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Abstract

Minkowski’s question mark function ?(z) establishes a relation between
quadratic irrationals, non-dyadic rationals and dyadic rational numbers. This
paper will work out the preliminary notions of modified Farey sequences,
dyadic rational sequences and continued fraction expansions. We will prove
certain properties of these notions, and use those to establish an equivalent
but more workable definition of Minkwoski’s question mark function. We
will use both definitions to approximate some as of yet unknown fixed points
of ?(x). We will conclude with a proof that this function is singular. This
amounts to showing that it is continuous and non-constant, yet has derivative
0 almost everywhere.
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1 Introduction

Hermann Minkowski first defined the question mark function ?(x) in 1904
[11, pp 50-51] with the aim to shed a new light on Lagrange’s theorem on the
relation between continued fractions and quadratic irrationals. This theorem
states that any quadratic irrational can be written as a periodic continued
fraction. Euler had already proven the converse, that any periodic contin-
ued fraction must be a quadratic irrational [5]. Minkowski’s writing on the
question mark function is quite short, only setting out its construction and
concluding with the property he set out to achieve: ?(z) maps any quadratic
irrational to a non-dyadic rational. Likewise, any non-dyadic rational gets
mapped to a dyadic rational. Dyadic rationals are those rationals with a
power of 2 as denominator.

Three decades after Minkowski’s original definition, A. Denjoy [2] proved
that Minkowski’s question mark function is a singular function, meaning it is
continuous and non-constant, yet has derivative 0 almost everywhere. Shortly
after, R. Salem [12] provided an alternative proof for the singularity of ?(x).
He also noted that, at the time, ?(z) is the only known singular function
that is strictly increasing and relatively easy to construct. This paper will
elaborate on Salem’s proof of singularity by filling in many details and work-
ing out preliminaries. We will also approximate some of the fixed points of
Minkowski’s question mark function.

To be able to define Minkowski’s question mark function, we will need
some preliminary notions. These notions of modified Farey sequences and
dyadic rational sequences will be introduced in section 2. In that section we
will also introduce continued fraction expansions, which will be crucial for
further proofs. We will also prove some useful properties of these concepts.
Once those are established, section 3 will begin by providing Minkowski’s
original definition of ?(z). We will then follow Denjoy in establishing an
equivalent definition of this function and use both definitions to calculate some
example values. In section 4, we will make a slight detour to examine the fixed
points of the question mark function. C. Bower has according to [3] made an
unpublished note in 1999 on the fixed values of ?(z), conjecturing that the
function has five fixed points of which two as of yet unknown. D. Gayfulin
and N. Shulga are currently writing [4], where they prove that the unknown
points are irrational and that there are exactly two of them. In this paper, we
will use both definitions of ?(z) to make rudimentary approximations of the
unknown fixed points through MATLAB. In section 5, we will elaborate on
Salem’s proof of the singularity of 7(z). We will find a subset of measure 1 on
the interval [0, 1] and prove that on this subset the derivative ?'(z) equals 0.
This will let us conclude that Minkowski’s question mark function is indeed
singular.

2 Preliminary notions

In this section we will set the stage for defining and analysing 7(x) by defining
some preliminary notions and proving some necessary properties.



2.1 Quadratic irrationals

Definition 2.1. A quadratic irrational is an irrational number which is the
root of some quadratic equation with integer coefficients.

Examples of quadratic irrationals are therefore v/2 (solution of 22 —2 = 0)

and & — \/Tﬁ (solution of 3z2 —z — 1 = 0).

2.2 Continued fraction expansion

This subsection follows [6]. A continued fraction expansion is a way to uniquely
express any real number as a sequence of integers. This is done through re-
peated mod one decomposition: For a given z, the floor of x is a = [z], the
largest integer a such that ¢ < x. The remainder ©u = x — a then falls in the
unit interval [0,1). This lets us write any x uniquely as

T =a-+ u.

The first step towards a continued fraction expansion is simply applying this
decomposition. Let
Tr = ag + ug.

If ug = 0, we are done and our continued fraction expansion can be denoted as
x = [ap]. If not, then since ug is on the unit interval and nonzero, 1/ug is larger
than 1 and therefore again an appropriate target for mod one decomposition:
if

then

and again u; € [0,1). This process repeats until v, = 0 for some n, or
infinitely if this does not happen. The continued fraction expansion of x is

denoted as
1

x:[ao;al,az,...]:ao—i——l. (1)
aj + ———
! 1
az + —
Definition 2.2. If x = [ap;a1,...,an,...|, then the nth convergent of x is
p
= = [ag;a1,...,an). (2)
qn
These convergents have the following property:
Proposition 2.3. For any integer n > 2, if x = [ap;a1,...,ap,...]|, and

Z:—j and Z::; are the (n — 1)th and (n — 2)th convergent of =, then the nth

convergent of x is given by

Pn _ GnPn—1 + Pn—2 (3)

dn anQn—1 + qn—2 .
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Proof. We will prove this by induction. Since

po 2 1 aiap+1
—=ay, —=at+—=——),
qo0 q1 a1 ai
and
P2 1 as asaiag + ag +az  azp1 + po
q2 1 azai +1 aza1 +1 a2q1 + qo
aj + ;
2

the proposition holds for n = 2. Now assume it holds for some n € N. By
construction of the convergent,

Pn+1
=lag;a1,...,an-1,0n, ant1] = [ap;a1,...,Qp—1,an + ],
Gn+1 an+1
SO 1
= n .
dn+1 (an + anil >Qn—1 + gn—2

Multiplying by 1 = ZZ—E gives

Pn+1 (an—l—lan + 1)pn—1 + ani1Pn—2 - an—l—l(anpn—l +pn—2) + Pn—1

dn+1 (an—i-lan + 1)(]n—1 + anr1qn—2 an—l—l(anQn—l + Qn—2) + qn—1 ’

which, since equation (3) holds for n, gives

DPn+1 _ Gnt1Pn + Pn—1

n+1 An+19n + qn—1 ’

so equation (3) holds for n + 1 and by induction for all integer n > 2. O

Since the rationals are closed under addition and division we also get the
following theorem:

Theorem 2.4. The continued fraction expansion of a real number is finite if
and only if that real number is rational.

This begs the question of whether we can say anything useful about infi-
nite continued fraction expansions. This is exactly what Minkowski set out
to illustrate with his question mark function. Where Euler already proved
that any infinite periodic continued fraction expansion must be a quadratic
irrational, Lagrange proved the converse [5]. Together this gives the following
theorem.

