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Chapter 1

Introduction

In the year 1975, renowned physicists C.N. Yang and Tai Tsun Wu published a paper that
became informally known as the "Wu-Yang dictionary”, which provided an interface be-
tween modern differential geometry (relating to connections, principal bundles and curva-
ture), and physical gauge theories (meaning theories in which the Lagrangian of the system
possesses a certain gauge symmetry). Up until that point, the two sides of this equation
had, unbeknownst to one another, been working on more or less similar subjects, except
the physicists tend to work in local coordinates, with lots of indices, whereas the mathe-
maticians take a more global approach, using e.g. differential forms. In this thesis, we seek
to explore the connections between the two, synthesise the material from multiple different
sources and develop the mathematical theory to describe physical gauge theories, as well as
introduce Chern-Weil theory, which provides the basis for one of the first topological quan-
tum field theories, Chern-Simons theory. We will also see it being applied in Yang-Mills
theory.

A goal that I set for myself, not for this thesis, but in general, is understanding the
statement and proof of the Atiyah-Singer index theorem. While the focus will be on gauge
theory, this text will provide the ingredients for the statement of the index theorem. Since
the index theorem has applications in gauge theory, we will state the Atiyah-Singer index
theorem, and show how it generalises a result that we encounter earlier in the text (the
Chern-Gauss-Bonnet theorem). The ultimate aim of this thesis is to present the Atiyah-
Singer index theorem, and formulate its K -theory proof. K-theory employs algebraic
methods to analyse vector bundles over topological spaces. The proof in its full gener-
ality is slightly too extensive to cover, in addition to all of the other subjects that will be
covered. Indeed, many courses have been dedicated solely to the index theorem. For this
reason, we will merely sketch the proof.

We will start off by covering the prerequisites that might not be in the standard un-
dergraduate curriculum. We then give the algebraic topology definition of two important
characteristic classes, to make the reader hopefully appreciate the construction of character-
istic classes through connections and curvature more. However, we will also need several
results established there later on, for the K -theory approach to the index theorem. We then
proceed by giving an introduction to modern differential geometry, to eventually introduce



the aforementioned characteristic classes in this context. We continue by generalising (in
some sense) the concept of vector bundles, by incorporating group theory to form principal
bundles. These are the objects on which gauge theories are produced. After establishing
all the relevant theory, we will give physical applications, at least incorporating Maxwell’s
electromagnetism in its gauge theoretic form, and Yang-Mills theory, on which the stan-
dard model of particle physics is based. Having seen this application, we will move back
towards the realm of mathematics to give a more extensive coverage of what a ’gauge the-
ory” is. Hopefully, at the end of chapter 5, the following statement will make sense to both
the reader, as well as the author, in both a physical and mathematical context:

Definition 1.0.1. A gauge theory is a principal G-bundle together with an Ehresmann con-
nection (or “gauge field”) w, which is a Lie algebra valued 1-form.

Although this definition seems simple, in its statement, much is derived from it. After
covering this, we will go on in an attempt to understand the following:

Theorem 1.0.2 (The Atiyah-Singer Index Theorem). Let (E, D) be an elliptic complex
over a compact smooth manifold M of dimension n. Then the index of (E, D) is given by:

ind(E, D) = (—1)"(n+1)/2 / ch(@r(—1)*Ep) Ae(M)™ A Td(TM @5 C)
M

After sketching the proof, we provide an example of the Atiyah-Singer index theorem
being applied in gauge theory. In order to do so, we need the theory of Clifford algebras
and spinors, to use the Dirac operator on twisted chiral spinor bundles. We shall use this
to follow a proof by Atiyah, Hitchin and Singer [1], who showed that the moduli space
of irreducible self-dual Yang-Mills connections is a manifold, whose dimension can be
computed using the index theorem. This result is highly technical and we will not be
able to cover the full result. Note, however, that Clifford algebras and spinors are crucial
objects in gauge theory in general - we do not introduce them exclusively for the purpose
of retracing the proof. The Dirac equation, which was a major breakthrough in physics, is
an example of a Dirac operator at work, and the objects on which it acts are called spinors.
That is to say, fermions in the standard model of particle physics are described by spinors
(or more accurately, spinor fields).

”"No one fully understands spinors. Their algebra is formally understood,
but their general significance is mysterious. In some sense, they describe the
”square root” of geometry. And just as understanding the square root of —1
took centuries, the same might be true of spinors.”

- Sir Michael Atiyah

Truth be told, chances are that we won’t come to an understanding of their algebra within
the span of this thesis, formally or otherwise. Nevertheless, we shall set out on a path to
at least understand how these objects are defined. Incidentally, spinors were introduced
by Elie Cartan [2], whose name will be prominent throughout this entire text, because of
work in virtually every subject of interest regarding gauge theory; differential forms, the
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classification of Lie algebras, representation theory (from which spinors arise), and so-
called moving frames (which are really local sections of fibre bundles). He also introduced
Einstein-Cartan theory, which we will unfortunately not have time for, but it is a theory
similar to Einstein’s general relativity, based on gauge theory, and is still an active field of
research today. Suffice to say, he was an intellectual giant, and one of the main inspirations
for me personally, when being introduced to differential geometry, a subject which I hope
the reader will come to appreciate by reading this thesis.

1.1 Concerning notation

My initial exposure to curvature, connections and modern differential geometry was through
the book of Tu, [3]. In this book, as well as in many older treatments, it is usual to see €2 for
the curvature of a connection w. In more recent texts, mathematicians have started to adopt
the convention of physicists to instead call these F' and A, respectively. In this text, both
will be used. This is because I first wrote the mathematical theory, before being concerned
with physical examples/applications. However, it seemed odd to use €2 and w for these, and
so this inconsistency has occurred. At the end of the day, it should be entirely clear from
the context what is meant.

Furthermore, many of the results regarding vector spaces and vector bundles will be
proved for the case where the corresponding field is the field of real numbers. Most re-
sults will hold just as well for the field of complex numbers, as shall be stated multiple
times throughout the text. We won’t be using any other fields of numbers, although the
quaternions will make an appearance.

Lastly, let AV be the exterior algebra of a vector space, and let 17 be a homogeneous
element. Then we will denote the degree of 7 by ||, whenever the degree appears as an
exponent. We mention this to avoid confusion, as some other sources exclusively write
degn, and we do not wish || to be confused with a norm of sorts. Particularly since norms
of differential forms will make an appearance in Hodge theory.



Chapter 2

Preliminaries

Throughout this entire text, we will assume basic familiarity with the theory of smooth
manifolds, such as the first few chapters of [4]. This first chapter will be dedicated to
the preliminaries that are required to understand connection 1-forms, curvature 2-forms,
principal bundles, gauge theories and characteristic classes. The content of this chapter is
largely based on [4, 3, 5].

2.1 Riemannian metrics

The tangent space T,M at p € M of a smooth manifold is a vector space. As such, we
can equip it with an inner product; a map that gives rise to the notion of length and angle.
A manifold does not come with a canonical choice of such a structure. Since the tangent
bundle 7'M is the disjoint union of the tangent spaces T'M = |_|pe v Tp M, we can in fact
make a different choice of the inner product at different points on the manifold. This is
what a Riemannian metric does, subject to some constraints. Let I'(7'M) be the space of
smooth sections of T'M, i.e. smooth vector fields on M.

Definition 2.1.1 (Riemannian metric). A Riemannian metric g is a smooth choice of inner
product on each tangent space. That is,

(Y T,M & T,M — R

such thatif X, Y € I'(T'M), then (X, Y’), : M — R is a smooth function. A Riemannian
manifold is a pair (M, g), with M a smooth manifold, and ¢ a Riemannian metric.

In particular, this means that g is a smooth covariant symmetric 2-tensor field. For
example, the Euclidean dot product on R" is a Riemannian metric on R", called the flat
metric which is denoted by g. If F' : N — M is a smooth map between manifolds, and
M has a Riemannian metric g, we can define the pullback metric F*¢g on N. The pullback
metric of the flat metric to the n-sphere via the inclusion map is called the round metric.
If ¢ : S® — R™"! is the inclusion map, then the round metric is defined as § = (*g. An
interesting fact about this, is that the circle is in fact ”flat”, with respect to this metric.

7
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Indeed, all manifolds of dimension 1 are flat. To make this precise, we define the notion of
an isometry.

Definition 2.1.2 (Isometry). Let (M, g), (IV, h) be Riemannian manifolds. A smooth map
F : N — M is called an isometry if it is a diffeomorphism such that F*g = h, and a local
isometry if F'is a local diffeomorphism such that /g = h. A Riemannian manifold is said
to be flat if it is locally isometric to (R", 7).

As alluded to, the notion of a Riemannian metric entails that of length and angle. The

length of a vector v € T,M is defined by |v|, = /(v,v)y = /g,(v,v), whereas the
angle between two vectors v, w € T,M is given by the unique angle 6 € [0, 7| such that

<U7w)9

vlglwlg *
Definition 2.1.3 (Curve length). Let «y : [a,b] C R — M be a curve. We define the length
b
of v by Ly(7) = [, 1Y ()lgdt.

It is a well known fact from the geometry of curves and surfaces that every curve admits
a smooth reparameterisation such that the curve follows the same trajectory, but at unit
speed. That is, |7/(t)|, = 1. The interested reader can use this fact to prove that every
1-manifold is flat, and thus, in particular, the circle.

An important property of Riemannian metrics lies with the tangent-cotangent isomor-
phism induced by a choice of Riemannian metric, which we will use amongst others to
define the Hodge star operator. We define a map ¢ : TM — T*M by ¢(v) = g,(v, -), for
v e T,M(eg ¢(v)(w) = gy(v,w)). By a homomorphism, we mean that the following

diagram commutes:
T™ ? s T M
M

And furthermore, such that ng\Tp u 1s linear for each p € M. We now claim that the thus
defined homomorphism is in fact an isomorphism. Since 7, M and 77 M have the same
dimension, it suffices to prove injectivity, since an injective linear map between vector
spaces of the same dimension is an isomorphism, and the dimension of a finite dimensional
vector space is equal to the dimension of its dual space. To show injectivity: suppose that
¢(v) = 0 for some v € T,M. Then in particular, ¢(v)(v) = gp(v,v) =0 <= v =10
since g, is an inner product on T),M. Therefore, TM =, T*M. Let (z") be smooth local
coordinates for M. Then we have g = g;;dz"'dz’ (where the symmetric tensor product is
denoted by juxtaposition), hence ¢(X)(Y) = g;;dz'(X)dz? (V) = ¢;; XYY, for X,Y €
['(T'M). Hence, we can locally write ¢(X) = ¢;;X"'dz?, which is commonly denoted by
#(X) = X;dad, with X; = ¢;;X*. Because of this “lowering of the index”, we use the
following notation.

cosf =

With this in mind, we can define the length of a curve.

Definition 2.1.4 (Musical isomorphisms). We write X := ¢(X). Since ¢ was an isomor-
phism, it has an inverse, ¢~ ' : T*M — T'M. This is given by the inverse matrix of g;;, that

8
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is, g 'g” = gﬂg = 0% Hence, for a covector field w € T'(T* M), we have ¢~ (w) = w'd;,
with w' = gYw;,. We denote this by w*, because it raises the index. These are called the
musical isomorphisms.

To make the usefulness of this isomorphism immediately apparent, we show how we
recover the notion of the gradient of a function f : M — R from this. We define gradf =
(df)*, or equivalently, (gradf, X), = ¢(gradf)(X) = df (X) = X f, where df is of course
the differential of f. Thus, in local coordinates, we have gradf = ¢“0;f0;. With the
standard Euclidean metric on R", this reduces to the familiar expression ZZ 0; f0;. In fact,
briefly looking ahead, we will see that

grad

C>(R3) I'(TR3) —L, D(TR3) —& C=(R?)

N

PR} —5 R} —Lo R} —Ls O3(RY)

is a commutative diagram, for some yet to be defined map «, the Hodge star operator.
We will give the reader a moment to appreciate this beautiful simplicity of the exterior
derivative; we recover all of the standard calculus on R"”, and generalise it to manifolds.

For a Riemannian manifold, there is a unique orientation form w, € €2"(M) called the
Riemannian volume form, such that w,(es, ..., e,) = 1 for every local oriented orthonor-
mal frame (e;). Roughly speaking, a local frame is a collection of local sections that span
the tangent space at each point of an open neighbourhood U C M. A precise definition
will be provided in the section on vector bundles. Given a Riemannian metric, analogous
to the Gram-Schmidt procedure, we can make any local frame into an orthonormal local
frame. In local coordinates, we have w, = \/det(g;;)dz' A -+ A dz™. If f is a continuous
compactly supported function on M, we then define the integral of f over M to be | a fWee
By abuse of notation, we generally write w, = dV,. This does not mean wj is exact. That
is, there is not necessarily an n — 1 form V, such that dV, = w,.

Example 2.1.5 (Generalised spherical coordinates). On R", we can define generalised
spherical coordinates as follows. Let r;, = \/xl + -4 3. On R? they are the usual

polar coordinates. For n > 3, define ¢,, = PrOJect x to R"~! along the x,-axis. By
induction, there are spherical coordinates deﬁned on this hyperplane. Then the spherical
coordinates on R" are given by 7,0, ¢s3,..., ¢, 1, ®,. Unwinding the definitions, for a

sphere of radius a,

’xn = acos ¢,

Tp_1 = @Sin ¢, cos ¢, _1

Ty = asin g, ...sin ¢3cosl

(21 = asin ¢, ...sinf
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Then since cos?t + sin? ¢ = 1, we see that

3

)2 :aQCOS¢n-"Sin¢3’ Z<

i=1

ﬁxi
Oon

61’2
O,

3@-
Oy,

(5)% + ( )2 =a*cos ¢, . ..sin ¢,

And so forth, until

- 0:171 2 9

Denote ||v||* = (v, v),. Then following the trend above, we find

—~ Oz : :

D (51 = asin® 6, sin g, = ||,

= O
which leads us to

105, ]| = asin 6, ...sin 1

As a result, we have the elements of the dual frame. That is, a collection of sections of the
cotangent bundle, which form a basis for the contangent space at each point. They are given
by 6% = asin ¢, ...sin ¢3df, 03 = asin @, . ..sin ¢,4d¢y, etc., until " = ad¢,,. Hence, the
volume form for the (n — 1)-sphere in these coordinates is given by

dVy=0>N---NO" =a""'sin" 2 ¢, ...singzdd A - A b,

Using this volume form, we can compute the volume of any sphere. Note that for n = 2,
this is really the surface area, not "volume” as one might ordinarily think of it. We will
compute the volume for all even dimensional spheres, the interested reader can follow a
similar procedure for the odd dimensional case. Firstly, standard integration techniques

will show that - 1 g
/ sin” ¢dep = / sin"2 G
0 n 0

Using induction it is easily verified that

T b2 —2
. 2k—1
n d —2”
/Sl ¢de Z}:222'—1

0

and

T k2i—1
- 2k
d —77”
/Osm odo 11 %

10
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Then, we need to compute
/ av, / " (10" ) (sin™ P ) .. (sind)dO A - - A iy —
sn sn
us s 27
a™ ! / - / / (sin" 2 ¢, ) (sin" " @,) . ... (sin @3)df . . . dop, =
0 o Jo
27ra”_1/ sin""? ¢, d¢,- - / sin ¢s3dps =
0 0

n/2—1 n/2—2

9 n—1 ( " s 21 ¢d¢) < " c2k—1 (bd(b) —
Ta E /0 S1n IH /0v Sin

e n/2-1 / i ok — 1 n/2-2 i o9
e (IS TL(2(1G=D))

2.2 de Rham Cohomology

Every exact form is closed, by nature of the exterior derivative. It is natural to ask whether
the converse statement also holds; is every closed form exact? The answer is generally
“no”. The extent to which every closed form fails to be exact is a property of the global
topology of the space. This result is known de Rham’s theorem, found in [4, Theorem
18.14]. Due to the fact that d is a linear operator on Q*(M) = €9, Q*(M), its kernel and
image are linear subspaces. Thus, we define

ZP(M) =ker(d : QP (M) — QPT(M))
BP(M) = im (d : Q"1 (M) — QF(M))
Since each is a linear subspace, the following is well defined:

HP(M) = i:%;

called the p-th de Rham group (the group” comes from cohomology theory in algebraic
topology, where we don’t necessarily have vector spaces). With this definition, we have
that H?(M) = 0 if and only if every closed p-form is exact. Two differential forms are
said to be cohomologous if they belong to the same cohomology class, that is, [w] = [W/]
in the quotient space, the p-th de Rham cohomology group. This means that they differ
by an exact form: w — w’ = dn for some n € QP71 (M). Since the exterior derivative
commutes with pullbacks, a smooth map between manifolds /' : M — N induces a map
in cohomology, F*[w] = [F*w]. To see that this is well defined, suppose that w,w’ are
cohomologous. Then [F*w'| = [F*w + d(F*n)] = [F*w] since d(F*n) is exact. Hence,
this map does not depend on a choice of representative of the equivalence class, so it is
well defined. The reader may verify that if /' : M — N and G : N — O, then (G o
F)* = F* o G*. It immediately follows that diffeomorphic manifolds have isomorphic de

11



2.2. DE RHAM COHOMOLOGY

Rham cohomology groups. A stronger result will also be shown, namely that the de Rham
cohomology, in spite of being defined on smooth manifolds only, is a much more general
topological invariant.

Proposition 2.2.1. Suppose that w € QP(M) and n € QI(M) are closed forms. Then
[w] A [n] = [w A n] is well defined.

Proof. We clearly have that w A 7 is closed. We will prove that the result does not depend
on the choice of w; the reader can use the exact same technique to prove it does not depend
on the choice of 7 either. Suppose we choose another w’ € [w]. Then w’ — w = dr. Thus,

WWAn={dr+w)Anp=drAn+wAn

d(r An)=dr A+ (=1)""'r Adn=dr An

since 7 is closed by hypothesis. Therefore,
WAN—wAn=d(T An)
so w A n and w’' A n are cohomologous. [

The following proposition shows that we can restrict our attention to connected mani-
folds.

Proposition 2.2.2. Suppose {M;} is a countable collection of smooth manifolds of equal
dimension n with or without boundary, and M is its disjoint union. Then the inclusion
maps v; : M; — M induce an isomorphism from HP(M) to [ [, H?(M;).

Proof. w +— (1qw, taw, . .. ) is an injective map. It is clearly surjective, since every smooth
form on a component defines a smooth form on M. The result follows. [

Another easy, yet important, example is that the 0-th de Rham cohomology group of
any connected space is 1-dimensional: H°()M) = R. Combining this with the previous
result, we find that for a manifold with m components, H°(M) = R™.

In fact, the de Rham cohomology of a manifold is more than a topological invariant; it
is a homotopy invariant. We shall show this result.

Theorem 2.2.3 (Homotopy Invariance of de Rham Cohomology). Suppose F,G : M — N
are two homotopic smooth maps. Then they induce the same map in cohomology.

To avoid confusion, if F': M — N is a smooth map, we dote by ™ its pullback, and
by F# its induced cohomology map. This means F#|w] = [F*w]. By a theorem due to
Whitney (see [4, Theorem 6.29] for a proof), two homotopic smooth maps can be taken to
be smoothly homotopic. Thus, it is without loss of generality to assume that two smooth
maps are smoothly homotopic, for the purposes of proving our theorem.

12



2.2. DE RHAM COHOMOLOGY

Proof. Assume that F, G are smooth homotopic maps, and let H : M x R — N be a
corresponding smooth homotopy between them; H (z,0) = F(x), H(x,1) = G(z). Define
u; : M — M xR to be the section u;(x) = (x,t), so we have Houy = Fand Houy = G.
Since we then have F'# = v/ o H# and G# = u! o H# it suffices that we show v} = u7 . If
we can find a linear map K : QP(N) — QP~1(M) such that d(Kw) 4+ K (dw) = ujw — ufw,
then if w is closed, we would have d(Kw) = ufﬁw — uo#w, and we would be done. Such
amap K is called a cochain homotopy. Let 7 : M x R — M the projection map. Every
differential form on M x R can be expressed as a locally finite sum of two types of forms:
f(z,t)m*n and f(x,t)dt A 7*n. Then we define K by its action on these two distinct types
of forms. Let K (fn*n) = 0 and K(fdt A 7*n) = (fol f(z,t)dt)n. The reader may verify
that this is the desired cochain homotopy (or consult [5, Proposition 4.6]). Therefore, the
de Rham cohomology is a homotopy invariant, and thus a topological invariant. 0

A direct consequence is that the de Rham cohomology of a contractible manifold is
isomorphic to that of a single point space; H?(M) = 0 for p > 1. An important result is
the following:

Lemma 2.2.4 (Poincaré’s Lemma). Let U be a star-shaped open subset of R" (or H").
Then the de Rham cohomology group of degree p > 1 is trivial. (Of course, H*(U) = R).

The proof is trivial; simply use a straight line homotopy. As a result of this, every
closed form is locally exact (since every point has a neighbourhood diffeomorphic to an
open star-shaped subset of R™). This result clearly applies to the Euclidean space and half
space themselves, since they are star shaped. An incredibly useful tool for computing the
de Rham cohomology of a space, is the Mayer-Vietoris theorem. Suppose that we have an
open cover of M by two open subsets U, V. Then we have inclusion maps

Unv ——- U

|

v —— M
Each of these inclusion maps induces a pullback map on differential forms. Then con-
sider the sequence of maps

-

0— (M) Z25 vy e (V) 5 QrUn V) = 0
Since the pullback and the exterior derivative commute, this sequence descends to the quo-
tient to give a sequence between cohomology groups. A sequence is called exact if the
image of the previous map is equal to the kernel of the next map at each point in the se-
quence.

13
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Theorem 2.2.5 (Mayer-Vietoris). Given the above construction, there exists a linear map
§: HP(UNV) — HPTY(M), called the connecting homomorphism, such that the following
sequence is exact:

S ) EES mruy e HR(V) S5 HP U N V) S HPTY (M) =
The proof relies on a tool from homological algebra known as the Zigzag Lemma, the
proof of which is rather tedious. The proof is found in [4, Lemma 17.40]. As an example
of an application of this theorem, we compute the de Rham cohomology of every n-sphere.

Example 2.2.6. Let U and V' be open arcs on the circle S! such that their intersection
consists of two disjoint open arcs, and their union equals S*. The circle is connected, so we
know that H°(S') = R, and for dimensional reasons, H?(S') = 0 when p > 2. It remains
to compute H'(S), which becomes a very straightforward computation using the Mayer
Vietoris sequence. First, observe that both arcs U and V' are diffeomorphic to open subsets
of R, whereas their intersection is diffeomorphic to R| |R. For all of these spaces, we
already know the de Rham cohomology, which is precisely the point of the Mayer-Vietoris
sequence. H(V) = HO(V) @ R, H*(U NV) = R?, and everything else is the null vector
space. We now fill in the Mayer-Vietoris sequence, to get an exact sequence:

0>R—-R®R—R*— H'Y(S') —0

By the rank-nullity theorem from linear algebra, it follows that

> (—1)Fdim H*(Mj) = 0

k=0
due to the exactness of the sequence. Therefore, we can easily deduce that the dimension of
H'(S')is 1 — 2+ 2 =1, so as a vector space, H'(S') = R. Now, we pose the hypothesis

that
R =0
HP(S™) = P _ e
0, otherwise

Since we have shown that this holds for n = 1, we can prove this by induction. Choose
open subsets U,V of S™ such that each is diffeomorphic to R", with an intersection that
is homotopy equivalent to S"~! (e.g. for n = 2, one could imagine that we cover a globe
by two open sets that extend just beyond the equator, so that their intersection deformation
retracts onto the equator). Then fill out the Mayer-Vietoris sequence, and the result follows.
We will give the Mayer-Vietoris sequence, and the interested reader can verify the result.
Since H?(U NV) = 0 and H?P*(U) @ HP'(V) =0 for 1 < p < n — 1, the exactness of
the sequence shows that the only non-trivial cases to consider are H'(S™) and H"(S™).

0—H"YUNV)—= H"(S") = H"(U)® H"(V) =0
0— H(S") = H' (U)o H*(V) - HY(UNV) — H'(S") = 0

It remains to fill in the known results, and apply the same dimensionality argument as for
the n = 1 case.
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2.2. DE RHAM COHOMOLOGY

One downside to this simple approach using the dimensionality of the spaces is that it
does not provide us with explicit generators for the cohomology. However, explicit gener-
ators can be obtained, like in the following example.

Example 2.2.7. Let e; denote the standard basis vector (1,0, ...,0) € R"™. Consider M :=
R"—{e;, —e1 }. A well considered choice of open sets, U = R"—{e;}and V = R—{—e¢;}
will, using our knowledge of the previous example, easily yield the de Rham cohomology
vector spaces of M. They are

R, if p =0,
HP(M)=(R? ifp=n—1
0, otherwise

A generator for the zeroth cohomology group is not so difficult to find, and is left as an
exercise to the reader. Consider the (n — 1)-form on R” — {0} given by

w=lz|™" Z(—l)”%%xl Ao AdTA - A da"

where the hat denotes omission. This form is closed, but not exact; closedness can be
verified by direct computation. The form is not exact by the following argument. Suppose

that W = dn Then
/ /
Sn—1 o8n—1

by Stokes’ theorem, and the fact that the sphere has no boundary. Let
7= (-1 aidzt Ao Adt A A da”

Let © : S" ! — B" be the inclusion map. Then we observe that, due to the fact that
|z|~™ = 1 for every point on the sphere,

/ L*w:/T:n/dxl...dx”:vol(B)#O
g1 B B

Contradiction. Therefore, w is not exact. Given this form, we translate the singularity at
x = 0 to x = ey, and take another copy and translate it to x = —e;. Then these two forms
result in generators for the n — 1 de Rham cohomology group.

We also have de Rham cohomology for compactly supported forms, denoted H? (M),
which also plays an important role. For this part, no proofs will be provided. We will need
these results later for the Poincaré Duality theorem.

Lemma 2.2.8 (Poincaré’s Lemma with compact support). Let 1 < p < n and w a com-
pactly supported closed p-form on R"™. If p = n, suppose also that fRn w = 0. Then there
exists a compactly supported smooth (p — 1)-form n such that dn = w

15
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For the proof of the next theorem, we refer to [4, Theorem 17.28]

Theorem 2.2.9 (Compactly supported cohomology of R™). Let n > 1. Then

0, f0<p<mn

HARY) = {R, fp=n

Theorem 2.2.10. If M is connected and oriented, then the integration map

/:HC"(M)—HR

is an isomorphism; H (M) = R.

Obviously, for any compact manifold, the de Rham cohomology and compactly sup-
ported cohomology coincide. For compactly supported cohomology, we have a similar
Mayer-Vietoris sequence, except the arrows go in the opposite direction (using category
theory, this has a straightforward explanation, but we shall not digress into that).

Lemma 2.2.11 (Mayer-Vietoris for compact support).

0 (M) QU)®QUV) « QUNV) 0

2.3 The Hodge star operator

Suppose we have a Riemannian manifold (M, g). Let p € M be arbitrary. Obtain an
orthonormal basis for T)* M in the form of {’}. Define an inner product by (e’,e”), =
det({(e™)*, (e")"),), with |I| = |J| = k being multi indices. Then we declare the set
{e’ : |I| = k} to be an orthonormal basis for A*T'* M. We now extend the inner product
by linearity to arbitrary k-forms. If another orthonormal basis is chosen, then the bases
are related by an orthogonal transformation. If the tilde represents the same form w.r.t.
this other basis, then (w,n), = (Aw, An), = (W, n), because orthogonal transformations
preserve the inner product (on the tangent space, and by extension on Ak(T;M )), so this
definition is independent of the choice of orthonormal frame, and is thus well defined. It
is then easily verified that the Riemannian volume form is the unique positively oriented
n-form with unit norm.

Proposition 2.3.1. Given a Riemannian manifold (M, g), there is a unique homomorphism
x + AFT*M — A"=*T* M with the property that w A\ *n = (w,n),dV,, called the Hodge
star operator.

Proof. Let’s first prove uniqueness. Suppose there is another operator * with the same
property. Then w A *n = (w, ) ,dV}, so

wA*n—wA*n=(0,0),dV, =0 = wA*xn=wA%*n

16
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by positive definiteness of the inner product. To prove existence, by linearity, it suffices
to define this operation on a basis of the vector space. Let I C {1,...,n} be increasing
and let J be the complementary increasing multi-index. Then {/,.J} = o{1,...,n} for
some permutation o. Define xe! = sgn(o)e’; then e A xe!’ = sgn(o)e!’ = §17'aV, =
(51 el '> 4dVy. Note that this is the Kronecker delta for multi-indices, so it can take on the
value —1 depending on the permutation. The fact that this operation is a homomorphism is
easily verified. 0

Clearly, for f € QY(M), we have xf = fdV,. Another property is that x x w =
(—1)*=k)y. Tt is clearly an isomorphism of vector spaces, then, but not an isomorphism
in the algebraic sense.

Example 2.3.2. Let R" be equipped with its standard Euclidean metric. Then xdz! =
(—=1)"da' A - Adxi A -+ Adz™. Suppose that n = 4. Then xdz? A dz* = —dz' A dx?.
Generally; xda’ A do? = (—1)"+da? A da?', with {7/,5'} = {1,2,3,4} — {4,5} and
i<y

Proposition 2.3.3. Suppose that dim M = 4. A 2-form w on M is called self-dual if
*w = w, and anti-self-dual if xw = —w. Every 2-form on w can be written uniquely as a
sum of a self-dual form and an anti-self-dual form.

Proof. *(M) = Q%(X) & Q2, the positive and negative eigenspaces of the Hodge star
operator, which is a linear isomorphism. O]

For M a compact oriented Riemannian manifold, we now define a map
a QR (M) = QY M) dw = (=1)"FTDH s dxw

and defining it to be zero for smooth functions on M. It is easily shown that d* o d* = 0.
We can define an inner product on Q*(M) by

iy = [ Gty

Then (dw,n), = (w,d*n),. To see this, consider

((dw,n)y — (w,d*n)y)dVy, = dw A*xn —w A *d*n =
doAn—(—DFuAx*xdxn=dwAxn— (—DFwAdxn = d(wA*n)

Therefore, since the manifold has empty boundary, its integral is zero, and since (-, ), is
an inner product, this means the two expressions are equal. Hence, the codifferential d*
is the formal adjoint of d with respect to the above defined inner product on M. This can
be used to define a linear operator A : QP(M) — QP(M) called the Laplace-Beltrami
operator, defined by A = dd* + d*d. This definition agrees with the ordinary definition of
the Laplacian on functions on M. A form on M is called harmonic if Aw = 0.

Proposition 2.3.4. A form w is harmonic if and only if dw = 0 and d*w = 0.

17



2.3. THE HODGE STAR OPERATOR

Proof. Suppose that w is harmonic. Then
0 = (Aw,w) = (dd*w,w) + (d*dw,w) = (d*w, d*w) + (dw, dw) = |d*w|* + |dw]|?

Therefore, we obviously have d*w = 0 and dw = 0, so in particular, every harmonic form
is closed. The converse is clear. OJ

We denote the space of harmonic k-forms by 5#%(M). Then we have the following
theorem, which will make an appearance later on.

Theorem 2.3.5 (Hodge decomposition theorem). Suppose that M is a compact, orientable
Riemannian manifold (without boundary). Then there exists a unique decomposition:

QF (M) = dQ* 1 (M) & &*Q"H (M) @ % (M)

The proof is somewhat technical, but it can be found in [6, Theorem 2.7.2]. We use this
result for the following theorem.

Theorem 2.3.6. Every cohomology class can be represented by a harmonic form:
H*(M) = %(M)
We just write [w] as w for an element in H*(M).
Proof. By the previous theorem, we can write
w=da+dpB+~ye€dV (M) VT (M) @ #5(M)
By assumption, dw = 0, and so, since every harmonic form is closed, we get
0= (dw, B) = (ddB, B) = (d*B,d"B) <= d"B=0

Therefore, we have w = da + . Now, let 7 : QF(M) — 5#*(M) denote the projection
operator onto the linear subspace 5#*(M). From standard linear algebra we know that
w —7(w) L s%(M). Hence, w — 7(w) = A1) for some ¢ € QF(M). Therefore, we find

w=dd*p + d*dip + m(w)
Combining this with the above result gives us
w=m(w) +dd* = 1(w) + dd* A" 'w
Then v = 7w(w) € *(M) is the representative of w in H*(M). Now suppose that
[w] = [w'], thatis, w — w' = dn L #*(M). Hence, m(dn) = 0, and consequently, we get

J=mW)+ o =mw+dn) 4+ =m(w) + -

Thus, they have the same representative. It follows that H*(M) C #%(M). Now we
need to show show the reverse inclusion, which is significantly more straightforward. We
know that every harmonic form is closed. Furthermore, no harmonic form can be exact,
by the uniqueness of the Hodge decomposition theorem. So every element in 2% (M) is a
non-trivial element in H*(M), and 5#*(M) C H*(M). O
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We now conclude this section with the previously alluded to result:

Proposition 2.3.7. The following diagram commutes:

grad

C>(R?) I(TR3) —“L, D(TR3) —& 5 C=(R?)

I

QR —2 5 QYR —1 5 R} —L o Q3R
Proof. Let us first define ¢ : T(TR?) — Q*(R?) by «(X) = X udx A dy A dz. Recall that
divX =) 9, X"

curl. X = (82X3 — 83X2)81 + (83X1 — 81X3)82 + (81X2 — 82X1)83

First, consider d = b o grad; we have already seen that gradf = (df)*, so the result easily
follows. Next, suppose that X is a smooth vector field on R3. Then

do X’ = d(0yX'da?) = d(X'dz') =

X 1dx? A dxt 4+ 05X da3 A dat + 0, X 2dat A da®+
05 X2dx® N da? + 0. X3dx! A da® + 0,X3da® A da® =
¢ o curl.X

Finally, we need that d o © = *div. In 2.3.2 we computed the star operator acting on
basis covectors on R™ with the standard Euclidean metric. Using this, the reader may
verify that the final square also commutes. The rectangles obviously commute because
dod = 0 = curl grad = div curl. Thus, we are done. O

2.4 Vector bundles

Suppose we are given a base manifold M. Picture the circle, if you will. We can obtain
a new space from it by, for example, taking the Cartesian product M x [—1,1]. In the
case of the circle, this would result in a cylinder. The reader is undoubtedly familiar with
the Mobius band, which is produced in the same way; except with a twist. Fibre bundles
make this precise, by providing us with the tools to talk about such spaces. If we recall
the Hairy Ball theorem, it says that the sphere does not allow a smooth nowhere vanishing
vector field. As we shall see, this means that the tangent space to the sphere is not simply
S? x R%. We will show that if it were, it would admit a smooth global section that is
nowhere vanishing. Hence, even for standard spaces, we need the notion of a fibre bundle
(of which vector bundles are a special case). We will be primarily concerned with smooth
manifolds. Fibre bundles are, however, also defined for topological manifolds. We give the
topological definitions here. When we move on to smooth manifolds, ”continuous” will
have to be replaced by “smooth”, and "homeomorphism” by “diffeomorphism”, etc.
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2.4. VECTOR BUNDLES

Definition 2.4.1. Let £/, M and F' be (topological) manifolds. A local trivialisation for a
continuous surjective map 7 : £ — M with fibre F' is an open cover {U,} of M with a
corresponding collection of fibre preserving homeomorphisms {®,, : 7=1(U,) — U, x F'}
such that the following diagram commutes (7, is projection onto the first factor):

WU, —22 5 U, x F

N

Definition 2.4.2. A fibre bundle with model fibre F' is a continuous surjection 7 : £ — M
with a local trivialisation with fibre F'. We then call M the base space, £ the total space
and the fibre at a point E, = 7 !(x). Define ®,|, : £, — {x} x F to be the restriction of
the trivialisation to the fibre £,. This map is a homeomorphism.

As we can see, a fibre bundle locally looks like a product space, but globally, it can
take on very different properties. If a fibre bundle is just the product M x F', then the
fibre bundle is called trivial. Given a fibre bundle over a manifold M, it is straightforward
to show that the restriction E|; for U C M open defines another fibre bundle. That is,
7|y : E — U. Let us give the prototypical example of a non-trivial fibre bundle.

Example 2.4.3 (Mobius band). Define an equivalence relation on R? by declaring (z,y) ~
(') : <= (2,y) = (v +n,(=1)"y) for some n € Z. Let q : R*> — F be the
corresponding quotient map. Then the M6bius band with fibre [—1, 1] is ¢({R x [—1,1]}).

We now introduce real vector bundles. Complex vector bundles are constructed in
precisely the same way, replacing R” with C".

Definition 2.4.4. A fibre bundle with /' = R" is called a (real) vector bundle of rank r if,
in addition, ®,, |, restricts to a linear isomorphism of vector spaces on each fibre.

For any real vector bundle ' — E = M, we can complexify this vector bundle and
get I/’ ® C. This means that for every x € M, the fibre of £ ® C over x is the complexified
vector space F' @ C. Complexifying a real vector space is done as follows. Let I be a real
vector space. Let v € F and z,w € C. Then we have v ® z € F' ® C. We define scalar
multiplication on F' @ C by w(v ® z) = v ® (wz). This turns ' ® C into a complex vector
space. We have FF ® C = F @ ¢F and therefore £ ® C = E ¢ ¢E. This direct sum of
vector bundles will be made precise in a moment.

This section will continue to discuss real vector bundles, but replacing a real vector
space with a complex vector space would yield the same results. Suppose that U, NUz # (0.
Then there exists a continuous map 7,5 : U,NUz — GL(r, R) such that on the intersection,
we have ¢, o @gl (x,v) = (x, Tap(p)v). These maps are called the transition functions. If
we consider the tangent bundle, these are for example given by the Jacobian matrix of the
coordinate transition maps. For the proof of the next lemma, see [4, Lemma 10.6].
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Lemma 2.4.5 (Vector bundle chart lemma). Suppose M is a manifold (with or without
boundary) and for each x € M we have a real vector space E, of dimension r. Let
E =|],cp Bz and 7w : E — M the obvious projection map. Suppose we also have

1. An open cover {U,}

2. For each « a bijective map P, : 7T_1(Ua) — U, X R" whose restriction to I, is an
isomorphism of vector spaces

3. Foreach a, pwith U,NUg # (), we have the previously described transition functions
Ta Jé]

Then E is a manifold with or without boundary and is a vector bundle of rank r over M.

Of course, like for the tangent bundle of a smooth manifold, we can define a similar
notion of a metric for general vector bundles.

Definition 2.4.6. A fibre metric for a vector bundle is a continuous map £ @® £ — R which
restricts to an inner product on each fibre.

A Riemannian metric on a smooth manifold is then a smooth fibre metric on the tangent
bundle of a smooth manifold. We previously used the notion of sections of e.g. the tangent
bundle, which are vector fields. More generally, given an arbitrary vector bundle £ = M,
a section of £ is a section of the map 7, that is, a continuous map ¢ : M — FE such
that m o 0 = id. We make an important distinction between global sections and local
sections. A local section is only defined on some open subset U C M, whereas a global
section is defined on all of M. Every vector bundle admits the zero section of F; that is,
¢(x) = (z,0) € E,. Suppose that we have a collection of r linearly independent local
sections {01, ..., 0.} such that for x € U, {oy(x),...,0.(x)} is a basis for £,. Then we
call this collection a local frame. If U = M, it is obviously a global frame.

Proposition 2.4.7. Every local frame for a vector bundle is associated with a local trivial-
isation.

Proof. Suppose that (0;) is a local frame for U, . Define
D, (z, (1, ..., 0") = v'oi(x)

®,, is bijective since (0;) is a local frame. Define ¢;(x) = (x,e;) where ¢; is the i-th stan-
dard basis vector of R". Then o, = &, o ¢;, so it suffices to show that &, is a homeomor-
phism. Since any bijective local homeomorphism is a homeomorphism, it even suffices to
show ®,, is a local homeomorphism. For an arbitrary pointy € U, wecanfindy € V C U
such that there is a local trivialisation for V', W, which is a homeomorphism. Then if we
can show U o @, |y «gr- is @ homeomorphism, since y € U was arbitrary, we will be done.

