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Abstract

Galaxy scaling relations give important insight on the formation
and evolution of galaxies by describing observable trends between
their physical properties. One scaling relation of fundamental im-
portance is that between a galaxy‘s baryonic mass (M bar) and bary-
onic specific angular momentum (jbar) for disc galaxies, the scatter of
which has been shown to correlate with variations in the gas fraction
(f gas). This results in a tight linear relation between jbar, M bar and f gas.

By assuming an exponential accretion profile in space and time,
and assuming the standard Kennicutt-Schmidt (K-S) star formation
law and a non-evolving baryonic Tully-Fisher relation (BTFR), we ex-
plore for the first time quantitatively whether the tight correlation be-
tween the jbar, M bar and f gas can be explained, in a scenario of gas
accretion, as a result of the star formation efficiency being lower in
the outer regions of the galactic discs. The simple model developed
throughout this thesis is described by the accretion timescale (tacc) and
radial scale-length of the accretion profile (racc). For a fixed M bar, these
two parameters are varied and an analysis of the variation induced in
both jbar and f gas is conducted. We show that, given the assumptions
of our model, racc is a suitable candidate to explain the observed corre-
lation between f gas and jbar at fixed M bar. Given that racc is related to
the the angular momentum of the accreting gas, we speculate that this
parameter could be the physical driver for the observed jbar - M bar -
f gas relation. Some limitations of the model are also discussed, as well
as directions for future improvement.
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1 Introduction

As an ever increasing amount of research is conducted in an attempt to under-
stand the Universe and the laws that govern it, it is apparent that there exist vari-
ous trends between galaxies‘ physical properties such as their mass, velocity and
size. The existence of such relations gives information on galaxy formation and
evolution, making studies concerning these relations of prime importance (e.g.
Tully and Fisher (1977) ; S. M. Fall (1983) ; Kennicutt (1998); Fernández Lorenzo
et al. (2011)).

Figure 1: The spatial distribution and motions of the stars in the galactic bulge,
disc and halo.

Based on their morphology, luminosity, chemical composition and mass, galax-
ies can be divided into various different types. However, the most common
classification scheme used is the Hubble sequence, which is a morphological
galaxy classification system developed by Hubble (1926). Within this classifi-
cation scheme, the three main type of galaxies are the ellipticals, which are also
referred to as early-type galaxies, spirals and irregulars which are both collec-
tively referred to as late-type galaxies.

Spiral galaxies are composed of a central bulge, a relatively flat galactic disc,
as well as stellar and dark matter (DM) halo. The spatial distribution and mo-
tions of stars in the various structures is represented in Figure 1. In turn, the
galactic disc is composed of multiple components including gas, dust and stars,
and their kinematics are governed dominantly by the gravitational force holding
these components together. The various components interact through a multi-
tude of physical processes. Stars form from the collapse of gas and dust under
gravity, and they eject gas and dust back into the interstellar medium through the
process of stellar feedback. This drives galactic fountains that produce the circu-
lation of the gas between the disc and halo. At the same time new gas accretes
onto the disc from the environment to feed star formation (e.g Kereš et al. (2009);
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Fraternali (2017)).

Most of the star formation takes place in interstellar clouds within the galactic
disc, and as a result, the disc is composed of a younger, brighter population of
stars than those found in the bulge. Studies have also shown that the size of the
stellar disc evolves and galaxy discs show an "inside-out" growth (e.g. Pezzulli et
al. (2015)). Measuring this rate of growth gives insight on the physical processes
of gas accretion and star formation as they drive the evolution of the gaseous and
stellar galaxy components (Frankel et al. (2019)). Whilst both gas and stars are
found within the galactic bulge and disc, their spatial distribution is different, in
that within the disc, the gas is more extended than the stars. This can be attributed
to a lower star formation efficiency in the outer parts of the galaxy discs.

In the twentieth century, through analysis of stellar and gas motions, spiral
galaxy discs were discovered to be differentially rotating (Slipher (1913) ; P. van
der Kruit and Allen (1978)). This led to intensive studies attempting to map the
rotation curves of disc galaxies and the realisation that there appears to be "miss-
ing mass" in the galaxy which was later conceptualised in dark matter halos (e.g.
van der Kruit and Bosma (1978) ; Faber and Gallagher (1979)).

Various studies have been conducted to understand the way in which the DM
halo properties influence the formation and evolution of galaxies (e.g. Wechsler
and Tinker (2018)) and thanks to the study of primordial nucleosynthesis and the
cosmic microwave background (e.g. Pagel (1997) ; Komatsu et al. (2009)), the ratio
of baryonic and DM is well understood. The amount of baryonic matter is known
to make up approximately one-sixth of the total matter in the universe (Bennett
et al. (2013)). In galaxies, the dark matter is found distributed within the galactic
halo, which extends further out from the luminous bulge and disc, and is thought
to play an important role in maintaining the stability of flattened disc galaxies
(Ostriker and Peebles (1973)). Baryons and DM form the main ingredients of
galaxy formation.

1.1 Galaxy Formation

In the currently accepted cosmological framework, the Universe is made of three
main constitutents. These are the baryonic matter, the cold dark matter (CDM),
in which "cold" refers to the fact that it moves at speeds much slower than the
speed of light, and cosmological constant (Λ), which is related to dark energy.
For this reason, the currently accepted cosmological model is also referred to by
the term "ΛCDM", and the understanding is that in a ΛCDM universe, galaxies
form and evolve within the extended gravitationally bound DM haloes (White
and Rees (1978)).
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1.1.1 Tidal Torque Theory

After dark matter halos collpased due to the growth of primordial overdensi-
ties, baryonic matter was later accreted onto these halos and, through radiative
cooling, concentrated into the central regions, eventually leading to the forma-
tion of stars (Cimatti, Fraternali, and Nipoti (2019)). During this process the dark
matter protohalo gains angular momentum as a result of the tidal torques that
neighbouring structures exert on it. This is what is referred to as the tidal torque
theory (TTT) and was proposed by Peebles (1969). The majority of the angular
momentum of DM haloes is acquired during a stage at which the protohaloes are
growing as a result of gravitational instabilities (López, Merchán, and Paz (2019)).
The mass and specific angular momentum for the dark matter haloes are expected

to scale according to the relation jh ∝ M
2
3
h (Romanowsky and Fall (2012)).

Tidal torque theory can be used to make predictions about the angular mo-
mentum of galaxies, but this requires further assumptions. For instance, if the
baryonic and dark matter experience the same torques, this results in the two hav-
ing approximately equal specific angular momenta (j) which can be expressed as

jbar =
J bar

M bar

≈ jDM =
JDM

MDM

. (1)

Here J bar and JDM represent the angular momenta of baryons and dark matter
respectively, whilst M bar and MDM are the baryonic mass and dark matter mass
(Cimatti, Fraternali, and Nipoti (2019)). In the absence of external influences,
the angular momentum of gas is also conserved during the further collapse to
the centre of the halo despite losing energy through radiation (S. Michael Fall
and Efstathiou (1980)). Studying the specific angular momentum of baryons is
extremely important in understanding how galaxies formed.