Theorem 2.5. A real number is a quadratic irrational if and only if its con-
tinued fraction expansion is infinite and eventually periodic.



2.3 Farey sequences

Minkowski defined his question mark function on the basis of modified Farey
sequences and dyadic rational sequences. As regular Farey sequences are more
common, we will introduce these first. Farey sequences are a way of ordering
the rational numbers on the interval [0, 1], defined as follows:

Definition 2.6. The Farey sequence F,, of order n consists of all completely
reduced rationals on the interval [0,1] with denominator no larger than n,
arranged in ascending order.

The first four Farey sequences are therefore:

_ 50 1
Fl_{fvf

_ 50 11
FZ_{17§7T

0 1 1 2 1
B=115251

_Jy0 111231
F4— 1473729324217
By definition, any rational number % € [0,1] is contained (in reduced form)
in F,, for large enough n. An observation about the newly added fractions to

each Fj,;1 follows from the definition of the mediant:

Definition 2.7. The mediant of two fractions % and % is Zig;.

Note that the mediant of two fractions depends on the form the fractions
are written in; a pair of non-reduced fractions may give a different resulting
mediant than their reduced forms. We will generally only use reduced forms
here.

Lemma 2.8 (from [1]). [f%7 < Tq’—:, then their mediant has the property % <
ptp’ _ p
+d <7

Proof. For the first inequality, we have

P _p
p+p p_Pa-pd 774 >0
¢+d ¢ (a+d)a (q+d)F "7
and in a similar way one can show the second inequality. O

In the first four Farey sequences it already becomes apparent that every
new member of F), is the mediant of its two neighbours. We still need to prove

this however. The following theorems and proofs about Farey sequences follow
[7, Ch. 3.
Theorem 2.9. If L;, Iq’—x and % are three consecutive fractions in Fy, in that
order, then
P p+p
q// - q+ q/‘

Or, as we will show, equivalently:

/

Theorem 2.10. If% and % are two consecutive fractions in Fy, with g < %

/>

then qp’ — ¢'p = 1.



We will first prove that these two theorems are equivalent, and then prove
that they both hold for all F;,.

Proof that theorem 2.10 implies theorem 2.9. Assume theorem 2.10 holds, then
for three consecutive fractions in F), with g < Iq% < f]i, we have:

@' —4d'p=1, "p-¢p =1, (4)

or, equivalently:

1" 1+ q”p " 1+ q/p//
p = ) q = / .
q p

Multiplying by the denominator and substituting for respectively ¢” and p”:

!

+4qp

1+ !
plg=1 +pT, ¢'p =1+q¢—1LE

Again multiplying by the denominator and rearranging we get
p'(ap' —dp)=p" +p,  ¢"(@ —dp)=a+d,

dividing the left equality by the right one (which is nonzero, as q,¢' > 0),

/!

' _p+y
q+d

q//
which is theorem 2.9. ]

For the other direction we need an extra lemma:

Lemma 2.11. Ifn > 1, then no two consecutive terms of Fy, have the same
denominator.

Proof. Let g < %l be two consecutive terms of F,, with ¢ > 1. Then p+1 <
p < g, so

+1 _p
p__p_ _ptl V¥
g q-1 q q

)

SO ﬁ would appear between % and %/, which is a contradiction. The middle

inequality above follows from:

p__ptl_pg—(¢-Dlp-1) p+l-q _

0.
g—1 q (g —1)q ?—q

O]

Proof that theorem 2.9 implies theorem 2.10. Assume theorem 2.9 holds in gen-
eral, observe that theorem 2.10 holds for Fj, and assume that theorem 2.10
holds for Fj, for some n € N. Let g—,/: be an element of F), 1 but not of F,.
Then, since theorem 2.9 holds,




1/ /
for % < % < % consecutive. So

N =p+p, MN'=q+{

/!
for some integer . Since 27 is irreducible (as it is an element of F},) we have

A > 1, and since ¢ and ¢’ must both be less than ¢” (due to lemma 2.11) we
get A < 2. Thus, A =1 and

pP'=p+p, " =q+4q. (5)

Cross-multiplying these, we get

P'(a+d)=d"(p+p"),
or, equivalently,

'a—q'p=q"p —p'q.
By substituting equations (5) we obtain:

P'a—d"p=(q+d)W —(p+p)d
=qp' —pqd =1,

with the final equality due to theorem 2.10 holding in F;,, where % and 2 are
consecutive. If either were not in F,, it must be new in F, 1 and therefore
have the same denominator as Z—Z, which contradicts lemma 2.11. This shows
that theorem 2.10 also holds for Fj, 1, and thus by induction for all Farey
sequences. ]

Now we are ready to prove theorems 2.9 and 2.10 for all F,.

Proof of theorems 2.9 and 2.10. Both theorems hold for F;. We assume they
hold for F;, for some n € N and show that they hold for F@H, so by induc-
tion they hold for all Farey sequences. Suppose that g < Z are consecutive

q
fractions in F,,, with 2’—,, between them in F, 1. Then
p p// p// p/
ST S
q q q q
S0 /! /! /
p r P p s p
o= St o=
q q4q q q qq q
for some integer r,s > 0, so
" —pd"=r, P -p'd=s (6)

Rearranging we get

/)

n TGP q//:5+qp
q 4

Multiplying by the denominator and cross-substituting gives

+ ! 1 7"—"— 7i
pla=r +p7p?p , 4P =s+ q’iqq L



and multiplying by the denominator again and rearranging:
p'(ap’ —d'p)=sp+rp,  d"(ap' —d'p) =sq+rq.
Since theorem 2.9 holds for F,, we have ¢gp’ — ¢'p = 1, so
p'=sp+rp, ¢ =sq+rq.

Now all we need to do is show that r = s = 1. Let ged(r,s) = a. Then
r = ab, s = ac for some b, ¢ € N. This would give

p'=alep+bp), " =alcg+bq)

1
making a also a common factor of p” and ¢”. However, f]% was already in
reduced form since it appears in a Farey sequence, so ged(r,s) = a = 1.
Now consider the set of fractions

P
S:{QJD:MH’)\P/, QzuquAq/}

/!

with ¢ and A positive integers and ged(u, \) = 1. This set must contain 2%.

