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Abstract

The aim of the thesis is to find relations between the endomorphism algebra, the p-
rank and the factorization of the rational prime p into prime ideals in the number field
generated by the Frobenius endomorphism for abelian threefolds over finite fields of
characteristic p. For elliptic curves and abelian surfaces, these relations are discussed in
Chapter 1 and Chapter 2. The main theorem follows in Chapter 3 and gives a complete
classification of the p-rank in terms of the splitting behaviour of the rational prime p in
the maximal order of the number field generated by the Frobenius endomorphism of an
absolutely simple abelian threefold over a finite field of characteristic p. In Chapter 4, the
reduction of absolutely simple CM abelian threefolds is studied. Only abelian threefolds
with CM by a CM field of which the Galois group of the normal closure is cyclic or
isomorphic to the dihedral group Dg are considered. For both options, the endomorphism
algebra and the p-rank of the reduced CM abelian threefold is determined from the prime
factorization of a rational prime p in the ring of integers of the CM field.
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List of Notation

E/k
S/k

Ak

|

a field

an elliptic curve defined over k

an abelian surface defined over k

an abelian threefold/variety defined over k

an algebraic closure of k

the endomorphism ring of A over k

the endomorphism ring of A over the algebraic closure
the endomorpism algebra over k

the endomorphism algebra over the algebraic closure
a quaternion algebra over Q ramified only at p and oo
the group of p-torsion points of A over the field k

the trace on End(FE)

the characteristic polynomial of the Frobenius endomorphism of A

a root of the characteristic polynomial of the Frobenius endomorphism of A
or the Frobenius endomorphism of A

the complex conjugate of w4

v



LIST OF NOTATION

Nk/q

(K, ®)
(K", ®7)
Nog

Nogr

the dual isogeny to ¢

a map of function fields induced by the rational map of curves
the p-rank of A

the ramification index of p

the residual degree of p

Aj and Ag are isogenous

the center of End®(A)

a central simple algebra over Q(m4) which splits at all finite primes of Q(74)
not dividing p, but does not split at any real prime of Q(74)

a number field

the ring of integers of K

the subfield of K fixed by complex conjugation
the Galois closure of K

the Newton polygon of a polynomial f with respect to a prime p
the invariant of End%q (A) at the prime p

the norm from K to Q

the dihedral group with 12 elements

a CM type

the reflex CM type of a CM type (K, ®)

the type norm of a CM type (K, )

the type norm of a reflex CM pair (K", ®")



Introduction

An elliptic curve is a nonsingular projective curve (variety of dimension g = 1) together
with a group structure defined by regular maps. A rational map ¢ : Fy — E5 between
two elliptic curves Fy and FEs that is regular at every point is called a morphism. If ¢
satisfies ¢(O) = O, where O denotes the point at infinity, then ¢ is an isogeny. Isogenies
from an elliptic curve to itself are called endomorphisms. If E is an elliptic curve over
a field k, then the set Endy(E) of all endomorphisms of E defined over k forms a ring
called the endomorphism ring of E. The set of all endomorphisms of E defined over
the algebraic closure k is also a ring and is denoted by End(E). The endomorphism
algebra of an elliptic curve E over k or k is defined as End)(E) := Endi(E) @z Q
or End’(E) := End(E) ®z Q respectively.

We are interested in elliptic curves over finite fields. An important endomorphism of an
elliptic curve I defined over a finite field F, is the Frobenius endomorphism g : E — E
given by (z,y,z) — (22,97, 27). The Frobenius endomorphism satisfies

W%—tm;+q:0

in End(E), see Silverman [I9, Theorem V.2.3.1(b)], where ¢ is the trace of the Frobenius
endomorphism 7g. The polynomial

fe=X*—tX +qc7Z[X]

is called the characteristic polynomial of the Frobenius endomorphism. By abuse of no-
tation, we let 7 € C also denote a root of fr. By Hasse’s theorem [19, Theorem V.1.1],
the number field Q(7g) satisfies Q(7g) = Q or Q(7g) is an imaginary quadratic field.
If Q(7,) is an imaginary quadratic field for all integers r > 0, then we call E ordinary.
Otherwise, we say that E is supersingular. We will see in Chapter 1 that E/F, is super-
singular if and only if the endomorphism algebra End’(E) is isomorphic to a quaternion
algebra, and ordinary if and only if EndO(E) is isomorphic to the imaginary quadratic
field Q(7g), see [19, Theorem V.3.1].
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The m-torsion subgroup E(Fg)[m] of an elliptic curve E/F, is the set of points of E of

order m. The p-rank of E/F,, with ¢ = p", is the integer r = r(E) such that E(F,)[p]
has order p". As E(F,)[p] is isomorphic to {O} or Z/pZ by Silverman [19, Corol-
lary II1.6.4(c)], the p-rank of E is 0 or 1 respectively. In Chapter 1 we will see that
r(F) = 0 if and only if E/F, is supersingular and r(E) = 1 if and only if E/F is ordi-
nary [19, Theorem V.3.1]. If E/FF,, where ¢ = p", is ordinary, then Q(7g) is an imaginary
quadratic field. If in addition End(E) is isomorphic to the ring of integers of the field

Q(7E), then the ideal (p) splits in Ogr,,). This will be the subject of Section

Similar to what we did for elliptic curves, the aim of the thesis is to find relations
between the endomorphism algebra, the p-rank and the factorization of the rational
prime p into prime ideals in the number field generated by the Frobenius endomorphism
for abelian threefolds A/F,. An abelian threefold is an abelian variety, a nonsingular
connected projective variety with a group structure defined by regular maps, of dimen-
sion g = 3. Many notions we know for elliptic curves transfer to abelian varieties. A
rational map ¢ : A; — As between two abelian varieties of dimension g that is reg-
ular at every point is called a morphism. A surjective homomorphism with a finite
kernel between two abelian varieties with the same dimension is called an isogeny. If A
is an abelian variety over a field k, then the set Endg(A) of all endomorphisms of A
defined over k forms a ring called the endomorphism ring of A. The set of all endomor-
phisms of A defined over the algebraic closure k is also a ring and is denoted by End(A).
The endomorphism algebra of A over k or k is defined as End{(A) := Endy(E) ®z Q
or End’(A) := End(E) ®z Q respectively.

Again, we are interested in abelian varieties over finite fields. An important endomor-
phism of an abelian variety A defined over a finite field F, is the Frobenius endomor-
phism w4 : A — A induced by the ¢-th power Frobenius automorphism of the field IFTI.
By Milne [14, Theorem 10.9], there is a unique polynomial f4 € Z[X] of degree 2g,
where ¢ is the dimension of A, such that fs(t) = deg(ma — t) for all ¢ € Z. This
polynomial f4 is called the characteristic polynomial of the Frobenius endomorphism.
In dimension g = 1, this definition coincides with the definition of the characteristic
polynomial of the Frobenius endomorphism of an elliptic curve. If f4 is a power of an
irreducible polynomial, we let m4 € C also denote a root of f4. We can therefore talk
about the number field Q(74) generated by the Frobenius endomorphism. The p-rank
of an abelian variety A/F,n is the integer r = r(A) such that the group A(F»)[p] has
order p”. The p-rank satisfies 0 < r(A) < g.

An abelian variety A/F, can be isogenous (either over F, or F;) to a product of lower
dimensional abelian varieties. If A is not F,-isogenous to a product of lower dimensional
abelian varieties, we call A simple. If A is simple over the algebraic closure E, then A
is called absolutely simple. If an abelian variety is not absolutely simple, then the
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endomorphism algebra and the p-rank can be deduced from the endomorphism algebras
and p-ranks of the lower dimensional abelian varieties, see Milne [14, p.43]. Therefore,
we are mostly interested in absolutely simple abelian varieties.

In Section 2.1, we discuss abelian surfaces over finite fields, which are abelian varieties
of dimension ¢ = 2. We summarize the relations between the endomorphism algebra,
the p-rank and the factorization of the rational prime p into prime ideals in Q(7g) for an
abelian surface S/Fpn, see Gonzalez [7, Theorem 3.7(ii)] and Bradford [2, Example 3.9].
After this short intermezzo we move on to abelian threefolds in Chapter 3.

Chapter 3 starts by describing the possible characteristic polynomials of the Frobenius
endomorphism and endomorphism algebras of abelian threefolds. Then we discuss the
relation between Newton polygons and the p-rank of an abelian threefold in Section
The main result follows in Section and gives a complete classification of the p-rank
in terms of the splitting behaviour of the rational prime p in the maximal order of the
number field Q(74) of an absolutely simple abelian threefold A/Fpn.

The final chapter is about reductions of CM abelian threefolds over a number field k
modulo prime ideals in k. An abelian threefold A has complex multiplication (CM)
by a CM field K if K has degree six and there is an embedding 6 : K < End’(A).
Furthermore, if §~1(End(A)) = O for an order O C K, then we say that A has CM
by the order O. A CM field is a totally imaginary quadratic extension of a totally real
number field. Up to isomorphisms, there are four different options for the Galois group
of the normal closure of a sextic CM field, see Dodson [5]. We restrict to sextic CM fields
of which the Galois group of the normal closure is cyclic or isomorphic to the dihedral
group Dg. For any CM abelian variety A over a number field k, there exists a cyclic
extension of k over which A acquires good reduction everywhere by Serre-Tate [10,
Theorem 7]. We can therefore assume without loss of generality, that a CM abelian
threefold A/k has good reduction everywhere. By reducing a CM abelian threefold A
over a number field £ modulo a prime p in the ring of integers of k, we obtain the
reduction A = A mod g defined over the finite field F,, where ¢ = |Oy/p|. Assuming
that A has good reduction at g, the reduction A defines an abelian threefold over a finite
field. If an absolutely simple abelian threefold A over a number field & has CM by Og
for a sextic cyclic CM field K and p € Oy is a prime lying over a rational prime p, then
the splitting behaviour of p in Ok completely determines the endomorphism algebra
and p-rank of A = A mod g, see Kilicer, Labrande, Lercier, Ritzenthaler, Sijsling and
Streng [12 Proposition 4.1]. Chapter 4 ends with an example of an abelian threefold A
over a number field k£ with CM by a sextic CM field of which the Galois group of
the normal closure is isomorphic to Dg. We look at the reduction A = A mod g for
primes o C O lying over small rational primes p, and compute the endomorphism
algebra End®(A4) and the p-rank 7(A) using the factorization of pO into prime ideals.



Chapter 1

Elliptic curves

In this chapter, we describe the relations between the endomorphism algebra, the p-rank
and the factorization of the rational prime p into prime ideals in Q(7wg) for an elliptic
curve E/Fpn. These relations are well-known and can be found in Silverman [19]. We
start in the next section by providing the necessary background of elliptic curves.

1.1 Background

An elliptic curve E is a nonsingular projective curve together with a group structure
defined by regular maps. We consider elliptic curves over a field k. Such an elliptic curve
is denoted by E/k. The maps between elliptic curves that we are interested in are called
isogenies. Isogenies are a special type of morphisms. A morphism ¢ : By — Fo between
two elliptic curves E1 and Es is a rational map that is regular at every point. The set of
morphisms between two elliptic curves coincides with the rational maps between those
curves.

Definition 1.1. Let E; and Es be elliptic curves. An isogeny from FE; to E5 is a
surjective morphism

¢: By — Ey satisfying  ¢(O) = O,
where O denotes the identity element under the elliptic curve group law (the point at
infinity). We call E; and Fj isogenous if there exists an isogeny between E; and Fj.

Definition 1.2. Let ¢ : Ey — E3 be an isogeny between two elliptic curves E; and Ej
of degree m. Then the dual isogeny of ¢ is the unique isogeny ¢ : Ep — Ej satisfy-

ing do ¢ = [m].
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It follows from Silverman [19, Theorem II.2.3] that a morphism ¢ from E; to E satisfies
either ¢(F1) = {O} or ¢(E71) = Es. In the first case, the morphism ¢ sends every point
on Fj to the identity element O of Es. This morphism is called the zero morphism and
is denoted by [0]. In the second case, the morphism ¢ is surjective and hence an isogeny
from Fy to Fy. Thus, every morphism between two elliptic curves is an isogeny, except
the zero morphism.

Let E1/k and Es/k be two elliptic curves. We can distinguish between isogenies defined
over k and isogenies defined over the algebraic closure k. If there exists an isogeny
defined over k from Ej to Es, then the elliptic curves £ and Es are called k-isogenous.
If the isogeny from E; to Ey is defined over the algebraic closure k, then E; and F5 are
called k-isogenous.

The points on an elliptic curve form an abelian group. Isogenies are group homomor-
phisms acting on this abelian group, see Silverman [19, Theorem II11.4.8]. We will be
mostly interested in morphisms from an elliptic curve E/k to itself. These maps are
called endomorphisms. The set of all endomorphisms of E defined over k is an abelian
group with the zero morphism as the unit element. The sum of two endomorphisms is
defined pointwise

(¢ +9)(P) = ¢(P) + ¢(P).
The multiplication law is given by composition
() (P) = (4 (P)).

The zero morphism is also the multiplicative unit element. As endomorphisms are group
homomorphisms acting on the points of an elliptic curve, distributivity follows

¢o (¥ +¢)(P)=o(P)+ ¢(P))
= (¥ (P)) + ¢(p(P))
= (¢o9)(P) + (¢op)(P)
= (9o +dop)(P).
In a similar way, right distributivity can be proven.

Definition 1.3. Let E/k be an elliptic curve. The set of all endomorphisms of E defined
over k is called the endomorphism ring of E and is denoted by Endy(E).

The endomorphisms of E defined over the algebraic closure k form a ring as well, which
we denote by End(FE). This ring will also be called the endomorphism ring of E.

A particular subring of Endg(F) is given by the multiplication-by-n maps [n], for any
integer n. Such an endomorphism [n] : E — E is given by

)(P)=P+---+P.

n terms
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Note that the zero morphism [0], sending everything to the identity element, is an
endomorphism of this form. The set {[n] : n € Z} forms a subring of Endy (F) isomorphic
to Z. We identify {[n] : n € Z} with Z and say that Z C Endy(FE).

Definition 1.4. The endomorphism algebra of E/k over the base field k is Endy(F)®zQ
and is denoted by End{(E). Over the algebraic closure k, the endomorphism algebra
is End(E) ®z Q and is denoted by End’(E).

We will see that up to isomorphism there are only three options for the endomorphism
algebra End’ (E) of an elliptic curve E over an arbitrary field k. One of the options is
that End®(E) is isomorphic to a quaternion algebra.

Definition 1.5. A quaternion algebra B over Q is a (Q-algebra that has a basis of the
form {1, «, 5, af}, with

o?, 8% €Q, a? <0, 8% <0, Ba = —ap.
A quaternion algebra B is ramified at p if B ®g Q) is a division algebra. If B ®g R is a

division algebra, we say B is ramified at oco.

We define B), o to be the quaternion algebra over Q ramifying only at p and oo.

The complete set of options for the endomorphism algebra of an elliptic curve is described
in the following theorem by Silverman.

Theorem 1.6 ([I9, Corollary I11.9.4]). Let E be an elliptic curve over an arbitrary
field k. Then End®(E) is isomorphic to one of

(i) the field of rational numbers Q,
(ii) an imaginary quadratic field Q(v/d) where d € Zq,
(iii) the quaternion algebra Bp .
The endomorphism ring End(E) of an elliptic curve E/k is a full rank Z-module con-
tained in the endomorphism algebra End’(E). Explicitly, if End®(E) = Q, then we have

End(E) 2 Z, if End’(F) = Q(v/—d), then End(FE) is isomorphic to an order in Q(v/—d),
and if End’(E) & B, , then End(E) is a Z-module of rank 4 in B, «.

Definition 1.7. An elliptic curve E has complex multiplication (CM) if End(E) is
isomorphic to an order in an imaginary quadratic field.
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An important endomorphism of an elliptic curve E defined over a finite field [F, is the
Frobenius endomorphism.

Definition 1.8. Let E/F, be an elliptic curve. The endomorphism given by

g E— FE,
(z,y,2) = (29,97, 29),

is called the Frobenius endomorphism of E.

~

Definition 1.9. The trace of an endomorphism ¢ € End(FE) is Tr(¢) = ¢ + ¢.

The Frobenius endomorphism 7g satisfies
mp — Tr(np)mE + ¢ = 0,

see Silverman [I9, Theorem V.2.3.1(b)], where Tr(mg) (see Definition [1.9)), and ¢ and 0
are seen as elements in Z C End(FE). This leads to the following definition.

Definition 1.10. The polynomial fr = X2 — tX + ¢ is called the characteristic poly-
nomial of Frobenius. Here t is the trace of the Frobenius endomorphism 7g.

By abuse of notation, we let mg € C also denote a root of fg, so

tE /2 —dg
==t

TE

Let m € Z~q. The m-torsion subgroup of an elliptic curve E/E is the set of points of £
of order m and is denoted by E(F;)[m]. The m-torsion subgroup is equal to the kernel
of the multiplication-by-m map [m]. The structure of the m-torsion group is given in
the following theorem by Silverman.

Theorem 1.11. ([19, Corollary II1.6.4(b),(c)]) Let E/F,, with ¢ = p", be an elliptic
curve and let m € Z, m # 0.

(i) If m and p are coprime, then E(F,)[m] = Z/mZ x Z/mZ.

{0} foralle=1,2,3,... or

ii) Otherwise E(F,)[p¢] =
( ) W ( q)[p] {Z/pez foralle=1,2,3,...

Definition 1.12. The p-rank of an elliptic curve E over a finite field F,, with ¢ = p",

is the integer r = r(E) such that the group E(F,)[p] has order p".

7
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Remark 1.13. If F is an elliptic curve over the field F, with ¢ = p", then

B(F)lp] = {;?;Z o

by Theorem Hence, E(F,)[p] has order 1 = p® or order p = p'. Thus, the p-rank
of E is either 0 or 1.

Proposition 1.14. Let E;/F, and Ey/F, be elliptic curves and let ¢ : £y — E3 be an
isogeny defined over F,. Then r(E;) = r(E»).

Proof. Let Q € E1(F,)[p] be arbitrary. Then we have pQQ = Oy, where O; denotes the
identity element of F. Since ¢ is an isogeny, and thus a homomorphism, it holds that

02 = ¢(O1) = ¢(pQ) = p(Q),

where Oy is the identity element of Fy. This implies that ¢(Q) € E2(F,)[p]. Hence, we
have

P = | Ey(F)lpll > |E2(Fy)[p]| = p" "),
because ¢ is surjective. It follows that r(Ey) > r(Es).

Let éﬁ\ : By — Ej be the dual isogeny of ¢. Let Q € E»(F,)[p] be arbitrary. Then we
have pQ) = Os. Since ¢ is an isogeny, and thus a homomorphism, it holds that

O1 = ¢(02) = ¢(pQ) = po(Q).
This implies that ¢(Q) € E; (F,)[p]- Hence, we have
p" ") = | By (Fy)lpl| > | E1(Fy)[p]| = p" ™Y,
because ¢ is surjective. It follows that r(Es) > r(E;). This proves r(E)) = r(Ey). O
In the remaining of this chapter, elliptic curves over finite fields of characteristic p are
studied. We will specify and prove under which conditions the endomorphism algebra
of an elliptic curve over a finite field is isomorphic to an imaginary quadratic field or a

quaternion algebra. Furthermore, the endomorphism algebra will be related to the p-
rank and the splitting of the prime p in the field Q(7g), where 7y is a root of fg.
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1.2 Relation between p-rank and endomorphism algebras

In this section based on Silverman [19], we will study the relation between the endomor-
phism algebra and the p-rank of an elliptic curve E/F,.

Lemma 1.15. ([19, Exercise 5.10(a)]) The p-rank of E/F,, with ¢ = p", satisfies
r(E)=0if and only if t = Tr 7z =0 mod p.

Proof. Assume r(E) = 0. For i € {1,...,n}, define the isogenies

¢i EPT o g0,
Q Q"

where Qp is obtained from the point ) € E by raising all coordinates to the power p,
and E®) = {QP : Q € EW® } Let i € {1,...,n} be arbitrary. The degree of ¢; is p
and therefore ¢; o ¢; = [p], where [p] is the multlphcatlon—by -p map on E®). As E®)
is isogenous to E, the p—rank of E®) is 1 for all i € {1,...,n} by Proposition
Therefore, we have #E®)(F,)[p] = 1, so there is only one point Q € EP)(F,) such
that pQ = O. Since clearly pO = O, it follows that EW )(F )[p] = {O}. Hence, the

kernel of the map [p] on E®) is trivial. Since ¢; o ¢; = [p], the kernel of ¢; is also trivial.
Suppose that ¢; is separable. Then by Silverman [19, Theorem IIL4.10(c)] and [19
Theorem II1.6.2(e)], we have

#ker §; = deg g = deg ¢; = p
However, it holds that #kergz?i =1, so ggl must be inseparable for all i € {1,...,n}.
Let g : E — E be the Frobenius endomorphism of E. Note that
Q) = Q1= Q" =dn0---0¢1(Q)

for all @ € FE and hence TE = ¢po---0 (bl Then by Silverman [19, Theorem II1.6.2(b)],

it holds that 7 = ¢, 0 oqbl = qbl 0---o0 qbn We know that kergb, = {0} for
all i € {1,...,n}. Therefore, the kernel of 7g satisfies

ker@:kerao---o@:{(’)},

which implies that deg, 7g = # ker 7p = 1 (Silverman [19, Theorem I11.4.10(a)]). This
shows that 7z is inseparable. Moreover, the map 7 is the Frobenius endomorphism
and therefore purely inseparable by Silverman [19, Proposition I1.2.11(b)]. Let w be an
invariant differential on E. Silverman [19, Proposition I1.4.2(c)] states that [t] = ng+7g
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is inseparable if and only if (7g + 7g)*w = 0. By Silverman [I9, Theorem III.5.2], we
have
(rg +7TE)*'w = mpw + Tp w.

The isogenies g and Tg are inseparable, so by Silverman [19, Proposition I1.4.2(c)], we
have 75w = 0 and 7g"w = 0. Hence,

(rg +7E)*'w =mpw+ Tp w =0,

which shows that [t] = mp + 7p is inseparable. It is implied by Silverman [I9, Corol-
lary II1.5.5] that the isogeny [t] is inseparable if and only if p|t. Hence, we have plt.

Next, assume that p[t. Then [I9, Corollary II1.5.5] implies that 75 = [t] — g is insep-
arable. We have T = ¢1 0 -+ 0 ¢,,. Suppose that ¢; is separable for all i € {1,...,n}.

Then Silverman [19, Proposition 11.4.2(c)] implies that g@* is injective. By Silverman
[19, Proposition I1.3.6(f)], we have

- — — —~ —~
TE = (dr100¢n) =¢p 00y .

It follows that 75" is also injective and hence 7 is separable by Silverman [19, Propo-
sition 11.4.2(c)]. But this is a contradiction. Hence, there exists j € {1,...,n} such
that ¢; is inseparable.

Note that deg(gj = deg; (Ej - deg, qgj = p. It holds that (Ej is inseparable, so deg, qz #p.
Hence, we have deg, gZ)A] =1 and degiq?j = p. By Silverman [19, Theorem II1.4.10(a)],
it follows that #kergZ)Aj = degsq/ﬁ\j = 1 and hence qgj has a trivial kernel. Moreover,
the isogeny ¢; is the pP-power Frobenius morphism and therefore purely inseparable
by Silverman [19, Proposition I1.2.11(c)]. Therefore, also ¢; has a trivial kernel. This
implies that
ker ¢ 0 ¢; = ker[p] = {O}.

Hence, we have #E(pj)(E) [p] = #ker[p] = 1. This shows that the p-rank of E®") is 1.
Since all E?®") are isogenous, it follows that r(E) = 1 by Proposition m O

Lemma 1.16. [I9, Theorem V.3.1(a)] The endomorphism algebra End’(E) of E/F, is
isomorphic to the quaternion algebra B,  if and only if r(E) = 0.

Lemma and Lemma lead to the following theorem.

Theorem 1.17. Let E/F,, with ¢ = p", be an elliptic curve. Then the following
statements are equivalent

(i) Trmg =0 mod p,

10
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(ii) »(E) =0
(iii) End’(E) is isomorphic to the quaternion algebra B, .

Definition 1.18. We call an elliptic curve E/F, supersingular if E satisfies one of the
equivalent statements in Theorem Otherwise E/F, is called ordinary.

The next lemma plays a role in the proof of the fact that an elliptic curve E/F, is
ordinary if and only if End"(E) is isomorphic to an imaginary quadratic field.

Lemma 1.19. If o, 8 € End’(F) commute and o ¢ Q, then 3 € Q(a).

