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Abstract. The Frobenius Theorem is a theorem in differential geometry with deep
and important consequences in many areas of mathematics. This paper introduces the
Frobenius Theorem to be understandable by all with a basic grasp of linear algebra and
ordinary differential equations. Two versions of the proof are discussed, and multiple
examples and non-examples are provided to reinforce the intuition behind the Frobenius
Theorem.
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1. What happens when we bite into a mille-feuilles?

A mille-feuilles is a layered cake, which was first made in France. Its Dutch counterpart
is called tompoes. But we are more interested in the French one because of its name.
Literally, it translates to “one thousand leaves”. From the picture below, we can understand
why it was named as such:

Figure 1. The leafy layered structure of a mille-feuilles [1].

The mille-feuilles is constructed of parallel layers of pastry and cream. This structure
is ruined when one takes a bite out of it:

Figure 2. The Frobenius Theorem no longer applies [2].

To introduce the star of this paper, the Frobenius Theorem, we say the following: when
the mille-feuilles is intact, the Frobenius Theorem applies, and once we take a bite out of
it, the Frobenius Theorem no longer applies.

At a glance, the reader might guess that the Frobenius Theorem pertains to the layers
of the mille-feuilles being parallel. This is correct, but just the tip of the iceberg that
is the deep meaning behind the Frobenius Theorem. We will stroll through all of the
necessary concepts needed to formally tackle the Frobenius Theorem, then ease our way
into understanding two different proofs of it, and finally inundate ourselves in plenty of
examples and non-examples of the Frobenius Theorem in action. And once we are done, I
guarantee that you will never look at a mille-feuilles the same way again.
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2. Setting the scene

We jump right into the heart of the matter, and begin by walking along some curves
in different dimensions. Note that we will assume smoothness of every object
encountered throughout the paper.

Two-dimensional curves:

Take the elementary ordinary differential equation (ODE from now on):

(1) y′(t) = 1

Before solving it, we rewrite it in different spaces. We begin with emphasising the fact
that Equation (1) is written in one dimension, so we have y ∶ RÐ→ R. Remember that
R = span{1}. We denote this basis 1 as e2 to avoid confusion with the 1 in our ODE.

y′(t) = 1 Ô⇒ y′(t) ⋅ e2 = 1 ⋅ e2 Ô⇒ y′(t) ⋅ e2 = e2

Now, recall the following isomorphism:

Rn ≅ TpRn,

which holds for any n and where p ∈ Rn. By the isomorphism, we have a one-to-one
correspondence between the basis vectors of each space. Remember that TpRn is a vector
space! So it makes sense that it has a basis in the way that we are used to.

{e1, e2, ..., en}←→ {
∂

∂x1
∣
p

,
∂

∂x2
∣
p

, ...,
∂

∂xn
∣
p

}

We denote by ei the unit vector whose only non-zero component is the i-th component,
equal to 1. For now, we just think of the ∂

∂xi
∣
p
as notation for the basis vectors of TpRn,

nothing more.

Using the isomorphism applied to our case of n = 1 gives:

R ≅ TpR

{e1}←→
∂

∂y
∣
p

.

We continue to rewrite our ODE as we were doing before, but now:

y′(t) ⋅ e2 = e2 Ô⇒ y′(t) ⋅ ∂
∂y
∣
p

= ∂

∂y
∣
p

,

We now remember that in general, for a curve γ ∶ RÐ→M on a manifold M :

γ′(t) ∈ Tγ(t)M,

where

γ′ ∶ RÐ→ Tγ(t)M ⊂ TM.
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In our case, where M = R, this means that:

y′(t) ∈ Ty(t)R.
This is convenient, because we already wrote y′(t) in terms of the basis vectors of Ty(t)R.
We even rewrote the entire ODE in terms of the basis vectors of Ty(t)R:

y′(t) ⋅ ∂
∂y
∣
y(t)

= ∂

∂y
∣
y(t)

.

We put the mechanisms above into action by rewriting our ODE in two dimensions, so
in R2.

y′(t) = 1 Ô⇒ (x
′(t)
y′(t)) = (

0
1
)

Ô⇒ x′(t) ⋅ e1 + y′(t) ⋅ e2 = 0 ⋅ e1 + 1 ⋅ e2

Ô⇒ x′(t) ⋅ ∂
∂x
+ y′(t) ⋅ ∂

∂y
= 0 ⋅ ∂

∂x
+ 1 ⋅ ∂

∂y
.

With γ′(t) = (x′(t), y′(t)), we can write the ODE in one line:

γ′(t) = ∂

∂y
∣
γ(t)

.

Remember how we said that the ∂
∂y ∣p should just be thought of as an innocent vector?

Well, it is, but there is an extra nuance to this: it is the image of ∂
∂y , which is a vector

field .

We call vector field a map X defined as:

X ∶M Ð→ TM

pz→X(p) ∈ TpM ⊂ TM.

In simple terms, a vector field is a map which maps a point to a vector in a consistent
way. The key property of the vector field X is that we can usually integrate X to
solve the ODE.
This makes sense, because after all of our rewriting steps, we end up wanting to solve:

y′(t) = ∂

∂y
∣
y(t)

∈ Ty(t)R,

and in theory all we have to do is integrate both sides and we will get our solution y(t).
But careful: ∂

∂y ∣y(t) is a vector because it is the vector field ∂
∂y evaluated at point y(t).

This is in fact a general duality we have between vector fields and ODE’s. We can write
any ODE as the following:

γ′(t) =X(γ(t)),
where X is a vector field, and γ(t) is the solution to the ODE, otherwise called the flow
of X.
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So technically, the general form of our ODE is:

y′(t) = ∂

∂y
(y(t)),

which can be written as follows with the other notation to emphasise that y′(t) is a vector
field and that y(t) is the point of application, not the argument of differentiation:

y′(t) = ∂

∂y
∣
y(t)

.

What we will be interested in are subsets of TpM . In the current case, we are interested
in the subset:

∆1 = span{
∂

∂y
} ⊂ TR.

Now, let’s look at the actual solution of the ODE. In one dimension, its solution is:

y(t) = t + c, with c ∈ R a constant,

and in two dimensions, its solution is:

γ(t) = (x(t)
y(t)) = (

c0
t + c) , with c0, c ∈ R constants,

meaning in both cases the set of all lines parallel to the line y(t) = c. Remember, this set
is the flow of ∂

∂y , so the result of integrating the vector field ∂
∂y for the one dimensional

case and for the two dimensional case.

For the two dimensional case, we are interested in the subset:

∆2 = span{
∂

∂y
} ⊂ TR2.

We want to see what happens when we walk around on the flow. So we pick a point on
any one of the lines, walk along it in the direction of ∂

∂y , then back along the curve in the

direction of − ∂
∂y , so the opposite direction. We end up right where we started.

Figure 3. Walking along lines in R2.