Due to lemma 2.8, all fractions in S are between 76’ and 7qi;. We can also show
that all fractions in S are in reduced form; assume a divides both P and Q.
Then a also divides

dP—pQ=q(up+N)—p (g + )
=(p—rPOp+ (@' —pd)IA
=

and

qP —pQ = q(up + Xp') — p(ug + Ad')
= (qp —pa)pn + (qp" — pd’) A
— )\’

hence a must be 1. Since all fractions in S are in reduced form and between %

and Zq’—:, all of them will appear in a Farey sequence at some point. The first to
do so will clearly be the one with the lowest value for ), so with A = u = 1.
This must be %, so we have

P'=p+p, d'=q+d.
Substitute this into equation (6), and we get:

qp+0)—pla+d)=r, (a+dW —p+0)d =s
a—pg+qp —pd =r, @' —pd +dp—p'd=s
l=7r, 1=s

which proves theorem 2.10 for F), 1, equivalent to theorem 2.9 for F,; and
by induction both theorems hold for all Farey sequences. O
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2.4 Modified Farey sequences

Now that we have established that all newly added members to the (n + 1)th
Farey sequence are mediants of fractions in the nth Farey sequence, we can
construct the modified Farey sequences S, [8].

Definition 2.12. The 0th modified Farey sequence is Sy = %, %} Any sub-
sequent modified Farey sequence S, is the union of Sp_1 with all the reduced
mediants of consecutive fractions in Sy—1, arranged in ascending order.

The first 4 modified Farey sequences therefore are:

{1,1

_ 50 11
S 10201

_ 01121
SQ_ 173757371}7 and
S.={0 11213231
3—=11'2>3>5127523 4217

According to theorem 2.9 and lemma 2.11 every new Farey fraction in F, is
the mediant of two consecutive fractions in Fj,_1, so we have

F, C S,_1.

Therefore, by definition 2.6, any reduced rational g € [0,1] will show up in
Sy, for large enough n.

2.5 Dyadic rationals

In order to be able to define Minkowski’s question mark function, we need to
introduce one more sequence of sequences.

Definition 2.13. A dyadic rational is a rational with a power of 2 as denom-
mnator.

Dyadic rationals are thus all of the form ¢ - 27", with i,n € Z. Like we
did with the modified Farey sequences, we can construct sequences of reduced
dyadic rationals on the interval [0,1].

Definition 2.14. The 0th dyadic rational sequence is Dy = {%,%} Any
subsequent dyadic rational sequence D, is the union of D,_1 with all the
averages of consecutive fractions in D,_1, arranged in ascending order.

The first 4 dyadic rational sequences therefore are:

={. 1}

011
10201

DQ_Qllél}and
Dy={0113153T7.1

1°8242822:8° 48 1J"
Clearly we have #D, = #S5,, as we have #Dy = #S5p = 2 and for both
sequences #D,, =2 -#D,,_1 — 1 and #S5, = 2-#5,,_1 — 1. This leads to

Proposition 2.15. For any n € N, the number of elements in D,, equals the
number of elements in Sy, and:

4D, = #5, = 2" + 1. (7)

11



Proof. Equation (7) holds for n = 0. Now assume it holds for some n € N.
Then

#Sn—l—l :2#Sn -1

=22"+1) -1
="t 41,
so it holds for n + 1 and by induction for all n € N. O

Definition 2.14 need not be recursive. An equal definition would be

Proposition 2.16. The n-th dyadic rational sequence D, is the set of all
fractions with denominator 2™ in the interval [0,1], reduced where possible,
arranged in ascending order.

Proof. The proposition is true for n = 0. Assume it holds for some n € N.
Let d € Dy41. Then either it was in D,,, in which case d was of the form
d=1i-27" =2;-2=*tD or d was not in D,,. In that case it must be the
average of two fractions in D,,, say d =4’ -2"" and d” =" -27". Then

B d/+d// Z’/+i1/
- 2 T o9ntl

d

so in either case d has denominator 2”1, Conversely, we can write any fraction
with denominator 2"*! as the average of two fractions with denominator 2.
the proposition therefore holds for n + 1 and by induction for all D,,. ]

Corollary 2.17. If d(n,i) is the ith element of D, then

— 1
d(n,i):"Qn .

3 Definition of 7(x)

3.1 Minkowski’s definition

There are multiple ways to define ?(z), but we will start with the method used
by Minkowski himself. His method was to order the rationals according to
modified Farey sequences as in subsection 2.4, and assign them through this
ordering to the dyadic rationals. We have already seen that both sequences
have an equal number of elements for equal orders, so this means we can simply
map the nth modified Farey sequence to the nth dyadic rational sequence:

Definition 3.1. If r(n,i) is the i-th member of modified Farey sequence Sy,
and d(n, 1) is the i-th member of dyadic rational sequence D,,, then Minkowski’s
question mark function is:

?(r(n,i)) = d(n,1). (8)

Or, due to corollary 2.17, ?(r(n,i)) = 5L
Since the modified Farey sequence and the dyadic rational sequence can

be defined recursively, we can also write this definition recursively:

12



Proposition 3.2. For consecutive fractions ¢, € Sy, we have:

() W)

“\b+d 2

Proof. Since ¢ and < are consecutive in S,,, we have
b d )

))-F 6

when ¢ is the ith element of S,,. By construction, ZT‘*'(’; comes between them

in Sy,41, where it will be the (27)th element. Therefore,

?<a+c)_2z‘—1_g7}+;n:?(g)+?(§)
b+d '

~oontl 2 2
O

Following proposition 2.15, S5 already has 32769 elements. Constructing
these and plotting them gives us figure 1. The code for this follows [9] and
can be found in appendix A.

7/8

3/4 1

5/8

12 -

3/8

1/4 F

1/8 1

0 1 1 1 1 1 1 1
0 174 1/3 2/5 12 3/5 2/3 3/4 1

Figure 1: Minkowski’s question mark function, ?(z). Along the x-axis is the 3rd
modified Farey sequence, along the y-axis the 3rd dyadic rational sequence.

3.2 Continued fraction definition of 7(z)

In this way we have only defined values of ?(x) for rational z. Since the
rationals are dense in the reals, Minkowski simply defines the values of ?(x) for

13



irrational x by continuity. How can this tell us anything about the quadratic
irrationals though? This is done through their property of being uniquely
written as periodic continued fractions. First, we must translate our current
definition to continued fractions. This will allow for a more explicit definition
by continuity for irrational x. We can then conclude several properties of
?(x) based on the properties of continued fractions. The following is based on
Denjoy’s work [2] as translated by Salem [12].