Proof. We can extend the trace Tr on End(E) to End’(E) by defining 7a = ra for r € Q
and a € End(F).

Replace a by o/ = v — 2 Tra. Then

1 1 1
Tro/:Tr<a— 2Tra> =Tra— iTr(Troz) =Tra— §Tr(a—|—62)
1 1 1 =
=Tra— -(Tra+Tra)=-Tra— -(a+a)

2 2 2
1

1 1
= iTra— 5(624—04) = i(Tra—Tra) = 0.

Replace § by ' = — %Trﬁ — IS . o/, Then

Tra’2
Tr(a'f)
Tr o2

Tra' =0,

Trﬂ/:Tr<B—;Trﬂ> —

and

Tﬂdﬂ%:ﬁ(d(g_;ﬂﬂ_qﬂd@_d>)

Tr o'?
=Tr <O/5 — %Tr(ﬁ)o/ — T;EO;:/E) . a/2>
=Tr(o/B) — %Tr(ﬁ) Tr(o) — T;i(zg) - Tro?
= Tr(o/ﬂ) — Tr(o/ﬁ)

=0.
Moreover, it holds that
Tra’ =o' +a/ =0,
T =8 + 5 =0,
Tr(a'f') = o'8' +o'5' = o/f + fla’ = 0,

11



CHAPTER 1. ELLIPTIC CURVES

so /Bl = —Blal = —(=p")(=d/) = —p'a’. By assumption « and  commute. Since o’
and 3 are Q-linear combinations of o and f3, also o/ and 3’ commute. Hence,

a/B/: _B/a/: —O/IB/,

so 2/ = 0. The endomorphism algebra End’(FE) has no zero divisors, so o/ =0
or ' =0. As a ¢ Q by assumption, it holds that o/ # 0 and hence 5/ = 0. This implies
that

Tr o2 Tr o2 2

1 Tr(a/B) Tr « Tr(o'B)
—(Trp— :
<2 tp 2 Tr o2 Tra?

Since % Tr 5 — Tr(;éf ZXE““ and T;E‘j;/fj) are rational numbers, this shows that § € Q(a). O

B = %TI“B+ Tr(a’5) o = %TI“ﬁJr LGN (a 1Tra>

The following theorem by Silverman gives the endomorphism algebra of an ordinary
elliptic curve.

Theorem 1.20 ([19, Theorem V.3.1]). Let E/F,, with ¢ = p", be an elliptic curve.
Then r(E) = 1 if and only if End®(E) is isomorphic to Q(7g) = Q(/t2 — 4q), which is

an imaginary quadratic field.

Proof. Assume r(E) = 1. Suppose 7 € Z C End(E), say mg = r € Z. Then

p" = q = deg(rg) = deg([r]) = r?,

so n is even and 7 = p2. Since 7 = r is a root of X2 —tX +q = X2 — tX + r?,
where t = Tr(7g) = Tr([r]), we find Tr([r]) = 2r. Hence,
Te([r]) = 2r =2p2 =0 mod p,

which implies that r(E) = 0 by Theorem [1.17] However, 7(E) = 1 by assumption,
so g ¢ Z. Since 7 is a root of a monic quadratic polynomial with integer coefficients,
the number 7g is an algebraic integer. It follows that 7 ¢ Q. The following claim will
imply that also 7} ¢ Q for any integer m > 1.

Claim. For all integers m > 1, we have 7 = ang + b for some integers a and b
satisfying a Z0 mod p and b =0 mod p.

Proof of the claim. We will prove the claim by induction. For m = 1, we have
mg=1-mp+0with 120 mod pand 0 =0 mod p.

12
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Let m > 1 be an integer and assume the claim holds for all integers n with 1 < n < m.
Then

Th =mp-mn ' =nglate +b) = any, + brp
= a(Tr(ng)reg — q) + brg = (a Tr(wg) + b)7E — aq,

where we used the induction hypothesis in the second equality (with @ £ 0 mod p
and b =0 mod p) and the fact that 7r]23 —tng 4+ q = 0 in the fourth equality. We have

aTr(rg)+b modp=aTr(rg) mod p.

Note that a # 0 mod p and also Tr(wg) # 0 mod p, since r(E) = 1 (Theorem [1.17)).
Therefore a Tr(7g) # 0 mod p. Moreover, —aqg = —ap™ =0 mod p. This proves the
claim. O

Let r be any positive integer and consider F over the field extension Fyr of F,. The Frobe-
nius endomorphism of E/F,- is 7}, see Section By the claim we have 7}, = amg + b
with a # 0. It follows that 77 ¢ Q. This implies that the endomorphism ring Endy, . (E),
containing the Frobenius endomorphism 7%, is not isomorphic to Z and hence End%qT (E)
is not isomorphic to Q. Since this holds for all integers 7 > 1, it follows that End®(E) is
not isomorphic to Q. Moreover, the endomorphism algebra EndO(E) is not isomorphic
to Bp oo by Theorem because r(FE) = 1. Hence, it holds that End®(E) is isomorphic
to an imaginary quadratic field by Theorem SO EndO(E) is commutative.

Consider any a € End’(E). Since End’(E) is commutative, it follows that o com-
mutes with 7z € End’(E). Then Lemma implies that a € Q(7g). Therefore, we
have End’(E) ¢ Q(ng). Since clearly Q(7g) C End’(E), we conclude that

End®(E) = Q(ng) = Q(v/2 — 4q).

On the other hand, if End’(E) is isomorphic to the imaginary quadratic field Q(ng),
then 7(E) # 0 by Theorem [L.17] Hence, r(E) = 1. O

Remark 1.21. Let ¢t be the trace of the Frobenius endomorphism 7p of E/F,. By
Hasse’s theorem (Silverman [19, Theorem V.1.1]), we have [t| < 2,/q. This implies

that t2 — 4¢g < 0. Hence, Q(rg) = Q(\/t? — 4q) is an imaginary quadratic field, un-
less t? — 4q = 0.

Remark 1.22. Theorem also holds if End®(FE) is replaced with End%q(E). Hence,
for an ordinary elliptic curve we have End%q (E) = End’(E).

13
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1.3 Relation between p-rank and decomposition of p

In the previous section we have seen that the endomorphism algebra End®(E) deter-
mines the p-rank r(E) of an elliptic curve E/F, and vice versa. Let E/F,, with ¢ = p",
be an ordinary elliptic curve, fg be the characteristic polynomial of the Frobenius en-
domorphism of E, mg a root of fg and K the field Q(7g). In this section, we will
give the prime factorization of pOy in the field K = Q(7g) = End’(E). We assume
that End(F) = Ok.

Lemma 1.23. (Cox, [4, Exercise 5.9(b)]) Let K be an imaginary quadratic field. Then

{#1,+i} if K =Q(i),
OF = ¢ {+1, 4w, +w?} if K = Q(w) with w = =HY=3
{£1} otherwise.

Theorem 1.24. Let E/F,, with ¢ = p”, be an ordinary elliptic curve. Then End’(E) is
isomorphic to the imaginary quadratic field K = Q(7g) and p splits in K, so pOx = pp
with p # p.

Proof. If E is ordinary, then Theorem states that End’(F) is isomorphic to the
imaginary quadratic field K = Q(wg). Thus pOy factors as one of

1. pOgk (p is inert),
2. p?,

3. pp with p # p.

The norm of 7 in K can be computed as Ny o(7g) = mg7E = p", so (7g)(7E) = (p)".

Hence, each prime ideal in the prime factorization of (7wg) lies above p. In other words,
the prime factorization of (rg) in K is built from the same primes that appear in the
prime factorization of pO.

Suppose we are in case one or two, so there is only one prime ideal p lying above p. If p
is inert, then p has norm p? and if p ramifies, then p has norm p. Since N rx/(TE) =",
it follows that (7g) = p*, where s = % if p is inert and s = n if pOx = p®. Furthermore,
the only prime ideal lying above p is p, so p = p. Hence, we have

(mg) =p* =p° =p° = (7g).

Thus, there is a unit € € O such that T = emp.

14
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As fp = X? —tX + g and 7 is a root of fx, without loss of generality it holds that

/1?2 —4q _ t—\/t?—4q
=——

and FE=———"—F7F—7",

TR 5

where t # 0 by Theorem and t? — 4¢ < 0. By Lemma we have O = {£1}
unless K = Q(i) or Q (71%‘/?3) If T = g, then 7g is real and hence K is a real
field. If 7z = —7g, then t = Tg + g = 0, implying that r(E) = 0 by Lemma
So both e =1 and ¢ = —1 lead to a contradiction. It remains to check the equa-
tion 7T = emp when K = Q(i) or K = Q(w) with w = 71%\/?3

If K = Q(¢), then O = {+1,+i} by Lemmam By the same reasoning as above, the
equation 7z = emg does not hold for € € {+1}. The equation Tz = emp translates to
TE 1P —2¢—t\/t? —4q

=T _ , 1.1
e= 5 (1.1)

If € = +i, then comparing the real parts of both sides of (1.1 gives

2 —2q

0=
2q

and hence t? = 2¢ = 2p™. This is possible only if p = 2 and n is odd. But then
t=0 mod 2 and r(E) =0 by Lemma Hence, 7g # eng for all € € OF.

If K =Q(w) with w = 71%‘/773, then O = {£1, 4w, +w?} by Lemma Again, by
the same reasoning as above, the equation 7Tz = emp does not hold for ¢ € {£1}. We
have

~1++-3 1—+/=3 , —1—--3 s 143
w=——— —_—_ = w = —— — = ——
2 ’ 2 ’ 2 ’ 2 ’

so Re(w) = Re(w?) = —3 and Re(—w) = Re(—w?) = 5. If ¢ € {w,w?}, then comparing
the real parts of both sides of (|1.1]) gives

1 t?—2
2 2

Y22

which can be solved to t2 = ¢ = p", so n is even. But then ¢ =0 mod p and r(E) =0
by Lemma If e € {~w, —w?}, then comparing the real parts of both sides of
gives

1 t?—2

2 2q

15
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which can be solved to t> = 3¢ = 3p™. This is possible only if p = 3 and n is odd. But
then t =0 mod 3 and r(E) =0 by Lemma Hence, 75 # eng for all e € OF.

This shows that for all imaginary quadratic fields K, there is no ¢ € Oy such that
7p = eng. Therefore, the only remaining possibility for the factorization of pOpg is

POk = pp. O
Remark 1.25. Theorem [1.24] can also be achieved using Theorem [3.13]
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Chapter 2

Abelian varieties over finite fields

The main goal of this chapter is to provide the necessary background on abelian varieties.
This will be done in Section which is mainly based on Milne [14] and Tate [20], [21],
and Section which is based on Howe and Zhu [9]. Besides, we summarize the
relations between the endomorphism algebra, the p-rank and the prime factorization of
the rational prime p in Q(7g) for an abelian surface S/F,n». These relations are known
and can be found in Gonzalez [7] and Bradford [2]. This chapter forms the preparation
for Chapter 3.

2.1 Background

An elliptic curve is a nonsingular projective curve together with a group structure de-
fined by regular maps. This definition of an elliptic curve can be generalized to higher
dimensional varieties.

Definition 2.1. An abelian variety is a nonsingular (geometrically irreducible) projec-
tive variety with a group structure defined by regular maps.

In general, an abelian variety over a field k of dimension g is denoted by A/k. Later
we will slightly change notation, but for now we keep the notation A for an arbitrary
abelian variety of dimension g.

Let Ay and As be two abelian varieties of dimension g. A rational map ¢ : A — Ay that
is regular at every point is called a morphism. The maps between abelian varieties that

17
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will be studied, form a subset of the set of morphisms and are again called isogenies. The
definition is similar to the definition of an isogeny between elliptic curves (Definition |1.1]).

Definition 2.2. Let A; and As be abelian varieties of dimension g. An isogeny from Ay
to Ag is a surjective morphism ¢ : A; — As which defines a homomorphism of the
underlying groups, with a finite kernel. We call Ay and As isogenous if there exists an
isogeny between A; and As.

Definition 2.3. Let ¢ : A; — A be an isogeny between two abelian varieties A;
and Ay of degree m. Then the dual isogeny of ¢ is the unique isogeny ¢ : Ay — A;

satisfying ¢ o ¢ = [m].

Remark 2.4. If there exists an isogeny between two abelian varieties A7 and Ao, then
the dimension of A; is equal to the dimension of Ay, see Milne [14, Proposition 1.7.1].

In addition to the isogenies defined above, there is one more important map between
abelian varieties. This is the zero morphism [0] : Ay — Az, where A; and Ay are two
abelian varieties of dimension g, and is given by sending all points on A; to the identity
element on As.

Let A;/k and As/k be two abelian varieties of dimension g. We can distinguish between
isogenies defined over k and isogenies defined over the algebraic closure k. If there exists
an isogeny defined over k from A; to As, then the abelian varieties A; and As are called
k-isogenous. If the isogeny from A; to As is defined over the algebraic closure k, then A;
and A, are called k-isogenous.

Definition 2.5. Let A/k be an abelian variety. An endomorphism of A is a morphism
from A to itself that is a homomorphism of the underlying group. The set of all endo-
morphisms defined over k from A to itself is called the endomorphism ring of A and is
denoted by Endg(A).

Under pointwise addition and composition, Endy(A) becomes a ring. The additive and
multiplicative unit element of the endomorphism ring is given by the zero morphism. The
set of all endomorphisms of A defined over the algebraic closure k is denoted by End(A)
and is also a ring under pointwise addition and composition.

Example 2.6. Let A/k be an abelian variety. The multiplication-by-n map [n] : A — A,
where n is any integer, given by

nj(P)=P+---+P
t
is an endomorphism (and even an isogeny) of A defined over k. Therefore, {[n] : n € Z}

forms a subring of Endy(A) isomorphic to Z and we say that Z C Endg(A) C End(A).

18
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From the endomorphism ring, the endomorphism algebra can be constructed.

Definition 2.7. The endomorphism algebra of A/k over the base field k is Endy(A)®zQ
and is denoted by End,g(A). Over the algebraic closure k, the endomorphism algebra
is End(A) ®7 Q and is denoted by End"(A).

From now on, we restrict to abelian varieties defined over finite fields. A special endo-
morphism of an abelian variety A/IF, is the Frobenius endomorphism.

Definition 2.8. The endomorphism 74 : A — A induced by the embedding of function
fields Fy(A)? C Fy(A), is called the Frobenius endomorphism of A.

The next theorem by Milne is used to define the characteristic polynomial of the Frobe-
nius endomorphism.

Theorem 2.9. ([I4, Theorem 10.9]) Let A/F, be an abelian variety of dimension g.
For every a € Endp,(A), there is a unique polynomial P, € Z[z] of degree 2g such
that P,(t) = deg(av — t) for almost all ¢t € Z.

We define fa := Py, to be the characteristic polynomial of the Frobenius endomorphism
of A. If f4 is irreducible, we identify a root of f4 with the Frobenius endomorphism 7 4.
By abuse of language, we use the notation w4 to refer to both the Frobenius endomor-
phism and a root of f4.

The Frobenius endomorphism of an abelian variety A/F, determines the center of the
endomorphism algebra End%q (A) as is stated in the following theorem by Tate.

Theorem 2.10. ([20, Theorem 2(a)]) Let A/, be an abelian variety and let 74 be the
Frobenius endomorphism of A. Then the center of the endomorphism algebra End%q (A)
is isomorphic to Q(74).

An abelian variety A/k of dimension g > 1 can be isogenous, either over k or k, to a
product A; X - - - x A, of lower dimensional abelian varieties. As explained in Remark
the dimensions of Aj,..., A, should add up to the dimension g of A in order for A
and Ay X --- x A, to be isogenous.

Definition 2.11. An abelian variety over a field k is called simple if it is not k-isogenous
to a product of lower dimensional abelian varieties. An abelian variety is called absolutely
stmple if it is simple over the algebraic closure of k.

An alternative definition of a simple abelian variety A/k is an abelian variety of which
the endomorphism ring Endy(A) contains no zero divisors.
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Definition 2.12. An abelian variety A/k is called isotypic over k if it is k-isogenous
to B?, where B is a simple abelian variety and d a positive integer. An abelian vari-
ety A/k is called isotypic over k if it is k-isogenous to B¢, where B is an absolutely
simple abelian variety and d a positive integer.

In particular, every simple abelian variety A /k is isotypic over k and every absolutely
simple abelian variety A/k is isotypic over k.

If an abelian variety A/F, is not (absolutely) simple, then there is a relation between
the endomorphism algebra End®(A) and the endomorphism algebras of the abelian sub-
varieties of A.

Proposition 2.13. ([I4, p.43]) Let A/F; be an abelian variety.

(i) If A is Fy-isogenous to a product [[ A} of simple abelian varieties A;/F, that are
not Fg-isogenous to each other, then

Endg, (A) = @M, (Endg (4;)),
where M,,, denotes the ring of (n; x n;)-matrices.

(ii) If Ais E—isogglous to a product [] A} of absolutely simple abelian varieties 4;/F,
that are not IF4-isogenous to each other, then

End’(A) = @M, (End’(4;)).
The following two theorems by Tate explain the relation between the characteristic

polynomial of Frobenius of an abelian variety A/F, and its abelian subvarieties over F,.

Theorem 2.14. ([20, Theorem 1(b),(c)]) Let A/, and B/F, be abelian varieties. Then

(i) A and B are F-isogenous if and only if f4 = fp,

(ii) B is Fy-isogenous to an abelian subvariety of A defined over Fy if and only if fz
divides f4.

Theorem 2.15. ([20, Theorem 2(d)]) Let A/F, be an abelian variety of dimension g.
Then the following statements are equivalent.

(i) fa is a power of a linear polynomial,
(i) Q(ra) = Q,

20



CHAPTER 2. ABELIAN VARIETIES OVER FINITE FIELDS

(iii) A is Fy-isogenous to the g-th power of a supersingular elliptic curve, all of whose
endomorphisms are defined over IF,.

Definition 2.16. A complex number 7 € C is called a Weil g-number if |¢(m)| = g2 for
all embeddings ¢ : Q(m) — C.

The above definition implies that Weil g-numbers are algebraic over Q.

Definition 2.17. A polynomial in Z[z] is called a Weil polynomial if all its roots are
Weil ¢g-numbers.

Two Weil g-numbers 71 and my are called equivalent if they have the same minimal
polynomial. In other words, if there is an isomorphism ¢ : Q(m1) — Q(m2) such
that ¢(m1) = ma. The relation between Weil g-numbers and abelian varieties over F,
is due to Honda and Tate and is given by the next two theorems.

Theorem 2.18. ([I4, Theorem II.1.1]) Let A/F, be an abelian variety of dimension g
with f4 the characteristic polynomial of Frobenius. Write fa(X) = H?i (X = a))
for a; € C. Then the Riemann hypothesis implies |a;| = q%.

Corollary 2.19. The characteristic polynomial of the Frobenius endomorphism of an
abelian variety over a finite field is a Weil polynomial.

Theorem 2.20. ([21, Theorem 1]) There is a bijection between the set of isogeny classes
of simple abelian varieties over F;, and the equivalence classes of Weil g-numbers. The
bijection is given by associating to a simple abelian variety A/F, a root of the charac-
teristic polynomial of Frobenius.

Corollary 2.21. Let A/F, be a simple abelian variety of dimension g. Then f4 = h®,
where h is an irreducible Weil polynomial and e a positive integer dividing 2g.

Proof. Let A/F, be a simple abelian variety of dimension g. Consider the set of abelian
varieties
S ={4/F,: A" is simple and F,-isogenous to A}.

By Theorem M(i), every abelian variety in the set S has the same characteristic poly-
nomial of Frobenius f4. Any root of f4 is a representative of the equivalence class of
Weil g-numbers corresponding to the set S by Theorem Therefore, all roots of f4
are equivalent Weil g-numbers. Since these equivalent Weil g-numbers have the same
minimal polynomial h, it follows that f4 = h®. Here e is a positive integer dividing 2g,
because the degree of f4 is 2g. O
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If A/F, is a simple abelian variety, then the characteristic polynomial of Frobenius
determines the endomorphism algebra Endg, (A), as is stated in the following theorem
by Tate.

Theorem 2.22. (|20, Theorem 2(c),(e)]) Let A/F,, with ¢ = p”, be an abelian variety.
Then

(1) End%q (A) =2 Q(m4) if and only if f4 is irreducible;

(ii) End%q (A) = Dy, where Dy is a central simple algebra over Q(74) which splits at
all finite primes p of Q(mw4) not dividing p, but does not split at any real prime
of Q(ma), if f4 = h®, with h an irreducible polynomial and e > 1.

Remark 2.23. If for an abelian variety A/F, of dimension ¢ it holds that fa is a
power of a linear polynomial, then part (ii) of Theorem applies. Moreover, it
follows from Theorem that in this case A is Fg-isogenous to the g-th power of a
supersingular elliptic curve E/Fy, all of whose endomorphisms are defined over F,. Thus
by Proposition [2.13] we have

Endg (A) 2 My(Endg (E)) = My(End’(E)) = My(Bp),

where B, o is a quaternion algebra over Q ramified only at p and oo, and My(B) )
is a central simple algebra over Q(74) = Q which does not split at any prime of Q by

part (ii) of Theorem

Let A/F,, with ¢ = p", be a simple abelian variety. Let m4 be a root of f4 and let p be
a prime ideal in Q(74). Then the invariant i, of End%q(A) at p is defined as

if p is real,
if p lies over a prime [ # p in Q,
fp)- Ld"f”‘) if p lies over p,

where f(p) denotes the residual degree at p with respect to p. More information about
the invariants can be found in Waterhouse and Milne [22, Theorem 8§].

If A/F, is a simple abelian variety of dimension g, then the characteristic polynomial
of Frobenius f, is of the form h®, where h is an irreducible Weil polynomial and e is a
positive integer dividing 2¢g by Corollary There is a relation between the integer e
and the invariants of End%q (A). This relation will become apparent after the next two
theorems by Tate and Milne respectively.

Theorem 2.24. ([21, Theorem 1]) Let A/F, be a simple abelian variety of dimension g.
Then

29 = [End, (A) : Q(74)]2[Q(r4) : Q).
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Let A be a simple abelian variety of dimension g with f4 = h® and let w4 be a root
of fa. Then [Q(m4) : Q] is equal to the degree of the minimal polynomial A of 74. Since
the degree of f4 is 2g, by Theorem it holds that

edeg(h) = deg(fa) = 29
= [End}, (4) : Q(4)]2[Q(r4) : Q]
= [End?, (A) : Q(ra)]? deg(h),

S0 e = [End%q(A) : Q(WA)]%.

Theorem 2.25. ([14, Theorem I1.2.8]) If A/F, is a simple abelian variety, then the least
common denominator of the invariants i,, where p is a prime ideal in Q(74), is equal

to [End, (4) : Q(ma)]2.

By Theorem [2.25| the integer e = [End%q (A) : Q(WA)]% is equal to the least common
denominator of the invariants i,, where p is a prime ideal in Q(m4). In particular, we
have the following corollary.

Corollary 2.26. If an abelian threefold A/F, is such that f4 is irreducible, then its
invariants are integers.

Proof. If f4 isirreducible, then Theorem [2.14{(ii) implies that A is simple. Thus f4 = A€,
where h is an irreducible Weil polynomial and e a positive integer dividing 2g by
Corollary But f4 is irreducible, so e = 1. Now by Theorem it holds
that e = [End%q(A) : Q(?TA)]% equals the least common denominator of the invari-
ants iy, where p is a prime ideal in Q(74). It follows that the least common denominator
of the invariants 7, is 1 and hence the invariants are integers. (]

Let A/F,, with ¢ = p™, be an abelian variety of dimension g. Let m € Z-¢g. The m-
torsion subgroup of A is the set of points of A of order m and is denoted by A(F,)[m].
The m-torsion subgroup is equal to the kernel of the multiplication-by-m map [m]. If m
and p are coprime, then A(F,)[m] & (Z/mZ)? by Milne [14, p.4]. However, this does
not always hold when m = p.

Definition 2.27. The p-rank of an abelian variety A/F,, with ¢ = p", is the inte-
ger r = r(A) such that the group A(F,)[p] has order p".

The p-rank of an abelian variety A/F, of dimension g is nonnegative and bounded by g

0<r(A)<gy.
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In the next proposition, we will show that abelian varieties that are ]ITq—isogenous to
each other have the same p-rank. Moreover, if an abelian variety A/F, is not absolutely
simple, the p-rank of A can be deduced from the p-rank of the abelian subvarieties of A.

Proposition 2.28. Let A/F,, with ¢ = p”, be an abelian variety E—isogenous to a
product Ay x --- x A, of absolutely simple abelian varieties defined over [F,. Then

r(A) =r(A1) + -+ r(An).

