaker method is to simply look at #J (Fp). For hyperelliptic curves of
genus 2, a simple combinatorial approach [I3] §8.2] gives

RI(F,) = SHOER) + 3O, —p

For higher genus, counting formulae are constructed using Frobenius endomorphisms [5l, Corollary 5.70].
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Example 3.6. Let
C:y?>=a" —4.

The discriminant of 27 — 4 is 212 . 77 hence we avoid the bad primes 2 and 7. (In fact, 2 is always a bad
prime when using the form y? = f(x).) Since f has odd degree, f , the polynomial with reduced coefficients
modulo a prime p, has odd degree, so arithmetic is implemented for each Jacobian J reduced modulo a prime
of good reduction.

We compute that J(Fy;) = Z/27 x 7Z/688Z. Also, J(Fa9)) = 7,/26957Z. Note that 688 = 2* - 43, and
26957 = 7 - 3851. We can see that no nontrivial group can embed into both Z/2Z x Z/688Z and Z/26957Z,
so we conclude using Theorem that J(Q)tors is trivial.

Example 3.7. This example shows why we prefer to use the group structure on reduced Jacobians instead
of just counting points. Let

C:y? =28+ 22" +32% +42° + 92* + 823 + 72 + 22 + 1.

Let p be a prime of good reduction for C. Since fg =1 is always a square in F,, arithmetic is implemented
on any reduced J by fixing one such point, following from the discussion in Section The primes of bad
reduction for C are 2, 3 and 13177. We examine the reduced Jacobians modulo the good primes 5 and 7 and
observe that

J(F5) = Z/3Z x Z./60Z

J(F7) = Z/6667Z.
Using Theorem we conclude that J(Q)iors is a subgroup of Z/2Z x Z/37Z. 1t is easily observed that
J(Q)[2] is trivial (this will be discussed in Remark[£.19). Had we not been able to consider the group structure
of the two reduced Jacobians, then we would merely know that #.J(Fs) = 180, #J(F7) = 666, hence also
points of order 9 would still have to be considered.

In fact, a point of order 3 shows up on all reduced Jacobians. This leads us to believe that there might, in
fact, be a point of order 3 in J(Q)tors. Therefore, we focus on approximating the pre-image of the py, in
J(Qp) in Section In this case, if p # 3, then Theorem tells us that a reduced point has as unique
pre-image in J(Q,)[3]. This is called the lift of a reduced point.

3.3 Hensel Lifting

Using Section we have a (usually small) finite abelian group G such that J(Q)tors must be isomorphic to
a subgroup of G. We know from Theorem that, given a reduced point Q of order m on J (F,) for a prime
of good reduction p that is coprime to m, we have a unique pre-image on p;, in J(Qp)ors- Hence, the core
question we need to ask is whether pjj)(j(IFp)) is in J(Q)tors € J(Qp)tors-

As discussed in Section we can write o € Zj, as

a=ag+ap+agp® + -

where a; € Z such that 0 < a; < p. Using the p-adic absolute value, a rational approximation of a of p-adic
precision O(p™), where n € Z>¢, consists of the first n terms of this formal power series.

The absolute value || - ||, produces a norm on vector spaces Qg for d € Z>0, hence we can use some p-adic
analytic strategies to do this rational approximation. A point is on an affine variety if it solves a system of
polynomial equations. Since a reduced point modulo p in FZ satisfies these equations up to precision O(p),
we can use Newton iteration p-adically. This approach is called Hensel’s Lemma. We refer to [14] for general
results. Since we work on projective varieties, we need to find affine patches to work with coordinates in the
vector space Qg. Another remark is that in our situation, we do not have to check the existence of a unique
root that we approximate: we simply know that by Theorem

We now consider J(Q,) as an object in p-adic analysis.
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Lemma 3.8. The group J(Q,) is a p-adic abelian Lie group.

proof. By [10] III, §8, Corollary 2]. we check that J(Q)) is a topological group that is locally analytic around
0 € J(Q,). This follows from the construction of the p-adic topology on J, see [32]. O

Since J C P*~! is a coordinate system that is too complicated to work with in practice (at least for
genus g > 3), we perform the lifting procedure on K C P?*~!. The precise method is proven in Lemma
For this lemma, we first need to find any lift. In other words, given an affine patch KT of K, and any point
R € K*(Z/p"Z) such that there exists a lift of R in K(Q,), we need to find a point R’ € K*(Z/p?"Z) such
that in Qggfl, R =R mod p". If Dg(R) is the Jacobian matrix of K*¥ evaluated at R, and K.q(R) is the
vector of equations of K* evaluated at R, and v is a solution to the linear system Dy (R)v = Koq(R) up to
O(p*™), then we can take R’ = R — v using Newton iteration. If R is nonsingular, or equivalently R does not
come from a point of order 2 on J(Q,) (see Theorem , and R is a p-adic approximation of its unique lift
up to O(p™), then this system is always solvable, using the assumption that a lift of R always exists.

Given any lift, Lemma yields a p-adic approximation to precision p?" for £(Q), where Q € J(Qp)tors
is the unique lift, i.e., p}é(@).

Example 3.9. In Example we considered the curve
C:y? =a® 422" + 325 + 42° + 92 + 82° + 72® 4+ 22 + 1,

and collected evidence that there might be a point of order 3 in J(Q)sors because such a point shows up on
all reduced Jacobians we considered. We pick p = 17 because the 3-part of J (F17) is isomorphic to Z/37Z.
We map the reduced point Q of order 3 to the reduced Kummer variety. If its lift Q € J (Qp) is indeed in
J(Q), then x(Q) € K(Q). After a few iterations of the Hensel lifting, we can check whether the coordinates
define a point on K(Q). Indeed, after computing the power series up to p*, we arrive at a point in K(Q)
such that [[3]]R = k(0), and we check that £71(Q) C J(Q)tors. Using theory introduced in Chapter [5, we
can find a point Q in J(Q) represented by the divisor class [2(0, —1) — 2Py ;] where (0,—1) € C*! and
Po1:=(1:1:0).

Note that this approach does not always work! The approximation we used is not guaranteed to terminate.
In fact, a rational lift of a reduced point may not exist at all. Section [3.4] introduces the theory of heights on
J: using the height bound for rational torsion points, we can determine a termination point for the Hensel
lifting introduced in this section such that we are sure that the rational coordinates of this approximation is
a "last candidate” that may lift. Hence, if this point is not a rational lift, we can conclude that no rational
lift exists.

3.4 Heights

The theory of heights is used to find a point at which we can terminate our p-adic approximation using Hensel
lifting and be certain we have not missed any rational torsion points. The height gives us a measure of the
arithmetic complexity of a point on an abelian variety with respect to a rational map to a projective space.
Most of the literature defines heights over a number field £ D Q. Since we are specifically interested in heights
of points over Q, we restrict our definitions to Q. The main reference used in this section is [25, Chapter B].

We can define the height function on projective spaces. In the context of abelian varieties that have, by
definition, a map to projective space, this is often called the naive height. Recall that || - || is the usual
(real) absolute value.

Definition 3.10. Let d € Z>1. Let P:= (29 : ... : 4) € PYQ) with xo,...,z4 € Z and ged(zo, ..., z4) = 1.
Then, the naive height H: P4(Q) — Rx is defined by mapping P to

H(P) := max(||zoloos - - - s [|Zd|| oo )-
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Furthermore, the logarithmic naive height is defined by
h(P) :=log H(P).
By simply considering all possible coordinates, we can immediately observe that for a given B > 0, the set
{RePQ): H(R) < B}

is finite.

Since the lifting procedure discussed in Section [3.3] takes place on K instead of .J, we define the height of a
point @ in J(Q) using its image on K (Q), which is a generalization of [49, VIII.6], noting that & is surjective
by construction and a rational map to K C P2°~! using Theorem m

Definition 3.11. For Q € J(Q), we define the height relative to x of @ to be the height function Hy: J(Q) —
R>¢ defined by H.(Q) := H(k(Q)). Again, we say that the logarithmic height relative to  is he(Q) :=

log H.(Q).

Since our work with heights is always considered on K, we simply refer to H,, and h,, by H,h: J(Q) — Rx>q
respectively. It follows from [25] Theorem B.3.2(d)] that heights defined by rational functions only differ
up to a constant. We now define the canonical height. The canonical height function is well-defined using
Theorem [25, Corollary B.3.4] together with the fact that & is a symmetric function, meaning x(Q) = x(—Q)
for all @ € J(Q).

Definition 3.12. We define the canonical height to be the map J(Q) — Rx¢ defined by

1(Q) = 1im "M@

n—oco M2

Similarly to earlier definitions, we define E(Q) = log H (Q).
The canonical height has several interesting and useful properties.

Theorem 3.13. (Néron—Tate) For @ € J(Q), the following properties are satisfied.
1. h([n)Q) = n2h(Q) for all n € Z.
2. h(Q) = 0 if and only if Q € J(Q)sors.

. The set {Q € J(Q) : h(Q) < B} is finite for any constant B > 0.

w

4. The height difference |2(Q) — h(Q)] is bounded.

proof. For (1), see [25, Theorem B.5.1]. (2) follows from [25] Proposition B.5.3], (3) follows from [25, Corollary
B.5.4.1], and (4) follows from [25 Theorem B.5.5]. O

Suppose that we can explicitly compute the height difference bound in (4), i.e., suppose we find a 5 > 0

such that R

Q) —h(Q) < B (3.14)
for all @ € J(Q). In particular, by (2), h(Q) < 8 for @ € J(Q)tors. The strategy to compute J(Q)tors is then
as follows: Hensel lifting as described in Section [3.3| can be performed for arbitrary finite p-adic precision.
Given a certain approximation Q7 we can embed all possible lifts in a 29-dimensional integer lattice L. Using
LLL-reduction, we can obtain a necessary condition for the shortest vector of L to correspond to a lift that
has projective height less than 3. This is all described in detail in Section [£:4]

For genus 1, 2 and 3, a method for computing the height bound is found by decomposing the difference
between the naive height and the canonical height into local components (see [21, Theorem 4]), and using
the relations in Theorem and Theorem to obtain estimates for these bounds. For genus 2, this is
described in [52], and for genus 3, this is described in [55].
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Theorem 3.15. Let g € {2,3}. Define

B 24/3|)\|_2|disc(f)|1/3c;<>1/3 ifg=2
22|disc(f)|ca’® ifg=3

where ¢ is the height constant at infinity. Then, for all @ € J(Q)tors, we have H(Q) < S.
proof. For genus 2, see [52, Corollary 8.2]. For genus 3, see [55, Corollary 10.3]. O

We call § as in Theorem [3.15] the torsion height bound. For genus g = 1,2, 3, there is an iterative method
to estimate the height constant at infinity c.. This is described in [42] §4], [41l §16] and [55, Lemma 10.5] for
genus 1, 2 and 3 respectively. This iterative method makes use of the quadratic form yg s and the relations
as given in and . Recall that for a partition {S, S’} of the roots of f there exist coordinates
@i 5.18,5'} b{S,S’} such that

r? = Z @i igs,5}9(s.5'} (R)-

{s.5}
and
29
yis.sy(R)? =Y brs.sn0i(R)
i=1
where R := (11 :...:720) € K is scaled such that first nonzero coordinate of R is equal to 1. We introduce

the function

0: C¥ %

k+1

D lbgs,sry il
j=1

R > laiqs.syl
}

{S,s’
1<i<29

It is proven by the aforementioned sources that the sequence

n

4 on
e = g Tog(6" (1, 1))

converges to a limit ¢ such that ¢, < ¢, where ¢y is the height constant of ¢ at infinity. This allows us to
estimate ¢, and hence gives a complete torsion height bound S via Theorem [3.15

Remark 3.16. One could use quadratic twists defined over k as described in Section to reduce the
discriminant of F' such that F' € Z[z, z]. This gives a refinement of the height bound f.
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4 A generalized algorithm for finding J(Q)ors.

4.1 Description and required procedures

In this chapter, we give a complete description and proof of the algorithm that computes the rational
torsion subgroup of a Jacobian of a hyperelliptic curves. We identify all objects and procedures that are
required to carry out this algorithm. The original design of the algorithm can be found in [52, §11]. This
chapter generalizes the algorithm to general genus, gives a proof of correctness and also generalizes the
lifting procedure slightly. The input of the algorithm is the definition of the curve C, and its output is the
torsion structure of J(Q) and explicit generators. Without a unique, explicit representation of points on
J(Q), one can still describe the torsion structure implicitly. This is discussed at the appropriate parts within
the chapter.

We fix a hyperelliptic curve C' of genus g € Z>; defined over QQ, and we assume a model of the form
y? = f(x) where f has coefficients in Z. Using changes of coordinates described in Section we can always
find such a model. We denote the Jacobian of C' by J, and we fix an embedding of its Kummer variety K in
P2°~1 together with a corresponding quotient map x: J — K C P?*~1,

The strategy of the algorithm can be described as follows: using reduction modulo good primes p, one
can identify a finite amount of potential reduced points of finite order. Then, using Hensel lifting on K, one
can lift these points in J(Q,). Finally, we use the torsion height bound to decide whether such a reduced
point lifts to J(Q) C J(Q,) or not.

The nontrivial procedures that are required are:

e An implementation of the group law on J (F,) for primes of good reduction p.
e Equations for K C P?*~!; an explicit description of k: J — K
e A way to compute k1 (R) C J(Q) for R € K(Q).

e Doubling formulae; biquadratic forms that allow us to use sum-and-difference laws on K as described
in Section

e A way to compute a height bound S for J(Q)iors-

Remark 4.1. If one is only interested in the torsion structure of J(Q), one can simply check whether
“Y(R) c J(Q). No explicit computations on J(Q) are needed to compute its torsion structure.

4.2 Checking whether reduced points lift

The central, most challenging part of the algorithm is to check whether a reduced point lifts or not. More
specifically, given a prime of good reduction p and a point Q eJ (Fp) of order m coprime to p, we know,
using Theorem that there exists a unique lift Q@ € J(Q,)[m] such that p;,(Q) = Q. This algorithm
decides whether @ € J(Q) C J(Q,). Also, if @ € J(Q), we will try to compute @, but do not distinguish
between Q and —@Q for the following reason:

Since we ultimately search for generators of J(Q)[m], arbitrarily selecting one point from @ and —Q
suffices, there is no need to precisely distinguish which point is the actual lift of Q. This allows us to perform
the actual computations on the Kummer variety. Instead of lifting QtoQonJ (Qy), we consider H(Q) =R,
where &: J(F,) — K(Z/pZ). We search for a lift R of R such that [[m]]R = x(0). If such a lift exists, we
have k1 (R) = {Q, —Q}. The following algorithm uses this strategy to determine whether @ is a point in
J(Q) C J(Qp) or not, and if Q@ € J(Q), we return Q or —@Q.