Theorem 3.3. For any z € [0,1] with continued fraction expansion x =
[0;a1,ag,...] we have

> _11n71
)= Y ©

Proof. Let ’q’—: = [0;a1,...,ay] be the n-th convergent of z. While constructing

pk72

the modified Farey sequences, at some point two successive convergents
pk

and Wlll appear as consecutive in a modified Farey sequence, say S, ThlS

is sure to happen: Z—g =0 and ’;i = — will be consecutive in the (a; — 1)-th

al
modified Farey sequence since r(n,2) = Let y, =1 ( ) Then

n+1

o <pk1 +pk2> _ Ykt + Yr—2
-1+ qr—2 2

due to proposition 3. 2

: Pk— DPk— : : Pk—1+Pr—2 : :
Since - and o, Were consecutive in Sm, e v— will appear in
between them in Sm+1. In S),42 we will then have %, with

o (21%1 +pk2> _ Ukt (Yr—1 + yr—2)/2
2Qk—1 + qr—2 2

From proposition 2.3 we have that for any convergent p—" = % By
Pr—1

continuing in the way above, since - is again consecutlve to every mediant
we construct, we get

axPr—1 + Dik— - - - -
?<pk):?(kpk1 Pk 2>:ykz L Uksl L Ykl Yke2

ke akqr—1 + qk—2 2 22 20k 20k
Therefore,
Yk = (1 2;) Yk—1 + yzak
and
Ye — Yk—1 = ;Tk(ykq — Yk—2)-
Since L& 2 and ¢ £ are also

consecutive, we can extend this to yn for any n, obtaining

-1 —1 -1
2(177, 2an—l . 20,2

Yn — Yn—-1 = (3/1 - yo)

14



From equation (8) we get yo = 7(0) =0 and y; =7 (i) ="1(r(a1 —1,2)) =

al
1

2@ -1y SO

!
Yn — Yn—-1 = arttan)—1

and )
Pn o o - <_1)m7
?<Qn> = Yo = Z:lwﬂm)_l (10)

The demand for continuity then gives us

) B i (_1)m—1
Nz) = @1+ Fam)—1’

m=1
concluding the proof. O
This indirectly proves a property of dyadic rationals:

Corollary 3.4. Any dyadic rational d € (0,1) can be written in the form of
the right hand side of equation (10).

Proof. This follows from the established equality of equations (10) and (8),
combined with the fact that any dyadic rational d € (0, 1) will appear in D,,
for large enough n. O

From this new definition we can also deduce several properties of ?(z),
based on the properties of continued fraction expansions shown in subsection
2.2.

Corollary 3.5. The sum (9) is infinite iff x is irrational.

Proof. This also follows from theorem 2.4; if the sum is infinite, the contin-
ued fraction expansion of x must be infinite so the number cannot be rational.
Conversely, if x is irrational, it cannot have a finite continued fraction expan-
sion, so the sum cannot be finite. ]

Corollary 3.6. 7(z) is a non-dyadic rational iff x is a quadratic irrational.

Proof. This is a consequence of the fact that quadratic irrationals can be
written as infinite periodic continued fractions. Under ?(z), such an infinite
periodic continued fraction gets mapped to an infinite dyadic periodic series.
This series can be split up in a positive and a negative series, both of which
converge to a rational number. What is left is the difference between two
rational numbers, and therefore itself a rational number. Conversely, if 7(x)
is a non-dyadic rational, we know that the continued fraction expansion of x
cannot be finite. We also know that the sum must converge to a rational, so
there must be periodicity in it. Hence the continued fraction representation of
x must be infinite and after some point periodic, so x is a quadratic irrational
according to theorem 2.5. O

15



3.3 Some examples

To illustrate the workings of ?(z) we will calculate it for some example values
of z; A dyadic rational, a non-dyadic rational, a quadratic irrational and a
non-quadratic irrational.

1. z= %: This is the mediant of the 6th and 7th members of S3, so it will
be the 12th member of S4. It gets mapped to the 12th member of Dy
(the average of the 6th and 7th members of D3), so ?(2) = 1}, another

dyadic rational.

2. x = %: Fourth member of Sy, so 7(%) = %. Alternatively, using the

algorithm in subsection 2.2:

for which equation (9) gives us

v(i) = 7([0:3,2) = 7 — 35 = 15

again a dyadic rational.

3. # = /6 —2: This is a quadratic irrational, as it is a root of 22 + 4z — 2.
It will not occur in any modified Farey sequence S,,, so we will have to
do the continued fraction decomposition:

1

1
B \@+2_2+\/6‘—2
V6 —2 2 2

Repeating this process once more:

V6—2=0+

1 1

V6 —2= -
24— 2+ !

2 4+ (V6-2)

V6 —2
Note that the left hand v/6 — 2 appears again in the right hand side

of the decomposition so far, so the continued fraction expansion will be
periodic:

V6 -2 = ! = [0;2,4].

2+

4+

16



Then equation (9) gives us:

1 1 1 1 <1 <1
?([0;2,4,2,4,...])zi—ﬁjt?—?ﬁjtmzzm—zw.
=0 =0

These series can be evaluated. Taking the left series first, multiplying
by 26:

o0
1 1 1 1
6 6
2 Z < 2146 2 <2+27+213+"'>

1 1 1
__od
=2 +§+?+ﬁ

oo 1
__ 95
=2 +§,m
1=0

SO
— 1
5 _ (o6
=021 s
1=0
and then
— 1 25 32
221%1‘_26_1_@'
1=0

A similar computation for the right hand series gives:

o0

22
ZQ5+61_26_1_@'
i=0

Putting these results together we get:

o0 o0

1 1 32—-2 10
i=0 i=0
Which is, as expected, a rational. It is not a dyadic rational though,
since v/6 — 2 is not a rational number.

. ¢ = m — 3: This will neither appear in any modified Farey sequence nor
have a periodic continued fraction expansion. A quick search gives us
the first part of its infinite continued fraction expansion:

m—3=10;7,15,1,292,...].
and computing the sum (9) with this first part gives:

1 1 1 1
2(10;7,15,1,292]) = — + = 0.015624761581421 . ..