We have
Yo O'Z(I> = (I, (0'11('75)7 SR 70:(33)))
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on V x R", which is continuous. Moreover

is also continuous. Since the matrix (o7 (x)) is invertible (as the o; form a basis), if (77 (z))
is the inverse matrix, then this is also a continuous map, since matrix inversion is continuous
by Cramer’s rule. Then

(Vo dy) Yz, (w',...,w") = (z, (W'} (z),..., w7 (2)))

is also continuous, and we are done, since the map has a continuous inverse, so it is a
homeomorphism onto its image, i.e. a local homeomorphism. 0

Now, as promised, we can see that the tangent space to the sphere is not a product space,
by the hairy ball theorem:

Corollary 2.4.8. A vector bundle is a product bundle if and only if there exist rank(FE)
linearly independent global sections for it.

Remark 2.4.9. An interesting result of this corollary, is that the 2-sphere isn’t a Lie group,
because every Lie group is parallelisable (that is, there exists a global frame for the tangent
bundle). Given that Lie groups are typically associated with symmetry, and many people
would immediately think of a sphere when talking about symmetry, this demonstrates some
of the counter intuitive nature of mathematics.

We now give a few useful facts, some without proof. The interested reader can find these
proofs in e.g. [4] or [3], for the cases of smooth manifolds. A straightforward adaptation,
when necessary, will convert the result to one on a topological manifold. Suppose that

E T Mand E' = M are vector bundles. Then a continuous map I': ' — E’iscalled a
bundle homomorphism if there exists a map f : M — M’ such that the following diagram
commutes (and F'| g, is linear):

J Ny 5

ﬂl l”'

MT>M/

A subbundle of a vector bundle F is a vector bundle G =%» M which is an embedded
submanifold of F, and 7 = 7|, with the property that G, = E, N G is a linear subspace
of F,.

Proposition 2.4.10. A map F : T'(E, M) — U(E', M) is linear over C* (M) if and only if
there exists a smooth bundle homomorphism F : E — E' over M such that F(0) = F oo
for all sections o € I'(E, M).

Proposition 2.4.11 (Local Frame Criterion). If E = M is a vector bundle and for each
x € M we have an r’'-dimensional linear subspace G, C E,, then G := |_|me wGe C Eis
a subbundle of E if and only if each x € M has a neighbourhood U on which there exist r’
continuous local sections that form a basis for G, for every y € U.
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The preceding two propositions give an easy way of verifying that the previously de-
fined tensor bundles are smooth vector bundles over M.

Suppose G is a (not necessarily smooth) subbundle of a vector bundle £. Then @) :=
Ll enr(Ez/Gy) is called the quotient bundle of E by G, and is well defined. If £ = M,
and f : N — M is a continuous map, then f*F is a vector bundle of the same rank over
N, called the pullback bundle:

J'E:={(y,e) e N E: f(y) =n(e)}

This gives us another way to define many new vector bundles from previously constructed
ones. We also have the following:

Theorem 2.4.12. Let M be a manifold (with or without boundary) and (U,,) an open cover
of M. Suppose that for each o, B with U, N Ug, we are given 1,5 : U, N Uz — GL(r,R)
such that T,5(x)7g(x) = Toy () (called the cocycle condition). Then there exists a vector
bundle over M with local trivialisations ®,, : 71 (Uy) — Uy X R” with transition functions
given by T,.

To prove this, suppose that =, y € U,NUg, and declare an equivalence relation: (z,v) ~
(y,w) : <= (y,w) = (z,7ap(x)v). The reader may verify that this is well defined, and
conclude that the result holds using the vector bundle chart lemma. Then:

E = <|_|(Ua X RU) / ~

«

We have the following corollary to the vector bundle chart lemma:

Corollary 2.4.13 (Direct sums). Suppose we have two vector bundles 7 : £y — M and

Ty By — M, of rank ry and v, respectively. Then E = | |, _,,(E1), ® (E3), is a vector

bundle of rank r = r1 + 7y, called the direct sum of F/ and Es. The transition functions
. . [T (p) 0

are simply given by 7(p) = ( 0 TQ(]D)) € GL(r, R).

Furthermore, we can take the tensor product of two vector bundles. Suppose we again
have two vector bundles F; and E,. Take an open cover {U,} for M over which both
are trivial bundles on each U,. Then the transition functions for £ := F; ® F, are given
by (91)ag ® (92)as, Which gives us another vector bundle over M. The direct sum and
tensor product operations will turn out to have profound implications, as it gives rise to
topological K -theory, which we will see later, in the chapter on the index theorem.

Theorem 2.4.14. Suppose E, I M, and Es =2 M, are vector bundles over compact
manifolds. Let M = M, U My and A = My N Ms. Suppose we have an isomorphism of
vector bundles ¢ : E1|sx — Es|a. Then under the identification v = ¢(v) for v € Ey|4, we
get a vector bundle

E\UsEy:=E 5 M
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The function ¢ is then known as the clutching function, and (Ey, E», ¢) are the clutching
data. We should show that this vector bundle is locally trivial.

Proof. Local triviality is clear for M — A. Take an arbitrary point in A, and take a (closed)
neighbourhood U; around it such that E is trivial over U;. Then we have a bundle isomor-
phism ®; : E|y, — U; x R”. Now restrict this isomorphism to A N U;. Then

Dy =100 Eolan, = (ANU) xR

Extend this map to an open neighbourhood of AN U;. Together, ®; and ®, give the desired
local triviality, ®; Uy @5 : E|¢yu, — (U UU2) x R O

Finally, for any vector bundle £, we can take the dual bundle £* whose fibre is the dual
space, pointwise, and for two vector bundles £, F' we have the vector bundle Hom(F, F') =
E* ® F whose fibre at € M is the vector space Hom(E,, F,). In particular, we have the
bundle End(F) = E* ® F for a vector bundle F, which will be of great importance later
on. This is because, for a vector space V' with the Lie group GL(V') and Lie algebra gl(1/),
we in fact have gl(V') = End(V), with its Lie bracket given by [X,Y] = XY — Y X.
A connection on a vector bundle £ will then turn out to be an End(E)-valued differential
form. We assume the reader is familiar with R-valued differential forms. The next section
will then generalise this concept to vector valued differential forms.

2.5 Vector valued differential forms

A differential k-form on a manifold is a linear functional on the tangent space at each point,
which means it takes its values in R. We will find that we need differential forms that take
their values not just in the real numbers, but in arbitrary vector spaces, such as the endo-
morphisms of a vector space, or a Lie algebra. We can even construct differential forms
that take values in a vector bundle. This section will cover how the concept is generalised.
The reader will notice a lot of familiar results.

Recall that Q%(M) = T(A*T*M). Let V be a vector space (finite dimensional, not
necessarily over R, but we will assume so for notation), and denote Wk=Wx--.-xW for
some other vector space W. Then a V'-valued covector on W is an alternating multilinear
function F' : Wk — V.. By the universal mapping property of the exterior algebra, there
is a unique F : A*W — V such that F o A = F. Denote the vector space of V-valued
k-covectors on W by A, (W, V). Then

A(W, V) = Homg (A*W, V) = (A*WW*) @ V
Hence, we denote the space of V'-valued smooth k-forms on a manifold M by

QF (M, V) :=T((A*T*M) @ V)

Let w be such a V-valued form. Let v, ..., v, be abasis for V', and let wy, ..., w;, € T,M.
Then wy,(wy, ..., wy) € V, so we can write
wp(wy, - .., wg) = wp(wy, ..., wg)v; = (w; ® v;)(wy, ..., wg)
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since w; is alternating and multilinear, making it a k-covector with values in R. Hence, we
have w = W' ® v;.

Multiplying covectors with values in vector spaces requires the presence of a bilinear
map. Suppose that V, W, X are vector spaces and m : V' x W — X is such a map. Then it
is possible to define the product of two covectors, - : Ax(T, V) x A(T, W) — Ap(T, X)
namely

k40!
w-n(ty, ... tigk) = e ngn to()s - s tor)s Ntathr1)s - - - Lo(hri)))

This is really nothing new, other than the fact that an arbitary pair of vector spaces does
not come with a standard multiplication map anymore, which we now have to specify, as
opposed to R, where we do get multiplication for free”. What is new, however, is that this
product is not graded commutative, nor indeed associative.

Proposition 2.5.1. Suppose that w = w'v; € QF(M, V) and n = w; € Q' (M, W). Then
w-n = (W Anp)m(v;, w;) € QHM, X)

The proof is essentially an exercise in bookkeeping indices, so we omit it. The direc-
tional derivative of a vector valued function f : M — V is essentially unchanged; f = f'v;
and X,/ = (X, f")v;. Next, we show how the exterior derivative changes for vector valued
forms. We define the exterior derivative’s action by dw = (dw’)v;. We show that this defini-
tion is independent of the choice of basis. Suppose that (v/, ..., v),) is another basis for V.
Then v} = a}v; for a matrix (a}) € GL(V). Then w = (')} = (W) a%v; = w'vy, since
we are just expressing the same form in different bases, so they should be equal. Hence,
w' = (w')’a’. Tt then follows that

dw = d((w')jaj.)vi = d((w’)j)aévi = (d(w')j)v}
because d(aj) = 0, so this is well defined. Keeping careful track of indices, we can show
the following.

Proposition 2.5.2. Letw € Q¥(M,V)andn € Q (M, W), m : V x W — X a bilinear
map. Then d(w - n) = (dw) - n + (—=1)*lw - dn.

Suppose g is a Lie algebra, with its Lie bracket as multiplication map. Then we instead
define the Lie bracket of two g-valued forms,

k'+l'
[w, nlp(wr, - wii) I 259” [wo(Woy, - Woi)) Mp(Woks1), s Wokrn))]

Ifw=w'X;,n =1/ X; for (X;) € g, then [w,n] = (W' A 7Y)[X;, X;]. From the fact that
[Xi, X;] = —[Xj, X;] and the fact that the wedge product is graded commutative, we get
[w,n] = (—1)**[n, w]. We leave it to the reader to figure out how d[w, 1] is expressed.
The Lie algebra gl(n, R) will be of particular interest. The Lie bracket for this algebra
is given by [A, B] = AB — BA. If (e;;) denote the standard basis for GL(n,R), then
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eijer = Ojrei. A form is called homogeneous if it is a sum of forms of the same degree.
For two homogeneous gl(nR)-valued forms, we then have

ij A Kl ik n Kkl
w,n] = w? An™egen = E w™ AN ey
ikl

with Lie bracket [w, ] = w A n*[e;;, er;]. We will show that
w,n =wAn—(=1)y Aw
[w, 7] n—=( U

First note that [e;;, ex;] = d;,€s — diiex;. Then we compute:

[w,n] = Zwij A Ukl(fsjk:eiz - 5li€kj) =
Zwik Anfley — Zwij Anfer; =wAn— (1) Z N A wey;

Change the indices & — i, j — [, @ — k to see plainly that this is in fact the desired
expression.

The pullback of differential forms with values in V' is no different than the regular
pullback of differential forms; the reader may verify this or consult [3, Section 21.6].

As previously alluded to, we can also construct differential forms with values in a vector
bundle. The discussion at the beginning of this section should have convinced the reader
that if £ 5 M is a vector bundle, then Q*(M, E) := T'((A*T*M) ® E) is the space of
smooth F-valued k-forms on M. We will need this result later to define the curvature of a
connection.

The following will serve as an example, as well as an important proposition (we assume
basic familiarity with Lie groups and Lie algebras).

Proposition 2.5.3 (The Maurer-Cartan equation). Let G be a Lie group with its Lie algebra
g. The Maurer-Cartan form on G is defined to be the unique g-valued 1-form 6 on G that
satisfies:

0.(X.) =X €9
0y(Xy) = (szlee)(Xﬁ = Oc(dLg-1 Xy) = dLy1 X,
The Maurer-Cartan form satisfies the Maurer-Cartan equation:

1
do + 316,6) = 0

Proof. By linearity, it suffices to prove this proposition for left-invariant vector fields. Let
X, Y be left invariant vector fields. Recall the exterior derivative of a 1-form is given by

dw(X,Y) = X (w(Y)) = Y(w(X)) —w(X,Y])

Then
d0g(Xg,Yy) = XgdLg1Yy — YodLy1 Xg — dLg1[Xy, Yy
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By left invariance, the first two terms are identically zero. We are left with
—dL,1[X,y,Yy] = —[dLy-1 Xy, dLy-1Y,] = —[0(X), 6(Y)]

Since
[0,6](X,Y) = [0(X),0(Y)] = [0(Y),0(X)] = 2[0(X),6(Y)]

the result follows. ]

It can also be shown that R;0 = (Ad h~')f. Indeed since L, and R, commute:

(Ad h™18,(X,) = dLy-1 0 dRy, 0 dLy-1(X,) = (dLy-1 0 dL,1) o (dRy) X, =
dL(gny-1dRy Xy = Ogn(dRL X ) = R10,(X,)

2.6 The Thom Isomorphism

We introduce another kind of cohomology, this time on a vector bundle £ = M. Let
Qf(E) denote the differential complex of forms with compact support. Denote by 7, (E)
the complex of forms with compact support in the vertical” direction. What this means is
the following. Suppose that w is a smooth k-form on E. Thenw € QF (E) if and only if for
each compact set K C M, 71 (K) Nsupp w C E is compact. This gives a corresponding
cohomology, H} (FE).

Consider first the trivial bundle M x R", and denote the fibre coordinates by ¢!, ..., y".
Then a form on E is a linear combination of one two types of forms;

() f(x, gty oy )dy o dyt, k<o
() f(z,yts ...,y )dyt ... dy"

The map 7. : QF (E) — QF (M) is called integration along the fibre, denoted by ..
Intuitively, looking at the possible components of such a form w above, it makes sense that
we should map contributions from the first type to zero; we can only integrate top degree
forms. If the form is not of top degree in the fibre, then its contribution after “integration
along the fibre” should be zero. This is indeed what the map does:

m (7 n) f(z,y', ...,y )dy™ ... dy*) =0
() flz,yts oy )dyt . dy) =0 [ [yt yTdyt L dy”

Now suppose that £ = M is an oriented vector bundle, with oriented local trivialisations.
Suppose that U, N Uz # (), and denote the respective coordinates by (z*) and (z*) with fibre
coordinates (y’) and (7). Since the trivialisation is oriented, this means that there exists a
matrix A € GL"(r,R) that takes one basis to the other, at every point in the intersection.
We again define m, = 0 for the first type of forms. Let w, = w|z-1(y,), S0 we have
W = (m*n) f(zt, ..., 2™yt ..., y")dy' ... dy". Then we define

To(wa) =1 [ f(z,y)dy

R"
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Let us show that 7, (w,) = 7.(wg) on the intersection. On the intersection, we of course
have w, = wg, so we get:

(T lvas ) f (2, y)dy = (7°7T]0,,)9(T, y)dy =
) =y [ FGgddy = [ (@l f ey =

/ (7710, )9(E, )T = 7o, / 9@ D)5 = (7o)
' R"’

Thus, this operation is well defined.
Proposition 2.6.1. Integration along the fibre commutes with the exterior derivative.

Proof. Let {(U,, ®,)} be local trivialisation for F, {p,} a partition of unity subordinate
to this cover. Then w = ) p,w so by linearity, it suffices to prove this for p,w, and since
supp po C U,, we can work with a product bundle. We will prove the case of a form of the
second type; the reader may attempt the proof for the first type.

dmw—d(n/f(:c,y)dy) (dn) /fxydy+ 1) de /8f:cy)

On the other hand,
Todw = m,((7*dn) fdy + (—1)" 7y Z Oifdz' A dy) =

() [ gy + (-0 S nde’ [ orfiy

which is the same expression. 0

Proposition 2.6.2 (The projection formula). For an oriented rank r vector bundle E = M.
Then m, is Q*(M)-linear, meaning that m,(w A 7*n) = mw A n. If in addition M is
oriented, then for QF (E), n € Q" =F(M) and with the product orientation on E, we have
Jo(mn) ANw = [, n A Tw.

See [5, Proposition 6.15] for the proof, as well as the full proof of the following, which
we only prove for the case in which M is compact (which is the case of interest to us in
chapter 6).

Theorem 2.6.3 (Thom isomorphism). Suppose that E is an orientable vector bundle of
rank r over M. Then

H,(E) = H™" (M)

where x — r denotes the lowering of the degree of forms, as produced by integration along
the fibres.

To prove this theorem, we will need a tool from homological algebra, known as the
Five Lemma, found in [5, Exercise 5.5]. The proof is very routine, but also very tedious,
so since it’s an auxiliary result, we will omit it.
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Lemma 2.6.4.

A fi B f2 C f3 D fa E

i s I3 fi
A —— B —s (¢ — D —— F
Suppose that the above diagram commutes, and the rows are exact. Suppose further

that every vertical map except vy is an isomorphism. Then -y is an isomorphism.

Now we prove the theorem.
Proof. Suppose that M is compact. Let U,V C M be open. We have an exact sequence:
0 —— Q%L (Eluwv) —— QL (Elv) @ Q4 (Ely) — Q4 (Eluav) —— 0

which again leads to a variant of the Mayer-Vietoris sequence, namely:

- ——— H(Elywy) —— HL(Ely) ® H(Ely) —— Hi(Eluay) —2— -+

lm lm lm
D HT(UUV) —— H " (U) @ H (V) —— H 7 (UNV) —— -

We show that the final square commutes. That is, m,0w = dm,.w, as the rest is straightfor-
ward. But this is a direct consequence of the projection formula from above.

0w = (7" dpy) Aw) = (dpy) A Tew = dmw

Now, we make the assumption that U is diffeomorphic to R", so we have a trivial bun-
dle, without loss of generality. In this case, we just get the Poincaré lemma for the de
Rham cohomology with compact support (but now with vertical support). Thereby, 7, is
an isomorphism for contractible open sets. Then the Five Lemma tells us that the Thom
isomorphism holds for U U V/, since it holds for U, V and U N V. Since M is compact,
any open cover of M has a finite subcover. Thus, we proceed by induction on the number
of open sets, to finish the proof. [

Under the Thom isomorphism, [1] € H°(M) is mapped to a cohomology class ® in
H' (E), called the Thom class of E. Then

T(MTWwAP) =w AT P =w
by the projection formula. Hence the Thom isomorphism is given by
T =7"()N
It can be uniquely characterised as the cohomology class in H, (E) which restricts to the
generator of H!(F") on each fibre . We will need this result to define the Euler class of an

oriented vector bundle. The Thom isomorphism also plays a role in the K -theory proof of
the Atiyah-Singer index theorem.
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2.7 A first look at characteristic classes

We move on to discuss the pre-connection incarnation of the Euler and Chern classes.
However, because they require significantly more tools from algebraic topology to define
in the higher dimensional cases, we cannot define them in full generality, and instead give
a definition that, through algebraic topology, can be shown to be equivalent.

Remark 2.7.1. This section can in principle be omitted, because both characteristic classes
will later be defined in a more straightforward manner. The following construction might
make one appreciate that simplicity more.

Suppose that £ = M is an oriented smooth rank 2 vector bundle, equipped with some
arbitrary fibre metric. Let {U,} be an open cover by coordinate neighbhourhoods that
trivialises £. Then for each U,, since we made a choice of metric, we can define an
orthonormal frame. Let E° denote the complement of the zero section in £. Now we have
local coordinates given by 7*z!, ... 7*2", rq, 0, the last two being the polar coordinates
on £y, . Suppose that U, # 0. Then r,, and r5 must be equal, due to the metric structure.
However, 0, and 63 might differ, by some rotation. Since the vector bundle is oriented, it
makes sense to define ¢,z as the angle of this rotation. That is,

05 = 0a+7r*¢a,3 : Uocﬂ — R

Note that this only only defined up to a multiple of 27; we can’t state that ¢ g+ @gy — Poy =
0, we can only say it is an integer multiple of 27r. Consider, though, the 1-forms

1 1
Mo = 5= D Prddra M= 5= D  prddis
Y Y
Then we have

1 1 1
g — Na = % vad(gbvﬁ - ¢70¢) = % 27: d(gbocﬁ + Qkﬂ) = % prdqﬁaﬁ

where {p,} is of course a partition of unity, so 7z — 1, = %dgbag, and these d¢,z do
satisfy the cocycle condition (as the reader can check). Thus, dn, = dnsz on U,g, so they
define a global 2-form designated e on M. The cohomology class of this form in H?(M)
is called the Euler class of £, also denoted e(F). The reader may verify that this class is
independent of the choice of 1-forms.

It can furthermore be shown that the pullback of the Thom class to M via the zero
section is the Euler class, and in fact, as preivously alluded to this is how we will define
the Euler class for the higher dimensional cases. Combining the equations from before, we
can see that
df, . dbg .

op T la=5 - T T
so these forms together provide a global form called the global angular form, . It is easily
verified that di) = —7*e.
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We can give the Euler class in terms of the transition functions 7,4 : U,g — SO(2). We
know that SO(2) = S as a Lie group, with S' C C. So we can represent an element by
¢ for some angle 6. Then the angle is given by + log(7,s), so that

1 1
0o — b = 1" (= logTag) = T dap = —7"(=10g Tap)
i i

By injectivity of the pullback of the projection, we in fact have

—1
bap = TlogTaﬁ

Choosing a partition of unity, we then find
-1
e(E) = 5 ; d(p,dlog Tyq)

on U,. This also shows that, for a smooth map between manifolds f : N — M, we have
e(f*E) = f*e(E), since f*7,p4 are the transition functions for f*E. This is called the
naturality property of the Euler class.

We now show that the Thom class @ is given by dp(r) - ) — p(r)7*e for some function
p that is —1 at the origin, and 0 towards infinity, with dp = 0 near the origin. We then have
TP = [ 02” dp(r) - % = 1. We clearly have d® = 0. The reader may verify that it is
independent of the choice of function p(r). Hence, if £ : M — FE denotes the zero section,
then £*® = e. Indeed, we have

® = d(p(r)52) + sdp(r)m Y prdlog7re)

21 211
>

If a bundle has a smooth nonvanishing section, then its Euler class vanishes; to prove this,
we would need far too much extra material. For the the rank 2 case, since —7n*e = d), if o
is a section of F, then 7 o ¢ = id. Thus —e = do*1, so it is exact, hence vanishes.

The first Chern class of a complex line bundle is the complex analogue of the Euler
class. In fact, we define it this way.

Definition 2.7.2 (First Chern Class). Suppose that L is a complex line bundle over some
manifold M. Then ¢;(L) = e(Lgr), where Lg means we just “forget” about the complex
structure on L.

For the tensor product of two bundles L ® L', the transition functions are given by
Tap"Top- Hence, looking at the definition of the Euler class above, the reader may verify that
(LR L") =ci(L)+ ey (L). If L* denotes the dual space of L, then L ® L* = Hom(L, L)
which clearly has a nonzero global section; the identity map. Hence, its Euler class as a real
vector bundle is zero, so ¢1(L) = —c;(L*). For the definition of the higher Chern classes,
we will have to delve a little deeper into algebraic topology.

Suppose that £ = M is a complex vector bundle with transition functions Tap. The
projective linear group, PGL(n, C), is given by the quotient of the general linear group by

31



2.7. A FIRST LOOK AT CHARACTERISTIC CLASSES

scalar matrices, i.e. scalar multiples of the identity map. Define the projectivisation of £
to be 7 : P(E) — M, which at each point has the fibre P(E,), the projective space. The
transition functions are then p(7,3), where p : GL(n,C) — PGL(n,C) is the projection
map. There are so-called tautological bundles on P(FE), such as 7* F, which at each point
l, € P(E), where l, is a line in £, has as fibre F), itself. There is also the universal
subbundle S = {(/,,v) € 7*(E) : v € [,}. Then we have an exact sequence

0—=S—>7EF—=Q—0

Which defines the universal quotient bundle (). For a proof of the following theorem, see
[5, Theorem 5.11].

Theorem 2.7.3 (Leray-Hirsch). Suppose that there are global cohomology classes given
by ey, ...,e, on E which freely generate the cohomology of each fibre when restricted
to it. Then H*(E) is a free module over H*(M) with basis {ei,...,e,}. This means:
H*(E)=2 H*(M)®R{ey,...,e,} = H*(M)® H*(F)

Let x = ¢;(S*) € H*(P(E)). The restriction of S on P(F) to P(E,) is the universal
subbundle S of the projective space P(E,), the naturality of the Euler class (and thus the
first Chern class) then implies ¢1(S) is the restriction of —z to P(E,). Therefore, the
cohomology classes 1,z,...,2" ! are global classes on P(F), whose restrictions freely
generate the cohomology of the fibre. Then by the Leray-Hirsch theorem, the cohomology
of H*(P(FE))is a free module over H*(M) with basis {1, z, ..., 2" '}. Thus, we can write
z"+cy (E)z" '+ - -+c,(F) = 0. These coefficients lie in H*(M ), and are called the Chern
classes of £. We define the total Chern class of E by ¢(E) =1+ c1(E)+---+c,(F) €
H*(M), with ¢;(E) € H*(M).

A lot more can be said about Chern classes, but that is not the goal of this section; we
simply wanted to show that the ordinary construction of these two characteristic classes
is ordinarily rather involved. Hopefully, this will make the reader appreciate the seem-
ingly more “natural” construction that can be given once we establish the concepts of a
connection on a vector bundle.

Remark 2.7.4. There are two other kinds of characteristic classes, one of which we’ll
introduce in the context of connections and curvature, and one of which we shall introduce
a bit later. They are the Pontrjagin and Stiefel-Whitney classes, respectively. The latter
can be used to detect something called a ”spin structure” on a manifold, which is highly
relevant to more advanced treatments of gauge theory. However, the Stiefel-Whitney class
cannot be treated through the lens of connections and curvature.

Definition 2.7.5. Let £ — M be a real oriented vector bundle, with its Thom class given
by ®. The Euler class of E is defined by e(E) := £*®, where £ is the zero section of E.

Definition 2.7.6. Let £ — M be a complex vector bundle and P(E) = M is projectivi-
sation, with 7*E' = S the universal subbundle. Let z = ¢;(S*). The Chern classes are
defined by 2" + ¢1(E)xz" ' + -+ + ¢,(FE) = 0, where {1, ..., 2"} are global cohomol-
ogy classes on P(E) which freely generated the cohomology of each fibre P(E,) when
restricted to it.
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2.8 Group actions and the Adjoint Representation

Before we proceed, we first cover the preliminaries on group actions and Lie group/algebra
representations. We will assume basic familiarity with the theory of Lie groups and Lie
algebras, as well as group theory, so we will not give proofs for the elementary results.

Definition 2.8.1. Let G be a Lie group and M a smooth manifold. A right action of G on
M is a smoothmap - : M X G — M suchthat (p-¢1) - g2 =p-(g192) and p- e = p. We
also denote this by 6 : M x G — M with §,(p) =p - g.

Since each 0, has a smooth inverse, this means a Lie group acts on a manifold by
diffeomorphisms. The orbit of a point is defined by p- G := {p- g : g € G}. The isotropy
group is defined by G, := {g € G : p- g = p}. The action is transitive if p - G = M, and
free if G, = {e} for all p € M. Left actions are defined similarly.

Example 2.8.2. Let S?*™! C C"*! be the unit sphere. Define an action by S* C C
on S by z - (w!, ..., w"™) = (zw!, ..., zw™"). This action is clearly smooth. As
2 varies over S!, we see that the orbit of each point w is itself a circle. Suppose that
Stow; NSt wy # Q. Then 2 - wy = 2w, = 2wy = 2z - wy = 2z(w; — wy) = 0. Since
z € 81, 2 # 0. Therefore, w; = wy. Consequently, the orbits of each point p € S*"*! are
disjoint. Hence, their union is a disjoint union which is equal to S?"*!. We will be build
upon the foundation of this example throughout the rest of the text.

An action is said to be proper if the map defined by (p, g) — (p - g, p) is a proper map.
The following propositions can be found in [4, Proposition 21.5].

Proposition 2.8.3. If a Lie group acts continuously and properly on a manifold, then the
orbit space is Hausdorff. In this case, the following are equivalent:

1. The action is proper.

2. If (pi) converges in M and (g;) is a sequence in G such that (p; - g;) converges, then
a subsequence of (g;) converges.

3. For every compact subset K C M, the set G = {g € G : (¢9- K)N K # ()} is
compact.

Corollary 2.8.4. Every continuous action by a compact Lie group on a manifold is proper.

Theorem 2.8.5 (Quotient Manifold Theorem). Suppose a Lie group G acts smoothly, freely
and properly on a smooth manifold M. Then M /G, the orbit space, is a topological mani-
fold of dimension dim M — dim G which has a smooth structure such that M = M /G is
a smooth submersion.

Example 2.8.6. The previously defined action of the circle on the sphere in C*"! is proper;
St is compact. It is evidently free by a similar argument as the one in 2.8.2. Consider the
quotient space S?"*1 /S, which is now a 2n-dimensional (real dimensions) manifold by
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the quotient manifold theorem. We have a natural projection map 7 : C**! — {0} — CP",
the complex projective space. Take the restriction of this quotient map to S***1, so we have
w ~ Aw, |A| = 1 (since A\w € S?"! requires |\| = 1). Then we see that this map makes
exactly the same identifications as the action defined in our previous example (which is
called the “Hopf action”). Therefore, CP" ~ $2"*1/S1. It should be known to the reader
that CP' ~ S2. The fibration S* < 53 < 52 is called the Hopf fibration and has stunning
visuals to accompany it.

Theorem 2.8.7 (Transitive group actions). Suppose we have a set X on which there is a
transitive action of a Lie group G, such that the isotropy group of some p € X is closed in
G. Then X has a unique manifold structure that makes the action of G a smooth action.
Then dim M = dim G — dim G),

If the action of G is transitive, then we call M a homogeneous space. If H is the
isotropy group, then M ~ G/H. Let V be a vector space (finite dimensional, as usual).
A Lie group representation of GG is a Lie group homomorphism G — GL(V'). If this
homomorphism is injective, it is called a faithful representation.

Example 2.8.8. Let v = (z!,...,2") € R" Then = + diag(e®™*',... e>™*") €
GL(n, C) is a (faithful) representation of R”.

Similarly, a Lie algebra representation is an algebra homomorphism g — gl(V),
faithfulness being defined in the same manner. If p : G — GL(V') is a Lie group repre-
sentation, then the induced map p, : g — gl(V') is a Lie algebra representation. Suppose
we are given a Lie group G with its Lie algebra g. For any g € G, we can define the
conjugation map, C,, : G — G by C,;(h) = ghg~', which is a Lie group homomorphism.

Definition 2.8.9 (The adjoint representation(s)). Define a map Ad(g) = (Cy). : g — g.
Then Ad : G — GL(g) is a Lie group representation called the adjoint representation of G.

For any Lie algebra g, the map ad : g — gl(g) defined by ad(X)Y = [X,Y] is a Lie
algebra representation, called the adjoint representation of g.

It is straightforward to check that Ad is a homomorphism, and smooth, thereby a Lie
group homomorphism. We will show that ad defines a Lie algebra representation. Recall
that this means we should have ad([X, Y]) = [ad(X), ad(Y")]. Linearity should be obvious.
We have

ad([X7 YDZ = [[X’ Y]>Z] = _[Z’ [X7 Y” = [X7 [Y> Z]] + [Ya [Z>XH
by the Jacobi identity.

d(X)[Y, 2] —ad(Y)[X, Z] =

XY 2+ IV, [2, X = (XY, 2] = [V [X Z)) = a
(Y)Z = ad(Y)ad(X)Z = [ad(X),ad(Y)]Z

ad(X)ad

Hence, this is a Lie algebra homomorphism. As such, it is indeed a Lie algebra representa-
tion. As the names suggest, the two are intimately related.
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Theorem 2.8.10. Let G be a Lie group with Lie algebra g. Then Ad, : g — gl(g) is given
by Ad, = ad.

Proof. Take X € g. Let X be the left invariant vector field generated by it. The integral
curve of X through e is given by exp(tX) =: 6,(e). Then we compute

d d
Ad*,e(X)Y = E tZOAd(eXp(tX))Y = E t:O(Rexp(ftX))*(Lexp(tX))* =
d ~ d ~
77 |, Flexp(-130) Yexp(ex) = @L:O(eft)*(Yexan)) =
(LgY)e = [X,Y]. = [X,Y] = ad(X)Y
Of course, L is the Lie derivative. O

Remark 2.8.11. Far more sophisticated constructions of Lie group representations are pos-
sible. The Pauli spin matrices and Dirac v matrices, for instance, for which one has to go
through a much more laborious construction. We shall not investigate that here, as for now
we will primarily be concerned with adjoint representation of a Lie group. We will take up
the example of the Dirac v matrices in chapter 5.

Recall that a complete vector field on a manifold generates an action of R on the man-
ifold, by flowing along the integral curves of the vector field, starting at an arbitrary point
p € M. This notion has a generalisation, called the fundamental vector field. Denote the
group action § : M x G — M or alternatively by p - g. Let X € g. The exponential map
determines a smooth global flow on M by (¢,p) — p - exp(tX). Let

d

X, =— . tX

T P exp(tX)
Then we getamap 6 : g — I'(T'M), defined by 0(X) = X (which we might also denote
by X*, depending on context). This vector field is called the fundamental vector field of
X € g. We could also give this description in terms of the orbit map 6” : G — M defined
by 07(g) = p - g. Letting v(t) = exp(tX) we have

d

dOgXe = (07 07)'(0) = —|  p-exp(tX) =X

- dt lt=0 P

Recall that if ' : M — N is smooth and X is a vector field on M, then a vector field Y on
N is said to be F-related to X if dF, X, = Yp(,) forall p € M.

Lemma 2.8.12. Let G be a Lie group and 0 a smooth right action of G on M. For any
X egandp € M, X and 0(X) are 0 related.

Theorem 2.8.13. Suppose that G is a Lie group with Lie algebra g and 0 a smooth right
action of G on M. Then the map 0 : g — I'(T'M) is a Lie algebra homomorphism.

This follows easily from the naturality of the Lie bracket and the preceding lemma.
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Proposition 2.8.14. Suppose 0 is a smooth right action action of a Lie group G on M. For
X € g the fundamental vector field satifies the following equivariance property:

AR, Xt = ((Ad g~ ") X

Proof. To show this, we need that for all p € M, dRy(X) = ((Adg~")X)!,. Define
N+ G — M by n,(g) = p-g. Then for h € G we get (R, - n,)(h) = phg = pgg~"hg =
Npg (97 hg) = (1pg © Cy-1)(h). The result follows from differentiating, by the chain rule.
We left out - for the group action, this will become a recurring abuse of notation. [

Naturally, for X € g, the curve given by ~,(¢) = p - exp(tX) is the integral curve of
the fundamental vector field through p. The fundamental vector field X vanishes at a point
if and only if X lies in the Lie algebra of the isotropy group of p. As a result, for the map
7, as defined in the proof of the preceding proposition, we have

kerd(n,). = Lie(G,)

where G, is the isotropy group.
For future reference, we also define the notion of a semi-simple Lie group.

Definition 2.8.15. We define a Lie algebra to be simple if it has no non-trivial ideals, and
semi-simple if it is a direct sum of simple Lie algebras. We say that a Lie group is (semi-
)simple if it is connected, and its Lie algebra is (semi-)simple.

Remark 2.8.16. To fully appreciate this, one should be familiar with the classification of
simple Lie algebras, achieved by Killing and Cartan.

2.9 Bi-invariant Metrics on Lie Groups

Suppose we have a Lie group G. Then a metric g on G is said to be left-invariant if, for
all h € G, we have L; g = g, and similar for right-invariance. A bi-invariant metric is then
obviously a metric that is both left and right invariant. It is then straightforward to see that
there is a bijective correspondence between left-invariant metrics on (G, and inner products
on g = T,.G, by restricting the metric to the identity element e.

Theorem 2.9.1. Let g be a left-invariant metric on G. Then g is bi-invariant if and only if
the corresponding inner product on g satisfies:

(Ad(h)X,Ad(h)Y) = (X,Y)
which is referred to as Ad-invariance.

Proof. Let C}, be conjugation by h € . Let X € g be arbitrary. Then we have, by
left-invariance:

(Ri-1)2 X = (Rp-1)u(L1). X = (Ch). X = Ad(h)X
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Let i/ € G be arbitrary. Then the previous result leads to:

((Rhfl)*g)h/ (Xh/, Yh’) = gp'p-1 (((Rhfl)*X)h/hfl, ((Rhfl)*y)h’h*1> =
(Ad(h)X,Ad(h)Y)
Therefore, if the inner product is Ad-invariant, then (X,Y) = gu (X}, Yy ), and thus

(Rp-1)*g = g, so g is bi-invariant. For the converse, suppose the metric is bi-invariant.
Then the first computation from above gives the result. ]

Lemma 2.9.2. Let G be a Lie group and g its Lie algebra. Suppose that H C GL(g) is a
subgroup. Then there exists an H-invariant inner product on g if and only if H has compact
closure in GL(g).

Proof. Let H be the closure of H, which is also a Lie subgroup. Take an arbitrary inner
product on g, and let  be a right-invariant volume form on H. The existence of such a
volume form is proved in [4, Proposition 16.10], under the name “Haar volume form”. Let
X,Y € g be arbitrary and define Fxy : H — Rby Fxy(h) = (hX,hY) and define a
new inner product (-,-)o by (X,Y) = [ Fx,yp. Then, we have

Fh/)(,h/y(h) = <hh,X, hh/Y> = FX7y o Rh/(h) — <h/X, h/Y>0 =
/Fhfx,hfy,u = /(FX,Y S Rh/),u = /RZ/(FX,Y,U) = /FX,Y,LL = <X, Y>0
H H H H
Which proves H-invariance, and thus H-invariance. The converse is left as an exercise to
the reader, as we will only be using the result we just showed. [
The previous two results then give us the following:

Theorem 2.9.3. Let GG be a Lie group with Lie algebra g. Then there exists a bi-invariant
metric for G if and only if Ad(G) has compact closure in GL(g).

Corollary 2.9.4. Every compact Lie group admits a bi-invariant metric, and thus an Ad-
invariant inner product on g.

Example 2.9.5. For the Lie algebra su(n) of the Lie group SU(n), we take the inner prod-
ucttobe (X,Y) = tr(XY™*) = —tr(XY).
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Chapter 3

Connections, Curvature and
Characteristic Classes

The title of this chapter is the sub-title of Tu’s book Differential Geometry” [3], because
this section was largely inspired by it, and this book is what made me really start to appre-
ciate differential geometry. In addition, several results from [7] and [8] are used.

3.1 Covariant derivatives in Euclidean space

We start of this chapter by motivating connections, from the perspective of Euclidean space.
Therefore, we may assume R™ to be R? and M to be some embedded surface, e.g. the torus
or the sphere. Given two vector fields X and Y, we have the directional derivative of Y
along X given by

DxY = (Xy")o;

First, we make the observation that we can view this operation slightly more abstractly:
D :T(TR") — Q'(R",TR"), X~ DX

On an arbitrary manifold, this notion does not generalise in a straightforward manner, be-
cause the tangent spaces are disjoint, with no canonical way of identifying them with each
other. In Euclidean space, the directional derivative satisfies the following properties.

Proposition 3.1.1. Let X, Y, Z be vector fields on R" and f € C*(R"), a € R.
1. DfX(CLY + Z) = afDXY + fDXZ
2. DxfY = (Xf)Y + fDxY

It turns out that these properties are sufficient to carry over the notion of directional
derivatives to manifolds. We want to have a linear operator that respects the Leibniz rule.
In some sense, this is the most general notion of a derivative operator, in a context where
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3.2. CONNECTIONS AND CURVATURE

want to utilise linear algebra. Before we do this, let’s first cover a few concepts associated
with the directional derivative on Euclidean space, namely torsion and curvature.