Note that here, we are again looking at ∂
∂y as a vector, so technically as ∂

∂y ∣y(t) and
∂
∂y ∣γ(t)

in the one dimensional and two dimensional cases, respectively.
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Three-dimensional curves:

Now, we see what happens when we take three dimensional flows. We take a system of
ODE’s, which we can immediately write as vectors in R3:

⎛
⎜
⎝

x′(t)
y′(t)
z′(t)

⎞
⎟
⎠
=
⎛
⎜
⎝

−y(t)
x(t)
1

⎞
⎟
⎠
.

The flow lives on an infinite cylinder. We can see this by cutting up our system in two, as:

⎧⎪⎪⎨⎪⎪⎩

γ′1(t) =X(γ1(t)), with X = x(t) ∂
∂y − y(t) ∂

∂x

γ′2(t) = Y (γ2(t)), with Y = ∂
∂z

The solution γ1(t) consists of circles parallel to the z-axis, and the solution γ2(t) consists
of lines parallel to the xy-plane (this is like in the case of the two-dimensional curves
above). To see this,

integrate X to get γ1(t) = (α cos(t) − β sin(t) , α sin(t) + β cos(t) , z0) , and
integrate Y to get γ2(t) = (x0, y0, t + z0),

where α,β, x0, y0, z0 are fixed by the initial conditions γ(0) = (x0, y0, z0).
For the sake of example, let’s consider the following subset of TR3:

∆3 = span{X,Y } ⊂ TR3.

For now, let’s pick a point on the flow. We walk along one of the straight lines in the Y
direction, meaning along the flow generated by Y . Then, we walk down along one of the
circles in the X direction. We walk along the straight line in the −Y direction. Finally,
we walk up along the circle in the −X direction. We end up right where we started.

Figure 4. Walking along a flow in R3.

So what is going on? I have a system of ODE’s, I sketch the flow, then I walk in the
directions and opposite directions of the vector fields, and I end up where I started. We
ask ourselves - is this always true?

Imagine that, instead of walking, I am cycling. If I turn, go straight, turn again and go
back, I end up in a different position. So with my bicycle I will never end up where I
started.

Also, remember the mille-feuilles? We can do the same thing we have been doing here on
a layer of the mille-feuilles. Pick a point on any of the layers, walk in a square, and you
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will end back where we started. At least this works when the mille-feuilles is intact! Try
doing this once someone has taken a bite out of it, and you will slide along one of the
tilted layers and you may not be able to get back to where you started by walking back.

This is where the Frobenius Theorem, and the subsets ∆1,∆2,∆3 of the tangent space
TpM that we introduced here enter the scene.

3. Required notions

This paper builds on knowledge from linear algebra and ordinary differential equations.
We introduce some concepts which will be used throughout the text. As stated previously,
all objects encountered are assumed to be smooth. See [8] for reference of the
following results.

In the previous section, we were only concerned with manifolds M = Rm. What we do
when we have m-dimensional manifolds different from these, we find that we can take
subsets of M and map them to subsets of Rm. So we can have the familiarity of the first
section on a small scale of M . We do this with coordinate charts.

Fix p ∈M , with M an m-dimensional manifold. Then the subset U ⊂M with p ∈ U along
with the map ψ ∶ U Ð→ V ⊂ Rm give a coordinate neighbourhood (U,ψ) a coordinate
neighbourhood.

The above notion will appear constantly throughout the text. The main idea is that

manifolds are only locally Euclidean (neighbourhoods of points can be mapped to Rm).

Take F ∶M Ð→ N . We call the homomorphism F∗ ∶ TpM Ð→ TF (p)N the differential of
F . For a map f ∶ N Ð→ R, it is defined by the following:

F∗(Xp)f =Xp(f ○ F ),
and Xp is applied to a map g ∶ N Ð→ R by:

Xp(g) =
d

dt
g ○ φX ∣

t=0

,

where φX is the flow of X such that φX(0) = p.
This map is of particular interest to us, because when we take a coordinate neighbourhood
(U,φ) on a manifold M , then the coordinate map φ induces an isomorphism:

φ∗ ∶ TpM Ð→ Tφ(p)Rn

of the tangent space at each point p ∈ U onto Tφ(p)Rn.

If (x1, ..., xn) are the coordinates induced by φ, we have an isomorphism of the bases:

φ−1
∗
∶ Tφ(p)Rn Ð→ TpM

∂

∂xi
z→ φ−1

∗
( ∂
∂xi
) = Eip,

meaning that at each p ∈M , we have a basis E1p, ...,Enp of TpM . These are the coordinate
frames.

We state the following as a theorem, following the discussion on the duality between vector
field and integral flow from the previous section:
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Theorem 1 (Relation between vector field and flow). Each vector field X on M
determines a local flow φX of which it is the infinitesimal generator.

Given X and Y , two vector fields on M , their Lie bracket is the derivation, or vector
field, given by their commutator [X,Y ]. Explicitly, by denoting the flow of X by φt

X and
the flow of Y by φt

Y , we have:

[X,Y ] = d

dt
( (φt

X)∗ Y ),

and an easier way of seeing this is as:

[X,Y ] =XY − Y X.
The other main properties of the Lie bracket are:

● Antisymmetric: [X,Y ] = −[Y,X], and hence [X,X] = 0.

● Bilinear: [αX1 + βX2, Y ] = [αX1, Y ] + [βX2, Y ] and [X,αY1 + βY2] = [X,αY1] +
[X,βY2] for α,β ∈ R constants.

● Derivation: For functions f, g : [fX, gY ] = fg[X,Y ] + f(Xg)Y − g(Y f)X.

● The Jacobi identity: [[X,Y ], Z] + [[Y,Z],X] + [[Z,X], Y ] = 0.
We can think of [X,Y ] as a measure of how little the flows of X and Y commute. This
can be seen by the following theorem:

Theorem 2 (Local commutativity). [X,Y ] ≡ 0 if and only if the flows of X and Y
commute.

Proof. We take arbitrary X,Y and denote the flow of X and Y by φt
X and φt

Y respectively.
For every s, r ∈ R and map f , we have:

(2) [X,Y ]f = d

ds
((φs

X)∗Y )f =
d

ds
Y (f ○ φs

X) =
d

ds

d

dr
f ○ φs

X ○ φr
Y ∣

r=0

∣
s=0

.

“Ô⇒” Assume that the flows of X and Y commute, meaning φs
X ○ φr

Y = φr
Y ○ φs

X for all
s, r. Using this in Equation (2), we obtain:

[X,Y ]f = d

dr

d

ds
f ○ φr

Y ○ φs
X ∣

s=0

∣
r=0

= d

dr
X(f ○ φr

Y ) =
d

dr
((φr

Y )∗X)f = [Y,X]f.