T 96 921 " 922 9314

Which already gives such an immense amount of decimals (about 10%4)
that we can no longer do anything meaningful with it. Since there is no
periodicity in the continued fraction expansion either, we cannot evalu-
ate the sum as for quadratic irrationals. It does however illustrate nicely
that the value of 7(x) for any given x can be approximated quite closely
with only the first few coefficients of its continued fraction expansion.
As subsequent terms of the sum (9) will have even larger denominators,
they will have progressively less impact on our estimate.
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4 Fixed points of ?(z)

While it is easily verified that 0, %, and 1 are fixed points of ?(z), there appear

to be at least two more (see figure 2). Appendix B contains two approaches at
finding these two apparent fixed points by iterative methods. Let us assume
for now that these unknown fixed points are exactly two. We will denote the
fixed point in (0, %) by x1 and the one in (%, 1) by z2. Due to the symmetry
of ?(z), we have zo = 1 — z7.

718

3/4

5/8 -

12

3/8

1/4

1/8

0 1 1 1 1 1 1 1
0 174 1/3 2/5 12 3/5 2/3 3/4 1

Figure 2: Minkowski’s question mark function 7(x) together with y(z) = z. Note
that there appear to be three intersections in (0, 1).

Note that at both of these apparent fixed points ?'(z;) > 1 (assuming the
derivative exists), so we can iteratively approach the fixed points by decreasing
x when = < ?(z) and increasing  when x > ?(x).

4.1 Modified Farey sequences

The first approach is based on the iterative construction of modified Farey
sequences. A starting value of x is taken, the ith member of modified Farey
sequence S,, and two members 7,1 and 7,2 of S, are located for which
Tn1 > 7(rp1) but 72 < ?(rp2). Our fixed point 21 should then be between
these two points, so we construct the mediant and repeat the process to find
on which side of the mediant it is. By repeatedly applying this procedure,
we obtain better approximations of xz1. By applying this until S50, we ob-
tained x = 0.420372339423223 ..., with an error of |z — ?(x)| ~ 2 - 10713
Further iterations were not pursued due to calculation time. The code could
be made much more efficient to decrease calculation time, for example by not
re-calculating every member of S, 11 when it was already a member of S,,).
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4.2 Continued fraction expansions

The second approach is based on the continued fraction expansion of x and
the calculation of ?(z) from its continued fraction as in equation (9). The
following properties were used:

Proposition 4.1. If x = [ag;a1,a2,...,4a;,...], then an increase in a; will
result in an increase in x for even i, and a decrease in x for odd i.

Proof. We prove this by induction. Recall that the continued fraction expan-

sion of x is
1
x = [ag;a1,az,...] =ay+ ——. (11)
a] + ——

1
ag + —

Increasing ag simply adds to the sum, so clearly it increases z. Likewise,
increasing a; makes the denominator larger in the right hand side of the sum,
thereby decreasing x. Now suppose that for a given ¢ € Ny, increasing a;
will lead to an increase in . We will look at the tail end ¢; of the continued
fraction expansion, starting from a;. We can represent this by

1

b = [ai7ai+1aai+2a .- -] =a;+

Qi1 + 1
Ai+2 + —

Note that
Tr = [a0§a17a27~-vai—lvahai—&-la'”] = [ao;al,az,---,ai—hti}-

Since increasing a; would increase x, increasing t; would also increase x. Ob-
serve that increasing a;1 leads to a decrease in t;, and as therefore a decrease
in . By the same reasoning, increasing a;42 will again lead to an increase
in t; and therefore x. Since the effect of increasing a; alternates on 4, and
increasing ag has positive effect on z, we conclude that increasing a; leads to
an increase in x for even ¢ and a decrease in z for odd i. ]

Proposition 4.2. If x, = [ag;a1,az,...,ay,] is the nth convergent of x, then
Tp < x for even n and x, > x for odd n.

Proof. Note that for x,, the continued fraction expansion terminates after
n. This equates to setting ¢, = a, in the notation of proposition 4.1. Since
t; > a; for all 7 as long as the continued fraction expansion does not terminate
after a;, this means a decrease in t,, and by the reasoning of proposition 4.1
a decrease in x for even n and an increase in x for odd n. Hence we conclude
that x,, < z for even n and z,, > x for odd n. ]

The fixed points x1 and x9 were then approximated by going through the
successive convergents, where for each odd i the highest a; was found for
which z, < ?(z,), and for each even i the highest a; was found for which
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Zp > 7(xy). This method proved much more efficient than the earlier one.
The code for the first method was very ill-optimized, having to do recursive
calculations through increasing layers of Farey sequences for every single eval-
uation. This second method also has the advantage of using the continued
fraction expansion, which allows for direct computation of values of ?(z). As
the example calculation of ?(7 — 3) in subsection 3.3 illustrated, the continued
fraction expansions method also has rapidly increasing accuracy. It gave the
following approximations:

x1 =10;2,2,1,1,1,3,2,3,1,2,4,1,1,2,3,1,2,5,1,3,2,3,1,3,1,1, 1]
~ 802890961

1909951930
~ 0.420372339423223 . . ..

Changing the initial value to [1,1,2,1,1] gave an approximation for the upper
fixed point:

xo =1[0;1,1,2,1,1,1,3,2,3,1,2,4,1,1,2,3,1,2,5,1,3,2,3,1,3,1,1,1]
1107060969

1909951930

=1—x

=~ 0.579627660576777 . ...

The fact that 1 = 1 — x2 was to be expected due to the symmetry of ?(z).
These approximations exceed the standard tolerance of MATLAB in accuracy,
which is why the code terminated. It should be noted that the denominator
1909951930 is not a power of 2, so the approximations are non-dyadic ra-
tionals, which means they get mapped to dyadic rationals by the original
definition of ?(x) and thus cannot be the exact fixed points.

5 The singularity of 7(x)

This section will follow Salem’s proof [12] that ?(z) is a singular function,
with added details.

Definition 5.1. A function f is singular on the interval [a,b] if it has the
following properties:

1. f is continuous on [a,b],

2. the derivative of f vanishes almost everywhere, and

3. fis non-constant on |a,b].

The first and third conditions clearly hold for ?(x) on [0,1]. The second
condition requires some additional specification before we can show that it
also holds for ?(z). We will need to show that there is a subset N of [0, 1],

where N has measure 1. We will then need to show that the derivative of 7(x)
exists and equals zero on this subset.
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5.1 The set N of measure 1

In this subsection we will show that the set of z = [ag; a1, aq,...] € [0,1] such
that sup;cy a; = oo is of measure 1. We will follow [13, Ch. 19] with additional
details from [10]. Measure is a generalization of ideas such as length, area and
volume. The measure of a subset of the real numbers therefore coincides with
the length of such a subset, or, if the subset is disjoint, the sum of the lengths
of its parts. This allows us to make our first useful observation.