Proof. Let ¢ : A — Ay x --- x Ay, be an isogeny defined over F,. Let @ € A(F,)[p] be
arbitrary. Then we have pQQ = O 4, where 04 denotes the identity element of A. Since ¢
is an isogeny, and thus a homomorphism, it holds that

(O41,...,04,) = 6(04) = ¢(pQ) = po(Q),

where Oy, is the identity element of A; for ¢ € {1,...,m}. This implies
that ¢(Q) € Ay x -+ x Ay (F,)[p]. Hence, we have

= [AF Pl = [A1 x -+ x A (Fy)[pl] = [A1(Fg)[p] x -+ x Am(Fg)[p]]
= |41 (Fy)[pll - .-IAm(E)[p]\ =prUA .t = pridnter (),
because ¢ is surjective. It follows that r(A) > r(Ay) + - +r(An).

Let ¢ : Ay x -+ x Ay — A be the dual isogeny of ¢. Let Q € |A1 % - x A (Fy) [pl|
be arbitrary. Then we have pQ = (Oy,,...,04,,). Since ¢ is an isogeny, and thus a
homomorphism, it holds that

A =0((Oay:--.04,)) = 6(pQ) = pH(Q).
This implies that ¢(Q) € A(E) [p]. Hence, we have
pr A m) = A4y o A ()| = [AF)[p]] = p",

because ¢ is surjective. It follows that r(A1) + --- + r(Ay) > 7(A). This shows
that 7(A) = (A1) + -+ 7(An). O

If r(A) = g, then A is called ordinary. If A is F,-isogenous to the product of g supersin-
gular elliptic curves, then A is called supersingular. It follows from Proposition that
a supersingular abelian variety A/F, satisfies 7(A) = 0. In Chapter 1, we have seen that
the converse holds for elliptic curves. If an elliptic curve E satisfies r(E) = 0, then F is
supersingular. We will see in Section [2.3] that the same holds for an abelian variety of
dimension g = 2.
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2.2 Base extensions

In this section, we discuss what happens with the Frobenius endomorphism, the endo-
morphism algebra and the p-rank if we define an abelian variety A/F, over a finite field
extension F,r. Extending the base of abelian varieties over finite fields proves to be a
helpful tool that will turn up in Chapter 3.

Let A/F, be an abelian variety of dimension g with Frobenius endomorphism 74. Let r
be a positive integer and consider A/F4-. The field Fyr is a finite field extension of Fy of
degree r. The endomorphisms of A defined over F, are also defined over the field exten-
sion Fgyr, so End%q (A) C End%qr (A). The Frobenius 74 of A/F, is induced by the g-th
power Frobenius automorphism of I, and the Frobenius of A/F,r is induced by the ¢"-th
power Frobenius automorphism of Fiqr Composing r times the ¢g-th power Frobenius au-
tomorphism of IETq gives the ¢"-th power Frobenius automorphism of HTq. Since FTIT = E,
the composition of r times the g-th power Frobenius automorphism of F, coincides with
the ¢"-th power Frobenius automorphism of IFTr. Hence, the Frobenius endomorphism
of A/F, is n'y. It follows that if the characteristic polynomial of Frobenius of A/F, is

fa=(x—ma1) - (x —7a2g),

then the characteristic polynomial of Frobenius of A/F - is

fa=(@—(man)") (2 = (razg)").

Suppose A is F,-isogenous to a product [] A}? of absolutely simple abelian varieties 4;/F,
that are not [Fy-isogenous to each other. As

End](l):q (A) C Emd}%q2 (A)C---C End%qr C...C EndOA,

there exists a positive integer s such that over the field extension Fys, the abelian vari-
ety A is Fys-isogenous to [[ A;". On the other hand, if there exists a positive integer s
such that A/Fgs is Fys-isogenous to a product [[ A7 of absolutely simple abelian vari-
eties A;, then A/F, is F-isogenous to [[ A!. Furthermore, there always exists a positive
integer ¢ such that End’(A) = End%qt (A).

Recall that the p-rank of an abelian variety A/Fy, with ¢ = p", is the integer r(A4) such

that the group A(F,)[p] has order p). Since F, = Fpe=---=Fg =..., it holds that
|AEp)| = [AE2)[pl| = - = [AT) ]| = . ..
and hence
r(A/Fq) =1(A/Fp) = =1(A/Fy) =.... (2.1)
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The following proposition by Howe and Zhu gives a sufficient condition for a simple
abelian variety A/F, to be absolutely simple.

Proposition 2.29. ([9, Proposition 3]) Let A/F, be a simple abelian variety with Frobe-
nius 4. If Q(77y) = Q(m4) for all integers r > 0, then A is absolutely simple.

Proof. Let f4 be the characteristic polynomial of the Frobenius endomorphism 7 4. The
abelian variety A is simple, so f4 = h°, where h = (x —ma;1) -+ (¥ — 74 24) is an irre-
ducible Weil polynomial and e a positive integer dividing 2¢g by Corollary Let r be
an arbitrary positive integer and consider A/F,r. Let f/, be the characteristic polynomial
of the Frobenius endomorhism 7’y of A/Fg-. Then

fa=((@—=(ran)")- (= (my20)"))" = (B)".

Since Q(74) = Q(7"), the polynomial A’ is irreducible.

If e = 1, then f4 and f/, are both irreducible. It follows that End]%q(A) ~ Q(mra)
and End%qT (A) = Q(n") by Theorem W Hence, we have End%q(A) = End%qT (A),
because Q(m4) = Q(7y).

If e > 1, then End%q is isomorphic to a central simple algebra over Q(m4) which splits at
all finite primes p of Q(m4) not dividing p, but does not split at any real prime of Q(74),
and End%qr (A) is isomorphic to a central simple algebra over Q(n”;) which splits at all
finite primes p of Q(n"}) not dividing p, but does not split at any real prime of Q(n).
Since Q(74) = Q(77), it follows that Endg, (A) = Endg , (A4).

Suppose that the abelian variety A/F, is not simple. Then at least one zero divisor
is contained in the endomorphism ring Endp, . (A). The abelian variety A/F, is simple
by assumption, so the endomorphism ring End]Fq(A) contains no zero divisors. Hence,
there exists an element in End%qr (A) that does not come from EndIOFq(A). But we proved

that End]??q (A) = End%qr (A). This shows that A/F, must be simple. Hence, the abelian
variety A/F, is absolutely simple. O

Corollary 2.30. Let A/F, be a simple abelian variety. If End’(A) = End%qr (A) for all
integers r > 0, then A is absolutely simple.

Proof. If End®(A) = End%qr(A) for all integers r > 0, then in particular it holds

that End%q(A) = End%qr (A) for all integers » > 0. Let r be any positive integer and
consider A/Fy-. The Frobenius endomorphism of A/F, is 7’y. By Theorem the
center of End%-q(A) is isomorphic to Q(74) and the center of Endg-qT (A) is isomorphic

to Q(n’,). Since End%q (A) = End%qr (A), their centers are also equal. Therefore, it holds
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that Q(7") = Q(74). Since r is taken arbitrary, Q(n"y) = Q(74) for all integers r > 0.
Then Proposition [2.29] implies that A is absolutely simple. O

2.3 Classifying abelian surfaces over finite fields

In this section, we summarize the relations between the endomorphism algebra, the
p-rank and the prime factorization of the rational prime p in Q(wg) for an abelian
surface S/Fp» with Frobenius 7g. These relations are known and can be found in Gon-
zalez [7] and Bradford [2].

An abelian variety of dimension g = 2 is called an abelian surface. The notation S
is used for an abelian surface. Let S/F,; be an abelian surface defined over the finite
field F,. If S/F, is not simple, then S is Fy-isogenous to the product of two elliptic
curves F; and Eo. Theorem M(u) implies that in this case the characteristic polyno-
mial of Frobenius of S'is given by fs = fg, fg,.- The p-rank of S can be deduced from the
p-rank of Ey and E» via the formula r(S) = r(E1)+r(E2), see Proposition[2.28] Further-
more, the endomorphism algebra End%q (A) is isomorphic to the direct sum of End%q (E1)

and End%q(EQ) by Proposition W(l>

Now assume that S/F,, with ¢ = p", is simple. Then fg = h®, where h is an irreducible
Weil polynomial and e|4 by Corollary Also e # 4 by Theorem Therefore,
the polynomial fg is either irreducible, or equal to the second power of an irreducible
Weil polynomial. Theorem implies that if fg is irreducible, then End]?;q (S) = Q(rs)
with [Q(7s) : Q] = 4. And if f¢ = h?, where h is an irreducible second degree Weil
polynomial, then End%q(S ) = Dg. Here Dg is a central simple algebra over Q(mg) which
splits at all finite primes of Q(7rg) not dividing p, but does not split at any real prime
of Q(ms).

Suppose S/F, is supersingular. Then S is E—isogenous to the product of two supersin-
gular elliptic curves and Proposition implies that r(S) = 0. To prove the converse,
assume that S is not supersingular. Then S is either E—isogenous to a product Fq X Es
such that at least one elliptic curve is not supersingular, or S is absolutely simple. In
the first case, at least one of F; and E5 has p-rank 1 and it follows from Proposition [2.28
that 7(S) > 0.

For the second case, let S/F,, with ¢ = p", be absolutely simple and let fg be the
characteristic polynomial of Frobenius. Let mg be a root of fg and let K = Q(mg).
Conzalez proved in [7, Theorem 3.7(ii)] that in this case [K : Q] = 4 and End’(S) = K.
Moreover, the factorization of pOj into prime ideals, which only depends on End®(S),
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completely determines the p-rank r(S). The possible factorizations of the ideal pOk and
the corresponding p-rank are summarized in Table See [2, Example 3.9] by Bradford
for a complete explanation.

Factorization of pOg  r(S)

PP’ 2
pp 2
pip1p2 1
p1pip3 1
p1p1p2h2 2

Table 2.1: Factorizations of pOg and corresponding p-ranks

For all possible factorizations of pO into prime ideals, it holds that 7(S) > 0. Hence,
if S is absolutely simple, then r(S) > 0. This shows that if S is not supersingular, then
its p-rank is not zero. In other words, if 7(S) = 0, then S is supersingular.

In the next chapter, we will study abelian varieties of dimension g = 3. If an abelian
variety of dimension g = 3 is supersingular, then its p-rank is zero. But unlike as for
elliptic curves and abelian surfaces, the converse does not hold. We will see in Table
that an abelian variety A of dimension g = 3 can satisfy r(A) = 0 without being
supersingular. Moreover, for absolutely simple abelian varieties A of dimension g = 3,
knowing the factorization of (p) in the maximal order of Q(74) is no longer sufficient
to determine the p-rank r(A). In addition, the factorization of the ideal (m4) must be
known. In Section it will be shown that certain factorizations of the ideal (p) allow
for multiple factorizations of the ideal (74), which correspond to different p-ranks.

28



Chapter 3

Abelian threefolds over finite

fields

An abelian variety of dimension g = 3 is called an abelian threefold. The notation A
is used for an abelian threefold. In this chapter, we will study abelian threefolds A/F,
defined over the finite field IF, of characteristic p. In Section we first discuss the
possible characteristic polynomials of the Frobenius endomorphism for a simple abelian
threefold and the possible endomorphism algebras of an abelian threefold. Section
explains the relation between Newton polygons and the p-rank of an abelian threefold.

Section prepares for Theorem which follows in Section Theorem is

the main theorem of the thesis and gives a complete classification of the p-rank in terms
of the splitting behaviour of the rational prime p in the maximal order of the number
field Q(m4) of an absolutely simple abelian threefold A/Fpn.

3.1 Characteristic polynomial and endomorphism algebras

Let A/F, denote an arbitrary abelian threefold, let S/F, denote an arbitrary simple
abelian surface and let E/Fg, E1/F,, E2/F, and E3/F, denote arbitrary elliptic curves.
Then we have the following possibilities:

o A is [ -isogenous to E x S

o A is [y -isogenous to By x Ey x E3;

e A is simple, but not absolutely simple;
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e A is absolutely simple.

If A is Fy-isogenous to E x S, then Theorem ii) implies that the characteristic
polynomial of Frobenius of A is given by fa = fgfs. Furthermore, the p-rank of A can
be deduced from the p-rank of E and S via the formula r(A) = r(E) 4 r(S), see Propo-
sition 2.28] In the same way, if A is Fy-isogenous to Fy x Ey x E3, then fa = fg, f5, fr,
and the p-rank of A is given by r(A) = r(E1) + r(E2) + r(E3).

Proposition 3.1. Let A/F,, with ¢ = p", be a simple abelian threefold and let f4 be
the characteristic polynomial of Frobenius. Then f4 satisfies one of the following

(i) fa is an irreducible Weil polynomial,

(ii) fa is the third power of a second degree irreducible Weil polynomial.

Proof. Corollary implies that f4 = h®, where h is an irreducible Weil polynomial
and e a positive integer dividing 2g = 6. So a priori we have the following options for fy:

(i) fa is an irreducible Weil polynomial,

)
(ii) fa is the second power of a third degree irreducible Weil polynomial,
(iii) fa is the third power of a second degree irreducible Weil polynomial,
)

(iv) fa is the sixth power of a linear Weil polynomial.

Theorem states that in the last case, A is Fy-isogenous to the third power of a
supersingular elliptic curve. This contradicts with the assumption that A is simple.
Therefore, the last option is not possible.

Suppose fa is the second power of a third degree irreducible Weil polynomial. So
fa = h?, where deg(h) = 3 and h is an irreducible Weil polynomial. The polynomial A
has three roots: a pair of complex conjugate roots and one real root. For all roots w4 of h
it holds that [Q(74) : Q] = 3. Moreover, h is a Weil polynomial, so all the roots of h are
Weil g-numbers. Let w4 be the real root of h. Then for all embeddings ¢ : Q(74) — C,

it holds that |p(m4)| = q%. Let ¢ be the embedding given by ¢(m4) = m4. Then
1
[@(ma)| = |mal = £ma = g2,

If ¢ zlp" with n even, then q% € Q and hence m4 € Q. If ¢ = p" with n odd,
then ¢2 € Q(y/p) and hence m4 € Q(\/p). Thus, if n is even, then [Q(74): Q] =1
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and if n is odd, then [Q(m4): Q] =2. This shows that the real root 74 of h does
not satisfy [Q(mw4): Q] = 3. Hence, f4 cannot be the second power of a third degree
irreducible Weil polynomial.

The options for f4 that remain are

(i) fa is irreducible,

(ii) fa is the third power of a second degree irreducible polynomial. ([

Next, we discuss the possible endomorphism algebras of an abelian threefold. We will
first consider the possible endomorphism algebras over the finite field F, of characteris-
tic p of an abelian threefold A/F,. If A is F,-isogenous to a product of lower dimensional
simple abelian varieties, then End%q (A) is isomorphic to the direct sum of the endomor-
phism algebras of these lower dimensional simple abelian varieties by Proposition M(l)
Therefore, knowing the endomorphism algebras of elliptic curves, simple abelian surfaces
and simple abelian threefolds is enough to determine the endomorphism algebra over [F
of any abelian threefold.

The endomorphism algebra Endr, (E) of an ordinary elliptic curve is isomorphic to the
imaginary quadratic field Q(wg) by Remark For a supersingular elliptic curve,
only the endomorphism algebra End’(E) is known. In Section we found that the
endomorphism algebra of a simple abelian surface S/F, depends on the characteristic
polynomial of its Frobenius endomorphism. If fg is irreducible, then End%q(S) is iso-
morphic to Q(mg) with [Q(7s) : Q] = 4. If fg = h?, where h is an irreducible second
degree Weil polynomial, then End%q (S) = Dg.

The possible endomorphism algebras for a simple abelian threefold are very similar to
those of a simple abelian surface. By Proposition the characteristic polynomial of
the Frobenius endomorphism of a simple abelian threefold A/F, is either irreducible or
the third power of a second degree irreducible Weil polynomial. Theorem [2.22] implies
that if f4 is irreducible, then End%q(A) =~ Q(ma) with [Q(7a) : Q] = 6. And if fa = h?,
where h is an irreducible second degree Weil polynomial, then End%q (A) 2 Dy. Here Dy
is a central simple algebra over Q(m4) which splits at all finite primes of Q(mw4) not
dividing p, but does not split at any real prime of Q(m4). The following example shows
how the endomorphism algebra End%q(A) of an abelian variety A/F, depends on the
endomorphism algebras of the lower dimensional simple abelian varieties whose product
is [F4-isogenous to A.
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Example 3.2. Let A/F,, with ¢ = p", be an abelian threefold.

o If A is [Fs-isogenous to E3, where E/ [F, is an ordinary elliptic curve, then
Endg (A) = M3(Endg (E)) = M3(Q(rx)),

by Proposition [2.13{(i).

e Assume A is Fg-isogenous to E x S, where E/F, is an ordinary elliptic curve
and S/F, is a simple abelian surface with fg = h?, where h is a second degree
irreducible Weil polynomial. Then End%q (S) = Dg, where Dg is a central simple
algebra over Q(mg) which splits at all finite primes of Q(7g) not dividing p, but
does not split at any real prime of Q(rg). Proposition [2.13(i) implies that

Endg (A) = Endg (E) @ Endg, (5) = Q(7g) & Ds.

We also determine the possible endomorphism algebras over the algebraic closure IETq
of A/F, with ¢ = p". If A is F-isogenous to a product of lower dimensional absolutely
simple abelian varieties, then End’(A) is isomorphic to the direct sum of the endo-
morphism algebras of these lower dimensional absolutely simple abelian varieties by
Proposition m(n) Therefore, knowing the endomorphism algebras of elliptic curves,
absolutely simple abelian surfaces and absolutely simple abelian threefolds is enough to
determine the endomorphism algebra over F, of any abelian threefold.

The endomorphism algebra EndO(E) of a supersingular elliptic curve F is isomorphic to
the quaternion algebra B), o, by Theorem The endomorphism algebra End’ (E) of
an ordinary elliptic curve E is isomorphic to the imaginary quadratic field Q(7wg) by The-
orem For an absolutely simple abelian surface S/F,, it holds that End®(S) = Q(ns).
The endomorphism algebra End®(A) of an absolutely simple abelian threefold A/F, can
be isomorphic to Q(m4) or to Dy. If A/F, is absolutely simple and ordinary, Gonzalez
proved in [7l, Theorem 3.6(i)] that End®(A4) = Q(74) with [Q(74) : Q] = 6. This result
will be proven in Section

3.2 Newton polygons

In this section, we relate Newton polygons to the p-rank of an abelian threefold. The
section is mainly based on Koblitz [10], Bradford [2] and Nart-Maisner [15].

We will be interested in the Newton polygon of a characteristic polynomial of the Frobe-
nius of an abelian variety. Therefore, we start the construction of a Newton polygon
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with a monic polynomial f(x) = 2" 4+ ap—12" + -+ + a1z + ap € Z[z] and a prime p. We
consider the set of points

Sy ={(0,ordpap), (1,ordpay),...,(n —1,ordyan—1), (n,0)}.

The construction of the Newton polygon of f, denoted by Np,(f), starts with drawing
a vertical line [ through the point (0,ord,ag). Then we rotate [ counterclockwise until
we hit another point in Sy for the first time. It can happen that at this point / touches
multiple points in Sy at the same time. We then draw the line segment from (0, ord,ag)
to the last point (i1, 0rdya;, ) in Sy that [ currently touches. This is the first line segment
of Np,(f). We continue rotating the line [ counterclockwise until we hit another point
in Sy for the first time. Again, it can happen that at this point / touches multiple points
in Sy. We draw the line segment from (i1, ord,a;,) to the last point (iz,ordpa;,) in Sy
that [ currently touches. This is the second line segment of Np,(f). This process is
repeated until we have hit the point (n,0) and drawn the final line segment of Np,(f).

Example 3.3. Let f(z) = 25 +22° 4502 4+ 7523 + 125022 412502 + 15625, an irreducible
Weil polynomial for ¢ = 25, and take the prime 5. Then

Sy =1{(0,6),(1,4),(2,4),(3,2), (4,2),(5,0),(6,0)}

and the Newton polygon Nps(f) is

The points where the slopes of a Newton polygon change are the vertices. If the
points (7,ord,a;) and (j,ordya;) are two vertices of a Newton polygon connected by
a single line segment, then the slope of this segment is (ord,a; — ord,a;)/(j —i). By
the horizontal length, we mean the length of the projection of the segment onto the
horizontal axis, so in this case j — .

The following lemma by Koblitz is the first step in obtaining the relation between Newton
polygons and the p-rank of an abelian threefold.

Lemma 3.4. ([I0, IV Lemma 4]) Let A/F,, with ¢ = p", be an abelian threefold
with f4(z) the characteristic polynomial of Frobenius. Let K’ be the splitting field
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of f4in Candlet fy(z) = (x — a1)(x — ag) - - - (x — ag) be the factorization of f4 in K.
Assume that o; # 0 for : = 1,...,6. Let & be a prime ideal in K’ lying above p. Let v
be the extension of ord, to K’ induced by the prime & and let A; = —v(«;). If X is the
slope of a segment of Np,(f4) having horizontal length m, then precisely m of the \;
are equal to .

Proof. We can write

fa(z) = arag - - ag (1 — m) <1— x) <1 — m) :alag---aﬁfA(x).
a1 a9 (675

Then fa(z) = 1+ ZZ L a;z" where the a;’s are expressed in terms of al, 0412 ,0%6

as (—1)" times the i-th symmetric polynomial

Since fA is obtained by dividing f4 by the constant ajas---ag = ¢, the Newton
polygon Np,( fa) differs from Np,(fa) by a horizontal shift. This does not change the
slopes or lengths of the segments of the Newton polygon. Hence, it is sufficient to prove
the lemma for Npp(fA).

Without loss of generality, the a; can be arranged such that A1 < Ao < ... < A\g. Suppose
A1 =Xy = ... =\ and Ay < Apyq for some r € {1,2,...,6}. The Newton polygon
Np,(fa) is constructed from the set of points

Sg, =1{(0,0), (1,0rdpa1), (2, ordpaz), (3,0rdyas), (4, ordpas), (5,0rd,as), (6, ordpas)}.
Claim. The first segment of Npp(fA) is the segment joining (0,0) and (r,7A1).

Proof of the claim. Let i € {1,2,...,6} and let
the sum that forms a;. Then

1
v <> = —v(ag, ap, - o)

Oy Ok~ A,

be any product appearing in
Sy, o, y P ppearing

- _U(akl) - U(akz) e U(aki)
:)\kl +/\k2+~--+)\ki
> AL,

It follows that ord,a; > iA;. This shows that every point (i,ordya;) is on or above the
point (i,iA;) and hence lies either on or above the line joining (0,0) and (r,rA1).
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Next, we will show that ord,a, = rA;. This implies that the point (r,ord,a,) lies on
the line joining (0,0) and (r,7A;). The term appears in a, and

aror

“<alla) = —v(oy o)

=—v(ag) —...—v(a)
=M+ ...+ N =7

Every other term appearing in the sum that forms a, has at least one «; in the denom-
inator with j > r and the valuation of this term is therefore strictly larger than r\;.
Since ord, a; is equal to the minimum of the valuations of each term in the sum, it follows
that ord,a; = rA;.

and hence contains

Consider a; with ¢ > r. Then every term in a; is of the form o an
1 7

at least one «; in the denominator with j > r. Since v (%) = \j > A1, the valuation of
each term in q; is strictly larger than 7A;. Hence, ord,a; > A1 and the point (1, ord,, a;)
lies above the line joining (0,0) and (r,7A1). O

The claim states that the first segment of Np,( fA) is the line segment joining (0,0)
and (r,7A1), which has horizontal length r. The slope of this segment is A\; and precisely r
of the \; are equal to A;.

IfAs < Ast1 = Ast2 = ... = Asr < Agpp41 for some integers 1 < s < 5and 1 <r < 6—s,
then the line segment joining (s, A\1 +Aa+...+As) and (s+7r, Ay + Ao+ ..+ As+7rAs41) is
a line segment of Np,,( 1, 4). The proof of this is completely analogous to the proof of the
claim. The segment joining (s, A1 + Ao +...+ As) and (s+7, A1 + Ao+ ...+ As + 7 As41)
has horizontal length r. Moreover, this segment has slope As11 and precisely r of the A;
are equal to Agyq. O

Let A/F,, with ¢ = p", be an abelian threefold and let f4 be the characteristic polyno-

mial of the Frobenius of A. Let {a1, ag,...,as} be the complete set of roots of f4 and
let K’ be the splitting field of f4 in C. Let &2 be a prime ideal in K’ lying above p.
Let v be the extension of ord, to K’ induced by the prime & and let \; = —v(;)

for i =1,...,6. By Gonzalez [7, Proposition 3.1(ii)], it holds that
r(A) =#{a; ¢ Z :1<i<6}. (3.1)

For a root «; of fa, we have o; ¢ & if and only if ordea; = 0. So a; ¢ & if and only
if v(a;) = 0 by definition of v. Hence, equation (3.1)) is equivalent to

r(A) = #{v(;) =0:1 <17 <6}
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Now consider the segment of Npp( fa) with slope equal to zero and let m be the horizontal
length of this segment. Then we obtain

m=#{v(a;) =0:1<1i <6}
by Lemma [3.4, This proves the following proposition.

