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Abstract

Let Xq,..., Xy be independent points that are uniformly distributed on the boundary of a compact
convex set P and let Py be the convex hull of those points. This thesis gives an extensive proof of
the following two (already existing) theorems. If P = B? which is the d-dimensional unit ball, then
E[Va(BY) —Va(Py)] = O(Nfdzfl) as N — oo. If P = C := [0, 1], then the expected number of facets
of the convex hull Py is Efs(Py) = cIn N(1+O((In N)™1)) as N — oo, with some ¢ > 0 independent
of C.



Notation

Il -1l Euclidean norm on R?
1(") indicator function
B unit ball of R?
[#1,...,x;] convex hull of the points z1, ..., z;

AW g-dimensional volume of a convex hull
E[] expectation of a random variable
fx number of k-dimensional faces
() gamma function
HE k-dimensional Hausdorff measure
Kd volume of B%
Ad Lebesgue measure on R?
[N] set of integers {1,2,..., N}
N {1,2,3,...}
Wy surface area of S4-1
R = (—00,00) is the real line
Ry = [0, 00) is the non-negative real half-line
R¢ Euclidean space of dimension d € N
Sé-1 unit sphere of R?
S, set of all permutations of {1,...,n}
o spherical Lebesgue measure of S?1
Vy d-dimensional volume

A(d, q) perimetrization of all ¢-dimensional affine subspace of R¢
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Chapter 1

Introduction

Fix a dimension d > 2 and let X1, ..., X5 be independent points that are uniformly distributed on the
boundary of a compact convex set P. The convex hull of these points is denoted by Py .

Much research has been done about points that are distributed in the interior of compact convex sets
and functionals of that. It started with the two papers by Rényi and Sulanke [2],[3]. They have found
the expected area, perimeter, and number of vertices of Py. This was followed by many other papers,
generalizing this and other results to higher dimensions. For example, when the boundary of P is
sufficiently smooth and the points are chosen from the interior, it follows from the papers by Bérany
[7] and Boréczky, Hoffmann and Hug [11] that E[Vy(P)—Va(Pn)] = ch(P)Vd(P)d%lN_d%l (140(1)),
where Q(P) is the affine surface area of P and ¢4 is a constant only depending on d.

Results for points on the boundary of P are much less known. In this thesis we want to find the
value of E[V4(P) — Vu(Pn)] as well, but for points that are chosen on the boundary of P. We still
assume that P has a smooth boundary. The archetype of sets with a smooth boundary is the ball.
Therefore, in the first part of this thesis, we consider the d-dimensional unit ball B%. Let P = B¢,
meaning that the points X7, ..., Xy live on the sphere S?~!. Furthermore, let V; be the d-dimensional
volume measure. Explicit results for fixed N cannot be expected, so we investigate the asymptotics
as N — o0o. As the number of points N goes to infinity, the volume of the convex hull Py approaches
the volume of the ball, which means that the difference in volume goes to zero. More specifically, we
want to prove that

E[Vy(B%) — Vy(Py)] = O(N~77)  as N — oo. (1.1)

This theorem has been proven in the paper by Miiller [5]. However, the proof is rather brief. The
first goal of this thesis to give an extensive proof of this theorem using a different method than
Miiller. Furthermore, this theorem implies the following two special cases. If the points X7,..., Xn
are distributed uniformly on S!, then

E[Va(B?) — Vo(Py)] = O(N™2?) as N — oc. (1.2)
and if the points X1, ..., Xy are distributed uniformly on S?, then
E[V3(B?) — V3(Py)] = O(N™!)  as N — . (1.3)

We will prove both special cases as a warm up for the proof of the general theorem in dimension d.

It is much harder to find results when assuming that P is a polytope. Another functional that has
been investigated is the expected number of ¢-dimensional faces E f;(Px) of the convex hull Py when
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the points are chosen in the interior of a polytope P. The work of Reitzner [10] shows that if P is
a polytope, then Efy(Pyn) = cq flag(P)(In N)?=1(1 + o(1)) for £ € {0, ...,d — 1}, where flag(P) is the
number of flags of a polytope P. A flag [12] is a sequence Fy C Fy} C --- C F;_; of i-dimensional
faces F; of P. In this thesis we want to find the value of Ef,(Py) as well, but for points that are
chosen on the boundary of a polytope P and £ = d — 1. The archetype of polytopes is the unit cube
C = [0,1]%. To make things not too complicated we take d = 3. Therefore, in the second part of
this thesis, we consider the 3-dimensional unit cube C' = [0,1]3. Now let P = C, so that the points
X1, ..., Xy are uniformly distributed on the boundary of the cube and the convex hull of these points
is denoted by Pxn. We are interested in the expected number of facets Efo(Py) of the convex hull Py.
More specifically, we want to prove that

Efs(Py) =cInN(1+O((InN)™1)) as N — oo, (1.4)

with some ¢ > 0 independent of C. A more general version of this theorem is proven in the pre-print
of Reitzner, Schiitt and Werner [18]. They prove this theorem for simple polytopes of which the cube
C is an example. Proving this theorem for the cube is the second and last goal of this thesis.

This thesis is structured as follows. In Chapter 2, the background material that is necessary for
proving the theorems is given. In Chapter 3, we will prove first Equations (1.2) and (1.3) followed by
the prove of Equation (1.1). Lastly, Chapter 4 gives the proof of Equation (1.4).



Chapter 2

Preliminaries

2.1 Geometry

Following the notation in Schneider and Weil [12], we write for the volume of the d-dimensional unit
ball,

T
Rd = a
r+9)
and the surface area of the unit sphere S¢—1,
d
272
Wq = de = a~ -
I'(3)
Furthermore, we will use the identity
Wd—q+1 """ Wd WdWd+1 WdWd+1
b — — b _ = = s b _ — == ]..
dq Wy Wy (d+1)(d—1) W1y An (d—1)(d—1)

2.1.1 Polytopes

If V is a set of vertices or points, then the line connecting two distinct points x,y € V is called an
edge and it is denoted by [z,y]. From [13], a set A € R? is conver if for any two points =,y € A, the
segment [z,y] € A, thus if (1 — ANz + Ay € A for z,y € A, 0 < XA < 1. The convex hull of A is the
smallest convex set that contains A and it is denoted by [A]. The convex hull of finitely many points
is called a polytope. There are two examples of a convex hull in Figures 2.1 and 2.2. Note that in
Figure 2.2, due to the smoothness of the boundary, each point that is chosen on the boundary of the
set is also included in the convex hull. In these figures, the set A is a set of points {X7,..., X}, so
the convex hull is denoted by [4] = [X7, ..., X,;]. If the points X7, ..., X,, are random variables, then
the convex hull of these points is a random polytope. A d-dimensional polytope, or a d-polytope, has
k-dimensional faces for k = 0,...,d — 1. The 0-dimensional faces are the vertices, 1-dimensional faces
are the edges and the (d — 1)-dimensional faces are called the facets. An n-polytope is called simple if
each of its vertices is contained in exactly n facets. A k-simplex is a k-polytope that is the convex hull
of k + 1 points. That means that the k + 1 points must be linearly independent or else the polytope
would not be k-dimensional. For example, a 0-simplex is a point, a 1-simplex is a line, a 2-simplex is
a triangle (and it can never be a rectangle), a 3-simplex is a tetrahedron, etcetera.
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Figure 2.1: Convex hull of some points in R2. Figure 2.2: Convex hull of points on the boundary
of a smooth convex set.

2.1.2 Affine Geometry

From [4], an affine subspace W of R is a subset of R? such that W = {w —y : w € W} is a linear
subspace of R? for a fixed point y € R%. If an affine subspace of R? has dimension d — 1, it is called
an affine hyperplane. In practice, this means that we can write the equation for an affine hyperplane
as

a1T1 + a2T2 + -+ + A4T4 = Agt1,  A1,--5 Qa1 € R,

where not all of the ay,...,aq can be zero. We can also say that an affine subspace is obtained by
shifting a linear subspace by a fixed vector. An affine transformation maps points to points, lines to
lines, planes to planes. As a result of this, parallelism is preserved. Actions that are allowed in an
affine transformation are translation, rotation, scaling and shearing.

2.2 Integral Geometry

There are three specific measures that we will introduce in this section. For the first two, we use
the clear explanation that is given in Last and Penrose [15]. Fix a number d € N and consider
the Euclidean space R? with norm || - ||. For any subset S C R¢, the diameter of S is defined as
diam(S) = sup{|z — y| : =,y € S}. The Lebesque measure Ay is the unique measure satisfying
Aa([0,1]¢) = 1. The volume of the unit ball B? is denoted by x4 = A\ys(B?).

We want to assign an m-dimensional measure to an m-dimensional subset of R¢ for m < d, but that is
not straightforward. Using the previously mentioned definition, we can define a measure that can deal
with these sets. For B C R? with m < d, we define the m-dimensional Hausdorff measure H™(B) by
the following process. For small §, cover B efficiently by countably many sets B; with diam(B;) < ¢,

add up all the am(%)m, and take the limit as 6 — 0. That is,

oo . m
m - ) diam(B;)
W=ty San (T
diam(Bj)S(SJ:l

where the infimum is taken over all countable collections By, Bs, ... € R4, When m = d, the Hausdorff
measure is equal to the Lebesgue measure. When m = 0, the Hausdorff measure H° is the counting
measure. The volume functional V;,, on a compact set K is defined as the restriction of the n-
dimensional Hausdorff measure H™ to K.

Lastly, we use the book by Conway [16] to learn about the Haar measure. Let G be a locally compact
group. Then there is, up to a multiplicative constant, a unique positive Borel measure p on G such
that
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1. if U is a nonempty open subset of G, then u(U) > 0.
2. if S is any Borel subset of G and z € G, then u(S) = u(Sx).

The measure y is called the left-Haar measure for G. The second condition means that this measure
is left-translation invariant. If the group G is a group under addition, then the Haar measure is both
left and right-translation invariant, because addition is commutative. When a measure is left and
right-translation invariant, we call it the Haar measure for G. For example, consider the group (R, +)
and let [a,b] = S C R. Denote c+ S = {c+ s:s € S}, then

u(S)—/S)\(dx)—b—a—(b+c)—(a+c)—/+S>\(dx)—u(c+5)—u(5+c).

This means that the Haar measure of (R, +) is the restriction of the Lebesgue measure to subsets of
R.

2.2.1 Blaschke-Petkantschin formula

A theorem of major importance for this thesis is a Blaschke-Petkantschin formula. This formula gives
a decomposition of d copies of the space S¢~! into d-dimensional affine subspaces of S*~!. We will
see that this setting fits perfectly in the problems we will be investigating. Let’s clarify the notation
beforehand. The (d — 1)-dimensional volume of the convex hull of d points 1, ...,24 is denoted by
Ag—1(z1,...,24). Furthermore, the space A(d,q) denotes the parameterization of all g-dimensional
affine subspaces of R? for ¢ € {0,1,...,d}. It is a locally compact space with respect to the group
of Euclidean motions. This group comprises arbitrary combinations of translations and rotations.
We will see later that this is exactly what we need to do with our subspaces: we are going to shift
the elements of A(d,q) to the origin so that they become linear subspaces. The corresponding ¢-
dimensional Haar measure 14 is normalized such that

pq({H € A(d,q) : HN B # 0}) = ka—q.
We will state here the Blaschke-Petkantschin formula for points on a sphere in the same form as in
[14, Proposition 3]:

Theorem 2.1 (Blaschke-Petkantschin for points on a sphere). Let f : (S¢1)? — R be a non-negative
measurable function. Then,

/( o S D )
gd—1

w
=7d(d—1>!/ / F(@r, o a)
A(d,d—1) J (HNSd—1)d

X A1 (@1, wa) (1= B2 EH D (A, 2a)) a1 (AH),

where h denotes the distance from H to the origin.

The proof of a more general theorem can be found in Zahle [6, Theorem 1]. The purpose of this
theorem is to apply a geometric transformation to the original domain of the integration, since in
many applications, the integration over the original domain cannot be executed directly.

From the Blaschke-Petkantschin formula in d dimensions, we can readily derive the formula for 2 and
3 dimensions.
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Corollary 2.2. Let f: (S')? — R be a non-negative measurable function. Then,
Flar, x2) g2 (d(z1, 22))
(s1)?

w
= 72/ / f(@1,22) A (21, 22)(1 — hQ)_lH?Hﬂgl)Q(d(xl’m2))'u1(dH)’
A(2,1) J (HNSt)?

where h denotes the distance from H to the origin.
Corollary 2.3. Let f: (S*1)? = R be a non-negative measurable function. Then,
f(.]?l, o, 583)7’[?52)3 (d(ml, o, I3))
(s2)3

= w3 /,4(3 . /(H s f(@1, 2, 23) g1 (21, 22, 73) (1 — hz)_%H?ngz)a(d(fh Lo, x3)) p2(dH),
s n

where h denotes the distance from H to the origin.

We have found a formula that changes the integration over d point on S~ ! to the integration over
the intersection of S¢~! with an affine hyperplane and over all affine hyperplanes. We still can make
this domain of integration easier to deal with. It is not straightforward to integrate over the space
A(d,d—1), so we decompose this domain into two domains. A rigorous proof of a more general result
is given by Schneider and Weil [12, Theorem 13.2.12], but we will give an intuitive explanation here.
An element H € A(d,d — 1) is uniquely determined by the normal vector u € S?~! and the distance
h € (—o0,00) from the origin to H. This gives H = u* + h. This doesn’t change the value of the
measure [4_1, because it is invariant under translation. The hyperplane H is intersecting the sphere
S9! which is symmetric, so instead of taking h € (—oc, 00), we can take h € [0, 00) and multiply the
result by 2. Furthermore, for h € (1, 00), we have HNS?~! = (), hence we restrict to h € [0, 1]. Lastly,
u € S%! has Hausdorff measure wy, so we divide by the normalization constant w% This comes down
to the following theorem.

Theorem 2.4. The Haar measure pg—1 satisfies

_ 2 ' u d-1 (qu
tAudqy“H””1@H>—wdébJA £ (H (u, ) dRHZT, (du)

for every measurable function f >0 on A(d,d —1).

This theorem is for all dimensions d € {2, 3, ...}. We will need it in later sections for 2 and 3 dimensions.
These special cases can be found readily.

Corollary 2.5. The Haar measure i1 satisfies

2 1 )
[4(2,1) f(H)p(dH) = ;2/31/0 f(H (u, h))dhHE: (du)

for every measurable function f >0 on A(2,1).

Corollary 2.6. The Haar measure po satisfies

e
AmﬂmMM%%LAﬂMWmWMU

for every measurable function f >0 on A(3,2).
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2.2.2 Other Theorems

As a preparation for the upcoming calculations, another theorem will be presented. This theorem is
useful when a univariate function is integrated over a (d — 1)-dimensional sphere as will be done in
Chapters 3.2 and 3.3. A similar strategy as in Theorem 2.1 is used: instead of integrating over S¢~1,
integrate over lower-dimensional spherical slices. This theorem is originally stated in Axler et al [17,
A 4], but here it is used in the same form as in [14, Proposition 4].

Theorem 2.7. Let f:S% 1 — R be a non-negative measurable function. Then,

1
@) (d) = / (112" / F(t /T~ By HeT (dy)dr.
gd—2

§d-1 ~1

The variable 2 = z1,...,2q € S% ! is decomposed into the variables ¢ and y with t = z; and y =
L2y uey Xg.