Lemma 5.2. The measure of the set of x = [0;a1,as,...] € [0,1] such that
a1 =k is (klﬂ).
Proof. Note that any number = = [0;a1,aq,...]| for which a; = k is of the
form
1
xTr =
1
k+ ———
1

az + —

This means that z < % Since x < ﬁ would imply a; > k+1 and vice versa,
we get,

€ ! — k
x —_— = a; = k.
k+1k !
The measure of the set of z = [0;a1,aq9,...] € [0,1] such that a; = k is then

1 1 1

k k+1  k(k+1)

O]

We would like to generalize this to all a,. Due to the influence of the
preceding a,, this is however much more difficult, but we can obtain a general
bound that does not depend on n.

Proposition 5.3. The measure of the set I,,— = {x = [0;a1,...,an,...] :

AR 1 2
an = k} is between 5 and 5.

Proof. We want to find the measure of the subset of (0,1) for which a, = k
for given n and k, independent of the a; for i < n. We will start by trying to
find this measure for given preceding a;. Let

Iy ={x =1[0;b1,ba,...] : by = a; for i <n,b; =k for i =n},

and likewise

I, , ={x=[0;b1,ba,...] : bj = a; for i < n}.
Recall that for given x = [0;a4,a2,...,an—_1, k], proposition 2.3 gives us
kpn—l +pn—2
0;&1,&2,...,@ -2,Q 717]{: = 7 T
[ " " ] anfl + qn—2

21



where Z—: = z,, again denotes the nth convergent of z, i.e. x,, = [0;a1,a2,...,ay].
The proof of theorem 3.3 also shows that any consecutive convergents will be
neighbours in some Farey sequence, and therefore theorem 2.10 holds here as
well:

‘pnfl(Jan _pn72Qn71| = 17

with the absolute bars due to the fact that we do not know which convergent
is larger. By the same reasoning as for a; = k above, I is equal to the interval
between [0;aq,...,an—1,k] and [0;a1,...,a,—1,k+ 1]. Depending on whether
n is even or odd (see prop 4.1), this gives us either

Ik — |:kpn1 Jrpan (k + 1)pn71 +pn2> (12)

an—l + Gn—2 7 (k + 1)Qn—1 + qn—2
or
. = ((k + 1)pn—1 + Pn—2 kpn—l +pn—2:|
(k + 1)Qn—1 + gn—2 ’ an—l + gn—2 .
Without loss of generality, let us assume the interval is of the form (12). The
measure of this interval is
k’pnfl + Pn—2 (k + 1)pn71 + Pn—2

I = -
| k| ‘ anfl + gn—2 (k + 1)Qn71 + gn—2

. (13)

The interval I,,_; is then equal to the union of this interval over all possible
k:
Ian,l - U Ik7

which allows us to compute its measure. Note that the intervals I, are pairwise
disjoint, so we get

IEDINEDS

keN keN

kpn—l + Pn—2 _ (k + 1)pn—1 + Pn—2
anfl + dn—2 (k + 1)Qn71 + Gn—2

Observe that this is a telescoping sum. This allows us to compute the sum by
taking k£ = 1 on one side and limg_,,, on the other:

Pn—1 1+ Pn—2 B kpn—1 + pn—2
Qn—1 + Qn—2 kQHfl + gn—2

Pn—1 +pn72 N Pn—1
dn—1 + dn—2 Gn—1

1, li =
o] = Jim,

n—1| =

Cross-multiplying this gives

Pn—29n—1 — Pn—14n—2
q721_1 + qn—2qn-1

9

Lo

nfl‘ -

and applying theorem 2.10 we get

1

|I n— |: 5 1, Gn_2\ |-
o %2171(1+an)

This measure still depends on the denominators of the convergents and there-
fore on the a;, but it will have to do for now. Let us shift our focus to the
measure of [ itself.
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For the measure of I}, we go back to equation (13). Cross-multiplying and
working out some brackets gives

|Ik:| — 'k(pn1Qn2 - anlpn72) + (k + 1)(pn72anl - Qn72pn71)
(an—l + Qn—Q)((k + 1)(]71—1 + Qn—2)

Using theorem 2.10 we can simplify the numerator to:

|k(pn71Qn72_anlpnf2)+(k7+1)(pnf2Qn71_Qn72pn71)‘ = |:l:k:|:(k+1)‘ =1,
which gives us

1
2 k242 k20 1Gn 2k + Gu1Gno+ @ 5|
qn—1 qn—1 gn—19n—2 gn—1G9n—2 45n—2

k| =

Factoring out the term ¢2_,k? for reasons that will become apparent soon:

1
|| = ,

2qn— n— n
G2y R2(1+ § + flo=2 4 o2 +q371}‘;2)

and once again factoring:

1
Gk (1+ g+ =) (L4 =) |

| I | =

Now that we have an expression for both |I;| and |I,, .|, let us compare
them: ) s
I -1 (1+ 70

|Ian,1| qn 1l€2(1+ + Qn 2 )<1+ qn—2 )
This simplifies to

qn—2
Todl B (T4 L+ f2)(11 22)

We can bound the rightmost fraction in this equation. Taking limg_,., mini-
mizes the denominator, giving us

qn—2 qn—2
h 1 + qn—1 — 1 + qn—1

-1
As shown in the proof of theorem 3.3, higher order convergents only appear in
higher order modified Farey sequences, and therefore have larger denominator.
This gives us ZZ—j <1, s0

1_1_(1n2 1_|_Qn2

dn—1 dn—1

< < 2.
(1+ +Qn2)(+Qn2> 1

The lower bound for this same fraction we obtain by maximizing the denom-
inator, by setting k = 1:

qn—2 qn—2
1 + dn—1 > 1+ dn—1 1 1
(1+ + (In 2 )(1 + (In 2 ) (2+ dn— 2)(1+ an— 2) 2+ Z: i 3
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Which gives us
1 | Tx| 2

@ = |Ian71| = kz’

or . 5
32 Hanoa| < Ukl < 55 lla, -
Summing over all possible a; for i < n gives

> (o, 1| =1 and > Ikl = an=kl;

1<ay,...,ap—1 <00 1<ai,...,an—1<00

so we finally get
1 2

W < |[(ln:k’ < ﬁ

Corollary 5.4. For all k,n € N4,

1 4
3 < H{z =[0;a1,a2,...]:an > k}| < T
Proof. For any given k,n € Ny, we have
o0
o =[0a1,02,...] 1 an 2k} =D |Ia, =il
i=k
and
Z@ < Z‘Ian:i’ < Zﬁ
i=k i=k i=k