So,
[X,Y ]f = [Y,X]f

for all f . And by antisymmetry of the Lie bracket,

[X,Y ]f = −[Y,X]f
for all f .
Therefore [X,Y ] ≡ 0.
“⇐Ô” Assume that [X,Y ] ≡ 0. Then for all f we have that:

[X,Y ]f = 0,
and by antisymmetry of the Lie bracket,

[X,Y ]f = −[Y,X]f = 0 Ô⇒ [Y,X]f = 0.
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So,
[X,Y ]f = [Y,X]f.

Using Equation (2), we have:

[X,Y ]f = d

ds
((φs

X)∗Y )f =
d

ds
Y (f ○ φs

X) =
d

ds

d

dr
f ○ φs

X ○ φr
Y ∣

r=0

∣
s=0

[Y,X]f = d

dr
((φr

Y )∗X)f =
d

dr
X(f ○ φr

Y ) =
d

dr

d

ds
f ○ φr

Y ○ φs
X ∣

s=0

∣
r=0

.

That is,
φs
X ○ φr

Y = φr
Y ○ φs

X .

So the flows of X and Y commute.
□

The geometric meaning of the commutator can also be visualised in Figure 5.

Figure 5. Visualising the commutator geometrically [5].

Theorem 3 (Lie bracket of images of vector fields). Let F ∶ N Ð→M be a mapping
and suppose that X1,X2 and F∗X1, F∗X2 are vector fields on N,M respectively. Then
F∗[X1,X2] = [F∗X1, F∗X2].
Proof. Let F ∶ N →M be a mapping and suppose that X1,X2 and F∗X1, F∗X2 are vector
fields on N,M respectively. Then,

F∗[X1,X2] = F∗(X1X2 −X2X1)
= F∗(X1X2) − F∗(X2X1)
= F∗X1F∗X2 − F∗X2F∗X1

= [F∗X1, F∗X2],
where in the third equality we used the fact that F∗(XY ) = F∗XF∗Y for any vector fields
X,Y . To show this, we take an arbitrary function f on M and vector fields X,Y :

F∗(XpYp)f = (XpYp)(f ○ F )
=Xp(f ○ F ) Yp(f ○ F )
= F∗(Xp)f F∗(Yp)f
= (F∗(Xp)F∗(Yp)) f.

□
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We now build on the above notions and introduce the main definitions pertaining to the
Frobenius Theorem.

Definition 1 (Distribution). Let M be an m-dimensional manifold. Suppose that for
each p ∈ M we assign an n-dimensional subspace ∆p ⊂ TpM of the tangent space such
that for a neighbourhood U of p there exist n, n ≤ m, linearly independent vector fields
{X1, ...,Xn} with the property that for any q ∈ U , the set {X1(q),X2(q), ...,Xn(q)} spans
the subspace ∆q. We define the disjoint union

∆ = ⊔
p∈M

∆p

as a distribution of dimension n on M .

The definition tells us that a distribution of dimension n is an n dimensional linear
subspace of TpM , and its basis consists of n linearly independent vector fields. Note that
the ∆1,∆2,∆3 from the previous section are distributions. The distributions ∆1,∆2 are
of dimension 1, and ∆3 is of dimension 2.

Definition 2 (Involutive). A distribution ∆ is involutive if there exists a local basis
X1, ...,Xn in a neighbourhood of each point such that

[Xi,Xj] =
n

∑
k=1

ckijXk, 1 ≤ i, j ≤ n.

In general, the ckij will not be constants, but will be functions on the neighbourhood.

So, a distribution is involutive if its basis is closed under the Lie bracket.

Definition 3 (Completely integrable). A distribution ∆ is completely integrable if
each point p ∈M has a coordinate neighbourhood (U , φ) such that if x1, ..., xm denote the
local coordinates, then the n vectors, known as the coordinate frames, Ei = φ−1∗ (∂/∂xi)‡,
i = 1, ..., n, are a local basis on U for ∆.

A distribution is completely integrable if we do not change layers after following the flow.
In other words, the elementary basis of TpM

‡‡ is a local basis for the distribution.

Equivalent definition: Complete integrability of ∆ is equivalent to the existence of an
embedded submanifold N of dimension n which is tangent to ∆ at all points. In other
words, ∆ is tangent to the leaves of a foliation (we will discuss this terminology in detail
after the proof of the Frobenius Theorem).

4. Theorems

The following theorems will be used throughout the different approaches to the proof of
the Frobenius Theorem.

Lemma 1 (Hard work lemma). Let X1, ...,Xn be vector fields defined on an open subset
U ⊂ Rm such that:

1. {X1(q), ...,Xn(q)} are linearly independent at each q ∈ U ,
2. [Xi,Xj] ≡ 0 on U , 1 ≤ i, j ≤ n.

Then, there exists a coordinate neighbourhood (V,ψ) around any p ∈ U such that, on V :

Xi = Ei = ψ−1∗ (∂/∂xi), i = 1, ..., n.
‡We denoted these before as Eip, where p corresponded to the point at which we take TpM , but from

now on we will drop this extra notation, and just use Ei.
‡‡Otherwise known as the coordinate frames.
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Sketch of proof. By the ODE existence theorem and continuity, we can assume that there
exists a neighbourhood W ⊂ U on which the composition of the flows of Xi is defined for
any permutation of time ti, i = 1, ..., n. Then, by assumption 2 of the Lemma statement
and Theorem 2 (commuting flows), the permutation of time ends up being the identity.
Essentially, this means that there is a neighbourhood on which the ordered composition
of the flows is defined:

Φ ∶= φt1
X1
○ φt2

X2
○ ⋯ ○ φtn

Xn
.

We define a new map θ on a neighbourhood W ′ ⊂ W which when applied to a point
x = (x1, ..., xm) does two things: projects x to the plane of the last m − n coordinates,
then sends x along the composition of all flows as introduced above, meaning that it sends
x along each of the flows of Xi:

θ ∶W ′ Ð→ R
(x1, ..., xm)z→ Φ(0, ...,0, xn+1, ..., xm)

Now consider the differential of θ, where w ∈W ′:

θ∗ ∶ TwW ′ Ð→ Tθ(w)R
∂

∂xi
∣
w

z→Xi(θ(w))

Because we can take w = (0, ...,0) and we can centre a point p such that θ(w) = p and
Xi(p) = ∂/∂xi∣0, then:

θ∗(∂/∂xi∣0) =Xi(p) = ∂/∂xi∣0.
Then θ is a diffeomorphism on some V ′ ⊂W ′, so by using the Inverse Function Theorem
and setting V = θ(V ′), we can take ψ−1 = θ to obtain the desired coordinate neighbourhood.

The full proof can be found in [9] under Lemma 5.0.11.
□

The theorem gives us two conditions which guarantee complete integrability of a distri-
bution ∆, assuming that a basis of ∆ is given by {X1, ...,Xn}. The second condition
is crucial: the order of the flows doesn’t matter, the flows commute. Commutation of
vector fields means that the flows are independent. So we can really rule our space with
coordinate lines.