1.2 j - M relation

Among the most fundamental scaling laws for galaxies are the relations between
a galaxy‘s specific angular momentum (ji) and mass (M i), where the i represents
the stellar, the gaseous or their sum, the baryonic component. The importance of j
and M comes from the fact that together the two parameters provide information
about the dimensions, amount of material and rotational velocity of a galaxy. As
a result, multiple studies looked at the ji - M i fundamental relations, as a tool to
gain insights on the evolution of galaxy discs and spheroids (e.g S. M. Fall (1983)
; Obreschkow and Glazebrook (2014) ; Posti et al. (2020)).

Following the seminal work by S. M. Fall (1983) the j - M relation is also some-
times referred to as the Fall relation. After studying this for the stellar component,
S. M. Fall (1983) observed that these two parameters are related by an unbroken
power law, that in analogy to the expected law for dark matter, can be approxi-

6



mated as j∗ ∝ M
2
3
∗ , where j∗ and M∗ are the specific angular momentum and the

mass of the stellar component respectively. This study also found that, disc galax-
ies and early type galaxies show very different normalisations (Romanowsky and
Fall (2012)). The j - M relation has been the subject of numerous studies in recent
years (e.g Obreschkow and Glazebrook (2014), Kurapati et al. (2018)) and its exact
origin remains unknown and subject to investigation (e.g. Posti et al. (2020)).

For a sample of nearby disc galaxies, Mancera Piña et al. (2021) measured ac-
curately the specific angular momentum of gas, stars and baryons, and analysed
the corresponding ji - M i relation. The observations show that all these relations
have a secondary dependence on the ratio between the gas mass (M gas) and the
baryonic mass (M bar). This is referred to as the gas fraction (f gas) and is given by

f gas =
M gas

M bar

=
M gas

M gas +M∗
, (2)

where M bar is the summation of the gas (M gas) and stellar mass (M∗). The tight j−
M − f gas correlation found by Mancera-Piña et al. (2021) is given by the equation

log

(
ji

kpc kms−1

)
= αi log

(
M i

M⊙

)
+ βi log (f gas) + γi , (3)

where i represents the stars, gas or baryons, and the coefficients of the best fit α,
β and γ vary depending on galaxy component in question. Of the three relations,
the baryonic relation was found to be the one with the smallest intrinsic scatter
and therefore is arguably the most fundamental of the three.

The study showed that a higher gas fraction corresponds to larger value for
the stellar, and baryonic specific angular momenta for a fixed M∗ or M bar, whilst
the opposite is true for the gas. This behaviour can be described by planes given
by equation 3 whose projections at fixed f gas are shown in Figure 2. Following
their observations, Mancera-Piña et al. (2021) proposed that a qualitative expla-
nation can be related to the observation that the gas is distributed at larger radii
than the stars due to the star formation efficiency being lower in these regions.
This research project aims to continue on the work by Mancera-Piña et al. (2021)
and explore this idea of star formation efficiency in a more quantitative way.

1.3 Aim of this work

This bachelor thesis aims to explore analytical models that constitute a first step
towards a possible explanation of the relation between the baryonic mass (M bar)
and the baryonic specific angular momentum (jbar) with the inclusion of gas frac-
tion (f gas). In particular, I have considered a simple galaxy evolution model
where gas accretion is described by two parameters: the accretion timescale (tacc)
and the radial scale length of the accretion profile (racc). The main aim is to in-
vestigate how f gas and jbar respond to changes in the assumed racc and tacc for
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Figure 2: Observed relations between stellar, gas and baryonic mass and their
respective specific angular momentum. Each data point is color coded depend-
ing on its gas fraction. Six lines with constant f gas are overlayed on the points
having values of 0.01, 0.05, 0.2, 0.4, 0.6, 0.8 ranging from red to blue. Taken from
Mancera-Piña et al. (2021)

a range of baryonic masses. In creating the model, existing scaling relations will
be used and assumptions concerning their evolution will be made. These include
the Kennicutt–Schmidt law (Section 2.1), the relation between the baryonic mass
(M bar) and stellar disc size (Rd) (Section 2.3) and the baryonic Tully-Fisher rela-
tion (Section 2.6).

In Section 2, the research methods used to create our galaxy evolution model
will be presented, including the various assumptions made and the motivation
behind them. Following this, the results obtained and the comparison of the
model with observations will be shown in Section 3. The findings as well as the
limitations and possible future work will be discussed in Section 4, followed by a
summary and conclusions in Section 5.
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2 Research Methods

In this research project, the jbar - M bar relation with the inclusion of the gas frac-
tion (f gas) was investigated in an attempt to explain it quantitatively. This was
done by building a simple galaxy evolution model based on the assumption of
having an exponential accretion history and following the Kennicutt–Schmidt
star formation law. The following subsections will explain the assumptions made
and the steps taken in creating the model.

2.1 Star Formation Laws

Star formation laws attempt to describe the strong correlation observed between
the amount of gas the galaxy possesses and the rate at which this gas collapses to
form stars (Kennicutt and Evans (2012) ; Zonoozi et al. (2021)). One of the most
commonly used star formation law is the Kennicutt–Schmidt (K-S) law which
was initially proposed by Schmidt (1959). It deals with surface densities and
relates that of the star formation rate (SFR) to the gas surface density by the power
law

ΣSFR = AΣN
gas (4)

where A and N are constants. Throughout this research project it was as-
sumed that the star formation law that galaxies follow is the K–S law, but in
Section 4.2.3 a different law will also be explored. The values of parameters N
and A in equation 4 were found by Kennicutt (1998), and for surface densities
measured in M⊙pc

−2, and time in Gyr they have a value of 1.4 and 0.1625, respec-
tively. Here, the constant A includes within it a correction for interstellar helium
(G. Pezzulli and Filippo Fraternali (2016)).

The gas and star surface densities denoted by Σgas and Σ∗ respectively were
taken to evolve in time according to:

dΣgas

dt
= Σ̇acc + Σ̇fb − ΣSFR (5)

dΣ∗

dt
= ΣSFR − Σ̇fb , (6)

where the subscript "fb" stands for stellar feedback, meaning the rate at which
stars return gas back to the interstellar medium throughout their evolution (Tins-
ley (1980)). As a result, Σ̇fb is the surface density of the rate of stellar feed-
back. ΣSFR is the surface density of the star formation rate and Σ̇acc is the sur-
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face density of the rate of gas accretion (Filippo Fraternali and Tomassetti (2012)).
Throughout this project a timescale between 0 to 12 Gyr was used, where 0 Gyr
represents the time when the galaxy is assumed to begin its formation whilst
to =12 Gyr is taken to be the present day. This particular timescale, as opposed to
the age of the universe, was used since the focus of this thesis is only on the disc
component of the galaxy, and, although there is some debate on the subject, it is
commonly believed that the formation of the disc starts with some delay (Cimatti,
Fraternali, and Nipoti (2019)).