Another important theorem for our purposes is taken from Schneider and Weil [12, Theorem 8.2.3].
The theorem contains two statements, but only the second one will be used. Furthermore, we restrict
to the case where k = 2 and g = d, since those are the relevant settings here. Up to a normalising
constant, it gives the second moment of the volume of a random simplex with vertices on a sphere. It
states the following:

Theorem 2.8. Forintegersd>1,1<q<d, k>0,

S(d,q, k) : = /sd—l e s Ag(ug, ..., uq)*o(dug) - - - o(duy)

1 gy1Kazq4d—2  bdd
(d)2 72 Kaiar1) bate)d

with constants that are given in the beginning of this chapter.

Lastly, Wendel [1] proved a theorem about points on the surface of a d-dimensional sphere, just like
in our problem.

Theorem 2.9. Let N points be scattered at random on the surface of the unit sphere S~ 1. The
probability that all points lie on some hemisphere is equal to N - 27 N+1,

2.2.3 Tools for the cube

We will need Theorem 1 from Zéahle [6] once more, but now for an application to polytopes. We use
the version of this theorem that is stated in Reitzner, Schiitt and Werner [18] and we adapt it so that
it applies to 3-dimensional polytopes:

Lemma 2.10. For a polytope P, let g(x1,x2,x3) be a continuous function. Then there is a constant
0B such that

/ g(x1, 29, x3)dx1daodxs
(OP)S,

_ / / / o1, 29, 25) o ([0, 29, 25]) T (T H) =1 J (T, H) = (T, H)~"day dwpdasdhdu
2 R (oPnH),

with dx, du, dh denoting integration with respect to the Hausdorff measure on the respective range of
integration.
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Here, T, denotes the tangent hyperplane at x; to dP. The point z; is located on a facet F' of OP,
so T, is the hyperplane containing the facet F. Furthermore, H = H(x1, 22, x3) is the affine hull of
the points x1, za,x3. Then J(T,,, H) is the length of the orthogonal projection of a unit interval in
Ty, N(Ty, NH)* onto H*. This equal to sin <(T;-, H+). If T}, and H are parallel, then J(T},, H) = 0.

2.3 Laplace’s method

Integrals of the form I(N) = fab f(z)e™N 9(#)dz: can be approximated using Laplace’s approximation.
Here, the functions f(z) and g(z) are real, continuous on [a,b] and g(z) is positive there. The
assumptions and statement of this approximation are given in Theorem 1 in Wong [9]. We will use
this theorem to approximate the integral I(IN). We assume that

1. g(x) has one minimum in [a, b] which occurs at either x = a or z = b,

2. If the minimum occurs at = a, then g(x) = g(a) + c1(x — a)* + O((z — a)**1) as x — a™.
If the minimum occurs at @ = b, then g(z) = g(b) + c1(b — 2)* + O((b — x)** 1) as & — b™.
In both cases, ;> 0 and ¢; # 0.

3. If the minimum occurs at = a, then f(x) = co(x — a)* ! + O((z — a)®) as z — a™.
If the minimum occurs at @ = b, then f(z) = ca(b—2)* 1+ O((b—2)*) as & — b™.
In both cases, & > 0 and ¢y # 0.

Then the theorem states that the integral I(NN) = fj f(z)eN9@)dz can be approximated by

— o—Ng(m) 8) ‘o —(a+1)/p
I(N)=e <r(u o + OV ), (2.1)
as N — oo, where m := arg min g(x) so that it is equal to either a or b. The coefficient ¢y is given by
[a,b]
2
CO - T
pc$ 7z



Chapter 3

Sphere

Each section of this chapter deals with the same question, but for different dimensions. First, we will
treat the problem in 2 and 3 dimensions. Later, this will be generalized to d dimensions. Actually, the
results for the 2 and 3-dimensional case both follow from the d-dimensional case. However, the first
two sections function as a warm-up for the last section. Like introduced in Chapter 1, we will proof
Equation (1.2) in Chapter 3.1, Equation (1.3) in Chapter 3.2 and Equation (1.1) in Chapter 3.3.

3.1 The 2-dimensional case

When N points are chosen on the circle S!, the convex hull of those points always consist of N points.
Therefore, as N increases, the convex hull of the points will approach the shape of the circle. See
Figure 3.1. The area enclosed by S* is the area of the unit disk B2, which is equal to 7, so the area
of the convex hull of N points on S' goes to 7 as IN goes to infinity.

N=3 N =10 N =40
Figure 3.1: Convex hull of points on S' for different values of N.

Let X1,..., Xn be independent random points distributed uniformly on S'. The convex hull of these
points will be denoted by [X1,..., Xn] =: Py. The surface between the circle and the convex hull is
called the missing surface and it will thus go to zero, but it is not evident how fast this goes. The
goal of this section is to find this rate of convergence. This can be found by calculating the expected
value of the missing surface between S! and Py, formally written as E[Va(B?) — Va(Py)]. We will
prove the following theorem in this section.
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Figure 3.2: Missing surface in red cre-
ated by the edge [z1,x2]. Here, origin
is contained in Ppy.

Figure 3.3: Situation when origin is
not contained in Py.

Theorem 3.1. If Py is the convex hull of N independent and uniformly distributed random points
on S, then

E[Va(B?) — Va(Py)] = O(N ).

Proof. In Figure 3.2, the area A is the missing surface created by two points x; and xo. When N
points are drawn on the circle, there are N areas like area A. However, x1 and zo create a missing
surface between S' and Py only if [x1, 2] is an edge of Py.

Before doing any calculations, we will define some events to ease notation. Let Fj(Py) be the set
of k-dimensional faces of Py, hence Fi(Py) is the set of all edges of Py. We want to specify which
points form an edge of Py. This is described by the event F;; = {[X;, X;] € F1(Pn)}. Furthermore,
if the event Fj; holds, the area enclosed by the edge [X;, X;] and the circle is part of the missing
surface.

Assuming that F;; holds, define A;; as the line spanned by the edge [X;, X;]. Let A;rj be the halfplane
bounded by A;; that contains Py and let A;j be the other halfplane, so PNﬂAjj = Py and PNﬂA;j =
(). This is also pictured in Figure 3.2 for x; and x3. Then the missing surface created by the edge
[X;, X;] is given by BN A;; == M;;. For example, the red area in Figure 3.2 would be called Mj».
The total missing surface between S! and Py is found by adding the missing surfaces created by the
facets of Py.

E[Va(B?) — Va(Py)] = > E[Va(M;))1(Fy;)].
1<i<j<N

The summation is done over all ordered pairs of distinct and increasing indices, hence there are (1;[ )
of them. The points X1, ..., Xy are independent and identically distributed, which means that for all
1 <i < j < N the summands are equal. Therefore, we can restrict ourselves to one such pair, e.g.
(1,7) = (1,2), and multiply the result with the number of pairs, (g)

E[V3(B?) - Va(Py)] = @)E[VQ(MM)IL(FH)]. (3.1)

In Figure 3.2, the polytope Py contains the origin, so the shape of each M;; is the same. It can
happen that the origin is not contained in the polytope Py, even tough it is with low probability.

10
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An example of this situation is given in Figure 3.3, where we see that M, is given by the red area
which has a different shape than we have seen before. Hence, the area Mj5 cannot be described by a
universal formula. However, the situation in Figure 3.3 happens only when 0 ¢ Py, which happens
with very low probability.

The area M5 is either the smaller or larger part of the circle. Let Mu be the smaller area that
is created by the edge [z1,22]. That means that if 0 € Py, then My = My and if 0 ¢ Py, then
My # M. We want to use E[‘/Q(M12)]1(F12)] instead of the expected value that is in Equation
(3.1), but we have to make sure that we do not lose too much precision. Therefore, let’s see what the
difference between these expected values is.

0 < E[Va(Mi2)1(Fi2)] — E[Va(My2)1(Fi2)]
= E[(Va(Mi2) — Va(M12)) 1(Fi2)]

< B[Va(Miz) — Va(Mys)]

< E[1(Myz # Ms)ks)

Ko P(Myo # Mi2)

ksP(0 & Py)

The probability P(0 ¢ Py ) is the probability that all points are located in one hemisphere. The value
of this probability is given in Theorem 2.9. Using that result, we get

IA

0 < E[Vo(Ma)1 (Fiz)] ~ EVa(Vio) 1 (Fuo)] < o2y = 0507 ). (32)

Equations (3.1) and (3.2) give

BV (5) ~ ValPw)l < () )BT 1Fin)] + (3 )05t ) 3.

The difference is indeed small, but in order to see if it is small enough, we have to find the remaining
expected value. That is what we will do in the rest of this section.

The points X1, ..., Xy are uniformly distributed on the circle, so

N ~ HQ 1)2
E[Va(V12)1(Fra)] = / Vo (Vo) P(Fra) —C2 2y, ). (3.4)

(s1)2 (2m)?

Here, ﬁ is the normalization constant since the Hausdorff measure of the sphere S! is equal to 27
and we are integrating both x; and xs over the sphere.

We will take a closer look at Vg(Mlg) and P(Fy2). The value of Vg(Mlg) is given by the surface of the
red area in Figure 3.2. It is found by subtracting the isosceles triangle formed by the blue area from
the sector formed by the union of the red and blue areas. The distance from the edge [X7, X5] to the
origin will be denoted by h := hx, x, and it depends hence on the choice of X; and X5. The blue
area is an isosceles triangle and we assume it has height h. Then the surface of the blue area is equal
to hy/1 — h2. We can also find the area of the union of the blue and red area, which is a sector of the
circle. Assuming that the angle Zx10x5 = «, the area of the sector is equal to %ﬂ' = % Note that

h = cos(§), so in terms of h, the surface of the union of the blue and red area is equal to cos™!(h).

Hence, when the origin is contained in the polytope Py, the area of Mo is equal to
‘/Q(M]_Q) = cos *(h) — h\/1 — h2.

Now for P(Fy2), the probability that [X7, X5] is an edge of Py is equal to the probability that
X3, ..., X is not on the arc between X; and Xs. Since we assume that the origin is in Py, we take

11
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the smaller arc between X; and X,. The points X3, ..., X are all chosen independently, so this can
be generalized using a random variable X that is uniformly distributed on the circle as well:

]P)(Flg) ]P)([Xl,XQ] € fl(PN))

=P(Xs,..., Xy is not on arc(X;, X2))
= P(X is not on arc(Xy, X5))V 2

(7r—2cos h)>N2
(o)™

Substitute the expressions for Va(M3) and P(Fy2) into Equation (3.4):

= N—2
E[Va(Mi2)1(Fia)] = ! /(81)2(cosl(h) — hy/1—h?) <7T_C(:T8(h)> H%sly(d(xla@))

An2

and recall that h := hx, x, depends on the choice of X; and X5.

Since we are investigating a volume that will go to zero, any constants in front of our equations that
do not depend on N will not make a difference for our final result, so we will denote every constant
by c. Hence, the value of ¢ can differ from occurrence to occurrence.

The 2-dimensional Blaschke—Petkantschin formula in Corollary 2.2 can be applied to the last equation,
which gives

-1 N-—-2
B R =e [ [ (et - av T ) (T
X Al(zla IQ)?IhQH((]ngl)z (d(Il, ,CEQ))'U,l (dH)

W m—cos—H(h)\ "
B C/A(2,1) (COS - ) 1—h? ( )

™

X / Al(l‘l,l‘g)'H?HﬂS”z (d(l‘l,l‘g))/.n(dH).
(HNS1)2

The factor Aj(x1,x2) is the 1-dimensional surface of the convex hull of z; and x5, which is simply
distance from z1 to zo. The points z; and xo are chosen from H N'S'. A circle intersected with a
line that goes through the circle results in just two points. So there are only four configurations of
x1, o in this integration: (x1,x1), (x1,z2), (X2, 1), (x2, 23). Therefore, the integral changes to a sum.
The length between two equal points is zero and the length between two different points is equal to
2v/1 — h2. Therefore the integral with respect to (z1,z2) can be written as

/ Al(fﬁ,xz)H?Hmslﬂ(d(ffl,@)) = Z Ai(wr,z2) = 4V 1 =R,
(HNSt)2 (z1,21),(z1,22),
(z2,71),(22,%2)

Plugging this back in gives

E[Va(N5)L(Fi)] = ¢ /A o (cos™ ()~ VT —12) (” - Cos_l(h))m 1= A2 iy (dH).

™

12
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The domain of the integral, A(2,1), can be decomposed into the linear hyperplane parallel to H and
the distance between H and the origin, as is done in Corollary 2.5.

E[Vo (M) L(F cos )\ (mmeos MY o
2(Mi2)1(F12)] = ¢ . 1—h2 - g1 (du).

The h in the last expression is the same h as in Figure 3.2. The integrand is independent of u, so the
integration over S! is equal to wy = 27:

E[Va(Mh2)1(Fia)] = c/ol (% _ h) (”‘C‘:_I(h))Ngdh

For reasons that will become clear later, we will make the substitution h = /1 — s? with dh =
\/ls_jds. This gives

! - _ N-2
E[Vz(M12)1(F12)] :C/o (m _ m) (W—Cos jm)> s

s N
b cos™ (V1 = s2) 7 —cos 11 — s2) Nﬁth
) (A -
,C/ Fls)e~ (N=29() g (3.5)

where f(s) = % 22_82) —sand g(s) = —In % 1_52)) The maximum of the function g(s)

is at s = 0. This last integral can be computed using Laplace’s method which is explained in Chapter
2.3. This method uses three assumptions which are also listed in that chapter. The minimum of the
function g(s) occurs at s = 0, so the first assumption is satisfied. We can satisfy the second and third
assumptions by finding the Taylor expansions of the functions f and g around s = 0.

f//(o) 52 N f///(O)SS

F(s) = f(0) + f'(0)s + 5 T 06"
4
=5° 341059
g(s) = ( ) +9'(0)s + O(s?)
=—+4+0
® o)
This gives for f(h): = 2 and @ = 4 and for g(h): ¢; = L and p = 1. We find the coefficient
co = (14/% = %. If we dldnt make the substitution s = /1 — h?, then we would get for the
function g that g(h) = —ln(%slh). However, for g(h) at its minimum h = 1 it holds that,
g(1) = 0 and ¢'(1) = —oo, so it has no Taylor expansion around that point. Hence, the substitution

was necessary. We can approximate Equation (3.5) using Equation (2.1).
- 4
B () 1(F)] = ¢ (P(0) s + OV ))

=c—(1+O(N"h). (3.6)

Now we go back to the formula in Equation (3.3) and plug in the results of Equation (3.6). We find
that

B0 (5) - Va(P) < ((y Jege1+ 00 + (5 )0 (gt )

13
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We can write for the binomial: (g) = N(NT_” = NTQ -8 = N72(1 + O(N™Y)). Then

EVA(B2) — Va(Py)] < ek (1 400V 1)) + 0 )

2 N4
1 _ N3

=O(N7?).

which is the statement of Theorem 3.1. O

14
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3.2 The 3-dimensional case

In this section, we will answer the same question as in previous section, but now for the sphere S2.
However, we use a different method in this 3-dimensional case compared to the previous section. In
the previous section, we added the local missing volumes of the facets of the convex hull, but in this
section we approximate the volume of the convex hull directly. Therefore, it is important to keep
track of the constants that we find along the way, so we cannot generalize it to one constant ¢ like we
did in the previous section.

Let X1,..., Xy be independent random points distributed uniformly on S2, which is the boundary
of the ball B3. The convex hull of these points will be denoted by [Xy,..., Xn]| =: Py. As N goes
to infinity, the convex hull of the points will tend to cover the whole ball. Hence the 3-dimensional
volume of the convex hull approaches the volume of the ball. The difference of the volumes of the ball
and the convex hull is called the missing volume and it will thus go to zero. The goal is to find how
fast the missing volume goes to zero. We do this by finding the volume of Py and subtract it from
the volume of the sphere. Since the volume of the sphere is known to be 4?“, the only expected value
that will be calculated is the volume of the convex hull: E[V3(Py)]. When this number is found, we
have found the expected missing volume

E[V3(B?) — V3(Py)].