Proposition 3.5. Let A/F,, with ¢ = p", be an abelian threefold and let f4 be the
characteristic polynomial of Frobenius. The horizontal length of the zero-slope segment
of Np,(fa) is equal to the p-rank 7(A).

Let A/F, be a simple abelian threefold with f4 = h3, where h is a second degree irre-
ducible Weil polynomial. Using the Newton polygon of f4, we will prove that r(A) = 0.
For this we need the following proposition by Maisner and Nart.

Proposition 3.6. ([I5, Proposition 2.5]) Let 8 € Z with |3| < 2,/q, and let b = v,(53).
Let h(z) = 2? — Bx + g and let D = 3% — 4q be the discriminant of h(z). Let A/F,,
with ¢ = p", be a simple abelian variety with f4 = h®. Then

gcd?n,b) if b < %’
dim(A4) = { 2 ifb>2 DeQ?
1 ifo>1% D¢Q

Proof. The degree of f4 is 2e. Since the characteristic polynomial of Frobenius of an
abelian variety of dimension g has degree 2g, the dimension of A is equal to e. More-
over, the integer e is the least common denominator of the invariants of End%q (A) by
Theorem and Theorem [2.25] The invariants at the finite places lying above p
are %, where v runs among the finite places of Q(m4) lying above p and h,(x)
denotes the corresponding factor of h(z) in Qplx].

Assume D ¢ Q;Q, so D is not a square in Q,,. Then the roots of h(x) are not in Q, and
hence h(x) is irreducible in Qp[z]. It holds that v,(h(0)) = v,(q) = vp(p™) = n. Hence,
the integer e is equal to the denominator of * =1, so e = 1.

Next, assume D € Q;;?, so D is a nonzero square in Q,. Then the roots of h(z) are in Q)
and hence h(z) factors in Qp[x] as hi(x)ha(x). Let by = vp(h1(0)) and by = v,(he(0)).
It holds that

h(x) = (z + h1(0))(z + h2(0)) = 2% + (h1(0) + ha(0))x + h1(0)h2(0),
so —fB = h1(0) + h2(0) and g = h1(0)h2(0). Thus

(
n = 0p(g) = 0p(ha (0)h2(0)) = vy(h1(0)) + vy (h2(0)) = by + by,
b= 0,(8) = p(—B) = vy(h1(0) + ha(0)) = min{u,(h1(0)), vp(h2(0))} = min{by, bs}.
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Suppose b > %. Then min{by,bo} > 4§ while by 4 by = n. It follows that by = by = 7.

ba — 1 g5e=2.

. . by
Hence, e is equal to the denominator of 7+ = 22 = 3,

Suppose b < 5. Then b = min{b1,b2} and by + by = n. Without loss of generality it

holds that b1 = b and by = n — b. Hence, e is the least common denominator of % = %
b _
and 2 = ”Tb, SO e = gcd?n,b)' O

Theorem 3.7. Let A/F,, with ¢ = p", be a simple abelian threefold with f4 = h3,
where h is a second degree irreducible Weil polynomial. Then r(A) = 0.

Proof. The polynomial f4 = h® is the characteristic polynomial of Frobenius of the
abelian threefold A/F,. Therefore, the constant term of f4 is equal to . Tt follows
that the constant term of h is ¢. Hence, we have h(z) = 22 — Bz + ¢ for some integer 3.

Suppose || > 2,/q. If § = £2,/q € Z, then

h(z) = 2? £2\/qx + ¢ = (v £ /9)%,

so h(z) is not irreducible. This is a contradiction. The roots of h are Pyl 4 W.
If |3] > 2,/q, then the roots of h are real and one of the roots of h has absolute value

/B2 _
equal to M. Since h is a Weil polynomial, the roots of h are Weil g-numbers.

Therefore, it holds that
B+ VB> —4q _
2

NG

Since %\/ﬁ2 —4q > 0, it follows that @ < /q- Thus, we find |3| < 2,/q, which is a
contradiction. Hence, we have |3] < 2,/3.

By Proposition the simple abelian variety corresponding to h has dimension g = 3
only if v,(8) < 5 and m = 3. Thus, we have 3|n and ged(n,v,(8)) = %,
so vp(B) > & > 1. Expanding the equation fa(z) = (2? — Bz + ¢)* gives

fa(x) = 2% = 3p2° + (357 + 3¢)a” — (8% + 68¢)2® + (38°q + 3¢°)2” — 38¢°z + ¢*. (3.2)

Since vy(B) > 1, each coefficient a; of f4 satisfies ord,a; > 0. Hence, the Newton
polygon Np,(fa) has no zero-slope segment and therefore the p-rank of A is zero by
Proposition [3.5 O
Remark 3.8. Xing [23] proved that a simple abelian threefold A/F, satisfies f4 = h?

if and only if 3|n and § = aq%, where a is an integer coprime with p. The statement of
this result can also be found in Haloui [8, Proposition 1.2]. Hence, if A/F, is a simple
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abelian threefold with f4 = h3, where h is an irreducible second degree Weil polynomial,
then the Newton polygon of fu (given in (3.2)) is

3n

2n

In the next section, we will study the p-rank of simple abelian threefolds A/F, for which
the characteristic polynomial of Frobenius f4 is irreducible. We will relate the p-rank to
the factorization of the ideals (p) and (74) into prime ideals in the maximal order of the
field K = Q(mwa), where w4 is a root of f4. Recall that in Section we stated that
if an abelian threefold A/F, is ordinary and absolutely simple, then End®(A) = Q(74)
with [Q(74) : Q] = 6. At this point, all the results needed to prove this statement are
obtained. The statement is a direct consequence of the following theorem by Gonzalez.

Theorem 3.9. ([7, Theorem 3.6(i)]) Let A/F, be an ordinary simple abelian threefold.
Then End%-q(A) is commutative and End%q >~ Q(m4). In particular, if A is ordinary and

absolutely simple, then End®(A) is commutative.

Proof. Since A/F, is simple, the polynomial f4 is irreducible or f4 = h3, where h
is a second degree irreducible Weil polynomial by Proposition If f4 = h3, then
Theorem implies that the p-rank of A/F, is zero, which is a contradiction. Therefore,
the polynomial f4 is irreducible and End%q (A) =2 Q(m4) by Theorem m(l)

Let r be any positive integer and consider A/F,-. Since A/F, is absolutely simple and
ordinary, the abelian threefold A/F,- is simple and ordinary. Let 74 be the Frobenius
of A/F,. Then 7’; is the Frobenius of A/F,-. Let f/, be the characteristic polynomial
of n"y. Since A/F, is simple, the polynomial f/ is irreducible or f/, = h'3, where A’
is a second degree irreducible Weil polynomial by Proposition If ffy = h'3, then
Theorem [3.7| implies that r(A/Fg-) = r(A/F,) = 0, which is a contradiction. Therefore,
the polynomial f’y is irreducible and End%qT (A) = Q(n"}) by Theorem (1) It follows

that End%qr(A) is commutative for every integer r > 0. Hence, the endomorphism
algebra End®(A) is commutative. O
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Remark 3.10. Let A/F, be a simple abelian threefold. Theorem implies that
if A/F, is ordinary, then the converse of Proposition and Corollary holds
for abelian varieties of dimension g = 3. Namely, if A/F, is absolutely simple and
ordinary, then End%q(A) and End’(A) are commutative by Theorem Therefore, we
have End”(4) = Q(r4) = Endg, (A). Since Endy, (A) C Endg , (4) C End’(A) for all
integers r > 0 and End]?;q (A) = End’(A), it follows that End®(A) = End%qr(A) for all
integers r > 0. Moreover, we have Endoqr (A4) = End%q (A) for all integers r > 0, so their
centers are also equal for all integers » > 0. Since Q(n’y) is the center of Endoqu (A)

and Q(74) is the center of Endg-q (A) by Theorem it holds that Q(7"}) = Q(74) for
all integers r > 0.

3.3 Relation between p-rank and decomposition of p

Let A/F, be a simple abelian variety with f4 the characteristic polynomial of Frobenius.
Throughout this section, we assume f4 is irreducible. Let m4 be a root of f4 and
let K =Q(ma). In this section, we relate the p-rank of A to the factorization of the
ideal pOf into prime ideals and show that for an absolutely simple abelian threefold,
there exists at least one prime ideal p in K above p such that p # p. The section is
based on Bradford [2] and Gonzalez [7]. We first prove two lemmas by Bradford.

Lemma 3.11. ([2, Proposition 3.1]) Let f € Z[z]| be a monic irreducible polynomial of
degree d with roots aj,aq,...,aq and let K/ = Q(a1,...,a4). Let p € Z be a prime,
let o be a fixed root of f, let # be a fixed prime over p in K’, let a := ord »,(«) and
let N be the number of roots of f with &p-adic valuation equal to a. Then

(#(P - PP, ords(0) = a)
Nd( P Pl )

where &2 runs through the primes of K’.

Proof. The field K’ = Q(au, . .., ayq) is the splitting field of f, so K’ is a Galois extension.
Let G = Gal(K'/Q). Let H < G denote the stabilizer of & and D < G the stabilizer
of &y. The group G acts transitively on the roots of f. Therefore, there exists an
element 7 € G such that 7(o;) = «; for every two roots a; and o of f. Hence, we can
pick elements 7; € G satisfying 7;(co;) = o for all i € {1,2,...,d}.

Suppose we take an element 7 € Hr; N H7;. Then 7 € H7; and hence there exists h € H
such that 7 = h7;. We have

7(a;) = h(7i(aw)) = h(a) = a,
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since h is in the stabilizer group of . Similarly, 7(a;) = a. Since 7 is an isomorphism
and f has distinct roots (f is irreducible), it must hold that ¢ = j. This shows that the
sets Hr; with i € {1,...,d} are pairwise distinct. Moreover, the union of these sets is G.
Hence, the sets H7;, with 1 < i < d, are the right cosets of H.

By relabeling the roots of f if necessary, we can assume without loss of generality that

e ordg, (o) = ordg,(az) = --- = ordg,(an) = a,

e ordgy, (o) #aif i > N,

for some integer N with 1 < N < d.

For an element 7 € G and a prime & lying above p in K’, it holds that 7(Z?) is also a

prime lying above p in K’. Moreover, G acts transitively on the primes & lying above p

in K'. Tt follows that {Z2 : Z|p} C {7(H) : 7 € G}. The set {7(H) : T € G} has |G|

elements, which are not necessarily distinct. Let {22 : Z|p} = {Z,..., Pn}. There

exist 71, ..., Ty € G such that 7,(Py) = &; fori € {1,...,m}. For every 7 € D, it holds

that 7(2y) = Py. Thus, we have 7;,(1(P)) = 1,(Fy) = ;. This shows that
{1(Z):7€G} |G|

(2. Plp} = ] =5 =60l (3.3)

Moreover,

{7(P) s ord;(z)(a) = a, T € G}
|D|

A7 rordr () (@) = a}

- DI '

(2 Pp, ord(a) = a} =

Claim. It holds that ord, () (@) = ordg, (77!(a)).

Proof. Suppose ord,(z,)(a) = k. Then the prime ideal (%) appears precisely k times
in the factorization of the ideal () into prime ideals in K’. As 7 is an isomorphism,
applying 77! to the ideal () gives 77((a)) = (77%(a)). To find the factorization
of (7'_1((1)) into prime ideals, we have to apply 7-! to the prime factorization of (a). It
follows that 771 (7(%y)) = &, appears precisely k times in the factorization of (771(a))
into prime ideals. Hence, ordz,(771(a)) = k.

Suppose ord g, (T‘l(a)) = k. Then applying 7 to the ideal (T‘l(a)) and to the factor-
ization of this ideal into prime ideals in K’ shows that ord, (g, (a) = k. O
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Using equations (3.3)), (3.4) and the claim, we find

#{P . Pp, ordp(a) = a} _ #{7 : ord (7, () = a}/|D|

#{2 : Z|p} (G : D]

B #{1 : ordp, (T_l(a)) =a}
N G
~ #{7:7(0;) = afor some 1 <i < N}
- G
_ # (UL Hri)

G

H|
— N2

|G

1

- N. G
_ N
=

where we used that Hr;, with 1 <14 < d, are the right cosets of H in the last line. O

Lemma 3.12. ([2, Proposition 3.4]) Let f, K’ and a be as in Lemma[3.11] Let K = Q()
and p1,...,ps the primes of K lying above p. For each p;, denote the ramification index
of p; over p by e;, and the degree of the extension of residue fields for p; over p by f;.
Let e be the ramification index of p in K" and ¢ be a slope of a segment of Np,(f) with
length N. Let Sq = {i : ordp, (o) = *%, 1 < i < s}. Then

e

1€S,

Proof. Since K’ is the Galois closure of K in C, the field K’ is also Galois over K. We
denote the number of primes in K’ that lie above p; by g;. Since K’ is Galois over K, it
follows that every prime in K’ lying above p; has the same ramification index and the
same degree of the extension of residue fields with respect to p;. Thus, if we let a; be the
ramification index and b; the degree of the extension of residue fields of a prime in K’
lying above p;, then we get

[K/ . K} = a1b1g1 = angQg == asbsgs. (3.5)

Since K’ is Galois over Q, it also holds that every prime in K’ lying above p has the
same ramification index and degree of the extension of residue fields with respect to p.
Define m to be the degree of the extension of residue fields with respect to p in K.
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Then a;e; = e and b;f; = m for all 1 < i < s. Dividing equation (3.5)) through by em
gives
g 92 G

erfi  eafa  edfs
We will now use Lemma We have #{Z : Z|p} = > ;_,9i- Suppose & is a

prime in K’ that lies above p;. Then ords(a) = a if and only if ordy, (o) = & = &

a; e’

Define S; := {2 : Z|p;} for 1 <i <s. Then |S;| = g;- By Lemma we have

B #{P : Pp, ordz(a) = a}
v=a( S

#{Z : Plp; for some i € S, }
(P )

d Ziesa |SZ‘
>i-19i
|Si
—d v
zeZS:a <Zjlgj>
—dy | )
29: <Z§1 Ziifi 9i
d eifi )
gs:a (Zj:l ¢ i
ei fi
13 (%)
= Z eifi. O

1€Sq
1€8,

Now we have proved the two lemmas above, we are ready for the theorem that relates
the p-rank of a simple abelian variety A/F,, with f4 irreducible, to the factorization of
the ideal (p) in the maximal order of Q(m4) into prime ideals.

Theorem 3.13. ([2, Theorem 3.6]) Let A be a simple abelian variety of dimension g
over the finite field F, with ¢ = p". Let f4 be the characteristic polynomial of 74 and
suppose f4 is irreducible. Let w4 be a root of f4, let K = Q(74) and let K = Q(f),
where = w4 +74. For each prime p in K lying above p and each prime P in K lying
above p, let e(p) and e(P) be the ramification index of p and P with respect to p, and
let f(p) and f(*P) be the degree of the extension of Z/pZ corresponding to p and .
Then

r(A)= Y e®fp) (3.6)

TAED, plp
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and
BEB, Blp

Proof. Let p1,...,ps be the primes of K lying above p and let
So = {’L : Ordpi(ﬂ'A) =0,1<:< 3}_

For each p;, denote the ramification index over p by e;, and the degree of the extension
of residue fields over p by f;. The p-rank r(A) is the length of the zero-slope segment
of Np,(fa) by Proposition Thus, if we take a = 0 and @ = 74 in Lemma we

obtain
r(A) =) eifi. (3.8)
€S0
For the primes p in Sy, we have ordp(74) = 0, which holds if and only if p does not
contain m4. Thus the primes in Sy are precisely the primes in K over p that do not
contain m4. Hence, equation is equivalent to

r(A) = > emfp).
TAED, plp

The next step is to show the equivalence of and . Let P be a prime in K
lying above p that does not contain 5. As [K : K;] = 2, the prime P can be inert, it
can split as pp or it can ramify as p? in K. Suppose there is only one prime in K lying
above B, so P is inert or ramifies in K. The prime p is contained in all primes in K
lying above p, so in particular in all primes in K lying above B, and w474 = ¢ = p".
Hence, w274 is contained in all primes lying above ¥ in K. It follows that m4 and 74
are both contained in the unique prime in K lying above 9. Therefore § = w4 + 7Ta
is also contained in the unique prime in K lying above ¥ and hence in B, which is a
contradiction. Therefore, P splits in K as pp.

Since P splits in K as pp and K is a quadratic extension of K, it follows that
e(P) = e(p) = e(p) and fOB) = f(p) = f(b).

Moreover, as ma7ma = q = p" is contained in p and in p and w4 cannot be contained in
both (otherwise 5 € ), exactly one of p and p contains 4. In other words, exactly one
of p and p does not contain w4 and hence appears in the sum of (3.6). This shows that

every summand of (3.7) appears in ({3.6]).

Let p be a prime in K that does not contain m4. Since mama = p™ € p, it holds
that 71 € p. It follows that p # p. Let P = p N Ok, . Then P splits in K as pp and
hence e(*B) = e(p) and f(P) = f(p). Moreover, 5 ¢ P as T4 € p, but 74 ¢ p. This
shows that every summand of appears in . [l
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Besides Theorem the next proposition by Gonzalez will also be of great use in
Section We first prove a lemma.

Lemma 3.14. Let K = Q(7) be a number field of degree r. If u € O} and |p(u)| =1
for all embeddings ¢ : K — C, then u is a root of unity.

Proof. Since u € K, there is a polynomial g(x) € Q[z] such that u = g(7). Let ¢1,..., ¢,
be the embeddings of K. Let f,(x) = [[;_;(x — ¢i(u)"), where n is any positive inte-
ger. The coefficients of f, are, up to sign, symmetric polynomials in ¢;(u), ..., ¢ (u).
For each embedding ¢; : K — C, it holds that ¢;(u) = ¢i(g(m)) = g(¢i(m)). It fol-
lows that every symmetric polynomial in ¢;(u),...,¢,(u) is a symmetric polynomial
in ¢1(n),...,¢r(m), which are precisely the roots of the minimal polynomial f of . The
fundamental theorem of symmetric polynomials states that any symmetric polynomial
in the roots of a monic polynomial A can be expressed as a polynomial in the coefficients
of h. This implies that any symmetric polynomial in ¢ (u),...,d,(u) can be expressed
as a polynomial in the coefficients of f. Hence, f,, has integer coefficients for all positive
integers n.

Let k be an integer satisfying 0 < k < r. The coefficient of =¥ in f, is equal to (—1)"*
times the (r — k)-th symmetric polynomial in ¢1(u)™, ..., ¢,(u)™. Thus, the coefficient
of z¥ is a sum of (2) terms. Since by assumption |¢;(u)] = 1 for ¢ = 1,...,r, the
absolute value of the coefficient of z* is (,’;) Hence, all the coefficients of f,, are bounded
by a value independent of n. Moreover, the coefficients of f,, are integers. Therefore,
there are only finitely many possibilities for the coefficients of f,,, so only finitely many
polynomials occur in the infinite sequence {f,}nen. In particular, only finitely many
polynomials occur in the infinite subsequence { fon },en. Thus, there exist integers k, !
with k > 0 and [ > 0 such that for = fyr+:. Then the set of roots of fyr is equal to the set
of roots of fyr+1. This means that raising the roots of for to the power 2! permutes the
roots of fyr. There exists a positive integer m such that performing this permutation m
times, results in the identity permutation. Hence, we have gbi(u)?k = gi)i(u)Qka for
all i € {1,...,r}. It follows that every ¢;(u), specifically u itself, is a root of unity. O

Proposition 3.15. ([7, Proposition 3.2(iii)]) Let A/F, be a simple abelian threefold
with Frobenius 74 and let K = Q(m4). Then A is F -isogenous to the third power of a
supersingular elliptic curve if and only if (74) = (7a) in K.
Proof. Assume (m4) = (7a). Then

(m2) = (ma)* = (ma)(ma) = (74)(T2) = (7a72) = (q),

so there exists a unit u € Ok such that w% = qu. Since w4 is a Weil g-number, see
Theorem it holds that |¢(ma)| = g% and therefore |p(74)] = |d(7a)|? = ¢ for all
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embeddings ¢ : K — C. It follows that |¢(u)| = 1 for all embeddings ¢ : K — C. Hence,
the element w is a root of unity by Lemma Let s be the order of u. Then 771245 = ¢°.
Consider A/F . which has Frobenius 7r1245 = ¢° € Q. By Theorem El, the abelian
variety A/F 2. is Fj2s-isogenous to the third power of a supersingular elliptic curve.

Hence, the abelian threefold A/F, is F,-isogenous to the third power of a supersingular
elliptic curve.

Assume A/F, is F-isogenous to the third power of a supersingular elliptic curve. Then
there exists an integer s > 0 such that A/Fys is Fys-isogenous to the third power of a
supersingular elliptic curve. Thus, the Frobenius 7% of A/F4s is a rational number by
Theorem Since 77/245 = 7575 = ¢°, it holds that 7r124 = uq, where u®* = 1. It follows
that (7%) = (¢) = (74)(74) and hence (74) = (72). O

Corollary 3.16. Let A be an abelian threefold over F,, with ¢ = p". Let m4 be the
Frobenius of A and K = Q(74). If A is absolutely simple, then there exists at least one
prime ideal p above p in K such that p # p. In particular, if f4 is irreducible, then pOg
cannot factor as in Table [3.11

m | pOx

1] p p? ps ps

2 | pip2 pip3 pIp3  pup3  pips
3 | pib2bs  Pipap3  Pip3p3  pIP3PS

Table 3.1: The prime factorizations of pOp satisfying p; = p; for all primes p; above p
in K. The number m in the left column denotes the number of prime ideals lying above p
in K.

Proof. Suppose all prime ideals p above p in K satisfy p = p. If p|p, then p € p
and hence w74 = p" € p. Therefore, we have w4 € p or T4 € p for all prime ideals p|p.
Since p = p by assumption, it holds that 4,74 € p for all prime ideals p in K dividing p.
It follows that (m4) = (7). So A is F,-isogenous to the third power of a supersingular
elliptic curve by Proposition [3.15], which contradicts with the assumption that A is
absolutely simple. Hence, there exists at least one prime ideal p in K dividing p such
that p # p. If f4 is irreducible, then [K : Q] = 6 and Table contains all prime
factorizations of pOg satisfying p = p for all primes p above p in K. So if the factorization
of pOk occurs in Table then (m4) = (7a) and A is Fy-isogenous to the third power
of a supersingular elliptic curve. This contradicts with the fact that A is absolutely
simple. [l
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3.3.1 The table

This section is based on the PhD thesis of Jeremy Bradford, [2, Example 3.10, Ap-
pendix A]. In his thesis, Bradford considers an absolutely simple abelian threefold A/F,
with commutative endomorphism ring. Let fa be the characteristic polynomial of
the Frobenius endomorphism and let m4 be a root of f4. Bradford then defines the
fields K = Q(7w4) and Kt = Q(7ma +7a). In [2, Appendix A], all possible cases for the
splitting behaviour of p in the maximal order of the tower of fields Q C K, C K are
worked out. In this section, we consider an absolutely simple abelian threefold defined
over the finite field F,», for any positive integer n, such that EndO(A) is commutative.
We assume that End(A) = Ox. We will follow a similar strategy as Bradford to work
out all possible cases for the splitting behaviour of p in the maximal order of the tower

of fields Q C K C K.

Let A/F,, with ¢ = p", be an absolutely simple abelian threefold such that End’(A) is
commutative. Let m4 be aroot of f4 and let K = Q(m4), which is a CM-field of degree 6.
The field K is a second degree extension of the totally real subfield K = Q(wa + 7a).
Thus, we have

[K:Q=[K:K{|][Ky:Q =2-3=6.