The instantaneous recycling approximation (IRA) was then used to simplify
equations 5 and 6 into:

dΣgas

dt
= Σ̇acc − ΣrSFR (7)

dΣ∗

dt
= ΣrSFR. (8)

This approximation states that all stars less massive than one solar mass have
an infinite lifespan, whilst stars more massive than this end their life cycle instan-
taneously (Prantzos (2008)). As a result, for every time value, the mass fraction
returned back to the interstellar medium by the newly formed stars is a constant
known as the return factor ( ) and the surface density of the rate of stellar feed-
back (Σ̇fb) can be replaced by ΣSFR (Filippo Fraternali and Tomassetti (2012)).
ΣrSFR is then the surface density of the reduced Star Formation Rate when taking
the IRA into account and is defined by ΣrSFR = ΣSFR(1− ).

The return factor is dependent on how the star masses are distributed within
a population at the time of its formation which, in turn, can be described empir-
ically in terms of an initial mass function (IMF). To date, various different IMFs
have been proposed in the literature. These include the Kroupa (Kroupa, Tout,
and Gilmore (1993)), Chabrier (Chabrier (2003)) and Salpeter IMF (Salpeter and
Bethe (1951)). Following the paper by Filippo Fraternali and Tomassetti (2012)
the stars in this model were assumed to follow a Salpeter initial mass function,
and as a result, the return factor was taken to have a value of 0.30. However, hav-
ing adopted the different assumptions proposed by the Kroupa or Chabrier IMFs
would not have made a significant difference in any results obtained as within
the assumptions of this thesis, these two give a return factor of 0.31 and 0.32,
respectively (Chabrier (2003)).

2.2 Accretion History

In this bachelor‘s research project, it is assumed that the gas accretion rate surface
density is exponential in both time and distance from the center of the galaxy.
Also, the time and radial dependence are independent of each other such that the
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two can be treated separately. We can write the accretion rate surface density as
follows:

Σ̇acc(t, R) =
Ṁacc(t)

2 π r2acc
e−

R
racc , (9)

where the subscript "acc" seen in equation 9 stands for "accretion", racc is the radial
scale-length of the accretion profile and Ṁacc is the accretion rate given by the
equation

Ṁacc(t) = Ce−(
t

tacc
) . (10)

The surface density of all the material that was accreted between time 0 Gyr,
i.e. at the beginning of the formation of a galaxy, and an arbitrary time "t" at a
given radius "R" is given by

Σacc(t, R) =

∫ t

0

Σ̇acc(t
′, R) dt′ = Σbar(t, R) . (11)

Equation 11 shows how, in the absence of outflows or internal motions such
as radial gas flows, the surface density of accreted matter is equivalent to surface
density of baryons at time t. As a result, the total accreted mass is the same as the
the baryonic mass (M bar) and is expressed by

M bar(t) =

∫ t

0

Ce
−
(

t′
tacc

)
dt′ , (12)

where tacc is the accretion timescale.

Since in this model the galaxy is accreting gas from the intergalactic medium,
the total baryonic mass (M bar)of the galaxy is not constant, but will increase with
time up to a particular known value at to. After integrating in time equation 12,
the relation can be inverted to determine the constant C that gives a desired value
for the baryonic mass at a given time t. For t = to, C is defined as

C =
M bar(to)

tacc

[
1− e−(

to
tacc

)
] . (13)

Substituting to = 12 Gyr, a range of values of M bar in units of M⊙ and the
desired accretion timescale needed to be analysed, corresponding values for the
constant C were determined according to equation 13.

The two parameters racc and tacc are the main focus of this work as the aim is to
study how variations in these parameters influence the M bar− jbar−f gas relation.
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More specifically, this work aims to investigate whether changes in one or both of
the parameters, whilst keeping a fixed baryonic mass, induce any variation in jbar
and f gas making them correlated as observed in real galaxies by Mancera-Piña et
al. (2021). This was done by exploring three different values for the accretion
timescale, namely 3, 10 and 25 Gyr, and determining values for racc by making
assumptions using existing galaxy scaling relations.

2.3 Mass Size Relation

In determining a value for racc, a scaling relation between baryonic mass and
stellar disc scale-length as defined by Wu (2018) was used. In the study conducted
by Po-Feng Wu, it was concluded that the baryonic mass, denoted by M bar and
the size of the stellar disc are related by

log

(
R∗

kpc

)
= 0.385

[
log

(
M bar

M⊙

)
− 10

]
+ 0.281 , (14)

where R∗ is the scale-length of the stellar disc. Equation 14 was then used
to determine a value for racc for each corresponding value of M bar. Taking the
assumption that racc is equivalent to R∗ as defined by Wu is not perfect since, as
will be seen at a later stage, the stellar disc in our model is not an exact exponen-
tial. However, there are no direct observations of racc, and so this assumption is
made in order to simplify the computation as well as to obtain credible results as
a first step in creating a galaxy evolution model. For a constant baryonic mass,
the relation in equation 14 has a significant scatter of ∼0.18 dex in scale-length.

I have considered 50 values for the baryonic mass ranging from 108M⊙ −
1011.5M⊙, the corresponding range of values of racc were determined using the
relation in Wu (2018). This range of masses was chosen specifically to be identi-
cal to that in the study by Mancera-Piña et al. (2021), so that direct comparison
could be made between the results obtained and the observations. For each bary-
onic mass considered, the fiducial value of racc was determined using equation
14. This nominal value was then divided and multiplied by two and a range of
ten values of racc were explored by setting these two numbers as the lower and
upper limit respectively.

2.4 Evolution of the gas and star surface density

After having defined the accretion history as the starting point of this model, cho-
sen three values for tacc, and derived racc and values for C, the next step was to
derive the surface gas density (Σgas) and the surface star density (Σ∗) using equa-
tions 7 and 8. To do this, the Kennicutt–Schmidt law was used and by substitut-
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ing equation 4 into equation 7 the following equation 15 for Σgas was obtained
analytically:

dΣgas(t, R)

dt
=

C

2 π r2acc
e−

t
tacc e−

R
racc − A (1− ) ΣN

gas(t, R) . (15)

This was then solved numerically, using the Runge Kutta method. Here, equa-
tion 15 was integrated in time from 0 to 12 Gyr, and an initial starting value for
Σgas was taken to be 0 at every radius.