We would like to know if DxY = Dy X. As the reader may verify, this generally does
not hold. What we instead have, is DxY — Dy X = [X,Y]. From this, we get what is
called the torsion”, which will not be used too much throughout this thesis, but is a very
relevant notion particularly in Riemannian geometry. The torsion is defined by

T(X,Y)=DxY — DyX — [X,Y]

The quantity may not be zero for more general classes of connections. As we shall see,
the directional derivative in Euclidean space that we’re considering here is a rather spe-
cial connections, namely the so-called Levi-Civita connection associated to a metric. This
connection is always torsion free. Furthermore, the directional derivative satisfies a cer-
tain compatibility condition, when we impose the standard Euclidean metric. That is,
Dz(X,Y) = (DzX,Y) + (X, DzY). If we call that the Euclidean metric tensor is just
the identity matrix, and let X = 2'0; and Y = 47 9;, then

Dy(X,Y) = 3 Z(a'y') = S (Za)y' + 3 4 (Zy') = (DzX.Y) + (X, DY)

This final condition is called "compatibility with the metric”. Now, suppose that we have a
curve v : I — M. We would like to generalise the notion of a ”straightest possible line” in
Euclidean space, also known as a geodesic. If M is embedded in R", it might be the case
that we can no longer view these lines as “straight”, think of the sphere. However, recall
that 7,R™ = T,M & (T,,M)*. We can then define

V') =x(y"(t), 7: TR = TypM

We declare a curve to be a geodesic when this tangential acceleration is zero. Similarly,
given a vector field on M, that is a section of I'(7'M ), we would like to give intrinsic”
meaning to the notion of the derivative of said vector field. For this reason, if X € I'(T'M)
we define

DxY =n(DxY), D :T(TM)xT(TM)—T(TM)

This is in stark contrast to the naive generalisation of the directional derivative without
projection, which would be a map I'(T'M) x I'(TM) — T'(TR"). What we have thus
constructed is known as the “covariant derivative” for vector fields, when a manifold is
embedded in R". We would now like to generalise this notion to a scenario with no ambient
space taken into consideration.

3.2 Connections and Curvature

On an arbitrary manifold, we cannot define a connection in the same way as we did for
an embedded manifold in Euclidean space, as there is no canonical choice to identify the
tangent spaces, or more generally, the fibres of the vector bundle. We can either talk about
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3.2. CONNECTIONS AND CURVATURE

abstract connections, or about parallel translation of vectors in vector bundles. It can be
shown that these lead to an equivalent notion of a connection. We won’t be using the
parallel transport approach here, but one should be aware that the two are equivalent.

Definition 3.2.1 (Koszul connection). Let £ = M be a smooth vector bundle. A linear
(or Koszul) connection on E is a map

V:TI(TM)xT(E) = T(E) V:I'(E)— QY(M,E)
such that the following hold for X € I'(TM), o,7 € I'(E), f € C>®(M), a € R:
l. Vix(ao+71)=0afVxo+ fVxT
2. Vx(fo)=(Xf)o+ fVxo

A Koszul connection on the tangent bundle is usually called an affine connection. In
this way, the directional derivative earlier defined is indeed an affine connection, called the
Euclidean connection.

Example 3.2.2. Suppose £ of rank r is trivial. Let £/ 2, M x R". Then the trivialisation
induces a connection on E. Let eq,...,e, be a basis for R”. The map o;(p) = (p, ;)
defines a global frame for M x R", with ¢; = ®~! o 0;. Hence, we can write o = f'e; for
some smooth functions f?. Then define Vxo = (X fi)ei, by declaring that V xe; = 0 for
all e; (which means the section is said to be “’flat”).

Using this, along with a partition of unity, it can easily be shown that any vector bundle
admits a connection. For a connection on the tangent bundle, we have the notion of torsion,
defined by the same equation as before. The torsion is C°°( M )-linear in both arguments.
We won’t be utilising the notion of torsion throughout the rest of this thesis, except for
completeness when stating Cartan’s structural equations later on. Now, suppose that we
impose additional structure on the manifold by providing a Riemannian metric. Then we
say that the connection is compatible with the metric if for XY, Z € I'(T'M), we have

Z(X,)Y)=(VzX,)Y)+ (X, VzY)

Suppose we have a smooth local frame (e;) for the tangent bundle on U C M. Since
Vee; € T(TU), we have V.e; = I'};e,. The symbols I'}; are called the connection
coefficients with respect to the local frame.

Proposition 3.2.3. For X,Y € T'(TU) with X = X'e; and Y = Y7e; in terms of a local
frame, we have o
VxY = (X(Y*) + X'YT) e

The result follows from the definition of a connection, and is left as an exercise to
the interested reader. We might wonder whether these connection coefficients behave like
tensors, in terms of their transformation laws. This is not the case, as is shown in [9,
Proposition 4.7].
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Proposition 3.2.4. For two given frames (¢;) and (€;) related by ¢; = Ale;, we have
[ = (AT)F AT AT, + (A7) Aflen(4))

This clearly shows that the connection is not a tensor field. However, the difference of
two connections is, because it is bi-linear over C*° (M), which means that it is induced by
a covariant 2-tensor field cf. A.0.6. In fact, any affine linear combination of connections is
itself a connection. Suppose that Y, ¢; = 1. Then define V = ¢, V'. Let X, Y € I'(TM).
Then

VixY =t;VixY = ft;VyY = fVxY
Vx(fY) = Ztivgf(fy) = th’((Xf)Y +fVyY) =
O _t(XNHY)+ O _tifViY) = (XY + fVxY

Definition 3.2.5 (Levi-Civita connection). The Levi-Civita connection on a Riemannian
manifold is the unique connection that is both torsion free and compatible with the metric.

The existence of the Levi-Civita connection will be used later on, when we treat spinors
and the Dirac operator, in chapter 5.

Theorem 3.2.6 (Fundamental Theorem of Riemannian Geometry). The Levi-Civita con-
nection exists on an arbitrary Riemannian manifold.

To prove the theorem, we use the following lemma.

Lemma 3.2.7. A vector field X on a Riemannian manifold is completely and uniquely
determined by its values (X,Y) forall Y € I'(TM).

Proof. To prove this, suppose that (X,Y) = (X', Y). Then (X — X", Y) = 0. In particular,
(X — X', X — X') = 0. By positive definiteness, this means that X = X’. Now we prove
the uniqueness and existence of the Levi-Civita connection. Suppose that it exists. Then
it has to satisfy two properties, namely VxY — Vy X — [X,Y] = 0 and X(Y,Z) =
(VxY,Z) + (Y, VxZ). Cyclic permutations then give two more conditions:

Y{(Z,X)=(VyZ,X)+ (Z,VyX) (3.1)
Then use the first one of these to write Y (7, X) = (Vy Z, X) + (Z,VxY) — (Z,[X,Y]).
Subtracting the other cyclic permutation from the first, and adding it to this expression we
get
XY, Z)+Y(Z X)—Z(X,Y) =
2<ny, Z> —+ <Y, VxZ — V2X> —+ <X, VyZ — V2Y> — <Z, [X, Y]) =
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Where we used that the torsion is, by assumption, zero. We can then solve this expression
to obtain what is known as the Koszul formula:

The reader may verify that this indeed defines a connection on M. [

Let us show that the Euclidean connection is the Levi-Civita connection associated with
the standard Euclidean metric.

Example 3.2.8. Suppose that M is a surface in R3. Then the Levi-Civita connection on
M is given by the previously defined projection of the directional derivative. We will show
compatibility with the metric. Torsion freeness is left as an exercise to the interested reader.
Let IV be the unit normal vector to the surface. Then

(m(DzX),Y)=(DzX — (DzX,N)N,Y)
Thus, we find

(DzX = (DzX,N)N,Y) + (X, DY — (DY, N)N) =
(DzX,Y) — ({(DzX,NYN,Y) + (X, D;Y) — (X, (DY, N)N)

Since N L T'M, this reduces to (D X,Y) + (X, DY), as desired.

We now move on to show how connections on bundles induce connections on various
related bundles.

Proposition 3.2.9. Every connection on M induces a connection in each tensor bundle
TEDT M such that the following conditions are uniquely satisfied:

1. Vxf=Xf

2. Vx(F®G)=(VxF)® G+ F ® (VxG)

3. Vx(tr F) =1tr (VxF)

Although this result may look non-trivial, it follows by induction and the fact that
(Vxw)(Y) = X((Y)) ~ w(VxY)

Proposition 3.2.10. Suppose that (E, V) and (E', V') are vector bundles with connections.
Then V @ V' defines a connection on E & F'.

Proof. Let X € I'(TM), (o0,0"),(1,7) e I(E@ E"), f € C°(M) and a € R. For the
first property, we have:

(Vo V)ix(a(o, o)+ (1,7) = (Vix(ao + 1), Vix (a0’ + 7)) =
(afVxo+ [VxT,afVid + fVxT) =af(VE V' )x(0,0) + f(VEV)x(1,7)
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Now we verify the second property.

(Ve V)x(f(o,0) = (Vx(fo), Vix(fo') =
(Xflo+ fVxo,(X[f)o' + [Vxo') = (X [)(o,0") + [(V & V)x(0,0")

We have a similar, though not identical result for the tensor product of two bundles.

Proposition 3.2.11. Suppose that (E, V) and (E', V') are vector bundles with connections.
Then V ® V' defines a connection on E ® E', if we let it be defined by:

(Ve V)x(c®d)=(Vxo)®d + o0& (Vo)
for sections 0 € I'(E), o' € I'(E') and X € I'(T'M), and extend by linearity.
Proof. Leto,o’, 7,7, X, f, a be as before. Then for the first property, we have:
(VeV)ix(ao@d + 171" =
(Vix(ao)) ® 0" + 0@ (Vixao") + (VixT) @7 + 70 (VixT) =
a(fVxo)®0c +ac @ (fVid )+ ([VxT) @7 + 7 (fViT) =
a(VeaV)xlcd)+ (VeaV)x(rer)

Secondly, we find that
(Ve V)x(fewad)=(Vxfo)@d + fow (Vid) =
(Xf)o+ fVxo)®@d' + fo® (Vo)
(Xflo®o' + f(Vxo) @'+ fo (Vxo) = (Xflo®o + f(VRV)x(o® )

]

Proposition 3.2.12. Suppose that f : M — N is a smooth map between manifolds and
f*E is the pullback bundle of a vector bundle over N. Suppose that E has a connection
V. Then we can define a connection f*V on f*E by:

(f*V)x(f*s) = f*(Varx)s)
fors e T'(E).
The proof is immediate from the definition. As before for affine connections, the differ-

ence between two connections on a vector bundle also defines a connection. We thus have
the affine space of connections on a vector bundle,

AE)={V°+V:V e Q' (M, End(E))}

We will use this fact later on in our treatment of characteristic classes, when we construct a
homotopy between different connections. The fact that the space of connections is an affine
vector space means that there exists a straight line homotopy between any two connections.
Associated to every connection is the curvature tensor, which will be paramount in the
continuation of this text.
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Definition 3.2.13 (Curvature). Let £ = M be a rank r vector bundle with a connection
V. Then we define amap R : ['(T'M ) x I'(TM) — End(I'(E)) by

R(X, Y)O’ = vayO' — VYVXU — V[Xy]O'

called the curvature of V, which is C'*°-linear and skew-symmetric at every point p € M.
Thus, there is an alternating bilinear map R, : T,M xT,M — End(E,) called the curvature
tensor of V.

Like for connections, we have the following result.

Proposition 3.2.14. Suppose that (E, V) and (E', V') are vector bundles with connections.
Then we have:

1. Rv@v/ = Ry & Ry
2. Rygvw =Ry ®I'+1® Ry
Proof. Let X, Y € I'(TM)and o € I'(E) and o’ € T'(E’).

Ryev (X,Y)(o,0)
(Ve V)x(Ve Vy(e,d) - (Ve V)y(Ve V)x(o,o - (Ve V)xy(sd) =
(VxVyo,ViVyo') = (VyVxo, Vi Vi) = (Vixy)o, Vixy0') =
(Rv(X,Y)o, Ry/(X,Y)o') = (Ry ® Ry )(X,Y) (0 & o)
The second assertion is somewhat less trivial, but notice the terms that will cancel out.
Ryaw (X.Y)(0 @ ') = (V& V)x (Ve V)y(o®a)—
(Vo V) (Ve V)(eod) - (Ve V)xyood) =
(Ve V)x(Vyo)®@o +0@ (Vyo') = (Ve V)y(Vxo)®@d + o0& (Vid'))—
(Vixyjo) @0’ — o0 @ (Vixy)o') = (VxVyo) @ o' + (Vyo) @ (Vio')+
(Vxo) @ (Vyo') + 0@ (Vi Vyo') = (VyVxo) @ o' — (Vxo) ® (Vyo')—
(Vyo) @ (Vxo') =0 @ (VyVixo') = (Vixy)o) ® 0’ =0 @ (Vixyi0') =
(VxVyo)®oc' — (VyVxo)® o' — (Vixy)o) @ o'+
0 (VxVyo') =0 @ (Vi Vo) = 0@ (Vi o) =
(Ry®I' +I® Ry/)(X,Y)(0 ®0’)
[

3.3 Connection 1-forms and Curvature 2-forms

Every connection on a vector bundle restricts to a connection on E|;; ~% U, which we still
denote by V. Suppose that U has a trivialisation @, and (e;) is a frame for E over U. Let
X € I'(TU). Since o € T'(E) can be written locally as o = a'e;, we can write Vo as a
linear combination of V xe; using the linearity and Leibniz properties.
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Definition 3.3.1. The 1-forms w} on U that satisfy
Vxe; = wi(X)e;
are called the connection 1-forms of V on U. The matrix w = (w?) € Q'(M,End(E)) is
called the connection matrix (both relative to the frame).
Definition 3.3.2. For X,Y € ['(TU), we can write
R(X,Y)e; = (X, Y)e;

Because R(X,Y) is alternating and C'*°-linear, all the Q; are as well, so they are 2-forms
on U, called the curvature forms of V on U. The matrix Q = (Q}) € Q*(M,End(E)) is
called the curvature matrix of V on U (w.r.t. (&;)).

Note that w and €2 are not ordinary differential forms, this is where vector valued differ-
ential forms enter the picture. For a connection on the tangent bundle, the notion of torsion
again is relevant. If (6°) denotes the dual frame to (e;), then X = 6°(X)e;. We can then
define the torsion form by T(X,Y) = 74(X, Y )e;.

Theorem 3.3.3 (Cartan’s structural equations). Let E = M be a vector bundle with con-
nection form w and curvature form Q, or TM = M with torsion form T.

1. Tt :in—l—w;-/\Gj
2. Q= dw! + wj, AWk
Proof. Let X, Y € I'(TU).
VxVye; = waf(Y)ek = wa(Y)ek + w;?(Y)VXek = Xwi(Y)e; + w;?(Y)w,i(X)ei
Vy Ve, is found similarly.
Vixyle; = w;-([X, Y])e;
Consequently, we get the following:
R(X,Y)e; = (Xwi(Y) = YWi(X) = wi([X, Y]))er + ((X)wh(Y) — wh (V) (X))e; =
dw' (X, Y )e; + wp Awh(X,Y)e;
Here, we used that
(dw)(X,Y) = Xw(Y) = Yw(X) —w([X,Y])
(WANX,Y) =w(X)n(Y) —w(Y)n(X)
This proves the first result. For the second one,
VxY = (X& (YV))E; + 67 (Y )wi(X)e;

Similarly for Vy X. [X,Y] = 0°([X, Y])e;. Substituting and simplifying gives the result.
In matrix notation:
T=dd+wNl Q=dv+wAw
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Proposition 3.3.4. Suppose that E = M is given a fibre metric. Then the connection
matrix relative to an orthonormal frame for a trivialising open set is skew-symmetric, pro-
vided that V is compatible with the metric. The converse is likewise true (if it holds for
every trivialising open set).

If the connection matrix is skew-symmetric, then by the structural equation, the curva-
ture matrix is as well. Thus, we have:

Corollary 3.3.5. The curvature matrix relative to an orthonormal frame for a trivialising
open set is skew-symmetric, provided that the connection is compatible with the metric.

Let us prove the implication from the proposition that will be of use to us, namely that
if a connection is compatible with the metric, then relative to an orthonormal frame, the
connection matrix is skew-symmetric.

Proof.
0= X(ei,€j> = <VXei,6j> + <€i, VXej> = (wk(X)ek,ej> + <ei,wf(X)ek> =

1

Wi (X)6] + wh(X)0], = w!(X) + wi(X) = w](X) = —w}(X)

J

]

Proposition 3.3.6. Let M be a Riemannian manifold, U an open subset with local or-
thonormal frame (e;) with dual frame (0"). Then there exists a skew symmetric matrix (w;)
such that d9" + w} A BT = 0.

The proof simply uses the Levi-Civita connection, which is torsion free and compatible
with the metric.

Example 3.3.7. The Poincaré disk is defined by {z € C : |z| < 1}, along with the metric
given by

A(dr ® dx + dy ® dy)
(1 —1[2?)
We have an orthonormal frame given by
1 1
e = 51— 210 e =(1-12P)9,
Where of course 2 = x + 1y. The corresponding dual frame is given by
o 2dx 02 _ 2dy
1 —a?—9y? 1 —a?—9y?
4y 4x
A0t = —————dyAdr d#* = —————dx Nd
(1— a2 —y2)2 ynar (1— a2 — y2)2 LA ay

Then by the previous proposition, using skew symmetry, we get
dot +wy ANO* dO* —wy ANO' =0

Writing w) = a46" + %6, we find that ay = y and by = —z. Thus, wy = yf' — 26 = —w.
Using Cartan’s second structural equation, it is a simple computation to find the curvature
forms. They are Qf = Q2 = 0 and Q) = dwl = —Q3.

46



3.3. CONNECTION 1-FORMS AND CURVATURE 2-FORMS

We are also given a way to compute the connection coefficients.

Example 3.3.8 (Connection coefficients of surface of revolution). Recall that a surface of
revolution is paramterised by

with 0 < v < 2. The pullback metric is given by
U de' @dat =) dV @ dV =
Z(@ulllifdu ® du + (0,¥")*dv @ dv + (9,¥")(9,9")(dv ® du — dv @ du) =

Z(@u\lﬂ)Qdu ® du + (0,¥")?dv ® dv =

((f'(u) cosv)?® + (f'(u) sinv)® + ¢'(v)*)du @ du + f(u)dv @ dv =
du ® du + f(u)*dv @ dv

Where we assumed unit speed paramterisation. Let e; = 0, and ey = %81,, so this frame is
orthonormal and its dual frame is given by

' =du 6> = fdv
Then df' = 0 and d6? = f,du A dv. Thus:
wy ANdv =0 wy A" = fudu A dv

Since we can write w = adu + bdv we get a = 0 and b = — f,. Hence w} = — f,dv and
0, = fey so this gives:

V0, = —wy(X)ey = fudv(X)0, = %(Xv)&,

V0, = Vx(fea) = (Xf)ea + [xer = Fu(Xu) 50, + fh(X)er =
L, - g,
Hence:
Voula =0 Vo0 = _TfUav
Vo0, = %av Vou0y = — 1.0,

Therefore, I'}; = I}, = Ty, = T3, = 0,3, = & = T3, and T}, = — [ f,.
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3.3. CONNECTION 1-FORMS AND CURVATURE 2-FORMS

The following theorem shall be stated, but not proved, since we assume familiarity
with the geometry of curves and surfaces. It is the differential form analogue of the Gauss
curvature equation, and the Theorema Egregium.

Theorem 3.3.9. For an orthonormal frame e, es on an oriented open subset of a surface
in R3, and FE3 the unit normal field, we have Q} = wi A wi. Furthermore, the Gaussian
curvature K is given by K = (wi A w?)(eq, e5) = Ql(ey, e9).

Suppose that £ = M is a vector bundle with a connection V. Let (e;) be a local
frame. In matrix notation, Vxe = ew(X), where w is the connection matrix. In matrix
notation, the Leibniz rule for the connection will take a slightly different form; Vx (o f) =
(Vxo)f + odf(X). We can omit X to instead view this expression as a function of X:
V(cf)=(Vo)f + adf.

Theorem 3.3.10. Suppose that E = M is a smooth vector bundle with two local frames e
and ¢ that are related by € = eA for some matrix A : U — GL(r,R). Then the connection
and curvature matrices are related as follows.

1. = A""wA+ A"1dA
2. 0= A"10A

Proof. The second follows from the first and Cartan’s second structural equation. The proof
of the first is a simple application of the Leibniz rule. Ve = V(eA) = (Ve)A + edA =
(ew)A + edA =eA'\wA+ €A 'dA = (A 'wA + A~1dA). The result follows. O

This relation shows, furthermore, that when the connection matrix is specified on an
open cover of M, then the connection is completely determined by it. We have the follow-
ing corollary.

Corollary 3.3.11. Let E = M be a smooth vector bundle, with connection V. Let M be
covered by some collection of open sets to which local frames are associated. Let w be the
connection matrix relative to this frame e. Let f : N — M be a smooth map. Then there is
a unique connection on f*FE such that its connection matrix is f*w.

For a connection on the tangent bundle, we also have the first structural equation. This
gives rise to something known from tensor calculus and the Bianchi identities, for differen-
tial forms.

Theorem 3.3.12 (The Bianchi Identities). If'V is a connection on the tangent bundle of M,
with the notation as in Cartan’s structural equations in matrix form, we have

1. dr=QN0—wAT

2.d(QF) =" Aw—wAQF
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3.4. CHARACTERISTIC CLASSES

Proof. For a proof of this theorem, simply apply the exterior derivative to the first and
second structural equations, respectively. For the £ > 2 case, we proceed by induction.
Suppose that d(Q2F1) = Q1 A w — w A QFL. Then:

d(F) = d(Q A QYT = d(Q) AN + (=1’ A Q) =
(O wm @A) AG + 0 harm @ A A B = 0 Ao A

as the other two terms cancel out. O]

For the Levi-Civita connection, the torsion form is zero. We have the following corol-
lary to the first Bianchi identity.

Corollary 3.3.13. Let R be the curvature tensor of the Levi-Civita connection on a mani-
fold M, and X,Y,Z € I'(TM). Then R(X,Y)Z + R(Y,Z)X + R(Z,X)Y = 0.

To see this, R(X,Y)Z = R(X,Y)#’(Z)e; = (X, Y)67(Z)e;. Then the first Bianchi
identity states

0=(QUAF)X,Y,Z)=QX, V)P (Z) - QUX, Z) (V) + Q(Y, Z)# (X)

The result follows from this. This is the first Bianchi identity as it is known in tensor
calculus. The second Bianchi identity will be needed for the Chern-Weil homomorphism
in the next section.

3.4 Characteristic Classes

Recall that the Euler characteristic (not the Euler class, although they are related) of the
polygonal decomposition of a surface (or graph) is defined to be y = V — E + F', where
V, E, F are the numbers of vertices, edges and faces respectively.

Theorem 3.4.1 (Gauss-Bonnet). For a compact oriented Riemannian surface, [  KdVy, =
2x (M) where K denotes the Gaussian curvature.

We assume that the reader is familiar with this theorem from the geometry of curves
and surfaces. We will briefly explain how it can be generalised to hypersurfaces in R?"+1,
Before doing so, let us discuss why this is relevant to our approach to characteristic classes.
The Gauss-Bonnet theorem is quite remarkable, in the sense that it allows us to compute
topological information, from geometric data. The Euler characteristic is a topological in-
variant, whereas the Guassian curvature is a result of the imposed metric. Given the fact
that the imposed metric is completely arbitrary, there is no a priori reason to believe that it
will be able to tell us anything about the more ”fundamental” structure, namely the topol-
ogy of the space. Our approach to characteristic classes will generalise this inference of
topological information from geometric data, through Chern-Weil theory. First, we explain
how to generalise the Gauss-Bonnet theorem.
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3.4. CHARACTERISTIC CLASSES

Let NV be a smooth unit normal vector field on M, with M an embedded hypersurface.
Let D be the Levi-Civita connection. Then for all p € M and X, € T,M, we have 0 =
X,(N,N), since (N, N) = 1. Thus, by symmetry of the inner product, 2(Dx, N, N) = 0,
so Dx, N lies in the tangent space of M. We define the shape operator (also known as the
Weingarten map or second fundamental form) to be L, (X,) = —Dx, N, for X, € T, M.
The reader can verify that this operator is self adjoint w.r.t. the Euclidean dot product,
and (L(X),Y) = (DxY, N). By self adjointness of the operator, all of its eigenvalues
(at a point p) are real. We call these the principal curvatures of M at p. Then we define
K(p) = [1" N = det(L,) to be the Gaussian curvature of M at p. The Gauss curvature
equation then states R(X,Y) = (L(Y), Z)L(X) — (L(X), Z)L(Y).

Theorem 3.4.2. Suppose that M is an embedded hypersurface in R*" 1. Then

/MKdVg = %S%)X(M)

In 2.1.5 we computed the volume of even dimensional spheres. This can be used to
compute the Euler characteristic, for a given surface. The Euler characteristic is a re-
markable phenomenon. Like the de Rham cohomology of a manifold, it is a topological
invariant. Yet, in the generalised Gauss-Bonnet theorem, it can be expressed in terms of
the curvature of the hypersurface, which is not a topological quantity, but a geometric one.
In algebraic topology, it is known that x(M) = S0 (—1)i(dim H*(M)). We instead
define the Euler characteristic this way. Of course, for higher dimensional surfaces, the
”actual” Euler characteristic isn’t V' — E + [, but the alternating sum of the number of
simplices used to triangulate the manifold.

We will now discuss the Poincaré duality on an orientable manifold. Recall that, for
two finite dimensional vector spaces, a pairing (-, -) : V ® W — R is nondegenerate if and
only if the map v — (v, -) is an isomorphism from V' to W*. We have shown previously
that the wedge product descends to cohomology. By Stoke’s theorem, so does integration.
We thus get a pairing

/ CHP(M) ® H (M) — R

Theorem 3.4.3 (Poincaré Duality for compact manifolds). Let M be an orientable compact
manifold. Then the pairing [ : H?(M) ® H! P(M) — R is nondegenerate.

Proof. From de Rham cohomology and compact cohomology, we have two exact se-
quences. Recall that the compact cohomology sequence goes in the opposite direction.
We take their term-by-term tensor product. This preserves exactness (see [5, Page 49]). H
without subscript will denote the de Rham cohomology. This means we have the following:
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3.4. CHARACTERISTIC CLASSES

HY(UUV) ——  HAU)®HY(V) —— HP(UNV) —s HrY(UUY)
® ® ® ®
HYP(UUV) «—— H"P(U)@H"P(V) «—— H"P(UNV) +—— H 7 {UUV)

fUUV [ fU+fV J fUﬁV I/ fUUV [

R R R R

This diagram is commutative up to a sign. Thus, taking duals on the bottom row, the
proof of the lemma reduces to showing the commutativity of the diagram

H(UUV) —  HU)®H/(V) —— H(UNV) — HY(UUY)

J J J J

H?(UUV)* —— H'?U)*® H'?(V)* —— H'P(UNV)* —— H' P Y {UUV)

Keeping in mind that the first two squares are just variations on inclusion and restriction
mappings, it is obvious that these commute. The connecting homomorphism is the tricky
part of this proof. Recall that §(w) is a form in HP™!(UUV') with the property that §(w)|y =
—d(pyw) and 0(w)|y = d(pyw). For the compact cohomology 6(7) is a form in H?~?(U N
V') that just extends the form by zero on both U and V. d(n) = (d(pun),d(pun)). By
closedness of 7,

d(pvn) = pvdn + (dpv)n = (dpv)n

A similar result holds for py;.

/Umvw/\§(77) = /Umvw/\(dpv)n = (=1 /(]mv(dpv>w/\n

Due to the fact that the support of 6(n) is U NV, since the connecting homomorphism ex-
tends by zero, the integral over U UV is in fact the integral over U NV'. Since the connecting
homomorphism for de Rham cohomology also reverses the sign, we get fqu dw)An =
— fUﬂV(de>w A n. Thus, up to a sign, these two integrals are the same. Hence, we have
sign-commutativity. Thus, Poincaré duality holds for U,V and U N V. This is where we
use the five lemma to conclude that it then also holds for the union (one has to imagine two
more columns on the left with the direct sums and intersections of degree p — 1). Now for
R", Poincaré duality holds by the Poincaré lemma’s. The proof then follows by induction
on the number of sets in the cover of M. Thus, Poincaré duality holds for an arbitrary
compact manifold, since any such cover has a finite subcover. [

Corollary 3.4.4. The Euler characteristic of a compact orientable odd-dimensional mani-
fold is zero.
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3.4. CHARACTERISTIC CLASSES

Proof. This is because dim H°(M) = dim H*(M), dim H'(M) = dim H"~'(M), and so
forth, by Poincaré duality, and in the alternating sum they all cancel out, due to n being
odd. O]

Therefore, if we want to generalise the notion of the Euler characteristic to arbitrary
manifolds, odd-dimensional manifolds are not of interest to us.

Suppose that P(X) is a polynomial in 72 variables that is invariant. This means that
P(X) = P(A™'X A), for X anrxr matrix and A € GL(r, R). Each time we explicitly use
the real numbers for a construction, consider whether this is really necessary; everything
we’ve done for real vector bundles carries over the complex vector bundles, which we will
use in this section. If P(X) is invariant for all matrices, then it is of course invariant for a
matrix of indeterminates, so P(.X) is an invariant polynomial on the algebra gl(r,R). The
most important and often used examples of these are the determinant and trace polynomials.
Furthermore, det(A + A~' X A) = det(A] + X). Since the coefficients of f;,(X) defined
by

det( A+ X) = N+ XN+ -+ £.(X)

are polynomials, it follows they are each also invariant. Note that, given A, P(A™!X A) —
P(X) = 0. This shows that, since any algebra homomorphism maps the additive identity to
the additive identity, the polynomials P(X) and P(A~' X A) are equal on any R-algebra,
such as Q*(M, E). This will be crucial: recall that the curvature matrix of a connec-
tion satisfies ) = ATIQA, for A the matrix that changes frame from e to e. Consider
@2, A*(T; M), the real algebra of even degree differential forms at p € M. Since the
degrees are even, this is in fact a commutative algebra. We define by abuse of notation

P(Q)(v1,...,v9) = Alt(P(Q))(v1, ..., vox)

so that P(€2) € Q%*(M). By our previous discussion on invariant polynomials, if P(X) is

an invariant polynomial on gl(r, R), then P(f2,) = P(£2,), on some open set U on which
the two local frames are defined. If {U,} is a trivialising cover, then it follows that P(2)
is a 2deg(P)-form that is defined globally. Denote by Inv(gl(r,R)) the the algebra of
invariant polynomials on gl(r, R).

Theorem 3.4.5 (The Chern-Weil Homomorphism). Let E = M be a rank r vector bundle
over M, with connection V. Let P, Q) € Inv(gl(r,R)).

1. P(Q) is closed.
2. [P(Q)] € H?¥#P)(M) does not depend on V.

3. cg : Iv(gl(r,R)) — H*(M) defined by cp(P(X)) = [P(Q)] is an algebra homo-
morphism, called the Chern-Weil homomorphism.

The last claim is easily verified. We have
cp(P(X)Q(X)) = [P(Q2) A Q(Q)] = [P A Q)] = (P (X))ep(Q(X))
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It is straightforward that R-linearity holds, since H*(M) is a vector space. The other two
will require some more work, which we should be more than willing to perform for such
remarkable results.

Recall that we have the coefficients of the characteristic polynomial fi(X). We simi-
larly have g (X) = tr(X%).

Theorem 3.4.6 (Newton’s Identity). Let o denote the elementary symmetric polynomial
of degree k, and sy, the power sum of degree k.

o
—

O (—=1)oisp_i) + (=1)*kor, =0

i

I
o

Theorem 3.4.7 (Symmetric polynomials). Denote by Rg [t1,...,t.] the algebra of sym-
metric polynomials in r variables over R.

Rsr[tl,...,tr} :R[O'l,...,()'r] :R[sl,...,sr]

Theorem 3.4.8. The algebra Inv(gl(r,R)) over R is generated by f1(X),..., f(X) or by
tr(X),...,tr(X").

We don’t wish to disgress into pure algebra to prove these results. However, they play
an important role in our proof. They can be found in [3, Appendix].

By Newton’s identity, we have a relation between the coefficients of the characteristic
polynomial, and the trace polynomials; gy — figx_1+- - -+ (—1)*k f, = 0. By 3.4.8, for any
invariant polynomial P(X) on gl(r,R), we have P(Q2) = Q(¢1(9), ..., ¢,(2)) for some
polynomial (). As a result, we only need to prove the theorem for the trace polynomials,
because if it holds for the trace polynomials themselves, it holds for any polynomial in the
trace polynomials.

Proposition 3.4.9. The 2k-form P($2) is closed.
We begin by establishing the following lemma.

Lemma 3.4.10. When A A B and B A\ A are both defined, we have
tr(AAB) = (=1)ABlgr(B A A)

Proof. tr(AAB) = (AAB)! = o ASF. Onthe other hand, BfAai = (BAA)F = tr(BAA),
and we are done. ]

Now we can easily prove the proposition, as follows:

Proof.
dtr(QF) = tr(dQ*) = (" Aw —w A QF) =0
Where we used the linearity of the trace function. U
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3.4. CHARACTERISTIC CLASSES

Now we move on to prove that the characteristic class is independent of the choice of
connection. Recall that V! = (1 — ¢)V° + ¢V is a connection if V° and V' are, since this
is a convex linear combination. Then w; = (1 — t)wy + tw; depends smoothly on ¢, and
likewise for €);. Now, we wish to establish the following result:

d o, d
%tr(gf) = d(ktr(QF 1 A Ewt”

This verification will rely on the easily derived result that £dn, = d(<n,), which we leave
as an exercise. We note the following three facts:

1. The second generalised Bianchi identity: d(2*) = QF A w — w A QF.
2. dtr(n) = tr(dn), again a trivial verification.
3.Q=dot+wAw — %Qt :d(%wt) + (%wt) Awt—l—wt/\%wt

We will use these facts, along with the lemma above, in the following calculation.

d d d _ d _ ., d

EU(Qf) = tf(aﬁf) = tf((%Qt)Qf '+ Qt(EQt)Qf R 04 1(590) =

d d d d
ktI'(inl%Qt) = ]{Itl’(inld(awt) + inl(%WQL&t + inlwtawﬂ =

d d d
ktI'(inlCKEwt) — thfilawt -+ inlwtawt) =

d d
ktr(inld(Ewt) + (—thfil + folwt)awt) =

k—1 d k—1 d k—1 d k—1 d

ktr(Qt d(%&)t) + d(Qt )%wt = ktr(d(Qt N Ewt)) = d(k:tr(Qt VAN Eu&))

If A is the matrix that changes the frame from e to ¢, then recall that &0, = A~1w, A+A"1dA.
It follows easily that 4&, = A~'(4w)A. This enables to prove the final assertion of the
theorem. Given V' as before, we integrate:

1
d
/ —tr(QF)dt = tr(Q) — tr(QF)
| dl

Since £tr(Qf) = d(ktr(; " Lw;)), we also have

1 d 1 d
d(ktr(QF1— dt:d/ ktr(QF 1 —w))dt
| i@ e = a [ (@t L)
which is thus an exact form. Therefore,

tr(QF) — tr(QF) = d/ol(ktr(ﬂk_léw))dt
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So they differ by an exact form, hence belong to the same cohomology class. This proves
the incredible result that the characteristic classes are independent of the connection. As
previously mentioned, characteristic classes satisfy what is known as the naturality prop-
erty. This means that for a smooth map f : N — M, we have cy(f*E) = f*ey(E).

As the reader may recall, the curvature matrix of a connection that is compatible with
the metric, relative to an orthonormal frame is skew symmetric. This means its trace is
zero, as well as the first coefficient of its characteristic polynomial. In fact, if a matrix
is skew symmetric, all of its even powers will be symmetric, and all of its odd powers
skew symmetric. The proof is by induction. Since any frame is related to an orthonormal
frame by some element of the general linear group, it follows that the trace of odd powers
of the curvature matrix vanishes with respect to any frame. For a connection that is not
compatible with the metric, the trace need not be zero. However, by the independence of
the characteristic class relative to the connection, it still induces the zero cohomology class.

Theorem 3.4.11. For a homogeneous polynomial of odd degree k (i.e. a polynomial whose
non-zero terms all have the same degree) that is also invariant, 0 = [P(Q)] € H**(M)

We are left with the trace polynomials of even degrees, and the even coefficients of the
characteristic polynomial.

Definition 3.4.12 (Pontrjagin Classes). For £ =+ M a smooth vector bundle, the k-th
Pontrjagin class is defined by

pe(B) = [fu(5- )] € H¥()

The imaginary unit has no special significance, other than making certain formulas free
of sign. In fact, it disappears due to the fact that f5; is homogeneous of degree 2k, so
for(ix) = i®* for(x) = (—1)* for(z). The total Pontrjagin class is defined by

i
det(I+%Q)=1+p1+---+pw

where ' = L%J Another topological invariant of manifold is then defined as follows.

Let E = TM, dim M = 4k. The Pontrjagin numbers of A are defined by [ Iy i py
under the constraints that 4(i;+2iy+- - -+1"i,») = 4k. Consider the direct sum of two vector
bundles. Since the determinant of a block diagonal matrix is the product of the determinants
of the blocks, it follows that p(E) = p(E")p(E") for the direct sum F = E' @ E”. Using a
short exact sequence of vector bundles

0—TM — TR¥* )y — N =0

and the Whitney product formula, keeping in mind that the normal bundle N of an oriented
manifold is trivial, the reader may verify the following:

Proposition 3.4.13. If M is compact and oriented of dimension 4k, and can be embedded
as a hypersurface in R**1, then all of its Pontrjagin classes are zero.
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Furthermore, suppose that M/ = ON for some manifold N and dim M = 4k. By
Stokes’ theorem, the Pontrjagin numbers of M are identically zero. This proves the fol-
lowing proposition in field known as cobordism theory. A cobordism between manifolds
M and N is a compact manifold O such that 00 = M | | N.

Corollary 3.4.14. If two compact oriented manifolds of dimension 4k are cobordant, then
their Pontrjagin numbers are equal.

Remark 3.4.15. Cobordism was used in the first proof of the Atiyah-Singer index theorem,
given by Michael Atiyah and Isadore Singer. We shall, however, not return to the subject
of cobordism in this thesis.

We now move on to discuss Euler and Chern classes. Recall our previous definition
of these classes was incredibly tedious, in the author’s humblest of opinions. Recall that
a bundle is trivial if and only if it admits a nowhere vanishing section, and a manifold is
orientable if and only if it admits a nowhere vanishing top degree form. Thus, a vector
bundle is orientable if and only if A" F is the trivial bundle. A frame e is positively oriented
if it agrees with the orientation of £ at every point. Suppose we restrict our attention to
positively oriented orthonormal frames on an oriented Riemannian bundle £ = M of rank
r. Then the transition matrices aren’t just any matrices in the general linear group anymore,
but the special linear group, since the transition is orientation preserving and both frames
are othornormal, so € = Ae with det(4) = 1 = A € SO(r). If we can find a
polynomial P that is invariant under special orthogonal matrices, but not under arbitrary
matrices of the general linear group, then we have a new characteristic class for oriented
Riemannian vector bundles.

Recall that the curvature matrix relative to an orthonormal frame is skew symmetric.
The space of r? skew symmetric matrices is exactly the Lie algebra so(r). Then a poly-
nomial on this space is a polynomial of indeterminates that satisfy the skew symmetry
relation. We already know, of course, that gl(r, R) invariant polynomials are also so(r)
invariant. These are not of interest to us. We will just state the algebraic results for polyno-
mials, and proceed from there. The first is that no new SO(r)-invariant polynomials exist
if r is odd. The second is the following:

Proposition 3.4.16. Suppose that S is a 2r x 2r skew symmetric matrix of indeterminates.
Then det(S) is a perfect square in the polynomial ring Z[sé»] (it is the square of a polynomial
with integer coefficients).

Definition 3.4.17. The Pfaffian of a skew symmetric 2r x 2r matrix S of indeterminates is
defined by the property det(S) = (Pf(5))%.

Example 3.4.18. Let

0 a b ¢
—a 0 d e
5= —b —d 0 f
—c —e —f 0

This matrix has determinant (af — be + cd)?, so Pf(S) = af — be + cd.
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Proposition 3.4.19. Under the same assumptions as above, Pf(ATSA) = det(A)?Pf(S)

This gives the result that we are looking for; if A € SO(r), then the Pfaffian is SO(r)-
invariant, since det(A) = 1, and A~! = A”. Hence Pf(A~1SA) = Pf(S).