3.2.1 Exact formula

There are two cases that we need to be aware of. How can the volume of the convex hull be found
when 0 € Py and when 0 ¢ Py? Again, let Fi(Py) be the set of k-dimensional faces of Py, hence
Fa(Pn) is the set of all facets of Py. With probability one, the facets of Py are triangles. Suppose
that 0 € Py. In this case, the union of volumes int [0, F], for F' € F2(Py), form the polytope Py:

int Py =int [X,...,Xy]= | J int[0,F]. (3.7)
FE.Fz(PN)

Recall that [0, F] is the convex hull of 0 and the points that form the facet F. Suppose that 0 ¢ Py.
Then the convex hull Py is located in only one half of the sphere S2. Now the union in Equation 3.7

doesn’t apply, because it is strictly larger than int Py. Since the origin is not in Py, there are facets
G € F»(Py) such that int [0, G] Nint Py = 0. Define the set of these kind of facets by

F_={F e Fy(Py)|int [0, F]Nint (Py) = 0}
and its complement by
]:+ = ]:Q(PN)\]:,

If we now take the union |J int [0, F], this is still strictly larger than int Py, because the origin is
FeFy

included in all of the volumes. This excessive volume is exactly equal to |J int [0, F]. Therefore,
FeF_

int Py = | int [0, F]\ | J int [0, F].
FeF, FeF_

Note that this formula also works when 0 € Py, since then F_ = () and F; = F which gives the same
result as given before. In terms of volume, we have

Va(Py) =Vs( | [0, F) = Va( | [0, F))

FeF, Fer-
= > V(0. F]) = > Vs([o, Fl),
FeFy Fer-

15
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where the last equality holds because for both sums, the [0, F] have pairwise disjoint interiors. Now
the computation of the expected value of the convex hull Py can be started:

E[V3(Pn)] = E[ Z Vs([0, F]) — Z Vs([0, F)]

FeFy FeF_
=E[ > Vi([0, F])er]
FeF2(Pn)
+1 it FeFy,
where ep = ¢ -1 f FeF_,

0 otherwise.
The facets F' € F5(Py) are almost surely simplices, so they consist of three points X;, X;, Xj. Instead
of only summing over the facets of Py, we can sum over all triples (i, j, k) and restrict to the triples
that are a facet of Py. To that end, define the event Fj;, = {[X;, X;, X}] € Fo(Pn)} as the event
that (X;, X;, X},) forms a facet of Py. Then

EVa(Py)] =E[ > Va([0,X:, X, Xe])esjul(Fn)]
1<i<j<k<N

= > EVs([0, X, X, Xi))eijr 1 (Fiji)] (3.8)
1<i<j<k<N

+1 if (X, X, X) € Fy,
where now g, = ¢ —1 if (X;, X, Xy) € F_,

0  otherwise.
The sum can be taken out of the expectation in the last step because the points Xi,..., Xy are
independent and identically distributed. Because of the same reason, the summands in Equation
(3.8) are equal for all triples (4,7, k). Therefore, we might as well fix one such triple, for example
(1,2, 3), and multiply with the number of triples, (g)

E[V3(Pn)] = (g)E[%([OleaX27X3])5123]]-(F123)]'

The points X, X2, X3 are uniformly distributed on the sphere S2, so

(Pl = (1 ) [, V00,01, 2Bl (P} 25 (s, 22, )

1 (/N
= 613 <3) o V3([0, 21, 29, 23))Ele123 1 (Fi23) H{g2ys (d(21, 22, 23)).

Here, ﬁ is the normalization constant since the Hausdorff measure of the sphere S? is equal to
47 and we are integrating x1, x2 and z3 over the sphere. The 3-dimensional Blaschke—Petkantschin
formula in Corollary 2.3 can be applied to the last equation:

w3 N
E[V3(Pn)| = V5([0 E 1(Fo:
V= 55 (3) [y o V00 22 Bl (i)
1
X Dg(w1, 22, 03) ————5 H{prgays (21, 22, 23) ) 2 (A H).

V1—h?

The domain of the outer integral is the space of affine subspaces of R?, A(3,2). This integral will be
split into two integrals: an integral over the linear hyperplane parallel to H and then an integral over

16
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the distance between H and the origin, as is done in Corollary 2.6.

E[V(Py)] = 647T3w3( ) /S / /ngzs (0, 21, 72, 73] )E[e125 1 (Fizs)]

X AQ(I’l, T2, x3)7H(HﬂS2)3 (d(l’l, T2, x3))th§2 (du)

Thus, w is the direction of the hyperplane H and h is the distance from H to the origin. This integrand
is independent of u, so the outer integral can be calculated explicitly:

5w = g (3) [ [, V01 Bl i)

X Ag (331, ZTo, 3?3) ﬁﬂléHﬁS?)S (d((L‘l, ZTo, xg))dh (39)

The integrand contains two expressions that can be evaluated further. The polytope [0, x1, z2,x3] is
a triangular pyramid with base [z1, 22, 23] and a peak at 0 of height h, so its volume is given by

1
Va([0, 21, 22, 3]) = 3 X V2([0, 21, 22, z3]) x h

h
= gAQ(IEl,SCQ,xg). (310)

Furthermore,

Ele1231(F123)] = P(e123 = +1, F123) — P(e123 = —1, F123)
= P(Xy, ..., Xy are below hyperplane spanned by X, Xa, X3)
—P(Xy, ..., Xy are above hyperplane spanned by X7, Xo, X3)

Again, since X4, ..., Xy are independent, the probabilities of the individual points can be multiplied.
Furthermore, since Xy, ..., Xy are identically distributed, each of them can be replaced by a random
variable X that is uniformly distributed on S? as well. Therefore

E[e1231(Fl23)] = P(X is below hyperplane spanned by X, Xy, X35)V ™3
— IP(X is above hyperplane spanned by X, Xo, X3)V 3. (3.11)

These probabilities can be expressed in an integral form and reduced to a shorter expression with the
help of the slice integration formula (Theorem 2.7). For the first probability we find

P(X is below hyperplane spanned by X1, X5, X3)V =3

22 N-3
= (/ 1(x is below hyperplane spanned by x1, 22, mg)szdm)
2 w

_ (;3 /11 /S 1(t < hYHA (dy)dt> — (:z /11 1t < h)dt>
h N-3 14 p\ V-3
- <:§ /1dt> - (;) . (3.12)

N-3
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Similarly, we find for the second probability

P(X is above hyperplane spanned by X1, Xo, X3)V =3

22 N-3
= (/ 1(z is above hyperplane spanned by 1, 22, .’L‘3)S2d.’L‘>
w3

3 1 N-3

- (w?,/ /S t>h7—l§l(dy)dt> L (Z;/ll(t>h)dt>

- (zj/h dt)N 3: (1;}1)1\, ’ (3.13)

Equations (3.9) to (3.13) result in
1-h\V7?
(597

st - 2 () [ /mszp((i’l)

X AQ(.’Eh ZIo, :L‘g) 7H(Hms2)3(d(x1, o, aa;))dh

Vion2
w3 (N /1 1+a\M72 1=\ h
9613\ 3/ Jo 2 2 vion
X/ AQ(Il,ﬁg,$3)2H?Hm82)3(d(1’1,I’Q,I‘g)dh (314)
(HNS?)3

The inner integral in the last equation can be evaluated using Theorem 2.8, but a transformation of
variables is needed in order to do it correctly. In the current situation, the points x1, z2, x3 are located
on any circle obtained by intersecting a hyperplane H with S2. The hyperplane is at distance h from
the origin of S2, so the points 1, x5, x3 are on a circle of radius /1 — h2. Theorem 2.8 requires that
the points lie on the unit sphere, so the following transformation is used:

1 = hu+wvV1—h?
= hu + ws\/1 — h2
= hu + w3V 1 — h?,

where the points wi,ws, w3 are points on S? N u', which is the unit sphere parallel to H. The
transformation is visualized in Figure 3.4. The 2-dimensional volume changes in the following way:

Ag(x1,29,23) = Ag(hu + w1/ 1 — h2, hu + wa/1 — h?, hu + w3/ 1 — h?).

The 2-dimensional volume is translation invariant, giving

A2($1,$27$3) = Ag(’wl\/l — h2,w2\/1 — h2,w3\/1 — h2)
This volume is also homogeneous of degree 2, so we get

A (71, 72,23) = (1 — h?) Az (w1, wa, w3).

18
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Figure 3.4: Transformation from z; to w;.

Applying this transformation gives:
/('H 523 AQ (xla Z2, 13)27‘[?}[(182)3 (d(ﬂ}l, X9, xs))
N

3
= /( Lns?) (1 - h2)2A2(w1,w2,w3)2 V 1— h? ,H:(),ulﬂS2)3 (d(wl,wg,w3))
ulNS2)3

= (1—h?)% o A (wr, wy, wz)*Higrys (d(wr, w2, ws))
3kab
_ (1 p2yiwarabzo
( )2 4/<&6b4,2 ’

where in the last line Theorem 2.8 is applied using £k = ¢ = d = 2. This expression can be inserted in

Equation (3.14):
N-3 3
h) ) h_( peypednabas gy

E[Va(Py)] = oo (J;Z) /01 ((#)N_s - <1% N Arighas

() [ ((5) M () M)

o 4871'3/4?6[74’2 3

The integral that is left here, can be written in a more compact form.
1) = /1 ((1 +h>N h(1—h?)? <1 - h)N h(l — h2)2> "
0 2 (1+h)3 2 (I1—-h)3
_ /1 (1 + h)N hL-h? /1 (1 —~ h)N h1-p
0 2 (1+h)3 0 2 (I1-h)3
Note that the two integrands are symmetric to each other in h = 0. If we mirror the first integrand
in h = 0 and change the boundaries accordingly we can combine the two integrals to one integral:

o[ () st ()

[ () M

-1
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Furthermore, the constant in Equation (3.15) can also be given explicitly using the definitions in
Chapter 2.1. We find that

2 2
W3wikabo o  4m- 876 - 51 47 - 876 - 51
= = =Tr.
3 3,7 wswa 3, @ Am-2n?
A8mikoba,2 A48T T - REL 483 . T . ATOE

Equation (3.15) becomes
1 N _12)\2
E[Vs(Py)] = w(@j) [1 (1 ; h) h((h Z)g dh. (3.16)

This is the most exact answer we can give for finding the volume of the convex hull Py. The integral
cannot be calculated directly, so we will need to approximate it in order to find an answer. That will
be done in the next section.

3.2.2 Approximation

The goal of this section is to find an approximation of the integral
1 N 2\2
14+h h(l1—h
I(N)/<+> =P,
1 2 (1+h)
for N — oco. If we take f(h) = h((%z;?? and g(h) = —In(3£2), then our integral has the same
form as in the Laplace method, explained in Chapter 2.3. Hence, we will use that method here to
approximate the integral I(N). The minimum of the function g(h) is at h = 1, so the first assumption

of the Laplace method is satisfied. For the second and third assumption we need the Taylor series of
f(h) and g(h) at h = 1:

Fh) = 5(1 = ) +0((1 = 1)
g(h) = 31 h)+ O((1 — ).

This gives for f(h): ca = % and a = 3 and for g(h): ¢; = % and g = 1. The value of ¢ is given by:

o — C2 o 0.5 —4
0= ——— = =
o/~ (05)°

Now we have all the values we need to approximate the integral I(N) using Equation (2.1). Hence,

I(N) = r(3)% +O(N™)
8

= N3 + O(N74)
8
With this approximation of the integral I(N), we can complete Equation (3.16):

Bl (P)] =7y ) 1+ 00 ).

14+ O(N™Y).

We can write for the binomial: (I;)[) = N(N+)(N_2) = NTS(l +3+%)= NTs(l + O(N™1)). Thus,
N? —1y_ 8 -1
E[Vs(Py)] :W?(l‘FO(N ))ﬁ(l‘FO(N )

4 -1
= gﬂ(l-l-O(N ) -
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Hence, the volume of the convex hull of the random points X1, ..., X goes to %’ﬂ' at rate N~!. Recall
that V3(B3) = k3 = %ﬂ. Consequently, the missing volume between the sphere S? and the convex hull
Py goes to zero at rate N1 as well:

E[V(B%) ~ Vs(Py)] = 37— 37~ (1~ O(N")
=O(N™),

Altogether, we found in the previous section that the missing surface between the sphere S! and the
convex hull goes to zero at rate N2 and in this section the missing surface between the sphere S? and
the convex hull goes to zero at rate N~!. We now have a feeling of how to deal with this problem, so
we are ready to extend this problem to the d-dimensional sphere S4~1.
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3.3 The d-dimensional case

In the previous chapters, the missing volumes were found for the spheres S' and S2. This set up can
be generalized to d-dimensions, in which case random points live on S?~! for d € {2,3,4,...}. The
method we are going to use here is the similar to the previous section, but we will come across some
more challenges here. When this generalization is completed, the values d = 2 and d = 3 can be filled
in to make a comparison with the results of Chapters 3.1 and 3.2. The same method as in the previous
section will be used here as well. That is, we will approximate the volume of the convex hull directly.

3.3.1 Exact formula

Let N € N and let Xi,..., Xy be independent random points distributed uniformly on S%~1. The
goal is to find the expected missing volume between the sphere S¥~! and the convex hull of the points
X1, ..., Xn. To ease notation, define Py = [X1, ..., Xx]. Hence, we want to find the value of

E[Va(BY) — Va(Py)]. (3.17)

As the numbers of points IV goes to infinity, the shape of the convex hull approaches the shape of the
sphere, so it is to be expected that the missing volume goes to zero. However, it is not evident how
fast this goes. This will be the main focus of our investigation. The volume of the ball B is known.
Recall from Chapter 2.1 that

/2

Rq = Vd(Bd) = m

It remains to find the expected value of the d-dimensional volume of the convex hull:
E[Va(Py)]-

The boundary of the convex hull Py consists of (d—1)-dimensional facets F'. With probability 1, those
facets contain d points, since otherwise an event of the form {x4y; € affine-hull(zy, ..., 24)} would be
satisfied, but such event has probability measure zero. Define Fj(Py) to be the set of k-dimensional
faces of Py, hence F4_1(Py) is the set of all facets of Py.

We need to define a way to calculate the volume of Py. Depending on how the N points are distributed
on the sphere S?~!, the convex hull Py either or not contains the origin. Distinguish between these
cases of Py. First, suppose that 0 € Py. In this case, the union of the volumes int [0, F], for
F € Fq-1(Pn), form the convex hull Py. Therefore,

int Py = | int [0, F]. (3.18)
FEJ:d_l(PN)

Recall that [0, F] is the convex hull of 0 and the points that form the facet F.