Once values for Σgas were obtained, Σ∗ was then found using two different
methods. This was done purely to ensure that the results obtained are in agree-
ment with each other and hence double check that no mistake was done in car-
rying out the numerical calculations. The first method was using equation 8 to-
gether with the Kennicutt–Schmidt law. Integrating the equation obtained in time
leads to

Σ∗(t, R) = A (1− )

∫ t

0

ΣN
gas(t

′, R)dt′ . (16)

The integration was carried out from time t = 0 to t = 12 Gyr using Simpson‘s
method. The second method was using equation 11 to derive Σbar, and then ob-
taining the surface density of stars by subtracting Σgas from Σbar:

Σ∗(t, R) = Σbar(t, R)− Σgas(t, R) =

∫ t

0

C

2π r2acc
e−

t′
tacc e−

R
racc dt′ − Σgas(t, R) . (17)

Both calculations yielded the exact same result.

2.5 Masses and Gas Fraction

Integrating over radius the surface densities of gas and stars calculated as ex-
plained in Section 2.4 would then yield the total mass for both components of the
disc. This can be written

M i (t) = 2 π

∫ Rmax

0

Σi (t, R) R dR , (18)

where the subscript "i" can be replaced by stars, gas or baryons depending
on which of the three is needed to be analysed. I have set Rmax = 100kpc after
verifying that it was large enough to reach convergence.

13



Once masses were obtained, the gas fraction was calculated using the equation
f gas = Mgas

Mbar
, where the baryonic mass is the summation of the gas and stellar

mass.

2.6 Specific Angular Momentum

Following the above, the specific angular momentum was next to be determined.
This quantity is defined as the angular momentum divided by the mass, accord-
ing to the equation ji =

|Ji|
M i

, where once again i can represent the gas, star or bary-
onic component. Using explicit expressions for the angular momentum and mass
in terms of the surface densities yields the following equation (Posti et al. (2018)):

ji(t) =

∫ Rmax

0
vrot(R) Σi (t, R) R2 dR∫ R

0
Σi (t, R) R dR

(19)

where R is the radius measured from the galactic center and vrot represents
the rotation velocity which we assume to be the same for stars and gas. The
observed trend is for the stellar vrot to lag behind that of the gas; a phenomenon
known as an asymmetric drift and as a result, oppositely to the model created in
this research project, stars and gas have a different vrot in reality. However, Posti
et al. (2018) estimated this correction to be smaller than 10% in jbar, and so taking
the vrot to be equivalent for gas and stars was sufficient.

In calculating the specific angular momentum by using equation 19, values for
the rotational velocity (vrot) needed to be established. This was done by making
two types of assumptions. The first assumption was done by taking the rotational
velocity to be constant in R, hence it is assumed to change only with time. This
is a simplifying assumption because although in reality the rotational velocity
varies with radius, taking it to be constant would greatly simplify the calcula-
tions whilst introducing a relatively small error (Romanowsky and Fall (2012)).
This is because of the factor R2 in the numerator of equation 19, implying that the
dependency of the rotational velocity on the outer part of the galaxy is of more
importance than the dependency on the inner part. Since at a larger radius, the ro-
tational velocity is more or less constant, then the assumption that vrot is constant
in radius is valid (Vukcevic (2021)). The second assumption was that vrot can be
derived from the baryonic Tully-Fisher relation (BTFR) and that this not evolving
with time. We assume in particular the expression derived by McGaugh (2012):

M bar = AG v4rot (20)

where AG has a value of 47 ± 6M⊙ km−4 s−4. The BTFR creates a connection
between the maximum rotational velocity, which is a property of dark haloes, to
the luminosity or baryonic mass of the galaxy disc. The assumption that the rela-
tion does not evolve with time is a physical assumption as to date it is not known
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whether galaxies evolve according to the BTFR at all redshifts or not. However
some studies have shown that at least the stellar Tully–Fisher relation has not
evolved significantly since z∼1 (e.g. Teodoro, F. Fraternali, and Miller (2016)).
Using equation 20 taken from the work by McGaugh (2012), a value for the ro-
tational velocity was found, corresponding to each value of the baryonic mass.
The evolution of vrot in our model, comes from the fact that this is parameter is
related to M bar in accordance to equation 20, and M bar evolves as a consequence
of gas accretion.

The above calculations for the gas fraction and specific angular momentum
were conducted multiple times for different values of the parameters and exper-
imenting to see how the M bar − jbar − f gas relation changes as a result of these
variations. The first approach was to vary tacc whilst keeping racc constant at a
nominal value as obtained using the relation between baryonic mass and stellar
disc scale-length by Wu (2018), as explained in Section 2.3. The second approach
was to keep the accretion timescale constant whilst varying the radial scale length
of the accretion profile. In this second case, racc was varied between one half and
twice the value indicated by the relation of Wu (2018) (as also explained in Section
2.3).
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3 Results

3.1 Illustrative model

To illustrate the main properties of the model, I show in some detail the results
for one example taking the present day baryonic mass to be M bar = 1010M⊙.

3.1.1 Gas and Star Surface Densities

Following the method described in Section 2.4, equations 15 and 16 were used to
create plots for Σgas and Σ∗ against time. This particular example was done by
taking M bar(t0) = 1010M⊙ and racc = 1.9kpc following equation 14. The results
shown in Figure 3 are for three values of tacc =3, 10 and 25Gyr at the center of the
galaxy (r=0).

(a) Central gas surface density versus time (b) Central star surface density versus time

Figure 3: Surface densities for gas (3a) and stars (3a) against time for a model
with M bar(t0) = 1010M⊙. Three different accretion timescales of 3, 10 and 25 Gyr
were considered and the radius was set to 0.

As can be seen from the plots, the surface density of gas starts off at 0 in the
beginning. By the K-S law this then implies that the star formation rate also starts
from zero and we also see that in Figure 3b the stellar mass surface density begins
at 0 when time is 0 Gyr. The Σgas first increases and reaches a maximum depend-
ing on the accretion timescale. The peaks in Σgas seen in Figure 3a corresponds
to the steepest part in Σ∗ observed in Figure 3b, since it is at this time that star
formation is at its maximum. The shorter the accretion timescale the quicker this
maximum is reached and the more steeply Σgas declines following this point.

The plot for Σ∗ (3b) shows that the smaller the value for tacc the steeper the
increase in Σ∗ is initially. As a result the time taken for half the stars to form in
this model is the shortest for an accretion timescale of 3 Gyr, and this increases
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with increasing tacc. In the galactic center this value increases from 3.39Gyr, for
tacc =3 Gyr to 6.27 Gyr, for tacc =25 Gyr.

In Figure 4 we show the logarithm of the surface densities against radius for
models with tacc =10 Gyr.

(a) (b)

(c)

Figure 4: surface densities for gas (4a), stars (4b) and baryons (4c) in the logarith-
mic scale against radius for four representative values in time. The graphs above
are for an accretion timescale of 10 Gyr

As a consequence of the exponent N > 1 in the K-S Law (equation 4), stars
and gas are distributed differently from each other, and both deviate from an
exponential. However, their summation (Σbar) has constant a scale length with
time. As a result, by plotting log(Σ) against radius for different values of time
under our current assumption, we see that only the total surface density (Σbar)
is a perfect exponential with with constant scale length (Figure 4c). The same
property is valid for all accreting timescales tacc.