Algorithm 4.2. Lifting Torsion Points
Given a point @ € J(F,) of order m > 2, a height bound 8 such that H(Q) < B for any Q@ € J(Q)tors,
and an integer N such that pN > 2(27+9) 62 this algorithm determines whether the point Q lifts to a point

Q € J(Q)tors C J(Qp)iors, and computes Q or —Q in the case where @ € J(Q)ors-
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1. Choose M =1+ am such that M #1 mod p

2. Let Ry be #(Q) considered on an affine patch in A2’(Z/pZ) normalized such that the first nonzero
coordinate is equal to 1. Set r =1, n = 0.

3. While r < N, repeat the following steps:

3.1. Replace r by min{2r, N}.
3.2. Let R!, be any lifting of R,, in A%’ (Z/p"Z).

3.3. Set Rp1 = 57 (MR, — [[M]]R,,), where MR/, is obtained by multiplying the coordinates of R/,
by M.

3.4. Replace n by n + 1.

4. Now, consider R, =: (7, : ... : ) in K(Z/pN7Z) again. Let (r1,...,790) € Z** be such that its
coordinates reduce to (71, ...,72¢) modulo p% and 0 < r; < p"V. Let L be the lattice generated by
(r1,...,790) and p™Vey,...,pNeqs, where e; are the standard basis vectors in Z?°. Let R’ be the first

basis vector of an LLL-reduced basis of L. Now, set R to be the point in P?*~(Q) whose coordinates
are the coordinates of R’.

5. If R ¢ K(Q) or H(R) > B, conclude ”@Q does not lift to J(Q)iors”
6. If [[m]]R is not the origin of K (Q), conclude ”@Q does not lift to J(Q)iors”

7. If K Y(R) C J(Q), conclude ” @ lifts to J(Q)iors” and return £~ (R). Otherwise conclude ”Q does not
lift to J(Q)tors” -

The first goal of this chapter is to prove the correctness of the algorithm. This is done using results that
are proven in the upcoming sections.

Theorem 4.3. Algorithm terminates and returns the expected output as described in the algorithm.

proof. It is clear to see that the algorithm terminates. The proof of correctness of the output follows from a
combination of Theorem [4.4] Theorem and Proposition as proven in the next sections. O

4.3 The lifting procedure

This section will prove that the lifting procedure as described in step 3 of Algorithm lifts to the m-torsion
point we want to approximate.

Theorem 4.4. After step 3 of Algorithm R, is the unique m-torsion point in K (Z/p"NZ) that reduces

to k(Q).

In order to prove Theorem [{.4] we first prove that the approximation we use in step 3.3 approximates
Q with m-torsion lifts to the required p-adic precision p’¥. Recall from Lemma that J(Q,) is a p-adic
abelian Lie group, whose topology is the local product topology: a neighborhood of a point Q € J(Q,) is a
neighborhood U of @) contained in an affine space. see [32] §6], and the p-adic topology on A%(Q,) = (@g for
a given d € Z>, is induced by the norm

1Qllp = max(llgillp, - s llgallp),

where Q = (q1,...,q4) € @;‘f [28, §2].
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Lemma 4.5. Let Q € J(Q,) be a torsion point of order m, not divisible by p. Given n € N, let ¢: J — A" be
a rational, differentiable map defined over Q,, that is a p-adic immersion near @, and let a € Z. If U C J(Q))
is a neighborhood of @, then for any Q' € U, the following identity holds:

$([1 +am]Q") — 6(Q) = (1 + am)((Q") - 6(Q)) + O([6(Q") — H(Q)II})- (4.6)

Intuitively, one can interpret ¢ as a map providing local affine coordinates of @, in such a way that we
can find a best linear approximation of the multiplication-by-(1 4+ am)-map in a p-adic sense.

proof. For the proof, we use M := 1+ am, hence [M]Q = Q. By [10, Chapter III, §2.2] the differential of the
multiplication-by-M-map [M] is scalar multiplication on the tangent space.
Let us define [[M]] to be the map that makes the following diagram commute.

7(@,) — J(@,)

¢ Lﬁ (4.7)
M
6(J(Qy) 0 BI(Q))
Near @, the map [[M]] = ¢ o [M] o ¢~ is well-defined because ¢ is an immersion, hence locally injective.

Note that since ¢ is a rational mapping, we have that ¢(J(Q,)) consists of the Q,-rational points on a variety
over Q,. Since ¢ maps to A", it is an affine variety.

To arrive at the approximation described in the lemma, we want to prove that the differential of [[M]] at
#(Q) is scalar multiplication by M. For p-adic manifolds A and B and a differentiable map h: A — B and
Q € J, we now denote T (Q) to be the differential of h around Q. In this notation,

Ty (#(Q)) = Tpoparios-1(9(Q))
= T4([M]Q) o Tian(Q) 0 Ty (6(Q))
=T4(Q) o Tian(Q) o Typ-1(0(Q)).

Let v € Ty(y(q,)), Then, using linearity and composition laws,

Tia (6(Q))(v) = Ty(Q) © Tian(Q) o Ty (4(Q))(v)
= (Ts(Q) o (M - Ty-1(6(Q)))(v))
=M (Typ(Q) o Ty-1(4(Q)))(v))
=M-v

<

Note that [[M]] is a map from the Q,-rational points of an affine variety ¢(J) to itself. Hence, its
differential Tj;p; (¢(P)) is the best linear approximation of [[M]] around ¢(P) with respect to the p-adic
metric, i.e., it consists of the linear terms of the Taylor expansion of [[M]] around ¢(Q).

Let @' be p-adically near Q. Then. using that ¢ is an immersion, ¢(Q’) is p-adically near ¢(Q), hence

[1+am]]$(Q") = [[1 + am]]p(Q) = (1 +am) - (6(Q") = $(Q)) + O(I6(Q") = H(Q)II7).

Using (4.7), we have [[1 4+ am]]¢(Q) = ¢([1 + am]Q) = ¢(Q). The approximation (4.6]) follows. O
We now apply Lemma [£.5] to k: J — K.
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proof of Theorem[].J} Note that r: J — K is rational, smooth and 2:1 on points outside .J[2], hence £ is
differentiable outside J[2]. Since pj, is a group homomorphism by Theorem it follows that for any
Q € J(Qp) \ J(Qp)[2], we have that pj,(Q) # psp(—Q), hence we can find a neighborhood U C J(Q,) such
that k is injective at U, and we obtain the commutative diagram

J(Qp) —2 J(Fy)

|- Js (49

K(QP) &) R(FP)7

where pg ¢ K(Q,) — K(F,) is the map that reduces the coefficients of K modulo p, and & is the quotient
map J — K.

Since all these properties are local, composing x with a map that projects onto an affine patch still results
in a differentiable map that is a local immersion. Hence, if () is the map s composed with the projection
onto an affine patch in the i-th coordinate, then x(*) satisfies all the conditions of Lemma Substituting
an appropriate £ in Equation results in

(MR}, = Ruyr = M(R, — Rog) + O(| Rugr — Ry |ID).
Therefore, using that ||R,;1 — R;LH% = r in the context of step 3 of Algorithm

Ruis = 5 (MR, — [M)R,) + 0G")

is the m-torsion point on K(Z/p"Z) that reduces to £(Q). Theorem follows from the iteration in step 3
until » = N. O

Remark 4.9. For elliptic curves and hyperelliptic curves of genus 2, applying Hensel lifting as in step 3.2
(explained in Section is less complicated because the Kummer variety is defined by at most one equation.
For genus 3, a system of equations defines the Kummer variety, hence we need to use multivariate Hensel
lifting in the lifting procedure.

Remark 4.10. In [52] §11], it is assumed that p divides M. Here, this assumption is being replaced by
the assumption M #Z 1 mod p. This is a generalization that allows for more flexibility in choosing M. One
way to utilize this in practice is to choose M to be a power of 2 because doubling is slightly faster than
pseudo-addition. In case we need M to be quite large to be a power of 2, it is usually more efficient to pick
M as small as possible.

In Section [£.7] we see that if m is odd, we can always find an M that is a power of 2. In Section [4.8] we
explore alternative methods for finding J(Q)[2"] for n € Z>1, and conclude that for most curves, J(Q) can
be found entirely without the need for the biquadratic forms on K as described in Section

Remark 4.11. The approximation in step 3.3 can use a different projection onto A’ in every iteration of
step 3. This ensures that we do not encounter problems when we change i in our map (® in every iteration,
which could be necessary if, for example, the first coordinate of R is =0 mod p", but # 0 mod p?" for a
certain r € Z>.

4.4 Computing a p-adic precision that allows us to terminate the lifting proce-
dure conclusively

Theorem allows us to create a p-adic approximation of x(Q) to precision O(p") of arbitrary N € VASE
This section proves that we can find a p-adic precision such that the corresponding rational approximation

R,, is either the rational lift R = x(Q) such that Q € J(Q), or no such rational lift exists.
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Theorem 4.12. Let N € Z be such that pV > 20012752 Let R,,, (ri,...,7r29), L, R and R be as computed
in step 4 of Algorithm Then, the following statements hold.

1. If H(R) < B, then R is the unique point in P?*~(Q) of height < A reducing to R,.
2. If H(R) > f, then no point on P?*~1(Q) with height < 3 exists that reduces to R,,.
Before we prove this theorem, we observe a simple injection.
Lemma 4.13. Let B € Z>,. For d € Z>1, let
S={RcP!Q): H(R) < B}.
Let n € Z>; such that p" > 2B?. For r € Z, write 7 :=r mod p". We define the map
©: S —PUZ/p"Z)

as follows: Write R := (ry : ... : rq) such that all r; € Z and ged(rq,...,74) = 1. Then, we set

Then, the map ¢ is injective.

proof. Let R := (r1 : ... :rq41) € Sand T := ({1 : ... : tgy1) € S scaled such that all r;,t; € Z, and
ged(r1, ... rat1) = ged(ta, ..., tar1) = 1. Suppose p(R) = ¢(T'). Then, there exists a A € (Z/p"Z)* such
that Ar; = t; for all i € {1,...,d + 1}. In particular, for a fixed 1 <4 < d + 1 such that 7; € (Z/p"Z)*,
A = t;7 1. Hence, for any j € {1,...d+1}
7 = ;7.

Note that R, T € S, and the coordinates are normalized in such a way that

i tis75,t; € {=B,...,0,...,B}.
It follows that R ~

tivj,t;7 € {=B%,...,0,...,B%}.

Since p" > 2B2%, we have t;r; = t;r; for all j, hence we can take

123
A = 77
ri
well-defined because r; # 0, and we see that Ar; =t; for all j € {1,...,d+ 1}, hence R=T € S. O

This lemma tells us that, given B € Z>1, we can determine a p-adic precision O(p") for which there is
at most one rational R € P*’~1(Q) of height H(R) < B that reduces to a point R € P**~1(Z/p"Z). Hence,
for sufficiently large p-adic precision, we know that a lift within a given height bound is unique. The next
challenge is to actually find this lift.

Lemma 4.14. Let n,d € Z>; and R € PYZ/p"Z). Let R:= (r1 : ... :7411) € P¥(Q) be scaled such that
r; € Z and ged(ry,...,7q+1) = 1. Let

vi=(r1,...rq41) € 24T,

Then, the lattice L generated by {v} U {e;p™ : 0 < i < d} contains all vectors whose coordinates taken as a
point in P4(Q) reduce modulo p” to R,,. Moreover, write

w = agv +p aje; + -+ -pagri€ir1 € L
Whe~re a; € Z. If w has the property that ag # 0, the point in P4(Q) corresponding to w reduces modulo p"
to R € PYZ/p"Z).
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proof. We can obtain all vectors corresponding to points reducing modulo p™ to R by considering vy := v,
and following a combination of either of the following steps iteratively:

e obtaining v;y; = av; for an integer a # 0
e obtaining vj4q :=v; +pe; for 1 <i <d+ 1.

The resulting vectors are clearly in L, and of the form w = agv + p"aje; + - - - p"agr1€q4+1 with a; € Z and
ag 7£ 0. O

Consider R, € P>’~1(Z/pNZ) as obtained after step 3 of Algorithm Using Lemma the lattice L
in step 4 is the integer lattice that contains all vectors that are integer representatives of points in IP’Qg_l(Q)
reducing to R,,. Moreover, any vector that corresponds to a lift of R,, is of the form agv+p™aie; +- - - pags €0
with ag # 0.

Finding the unique lift within a given height bound is then achieved by finding a short vector in the lattice
L. Tt is known that finding the shortest vector (in the euclidean sense) in a lattice is a difficult problem.
The Lenstra-Lenstra-Lovasz-reduction algorithm (LLL-reduction) finds relatively short vectors efficiently.
Assuming a parameter § = 3/4, the first basis vector of an LLL-reduced basis has euclidean length less than

or equal to
2 =172\l (4.15)

in which A is the shortest nonzero vector. LLL-reduction was invented in [31]. See also [23] §17.2].

Using LLL-reduction, we can determine the p-adic precision that makes the short vector obtained by
LLL-reduction represent a possible ”last candidate” for a rational lift in ]Pzg’l((@). The precise determination
uses that vectors with a certain euclidean length give estimates on the heights of the points in P?*~(Q) they
represent. These computations prove Theorem

proof of Theorem [{.12

In this proof, we use the correspondence between a point R’ € P2’ (Q) and a vector v € 72" as in Lemma
a point R’ € P?’(Q) with coordinates (r} : ... : r%g) scaled such that 7} € Z and ged(r],...,7r5) =1
corresponds uniquely to a vector v’ = (1}, ... ,7h,) € Z*.

Proof of 1): If H(R) < f3, then R is the unique point in P*'~1(Q) of height < 8 reducing to R,,.
Suppose H(R) < 8. Then, H(R) < 22732 < pN. Let R correspond to the vector

w = agv +pNa161 + - —|—pNad+1ed+1 e L.

By design of the algorithm, R # 0, hence if ag = 0, then H(R) > p~, which is a contradiction. Hence, ag # 0,
so R reduces to @ using Lemma The uniqueness follows from the injectivity of the map in Lemma
using that pV > 2(2+2%) 32 > 232,

Proof of 2): If H(R) > (3, then no point on P>’ ~1(Q) with height < § exists that reduces to R,.
Suppose H(R) > f5. Let

So ={T € P*’"1(Q): H(T) < 8} C P*'1(Q).