Theorem 4 (Existence of linear direction). Let φX be a non-constant flow on a
manifold M , and let X be its associated infinitesimal generator‡. If p ∈ M such that
Xp ≠ 0‡‡, then there is a coordinate neighbourhood (V,ψ) around p, a v > 0, and a
corresponding neighbourhood V ′ of p with V ′ ⊂ V such that in local coordinates we have
φX restricted to Iv × V ′ given by:

(t, y1, ..., yn)Ð→ (y1 + t, y2, ..., yn).

In these coordinates, X = ψ−1
∗
(∂/∂y1) at every point of V ′.

Sketch of proof. The idea is the following: in a small enough neighbourhood, we can
linearise our vector field. A familiar parallel is the first-order Taylor expansion of a
non-linear function: we can obtain a linear approximation of the function. So in our case,

‡Think about the duality: φ′X(t) =X(φX(t)) =XφX(t).
‡‡We can always choose this p to be as such: assume there exists no such p. So Xp = 0 for all p. Then

φX ≡ c, with c a constant. So, contradiction with the fact that φX is non-constant.
12



we can deform the flow φX to look like a line. The full proof can be found in [4] under
Theorem IV.3.14. □

The theorem tell us that we can always rescale the flows so that in one direction, we have
a straight line.

5. Proof of the Frobenius Theorem

Theorem 5 (Frobenius). A distribution ∆ on a manifold M is completely integrable if
and only if it is involutive.

Proof. We will do the proof in two parts. In the first part we will prove that a completely
integrable distribution is involutive. In the second part, we will show two distinct ways
(Approach A and Approach B) in which we can prove that an involutive distribution
is completely integrable. After the proof, we will discuss the differences between these
two approaches.

“Ô⇒” Let us assume that ∆ is completely integrable. By Definition 3, this means that
each point p ∈M has a neighbourhood with a local basis Ei = φ−1∗ (∂/∂xi), i = 1, ..., n. Now
we take the Lie bracket of two arbitrary basis elements:

[Ei,Ej] =
⎡⎢⎢⎢⎢⎣
φ−1
∗
( ∂
∂xi
) , φ−1

∗
( ∂

∂xj
)
⎤⎥⎥⎥⎥⎦
= φ−1

∗

⎡⎢⎢⎢⎢⎣

∂

∂xi
,
∂

∂xj

⎤⎥⎥⎥⎥⎦
= φ−1

∗
(0) = 0

● The second equality follows from Theorem 3.
● The third equality follows from the following facts:

∂

∂xi
∂

∂xj
= ∂

∂xj
∂

∂xi
= 0 for all i, j such that i ≠ j

and ⎡⎢⎢⎢⎢⎣

∂

∂xi
,
∂

∂xi

⎤⎥⎥⎥⎥⎦
= 0 for all i.

● Finally, we have φ−1
∗
(0) = 0 because the differential φ−1

∗
is linear.

Therefore, taking ckij ≡ 0 for all i, j, k with 1 ≤ i, j ≤ n, we have that [Ei,Ej] = ∑n
k=1 c

k
ijEk = 0.

So ∆ is involutive.

“⇐Ô” Let us assume that ∆ is involutive.

Approach A.
This approach closely follows the proof in [4]. We will proceed by induction on the
dimension n of an arbitrary distribution ∆ on a manifold M .

Take n = 1.
By assumption, ∆ is involutive, so there exists a local basis X1 in a neighbourhood of
each point such that [X1,X1] = c111X1. We know from the properties of the Lie bracket
that [X1,X1] = 0, so c111 ≡ 0.
Quote: “A distribution ∆ of dimension 1 is just a field of line elements, that is, one-
dimensional subspaces. A local basis is given by any nonvanishing vector field X which
belongs to ∆ at each point.” [4]

We prove the above statement by simply recalling that any non-zero constant can be used
as a basis for R ≅∆.
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In other words: ∆: p ∈M Ð→ ∆p ⊂ TpM , where ∆p is a one-dimensional subspace.

So far, we have:

● the existence of local basis in neighbourhood of each point (Assumption)
● the fact that the local basis is in fact any nonvanishing vector field X such that
Xp ∈∆ for each p ∈M (Quote)
● that each vector field X on M determines a local flow φX , of which it is the
infinitesimal generator (Theorem 1)
● that X = ψ−1

∗
(∂/∂y1) (Theorem 4)

So, the definition of completely integrable is satisfied.

Now take n ≥ 2.
Assume that the distribution ∆ is completely integrable for all dimensions n − 1. So each
point p ∈M has a coordinate neighbourhood (U , φ) such that if x1, ..., xm denote the local
coordinates, then the n − 1 vectors, known as the coordinate frames, Ei = φ−1∗ (∂/∂xi),
i = 1, ..., n − 1, are a local basis on U for ∆. We will show that this holds for dim(∆) = n.

Take dim∆ = n.

By involutivity, there exists a local basis X1, ...,Xn in a neighbourhood of each point such
that:

(3) [Xi,Xj] =
n

∑
k=1

ckijXk, 1 ≤ i, j ≤ n,

where the Xi are the vector fields spanning ∆.

Around any p ∈M , we may find local coordinates (V,ψ) and a local basis X1, ...,Xn of ∆
on V - as stated above as a consequence of involutivity - such that X1 = Ẽ1 = ψ−1∗ (∂/∂y1).
This follows from Theorem 4, because the theorem tells us that no matter how many
different vector fields we have on a distribution, there always exists at least one which can
be straightened. So we take one of the elements of our local basis to be that vector field
which can be straightened: X1.

Denote the local coordinates by y1, ..., ym and suppose without loss of generality that
ψ(p) = 0.

The components of Xj relative to the coordinate frames Ẽi = ψ−1∗ (∂/∂yi), i = 1, ...,m are
Xjy1, ...,Xjym, which are C∞ functions on V . We call them αi

j , and use the Gram-Schmitt
process to define a new basis of ∆ on V as follows:

Y1 =X1 = Ẽ1

Yr =Xr − α1
rX1 for r = 2, ..., n

Therefore the Yr’s do not involve X1 = Ẽ1. Recalling that Xr = ∑r
i=1α

i
rẼi, we convince

ourselves of the previous statement by looking at what the first couple of Yr’s (r = 2,3)
are explicitly:

Y2 =X2 − α1
2X1

=
2

∑
i=1

αi
2Ẽi − α1

2X1

= α1
2Ẽ1 + α2

2Ẽ2 − α1
2X1

= α2
2Ẽ2

Y3 =X3 − α1
3X1

=
3

∑
i=1

αi
3Ẽi − α1

3X1

= α1
3Ẽ1 + α2

3Ẽ2 + α3
3Ẽ3 − α1

3X1

= α2
3Ẽ2 + α3

3Ẽ3

14



Another way of expressing the Yr’s is as:

Yr =
r

∑
i=2

αi
rẼi.