In plot 4c we see that at larger time values, Σbar the normalisation changes
more slowly since most gas is accreted in the beginning. Whilst different accretion
timescales show the same trend, as tacc increases we also see more variation in
Σbar at late times, as gas is accreted later. For the accretion timescales of 3 and
25 Gyr, a similar trend was observed as that shown in Figure 4 for tacc = 10Gyr.
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However, as expected, the smaller the accretion timescale, the smaller the range
in normalisation at later times and so in plots for log(Σbar) against radius, Σbar

changes less for tacc = 3Gyr than for tacc = 25Gyr. This is shown in Figure 5

(a) (b)

Figure 5: Baryonic surface density in the logarithmic scale against radius an ac-
cretion timescale of 3Gyr (5a) and 25Gyr (5b).

From the surface densities, the gas, star and baryonic masses were determined
as described in Section 2.5 using equation 18. These were then plotted against
time and radius, and, to study the convergence of the integral, also against the
maximum radius Rmax. Figure 6 shows the gas and stellar cumulative mass
against radius for an accretion timescale of 3 Gyr. These graphs enabled the deter-
mination of the upper limit for radial integrations. Since the cumulative masses
are converged at 25kpc, all integrations in radius, for this particular example of
M bar(t0) = 1010M⊙, could be stopped at this value. The graphs for an accre-
tion timescale of 10 and 25 Gyr showed the same trend as that seen in Figure 6
where the masses increase from 0 up to a value and can be assumed to remain
unchanging beyond 25kpc. However, for other models with higher mass and ra-
dial scale-length, we found that Rmax = 25 kpc was insufficient and therefore we
integrated up to Rmax = 100 kpc.
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(a) Gas cumulative mass versus radius (b) Star cumulative mass versus radius

Figure 6: Two plots showing the gas cumulative mass (6a) and stellar cumulative
mass (6a) against radius for four representative times. The graphs above are for
an accretion timescale of 3 Gyr

At t = 12 Gyr, summing up the gas and stellar mass yields the baryonic mass
of 1010M⊙ which was assumed for this example. Later on, a range of values for
the baryonic masses at 12 Gyr will be considered.

3.1.2 Local Gas Fraction and SFE

The local gas fraction at each radial distance was plotted following the equation
f gas(r) =

Σgas(r)

Σbar(r)
and can be seen in Figure 7.

(a) Gas fraction versus radius for tacc = 3Gyr (b) Gas fraction versus radius for tacc = 25Gyr

Figure 7: Gas fraction against radius for our illustrative model with M bar(t0) =
1010M⊙. The plots are for the accretion timescales of 3 Gyr (7a) and 25 Gyr (7b) at
four representative times.

Figures 7a and 7b show how the gas in this particular model is more extended
than the stars. In the outer regions, f gas is observed to increase, and although
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not shown, a similar trend was observed also for tacc = 10 Gyr. This behaviour is
a consequence of the low star formation efficiency in outer regions, resulting in
more gas mass present in these regions with respect to the stellar mass. The star
formation efficiency (SFE) is the ratio of surface densities of the star formation
rate (SFR) and that of the gas, and its inverse is the timescale to convert gas into
stars. Hence in my model since the K-S law was used, the SFE can be written

SFE =
ΣSFR

Σgas

= AΣN−1
gas . (21)

From equation 21, for N > 1, as is the case in my model, the SFE increases depend-
ing on Σgas. Hence taking a value of N = 1.4 was crucial to this model and at the
outer regions of a galaxy, the gas is converted into stars with a larger timescale
resulting in the highest f gas at 25kpc.

The different accretion timescales produce slight differences in the gas frac-
tion. For tacc = 3Gyr the value of f gas at early times is lower than that for tacc =
25Gyr since for a lower tacc, the galaxy is accreting gas at a faster rate. This in-
duces a higher gas surface density and following equation 21, it results in a higher
SFE which leads to a lower gas to star ratio. However, plots 7a and 7b show two
extreme tacc and yet the effect of varying tacc on f gas for M bar(t0) = 1010M⊙ is
moderate.

3.2 Varying the accretion timescale : Observing the Effect on f gas

and jbar

As discussed in Section 2 , the first approach taken in an attempt to understand
the M bar− jbar−f gas relation was to investigate how the global values of f gas and
jbar respond to variations in tacc for fixed M bar(t0) and fixed racc. As in Section 3.1,
M bar(t0) was taken to be 1010M⊙ and racc = 1.9kpc. Taking accretion timescales of
3, 10 and 25 Gyr, plots for the global gas fraction and specific angular momentum
against time were obtained following the description in Sections 2.5 and 2.6, and
can be seen in Figure 8.
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(a) Gas fraction versus time (b) Specific angular momentum versus time

Figure 8: Gas fraction (8a) and specific angular momentum (8b) against time for
three different values of tacc. This model has M bar(t0) = 1010M⊙ and racc = 1.9kpc

Note that, although 8 shows the global f gas and jbar for the entire time evo-
lution (from t = 0 to t = to), our interest is in the results obtained for the final
time (t = to). For this time value we will later do a direct comparison with the
observations.

As can be seen above, varying the accretion timescale induces a variation in
f gas but does not lead to a variation in jbar at to. In physical terms, the larger the
accretion timescale, the larger the gas fraction obtained. This occurs since, for
a higher accretion timescale, the galaxy is accreting gas as well as forming stars
over a longer period of time. As a result, f gas is larger for tacc = 25Gyr than for
tacc = 10, 3 Gyr at every point in time.

However, whilst f gas changes in time depending on the different accretion
timescale, jbar does not show the same trend. Figure 8b shows that regardless of
the value for tacc, jbar converges to the same value at time 12 Gyr. Also, Figure
8b shows that jbar evolves up to a particular value at 12 Gyr in a different way
depending on the accretion timescale. As already mentioned, the specific angular
momentum is defined by equation 19. Hence jbar depends on both the parameter
Σbar and the vrot. However, for an exponential disc rotating at vrot constant with
radius, the baryonic specific angular momentum can be rewritten and is defined
by

jbar = 2 rdisc vrot , (22)

where rdisc is the scale radius of the exponential profile (Obreschkow, Glaze-
brook, et al. (2016)). Because in this model the exponential scale-length for gas
accretion is assumed constant with time, the evolution of jbar from time 0 to 12
Gyr is dictated by the evolution of the rotational velocity. For a smaller accre-
tion timescale, the baryonic mass evolves at a faster rate and hence by using the
baryonic Tully-Fisher relation so does the rotational velocity. Since jbar ∝ vrot,
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in Figure 8b it can be observed that jbar converges faster at a smaller accretion
timescales. Ultimately, the conclusion reached by altering tacc whilst keeping racc
constant is that within the assumptions of this particular model, the accretion
history is not a suitable candidate to drive the observed f gas − jbar correlation.