Hence, R ¢ Sy. For any T € Sy, we can create the corresponding integer vector vy € Z2’. Since the maximal
absolute value of each coordinate of vy is < 3, vy has euclidean length at most /(29)32 = v/2953. Hence, the
vector vy lies in the 29-dimensional sphere of radius v/293

Do = {w e R¥ : ||w| < V298} CR¥

centered at the origin of R’ .
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Now, let Dy be the sphere of radius 22’ ~1/2,/2943, i.e.,
Dy = {we B : Juf <20 ~D/2/25),

Using the bound (4.15)), if an LLL-reduced short nonzero vector v of L is not in Dy, then the shortest
nonzero vector of L cannot be in Dy. Finally, define

Sy :={T e P¥1(Q) : H(T) < 2°~V/2/293}.

The points in P?*~(Q) corresponding to all vectors in D; are contained in S;. Note that
2. (2°-1/2,/293)2 = 22°(29)8% = N, hence S injects into P*(Z/pNZ) using Lemma We now consider
two cases.

Case 1: If R € S; (but recall R &€ Sy), then R is the unique lift in S, using that S; maps injectively
into P¥(Z/pNZ). Since H(R) > B, no point R’ exists such that H(R') < 8 and R’ reduces to R.

Case 2: If R ¢ 51, it follows that its corresponding vector v € L obtained by LLL-reduction is not in
D;. Hence, the shortest vector of L cannot be in Dy. Therefore, no vector in L corresponds to a point in Sp.
Since all possible lifts of R are contained in L, there does not exist a point in Sy (i-e., of height < ) that
reduces to R. O

4.5 The conclusions of the lift-checking algorithm

Since we obtain a ”last candidate” R using Theorem steps 5-7 of Algorithm determine whether
R € P¥~1(Q) is actually a point on K (Q) such that x~'(R) C J(Q)[m]. Recall that we use Theorem [3.5[ to
obtain Q € J (F,) such that there exists a unique lift @ € J(Q,) of order m. To conclude Algorithm we
determine whether @ € J(Q)[m] or not.

Proposition 4.16. Let R € P2’~1(Q) be as obtained after step 4 in Algorithm Then, the unique lift
Q € J(Qp)[m] of Q € J(F,) is a point in J(Q)[m] if and only if

e Re K(Q),
o [[m]]R = x(0),
e v 1(R) C J(Q).

proof. Using Theorem [4.5| and Theorem Q € J(Q)[m] if and only if R = k(Q) and Q € J(Q). Clearly,
R = k(Q) and Q € J(Q) implies that R € K(Q), [[m]]R = £(0), and k1 (R) = {Q, —Q} C J(Q).

To prove the converse, we assume that all three conditions described in steps 5-7 are satisfied. It follows
that k= 1(R) C J(Q)[m]. The commutative diagram implies that k= 1(R) contains the unique point
Q € J(Q)[m] that reduces to Q.

O

Remark 4.17. In practice, when the necessary precision is not yet reached in step 3, one can already
determine R, and try if the conditions of steps 5-7 are satisfied. If they are, we have already found a point
Q € J(Q)[m] that reduces to Q. However, if no such point is found, it is not guaranteed that no other
candidate exists.

Remark 4.18. The algorithm does not require a procedure that performs the group law on J(Q). This is
completely replaced by the arithmetic on K, which is performed in step 3.3 and step 6 of Algorithm It
turns out that in most cases, we can restrict ourselves to doubling on K, so we do not require the biquadratic
forms as described in Section 2.7l This is described in detail in Section [4.7
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4.6 Computing the rational torsion subgroup

Now that we can conclusively say whether a reduced point on a nonsingular reduced Jacobian J (Fp) lifts
to J(Q) or not, we can construct a procedure that computes the rational torsion subgroup of Jacobians of
hyperelliptic curves.

Remark 4.19. Since k(J[2]) consists of singular points, we cannot use the lifting procedure as described in
Algorithm when we lift points of order 2. Therefore, we need a different approach for computing J(Q)[2].
This is not difficult: it is well known that the nontrivial elements of J(Q)[2] can be found using the prime
factorization of f in Q[z], see [63, Lemma 4.3, Lemma 5.6]. The case where g = 3 is discussed in Section

Using Theorem the reduction map py, is injective on g-parts of J(Q)iors Where ¢ # p is a prime
number. We take several primes of good reduction p, compute J (F,), and determine a finite (and usually
small) amount of reduced points that may potentially lift to J(Q), together with their order. This has
been implemented using the function TorsionBound in MAGMA [4]. We will introduce the algorithm that
describes how to compute J(Q)tors. This is again a generalized version of the idea proposed in [52, §11].

Algorithm 4.20. Computing the ¢g-part of a Torsion Subgroup
Given a hyperelliptic curve C and a prime q > 3, compute the g-part of J(Q)tors-

1. Set Gy to be the g-part of J(IF,), where p is a good prime not equal to g (for a strategy on choosing p,
see Remark [4.23). Set Ty = {0} C Go, So = Go \ {0}, S, = {0}. (G; and T; are groups, S; and S, are
sets throughout the procedure)

2. Set n = 0, repeat the following steps until S,, = 0.

2.1. Let g € S,,, then g is an element of G (preferably a primitive element).
2.2. Compute the smallest m such that ¢™g lifts to J(Q).
2.3. Set

Totr = (T, q™ - 9)

Gn1=Gn/{d" - g)
’:L—'rl =S, U {g)

Sn+1 = Gn+1 \ S;erl

2.4. Replace n with n + 1

3. Return T,,.

In the algorithm, each G,, represents the group of points that do not lift or are yet to be checked. T;, is
the group of points that we have found to lift so far, S, is the set of points that are yet to be checked, and
S/ are points that have been checked.

Remark 4.21. Algorithm |4.2| excludes the case ¢ = 2. This is necessary because the image x(.J[2]) consists
of singular points (see Theorem , hence the lifting procedure proven in Theorem does not work on
points of order 2. However, we can adjust Algorithm to compute all points of J(Q)[2%] for an integer
s > 2. In step 2.2, if ¢"g € j(IFp), then one sets m := m+ 1 and proceeds to step 2.3. By computing J(Q)[2]
as in Remark one can compute the 2-part of J(Q) entirely by finding relations. Arithmetic on J(Q) is
not necessary: for a 4-torsion point @ € J(Q) and a 2-torsion point Q' € J(Q), we have 2QQ = @’ if and only
if 6(k(Q)) = k(Q'), where ¢ is the system of doubling formulae that maps R € K to [[2]]R € K as described
in Section 2.7
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Algorithm 4.22. Computing the Torsion Subgroup
Given a hyperelliptic curve C' of genus g, this algorithm computes the rational torsion subgroup of the Jacobian

J(Q)tors-

1. Compute an upper bound for the height constant at infinity ¢ as described in Section [3-4]
2. Compute a torsion height bound S.

3. Compute a multiplicative upper bound ¢ for the size of the torsion subgroup by using a reasonable
number of good primes and computing the structure of J(F)).

4. For each prime factor ¢ > 3 of ¢, compute the ¢g-part of J(Q)iors using algorithm
5. Compute J(Q)[2] as discussed above, and use Remark to compute the 2-part of J(Q).

6. For g # 2, use the generators of g-parts of J(Q) to compute generators for J(Q)iops.

Remark 4.23. In step 3, we typically choose the 10 smallest primes of good reduction p and compute J (Fp).
In step 4, we choose a particular prime p # g to compute the g-part of J(F,). Hence, we prefer to pick a
prime p such that the g-part of J(F),) is the smallest, so Algorithm needs to test fewer reduced points.

Remark 4.24. If one is simply interested in the torsion structure or a unique representation of points on
J(Q) is unknown, one can simply check whether a reduced point in J(F,) lifts to J(Q) or not, without
explicitly computing k~1(R) in step 7 of Algorithm By counting the rational points of order 2 and
finding the structure of the g-parts of J(Q)tors, one can use the Chinese Remainder Theorem to construct
elementary divisors of J(Q) in step 6 of Algorithm

4.7 Avoiding the use of sum-and-difference-laws

Recall from Section that an implementation of the multiplication-by-n-map [[n]] is based on doubling
formulae and biquadratic forms that allow us to perform Algorithm In this section, we refer to ”the
biquadratic forms” as the biquadratic forms specifically designed to perform the PseudoAdd-function as
described in Section

The biquadratic forms are nontrivial to compute for Jacobians of hyperelliptic curves. They are also more
memory-intensive compared to the doubling formulae. Computing [[n]]x(Q) for @ € J(Q) and n € Z using
the multiplication algorithm as described in Algorithm 2:54]is typically more efficient when n is small and of
the form n = +2° for an integer s. In this case, we can simply repeatedly apply the doubling formulae. In
the algorithm that computes J(Q)tors, one applies [[M]] in step 3.3 in Algorithm and one applies [[m]] in
step 6 of the same algorithm.

The discovery that prompted this research is described in Remark the original design for genus 2
hyperelliptic curves in [52, §11] requires in step 3.3 that p divides M. This algorithm is a generalization in
the sense that we only require that M £ 1 mod p. This gives more freedom in choosing M. In practice, it
turns out that it is more efficient to choose M to be an integer such that |M| is small, that is preferably of
the form +2°.

We first focus on step 3.3. Let us be given a reduced point Q € J (F,) of order m. By design of Algorithm
4.20] this m is always a prime power ¢* for a prime ¢ > 2 (we consider ¢ = 2 using Remark . We require
M to satisfy M =1 mod m and M # 1 mod p. The smallest such M is obtained by setting M =1 —m. In
this case, M # 1 mod p because ged(m,p) # 1 in the algorithm. Now, we consider the cases where M can
be chosen to be of the form 2° for an integer s.

Assume that m is odd. We must now find M of the form M = 2% and M =1+ am, i.e., M =1 mod m.
Since m is odd, we can set s to be the order of 2 € (Z/mZ)*, and we find M =2° =1 mod m. (In fact, one
can also take s such that 2° = —1 € (Z/mZ)*) and take M = —2° to increase efficiency in some cases.)
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Assume that m is even. Then, clearly no M = £2° exists such that M =1 mod m. Recall that we can
already compute J(Q)[2] as discussed in Remark Since the doubling formulae consist of a system of
polynomials in § for the coordinates in K (see Section , one can try to solve such a system directly.
Given a point R € K(Q), it turns out that we can compute all R’ € K(Q) such that

(21 = R, (4.25)
this is discussed in Section [.8] This idea results in the following algorithm.

Algorithm 4.26. Computing the 2-part of J(Q)tors Without employing biquadratic forms.
Given a hyperelliptic curve C, computes the 2-part of J(Q)ors-

Requirements: A procedure that, given R, computes all R’ as in Equation (4.25). An algorithm to compute
(@),

1. Set T, Ss to x(J(Q)[2]) as a set, set n = 2.
2. Repeat until S,, is empty:

2.1. Set Sy, =10

2.2. For each R € S, compute all R’ € K(Q) such that [[2]]R’ = R, and append them to Sa,.
2.3. Delete every item R in Ss, where k~1(R) Z J(Q).

2.4. Set T to T'U Syy,.

2.5. Replace n by 2n.

3. Conclude that T is the 2-part of J(Q)tors, and S, = J(Q)[n].

Based on some tests in genus 3 in practice, computing R’ such that [[2]]R’ = R in K(Q) makes the
computations slow enough that using the original method to compute the 2-part of J(Q) is more efficient.
Hence, it seems better in practice to use biquadratic forms if they are available. However, if no biquadratic
forms are available, we can still find points the 2-part of J(Q).

The other step where arithmetic on K is used to compute J(Q)tors is at step 6 in Algorithm 4.2 Here, we
check whether a point R € K(Q) satisfies [[m]]R = 0. If arithmetic on J(Q) is implemented, we can replace
step 6 by computing x~*(R) first (i.e., step 7), and in the case k= 1(R) C J(Q), we can pick one of its two
points @ in the pre-image, and directly check whether [m]Q =0 € J(Q). Here, we simply replace arithmetic
on K(Q) by arithmetic on J(Q).

Suppose that no arithmetic is implemented on J(Q). We try to check that [[m]]R = 0 using only doubling
formulae on K. Here, the order of the prime factors ¢ in step 4 of Algorithm must be taken carefully in
such a way that we already have some information on other parts of J(Q)tors. The following observations
help us check whether a point R = x(Q) € K maps to the origin of K under [[m]].

o Q=0 < [(4]R=0.

e BQ =0 < [8]]R=0.

¢ 3]Q =0 < [[2]]R =R and R # #(0).

e Q=0 < [8]]R=Rand Q ¢ J(Q)[7].
* 5@ =0 < [[4]]R=Rand Q ¢ J(Q)[3].
¢ Q=0 < [[B]]R=Rand Q ¢ J(Q)[9].
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Note that computing J(Q)[7] depends on knowing J(Q)[9] and computing J(Q)[9] depends on knowing
J(Q)[7]. Therefore, we cannot avoid using the biquadratic forms this way if the torsion bound used in step
3 of Algorithm [:22] divides both 7 and 9. For prime powers 11 < m < 60, the only cases where m can be
written as a sum or difference of 2-powers are 17 and 31 (and obviously 32 gives no problems).

We summarize this section by describing the precise conditions for which we can compute J(Q)tors without
the use of the biquadratic forms. Given a hyperelliptic curve C of genus g such that the required explicit
theory as discussed in Section except the biquadratic forms is known, we can compute generators for
J(Q)tors if one of the following conditions is satisfied:

e we have an implementation of the group law on J(Q),

e all points that we find in step 3 of Algorithm have orders that divide prime powers in {2% : u €
Z>1}U{3,9,5,7,17,31}, and a point of order 7 and a point of order 9 are not both found.

Considering that most of the torsion points on J(Q) have a small order, we expect that for a large amount
of curves C of genus g, we can compute J(Q)iors without requiring the biquadratic forms. For genus 4
hyperelliptic curves, the doubling formulae are computed by Ludwig Fiirst. Since an algorithm for arithmetic
on hyperelliptic curves of genus 4 is known (in fact, it is easier than the genus 3 cases due to [57, Remark
2.5]), one does not need the biquadratic forms to compute J(Q)¢ors-

4.8 Halving a rational point on K.

In the previous section, we have explored options to compute J(Q)tors without requiring biquadratic forms
as described in Section We described how a procedure that computes the pre-image of the doubling
formulae 6 for a certain point R € K(Q) gives a way to compute J(Q)sors without such biquadratic forms.
Here, we propose two methods to compute the pre-image of 6 on K. Given a point R € K(Q), we try to
find R’ such that
5(R') = R.