So we have a new basis for ∆. We now want to show that the coordinate frames
are a local basis.

By Equation (3), we have [Yi, Yj] = ∑n
ℓ=1 d

ℓ
ijYℓ, 1 ≤ i, j ≤ n. And because the Yr’s do

not involve X1 = Ẽ1, they are tangent to the manifold with y1 ≡ c, with c a constant.
Therefore, [Yi, Yj], 2 ≤ i, j ≤ n, are tangent to the submanifolds with y1 ≡ c, with c a
constant. This means that [Yi, Yj], 2 ≤ i, j ≤ n, do not depend on Y1. Hence, d1ij ≡ 0.
So far, we have:

● a new basis Y of ∆, which has:
● one element with a linear direction, and as a consequence:
● all other elements and their Lie brackets are tangent to the manifold y1 ≡ c, so:
● the distribution ∆ is also in involution on each submanifold y1 ≡ c.

Now, we introduce the subset N ⊂ U defined by y1 ≡ 0. So our distribution is involutive
on N .

The functions (y2, ..., ym) restricted to N give coordinates on V ∩N . We now want to
change coordinates. By complete integrability (our induction hypothesis), we may change
coordinates on N in a neighbourhood of p by functions:

yi = f i(x2, ..., xm), i = 2, ...,m,
defined on a neighbourhood of the origin of Rm−1, so that the image onN of ∂/∂x2, ..., ∂/∂xn
is a basis at each point of the subspace spanned by Y2, ..., Yn, and we have f i(0, ..., 0) = 0,
i = 2, ...,m.

We can extend this to a change of coordinates in a neighbourhood U ⊂ V of p by adding
the function f 1(x) = x1, which gives:

y1 = x1 = f 1(x1, ..., xm), yi = f i(x2, ..., xm), i = 2, ...,m.
This is a valid change of coordinates because the Jacobian matrix is nonsingular at the
origin:

Jf = [ 1 0
0 [ Jf 2,...,m ]] Ô⇒ detJf = 1 ⋅ detJf 2,...,m = detJf 2,...,m ≠ 0,

by the fact that the change of coordinates yi for i = 2, ...,m preserves the rank, meaning
that Jf 2,...,m, the Jacobian of these yi, is non-singular.

We now suppose without loss of generality that the image of U in the (x1, ..., xm) space is
the cube Cm

ϵ (0). Let φ denote the coordinate map. Then,

φ = ψ ○ F −1 with F (x1, ..., xm) = (f 1(x), ..., fm(x)) ,
so φ(p) = (0, ...,0) and in terms of the new coordinates we have the following three facts:

1. Y1 = φ−1∗ (∂/∂x1),
2. U ∩N consists of those points for which x1 = 0, so (x2, ..., xm) are coordinates on

this submanifold,
3. At each point of U ∩N , the Y2, ..., Yn are linear combinations of E2 = φ−1∗ (∂/∂x2),

..., En = φ−1∗ (∂/∂xn). Or equivalently, when x1 = 0, we have Y2xℓ = ... = Ynxℓ = 0
for ℓ = n + 1, ...,m. That is, the last m − n components vanish. This means that
only the coordinate frames are necessary.
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We now prove that 3. holds throughout U , without restriction on x1.

Consider Y1(Yjxℓ) for j = 2, ..., n and all ℓ > n. We have:

[Y1, Yj]xℓ = Y1(Yjxℓ) − Yj(Y1xℓ) Ô⇒ Y1(Yjxℓ) = Yj(Y1xℓ) + [Y1, Yj]xℓ.
But

Y1x
ℓ = 0,

since:

Y1x
ℓ = φ−1

∗
(∂/∂x1)xℓ

= φ−1
∗
(∂/∂x1)(rℓ ○ φ) ○ φ−1(x)

= ∂x
ℓ

∂x1

RRRRRRRRRRRφ−1(x)
= 0,

where rℓ ∶ Rn → R gives the ℓ-th coordinate of whatever function it is applied to. This
will be revisited with an explicit example in the Discussion below.

Furthermore,

[Y1, Yj] =
n

∑
s=1

ds1jYs,

so that:

Y1(Yjxℓ) =
n

∑
s=2

ds1j(Ysxℓ).

Then, writing ds1j and Yjx
ℓ as functions of (x1, ..., xm), passing from functions on U to

the corresponding functions in local coordinates, we see that Y2xℓ, ..., Ykxℓ, for fixed ℓ > n
and fixed x2, ..., xm, are solutions of the system of ODE’s:

∂zj
∂x1
=

n

∑
s=2

ds1jzs, j = 2, ..., n,

satisfying initial conditions zj = 0, j = 2, ..., n, when x1 = 0.
However, the functions zj = 0 also satisfy the system and these same initial conditions, so
by the uniqueness of solutions, whenever ℓ > n,

Y2x
ℓ = ... = Ykxℓ = 0 for all values of x1.

This shows that the vectors Y2, ..., Yn are linear combinations of the vectors E2, ...,En

(the coordinate frames) throughout U . Since E1 = Y1, it follows that Ei = φ−1∗ (∂/∂xi),
i = 1, ..., n is a local basis for ∆.

So ∆ is completely integrable.

Approach B.
This approach closely follows the proof in [9]. It is in fact also found in a later edition of
[4], where Approach A is from.
We begin by proving the following claim:

Claim 1. For any involutive distribution ∆ of dimension n, there exists a local basis of
vector fields Y1, ..., Yn satisfying [Yi, Yj] ≡ 0 in a neigbourhood U of any p ∈M .

16



Proof of Claim 1. Let X1, ...,Xn be an arbitrary local basis defined on a coordinate
neighbourhood (U ′, φ) of p. Recall that:

Xi =
m

∑
k=1

αk
iEk,

where the Ek are the coordinate frames.
We will visualise this in parallel by using matrices, as outlined in [7]: X = AE, where
A = (αik) is the n ×m matrix of coefficients, E is the m ×m matrix with the coordinate
frames for columns, and X is the n ×m matrix with local basis elements as columns.
Since the Xi’s are linearly independent, the matrix A has rank n. So by renumbering the
coordinates if necessary, we may assume that the first n columns are linearly independent,
in which case the n × n matrix An = (αik), 1 ≤ i, k ≤ n, is invertible on a neighbourhood
U ⊂ U ′ of p.
So An is a sub-matrix nested in the left side of A. We write A = [An L], where L is
an n × (m − n) matrix, and denote the inverse of An by A−1n = (βik). Similarly, we write
E = [En Em−n]T , where En is an n ×m matrix, and Em−n is an (m − n) ×m matrix. In
the following, we define a new basis Y (which also denotes the matrix Y whose columns
are the new basis elements) on ∆ by:

Yi =
n

∑
k=1

βk
i Xk

=
n

∑
k=1

βk
i (

m

∑
ℓ=1

αℓ
kEℓ)

= Ei +
m

∑
ℓ=n+1

(
n

∑
k=1

βk
i α

ℓ
k)Eℓ

= Ei +
m

∑
ℓ=n+1

γℓiEℓ.