Now we need to find bounds for the left- and rightmost sums in this inequality.
Note that both are some multiple of

o0

Zl—iJr L1
i:kiQ_kQ (k+1)2 " (k+2)2 ‘

We can transform this into a telescoping sum by adding to the denominator
in every summand, thereby decreasing the total sum:

oo

o0 o
1 1 11 1 11
Zﬂ—zz'(iﬂ) Z(z i—l—l) k ibeod  k

i=k

Decreasing the summand in the denominator instead gives us the other bound:

o

1 1 > 1 1 1 1 1 2
Zﬂ—z(z’—l)i ;<¢—1 z> k—1 iswi k—1-k

i=k i=k

Note that this last bound only works for £ > 1. For k = 1 however, we can
easily see that

{zx =[0;a1,a2,...] :a, > 1} = 1.
Therefore, we obtain
1 4
=Y ran 2 —.
o <He=[0anas,. ] an >k} < &
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This last result allows us to get to the point of this subsection: the measure
of the set of x = [ag; a1, az,...] € [0,1] such that sup;cy a; = 0.

Theorem 5.5. The set N = {x = [ag;a1,a2,...] € [0,1] : sup;cya; = o0}
has measure 1.

Proof. Consider the complement of N in [0, 1]:

B = {x =[ap;a1,az,...] € [0,1] : supa; = K for some K < oo}.
€N

If we then define, for given K,

Bi = {z =[ap;a1,a2,...] €]0,1] : supa; = K}

1€EN
and
Bk n = {z = [ag;a1,a2,...] €[0,1] : sup a; = K},
1<i<n
we get
[oe)
U By, = B,
K=1
and -
() Bk = Bk
n=1

Since every next By , is contained in all previous By ; for ¢ < n,

ﬂ BK,n

n=1

’BK| = = lim ’BK,n‘-
n—00

Now let us determine the measure of B, inductively. For Bk 1, we have
|BK71’ = |{a; = [ao;al,ag, .. ] € [0, 1] rar < K}|,

so by corollary 5.4 we have

1
|BK71’ =1- ‘{.’L’ = [0;&1,&2,...] ayp > K}’ <1-— ﬁ
Assume we have |Bg | < (1 — 3%()" for some n € N. Then

{x =[0;a1,a9,...]: any1 > K}|
|BK7n’ ,
since Bg n+1 C Bk, and we only lose that part of By ,, for which a,+1 > K.

Since any1 is independent of the earlier a;, this can be represented by the
fraction shown above. Therefore,

|Bk nt1| = |Br.n

1
|Brcnsal = (1= [{z = [0a1,a2,...] s ang = K}) - | Brea| < (1= 552)"
This proves by induction that [Bg,,| < (1 — 557)™. Since
1
0<—=x«l1
3K ’
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we have 0 < (1—3%() < 1, so we get

. . I,
[Bre| = lim |Brp| < lim (1 — 37{) =0.

Since B is the countable union of By, this gives us

oo o
IBI< > |Bk|=>_0=0.
K=1 K=1
Since the complement of N C [0, 1] has measure 0 while |[0,1]| = 1, we get

[N =10, 1] - [B| = 1.

5.2 The derivative of 7(z) on N

Now that we have a subset N C (0, 1) with measure |N| = 1, we can go back
to Salem’s proof and look at the derivative of ?(x) on that subset. We will do
so by looking at the convergents.

Proposition 5.6. For any x = [0;a1,as,...] € N with Z—: =2, = [0;a1,a2,...,a,)
the nth convergent of x, we have
1 1
<|z—zy| < (15)

(an—H + 2)(]721 an-l—l%% .

Proof. We will denote the ‘tail end’ ¢,, of the continued fraction expansion as
in the proof of proposition 4.1:

1
tn: [anaan—i—laan—&—%'--] = an + 1
ap41 + 1
apy2 + —
Note again that
x = [0;a1,a2,...] =[0;a1,a9,...,an, tht1].

This gives us, by proposition 2.3,

S tnr1Pn + Pn-1
tnr1Gn + gni

Subtracting x,, = Z—: from both sides gives

v g 1Pt Pr1 Pn tntaPndn + Poo1Gn — tnt1GnPn ~ Gn-1Pn
n — - .

tnt1Gn + -1 n (tnt1Gn + @n-1)n

Applying theorem 2.10 gives

tnt1PnGn — tnt1Gnpn =1
(tn—HQn + Qn—l)Qn

T —Tp = )
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SO
1

(tn-i-l(bz + Qn—l)Qn .

T — xy| =

Note that since

1
tht1 = Gng1 + 1 s
an+2 + 1
ap+3 + —
we have apy1 < thy1 < ant1 + 1, so
1 1
< |z —x,| <

((an+1 + l)qTL + Qn—1>qn (an—i-IQ'rL + Qn—l)Qn '

As shown in the proof of theorem 3.3, higher order convergents only appear in
higher order modified Farey sequences, and therefore have larger denominator.
Therefore ¢, > ¢,—1, so we can simplify the above inequalities to

1 1
= <|r -z < ——.
(ant1+2)q2 = anl ni1q3
O
Proposition 5.7. For anyz = [0;a1,as9,...] € N with Z—: =z, = [0;a1,a2,...,ay]
the nth convergent of x, and y = ?(x), y, = ?(xn), we have
1 1
e < W Tl < e (16)

Proof. From theorem 3.3 we have

and )
= ? = —_—
Yn = (zn) o(art—tam)-1’

m=1

SO

> (—1)m-1 1 1
J— — pa— n — ...
Y=Yn = Z 9(a1+-+am)—1 (=1) (2(a1+---+an+1)1 9(a1++any2)—1 T > ’

m=n+1

Note that, since all the a; are positive integers, each consecutive summand is
of smaller magnitude than the previous one, so

1 1 1
|y N yn| = 9(a1++ant1)—1 B 9(a1++any2)—1 o ‘ < 92(a1++ant1)—1"
Also,
1 1 1 1
‘y_yn‘ >

o(ar++ang1)—1  9(ar+-tans2)—1 = 9(ar+-+ant1)—1 9(ar+-+ani1)’
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which leads to

1 1 1
9(a1+tant1)—1  9(ar++ant1) - 9(a1+-Fant1)’

‘y_yn’ >

Combining this gives

1 1
gt ey < Wl < s o

O

Now that we have bounds for both the error in the convergent and the
difference in value between ?(x) and ?(x,), we can combine them.