Lemma 4.27. Let C be defined over a perfect field k of characteristic # 2, and R € K, then #5 1 (R) =
#J[2] = 2%9.

proof. Since (R + R') = §(R) if and only if §(R’) = x(0) for a point R € K, the d-polynomials are precisely
invariant under the action of J[2], as defined in Section Therefore, #5~(R) = #J[2]. The fact that
#J[2] = 229 is well-known, see [25, Theorem A.7.2.7(ii)]. O

The first approach for computing 6 ~*(R) is a direct approach. We observe that given R, we can simply
try to solve the system of homogeneous polynomial equations §(R’) = R projectively. Since this system has
finitely many solutions, its corresponding variety has dimension 0. MAGMA [4] provides an algorithm that
finds all solutions using Points(X) : Sch -> SetIndx, which gives all points on a zero-dimensional scheme
using Grébner Basis computations, see [16], Chapter 2] This approach works, but computing such pre-images
is, in practice, significantly slower than simply using the lifting methods.

For genus 3 hyperelliptic curves, the CPU time of computing the pre-image of é on K on an Intel(R)
Core(TM) i7-6600U CPU @ 2.60GHz is tested for 254 randomly selected rational 2-torsion points. The
average CPU time required was ~ 74 seconds. The fastest computation took 13.38 seconds, and the slowest
computation took 279.38 seconds. The points R € K(Q) that have a larger height H(R) seem to require a
larger computational effort, see Figure [I]
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Figure 1: Computational effort of computing §~!(R) compared to H(R) on 254 points.

An alternative approach is proposed in [52] §5] for genus 2 hyperelliptic curves. Let (@jcpl be the splitting

field of f over Q. Using Theorem , for a partition {5, 5’} of roots of f in Qjcpl, we can find the squares of
quadratic forms (y(g s (R))? in terms of r; = 6;(R’). Then, we take square roots of (s s(R))? to find
+y(s,5:3(R). Suppose that we can determine the sign of yg ¢/} (R). Then, Theorem yields rir’ for
1 <i<j <29 so by finding a nonzero 772, one can compute R = (rir; : ... : rher}).

For genus 2 hyperelliptic curves, relations that determine the signs of y;g ¢/} are given in [52, Formula
10.5]. This method can be generalized to genus 3 hyperelliptic curves if similar relations are explicitly
computed for genus 3 hyperelliptic curves. Note that one works over a quadratic extension of @jcpl, hence if f
does not split completely over Q, then computations could slow down significantly. This method may not be

very efficient in practice.
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5 Computing J(Q)iors for Jacobians of genus 3 hyperelliptic curves

5.1 Overview

Chapter [ gives a complete procedure that computes the torsion subgroup for hyperelliptic curves of genus
g, assuming certain objects and procedures exist. This chapter discusses the work that must be done in
order to compute J(Q)iors for Jacobians of hyperelliptic curves of genus 3. Throughout this chapter, we fix a
hyperelliptic curve C of genus 3 defined over a perfect field k of characteristic # 2, and denote J to be its
Jacobian.

Recall from Section that the required procedures for applying the algorithm to compute J(Q)iors are
the following:

e An implementation of the group law on J (Fp) for primes of good reduction p.

Equations for K C P?’~1; an explicit description of k: J — K

A way to compute 1 (R) C J(Q) for R € K(Q).

Doubling formulae; biquadratic forms that allow us to use sum-and-difference laws on K as described

in Section 2.7

A way to compute a height bound 8 for J(Q)sors-

5.1.1 Explicit theory known in the literature

In the literature, explicit theory on hyperelliptic curves C' of genus 3 is usually first developed for the case
where the polynomial f in the defining equation y? = f(z) has odd degree: if C' contains a rational Weierstrass
point, then we can map this point to infinity under an isomorphism, see Section [2.6] This results in a model
y? = f(x) such that deg(f) = 7. In this case, points in J(k) can be represented by a divisor representation
as discussed in Section and arithmetic is implemented using Mumford representation and Cantor’s
addition algorithm as introduced in Section An embedding x: J — K C P7 and an explicit description
of K = r(J) CP7 is found in [40].

If k is algebraically closed, it follows by construction (see Section that there exist precisely 2¢g + 2
rational Weierstrass points. Since we consider the base field Q, we need to consider curves that do not
contain a rational Weierstrass point. Hence, we need a more general description of x: J — P” such that
k(J) = K, where we do not assume deg(f) = 7. Such a description is given in [55] and summarized in Section
Defining equations of x(J) = K in P7 are computed. We now fix this K := x(J) C P7, and we fix
k:J — K CP7. Although & is computed for generic points, some special cases are not explicitly considered.
Since we need a complete explicit description of k, we will finish this description in Section It is useful to
note that the Kummer variety constructed in [55] directly generalizes the construction of the Kummer variety
in [40]: if we assume fg = 0, then K C P” corresponds precisely to the explicit embedding of the Kummer
variety in P7 as given in [40], see [55] §3].

Moreover, the doubling formulae and biquadratic forms that allow us to perform arithmetic on K are
developed in [55] and made available on Michael Stoll’s web page [51] in the file G3HypHelp.m. More precisely,
the duplication map ¢ is given in [55, Theorem 7.3] and introduced in the same section. The biquadratic
forms B;; as introduced in are constructed in [55, Section 8]. The same reference also provides a
method to compute the torsion height bound $ in [55, Corollary 10.3], recall from Theorem that

B = 2%|disc(f)[ex?.
Remark 5.1. As a result of the explicit description of K, we can consider a naive method to compute

J(Q)tors: a procedure that considers a reduced point R € K (F,) for a prime of good reduction p, and finds all
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possible lifts within the height bound 3 in P7(Q) by considering a lattice L of vectors in Z® that correspond
to all possible lifts of R.

This approach can be performed using the function FindRationalPoints() in the file [51, G3Hyp.m].
To be precise, the input of the function is a hyperelliptic curve C, a reduced point R € K for a prime of good
reduction p, and a real number B that gives the maximal height considered. The approach is as follows: for
any R € P7(Q), write coordinates R := (ry : ... : 7g) such that all r; € Z and ged(ry,...,rg) = 1. Consider a
lattice L of vectors (r1,...,7s) in Z®, corresponding to the coordinates of possible rational lifts R € K(Q).
Then, one searches for a shortest vector s, € L, projects onto a quotient lattice L’ = L/(s,) and searches for
short vectors v’ that lift to a vector v := s,n +v' € L with H(v) < B. This search is performed recursively,
through these sublattices. The number of layers of recursion is then determined by the optional paramter
count (default: 3).

Hence, one could execute FindRationalPoints() and check whether the rational lifts of reduced points
are torsion points. However, there are some issues with this approach. Computing the vector s, is a difficult
problem that is very time-consuming. Moreover, this process is executed recursively. For an 8-dimensional
lattice, this procedure is conclusive if we apply 7 layers of recursion, reducing to a 1-dimensional lattice.
However, this is not feasible in practice. The parameter count is put at 3 by default. Increasing the parameter
count increases the computational effort. If one wants to make an educated guess, the function is a simple tool
to find some points. However, if one wants to compute J(Q)tors completely, this method uses a computational
effort that is not feasible in practice.

5.1.2 Explicit theory previously unknown

In order to make the algorithm work, some explicit theory still needs to be computed. We need to finish
a description of k: J — K for all cases. Then, we need to find a way to check whether k~!(R) C J(k) for
R € K(k). Moreover, we need to consider an implementation of arithmetic on reduced Jacobians J(F,) for
primes of good reduction p.

In order to describe k: J — K completely, we first discuss how we can represent points in J(k) using
divisors in Section [5.2] Then, we summarize the theory on the computing x explicitly in Section [5.3] Section
then finishes the description of «.

Recall that the algorithm in Chapter does not require an implementation of arithmetic in J(Q). We do
apply arithmetic on reduced Jacobians J(F,) for primes of good reduction p in step 3 of Algorithm and
step 2.2 of Algorithm called in step 4 of Algorithm In MAGMA, arithmetic on J(k) is implemented
if C'™f consists of rational points. Using a change of coordinates, we can map any rational point to infinity.
Therefore, we can use arithmetic on J(k) if any rational point on C(k) is known. In Section we describe
how we can always find primes p such that C (F,) contains a rational point, and how the algorithm can be
adjusted precisely.

The final thing we need is a way to determine whether k= 1(R) C J(k) for R € K (k). For generic points,
this test is described in [55] §4], but for some special cases, we describe a test using the explicit description of
k in Section [5.41

5.2 Describing points on the Jacobian
5.2.1 Finding a divisor representation

In order to give an explicit map #: J — P7 such that x(.J) is a model of K, we need an explicit description
of points on J. If deg(f) = 7, then we simply refer to Section for a representation of rational points in
terms of a rational divisor. If we can find any rational Weierstrass point, then we use Lemma to find a
model such that deg(f) = 7. However, if no rational Weierstrass point exists, then we need to consider a
model with deg(f) = 8. We will now show that we can represent points @ on J using divisors of degree 4,
but we cannot generally expect uniqueness anymore.
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Suppose deg(f) = 8. Write Pu 1, Pso,2 for the two points at infinity. We follow arguments that are found
in [55] §2] to find a divisor that represents a point @ € J(k). Recall from Definition that a divisor D on
C is in general position if D is effective and there is no point P € C such that D > P + ¢P. An approach
similar to Theorem is now harder because, in the notation of the proof of Theorem we now consider
the vector space Ly = L(D + k(Ps,1 + Poo2)). It follows that Do must have even degree, hence we need to
consider divisors of degree 4 = g 4+ 1. From now on, we denote Dy, to be the divisor Dog = Poo 1 + Poo 2.

Theorem 5.2. Consider a nontrivial point Q € J together with its corresponding divisor class in Picoc.
There exists an effective divisor D¢ that has degree 4 such that @ = [Dg — 2D], and D¢ has exactly one
of the following properties:

1. Dg is in general position,
2. Dg > D such that Do — D, is in general position.

Moreover, any divisor D of degree 4 in general position cannot be linearly equivalent to a divisor D’ > D,
of degree 4 such that D’ — D, is in general position.

Sketch of proof. From [55, §2], we know that the map Picl, — Picf, that maps [D] ~ [D] 4 [2Ds] is a
canonical isomorphism. Then, it is argued that, for a given point @ € J, we can find divisors Dg € Pic‘é
that are either in general position or uniquely of the form P, + Py + P 4 +(P) such that P; # «(P;). Since
the map induced by ¢ on Pic‘é corresponds to multiplication by —1 on J, we can fix P = P; o, without loss
of generality, hence P + ((P) = Do. Using Riemann-Roch Theorem, one can observe that a divisor of the
form (2) cannot be linearly equivalent to a divisor in the form (1). O

From now on, we say that () is of degree 4 if () is represented by a divisor D¢ of degree 4 in general
position, and we say that @ is of degree 2 if @ is represented by a divisor Dg such that Dg — D is in general
position. The neutral point 0 € J is defined to have degree 0, one defines the divisor representation on Picé
to be 2D .

5.2.2 Determining uniqueness of a divisor representation

The next step is to fix a unique divisor of the form D¢ in the cases where we are able to. We can immediately
make the following observation.

Lemma 5.3. For any @ € J of degree 2, the corresponding divisor Dg of the form Dg = P, + P> + D, as
in Theorem is uniquely determined.

Sketch of proof. This is also mentioned in [55, §2]. Using Riemann-Roch Theorem, we can conclude that all
divisors D in the class [Py + P> + Do] € Picé with ¢(Py) # P, are of the form Py + P, + P + «(P) for an
arbitrary point P € C. Hence, fixing P = P; o gives the unique effective divisor Dy = P; 4+ P> 4+ Dy, of
degree 4 such that Dg > D, and Dy — D is in general position. O

Now, we consider the case where @ € J has degree 4. Using Mumford representation as introduced in
Theorem [2.37] we can uniquely represent affine divisors D = Pec(i) ¢ pP of degree 4 in general position
using the polynomial tuple {a, b), with a,b € k[z] such that

1. a is monic and has degree 4.

2. for all P € C*, P € Supp(D) if and only if ap > 0. Moreover, vp(D) is the multiplicity of z(P) as a
root of a.

3. deg(b) < deg(a), and for all P in the support of D, b(z(P)) = y(P)
4. a|(f —b?).
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Now, we can generalize this Mumford representation to include points in C™*f by taking the homogenization
of degree 4 of a and b. This is also done in [55].
To be precise, we create a triple of homogeneous polynomials (A, B,C), each of degree 4 such that
A, B,C € k[z, z] where A is the degree 4 homogenization of a, B is the degree 4 homogenization of b, and C
satisfies
B(z,2)? — F(z,2) = Az, 2)C(x, 2). (5.4)

This ”projective Mumford representation” has some properties that we expect: The image of points P in the
support of Dg under the quotient map 7: C' — P! corresponds to the roots of A with the correct multiplicity,
and we obtain y(P) by evaluating B(mw(P)). However, we may have A(z, 1) be a non-monic polynomial in
k[z]. This Mumford representation uniquely represents a divisor in general position, but note that if @ has
degree 4, then a corresponding divisor D¢ as in Theorem is generally not unique. We identify precisely
which divisors represent one point of degree 4 in the following Lemma.

Lemma 5.5. Let the group I' C SO(3) be generated by

A0 0 1 p p? 0 0 1
tx=(0 1 0], n.=(0 1 24|, w={[0 -1 0
0 0 At 00 1 1 0 0

for any 0 # A\, pu € k. Two triples (A4, B,C) and (A’, B’,C") represent the same point on J if and only if there
exists a v € T such that (A, B,C) = (A’, B’,C")y, and they represent opposite points if and only if there
exists a vy € —I" such that (A, B,C) = (4, B',C")y.

proof. See [55, Lemma 2.1]. O

Now, we will try to find a unique divisor representation of a given point @) € J of degree 4. The strategy
is to apply the group action of I' to obtain a triple (A, B, C)) such that A(0,1) = 0. We know from Theorem
that having a Weierstrass point at infinity (equivalently, fs = 0) results in a unique divisor in general
position that represents a k-rational point on J. This argument can be generalized if we have that Pu 1, Poo 2
are k-rational (equivalently, fs is a nonzero square in k) and arbitrarily fix one of these two points at infinity,
see for example [57]. Here, we will provide the analogous argument in terms of the parametrization of degree
4 divisors in general position using the homogeneous polynomial triple (A, B, C).

Suppose that Q € J(k) is of degree 4 and consider a corresponding divisor D¢g of degree 4 in general
position that corresponds to a homogeneous polynomial triple (A, B, C'). For a binary form S(z, z), we define
the notion leading coefficient to be the leading coefficient of the polynomial s(x) := S(x,1). Now, we apply
actions of T to find a triple (A’, B’,C") such that A’(0,1) = 0 and A has leading coefficient 1.