Secondly, suppose that 0 ¢ Py. Then the union in Equation (3.18) is strictly larger than int Py. In
this case, there are facets G such that int [0, G] Nint (Py) = 0, so the contribution of those facets to
the union need to be left out and subtracted from the union in Equation (3.18). These facets will be
collected in a set. Define

F_={F € Fq_1(Py) |int [0, F]Nint Py = 0}

and
Fi = Fa-1(Pn)\F-.
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Therefore,
int Py = | J int [0, F]\ | J int [0, F].
FeFy FeF_

Note that this formula also works when 0 € Py, since then F_ = () and F; = Fy_1(Py) which gives
again Equation (3.18). In terms of volume, it implies that

Va(Pr) = Va( |J [0, F]) = Va( | [0,F))

FeF, FeF_
= > Va0, F) = > Va([o, F)),
FEF, Fer-

where the last equality holds because for both sums, the simplices involved have pairwise disjoint
interiors. Now the computation of the expected value of the convex hull Py can be started:

E[Va(Pn)] = E[ Z Va([0, F]) — Z Va([0, F])]

FeF, FeF_
=E[ > Va([0, F)er]
FeFy
+1 if FeFy,
where ep =< -1 i Fe F_,

0 otherwise.
Define the event Fy, . ;, = {[Xi,, .-, Xiy] € Fa—1(Pn)}. Instead of only summing over the facets of
Py, we can sum over all d-tuples (i1, ...,i14) with distinct and increasing indices and restrict to the
event Fy, ;.. This results in the following equation:

E[Va(Pn)] = E| Z Va([0, Xiy, oo, Xio))€in,ia L(Fiy )]
1< < <ig<N

= Z E[Vd([oniu"'7XidDEil,m,id]l(Fihm,id)]v (3.19)

1<y < <ig<N

where the last equation holds because the points Xi,..., Xn are independent and identically dis-
tributed. The summation is done over all d-tuples of d distinct and increasing indices i1, ..., 4 € [N],
hence there are (Jg\lf ) of them. Since the points are drawn independently, the expected value in Equation
(3.19) is the same for each d-tuple (i1, ...,74). Therefore, we can restrict ourselves to one such d-tuple,
e.g. (1,...,d), and multiply the result with the number of d-tuples (]C\l] ). That gives the following

equation:

Recall that the points are uniformly distributed on the sphere. Therefore

N Hia )
BVAPw) = () [ Vall0.21, s Bler (o)) =S (@ ).
(Sa-1)d wyq

The Blaschke-Petkantschin formula for points on the sphere (Theorem 2.1) can be applied to the
latter equation:

wa(d—1D (N
d( d ) < ) / / Vd([07x17 °"7xd])E[€1 ,,,,, d]]-(Fl ,,,, d)]
2w d) Jad—1)J(Hnsi-1)a

X Adfl(‘rlv 1xd)(1 - hz)_%Hzil(ngg%i)—l)d (d(wlv ~~'v$d))ud71(dH)'

E[Va(Pn)] =
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To make further computations easier, the hyperplanes H € A(d,d — 1) will be split into two com-
ponents: the linear hyperplane parallel to H and the distance from the origin to H, as is done in
Theorem 2.4.

= ) P A R (et I T

X Adfl(l'lv »xd)(l - h2) 27{57‘.[028);1—1)(1((:1(‘%17 ) ))thSd 1( )

The integrand is independent of u, so the value of the outer integral is simply wg:

E[Va(Pn)] = (dwj_ll)! (i\i]) /0 /ngdl)d Va([0, 21, ..., zq))Eler,... a1 (F1,....a)]
X A 1 (1, wa) (1= B2 EHG DL (A1, 2a))dh. (3.20)

The convex hull [0, 21, ...,z4] is a d-dimensional hyperpyramid with [21,...,24] as a base and 0 as a
peak of height h. As described in Mathai [8] the volume of [0, z1, ..., 24] can be given in terms of the
volume of the base and the height:
1
Va([0,z1, ..., xq]) = p X Va—1([z1, ..., zq]) X h
_h
d

Ad 1((E1,...,$d). (321)

The expected value in the integrand can also be evaluated further:

=P, a=+LF__4)—Ple1. a=—-1,F_ q)
=P(Xg441, ..., Xy are below hyperplane spanned by 1, ..., 24)

Ele1,....al(F

— P(X441,...,Xn are above hyperplane spanned by x1,...,z4)

Again, since X441, ..., Xy are independent, the probabilities of the individual points can be multiplied.
Furthermore, since the points X441, ..., Xy are identically distributed, each of them can be replaced
by one particular point X that is uniformly distributed on S?~! as well. Therefore

Eley,.. a1(Fi,. . q)] = P(X is below hyperplane spanned by 1, ...,xd)Nfd

— P(X is above hyperplane spanned by 1, ..., z4)" ~%.

These probabilities can be expressed in an integral form and reduced to a shorter expression with the
help of the slice integration formula (Theorem 2.7). For the first probability we find
P(X is below hyperplane spanned by z1, ..., xd)N_d
2441 N—d
= (/ 1(z is below hyperplane spanned by 1, ..., z4) ——— 1t dx)
§d—1 wd
N—d

= <wld /11(1 —tQ)% /Sd ] 1(t < h)HSd Q(dy)dt>
- <wid1 [1(1 — )Tt < h)dt)N_d

h N—d
(”d‘l/ (1—t2)d§3dt>
(JJd —1

= S(h)N~1.
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Similarly, we find for the second probability

P(X is above hyperplane spanned by z1, ..., z4)Y ¢

N—d
Hd_,l
= (/ 1(x is above hyperplane spanned by 1, ..., xd)Sdlda;)
gd—1

wq
1 N—d
d—3
= (/ (1- tQ)T/ 1(t > h)Hgd_Qz(dy)dt>
Wa J_-1 §d—2
Wd—1 ! d—3 N=d
= ( w‘ / (1—t2)2]1(t>h)dt>
d J-1
Wd—1 ! 2y 4=3 N=d
— (= A(1_t) = dt
= T(h)N-%
Note that T'(h) + S(h) = 1. Putting this together gives
Ele1,...al(Fy,...q)] = S(R)N =% = T(h)N~7. (3.22)

Postponing the treatment of S(h)¥~¢ — T'(h)N =4 Equation (3.20) can be completed using Equations
(3.21) and (3.22):

- M N ' h x z N—d _ N—d
E[Vd(PN)] - wg_1 (d>/0 /(Hde—l J dAdfl( 1yeees d) (S(h) T(h) )

X Ad,1(1'17 ...7$d)(1 - h2)_%7‘[§z}2§)j_1)d(d($1, ceny l‘d)>dh

We pull out all the terms of the inner integral that only depend on h:

Elvar)] = G () [ - (s - 7o)

d—1
dwy

/ A m M (A, o r)dh (3:23)
(HnSd-1)

The inner integral in the latter equation can be evaluated using Theorem 2.8, but a transformation of
variables is needed in order to do it correctly. In the current situation, the points x1, ..., x4 are located
on a circle obtained by intersecting a hyperplane H with S®~'. The hyperplane is at distance h from
the origin, so the points x1, ..., 24 are on a (d — 2)-dimensional sphere of radius v/1 — h2. Theorem 2.8
requires that the points lie on the unit sphere, so the following transformations are used:

z1 = hu + w1V 1— h?,

g = hu +wqgv 1 — h2,

where u € S¥~1 is the unit vector orthogonal to H and the points wy, ..., wq are points on S¥ 1 Nut.
Note that the intersection of S¥~1 with a linear hyperplane results in a sphere of one dimension lower:
S 1Nut = S92, The transformation is visualized in 3 dimensions in Figure 3.4. The transformation
should also be applied to the (d — 1)-dimensional volume:

Ag_1(z1, ey xq) = DAgoqr(hu + w1 — b2, .. hu + wgV/' 1 — h2).
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This volume is translation invariant, so

Adfl(xl,..., Ad 1 \/1—h2 d\/l —hg).

Furthermore, it is homogeneous, giving
Ad_l(xl,..., ) (17h2) Ad 1(w1,...,wd).

Applying this transformation to the inner integral in Equation (3.23) gives:

/(H iy Ad71(:c1,...,xd)27-[gi[}2§)il)d(d(x1,...,xd))
n

d(d—2) _
/(L . )d( — BT Ay (wr ey wa)? V1 — B2 Elﬁm?dﬂ)d(d(wh""wd))
u+N 1
= (1-h%)" _2/(d y A1 (wr, o wa) HGa s (d(wr, -y wa)
S

2_2 Wd K2 b d—1)(d—
—(1— h2 dT d+1 d?—d—2 ( 1)( 1) ) 324
( ) ((d =112 Ka@a—1) basiyd-1) (3:24)

where in the last line Theorem 2.8 is applied. Equation (3.24) can be written into Equation (3.23):

E[Vy(Py)] = (dw_d 1) (d)/o h(1 —h2)~% (S(WN=4 — T ()N~
d
a2 WYy 1 Ka2—a—2b(d—1)(a—1)

((d = )N)2?Ka(a—1)bdt+1)d-1)

d 2 _d— b — — N 1 d? —d 2
— di')ld-f—lﬁd d—29(d—1)(d—1) ( > / (1 _ h2) (S(h)Nfd _ T(h)N—d) dn.
dwd (d — 1>!"€d(d71)b(d+1)(d71) d 0

x (1—h*) "7 dh

The constant in the last equation is very elaborate, but can be given explicitly. The definitions of

. . : " ba—1yd-1) __ 4m
Wy, Kq and bdf are given 1;1 Chapter 2.1. Using these definitions, we get b () — @await and
Kg2 _g_ r(&=4+2 d=—dy) . 2_ 2 _d— . . . . .
a2-g-3 _ I défd) = (d22d —. Since 454 and 4=0=2 are always integers with unit difference, it
Fd(d-1) al(S52)  w(S=)!
K
follows that —£=4=2 — (d D This gives
Rd(d—1)
d d—1
W 1Kd?—d—2b(a—1)(d-1) 2wy

dwd=1(d — 1)k ga_1ybsn@—1y wid—2)!

Writing out the definitions of wy and wg41 doesn’t give a nicer fraction, so we leave them like this for
now. This gives the following, simpler expression:

E[Va(Py) —m@) [ - s T a9

The functions S (h) and T(h) are related in the following way, using the symmetry of their integrands:
S(—h) = 24=2 f7 (1— )T dt = 2a=2 fh (1 —#2)“z%dt = T(h). This relation will be used to write

Wd
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the integral more efficiently:

/1 h(1 — h2) 52 (S(h)N -4 — T(h)N=1) dh

/ h(1— h%)* h)N=ddh — / (1— K%)= 5(=h)N~4dn
:/ h(l—hz) = S(h)N- ddh+/ h(l—hz) = S(h)N—ddh
0 —1
1 2y s
:/ h(1 — h%) = S(h)N~4dh.
—1
Equation (3.25) becomes a bit shorter using this trick:
2wj+% 2 N—d
E[Vy(Py)] = / B(1 - B2) 2522 g ()N, (3.26)
wd (d—2)!

This is the most exact formula we can find for the volume of the convex hull Py. The integral cannot
be calculated directly, so we will approximate it in the next section.

3.3.2 Approximation
Only one integral is left to be calculated in Equation (3.26), namely

1 2
I(N) = llh(l — h2)= 7 S(h)Nddh.

This integral is of the same form as described in Laplace’s method (Chapter 2.3). Indeed, we can
rewrite the integrand as follows:

i L, h(1— RS _
p)N-d — —N-(=1n(S(h)))
S( ) S(h)d €

= f(h)e= o™

h(1 — h2)“

7

where f(h) = h(1—h?) Lo S(h)~% and g(h) = —In(S(h)). Now we can check the three assumptions
of Laplace’s method in Chapter 2.3. The minimum of the function g(h) is at hg = 1, so the first
assumption is satisfied. It may seem that we can just find the Taylor expansion of the functions f and
g around hg in order to satisfy the second and third assumptions. However, the Taylor expansions of
these functions do not exist because of the fixed but unknown value of d in the exponents in f and g.
Therefore, we have to take a different route. First, the integral in the function S(h) will be evaluated
using the substitution v = 1 — #2:

S(h) = S(1) —/hl“’d—l(l—t?)%adt

Wd
1-h?
wg—1 ¢=3 du
= 95(1) — 2
(1) /0 wq b 2v/1—u
1-h? Wd—1 d=3
=S5(1) - —u 2 du x A(h
W= [ ST aux A,
with 1 < A(h) = \/117 < +. It will turn out to be useful to define A(h) like this, since the value of h

will get close to one, hence A(h) will also be close to one. Now the integration is straightforward:
Wd—1

rEyiatl )= A(R).

S(h) = S(1) —
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Note that S(1) = s (1- tQ)%dt = 1. Then the function g becomes

g(h) = —In (1 - %(1 - h2)dzlA(h)>
__ Wd-1 2yt o
= Gy P AB L+ o(1)

The function g(h) should be expressed in terms of 1 — h in order to satisfy the second condition,
-1 a—1

so the following Taylor expansion around hy = 1 is used: (1 — h2)“T = (2(1—h)+o0(1)) 2 =

25" (1- h)% (1+ 0(1))%. Substitute this into the function g:

gmrzaiﬁggf¥u—hf%u+wu»

giving ¢y = wd(d 1)2 7 and w= %. As the value of h gets close to 1, the value of S(h) gets close
to 1 as well, hence the function f can be dealt with as follows:

iy = MU
a S(h)d
=(1- h2) (1 +0(1))
d?2—d—2
= (201= 1) +o() (1 +o1)
2 4
—o* (l—h)d 2 (14 0(1))
Then the constants are co = 2¥ and a = @ = @. Using Equation (2.1), the value of the
integral is approximated by:
L (1 - hQ)% N AN
e -r) 7 —_r(Z)y_0 —(14a)/n
[1 Sqy 5™ dh-F(M)NQ/M+O(N )
c _ _
= F(d)N—Od + O(N~@/(d=1)+d)) (3.27)
d?—d—2 wi(d—1)d-1
where cp = —2 = — v 2% . T = = . Substitute Equation (3.27) into Equation (3.25):
peq a1 wd(dil)QT d—1
Ewwn—fMHN'@w+ow”ﬂ”0
QNI pdd =2\ d Nd
N o) (P(@) 1 + O(N—(HaD))
-~ wi(d—-2)! d! Nd
2wd+11F(d)
= —-—m 1 O .
e Syt (1 O 7))

The value of the constant will be found in steps. First, the values of I'(d) and ¢y will be filled in:

271 (d = Dlh(d — 1)
ElVa(Pr)] = wi(d = 2)ldw?_

= M(l +O(N~7T)).

d
W9_wWa1d!

1+ o)
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We can simplify the factor % by

wen _ 2 EL(%)  al(%)  on
1

2 2
wi-1  2rr D(HL) (%) d-1

Use this simplification and fill in the value of wg1:

E[Va(Pn)] = (d— 1yd2n e al (1+O(N"7T))
24T (L)
= 7 (1+O0(N"7-T1))

Furthermore, we prove in Appendix A that F(g + %) = 2drd' Y /7 for d € N. This can be plugged

in:
EVA(Px)] = 220 (14 o(v-a))
PN 9 (4 1)dl
x4

= —( (1+ON"T1))

l\?\&
v

J(1+O(N~TT)).

/\

The goal of this chapter was to find the expected missing volume between the surface of the sphere
S4-1 and the convex hull of the points X1,..., Xy as given in Equation (3.17). The volume of the
former is given by definition, namely V;(B?) = k4 and the latter was also found, namely E[V;(Py)] =

ka(l+ O(Nfﬁ)). As a result:
E[Va(B%) = Va(Px)] = ka — ka(1 + O(N~T1))
= O(N~ 7).
Hence, the missing volume between the sphere S?~! and the convex hull of the points X1, ..., Xy goes
to zero at rate N~ 7=1. As a final check, this result can be compared to the findings of Chapters 3.1

and 3.2. Filling in d = 2 gives N2 and filling in d = 3 gives N~! which indeed agrees with the
findings of the respective chapters.
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Chapter 4

Cube

The calculations involving spheres are completed and our focus will shift to the 3-dimensional cube.
In the pre-print of Reitzner, Schiitt and Werner [18], the following theorem is proved:

Theorem 4.1. Let n > 2 and choose N uniform random points on the boundary of a simple polytope
P in R™. Let Py be the convex hull of these points. For the expected number of facets of the random
polytope Py, we have

Efn-1(Px) = cafo(P)(InN)"7*(1+ O((ln N)™1)),

with some ¢, > 0 independent of P.