Y = A−1n X
= A−1n AE
= A−1n [An L][En Em−n]T

= [A−1n An A−1n L][En Em−n]T

= En +A−1n LEm−n.

Reality check: Y is an n ×m matrix.
By involutivity we know that:

[Yi, Yj] =
n

∑
k=1

ckijYk

=
n

∑
k=1

ckij (Ek +
m

∑
ℓ=n+1

γℓkEℓ) .

And by computing the Lie bracket of our new basis,

[Yi, Yj] = [Ei +
m

∑
ℓ=n+1

γℓiEℓ, Ej +
m

∑
µ=n+1

γµj Eµ]

=
m

∑
τ=n+1

στ
ijEτ ,

because [Ei,Ej] ≡ 0 for 1 ≤ i, j ≤m − n.
Therefore, for the above linear combinations to be the same, we must have:

n

∑
k=1

ckij (Ek +
m

∑
ℓ=n+1

γℓkEℓ) =
m

∑
τ=n+1

στ
ijEτ

n

∑
k=1

ckijEk +
n

∑
k=1

ckij

m

∑
ℓ=n+1

γℓkEℓ =
m

∑
τ=n+1

στ
ijEτ ,
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which implies:

n

∑
k=1

ckijEk = 0,

because on the right hand side we do not have any terms depending on Ei for i ≤ n. Then
we have a linear combination of basis vectors equal to 0, so by linear independence all
coefficients are equal to zero. So ckij ≡ 0 for all i, j, k.

So [Yi, Yj] ≡ 0 in a neighbourhood U of arbitrary p ∈M . Then, the claim is proven.
∎

Back to the main proof: we pick a coordinate neighbourhood (W,δ) of an arbitrary p ∈M
on which there is a local basis as described in the claim for our arbitrary involutive
distribution ∆. Namely, we will show that that the local basis corresponds to the
coordinate frames.

In δ(W ) ⊂ Rm, the vector fields Ỹi = δ∗(Yi) have the same property as the Yi’s because

[Ỹi, Ỹj] = [δ∗(Yi), δ∗(Yj)] = δ∗[Yi, Yj] = δ∗(0) = 0,

where we used the result from Theorem 3 in the second equality. So, {Ỹ1, ..., Ỹn} are
linearly independent and [Ỹi, Ỹj] ≡ 0. Then by Lemma 1 (HWL in the sketch below), there
exists a coordinate neighbourhood (V, ξ) of δ(p), V ⊂ δ(W ) with coordinates y1, ..., ym
and with Yi = Ei = ξ−1∗ (∂/∂yi) for i = 1, ..., n.
Without loss of generality, assume ξ(V ) = Bm

ε (0), an ε-ball in Rm, and ξ (δ(p)) = (0, ..., 0).
Then define the coordinate neighbourhood (Ũ , φ) of p on M by Ũ = δ−1(V ) with φ = ξ ○ δ.
Then φ(p) = (0, ...,0) and φ(Ũ) = Bm

ε (0) and:

Yi = δ−1∗ (Ỹi)
= δ−1
∗
(ξ−1
∗
(∂/∂yi))

= δ−1
∗
○ ξ−1
∗
(∂/∂yi)

= (ξ∗ ○ δ∗)−1(∂/∂yi)
= φ−1

∗
(∂/∂yi)

= Ei.

What happens in general can be visualised below:
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What happens to the bases can be visualised below:

We conclude that the local basis is indeed the coordinate frames: we have shown that ∆
is completely integrable.

□

Discussion.
We go through the main ideas of Approach A and Approach B with the ODE’s from
the very beginning of the paper to get a better feel for what happened in the proofs.
Remember that ∆1 = span{ ∂

∂y} and ∆3 = span{X1,X2}, with X1 = x ∂
∂y − y ∂

∂x and X2 = ∂
∂z .

Approach A: Because ∆1 has dimension 1, this reduces to the n = 1 step of Approach
A. This is a good reminder that the Frobenius Theorem always holds for distributions of
dimension 1.

To see the mechanisms of Approach A in more detail, we turn to ∆3 = span{X1,X2}. So
dim∆3 = 2. The distribution ∆3 is involutive, which can be seen by applying [X1,X2] to
an arbitrary map f :

[X1,X2]f =
⎡⎢⎢⎢⎢⎣
x
∂

∂y
− y ∂

∂x
,
∂

∂z

⎤⎥⎥⎥⎥⎦
f

=
⎡⎢⎢⎢⎢⎣
x
∂

∂y
,
∂

∂z

⎤⎥⎥⎥⎥⎦
f −
⎡⎢⎢⎢⎢⎣
y
∂

∂x
,
∂

∂z

⎤⎥⎥⎥⎥⎦
f

= x ∂
∂y

∂

∂z
f − ∂

∂z

⎛
⎝
x
∂

∂y
f
⎞
⎠
− y ∂

∂x

∂

∂z
f + ∂

∂z

⎛
⎝
y
∂

∂x
f
⎞
⎠

= x ∂2f

∂y∂z
− x ∂2f

∂z∂y
− y ∂

2f

∂x∂z
+ y ∂

2f

∂z∂x

= 0.
So we have a local basis {X1,X2} at each point of ∆3.

We begin by picking a new basis of ∆3, and we chose it such that one element Y1 is a
straight direction. Notice that we already have a straight direction in the basis with
X2 = E1 = ψ−1∗ (∂/∂y1), denoting the local coordinates by y1, y2, y3. We also saw this in
the example at the beginning of the paper, where we have that the vector field X2 has
a straightened direction (by integrating it, we we obtain parallel lines). To continue
following Approach A, we continue defining the new basis specifically not in terms of X2.
But X1 is already defined without X2. So the flow of X1 is able to be “strung onto” the
linear curve of the flow of X2, hence constructing the distribution.
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For the sake of visualising the steps in the proof, we extract the components of X1,X2

relative to the coordinate frames Ẽi = ψ−1∗ (∂/∂yi), with i = 1,2,3:
X1 =X1y

1Ẽ1 +X1y
2Ẽ2 +X1y

3Ẽ3,

X2 =X2y
1Ẽ1 +X2y

2Ẽ2 +X2y
3Ẽ3.

Recall that they are functions. We can now explicitly define the new basis as done in the
proof to visualise the result in our example, although from the above we do not need to
take a new basis because {X1,X2} already satisfy what we are looking for in a basis:

Y1 = Ẽ1,

Y2 =X2y
2Ẽ2.

Then we use the fact that Y1, Y2 are linear combinations of E1,E2 to obtain that {E1,E2}
is a local basis for ∆3, showing complete integrability of ∆3.