3.3 Varying the radial scale length of the accretion history

The next step was hence to check whether changing the other parameter of the
model (racc), while keeping tacc constant, yields the observed correlation between
f gas and jbar for a fixed M bar(t0) = 1010M⊙ . As explained in Section 2.3, the
values 0.95kpc, 1.9kpc and 3.8kpc were chosen for racc following equation 14 and
halving and doubling the value obtained. Figure 9 shows the time evolution of
f gas and jbar for the various values of racc obtained for tacc of 10 Gyr. However, a
similar trend was observed when considering a constant accretion timescale of 3
and 25 Gyr.

(a) Gas fraction versus time (b) Specific angular momentum versus time

Figure 9: Gas fraction (9a) and specific angular momentum (9b) against time for
three different radial scale lengths of the accretion profile at an accreting timescale
of 10 Gyr. This model has M bar(t0) = 1010M⊙ and tacc = 10Gyr

As can be seen in Figure 9, both f gas and jbar are observed to increase with
increasing racc. This ties with what was discussed in Section 3.1.2 concerning the
SFE. For a fixed baryonic mass, we observe that a larger racc, leads to a gas disc
that is more extended, and so there is more gas present in the outer regions, which
are less efficient at forming stars leading to a larger gas fraction (Mancera-Piña et
al. (2021) ; Leroy et al. (2008)) Due to an increased amount of gas in the outer
regions of a galaxy with larger racc, there is also more star formation, and so the
stellar disc is also more extended. Combining the two yields an overall extended
baryonic disc resulting in higher specific angular momenta. As a result a positive
correlation is observed between f gas and jbar.

Hence, within the many assumptions underlying this model, the plots in Fig-
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ure 9 seem to be indicating that the angular momentum of the accreting gas,
parametrized by its radial scale length is a possible physical driver for the ob-
served correlation.

3.4 Comparison with observed data

In this subsection a quantitative comparison between the model and the best-fit
relation found from real data by Mancera-Piña et al. (2021) will be shown. Figure
10 depicts the model described by equation 3 which was obtained by Mancera-
Piña et al. (2021). Using the coefficients for the baryon relation taken from their
work, equation 3 can be rewritten as

log

(
jbar

kpc kms−1

)
= 0.73 log

(
M bar

M⊙

)
+ 0.46 log (f gas)− 4.25 . (23)

For a range of f gas, this model was plotted for log
(

Mbar

M⊙

)
= 8 (Figure 10a) and

for log
(

Mbar

M⊙

)
= 10 (Figure 10b) and is labeled "Obs" in Figure 10. On the same

plots, I have also placed the data points obtained from my model for a constant
accretion timescale, and three values for racc, determined following the method
described in Section 2.3. As can be seen, for both present day baryonic masses,
the observed relation goes through the points obtained from my model, as the
two have a similar normalisation. It is evident that varying the the radial scale
length of accretion history whilst keeping the accretion timescale constant drives
a relation in the desired direction.

However, for fixed tacc a steeper slope than that of the fit by Mancera-Piña
et al. (2021), whose slope has a value of βbar = 0.46 ± 0.05, is obtained. As the
accretion timescale increases the slope obtained also increases from 1.34 (for tacc =
3Gyr) to 2.01 (for tacc = 25Gyr) in plot 10a, and from 1.26 to 1.86 in plot 10b. As
a result, if one assumes a fixed accretion timescale, a smaller value of tacc would
predict a slope closer to that of the relation described by equation 23.
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(a) (b)

Figure 10: jbar against f gas in the logarithmic scale for M bar(t0) = 108M⊙ (10a)
and 1010M⊙ (10b). The data points are color coded for three accretion timescales
with three values of racc obtained using the method described in Section 2.3

Furthermore, at fixed tacc , the agreement between my model and the data
is better for high M bar than for small M bar. It is also important to note that tacc
and racc could also be varying simultaneously. In particular, Figure 10 seems to
suggest that creating a model in which tacc and racc are correlated would predict
a slope closer to the observed value. This will also be discussed further in Section
4.1 and is something that could be worth looking into in the future.

3.4.1 Investigating the full M bar − jbar − f gas relation

Next the M bar − jbar − f gas relation was analysed in its entirety by plotting a
graph of the specific angular momentum against different baryonic masses in
the logarithmic scale for time to = 12 Gyr with points color coded according to
f gas. For constant accretion timescales of 3 and 25 Gyr, there is some agreement
between my model and the data as in Figure 11.

Similarly to observations, the results obtained using my model for an expo-
nential accretion history show that jbar increases with increasing M bar. Also, at
fixed M bar, there is an observed increase in jbar as f gas increases. By overlay-
ing lines with constant f gas from the best-fit relation found by Mancera-Piña et
al. (2021) (equation 23), a direct comparison between my model and real data can
be made. Figure 11 shows how there is a broad quantitative agreement across a
large range of the parameter space, as can be seen by the fact that the lines with
a constant f gas overlap with points from my model of a similar color, signifying
that the two somewhat agree also in their gas fraction value.

However, all the data points produced using my model for tacc = 3Gyr have
values for the gas fraction lying within the range 0.05 and 0.31. Taking a larger
accretion timescale, such as that of 25 Gyr yields larger values for gas fraction
however these are still within the range of 0.13 and 0.43. This is a much narrower
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range of f gas in the observed galaxies whose f gas range from 0 to 1.

Figure 11: Specific angular momentum against masses in the logarithmic scale
for two different accretion timescales. Each data point is color-coded depending
on its corresponding value of gas fraction and are compared with three lines of
constant f gas using equation 23

When comparing my data points with the lines of constant f gas found using
equation 23 from work by Mancera-Piña et al. (2021), there is an offset in both
normalisation and the slope. And in both plots, the lines of constant f gas do not
entirely coincide with the data points having the same f gas value. Following this,
in the future, it could be of interest to observe how this figure would change by
treating tacc and racc in a correlated manner, and more improvements and future
work will be discussed in Section 4.2.
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4 Discussion

In this section I will discuss what the interpretation of the results are (Section
4.1), as well as the limitations and directions for future work (Section 4.2). All
quantities mentioned are evaluated at the present time t = to.

4.1 Interpretation of Results

The results of varying the accretion timescale (tacc) and the radial scale length
of the accretion profile (racc) in our simple galaxy evolution model with expo-
nential accretion are shown in sections 3.2 and 3.3, respectively. When analysing
different values for tacc for a constant racc, a variation in f gas was induced, but
jbar remained a constant at to. As a result, it can be concluded that within the
assumptions of this model, variations in tacc cannot explain the observed corre-
lation between f gas and jbar at fixed M bar. However, given the simplicity of the
model developed, this particular conclusion could have been a consequence of
our particular assumptions and the result should be checked again with different
models.