Definition 3.4.20 (The Euler Class). Let E = M be a rank 2r oriented Riemannian vector
bundle. Then the Euler class of E is defined by e(E) = [Pf(5-Q)] € H*"(M).

The Euler class of a manifold of even dimension will be denoted as e(M), and is of
course defined as the Euler class of the tangent bundle. The proof of the following theo-
rem would require another disgression into the algebraic topology of the universal bundle,
which we are not prepared to do. Instead, we state the result, and recover the case for
k=1

Theorem 3.4.21 (Generalised Gauss-Bonnet Theorem). Let M be a compact, oriented
Riemannian manifold of dimension 2k with connection V on T' M.

| e = [ en = xon)

This result is subsumed by the Atiyah-Singer index theorem, which we will user later
on to derive this result.

Example 3.4.22. Recall that {2 = dw + w A w = dw in the case of two dimensions. By the
differential form version of the Theorema Egregium, we then get Pf(Q2) = dwj = K6 A §?
for the dual frame to a positively oriented orthonormal frame. We find that [, e(TM) =
[ PE(=Q) = 5= [, K0' A 62 = x(M), as we would expect. This is the original Gauss-
Bonnet theorem.

Suppose we instead take a complex vector bundle over M. The terminology carries over
identically. In principle, we should establish some relevant results with regards to connec-
tions, curvature, and such. We will omit this. The only difference is that, for complex
vector bundles, we consider Hermitian fibre metrics, rather than Riemannian fibre metrics,
and the elements of the connection matrix will be complex valued differential 1-forms, and
similarly the elements of the curvature matrix will be complex valued 2-forms.

Definition 3.4.23 (The Chern class of a complex vector bundle). Let £ = M be a complex
rank r vector bundle over M (this means it has real dimension 2r as a vector bundle). Let
Q) be the curvature form. The Chern classes of F are defined by

c(E) = det(I + %Q) =1+c(E)+- +c¢(E)

Both of these satisfy the same naturality property as the Pontrjagin class, thatis c(f*E) =
f*c(E) and also for the Euler class.

Proposition 3.4.24 (Whitney product formula). Suppose that F' is another complex vector
bundle of rank s over M. Then ¢(E & F) = c(E) A c¢(F).
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The proof of this proposition follows easily from the determinant of a block diagonal
matrix. Suppose that £ is the direct sum of r complex line bundles, i.e. & = L;®---® L,.
The matrix of the curvature can be diagonalised by some X € GL(r,C). Then we denote
this diagonalised matrix by diag(xy,...,z,). The Whitney product formula then tells us
that ¢(E) = c¢(Ly) A+ - - Ac(L,). For aline bundle, we have ¢, (L;) = 0if k > 2. Therefore,
c(L;) =1+ ¢1(L;) =1+ ;. Then we can write ¢(E) = [["(1 + z;). On the other hand,
we have

r

det(] + A) = det(diag(1 + 1,..., 1+ z,)) = [ J(1 + )

This is called the splitting principle. It tells us that when we are dealing with Chern
classes, we can regard a complex vector bundle as the direct sum of line bundles.

Theorem 3.4.25 (The Splitting Principle). Suppose that E is a complex vector bundle over
M. Then let F(E) be the flag bundle associated with E, F(E) = M. Thenr* : H*(M) —
H*(F(F)) is injective, and 7* E splits into a direct sum of line bundles.

A proper proof of this would require a lot of algebraic topology, so we just accept this
fact from [5, Page 275]. We will just briefly explain what the flag bundle is. Let V' be a
complex vector space of finite dimension n. Then a flag in V' is a sequence of subspaces
Fy C F, C--- C F, =V, with the (complex) dimension of each F; being 7. Denote the
collection of all flags in V' by F'(V'). This can be give the structure of a smooth manifold,
see [4, Example 21.22]. Then the flag bundle of a vector bundle £ is obtained by replacing
each fibre with the flag manifold F'(E,). Now, we go on to describe what is known as the
Chern character, which will turn out to be profoundly important later on, when we discuss
K-theory.

Definition 3.4.26. The total Chern character is defined by
i§2 1 i
h(F) =t —) = —tr(—)F
eh(E) = trexp(z) = 3 )

The k-th Chern character is defined as
1. 0
hy(E) = —tr(—)"
b () = gty

The order of this polynomial is finite for dimensional reasons. This definition implicitly
uses the splitting principle. Other definitions, in the absence of a connection, make this
more explicit.

The “character” part of the Chern character comes from the following result, since a
character is a group homomorphism to the multiplicative group of a field.

Lemma 3.4.27. Suppose that E and E' are two complex vector bundles with connections,
and their associated curvatures are ) and ). Then ch(E ® E') = ch(E) N\ ch(E").
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Proof. As we have seen, the curvature of the tensor product is 2 ® I + I ® §2'. We use the
fact that tr(A ® B) = tr(A)tr(B). Since we are dealing with matrices, this fact is obvious
so we will not prove it. This implies that tr(Q ® [ + 1 ® Q)7 = 71 _, ())tr(QF)er(Q77F),
Then we get

ch(E® E') =

1, i | 1 i~/ |
(N AV - J k rj—ky _
Ej:j!(%)tr(samﬂ@@) §jj (50 > k)u(n Yr(§7H)

3 %(%)ku(n)k 3 %(%)lu(ml — ¢h(E) A ch(E)
| 1

]

Let us briefly summarise the various characteristic classes, and their relation to each
other. The most fundamental amongst all characteristic classes, is the Chern class, which
is defined for complex vector bundles, and given by ¢(F) = det(I + ﬁQ) for the curvature
form of some connection w. Every characteristic class on a complex vector bundle can be
expressed in terms of the Chern classes, because the polynomial ring of invariant polyno-
mials is generated by the trace polynomials. If we consider E as a real vector bundle, that
is, by forgetting the complex structure, then its top Chern class becomes the Euler class of
this real vector bundle. Now, if £ is instead a real vector bundle, then we can take ¥ ® C
and consider its Chern classes. Then, we see py(E) = (—1)*cox(E ® C). This is how
each of the various characteristic classes we’ve discussed so far are related. Complexifying
real vector bundles will be something of interest to us later on, for the Atiyah-Singer index
theorem. We will use the following result.

Proposition 3.4.28. Let E = M be a real vector bundle. Then the odd Chern classes of
E ® C are all zero.

This is a restatement of 3.4.11 with the the relation py(E) = (—1)*cor(F ® C) in mind.

3.5 Principal Bundles

Suppose we have a smooth fibre bundle P =+ M, with model fibre G a Lie group. Recall
that G-equivariance for a map means that '(z)-g = F(x-g). If G has a smooth, free right
action on P such that the fibre-preserving local trivialisations are GG-equivariant, then P is
called a principal G-bundle. G is called the structure group. It should be clear that the
group acts transitively on each fibre, by GG-equivariance. We have already seen a principal
bundle.

Example 3.5.1. Recall 2.8.6. This is an action of the circle, which is isomorphic as a Lie
group to U(1), on the space S?"*'. As such $?"*' 5. CP" with fibre S is a principal
U(1)-bundle.
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Definition 3.5.2. Suppose that we have two principal G-bundles P =+ M and P’ M.
A morphism of principal G-bundles is a pair of maps, (f, F'), with f : M — M’ and
F : P — P’ such that the following diagram commutes:

p £, p

|

M —1 s

Suppose that {U,} is a local trivialisations for a principal bundle P ™ M. Suppose
that U,g := U, N U # (). Then we have

Uaﬂ x G & W_I(Uag) q)—ﬁ> Uaﬁ x G

Then ®,, o @El(x, h) = (z, gaph), which is essentially the same as the transition func-
tion 7,5 for vector bundles. The g.s also satisfy the cocycle condition g,393y = Ga-
Clearly goo = € € G and gop = gg; The following example is of crucial importance,
because it demonstrates how principal bundles generalise vector bundles.

Example 3.5.3 (The Frame Bundle). Let Fr(V') denote the set of all ordered bases of a
vector space V' of dimension r. To make the action of the general linear group a right action,
we take a basis to be represented by a row vector [vy, . .., v,], so thatv-A = [v;al, ... val],
where square brackets denote an ordered basis. Given some ordered basis v € Fr(V'). For
any other v € Fr(V), there exists a change of basis that takes v to v/, so the action of
GL(V') on Fr(V) is transitive, as well as free; the isotropy group is the identity. Therefore,
by the transitive group action theorem, there is a unique smooth structure on Fr(V") which
makes it into a smooth manifold, such that the action of the general linear group is smooth.
Then dim Fr(V) = dim GL(V') — 0, since the isotropy group is the identity, which is a
single point, hence 0-dimensional. We call Fr(1) the frame manifold of V.

Now let E = M be a smooth rank r vector bundle. We can associate with this bundle a
GL(r, R)-bundle Fr(E) % M by defining Fr(E) = Ll s Fr(E}). This is called the frame
bundle of E. For a local trivialisation ®, we then have a bijection between Fr(E)|y, and
U, x Fr(R"). This makes Fr(£) into a principal GL(r, R)-bundle.

Definition 3.5.4. Let G be a Lie subgroup of GL(r,R) and £ = M a vector bundle. A
G-structure on F is a G-subbundle P of the frame bundle. We then call G the structure
group of E.

For example, one might take O(r) € GL(r,R). Now let P = M be a principal
G-bundle, and p : G — GL(V) a representation. We define an action on P x V by
(p,v)-g=(p-g,p(g~")v). We then define the vector bundle P x, V by (P x V)/G, and
call it the associated bundle.
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Example 3.5.5. Let V = M,(R) = End(R"), viewed as a GL(r, R) representation by
p(9,X) = gXg', g € GL(r,R) and X € M,(R). Then for a rank r vector bundle,
Fr(E) x, End(R") = End(E).

Example 3.5.6. Let S* — S2"*1 — CP" be the Hopf fibration. For some integer k, define
p(z) = 2" as a representation p : S* — U(1). Then the associated bundle S>" ! x, C is a
complex line bundle. Then indexing this bundle by L*, we have L* &~ ['®...® L' for k >
0, and L° is trivial. For negative integers, we get the dual spaces L* = (L')*®--- @ (L')*.
The reason why this is true is highly non-trivial and requires K -theory [10].

Example 3.5.7 (The adjoint bundle). Let Ad : G — GL(g) be the adjoint representation.
Then P X aq g is called the adjoint bundle. The fibre is isomorphic to the underlying vector
space of the Lie algebra.

If E is the associated bundle of some principal G-bundle, we can generally identify the
fibres £, with V under the canonically defined map f,, : V' — E,, defined by f(v) = (p, v).
This map is linear isomorphism for each p € P. Injectivity and surjectivity are easily
shown.

Definition 3.5.8 (Reduction of the structure group). Let P = M be a principal G-bundle.
If H C G is a Lie subgroup, then a principal H-bundle with an H-equivariant bundle
morphism that makes it into an H-invariant submanifold of P is called a reduction of the
structure group.

This makes it very easy to redefine certain notions we’ve already encountered, such as
orientability. A vector bundle is orientable if its structure group (of the associated frame
bundle) can be reduced to GL™ (n,R), the invertible matrices with positive determinant.
With a fibre metric, this means a reduction of the structure group from O(n) to SO(n).
Since a principal bundle is a smooth submersion, the differential of the projection map is
surjective. However, it is not injective. Given a point p € M we define the vertical tangent
space by V, = ker dm,. This gives rise to a short exact sequence of vector spaces

dmp

0=V, = T,P —= TrpyM — 0
An element of V), is called a vertical tangent vector at p. We have dR,(V,) = V,,.

Proposition 3.5.9. For all X € g, the fundamental vector field X is vertical at every point
p € P.

Proof. Let n,(g9) = p - g (we will also simply start writing pg). We have (7 o 7,)(g) =
7(p - g) = m(p) since the action preserves the fibre. So this map is constant. As a result
of this, dm,(X,) = d(m o n,)(X) = 0. So in fact, if e is the identity element in G we get
d(np)e S V- 0

More is true.

Proposition 3.5.10. g = V), under the differential d(n),)..
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Proof. Recall that the kernel of this differential equals the Lie algebra of the isotropy group
of the point 2.8. Since the action is free, this is the trivial subgroup. Hence the map is
injective. Since the two spaces have the same dimension, they are isomorphic. [

So the vertical vectors at a point are exactly the fundamental vector fields evaluated
at that point. As one might guess by now, we define V = |_|pe p Vp to be the vertical
subbundle of 7'P. It is a trivial subbundle, since it is spanned by the fundamental vector
fields of a basis of the Lie algebra at every point in P, which are then a global frame for ).
We then have

0= VS TP v TM =0

Recall that a distribution on a manifold is a subbundle of the tangent bundle. We call a
subbundle a horizontal distribution H if V&H = T'P. There is a bijective correspondence
between horizontal distributions, and splittings of the above defined exact sequence. Such
a splitting means that ¢ : 7*1T'M — T'P exists, such that dm o ¢ = id. To see this, we prove
a more general result.

Proposition 3.5.11. Suppose that 0 — A = B % 0 = 0is a short exact sequence of
vector bundles. Then there is a bijective correspondence between subbundles of B such
that a(A) @ D = B and splittings of the sequence.

Proof. One direction is obvious. We prove the converse: suppose ¢ : C' — B is a splitting
of the sequence. Define D = ¢(C') C B. Then suppose a(a) = ¢(c). fo d(c) = ¢ =
f o a(a) = 0 by exactness of the sequence, so 0 is the only point in the intersection of D
and B. Now let b € B be arbitrary. 5(b — ¢ o 5(b)) = 5(b) — B(b) = 0, so by exactness,
b — B(b) = a(a) for some a € A. Hence b = a(a) + ¢ o 5(b) so B = a(A) & D. O

Suppose we have a horizontal distribution, 7, = V,, ® H,,. Then there is a canonical
projection 7 : T, P — V,. The image of a tangent vector under this projection is called the
vertical component of the vector. Now let w,, := (dn,) ™' o7 : T,P — g, which is then a
g-valued 1-form defined on P. The reader may verify that it is smooth. Then we can also
write the vertical component of a vector as dn, o w,(X,).

Theorem 3.5.12. Let H be a smooth right invariant horizontal distribution on a principal
bundle P = M. Then w satisfies the following properties.

1. Forall X € gandp € P, w,(X,) =X
2. Forallg € G, Rjw=Ad(g~")w

Any g-valued 1-form that satisfies these conditions is called an Ehresmann connection or
principal connection (also ”gauge field” ).

In essence, an Ehresmann connection is a choice of horizontal distribution that is equiv-
ariant under the group action. The first assertion should be obvious, we prove the second
assertion.
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Proof. Let p € P and X, € T,P. Since X, is the sum of a horizontal and a vertical
component, we can treat these two cases separtely. The horizontal case is trivial. For the
vertical case, wyy(dRyX,) = wpy((Ad(g71)X,0)") = Ad(g™") X = Ad(g7")w,(X,) where
we used the first assertion. O

Proposition 3.5.13. If H is a smooth horizontal distribution on P, then the vertical and
horizontal components of a smooth vector field are each also smooth. Furthermore, for
every g € G, the vertical and horizontal projections commute with right translation.

Proof. We only prove the second claim. Let X, € T,P. Then X, = m(X,,) + m(X),).
Apply dRR,. Since right translation preserves the verticality and horzontality of the sub-
spaces, we get my(dRyX,) = R;my (X)), and similarly for the horizontal part. O

Example 3.5.14. Recall the Hopf fibration 2.8.6. We consider S* as the unit sphere in C?
with tangent space

T(Zozzl)s3 ={(X,Y)eC*: X + 7Y =0}

This is just the same result as for the tangent space of the sphere, except we are using the
properties of the complex structure. Define

n;7; € 0(S3,C)

by
mX,Y)=X nX,)Y)=Y
(X, Y) = X (X, Y) = Y
We now define a 1-form w on S® by
1 _ _ _
W(z0,21) = 5(20770 — 207y + Z1m — 217y)

which takes its values in ¢R. We claim that this defines an Ehresmann connection on the
Hopf bundle. One fact that immediately simplifies our lives is that U (1) is an abelian group
(which implies its Lie algebra is abelian since U(1) is connected - this result is not true
when the group is not connected), so that Ad(g) = id, so we have to show Riw = w. Let
X be a tangent vector and z(t) = (zo(t), 21(¢)) a curve with the property z'(0) = X. Then:

dRyX = (Xogaxlg)
1 — _
R;w(zo,zl)(X) = W(z0,21)(X0g, X19) = 5(70)(0 — 20X +Z1X1 — 21.X1) = Wiz,21)(X)

because gg = 1 so they cancel out.

Next we need to show that w(X) = X for any X € g. Recall that the Lie algebra of
the unitary group is the space of skew-Hermitian matrices. For U (1), this means that X is
purely imaginary, so we write X = iz for v € R. Then X, .,) = (izo7, iz17). Therefore,

W(zg,21)(X) = §(Zoiz0x + 20iZox + Z1i212 + 21i217) = iv = X
since |2g|* = |z1|? = 1. Consequently, this defines an Ehresmann connection.
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Example 3.5.15. Recall the Maurer-Cartan form on a Lie group, denoted 6, defined in
2.5.3. Let P = M x G be the trivial bundle. Then w = 7*#, where 7 is projection onto G,
is a connection on P, called the Maurer-Cartan connection. We have 756(X, A) = 0(A).
Hence, we only need to verify the properties for the Maurer-Cartan form itself. We have
already shown the right equivariance property previously. Smoothness is clear. Finally,

04(A,) = dLy-1(A,) = dLg odny(A) = dLy1 0odLy(A) = dL.(A) = A
Thus, the Maurer-Cartan connection is an Ehresmann connection.

Theorem 3.5.16. Let 7 : P — M and ©’ : P' — M’ be two principal G-bundles, and let
the pair (F, f) be a morphism between them. Suppose that &' is a connection on P'. Then
w = F*W' is a connection on P, unsurprisingly called the pullback connection.

Proof. Tt is clear that this is a g-valued 1-form since they share the same structure group.
Let X €g.

W(X,) =&/ (dF 0 dn(X)) = ' (djiry(X)) = & (X)) = X
Secondly,
Riw=F'wodRy=w odFodRy=w'od(FoR,)=uw od(R,oF)
since F'is a principal bundle morphism. This becomes
(R,)'w' odF = Ad(g~ ") F'w' = Ad(g ") F'w' = Ad(g " w
as desired. [

Theorem 3.5.17. Let w be a connection on a principal bundle P. Then let H, = ker w,
This defines a horizontal distribution on P.

Proof. To prove that V, © H, = 1,P, we just use the exactness of the sequence and
observe that the differential of the previously defined map 7, provides a splitting of the
sequence. For the second statement, let X,, € kerw,. By the right equivariance property
of the connection, we also get w,,(dR,X,) = 0, so dR,X, € kerw,,. The final step is
showing that H is a smooth subbundle of the tangent bundle 7'P. Let X1, . .., X} be a basis
for the Lie algebra of G. Then w = w'X;, and H,, = Nkerw!, so the w* are local defining
forms for H, which shows that it is rank k distribution (by [4, Lemma 19.5]). O

Since V, = ker dm,(1,P), we have an isomorphism H,, = Ty, M, as H, = T,P/V,.
Then for any vector in 1%, M, we have a unique vector in H,, corresponding to it, under
this isomorphism. The vector X, € H, such that dm, X}, = X,y € Ty M is called a

horizontal lift of X to P. Since dw(ng)N(p) = d(m o Ry)X, = dnX, = X,, a horizontal
lift of a smooth vector field is right invariant. It is also smooth, as the reader may verity, or
just accept.
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Definition 3.5.18. Suppose P = M is a principal G-bundle and P’ ™, M is a reduction
of the structure group to H C (. Let w be a connection on P. Then w is said to be
reducible to P’ if the horizontal distribution it determines on P is tangent to P’, and said to
be irreducible if no such H C G exists.

Proposition 3.5.19. Let P be a principal bundle with a connection and X € g, with X its
fundamental vector field.

1. IfY is a horizontal vector field on P, then [X,,Y,] € H,

p-Pp

2. IfY is right invariant then [X,Y] =0

We leave the proof of this proposition as an exercise to the reader. As one might expect,
the notion of a lift for vector fields extends to the lift of a curve.

Theorem 3.5.20. Suppose that P is a principal G-bundle with an Ehresmann connection
w. Lety : I — M be a smooth curve on the base manifold. Let py € 7w *(7(0)). Then

there exists a unique curve vy : I — P with the property that m o5 = ~v and 7(0) = p.
Additionally, 7' (t) € H forallt € I.

We prove this theorem under the assumption that GG is a matrix Lie group.

Proof. Suppose first that the curve 7 lies in a trivialising open subset U C M, so that
7 1(U) = U x G. Then we can write ¥(t) = (y(t), g(t)). Let py = (7(0), e). Differentiat-
ing the previous equation, we then get

Since w(7'(t)) = 0, we get

Wir),9) (0,9 (1)) = —Wiyw),e0en (Y (1), 0)

By the verticality of ¢(¢), the Ehresmann connection acts like the Maurer-Cartan form
applied to ¢'(t) € T'G. We then get

g@) g (t) = —W(W) g(t))(v’(t%o) =
—Ad(g(t) " wir.e) (Y (1), 0) = —g(t) " Wi .o (7 (E), 0)g(t)

Multiplying both sides by ¢(t) then gives a linear ODE with initial condition g(0) = e,
which has a unique global solution. 0

For a proof of the general case, see [11]. This theorem allows us to define the notion of
parallel transport. Let 7, denote the lift of v with initial point py in the fibre of (0).

Corollary 3.5.21. Under the same conditions as before, we define a map Par] : m=1(~(0)) —
7y (t)) by po — Jp,(t). This map is G-equivariant and maps the fibres diffeomorphi-
cally onto each other.
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Proof. We prove G-equivariance. We have (R ,7,,(t)) = m(7(t)) = ~(t), since the action
preserves the fibre. Then 4R 7, (t) = dRy(7,,(t)). By the horizontality of 7, (), we
know that its right translation is horizontal as well. Evidently, R,7,,(0) = pog. Therefore
R,7,, satisfies the defining properties of 7, (%), and the result follows from the uniqueness
of ODEs. ]

This is related to the proper definition of parallel transport, as we shall now see. We
assume a trivial principal bundle for simplicity. Let P = M x G,y : [ — M, xy = v(0),
x1 = 7y(1), where I = [0, 1]. Let p : G — GL(V') be a representation. Then the associated
bundle is just M x V.

Definition 3.5.22. In the notation as established above, let (zg,vy) € M x V. We define
the parallel transport of (g, vg) along (t) to be (Y(t), p(g(t)gy )ve) € 7L ((t)).

Let v : [0,1] — M be a loop. We define g, € G by g(1)g(0)~" where g(0) and g(1)
correspond to the element in the fibre before and after parallel transport. The reader may
verify that this is well defined.

Definition 3.5.23. Let P = M be a principal G-bundle with Ehresmann connection. The
holonomy group of the connection w at p € M is defined by

Hol,(w) = {g, : v: [0,1] = M,~(1) = ~v(0) = p}

When M is connected, we can talk about Hol(w). If Hol(w) = G, then the connection
is said to be irreducible. We will later refer to irreducible connections, in the final parts of
this text.

Remark 3.5.24. Holonomy is an entire subject in its own right, and there are many inter-
esting results pertaining to it. The Riemann curvature tensor measures the “non-holonomy”
of the manifold at a point. Since the Riemann curvature tensor lies at the foundation of sub-
jects such as e.g. general relativity, this might give one some idea as to why holonomy is a
very important notion in physics, not just mathematics.

Many of the previously established notions are intimately related to connections on
vector bundles, as we will now show. Suppose that E —» M is a vector bundle with a
connection V. Let y(t) : [ — M be a smooth curve. Consider the pullback bundle v*E
over . There is a unique R-linear map called the covariant derivative associated with V,

2 T('B) » T E)

such that the usual properties hold; the Leibniz rule, linearity, and %(t) = V,y/(t)&', for
o(t) = a(v(t)). A section ¢ is called parallel along the curve if its covariant derivative
vanishes. This then determines a linear system of ODEs as before, with an initial condition,
so it has a unique solution. Consider the frame bundle of the vector bundle. A tangent
vector v € T, (Fr(E)) is called horizontal if a curve in M exists such that v is the initial
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vector of the horizontal lift of this curve starting at e, € Fr(E,). Let v(0) = = and o be a
local frame for E with o(x) = e,. Then o(y(t)) is a lift of y(¢) (not necessarily horizontal).
Let 7 instead be the unique horizontal lift of 7 to the frame bundle. At each point, v and 7§
are related by some change of basis matrix A(t) € GL(r, R). We clearly have A(0) = I.

Lemma 3.5.25. In the above setup, let A'(0)* be the fundamental vector field on Fr(E)
associated to A'(0). Then do(7'(0)) = 7'(0) + A'(0)% .

Let the group action be denoted by 6. We leave it as an exercise to the reader to show
that d0(X,, dL,A) = dR,(X,) + A,,.

Proof. It follows straightforwardly from considering the two separate cases by linearity of
the differential, and constructing appropriate curves to compute the differential. Then

do(7(0)) = d0s(0),40) (7 (0), A'(0))
The differential of the group action gives the result. [

Lemma 3.5.26. Let E - M be a vector bundle with connection V, o a local frame, 7 a
parallel frame over a curve y with5(0) = o (7(0)), and o(~(t)) = Y(t)A(t). Let w, be the
connection matrix w.r.t. the local frame o. Then A'(0) = w,(7'(0)).

Proof. Recall that V.(q)0; = w}(7/(0))e; . by definition of the connection matrix. Since
the frame 7 is parallel, its covariant derivative vanishes. We then get V.o, = (A%)'(£)%(t),

which gives the result. We can then write 7/ (0) = do(7/(0)) — (we(7/(0)))* N

[

If dim M = n, then the subset of horizontal vectors in T, (Fr(E)) is itself an n-
dimensional vector space. The differential of the projection map is a linear isomorphism
to the tangent space T, M. We thus get a decomposition T, (Fr(F)) = V., ® H.,. Us-
ing the previous lemma we have an explicit formula for the horizontal lift of a vector field
(which is defined in the same way as before) to the frame bundle. If X denotes the lift of
X e T(TM), then X, = do(X,) — (wy(X,))5. We are now ready to prove the main result
that we wanted to show.

Theorem 3.5.27. A connection V on a smooth vector bundle E 5 M defines a smooth
distribution H on the frame bundle P such that

L. T,P=YV,®&H,
2. dRy(H,) = Hpy for g € G = GL(r,R)

Our previous discussion showed the first assertion to be true. We shall prove the second
one. The reader may verify that  is indeed a smooth subbundle of the tangent bundle.

Proof. Let 7'(0) € H, for some curve () in M and 7(t) a frame over (¢). Since this
is a horizontal lift, its covariant derivative vanishes. Since the action of G’ is matrix multi-
plication by constant factors, its covariant derivative equally vanishes. Hence D(‘Ziei) = 0.
Hence 7(t)g is the horizontal lift of v(¢) with initial point 7(0)g. It follows by a similar

argument as before that dR,H,, = H,,. O
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This shows that, although the definition of an Ehresmann connection and a connection
on a vector bundle are very different, they are closely related to each other. Furthermore,
we have the following result, which we conclude this section with.

Theorem 3.5.28. Let P = M be a principal G-bundle with Ehresmann connection w.
Then w induces a Koszul connection on any associated bundle £ = P x, V for some
representation p : G — GL(V').

We have a map for parallel transport in P, given by Par] : 7= (v(0)) — 7= (y(t)), as
constructed before. Now, suppose we have a point in £, and take a representative [p, v].
Then we define parallel transport in the associated vector bundle:

Par, : 7@1(7(0)) — 7@1(7(t))

by [p,v] — [Par](p), v]. We leave it to the reader to verify that this is well defined. We will
use this to construct a covariant derivative on F, as follows. Let v : (—¢,&) — M be an
arbitrary curve such that v(0) = z € M and 7/(0) = X € T, M. Suppose that s € I'(E).
Then given this data, we construct the following derivative operator:

V(s vzw) = 1| (Parys(v () € B,

dt li=o
Clearly, t € (—¢,¢).

Lemma 3.5.29. Suppose that U C M and o : U — P is a local section. Take A = o*w
and ¢ : U — V such that s = [0, ¢|. Then the above derivative operator is explicitly given

by:
V(s v, z,w) = [0(x), dp(X) + p.(A(X))o(x)]

Proof. Let ¢(t) be the curve in P, satisfying Par} (¢(t)) = o(y(¢)) and let ¢(t) = o (z)-g(t).
We then find

(Par?) ™! (s(7(1))) = [o(x), p(g(1)) (7 (1))] =>

[o(), p(g(£))p(7(1))] = [0(1’),/)*(%9(0))¢($) + dp(X)]

d
V(o,v,x,w) = pr

t=0

Par(c(t)) = 4¢(0) + 4|  Par](o(z)). Now,

‘We observe that %
t=0 t=0

Thus, we are done. ]
Corollary 3.5.30. The definition of V(s,, x,w) does not depend on .

Consequently, we can make the following definition.
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Definition 3.5.31. Let P = M be a principal G-bundle, £ = P x ,V T, M an associated
bundle, s € I'(E) and X € I'(T"M ). Then we define

(Vis)(z) = V(s,7,2,w)

and call it the covariant derivative on E associated to w. Thus, the covariant derivative is
an assignment

VY D(E) = QY M, E) V*:T(TM) x T'(E) — I'(E)

To conclude the proof of the theorem, it remains to verify the properties of a connection.
We leave this as an exercise to the reader.

3.6 Curvature on Principal Bundles

We now move on to the heart of the subject, which is curvature, this time on principal
bundles. Recall that we have a horizontal projection from 7'P onto H once we have an
Ehresmann connection. Denote this projection by 7.

Definition 3.6.1. The curvature of an Ehresmann connection w on a principal GG-bundle is
given by the g-valued 2-form defined by Q(X,Y) = dw(my X, YY), for X, Y € T,P,
p € P arbitrary.

Two properties satisfied by the curvature are that R7Q) = Ad,-1 o Q2 and X . = 0 for
all X € g. This last one is clear since the fundamental vector fields lie in the kernel of
the horizontal projection map. To prove the first claim, we note that dR,H, = H,, and
likewise for V,,. Therefore, right translation commutes with the horizontal projection. We
find

R, (X,Y) = dw(my 0 dRy X, 3 0 dRyY) = dw(dRy o my X, dRy o 1Y) =
Ridw(my X, m,Y) = d(Ad(g™") o w)(mp X, mpyY) = Ad(g™") 0 X, Y)

We then find a familiar result.

Theorem 3.6.2 (Cartan’s structure equation).
1
Q=dw+ §[W’ W]

To prove this, we use that the horizontal vector fields are closed under the Lie bracket;
they form a Lie subalgebra. The reader may verify this, using the Lie derivative.

Proof. We consider three different cases.
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1. X, Y are both vertical. By the bijective correspondence that we established earlier,
this means that they are fundamental vectors, i.e. X =V, and Y = W, for some
fundamental vector fields, with V, W € g. Hence, the horizontal projection is zero,
s0 (X, Y) = 0. On the other hand, dw(X,Y) = X(w(Y)) —Y (w(X))—w([X,Y]).
If we extend the vectors in a neighbourhood of the point to the fundamental vector
fields V, W, then we get X (w(W))—Y (w(W))—[V, W] = —[V, W] because the con-
nection is constant when acting on fundamental vector fields. Then 1[w,w](X,Y) =
[w(X),w(Y)] = [V, W], so both sides of the structural equation are zero.

2. X, Y areboth horizontal. Then 74 (X ) = X and also for Y, so Q(X,Y) = dw(X,Y).
Since [w(X),w(Y)] = 0 in this case, the result is again the same.

3. X is horizontal, Y is vertical. For the same reason as in the first case, Q(X,Y) =
0. We previously showed that the Lie bracket of a fundamental vector field with a
horizontal vector field is horizontal. Therefore, dw(X,Y) = —[V,Y] = 0, applying
the same argument as in the first case. Finally, 3w, w](X,Y) = [V, 0] = 0.

Thus, we are done. ]

Proposition 3.6.3. Suppose that V is a connection on a vector bundle E - M and w is the
associated Ehresmann connection on the frame bundle Fr(E). Then the curvature matrix
Q. relative to a local frame e for E is the pullback of the curvature of the frame bundle
along the section e.

After we prove the following lemma, the proof of this proposition will follow easily
from the structural equation.

Lemma 3.6.4. Suppose that ¥V is a connection on a vector bundle E - M and w is the
Ehresmann connection on the frame bundle associated with it. If e is a local frame for E
as a section of the frame bundle, and w. the connection matrix relatively to this frame, then
we = e*w

Proof. Letz € U andp = e(x). Let X, € T, M. Then w4 is an r2 matrix (of 1-forms) at
2 and when evaluated on X, it gives a matrix of real numbers, in particular it is an element
of gl(r,IR). Then the fundamental vector field in the frame bundle is (w(e 4 (X,))* and the

horizontal lift of X, to the frame bundle is given by )?,, = e. Xy — (Wew)(Xa)p)*. Apply
the Ehresmann connection to both sides to obtain the result. ]

Proof. (Proposition).

1 1 1
e*Q = e*dw + 56*[0},(,0] = de*w + 5[6*(,(}, e*w] = dw, + 5[%7&)@] = Q.
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Definition 3.6.5. Let P x, V be the associated bundle of some representation of G, with
P a principal G-bundle. A vector valued form ¢ on P is said to be right equivariant of type
pif for all g € G, it satisfies R'¢ = p(g~") - ¢. We call it horizontal if ¢ vanishes when
one of its argument is a vertical vector. If ¢ satisfied both of these properties, we call it
tensorial of type p.

As an example, the curvature of a connection is by definition tensorial of type Ad. We
can view such a form on M with values in the associated bundle. We denote the set of such
forms of degree k by QF (P, V)? which is a vector space, as per usual.

Definition 3.6.6. Let £ = P x,V, ¢ € Q¥ (P, V)?. We define ¢’ € Q%(M, E) as follows.
Let v1,...,vx € T, M, and choose a point in the fibre of x. Let uq,...,u; be lifts of
v1,. .., v at this point. Then ¢’ (vy,...,v%) = fo(dp(us,. .., ux)) € E,, where f, is the
linear isomorphism defined previously; f,(v) = (p,v).

For ¢ € QF(M, E), we define ¥* by Q/Jf)(ul, CeUE) = fp_l(wz(dﬂul, . drug)) € V.

We claim that this is well defined. Since any other choice of lift would be equal to an
arbitrary choice, up to a vertical component, by linearity, this additional component would
vanish, because 1 is tensorial of type p. The operations £ and b are inverses of each other,
and they are each isomorphisms. Thus, we have:

Theorem 3.6.7. There exists an isomorphism Qf (P, V)P = QF(M, E).

For the k£ = 0 case, this gives a bijective correspondence between (G-equivariant maps
and sections of the associated bundle.

Proposition 3.6.8. If ¢ is right equivariant of type p, then so is d¢.

Proof.
Rydp = dRyo = dp(g™")¢ = p(g~")de

We define the horizontal component of a vector valued k-form by

¢Z<vla <. ,Uk) - ¢p(7THvla v ,7T’}-,5Uk)

The reader may verify that if ¢ is right equivariant of type p, then ¢" is. Hence, if ¢ is right
equivariant of type p, then d¢ is tensorial. We use this fact to define the exterior covariant
derivative in this context.

Definition 3.6.9. For P = M a principal G-bundle with Ehresmann connection w, we
define the covariant derivative to be d,,¢ = (d¢)". Thus, we have

d, : (P, V)P — QF (P, V)P
If ¢, € Qi (P, V)P, then
do(pAY) = dud A+ (—1)?lp A doy)

71



3.6. CURVATURE ON PRINCIPAL BUNDLES

Theorem 3.6.10. Under the same hypotheses as above, and ¢ a tensorial form of type p,
we have

dy¢d =dop+w-

where w is the Ehresmann connection on the principal bundle.

The proof of this theorem is quite lengthy, so we omit it. It can be found in [3, Theorem
31.19].

Theorem 3.6.11 (Bianchi Identities). The curvature form of the Ehresmann connection on
a principal G-bundle P = M satisfies:

1. d,Q=0
2. dQY = [Q,w]

Proof. The first is simply a different form of the second one. 2 = (dw)* = d,w and
dyw = dw + 1w, w]. By the previous theorem, then, d,,Q = dQ + [w,()]. Since the Lie
bracket for forms does anti-commute, this is the same statement. For the second identity,
we take the exterior derivative of the structural equation to get

1 1 1
dQ = Ed[w,w] = 5([dw,w] — [w, dw]) = [dw,w] = [Q — §[w,w],w] =
1
[Qa W} - 5[[(")7 W], W] = [Q7 w]
since [[w,w],w] = 0 for any 1-form. In fact, this can be used to prove the generalised
Bianchi identity in the same way as before, so we have d(Q%) = [QF w]. O

Example 3.6.12. Recall the connection on the Hopf bundle:

1

W(z0,21) = 5(30770 — 27y + Zi — 217)

The curvature of this connection is given by {2 = dw, since U (1) is connected and abelian,
which means [w,w] = 0, and we have that dz; = 7; and dz; = 7,. It is then very straight-
forward with an appropriately chosen curve to show that Q = —(ng A7, +1m1 A 7).

Example 3.6.13. Consider the Maurer-Cartan connection on the trivial bundle M x G =
M. Reall that the Maurer-Cartan equation states that df + 1[0, 6]. Hence, @ = 0. We
might consider this trivial because of the erroneous assumption that a trivial bundle always
has zero curvature. However, this is certainly not true. The curvature depends on the
connection, it is not a property of the bundle itself.

We now introduce our final incarnation of characteristic classes, this time on principal
bundles. An element of Sym’“(g*) will be called a polynomial of degree k. If G is a
Lie group with Lie algebra g, we say a polynomial p : g — R is Ad(G)-invariant when
p((Ad(9))X) =p(X) forall g € G and X € g.

Denote the space of horizontal k-forms of type Ad on a principal GG-bundle with values
in g by (P, g)™.
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Proposition 3.6.14. Suppose that P = M is a principal G-bundle. Let w, ' be Ehresmann
connections on P. Then

1. W' —w € QL (P, 9)*P). Furthermore, if n € Q) (P, g)" "), then w + n is an Ehres-
mann connection on P.

2. The curvature satisfies 0 € Q2 (P, g)A4P)

Both are easy consequences of the definition, and we in fact already mentioned the
second point previously.

Corollary 3.6.15. The space of Ehresmann connections on a principal bundle is an affine
space modelled on ). (P, g)A¥),

Theorem 3.6.16. There exists an isomorphism Q5 (P, g)A“") = QF (M, Ad(P)).
This is a specific case of 3.6.7.

Corollary 3.6.17. Let P = M be a principal G-bundle and let w,w' be two Ehresmann
connections. Then

1. w — W' can be identified with an element of Q' (M, Ad(P)) and the space of Ehres-
mann connections is an affine space modelled on Q' (M, Ad(P)).

2. The curvature associated to an Ehresmann connection can be identified with an ele-
ment of Q*(M,Ad(P)).

We call a form on P basic if it is the pullback along the projection of a form on M.

Lemma 3.6.18. A vector valued form on P is basic if and only if it is horizontal and G-
invariant, that is, R} ¢ = ¢. Thus, Qp(P, V)¢ = QF(M, V).

Proof. Take the trivial representation G — GL(V'). Then using the isomorphism estab-
lished between tensorial forms of type p, and associated bundle valued forms on M, we
get

Gp(ur, ..., ug) — ¢ (druy, ... drug) = (7°¢), (w1, . . ., ug)

]

If ¢ is a basic form, then d,,¢ = d¢: since dn X, = dnmyX,, we have dm = dm o my.
Then if ¢ = 7*7, with 7 a form on M, d,¢ = (d¢) o my = (dn*T) oy = drodm oy =
dr odm = d(w*T) = d¢. These facts allow one to prove the follow theorem.