Note that the matrix t) € I' scales A, hence we can assume without loss of generality that A is monic.
Let a4, by, cq4 be the leading coefficients of A, B, C, respectively, and similarly let a)j, b}, ¢ be the leading
coefficients of A’, B', C’, respectively. We multiply (A4, B, C) with

1 0 0
wn,w= (-2 1 0
w1

and obtain (A, B,C)ty = (A’, B’,C") such that
aly = cap® — 2uby + ay.

The right-hand side of this equation is a polynomial in k[u] with discriminant 4(b3 — ascs) = 4fs, using
equation ((5.4]). It follows that we can fix A such that A(0,1) = 0 uniquely if fg = 0. Also, if 4fg is a nonzero
square in k, then one can fix u € k arbitrarily such that cqpu? — 2ubs + a4 = 0, and we fix A such that
A(0,1) = 0.
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In this approach, the roots of A correspond to the points in the support of its corresponding divisor.
Hence, requiring A(0, 1) = 0 fixes one such point to infinity. Analogously to [57], if we have one rational point
at infinity, we can fix it to obtain a unique, canonical divisor representation, and if we have two rational
points at infinity, we can arbitrarily fix one of these two points to obtain a unique divisor representation.

Remark 5.6. Note that if fg is not a square in k, then for points @ € J(k) of degree 4, no obvious divisor
representation exists. However, for points @ € J(k) of degree 2, the divisor Dy as constructed above is
unique.

5.2.3 Representing divisors in a Mumford representation

We now find a Mumford representation of points @ € J(k), provided that C has rational points at infinity.
If @ has degree 4, then Dg is a divisor of degree 4 in general position, hence a Mumford representation is
established above. If @ has degree 2, then we can use Mumford representation to represent Dg — Do. This
is precisely how MAGMA [] represents points Q € J(k) if C™f consists of k-rational points, and to make the
Mumford Representation unique, certain coefficients in B are required to be zero [4, Points on the Jacobian].
To distinguish between a point of degree 2 and a point of degree 4, an additional parameter that tracks the
degree of the divisor is stored alongside the polynomial tuple of the Mumford representation (a, b).

If C'"f consists of rational points, then Cantor’s Algorithm as described in Theorem can be generalized
in order to perform arithmetic on J(k) in the case where deg(f) = 8. An implementation in MAGMA
keeps track of the points at infinity that contribute to the representation on Pic40 directly [4, Points on the
Jacobian], and [57] describes Jacobian arithmetic in a specific normalization in detail. If we need to perform
the group law on J(k), we only need C to have some k-rational point, and we can fix this point by mapping it
to infinity under a change of coordinates. However, note that if £k = QQ, many curves have no rational points
[6]. A strength of our algorithm is that we do not actually need to perform arithmetic on J(Q) because we
can replace it by arithmetic on the Kummer completely. Hence, only arithmetic on reduced Jacobians J (Fp)
for a suitable prime p is required. This is discussed more elaborately in Section [5.5

5.3 The Kummer variety

The Kummer variety of the Jacobian of a hyperelliptic curve of genus 3 is explicitly constructed in [55, §2].
The defining equations of K are constructed by explicitly describing x for any point @ € J of degree 4. This
section summarizes the construction in [55, §2].

Consider a point @ € J of degree 4. Let the corresponding triple of homogeneous degree 4 polynomials be
(A, B,C), and write

Az, z) = asz + asx®z + ax®2? + ayx2® + ap?

B(z,z) = baz? + bsx®z + box?2? + biaz® + byt
Cl(z

,z) = 04374 + 031’32 + 0295222 + clm23 + coz4.

Consider the affine variety V C (A®)3 = A defined by equation (5.4). In other words, we consider the
coefficients of these polynomials as the coordinates of V. Let I' be the group as defined in Lemma Then,
we can consider the action of I on V to be the induced action on the coefficients of (A, B,C) on V.

Now, we want to find a map V — P7 that is precisely invariant under +I'. Using Lemma it follows
that this map is well-defined on the subset of points of J of degree 4, and it is precisely invariant under
negation, i.e., multiplication by —1 on J.

First, we make some observations on I'-invariant polynomials in the coefficients of the polynomials
(A, B,C). Then, we will restrict to V C A'®. Consider all I-invariant (homogeneous) polynomials of degree 2.
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In order to make such polynomials invariant under ¢y and w, we need that any monomial of such a I'-invariant
polynomial is, up to scaling, of the form b;b; or a;c; for some i or j.
In order to be invariant under n,, we specifically require our polynomial to consist of linear combinations

of n;;, where
)b —aie ifi=j
g 2b12g — Q;Cj — a;C; if i < 7

If i < j, then

Mig —2(pa; + bi)(paj + by) — ai(ia; + 2ub; + cj) — a;(p® + 2pbi + c;)
:Qbe] -+ Qu(azbj -+ ajbi) -+ 2,uzaiaj — 2u2aiaj — 2/14((11173 + (ljbl') — al—cj — ajcl-
=Mij»
and 7;; is ny-invariant under a similar argument.

The n;; can be written as the coefficients of the quadratic form Bz2 — AC) € Sym2<x0,x1,x27x37x4>,
where

A = apxo + a121 + asxo + azx3 + asTa
By = boxg + b1y + baxg + bsxs + byxy

C) = coxg + c1x1 + cox2 + c3x3 + 44,

SO
Bl2 - AlCl = Zm—jxixj.
1<
Hence, we can define a map q: A'®> — Sym?(A®) that maps the coefficients of (A, B, C) to the quadratic form
B? — AC).

It is important to note that, although this quadratic form looks similar to equation , we have not
restricted to V € A'® yet: this is a characterization of homogeneous I'-invariant polynomials of degree 2 over
points in A5,

Now, we consider the image of V C A'® under ¢ by requiring the relation described in . It follows
from this relation that we can express the coefficients of f in terms of 7;;.

fo =00

Ji =m0

f2=mno2 + 11

f3 =103 + M2
fa="no0a + M3 + M22
f5 =ma+n23

J6 = m24 + n33

J7 =134

fs = naa

Each 7;; consists of linear combinations of monomials of degree 2 of the form a;c; or b;b; (up to scaling).
Therefore, negating all coefficients of B will not change this polynomial. It follows that these polynomials are
(£I)-invariant.

Now, we consider such (£I')-invariant polynomials as projective coordinates in P7. We construct such
coordinates in terms of functions because, canonically, a basis for the Riemann-Roch space £(20), where ©
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is the Theta Divisor, gives a projective embedding in P”. Further details are beyond the scope of this thesis,
references can be found in the proof of Theorem [2.47) and Theorem [5.10
We take six functions
102, 103, 7045 11135 1114, 123,

together with the constant function 1. The last function is found using an approximation

A—o0
Q —Q,

where Q) € J are points of degree 4 and
Q=[(z1:y1:1)+ (z2:y2:1) — D]

is of degree 2 such that (z1 :y1 : 1) # (z2 :y2 : 1) and (z1 : y1 : 1) # ¢((x2 : y2 : 1)). For details on this
approximation, see [55 pg. 8]. The functions ng‘) corresponding to @, via the coefficients of the triple
(A, B.C) grow like

noy = —(@122)X* + O()

néé\) = (z1 + x2)x1220% + O(N)

noy = —(@122)X* + O()

my = (e + 2N+ 0 o
Ny = (@1 +22)A2 + O(N)
sy = =A% +0(1).
Since the function
1 = 702724 — N03M14 + M4 + N0am3 (5.8)

also grows like A2 and is linearly independent of the other 7 functions considered, we use 7 to be the last
function to define the embedding x: J — P7.
In order to keep the relations simple, we replace the function 713 with 74 + 713:

E=(1:m2a : M4 : Moa + M3 M03 : Mo2 1)
=(&1:8& 886867 &)

Now, (5.8) translates to the quadratic equation

§18s — &2&r + &386 — a8 = 0. (5.9)

Recall from Theorem that K is always defined by quartic relations. In fact, the quadratic divides
36 defining quartic relations on K [55, Theorem 2.5]. In genus 2, no quadratic relation is found: in this
case, the Kummer variety is a hypersurface defined by one quartic relation[21, Eq. (1)]. Due to work by
Ludwig Fiirst, we now know that many quadratic relations show up for the Kummer variety of Jacobians of
hyperelliptic curves of genus 4.

We now have found a map x: J — P7 defined by

ke Qrr (1182 :83:84:8:86:87:&s).
that is precisely invariant under multiplication by —1 on J.

Theorem 5.10. The image of the map ~ describes an embedding of the Kummer variety K C P7 that is
well-defined. Furthermore, K is defined by 70 quartics, of which 36 are multiples of the quadratic (5.9).
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proof. Since all coordinates &; are T-invariant,  is well-defined, and since all coordinates &; are (—I')-invariant,
% maps to K C P7. Now, we want to prove that the image of x is equal to K.

There exists a canonical Theta Divisor © (see [8, Theorem 4.8.1] for the complex case, and [38] for an
algebraic construction) such that an 8-dimensional basis of the (generalized) Riemann-Roch Space £(20)
gives an embedding K — P7. Since £1,...&s are k-linearly independent by construction, the image of &
indeed forms a basis of £L(20).

The fact that K is defined by 70 quartics for which 36 are multiples of the quadratic follows from
the proof of [55, Theorem 2.5]. O

Remark 5.11. The 70 quartics are found in [55, pg. 9-10]. 15 of those quartics are found by observing that
the rank of the symmetric matrix corresponding to the quadratic form B — 4,C) is at most 3, hence 15
quartics can be found by determining the 4 x 4-minors and requiring them to vanish. The symmetric matrix
corresponding to this quadratic form is

200  TMo1 Moz To3  To4
Mor  27m11 M2 M3 M4
M= n2 mz2 2n2 mns N (5.12)
o3 M3 723 2133 N34
Toa M4 M4 N34 2733

and can be described in terms of &1,...&7 [55, eq. (2.7)]:

2fo&1 fi& &7 &6 &4
fi& 20261 — &) f3&1— &6 &5 — &4 &3
M= & 360 =8 2(fa61—&)  f:6-&  fi&a (5.13)
&6 & — & 56— & 2(fe&i —&2)  fr&
&4 &3 &2 J7&1 2fs&1

5.4 An explicit description of x for points of degree 2.

In the end of [53 §2], an explicit mapping for x is introduced for all points @ € J of degree 4. Also, using
the approximation , for Q@ = [Py + P2 — D), the image of & is described for the case where P; and Py
are in C* and P; # P,. This section provides a description of  for all other possible cases.

Let @Q € J be of degree 2; hence we can write

Q=[(x1:y1:21) + (22 :y2: 22) — Do,

and we denote P; = (x; 1 y; : 2;) for 1 <4 < 2.

Case 1: z; = 20 = 1,21 # 29

This is the case we have treated already in , see also [55], pg. 8]. Using the approximation , it is
clear that &; vanishes as we approach such a point. We approach the point

2. 2y1y2 — G($1,$2)) (5.14)

K(Q)=(0:1: —(z1 +2) : m120 : 22 + 2120 + 23 1 —(21 + T2)2120 ¢ (T129) 5
(21— 22)

where
3

G(w1,m2) =2 foj(m1aa)’ + (21 +22) > foj1(z122). (5.15)

j=0 j=0
Case 2: PL=Py,z1 =20=1
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The approximation used to achieve (5.14]) does not work in an affine way since ¢(z) in the approximation
[55, pg. 8] is undefined. We use the following expansion: let A(z,2) = 2% + o122 + 0922 = (¥ — 712) (2 — 722)
as introduced in [55 pg. 11-12]. We can describe x(Q) by

K(Q) = (0: 03 : 0g01 : 0902 : 0F — 0002 1 0102 ¢ 03 : £g), (5.16)
where &g is expressed by expanding

((z1 — 22)%&s — G(21,22))% — 4f (1) f22) =0 (5.17)

in terms of &g, dividing every coefficient by (z1 — 22)? = 0} — 0go2. The full expansion can be found in [55,
§2] and is included in the appendices, in Equation . We denote s; to be the coefficients of the expansion
so the expansion is written

ngg 4+ 51&8 + s0 = 0. (518)

We have (21 — 22)% = s3 = 0. Also,
S1 = 72G($1,.’E1) = 74f(’1,‘1),

hence if s = 0, then f(z1) = 0, hence P is a Weierstrass point, so the divisor P; + P, = 2P; is not in general
position. (In fact, we obtain @ =0 € .J). It follows that we may assume that s; # 0, hence we have that &g
is uniquely determined as —sg/s1.

We conclude that in this case,

K(Q)=(0:1: 2z : 2% : 323 : —223 . 2 —s0/51). (5.19)

Case 3: P, € Cog, P, = (1 : w : 0) for some w € k.
We observe that w? = fs. We use the following approximation. Let Qy = (x1,¥1) + (A, wy) — Do such
that w3 = f(A). Then, note that
wy, = (£w)A* + O(\7/?).

We choose w) such that wy — w (and not wy — —w) as A — oo.
Using (5.14)), we get that the coordinates of k(@) grow like

§&1=0(1)
£ =0(1)
§3=—-A+0(1)
§a=x21 A+ 0(1)
& =X +0()\)

&=~ A2+ 0N
& =127 +0(N)
& = (1w — 2fgaf — fra})A* + O(N)
(To justify &, note that G(x1,\) = (2fsz} + frz3)A\* + O(\?), and its denominator is A2 + O(1). Tt is

important to remember that the projective model is given in the weighted projective plane P% = ]P’i 4’1.)
We conclude, using this approximation, that

KQ)=(0:0:0:0:1:—x;:2%: 2w — 2fga] — frad). (5.20)

Case 4: P, =P, = (1:w:0) foraw € k.
Note that [2Ps 1 — Doo] = —[2Psc,2 — Do), hence k([2Px 1 — Doo) = K([2Pso,2 — D)), therefore we have a
unique point on K whose pre-image under k consists of these two points.
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Similarly to case 2, we take the expansion and remark that in our case, o1 = 09 = 0, which reduces
equation (A.1) to
Afsés —Afofs + f7 =0,
hence
K(Q)=(0:0:0:0:0:0:4f3:4fcfs — f2). (5.21)

Lastly, [55] describes that the origin of J can be found by approximating 0 = [(z1,y1) + (1, —y1) — Dool.
This will give the point
£(0)=(0:0:0:0:0:0:0:1). (5.22)

Remark 5.23. One might wonder why the expansion (5.18]) is not immediately used for points represented
by one affine point. The issue here is that sy = (z1 — 22)? # 0, which gives us two options for £g. Hence, this
expansion does not take into account which point at infinity is in the support of Dq.