Proposition 5.8. For any x = [0;a1,az,...] € N witht* =z, = [0;a1, a2, ..., an]
the nth convergent of x, and y = 7(x), yn = 7(zy), with

T — Tp
we have 5
lim inf —— = 0.
n—oo n—1

Proof. From inequalities (15) and (16) we get

5 = Y—1UYn (an+1 + 2)(]721
n T — Tp 2(a1+"'+an+1)71
and )
5 Y —Yn-1 andn—1
n—1 — T — 2, 1 9a1+-+an
Therefore,
On _ (anp1+2)g-20%" 0 2 A +2( n ? (17)
On—1 2(a1+tant1)-1. anqg—l 20n+1 Qn gn—1 .
Since
Pn _ apPn—1 + Pn—2
dn UnQn—1 + qn—2 ’
we have
Gn < angn—1 + gn—2
and therefore
in San+qn_2 <ap+ 1.
dn—1 dn—1

Combining this with inequality (17) gives us

2anan+1 + 4ay + 4an11 + 8+ 2627?1 + 4

an

) 2 2
o On+1 + (an + 1)2 =

< .
On—1 20n+1 QA 20n+1
Since we always have ap, an+1 > 1, we get

On QnQn41
571—1 20n+1
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Recall that we took x € N = {z = [ag;a1,a2,...] € [0,1] : sup;ey @i = 00}.
This ensures that there is an infinite subsequence (ay,, ) of the a, such that
apy, < Ap, and limg_,o ayn, = oo. Therefore,

2
< lim 242 o i 04T g,

no1  k—oo  2%"k+1 00 2%

n

lim inf
n—oo

O]

Theorem 5.9. Minkowski’s question mark function ?(x) is a singular func-
tion.

Proof. Lebesgue’s theorem for the differentiability of monotone functions tells
us that the monotone function ?(z) is differentiable almost everywhere. The
subset of N for which ?’(x) exists and is finite is therefore also of measure 1.
Now assume that z is in this subset and ?’(x) is nonzero. Then we should
have

Since the convergents x,, converge to z, we should get

Y=Yn <?(x+h)—7(w)>
liminf —" = liminf "1 — lim >~ 2 — 1.
n—oo O0p_1 n—0o | Y=Yn—1 h—0 <?($+h)*7(x)>
T—Tp_1 h
Proposition 5.8 however gives us
liminf —— =0,
n—oo n—1

so by contradiction ?'(z) cannot be nonzero. Since this implies ?(z) = 0
on a subset measure 1 of the interval [0, 1], and since ?(z) is continuous and
non-constant on [0, 1], we conclude that ?(x) is singular on [0, 1]. O
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A Plotting ?(z)

The following MATLAB code was used to construct the first 15 modified
Farey sequences and corresponding dyadic fraction sequences, and plot 7(x)
from this.

Listing 1: p.m

function [output] = p(x,y)
if x =20
if y=20
output = 0;
elseif y =1
output = 1;
end

elseif floor(y/2) = y/2
output = p(x—1,y/2);
else
output = p(x—1, (y+1)/2 — 1) + p(x—1, (y+1)/2);

end
Listing 2: q.m
function [ output | = q(x,y)
if x =20
if y=20
output = 1;
elseif y =1
output = 1;
end

elseif floor(y/2) = y/2

output = q(x—1,y/2);
else
output = q(x—1, (y+1)/2 — 1) + q(x—1, (y+1)/2);

end

Listing 3: r.m
function [ output | = r(x,y)
output = p(x,y)/a(x,y);
end

Listing 4: Kinney.m

for n = 1:15
i = 0;
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check = 0;

while check = 0
S(n,i+1l)=r(n,i);
M(n,i+1)=i%2."(—n);

i =i4+1;

if S(n,i) =1
check = 1;

end

end
end
plot (S(15,:) M(15,:))

B Finding fixed points of 7(x)

B.1 Modified Farey sequences

The following Matlab code was used to approximate the fixed point of 7(x)
that lies between 0 and %, using the function r.m as shown in appendix A,
and a starting point as read off from figure 2.

Listing 5: fixedpts.m

i = 13775;
rval = r(16,2%1i);
success = 0;
for n = 16:50
i = 2xi;
check = 0;
while check = 0
rmin = rval;
i = i41;
rval = r(n,i);
if i*2.7(—n) rval
success = 1;
break
end

if i*2."(—n) > rval
if (i—1)*2."(—n) < rmin

i =1i-1;

check = 1;
else

i =1i-2;

end
end

end

end
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‘rval

with as best approximation z = 0.420372339423223.... (|Jz—7(z)| ~ 2-10713)

B.2 Continued fraction expansions

The following is another approach at finding the same fixed point, instead

using the continued fraction representation and calculation.

Listing 6: infsum.m

function [que] = infsum (frac)
n = size(frac,2);
que = 0;
a = 0;
for i = 1:n
a =a + frac(i);
que = que + (—1)"(i—1) / 2" (a—1);

end
end
Listing 7: contfrac.m

function [value] = contfrac(frac)
n = size(frac,2);
value = 0;
for i = 1:n

a = nt+l—i;

value = 1/(frac(a)+value);
end
end

Listing 8: fixedpts.m

frac = [2,2,1,1,1];

n = 95;
while infsum (frac)—contfrac(frac) "= 0
d = infsum (frac)contfrac(frac);
fracplus = [frac(1l:(n—1)),frac(n)+1];
dplus = infsum (fracplus)—contfrac(fracplus);
if rem(n,2) = 0
if dplus < 0
frac = fracplus;
else
n = n+1;
frac(n) = 1;
end
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else
if dplus > 0

frac = fracplus;
else

n = n+1;

frac(n) = 1;
end

end

with as best approximation

x1=10;2,2,1,1,1,3,2,3,1,2,4,1,1,2,3,1,2,5,1,3,2,3,1,3,1,1,1]
802890961

1909951930
~ 0.420372339423223 . ...

Changing the initial value to [1,1,2,1,1] gave an approximation for the
upper fixed point:

9 =1[0;1,1,2,1,1,1,3,2,3,1,2,4,1,1,2,3,1,2,5,1,3,2,3,1,3,1,1,1]
1107060969
1909951930
=1—x
~ 0.579627660576777 . ...
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