Theorem 3.6.19. Let P = M be a principal G-bundle with Ehresmann connection w and
curvature form ). Let p be an Ad(QG)-invariant polynomial of degree k on g. Then

1. p(Q) is a basic form.
2. The form A such that p()) = m*A is closed.
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3. [A] € H*(M) is independent of w.

Then to each invariant polynomial, we can associate a cohomology class [A] € H*(M)
such that p(2) = w*A. This cohomology class is called the characteristic class of P
associated to p. The map p — [A] is called the Chern-Weil homomorphism.

The proof is similar to the corresponding theorem for connections on vector bundles,
so we omit it. Using the previously established results, the interested reader may attempt
to prove the result. Otherwise, the result can be found in [3, Theorem 32.2].

However, we should address how the curvature defines an element in the de Rham
cohomology. Let Q € Q2(P,g)*? be the curvature form. Suppose we are given a €
Sym”(g*). Define & € Inv(g) by

1

a(X) =

(X,....X)

This map is an isomorphism [6, Lemma 4.6.1]. The inverse map will be denoted by p.
Using this inverse map, we construct the assignment H : Inv*(g) — Q%*(P) by:

H(p) = Alt(p(€2))

This map extends to an algebra homomorphism Inv(g) — Q*(P). Clearly, then, since
Q is of type Ad, we get that H(p) is invariant, by Ad-invariance of the polynomial. It
follows that H(p) is horizontal and G-invariant. We now have an assignment Inv(g) —

Qideg(p )(P)G, where the latter denotes the space of horizontal, invariant forms. Now, the
pullback map
T QR (M) — QF(P)¢

is an isomorphism by 3.6.18. Then we compose with its inverse to obtain the map
c:Inv(g) — Q" (M)

Thus, we have shown that indeed, the characteristic classes define elements of the de Rham
cohomology of the base manifold M.

Example 3.6.20. Recall the curvature of the connection we established on the Hopf bun-
dle/fibration. Its curvature was

Q= _<770/\ﬁ0+771 /\ﬁ1)

We know from complex analysis that the complex projective line is the one point compact-
ification of the complex line. Consider a two form on C by

1
Y= d:AdZ
T+1pp™ "
We now define a subset of the 2-sphere by U = {[z] = [w : v] € CP : v # 0}. Recall
the chart map for the complex projective space is ¢([z : w]) = =. We claim that the global

E2
o
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closed 2-form on the sphere determined by the connection when restricted to U is given by
1*3. Because
Q= (mroo) YL =y*%
for a section o of the bundle, we need but to show that 7*9)*Y = Q. 7 : C> — CP is
obviously the projection map. ¢ o 7(w, v) = %, so the pullback of ¥ is simply
-1 w

01 Twfo e

We note that vv + ww = 1 and so

SRS

)Ad(=)

(Y

vy ATy + wom ATy = —|wl*m ATy — |vfPne AT,

Using this, the reader can perform the calculation on the pullback to verify that this leads
to

=([o]* + [w]*)(no ATo +m AT) = Q

because |v|? 4 |w|? = 1 on the sphere. Using the one point compactification, we can then

compute
1
Q:/zz_/—dz/\dz
/52 c c (L+[2[%)?

We let z = = + 1y, so that dz = dx + idy and dz = dx — idy, resulting in
dz Ndz = dx Ndx —idx ANdy + idy A dx + dy N\ dy = —2idx N dy

Then the integral becomes

1 27 fe's) 1
2% [ —dr Ady = 2i L rde = 2mi
Z/Rz(1+r2+y2>2w Y Z/o /0 (4 2 e =2m

This gives us the first Chern number of the principal Hopf bundle, because

-1
2w

c1(P) %]

whence the first Chern number of the Hopf bundle is —1.

We have the following classification result, whose proof can be found in [6, Theorem
4.8.8].

Theorem 3.6.21. Let dim M < 4. The assignment P +— co(P) is a bijection between
the sets of isomorphism classes of principal SU(n)-bundles over M, and H*(M;7Z), the
cohomology classes with integer coefficients.

We will use this result later, to classify so-called “instantons”. We end this section with
some results that we will need later. A bundle automorphism is an equivariant automor-
phism (i.e. a diffeomorphism onto itself) that preserves the fibres. We denote the group of
bundle automorphisms by Aut(P). We denote by C°°(P, G)“ the set of smooth G-valued
maps that satisfy o(pg) = Cy-1(o(p)), where C' denotes conjugation.
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Proposition 3.6.22. There is a bijective correspondence between bundle automorphisms f
and maps in C*(P,G)%, f + oy, given by f(p) = poy(p). This map is an isomorphism
of groups.

Proof. Since f preserves the fibre, there exists a unique ¢ such that f(p) = pg. o is defined
to be this g. (pg)o(pg) = f(pg) = f(p)g = (pos(p))g. Therefore gos(pg) = o(p)g
so o is indeed a smooth G-valued map. The inverse of this assignment is given by f,(p) =
po(p). This assignment is manifestly G-equivariant since f, (pg) = pgg o (p)g = po(p)g =
f-(p)g, with smooth inverse given by f,-1, so it is a diffeomorphism. It is therefore a
bundle automorphism. The fact that the assignment is a group homomorphism is easily
verified. Thus, this defines an isomorphism of groups, and we can identify elements of one
group with elements of the other. [

Proposition 3.6.23. The group of bundle automorphisms acts on the associated vector
bundle through bundle isomorphisms by the map (f,[p,v]) — f - [p,v] = [f(p),v] =
[pr (p>7 U]'

Proof. We need but to show that this action is well defined, which is not so difficult. Sup-

pose we take another representative [p/,v']. Then p’ = pg and v' = p(g) v for some
g € G (pis the representation). So [f(p'),v'] = [f(p)g, p(g) 0] = [f(p),v], and we are
done. [
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Chapter 4

Elementary Gauge Theories

4.1 Classical electromagnetism as gauge theory

We will use natural units. Recall that Maxwell’s equations are given by

V-B=0 4.1)
0B
VXE—I—E—O “4.2)
V. E = dnp 4.3)
OF
B-" =4 4.4
V x BT mJ 4.4)

As we have seen after our introduction of the Hodge star operator, there is an intimate
relation between vector calculus on R? and exterior calculus.

grad div

C*(R3) [(TR?) —2L T(TR?)

N

PR} —I R} —I 2R} —1o  O3(RP)

It is rather natural to ask the question of how one might be able phrase Maxwell’s
equations in terms of differential forms. We shall dedicate this section to doing precisely
that. The work done by a force on a particle along a curve v is given by W = f,y F - dz.
With our knowledge about differential forms, this can be slightly rephrased. If we instead
take a differential 1-form w = Fjdz’, then W = f7 w. We know that V x is simply the
curl. By the diagram, this is essentially equivalent to taking the exterior derivative of the

O=(R?)
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corresponding form.

d(Fydz') = 0, Fydx' A dz' + Oy Fyda® A da' + 93 Fyda® A da' =
— Oy Fydat A dx® — 03 Fydat A da®

d(Fyda?) = 0, Fodx A da? — 03 Foda® A da®

d(Fydx®) = 0y Fydx' A dx® + 0y Fydx® A da®

Adding all of these, and calling w = E we get

dE = —82E1dl'1 VAN d(L’Q — 03E1dx1 A dl’g + 81E2dx1 A d$2—
O3 Erdz® A\ da® + 01 Esda’' A da® + 0, E3da® A da® =
(81E2 — 82E1>d$1 VAN dxz + (alEg — agEl)dl’l A\ deS + (02E3 — 83E2)d:c2 A dl‘g

If we want to continue down this path, we see from the Maxwell equations that B should
instead be a 2-form, when it is ordinarily a vector. Recall that we defined the map ¢ :
[(TR?) — Q*(R®) by «(X) = X udx' A da? A dz®. We apply this to B = B;dz’ to get

B = Byda® A da® — Bodx' A da® + Bsdaz! A da®

We now move on to the slightly more subtle cases (4.3) and (4.4). We have established
E as a 1-form. V- is the divergence operator. So we need to first make £ into a 2-form
while preserving its structure, before we can apply the exterior derivative to act in place
of the divergence operator. In dimension 3, this is what the Hodge star operator does. We
computed the Hodge star acting on the standard dual basis vectors in R"™. As a result, we
find xE = E\dz* A da® — Eydat A da® + Exdx' A dz?. Now we can apply the exterior
derivative as an analogue of the divergence to obtain the statement xd(xFE) = (4mp), as
a substitute for (4.3). Alternatively, xd(xE) = 4mp. Finally, for (4.4), we first transform
the 2-form B into a 1-form to be able to take the exterior derivative as an analogue of the
curl. So we get d(xB) € Q*(R?). But ,F is a 1-form. Therefore, we apply the Hodge
star operator again, to get xd(xB). Obviously, we also consider J as a 1-form, accordingly.
Thus, if d* denotes the codifferential, we can compactly write

dB =0 4.5)

0B
dE + i 0 (4.6)
d'E = —4mp 4.7
d*B = 4nJ 4.8)

Technically, all of the involved objects are functions in four variables (2°, 2!, 22, 23). To be
precise, therefore, we should write ds and d; to indicate that we are taking spatial deriva-
tives only. This is problematic, because special relativity is in fact one of the most firmly
grounded physical theories to date, and it uses the 4-vector formalism. What we have pro-
duced thusfar doesn’t seem organic in this context, because we are restricting the derivatives
in an unnatural way. As we will see, there is a way to remedy this.
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Remark 4.1.1. For the remainder of this section, we will assume a basic familiarity with
Einstein’s theory of special relativity.

Let R'3 denote the vector space R* with the standard inner product of signature (1, 3).
If U C R3 is an open subset, then it turns out that we get a well behaved map j : U — R!3
by letting 7 = (p, J), a so called 4-vector, in the special relativity formalism. Recall that
p is the charge density, and J the current density. The continuity equation relates these
two by % + V - J = 0. Let’s verify that j indeed indeed is a 4-vector, which means that
it transforms correctly under a Lorentz transformation. Suppose that we have a frame in
which we have no no current, only static charges with density py. In another frame that is

related to it by a boost v, then j* = Aj. Let -y be the Lorentz factor v = , / 1_1U2. Then this
transformation is given by

v —yv 0 O
|- v 00
A= 0 0 10
0 0 01
It follows that p’ = ypg and j' = —7pv. This makes sense, when we account for Lorentz

contraction. The volume gets “squeezed” so that the charge density is higher. Furthermore,
the charge is moving with a velocity of —v relative to the boosted frame, so we could
fairly conclude that this result is consistent with Lorentz transformations, and we indeed
have a 4-vector in the form of j. Now, the electric and the magnetic field together give
six scalar fields. We would like to find this number of dimensions in some aspect of our
Minkowski spacetime, which we represent by V' = R'3, After several considerations, we
see A%(V*) has dimension 2”,‘—;, = 6. A 2-form on an open set of this space is a mapping
F : U — A*(V*). A basis for the target space is given by the same elements in which we
expressed B and E previously, with the addition of dz® A dx', da® A dx® and da° A da3.
Thus, we pose that our relativistic version of B should look like F' = B + G, for some yet
to be determined factors G. If we wish to establish a relation between B and E, there are
not many options to choose from. We either have F' = B+dz° AE,or F = B—diz° A E.
To get an idea of which choice to make, we compute dF' and dF’. The computation is
somewhat lengthy, so we will just state the result.

0B; N Ok,  0E;

0xz0  O0x?  Ox!

0By 0E; 0E), . , 1 3

( 920 Bl + axg)dx Adzt A dz’+
0B, 0E, 0E;, . ) 3
(8I0 + 53 axz)dx A dx® A\ dz°+
B B B:

(gxll + g$22 + gx;)dxl A dz® A da?

dF’ = ( )da® A dat A da?+

As one might suspect, there is a reason we named this version F” and calculated it first,
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because it gives the wrong result (although it is almost right). On the other hand, we get

0Bs 0F, OFE
dF = ((%3 - 81:21 + 8$12)da:0 A dzt A da?+
0By, 0Es; 0L, 1 3
(— 520 T Bal T 9 Ydx® Ndx N dx®+
0B, 0F, O0F
(a ; -3 ; +3 ;’)dacOAdeAdx3+
x x x
0B, 0By, 0DB;, , , 9 3
(1 T g2 T gps)de Nde" Ade
As we can see, the E; terms differ by a sign. From the second one, we recover both (4.1)
and (4.2), by requiring that dF' = 0. Hence, we define F = B — da® A E. This is quite a
remarkable result. For the non-homogeneous Maxwell equations, we have to deal with the
subtlety of the Minkowski metric, whose inner product is nondegenerate, but not positive
definite. This is called a pseudo-Riemannian metric. The Hodge star operator is also well-
defined for such metrics. Skipping the computation, we find
OE, O0E, O0OFEs; ,, ,0E, 0By 0Bs . ,
dxF = d — d
xax (8$1+8x2+8x3)x +(8:p0+89§3 &v?)x—l_
oE, 0B, O0Bs ,, ,0Fs 0By 0By , 4
— d — d
(0:.170 ox3 + 0$1) T (8:760 * 0x? &Ul) o
As we can verify, when we require that xd(xF') = 4m.J, we recover Maxwell’s inhomoge-
neous equations as well. Suppose that F' is an exact 2-form, which is locally always true
by the Poincaré lemma. Then there exists a (possibly local) 1-form A such that F' = dA.
This form A is called a gauge field, and F is called the field strength. Such a form is not
unique, we could just as well choose A" = A + df for any smooth function f. Such a trans-
formation is called a gauge transformation. Two forms are called gauge equivalent if
there exists a gauge transformation between A and A’. This defines an equivalence relation
on the space of 1-forms on the manifold. Let us show this. Clearly, we have A = A + 0,
so A ~ A. Suppose that A ~ A’, then A = A" + df. Hence A —df = A, so A’ ~ A.
Finally, suppose that A ~ A" and A’ ~ A”. Then A = A’ +df and A’ = A” + dg. As such,
A=A"+d(f+g),s0o A~ A".

Definition 4.1.2. A gauge field A is called pure gauge if ' = dA and F' = 0.

Thus, the equivalence class of A = 0 are precisely the pure gauge fields. In the standard
notation, we write the 1-form as A = —¢da® + Adx' + Aydx? + Azdx®. ¢ is called the
scalar potential and a = (A, A, A3) the vector potential. We then find

dp  0A1, , 1 oo  0As, , 9
dA:(@—l-@)dl’ A dx +(@+W)d$ N dx’+
dp  0As. ., s  ,0Ay  0A 9
0Asz  0A; 0As  0A

043 O0Aay, o 3, (943  dA1, 4 3
((%2 8x3)dx A dx +(8x1 8x3)d$ A dx
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4.2. ELECTROMAGNETISM ON A PRINCIPAL BUNDLE

The requirement F' = B —dax’ A E = d A results in solutions to the homogeneous Maxwell
equations of the form B = V x Aand £ = —V¢ — 5. We can then explicitly see that,
for an arbitrary smooth function f, the gauge transformatlon O+ ¢— and a—a+Vf
results in the same electric and magnetic fields. Indeed, since we can 1nterchange the order
of partial differentiation:

9 of . a0 of

at(a+vf) V(g — E) Tl —Vf V(9) +Vg =
oa af of,  Oa

—gp VO Vig) Vg =5~ Vo

Additionally, V x a + V x Vf =V x Asince V x V = 0.
Substitution of these equations into the inhomogeneous equations then provides us with
a system to solve, for the general case. These are

Agb+ 0 (V A) = —4mp

02 A 0¢

Choosing any particular gauge is called gauge fixing. For example, there is the Lorenz
gauge, which means we impose the condition that V - A + % = 0. Since the solution
depends only on the equivalence class of the gauge field, a problem can be simplified in
this way by choosing an appropriate gauge field. The particular case of the Lorenz gauge
results in a wave equation, which is more manageable than the general case. However, it is
obviously still highly non-trivial, in spite of that.

4.2 Electromagnetism on a principal bundle

Definition 4.2.1. Let P = M be a principal G-bundle with an Ehresmann connection A.
Let U C M beopenand o € I'(U, P) be a local section. The gauge potenial is the g-valued
1-form given by A, = o*A. The Ehresmann connection is also called the ’gauge field”.

Lemma 4.2.2. Let A, and Ag be gauge potentials (where we are suppressing o). Suppose
Uap # 0. Then if gop is the transition function, the connection transforms like

Ag =Ad(g,, )oA + 9ot
where 0 is the Maurer-Cartan form. For a matrix Lie group, this is just
JagAafap + Gay A9ap
Proof. Let o, and o3 be the respective sections. Given Z € T, M we set

X =d(04): X Y =d(gap)sZ
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4.2. ELECTROMAGNETISM ON A PRINCIPAL BUNDLE

Denote the group action by 7(p, g) = pg.

(05):(2) = d(0(0.90))e(Z) = (dBy, i (X) + (60 )i =
(ngag)oa(x) (X) + (g;fﬂe(z)ag(x))’:i

where we again used the differential of the group action (previously left as an exercise to
the reader). Hence, A3(Z) = (R;  A)(X) + g;30(Z) = Ad(g,3) © Au(Z) + g558(Z), by
the defining properties of an Ehresmann connection, and the result follows. Note that in
the case of an abelian Lie group, this expression takes on a particularly simple form. [

Theorem 4.2.3. Let P = M be a principal G-bundle. Let A be an Ehresmann connection
on P. Let f € Aut(P). Then f*A is an Ehresmann connection, which is given by

[fA=Ad(o;") ow+ o}
where 0 is the Maurer-Cartan form.

The proof is very much the same as that of the previous lemma, when we identify f
with the previously defined map o satisfying f(p) = p - o¢(p), and use the differential of
the group action again.

Example 4.2.4. Let G = U(1) so that gauge transformations can be described by g(p) =
e~®)_ Then the gauge potential transforms like A’ = A + ¢(—idf(p))e P = A —
idf(p). Suppose we take A = —iA. Then we get A — A + df. This should look familiar.

Definition 4.2.5. Let P = M be a principal G-bundle with an Ehresmann connection A
with corresponding curvature F' and U C M open. Let o € I'(U, P). We define the (local)
field strength F), as a 2-form on U given by o* F'.

We have already seen that the curvature F' can be expressed as dA + 3[A, A], as well
as how the curvature transforms under a change of frame. The following result is then not
very surprising, it is just a rephrasing of an already known result.

Proposition 4.2.6. The (local) field strength can be expressed in terms of the gauge po-
tential as F, = dA, + A, N A, = dA, + %[Ag, A,|. The field strength under a gauge
transformation transforms as Fpg = g;ﬁl Fogag.

Note that if (7 is abelian, then this equation says that F,, = F}s. If we view electromag-
netism through the lens of a U(1) principal bundle, this is exactly the statement that we
observed earlier, that the dynamics don’t change under a gauge transformation. Next, we
will try to make sense of the assignment A = —iA.

For the remainder of this section, we will assume basic familiarity with (non-relativistic)
quantum mechanics. In quantum mechanics, we have a certain redundancy in the wave-
function, which is the phase. The phase can never be explicitly observed. Let us therefore
examine what happens under the transformation 1 5 € =: ¢, with § : R* — R. We
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4.2. ELECTROMAGNETISM ON A PRINCIPAL BUNDLE

want to see what implications this has for the Schrodinger equation. To this end, we first

calculate B
o~ O

;27 il —i0 7

o= et VT T

Next we state the Laplacian A1) in terms of J This will involve a few more terms:

Y.

0y _ _—if 9 o~ i 00 -~ _ig 00 8{/; - _in 90 8{5 —i6 82{5
awE - ¢ o) VT e T amar T awar ¢ oy
— A= e (= (V)2 — i(AO)) — 2i(V0) - (V) + A

This turns the Schrodinger equation, which is 10,1 = (—ﬁA + V)4, into somewhat of a
disaster. For ¢, we now get:

0 00

’i(—iae‘”{/ﬂ ) =
_%(eie(—(VH)%Z — (A0 — 2i(VO) - (V) + AY) + Ve P —
.8{5 1 ,~ o N R .
iy = —%(—(VG) U — (A0 — 2i(VO) - (V) + AY) + (V — E)w

We are rescued from this scenario by making a particularly ansatz, namely the operators

861- — 9 gei' It turns out that this results in
X X

~ 6 ~
iSO (v - O

In essence, this means the Laplacian in the original Schrodinger equation has been re-
placed with Z?Zl( 0 —4-29)2 This tells us that a change in phase is accompanied by

oxt oxt
an assignment V' +— V — h% as well as % > 8‘22. — ia‘r’fi. To make the connection

with our previous discussion on gauge transformations, we write  — —qf, with g be-
ing the electric charge of the particle, so that 2% can be viewed as an electric potential

t
function. We then instead find V' — V + qg—iﬁ and aii — % + 1q gfl-. Equivalently,

%% ‘r—> %% + g% apd % a(zi — % 8‘; +q gfi. .The fact that the t?ans.formgtion of the Po—
tential energy is equivalent to this tranformation of the time derivative might not be im-

mediately obvious. To see this, on the left hand side of the Schrodinger equation, we get

ig(%%{bv) o iQ(%%{E + q%{bv) =il b — q%{/;. Taking the second term over to the other
side then shows that this transformation is the same.
Letting A = (¢, a1, as, a3) be the 4-vector potential (or gauge field) as before, we now

re-write the Schrédinger equation as

S = S o gAY + (4
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A local gauge transformation ¢ +— e*iqﬁw then gives us the same Schrodinger equation,
except with the potential associated to A = A + ¢qdf. This gives an explanation for the
result of 4.2.4. Now that we understand this, we say that quantum mechanical electro-
magnetism is a gauge theory modelled on U(1), since the phase ¢? lies on the unit circle
inC,and S' ~ U (1). As such, a local gauge transformation of the wavefunction which
satisfies the Schrodinger equation corresponds to a classical gauge transformation of the
electromagnetic field.

4.3 Yang-Mills Theory

Throughout this entire section, we will assume that M is a pseudo-Riemannian manifold,
with metric g, and we will assume that G is compact. Crucially, we will furthermore assume
that the Lie algebra comes with an Ad-invariant inner product. Although we will speak of
what is known as a Lagrangian in the formalism of field theories, we will not be doing
any computations with it or deriving any physical results with it, save one. For this reason,
it suffices to know that the Lagrangian is a smooth function which encodes the equations
of motion of a physical system. Lagrangians are the main object of interest in developing
new physical theories. Note: we will start omitting the "Ehresmann” when mentioning
connections, as we’re primarily dealing with principal bundles at this point.

We have previously defined an inner product for differential forms with values in R (or
C with minor modifications), using the inner product induced by the metric on the vector
space of forms. We would like to extend this notion to so called twisted forms, which take
their values in a vector bundle. Let £ = M be a vector bundle with metric (-, -)z. Then
together with the metric g, we get a metric on A¥T*M ® FE as follows. Let ey, ..., e, be a
local frame for £ over U C M. Then consider two forms

F:ZE(@@@ G:ZGj®€j

with each £ and G; being regular R-valued forms. Then we define

r

(F,G)g = (F,Ggleie;)e

ij=1

As before, this does not depend on the choice of basis. Unsurprisingly, we then define
*F = Y (xF;) ® e;. Finally, this gives us an inner product on the space of twisted forms
on the manifold:

@ = [ ()ea
M
Where we wrote L? as an analogue of square integrability of functions. Recall that a

connection on a vector bundle has a unique covariant derivative associated with it. For
notational convenience, we denote both by V.
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4.3. YANG-MILLS THEORY

Definition 4.3.1. Let £ = M be a vector bundle with covariant derivative V. We define
the exterior covariant derivative for vector bundles dy : QF(M, E) — QFY(M, E) as
follows:

dyw = Z(dwl- ® e;) + (—1)*w; A Ve,

If A is an Ehresmann connection on a principal bundle and V4 is its associated covariant
derivative on an associated vector bundle, we instead write d 4.

We do not explore that relation here. As usual when we define something in terms of a
basis, we have to show it does not depend on the choice of basis. Let us do this, as it is not
so similar to previous cases. Suppose that ¢/, . .., €. is another local frame. Then we have
e/, = Cle; and we let w} = (C')w; so we have

w:Zwi@)ei:Zw;@e;

Then:
Y duf @€+ (=1 A Ve) =
D d(CTE A Clwy @ e+ (C71) Clduy @ e+
0,7,0
(_1)]6(071)3“’1 N dC; ®e; + (—1)]6(071);0;001 A Ve;
We note that

> [d(CNC; + (C7)dCy) = d(Y_(C7Y)iC)) = ds" = 0

Then the result follows, because this only leaves > (dw; ® e; + (—1)*w; A Ve;) which is
what we wanted to show.

The exterior covariant derivative satisfies all of the usual properties, except dyody # 0,
which isn’t a coincidence, as we shall soon see. In particular, we have

Proposition 4.3.2. The exterior covariant derivative satisfies the following properties for
w,w' € Q¥ (M,E), 0 € Q*(M), e € T(E).

1. dy(w+ ') = dyw + dyw’

2. dy(c®@e)=do®@e+ (—1)*c A Ve
3. dy(oc Aw)=do Aw+ (=1)ko A dyw
4. dy =V onT(E)

An interesting fact is that d%, # 0 is precisely the expression of the curvature of the
connection, as shown in the following result.
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4.3. YANG-MILLS THEORY

Proposition 4.3.3. Let E = M be a vector bundle with connection NV and dv the exterior
covariant derivative. Then the action of the curvature F' € Q*(M,End(E)) is given by
d% : QF(M, E) — QF2(M, E).

Proof. Let s € I'(E). Let w be the connection form of V. Then, we have

des = (d+w)(d+w)s = (d+w)(ds+w-s) =dods+dw-s)+wAds+wAw-s=
dsNwH+dw-s—ds Nw+wAw-s=dw-s+wAw-s=1I"5s

]

We next define the covariant codifferential, by dt = (—1)"* +D+1 x dox. As before,
this is the formal adjoint of the exterior covariant derivative. The proof is similar enough
to be omitted. As we concluded previously, if A is an Ehresmann connection on a principal
bundle P, then we can identify its curvature F** with an element in Q%(M, Ad(P)), which
we label by Fjj.

Definition 4.3.4. The Yang-Mills Lagrangian is defined by

1
ﬁYM(A) = _§<FZ\AJv Fﬁ>Ad(P)

We also denote —(Fji}, Fip)aacp) as |Fip|?.

Because we will not be investigating more Lagrangians in this section, we will simply
write £. For all bundle automorphisms ¢ € Aut(P), the Yang-Mills Lagrangian is gauge
invariant, i.e. £(¢*A) = L(A). Recall how an Ehresmann connection transforms under
a global bundle automorphism, as well as the action defined by a bundle automorphism
4.2.3. The theorem implies that the curvature transforms like /"4 = Ad(o;') o F#, and
F]]Vc[ At F{}. By the Ad-invariance of the inner product on the Lie algebra, (-, -) Ad(P)
is invariant under the action of f~!. This gives our result.

We would like to find an expression for the Yang-Mills Lagrangian in local coordinates,
with a local gauge o* A for some section ¢ : U — P. The inner product on g defines an
inner product

<'7 '>g : QQ(Ua g) X QQ(U79> — COO(U79)
We adopt the physics notation of denoting local coordinates by x*. Then define F/j‘y =
o*F A(ﬁu, 0,). Let Zy,...,Z, be an orthonormal basis for the Lie algebra with respect
to the inner product on the Lie algebra. Then we also write o*F4 = (0*F4)! @ Z;, so
Ff = (F*),Z;, with (0*F*)" € Q*(U) and (F*),, € C*°(M). The reader may verify
using the definition that for a 2-form, in this new notation, we have F' = %F,Wd:v“ A dx”.
Consequently,
1 * 1A * 1A 1 A A\ pv 1 AN A\ pv
L(A) = =5 (o F 0 F) g = =B, (F)™)g = = (F),, (F);

Then for o*F# we can write F/ﬁ, = 0,A, — 0,A, + [A,, A]. We define the structure
constants f;; by [Z;, Z;] = S."™9 f,,xZ).. Then we have the expression (F4), = 0,AL—
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4.3. YANG-MILLS THEORY

&,AL + fjkiAﬂAﬁ. By the anti-symmetry of the Lie bracket, it easily follows that f;;, +
fjit = 0. Furthermore, f;r; + fj = 0 since ([Z;, Zy], Z;)q + (Zk|Z;, Zi])s = 0. We can
use this to give an explicit formula for the Yang-Mills Lagrangian.

L(A) = — (P (P =

1P (0,45 — 0, AL (0" A7 — 0 Al

1

4
! ~ i\ 1 1 .
ifijk@“A’lf - 8”AZ)AJHAIW N ZfijkfilmAiLAl]fAl”Am”

where we have written upper indices on partial derivatives for no other reason than to
maintain the summation convention. Recall our previous proposition which stated that the
space of Ehresmann connections on a principal bundle is an affine space 3.6.15. We also
established an isomorphism Q} (P, g)*! = Q'(M, Ad(P)), with an explicit isomorphism
¢. We shall now also instead denote ¢(a) = .

Definition 4.3.5. Let P = M be a principal G-bundle, and M a compact manifold. The
Yang-Mills action S : A(P) — R is defined by

1 1 1

S(A) = 5 (b Fihe = =3 | (Flb FibaamdVy =5 [ 1FiFa,

2 2

where we have chosen a normalisation constant on the inner product on the Lie algebra, to
define |Fi}|?. Different texts use different normalisation constants (usually they are 1 or
1/2, we use 1/2 here).

An Ehresmann connection is called a critical point of the Yang-Mills action if it satisfies

d

21 S(A 4 ta) =
o t:OS< +ta) =0
for all a € QF (P, g)Ad.

Theorem 4.3.6 (The Yang-Mills Equation). Let P = M be a principal bundle. An Ehres-
mann connection is a critical point of the Yang-Mills action if and only if it satisfies the
Yang-Mills equation d* F5; = 0.

Proof. We use Cartan’s structural equation ' = dA + $[A, A] to find that
1
FAT — (A + ta) + Q[A +ta, A+ ta] =
1 1 1 1
AA+ 5[4, Al + t(da+ 5 ([A,a] + [a, A) + 520, a) = FA + t(da+ [4,a]) + 5[0,

Recalling the definition of d 4, this means that F;, "' = F{i +td ap + +t2[ans, anr). Since
the covariant exterior derivative is the formal adjoint of the covariant codifferential, and
both the term not depending on ¢ and the ¢? term vanish upon differentiating and evaluatning
att = 0, respectively, we obtain

d *
dt t—0<Fﬁ+m’ Fi™) 2 = 2(daanr, Fip) 2 = 2{anr, &5 Fip) 2
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By non-degeneracy of the inner product, if A is a critical point, this means we must have
d* Fi; = 0. The converse is equally true. Since the Hodge star operator is injective, this is
equivalent to d 4 * Fi} = 0. O

Example 4.3.7. Suppose that G = U(1). Since U(1) is abelian, the local curvature forms
are independent of the choice of local gauge. Hence they form a well defined global 2-
form, which we call F;. Then the Bianchi identity and the Yang-Mills equations together
state:

d*FMIO

(We have doFy; = dF)y in this case, as Fyy € Q*(M,u(1)), with u(1) = /R). Compare
this to equations (4.5)-(4.8). These are the sourceless (J = p = 0) Maxwell equations.
This is the starting point point for the standard model of particle physics, which is based
on a SU(2) x U(1) gauge theory in the form of quantum electrodynamics, and SU(3) in
the form of quantum chromodynamics. Both of these are non-abelian, which makes the
associated equations vastly beyond the scope of what we’re looking to explain in this text.

In essence, what this boils down to is that the mathematics of principal bundles and
Ehresmann connections takes place “above” the spacetime manifold M, in the bundle.
Every Yang-Mills field strength “above” M is the curvature of an Ehresmann connection
on the principal bundle, so it satisfies the Bianchi identity. In physics, we then ”pull this
information back” to the base manifold M. To summarise:

Definition 4.3.8 (Gauge Theory). Let P = M be a principal G-bundle, let g be the Lie
algebra of G and o : U — P alocal section.

1. A gauge field on P is an Ehresmann connection on P that takes its values in g.
o*A = A, is the local gauge field on U (or gauge potential).

2. F,(X,Y) = o*(dA(my X, m4Y")) is called the field strength in the gauge corre-
sponding to o.

3. A bundle automorphism (fibre preserving G-equivariant diffeomorphism) is called a
gauge transformation.

This concludes the journey that we began, at the start of this text, to understand what a
gauge theory is, in both a mathematical and a physical context.

Recall that a 2-form on a dimension 4 manifold is called self-dual if xF' = F', and anti-
self-dual if xF' = —F'. We in fact showed very early on that every 2-form in this dimension
can be written uniquely as a linear combination of two such forms 2.3.3. Self-dual and
anti-self-dual forms play an important role in Yang-Mills theory. This is because, in either
case, if an Ehresmann connection A with associated curvature F'4 satisfies xF'4 = +F4,
then dy x FA = +d,F4 =0, by the Bianchi identity. Therefore, any (anti-)self-dual form
automatically satisfies the Yang-Mills equation. We call a connection (anti-)self-dual its
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associated connection is. Denote by A the space of connections satisfying the Yang-Mills
equation. The space of self-dual and anti-self-dual Yang-Mills connections are respectively
denoted by A" and A~

Definition 4.3.9. Let P = M be a principal G-bundle over a (pseudo-)Riemannian mani-
fold. Let G = Aut(P). The Yang-Mills moduli space is defined to be M = A/G.

This type of space is not necessarily a manifold, nor even necessarily Hausdorff. We
denote the moduli space A*/G by M. The group G is called the gauge group, and it is
an infinite dimensional Lie group (also known as a Hilbert-Lie group).

Definition 4.3.10. Let P be an SU(n)-bundle over a compact Riemannian manifold, with
Ehresmann connection A. Then this connection is called an instanton if its associated
curvature is (anti-)self-dual.

We will now show a solution on a principal SU(2)-bundle, using quaternions, known
as BPST-instantons (these are the initials of A. Belavin, A. Polyakov, A. Schwarz and
Y.S. Tyupkin). We will assume familiarity with quaternionic multiplication, conjugation,
norms and other basic operations. Recall that quaternions don’t commute. We will write
quaternions as ¢ = a + ib + jc + kd. The non-zero quaternions are a Lie group under
multiplication. Furthermore, the 3-sphere is diffeomorphic to S := {¢ € H : |¢| = 1}.
This is straightforward to see when, as a vector space, we consider H = C x C. Since
the quaternions aren’t a field, it does not make sense to talk about vector spaces over H.
However, we can take the next best thing, which are H-modules. We denote these by H".
We put an inner product on these spaces by (v, w) = > T;w; € H. We then define the
compact symplectic group:

Sp(n) :={A € GL(n,H) : (Av, Aw) = (v, w) for all v, w € H}

As for the complex case U(n), we have A € Sp(n) <= A'A = I. For the n = 1 case,
we get a bijective correspondence between Sp(1) and S = S2. For the n = 2 case, this
constraint means that for the H-matrix

_(a B
4= <’V d >
we get |af? + 7] = 1 and | B> + 0|2 = 1, as well as ((a,7), (8, 0)) = 0. Therefore, both
columns are points on S, and they are orthogonal. A similar argument as for the action of
St on S?"*! for the Hopf bundle we constructed shows that Sp(2) acts transitively on S7,

with isotropy group Sp(1) ~ S3. From this, we get a principal bundle Sp(1) — Sp(2) =
S7. A bar and star both denote conjugation, usage may be arbitrary.

Proposition 4.3.11. The 1-form w = Im(ada + 7dv) defined on S” is an Ehresmann
connection on the Hopf bundle S® — S7 5 HP' ~ S*.

89



4.3. YANG-MILLS THEORY

Note that this is a different Hopf bundle than the one we used before. It behooves us to
construct this new bundle explicitly. However, it is very much similar to the previous case.
We simply define an action of S® on S” by (v,w) - g — (vg,wg), viewed as quaternionic
multiplication. Similar considerations as before then apply to make this into a principal
SU(2)-bundle, since S? is isomorphic to SU(2) as a Lie group.

We now observe that dR, : T(,,)H? = H? — T(ygueH?* = H?. Therefore, we can
identify the differential with the action R, itself.

1

Lemma 4.3.12. For all non-zero quaternions q, we have ¢~ 'Im(v)q = Im(q"'vq).

Proof. The inverse of a quaternion is given by ¢~' = ¢*/|q| (as the reader can check), so it
suffices to show that ¢*Im(v)q = Im(q*vq). This is a simple matter to verify, since

5@ vg = (q"vq)") = 5 (¢ vg — q"v*q) = ¢"5 (v —v")g
2 2 2
which proves the result. ]

If (V, W) is a tangent vector, since |g| = 1 on S3, so that g~! = ¢*, we have

w(v,w)(‘/y W) = Im(’U*V + w*W) —
Ryw(vgwg) (V. W) = Wugug) (Vg, Wg) = Im((vg)"Vg + (wg) Wg) =
Im(g*v*Vg + g*wWg) = ¢ 'Im(v*V + w*W)g = Ad(g7") 0 wiuw) (V. W)

This proves the first property of an Ehresmann connection. Now recall that X, = d6P(X)
where 6P(g) = pg and X € g. We get

doPX = pX = (vX,wX) — Im(vvX + w'wX) =Im(X) = X

Where we used that |v]? + |w[*> = 1 on S? and that the Lie algebra of S consists of
the purely imaginary quaternions (since the tangent space at 71.S® consists of the vectors
orthogonal to 1 - i.e. those spanned by ¢, j and k). This proves that w is an Ehresmann
connection.

We now need to pull this “information” down to the base manifold, which is HP'.
Charts for the quaternionic projective line are constructed in very much the same way as
for other projective spaces, and no surprises await us there. We cover the projective “’line”
by two open sets

Uy = {[v,w] € HP' : v # 0}
Uy = {[v,w] € HP' : w # 0}

The coordinate maps are [v, w] — wv ™! and [v, w] — vw™!, respectively. The transition
functions ¢, o gbgl(q) are both given by ¢!, which gives us an atlas for HP' since the
charts cover the manifold. Because each of these open sets is contractible, the bundle is
trivial over the covering sets. We can find explicit local trivialisations,

©y (v, w) = ([o,w], v/v])  Pa(v, w) = ([v, w], w/wl)
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The reader may verify that the transition functions are then given by ®; o ®;!([v, w], q) =
-1 . . . « e g .

([v, w], |g";—,”q), which gives us the function g,s. Recall that every local trivialisation has

an associated section. We can now compute these. They are

o1([v,w]) = @7 ([v,w], 1) = [v|(1,wv™")
02([1),10]) = CDQ_I([U:w]? 1) = |w|(vw_17 1)

Define 0 := oy ogzﬁl_l, where ¢, is the coordinate chart on U;. We will define our Yang-Mills
connection by A = o*w. Explicitly, we have

o(g) = ! LI P S

_U( s —
SR VIR VIF P

It follows that:

(o) = () = ——
! V1+ gl V1+1q?

Y(o(q)) = \/%
+lg|

We will compute the differential, which we need to get the pullback by o, using the standard
trick of specifying a curve with the right initial position and velocity, which is () = ¢+t X
for X € T,H.

_4d
ot

doy(X)

1
(1,q +tX)
=0 \ 1+ |g+tX[?

We will need that |q + tX|? = (¢ + tX)*(¢ + tX) = |q| + tRe(q* X) + t?| X|, which tells
us that

d 1 1

— = —Re(¢"X)—F——=

dtl=0/1+ |q+ tX? e )(1+|Q|2)3/2
d q+tX X Re(q"X)
. = —q
dtl=o/(1+|qg+tX[>? /1+]q]? (1+1ql?)3/2

([ —Re(¢*X) X _ Re(¢"X)
doy(X) = ((1 PP g |q|2>3/2)

We now also have the following expressions.

_ B 1 —Re(q"X) _ —Re(¢"X)

(e A7) = T (v 1P~ O [aPR

_ B q X ~Re(¢"X) 1\ _
(YY) (q) (do (X)) = (1+ [q]2)172 ((1 + |q]2)172 q(1 + ]q|2)3/2>

¢ X |a|*Re(q*X)

(IT+1g)7 (I+1]q?)?
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We can now compute the expression for A.