The goal is to find all possible splitting behaviours of pOg and the corresponding factor-
izations of the ideal (74) into prime ideals in K. From the prime factorization of (7 4) and
the splitting behaviour of pOg, we can determine the p-rank r(A) using Theorem

We first look at the possible prime factorizations of pOg, . Since [Ky : Q] = 3, we
have } Sy, €(B) f(P) = 3. This allows for the following possibilities of the prime factor-
ization of pOy

o

o B}
RUR
RURL

o PrPoPs

Moreover, we have [K : Ky] = 2. Thus, for every prime ideal B in K, it holds

that 3,0 e(p/%B) f(p/B) = 2, where e(p/P) and f(p/P) denote the ramification index
and residual degree of p with respect to 3. It follows that a prime P in K, can have

the following splitting types in K:
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LIRY
o p?
® pp

By combining the possible splitting behaviours of pOg., and the possible splitting be-
haviours of PO, where B is a prime ideal in K, we can construct splitting diagrams. A
splitting diagram, is a figure showing the splitting behaviour of p in the fields Ky and K,
like in the first column of Table The middle row of a splitting diagram shows the
prime factorization of p in the field K and the top row shows the prime factorization
of p in the field K. Two primes lying in different fields are connected by a line if the
upper prime ideal lies above the lower prime ideal. Every prime ideal appearing in the
diagram is connected via one or two lines with p, implying that every prime ideal in
the diagram lies above p. If a prime divides a prime in the row below it and the corre-
sponding residual degree is strictly greater than one, we put the residual degree in the
splitting diagram next to the line connecting the two ideals.

Since A is absolutely simple, Corollary states that at least one prime ideal p above p
in K satisfies p # p. This implies that at least one prime ideal 3 above p in K splits
in K as pp. In particular, the prime factorizations of pOg in Table cannot occur.
Any splitting diagram that satisfies Eplp e(p)f(p) = 6, where e(p) and f(p) denote the
ramification index and residual degree of p with respect to p respectively, and has at least
one prime ideal Blp in K that splits as pp in K, shows a possible splitting behaviour
of p in the maximal order of K and K and is listed in the first column of Table [3.2]

The prime factorization of the ideal (74) can be deduced from the prime factorization
of pOg. It holds that

(ma)(Ta) = (mama) = (") = (p)",
and hence all prime ideals dividing (74), and also (74), are lying above p. Furthermore,
the norm of 74 in K is

Ngo(ma) = Ni, jo(Ng/k, (14)) = Ng, jo(ma7a) = Ng, io(p") = p*™

Soif (ma) = p{* -+ - pS, then

p*" = Ngjg(ma) = Ngjgpf -+ pS) = Ngso(p1)™ - N jops)®.

Let p be a prime ideal in K lying above p. Since mqm4 = p" and p € p, it holds
that w474 € p. Thus, we have m4 € p or T4 € p, as p is a prime ideal. In particular,
if p = p, then 74 € p and ordy(m4) > 0. Furthermore, the abelian threefold A is
absolutely simple, so Proposition implies that (w4) # (Ta). Also, f4 is irreducible,
SO Corollaryimplies that the invariants of A are integers. Hence, if pOg = pi* - - - p%e,
then there exist integers cy, ..., cs such that (m4) = p7* - - pS* satisfies
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o Ngjo(ma) = Ngygp1)™ - Ngyg(ps)® = p*",

i pg = (ma) # (70) = P -

ordy, (m4) + ordg-(m4) > 0, in particular ordy, (74) > 0 if p; = Py,

ipe = flp) - 22 oG e Zforalli=1,...,s.

The prime factorizations of (74) in K that satisfy the above conditions depend on the
prime factorization of pOg and appear in the second column of Table The last
column of the table contains the p-rank of A, which can be deduced from the splitting
diagram and the prime factorization of (74) using Theorem

Theorem 3.17. Let A/F,, with ¢ = p", be an absolutely simple abelian threefold such
that End®(A) is commutative and let 74 be a root of f4. Then Table gives the
complete classification of p-rank in terms of the splitting behaviour of p in the maximal

order of Q(74).

Splitting of p

Factorization of (w4) 7(A)

(I11)

\ /

3
1

P1 P1 P2

\ /2

B PBo
\ 2/

48

pY 3
T
pi"
pp "

pips 1

parpy 1
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(IV)

(VI)

(VII)

(VIII)

49

n
Ny 2
P1Pg

PP Py

PPy

2 n
Mo 2
PPy

PPy

7.2
2 n
P{Ppa

pIPS
pi"p:
pIPL"pS

pIpsPa®

pIPS

2 n
Mo 2
P1Ps

= N W W
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(XI)

(XII)

(XIII)

P

P P P

2| \ /

By 2
A4

PT Py b2

T 3
N/

2| \ /
1 B B3
\\p e

50

prp3"

p1"ph

pIPS

7.2
2 n
R

pip3"

pi"py

prps”
2n.n

P1 P2
piPL"Ps
pipsP2”

n n

pZp3ph

= N W W
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p1 p2 P3 p3

(XIV) 2 .
2| | \ / piphps 1
B PBs

XV pl P% p3 p3
V) I \ / PIpEPE 1
B P ‘Bs
AN
p
P1 P2 pa P3 P3
XVI n
S A VA" B
B1 Po Ps
p
XVII PLoP2 P2 P B
(VI | \ / \ / PIpEPE 2
P B2 B3
p
pr p1 P P33 Pp3

2 P2
VD57 N NS e

RUI \%/ Bs
p
Table 3.2: The splitting of p and the corresponding prime factorization of (74) and
p-rank. In some prime factorizations of (74) appear prime ideals with exponents of the

nono2n ooy %- These prime factorizations are only possible if n is even, if n is

form 2, 2
27 37 3
divisible by 3 or if n is divisible by 4 respectively. If n does not satisfy these conditions,

then the corresponding prime factorization of (w4) cannot occur.

o1
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Proof. We start the proof by explaining that the table contains all possible splitting
behaviours of pOg in the maximal order of K. Recall that Corollary states that
at least one prime ideal p in K dividing p satisfies p # p. This implies that at least one
prime ideal B in K, dividing p splits in K as pp. As explained in the beginning of this
section, the possible prime factorizations of pOg are

[ ] ml

° 513“;’

o P1P2

IRURL

o P P2Ps
and any prime P in K, ramifies, splits or is inert in K. Starting from one of the prime
factorizations of pOk, as listed above, all the possible splitting behaviours of pO,
under the restriction that at least one prime ideal 3 in K dividing p splits in K as pp,

are listed in Table [3.3] Table [3.3] contains all possible prime factorizations of pOg with
the exception of the prime factorizations occuring in Table
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POk, pOxk Case
B1 p1p1 I
B PP (1)

p1p1p2, flp1) = f(p1) =1, f(p2) =4 | (1)
p1p1p2, flpr) = f(p1) =2, f(p2) =2 | (IV)
PB1P2 p1P1P3, flp1) = f(p1) =1, f(p2) =2 (V)
pipip3,  f(p) =f(P1) =2, f(p2)=1| (VI)
pipip2p2 (VID)
p1pip3 (VIII)
p1p1P3 (IX)
pUPL; p1p3Pa° (X)
pipspe” (XI)
p1PIpIP2” (X1I)
p1p2apsps (XIII)
P1p3P3P3 (XIV)
P1P2PBs | pip3psps (XV)
p1p2papsps (XVI)
pIp2P2psps (XVII)
p1p1p2b2p3h3 (XVIII)

Table 3.3: The possible prime factorizations of pOk, and pOgk and the corresponding

case in Table

Since every possible splitting behaviour of pOg corresponds to a case in Table it
follows that Table is complete.

The next step is to prove that for each splitting type of p in Table the possi-
ble factorizations of (m4) and the corresponding p-rank are correct. Recall that if
pOk = pi'---ple, then the possible factorizations of (m4) are those for which there exist
C1,...,¢s € Z such that () = p7* - - pSe satisfies

o Ni/o(ma) = Ngjg(p1)e -+ Ngjg(ps)™ = p*,

ordy, (m4) + ordg;(m4) > 0, in particular ordy, (74) > 0 if p; = p;,

—cCs

B = (ma) # (T2) = BB

® iy, :f(Pz‘)'ordpiT(M) =f(ps) - FecZforalli=1,...,s.
Case (I). We have pOx = pip1 with f(p1) = f(p1) = 3. There exist ¢1,co € Z such

93



CHAPTER 3. ABELIAN THREEFOLDS OVER FINITE FIELDS

that (m4) = p{'p1“*. Then

P = Ngyg(ma) = N jo(p1)® N g (pr)? = p*@p’e = pPartie,

so 3n = 3¢y + 3¢o. The invariants are

, ordy, (7 3¢
ipy Zf(Pl)'pn(A)ana
. _ ordg(ma 3c
i = £7) - ST 3

n

Thus, it holds that c1,c2 € {0, %, 27",71} Moreover, we have ¢1 # ca, otherwise we get

(ma) = (7Ta). Hence, the possibilities for the factorization of (w4) are

(ma) = p7,
(ma) =p1",
(ma) = piPI 5,
m
(ma) =p* P13

2n
3

Note that p1" = p7 and p ]:71% = pf ﬁ%n Without loss of generality, we can set
w4 = Ta. Therefore, Table E’)_Q‘ only lists p} and p; pT%n The latter is only possible if

3|n. Applying Theorem [3.13|gives r(A) = 3 if (m4) = p} and r(A) =0if (74) = plng%n

Case (ITI). We have pOg = p3p;° with f(p1) = f(p1) = 1. There exist ¢, ¢y € Z such
that (m4) = p{*p1“*. Then

c1+ca
)

p*" = Ngg(ma) = Ngjg(p1) Ngjg(p1) = p“p™ =p

8o 3n = ¢y + ¢o. The invariants are

. ordy, (7 c
i = fpr) - A 01
) _ ordg(m4g c
Z431=f(131)'pln():;

Thus, it holds that ¢1,ca € {0,n,2n,3n}. Moreover, we have ¢; # cg, otherwise we get
(m4) = (ma). Hence, up to conjugation, the possibilities for the factorization of (w4) are

(ma) = pi",

(ma) = piPI"
Applying Theorem gives r(A) = 3 if (m4) = p3" and 7(A) = 0 if (74) = pip1>".
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Case (III). We have pOx = pip1p2 with f(p1) = f(p1) = 1 and f(p2) = 4. There
exist ¢1, g, c3 € Z such that (m4) = p7'p1?p5*. Then

p*" = Ngyg(ma) = Ngjg(h1)™ Nijg(P1)? Nicjgp2)® = p7p@p'es = prteaties,
80 3n = ¢1 + ¢ + 4c¢3. The invariants are

). ordy, (m4) _a

ipl = f(pl

) _ordg(m4) e
ZpTZf(Pl)'plTZ*,

n
ordy, (m4)  4ces

ipz = f(p2)

Thus, it holds that ci,¢co € {0,n,2n,3n} and c3 € {0, %,%,%”}. Moreover, we have
c1 # co, otherwise (m4) = (Ta), and c3 # 0, because pa = pa. Hence, up to conjugation,
the possibilities for the factorization of (w4) are

(ma) = pTp3,
(7a) = pi"ps .

The first is only possible if n is even and the second only if 4|n. Applying Theorem
gives r(A) = 1 in both cases.

Case (IV). We have pOx = pipip2 with f(p1) = f(p1) = f(p2) = 2. There ex-
ist ¢1, 2, c3 € Z such that (m4) = pi*p1p5>. Then

p*" = Ngyo(ma) = Ngjo(h1)™ Nijg(p1)? N jg(p2)® = p* p*2p>es = pPt2etaes,

80 3n = 2¢1 + 2¢9 + 2¢3. The invariants are

, ordy, (m4) 2¢1
Zm:f(Pl)'lTZTv
_ordgr(ma)  2¢

. P

B = S pr) - = =

) ordy,(m4)  2c3

iy = f(pa) - 202T2)
Thus, it holds that ¢y,co,c3 € {0,%,71,37”,271,57",371}. Moreover, we have ¢ # ca,
otherwise (m4) = (74), and c3 # 0, because ps = p2. Hence, up to conjugation, the
possibilities for the factorization of (w4) are

=3

)

N |3

p
py.

(ma)

ol3

p
p

N3

(ma)
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Both are only possible if n is even. Applying Theorem gives r(A) = 2 in both cases.

Case (V). We have pOx = p1p1p3 with f(p1) = f(p1) = 1 and f(p2) = 2. There
exist ¢y, c2,c3 € Z such that (m4) = p7'p1?p5*. Then

p*" = Ng/g(ma) = N jg(p1) Ngsg(p1) Ngjg(p2)® = p™ p®p°e = pariert2es,
80 3n = ¢1 + co + 2¢3. The invariants are

). ordy, (m4) _a

ipl = f(pl

)

) . ordg(m c
i = f(p1) - Pn(A) _ £7

Z.P2 - f<p2)

' ordy, (m4) _ 2c3
Thus, it holds that c¢1,co € {0,n,2n,3n} and ¢35 € {0, %,n,%‘ﬂn,%"ﬁn}. Moreover,
we have ¢1 # cg, otherwise (m4) = (74), and ¢3 # 0, because py = pa. Hence, up to

conjugation, the possibilities for the factorization of (w4) are

n n

(mA) = p1P3,
(ma) = pi"p3.

The second is only possible if n is even. Applying Theorem gives r(A) = 1 in both
cases.

Case (VI). We have pOg = p1p1p3 with f(p1) = f(p1) = 2 and f(p2) = 1. There
exist ¢1, 2, c3 € Z such that (m4) = p7'p1?p5*. Then

2¢y,.2¢co

p3n — NK/Q(WA) — NK/Q(pl)Cl NK/Q(E)CQ NK/Q(p2)03 = p*ip pcg — p261+262+03’

80 3n = 2¢1 + 2¢9 + c3. The invariants are

). ordy, (m4)  2c1

ipl = f(pl

n n

) . ordg(m 2c
i = £7) - ST 2

n
. ordy, (7 c
Loy :f(p2)'pzn(A):§~

Thus, it holds that ¢1,co € {0,%,71,37",271, 57”,371} and c3 € {0,n,2n,3n}. Moreover,

we have ¢1 # cg, otherwise (m4) = (74), and ¢3 # 0, because py = pa. Hence, up to
conjugation, the possibilities for the factorization of (74) are

(ma) = pip3,

(ma) = pips".
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The second is only possible if n is even. Applying Theorem gives r(A) = 2 in both
cases.

Case (VII). We have pOg = p1p1pop2 with f(p1) = f(p1) =1 and f(p2) = f(p2) = 2.
There exist c1, 2, 3, ¢4 € Z such that (m4) = p'p12psp2“. Then

p*™ = Ngjg(ma) = Ng/g(p1) Niso (1) N jg(p2)® N g (P2)™
— p01p02p263p264 — pcl+02+263+204
S0 3n = ¢y + ¢ + 2¢3 + 2¢4. The invariants are

) ordp, (m4) ¢
i = S S T) 1
OI‘de(WA) C2

ipTZf(lTl)'in =—,

n
. ordy, (7 2c
lpy = f(pQ) : p:l( A) = 737
) _ . ordg (7 2c
ipy; = f(P2) - pjl( 4) = 74.

Thus, it holds that c1,co € {0,n,2n,3n} and c3,¢c4 € {0, 5,7, 37",271, 57”,371}. Further-
more, we have ¢1 # ¢g or c3 # ¢4, otherwise (14) = (T4). Moreover, at least one of ¢;
and co and at least one of ¢3 and ¢4 is nonzero, because 74 is contained in at least one
of p; and p; and in at least one of po and ps. Hence, up to conjugation, the possibilities

for the factorization of (mw4) are

(ma) = pip3,
(ra) = pi"p3,
(74) = IS,
(a) = Pipspat.

The second, third and last case are only possible if n is even. Applying Theorem [3.13
gives 7(A) = 3 if (ma) = pyp} or (ma) = pi"p3, prank r(A) = 2 if (1) = piP1"p3
and 7(A) = 1if (m4) = plp2Pz2.

Case (VIII). We have pOx = p1p1p3 with f(p1) = f(p1) = 1 and f(p2) = 2. There
exist ¢1,c2,c3 € Z such that (m4) = p7*p1?p5*. Then

p*" = Ngjg(ma) = N jg(p1)® Nigsg(p1) Ngjg(p2)® = p7 p®p°e = pirieat?es,
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80 3n = ¢1 + ¢ + 2c¢3. The invariants are

b = S 201
i = ) - ) _ <2
ip, = f(p2) - ordy, (ma) _ 23

Thus, it holds that c¢1,c2 € {0,n,2n,3n} and ¢35 € {0, %,n,%,Qn,%ﬁn}. Moreover,

we have ¢; # cg, otherwise (m4) = (7a), and ¢3 # 0, because py = pa. Hence, up to
conjugation, the possibilities for the factorization of (74) are

n

(mA) = p1P3,
(ma) = pi"p3.

The second is only possible if n is even. Applying Theorem gives r(A) = 1 in both
cases.

Case (IX). We have pOx = pip1p3 with f(p1) = f(p1) = f(p2) = 1. There ex-
ist ¢1, 2, c3 € Z such that (wa) = p7'p1r?p5’. Then

p*™ = Ngjo(ma) = Ngsg(p1)® Ngjg (1) N jg(p)® = poip®p®™ = prteates,
80 3n = ¢y + ¢3 + c3. The invariants are

ordy, (m4) <1

iy = Fpr) - TR
) . ordgy(m c
Zpl_f(Pl)‘pn(A)—nQ,
. ordy, (7 c
iny = f(po) - ST _ €3,

Thus, it holds that c¢i,ca,¢3 € {0,n,2n,3n}. Moreover, we have ¢; # ca, other-
wise (m4) = (Ta), and c3 # 0, because p2 = pa. Hence, up to conjugation, the pos-
sibilities for the factorization of (w4) are

(ma) = pip3",
(ma) = pi"ph.

Applying Theorem gives r(A) = 1 in both cases.

Case (X). We have pOx = p1p3pz” with f(p1) = 2 and f(p2) = f(p2) = 1. There
exist ¢1,c2,c3 € Z such that (m4) = p7*p5°p2™. Then

p*" = Nijg(ma) = Ng/g(p1)™ Nijgp2)? N g (pa)® = p*pp™ = p*rtertes,
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so 3n = 2¢1 + ¢o + c3. The invariants are

. ordy, (7 2c
i = fpr) - 2Tl 20

n
ordy, (m4) c2

tpy = flp2)  — == = —
di
ime(m)'WZCS-

Thus, it holds that ¢; € {0, §,n, 37”,211,57",371} and co,c3 € {0,n,2n,3n}. Moreover,

we have ¢y # c3, otherwise (m4) = (Ta), and ¢; # 0, because p; = p1. Hence, up to
conjugation, the possibilities for the factorization of (74) are

(ma) = pTP3,

(ma) = p{p3".

The second is only possible if n is even. Applying Theorem gives r(A) = 2 in both
cases.

Case (XI). We have pOg = p%pg]Tf with f(p1) = f(p2) = f(p2) = 1. There ex-
ist ¢1, 2, c3 € Z such that (w4) = p7'p5*p2“. Then

p*" = Ngo(ma) = Ngsg(p1)® Nijg(p2)™® N jg(P2)® = p™pp™ = prteates,
80 3n = ¢1 + ¢ + ¢3. The invariants are

ordp, (ma)

im:f(Pl)‘nga
. ordy, (7 c
Zm:f(m)'pzn(A):nQ
) _ ordgs(m c
%Zf(%)‘pzn(A):s-

Thus, it holds that c¢i,ca,c3 € {0,n,2n,3n}. Moreover, we have co # c3, other-
wise (m4) = (Ta), and ¢; # 0, because p; = p;. Hence, up to conjugation, the pos-
sibilities for the factorization of (w4) are

(WA) = p?p%n’

(ma) = p1"p}.
Applying Theorem gives r(A) = 2 in both cases.

Case (XII). We have pOx = p1p1p3p2> with f(p1) = f(p1) = f(p2) = f(p2) = 1. There
exist ¢1, ¢, ¢3, ¢4 € Z such that (m4) = p7'prp5*p2“. Then

P*" = Ngjg(ma) = Ngsg(p1)® Niso (1) N (p2)® N g (p2)
= pClp2pBptt = 2001-&-02—&-03-&-047
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80 3n = ¢1 + ¢ + ¢3 + ¢4. The invariants are

ip, = f(p1) - Ordp;z(m) = %,
i = 1(py) - 2T 2
ips :f(m).omlpilﬁm):cs?
ime(m)‘Omp;M = %4

Thus, it holds that c1, ¢, ¢3, ¢4 € {0,n,2n,3n}. Furthermore, we have ¢; # cg or ¢3 # ¢y,
otherwise (m4) = (Ta). Moreover, at least one of ¢; and ¢y and at least one of ¢3 and ¢4
is nonzero, because 74 is contained in at least one of p; and p; and in at least one of po
and py. Hence, up to conjugation, the possibilities for the factorization of (w4) are

(
(
(
(
Applying Theoremgives r(A) = 3if (ma) = pip3” or (74) = p?p?, prank r(A) = 2

if (ma) = pyP1"p5 and r(A) = 1if (7ma) = pTp5p2".

Case (XIII). We have pOg = p1papsps with f(p1) = f(p2) =2 and f(p3) = f(p3) = 1.
There exist ¢1, ¢z, ¢3,cq4 € Z such that (m4) = pi'p5?p5*p3™. Then

p*" = Ngjq(ma) = N (1) Niyg(p2)® Nijgps)® N o (Ps)™

2c1 ,.2¢2 2c142co+c3+cq
b

=ppEpPp™ =p

80 3n = 2¢1 + 2¢9 + c3 + ¢4. The invariants are

. ordy, (7 2c
i = () - ST 20
. ordy, (7 2c
s Zf(PQ)'an(A)—Q,
. ordy,., (7 c
Lps :f(Pg)' Ps( A) :*37

n

. ordgz (7w
i;;g:f(PS)'p;(A):&l-

n

Thus, it holds that c¢i,ca2 € {0,%,71,37”,271,57”,371} and c3,c4 € {0,n,2n,3n}. More-

over, we have c3 # c4, otherwise (m4) = (7a), and c¢1,co # 0, because p; = p1
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and pgy = py. Hence, up to conjugation, the only possibility for the factorization of (74)

is (ma) = pZp2p%, which happens only if n is even. Applying Theorem gives
r(A) = 1.

Case (XIV). We have pOg = p1p3psps with f(p1) = 2 and f(p2) = f(p3) = f(p3) = 1.
There exist c1, ¢, ¢3, ¢4 € Z such that (m4) = pi'p5*p5*p3™. Then

P*" = Ngjg(ma) = Ngsg(p1) Nigsg(p2)® N (p3)® N g (ps)™

2c1 2c1+co+c3+ca
b

=ppPpPp™ =p

80 3n = 2¢1 + ¢co + c3 + ¢4. The invariants are

) ordy, (7 2c
ip, = f(p1) - — nlra) 71’
. ordy, (7 c
iy = f(pa) - 22T _ 2

Cordpy(ma) 3

ips = f(p3) .

_ordg(m4) e
- P3

Igm = =
p3 f(pB) n n
Thus, it holds that ¢; € {O,%,n,%”,Qn, 57”,371} and cg,c3,¢4 € {0,n,2n,3n}. More-
over, we have c3 # c4, otherwise (m4) = (7Ta), and c¢1,co # 0, because p; = p1
and po = p2. Hence, up to conjugation, the only possibility for the factorization

of (ma) is (m4) = plgpgpg, which happens only if n is even. Applying Theorem [3.13
gives r(A) = 1.

Case (XV). We have pOx = p2p3psps with f(p1) = f(p2) = f(p3) = f(p3) = 1. There
exist ¢1, ¢, ¢3, s € Z such that (m4) = p7'p5*p5*ps™. Then

p*" = Ngjq(ma) = N (1) Nisg(p2)® N jgps)® N g(Ps)™
— p01p02p63p04 — p61+62+63+647

80 3n = ¢y + ¢ + ¢3 + ¢4. The invariants are

ordy, (ma) <

ipy :f(Pl)'TZgy
ip, = f(p2) - Ordp;(m‘) = %2,
iy = F(p) - ST 8
ipng(m)-‘m’“;w ==
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Thus, it holds that ¢, c2,¢3,¢4 € {0,n,2n,3n}. Moreover, we have c3 # c4, other-
wise (m4) = (Ta), and ¢1,c2 # 0, because p; = p; and ps = p2. Hence, up to conju-
gation, the only possibility for the factorization of (w4) is (m4) = pTp5p%. Applying
Theorem gives r(A) = 1.