Remark 5.24. In [40, §2], the explicit map & is given for the case where f has degree 7, using the
corresponding divisor representation on Pic?é.

5.5 Using arithmetic on reduced Jacobians to compute rational torsion points

Recall from Section that we can represent every point @ € J(k) uniquely in terms of a divisor in general
position if C*f consists of rational points, and that the Mumford representation of @ induces a generalization
of Cantor’s Algorithm; an implementation is found in [4]. A description and corresponding implementation is
found in [57]. If we find any rational point P € C(k), then we can use a change of coordinates that maps
P to infinity, using the transformation defined by the matrix in . Hence, there is a known algorithm
to perform arithmetic on J(k) if we know a rational point in C'(k), but no algorithm is known for the case
where we do not know a rational point in C(k).

As discussed in Section and in Section we do not need to perform arithmetic on J(Q) in order to
find J(Q)tors. We only need to perform arithmetic on the reduced Jacobians J(F,) for certain primes of good
reduction p. Specifically, in step 3 of Algorithm we compute the structure of reduced Jacobians .J (Fp)
for some primes of good reduction p, and in step 2.2 of Algorithm which is called in step 4 of Algorithm
we search for elements g of the g-parts of j(IE‘p) and find the smallest m > 1 such that ¢™ - ¢ lifts to
7).

In both steps, we select the primes p to be primes of good reduction p, and when considering g-parts of
J (Fp), we require p # g. This still allows us to choose from an infinite amount of primes p. Therefore, we can
adjust the procedure in a way that we pick primes that have particularly nice properties in the context of
reduction modulo p.

Recall from Section [4.1] that we use a model such that f € Z[x].

Case 1: If fg is a square in Z, then fg = fg mod p is a square in ), for any prime p. Hence, the points
in C™ are rational and arithmetic on J(F,) is already implemented.

Case 2: If fg is not a square in Z, but a naive search for points on C(Q) gives us some rational point
P = (z1,y1) € C(Q), we can simply use the transformation defined by the matrix to map P to C™,
and we proceed as in case 1.

Case 3.1: If f5 is not a square in Z, and no rational point P € C(Q) is found, then in step 2 of Algorithm
we try to consider primes of good reduction p such that fg = fs mod p is a square in F),.

Case 3.2: If primes of good reduction p such that fs is a square in [F), are not easily found, we search for
primes p such that C’(Fp) contains any rational points. The Hasse-Weil bound gives us a guarantee that we
can always find such primes:

Theorem 5.25. Hasse-Weil Let C be a smooth, projective, absolutely irreducible curve of genus g over a
finite field F,. Then,

[#C(Fp) —p+ 1| < 29/p.
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proof. This is a particular case of the first part of [23] Exercise 10.7.9]. We show that it follows by using the
notation of the referenced book. This identity follows directly from the Weil bound [23, Theorem 10.7.5], the
fact that |o;| < /g, and the triangle inequality on C. O

Applying this to our case gives
#C(Fp) =2 p—1-6/p,
hence #C (Fp) > 1if p > 41. Therefore, we can always find primes of good reduction p such that a rational
point on C(F (F,) exists, and it is easy to find such a rational point.

We perform arithmetic on J(F,) as follows. We fix p, and take P € C(F,). Let ¢: C — C’ be a change of
coordinates such that ¢(P ) is a point at infinity. If J' is the Jacobian of C’, then we have an algorithm for
arithmetic on J'(F,,). Since J'(IF,) = J(IF,), we use this to do arithmetic on J(F,).

Now, one has to be careful. Although an isomorphism ¢, : J — J' exists, we still need to lift original
points Q e J(F (F,). To make the strategy precise, we adjust step 3 and 4 of Algorithm in the following
way. Here, by K and K’, we denote the Kummer varieties of J and J’, respectively.

e In step 3 and 4 of Algorithm we find suitable primes p with the extra condition that C (F,) is not
empty. Hence, we have a rational point P € C(Fp)

e In Algorithm called in step 4 of Algorithm set G to be the g-part J'(F,). In step 2.2, find
the smallest m such that x(¢~1(¢™ - g)) lifts to J(Q).

Remark 5.26. Although not necessary, it is convenient to have an induced change of coordinates ¢ : K — K’
for a change of coordinates ¢: C' — C’. A description is given in Appendix In the notation above, we can
replace ko ¢, ! by d)f(l o k' using the commutative diagram . This is convenient in the implementation
of the algorithm.

5.6 Computing the rational two-torsion points.

As mentioned in Section we use a global computation of the structure of J(Q)[2]. This follows from [53]
Lemma 4.3, Lemma 5.6] for any field extension of £ O Q. The structure of J(k)[2] can be found by factorizing
f. Here, we will describe how we find J(k)[2] for genus 3 hyperelliptic curves.

We first treat the case where deg(f) = 7. Using [53, Lemma 4.3], we obtain the prime factorization of
f=g1--gr over k (since f is separable, the g; are pairwise coprime). Then the generators of J(Q)[2] are
represented by divisors corresponding to the Mumford representation (as discussed in Theorem [2.37) of the
form

<g1,0>, ey <gr—170>-

Now, suppose deg(f) = 8. Using [53, Lemma 5.6, we find generators of J(Q)[2] by considering all monic,
irreducible polynomials g1, ..., g, of even degree that divide f. The polynomials g; correspond to points on
J(Q)[2] in the following sense: we use [55, §5] to observe that each point in J[2] (not necessarily k-rational)
is represented by divisors

lz (w,O)] - #;21 [Doo] = lz (w,O)] - #;21 [Doo] (5.27)

we weN

where {Q1,Q5} is a partition of Q = {roots of f over Q}, where both Q; and 2, have even cardinality.

Now, each g; of degree 2 induces the Mumford representation (g;,0), corresponding to a point of degree 2
on J[2] that is k-rational. These points are the odd rational 2-torsion points in [55] §5].

For a factor g; dividing f that has degree 4, the Mumford representation (g;,0) corresponds to point of
degree 4 on J[2] that is k-rational. Such points are the even rational 2-torsion points in [55] §5].

Now, we refer back to [53, Lemma 5.6]. We find generators as follows: if f = g1 -+ g,, then J(Q)[2] is
generated by points corresponding to the polynomials ¢1,...¢g,—1. If g1...g, # f, then J(Q)[2] is generated
by points corresponding to the polynomials g1, ..., g,.
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5.7 Checking whether a rational point on the Kummer has a rational pre-image
on the Jacobian.

This section gives a procedure that decides whether the pre-image in x of a point

R=(&4:...:&) € K(k)

is in J(k) or not. This is performed in step 7 of Algorithm Throughout this section, we assume a scaling
such that the first nonzero coordinate of R is equal to 1.

By construction, if @ € J such that x(Q) = R, then @ is of degree 4 if and only if & # 0. Also, @ = 0 if
and only if R=(0:0:0:0:0:0:0:1), see (5.22).

5.7.1 Finding a pre-image for degree 4 points

The case where @ € J has degree 4 is treated in [55], §4]. The method can be summarized as follows. For
any nonzero function h on J that is odd (i.e., h(Q') = —h(—Q') for all Q' € J), we have that h? is an even
function on J (i.e., h?(Q") = h*(—Q') for all Q' € J). Since h? is even, one can find an induced function h3
on K such that h?(Q’) = h3(k(Q")) for all Q" € J. Suppose that Q € J is rational, then h?(Q) = h%(R) is
a square in k. Conversely, suppose h%-(R) is a nonzero square in k. Since R = x(Q) € K(k), we have that
0(Q) = £Q for all o € Gy. If Q is not rational, then o(Q) = —Q. Hence,

a(h(Q)) = h(a(Q)) = h(=Q) # h(Q),

but this contradicts with h(Q) € k. Tt follows that @ must be a rational point in J.

By choosing some particular functions h, an image h% (R) is derived to be an expression in 3 x 3-minors
of M, where M is the matrix given in , and one can check whether a point R € K (k) has a pre-image
in J(k). If one of these expressions is not a square in k, then x~!(R) does not consist of rational points. If
all expressions are squares in k and one of them is nonzero, then k~1(R) consists of rational points. If all
expressions are equal to 0 € k, then a change of basis implies that Q € J[2]. Hence, the pre-image x~*(R)
consists of a unique, rational point on J(k).

5.7.2 Finding a pre-image for degree 2 points

If @ has degree 2, or equivalently &; = 0, then [55] §4] suggests to simply consider the map & explicitly. We
follow this suggestion by using our explicit description of x for points of degree 2 on J. From now on, we
assume &; = 0.

Recall that we can fix Dg such that @ = [Dg] of the form

Do =Py + P, — Doy
for points Py, P» in C. We check whether @) € J(k) using the uniqueness of the divisor Dg.

Lemma 5.28. Let @ be of the form described in Equation (5.29). Then, @ € J(k) if and only if the divisor
Dg corresponding to @ is fixed under Gy.

proof. @ is rational if and only if Gy, fixes the divisor class [Dg — Doo] € Picoc (see Section. Using Lemma
@ Dg is the unique divisor of degree 4 such that Dg — Dy is in general position. For any element o € G,
we have that 0(Dg — Do) = 0(Dg) — Do is in general position and of degree 2. If Q € J(k), then it follows
by uniqueness that Dg = o(Dg). If Dg = 0(Dg), then 0(Dg — Do) = Do — Do, hence Dg — Dy is a
rational divisor, hence @) is rational. O

Using the explicit maps of x as described in Section we can always observe how many of the points
Py, Py are at infinity. It turns out that the cases where at least one of the points Py, P is at infinity are the
easiest to determine.
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First, if £&3 = &4, = 0, but &5 # 0, then we have the form described in Equation . The pre-image is in
J(k) if and only if the divisor (z7 : y1 : 21) 4+ Peo,1 is rational, which we check by testing whether f(—&) = y?
is a square in k£ and C' has rational points at infinity.

Now, if {3 = &4 = &5 = &6 = 0, but &7 # 0, then the pre-image of R has the form [2P 1 — D], and is
rational if and only if C has rational points at infinity.

The case where &3 # 0 is left. Using Equation , Q € k~Y(R) has the form

Q = [(.Il LY ].) —+ (lﬂg Y2t ].) — Doo] (529)

and R has the form

2y1y2 — G(thxz)) € K(k)

<0 c1:—(z1 +x2) t x120 ¢ x% + 179 + x% s —(z1 + x2)x129 (gcl:vg)Q 5
(z1 — 22)

where
3

4
G(z1,22) = 22f2j(331$2)j + (21 + 22) Zf2j+1(331$2)j-

J=0 J=0

We will now give an approach to decide whether x~!(R) is in J(k) or not. Note that R € K(k), so we
can find 1 + x2, 122 and y1y2, and these three expressions are in k.
Using this information, we can find

yi + s = flar) + flx2)

8
ij 1’1"'172

Jj=

(5.30)

given that, using binomial expansion,

4 ; s
T+l = Z (n) (2] + z5) (z122)°.
r+2s=j,

r,s€Z,
r>0,5>0

Since we know le + xé for 0 < j < 2 using the coordinates of R, we can compute subsequent terms
inductively. Using this, we can compute y? +y3. Knowing y;y2, we now can compute (y; +v2)? and (y; —y1)?.

Using Lemma Q is a rational point if and only if the divisor D¢ is rational. Since D is always
rational, we need to check whether the divisor D := (z1,y1) + (22,y2) is rational. The divisor D is a rational
divisor if and only if o(D) = D for all ¢ € Gy. The first step is to determine whether y; + yo is rational.

Lemma 5.31. If (y; + y2)? is not a square in k, then @ is not a rational point on J(k).

proof. Assume that (y; + y2)? is not a square in k, then y; + y2 is not in k. Hence, the polynomial
b:=(y—v1)y—1vy2) =y?>— (y1 +y2)y + y1y2 is not defined over k. Since yiy2 € k, the field extension
k(y1,y2) # k is not quadratic. It follows that the minimal polynomial of y; has roots distinct from y, yo,
hence there exists a 0 € Gy, such that o(y1) # y1 and o(y1) # y2. Clearly, o(D) # D, hence Q is not a
rational point. O

Now, we can determine whether x~!(R) is rational or not. For this, we define the polynomials a :=
(x —z1)(x —x2) and b := (y — y1)(y — y2). Since z1 + x2,x122 € k, we have that a is defined over k. If
(y1 +y2)? is a square in k, then we similarly have that b is defined over k.
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Lemma 5.32. Let R be such that y; + y2 € k. Define the polynomials a := (z — z1)(z — z2) and
b:= (y—y1)(y —y2). Then, kK~ 1(R) consists of rational points if and only if one of the following conditions is
satisfied:

1. Disc(a), Disc(b) are squares in k

(

2. Disc(a) is not a square in k, Disc(b) =0

3. Disc(b) is not a square in k, Disc(a) =0
(

4. Disc(a) and Disc(b) are both not squares in k, and have the same squarefree part in k.

proof. We prove this lemma using a case distinction.

Clearly, if Disc(a), Disc(b) are squares in k, then x1, xa,y1,y2 € k, hence o(D) = D for all o € Gj. Hence,
(1) implies that @ is rational.

If Disc(a) is not a square in k, then the field k(x1,z2) is a quadratic field extension of k, hence Galois
(recall that char(k) # 2). The nontrivial automorphism o € Gal(k(z1,z2)/k) satisfies o(x1) = 2. In this
case, o(D) = D if and only if o(y1) = y2. If we then have that Disc(b) is a square in k, we have y1,y2 € k,
hence o(y1) = y2 if and only if y; = y2, equivalently, Disc(b) = 0. Hence, (2) implies that @ is rational.
Analogously, (3) implies that @ is rational.

Conversely, if Disc(a) is a square in k and @ is rational, then (1) or (3) must hold. Similarly, if Disc(b) is
a square in k and @ is rational, then (1) or (2) must hold.

Now, suppose Disc(a) and Disc(b) are both not squares in k, and have the same squarefree part. Then,
0:=k(x1,22) = k(y1, y2) is a quadratic extension of k, hence a Galois extension. The minimal polynomial of
27 is a, and the minimal polynomial of y; is b. It follows that the nontrivial automorphism o € Gal(¢/k)
satisfies o(z1) = x2 and o(y1) = y2. Hence, (4) implies that @ is rational.