On the other hand, the results in Section 3.3 show that, in this model, varia-
tions in racc at constant tacc lead to a variation in both f gas and jbar and so this
parameter is a suitable candidate to explain the observed correlation between
f gas and jbar at fixed M bar. This positively correlated variation in f gas and jbar
agrees qualitatively with the observations by Mancera-Piña et al. (2021). This can
be easily understood, considering that variations in racc induce variations in the
extension of a galaxy disc, which leads to an increase in the baryonic specific an-
gular momentum as well as the extent of the baryonic distribution in the outer
regions of the disc. Due to the fact that the SFE is lower at larger radii, less stars
form resulting in an increased gas fraction. Hence, our model supports the idea
that the observed M bar − jbar − f gas relation is related to the star formation effi-
ciency being lower in the outer regions of the disc.

According to equation 22, racc is correlated to the angular momentum of the
accreting gas. As a result, the physical interpretation of our results is that the
candidate physical driver of the observed correlation between jbar and f gas is
the angular momentum of the accreting gas. However, possible refinements to
this simple picture will be further discussed in Section 4.2.1 for future work and
improvement of our model.

Figure 10 showed how the data points obtained from my model are in approx-
imate agreement with the observed relation (equation 23) for a constant M bar.
Whilst the slope and normalisation for a fixed tacc are not in exact accordance
with the data from Mancera-Piña et al. (2021), the observed relation goes through
the points obtained from my model. Hence taking into account the assumptions
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taken in this model, this agreement is acceptable. Inspection of Figure 10 suggests
that a better agreement could be found by exploring a model in which neither tacc
nor racc are held constant, but instead assumed to vary in a correlated way. The
exploration of this possibility is left for future work.

Lastly, the full M bar− jbar−f gas relation produced by my model was analysed
in Section 3.4.1. The results obtained were compared to the observed relation
given by equation 23 for different values of fixed f gas. Figure 11 shows how for
a large part of the M bar − jbar plane, the model and data show similar values of
f gas which is indicated by the colors of each plot. However, the model does not
reproduce the observations in the regime of high f gas. In particular, the model
does not produce galaxies with f gas larger than 0.31 for tacc = 3Gyr and 0.43 for
tacc = 25Gyr, in contrast with the observations.

Since it was concluded that an increase in racc is correlated to an increase in
the gas fraction, one possible solution to the small range of obtained f gas values
could be obtained by using a larger range of racc. Whilst this could be looked into
using different models, the range racc used cannot be increased too much as this
would imply a corresponding change in the scale length of the stellar disc (r∗),
although this point was not investigated quantitatively in this thesis. Also, from
Figure 10 it is evident that a larger range of racc would not improve our model
in the desired way since, increasing or decreasing racc would have no effect on
the slope or normalisation of the results. As a result using a larger range of racc
is not expected to be a final solution, and other, more promising solutions will be
discussed in Section 4.2.

Whilst the model is very simple in nature, the obtained trend in the M bar −
jbar − f gas relation is qualitatively correct. For the first time with a quantitative
model, this research project showed that a positive correlation between jbar and
f gas at fixed M bar can arise as a consequence of a radially varying SFE. Any devia-
tions from the observed relation are most likely due to a combination of imperfect
assumptions, in particular on the accretion history and the star formation law, as
discussed in more detail Section 4.2. However, despite the inaccuracies, the as-
sumptions taken made it possible to propose a suitable candidate responsible for
the M bar − jbar − f gas relation under such simple conditions.

4.2 Limitations and Possible Improvements

Here I will talk about how the model could be improved to include more realistic
assumptions which may lead to a better agreement with the observed data.
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4.2.1 Changing Assumptions on the Accretion Profile

Throughout this project, it was assumed that the accretion profile is exponential
in both time and radius, with scale-length independent on time and value of racc
taken from the relation by Wu (2018) (equation 14). One possible improvement
mentioned in Section 4.1, would be to treat tacc and racc in a correlated manner as
suggested before.

Another point of interest to explore different mass - size relations. One pos-
sibility to consider could be to utilise the relation between stellar mass(M∗) and
the radius containing half of the galaxy‘s light, known as the effective half-light
radius (Re), for instance as derived by Lange et al. (2015). The use of this relation
would require some modifications to our formalism, as we would then need to
use the stellar mass, instead of the baryonic mass, as an independent variable. It
could however be an interesting alternative to look into in the future.

The most important assumption to be revisited is perhaps that our galaxy evo-
lution model followed an accretion history that is separable in space and time. In
particular, the radial scale length of the accretion profile was taken to be constant
with time. However, as already discussed in Section 1.1.1 and 4.1, the tidal torque
theory (TTT) states that the angular momentum of the accreting gas is an increas-
ing function of time, and despite this behaviour is partly captured by our model
as a consequence of the evolution of vrot (see for instance Section 3.2 and Figure
8), also racc is expected to evolve. Hence, one natural improvement to be done on
this model is to allow this parameter to evolve in time, for instance in the form
racc(t) = ro + bt where b is a constant.

Due to time constraints, the evolution of racc was not taken into account through-
out this research project and yet the results obtained are still meaningful. We
show that even when treating the accretion history‘s spatial and time depen-
dence separately, the variations in radial scale length of the accretion history is
correlated to variations in f gas and jbar for a constant M bar. We also note that
although the model developed throughout this research project is not inside-out
in the accretion, as it is likely the case in reality, we still observe some moderate
increase in the radial extent of Σ∗ as seen in Figure 4. This, as discussed in Section
3.1.2 is also a consequence of a lower SFE in the outer regions of the galaxy.

4.2.2 Changing the Rotation Curve

The assumptions made on the rotation velocity were discussed in Section 2.6 and
included the independence of vrot on radius, the non-evolving baryonic Tully-
Fisher relation (BTFR) (equation 20) and assuming that gas and stars rotate at the
same velocity.

One potential improvement could therefore be to remove the approximation
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of a flat rotation curve. However, changes to the rotation curve are not expected
to change the resulting values for the baryonic specific angular momentum signif-
icantly enough as any corrections would likely be too small. As already pointed
out in Section 2.6 (equation 19), we observe a dependency on R2 in the numerator
which shows that in determining jbar, vrot becomes significantly more important
at larger radii of the galactic disc. In these regions the rotational velocity is more
or less constant and so assuming a flat rotation curve is a suitable assumption
and introduces a very small error (Vukcevic (2021)).

In assuming that gas and stars have the same vrot, asymmetric drift was not
taken into account. This phenomenon describes the tendency for the mean vrot of
a population of stars to lag behind the vrot of the gas. Correcting for this would
involve taking into account the asymmetric drift velocity given by

v2AD = σ2
z

3R

2Rd

(24)

Taking this phenomenon into account in approximating jbar, and assuming that
the stellar velocity dispersion in the z direction, σz, varies exponentially with
radius according to

σz = σ0 e
− R

2Rd , (25)

where Rd is the scale-length of the galaxy disc, would introduce a correction
smaller than 5% in jbar, which is not a significant enough change (Posti et al. (2018)).