Approach B: Because ∆1 is one dimensional, there exists a local basis as required by
the claim, because [X,X] ≡ 0 for all vector fields X.

For ∆3 = {X1,X2}, we can use what we showed above: [X1,X2] ≡ 0. This means that the
tangent vectors of the flows of X1,X2 (found in the example at the beginning) are always
orthogonal to each other. We can visualise this as in Figure 5: a nice closed square. So in
the proof, we say that we want all of our flows to be like this so our space can be ruled
like a grid (filled with nice closed squares).

Differences in approaches:
Approach A is constructive and highlights the fact that we can always find a linear direction
on a distribution, and from this linear direction alone deduce that for any dimension of
distribution, the coordinate frames are a local basis. This can be visualised as the linear
direction centring the embedded submanifold for each point. Think of a foliation in terms
of cylinders, meaning nested cylinders, which are the embedded submanifolds, and the
linear direction is their height. This is like the case of ∆3. The direction of their height
is tangent to each cylinder (imagine skewering each cylinder through the centre of their
top). A more detailed visualisation of this will be given in the section Examples.

Approach B relies more heavily on employing Lie brackets and their properties, which can
be visualised similarly to the opening example of the paper. Crucially, by Lemma 1: the
order of the flows don’t matter, the flows commute. So we can make the space like a grid.
Overall, while Approach A fixes a direction and builds around it, Approach B first orders
the space at hand into squares (by the commuting flows).

Similarities in approaches:
These approaches do boil down to the same thing. We take this moment to explicitly
mention what connect them: foliations. A foliation foliates the space, essentially “makes
leaves” out of it. And specifically to our case, regular foliations make sure that the leaves
we obtain are parallel to each other. Think of our mille-feuilles from the beginning! A
cube of pastry and cream was regularly foliated, because the resulting layers are parallel.
We say that the mille-feuilles arose from a regular foliation.

We can express complete integrability in terms of regular foliations: a distribution ∆ of
M is completely integrable if ∆ is tangent to the leaves of a foliation (for the mille-feuilles,
this means that its layers are parallel), or in other words, if every point p ∈M admits a
foliation chart.
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This bridge between approaches can also be seen by looking at equivalent phrasings of
the Frobenius Theorem:

● A distribution ∆ is involutive if and only if it arises from a regular foliation.
● A distribution ∆ of M is involutive if and only if an integral manifold of ∆
exists through each point of M .

Remark: We are in fact familiar with the foliation of R2 in circles, with the harmonic
oscillator. The space becomes nested circles, see the foliation of R2 into R+ × S1 below.
Complete integrability means that the space is foliated into a certain kind of fibre -
cylinders or lines - like a kind of bundle. For an attainable example, reach for any book
near you and flip through the pages of the book. The pages can be seen as the leaves
of the foliation of the space constituting the book (this is the three dimensional case of
the foliation of R2 into R ×R below). We will continue this discussion in detail in the
following sections.

Figure 6. Some regular foliations of R2 and R3.

For further discussion, let’s look at the layered fields below. The first layered field arises
from a regular foliation. The second does not. We can see this by the following: imagine
I take a chopstick and slice into both of the layered fields below. For the first one, I
can angle the chopstick such that it is tangent to each of the tiles it encounters at each
layer. This makes sense because the layers are parallel. But for the second one, no matter
where I place my chopstick or at what angle I set it, it will hit the tiles of each layer at a
different angle. Again, this makes sense because the layers are not parallel. What we are
seeing in the first case is the existence of an embedded submanifold which is tangent to a
distribution ∆ at all points. The chopstick is ∆ and the layers constitute the embedded
submanifold.

Figure 7. Layered fields on R3. Left: [10]. Right: [11].
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6. Non-examples

6.1. Non-involutive. In general, distributions are not involutive. Let us take the case of
the distribution ∆ = span{X1,X2} on R3 with:

X1 =
∂

∂x
− y
2

∂

∂z
, X2 =

∂

∂y
+ x
2

∂

∂z
.

Plotting the cross product of their vectors (1,0,−y/2), (0,1, x/2) in Mathematica gives:

Figure 8. Frobenius Theorem does not apply.

The most intuitive way to understand this is that if we start from standing on one of
the discs and then walk in a square along the other discs (walk in successive directions
X1,X2,−X1,−X2), we will not end up back where we started because we will have “slipped
off” of the tilted discs. This can be understood by the commutativity of the flows of the
vector fields. By seeing the Lie bracket of X1 and X2 as a measure of how much the flows
do not commute, the following is in line with this:

[X1,X2] =X1X2 −X2X1

= ∂

∂x
( ∂
∂y
+ x
2

∂

∂z
) − y

2

∂

∂z
( ∂
∂y
+ x
2

∂

∂z
) − ∂

∂y
( ∂
∂x
− y
2

∂

∂z
) − x

2

∂

∂z
( ∂
∂x
− y
2

∂

∂z
)

= 1

2

∂

∂z
+ 1

2

∂

∂z

= ∂

∂z
.

So indeed, the flows of X1 and X2 do not commute.

6.2. Non-completely integrable. Figure 8 also pertains to this case, by the Frobenius
Theorem (non-involutive if and only if non-completely integrable). Complete integrability
fails here because the flows are not restrained to one layer. We visualise this by adding
layers to a part of Figure 8, see Figure 9. We see that the flow (the blue arrow) goes from
one layer to another. So complete integrability does not hold.

To use the other definition of complete integrability in terms of foliations, we can look at
Figure 8 and see that we cannot have parallel layers of the distribution. This means that
the distribution does not arise from a regular foliation, and hence that it is not completely
integrable.
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Figure 9. Complete integrability fails.

7. Examples

7.1. One dimension. Let us take our manifold to be a simple circle in R2. We sketch
the tangent spaces at each point of the circle:

Figure 10. Frobenius Theorem always applies.

Take our distribution ∆ to be all of the tangent spaces of M , that is TM , so n = 1. So
∆ = span{X1}. One way to see involutivity is by the Lie bracket, as done in the proof.
Another way is to imagine we walk in X1 direction, followed by walking in −X1 direction.
We end up where we started, so involutivity is fulfilled. Then Frobenius Theorem applies,
and hence we can see why it holds for any distribution of dimension 1. As for complete
integrability, we can take X1 = E1 a coordinate frame.

7.2. Foliations added onto line. Let us take the case of the distribution ∆ = span{X1,X2}
on R3 with:

X1 = x
∂

∂y
− y ∂

∂x
, X2 =

∂

∂z
.

Plotting the cross product of their vectors (−y, x,0), (0,0,1) in Mathematica gives
Figure 11. Note that this is our example from the beginning of the paper. The flow lives
on a cylinder.
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Figure 11. Frobenius Theorem applies.