Conversely, suppose Disc(a) and Disc(b) are both not squares in k and have a distinct squarefree part
d. Then, k(x1,x2) # k(y1,y2). Since k(z1,z2) and k(y1,y2) are quadratic extensions of k, they are Galois
extensions of k, hence the compositum ¢ of k(z1,x2) and k(y1,y2) is a Galois extension of k. It follows that
Gal(£/k) is of size 4 with two generators. One of these generators o then satisfies o(x1) = x2 and o(y1) = y1.
For o(D) = D to hold, we must have o(y;) = y2. Since Disc(b) is not a square in k, in particular Disc(b) # 0,
hence y1 # yo. It follows that ) cannot be rational in this case. O
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6 Examples and results

6.1 Overview

We have implemented the algorithm of Chapter [ for hyperelliptic curves of genus 3 using the explicit theory
discussed in Chapter [5} The implementation used the MAGMA computational algebra system [4]. The
source code can be found on https://github.com/bernoreitsma/g3hyptorsion. This chapter provides
some examples of curves where J(Q)ors was previously unknown. Furthermore, we have computed rational
torsion subgroup of Jacobians of 67879 hyperelliptic curves of genus 3 with low discriminant, provided in a
database that is maintained by Andrew V. Sutherland [56], which is planned to be put into the LMFDB [3].
Sometimes, some MAGMA-procedures are mentioned, for this we refer to [4].

6.2 Example computations

The following example has been suggested by Andrew V. Sutherland. Since no rational point in C(Q) is
known, this example illustrates how we can compute J(Q)tors without an implementation of the group law

on J(Q).
Example 6.1. Let C' be a hyperelliptic curve defined over Q with the model
v 4 (2t + 2%+ 1)y = 2% — 42" + 82% — 92° + Tt — 42? + 5 — 2.
Using MAGMA, we find a simplified, reduced Weierstrass model
y? = 52% — 1427 + 332° — 3625 + 302* + 22 — 1622 + 20z — 7.

The Jacobian J of C seems to have a point of order 13 locally everywhere, but no rational point on J has
previously been found. Since fg =5 is not a square in QQ, and C' does not appear to have any rational points,
there is no obvious transformation to a curve that has a rational point at infinity: we land in case 3 in Section
[6.5 so we have to find suitable primes such that we can find rational points on reduced curves that we can
fix at infinity using transformations.

Indeed, when requesting TorsionBound () in MAGMA, the result is a multiplicative upper bound of 13.
For our reduction, we pick the prime of good reduction p = 3, resulting in the reduced model

G =2 4+ 37 4283 +23% + 28 + 2.
Since 2 ¢ F3, we map the point (2 :1: 1) to infinity using the transformation defined by the matrix
0 1
(1)
the isomorphic image curve D of this transformation is then defined by
P=+i +i5 23 +32+2

which has a a unique Mumford representation since fg = 1is a square in F3. Using Appendix [B|with A=1, we
compute the Kummer variety K of C using K and create the induced change of coordinates Kp — Kg.
During the lifting procedure, we indeed find a point of order 13 on K(Q). Explicitly,

R=(0:1:-1:1:0:-1:1:20).

which, using our implementation of Section has a pre-image x~(R) in J(Q). We will explicitly compute
a divisor representing this rational point.
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We fix @ to be one of the two points in £~ (R). Using Section the unique divisor D¢ representing the
point @ has affine support of degree 2, and we can write it in the form Q = [(z1 :y1 : 1) + (22 : y2 : 1) — Do)
Equation tells us that x; + 29 = 129 = 1, hence a(z) = (v — x1)(z — 22) = 22 — . + 1. After some
more calculations on &g, and computing y? + y5 using Equation , we see that 2y192 = 2, y? +y3 = —1.
It follows that y; + yo = £1, and, defining b(y) = (y — y1)(y — y2), we compute Disc(b) = —3. Hence,
r1, 22,91, Y2 € Q(V-3).

Since a(z) = 2% — x + 1, we fix (without loss of generality) ¥ = 1+ (3 and x5 = i =1+ =1+,
where (3 = ‘/?23_1 is the primitive 3rd root of unity, and ¢ = @ is the conjugate of (3 with respect to
the number field Q(v/—3). Equivalently, 1 and x5 are primitive 6-th roots of unity. Since y? = f(x1) = (3,
y1 is also a 6-th root of unity, and we can conclude the following;:

J(Q)tors is a cyclic group of order 13 generated by the point
Q=[1+¢G:1+¢G:)+1+¢G:1+¢:1) - Dl
We conclude that @ € J(Q) using Lemma the nontrivial action o € Gal(Q(v/—3)/Q) fixes Q.
The following example is found in [29], Example 3.9].

Example 6.2. The curve C defined by

9 46656 7 407097961 6 281238453 5 22959453 , 2767361 53 381951 , 3093 1
= x x xr° — xr — x x x4+
3125 39062500 3906250 312500 15625 2500 6250 2500

has a torsion point of order 41. We use IntegralModel () and ReducedModel () to find a reduced Weierstrass
model with integral coefficients with f equal to

58320000027 +4070976125+28123845302° —28699316252* —69184025002> +596798437522+193312502+15625.

Indeed, we find a point of order 41. Since the TorsionBound() of the curve is also 41, we have immediately
found J(Q)4ors entirely. Since the defining polynomial of C' is of degree 7, we have a unique point at infinity,
and hence a canonical divisor representation. The divisor

(0:125:1) — Py

represents an explicit point of order 41 with the divisor representation as introduced in Theorem

It is also noteworthy that this Jacobian is absolutely irreducible (simple), this is checked by finding a
sufficient condition for absolute irreducibility using [27], §3], as implemented the Steffen Miiller. An abelian
variety A defined over k is said to be absolutely irreducible if it has no sub-abelian varieties other than A
itself and the trivial variety over k. Hence, it is not possible to decompose J into abelian varieties of lower
dimension. Therefore, this torsion structure cannot be constructed using lower-dimensional varieties such as
the Jacobians of genus 2 hyperelliptic curves or elliptic curves, e.g., along the lines of [26]

One may wonder whether the high complexity of the curves’ coefficients poses a challenge on the compu-
tational aspect of the algorithm. The height bound f for torsion points as computed in Theorem [3.15] is such
that log(8) = 97, hence we need N log(p) > 11log(2) + 194 in step 3 of Algorithm We pick p = 7; this
leads us to the required p-adic precision O(p?Y) where N = 128, which is reached in just 7 steps in step 3,
due to our approximation being quadratic.

Moreover, in practice, we check whether a p-adic approximation already lifts to a 41-torsion point after
every iteration using Remark if we find a lift R in K(Q) of order 41 and x~1(R) C J(Q), then we have
found the unique lift R € K(Q) already. In practice, we reach p-adic precision O(p") where N = 32 in the
lifting procedure, and we already find the point generating J(Q)ors-
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6.3 Results from the database computations

Andrew V. Sutherland has a file with 67879 genus 3 hyperelliptic curves of small discriminant [56], which
is aimed to be provided to the L-functions and Modular Forms Database (LMFDB) [3]. The rational
torsion subgroups of the corresponding Jacobians have been computed using this implementation. For
the complete database corresponding to the 67879 curves, we refer to the file database.txt in https:
//github.com/bernoreitsma/g3hyptorsion. This section provides some statistics on this database, and
also presents some curves that have specific properties.

6.3.1 Statistics

We gathered some statistics from this database. All torsion structures and the frequency of their appearance
can be found in Appendix [C] Here, we mention a few statistics.

e 39707 of the 67879 (= 58.5%) of the curves yield a trivial rational torsion subgroup.
e 5597 Jacobians (~ 8.2%) give an odd torsion point.

e 24489 Jacobians (= 36.1%) have a nontrivial cyclic rational torsion subgroup, hence 3683 (~ 5.4%)
have 2 or more generators.

e Of the non-cyclic torsion subgroups found, 3413 have 2 generators, 265 have 3 generators, and 5 torsion
subgroups have 4 generators. The 5 curves that have four generators all have at least 3 of these
generators of order 2.

e From the database, 13 Jacobians have a torsion subgroup such that there are two elementary divisors
that are not equal to 2.

Among the Jacobians found with two elementary divisors not equal to 2 is the Jacobian with the largest
rational torsion found, where J(Q)tors = Z/6Z X Z/67 x Z/2Z. This case is featured in Example

In [43] Section 3.1], a survey of all torsion points of a certain order that have been found for Jacobians of
hyperelliptic curves of genus 2, 3, and 4 is given. Compared to all known orders of torsion points of Jacobians
corresponding to hyperelliptic curves of genus 3, as presented in [43, Table 3.2], we have found the following
points with new orders during our computations:

12,13,14, 16,17, 18, 20, 21, 23, 46, 60.

(Note that a point of order 46 implies that we also found a point of order 23). With the exception of order
60, we were also able to determine an example of a curve that has an absolutely irreducible Jacobian with a
rational torsion point of these orders. Examples of each of these are given in Appendix[C} Also, for the torsion
points of order 11,19, 24, no verified absolutely irreducible Jacobians have been found to date. We were able
to verify irreducible Jacobians with rational points of these orders. Example curves are also included in

Appendix [C]
6.3.2 Examples

Example 6.3. (torsion point with large prime order)
The rational point with the largest prime order that we found is of order 37 on the Jacobian J of the curve C
defined by

y? = —dx” + 1225 — 42® — 8ot + 42 + 42 + 1.

The point of order 37 represented by
(0,1) — P

generates J(Q)ors. Using the same check as in Example J turns out to be absolutely irreducible.
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Example 6.4. (torsion point with large order)
The rational point with the largest order that we found is of order 60 on the Jacobian J of the curve C
defined by
y? = a8 — 42" + 82° — 1225 4+ 182% — 1223 + 822 — 4z + 1.
On K, we find the points Rj, Ry, R3 that have generators of J(Q)tors in the pre-image under x:
Ri=(0:0:0:0:1:0:0:2)
Ro=(1:0:-4:2:18:—-4:0:20)
Ry=(1:4:4:-2:-10:4:4:20).
It is easily checked that a point Q1 in x~!(R;) has order 4 in J(Q). Similarly, Q2 € x~!(Rz) has order 3
in J(Q) and Q3 € k~!(R3) has order 5 in J(Q). Therefore, Q = Q1 + Q2 + Q3 is a point of order 60 in
J(Q)tors 2 Z/AZ x ZJ3Z x Z/5Z = Z/60Z. Since fs = 1 is a square in Q, arithmetic on the Jacobian is
implemented.

Using (5.20), we see that Q1 is of degree 2. Hence, it is represented by the unique divisor Dg. From the
coordinates of R;, we conclude that Dg has precisely one affine point P; := (x1,%1) in its support. Using

(5-20), 21 = —& = 0. In the notation of (5.20)), & = 2y1w = 2, hence k1 (Ry) = {[(0: 1 : 1)+ (1:1:
0) = Do), [(0: =1:1)+ (1:—1:0) — Dso]}. We pick

Q1=1[0:1:1)4(1:1:0)— D] € J(Q).

The pre-image of Ry and R3 are computed using the implementation of [55], §4] in G3Hyp.m. We find a
point Q2 such that k(Q2) = Rs in the class

Qa=[0:1:1)4+({:2:0)4+(—t:2:0)+(1:1:0)—2D] € J(Q)

where i = 1. We see that Dg is invariant under the non-trivial isomorphism in Gal(Q(i)/Q), hence

QQ c J(Q)

Similarly, a point of order 5 in x~*(R3) is represented by
Qs=1[2-(0:-1:1)+2-(1:1:0)—2Dy]. € J(Q)

Now, we can compute @ = Q1 + Q2 + Q3 using MAGMA, we employ Cantor’s Algorithm to find a point Q)
of order 60, represented by the divisor

Q=[1:-2:1)+(1:-1:0)— D] € J(Q).
Example 6.5. (largest torsion subgroup) Let C be defined by
y? = a® — 42" + 225 4+ 82° — 132% 4+ 82% + 222 — 4z + 1.
Similarly as before, using the coordinates on K, we find two points of order 3,

Q1=2-(0:-1:1)42-(1:1:0)—2Dy]
Qa=1[2-(0:-1:1)4+2-(1:-1:0)—2Dy].

The two-torsion points are found using Section We find the factorization
fx)=@* =3z +1)(2®> -z —1)(2® —z+1)(2® + 2 — 1) := 91929304

and pick the three first factors to create the points with Mumford representation Qs := {g1,0), Q4 := (g2, 0)
and Q5 := (g3,0), and Q3 + Q4 + Q5 = (g4,0). Then, the generators of J(Q)tors can be picked as Q1 + @3,
Q2 + Q4 and Q5. Hence,

J(Q)tors X ZJ/6Z x Z]6Z x 7] 2.
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7 Summary and outlook

7.1 Summary

In this thesis, we explicitly generalized the lifting algorithm that is proposed in [52] to general hyperelliptic
curves, explained how the lifting procedure can be generalized, and gave a detailed proof of correctness of the
algorithm. We explained how the generalization of this lifting procedure makes the algorithm more efficient,
and how one can apply the generalization to compute the rational torsion subgroup of many Jacobians if
biquadratic forms that allow us to apply the sum-and-difference-laws are not computed.

For genus 3, we completed the explicit description of the map «: J — K for any point in J(k). Furthermore,
for the case k = Q, we created a method to check whether R € K (k) has a pre-image x~*(R) that consists of
rational points in J(k). For the case where C' has no rational points, a method to compute J(Q)tors with the
use of transformations on reduced Jacobians is given. Together with theory in [55], an implementation of the
algorithm for genus 2 hyperelliptic curves in MAGMA and base code for genus 3 hyperelliptic curves [51], we
used the new explicit theory to implement a general method that computes the rational torsion structure of
the Jacobian of any hyperelliptic curve of genus 3. In practice, this method is made more efficient as a result
of the generalization of the lifting procedure.

We used this implementation to compute the rational torsion structure of Jacobians of hyperelliptic
curves of genus 3 of low discriminant from a database of 67879 curves that is planned to be put into the
LMFDB. Since the algorithm does not require an implementation of arithmetic on J, some of these curves
have Jacobians J where no implementation on J(Q) is known, but we can still compute J(Q)¢ors.

In the database for the LMFDB, we already found an absolutely irreducible Jacobian with a rational
torsion point of order 37, and two Jacobians with torsion order 60 (that may be reducible). Furthermore,
we found absolutely irreducible Jacobians of hyperelliptic curves of genus 3 with rational torsion points of
the following orders: 11,12,13,14,16,17,18,19,20,21,24,46; such Jacobians seem to be unknown in the
literature.