Case (XVI). We have pOx = p1papapsps with f(p1) = 2 and f(p) = 1 for prime
p € {p2,P2,p3,p3}. There exist c1,ca,c3,ca,¢5 € Z such that (ma) = p'ps2p2ps'ps®.
Then

p*" = Ngo(ma) = Niso(p1)™ Nijo(02)® Nk o (P2)® N o (ps) Nk o(Ps)®

2c1 2c1+c2+c3+cqtcs
)

=p“p@pPp“p® =p
80 3n = 2¢1 + ¢ + ¢3 + ¢4 + ¢5. The invariants are

ordp, (ma)  2¢1

ip, = f(p1) Y

ordp,(m4) ¢

Ty = fp2) — ===,
ipy = f(p2)- Ordpjl(m‘) -2
ipg :f(P:s)'Omlp;M:jj
iy = 1) - L) _ B

Thus, it holds that ¢; € {0, §,n, 37”, 2n, 57", 3n} and ¢g, ¢3, ¢4, c5 € {0, 1, 2n,3n}. Further-
more, we have ¢ # ¢3 or ¢4 # c5, otherwise (m4) = (Ta), and ¢; # 0, because p; = p.
Moreover, at least one of ¢y and c3 and at least one of ¢4 and c5 is nonzero, because 74
is contained in at least one of po and ps and in at least one of p3 and ps. nHence, up to
conjugation, the only possibility for the factorization of (74) is (w4) = pfphp%, which
happens only if n is even. Applying Theorem gives r(A) = 2.

Case (XVII). We have pOk = p2popapsps with f(p) = 1 for all primes p lying above p.
There exist c1, ¢z, ¢3, ¢4, ¢5 € Z such that (m4) = pI'p5*p2p5*p3®. Then

p*" = Ngjg(ma) = N (1) Nisg(p2)® N jo(P2)® N jo(ps)™ N o (ps)®
— p01p02p03p64p05 — pC1+02+03+C4+65’
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80 3n = ¢ + ¢ + ¢3 + ¢4 + ¢5. The invariants are

(1) - ordy, (m4) _a

i, = f(p1 g>
b= Sl )5
igz = f(p2) - Ordp;(m) = %3
ipg :f(P:z)‘OMP;’,L(M):Zl,

ing = () - 2T _ €8

Thus, it holds that ¢1,c2,¢3,c4,¢5 € {0,n,2n,3n}. Furthermore, we have co # c3
or ¢4 # c5, otherwise (m4) = (7a), and ¢; # 0, because p; = p1. Moreover, at least
one of ¢y and c3 and at least one of ¢4 and c5 is nonzero, because w4 is contained in at
least one of po and ps and in at least one of p3 and p3. Hence, up to conjugation, the
only possibility for the factorization of (m4) is (ma) = pT'p5p5. Applying Theorem
gives r(A) = 2.

Case (XVIII). We have pOx = p1p1papapsps with f(p) = 1 for all primes p lying

above p. There exist c¢1,c2,¢3,¢4,¢5,¢6 € Z such that (ma) = pI'Pr2p5 p2“ps ps.
Then

p*" = Ng/q(ma) = Ngjg(p1) Nigsg(P1) Niso(p2)® Nk o (P2)™ Nk o (ps)® N o (Ps)®
— p01pc2p03p64p05p66 — pCI+C2+C3+C4+C5+C6’

8o 3n = c1 + ¢ca + ¢34+ ¢4 + ¢5 + cg. The invariants are

(01) - ordp, (ma) @

tpy = fp1) — —— =,
i = fpr) - 2T _ 2
ipzzf(m)‘()mpilwzcs7
iy = f) - ST
ing = F(py) - 20T _ &5
iy = £(p) - L) _ <o

Thus, it holds that ¢, co,c3,c4,c5,¢c6 € {0,n,2n,3n}. Furthermore, we have ¢; # co
or c3 # ¢4 or c5 # cg, otherwise (m4) = (Ta). Moreover, at least one of ¢; and co, at
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least one of ¢3 and ¢4 and at least one of ¢; and cg is nonzero, because w4 is contained
in at least one of p; and p1, in at least one of ps and ps and in at least one of pj
and p3. Hence, up to conjugation, the only possibility for the factorization of (74)

is (ma) = pIpspY. Applying Theorem gives r(A) = 3. O

Remark 3.18. Bradford’s table in [2 Appendix A] is constructed in the same way as
Table except that Bradford starts with an absolutely simple abelian threefold A
defined over the finite field F,. Consequently, every factorization of (74) in Table
that has § or % occurring as the exponent of one of the prime ideals dividing (74), does
not appear in Bradford’s table. Specifically cases (III), (IV), (XIII), (XIV) and (XVI)
are absent from Bradford’s table. We would expect that if we set n = 1 and remove
all factorizations of (m4) with 5, %, %” or 4 as the exponent of one of the prime ideals
dividing (74), we obtain Bradford’s table. However, there are differences. In cases (IX)
and (XI), Bradford only mentions one of the two factorizations of (m4). The same
happens in case (XII). Here Bradford only mentions the factorizations (w4) = p1p3
and (m4) = p1pePa, while the factorizations (74) = p2pe and (w4) = p1p1p2 are also
possible. The factorization (74) = p1p1p2 even corresponds to a different p-rank than
the two factorizations mentioned by Bradford. Finally, case (X) is absent from Bradford’s
table, while we do have the factorization (w4) = p1p2 corresponding to r(A4) = 2.

Remark 3.19. The relation between the factorization of p in a CM field K and the
p-rank of the reduction of an absolutely simple abelian threefold with CM by O and
commutative endomorphism ring, see Chapter 4, is studied by Zaytsev [24]. The abso-
lutely simple abelian threefolds considered by Zaytsev form a subset of the absolutely
simple abelian threefolds considered in Theorem [3.17, There are a few differences be-
tween the table in Zaytsev [24, Theorem 1.2] and Table First of all, Zaytsev does
not restrict to absolutely simple abelian threefolds. In his table he includes abelian
threefolds isogenous to the third power of an elliptic curve. This explains why Zaytsev
considers factorizations of pOf appearing in Table and finds p-rank 0 in case (IV).
Furthermore, if pOj splits as in case (XIII) of Table then we find that the p-rank
is 1. Zaytsev also finds p-rank 3 corresponding to an abelian threefold isogenous to the
third power of an ordinary elliptic curve. This abelian threefold is not absolutely simple
and hence does not occur in Table In case (VII), we find p-ranks 1, 2 and 3, while
Zaytsev only finds p-ranks 1 and 3. This could be due to the fact that the absolutely
simple abelian threefolds considered by Zaytsev form a subset of the abelian threefolds
considered in Theorem see also Remark

Remark 3.20. The way we constructed Table implies that it is complete, so every
possible factorization of (p) and (7) in the maximal order of Q(m4) for an absolutely
simple abelian threefold A/F, with End®(A) 2 Q(r4) is contained in Table However,
it might be that not all factorizations of TOg actually occur. This could also explain
while we find p-ranks 1, 2 and 3 in case (VII), while Zaytsev only finds p-ranks 1 and 3.
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The following corollaries and remark contain results that are deduced from Table

Corollary 3.21. Let A/F,, with ¢ = p", be an absolutely simple abelian threefold
with f4 irreducible. Then the p-rank of A is zero if and only if one of the following
occurs

(i) (m4) =pi P15 (provided that 3|n),
(i) (ma) =pipr"

Corollary 3.22. Let A/F,, with ¢ = p", be an absolutely simple abelian threefold
with fa irreducible. Then r(A) = 3 if and only if (74) and (7a) are relatively prime.

Remark 3.23. In dimension g = 1, knowing the endomorphism algebra EndO(E) of
an elliptic curve E/F, is enough to determine the p-rank r(E). In dimension g = 2,
the factorization of (p) in the maximal order of Q(mg), which only depends on the
endomorphism algebra End®(S), completely determines the p-rank 7(.S) of an absolutely
simple abelian surface S/F,. In dimension g = 3 however, knowing the endomorphism
algebra End’(A) and the splitting type of (p) in the maximal order of Q(m4) is no longer
sufficient to determine the p-rank r(A) of an absolutely simple abelian threefold A/F,
with End®(A) 2 Q(74).

The following theorem describes when a simple abelian threefold A/F, is supersingular
in terms of the prime factorization of p in the field Q(m4), where 74 is the Frobenius
endomorphism of A.

Theorem 3.24. Let A/FF,, with ¢ = p", be a simple abelian threefold. Let m4 be a root
of fa and let K = Q(7a4).

(i) If f4 is not irreducible, then A is E—isogenous to the third power of a supersingular
elliptic curve if and only if p is inert or ramified in K.

(ii) If fa is irreducible, then A is F -isogenous to the third power of a supersingular
elliptic curve if and only if pOg factors as in Table or (m4) factors as in the
following table.
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pOg splits as in  Factorization of (74)

(111) PIPT"pa
(IV) piprips
(V) PP pS
(V1) pipIEpy
(V1) T
(IX) PIPL"PS
(X) pipspa"
(XI) pIPLF"

Table 3.4: The factorizations of (74) satisfying (74) = (7). The numbers in the left
column refer to the cases of Table

Proof. Proposition states that A is Fy-isogenous to the third power of a supersin-
gular elliptic curve if and only if (7r4) = (Ta) in K. By Proposition the polyno-
mial fy is irreducible or f4 = h®, where h is a second degree irreducible Weil polynomial.
If fo=h3, then [K : Q] = 2 and p splits, ramifies or is inert in K. If p ramifies or is
inert in K, then every prime ideal above p in K is its own conjugate and (w4) = (7).
Suppose p splits, so pOx = pp. There exist ¢, co € Z such that (m4) = pp1“2. Then

c1+c2
)

p" = Ngo(ma) = Ng o) Ngjo(P)? =p“p= =p

son = ¢1 + co. By Theorem [2.24) we have e = [End%q (A): Q(TI’A)]% = 3. Thus, the least
common denominator of the invariants i,, where p is a prime ideal in Q(74), is equal

to 3 by Theorem We have

, ordp(ma) @ , _ordg(ma) e
Iy = — = — and 5 = — = =
p=Flp) — - p=rf0)— =
Since the least common denominator of all invariants is 3, it holds that i, and iz are mul-
tiples of % Therefore, c1,c2 € {0, 3, 2gn,n} There are no integers ci, ¢ € {0, 3, 2?”,n}

satisfying ¢; = c¢o and ¢; + ¢a = n. Hence, if p splits in K, then (m4) = (74) is not
possible. This proves the first statement.

Next, assume f4 is irreducible. If every prime ideal above p in K is its own conjugate,
then (m4) = (7a) and A is Fy-isogenous to the third power of a supersingular elliptic
curve. This happens precisely when pOp factors as in Table Moreover, if (74)
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splits as in Table then (m4) = (74) and A is F,-isogenous to the third power of a
supersingular elliptic curve.

Table contains all possible splitting behaviours of pOg in the maximal order of K
such that p # p for at least one prime ideal p C O lying above p. We follow the same
strategy as in the proof of Theorem but now we look for factorizations of (74)
satisfying (m4) = (74).

Case (I). We have pOx = pip; with f(p1) = f(p1) = 3. Then (ma) = p{'P1?,
where 3c; 4 3co = 3n and 3%’ 3% € Z. It follows that ¢; # ca, so (m4) = (7Ta) is not
possible.

Case (IT). We have pOx = pip1° with f(p1) = f(p1) = 1. Then (m4) = p$'P1?,
where ¢; + ¢ =3n and £,2 ¢ Z. It follows that ¢; # c2, so (m4) = (7a) is not

possible.

Case (III). We have pOx = pipip2 with f(p1) = f(p1) = 1 and f(p2) = 4. Then it
holds that (m4) = p{'p1p5°, where ¢1 + ¢z + 4¢3 = 3n and <, 2, 4% € 7. Moreover, at
least one of ¢; and ¢y is nonzero, and c3 is nonzero. It follows that (74) = (74) if and

only if (w4) = p?ﬁ"pg, which happens only if 4|n.

Case (IV). We have pOg = p1p1p2 with f(p1) = f(p2) = f(p2) = 2. Then it holds
that (m4) = p7'P1?p5°, where 2¢; + 2¢p + 2¢3 = 3n and 2%, 2%, 2% € 7Z. Moreover, at
least one of ¢; and ¢y is nonzero, and cs is nonzero. It follows that (m4) = (7a) if and

only if (m4) = pfﬁgpg, which happens only if n is even.

Case (V). We have pOg = p1p1p3 with f(p1) = f(p1) = 1 and f(p2) = 2. Then it
holds that (74) = p{'pr?p3’, where c1 + c2 + 2¢c3 = 3n and %+, 2, 2% € Z. Moreover, at
least one of ¢; and ¢y is nonzero, and c3 is nonzero. It follows that (m4) = (7a) if and

only if (m4) = p’fpﬁ”p? , which happens only if n is even.

Case (VI). We have pOy = p1p1p3 with f(p1) = f(p1) = 2 and f(p2) = 1. Then it
holds that (m4) = p{'p17p5°, where 2¢1 + 2¢2 + ¢3 = 3n and 2%, 2%, % ¢ 7. Moreover,
at least one of ¢ and ¢z is nonzero, and c3 is nonzero. It follows that (m4) = (7a) if and

only if (m4) = pfﬁgpg, which happens only if n is even.

Case (VII). We have pOx = pip1p2p2 with f(p1) = f(p1) = 1 and f(p2) = f(p2) = 2.
Then (m4) = pi' p1?p5* P2, where ¢ +ca+2c3+2¢4 = 3n and <+, 2, 2%, 2% € Z. 1t fol-
lows that (m4) = (74) if and only if ¢; = co and ¢3 = ¢4. Moreover, the integers c1, c2, c3
and ¢4 are all nonzero, because w4 is contained in at least one of p; and p; and in at
least one of po and p and ¢; = ¢2 and ¢3 = ¢4. But that implies ¢ + ¢3 + 2¢5 + 2¢4 > 3n.

Hence, it is not possible that (74) = (74).
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Case (VIII). We have pOg = p1p1p3 with f(p1) = f(p1) = 1 and f(pa) = 2. Then it
holds that (74) = p{'p1p5’, where ¢1 + c2 + 2¢c3 = 3n and %, 2, 2% € 7. Moreover, at
least one of ¢; and ¢y is nonzero, and c3 is nonzero. It follows that (w4) = (7a) if and

only if (m4) = p?pﬁ”p;, which happens only if n is even.

Case (IX). We have pOx = p1p1ps with f(p1) = f(p1) = f(p2) = 1. Then it holds
that (ma) = p{'P1p5°, where ¢1 + ¢ + ¢3 = 3n and <, 2, % € Z. Moreover, at least
one of ¢; and ¢z is nonzero, and c3 is nonzero. It follows that (74) = (74) if and only

if (ma) = pyP1"p5.

Case (X). We have pOp = p1p2p2> with f(p1) = 2 and f(p2) = f(p2) = 1. Then it
holds that (m4) = p7*p5*p2, where 2¢1 + ¢z +c¢3 = 3n and 2%, %2,% € Z. Moreover, the
integer ¢ is nonzero, and at least one of ¢o and c3 is nonzero. It follows that (74) = (72)

if and only if (74) = plg p5p2”, which happens only if n is even.

Case (XI). We have pOx = p?p3p2° with f(p1) = f(p2) = f(p2) = 1. Then it holds
that (m4) = pi'p5*p2®, where c14-co+c3 = 3nand <, 2, % ¢ Z. Moreover, the integer c;
is nonzero, and at least one of co and c3 is nonzero. It follows that (m4) = (7a) if and

only if (m4) = pTphp2".

Case (XII). We have pOg = p1p1p2p2 with f(p1) = f(p1) = f(p2) = f(p2) = 1. Then it
holds that (74) = p'P1?p5*Pp2™, where ¢; +ca+c3+c4 =3nand &, 2, % %4 ¢ 7, Tt fol-
lows that (m4) = (7a) if and only if ¢; = ¢o and ¢3 = ¢4. Moreover, the integers ¢y, c2, c3
and ¢4 are all nonzero, because 74 is contained in at least one of p; and p; and in at
least one of ps and ps, and ¢; = ¢ and c3 = ¢4. But that implies ¢; + ¢ + ¢3 + ¢4 > 3n.

Hence, it is not possible that (74) = (74).

Case (XIII). We have pOg = p1papsps with f(p1) = f(p2) = 2 and f(p3) = f(p3) = 1.
Then (7m4) = pI'ps?p5ps™, where 2¢; + 2¢2 + ¢3 + ¢4 = 3n and 2%, 2%, B4 cZ It
follows that (r4) = (7a) if and only if c3 = ¢4. Moreover, the integers c1, ca, 3 and ¢4 are
all nonzero, because p; = p1 and po = pa, and 74 is contained in at least one of p3 and p3.

But that implies 2¢1 + 2c2 + ¢3 + ¢4 > 3n. Hence, it is not possible that (m4) = (7a).

Case (XIV). We have pOg = p1p3psps with f(p1) = 2 and f(p2) = f(p3) = f(p3) = 1.
Then (m4) = pI'p5*p5*p3™, where 2¢; +c2+c3+c4 = 3n and 2%, % o G ¢ 7. It follows
that (m4) = (7a) if and only if c3 = ¢4. Moreover, the integers ¢, c2,c3 and ¢4 are all
nonzero, because p; = p; and ps = pa, and w4 is contained in at least one of p3 and p3.

But that implies 2¢; + ¢2 + ¢3 + ¢4 > 3n. Hence, it is not possible that (m4) = (7a).

Case (XV). We have pOg = p%p%pg,p?, with f(p1) = f(p2) = f(ps) = f(p3) = 1. Then
it holds that (m4) = p{'p5’p5’p3™, where ¢ +co+c3 4+ ¢4 = 3n and <+, 2, S 4 c 7, Tt
follows that (m4) = (7a) if and only if c5 = ¢4. Moreover, the integers ¢y, ca,c3 and ¢4
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are all nonzero, because p; = p; and ps = pa, and 74 is contained in at least one of p3
and p3. But that implies ¢; +c2+c3+c¢4 > 3n. Hence, it is not possible that (74) = (7).

Case (XVI). We have pOx = pipapapsps with f(p1) = 2 and f(p) = 1 for all
primes p lying above p satisfying p # p1. Then it holds that (m4) = p{'p5*p2p5'ps®,
where 2¢1 + ¢o + ¢3 + ¢4 + ¢5 = 3n and 2%, 2 % o % ¢ 7. Tt follows that (74) = (Ta)
if and only if ¢ = ¢3 and ¢4 = ¢5. Moreover, the integers c¢s, ¢3, ¢4 and c5 are all nonzero,
because 74 is contained in at least one of py and ps and in at least one of p3 and p3. But

that implies 2¢1 + co 4 ¢3 + ¢4 + ¢5 > 3n. Hence, it is not possible that (m4) = (74).

Case (XVII). We have pOx = p3papapsps with f(p) = 1 for all primes p lying above p.
Then (74) = pI'p5*P2p5'p3“, where c1 +co+c3+ca+c5 =3nand S+, 2, % 4 5B ¢ 7,
It follows that (m4) = (7a) if and only if ¢o = ¢3 and ¢4 = ¢5. Moreover, the inte-
gers ¢, c3, ¢4 and cs are all nonzero, because 74 is contained in at least one of ps and po
and in at least one of p3 and p3. But that implies ¢; + ¢2 + ¢3 + ¢4 + ¢5 > 3n. Hence, it

is not possible that (m4) = (7a).

Case (XVIII). We have pOg = pi1p1p2bapsps with f(p) = 1 for all primes p lying
above p. Then (m4) = pi'P1p5*p2“ps°p3“, where ¢ + co +c3+ ¢4 +¢5 +c6 = 3n
and L, 92 € 4 & % 7 It follows that (m4) = (7a) if and only if ¢; = c2 and c3 = ¢4
and c; = cg. Moreover, the integers cy, ¢, 3, ¢4, c5 and cg are all nonzero, because 74 is
contained in at least one of p; and py, in at least one of po and ps, and in at least one
of p3 and p3. But that implies ¢; + co2 + ¢34+ c4 + ¢5 + ¢ > 3n. Hence, it is not possible

that (r4) = (T4)-

This shows that Table contains all factorizations of (74) satisfying (74) = (7a).
Hence, the abelian threefold A is F4-isogenous to the third power of a supersingular
elliptic curve if and only if pOg factors as in Table[3.1jor (74) factors as in Table[3.4 O

Let A/F,, with ¢ = p", be an absolutely simple abelian threefold. Let w4 be a root of f4
and let K = Q(m4). If K/Q is an abelian extension, then p splits completely in K. To
prove this result, we need the following lemma.

Lemma 3.25. If K/M is an abelian extension, then every intermediate field is an abelian
extension of M.

Proof. To prove this result, we will use the fundamental theorem of Galois extensions.
The fundamental theorem of Galois extensions states that K, the set of those elements
of K fixed by every automorphism in a subgroup H of Gal(K /M), is a Galois extension
of M if and only if H is a normal subgroup of Gal(K/M).

Let L be a field such that M C L C K. The group Aut(K /L) is a subgroup of Gal(K /M).
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The set of elements of K that is fixed by every automorphism of Aut(K/L) is pre-
cisely L. Moreover, the group Gal(K /M) is abelian, because K /M is an abelian exten-
sion. Therefore, the group Aut(K/L) is a normal subgroup of Gal(K/M). Hence, the
fundamental theorem of Galois extensions implies that L is a Galois extension of M,
because Aut(K/L) is a normal subgroup of Gal(K/M). Moreover,

Gal(L/M) = Gal(K/M)/Aut(K/L).

Since the quotient of an abelian group by any subgroup is abelian, it follows that
Gal(L/M) is abelian. Hence, the extension L/M is an abelian extension. O

The following theorem by Gonzalez states that p splits completely in K if K/Q is an
abelian extension.

Theorem 3.26. ([7, Theorem 3.6(iii)]) Let A/F,, with ¢ = p", be an absolutely simple
abelian threefold and assume that the center Z(End®(A)) of End’(A) is an abelian
extension of Q. Then p splits completely in Z(End®(A)).

Proof. There exists an integer N > 0 such that End®(A) = End%q o (A). Let ¢ = ¢" and

consider A/F,. If w4 is the Frobenius of A/F,, then 7’y = 7% is the Frobenius of A/F.
By Theorem the center of End  (A) is isomorphic to Q(7,), so
q

2(End’(4)) = Z(End?, (4)) = Q(x)).

For all integers » > 0, it holds that End]%q, (A) C End]%(q,)r(A) C End’(A). Since we
have End%(A) = Endgq, (A), this implies that End]%,q(A) = End]%(q,)r(A) for all inte-
gers r > 0. In particular, the centers Q(7’;) and Q((7/y)") of End]%q, (A) and End%(q,)r (A)

are equal for all integers r > 0. Hence, it holds that Q((n’4)") = Q(n’y) for all inte-
gers r > 0. We will use K to denote the field Q(7y).

The endomorphism algebra End®(A) is either K or D4. Therefore, the degree of the
abelian extension K/Q is either 2 or 6. Suppose [K : Q] = 2. Corollary states that
there exists at least one prime ideal p in K dividing p such that p # p, because A/Fy is
absolutely simple. This implies that pOg = pp and p splits completely.

Next, assume [K : Q] = 6. Then the characteristic polynomial f/ of 7/, is irreducible.
Since K/Q is an abelian extension, there exist e, f € Z such that e(p) = e and f(p) = f
for all primes p lying above p in K. Also K, the subfield of K fixed by complex conju-
gation, is an abelian extension by Lemma Therefore, there exist ey, f1 € Z such
that e(*) = ey and f(P) = f4+ for all primes P lying above p in K. Moreover, it holds
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that [K : Q] = 6 and Corollary implies that at least one prime ideal p above p in K
satisfies p # p. Therefore, we have pOx = pp or pOx = p°p> or pOx = p1P1P2P2P3P3,
see cases (I), (IT) and (XVIII) of Table 3.2 respectively.

Suppose pOg = pp or pOx = p3p°>. Since

nN) )nN

(ma) () = (wamy) = (") = ()",
it holds that all prime ideals appearing in the factorization of (7';) are lying above p.
In both cases pOx = pp and pOx = p*p>, there are two prime ideals lying above p that
are each others conjugate. Hence, we can assume that (7/y) = paﬁb for some positive

integers a and b, regardless of the factorization of p. Let
D :={o € Gal(K/Q) : o(p) = p}

be the decomposition group of p. Then |D| = ef, where e is the ramification index
and f the residue class degree of p with respect to p. Recall that e(p) = e and f(p) = f
for all primes p above p in K, because K/Q is an abelian extension. Since pOx = pp
or pOx = p3p3, it holds that |D| = ef > 1. Hence there exists o € D such that o
is not the identity map. Since complex conjugation commutes with all automorphisms
in Gal(K/Q), we have

o(p) = o(p) = 5.

Since o(p) = p and o(p) = p, it holds that

(o(y)) = o((7h)) = o (1) = o(p) 0 (B)" = p"B" = ().