(07w)g(X) = Im(@da +Fdy) 4 (g (do(X)) =
m(—Re(q*X)Jr ¢ X lql°Re(¢"X)

(T+1g?)?  1+10q*  (1+]g))?

Because of the fact that |¢|> € R and the imaginary part of a real number is zero, this
simplifies to

X
1+ qf?

0'wy(X) = Im(- 1)

So as a function, we have
—1\* q*
010 W)y = Im(————=d
(( 1 ¢1 ) )q (1 I |q|2 Q)

For all nonzero quaternions, we have ¢*/|q|* = ¢~', so we can also write this expression as

1y || -
(o100 ) w) = 1 !q\zlm(q 'dq)
A repetition of all the above steps will show that
1
090 071 w)y = ————Im(qdq
(( 2 2 ) )q ’q|2(1 + |q|2) ( )

It remains for us to show that this solution satisfies the Yang-Mills equation. It suffices to
show that the curvature form associated to it is (anti-)self-dual. To prove this, we first state
the following lemmas. Let ¢ =t + ix + jy + k=.

Lemma 4.3.13. The form dq N dq is anti-self-dual.

Proof. This is a fairly straighforward computation. dq = dt — idx — jdy — kdz and
dq = dt + idz + jdy + kdz. Then taking their wedge product gives

wdt Ndx + jdt N dy + kdt ANdz —idx A dt — kdx A dy + jdx N\ dz—
—gdy N dt + kdy N\ dx —idy N dz — kdz N dt — jdz A dx +idz A\ dy

Now we need to recall the Hodge star operator in the Minkowski metric:

x(dt Ndx) = —dy Ndz (dt Ndy) =dx Ndz
*x(dt Ndz) = —dz Ndy (dx Ndy) =dt Ndz
*(dr Ndz) = —=dt Ndy *(dyNdz) =dt \Ndx

Substituting these expressions will readily show that x(dg A dq) = —dg A dg. [

For the next lemma, to reduce notation, we write gdq = ¢q,dq". This means each
coefficient is itself a quaternion, so q,, = ¢° + g’ + jG> + kg>.
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Lemma 4.3.14. Im(gdq) N Im(gdq) = Im(gdq N qdq).

Proof. We compute the following:

Im(q,)Im(q,)dq" A dg” = (q, — 3,)(@, — 7,)dq" A dg"”
(@9, — 9,0, — T4, + 4,0)dg" A dg” =q,4,dq" N dg” =
(0.9, — 0.4, + 0,q, + .0, + T,4,)d¢" N dq” = (4,3, — (3,4,)")dg" N dg" =
Im(q,q,)dq" A dq”

Thus, since it holds for each term, it holds for the entire form. O]

Proposition 4.3.15. The field strength associated to A = 0*w, is anti-self-dual.

Proof. We calculate using F,' = dA, + A, A A, and the previous lemma:

<dﬁ/\dq+qd( qu/\ﬁdq>

1+ |q|? (1+[ql*)?
dgAd dg A d dgAgdg — gdg Agd

Im<<1+,q|2) qu)g_qqq a4 daNadq | gdg qq>

(1+1g»?*  “(1+1g?)?  (1+]q*)?
dq A dq

dg N dg ) ( dg A dq )
2
(1+ |g*)? 4 (14 q[*)? (1+ lq*)?

1
Adqg+
1+Gq) 1

FA = Im

q

tm (14 4P

Then from the first lemma, it follows that this form is anti-self-dual, and therefore satisfies
the Yang-Mills equation. ]

We now provide an application of characteristic classes, in the context of instantons.
Let P =+ M be a principal SU(2)-bundle, with dim M = 4. Let £ = P Xsu(z) C? be the
associated bundle, and o,, be the Pauli matrices, and write F' = F*(0,/2i), where o,,/2i
form a basis for the Lie algebra su(2). Then F'* = %Fjl,da:“ A dz”. The total Chern class
of FE is given by

i | B P
2w 24 2w 2%
1,1

1+Z(2 V(F'AF 4+ F2AF? + F3 A F?)
s

Then ¢o(E) = 1, ¢;(F) = 0 and
i FOAFYF
eB) = (- 3 0 e

The higher Chern classes obviously vanish. Recall that we defined
1F 1 iF
h(E) =t —) = —tr(=—)"
eh(E) = rexp() =3 gz,
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We then get, for our case:
h(E) =1+ Lu(l)?
C — —_
2 2m
since F'*>3 = () and the Lie algebra su(2) consists of traceless matrices. Recall that a

principal SU(2)-bundle is classified up to isomorphism by its second Chern class.
Definition 4.3.16. Let A be an SU(2) instanton. We define the instanton number of A by

n= /54 chy(E)

We can rewrite this expression in several ways.

1 1
= [ chy(E)=—== [ u(F*?=- E)=— [ |F*aV,
" /540 2(F) 872 S ") /3402( )= 5 /s4| vy

Observe that, although an instanton is a connection, the instanton number does not depend
on the choice of connection, since it is calculated through the second Chern class. This is a
topological classification. Since there is a bijective correspondence between isomorphism
classes of principal SU(2)-bundles and elements of H*(M;Z), the cohomology of a mani-
fold tells us how many different instantons it admits. Consider our previously constructed
BPST instanton solution
A=tm(—L gy FA—im-2N% y_ dindg

1+ [qf? (I+1q?)?" (14 1gl?)?

We can explicitly calculate the instanton number, as follows, noting that SU(2) = Sp(1).
Let g denote the standard metric. Observe that we have

li(do A dt + dy A dz) + j(dy A dt + dz A dz) + k(dz A dt + do A dy)|* =
|dx Adt + dy A dz|2 + |dy A dt + dz A dz)? 4 |dz A dt + do A dyl?
Since this basis is orthonormal, [dz Adt+dyAdz|} = |dx Adt|?+|dy Adz|} = 2, so the total

just amounts to 2 + 2 + 2 = 6. Now, we again integrate over R* using a compactification
argument, to obtain:

4
FA2 o —
w/ | ‘dv / L r s

6/ L v, - 6V01(53)/ d—12/oo " o1
72 Jou (1 +12)2 ; (1+7«) " . AT

Completely analogously, we have the instanton

A =Im(———dq)

1+H2

which turns out to have instanton number —1. These two instantons are also known as the
“basic instantons”. It turns out that there is a far more general result, encompassing all
instanton numbers n € Z. This is the content of the so-called ADHM (Atiyah-Drinfeld-
Hitchin-Manin) construction, given in [12, Chapter 3.3], which is beyond the scope of what
we can discuss here.
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4.4 Chern-Simons Theory

In the previous section, we made the fundamental assumption that our manifold came
equipped with a pseudo-Riemannian metric. There are also quantum field theories which
do not require this assumption, and they are concerned with topological invariants. Dif-
ferent types of topological field theories exist, and we will only look into one of them
here, namely Chern-Simons theory. We will assume a principal G-bundle P = M with
connection A and curvature F'. We will also assume that G is simply connected. More
generally, Chern-Simons theory can be explored with other Lie groups also, but the theory
becomes more complicated when considering Lie groups that are not simply connected.
Since SU(2) & S3, this Lie group is simply connected.

Definition 4.4.1. Let P, (F) be an arbitrary 2k-form that is a characteristic class (i.e. Py
is an invariant polynomial of degree k). The (2k — 1)-form (Qo;_; such that (locally, by
Poincaré’s lemma) Py (F') = dQa,_1(A, F) is called the Chern-Simons form of Py (F).

Since we only define this form locally, where the bundle is trivial, we will from now on
assume a trivial bundle, and make the trivialising open cover the entire manifold. We can
find an explicit local formula for this form. To do so, we will first need a few additional
tools. Recall that a polynomial of degree k is an element of Sym”(1/*) on a vector space
V. What we have previously been writing as P(A) is really P(A4, ..., A).

Definition 4.4.2. Let P be an invariant polynomial. Expand P(t; Ay + -+ + ¢, Ax) as a
polynomial in the ¢;’s. Then the coefficient of 1%, . . . ty, say B, is invariant and symmetric.
P = %B is called the polarisation of P, and is a k-linear form.

Example 4.4.3. Let P(A) = tr(A?). Then expand tr(t; A; + t2A5)?. The coefficient of
t1ty is given by tr(A; A + A3 Aq). The polarisation of P is then P(A, Ay) = %tr(AlAg +
Ay Ay) = str(Ay, As), where we define the symmetrised trace

1
Stl‘(Al, ce ,Ak) = H Ztr(AU(l)’ . ,Ag(k))

Now let A and A’ be two connections, and let A; = A + tn such that Ag = A and
Ay = A’ (we did this when we proved that the characteristic class does not depend on the
connection). Let F; = dA; + A; N\ A;.

Definition 4.4.4. Let P} be an invariant polynomial. We define its transgression by

1
TPy(A, A') :k:/ Pu(A — A F,,... F)dt

0

As was shown in the proof of the independence of the characteristic classes on the
connection, Py(F") — Py(F) = d(TP.(A, A’). Now, we can see that the Chern-Simons
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form of Py (F) is given by T'P,(A,0). This is only possible locally, since we cannot set
A" = 0 globally. Given the Chern character c;(F') we can explicitly compute
1

Qs3(A F) = (2—)2 /1 str(A, tdA + t*A?)dt =
0

™

1,0, 2
—(=—=)tr(ANdA+-ANANA
5 (5,7 +3 )
Since A; = tA and F; = tdA + t*A A A. We restate this formula in a slightly different
form.

Definition 4.4.5. Let P = M be a principal G-bundle, and (-,-) an Ad-invariant inner
product on g which extends to g-valued forms in the obvious way. Let A be a connection
on P and F' its curvature. We define the Chern-Simons form by

o= (A F)— é(A, (A, A])

This is the same form as the one we computed above (besides the factor in front), as we
Now prove.

Proposition 4.4.6.
da = (F, F)

Proof. Since d{w,n) = (dw,n) + (—1)“|w, dn),

da = {dA, F) — (A, dF) — S(dA,[4, A)) + (A dA, 4)) =
(dA, FY + (A, [A, F]) — %<dA, A, A]) + é(A, 20dA, A)

Where we used the Bianchi identity dF' + [A, F| =0 = dF = —[A, F]and d[A, A] =
[dA, Al — [A,dA] = 2[dA, A]. Then,

(A, [dA, A]) = —(A, [A,dA]) = —([A, A],dA)

([r,wl,m) = —=(=1)w, [, 7))
Thus,

do = (dA, F) + (A, [A, F]) — =(dA, [A, A])

1
2
Next, we have

(P.F) = {dA+ 5[4, AL F) = (dA. F) + L (1A, A} F)
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So it suffices to show that (A, [A, F]) — 1(dA, [A, A]) = 5([A, A], F). Now observe that

(A, [A F]) = ([A, AL F) = ([A, AL dA) + %([A,A]a A, A]) =
(14, 4], dA) + 5(A, [4,[4, 4])
Since [A, [A, A]] = 0, it follows that (A, [A, F]) = ([A, A],dA). Hence,

(A, [4, Fl) = 5(dA,[4, A]) = S{dA, [4, 4]) =

S (1A, AL dA) + (1A, AL A, A = {4, AL dA + (A, A) = (4, AL, F)
Therefore, dov = (F, F'). O

Proposition 4.4.7. Let f : P — P be a bundle automorphism, and ¢ = 00, where 0 is
the Maurer-Cartan form. Then

[ra=a+dAd(o;") o A ¢) - <¢ ¢, 0])

Proof. First note that f(p) = pos(p). Then we can compute the differential using the
differential of the group action, which we know. We find

dfp = (dRof(P))p + (Qb)f,

Where sharp denotes the fundamental vector field. Now, recall that ;A = Ad(o}?l) oA
and Ry F' = Ad(a;l) o F. Moreover, A(X¥) = X and F(Y,X*) = F(X* Z) = 0.
Therefore, we get that
f;<A7 F><Zl7 227 Z3) =
(A, F)(dRo ) (X1)p + (6(20))] dBoy ) (X2)p + (@(Z2)) ARy (Xs)p + (6(25));)

For Z;, = X, +Y, ¢ T,P = T,M & T,G. Since the curvature vanishes when taking a
fundamental vector field as an argument, this reduces to

(A, F)(Z1,Z2, Zs) = (A, F)(dRo,(5)(X1)p + ($(21))}, AR () (X2)ps ARy 1) (X3)p) =
(Ad(o ' (p)) A, Ad(o ' (p)) F) (21, 21, Z2) + <¢7Ad(0f ( NENXy, 2y, Zs) =
fHUAF) = (A F) + (¢, Ad(o ) F)

Next we need to find f*(A, [A, A]). By Ad-invariance of the inner product,

]

F{A A A]) = (A [A A]) + (Ad(0; ) A, [¢, Ad(o, 1) A
¢l

(Ad(o; 1) A, [Ad(0; 1) A, ¢]) + (¢, Ad(0)[A, A]) + (¢, [Ad(o;1) A
¢

_'_
, B])+
(Ad(0;1)A, [0, ¢]) + (¢, [0, Ad(a; 1) A]) + (0, [#,

)
)
¢l)
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For 1-forms, we have ([T, w],n) = (w, [7,n]) and also a symmetric Lie bracket, so we can
instead write this as

F(AL 1A, ATy = (A, 1A, D) + (6,0,0]) +3(6, Ad(o;)[A, A]) +3(Ad(0})A, [0, 6]
Hence, if we write ¢y = Ad(0; ')A
Fra= fAF) + (A T4, A]) =
(6. 16,01 + (16,61 + (6, Ad(o7 ) F) =
(6. [0 0]) — 3 (0, 6,61)) + {6, Ad(0} ) F)

o —

DN | —
—~

<¢> [¢a ¢]> -
1
0~ Lo.0.6]) -

| =

N | —

So it suffices to show that

A,6) = (6, Ad(o7 ) F) = 506, o 0) = 5(0.16,0])

Now, d{(v, ¢) = (di, @) — (1, d¢) and by the Maurer-Cartan equation, dp = —[¢, ¢|. Since
F=dA+ %[A, AJ, we can then restate this as

(dy, ¢) — (1, do) = (¢, Ad(0; " )dA) + (¢, d¢) =
(dAd(o;1)A, ¢) = (¢, Ad(0; ')dA) + 2(Ad(0; ')A, do)

Suppose that dAd(0 ;')A = Ad(0~")dA — [Ad(o;") A, ¢]. Then we would be done, since
we would have

(dAd(o;")A, ¢) = (Ad(o;'dA, ¢) — ([Ad(0;1)A, ¢], ¢) =
(Ad(o;'dA, ¢) — (Ad(0;")A, [0, ¢]) = (Ad(0}'dA, ¢) + 2(Ad(0; ") A, do)

Lemma 4.4.8.
dAd(o; ')A = Ad(o™")dA — [Ad(0; ')A, ¢]

Proof. Let XY € T,Pand X, = X,Y, =Y. We have
d(Ad(o})A)(X,Y) = X(Ad(a;l))A(Y) — Y(Ad(a;l))A(X) + Ad(a;l)dA(X, Y)

Now, using the standard “trick” to compute a differential, but in reverse, we have

XAd(Ufl) = % tZOAd(<O'f exptX) ) = % t:oAd((eXpt‘)—()ﬂU;l) _
% _ Ad(exp —tX)Ad(o7") = [~ X, Ad(07 )] = —[6(X), Ad(o}")]

98



4.4. CHERN-SIMONS THEORY

Here, we used that & Ad(exptX)Y = ad(X)Y = [X,Y], as well as X, = 030(X).
t=0

This then gives us
d(Ad(0)A)(X,Y) = X(Ad(o; 1) A(Y) — Y (Ad(o; 1) A(X) + Ad(o; ) dA(X,Y)
—[6(X), Ad(a;HAY)] + [6(Y), Ad(07 ) A(X)] + Ad(0; 1) dA(X,Y)
Ad(o;dA(X,Y) = [¢,Ad(0; ) A](X,Y)

X,
X

Since the Lie bracket is symmetric for 1-forms, this proves the result. [
Now, let o be a global section of the trivial bundle P.

Definition 4.4.9. The Chern-Simons action is defined by S(A) = [, oc*a(A).

From our previous calculation, we know how the Chern Simons form changes under a
gauge transformation. If we assume that the manifold has no boundary, then the exact term
will not contribute to the integral, by Stoke’s theorem. Hence, if f is a gauge transforma-
tion, then

1

Using the Maurer-Cartan equation, it is straightforward to verify that (¢, [¢, ¢|) is a closed
form, so it represents a cohomology class. However, we need it to represent an integral co-
homology class (meaning its integral is an integer), for reasons that will become apparent.
We do not have the tools from algebraic topology to be able to prove that this is true, so we
just hypothesise that it is. In this case, we have

S(f*A) = S(A) - /

M

S(f*A)=S(A) mod 1

So this quantity is independent of the choice of section o, and we have exp(27iS(A)) =
exp(2miS(f*A)). Since we have not discussed path integrals, this may not seem like a
relevant quantity to preserve. However, in quantum field theory, the path integral formalism
is crucial, and a workable theory requires exactly the above stated gauge invariance. It
does not require the action itself to be gauge invariant, interestingly. If we were to instead
consider M to be a manifold with boundary, then the exact term no longer vanishes. We
instead get that

s ) =s(4) - |

M

s 00+ [ (adorho4,0)
oM

The reader may verify that the integral [, (¢, [¢, ¢]) depends only on of|s (recall that
¢ = o}, where 0 is the Maurer-Cartan form). It follows that the action (modulo 1) is
gauge invariant, up to a boundary term, since both both extra terms depend only on the
boundary. It turns out that this is sufficient for the corresponding Euler-Lagrange equations
to be gauge invariant, and so this also produces a consistent physical theory. We will
however not be exploring such field theories, in this text.

In a famous paper published in 1989, Edward Witten exhibited a deep connection between
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Chern-Simons theory and knot theory, something that we will not be investigating either,
but the interested reader may look up his original paper [13]. In this paper, he developed
the notion of a “topological quantum field theory”, and he used it to show how the Jones
polynomial (which is an invariant of knots) can be recovered from this three dimensional
topological quantum field theory. For an excellent discussion of this unification, we refer
to a student thesis from this same university [14].
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Chapter 5

An Invitation to Spin Geometry

We have seen some of the most elementary examples of gauge theories. To form a better
picture of the concepts that are used in e.g. the standard model of particle physics, we now
move on to incorporate a crucial aspect of gauge theory; representation theory. We will
see how this gives rise to the objects known as “spinors”, which are an important facet of
physics as it is currently understood.

5.1 Clifford Algebras

Suppose we have a vector space V. Then a symmetric bilinear form on V' is a map, com-
monly denoted ¢ : V' x V' — R (for complex vector spaces, it would be a map into C).
Such a form is said to be non-degenerate if ¢(v,w) = 0 forall w € V,thenv = 0. We
have the standard symmetric forms on R” = R***, namely:

q(eiaei):]- 1§Z§8
qlee) =—1 s<i<s+t
q(€i7ej) =0 Z%]

In this case, the vector space together with this standard bilinear form is commonly denoted
by R** and (s, t) is called the signature of the bilinear form. Sylvester’s law of inertia tells
us that the signature does not depend on the choice of basis (see [2, Page 6]). Furthermore,
it is a known result from linear algebra that every real vector space with a non-degenerate
bilinear form is isomorphic to one of these standard spaces. For the complex case, there is
only the standard symmetric complex bilinear form:

Q(ei7ei> — ]-
q(ei7€j>:0 Z7éj

This is because the transformation v — iv maps ¢(v, v) — ¢(iv,iv) = —q(v,v). The most
relevant example of such a bilinear form, in our case, is a pseudo-Riemannian metric at
T,M.

p
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Definition 5.1.1. Let (V,q) be a vector space with non-degenerate bilinear form. The
pseudo-orthogonal group of (V ¢) is defined by

O(V,q) ={A € GL(V) : q(Av, Aw) = q(v,w) Yv,w eV}
If we are considering R*!, we also write O(s, t).

An example of such a group is the Lorentz group from relativity, namely O(1,3) or
0(3, 1), depending on the choice of signature.

We are familiar with the commutator bracket [a,b] = a - b — b - a, and we similarly
define the anti-commutator bracket by {a,b} =a-b+ b - a.

Definition 5.1.2. A Clifford algebra of (V] q) is a pair (Cl(V, q),~y), where CI(V, ¢) is an
associative algebra (with unit) and v : V' — CI(V/ q) is a linear map which satisfies:

{y(v),y(w)} = =2¢(v,w) -1 Vo,w eV
where 1 € CI(V, q) is the identity element in the algebra.

There is another equivalent definition using an ideal generated by some elements of the
tensor algebra, which is not as useful for computations, but it does make some properties
that we need very evident, so we state it here.

Definition 5.1.3. Let 7'(1') be the tensor algebra of V. Let I C T'(V) be the ideal generated
by all elements of the form v ® v — ¢(v,v) - 1 for all v € V. Then the Clifford algebra of
V' is equivalently defined by C1(V,q) = T'(V')/I.

It also satisfies a particular universal property, so it makes sense to talk about ’the”
Clifford algebra of (V,q). Note that for ¢(e;, e;) = 0 for all ¢, j, we just get the exterior
algebra.

Theorem 5.1.4. Suppose we have another associative algebra A (over the same field) with
unit and a linear map ¢ : 'V — A which satisfies {¢(v), p(w)} = —2q(v,w) - 1 for all
v,w € V. Then there exists a unique algebra homomorphism v : CI(V,q) — A, making
the following diagram commute:

vV —— Cl(V,q)
L
A

This has as an immediate corollary that two Clifford algebras over the same vector space
with the same bilinear form are isomorphic. For R***, we generally denote its Clifford
algebra by Cl(s, t), and for C" by Cl(n). It is straightforward to verify that Cl(s + t) =
Cl(s,t) ®r C (use the map (v ® z) — 7(v) ® z). The most basic example of a Clifford
algebra is the following.
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Example 5.1.5. Take V = R. Then {7(1),7(1)} = —2 = ~(1)®> = —1. Thus, the
Clifford algebra of R is C.

We also make the following definitions, where T°(V') dentotes the vector subspace
consisting of elements of the tensor algebra with even degree, and 7" (V) for elements with
odd degree:

C(V, q) = T(V)/(T°(V) N 1)
Cl'(V.q) = T'(V)/(T" (V) N 1)

These are the even and odd parts of the Clifford algebra, since
I=(T"Vynl)a (T (V)NI)

Hence, the Clifford algebra itself decomposes into the direct sum Cl(V,q) = CI°(V,q) @
C1'(V, q). Then the Clifford algebra can be viewed as Z,-graded associative algebra, be-
cause of the fact that CI'(V, ¢) - CI/(V, ¢) C CI'™7 ™4 2(V/ ¢). Physicists tend to call such
objects “superalgebras”, because they often appear in supersymmetric theories. Since we
are now dealing with Z,-graded algebras, let us define a version of the tensor product which
preserves the Z, grading.

Definition 5.1.6. Let A and B be Z,-graded algebras. Then we define the Z,-graded tensor
product A® B by the multiplication

(a®b)-(d @) = (=1)F1N(aa") @ (bb')
This algebra is then again Z,-graded:
(ARB)’ = A°@ B + A' ® B!
(ARB)' = A'@ B + A° ® B!
Proposition 5.1.7. Let V' = V| & V; be an orthogonal decomposition of V w.r.t. some

bilinear form q. Then there is a natural isomorphism Cl(V,q) = Cl(Vi, ¢1)®Cl(Va, ¢a),
where the q; denote the obvious restrictions to V;.

Proof. Consider f : V — CI(Vi, ¢q;) given by f(v) = v ® 1 + 1 ® ve. Then
f) - f) =vi@1+10v; = —(q(v) + @)1 @1=—g@)le]l

so the map [ extends to an algebra homomorphism by the universal property, which we
call f. Since the image of f contains both C1(V},¢;) ® 1 and 1 ® Cl(V%, ¢2) as subalgebras,
the map is surjective. We leave injectivity as an exercise to the interested reader, using a
bases for C1(V, q) generated by a basis for V' which is compatible with the splitting. 0

We have seen the notion of a contraction for differential forms, namely interior multi-
plication. We want to define a similar notion for general forms in AV, namely an operation
4V x A — AF1 that satisfies, forv,w € V, 0 € A*V and 7 € A'V:
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1. vow = q(v,w)
2. vi(o A7) = (vao) AT+ (=1)*a A (vaT)

By specifying the action on an element in V, we define on all of A¥V by induction using
the second property. The reader may verify that this operation is unique. The reason why
we are interested in this operation, is the proof of the following theorem.

Theorem 5.1.8. At the level of vector spaces, we have
AV = CI(V,q)

Note: this does not mean it is an algebra isomorphism, otherwise the entire notion of a Clif-
ford algebra would be somewhat moot. This isomorphism is an isomorphism of algebras if
and only if ¢ = 0.

Proof. To prove this theorem, we give a map ¢(v) : AV — AV forallv € V, by specifying
the action ¢(v)(c) = v A 0 — vio. Now, we use the universal property of the Clifford
algebra, since we have:

{¢(v), o(w)}o =
vA(wAo—wio) —vi(wAo—wio)+wA (VAo —vi0) —wi(vAo—vio) =

—2q(v,w)o

So the universal property tells us that ¢ extends to an algebra homomorphism ¢ : C1(V, q) —
End(AV'). Then the map
f:ClV,q) = AV

given by f(x) = ¢(x) - 1 gives us f(y(e;,) - -+ - v(es)) = €i, A+ A e, so by linearity,
this map is surjective. We leave it to the reader to verify that the set of elements of the form
y(ey ) e 7(e;, ) form a basis for the vector space underlying the Clifford algebra, which
proves the result. O

Given a basis ey, . . ., e, for V, the Clifford algebra is generated by the subspace ('),
through multiplication. Hence, an understanding of the collection {7(e;)} is highly rel-
evant. We now state the result that generalises the Dirac gamma matrices and the Pauli
matrices, as known from physics.

Definition 5.1.9. Let W be a vector space over some field and p : Cl(s + t) — End(W)
a representation. Then we define the (mathematical) gamma matrices by v; = p(7y(e;)),
where e, . . ., e, for a basis for R*?,

The Dirac gamma matrices as defined in physics would be I'; = —i7;. We will call I';
the physical gamma matrices, and y; the mathematical gamma matrices.
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Example 5.1.10. Let o; for j = 1, 2, 3 denote the Pauli matrices. We define:

. 0 .[2 o 0 O'j
e (n ) oo (5 0)

Then we have the relations (I'g)?> = I, and (I';)* = —1I4, while T;T';, + T';T'; = 0 for
all j # k. On the other hand, taking v = il'g and v; = iI';, we get (79)?> = —I, and
(vj)? = I, which still satisfy ;7 + vxy; = 0 for j # k. These physical gamma matrices
are known as the Weyl representation for CI(1, 3).

Another example is very short: by virtue of the fact that the matrices [, together with
the Pauli matrices span End(C?), we have CI(2) = End(C?). We use this result in the
following.

Theorem 5.1.11. We have the following periodicity for complex Clifford algebras:
Cl(n +2) = Cl(n) ® End(C?)

Proof. Let ey, e, be the standard (complex) basis of C2. Define w = —ie;e,. Define the
map ¢ : C"*2 — Cl(n) ® CI(2) by ¢(z,y) = r ® w + 1 ® y, where we have decomposed
Cn2 = C" @ C?%. We observe that w? = 1, while {w, y} = 0 and so

P(r,y)° =1 @w+rRwy+reyw+10y’ =2?01+1®y° = —(q(v,z)+q(y,y)) -1

Then by dimensionality, it easily follows that this is an isomorphism because we have a
surjective algebra homomorphism, by the universal property of the Clifford algebra. [

This leads us to a very significant result.

Theorem 5.1.12 (Classification of complex Clifford algebras). Recall that CI°(V) denotes
the ”even” part of the (complex) Clifford algebra. We let

N on/2 nis even
") 2=0/2 0 s odd

Then we have:

End(CN) n is even

Cl(n) = :
End(CN") @ End(CN)  n is odd

Np /2 Ny /2 :
Cl(n) = End(C"*/?) @ End(C™/?) n l.S even
End(CNn) n is odd

To see this, we start by considering the algebra C & C which is spanned by (1, 1) and
(i,—i) = 7(e1). Therefore Cl(1) = C & C. We have seen that CI(2) = End(C?). The
first part of this theorem then follows from the periodicity that we established above. The
second part follows from the following.
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Lemma 5.1.13. Forn > 1, we have CI’(n) = Cl(n — 1).

We leave it to the reader to establish this result, using the map = — x - e, € CI°(n)
for x € C" 1. Real Clifford algebras also satisfy a periodicity (modulo 8), which is in fact
a corollary to the Bott Periodicity Theorem from K '-theory. However, we do not use that
here.

5.2 The Pin and Spin groups

Consider the group of invertible elements in the Clifford algebra, C1*(V, ¢). It is an open
subset of C1(V, ¢), which makes it into a Lie group. For the cases Cl(s, t), this can be shown
using the classification theorem for complex Clifford algebras, and the fact that C1* (s, ¢) =
CI*(s +t) N Cl(s, t). We will mostly be interested in this case. Since they are Lie groups,
they each come with the adjoint representation, as well as the adjoint representation of their
Lie algebra. We have that AV = CI(V, ¢), and since  embeds into the exterior algebra, it
also emebds into the Clifford algebra.

Proposition 5.2.1. Let v,w € V, with V viewed as being embedded in Cl(V,q). Suppose
q(v) # 0. Then:
q(v,w)

—Ad(v)w =w — 2 0

Where q(v) = q(v,v).

Proof. We have but to observe that since g(v) # 0, we can give an explicit inverse v~! =

—v/q(v). Then it follows that

2

—q(v)Ad(v)w = —q(v)vwr™! = vwv = —v*w — 2q(v, w)w = q(v)w — 2q(v, w)v

and we obtain the result. O]

This immediately implies that Ad(v)V = V for all v € V such that ¢(v) # 0. More
generally, let us consider the group of elements z € CI(V, ¢) such that Ad(z)V = V. We
let P(V, q) be the group generated by the elements v € V' such that g(v) # 0. From the
above proposition, we see that ¢(Ad(v)w) = g(w). Thus, we get a representation

Ad: P(V,q) — O(V,q)

Definition 5.2.2. The pin group of (V, ¢) is the subgroup of P(V, q) generated by the ele-
ments v € V' such that g(v) = £1. The spin group is defined by

Spin(V, ) = Pin(V,¢q) N CI(V, q)
We also define the orthochronous spin group:
Spin®(V, q) = {v1 ... vgwy ... wa; : q(vx) = 1, q(w;) = —1}
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The word “orthochronous” comes from physical considerations, where we do not con-
sider transformations that take us backwards in time, on a Lorentzian manifold. We will
later show that these groups can be given a Lie group structure. For a brief refresher on
(universal) covering spaces and lifts, see e.g. [4, Chapter 4].

Theorem 5.2.3. The following are universal covering spaces.

Spin(n) = SO(n)
Spin™(n,1) = SO™ (n, 1)
Spin™(1,n) = SO™(1,n)

As for the spin group, SO™ refers to the orthochronous special orthogonal group. These
groups are very important in relativity. In order to establish this result, we need a theorem
known as the Cartan-Dieudonné theorem.

Theorem 5.2.4 (Cartan-Dieudonné). Every element of O(s, t) can be written as the compo-
sition of reflections in hyperplanes v, where q(v;) = *1, and the length of the composition
is at most 2(s + t).

A proof is found in e.g. Meinrenken’s ”Clifford Algebras and Lie Theory” [15, Chapter
1.4]. We shall soon need this theorem. First, we consider the map ® : Pin(s,t) x R%" —
R*! given by ®(z,y) = (—1)*lz - y - 271, where we are viewing R** as being embedded
in its Clifford algebra. Let &, = ®(z, -).

Proposition 5.2.5. The map x — P, is a continuous homomorphism of groups between
Pin(s,t) and O(s,t).

Proof. Consider v € V with g(v) = £1. Then

T ifz Lo

@U(w):iv-x-v:{

—z ifz||v
so this operation is reflection in v*. From the fact that R,, ., (z) = Ry, - -+ - R, (),
and each element in Pin(s, ¢) is of this form, it follows that this is a homomorphism, as
reflections lie in the orthogonal group. Continuity is clear. [

Proposition 5.2.6. Suppose that A € O(s,t) is a composition of reflections in vi-, for
q(v;) = £1. Then A € SO(s,t) if and only if the number of v; is even, and A € SO™ (s, t)
if and only if the number of v; such that q(v;) = 1 and q(v;) = —1 are even, respectively.

The proof is fairly straightforward from linear algebraic considerations when splitting
the space into its maximally positive and negative definite subspaces, making the matrix for
®,, diagonal with £1 as entries. The claim then follows from the determinant of the com-
position. We need one more preliminary result, for which we use the Cartan-Dieudonné
theorem.
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Proposition 5.2.7. The map x — @, is open and surjective with kernel {11}, and restricts
to surjective homomorphisms Spin(s,t) — SO(s,t) and Spin™ (s, t) — SO™ (s, ).

The Cartan-Dieudonné theorem tells us that the homomorphism is surjective. Its proof,
which we haven’t outlined, tells us that the map is furthermore open. Now, suppose = > 1.
Thenz-e;- 27! =¢; = ¢;-x-e; = —q(e;)u. If we generically write z = re;, ... €;,,,
then applying the equation, we get

Cin * TCiy - - Ciny * €iny = — (€1 )T . €1y =

rq(€iy )iy - - - Ciyp = —Tq(€4. )€y - - €ipy, = T =10

Since = € Pin(s,t), this means x = +1. The remaining two claims follow from the
previously established proposition.

Corollary 5.2.8. We can give Pin(s,t), Spin(s,t) and Spin™ (s, t) Lie group structures such
that the map v — ®, is a smooth double covering map

To establish that these are in fact the universal covers for the aforementioned spaces,
we would need to compute the fundamental groups, which would take us too far afield. The
result for Spin(n) is however quite straightforward, when one is aware that the fundamental
group of an n-sheeted covering of a space is an index n subgroup of the fundamental group
of the space which it covers. Since m;(SO(n)) = Z,, it easily follows that Spin(n) is
simply connected. For the full result, we again refer to Meinrenken’s book [15, Theorem
3.2].

Example 5.2.9. We know from elementary Lie group theory that SU(2) = S3, so SU(2) is
simply connected. Furthermore, we have a Lie group homomorphism from SU(2) to SO(3)
with kernel 1. Therefore, we have a short exact sequence

0 — Zs — SU(2) - SO(3) = 0

[

which means we have a double covering over SO(3) by SU(2). Therefore, Spin(3) =
SU(2). This is an example of the so-called exceptional isomorphisms. We have the fol-
lowing results, which we will not prove:

1. Spin(1) = O(1)
Spin
Spin

Spin

A

—~ —~ —~ —
>~

~— ~— ~— ~—
12

Spin
6. Spin(6) = SU(4)

There are also various isomorphisms for mixed signatures. Most prominently, we have
Spin(1,3) = SL(2,C).

108



5.3. SPINORS

5.3 Spinors

There exists a plethora of different approaches to defining spinors. We give one based on
[16] and [7].

Definition 5.3.1. Let NN, be as in 5.1.12. The vector space of Dirac spinors is S,, = C™»,
The Dirac spinor representation p : Cl(n) — End(C™») is defined by the classification
theorem for complex Clifford algebras. For n being odd, we consider:

Cl(n) = End(C"") @ End(C") & End(C)

Since Cl(s, t)®@grC = Cl(s+t), this induces complex representations of Cl(s, t) as well.
Now, v : R** — Cl(s,t) and p : Cl(s,t) — End(S,). Hence, we have a multiplication
map, using composition: - : R x S, — S, defined by z - ) = (p o v(x))(¢)). Again, in
physics literature, this definition often differs by a factor of —:. In fact, since we have an
isomorphism (of vector spaces) A*R%' = Cl(s, t), we get a multiplication map

AR x S, — S,

We would like to present an example known as Weyl spinors, which exist for the cases
where n = s + t is even, e.g. in Minkowski spacetime. To do this, we first introduce
the notion of chirality. Let = € C. A chirality element for Cl(s,?) is an element of
the form n = ze;...e, € Cl(s,t) ®g C = Cl(s + t). The reader may verify that this
does not depend on the choice of oriented orthonormal basis, using that e; A --- A e, =
det(B)e) A -+~ Nel, =€) AN--- Nel, since B € SO(s,t). It is also easily verified that
{n,e;} =0 = [n,e; - e;], with the second following from the first. Furthermore, we have

2 = 1in the cases where 22 = (—1)™/?**, To see this, consider n? = 2%, ...ep-€1...6, =

22(—1)P /22 02 = (1) (_1)M/2H — (1) T2 = ] Let us pick z = —i"/?*,
so that our chirality element is defined by = —i"/***¢; ... e, € Cl(n). In turn, we define
the chirality operator as 7,1 = —i"/>Tty; ... y,.

Proposition 5.3.2. Suppose n is even, I, 1 is the (physical) chirality operator and S,, the
Dirac spinor representation. Let S be the +1 eigenspaces of the chirality operator. Then:

Cl°(n) = End(S;") © End(S)))
CI'(n) = Hom(S},S,) @ Hom(S;,,S7T)

Proof. Firstly, since Cl(n) = End(S,,), showing the result for C1' (n) immediately implies
the result for C1°(n) and vice versa, because we have Cl(n) = CI°(n) @ CI*(n) as well as
S, =S, @ S;. Now, for n being odd, we have seen that Cl(n) = End(S,,) @ End(S,,).
Furthermore, we established that C1°(n) =2 Cl(n—1), so for n being even, we get C1°(n) =
End(S,_1) @ End(S,_;). Making the appropriate identifications, it follows that C1°(n) =
End(S;") @ End(S;), since S; = St = CV+/2 =2 G, |. As stated, this immediately

implies the other result as well, so we are done. 0
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Note that S are invariant under the representation of CI"(n) because the chirality
operator satisfies [I',,1,[,[';] = 0 = {11, [;} forall 1 < 4, j < n (by virtue of the
chirality element satisfying similar properties).

Definition 5.3.3. Suppose n is even. Then the summands of the splitting
C1°(n) = End(S;") @ End(S,)

of the restriction of the Dirac spinor representation to C1°(n) are called the positive and
negative Weyl spinors (or chiral spinors), respectively. They are also called left-handed
and right-handed spinors.

Definition 5.3.4. The representation induced by restriction of the spinor representation to
C1°(s, t) is denoted by p : Spin™(s,t) — GL(S,,).

We leave it as an exercise to the reader to show that p(x)(y - ¥) = (D.(y)) - (p(x)¥).

There are also so-called Majorana spinors, which we shall not get into here. So far,
our entire discussion has taken place in a vector space. The natural generalisation to man-
ifolds, is to consider spinor bundles. However, in order to be able to do this, we need
a spin structure on the manifold. This is very much akin to the notion of orientability,
except at a "higher” level, which we will make precise in the next section through Stiefel-
Whitney classes. We label the map x — &, as ¢. Furthermore, we let 750 : SO+(M ) —
M denote the SO (s, t)-frame bundle for a time-oriented pseudo-Riemannian manifold
(M, g). Time-oriented means that the structure group of the frame bundle can be reduced
to SO™ (s, 1).

Definition 5.3.5. A spin structure on a Riemannian manifold (M, g) is a Spin™ (s, t)-
principal bundle 7g : Spin® (M) — M, which has a double covering 7 : Spint (M) —
SO™ (M) such that the following diagram commutes, where 6 and 7 denote the respectively
group actions:

Spin™ (M) x Spin* (s, ) —— Spin*(M)

X

SO*(M) x SO* (s, ) —— SO*(M)

Two spin structures are isomorphic under the conditions one might expect: if an equiv-
ariant bundle isomorphism F’ exists such that the following diagram commutes:

Spin™ (M)’ > Spin™ (M)

SOt (M)

Now, we are ready to present spinor bundles on manifolds.
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Definition 5.3.6. Suppose (M, g) admits a spin structure Spin™ (M) =% M, and let p :
Spin*(s,t) — GL(S,) be the spinor representation, where (s,t) is the signature of the
metric g, and S the space of spinors. Then the Dirac spinor bundle is the associated complex
vector bundle ¥ = Spin™ (M) x, S.