The theorem assumes that P is a simple polytope. The 3-dimensional unit cube C' = [0, 1]3 is a simple
polytope. Therefore, we should be able to prove this theorem for C' in this chapter. Hence, we will
prove the following theorem which is adapted from Theorem 4.2:

Theorem 4.2. Choose N uniform random points on the boundary of the simple polytope C' = [0, 1]3.
Let Cn be the convex hull of these points. For the expected number of facets of the random polytope
Cn, we have

Efy(Cn) =cln N(1+O((In N)™1)),

with some ¢ > 0 independent of C.

Throughout this chapter, ¢ is a generic constant whose precise value may differ from occurrence to
occurrence. The goal of this chapter is to prove Theorem 4.2. The prove is rather long and involved,
so we divide the proof into several sections. Section 4.1 contains the body of the proof of this theorem.
Tools that are needed to prove this theorem are given in Sections 4.2, 4.3 and 4.7 with additional
proofs in Sections 4.4, 4.5 and 4.6.

4.1 The number of facets

To begin, let X7, ..., Xy be uniformly distributed points on the boundary 0C' of the cube. The convex
hull of these points is denoted by Cy = [Xi,...,Xn]. Figure 4.1 shows an example of how these
points are distributed and what the convex hull looks like, focusing only on three sides of the cube.
The expression Efo(Cy) gives the expected number of facets of the convex hull Cy and that is the
quantity that we want to find in this chapter. Similar to the definitions given before, let Fj(Cy) be
the set of k-dimensional faces of Cy and let its cardinality be denoted by |Fi(Cn)| = fx(Cn). Since
we are interested in Ef5(Cy), the focus of this chapter is on the set of the facets of Cy, F2(Cy), and
its cardinality, f2(Cn).
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Figure 4.1: Convex hull of points distributed uniformly on three sides of the boundary of the cube.

Let F' = [Xy,..., X;] € F2(Cn). The set Fo(Cn) consists of two kinds of facets.

1. F € 0C. These are facets that are contained in dC. This occurs when X7, ..., X} live on the
same facet of 9C. There are only 6 facets in C, so the number of facets that are contained in
0C' is bounded by 6. See Figure 4.1.

2. F ¢ 0C. These are facets that are not contained in dC. This occurs when X7, ..., X live on
different facets of JC and almost surely they are simplices. Hence, k = 3. See Figure 4.1.

It is useful to have a set that describes the facets of the second kind, that is, facets in F5(Cy) that are
not contained in dC'. These facets are formed by points X1, Xz, X3 € 9C that are not all chosen from
the same facet of dC. To this end, write (9C)%, for the set of all triples (X1, X2, X3) € dC such that
not all X; live on the same facet of 9C. Since the number of facets of the first kind mentioned above
is bounded, we restrict ourselves to the facets of the second kind. Hence from now on we assume that
all facets of F2(Cy) that we are dealing with are in the set (86’);. The goal is to find the number of
facets of Cy, so we need to find a way to identify the points in ((90)‘:;é that form a facet of Cy. To
do this, the convexity of C will be exploited. Let I = {i1,42,73} C [IN] be an indexing set of distinct
points i1, 42,43 and take (X;,, X;,, Xi,) € (30);. The convex hull [X;,, X;,, X;,] forms a facet of Cy
if its affine hull does not intersect the convex hull of the remaining points [{X};¢]. This is described
by the intersection of the following events:

Br = {affl{Xi}ier] N [{X;}jer] =0} and  Fy = {(Xy)ier € (90)%}

These two events identify all simplicial facets in F5(C ), which corresponds to the facets of the second
kind. We can write

Efs(Cy)=E Y 1(E/NF)+0(1)

IC[N],|T|=3
= Y EL(E/NF)+0(1),
IC[N],|I|=3
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where the O(1)-term comes from the facets of the first kind, i.e., the facets of Cy that are in C which
is bounded by 6. The points X1, ..., Xy are independent and identically distributed, so the summands
in the last equation are the same for each indexing set I. Therefore, we can fix one indexing set I,
e.g. I ={1,2,3}, and multiply by the number of indexing sets, (1;’7)

Ef2(Cn) = (g)Eﬂ(Ems N Fa3) + O(1),

with E123 = {aff[Xl,Xg,X3] n [X4, ,XN] = @} and F123 = {(Xl,XQ,Xg) S (60);} The affine hull
aff[ X, Xo, X3] is a recurring object, so we simplify notation by setting

H = aﬁ‘[Xl,Xg,Xg,].

We will first look at the probability of the event Ejs3. If the event Ejs3 holds, i.e., if the points
X1, X5, X3 form a facet of C'y, then their affine hull H is a supporting hyperplane of the random
polytope Cx. This hyperplane can be represented by H = H(h,u) = {z : (x,u) = h}, where
UX, X,,X; =: U is the unit outer normal vector of the facet [X;, X2, X3] and hx, x, x, =: h is chosen
such that H(h,u) coincides with aff([X1, X2, X3]). Consequently, the halfspace H_ = H_(h,u) =
{z : (x,u) < h}, which is bounded by H, contains the random polytope C. The probability that
F23 occurs is equal to the probability that X4, ..., X5 are contained in H_. For one point X; with
i =4,...,N, this is given by the proportion of space that H_ takes in dC. Hence for N — 3 points this
is given by

where Hy = Hy (h,u) = {x : (z,u) > h} is the complement of H_. This gives the following expression:

N

Ef(Cn) = <3

)E ((1 - %/\2(80 n H+)>N3]1(F123)> +0(1).

The unit outer normal vector u that appears in H (h,u) can have any direction. All vectors u have
length 1, so they live on the sphere S?. Using the 8 vertices of the cube C, we will separate the sphere
S? into 8 parts. Denote by H(C,u) a supporting hyperplane with normal u, supporting C' in a vertex
of C. The normal cone of vertex v in C' is defined as

N(v,C) = {u e R*\{0} : v € H(C,u) U {0}}.

Each vertex has a normal cone that corresponds to exactly one octant of R3. For example, the normal
cone of the vertex (0,1,1) equals the octant of R® with (—,+,+) coordinates and the normal cone
of the vertex (1,0,1) equals the octant of R® with (4, —, +) coordinates. All normal cones together
cover R3. The boundaries of the cones are covered twice, but they have measure zero. Therefore, with
probability one, the unit normal vector u of a random facet is contained in the interior of exactly one
of the normal cones N (v, C) of the vertices v € Fo(C). Hence

Efo(Cn)= > (J;’[>E<(1éA2(aCﬁH+)>

vEFo(C)

1(u e N(v,c>,Fm>) Loq).

By symmetry of the cube, all summands are equal, so we might as well fix one vertex, e.g. v =0, and
multiply the result with the number of vertices:

N

Efa(Cn) = fo(C)(3>E ((1 ~Iaeonm)) 1 eN(o,c>,F123>) o).
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The points X1, X2, X3 appear in the event Fo3 and they are uniformly distributed on 9C' restricted
to (C)%, so

Efo(Cy) = < >/// 1—42 (00N 1.)) Y (€ N0, C))daydaadas + O(1),

(8C)%

where dx1,dzrs, drs denote integration with respect to the Hausdorff measure on (86’);. The vector
u and distance h depend on the choice of x1,x3,x3, so the integration is only taken over x,x2, x3.
The last equation allows for an application of Lemma 2.10. This gives

Ef(C) =¢fo(C ( )// JI[ (1= gretocnmn)” e vo.0p

§2 R(9CNH)%
Ao([21, 9, 23]) (J(Tay, H)J (T, H)J (T, H)) ™ dary dagdazgdhdu + O(1).

Now, the vector u and distance h no longer depend on the choice of x1,z2, x3. Instead, the direction
u and distance h are chosen first and then the points 1, 29, z3 are chosen from (9C N H (h, u))gj,é For
the moment, we keep the factors J(T,,, H) in this form. We will make it more explicit in further
sections.

Moving on, we can make the expression for A'(0, C') more precise. The normal cone of C' at the origin
is equal to the octant of R? where all coordinates have negative value, so N'(0,C) = —Ri. The range
of integration of u is S?, so the condition 1(u € N(0,C)) = 1(u € —R?) can be taken into account
by changing the range of integration of u to §? N =R} = —S3 = {u € S? : uy, u9,uz < 0}:

Efs(Cy) —c< )///// 1—42 aomm))N ’

—$2 R(ICNH)%
Ao([21, 2, 23]) (J(Tay, H)J (T, H)J (T, H)) ™ dary dagdazgdhdu + O(1).

Fix a vector u € fSﬁ_. If h is close enough to zero, the hyperplane H_ contains all unit vectors
e1,e2,e3. This happens when

max u; < h <0.
i=1,2,3

Figure 4.2a shows an example of this case and Figure 4.2b shows what happens when this is not
satisfied. The blue lines indicate the intersection C' N H(h,u). Note that h < 0, since u € —S7.
The integral over R will be split into two parts: maxu; < h < 0 and —oo < h < maxu;. The values
0 < h < oo will not be considered, because H does not intersect the cube C' in that case and the
integral will be zero. The expected number of facets is

Efs(Cy) —c( )/ / 1—42 8CmH+)>N ’

_§2 max u;

/// )\2([%171'2,1'3])(J(Tx1,H)J(sz,H)J(Txg,H))71d$1d$2d$3dhdu

(0CNH)%,
N max u; 1 N3
+c(3> / / (1 — (900 H+))
_Ser —0o0
/// )\2([$1,1’2,lL’g])(J(Txl,H)J(sz,H)J(Tx,s,H))71d$1d$2d$3dhdu+ O(].)
(0CNH)%,
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(a) H(h,u) with v = (-0.4,-0.5,-0.77) and (b) H(h,u) with v = (—0.4,—0.5,—0.77) and
h = —0.3. With these settings, the halfspace H_ h = —0.6. With these settings, the halfspace
contains the unit vectors e1, ez and es. H_ only contains the unit vector es.

Figure 4.2: Hyperplane H (h,u) intersected with the cube C for different values of h. The blue lines
indicate the intersection 0C N H(h,u).

The values for ui, us, ug and h are negative, so we can substitute v — —u and h — —h. The
hyperplane H(h,u) remains unchanged, but due to the multiplication with a negative number, the
inequality sign flips, hence the halfspaces H, and H_ switch places. Furthermore, as can be seen in
Figure 4.2a, for 0 < h < minu;, the hyperplane H(h,u) intersects dC only in the facets that are in
R3, s0o 0C N H = R} N H. We will use the more convenient formula

N
fa(C) =<(y )0+ 1) + O, (a.)
where
min u; N3
I ::/ / (1—1,\2(81R3 mH_))
/ / No([w1, @2, 23]) (J (Tay s H)J Ty, H)J(To, H)) ™ dzydzadasdhdu (4.2)
(ORS.NH)3,
and

b ;:/ 7 (1—%)\2(6COH_))N_3

S2 min u;

/ / / No([w1, @2, 23)) (J (Tay s H) I (Tay, H)J (Toy, H)) ™ dzydzodagdhdu.  (4.3)
BC’OH

The integrals I; and I will be investigated in the rest of this chapter. In Lemma 4.3 of Section 4.2,
we will see that for 0 < h < minwu;, we can write the inner triple integral of I as

_ ho
// No([1, 29, 25]) (J(Tay, H)T (T, H)J (T, H)) ™ dary dpdarg = —— Unlpls o

U uougz)?
ova 2V pefiay ()

)
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where ¢ are positive constants independent of u. Then the integral I; becomes

N-3
L= \[ 3 5f// l—ng(acmH_)) po s g,

4
re1zay, g (uruzus)

In Section 4.3, we investigate what happens with this last expression for I; when N — oo, namely in
Lemma 4.4 we show that the asymptotics of I; are

I =cN*InN(1+O0((InN)™ 1)), (4.4)

with some constant ¢ > 0 as N — oo.

In Lemma 4.9 in Section 4.7 we show that Iy = O(N~3), which means that I; is dominating over I.
Substituting these asymptotics of I3 and I into the expression for the expected number of facets in
Equation (4.1) gives

Efy(Cn) = c(];) (cN’?’ InN(1+0((InN)™ 1)) + 0(N*3)) +0(1)
=clnN(1+O((InN)™1)),

with some ¢ > 0 which is Theorem 4.2 for the cube C' = [0, 1]3.

4.2 Expected volume of a facet

In the remaining of this chapter, the integral I; in Equation (4.2) will be investigated. In Section 4.3,
the asymptotics of I; will be established. In the current section, we will look at only a part of Iy,
namely the triple integral

/// No([w1, @2, 23)) (J (Tay s H)J Ty, H)J(Toy, H)) ™ daydaadas,

(ORF NH)Z,

which is the first moment of the volume of random simplex in OR"} N H (h,u). The points x; are chosen
according to the weight functions J(T},, H)~'. We will prove the following lemma in this section:

Lemma 4.3. There are constants 5 > 0 independent of u, such that

U U Ufs
E(h,u =2 g
( ) 2\/* Z (u1u21L3)4 f

Fe{1,2,3}3

Proof. Tt will be useful to distinguish between the different facets of 0C, so we will introduce some
new notation. Since we are taking points from QRi N H, there are only three facets that we have to
consider here. Let F}, be the facet of C that is spanned by the vectors e; and e; for distinct 4, j, k. It
follows that ey is normal vector of F},. For example, in Figure 4.2, the facet I'5 would be the “bottom”
of the cube and e3 is the vector normal to Fj.

We will make the factors J(T,,, H) explicit now. As explained in Chapter 2.2.3, for a point 2, on a
facet F', the hyperplane T, contains the facet F'. Since the points x, 29, x3 are not all in the same
facet of OC, the hyperplanes T}, and H are not parallel. Then, for a point z, on the facet F}, the
weight function J(T%,, H) is equal to sin <(ex,u). This is equal to the norm of the vector v = ulp,
created by the orthogonal projection of the vector u onto the facet F,. The coordinates of this vector

are v; = u;, v; = u; and v, = 0. Hence [Jv]| = |/uf +u3 = /1 — uf, since we know that [uf = 1.
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Figure 4.3: R3 N H(h,u) with  Figure 4.4: R? N H(1,u) with Figure 4.5: R3 N H(1,1)
h=0.3,u=(0.3,0.6,0.74) u = (0.3,0.6,0.74)

Putting this together gives

(T, H) = /1 — 42, (4.5)

which is independent of h.