Hence, the ideals (7'4) and (o(ny)) coincide. It follows that there exists a unit u € O
such that 7’y = uo(n’y). The characteristic polynomial f/, of 7/, is a Weil polynomial
by Corollary Since f’; has coefficients in Q and Q is invariant under o, it holds
that o(7’y) is a root of f’y. Hence, both 7'y and o(7’;) are Weil ¢’-numbers. Thus, we
have |¢(7'y)| = |¢(o(n'y))| for all embeddings ¢ : K — C. Since 7’y = uo(7y), it follows
that |¢p(u)| = 1 for all embeddings ¢ : K — C. Hence, the element u is a root of unity
by Lemma Let s be the order of . Then (7/y)* = v’o(7y)* = o((7'y)?), so (7'y)*
is invariant under . This implies that [Q((7/4)®) : Q] < [Q(«/y) : Q]. Recall that in
the beginning of this proof, we showed that Q((74)") = Q(«/y) for all integers r > 0

and therefore [Q((7’4)®) : Q] = [Q(«/y) : Q]. Since we obtained a contradiction, we
can conclude that p does not split as pOxg = pp or pOx = pgﬁ?’. Hence, it holds
that pOx = p1p1p2papsps and p splits completely in K. O

Corollary 3.27. Let A/F,, with ¢ = p", be an absolutely simple abelian threefold and

assume that the center Z(End®(A)) of End’(A) is an abelian extension of Q. Let the

integer N > 0 be such that End’(4) = Endp  (A) and set ¢’ = ¢"V. Let 7; be the
q

Frobenius endomorphism of A/F, and f/ the characteristic polynomial of #/,. If f/, is
irreducible, then r(A) = 3; otherwise, r(A4) = 0.
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Proof. Proposwlonnstates that f’, is irreducible or f/, = = h3, where h is a second degree
irreducible Weil polynomial, because A/Fy is simple. If f/, = = h3, then Theorem [3 .
implies that r(A) = 0.

Assume f}l is irreducible and let K = Q(7’;). Then p splits completely in K by The-
orem Thus, pOg = p1p1p2p2psps and e(p) = f(p) = 1 for each prime p above p
in K. Since f) is irreducible, the invariants f(p) - Ordp(TrA) = Ord;zj(\;r“‘) € Z for each
prime p above p in K by Corollary - Thus, it holds that ord,(n/y) is an integer
multiple of nN for all primes p above p in K. For each i € {1,2,3}, the primes p;
and p; contain p and hence contain 7/;m’, = p™. Therefore, 74 or 7/, must be contained
in p; and the same holds for p;. This shows that 7/, is contained in at least one of p;
and p;. As ordy(7’y) is an integer multiple of nN for all primes p above p in K, this im-
plies that ordy, (m4) + ordg;(m4) > nN. Moreover, N q(m4) = p>™Y and every prime p
above p in K has norm p, because f(p) =1 for all p above p in K. So by comparing the

norms of (7/y) and the prime ideals p|p, it holds that

ordy, ('y) 4 ordg;(7y) = nN

for all i € {1,2,3}. Furthermore, ordy, (), ordg;(7y) € {0,nN}, because the invariants
are integers. Hence, precisely one of p; and p; appears in the prime factorization of (7/)
and it follows that (7/;) and (7/y) are relatively prime. Then

(w) () = (wywly) = ()™ = 1V N ps Ve Vs Vs,

and without loss of generality (/) = pp™NpsNpa™ and (7)) = p1"Vpa"Vpa™". Thus,
the primes above p are p1, pa, p3, p1, P2 and p3 and 7/ is not contained in py, p2 and p3.

Hence, we have r(A) = 3 by Theorem O
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Chapter 4

Reduction of CM abelian
threefolds

In this chapter, we will introduce CM abelian varieties. For this purpose, we will first
give a short background on CM fields and CM types. Our focus will be on CM abelian
threefolds, which have CM by a sextic CM field. We will restrict to sextic CM fields
of which the Galois group of the normal closure is cyclic or isomorphic to the dihe-
dral group Dg. The goal is to determine the endomorphism algebra and p-rank of the
reduction of an absolutely simple CM abelian threefold.

4.1 CM fields and CM types

In this section, we explain the basics of CM fields and CM types. After that, we restrict
to sextic CM fields of which the Galois group of the normal closure is cyclic or isomorphic
to Dg. In both cases we explore the CM types and the corresponding reflex CM pairs.
This section is mainly based on Shimura-Taniyama [18] and Lang [13].

Definition 4.1. A CM field is a totally imaginary quadratic extension of a totally real
number field K. In other words, a CM field is a field K = K, (v/—d) for a totally real
number field K, and a totally positive element d € K.

By Lang [13| §2], we can also characterize a CM field as a field K with complex con-
jugation commuting with every complex embedding of K, and K is not real. Since
a CM field K is a quadratic extension of a totally real number field K, it follows
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that [K : Q] = 2g, where g = [K; : Q]. Hence, a CM field K has g pairs of complex
conjugate embeddings.

Definition 4.2. Let K be a CM field of degree 2¢g and let K’ be the normal closure
of K. Then a CM type ® of K with values in K’ is a set of g embeddings of K such

that exactly one embedding of each of the g pairs of complex conjugate embeddings is
in ®. We call (K, ®) a CM type or CM pair.

Let (K, ®) be a CM pair and let o be an automorphism of K. Then define
S0 = {poo:¢ec P}
If K’ is the normal closure of K and « is an automorphism of K’, then define

YO :={yo¢p:¢pc D}

Definition 4.3. The CM types ®; and ®5 of a CM field K are called equivalent if there
is an automorphism o of K such that ®; = ®90.

Every CM type of a CM field K is equivalent to itself, because the identity map is an
automorphism of K. Let ®;,®s and ®3 be CM types of K. If there exist automor-
phisms ¢ and v of K such that &; = &30 and &3 = P37, then &1 = $3y0. Since the
composition of two automorphisms is also an automorphism of K, it follows that ®;
and ®3 are equivalent. Moreover, if ®; = ®y0, then &5 = ®10~!. The map o~}
and is an automorphism of K, since o is an automorphism of K. Hence, the equivalence
relation of Definition is reflexive, transitive and symmetric, and that means it is an
equivalence relation.

exists

Definition 4.4. Let K be a CM field with normal closure K’. If Kj is a proper CM
subfield of K and ®q is a CM type of Ky with values in K’, then the CM type of K
induced by ®q is {¢ € Hom(K, K') : ¢|x, € Po}. A CM type ® of K is called primitive
if @ is not induced by the CM type of a proper CM subfield of K.

The following proposition by Shimura-Taniyama can be used to check if a CM type is
primitive.

Proposition 4.5. ([I8, Proposition I1.26]) Let (K, ®) be a CM pair and let K’ be the
normal closure of K. Let ®g be the CM type of K’ induced by ®. Then (K, ®) is
primitive if and only if

Gal(K'/K) = {vy € Gal(K'/Q) : 7@k = Py}
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Corollary 4.6. Let K be a normal CM field and ® a CM type of K. Then (K, ®) is
primitive if and only if there is no nontrivial element v € Gal(K/Q) satisfying v® = ®.

Let (K, ®) be a CM type and let K’ be the normal closure of K. Let ®x+ be the CM
type of K’ induced by ®. The maps in ® g+ are embeddings from K’ to K’ and therefore
isomorphisms. Hence, the inverse @;(} = {¢71 : ¢ € O} is well-defined and will be
used in the following proposition by Shimura-Taniyama.

Proposition 4.7. ([I8, Proposition II.28]) Let (K, ®) be a CM pair, let K’ be the
normal closure of K and let ® g be the CM type of K’ induced by ®. Let K" be the
fixed field of

{717 € Gal(K'/Q), 79 = Prr
and " = & )| . Then (K", ®") is a primitive CM type and

K" :@({Z¢(x):x c K})

ocd

Definition 4.8. The primitive CM type (K", ®") as given in Proposition is called
the reflex pair or reflex type of the CM pair (K, ®). The field K" is the reflex field
of (K, ®) and the CM type ®" is the reflex CM type of (K, ).

Proposition 4.9. ([II, Lemma 1.2.5]) Let (K,®) be a CM pair. Then the reflex
field K™ of (K", ®") is a subfield of K with primitive CM type ®"". If ® is primi-
tive, then K" = K and ®"" = ®.

Definition 4.10. The type norm of a CM pair (K, ®) is the multiplicative map

Let (K, ®) be a CM pair. The type norm of the reflex pair (K", ®") of (K, ®) is

Ngr: K" — K
x H o(x).

Ped”

If ® is primitive, then K" = K by Proposition and Ngr : K" — K. The following
proposition by Shimura-Taniyama shows that Ngr : K" — K regardless of ® being
primitive and explains what happens if we apply Ngr to an ideal of K.
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Proposition 4.11. ([I7, Proposition I1.29]) Let (K,®) be a CM pair, let (K", ®")
be its reflex CM pair and let K’ be the normal closure of K. Let a be an ele-
ment of K" and put Ner(a) =[[4cqr ¢(@). Then Ngr(a) is an element of K satis-
fying Ner (a)Ngr (o) = Ngr /(). Let further p be an ideal in K. Then there exists an
ideal Ngr(p) in K such that

Nor(p)Oxr = ] ¢(p)Ox and Nor (p)Nor(p) = Ngr/g(p)Ok -
pedr

Dodson classified the possible Galois groups of the normal closure of an arbitrary sextic
CM field.

Theorem 4.12. ([5], [I, Proposition 2.1]) Let K be a sextic CM field and let K’ be the
normal closure of K. Then Gal(K’/Q) is one of the following groups

(i) Cs,

(i

(ii

)
) Dg, the dihedral group with 12 elements,
) (C2)* % Cs,

(iv) (C2)3 x Ss,

where x denotes the semi-direct product of groups, so C3 and S5 are acting by permu-
tations on the three copies of Cj.

We restrict to sextic CM fields K of which the Galois group of the normal closure is cyclic
or isomorphic to Dg. In both cases, we list the possible CM types of K and determine
the equivalence classes, the primitive CM types and the reflex CM pairs.

4.1.1 Cyeclic case.

Let K/Q be a cyclic CM field of degree 6 over Q. Then
Gal(K/Q) = {1,0,0%, 0% 0% 6%} = (o),
where o2 is complex conjugation. The eight different CM types of K are

= {1,0,0%}, 5 = {03, 0%, 0%},
Py = {1,0,0°}, O = {02,063, 0},
d3 = {1,020}, O = {0,0°,0°},
dy={1,0% 0%}, dg = {0,0%,0%}.
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For i € {3,7}, we find 0?®; = ®;. Hence, the CM types ®3 and ®7 are not primitive
by Corollary They are equivalent, because ®3 = ®70°3. For i € {1,2,4,5,6,8}, it
holds that v®; # ®; for all v € Gal(K/Q)\{1}. Hence, the CM types @, Py, Dy, D5, P
and ®g are primitive by Corollary Table shows that every primitive CM type
of K is equivalent to ®1. It then follows from the fact that the equivalence is reflexive,
symmetric and transitive, that all primitive CM types of K are equivalent.

1 'yEAut(K) : (I)z'}’:q)l
1 1
2 o
4 o?
5 o3
6 ot
8 od

Table 4.1: The left column contains the numbers i corresponding to the primitive CM
types ®; of K. In the right column are the automorphisms v of K such that ®;v = ®;.

Since K is normal, the reflex type of a CM type (K, ®) is (K, ®~!). The reflex CM types
of ®1,..., Py are listed in Table

i|1 2 3 4 5 6 7 8
o7 | By Dy B3 By Dg D Pr D3

Table 4.2: The top row contains the number ¢ corresponding to the CM types ®; of K.
The bottom row contains the reflex CM types @] of (K, ®;).

4.1.2 Dg case.

Let K be a sextic CM field of which the Galois group of the normal closure K’ is
isomorphic to Dg. Then

Gal(K'/Q) 2 Dg = (v,y : 2* = y® = ayay = 1)
={1,z,y,9% 9%, y*, %, xy, vy?, xy®, ay*, 2y},
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where complex conjugation is given by y3. The elements 1,z € Gal(K'/Q) fix K, so

1l = 2|k, ylxk = zylKk,
y2|K = $y2|K, yS\K = xyS‘K:
vk = oy, v° |k = 9% |-

It follows that {1|x,y|x, ¥?|K, vk, ¥ | K, ¥° |k } is the set of complex embeddings of K
with values in K’. The eight different CM types of K are

Ql :{HK’y’K)yz‘K}a @5:{y3‘K7y4|K7y5’K}7
Py = {1x, ¥, ¥° |k}, 6 = {v? 1, 3|1, v kT
@3 = {1k, v*|x, ¥k}, 7 = {y|k, v’ |k, v |k},
@y = {1k, vk, 9%k} ®s = {y|k, ¥’ |k, v’ |k }-

We use Proposition to check which of the CM types above are primitive. Since
[K': K] =2 and K is fixed by 1,7 € Gal(K'/Q), we have Gal(K'/K) = {1,z}. Let ®¢,
be the CM type of K’ induced by ®;. The induced CM types of K’ are listed in Table [4.3]
DY)
{1,2,9,9°, 2y, 29"}
{1, 2,9, 9%, 2y, 2"}
{1, 2,97 y* 2y, 2y}
{1,2,9% 9%, 2y, 2y°}
{v°. vty 2y, ay, )
{20, vt 2y?, oy, oyt
{v. 9% y° xy, 2y, 2y°}
{v: 0% v*, zy, 2%, 2y}

00 ~J O T i W N .

W Ut s Ot

2

Table 4.3: The left column contains the numbers ¢ corresponding to the CM types ®;
of K. In the right column are the CM types <I>§(, induced by ®;.

We have y®%., = @, for all i € {1,...,8} and for all v € Gal(K'/K). For i € {3,7}, we
find y4<I>iK, = (I%(,. Therefore, the CM types ®3 and ®~ are not primitive by Proposi-
tion They are equivalent, because ®3 = ®7y3|x and y>|x is an automorphism of K.
For i € {1,2,4,5,6,8}, it holds that i, # &%, for all v € Gal(L/Q)\Gal(K'/K).
Hence, the CM types @1, Py, Py, P5, P and Pg are primitive by Proposition [4.5

To find the equivalences in the set of primitive CM types {®1, ®o, Py, Ps5, Pg}, we first
determine the automorphisms of K. The degree [K : Q] = 6, so |Aut(K/Q)| < 6.
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Moreover, the maps 1|x and y3|x are automorphisms of K and the order of 3|
in Aut(K/Q) is 2. Therefore, it holds that |Aut(K/Q)| is divisible by 2. Further-
more, the extension K/Q is not Galois, so Aut(K/Q) # [K : Q] = 6. Hence, we
have |Aut(K/Q)| € {2,4}. Suppose |[Aut(K/Q)| = 4 and let F = KAMK/Q the
subfield of K fixed by Aut(K/Q). Then we have [K : F] = |[Aut(K/Q)| = 4, see
Dummit-Foote [6, Theorem 14.9]. But [K : F|] has to divide [K : Q] = 6. There-
fore, it is not possible that |Aut(K/Q)| = 4. It follows that Aut(K/Q) = {1|x,v3|x}-
Since ® = ®51°| k., P2 = Pey3|x and 4 = Pgy? |, we find that the primitive CM types
of K are divided into three equivalence classes: {®1, @5}, {P2, D6} and { P4, Pg}.

Let ® be a CM type of K and let ® s be the CM type of K’ induced by ®. The reflex
field K" and the reflex CM type ®] of (K, ®;) for i € {1,...,8} are listed in Table

i | {y:v€Gal(L/Q),ypy = Ppt o7

1 {1,2y%} {Ukr,y*lxr, vl }
2 {1,.%'} CI)Q

4 {1,1’y4} {1‘Kray‘KT7y2‘Kr}

5 {1,297} (vl v? kv |k}
6 1,2} Bg

7 {1,z} o

8 {1, 2y*} {v° |k, v e, i }

Table 4.4: The first column contains the numbers ¢ corresponding to the CM types ®;
of K. In the second column are the subsets of Gal(K’/Q) that fix the reflex field K"
of (K, ®;). The last column contains the reflex CM types @/ of (K, ®;).

4.2 CM abelian varieties

In this brief section based on Shimura [I7] and Shimura-Taniyama [I8], we explain CM
abelian varieties and give two results.

Definition 4.13. An abelian variety A over a field k of dimension g has complex
multiplication (CM) by a CM field K if K has degree 2g and there is an embed-
ding 0 : K < End’(A). If 6~ (End(A)) = O for an order O C K, then A has CM
by the order O.

Let A be an abelian variety with CM by a CM field K and let 6 be the embed-
ding 6 : K < End’(A). The pair (A,#) uniquely determines a CM type ® of K, see
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Shimura-Taniyama [I8, §5.2]. In that case, (A,0) is called an abelian variety of CM
type (K, ®).

Proposition 4.14. ([I7, Proposition I1.30]) Let (A,€) be an abelian variety over a
field k£ of CM type (K, ®). Let K" be the reflex CM field of (K, ®). If every element
of (K)NEnd(A) is defined over k, then K" C k. Conversely, if K" C k and ® is
primitive, then every element of End(A) is defined over k.

The CM type of a CM abelian variety A can be used to determine whether or not A is
absolutely simple. This is the subject of the following theorem by Shimura.

Theorem 4.15. ([I7, §8.2]) Let (K,®) be a CM type. A CM abelian variety of CM
type (K, ®) is absolutely simple if and only if ® is primitive.

4.3 Reduction of absolutely simple CM abelian threefolds

In this section we will study the endomorphism algebra of the reduction of an absolutely
simple abelian threefold with CM by Of, where K is a sextic CM field. The sextic CM
fields we consider are restricted to those of which the Galois group of the normal closure
is cyclic or isomorphic to Dg. In the case that K is a cyclic sextic CM field, we will
show that the endomorphism algebra of the reduction of an abelian threefold with CM
by Ok determines the rank. This does not hold when K is a sextic CM field of which the
Galois group of the normal closure is isomorphic to Dg. We finish with an example in
which we determine the endomorphism algebra and rank of the reduction of an abelian
threefold with CM by O, where K is a sextic CM field of which the Galois group of
the normal closure is isomorphic to Dg. For this purpose, we first give some information
about reduced abelian varieties and state important related results.

An elliptic curve E over QQ is given by a Weierstrass equation
E y2 + a1y + asy = x> + a2x2 + aqx + ag.

The only coordinate changes fixing the point at infinity [0,1,0], and preserving the
Weierstrass form of the equation for E are of the form

(z,y) — (22’ +r,udy +u’sz’ +1),

where u, r, s,t € Q and u # 0. The discriminant A’ of E after the coordinate change can
be computed as A’ = u"!2A. Let p be a rational prime and let v,(-) = ord,(-). A mini-
mal Weierstrass equation for E at v, is a Weierstrass equation for E such that v,(A) is
minimized subject to the condition that ay, as,as, a4, as, ag € Z. As coordinate changes
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affect the discriminant by A’ = uw712A it holds that v,(A) can only be changed by mul-
tiples of 12. This implies that v,(A) < 12 is a sufficient (but not necessary) condition for
the Weierstrass equation for an elliptic curve to be minimal. By reducing the coefficients
of the minimal Weierstrass equation modulo p, we obtain the reduction of E modulo p.
The reduction of £ modulo p is possibly singular, meaning that the discriminant of
modulo p is zero. In this case, we say that E has bad reduction at p. If the reduction
of E modulo p is nonsingular, then E has good reduction at p and the reduction of F
modulo p is an elliptic curve over Z/pZ.

Example 4.16. Consider the elliptic curve E over Q defined by
E:y? =2% 4+ 2% — 114z — 127.

The discriminant of E is A = 92236816 = 2% . 78. Thus, we have v,(A) < 12 for
all primes p. Hence, the Weierstrass equation for F is minimal at v, for all primes p.
For p =2 and p =7, we find v,(A) > 0. This implies that the reduction of £ modulo p
is singular for p = 2 and p = 7, so F has bad reduction at p = 2 and p = 7. For all other
primes, it holds that v,(A) = 0, so E has good reduction at all primes except p = 2
and p=17.

Similar as for elliptic curves, abelian varieties over a number field k are defined by a (not
unique) set of equations with coefficients in k. By reducing the coefficients of the defining
equations for an abelian variety A modulo a prime ideal p in k, we obtain the reduction
of A modulo p. If for some set of equations defining A, the reduction of A modulo p
is again an abelian variety over Oy /p, then A has good reduction at p. Otherwise, A
has bad reduction at p. If A has good reduction at all primes p in k, then A has good
reduction everywhere.

Definition 4.17. If A is an abelian variety defined over a number field & and there exists
a finite extension M of k such that A/M has good reduction at a prime ideal p C Oy,
then we say that A/k has potential good reduction at p N Ok. If A/k has potential good
reduction at all prime ideals in k, then A/k has potential good reduction everywhere.

Example 4.18. Consider the elliptic curve E over Q of Example given by the
minimal Weierstrass equation

E:y? =2% 4+ 2% — 114z — 127.

We showed in Example that F has bad reduction at p = 2 and p = 7 and good
reduction at all other primes. We make a base change to M = Q(~+/28). Applying the
coordinate change

(z,y) (7\3/2890/ + 16, 98y’ + 49v/28z" + 49)
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results in the Weierstrass equation
E:(y)*+ V28z"y +4 = (/)3

Let vy, = ordy, where p is a prime ideal of M. The discriminant of E/M is A’ = 1,
so the Weierstrass equation is minimal at v, for all primes p of M. Moreover, it holds
that vp(A) = 0 for every prime ideal p. Hence, E/M has good reduction everywhere.

The following theorem by Serre and Tate states that every CM abelian variety defined
over a number field has potential good reduction.

Theorem 4.19. ([16, Theorem 7], [14, Proposition 2.10]) Let A be a CM abelian variety
over a number field k. Then there exists a cyclic extension M of k over which A acquires
good reduction everywhere.

Once an abelian variety A over a number field k£ has good reduction everywhere over a
finite extension M of k, the abelian variety A will have good reduction everywhere over
every finite extension of M, see Milne [I4] Theorem 17.3]

The next theorem, proven by Chai, Conrad and Oort, is about the abelian subvarieties
of the reduction of CM abelian threefolds.

Theorem 4.20. ([Il, Theorem 4.5], [3, Theorem 1.3.1.1]) Let A be a CM abelian three-
fold over a number field k. Suppose A has good reduction at a prime ideal p C O
and let A := A mod p. Then A is isotypic over both Oy /p and the algebraic closure
of O/p.

We can deduce the possible endomorphism algebras of the reduction of a CM abelian
threefold from Theorem [4.20l

Corollary 4.21. Let A be a CM abelian threefold with CM by a CM field K defined
over a number field k. Suppose A has good reduction at a prime ideal p C Of and
let A:=A mod p. Then

(i) End"(A) 2 K if A is absolutely simple and f is irreducible;

(ii) End’(A) = Dy, where Dy is a central simple algebra over Q(7) which splits at
all finite primes of Q(m4) not dividing p, but does not split at any real prime of
Q(m3), if A is absolutely simple and f7 is of the form h® with e > 1;

(iii) End®(A) = M3(Q(m)) if A is isogenous to E? over the algebraic closure of O/,
where FE is an ordinary elliptic curve;
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(iv) End’(A) = M3(B, ) if A is isogenous to E3 over the algebraic closure of O/,
where F is a supersingular elliptic curve.

Proof. Theorem states that A is isotypic over the algebraic closure of O}/, meaning
that A is either absolutely simple, or isogenous over the algebraic closure of Oy /p to E3,
where E is an elliptic curve. If A is absolutely simple, then the possibilities for End’(A)
are (i) or (ii) by Theorem Options (iii) and (iv) follow from Proposition ii).
If the elliptic curve E is supersingular, then End’(E) = B, ., see Theorem
and End’(A) & M3(B, ). If the elliptic curve E is ordinary, then End’(E) = Q(ng),
see Theorem and End’(A) = M;(Q(7g)). Since f1 = f3 by Theorem it
follows that mp = 7. O

Let A be an absolutely simple abelian variety over a number field k& of CM type (K, ®) and
assume that A has CM by Of. Suppose A has good reduction at a prime ideal o C O.
Then there is a relation between the Frobenius endomorphism of A :== A mod g and
the reflex CM type of (K, ®). This is the subject of the following important theorem by
Shimura.

Theorem 4.22. ([I7, Theorem III.1]) Let A be an absolutely simple abelian variety
of dimension g over a number field & of CM type (K, ®). Suppose A has CM by the
ring of integers Ok of the CM field K with [K : Q] = 2g. Let p C O be a prime
ideal such that A has good reduction at o and let A :== A mod . Then the Frobenius

endomorphism 7 € O C End(A) generates the ideal Nor(Ny g+ () = (7).