Spinors (technically spinor fields) are then sections of the spinor bundle.

Proposition 5.3.7. Suppose dim M is even. Then > = ST &Y, where ¥ = Spin™ x ,5%,
where the summands are called Weyl spinor bundles.

Proof. To prove this, we show that there exists a well defined map T'M x ¥ — >. Let
o be the standard representation of SO* (s, ¢) on R*?, that is, matrix multiplication. Then
TM = SO" (M) x, R*!, since we are assuming that M is time-oriented. Then for an
element o € Spin™ (M) we get m(x) € SOT(M). The we define Clifford multiplication
for spinor bundles by

w (SO (M) %o R™) x (Spint (M) x, 8) = TM x 5 — (Spin*(M) x, §) = 5
([r(a), z], [o, ¥]) = [, 2 - ]

We leave it to the reader to verify that this is well defined, using the previously established
equation p(z)(y - ¢) = (Px(y)) - (p(x)1)). 0

This tells result tells us that the multiplication of the chirality element, which is inde-
pendent of the choice of local frame (which is now a linearly independent collection of
sections of SO (M)) by a spinor is well defined, and so we get the same construction as
in the case of the decomposition for vector spaces. Of course, we could consider this same
construction for any vector bundle with a Riemannian bundle metric, to get spin structures
for such vector bundles.

5.4 Stiefel-Whitney Classes

We will now introduce the previously mentioned Stiefel-Whitney classes for manifolds
(they also exist for vector bundles in a very similar fashion). We cannot do this through
curvature, as we did for the previous cases, which is why we will have to briefly introduce
a new cohomology theory, Cech cohomology. For the purposes of defining the Stiefel-
Whitney classes, we only need what is called coefficients in Z,, viewed as a group under
multiplication, {—1, 1}. However, any abelian group can be used in the following construc-
tion. Let {U,}, @ € A be an open cover of a connected manifold M. U,, N---NU,, =
Ua,...a,, which we also write as U,.

Definition 5.4.1. A degree k Cech cochain for the open cover {U,} is a collection of
functions F' = {f, : a = {o1,..., 1} is an ordered subset of A}, and each f, is a
constant function f, : U, — Zy that is symmetric under permutations of the argument. The
set of all degree k cochains obtained from this open cover il is denoted by C* (M, 4I; G).
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Definition 5.4.2. We define a map & : C*(M,;Zy) — CFY M, U;Zy) by §(f,) =
Hi fao.s...on ..» Where the hat denotes omission.

We claim that 62 = 1. This follows immediately from writing out the expression and
noticing that the —1 terms all appear twice, so the product must be positive. Hence it can
only be 1. Then as per usual, we define:

ker(6 : CF(M,4;G) — § : C*(M, U4; G))

k Lo
HY (M, 4;G) = im(6 : CF1(M, 4, G) — 6 : CK(M, 4; G))

To lighten the notation, we write H*(M) in this section as we will not be using Cech
cohomology elsewhere in this text. The usual definitions of closedness and exactness carry
over as one would expect.

Now, as alluded to, the Stiefel-Whitney class wy, is a characteristic class with coeffi-
cients in Zy. Let (M, g) be a Riemannian manifold of dimension n. Take the structure
group O(n) and let {U, } be an open cover of M such that the intersection of any two el-
ements is either empty, or contractible. Take {e, ;} to be a local orthonormal frame over
U, for the tangent bundle. Then we are given transition functions g,s : U,z — O(n). We
now define a Cech cochain by fop = det(gap). It is straightforward to verify that this
satisfies our previous requirements. By the cocycle condition ¢,39579va = Gaa = 1, We
get that 0 f, 5, = 1. Therefore it is closed, so [f] € H'(M). Suppose there is another local
frame related to {e,;} by some smooth function h, : U, — O(n). Then it follows that
Jop = ha gagh/gl, where g,z is the transition function for the related orthonormal frame.

Define a O-cochain by f0 = det hq. It follows that fo5 = & f5fas (which we would ordi-

narily write as f;ﬁ =00 5 — Jap in additive notation), so we see that the two different by
an exact term, hence this class in independent of the choice of local frame.

Definition 5.4.3. The above defined cohomology class [f] € H'(M;Z,) is called the
Stiefel-Whitney class of M, w; (M) = [f].

This cohomology class tells us about the orientability of M. w;(M) = 1 if and only
if M is orientable. We prove one direction, the other is left as an exercise. Suppose that
wy (M) is trivial. Let f,3 = det go3. Then f = § f;. Choose an orthogonal matrix h, such
that det h,, = fao. Define e,; = hae,;. Then we have the transition functions g,z with unit
determinant, for any two overlapping open covering sets. Hence M is orientable.

As mentioned previously, Stiefel-Whitney classes can be used to “detect spin struc-
tures”. Given a transition function g,g € SO(n), we consider a lift 7,53 € Spin(n) with the
property that p(7as) = gap, as well as 7,5 = 75, . For these 7,4 to define a spin structure

over M, they also need to satisfy the cocycle condition. We define a Cech 2-cochain as
TafT8yTya = fapyd. Then [f] := wa(M) € H?*(M,Zsy). As before, this is independent of
the local frame (as well as the choice of lift to Spin(n) - as the reader can check).

Theorem 5.4.4. A spin bundle Y(M) over M exists if and only if wy(M) = 1.
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Proof. Again, one direction is very straightforward, we prove the other direction. Suppose
that wy (M) = 1. Then fus, = 6 faz, = f5,farfia- Let fo be the chain such that f,5, —
fap+0 fa 5., under the choice of lift of g, with opposite sign. Then given 7,5 € Spin(n), we

L . _ 1 _ sql 17 _
define a new transition fupctlon Top = Tag fop- Itfollows that 7/ 574 70 =0 f,5. -0 f05,1 =
1. Therefore, this collection defines a spin structure on M.

Stiefel-Whitney classes for vector bundles are defined in very much the same way,
taking an arbitrary Riemannian vector bundle £ instead of 7'M .

Corollary 5.4.5. Each R*' admits a spin structure, and locally, every manifold admits a
spin structure.

Since R*! is contractible, and the second Stiefel-Whitney class is an element of the
second de Rham cohomology group, the result follows trivially.

5.5 The Dirac Operator

We now go through a construction that is mostly the same as that of connections and cur-
vature forms for vector bundles; the reader will notice many similarities. Since we are
considering Riemannian manifolds, we have the Levi-Civita connection, which will be de-
noted V. A local frame will mean a section of SO™ (/) in this context.

The Levi-Civita connection induces a connection 1-form wgo € Q(SO" (M), s0™ (s, 1))
on the time-oriented frame bundle. Now we recall that we had a covering map ¢ : Spin™ (s, t) —
SO*(s,t), which means that the induced map ¢, : spin®(s,t) — so™(s,t) is an isomor-
phism.

Definition 5.5.1. Let 7 : Spin™ (M) — SO (M) be the covering map for the spin structure.
Then
ws = (¢.) "o (T*wso) € Q' (Spin™ (M), spint (s, 1))

defines a connection 1-form on Spin™ (1) =% M, called the spin connection.

Since this is not merely the pullback of a connection 1-form, we should verify that this
actually does define an Ehresmann connection. Let g € Spin™ (s, t) and X € TSpin* (M).
Then, using the definitions for a spin structure:

Riws(X) = (¢.) ! owso(mdRyX) = (¢.) ' o wso(dRy(gmX) =
(0:)7 0 Ad(6(g)™") 0 pu o ws(X) = Ad(g7") 0 ws(X)
Where we remember the definition of the adjoint representation, namely the differential

of the conjugation map, which cancels the ¢ terms between themselves. Now let X &
spin®(s,t) and p € Spin™ (M).

ws(X,) = (¢) 7" Owso(% t:Oﬂ.(p exp(tX))) =

(6.) 7" o wso (9 Xn(p)!) = ()" 0 du(X) = X
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So this indeed defines an Ehresmann connection. The covariant derivative associated with
this connection is called the spin covariant derivative, which we denote V°. For the sake
of brevity, we shall not prove the following, but it can be found in e.g. ”Spin Geometry”
by Lawson and Michaelsohn [16, Proposition 4.8].

Theorem 5.5.2. The spin covariant derivative satisfies the following compatibility with the
Levi-Civita connection.

V(Y - U) = (VyY) U +Y . VU
Where X, Y € T'(TM) and ¥ € I'(X), where ¥ is the Dirac spinor bundle.

Let n;; = q(ei, ej) for the standard quadratic forms, i.e. those on R*?!, and nij is the
inverse of this matrix (basically the inverse metric tensor).

Definition 5.5.3. The Dirac operator D : ['(X) — I'(3X) on the spinor bundle is given by
DV = pjile; - VI W

It is the composition of the maps
() S (M %) 5 (TM o) 5 I(8)
which means it is also independent of the choice of local frame e.

Definition 5.5.4. Let F be the associated complex vector bundle of a principal G-bundle
w.r.t. some complex representation. If ¥ = A/ is the spinor bundle associated to some
spin structure on M, then we call X ® E a twisted spinor bundle, and say that >. has been
twisted by E.

We then analogously define the twisted spin covariant derivative, as well as the
twisted Dirac operator D : ['(X®FE) — I'(X®F). Lets : U — P be alocal section of P.
Then we write a local section of the associated bundle as 7 = [s,¢| foramap ¢ : U — C’,
if the associated bundle is P x, C". Then we get a local frame 7; = [s, ¢;|. Then a section
of the twisted spinor bundle can be written locally as ¥ = > U, ® 7;. This is equivalent
to writing ¥ = [® x s,)] where ® is a local trivialisation for Spin* (M) corresponding to
the local frame e. Let w;; be the real valued 1-forms such that Ve, = Wijnj ¥ ® ex. In the
following, we need the raising of the index of gamma matrices. This is defined as follows.
I = 9T, and T = [, TY].

Definition 5.5.5. We take:

VS = d(X) = ()T + (pust A0

Where A is an Ehresmann connection on P. Then the twisted spin covariant derivative is
defined by:
VU = [® x 5, V1]
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Definition 5.5.6. The twisted Dirac operator D : ['(X ® E) — ['(X ® FE) is defined by
DV =pe; - VI U
Which is very much the same composition of maps as before:
IE0E) S I(T*MeSeE) 5 T(TM oY E) L (S E)

Suppose that P 5 M is a principal G-bundle with two associated bundles F, =
P x,, Vi wr.t. two possibly distinct representations p.. In the following definition, notice
the relation to the Z,-graded tensor product.

Definition 5.5.7.
(E ® E)Jr == <Z+ ® E+) @ (E, ® E,)
(ERE)_=CE_0FE)e(Es®E.)
The first of these is called a twisted chiral spinor bundle.

A section of a twisted chiral spinor bundle can then be written as the sum ¢ = ¥, +1_.
To respect this decomposition, we introduce the twisted chiral spin covariant derivative
which acts on the twisted chiral spinor bundle.

Definition 5.5.8. Let A be an Ehresmann connection on the principal G-bundle P. Con-
sider

Vi = d(X) = ()T + (pao AN + (-0 Ao

Then we define the twisted chiral spin covariant derivative by
VT =[® x5, VY]

Definition 5.5.9. Let A be an Ehresmann connection on the principal G-bundle. The Dirac
operator acts on twisted chiral spinor bundles as follows:

D:T(E®E);) —-T(E®E)-)
and is defined by

i 1
Dy =il (dv(e;) — ijk(el)rkl¢ + (P4 A0+ + (p—iAj)p-)
with respect to a local frame.

When comparing this to our previous Dirac operators in local coordinates, they actually
look very similar.

Before we move on, we briefly mention how what we have discussed “completes” our
notion of a gauge theory. Suppose we have a principal G-bundle 7 : P — M and a
principal Spin™ (s, t)-bundle 7g : Spin* — M. Then we consider the product

{(s,p) € Spin* (M) x P : w(p) = ms(s)}

Then we get twisted spinor bundles S ® £ which are the associated vector bundles of the
product representation of this principal product bundle. Thus we can consider the group
Spin™(s,t) x G to be the "full” symmetry group of the theory.
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5.6 A Glimpse of the Standard Model

To finish our exposition on gauge theory, we would like present the Lagrangian that is used
for the standard model of particle physics. Of course, one might say that in the absence
of their physical significance, it is somewhat meaningless to be talking about Lagrangians
and the standard model. However, it is not the aim of this thesis to delve into the physics of
it, and unfortunately it would take far too much time to do so. We will just show how the
mathematics presented in this thesis is sufficient to approach some level of mathematical
understanding of the standard model. There are subtleties that we will be avoiding (e.g. the
Higgs mechanism, spontaneous symmetry breaking). We have already seen the Yang-Mills
Lagrangian. It remains for us to introduce the Dirac Lagrangian, the Higgs Lagrangian
and the Yukawa coupling, before we can state the Lagrangian used in the standard model,
which is simply the sum of these four.

Definition 5.6.1. Suppose we have a complex spinor representation of Cl(s, t). Let « = +1
be a fixed constant. Let S, be the spinor representation space. A Dirac form is a non-

degenerate form
(,): S, xS, —=C

such that the following properties are satisfied:
LA(X 4, 9) = (i, X - ¢)
2. (¥, 0) = (&, 4)"
3. (e, ¢) = (b, ¢) = (¥, 9)

Where X € R*!, ¢, ¢ € S, c € C.

This form is invariant under the action of the Spin* (s, ) group. We can see this as
follows. Suppose x € R,

(-2 9) =y, (z-2)- ) = —aq(X) (¥, ¢)

Now, an arbitrary element in Spin™ (s, ¢) can be written as 2 . .. Zo,, 1 . . . Y21, from which
the result follows.

Definition 5.6.2. Let ¢ € .S,, be a spinor. Its Dirac conjugate is defined as
As for Riemannian metrics, we extend this notion to spinor bundles, and such a metric

on a spinor bundle is called a Dirac bundle metric, which we denote (-, -)s;. In the following,
’free” means that it does not interact with other particles.

Definition 5.6.3. Let D : I'(X) — I'(X) be the Dirac operator. The free Dirac Lagrangian
for ¢p € I'(X) is defined by

L(¥) = Re(y), D)y — m[V[5

where m is the mass of 1.
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In the standard model, one considers twisted spinor fields which are coupled to a gauge
field (connection) A on a principal bundle. In this case, the Dirac Lagrangian is defined
similarly by

L(W, A) = Re(¥, D¥)sop — m| ¥l

The reason why A is taken as an argument, is because the Dirac operator actually depends
on A, when it acts on twisted spinor bundles.

Definition 5.6.4. A (multiplet of) complex scalar field(s) is a map ¢ : M — C*.

The natural kind of inner product to consider on such spaces is a Hermitian inner prod-
uct. Let us take (2, w) = zw. Then obviously |z|* € R.

Definition 5.6.5. The Higgs Lagrangian for a multiplet of complex scalar fields is given by
L(¢) = (do,do) — V(|¢]*)
For some smooth function V' : R — R called the potential.

Unsurprisingly, when twisted by taking values in some associated vector bundle of a
principal G-bundle with gauge field A, this becomes:

Definition 5.6.6. The Higgs Lagrangian for a multiplet of scalar fields (coupled to A) is
given by
L(P, A) = (da®, da®)p — V(|[})

Finally, we need the Yukawa coupling. Let a € R.
Definition 5.6.7. A Yukawa coupling is a G-invariant map
A:(Si @V ) xWx(S_e@V.)—=R
That is given by
Moy @ vy, w, ¢ ®@v_) = —2aRe(d, ¢_0(vy, w,v_))
Where o : V, x W x V_ — C is invariant under G and linear, and o € R.

We abbreviate this notation for A to —2aRe(¥_ ®W_) for twisted spinors/scalar fields,
which defines a Lagrangian which we label the Yukawa Lagrangian.

Definition 5.6.8. The Lagrangian for the standard model of particle physics is given by:

1
L=Lyy+Lp+Ly+Ly= —§<F]f}, Fil)aapy + Re(W, D)o
—m|V 3 + (da®,da®)p — V(|®|) — 2aRe(V, PV _)

This expression is rather intimidating, and that’s without the physical subtleties or even
their general physical meaning. Nevertheless, we have covered each of the mathematical
operations that are involved in this equation. The next part of the journey is to find out
how this connects to reality. However, we will not be setting off on that road in this thesis.
Instead, we would like to present one of the most celebrated theorems in mathematics from
the previous century, and show that it also has connections to gauge theory.
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Chapter 6

The Atiyah-Singer Index Theorem

The following chapter will largely be based on [17] and [18], and includes results from
[1, 6, 12]. For an entirely self-contained treatment of the Atiyah-Singer index theorem, the
reader is referred to [10].

Theorem 6.0.1 (The Atiyah-Singer Index Theorem). Let D be an elliptic operator on a
compact manifold of dimension n. Then the analytic index of D is equal to the topological
index of its symbol.

The index theorem has many variants, this is one of the more general ones. The state-
ment as it is written in the introduction is a special case:

Corollary 6.0.2. Let (E, D) be an elliptic complex on a compact oriented manifold of
dimension n. Then

ind(E, D) = (—1)""*D/? / ch(®p(—1)*Ey) A e(M)™" ATd(TM &g C)
M
This is the variant which we will use to recover the Chern-Gauss-Bonnet theorem. So
let’s examine what we know. FE represents a sequence of vector bundles, which we are
familiar with. On the right side, we know what the Chern character of a vector bundle is, as
well as the Euler class of a manifold. The Todd class is another characteristic class, and it is
relatively straightforward to define it. The left hand side will require some new definitions,
however. We will now give these, and then apply this corollary to the de Rham complex.

6.1 The Todd Class

The Todd class of a complex vector bundle is another characteristic class, which we will
now define. Recall that the matrix of the curvature can be diagonalised by some element
in GL(r, C), where r is the rank of the complex vector bundle over M. Then we denote
this diagonalised matrix by diag(z1, . . ., x,.). We use the splitting principle in the following
definition.
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Definition 6.1.1. Let E be a complex vector bundle of rank r over M, with connection A
and curvature F'. Then we define its Todd class by

Td(E) =[]

i

a7
1 — exp(—w;)

We can equivalently state this definition using the Bernoulli numbers and expanding in
powers of the z;, like so:

1 B
Td(E) = [ [+ sai + ) () ) =
d(E) i( +2%+k>1( ) (2]{)!1:1)
1+1§ +1§ 2+1§ b=l (E)+1( (E)? + c2(E)) +
B i €T; 12 i Z; 47;<I€J,’Z{IZ]C = 201 12 C1 (6))

Like the Chern class, the Todd class satisfies the Whitney product formula Td(E; & Es) =
Td(E:) A Td(Es,). The Todd class of a manifold is the Todd class of the complexification
of the tangent bundle, as per usual.

It might not be at all apparent why this characteristic class would appear in the Atiyah-
Singer index theorem. This will be explained by the K -theory approach to the proof, as we
sketch it in this text.

6.2 Differential Operators and Elliptic Complexes

So far, we have really only seen (algebraic/differential) topology. The other side of the
equation will require some new definitions. We will define a differential operator as a
linear map between sections of vector bundles, D : I'(E) — T'(F). Examples of differ-
ential operators that we have already seen are: vector fields, the exterior derivative, the
co-differential, the Laplace-Beltrami operator, a connection on a vector bundle, the Dirac
operator and covariant derivatives. As we can see, they appear in great abundance. In
the presence of of an inner product on the vector bundle, it makes sense to talk about the
adjoint of a differential operator. We have already shown that the adjoint of the exterior
derivative is the codifferential, which we denoted by d*. The Laplacian is self-adjoint.
More generally, we will denote D' : I'(F') — T'(E) to be the adjoint of of D.

We start by defining differential operators on R”. For a multi-index o = («vq, ..., @),
welet |a| = oy + -+ - + a.

Definition 6.2.1. Let £ and F' be vector spaces. A linear map D : C*(R", E) —
C>*(R™, F) is called a differential operator of order k if

DI) = 3 calp )™ - (o)™ F(a)

la| <k

with ¢, € C*°(R", Hom(FE, F)).
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Now we consider vector bundles over a manifold. Then a differential operator of order
kis alinear map D : I'(E') — I'(F') which is of the above form on any open subset U C M
over which E' and F are both trivial. Clearly, ¢, € I'(Hom(E, F')).

We now want to define the principal symbol of a differential operator of order £ between
vector bundles. This will be a vector bundle map o (D) : 7*E — 7*F, where T*M = M.
For a point £ € T M, we can write £ = &;dx’. We define £& = £ ... €9,

TSN

Definition 6.2.2. If D : I'(E') — I'(F)) is a differential operator of order k, then its principal
symbol on each fibre is defined by

o(D)e = Z ca()€"

lal=k
This map is homogeneous of degree k.
Definition 6.2.3. A differential operator of order £ is called elliptic if the map
0(D)e : (T°E)e = (7" F)e
is invertible outside of the zero section of the cotangent bundle.
Let us determine the ellipticity of some differential operators.

Example 6.2.4. Clearly, to be invertible, the operator needs to be between spaces of the
same dimension.

1. The exterior derivative is not elliptic, since A*¥T* M and A**1T* M do not have the
same dimension.

2. Suppose that the symbol of a differential operator on R? is o(D)s = A;1&& +
2A1561& + A9y, Then this is invertible if and only if Aj3Ag(&)%(&2)* # 0.
Therefore, none of these terms can individually be zero. Consequently, the equation
o(D)¢ = 1 defines an ellipse in the ({1, &)-plane. Conversely, if o(D) = 1 defines
an ellipse in the plane, then we must have nonvanishing A;; and Agy (A5 is allowed
to be zero), so the matrix A is invertible. Hence, a second order differential operator
on R? is elliptic if and only if the symbol defines an ellipse in the (&;, &;)-plane.

3. The symbol of the Laplacian is > —(&;)? < 0, for & # 0, so the Laplacian is an
elliptic operator.

4. Let M = C and z = = + iy. Then the Cauchy-Riemann operator is given as 0> =
(0, +i0,). Its symbol is 0(D)e = 2i(& + i) = 3(i& — &) # 0 for & # 0 since
e

The kernel of a differenial operator is the set of sections such that Ds = 0, whereas the
cokernel is defined by cokerD = T'(F')/im(D), which is well defined since D is a linear
operator. It is a known result [19, Theorem 1.3.2] that every elliptic differential operator on
a compact manifold has a finite dimensional kernel, as well as a finite dimensional cokernel.
Such operators are known as Fredholm operators.
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Definition 6.2.5. Let D : I'(E) — I'(F') be an elliptic differential operator. The analytic
index of D is defined by ind(D) = dim ker D — dim cokerD.

Given our prior knowledge of the de Rham complex, the definition of an elliptic com-
plex will seem familiar to the reader.

Definition 6.2.6. Suppose that we have a sequence of of vector bundles {F;} and a se-
quence of differential operators over a compact manifold M.

D D(BLy) 255 T(E) 25 T(Biy) 22

This sequence (F;, D;) is called a differential complex if D; o D; ; = 0. It is called an
elliptic complex if, in addition, the following sequence is exact:

o(D;— D; o(D; a(D;
‘(2)71_*11(1) *Ei()W*Hl(H)-u

We define the Laplacian A; = D;_; o DT 1+ DT o D;. A section o € I'(E;) is called
harmonic if A;o0 = 0. The space of harmonic sections of F; is denoted by J#(F;). The
following is then proved in very much the same way as the Hodge decomposition theorem
for the de Rham complex.

Theorem 6.2.7. Let (E, D) be an elliptic complex over a Riemannian manifold and D:-r the
adjoint of D;. Then there is a unique decomposition:

['(E;) = DI(E;_1) ® D'T(Ej1) ® A (E;)

We define H'(E, D) = =P

]le‘_l :
Theorem 6.2.8. In the above notation, H'(E, D) = ker A,.

We are now ready to give the definition of the final ingredient of the Atiyah-Singer
index theorem.

Definition 6.2.9. The index of an elliptic complex (£, D) is defined to be

n n

ind(E, D) = (~1)"dim H'(E, D) = » (—1)"dimker A;

If we define an elliptic complex 0 — T'(F) N ['(F) — 0, then we in fact get the same
index for this complex as we do for the differential operator D as defined previously. Now,
suppose that we have a sequence of vector bundles {E;} with an associated differential
complex. Define £, = @, Eo, and E_ = €, Esp41. Then we can construct a new
elliptic complex that consists of only two terms, by defining D= @k(ng + D% 1) and
its adjoint D = ®r(Dapy1 + D2k) Then we define A, = Do D and A_ = D o D,
By virtue of the fact that A, = ®pAg, and A = ®pAgy 1, the original complex has the
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same index as this new complex. We are now in a position to understand (though perhaps
not fully appreciate) what the Atiyah-Singer index theorem actually states.

For future reference, we also want to define a slight generalisation of differential oper-
ators. Recall that the Fourier transform of a function f(x), absorbing the factors of 7 into
the measure dzx, is given by

~

fley = [ @) exp(-iz-€ar

And we also have the inversion formula f(z) = [, f(f )exp(iz - £)d¢. For a differential

operator D, we find that Df(z) = [, p(z, &) F(€) expliz - £)dE. That is, p(z, &) is a
polynomial. Explicitly, p(x, &) = exp(—iz - £) D exp(iz - £). Pseudo-differential operators
relax this condition, allowing us to instead consider functions that towards infinity still
decrease faster than any polynomial, so we can differentiate under the integral sign.

Definition 6.2.10. A linear operator L : C°(R"™) — C'*°(R") is called a pseudo-differential
operator of order k if L = p(x, D) where p(x, §) satisfies the following:

1. p(x,§) is smooth.

2. |DIDfp(x,&)| < Crs(1+ [¢])F"I for all multi indices /, J and some constants C1
associated with them.

£ (i’;\&) .= op(x, §) exists, and we call it the k-th order symbol of L.

3. llm)\*}OO

4. For every function f with compact support, there exists p(z, ) such that for any
function g, L(fg) = ps(x, D)g, and py satisfies the same constraints on its deriva-
tives as L.

We then have p(z, ) = exp(—iz - §)L(f exp(iz - £)), and we define the symbol of L
by o(z,€) = oy(x, ), for some bump function f around x. Ellipticity is defined precisely
as one would expect, and this notion carries over verbatim to functions f : R" — R™.

Definition 6.2.11. Let £ and F' be complex vector bundles over a compact manifold M.
A linear operator D : I'.(E) — I'(F) is said to be a pseudo-differential operator of degree
k if its restriction is a pseudo-differential operator in the Euclidean sense for each open set
over which F, F and T™ M are trivial.

6.3 The de Rham Complex

We will see how the Atiyah-Singer index theorem can be applied to the de Rham complex
to produce the generalised Gauss-Bonnet theorem, also known as the Chern-Gauss-Bonnet
theorem. Since we only defined the Gauss-Bonnet theorem for even dimensional mani-
folds, we will assume that dim M = n = 2[. In order to do this, we will first need an
alternative definition of the symbol of a differential operator.
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Definition 6.3.1. Let D be a differential operator on a compact manifold, p € M, £ €
TyM, e € n*(p), where 7 is the projection £ 5 M. Let s € T'(E) such that s(p) = e.
Take f € C°°(M) such that f(p) = 0 and df, = £. Then we may also define the symbol
by 0(D)s = £ D(f"s)|,, where k is the order of D.

To be able to use the index theorem, we have to take QF (M) = T'(A*T*M @ C),
and then pass to the cohomology group, because the exterior derivative is not Fredholm
when acting on on Q% (M ). We then consider H*(M; C) as the k-th complexified de Rham
cohomology group. Since this space has the same complex dimension as H*( M) has real
dimension, it follows that ind(d) = x(M). Furthermore, using our previous definition
of the symbol of a differential operator, suppose that s(p) = w € (QF),(M), df, = &,
f(p) = 0and s € QE(M). We know that the exterior derivative satisfies the Leibniz rule,
so d(fs)|, = df, A s(p) + f(p)ds|,. Since f(p) = 0 by assumption, this is just £ A w. It
follows from the above definition that o(D): = & A (+) : QE(M) — QEFY(M). Clearly,
when we compose this map with itself, we get zero, since £ A & = 0. Therefore, the de
Rham complex is an elliptic complex. It remains to compute the Todd class, to obtain the
topological index. If we diagonalise the curvature matrix, then the Chern character of a
vector bundle E is given by tr(exp(X)) = > " exp(x;), where X = diag(zy,...,z,). We
know that:

ch(®p—o(—1)"A*T*M®) = 1 — ch(AT* M) + ch(A*T*M®) — - - - + (=1)"ch(A"T* M*)

Recall that ch(E ® F) = ch(E) A ch(F). Then ch(A*T*M®) = (—1)*>, exp(z;)
where |I| = k and [ is strictly increasing. Invoking the splitting principle, we have writ-
ten exp(xy) = exp(x;,)...exp(x;, ). Recall that we previously established the relation
c1(E) = —c1(E*) where the star denotes the dual.

n

ch(@reo(~ 1) AT ME) = 3 (=1) Y Sexp(—ar) = [J(1 )

k i=1

The ; in these expressions now denote the Chern classes associated with (7%)*M® =
TMC. This solves the most difficult part of the problem, the remainder is just simplifying
the given expressions, as we now know the following:

1. ch(@po(—1)FAFT*MC) = [, (1 — e=)

2. Td(TM ®x C) = []" %=

3. e(M) =]["? =

4. ind(d) = (=1)"D/2 [ ch(@(=1)FEx) A e(M)~' ATd(TM ®5 C)

We substitute these expressions and simplify. We see that the denominator of the Todd
class and the Chern character of the the direct sum cancel out, as well as n/2 terms of the
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numerator with the Euler class. We are left with the Euler class itself. The power of —1
becomes 2(I? + 1), so the sign in front of the expression is 1. Thus,

ind(@) =x(1) = [ <o)

We recover the Chern-Gauss-Bonnet theorem.
The index theorem generalises several other theorems, amongst which the Hirzebruch-
Riemann-Roch theorem and the Hirzebruch signature theorem.

6.4 K-theory

We will sketch a proof of the index theorem using topological K -theory, which was devel-
oped by Michael Atiyah and Friedrich Hirzebruch, inspired by Alexander Grothendieck’s
earlier work. This technique was not used in the initial proof of the index theorem, but it
was used to give an alternative proof, which is more in line with the spirit of this text. In this
section, vector bundle will always mean complex vector bundle, unless stated otherwise.
We have seen that the direct sum of two vector bundles is again a vector bundle. Denote by
Vect(M) the isomorphism classes of complex vector bundles over a compact manifold M.
Then the direct sum operation turns this set into a commutative monoid.

Proposition 6.4.1. Let Y be a commutative monoid (using additive notation). There exists
a commutative group K(Y) and a monoid homomorphism ¢ : Y — K(Y') with the fol-
lowing universal property: suppose that ¢ : Y — A is a monoid homomorphism into an
abelian group A. Then there exists a unique homomorphism 1, : K(Y') — A which makes
the diagram below commute. This group K (Y) is called the Grothendieck group of Y.

Y ¢ y K(Y
A

Proof. Let F(Y') be the free abelian group generated by Y. Let S be the subgroup gener-
ated by elements of the form [z + y| — [z] — [y]. Define K(Y') = F(Y')/S. Then the map
¢ is obtained in the obvious way. [

)

Example 6.4.2. The Grothendieck group of N under addition is Z.

Now we have made Vect()M ) into an abelian group, with as group operation the direct
sum of vector bundles. We can do better. The tensor product makes Vect(M) into a ring
(with identity the trivial line bundle), which we denote by K (M). Now suppose that we
have a smooth map between manifolds f : M — N. Then we know that the pullback
bundle f*F is a vector bundle over M, if E is a vector bundle over N. This extends to a
ring homomorphism f* : K(N) — K (M) (in the language of category theory, this means
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the assignment K (-) is a contravariant functor from the category of compact manifolds to
the category of commutative rings). Let {x} be the one point set, and ¢ : {*} — M the in-
clusion map. Since K ({*}) = Z (since the dimension of a vector space fully characterises
it), we get o* : K(M) — Z. We define K (M) = ker /* to be the reduced K -group. We

have K(M) = K(M) @ K({+}). We say that the reduced K -group of a manifold contains
stable vector bundles.

Remark 6.4.3. K-theory is defined for more general spaces than manifolds. We restrict
our attention to manifolds, and every manifold is locally compact. Let X be a topological
space, and let Xt denote the one point compactification of X. Then we define K(X) =

K(XT)/K({}).
Suppose we have a sequence of vector bundles over M
0= E %5 B ... % E,—0

such that o; o a;_; = 0. Then we call such a sequence a complex of vector bundles.
Two complexes are called homotopic if there exists a complex of vector bundles G over
M x [0, 1] such that £ = G|pxqoy and F' = G|prxq13- The support of a sequence is the
set of points in M where the sequence pointwise fails to be exact.

Proposition 6.4.4. Denote by C' (M) the set of homotopy classes of complexes over M, and
by Co(M) the subset of C' (M) that contains complexes with empty support.
(ar) = S
~ Go(M)

A proof may be found in [20, Appendix].
We now get a yet more general definition of the Euler characteristic.

Definition 6.4.5. Suppose that M is compact and £ is a complexes of vector bundles. We
define the Euler characteristic of £ to be

X(B) =) (-DME € K(M)
Hence, y isamap, x : C(M) — K(M)

We give this definition to illustrate the analogy between the Thom isomorphism in K-
theory and the Thom isomorphism in cohomology, in a moment.

Suppose that we have two vector bundles £ and F' over two different compact mani-
folds M and N. Then we define their exterior tensor product by 7] £ ® 75 F', where m;
and , are the projections from M x N to M and N, respectively. Thus, the exterior tensor
productisamap K(M)®RK(N) — K(M x N). To sketch a proof of the index theorem, we
will use something known as “equivariant /-theory”. We previously introduced G-vector
bundles, but due to their importance here, let us state a slightly reworded definition.
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Definition 6.4.6. Suppose that £ = M is a vector bundle and both £ and M have an
action from a compact Lie group G such that:

l. 7(x)-g=mn(x-g)forx € E, g € G.
2. The map E,, — L, 4 thatis v — v - g is a linear map for all p € M.
Then we call £/ a G-vector bundle.

One might consider the associated bundle of a principal G-bundle as an example of such
a G-vector bundle (recall that we can consider p - g and g~ ' - p as equivalent). Denote by
Vect (M) the isomorphism classes of G-vector bundles over M. Then we again get a com-
mutative monoid, and K (M) is defined to be the Grothendieck group of this commutative
monoid, with the tensor product making it into a ring. Note that if we have a Lie group
homomorphism ¢ : H — G, then we can take the action p-h = p-¢(h) to make a G-vector
bundle into an H-vector bundle. This induces a homomorphism ¢* : Kg(M) — Ky(M).

Definition 6.4.7. Let G be a group. The representation ring R(G) is the Grothendieck
group of the commutative monoid of isomorphism classes of finite dimensional linear C-
representations of (G, with ring structure given by the tensor product.

Proposition 6.4.8. Let M be a G-space.
1. If the action of G on M is trivial, then Kg(M) = K(M) ® R(G).
2. If the action of G on M is free, then Kq(M) = K(M/G).

Proof. The proof of the first is again found in [20]. The second statement is a bit more
straightforward. We take a G-vector bundle £ over M, so that £//G is a vector bundle over
M/G. This gives a map Kg(M) — K(M/G). Conversely, given a vector bundle F over
M /G, and the quotient map ¢ : M — M /G, we get a vector bundle ¢* £ which inherits a
G-action, that is, g - (z,v) = (¢ - z,v). This gives an inverse K (M /G) — Kg(M). O

Definition 6.4.9. Suppose that F is a G-vector bundle, M is a compact GG-space and o :
M — E is a smooth section. Define a G action on I'(E) by (g - o)(z) = g-o(g7" - z).
Then I'(E) is a G-module.

6.5 The Thom Isomorphism

Recall that a homogeneous homomorphism of degree k& means that a(\x) = Ma(x) for
A € R. Therefore, if we have a bundle metric, then such a map « between vector bundles
is completely determined by its restriction to the sphere bundle over the manifold. Let
m : R — M be a real vector bundle. Then we can lift complex vector bundles over M to
complex vector bundles over R, by (7*E), = Er(,). Suppose that we have a complex over
R that is homogeneous of degree k£ and o o & = (. Then if the complex is exact on the
sphere bundle, its support is the zero section, so the complex has compact support (since
M is compact) and is hence an element of K (R).
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Proposition 6.5.1. Let C*(R) be set of the homotopy classes of homogeneous complexes
of degree k over M, and C}(R) the subset of exact complexes such that « is constant along
the fibres of the sphere bundle S(R).

CH(R)/C3(R) = C(R)/Co(R) = K(R)

Proof. We have C*(R) C C(R). Suppose that we have a complex of vector bundles
E € C(V) that has compact support. Pick an arbitrary fibre metric on R and the disk
bundle D(R) which contains the support. Take F; = F;|)s and restrict it to the zero section,
so F; = 7*F; on the disk bundle. Consider the maps (3; : 7*F; — 7*F; 1 which agree with
a; on S(R), where S(R) is the sphere bundle. Then we get a homogeneous complex of

degree k:

O—>7T*Foﬁo—>...£";1—>7r*Fn—>O

Clearly £ and F' are homotopic complexes, because R"™ is contractible, so [E] = [F] €
K(R). Therefore C(R) = C*(R). Now suppose that £ € Cy(V) has empty support.
If o : E; — E;,q, then o is constant along the fibre of R, and so F' € C¥(R). The
converse follows when we consider the maps /3;, which are constant along the fibre of S(R).
Then H;(v,t) = |v|™*B;(v/|v|) defines a homotopy between F and F, so C*(R)/CE(R) =
C(R)/Co(R). This result is what will allow us to use the symbol of a differential operator
to introduce K -theory into the proof of the index theorem. [

Suppose that £ is a complex over M, a compact manifold. Define a homomorphism
a: Ex 1 A¥(E), - E x mA*(E), forz € E by a(z,y) = (v,z A y). Then we get a
degree one homogeneous complex in the form

0— A E) S mAYE) S ... S 7 A(E) =0

We have o o v = 0, as a property of the wedge product, and the complex is exact. We
define the Thom space of £ by 7 (FE) = D(E)/S(E), where we have imposed some
smooth bundle metric to define the unit sphere and unit ball. By the previous discussion,
K(Z(F)) = K(E), so the complex defines an element \p € K(FE). A proof of the
following two theorems can be found in [21, Chapter 4.5].

Theorem 6.5.2 (The Thom Isomorphism). Let E be a complex vector bundle over a com-
pact manifold M. Let K(E) be a K(M)-module through n* : K(M) — K(E). The map
¢ K(X) — K(FE) that is multiplication by \g is an isomorphism.

If £ is the zero section, then £*\p = £* o0 ¢(1) = >_(—1)*A*¥(V), which reminds us of

the Thom isomorphism in cohomology, where we defined the Euler class as the pullback
of the Thom class by the zero section. Furthermore, A(F @ F) = A(E) ® A(F), so

AE@F = )\E/\F

Recall that ch(F @ F') = ch(F) + ch(F) and ch(E ® F') = ch(E) A ch(F'). We can
extend this to the K-group of a manifold, making the Chern character a ring homomor-
phism. Futhermore, since the Chern classes have integer coefficients, the Chern character
has rational coefficients. Thus, the ring homomorphism is:

ch: K(M) — H*(M;Q) keN
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Theorem 6.5.3 (Thom isomorphism (cohomology)). The map ¢' : H*(M) — H"™*(E)
given by ¢'(w) = m*w A ®, where ® is the Thom class, is an isomorphism.