The points x1, x2, x3 are taken from (8]1:%‘1 N H)i, where H = H(h,u). Now we make the substitution
= hye with y, € H(1,u). The 2-dimensional volume is homogeneous, so

Ao ([21, 22, 73]) = h*Xa([y1, Y2, y3])

and since x; are in the 1-dimensional planes (OR3 N H )i, we have dxy = hdy,. The transformation
we made here is pictured in Figures 4.3 and 4.4. This results in the following integral:

E(h,u) = h° / / / No[y1. y2, y8)) (F (T, H) T (T, H)T(Toy, )~ dyrdyadys
(ORZ NH (1,u))%,
= hPE(1, u). (4.6)

We want to evaluate £(1,u). The points y1,y2, ys are chosen from (9RZ N H (1, u))3 where the facets
Fy, Fs, Iy are located in. There are multiple ways to pick three points from these three facets such
that the points are not all chosen from the same facet. We will make a distinction of these cases.
Define {1, 2, 3};’,é as the set of triples where not all entries are the same, e.g. {1,2,2}, but not {3,3,3}.
For an element f € {1,2, 3};’2 we condition on the events y; € Ffi for ¢ = 1,2,3. We can do this for
every element and sum over the results. Recalling 4.5, we obtain

1

ELuy= Y \/(1 —ud)(1—ud)(1 - )

fe{1.2,3}%

</ / 2([y1, 92, ys) 1 € F,)L(yz € Fy )U(ys € Fy )dyidyadys.  (4.7)

(8R3 NH(1,u)

The hyperplane H(1,u) is given by the equation uiz + ugy + ugz = 1 for z,y,z € R, restricted to
u? +u3 +u? = 1. Tt meets the z-axis when y = z = 0, in which case ujx =1, so x = u% In general,
the hyperplane H(1,u) meets the coordinate axis in the points u%ei. The intersection R3 N H(1,u)
forms a triangle between the points (5=, 0,0), (0, -1 +5:0),(0,0 L), See Figure 4.4 for an example. The

’U5

area of this triangle is calculated in Appendlx B and it is equal to We have assumed that

1
2u1u2u3‘
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H(1,u) is the hyperplane with normal vector u. However, we can also obtain the vector u from a
transformation of the vector 1 = (1,1,1) using the affine map

Uy 0 0
A= 0 (15) 0
0 0 us

This map transforms H(1,1) into H(1,u), so it is natural to make the substitution y = A~'2, where
z € H(1,1). This transformation is pictured in Figures 4.4 and 4.5. The intersection R3 N H(1,1)
forms a triangle between the unit vectors eq, es, e3. The area of this triangle is calculated in Appendix

B and it is equal to @
The map A~! scales triangles R N H(1,u) and R3 N H(1,1) with a factor ﬁ By setting
UL U2US
z; = Ay;, the factor A\2([y1, y2,y3]) in the integrand in Equation (4.7) can be rewritten as
_ _ 1
Aa([y1, Y2, y3]) = Ao([A 21, A 2, A7 2g]) = ————= o ([21, 22, 23)). (4.8)
uyugugV/3

It remains to find the Jacobian of the map A. The points y1,¥ys,ys are chosen from 8]1%3_ N H(1,u).
Each edge of this simplex lies in one facet F;. We know that the coordinates of the simplex are
( ,0,0),(0,-X,0), (0,0, u%), so the length of the edge of OR% N H(1,u) in F; is equal to

"LLQ

1 1 1 1
MORLNH(LuWNE) =, |—+— = \ Ui i = \1—ul.
uj uk UjUk UjUL

The points z1, 22, z3 are chosen from OR3 N H(1,1). The length of an edge of R} N H(1,1) in F is
equal to the distance from e; to ey, which is

A (ORE NH(1,1) N E) = V2.

Comparing the length of an edge before and after the transformation shows that the Jacobian in F' 7,
of the map A is equal to

A2 (OR3 N H(1, uf
A2 (OR% N H(1,

Combining these Jacobians with Equations (4.7) and (4.8) gives

1

IRV \/(1_ (1 —u2)(1—u)

fe{1,2;3}%

1 — u2 1 — 2 1 — u2
f1 fa2 f3
X ([#1, 22, 23]) \/ \/ \/
/// U]_U/QU?,\/»

(6RimH(1,1))¢

X Uh Ur Urs ]].(2’1 S F )]].(Zg S F )]].(23 S F )ledZQdZ3.
U1U2U3 U U2UZ U U2UZ



CHAPTER 4. CUBE

We can simplify this expression further.

1 .
5(1’u) _ Z Up U Ufs

4
reiiaay 2v/6 (u1uzus)
/// 2172’2723])]].(2:1 € Ffl)]].(ZQ S FfQ)]L(Zd € Ffs)dzleded
(OR3 NH(1,1))

> T%*?JJZZZ@ Z
Fe{1,2,3}3
where £ is a constant independent of w. Together with Equation (4.6) we find that
E(h,u) = hPE(1,u)
h® Z UpUpy s o

= 5 /7 4
2v6 Fe{1,2,318 (uruzug)

which is Lemma 4.3. ]

4.3 Asymptotics of I;

The purpose of this section is to show that the asymptotics of I; in Equation (4.4) hold. The first
mention of I; is in Equation (4.2), which can be updated using Lemma 4.3. This gives

min u;

1 N-3 .
L=c Y 5f/ / (1—6A2(3Rimﬂ_)) po LB E s g gy, (4.9)

4
relzay @ b (uruzus)
We want to find the asymptotics of I3 in this section. This is stated in the following lemma:
Lemma 4.4. Consider I as in Equation (4.9). The asymptotics are given by

I =cN*InN(1+O0((InN)™1)).

This lemma will be proven in this section.

First, we will find the value of the area Ao(OR% N H_). The hyperplane H(h,u) is given by the
equation uix 4+ ugy + uzz = h for z,y,z € R. It meets the x-axis when y = z = 0 in which case

T = uil and similarly for the y-axis and z-axis. Consequently, H(h,u) meets the coordinate axis in
the points t;e; = ez for i = 1,2,3. The intersection 8R3 N H_ consists of three right triangles,
each formed by the orlgm and two of the intersection pomts with the coordinate axis. Therefore,
h
M(OR3 NH_) = 5771@ + %J’—lu'—z + 572% = W Plugging this in gives
min u;
R2(ur +us +us)\ N g upu
Li=c > & / - POtz + ug) o Bl s qp . (4.10)
12U1U2U3 (U1UQU3)4
Fe{l28ty g2 0
We saw before that the hyperplane H meets the coordinate axis in the points t;e; = ez for:=1,2,3.
The value of h is in the interval [0, _rr%iglg u;], so t; € [0,1] for all ¢+ = 1,2, 3. Therefore instead of
1= 1<y

integrating over the set of hyperplanes defined by h and u, we can integrate with respect to t1,to,t3
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which are the intersections of the hyperplane H(h,u) with the coordinate axis. The goal is to make
the substitution ¢; . Before we can do that, we have to rewrite the integrand in Equation (4.10).
Set m; =, 1(f; = z) The numbers m; count how many of the points y1, y2, y3 are taken from facet
F; in the set f. Note that m; + mo + mg = 3, because we will always choose 3 points in total. As a

result, up up,up, = ui" uy?us?, so it holds that

Up UfUfs 1 1 1

- 4— 4— 4— .
(U1UQU3)4 uf mi s mo ug ms

We also want to incorporate the h® in the fraction with ;. Using that >, m; =3, we can write

h5uf1uf2uf3 — B 1 1 1 e i 4—m ﬁ 4—mg ﬁ 4—mgy
(U1U2’LL3)4 uéll mi ug mo u§ ms u " ” .

Plug this back in to Equation (4.10):

min u;

2 2 2 N3
I1:Cng/<1_h_h_h>

f€{1,2,3}3# Si ; 12u1u2 121L1U3 12u2’U3

4—m1 4—mo 4—mg
x b4 (h> (h) <h> dhdu. (4.11)
Uy Uz us

We will make some steps towards the substitution t; = ui First, substitute r = h~! to get dh =

—r~2dr. This gives h~*dhdu = —r*r—2drdu = —r2drdu. The variables r, v define a system of polar
coordinates (r,u). Pass this to the Cartesian coordinate system, which is achieved by r?drdu =
dz1daodrs. The final substitution we will make is x; = ti with dz; = —t;Zdti. Finally, we have

h=4dhdu = —dx dzodas = (titats) 2dtdtadts

with h ™ u; = ru; = z; = ti_l. We started with two variables h and u, where h determines the distance

from the origin to the hyperplane H and u determines the direction of H. The resulting hyperplane
h

H intersects the axes in the points u—el, w5 €25 1%63 This gives rise to the new coordinate system

(L) Ly — (t1,t5,t3) where the t; indicate where H intersects the i-th axis. Since 2 € [0,1], it

uy? ug’ u

holds that ¢; € [0,1]. Applying this substitution to Equation (4.11) gives

11 1 N_3
I =c Ef/// (1 — —(tita + tits + t2t3)) 12T RS (4 dt gt
Fe{1,2,3}3 0 0
=c Y EJ(m—1) (4.12)
Fe{1,2,3}3

and here we define

1 1 1 N3
N /// (1 ~ it Fhits + t2t3)) tr g 2y Rt dbadts, (4.13)
0 0 0

where l1,12,1l5 € {—1,0,1}. We will spend the rest of this chapter on computing this last integral.
We denote I = (I1,12,13). The integrand of the integral J(l) is symmetric in the variables t1, t2, t3, S0
choosing I = (—1,0,1) or permutations of that will all result in the same value for J(1). Intuitively
this makes sense, because these choices of I all come down to taking one point from one facet and two
points from another facet, which is symmetric in the facets. Hence we can say that

J(=1,0,1) = J(=1,1,0) = J(0,—1,1) = J(0,1,—1) = J(1,0,—1) = J(1,-1,0).
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The final possible choice is I = (0,0, 0), which is its own category. There are no more ways of choosing
l. We can split the summation in Equation (4.12) according to these categories. Then

I = ¢J(=1,0,1) + ¢J(0,0,0). (4.14)

We only have to find J(I) for I = (—1,0,1) and I = (0,0,0).

Lemmas 4.5, 4.6 and 4.7 deal with the integral J(I) in Equation (4.13), to make it useful for our
purposes. The proofs of these lemmas are rather technical, so in order to keep the contents of this
section easy-to-follow, they are postponed to separate sections. After that, Lemma 4.8 proves the
crucial asymptotics.

Lemma 4.5. Let S3 be the set of all permutations of {1,2,3} and let f : (0,00)3 — (0,00)? be defined
by

fite) =[]z J=123
i)

1. The inverse function to f is g : (0,00)% — (0,00)3 given by

\/L1X2T3

gi(z) = .

2. f maps the open set (0,1)3 bijectively onto S = {y € (0,1)% : y1yays < y? Vi}.
3. A= {z € (0,8)3 : mwax3 < B2?} = U {(@r1)s Tr(2), Tn(z)) 1 @ € M} =: B for 3 >0 and

TES3
where the set M is defined as M = {x € (0,00)% : 23 < x93 < 1, Bas > 2172},

Proof. Section 4.4. O

Using this lemma, we can prove the following lemma regarding the function J(1).
Lemma 4.6. Letl € {(—1,0,1),(0,0,0)}. Then we have

N—-3 N—-3 N-3
12

N-3
(1 — W) sl11 5122 sé3d53d52d51.

<

~

=

I

—
2 0]
| |
ol ™

e
O\E
O\:E
o\

—_——
\/515253§s“/ NlES Vi

Proof. Section 4.5. O

We have almost reached the optimal form of J(I). Until now, the number of points N appears in the
range of integration of all s;. However, using Lemmas 4.5 and 4.6 as tools, we change this to smaller
intervals. Recall that S3 is the set of all permutations of {1, 2, 3}.

Lemma 4.7. Letl € {(—1,0,1),(0,0,0)}. Then we have

12 S1 S2 N—3
864 S$1+ S2+ 83 lery U2y ln
J(l) = m Z / // (1 — ]\7_3) Sq (1)82 ) S3 & d33d82d81.
m€Ss 0 0
—_———
120152 <54
Proof. Section 4.6. O
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In light of Lemma 4.7, we introduce integrals of the type

% S1 S2 N-3

sw= [ [[(1-2525%)  stspspassisatn, (119
0 0 O
N—

1251 59
N—3 <53

where q := (q1,92,93) = (Ix(1), lr(2), lx(3))- The role of q is the same as the role of I in Lemmas 4.6
and 4.7. Namely, q + 1 represents how many points are taken from each facet. However, the integral
in Equation (4.15) is not symmetric in the variables sy, so, s3, so the order of ¢1, g2, g3 does matter, in
contrary to l1,ls,l3. We can find the asymptotics of S(q) for different values of q. This will be done
in the lemma below. It has a lengthy proof, but since its results are crucial in finding the asymptotics
of I, the proof is given here.

Lemma 4.8. Assume thatq € {(-1,0,1),(-1,1,0),(0,-1,1),(0,1,-1),(1,0,-1),(1,-1,0),(0,0,0)}.
Then there is a constant cq > 0 such that

S(q) =cgIn N +0(1)
as N — oco. More precisely:
1. If g3 = —1, then
S(q1,q2,—1) + S(g2,q1,—1) =In N + O(1) (4.16)

2. If g3 > —1, then cq =0, so

We start with proving item 1 of this lemma. The proof of item 2 follows immediately after.

Proof of item 1 in Lemma 4.8. We assume that g3 = —1. It follows that one of ¢; and ¢o is 0 and
the other one is 1 and for now it does not matter which one is which. Recall the formula of S(g) in
(4.15). The formula of S(q1, g2, —1) reduces to

N-3
12 S1 S2

N-3 q1.92
S(qr,qo,—1) = / //(1— ik J]rvsigs“%) Sls? dssdsads. (4.17)
0 0 0

——

1251 89
N—3 <53

This integration will be done by dissecting the current range of integration along the sets J; = {s3 < 1}
and Jy = {s3 > 1}. Then the expression for §(q1, g2, —1) can be written as

N-—-3

R N=3 a1 g2
S1 + S2 + 83 S1° S
S(q1,q2,-1) = /// (1— N3 ) 1532 dszdsadsy
0 0 0
——
{(FFEF <ss}nn
o= s1 s
w7 N-3 _q1_92
S1+ 852+ 83 S1 Sy
1-— dssdsad
+ /// ( N —3 ) 53 S30ds52dS51
0 0 0
——
{3152 <310,
= Sl(Q17q2a_1)+SQ(Q17q2a_1)' (418)
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We will first deal with the computation of S1(q1,¢2,—1). This is done by bounding the term 1 —
sl'ﬁ% from above and below. For the upper bound, we use the trivial inequality 1 — % <

1- % Now we can also found an upper bound for the integrand of S;(q1,¢e2,—1). For this, we
focus on the inner integral of S1(q1,q2, —1). This is the integral with respect to dss and its upper
bound is found as follows.

N-3
S1 -+ S2 + 83 1
P 1 —_——_— —
SLas / ( N -3 ) 55 05

1251 s
[ e 752] NJy

N-3
S1 + So 1
<[1- —d
- ( N — 3) / S3 5
[45252 2]

N-3
S1 + 8o 52
= (1 -V 3 ) [ln(sg)} 120122

N-3
_ (1 _ Sjlvts?f) (—In(s1) + In(N — 3) — In(12))

which is an upper bound for S 4,. For the lower bound of 1 — % we use that sy < 51 <

N-—3 S1+s 2s 1 s . : .
5 = A% < 25 < 3. Keeping this in mind, we find:

S1 + 89 2s3 S1 + 89 _ 253 283(81 + 82)

i iU v DA s Vi N (N —3)2

_1_51+52_ S3 2_2(51+52)
B N-3 N-3 N -3
<1_81+52+83

- N -3

We will use the elementary inequality (1 —y)¥ > 1 — ky when y < 1 and that [122152 5] € [0,1]. Now
we can also find a lower bound for S; 4.

N-3
81+82 283 N—31
>(1- 1— —= =
SL‘B—( N3) / 1-53=3 53

N-3
S1 4+ 8o 1
> — — _
> (1 N _3 ) / (1 283)53d83
[B2.52] N
N-3
S1 + 8o S2
= (1 - N3 ) [ln(s;),) - 253} 12025
N-3
. S1 4+ 8o 125189
—(1— NS) (=In(s1) + In(N = 3) = In(12) — 2(s2 — N73))
s1+s\ VP
> (1 - le 32) (—In(sy) 4 In(N — 3) — In(12) — 2).