The following proposition by Kiliger, Labrande, Lercier, Ritzenthaler, Sijsling and Streng
uses Theorem and Theorem to classify the endomorphism algebras of the
reduction of abelian threefolds with CM by Og, where K is a sextic cyclic CM field,
with respect to the factorization of pOg into prime ideals. The proposition is stated
in [12, Proposition 4.1]. There only a sketch of the proof is given. We give a full detailed
proof.

Proposition 4.23. ([12, Proposition 4.1]) Let A be an absolutely simple abelian three-
fold over a number field k such that A has good reduction at every prime of Q. Sup-
pose A has CM by Ok for a sextic cyclic CM field K. Let p C Ok be a prime lying over
a rational prime p. Let m be the number of prime factors of pOg.

Then the reduction A := A mod g satisfies A ~ B, where B is absolutely simple and

(i) if m = 6, then d = 1, the reduced abelian threefold A = B is absolutely simple,
and End’(4) = K.
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(i) if m = 2, then d = 1, the reduced abelian threefold A = B is absolutely simple,
and EndO(Z) is a central simple division algebra of reduced degree 9 over the
imaginary quadratic subfield K of K.

(iii) in all other cases, we have d = 3, the reduction A is supersingular, the endomor-
phism algebra End’(B) ) is the quaternion algebra Bj, o over Q ramified only at p
and infinity, and End’(A) is the 3 x 3 matrix algebra over B, .

Lemma 4.24. Let A; and Ay be absolutely simple abelian varieties of dimension g
defined over the same number field k such that A; and Ay have good reduction at every
prime of Q. Suppose A; is of CM type (K, ®;1) and As is of CM type (K, ®2), where K
is an abelian CM field of degree 2¢g and ®; and ®- are equivalent primitive CM types
of K.

Let o C Oy be a prime ideal and define A; := A; mod p and As := Ay mod p. Let m;

and 7y be the Frobenius endomorphisms of A; and A respectively. Then

(i) [Q(m) : Q] = [Q(m2) : Q)
(i) if ¢ = 3 and K is a cyclic sextic CM field, then Q(m1) = Q(m2).

Proof. The CM types ®; and ®5 of K are equivalent, so there is an automorphism 7 of K
such that ®; = ®o7. For all CM types ® of K, it holds that the reflex type of (K, ®)
is (K,® 1), because K is abelian. Therefore, it holds that

O =@ = (Qor) =710y =771 0h.
Let ®3 = {01,02,...,04} and define p := p N O. Using Theorem it follows that

(m1) = Nor (Ny /g (9))
= NT71<I>5(Nk/K(p))
= NT_légl(p)f(p/P)
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This implies that m Ok = 77 (m2)Ok. Let v € Gal(K/Q). Then

(ym) = (m1) <= (y77'my) = (77 ')

= (ym) = (m),
so 7 fixes (m1) if and only if «y fixes (m2). Therefore, we have [Q(m1) : Q] = [Q(m2) : Q).

Assume that g = 3 and that K is a cyclic sextic CM field. Then Gal(K/Q) = (o) with
complex conjugation given by o3. The degree of Q(m;) and Q(m2) over Q is 1, 2 or 6. If
the degree is 1, then Q(7;) = Q(m2) = Q. If the degree is 6, then

6=[K:Q]=[K:Q(m)][Q(m): Q = [K:Q(m)] - 6

for i € {1,2}, so Q(m1) = Q(me) = K. If [Q(m1) : Q] = [Q(m2) : Q] = 2, then Q(m)
and Q(mg) are both imaginary quadratic fields contained in K. The subfield K (%) of K
fixed by 1, 02 and o? is the unique imaginary quadratic field subfield of K. Hence, we
have Q(m;) = Q(my) = K@), O

Proof of Proposition . Theorem implies that A ~ B? where B is absolutely
simple. Furthermore, the reduced abelian threefold A is isogenous to B? over Oy/gp
by Theorem Then f7 = fg by Theorem where f7z and fp are the char-
acteristic polynomials of the Frobenius endomorpisms 74 and 7p of A and B respec-

tively. Therefore, we can assume that 77 = mp. The reduction A is defined over Fy,

The abelian threefold A is absolutely simple, so A is of CM type (K, ®4), where ®4
is primitive by Theorem Let Gal(K/Q) = (o) and let ® be the primitive CM
type {1,0,0°} satisfying ® = ®". Let A’/k be an absolutely simple abelian three-
fold of CM type (K, ®) such that A’ has good reduction at every prime of Oy and
define A’ := A’ mod p. Let 77 and 7 be the Frobenius endomorphisms of A and A’
respectively. Then Lemma states that Q(m4) = Q(m).

By Theorem the Frobenius endomorphism 7 € Ok C End(A4’) generates the
ideal Nyr(Ny/xr(p)) = (). Since ® = {1,0,0°}, the reflex CM type of (K,®) is @
itself, see Table This implies that K" = K by Proposition Therefore, it holds
that

(m) = Na(Niic(9)) = Na(p! ) = (pp7p?") 7, (4.1)
where f(p/p) = [Ok/p : Ok /p], the residual degree of p over p.

Since K is normal, the possible splitting behaviours of p in K are
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LIRUP o P% ® Pipaps,
o pi, * pip1, o pip3p3,
o pt, o pipi°, ® p1P2p3PiPap3.

Case (i). Assume m = 6. Then pOg = p1papsp1p2ps. The prime p = pNOf is a prime
lying above p in K, so p € {p1,p2,p3,P1, P2, P3}. Since Gal(K/Q) acts transitively on
the primes lying above p in K, it holds that pOg = pp"p"2p"3p”4p"5. By equation (4.1J),
we have (7) = (pp”p”g))f(p/p). For all 7 € Gal(K/Q)\{1}, it holds that

()7 = (e D) = (a7 )P £ (™)) = ().

Hence, the ideal () is fixed only by the identity element of Gal(K/Q). Therefore, we
have [Q(7) : Q] = 6. Since Q(7) is a subfield of K and

6=[K:Q]=[K:Qm][Q(): Q] =[K:Q(m)]-6,

it holds that K = Q(m). Hence, we have Q(m5) = Q(7) = K. By Theorem we
have

6 =2dim A = 2ddim B
=d - [Endg (B) : Q(r)]
=d - [End? (B) : Q(r)]

so d = [Endg (B) : Q(mz)] = 1. Hence, 4 is simple and Endp, (4) = Endg (B) = K.

[NIE

[Q(75) : Q]
.6,

N|=

Let 7 be an arbitrary positive integer and consider A/F,r. The Frobenius endomorphism
of A/F,r is 7. Since (m) is fixed only by the identity element of Gal(K/Q), also (%)

is fixed only by the identity element of Gal(K/Q). Therefore, we have [Q(W%) Q=6
and Q(77) = Q(mz). Thus, it holds that Q(n%;) = Q(m) for all integers r > 0 and Ais
absolutely simple by Proposition [2.29] Hence, it holds that d = 1, the reduced abelian

threefold A = B is absolutely simple and End"(4) = End%q (A) =K.

Case (ii). Assume m = 2. Then pOg = p{p1”, where a € {1,3}. The prime p = pNOx
is a prime lying above pin K, so p € {p1,p;}. Therefore, we have pOx = p®p* = (pp"g)a.
Since the rational prime p is invariant under o, it holds that

(v™")" =20 = (pOs)" = ((7)")" = (7v")"

Thus, we have p? € {p,p"3}. If p? = p, then

% i—1 i—1
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for every i € {2,3,4,5}. In particular, we would have p"3 = p. But this is not true,
since pOg = pp‘f3 and p # p"s. Hence, it holds that p? = p“S. Then

ag 0'3
pr=p,
0'2 0'4
pr=p
0'3 0'5
P =p
0.4
p=p
sop= p"2 = p"4 and p? = p"3 = p"5. By equation (4.1]), we have
g 0'5 0'3

The automorphisms in Gal(K/Q) satisfying

(7)7 = ((p(p2>a3)f(@/P))T _ (pr(p2)a3r)f(p/p) _ (p(p2>03)f(@/p) — (n)

are 1,02 and o*. This follows from the fact that p = p"2 = p° " and p? = p =p7.
Therefore, it holds that [Q(7) : Q] = 2. Hence, we have [Q(73) : Q] = [Q(7) : Q] = 2.
By Theorem [2.:24] we have

6 =2dim A = 2ddim B
=d-[End} (B) : Q(r3)]
=d- [End%q( ) Q(mz)]

so d - [End]%q(B) : Q(?Tz)]% = 3. We thus have the following two options: either d = 3
and [Endg (B) : Q(mg)] = 1, or d = 1 and [Endg_(B) : Q(my)] = 9.

[N

[Q(7z) : Q]
-2,

N

Since pOg = p®p®, where a € {1, 3}, we have

(p)i%f(mp) ifa=1,

(q) = (mg77) = (73)(771) = (PP ) Wp)(pp )f(p/p) = (Pﬁ)3f(p/p) - {(p)f(p/xs) if a = 3,

3f(p/p) ifa=1,

so ¢ = p" with n = ]
{f(p/p) if a = 3.

Since pOk = p*p* and Q(mz) is an imaginary quadratic field, we have pOg (m0) = PP

with f(B) = f(B) = 1. Thus, we have POk = p® and POk = p*. There exist
integers b, c > 0 such that WZOQ(,,Z) — BB, Then

(pp?) ) = 30k = (730g(np)) Ok
— (P"P)Ox = (POK)" (POK)*
_ (pa)b(ﬁa) = pabpee,
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so ab = f(p/p) and ac = 2f(p/p). Hence, we have b = f(p/p) and ¢ = M

Flo/p) —2L(0/p)
and 7;Oq(ry) =P~ ¢« B ° . Therefore, it holds that

f(p/P) e
, ords(m5) Flopy ta=1 1
iy = fop) - 2B _ Ly, -1
n fom Ha=3) 3
B ’ ) 2f(e/p)/3 - _ g
n Tow fa=3) 3

The least common denominator of the invariants is three. Then Theorem [2.25| implies
that the characteristic polynomial of the Frobenius endomorphism of the simple abelian
variety corresponding to 7, see Theorem is of the form h3, where h is the minimal
polynomial of 7. Note that h is a second degree polynomial, since [Q(m7) : Q] = 2. It
follows that A is a simple abelian threefold with fq= h3. Hence, it holds that d =1
and [Endg (B) : Q(3)] = 9, so Endg (A) = Endg (B) is a central simple division alge-
bra of reduced degree 9 over the imaginary quadratic subfield Q(74) of K.

Let 7 be an arbitrary positive integer and consider A/F,r. The Frobenius endomorphism
of A/Fyr is w7 Since () is fixed only by the automorphisms 1, o2 and 0% in Gal(K/Q),
also (77) is fixed only by 1,02 and o*. Therefore, it holds that [Q(r%) : Q] = 2
and Q(n%;) = Q(mz). Thus, we have Q(n%) = Q(mz) for all integers r > 0 and A s
absolutely simple by Proposition Hence, it holds that d = 1, the reduced abelian
threefold A = B is absolutely simple and End"(4) = End%q (A) is a central simple

division algebra of reduced degree 9 over the imaginary quadratic field Q(m).

Case (iii). If m is not 2 or 6, then m is either 1 or 3. First assume m = 1.
Then pOg = p§, where a € {1,2,3,6}. The prime p = p N O is a prime lying above p
in K, so p =p;. By equation (4.1]), we have

(r) = (ppapa5)f(@/lﬂ) _ (p?))f(@/P)_

Hence, the ideal (7) is fixed by all automorphisms in Gal(K/Q). Therefore, it holds
that [Q(7) : Q] = [Q(73) : Q] = 1.

If m = 3, then pOg = p{p$ps, where a € {1,2}. The prime p is one of p;, p2 or p3.
Since p; is its own conjugate for all ¢ € {1,2,3}, it holds that p = po, po = po’
and p°° = p°” and pOg = (pp”p“z)a. By equation (4.1)), we have

05)f(KJ/P) _ UQ)f(@/P)_

(m) = (pp%p (pp7p

Since p = p”s, p? = p"4 and p“ P = p? ° . it follows that (m) is fixed by all automorphisms
in Gal(K/Q). Therefore, we have [Q(n) : Q] = [Q(m;) : Q] = 1.
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Hence, if m is not 2 or 6, then the Frobenius endomorphism 7 of A is rational. Then
Theorem implies that A is Fy-isogenous to B3, where B is a supersingular elliptic

curve, so A is supersingular. It follows that End%q(B) = End’(B) is the quaternion

algebra B o, over Q ramified only at p and oo and End%q (A) = End°(A) is the 3 x 3
matrix algebra over B) . U

The next corollary is about the ranks of the reduced CM abelian threefolds as given
in (i), (ii) and (iii) of Proposition

Corollary 4.25. Let A/k, K, p and m be as in Proposition andlet A := A mod p.

If m =6, then r(A) = 3. In all other cases, we have r(A) = 0.

Proof. Let p == p N Ok and q = |Ok/p|. For each case in Proposition we will
determine the rank of A.

Case (i). Assume m = 6. Then p splits completely in K, so pOx = p1papsp1p2ps.
Moreover, the reduced abelian threefold A is an absolutely simple abelian threefold
over F, with End’(4) & K = Q(r5) by Proposition (1) Hence, we can apply the
results in Table The splitting of pOx corresponds to case (XVIII) of Table and

we see that r(A) = 3.

Case (ii). Assume m = 2. Then pOg = (pp"3)a, where a € {1,3}. Since A is absolutely
simple, A is of CM type (K, ®) with ® primitive by Theorem The CM field K is
cyclic, so Gal(K/Q) = (o). Let ® = {o*,o!,0™}, with k,I,m € {0,1,2,3,4,5}. The
CM type ® is primitive, so ® is not equal to {1,02%,5%} or {o,03,6°}. Moreover, the
reflex CM type of (K, ®) is (K, ® 1), see Section By Theorem we have

(1) = Nar (Np /i (9)) = No-1 (Ng e (9) = (07 p7 p7 ")/ 0P (4.2)

Following the proof of Proposition we see that p = p"2 = p"4 and p? = p"3 = p“5.
This implies that () = (pp°)/ /%) or (75) = (p?p)7®/?). By the proof of Proposi-
tion we have pOQ(WZ) = PP and

flp/p) —2f0/p) 9
_JRE im0k = (%)),
T 2f(p/p) —F(0/P)

B oo if 730K = (p2p)f(0/®),

m30q(

Thus, both primes 3 and P that lie above p in Q(m) contain 7. Hence, it holds
that r(A) = 0 by Theorem

Case (iii). Assume m is not 2 or 6. Then A is supersingular by Proposition m

so r(A) = 0. O
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We will now look at an example of the endomorphism algebra and p-rank of different
reductions of an absolutely simple CM abelian threefold A with CM by O, where K is
a sextic CM field of which the Galois group of the normal closure is isomorphic to Dsg.

Example 4.26. Let K = Q[z]/(2®—6x—2) and K = K (v/—3). The field K is totally
real and K is a totally imaginary quadratic extension of K, so K is a CM field. Let K’
be the Galois closure of K. We have Gal(K’/Q) = Dg = (z,y : #? = y° = 2yzy = 1), the
dihedral group with 12 elements. The automorphism 3?3 represents complex conjugation.
We have K = K'®) and K, = K'®%"). This example of a sextic CM field of which the
Galois group of the normal closure is isomorphic to Dg is taken from the PhD thesis of
Kiliger [I1), Table 3.3].

Let A be an absolutely simple abelian threefold over a number field k such that A
has good reduction at every prime ideal of k. Assume that A has CM by Og and
is of type ® = {1, y|x,v°|k}. The CM type ® is primitive and satisfies ® = ®", so
also K" = K, see Section We will look at the reduction of A at prime ideals @
of Oy lying over small rational primes and compute the endomorphism algebra and p-
rank of A = A mod p. For this, we will use the factorization of (p) into prime ideals
in the fields K and K’. Table gives the factorization of pOg and pOp into prime
ideals for the rational primes p < 20.

p POk pOp

2 p3 P3P}

3 p6 326

5 50k PP,

T il PPEPND, PP,

11| pipops P1P120P2 P20 P2 P o4
13 | pipipebs P1P1 P2 P2 P2 P2x
17 170k - f@@mi o

19 | pipipebe PP 1P P2, PP o,

Table 4.5: The prime factorizations of pOg and pOg: for the rational primes p < 20
computed in SAGE.

Let ¢ C O be a prime ideal lying above a rational prime p and let A := A mod g.
Define p := p N Ok. Denote by 7 the Frobenius endomorphism of A. For every rational
prime p < 20, we will determine the endomorphism algebra and p-rank of A.

For p € {2,3,5,17}, there is only one prime ideal p lying above p in K, so pOg = p® for
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some positive integer a. By Proposition |4.22] we have
7Ok = Nor (Ny /i (9)) O = No(Ny /i (9)) O = No (p/ /D) O = (N (p) O )T 979

fp/p)
= <(POK/)(pOK/)y(pOK,)y5) = (pPOx)T /"),

so (m) = p?/(®/?) in K. Since p € Q is invariant under all automorphisms in Gal(K’/Q),
we have

p* =pOk = (pOk)" = (p*)" = (p7)*,

for all 7 € Gal(K'/Q). Therefore, the prime ideal p is invariant under all automorphisms
in Gal(K'/Q). It follows that also () is invariant under all automorphisms in Gal(K’/Q)
and hence Q(7) = Q. Thus, the reduction A is supersingular and End®(A) is the 3 x 3
matrix algebra over B, . The p-rank of Ais 0.

For p = 7, we find 70 = p3p1°papz and 70 = t@f,@%x@f@?ggﬁgﬁg Let D, be
the decomposition group of &?;. We have

|Dop,| =ef =2.
The elements of order 2 in Gal(K’/Q) are z,vy3, zy, zy?, zy?, zy* and xy, so
D, € {(), (), (xy), (zy?). (@y?), (zy"), (xy°)}-

The ideal By = 1 N Ok, is unramified in K and K', so Dy, N Gal(K'/K;) = {1}.
Since Gal(K'/Ky) = {1,x,y3, 2y}, it holds that D, ¢ {(x), (), (zy3)}. We can split
the remaining possible groups for D4, into conjugates

C{xy)) = {(zy), (zy°), (xy)}
C((ay?)) = {{x), (wy?), (wy™)}-

Suppose D, = (zy). In the group (z)\Gal(L/Q)/(zy), we have
(@) lay) = (@hyley),  (@)y*lay) = (2)y*(wy),  (2)y*(ay) = (2)y*{ay).

This implies that there are three prime ideals lying above p = 7 in K. This is a
contradiction. Hence, we have D g, # (zy). Similarly, it holds that D4, ¢ C((zy)).

Without loss of generality, we can assume that Do, = (xy?). In (z)\Gal(K'/Q)/({zy?),
we have

(@) Uay) = (2)y*(zy), (@)’ (ey) = @)y (zy),  (@yley),  (@)y*(zy).

This leads to the following splitting diagram.
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K’ «@12 @52 ny:s 955 @3 3254

| \ / \ I
K p? P2s Py Py
| N/ \ /
Ky B2 By

) \7 /

We have p = p N Ok € {p1,py3, Py, pys}. Taking p = p; or p = p,s leads to the same
results for the endomorphism algebra and the p-rank. The same holds for taking p = p,
or p = py+. We will therefore only consider p € {p1,p,}.

Let p = p1. By Proposition we have

1Ok = Nor (N (9)) Ok = No(Ny i (9)) Ok = No (p! /PO

flp/p)
= (Na(p1)Ogr)/ /) = ((Pl(’)m)(PlOK')y(PloK')y5)
_ (@19@/2 gygyg pjzys gy)f(P/P) — (P1Pypy30K/)f(p/p)7
so (m) = (plpypys)f(@/”) in K. Then the p-rank of A is 1 by Theorem Moreover,

the ideal () is fixed only by the automorphisms 1,z € Gal(K'/Q), so [Q(7) : Q] = 6.
Hence, it holds that Q(r) = K and End’(4) = K.

Next, assume p = p,. By Proposition we have

w0k = Nor (Nj/ 0 (9))Oxr = Noo(Ng/ i () O = Na (p] /P O

5\ f(9/p)
- (Nq;(py)(’)K,)f(@/P) = <(pyOK’)(pyOK’)y(pyOK’)y )
= (2,221 = (pip,05) P,

so (m) = (p?p,)?®/?) in K. Then the p-rank of A is 3 by Theorem Moreover, ()
is fixed only by the automorphisms 1,z € Gal(K’/Q), so [Q(7) : Q] = 6. Hence, it holds
that Q(n) = K and End’(4) = K.

For the remaining primes p < 20, we use SAGE to determine the endomorphism algebra
and p-rank. Using the RECIP-code of Streng, we compute Ng-(p) for the prime ideals p
lying above p. This results in the prime factorization of 7Of. The p-rank of A can
be deduced from the factorizations of pOx and 1Ok by Theorem [3.13] Furthermore,
we compute in SAGE the degree of the minimal polynomial of 7. This determines the
endomorphism algebra of A.
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For p = 11, we find the following splitting diagram, see Table

K P Pia Py Pox Py Pog
| \ / \ / \ /
b \

K P1 2 P2
| 2| NS
K B1 B2
| T~
Q 11

If p = po or p = Pz, then () = (p1p3)7 /%) and we find [Q(r) : Q] = 6, so End’(A) = K.
This implies that A is absolutely simple. We can therefore apply the results in Table
The splitting of pOf corresponds to case (IV) and we see that 7(A) = 2. If p = py,
then (1) = (110 )/®/?) and we find [Q(«) : Q] = 1, so A is supersingular and End®(A)
is the 3 x 3 matrix algebra over B, ~. Then the p-rank of A is 0.

For p = 13, we find the following splitting diagram, see Table

K P Py P P Py ﬁQ,x
| 2] 2 \ / \ /
K m  p1 p P2

2 P2
| \ / NS
Ky

B1 Bo
13

Q

If p = py of p =Py, then (1) = (p1p2)/®/?) and we find [Q(7) : Q] = 6, so End’(4) = K.
This implies that A is absolutely simple. We can therefore apply the results in Table
The splitting of pOk corresponds to case (VII) and we see that r(A) = 3. If p = po
or p = pg, then (7) = (pIp2p2)?®/P). In this case, it also holds that [Q(n) : Q] = 6,

so End’(A) = K and A is absolutely simple. We can read off from Table [3.2| case (VII)

that r(A) = 1.

The results for p = 19 are the same as for p = 13.
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P pOx 7Ok r (Z) End° (Z)

2 p? p? 0 M3(Bp,)

3 pb pb 0 | M3(Bpoo)

5 p p 0 M3(Bp,)
7 | pIprpe2 | (piP1p2) @M ifp=prorp=p1 | 1 K
(p3p2)f @™ ifp=pyorp=pr| 3 K

11| pipaPz | (pipab2)/ /P if p=p 0 | M3(Bpoo)
(pp3)f@/P) ifp=prorp=ps | 2 K
13 | pipipepz | (pap2)/@/®)  ifp=piorp=p1 | 3 K
(p2pap2)/@/P) ifp=pyorp=py | 1 K

17 p p 0 | Ms(Byso)
19 | pipip2p2 | (pip2)/@®) ifp=piorp=p1 | 3 K
(pIpap2)/ /P ifp=pyorp=pz| 1 K

Table 4.6: The factorizations of 1Ok deduced from the splitting behaviour of rational
primes p < 20 in K and the corresponding p-rank and endomorphism algebra of the
reduction A.

Remark 4.27. Let A be an absolutely simple CM abelian threefold over a number
field k£ such that A has good reduction at every prime of O;. Suppose A is of CM
type (K, ®) and has CM by Ok, where K is a sextic CM field of which the Galois group
of the normal closure K’ is isomorphic to Dg. Let p C Oy be a prime lying over a
rational prime p. In the above example, it is illustrated how the endomorphism algebra
and p-rank of the reduction A = A mod g can be determined from the factorization
of pOk into prime ideals. By listing the possible factorizations of pOk and determining
the endomorphism algebra and p-rank of A, we obtain analogues of Proposition and
Corollary for an absolutely simple abelian threefold with CM by O for a sextic
CM field K with Gal(L/Q) = Dg. Note that the primitive CM types of the sextic CM
field K with Gal(L/Q) = D are not all equivalent, see Section [4.1.2] Therefore, in order
to obtain analogues of Theorem [£.23]and Corollary [4.25] it is important to state the CM
type ® of K such that A is of CM type (K, ®).
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