Now it turns out that there is a deep relation between this Thom isomorphism, and the
K-theory Thom isomorphism. We can make a commutative diagram, which is where the
Todd class comes into play. We have

K(M) —%— K(E)

(=1)"Td(E)~*Ach l ch ‘

H'(M;Q) —— H(E:Q)

The bar denotes the complex conjugate bundle of the complex vector bundle F. This
diagram gives rise to the cohomology formulation of the index theorem, which is the
one we used for the Chern-Gauss-Bonnet theorem. Let us show why the Todd class ap-
pears here. We want some term «(FE) such that ¢'(a(E) A ch(z)) = ch(¢(x)). Then
a(E) = ¢'"'ch(Ag). We have the zero section &, and E*A\g = > (—1)"AY(E). We also
have £*¢'(x) = = A e(E), forgetting about the complex structure. Then

a(E) Ae(E) = & ch(Ap) = ch() (-1)'A'(E)) = [ J(1 — exp(z,))

where we have invoked the splitting principle. Therefore, since e(F) = []x;, we must
have . (z2)
— exp(z; =1
F) = — =Td(F
a(B) = ][ (®)

The result follows.

6.6 The Topological Index

Firstly, let’s show how K-theory is relevant in the proof of the index theorem. Let D :
['(E) — T'(F) be an elliptic differential operator ()M is of course still compact). For all
p € Mand § € TyM, o(D)¢ defines a homomorphism E, — F,. It in fact defines a
homogeneous complex over T M (recall that the symbol is homogeneous of degree £ in &,
where £ is the degree of D).

0—>7T*E£>7T*F—>0

By the invertibility of (D), this complex is exact outside of the zero section, and thus it
defines an element of K (7™M ), which we denote by [o(D)].

Definition 6.6.1 (Pontrjagin-Thom collapse map). Let ¢ : M < M’ be an embedding of a
compact manifold M into another manifold. Let :*T"M'/T'M = N M be the normal bundle
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to M, and .7 (N M) its Thom space. Let 7(/NM) be a tubular neighbourhood of N M in
M’ . LetY = M’ — 7(NM). Then the collapse map is given by

c(:M—M)Y = T(NM)

The first map is the quotient map, the second is the canonical homeomorphism to the Thom
space.

By the Whitney embedding theorem, we can embed any manifold into R™ for some
m. Take M’ = R™. Then the collapse map induces a map in K -groups, since we have a
canonical map K (7*N) — K(T*R™), and the Thom isomorphism K (T*M) — K(T*N),
as T M is a real vector bundle over M. We compose these maps and call it ¢4 to get
/<oﬁ_1 ou: K(T"M) - K(T*R™) — K ({*}) = Z, where we have used the fact that R™ is
contractible, and the Thom isomorphism ry : K ({*}) — K(T*R™).

Definition 6.6.2. Let D be an elliptic differential operator on a compact manifold M. Let
o(D) be its symbol. Then we define the topological index of D by

T(D) =k, ' oy(o(D)) € Z

Recall that the analytic index of D is defined by ind(D) = dim ker D — dim cokerD.
We can now state the index theorem in full generality.

Theorem 6.6.3 (Atiyah-Singer).
ind(D) =T (D)

Definition 6.6.4. Let £ and F' be complex G-vector bundles over M and let D : I'(E) —
['(F) be an elliptic differential operator. Then D is said to be G-invariant if it commutes
with the G-action on F and F.

In this case, the symbol is a G-map so o(D) corresponds to an element in K¢ (T*M),
and the topological index of a differential operator is defined in much the same way, 7 :
Ko(T*M) — Ke({*}) = R(G). Similarly, if D is a G-invariant elliptic operator, we
define its analytic G-index by indg(D) = [ker D] — [coker D] € R(G). We will use
some of the results mentioned in the section on K -theory in their equivariant versions in
the proof. It is, however, good to be aware that some notions to not carry over in full
generality. For instance, the splitting principle does not apply if G is not abelian.

6.7 Proof sketch of the index theorem

The topological index satisfies two particular properties, by construction.
1. T : K({*}) = Z — Z is the identity map.

2. If v : M — M’ is an embedding, and M is compact, then t;0 T =T o 4.
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The expression ¢; o 7 makes sense if we view Z as the K -group of {x}.

Definition 6.7.1. Let Z,; : K(T*M) — Z be a collection of homomorphisms defined
for all compact manifolds M, which satifies Zy;(f*z) = Zy(z) for any diffeomorphism
f M — N. Then Z is called an index function.

Suppose that we have another index function which satisfies the same two properties
as the ones listed for the topological index, and let . : M — R™ and x : 0 <— R be an
embedding and the inclusion, respectively. Then we get a commutative diagram:

K(T*M) —*— K(T*R™)

z I K{x}

From this, we easily see that Z = 7. A proof of the index theorem, then, would be
to show that the analytic index satisfies the above stated properties, when viewed as a map
from the K -group (i.e. its symbol). Since M is by assumption compact, o (D) € K(T*M).
But more importantly, any element of 7™ M has an associated pseudo-differential operator.

Proposition 6.7.2. Let M be compact and y € K(T*M) be arbitrary. There exists a
pseudo-differential operator L of order k, for any k, such that o(L) = y.

Proof. We can represent y by a two term complex, by the proposition we established and
proved in the section on K -theory:

0> 1mTE31F =0

for a degree k£ homogeneous map «. Pick an open neighbourhood over which E, F' and
T*M are trivial. Take V() to be a function on 7*M that is zero in a neighbhourhood of
the origin of 7*M and 1 elsewhere. Let p(x,&) = V(§)a(x,§). Then L = p(x, D) is a
differential operator whose symbol is «, and so L is elliptic with o (L) = y. [

Proposition 6.7.3. Suppose that two elliptic (pseudo- )differential operators have the same
symbol. Then they have the same index.

Proof.
0> mE S F —0
0— 7*FE' U—l>7T*F’—>O

Suppose we have two symbols defined by the two term complexes above. Suppose first
that L. and L’ have the same order. Then by the same proposition we used in the previous
proof, they must be either homotopic, or differ by a complex with empty support, since
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[0(L)] = [o(L)] € K(T*M) = C*(T*M)/CE(T*M). If they are homotopic, therefore,
they must be homotopic through a homogeneous homotopy of the same degree, and so
ind(L) = ind(L’). Suppose that they differ by a two term complex with empty support.
Then the exact sequence implies the map between the terms is an isomorphism, since the
sequence is exact at every point of M. So we take

0—>A3>A—>0

with 1) a homogeneous degree k£ isomorphism. Because this is an isomorphism, if £ > 1,
we must have dim A = 0, or we would arrive at a contradiction. If £ = 0, then we must
have 1 (z, A\§) = ¥(z, &) and so ¥ is constant on the fibre. Hence, L and L' differ by the
operator Ps = 1(x,0)s which has index zero. Hence we still have ind(L) = ind(L’).
Now suppose that the two have different orders £ and m. We assume that the two
symbols agree on the sphere bundle over M. Then the map ¢’ o 0! is homogeneous of
degree m — k, and is the identity on the sphere bundle. Hence this composition is self
adjoint. Then L and L’ differ by a self adjoint operator. A self adjoint operator satis-
fies dimker S = dimker ST = dim coker S, and therefore has index 0. Again, we find
ind(L) = ind(L’), and we are done. O

Now, we need to verify the two properties to prove the index theorem:
1. ind : K({x}) =2 Z — Z is the identity map.
2. If v : M — M’ is an embedding, and M is compact, then ¢; o ind = ind o ¢.

The first property is not so difficult to prove. Given two vector bundles over the one point
space, a differential operator is just a linear transformation between the two vector spaces.
Then o(D) = dim F — dim F' € Z, where E and F are the respective vector bundles.
Using the rank nullity theorem, we see that dim ker D + dimim D = dim E and similarly
dim F — dimim D = dimcoker D. Therefore, ind(D) = dimker D — dimcoker D =
o(D). We now move on to the second property. We will use three lemmas that we assume
to be true. Their proofs can be found in [10, Chapter 8.2-8.5]. Recall that ¢; was defined
using a composition of two maps, the Thom isomorphism ¢ and the K-theory map v
from an inclusion map of the tubular neighbourhood of the cotangent bundle. Therefore, it
suffices to show that the analytic index commutes with both of these maps. The latter case
is taken care of by the following lemma.

Lemma 6.7.4. Let . : U — M be the inclusion of an open subset of M. Then:
indo* =" oind

Now all that remains is to show that the analytic index commutes with the Thom iso-
morphism, which is multiplication by Ag. To consider non-trivial vector bundles, we use
equivariant K -theory. Suppose that P = M is a principal O(n)-bundle. Note that the or-
thogonal group is compact. We can write any real vector bundle over M as the associated
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bundle of some principal O(n)-bundle, with respect to some representation, which we will
denote P X,y R™ = V. Since the action of O(n) on R" induces an action on T*R", we
also have P x¢(,) T*R". Then we get

T*E = (P Xo@m) T"R") @ 7" T*M
Hence we get a map
K(T"M) ® K(P xom T"R") = K(T"E)
When we consider the isomorphism
K(P xo@m T"R") 2 Kom) (P x T*R")
we get the following maps
Kom)(T*R") = Ko@) (P x T*R")
K(T"M) ® Kom)(T*R") = K(T*E)

Lemma 6.7.5. Suppose that indg(y) € Z is a multiple of the trivial representation 1 €
R(G), fory € Kq(T*E), and x € K(T*M) arbitrary. Then

ind(x - y) = ind(x) - indg(y)

Lemma 6.7.6. Let . : 0 — R be the inclusion map, and 15 : R(O(n)) — Ko@) (T*R") its
induced map. Let \,, be the Thom class of C". Then

indo(n)(14(1)) = indom)(An) = 1

Now, let 7*E be a complex vector bundle over 7M. Then we use the above two
lemmas, keeping in mind that C = R? at the level of vector spaces, we see that

ind o (b(x) = ind(w*x . )\T*E) = lﬂd(ﬂf) . lndo(gk)<)\n) = lnd(l’)

This means we have ind(D) = 7 (D), which concludes the proof of the Atiyah-Singer
index theorem.

We would like to stress that there are many subtleties that we have omitted in the sketch,
such as showing that the relevant definitions do not depend on choices that were made (e.g.
the choice of fibre metric, the choice of tubular neighbourhood, etc.).

6.8 The cohomological index theorem

The reader may have noticed that the index theorem that we have sketched is not the index
theorem that was stated in the introduction. Personally, I find the one stated in the introduc-
tion more aesthetically pleasing, and it also has the benefit of lending itself to computations
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in a straightforward manner, as seen in the case of the de Rham complex. Let us derive the
cohomological version of the index theorem from its statement as given in the previous
section, that is,

ind(D) = T(D) = ind(E, D) = (—1)"("+D/2 / ch(®—o Er) Ae(M) ' ATd(TM@RC)
M
We have the following diagram:

K(T*M) —2— K(T*N) —— K(T"R™) +*— K(T*{+x})~Z

lch | lch lch | lch
HY(T*M) —2— H*(T*N) —2— H*(T*R™) «*— H*(T*{x})

The maps « and (3 are the natural maps induced by the inclusion, whereas the other hor-
izontal maps are the Thom isomorphisms. Again, this diagram does not commute in this
form, but we have already seen how to make it commute. Since 7R is contractible, its
Todd class is just 1. Furthermore, we took

T"N=n"N@rC T*NeT*(T*M)=T"(T"R™)
which is again contractible. Using that T*(7*M) = 7*T*M ®g C, this then leads to:
Td(T*N) ' =Td(T*N) ' = Td(T*(T*M)) = 7*Td(T*M ®g C)
Where we used the naturality property. Combining these facts then tells us:

Y ocho(z) =
¢ tochog(r) = (—1)""Td(TM ®g C) A ch(x)

Where we used that Td(T*M) = Td(T'M). Now, recall that 7 (z) = ! o a o ¢(x).
Therefore,

poT(r) =aog(r) =
choao@¢(zr) =choypoT(x)=
(=1 o T(x) = (=1)"T (x) - ¥'(1)
Again using the triviality of T*R™, it follows that
T@= [ T@rv@) =" [ choaosl)= (1" [ chool) -
T*Rm T*Rm T*N

(=17 [ oo (chla) ATATM 9 ©) = (<1)" /T  ch(a) ATA(TM 95.C)

If the manifold is oriented, then [, ¢'(z) = (—1)""=V/2 [, z. Let us explain where
this power n(n — 1)/2 comes from. The (almost) complex structure maps vy, ..., v, €
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7*T'M, which are horizontal vectors, to vertical vectors (which vanish upon projection
to the base space). Then we have a positively oriented local coordinate system for 7'M
given by (z1,vq,...,%,,v,). If M is oriented, and (z1,...,x,) are positively oriented
local coordinates, then the induced local coordinates are (x1, ..., Ty, v1,...,v,) for TM.
Transforming from one system of coordinates to the other, requires (n — 1) + (n — 2) +
-+ 1 = n(n — 1)/2 transpositions. Recall also that {*¢/(x) = = A e(M). Therefore
&r = ¢ ) ANe(M),so ¢t och(z) Ae(M) = ch(£*z), using naturality of the Chern
character. Then turning the relevant elliptic complex into a two term complex as we have
seen before, this gives ¢’ Loch(a(E, D)) Ae(M) = ch(>(—1)¥E}). Thus, we have finally
derived the statement as presented in the introduction:

ind(E, D) = (—1)"+1/2 / ch(®rEp) A e(M)™' ATd(TM @ C)
M

6.9 The Significance of the Dirac Operator

We briefly touch upon the significance of the Dirac operator, without giving proofs. Sup-
pose that our compact manifold M admits a spin structure. It can be shown that the spin
structure determines an element in the /-theory of the contangent bundle, that is the Thom
class. We can then ask ourselves which differential operator has as its symbol this ele-
ment, which corresponds to the spin structure on the manifold. It turns out that this is
the Dirac operator. Now, the Thom class defines an isomorphism £ +— A ® 7*F. Then
K -theory element of the symbol of the Dirac operator twisted by the vector bundle £ is
l0(Dg)] = [0(D)] ® [7*E]. Therefore, each element in K (7*M) can be obtained as a
symbol of a differential operator, by twisting the Dirac operator with the corresponding
vector bundle. This is the reason why e.g. Sir Michael Atiyah viewed the Dirac operator
as being the most fundamental of differential operators. Consequently, the index theorem
for the specific case of the twisted Dirac operator is of great importance. It can be found in
[22, Theorem 4.3].

Theorem 6.9.1. Let D : T'(X, ® E) — I'(X_ ® E) be the (twisted) Dirac operator. Then

ind(D) = /M ch(E) A A(M)

The A\(M ) in this equation is a formal power series, like the Todd class, expressed in
terms of the Pontrjagin numbers of the tangent bundle. For the case dim M = 4, it is
A(M) = 1 — 5;p1(M). This is the only case we’ll be elaborating upon. The interested
reader can find more information in the text referenced above. We will use this version of
the index theorem in the following section.

6.10 Gauge Theory and the Index Theorem

We would like to conclude with an application of the index theorem to the overarching
subject of this thesis, namely gauge theory. In particular, we will show a result from Yang-
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Mills theory. Let M, = A, /G, where A, is the space of irreducible Yang-Mills connec-
tions. We have the following theorem, originally found in [1]. We will assume that the
manifold admits a spin structure.

Theorem 6.10.1. Let M be a compact self-dual Riemannian 4-manifold. Suppose the
scalar curvature is positive, and let P = M be a principal G-bundle with G compact and
semi-simple. Then either M = 0, or it is a manifold, in which case

dim M+ = 2py (ad(P)) — % dim G(x — 7)

Where py(ad(P)) is the first Pontrjagin class of the adjoint bundle, x the Euler character-
istic, and T the signature of M.

The statement of this theorem introduced several notions that we have not yet come
across in this text. They are: self-duality of a manifold, scalar curvature, and the signature
of a manifold. We will not be proving this theorem in its entirety. Rather, we will prove
the dimension of the manifold. For this reason, we only explain what the signature of a
manifold is. Consider a compact 4-manifold M. If w,n € H?(M), then we have w A 1 =
(=)l A w = 1 A w. Since M is compact, we have w A € HY(M) = HO(M) < R
by Poincaré duality. Therefore, this defines a symmetric bilinear form on H?(M). The
signature of a manifold )/ is then defined to be the signature of this bilinear form.

Remark 6.10.2. Incidentally, the Hirzebruch Signature Theorem, which states that

(M) = /N Lalpi (M), pu(0D)

for some polynomial L,, is a result that is generalised by the Atiyah-Singer index theorem.

Now, we move on to the computation of the dimension of this space. We write Ad(P) =
g for the adjoint bundle of a principal G-bundle P = M to lighten the notation. We will
be using the following elliptic complex:

0= Q°(M,g) s QY(M,g) 5 02 (M, g) = 0

in order to compute — dim H%(g) + dim H'(g) — dim H?(g), because the tangent space
to M, at a point w is going to be H'(g). Furthermore, it turns out that H%(g) and H?(g)
are both zero dimensional, proofs are found in [6, Lemma 6.5.3, Lemma 6.5.4]. We shall
simply demonstrate how the index theorem is used in this computation. We define a Dirac
operator by:

D=dyod,:Q(M,g) — 0 (M,g) o (M,qg)

Which we consider as

D: T, Y g —-TIE_ 90X ®g9)
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The reason why this is valid is subtle, and it would take a significant amount of time to
explain. The result is found in [1]. In essence, it comes down to the fact that, given
particular conditions, > ® ¥ = A*T'M on a compact Riemannian manifold.

Recall that the index theorem for the twisted Dirac operator reads:

ind(D) = /M ch(E) A A(M)

We wish to compute the Chern character of /' = ¥_ ® g, and E(M ). Since we are dealing

with dim M = 4, we have A(M) = 1 — 5:p1(M). Let us examine the other terms. The
adjoint bundle is a real vector bundle, so its Chern character is of course ch(g ® C), if we
are being precise with the notation, and also ¢;(g) = 0. We expand the Chern character
like so:

ch(g) = rank(g) + c1(g) + %(Cl (9)° — 2¢5(g)) = dim Lie(G) — c»(g) = dim G + pi(g)

Since, by definition, for a real vector bundle F we have py(F) = (—1)kco(F ® C). We
also wrote Lie(() for the Lie algebra of GG. Using the multiplicative property of the Chern
character, i.e. ch(X_ ® g) = ch(X_)ch(g), we find:
eh(S- ® g)A(M) = ((dimG + pi(g))ch(S_)A(M) =
~ 1

dim G (ch(Z_)A(M)) + pi(g) (rank(Z_) Fehi(2) + chg(z_)) (1 - ﬂpl(M)>

Then we have a sum of two terms. If we consider the Dirac operator
D:I'EX;eY)»TE_-®%.)

then the first term is just dim G ind(D). Now we move on to the second term. The only
terms which we integrate are the degree 4 terms, of which there is only one:

pi(g)rank(X_) = 2pi(g)

Where we used that the representation space S for the Dirac spinor representation with
n = 4is C2"* = C*, and so S_ = C2 which means rank(¥_) = 2. Hence, we have

ind(D) = — dim H°(g) + dim H'(g) — dim H*(g) = dim M, = 2p;(g) + dim G ind(D)
But we simply have
D=d @&d:Q"(M)— QM) Q" (M)

which is very familiar to us, from the de Rham complex. In particular, the index of this
operator is just b' — b° — b?, where the b' denote the so-called Betti numbers, which are
the dimensions of the de Rham cohomology groups of a manifold. We observe that 7 =
b3 —b%, and y = 20" —2b' +b% +-b? using Poincaré duality, so that y —7 = —2ind D —>
ind D = —3(x — 7). Therefore, it follows that

1
dim M, = 2p(g) — 5 dim G(x—7)
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Chapter 7

Conclusion

To conclude, let us briefly summarise what we’ve done, and to what extent the goals of this
thesis were realised. We started off with the preliminaries, which introduced the ingredients
for topological K-theory. We also met the Thom isomorphism for cohomology, which
turned out to have its K-theory counterpart, being related through the Chern character. In
the preliminaries, we also introduced the Hopf fibration, which went on to be the example
that we built upon throughout the rest of the text.

Subsequently, we moved on to connections, curvature and characteristic classes. These
are essentially the topics on which the rest of the thesis rests, along with the underlying
notion of a principal bundle. The section on covariant derivatives in Euclidean space was
meant to give the reader an intuition for covariant differentiation, that one can visualise.
This notion is then carried forward into more abstraction, and cast in the guise of differ-
ential forms, in the style of Cartan. Relating this to the curvature of the connection via
Cartan’s structural equation and the Bianchi identity, we then arrived at Chern-Weil theory,
which incorporates cohomology to give us topological invariants of a manifold. Not only
that, the Chern character turns out to give us a profound connection between K-theory and
cohomology, and is one of the crucial parts of the Atiyah-Singer index theorem. We then
generalise all of the previously mentioned concepts to principal bundles, which sets the
stage to move on to applications.

Classical electromagnetism is a very tame example of a gauge theory. Most of the
mathematical theory that was developed in the prior chapters did not find a use in this
description of electromagnetism. This has two reasons. Firstly, quantum electrodynamics
is too foreign to me to do it justice, within the time that I’ve been given, and considering
that the main goal is the index theorem. Therefore, I settled for electromagnetism, which is
a very simple, and therefore comprehensible, example of a gauge theory, and it leads up to
Yang-Mills theory. The latter is where most of the developed theory comes into action, even
utilising the Chern class to classify instantons. We also give an extensive example of the
construction of a class of instantons. In this section, we utilise virtually all of the previously
established theory, including the bi-invariant metrics on compact Lie groups, and assuming
that we have a Riemannian manifold. If we wish to drop the assumption that our manifold
is Riemannian, we arrive at Chern-Simons theory. This subject is more closely related to
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algebraic topology, and knot theory. For this reason, doing it justice would be beyond the
scope of this thesis, and so I decided to just mention it and cover the basics. Two further
references were provided for the interested reader.

Having seen some applications, we moved on to explore spin geometry, which forms
an integral part of the standard model of particle physics. Out of all the concepts in this
text, Clifford algebras and spinors were most foreign to me, and I found it difficult to get
a grasp of what was going on. At the same time, there are many parallels with previously
discussed notions, which was something to hold on to, along the way. The Dirac operator
is an essential ingredient for our appliction of the Atiyah-Singer index theorem in the final
section of this text. Furthermore, we got to see the standard model of particle physics, or
at least its mathematical description, and introduced the “remaining” characteristic classes,
namely Stiefel-Whitney classes.

In the final chapter, we finally arrive at the main result that I wanted to cover. The
statement of the index theorem is, at this point, entirely within our grasp. The Todd class
can be introduced very straightforwardly, differential operators on vector bundles are a
fairly natural concept, and the analytic index is easy to formulate. This is all we need to
understand the statement of the theorem. Truth be told, there is a lot of analysis that has
been swept under the rug. This was done deliberately, because the topological aspects of
the theorem are more in line with the spirit of this thesis. I tried to go through the heat
kernel version of the proof found in [22], but it just did not feel natural to me. The heat
kernel proof is a lot more heavy on the analysis. Instead, the K-theory proof offers us a
topological way to approach the problem, and although we did not cover each result in
detail, and again swept some details under the rug, the path towards the proof of the index
theorem should be clear. Converting the result to the cohomological statement requires a
bit of extra work, but it enables us to truly justify the proof of the Chern-Gauss-Bonnet
theorem. To conclude, we give the dimension of the moduli space of irreducible self-dual
Yang-Mills connections on a self-dual Riemannian manifold, using the index theorem and
the Dirac operator.

Aside from the fact that the analysis portion of the index theorem was swept somewhat
under the rug, I am content with the extent to which I was able to realise the goals of this
thesis. Given a better background in physics, I might have been able to include a more
sophisticated example of a physical gauge theory in detail, but it seems this was not meant
to be. Having written this text, I have set it as a goal for myself, in the future, to understand
the heat kernel proof of the index theorem as well, and gain a physical understanding of the
Lagrangian of the standard model.

As a final note, I will mention the greatest lesson I learned from writing this thesis.
It isn’t necessarily a mathematical one. For about two weeks, I was desperately trying to
find out what went wrong in my derivation of the dimension of the moduli space, because
I was getting a factor of two in front of the Pontrjagin class that wasn’t there in the paper
by Atiyah, Hitchin and Singer. I went over this derivation more times than I would like to
admit, and each time arrived at the same result. Ultimately, it turned out that the result I
was getting was in fact correct, and there was either a typo or an error in the original paper.
This has taught me that, even if you’re aware of how insignificant your understanding of
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a subject is, at some point, you have to trust your own results, because even the greatest
minds of the century can make computational errors.

I have very much enjoyed working on this thesis, and I would like to thank my advisor,
dr. M. Seri, for his encouraging words along the way, and his excellent suggestions for
thesis topics. He originally told me that he thought it might be interesting to write a thesis
about the Atiyah-Patodi-Singer index theorem, before I had told him about my personal
interest in the index theorem, but we agreed that it would probably be too much for a
bachelor’s thesis. Instead, I then initially opted to write about vector bundles, principal
bundles and gauge theory. After a while, I started to realise that much of what I was writing
about had connections to the statement of the index theorem, as well as the K-theory proof.
Therefore, I am delighted to have been able to cover it to some degree, at least. Perhaps
not in as much detail as I would or could have, had my thesis been solely dedicated to the
index theorem, but sufficient detail to ensure that I can understand the steps taken in the
full K-theory proof of the index theorem, which is found in [17].

It is my hope that potential readers of this text will find that it motivates them to learn
more about gauge theory, and the geometry of fundamental physics. To this end, I would
highly recommend [18] for a more elementary approach, and [6] for a full-fledged graduate
level approach to the subject.

139



Appendices

140



Appendix A

Recap of Tensors

Tensors will be crucial throughout this entire document, so we will briefly state relevant
definitions and theorems (without proofs - see e.g. [4, 3, 23] for proofs). Since our main
concern is with finite dimensional vector spaces, we shall only address these. The general
case is considerably more subtle. Unless otherwise stated, assume that a vector space is
finite dimensional.

In their simplest form, tensors are often described as multilinear maps between vector
spaces. This means that if V3, ..., Vi, W are vector spaces, then
F: Vi x---xV, — Wis linear in each argument, so F(vy,...,auv; + v}, ..., v;) =
aF(vy, ... v5) + BF(v1, ... 0, ... ).
Definition A.0.1 (Dual space). Let V' be a vector space (which we shall always assume to
mean a vector space over R), with basis (e, ..., e,). Define its dual space

V*:={¢:V = R: ¢islinear} = Hom(V,R)

Then V* has a basis given by £'(e;) = 0} called its dual basis (w.r.t. (¢;)). Elements of V*
will be called covectors.

If V and W are vector spaces and A € Hom(V, W), it induces a linear map A* €
Hom(W*, V*) (note the reversed order) by (A*¢)(v) = 1»(Av). This is called the transpose
of A. Tt satisfies the property that (A o B)* = B* o A* and (idy)* = idy- (this is a
“functorial” property, but we shall not discuss any category theoretic notions).

Proposition A.0.2. There is a canonically defined isomorphism V = (V*)* := V**, given
as follows. Forv € V, define a map n(v) : V¥ — R by n(v)(w) = w(v).

The following definition shall be crucially important.
Definition A.0.3 (Tensor product). Let w,n € V*. Define their tensor product
wn:VxV =R

by (w ® n)(v,w) = w(v)n(w). This generalises to any multilinear map. Suppose that
F € Hom(Vy,...,Vi;R) and G € Hom(W4,...,W;;R). Then we define their tensor
product by

(F@G)(v,...,05,w1,...,w) = F(vg,...,0)G(wy, ..., w)
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Proposition A.0.4. Let Vi, ..., Vj be vector spaces of dimensions n, ..., ny, with bases
(Ei(j )) (the upper index denotes which space this is a basis element of). Let (5’& j)) be the
dual bases. Then a basis for Hom(Vy, ..., Vi; R) is given by

B:{é‘tb@gzz)lgzlgnh71§2k§nk}

Given an arbitrary set /&, we can define the free vector space F(K') over some field
(in our case the real numbers), by all formal linear combinations of elements of K. In
order to define the tensor product of two vector spaces, we need to “quotient out” certain
pathological cases. The tensor product of two spaces V, W is defined by V@ W := F(V x
W) /S, where S is the vector subspace spanned by elements of the following forms (z € R):

(v1 + vo,w) — (v1,w) — (v2, W) (A.1)
(v, wy +w2) — (v, wy) — (v, ws) (A.2)
(xv,w) — z(v, w) (A.3)
(v, zw) — z(v, W) (A4)

Theorem A.0.5 (Universal property of the tensor product). Let V, W, Z be vector spaces.
Given any linear map F' : V X W — Z, there is a unique linear map F' : VW — Z such
that Fom = F, wherem : V. x W — V & W is the projection map. This then obviously
extends to arbitrary, finite products.

Given a vector space V, we call elements of 7%(V) := V ® --- ® V contravariant
tensors, and elements of T*(V*) covariant tensors. A covariant tensor is called symmetric
if its value stays the same when two arguments are interchanged, and alternating if its sign
changes when two arguments are interchanged. Out of any covariant tensor, one can pro-
duce a symmetric or alternating tensor of the same rank, say k, through operators defined
by Symw = 3 g o(w) and Altw = 55" g sgn(o)o(w), where by abuse of nota-
tion, we really mean that o(w) permutes the arguments of w. Sy is the symmetric group
on k elements. The symmetric product is defined accordingly, given symmetric tensors
a, 3, we have a5 := Sym (a ® ). The alternating product will be the content of the next
section.

On a smooth manifold (with or without boundary), we define the bundle of covari-
ant k-tensors, T*T*M := | | .\, T"(T; M) and of contravariant k-tensors by T*T'M :=
Lens T*(T, M) (they are in fact vector bundles, as you can verify after the section on vec-
tor bundles). A smooth tensor field is then a smooth section of one of these bundles (or
the mixed bundle - which we have little use for). We denote the vector space of smooth
sections of a bundle F by I'(F) (a smooth section ¢ is a smooth map s.t. 7 o o = id). To
conclude, we state two useful lemmas:

Lemma A.0.6 (Tensor characterisation lemma). A map F : T'(TM) x ...I'(TM) —
C>*(M) is induced by a smooth covariant k-tensor if and only if it is multilinear over

o (M).

Lemma A.0.7. There is a unique linear isomorphism F:V@W — Hom(V, W) such
that F(w ® w) = w(.)w
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Appendix B
The (Dual) Exterior Algebra

In the following, we shall use multi-indices. Let V' be a vector space, (5i) a basis for V'*.
For each I = (iy,...,1), define

el(vy,...,vp) = det = det

Then £’ is called the elementary k-covector. These provide a basis for the vector space
of k-covectors, A¥(V*). An elementary property of the top dimensional amongst these
spaces, i.e. A%™V (%), is that for a linear map 7' : V — V, we have w(Tvy,...,Tv,) =
det(T)w(vy, ..., v,), for w € A%V (V*),

Definition B.0.1. We define the wedge product A : A¥(V*) x AY(V*) — A (V*) by w A

n= (kkfll!)!Alt(w ® n). Consequently, we obtain e’ A ¢/ = £!/. Furthermore, this operation
is bilinar, associative, anti-commutative (i.e. wAn = (—1)FnAw),and e A -+ - Agh = €l
Finally, for covectors w!, ..., w" and vectors vy, . . ., vy, we have W A- - - Aw*(vy, ..., vp) =
det(w? (v;)).

Under this operation, we define A(V*) = @,_, AF(V*) which is called the exterior
algebra, which is an anti-commutative, graded algebra. There is an anti-derivation on this
algebra, called interior multiplication, denoted ¢, : A¥(V*) — A*~1(V*), for v € V. This
operation is defined by ¢, w(v1, ..., v6-1) = w(v,v1,...,vx_1). This is also denoted v_iw.
For a smooth manifold (with or without boundary), we define A*(T* M) = Lpear AT, M).
We call a smooth differential k-form a smooth section of this bundle. The vector space of
smooth k-forms is denoted by Q*(M), and Q*(M) := @;_, 2¥(M) is again an associa-
tive, anti-commutative, graded algebra. Given a smooth map F' : M — N, the pullback of
differential forms is linear of R and distributes over the wedge product. Recall that that the
pullback by a smooth map is defined as F*w(v) = w(dF,v), where dF is the differential
of the map.

We now move on to define arguably the most important operation on the exterior algebra,
called the exterior derivative, d : QF(M) — QFF1(M). To do this, we first consider the

143



differential of a function f € C*°(M). We define df,(v) := v f, for v € T,M. This defines
a smooth covector field on M. Then, given a differential form on R", we can express it as
w =" ;wsdr’. We then define dw := Y ; dw; Adz’. Here, dw; is simply the differential
of the function.

Proposition B.0.2 (Properties of d on R"). We state several crucial results about the exte-
rior derivative.

1. dis linear over R

2. dwAn)=dwAn+ (=1 A dn, for w € QF(R")
3. dod=0

4. F*(dw) = dF*w

This result allows us to extend the notion of exterior differentiation to arbitrary smooth
manifolds. It can be shown that d is the unique operations that satisfies these properties, so
we could also define it to be this way. If there exists a (k — 1)-form n € Q*~1(M) such that
dn = w, then we call w exact. If dw = 0, we call w closed. Crucially, note that every exact
form is closed: dw = ddn = 0. Whether the converse holds is the domain of de Rham
cohomology, to be discussed later on.

We will now briefly discuss orientations on manifolds, as they are important for integra-

tion of differential forms. We assume the reader is familiar with the orientations on vector
spaces. Let n = dim V. Each non-zero element w € A"(V*) determines an orientation of
V: the orientation corresponding to to w(e, ..., e,) > 0, for an ordered basis (e;). It can
be shown that every nowhere vanishing n-form w € Q"(M), where n = dim M, induces
an orientation on M for which w is positively oriented at each point, and the converse is
also true. This form is called an orientation form. Next, if F' : M — N is a local dif-
feomorphism and N is oriented, then the pullback of an orientation form on N induces an
orientation on M, such that [ is orientation preserving; this means that dF, takes oriented
bases of T,,M to oriented basis of Tr,)N. Given a manifold with boundary, if M is ori-
ented, then OM is orientable, and all outward pointing vector fields along it determine the
same orientation; called the Stokes orientation on OM.
To end this section, we will discuss integration on manifolds. Let w be a top form on R",
and D C R" a domain of integration. We have w = fdx! A --- A dz" for f € C(R").
Then we define [, w = [, fdz' A--- Ada™ = [, fdz' ... dz". We have the following
lemma:

Lemma B.0.3. Suppose D and D’ are open domains of integration on R"™ or H" (the half-
space), and F' : D — D' is a diffeomorphism from D to D'. Then [, F*w = [, w if F
preserves the orientation, and the opposite sign otherwise.

Using a partition of unity of a manifold M (with or without boundary), we can then
extend this definition of the integration of a differential form. Finally, we quote one of the
most famous theorems in calculus, from which many fundamental theorems can be derived.
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Theorem B.0.4 (Stokes’ Theorem). Let M be an oriented manifold with boundary, w a
compactly supported smooth (n — 1)-form on M. Then [ 3 dw = /. on W

This result immediately implies that the integral of every exact form over a compact
manifold with boundary vanishes. Furthermore, the integral of a closed form over the
boundary of a compact manifold with boundary also vanishes. Now suppose M is a smooth
manifold with boundary, and S C M is an oriented compact submanifold of dimension £,
and w is a closed k-form on M. From the preceding discussion, it immediately follows that
if f e # 0, then w is not exact, and .S is not the boundary if an oriented smooth compact
submanifold with boundary in M.

Green’s theorem is an immediate corollary of Stokes’ theorem. Let w = Pdz + (Qdy, and
apply the theorem.
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Appendix C

Elementary Homotopy Theory

This will be a brief review of elementary homotopy theory, found in many introductory
texts.

Definition C.0.1. Let X and Y be topological spaces. Let f,g : X — Y be continuous
maps. A homotopy between f and g is a continuous map H : X X [0,1] — Y such that

H(z,0) = f(z) H(z,1) = g(x)

If such an H exists for given f and g, then f and g are said to be homotopic. If a
map is homotopic to a constant map, it is said to be null-homotopic. If the identity map is
homotopic to a constant map, then we say that the space is contractible.

Proposition C.0.2. The relation
f = g:<= fishomotopic to g
defines an equivalence relation on the space of continuous maps from X to'Y.

Proposition C.0.3. Suppose that fy, g0 : X — Y and f1, ¢, : Y — Z are homotopic maps.
Then fi o fy is homotopic to g, o go.

Theorem C.0.4 (Whitney). Any two homotopic smooth maps between smooth manifolds
are smoothly homotopic. That is, H : X x [0,1] — Y can be taken to be smooth.

Definition C.0.5. Let X, Y be topological spaces and A C X. If there exists a homotopy
from f to g such that H(z,t) = f(z) forallz € Aand t € [0,1], then f and g are said to
be homotopic relative to A.

If X is a topological space, then we call a continuous map f : [0,1] — X a path in
X. Suppose we have two paths in X with the same initial and terminal point. That is,
f(0) = ¢g(0) and f(1) = g(1). Then a path homotopy from f to ¢ is a homotopy relative
to {0,1} C [0,1]. In other words, for all £ € [0, 1], we have H(0,t) = f(0) = ¢(0) and
H(1,t) = f(1) = g(1). If such a path homotopy exists between f and g, we call them path
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homotopic, and write f ~ g. Again, this defines an equivalence relation on the space of
paths in X. The equivalence class of a path in this space is denoted [f] and is called the
path class of f. A loop in X is a path in X such that the initial and terminal points coincide,

thatis f(0) = f(1).

Proposition C.0.6. Let f,g : [ — X be paths in X with f(1) = ¢(0) (they are compos-
able). We define their product f - g : I — X by

[ re 0<t<1/2
f'g(t)_{g(%—l) 1/2<t<1

Lemma C.0.7. Let f be a path in X. Then any reparameterisation of f is homotopic to f.
Lemma C.0.8. Suppose that fy ~ f1 and gy ~ g1 are composable. Then fy - gy ~ f1 - 1.

The proof of this lemma may be instructive. Suppose that F' and G are the respective
homotopies. Then we obtain the homotopy between f; - go and f; - g; by

Hi 1) F(2z,t) 0<x<1/2
T =
’ G2r—1,t) 1/2<z<1

Because of this lemma, we can define the product of path classes, namely [f]-[g] = [f-¢] is
well defined. The constant path f (t)_: pis denoted by c,. The backwards parameterisation
of f is denoted by f. In particular, f(t) = f(1 —t).

Theorem C.0.9. Path mutliplication satisfies the axioms of a group for loops. More pre-
cisely, let f,g,h : [ — X be loops at p.

L ep] - [f] =[]+ [e] = [f]

3. [f]-(lg] - [A]) = (Uf] - [g]) - [l

The proof is not completely trivial for the general case, but it can be rather easy vi-
sualised for say, the punctured plane. This idea carries over straightforwardly to arbitrary
spaces, and so the proof will be omitted, although it might be instructive.

Definition C.0.10. The fundamental group of a topological space X at a point p € X
is denoted by (X, p), and is the group of equivalence classes of loops at p, with group
operation the product of path classes. If the space is path-connected, then for all p,q € X
we have m1(X, p) = m (X, q), and we simply write 71 (X).

Suppose we have a continuous map between topological spaces, ¢ : X — Y. Then this
map induces a group homomorphism, ¢, : m(X,p) — 7 (Y, f(p)). This map is defined
by ¢.[f] = [¢ o f]. This is well defined. It is a homomorphism since we have

O([f]-[9]) = &:lf gl = oo (f -9 = (@0 f)-(¢og)]
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Suppose that ¢ : X — Y is a continuous map between topological spaces. If there exists
amap v : Y — X such that ¢ o ¢ and 1) o ¢ are homotopic to the respective identities,
then X and Y are said to be homotopy equivalent. v is called a homotopy inverse for ¢.
Suppose that A C X and there exists a continuous map r : X — A such thatr o 14 = id 4.
Then r is called a retraction, and A is called a retract of X. A retract of a simply connected
space is simply connected. If ¢4 o r is homotopic to the identity on X, then 7 is said to be
a deformation retraction, and A a deformation retract of X.

Theorem C.0.11. If two spaces are homotopy equivalent, then their fundamental groups
are isomorphic.

Theorem C.0.12. Suppose that M is a smooth, connected manifold. Then Hom(m, (M, q),R) =
Hp(M).
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