These bounds can be summarized in one expression using an error term:

s1 s\ VP
St = (1_ zlv—;) (—In(s1) + In(N — 3) + E),

where —In(12) -2 < EF < —1n(12).
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Plugging this back into the equation for S;1(g1, g2, —1) gives

822 s N_3
Si(qr,qo,—1) = / / <1 _ +_832> (= In(s1) + In(N — 3) + E)s? s2dsods, (4.19)
0 0

The integrand in the last expression contains a summation of three terms, hence these terms can be
separated to three double integrals. The integral with the In(/NV —3)-term is the dominating one, which
we will handle after bounding the two other integrals. First, using the identity (1 + %)N < e”, we get

oo o0
g//e*“ 2| In(s1) s sd2dsadsy
0 0

o0

:/e_sl\ln(sl)|s‘f1dsl/e“”sgzdsz
0

0
[(g2 +1) = 0(1),

N-3
( _nt 82> (—In(s1))sT s22dsadsy

where k1 is a finite constant since integrals of the form [~ e ®#*|In(z)|dz are convergent. Second,

% S1 N-3 ngs S1 N—3
/ /(1— S];_FS;) Es{' sPdsads| < / /( i +832) (In(12) 4 2)s{' s dsads;

0 0 0

oo 00
< (In(12) 4 2) //6751752831832(181(182
00

= (In(12) + 2)T(q1 + 1)T (g2 + 1) = O(1).

The integrands containing the terms — In(s;) and E are of order O(1) and the term containing In(N —3)
remains to be bounded. Equation (4.19) becomes

% S1 s + s N—3
Si(q1,q2,—1) = In(N — 3) / / (1 - ]i[ - ;) 5152 dsydsy + O(1), (4.20)
0

0

We have used before that %52 < 1. Note that for [¢| < 1 it holds that e’(1—t) > (14+¢)(1—t) = 1—¢?
and (1 —t2)™ > 1 — mt%. With this given, we find the following inequalities:

N-3 N-3
0< e (s1Fs2) _ (1 51+ 82 < e (s14s2) _ —(s1+s2) [ 1 _ (s1 + 52)2
= N-3 = (N —3)?

2 2
< —(s1+s2) _ ,—(s1+s2) 1— (Sl + 82) _ ,—(s1+s2) (81 + 52)
=¢ c N -3 ¢ N-3
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N-3
which implies that (1 - %) = e (s1Fs2)(1 4 O(%)) Using this in Equation (4.20) gives

S1(q1,92,—1) =In(N - 3) / /e_(51+52)(1 + O(N_l(sl + 52)2))s(f1532d52d81 +0(1)
0

0 0
=In(N — 3)//]1(52 < sp)e 25T s dsodsy
0 0

oo S1

—In(N — 3) / /e_sl_‘”s(l“ngdstsl +0(1).

N-3 (
12

The integral in the last line is of order O(N' ’“e*%) which is shown by the following computations:

0o S1 0o s1 oo oo
—S81—S2 91 92 —S q1 —S82 g2 —S81 .91 —S2 .42
/ /6 1725t 537 dsadsy = / 1 / 2s52dsadsy < / e s /e 2552dsads
N-3 0 0 N-3 0
12 12

F(q2 +)[—e (s + D)) ns ifa =1
D(g2 +1)[ — e ] 3os if g =0

1
D(gz+1)e~ = (M52 4+1) if gy =1
D(g+1)e™ 1 if g1 =0

oo 00
Si1(q1, 92, —1) //]l 59 < s1)e” 1251 s dsadsy + O(1) (4.21)
00

which we recall is the integral S(q1,¢2,q3) given in Equation (4.17) with the additional restriction
that s3 < 1.

We will do the same for the integral S(q1,¢2,¢3) given in Equation (4.17), but with the additional
restriction that s3 > 1. The goal is to show that S2(q1, g2, —1) = O( ). This is more straightforward
then the previous case. Since we assume that s3 > 1, it holds that —- S < 1. Hence,

N—-3
12 S1 S

; s1+ 82+ s N=3
J[] (=252 s

0O 0 0

‘82((]17Q2a 71)| S

{ 1;2\?1';2 <s3}NJa

[o olNe oo o] oo o0 oo
///e_(““?“?’)sqlsq2d53d32dsl / SlSLlhdsl/6_82832(182/6_53(183
00 0 0 0 0

=I(g1 +1) - T(g2+1) - 1=0(1).
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We established an expression for S1(q1, g2, —1) in Equation (4.21) and we found that S2(q1, g2, —1) is
of order O(1). Now we go back to Equation (4.18) and put these results together. Finally,

S(q1,q2,-1) //ﬂ 5o < s1)e” 25T s dsodsy + O(1).
00
Recall that our goal was to prove Equation (4.16). To that end:

S(q1,q2,—1) + S(g2, q1,—1) = In(N —

/]l (s2 < s1)e 175251 522 dsadsy
0

+In(N /]1(52 < s1)e 25 s dsodsy + O(1)
0

e 17251 s dseds; + O(1)

N
]

=In(N = 3)['(q1 + 1)I'(¢2 + 1) + O(1).

There are two more details here. First, recall that one of ¢; and ¢ is equal to 0 and the other one is
equal to 1. In either case, I'(q1 + 1)I'(g2 + 1) = I'(2)I'(1) = 1. Secondly,

N -3 N -3
I ) =In(N) + In(

) = In(N) + In(1 — %) — In(N) + O(N).

These two details give the desired result:

S(q1,92, —1) + 8(g2, q1, —1) = In(N) + O(1)
as Equation (4.16) states. O
Proof of item 2 in Lemma 4.8. Assume that g3 > —1. In that case, the possible options of q are

qg €{(-1,0,1),(-1,1,0),(0,—-1,1),(1,—1,0),(0,0,0)}. Note that ¢; + g2 + g3 = 0. We will use that
e~® <1 for > 0 in the upcoming calculations. The goal is to prove that S(q) = O(1).

N s
1S(q)] = / SRS e g dsdsy
N -3

0 0 0

1257 s9
N—3 <53

S1 S2

//67317527538 532 s dszdsads,

IN
\2 O\z

S2
—S2 .42 —S3 qu d d
So (& S5 0830520851
0

52

sd / 5P dsgdsads.
0 0

IN
o
@
:
z
»
H-S —
—r Tt
9]

45



CHAPTER 4. CUBE

Since g3 > —1, the function s%°* is a polynomial. This gives

S1

N-—3
12
) 1
1S(q)| = / / L pratiggds,.
0

q3 + 1
0
Like before, g2 + g3 +1 > —1, so ng+q3+1 is a polynomial.
N-—3
12 1
S — —S1SQ1+Q2+Q3+2dS
%) / G e inty’ 1
N-—-3
1 12
= e %1s2ds
(g3 +1)(g2 + g3 +2) 0/ 1=t
1
< e %152ds
_(Q3+1)(Q2+Q3+2)0/ e
2
= =0(1).

(g3 +1)(q2 + g3 +2)
O

This concludes the proof of the two items in Lemma 4.8. It shows that the only asymptotically
contributing terms are q € {(0,1,—1),(1,0,—1)}. Translating this to m tells us that choosing each
point from a different facet results in a negligible number of facets compared to choosing two points
from one facet and one from another. Recall that we are only considering the three facets that are
adjacent to the origin of the cube C. If each point is chosen from a different facet of 9C, then the
corresponding facet of Cly is located in a corner of the cube C. In each corner there can only be one
such facet. There are only 8 corners in the cube C, so it is not very surprising that we find that those
facets give a very small contribution to the total number of facets. The facets of Cy that have two
points in one facet of JC and the third point in another facet of C are the only ones that contribute
to the total number of facets. With these results, we can make our argument complete. The purpose
of Lemmas 4.5, 4.6, 4.7 and 4.8 was to find the asymptotics of J(I) in Equation (4.13). Using Lemma
4.7 we can write J(l) as

c sitsa+ss\" 0 ) e oo
J(l) = m Z 1-— Ni—g Sq So S3 ngdSQdSl
0 0

DEEER

Sl 1o, 1) + S(la, 11, 13) + Sl I3, o) + S(ls, 1, lo) + S(la, I3, 1) + S(l3, 12, 1)) -
(4.22)

Recall that we were investigating J(I) to find the asymptotics of I; in Equation (4.14). Hence, we
only have to evaluate Equation (4.22) for I = (—1,0,1) and I = (0,0,0).
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e [ =(—1,0,1). Filling this in gives
c

J(—1,0,1) = W(S(
S(

1,0,1) + 8(0,—1,1) + S(—1,1,0)

1,-1,0) + 8(0,1,—1) + S(1,0, —1)).

The terms S(-1,0,1), §(0,—1,1), S(-1,1,0), S(1,—1,0) allow for an application of item 2 in
Lemma 4.8. The term S§(0,1,—1) + S(1,0,—1) allows for an application of item 1 in Lemma
4.8. Adding these terms gives

Jl) = —5  _(InN+O(1)) =

R In N(1+0((In(N))™1)) = eN? In N(14+0((In(N)) ™).

__°
(N —3)°
e [ =(0,0,0). Filling this in gives

J(0,0,0) =

We have found the value of J(1) for the different choices of I. We needed this value of J(l) to compute
the value of the integral I; that was first stated in Equation (4.2). Later we found that I could be
written as in Equation (4.14), which is where the J(I) came in. Now the final estimates of I; can be
given. In the first line, Equation (4.14) is repeated.

I, = ¢J(—1,0,1) + ¢J(0,0,0)
=cN?InN(1+O0((In(N))™") + O(N~?)
=cN3InN(1+O((In(N))™1)

which concludes the proof of Lemma 4.4.

4.4 Proof of Lemma 4.5

Recall the statement of Lemma 4.5. Let f : (0,00)3 — (0,00) be defined by
=[[z: =123
i
1. The inverse function to f is g : (0,00)% — (0,00)3 given by

VY1Y2Y3
9i(y) = ——

Yi

2. f maps the open set (0,1) bijectively onto S = {y € (0,1)3 : y192y3 < y? Vi}.
3. A= {x € (0,8)% : mmaz3 < B2} = |J {(= Tr(1), Tr(2); Tr3)) : ©* € M} =: B for § > 0 and

TES3

where the set M is defined as M = {x € (0,00)3 : 23 < 29 < @1, Bz > T122}

Proof. 1. For j=1,2,3, f;(9(v)) = 1] 9:(y) = [1 VYLY2Ys _ VY1V2Ys NYLVRYS _ Yiyoys — y;, where

i£] it Yi Yi Yk YiYk
i and k are distinct and not equal to j. For i = 1,2,3, ¢;(f(z)) = gi(xexs3, 2123, 2122) =
v _ _
TeTaTiTsTT2 _ 21T2%3 — 2. where §j and k are distinct and not equal to i.
TiTk TjTk
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2. In order to prove the bijection, we will show that f(x) € S for z € (0,1)® and f~(y) = g(y) €

(0,1)3 for y € S. In order to show that f(z) € S for all z € (0,1)3, we need to show that
f(z) =y € (0,1)% and that y1y2ys < y? for all i = 1,2,3. Indeed, fi(z) = z;jx) € (0,1) for
all 7, where j and k are distinct and not equal to i. Moreover, y1y2y3 = f1(z)f2(x)f3(x) =
ToT3T1T3T 13 = TixdTi < xzxi = y2 for all i. Therefore, f(z) € S for z € (0,1)3. For
y € S we want to show that g(y) € (0,1)3. As a property of the set S, y1y2ys < 97, so

gi(y) = HE2e < %’j =1y; < 1 for all i. Thus g;(y) € (0,1) for all 4, hence g(y) € (0,1)3.

. We will show that A C B and A D B in order to show that A = B. First, let x € A and show
that x € B. There is a permutation m € Sz such that 2,3y < Zr2) < (1) and it holds that
Tr(3)Tr(2)Tr(1) = T12223 < Ba; = B (;) for some j such that 7(j) = i. Using the condition of
the set A, we know that z;w923 < B3, hence x129 < Brs. This shows that all conditions of
the set M hold, hence x € B. Now, let x € B and show that » € A. If (2,(1), Tr(2), Tr(3)) € B,
then 2’ = (27,75, 23) = (Tx—1(1), Tr-1(2), Tx-1(3)) € M. It suffices to show that M C A. For
' € M it holds that 25 < 2 < x’l and 5:Ug > zixh. In order to show that 2/ € A, we
need to show that z} < 8 and xle:rg < B(x})? for all i = 1,2,3. Indeed, z}x} < By implies
rhabal < B(xh)? < B(xh)? < B(x))? which implies x}zhal < 6( 1)? for all 4. This last inequality
also shows that x < j8 for all i. Hence, 2’ € A.

O

4.5 Proof of Lemma 4.6

Recall the statement of Lemma 4.6. Let I € {(—17 0,1),(0,0,0)}. Then we have

3

3

s1+ 52483\ 0
1 2 3 1
J(1) = (1 — N—S) l11822$égd83d32d81.
\/mgsn/ 2 Vi
Proof. We defined
1 1 1 N—-3
B 1 li 1=l 113
= 1-— E(tth +t1t3 + tgtg) tl ty “Pts dt;dtadis.
0 0 0

We use the transformation of Lemma 4.5:

VUL i =1,2,3.

U5

v = tgtg, Vo = t1t3, V3 = tltg and ti =

Since t1,ta,t3 € [0,1], it also holds that vy, ve,vs € [0,1]. However, the reverse is not always true; if
vy, Ug,v3 € [0,1], it does not always hold that t1,t2,¢3 € [0,1]. Therefore, we have to condition the

range of integration on t; = 7”“:)2“ <1 = /vivgus < v; for all 7.

If i # j, then Qb = d voivels V71925 4 if § = j, then $54 = —Y12%% Using these derivatives,
.7

dv v, 2004
we can construct the Jacoblan and compute its determinant:

]
207

. U1U22U3 4/V102v3 V1203 1 1 1
2v 2012 2v1v3 3 v2 V1V V1V
1 3 1V2 1V3
J = det V10203 _ \/vivaus V10203 o ('Ul'UQUB)Z det 1! 1

=de 2v1 Vg 203 20503 - ] € V12 v3 VU3
V1V2V3 V1V2V3 4/ V1V2V3 1 1 _Lz
2v1v3 2v2v3 21)§ v1v3 v2v3 v3

3

(vlvgvg)z 4 1

8 v%v%v% 2,/010203
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Applying this transformation to J(l) gives

11 1 N3
/// (1 — — (v + vy + ’Ug)) vlllv?v?, dvgdvadvy
0 0 0

/U1V203 S i Vi

The last substitution will be v; = lezfg with ?17;? = NI—EB, which gives

N-3
J() = / / / ( _ TS jvsi; 53) lfslzzsff’d%dszdsl
0

\/315253§s“/ = Vi

4.6 Proof of Lemma 4.7

Recall the statement of Lemma 4.7. Let I € {(—1,0,1),(0,0,0)}. Then we have

N-3
864 ( sits2+53\" 0 Loy leoy L
0=t X [ [ [ TFE) s s,

Proof. In Lemma 4.6, we found that we can write

N—-3 N—3 N-3

N-3
S1+ 82+ S8
(1 R S N i 3 3) lll slfsf;d83d52d31

<
~
=

Il
—

= [0
| |
RS
)
O\;
O"\;
O\E

—_——
\/slsgsggs“/ le:} Vi

. . N-3 " 12\ .
The variables s, $2, 83 are taken from [0, —] conditioned on /s18553 < s; s V¢. This can be

described by the set R = {s € (0,252)% : \/s18385 < si\/ m23 Vi} defining s = (s1,s2,s3). Note
that this set is the same as the set A in Lemma 4.5. This lemma shows that A = B, so we obtain
R= U {(571):8r(2), $x(3)) : s € M}, with M = {s € (0,00)3 : 53 < 89 < 81, %83 > $152}. Then

TES3
the expression for J(I) becomes

_ 864 S+ 55@ £ 5@\ g
J(l) = e Z / /(1 - N3 sﬂl(l)sﬁ(ms:(g)ds;;dszdsl.