4.2.3 Changing the Star Formation Law

Despite its popularity and successes, it is also known that the Kennicutt-Schmidt
(K-S) law (equation 4) is not perfect. In this subsection the effects of changing the
star formation law will be considered in light of possible future work.

One indication that a different SFL could have been used is in the very low
values for the gas fraction obtained, ranging only between 0.05 and 0.43, which
is visible in Figure 10. This is in contrast with the observation that dwarf galaxies
(107M⊙ < M bar < 109M⊙) typically have larger gas fractions as can be seen in
Figure 2. Therefore, in our model, the dwarf galaxies appear to be forming an
excess of stars. One possible solution could be to consider a different star forma-
tion law which predicts lower levels of star formation for low-mass galaxies. This
possibility also has an independent observational motivation. For instance Gatto
et al. (2013) have shown that dwarf galaxies lie along a steeper relation described
by the equation

ΣSFR = (2.13± 0.6) 10−5 · Σ2.47
gas , (26)

where the ΣSFR is in M⊙ yr−1 kpc−2 and Σgas in M⊙ pc−2. This relation is plotted
in Figure 12 for direct comparison with the standard Kennicutt–Schmidt relation
for disc galaxies, and whilst the two agree at Σgas ≈ 10M⊙pc

−2, it is apparent that
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Figure 12: Plot showing the standard K-S law (black dashed line) and the relation
valid for a small sample of dwarf galaxies (red solid line) described by equation
26 along with its error bar of 1 σ (red dashed lines) taken from Gatto et al. (2013).
The solid blue dots represent four dwarf irregular galaxies found in the Local
Group having different surface densities of gas and star formation rate.

the relation described by equation 26 seems to be in better agreement with the
observations, at least for these four dwarf galaxies.

As an experiment, the SFL proposed by Gatto et al. (2013) (equation 26) was
applied to the model developed in this project to see whether this leads to an
improvement to the results of Figure 10. The results obtained when utilising this
SFL instead of the K-S law can be seen in Figure 13.

As suspected, Figure 13 shows how using the SFL dictated by equation 26
instead of the K-S law resulted in overall larger values for f gas than obtained
previously. And similarly to the results shown in Figure 11, for a larger the ac-
cretion timescale the values of the gas fraction were larger than those obtained
for a lower tacc. However, when comparing with the data from Mancera-Piña et
al. (2021) for a fixed gas fraction it is evident there is less agreement when adopt-
ing the SFL given by equation 26 than when using the standard K-S law as in
Figure 10. Therefore using the alternative SFL proposed by Gatto et al. (2013) did
not improve the agreement between my model and the observations.

4.2.4 Volumetric Star Formation Laws

Up to this point, all SFLs considered throughout this thesis (the standard K-S
law, and the SFL by Gatto et al. (2013)) are based on surface densities. Whilst
SFLs based on surface densities are somewhat easier to use in galaxy evolution
models, they often implicitly assume galaxy discs with a constant scale height.
Meanwhile, observations show that regardless of the galaxy type, a galaxy‘s disc
increases in thickness at larger distances from the galactic center (Bacchini et
al. (2020)). As a result, a constant scale height is not a good representation of
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Figure 13: Specific angular momentum against mass in the logarithmic scale fol-
lowing the SFL described in equation 26 for two values of tacc. Each data point
is color coded depending on its corresponding gas fraction value and 3 lines of
fixed f gas using equation 20 from Mancera-Piña et al. (2021) were overlayed on
the plots for direct comparison

reality and is an inaccurate approximation to adopt.

Bacchini et al. (2019) have shown that volumetric star formation (VSF) laws
can better explain the star formation across a wide range of galaxy mass and gas
surface density, by taking into account the effect of disc flaring, whilst also pro-
ducing a much smaller scatter than two-dimensional SFLs. Hence, improvement
on this galaxy evolution model could be made in the future by using a volumetric
star formation (VSF) law.

Bacchini et al. (2019) found in particular a VSF of the form

ρSFR = Aραgas , (27)

were ρSFR is the SFR per unit volume, ρgas is the volume density of the gas includ-
ing neutral and molecular gas, and A and α are constants dictating the normali-
sation and slope respectively. The fact that the SFL is better described by volume
(rather than surface) densities is also in agreement with an idea originally pro-
posed by Schmidt (1959). In order to derive the volume densities, Bacchini et
al. (2019) estimate the gas velocity dispersion and assumed that the gas disc is in
hydrostatic equilibrium.

By using a VSF law in a future extension of this work, the volume densities of
gas and SFR could be reconstructed, and the effect this produces on the M bar −
jbar − f gas relation could be investigated. Despite having the advantage of being
valid for a variety of galaxy types and densities, using a VSF law also comes
with various challenges, including making approximations for the the galaxy‘s
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gravitational potential and the gas‘s velocity dispersion σ(R), which were beyond
the scope of this bachelor thesis.
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5 Summary and Conclusion

Throughout this thesis we have built a simple galaxy evolution model for disc
galaxies with the aim of reproducing the baryonic j − M − f gas scaling relation
found by Mancera-Piña et al. (2021). The model was based on the assumptions of
having an exponential accretion profile in both space and time, and that star for-
mation obeys the Kennicutt–Schmidt (K-S). The stars and gas rotate at the same
velocity vrot determined by baryonic Tully-Fisher relation (BTFR).

For each value of the present-day baryonic mass (M bar(to)), the model is de-
fined by two parameters: the radial scale length of the accretion profile and the
accretion timescale, denoted by racc and tacc respectively. The variations induced
in jbar and f gas as a result of varying racc and tacc for a fixed M bar were then ex-
plored. The results were then compared to the best fit relation found from real
data by Mancera-Piña et al. (2021).

It was seen that for a fixed M bar(to), and fixed racc, variations in tacc did not
lead to a correlated variation in jbar and f gas and therefore cannot explain the
observations. On the other hand, varying racc whilst keeping tacc constant, a pos-
itively correlated variation in jbar and f gas for a fixed M bar(to) was obtained. It
was hence concluded that, within the assumptions of our model, racc could be
responsible for driving the observed M bar − jbar − f gas relation.

When analysing the full M bar − jbar − f gas relation for a range of galaxies with
baryonic masses ranging between 108M⊙ − 1011.5M⊙, we achieved a qualitative
agreement between the results of my model and the observed relation. In par-
ticular jbar increases with increasing M bar and furthermore, for a fixed M bar , the
model predicts an increase in jbar when f gas increases. The result supports the
idea that the positive correlation between jbar and f gas is driven by the SFE being
lower on outer regions of the galaxy, although some quantitative discrepancies
between the model predictions and the observations still remain. Among direc-
tions for future improvement, one possibility could be treating racc and tacc in a
correlated way. Other propositions for future work include considering a depen-
dence of racc on time or replacing the K-S law with a volumetric star formation
law.
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