7.2 Outlook

Computing J(Q)sors for Jacobians of genus 3 hyperelliptic curves and describing and proving a method that
generalizes to genus g hyperelliptic curves makes it easier to search for rational torsion structures on any
Jacobian of any hyperelliptic curve. The possible rational torsion structures of elliptic curves are completely
determined by Mazur [33]. For higher-dimensional abelian varieties for fixed dimension over Q, the uniform
boundedness conjecture predicts that there is a finite list of possible torsion stuctures. This conjecture is
unproven to date, even for dimension 2 [48]. Several authors have constructed certain curves in order to find
rational torsion points of large prime order [29], [43]. By simply computing the torsion structure of large sets
of Jacobians, one can gain more insight on how frequently certain torsion structures appear. Furthermore,
instead of finding a torsion point of large order by design, one can now always compute the complete rational
torsion structure for these Jacobians.

The generalization of the lifting procedure allows us to describe a method that only uses multiplication-by-2
on the Kummer variety, and for many curves we can completely avoid the use of sum-and-difference-laws.
Ludwig Fiirst has already computed the doubling formulae for hyperelliptic curves of genus 4. Since a divisor
representation of J(Q) of hyperelliptic curves of genus 4 is less problematic [57, Remark 2.5], one can apply
Cantor’s Algorithm to do arithmetic on J(Q). Hence, our generalization of the lifting procedure implies a
method for finding J(Q)sors of genus 4 hyperelliptic curves that requires doubling on K, but does not need
the full sum-and-difference-laws.

For genus 3, as mentioned in Section no unique divisor representation is known for points on J(Q) if
no rational point in C(Q) is known. If a unique representation for points on J(Q) can be found such that
arithmetic on J(Q) can be implemented, for example by considering a number field k such that C(k) # 0,
then one can implement arithmetic on J(k), and one can do explicit computations on J(Q) for all Jacobians
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corresponding to hyperelliptic curves of genus 3. Note that considering a curve C' the quadratic number field
k := Q(a) where a? = fg always yields two k-rational points at infinity.

Another potential generalization of this algorithm is to consider number fields & and try to find J(k)tors-
For this, one would need to use generalized theory on reduction and Hensel lifting on nonarchimedean p-adic
fields for a prime ideal p of K, see, e.g., [35, Chapter 7]. Note that if p splits in &, then we can still work over
Qp. Then, one needs to apply generalized theory on LLL-reduction (e.g. [I8]) for Of-modules, where Oy, is
the order of k, and find a criterion that terminates Algorithm The required explicit theory of K does not
depend on k, a way to compute the torsion height bound 5 is already given for number fields for genus 2, 3
in [52] and [55] respectively.

One application of a generalized algorithm on number fields is to consider geometrically hyperelliptic curves
over Q without a rational point. Let C' be a geometrically hyperelliptic curve defined over Q. This means
that C' is a double cover of a conic over Q. Hence, the geometrically hyperelliptic curve is a generalization of
the hyperelliptic curve, which is a double cover of P!. Using [24, Section 2], we can find a quadratic number
field k and a hyperelliptic curve C’ defined over k such that C and C’ are isomorphic over k. Then, we can
compute J'(k)tors =2 J(k)tors where J := Jac(C), J' := Jac(C’). We find J(Q)sors by finding all points on
J(k)tors that are in J(Q). For this approach, we only need the algorithm to work over quadratic number
fields.

A further generalization is to consider general curves C' of genus 3 defined over Q. Nonsingular curves
of genus 3 that are not (geometrically) hyperelliptic curves can be described as smooth plane quartics. For
instance, one could first consider Picard curves. If k is a field of characteristic # 2,3, then Picard curves
defined over k£ have a model

vz = F(x,2)

in P3 such that F € k[z, 2] is homogeneous of degree 4. An embedding into P7 of the Kummer variety of
the Jacobian of C' is computed in [43], §4.4]. One would still need a way to compute a torsion height bound
B and explicit arithmetic on the Kummer variety for this embedding. Since P, := (0 :1:0) is always a
rational point, we can fix P, as a base point and find a unique divisor representation. Then, arithmetic on
J(k) is implemented using an isomorphism between the class group of the integral closure of the ring k[z] in
k(C) and Picoc [22] Proposition 3]. Hence, we do not need the full sum-and-difference-laws on K; doubling
formulae § that double a point on the Kummer variety suffices.
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A Formulas

This is the expansion of Equation (5.18) divided by 0? — 4090. This expansion can also be found on [55, §2].

(07 — 40002)&3

(4fo0 — 2f10001 + 4f20002 — 2f3050102 + 4 f10505

— 2f5000105 + 4fs0005 — 2fr0108 + 4fs03)Es

+ (—Afof2 + f1)o§ + Afofsohor — 21 fsog0s — Afo frohot

+ (—Afofs + 4f1f1)o50102 + (=4 fofe +2f1fs — Afafa + f3)o003
+4fofsoi0t + (8fofs — 4f1fs)o50502 + (8fofr — Af1fe + 4fafs)oq0105
+(=2f1fr = 2faf5)0005 — 4fofeogor + (—12fof7 + 4f1 fe)op07 0
+(=16fofs + 8f1fr — Afafo)ogoios + (8fifs — 4fafr + 4fsf6)050103
+ (—4fafs + 2fsfr — Afafs + f2)o405 + Afofro007

+ (16 fofs — 4f1 f7)o00102 + (—12f1 f3 + 4 f2f7)0007 05

+ (8fafs — Afsfr)000t 05 + (—Afs fs + 4 fafr)o00105 — 2fs fr0005
—4fofsot + 4f1fs0t02 — Afafsoios + Afs fsoiol — Afafsoioy
+4f5fs0103 + (—4fefs + f7)03

=0.

65



B Explicit change of coordinates on the Kummer variety of Jaco-
bians of genus 3 hyperelliptic curves

In Section we introduced a change of coordinates on C. Such a change of coordinates gives an induced
map on the Jacobian. Now that we have described x completely, we can also give an explicit induced change of
coordinates on the Kummer variety. This is not necessary for the algorithm, but nevertheless very convenient
in practice.

Let ¢: C' — C’ be a change of coordinates represented by

a b
- ()
and e = 1 in the notation of Theorem Let ¢.: J — J’ be the induced map on the Jacobian, denoting J
and J' to be the Jacobians of C and C’ respectively. Also, let C' be defined by

Ciy* = f(2) = fsa® + - + fo,

and let C’ be defined by
C':y? = g(x) = ggz® + - + go.
Consider ¢ to be the map that makes the following diagram commute.

J 2y

[ (B.1)

K -2, K

Here, K and K’ are the Kummer varieties corresponding to J and J' respectively, and x: J — K, x': J' — K’
are the explicit quotient maps as described above.

This section describes how ¢ maps a point k(Q) := (§1:...: &) to K'(Q') := (& : ... : &). The main
step in this induced change of coordinates is done by using the coordinate transformation on the matrix M
given in representing the 7;;-coordinates, this is described in [55] §3]. This method computes &1, ..., &;.
Since & is not involved in M, we need to find & separately. We do this explicitly using the information on s
we have obtained.

Case 0: ¢ =---=¢& =0.
Obviously, we can choose & = 1, and we conclude that we map to the origin of K’.

Case 1: & #0.
We use the quadratic equation (5.9)) and solve for &.

Case 2 & =0, & = 3¢,.

Now, @' has the form Q' = [2P — D] because & — 3¢) = (21 — 72)? = 0 in the notation of Equation
(5.14). We consider two cases:

Case 2.1: ¢ = ¢} = 0 implies £/'(Q’) has the form of Equation (5.21)), hence & = %, scaling such
that 67 =1.

Case 2.2: &,&) # 0 gives us the explicit case of Equation , so the affine support of the divisor
representation is of degree 2. We scale 0o = 1, and use the form to set o1 = & and 0 = &, and

compute &g = —sp/s1 in the notation of (5.18)), using (A.1)).

Case 3: & =0, & # 3¢).
Now, we have Q' = [P + P} — D], such that P| := (2} : ¢} : 21) and Py := (2, : y4 : z) are distinct.
We first determine 2y]y5. This seems to be obviously equal to 2y;ys since e = 1. However, the issue is that
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the map as described in Section assumes points on C' to have their coordinates scaled in a certain way:
for points P := (p: n: (), we have that if ¢ # 0, then we scale such that ¢ = 1. If { = 0, then we scale such
that p = 1. This means that we have to take several case distinctions in order to find 2y{y5 in the way that
P{ and Pj has coordinates as assumed by describing & in Section

If & = €5 = &4 = 0, then k(Q) is of the form . The map is based on the coordinates @ = [(z1 : y1 :
1)+ (1:y2:0) — Dy], Note that ¢.(Q) = [(ax1 +b:y1:cx1 +d) 4+ (a:ya : ¢) — Doo]. Since & # 3£}, not
both 2] = cx1 + d =0 and 25 = ¢ = 0. Hence, after normalizing,
s + 2fsxt + fra}
vi

_ &t 2f8§6 f&8

V1

201y =

where
c(—c&6 +d) if e(—ce+d)#0
v1 = 1§ c(—ae +d) if —cgg+d=0 (B.2)
a(—c&s + d) if c=0.
If at least one of &s3,&3,&4 is nonzero, then £(Q) is of the form . We assumed & # 3¢}, hence
&5 # 3&4, otherwise two distinct points are mapped to the same point under an isomorphism. Here, @ is of the

form Q=[(z1:y1: 1)+ (x2:y2:1) — Do, 50 Q' =[(ax1 +b:y1 : cxy +d) + (axe + b : ya : cxa +d) — D).
Denote G¢(x1,22) as in (5.15) corresponding to C, then G¢ (21, x2) can be rewritten to the form

4 3
Ge(zy,x2) =2 Z(:leg)j + (21 + x2) Z(mlxg)j
=0 j=0

||
M%

— & 254

<.
I
o

Now, we can write, using (5.14)),

2
2yl — (&8 + Go(xy, x2)) (21 — x2)

(& +Golzr, x2)) (65 — 3&4)

where 15 is again our scaling factor such that 2y]ya respects the scaling of points assumed in Section
Computing vo depends on whether P; or P, map to infinity or not. We first note that not both P; and
P, map to infinity: if that were the case, either Q" = k(0) or P = Pj: both contradict & # 3¢}.
Note that the image of z12z5 under ¢ is

212 = (cxy + d)(cxg + d) = *&y — cdés + d?

hence if ¢2£4 — cdés + d? # 0, then P], P} are affine and we set Dy = 24 — cdés + d? # 0.
We are left with the case that precisely one of Pj, Pj is affine. We fix P to be affine without loss of
generality, so —& = 2 in Equation (5.20)). Denote

and we fix P; to be the pre-image of P/ under ¢. Then,
axy + v

r = ——F7
day +d
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and z] = cx1 + d, hence we scale the affine point by 2z{ = cxy + d. Now, we also scale y4 by considering
P} € O™, We have that (25 : y2 : 1) maps to a point at infinity, hence we need to scale by 2}, = axs + b where

—(z1 — (21 + 22)) = —(21 — &3)-

In summary,

C2€4 — cd€3 + d? if 6254 —cd€s + d? #0
7 (e 1 a) (o (22925 ) ) otherwise (B4
*c’§é+d 7c’§é+d’ 3 .
From all of the above in case 3, we conclude that
Es+2fsla—frél if & = _ =0
20185 = | (eutGeteses)essen , .53 : (B.5)
8Y2C 1;/42 5ok otherwise
2

where 14 is as described in (B.2)) and v5 is as described in (B.4).

Knowing 2yjyj, we are ready to compute & for the following cases.

Case 3.1: In addition to the assumptions of case 3, & = & = &, = 0 implies that precisely one of P/, P}
is affine, hence £/'(Q’) has the form ([5.20]). Here,

& = 2ylyh — 281 gs + € gr-

Case 3.2: In addition to the assumptions of case 3, one of &}, &%, &) is nonzero. This implies that both
P{, Pj are affine, hence £'(Q’) has the form (5.14). Here,

¢ = Wiy~ Gor
g3

where G¢- is the G-function as described in (5.15) corresponding to the curve C’; which can be computed in
terms of & and &, analogously to

We now have a complete, explicit description of ¢ : K — K’ that is induced from a change of coordinates
(x:y:2)— (ax+bz:y:cx+dz) from C to C'.
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C Torsion structures found

These are all torsion structures found in the database [56].

Elementary divisors | Frequency Elementary divisors | Frequency
0 39707 14, 2 32
2 15956 14, 2, 2 1
2,2 2399 15 6
2,2,2 163 16 59
2,2,2,2 3 16, 2 7
3 1044 17 5
3,3 1 18 29
4 2697 18, 2 2
4,2 471 19 3
4,2, 2 43 20 34
4,2,2, 2 1 20, 2 6
4,4 3 21 2
4,6 2 22 14
5 600 22, 2 1
6 1259 24 21
6, 2 155 24, 2 5
6, 2, 2 18 25 4
6, 3 1 26 7
6, 6 2 27 3
6, 6, 2 1 28 16
7 701 28, 2 4
8 601 30 6
8,2 146 30, 2 1
8, 2,2 21 32 3
8,2,2,2 1 33 1
9 175 34 1
10 453 36 3
10, 2 87 37 1
10, 2, 2 16 38 2
10, 5 1 40 1
11 31 42 6
12 410 44 1
12, 2 84 46 1
12,2, 2 2 49 2
12,4 2 52 2
13 24 60 2
14 303
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order | f(z)

11 —dx® — 42" — 328 4+ 62° + 132% + 142% + 1022 + 42 + 1
12 47 — 1620 + 42° 4+ 92 + 162° + 1022 + 42 + 1

13 28 — 225 4 22% + 42 + 52? + 22 + 1 (Also: Example
14 1227 + 6428 + 1202° + 1042* + 362° — 322 — 4z

16 42" + 28 + 322° + 802* + 9823 4 5222 4+ 122 + 1

17 427 4 1625 + 2425 + 282% + 2023 + 1222 + 4o + 1

18 47 + 8% + 162° + 172* + 1623 + 1022 + 4o + 1

19 a8 — 220 — 2% —at 4+ 23 + T2+ 22— 7

20 8 — 1228 — 22° + 522* 4+ 1623 — 9522 — 322 + 60

21 —dx” + 2% —4a® +62* —22° — 322 + 22+ 1

23 428 — 425 — 32* — 42% + 222 + 42 + 1 (using the point of order 46 found below.)
24 A7 — 828 +202° — 7ot + 423 + 1822 + 8z + 1

46 A8 — 428 — 32* —da® + 222 + 4z + 1

Figure 2: Examples of curves whose Jacobian is absolutely irreducible and contains a rational torsion point
of given order.
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