This example can be seen as a higher dimension version of the previous example. Also, if
we restrict to z = 0, we see that we have the case of a harmonic oscillator, as seen in the
Discussion. Looking at Figure 11, we see that the circles (in the xy-plane) and cylinders
(in space) constitute the embedded two dimensional and three dimensional submanifolds
in this example, respectively. Comparing these images with those of the non-example, we
can intuitively see that we have involution here (walking in a square brings us back to our
starting point). We can also deduce this by checking the Lie bracket of the vector fields:

[X1,X2] =X1X2 −X2X1

= x ∂
∂y
( ∂
∂z
) − y ∂

∂x
( ∂
∂z
) − ∂

∂z
(x ∂
∂y
− y ∂

∂x
)

= 0.
This shows that ∆ is involutive, so by the Frobenius Theorem ∆ is completely integrable.

This example actually provides an excellent opportunity to again highlight what was done
in Approach A. The integral curves of the vector field X1 are circles in the z-plane with
origin the centre, and those of X2 are straight lines parallel to the z-axis. This can be
seen by the flows of the vector fields:

integrate X1 to get γ1(t) = (α cos(t) − β sin(t) , α sin(t) + β cos(t) , z0) , and
integrate X2 to get γ2(t) = (x0, y0, t + z0),

where α,β, x0, y0, z0 are fixed by the initial conditions γ(0) = (x0, y0, z0).
So the distribution ∆ looks something like in Figure 12.

Why is this reminiscent of what we did in Approach A of the proof of the Frobenius
Theorem? Recall that we began by picking a new basis of ∆, and we chose it such that
one element Y1 was a straight direction. And from then on, we continued defining the
new basis specifically not in terms of that Y1. In this example, the flow of X2 is that
linear direction, and the flow of X1 is able to be “strung onto” the linear curve, hence
constructing the distribution.
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Figure 12. A distribution structure highlighting Approach A.

7.3. Existence of solution to system of PDE’s. The following explanation and
example are taken from notes by Syafiq Johar [3].

We can apply the Frobenius Theorem in order to prove the existence of a local solution
u ∶ Rm Ð→ R to a system of PDE’s:

L1u =
m

∑
j=1

f1j
∂u

∂xj
= g1,

⋮

Lnu =
m

∑
j=1

fnj
∂u

∂xj
= gn,

where n < m and fij, gi ∶ Rm Ð→ R are smooth, given that u(x0) is some fixed value for
some x0 ∈ Rm.

We look at a simple example in order to understand the role that the Frobenius Theorem
plays here. Consider the system of PDE’s for a function u ∶ R2 Ð→ R given by:

f11
∂u

∂x
+ f12

∂u

∂y
= g1,

f21
∂u

∂x
+ f22

∂u

∂y
= g2,

such that u(0,0) = 0. So we are looking for the triple (x, y, u(x, y)) for (x, y) ∈ U , where
U is a neighbourhood of (0,0) that goes through the point (0,0,0). Because u(x, y)
is a graph over U , the triple forms a two dimensional submanifold Λ ⊂ R3 - this is the
embedded submanifold usied in the second definition of completely integrable! It has
normal vector n = (∂u/∂x, ∂u/∂y,−1), so any tangent vectors v ∈ Rm to Λ must satisfy
v ● n = 0, where ● stands for the dot product.

From the PDE’s given above, we know that the tangent vectors (vector fields) must be:

X1 = f11
∂

∂x
+ f12

∂

∂y
+ g1

∂

∂u
, X2 = f21

∂

∂x
+ f22

∂

∂y
+ g2

∂

∂u
.

So our problem boils down to finding a submanifold Λ ⊂ R3 passing through the point
p = (0, 0, 0) and generated by the distribution ∆ = span{X1,X2}. Meaning, we must have
[X1,X2] ∈∆ in a neighbourhood of p.

By the Frobenius theorem, this has a solution if and only if the distribution ∆ is involutive.
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8. Intuition

Now, having seen the mathematics behind the Frobenius Theorem, we might ask
ourselves - what does the result of the theorem actually mean?

8.1. Bicycle parking. We now circle back to the introductory examples discussed, and
think about the instance of parking a bicycle. We know that we can roll our bicycle
forwards and backwards, and that we can turn our front wheel to the left and right.
Because of that last crucial part, we can do parallel parking, effectively slide towards our
desired direction. This is inspired by Edward Nelson’s example of driving a car [6].

Because we can turn the front wheel of the bicycle, which is analogous to changing layers
of the mille-feuilles, the Frobenius Theorem never applies to the situation of parking a
bicycle. In a bit more detail, the Frobenius Theorem says that flows cannot go everywhere,
and combinations of flows are restrained. By turning the front wheel of the bicycle, we
escape from those constraints.

Figure 13. Bicycle parking options depending on your ability to turn your
front wheel (both are non-Frobenius).

The vector field associated to steering the front wheel is:

X = ∂

∂θ
,

and the vector field associated to the bicycle moving forward is:

Y = cos θ ∂
∂x
+ sin θ ∂

∂y
,

where (x, y) are the Cartesian coordinates of the centre of the handlebars and θ is the
angle made by turning the front wheel.
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We can check for involutivity of ∆ = span{X,Y }:

[X,Y ] =
⎡⎢⎢⎢⎢⎣

∂

∂θ
, cos θ

∂

∂x
+ sin θ ∂

∂y

⎤⎥⎥⎥⎥⎦

=
⎡⎢⎢⎢⎢⎣

∂

∂θ
, cos θ

∂

∂x

⎤⎥⎥⎥⎥⎦
+
⎡⎢⎢⎢⎢⎣

∂

∂θ
, sin θ

∂

∂y

⎤⎥⎥⎥⎥⎦
= − sin θ ∂

∂x
+ cos θ ∂

∂y
.

For there to exist a linear combination aX + bY = [X,Y ], with a, b constants, we would
require:

a = 0,
b cos θ = − sin θ,
b sin θ = cos θ,

and because no such a, b exist, then we conclude that ∆ is not involutive, so the Frobenius
Theorem does not apply.

8.2. Trap doors. The following can offer some elementary understanding of the Frobenius
Theorem.

Say we are playing a game which involves running and jumping on suspended parallel
platforms. Winning the game relies on finding and using the trap doors, hence violating
the Frobenius Theorem.

Figure 14. Win the game by using trap doors and violating the Frobenius
Theorem.

9. Conclusion

The Frobenius Theorem is a pillar of differential geometry, and rightfully so. It lays
out profound equivalent conditions for the structure of a space and provides criteria for
solving systems of differential equations, thereby generalising the Picard-Lindelöf Theorem,
which gives conditions under which an initial value problem has a unique solution, to
higher dimensional objects: submanifolds obtained for integrating curves. Moreover, the
Frobenius Theorem crucially answers our overarching question: it is so messy to eat a
mille-feuilles because by taking the first bite from it, we ruin the applicability of the
Frobenius Theorem. It is my hope that the reader has gained some insight into the subtle
elegance which underlies this powerful theorem, and will become acutely aware of how
present it is in our lives.
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