Ly bty Lo
It is obvious that s;(1)+5x(2)+5x(3) = s1+s2+s3. Furthermore, sfj(l)sif@)sff(:,)) 57 Wy @@
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Since we sum over all 7 € S3, we may replace 7! by 7 in the last expression. Then,

864 7 $1 + 8o + 83 N3 Lecty Logay Lo
0=t S [ [ [T s asdsans,

as the lemma states. O

4.7 Asymptotics of I,

In this section, we will prove that the asymptotics of I as defined in Equation (4.3) are O(N~3).
This is stated in the lemma below. We recall the formula for I here.

b ;:/ 7 (1—é/\2(8CmH_))N_3

Si min u;

/ / No([e1, 22, 23)) (J(Tays H) I (Tyy, H) I (Tay, H)) ~“dardadsdhdu.

(()Cer)gé

Lemma 4.9. Consider Is as in Equation (4.3). The asymptotics are given by
I, = O(N~®).

Proof. The diameter of the cube C' is v/3, so as soon as h > /3, we have (0C N H) = () for all u € Si.
Therefore, we can restrict the integration with respect to h to the interval [minu;, v/3].

V3
122/ / (1—%)\2(600}[,))]\]73

SQ min u;

/// )\2 xl,xg,xg])(J(Txl,H)J(Txg,H)J(T%,H))fldxldxgdxgdhdu.
8CﬂH

Furthermore, we can upper bound As([z1, 22, x3]). The points 1,22, x5 are chosen from (0C N H)‘:jé7
so the convex hull [z1,x2, z3] is always contained in C' N H. Hence,

\/g <
Igg/ / (1—%\2(8001%_))%3

Si min u;

2(C'N H) / / / J (T, H)J(Tyy, H)J (Tyy, H)) ™ dary dwsdzsdhdu. (4.23)

(9CNH),

Recall that the hyperplane H = H (h u) meets the coordinate axes in the points iel We assume

that h > minu;, so at least one of 2 ) u%, u— is larger than or equal to 1. Hence, the halfspace H_

contains at least one unit vector. This gives 3 possible situations:
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1. When H_ contains one unit vector, it holds that

h h h
either —, — <1,— >1
Uy U2 us
h h h
or —, — S 17 —_ 2 1
Uy us U2
h h h
or —, —<1,—2>1,
U U3 Ul
so there are (3) = 3 options.
2. When H_ contains two unit vectors, it holds that
h h
either — <1,—,— >1
Ul U2 U3
h h h
or — S 17 Ty T Z 1
U2 Uy us
h h h
or — §17777 2 17
us Up U2
so there are (i’) = 3 options.
3. When H_ contains three unit vectors, it holds that
E? ﬁ? ﬁ 2 ]‘7
up U2 U3

so there is only () = 1 option.

In general, we can multiply by (2) and assume that H_ contains egyq,...,es, thus the points of
intersection satisfy

with some 0 < k < 2. We can split the integral in Equation (4.23) into three parts using k = 0,1, 2.

< >/ / (1_%\2(3001{_))%3&(00}[)

/// J(Tay, H)J(Tyy, H)J(Tay, H)) ™ daydzadzsdhdu.
(8CnH)3

The points u%el’ e Uh—kek, €k+1,---, €3 are all in 0C N H_, hence

h h
)\2(80 N H_) > AQ([ael, . %ek, Chagly ey 83])

1 h h 1 h h 1 h h
=3 min (1, u—l) min (1, 172) + 3 min (1, u—l) min (1, 173) + 3 min (1, 172) min (1, 173)
For each value of k, we can make the lower bound of A\3(0C N H_) more precise.
1. For k =0, it holds that -, b R > 150 M(ACNH_) > §-3> 3.
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2. For k=1, it holds that 2 <1, b >1 50 \py(CNH ) > 3 41 h 41> 1

U

u? uz — U2 w1l

h
3. For k = 2, it holds that -, [- <1,£Zl,so)\g(aCﬂH,)Z%Li—i-%i-i-%iZ%L-i-%
us u u2
N—

When k = 0,1, we find that \p(0C N H_) > %, 50 (1 — $X(0CNH_ )N 3 < (1- L)V 3 <eim |
This exponential can be pulled out of the mtegral for £ = 0,1, so the remaining integral does not
depend on N, which means it can be seen as a constant. This gives the asymptotics for £k = 0,1. Only
the integral for £ = 2 remains to be bounded.

()/ / +%))N_3)\2(COH)

S2 h<ui,us
>U3

/// J(T,,, H)J Tm,H)J(Tm,H))_ld:cldxgdxgdhdu—I—O(e_ &
(BCmH)3

The intersection C'N H forms a quadrilateral that is located in the cube as represented in Figure 4.6.
It is a triangle with the top cut off. When this top is not cut off, this triangle is formed by the points

uhl 1, 172 e, uieg In Appendix B, the area of such a triangle is calculated and it is equal to TP
The area of C'N H is bounded by the area of this triangle. Therefore, \y(C N H) < ﬁ
1,h h \N-3 h2
<3 (1- 5 +20)) o
2 / / 12 (’LL1 + Ug) 2U1U2U3
82 h<ui,us
h>‘LL3
/ / / (J (T, H)J (Ton, H)J(Ty, H))~ dzydaadasdhdu + 0(e~ ). (4.24)
(0CNH),

Figure 4.6: u = (0.7,0.6,0.39), h = 0.5

We will deal with the inner triple integral over x1,x2,x3. The only case that we have to consider
now is £ = 2. An example of this situation is given in Figure 4.6, where it indeed holds that
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1?1’ uhZ < 1,4t = 1. Recall the notation of the facets of the cube that we introduced on page 35. In

Figure 4.6, F; denotes the “back” of the cube, F; denotes the “left” side of the cube and Fj denotes
the “bottom” The top of the cube is described by shifting the bottom of the cube with the vector
e3, so I + e3 denotes the “top” of the cube.

Since we assume that -+ J—; <1, J—l > 1, it is always the case that H intersects OC' in the facets
Fy, Fy, F5, F3 + e3 and that it does not intersect the remaining two facets (the front and right side),
see Figure 4 6. Therefore, the intersection dC' N H is the boundary of a quadrilateral with one edge

on each of the facets Fj, Fs, F5, F5 + e3. Let’s determine the length of each edge.

/1—u?
e 0C'N H N Fj is a line between the points e3 + h;—;“eg and u—};eg which has length %
Indicated by a in Figure 4.6

/1—u?2
e 0C'N H N F; is a line between the points e3 + h;;“ e1 and u—hlel which has length %
Indicated by b in Figure 4.6

/12,2
e JC N H N Fjis a line between the points %el and 7%82 which has length h u11u2u2-
Indicated by c¢ in Figure 4.6
e 0C'N H N (F;+ e3) is a line between the points e3 + h;—f?*el and e3 + h;—::“eg which has length
—m2
(h—ua)y/1—u5 Vulluzuz. Indicated by d in Figure 4.6

Ui uz

Recall Equation (4.5). There we found that J(T,, H) = /1 — u3 for « € F;,. Then for f = 1,2,

J(Ty, H) tda = (1 — 2 ‘5/
/BCﬁHﬂFf ( ) ( f) é)CﬂHmF h H

175f

-

and for f =3,

[N

h
1
i<2

S =

/ J(Tp, H) 'de = (1 —uf)
OCNHNF.

J(T,,H) 'dz < - —
/BCﬁHﬂFéJreg H Ui

1<2
Define a vector f € {1,2,3}3, where f; = 1,2 denote that x; is in Ffi and f; = 3 denotes that xz;

is either in Fj or in Fy + e3. We require here that my = Zj’:l 1I(f; = f) < 2for f =1,2 and
mq + meo < 3, since we cannot choose more than 3 points on the cube. This yields

/ dzr =
BCQHQFQ

/// J (T, H)J (T, H)J(Tay, H)) ™ darydaadag

8CﬁH

(/ ij,H)lda:j>
fe{123}3]f7<2 BCmHmF

/ J(Ty,, H) "da;
jifj=3 OCNHN(F3U(F5+es))

= u?u3 Z (%>m1<1;12>m2'

2 re{1.2,3)®
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This upper bound for the inner triple can be filled in in Equation (4.24).

h N-3 _4 h9 UL\ ™/ Uug \ M2 _ N-3
/ / U1+U72>) g u‘fu%u;; Z (ﬁ) <ﬁ) dhdu+0(e " )
82 h<u1,U2 f€{1,2,3}3
h>us

On page 39 we made the substitution ¢; = u% with h=*dhdu = (t1tot3)~2dt dtodts and we will apply
it here as well.

N—322_1 e a—n _N-3
17 — tl +t2)) t1t2t3 Z tl 1t2 2dt1dtodts +O(€ 12 )

,<1 t3>1 Fe{1,2,3}3

N-3 _
// 1 — gt t tg)) £27m2=me gt dtydty + O(e™ ).

f€{1 2,3} ¢ ta<1t3>1

N W H.l\’)\

The integration with respect to t3 is immediate since t3 = 7Th3 < 1 implies that t;l > 1.

3 N-3 2—my42—mo — ==
L<g tl + tg)) t17 "Mt dt dts + Oe” 12
fe{l 2,3}3

Finally, we will evaluate the value of this double integral. We start with substituting ¢; = %

bt 1 N=3 2
I::/ / 1- —(t1 +t2)) tl_mth_m2dt1dt2

12 6 mi—ma 12 S1+ S2 N-3 —m —m
(N 3 / / 1— N73) sT M 5272 ds dss.

Recall that m; € {0,1,2}, so that 2—m; € {0, 1,2}. Furthermore, we have assumed that m +ms < 3,
80 6 — m; — mg > 3. That means that for large enough N,

N-3 N-3 n N—3
3 12 12 81 82 - _
7) 1 - ) 577522 d s dsy
N -3
/ / 751 52 2 miy 2 m2d51d52

(N—3)3/0 673182 mldsl/o e %2s 2 m2ds9

c-123

= N3y =O(N~?)
We conclude that
I < % 0N+ 0(e7) = O(N )
as was stated in Lemma 4.9. O
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Appendix A

!
We prove that T'( + 3) = ﬁgﬂ)ﬁ for d € N.
We first prove another statement. Namely,

1 @R

This is done as follows:

F(k+1)=(k—1+%)r(k—1+%)

- (o) -z e )

e

= (r=3)(k=3) 5v7
k(. — 1 —_3y...1

R IR R

:(21@—1)(221]2—3)--.1\/%

_ k- 1EE=E =3k =421
- 2k (2k — 2)(2k — 4) -~ 2 i
(2 — 1)(2k — 2)(2k — 3)(2k — 4)---2- 1

- 2k 1(k —1)(k—2)---1 v

(26— 1)
22kl (f — 1)!ﬁ
_ 2k(2k —1)!
- 2k22k—1(k — 1)!\/77r
2k)!
- ;%k!ﬁ
(2k)!

T 2%L(k+ 1)

V.
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First, we assume that d is even, so d = 2k for k € N. Then using Equation (A.1), we find
d 1 2k 1
r(z+3)=r(3+3)
1
=1 (k+3)
(2!
22kT(k + 1) v
d!
= 7\/>

240 (4 +1)

This proves the statement for even d. Now we want to prove it for odd d. To that end, let d = 2k + 1

for k € N. Then
r(5 ) =r(*5+3)
=T(k+1)
=kl

Furthermore, again using d = 2k + 1 for k € N, we get

d! B (2k + 1)!

de( )\F 22k+1r(2kT+2 + %)
B (2k + 1)!

- 22MHID((k+ 1) + 3) vr

VT

We can apply Equation (A.1) using k + 1 to the last line. Then

d! 2k + 1)1222T(k 4 2)
297(4 + 1) V= 22k+1(2k + 2)1/T
2-T'(k+2)
T2k +2)
_(k+ 1)
k+1
=kl

VT

This proves the statement for odd d. Therefore,

0(5+3) = mre Y

for d € N.
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Appendix B

The hyperplane H(1,u) is given by the equation ujz 4+ usy + uzz = 1 for z,y,z € R, restricted to
u? 4+ u3 + ui = 1. It meets the z-axis when y = z = 0, in which case uyz =1, so x = u% In general,
the hyperplane H (1, u) meets the coordinate axis in the points u%ei. The intersection R3 NH (1,u) is a
triangle formed by the points (u%’O’O)’ (0, ,0), (0,0, u%) Define P := (-1,0,0), Q := (0, 2,0) and

S Ug E? 9 u_27
R := (0,0, u_13) The triangle that we are considering has edges defined by the vectors PQ := P — Q,
PR :=P— R and QR := Q — R. The point S := @Q — P + R creates a parallelogram PQRS. The

point S is also in the hyperplane H(1,u). See Figure B.1 for a picture of this situation. The area of

Figure B.1: Hyperplane H(1,u) with vector u given by u; = 0.4, uz = 0.5, uz = 0.77 resulting in the
points P = (2.5,0,0), @ = (0,2,0), R =(0,0,1.3), S = (—2.5,2,1.3).
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the parallelogram PQRS is given by

i ik

IPQx PRI =|/|-w = Ol
1 1
S T 0 =
U1 us

1 . 1 1
=|l—i+ Jj+ k|
U2u3 uLus UL U
1 1 1

- ”(ung’ U1u37 U1U2)”

1 n 1 n 1
= 2,2 2,2 2,2
Uz uiuUz  UTUS

u? + ui + u?
2,22
u?udu?
1

U1U2U3 '

The area of the parallelogram PQRS is twice as big as the area of the triangle PQR, which is hence

1
equal to CTIRETEOTIR

The hyperplane H(h,u) is given by the equation uyx + usy + ugz = h for z,y,z € R, restricted to
u?+ud+u3 = 1. It meets the z-axis when y = z = 0, in which case uyz = h, sox = % In general, the
hyperplane H(h,u) meets the coordinate axis in the points u%ei. The intersection R N H(h,u) is a
triangle formed by the points (%,0,0), (0, u—hz, ), (0,0, u—hg) Define P := (1%,0,0)7 Q = (0, u%,O) and
R := (0,0, u%) The triangle that we are considering has edges defined by the vectors PQ := P — Q,
PR :=P — R and QR := Q — R. The point S := @ — P + R creates a parallelogram PQRS. The
point S is also in the hyperplane H(h,w). The area of the parallelogram PQRS is given by

7 j k
IPQx PRI = |- w O]
_h 0 X
Ul us
h? . h? h?
= | i+ j+ k|l
U2U3 Uu3 U1 U2
h? h? h?

, —— ——)|
U2U3 UIU3 ULUL

h? h? h?
= + +

2,2 2,2 2,2

usus  uju3  ujus

o wuZu2
1uu3

h2
U1U2U3.

The area of the parallelogram PQRS is twice as big as the area of the triangle PQ R, which is hence
h2
2uiusug

equal to

The intersection ]Ri N H(1,1) forms an equilateral triangle between the unit vectors eq, s, e3. Define
P =e¢1, @ = ey, R=e3. The point S = (0.5,0.5,0) creates two rectangular triangles PSR and QSR.
See Figure B.2. The distances between the vectors P, Q and R are all equal to /1 +1+0 = /2.

Therefore, the distance between P and S is equal to % Using Pythagoras, the length of RS is equal

to % Then the area of the triangle PQR is equal to % V2 % = ?
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Figure B.2: Caption
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