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Abstract
Stellar streams are the remnants of dwarf galaxies and globular clusters that have been tidally disrupted

while orbiting the Milky Way. They are promising tools to map the gravitational potential of the Milky
Way, because they follow close trajectories. In particular, have been used to constrain the shape and mass
of its dark matter halo, for which usually narrow distant streams are used. The focus of this thesis are
the dynamical properties of the phase-mixed Helmi Streams. These streams originate in a disrupted small
dwarf galaxy that was cannibalised by the Milky Way several Gyr ago. The Helmi Streams now orbit the
inner Galaxy and depict peculiar dynamical properties. Specifically, they appear to be separated into two
clumps in angular momentum space which differ in their degree of phase-mixing. In this thesis, I explore the
formation mechanism and the conservation of the gap between the two clumps in time as a way to provide
a novel constraint on the Galactic potential.

The two clumps have a distinct vz and orbital frequency distribution, but are indistinguishable in their
stellar populations. The asymmetry in the number of stars in the streams can be linked to the fact that one
clump has undergone a slower dynamical evolution than the other. This is appears to be caused by dynamics
specific to the potential of the Milky Way. The region of the potential probed by the Helmi Streams hosts
multiple resonances. In the correct potential, the less phase-mixed clump is trapped by the ΩΦ : ΩZ is
1 : 1 resonance while the other clump is located off-resonance. Furthermore, to maintain the gap in time, a
potential that transitions to being spherical in the region occupied by the Helmi Streams is required.

The gap between the two clumps could possibly be caused by orbital diffusion due to a chaotic region
in the potential. This tightly constrains the Galactic potential as chaotic regions are generally small. The
separatrix of the Ωz : ΩR is 2 : 3 resonance, which is located close to the Helmi Streams, is found to cause
stochastic behaviour. When an ensemble of stars occupies the region of phase-space surrounding this layer,
a gap can be formed on small enough timescales (∼ 6 Gyr). This resonance, however, does not overlap
exactly with the region of phase-space occupied by the Helmi Streams in a Milky Way potential. Modifying
the analytic potential by varying its characteristic parameters using an MCMC shows that a too high mass
enclosed is needed to move the resonance to the required location.

To move away from the restrictions of parametrisation and allow for a more generic description of the dark
matter halo’s shape, a method is introduced that uses basis function expansions, where the basis functions
are spherical harmonics. By performing a low-order expansion of an axisymmetric dark matter halo and by
varying the coefficients and their derivatives at the gridpoints using an MCMC, the shape of the halo can
be explored in a novel way. Applying this method with the objective to get the Helmi Streams closer to
the Ωz : ΩR is 2 : 3 resonance shows again that a too high mass enclosed is needed, indicating that more
freedom in the functional form does not resolve this issue. Instead, it seems that a more complex model,
for example one that radially varies in shape which transitions from being spherical to triaxial farther out,
might be necessary.
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Hanneke C. Woudenberg 1. Introduction

1 Introduction
Our home, the Milky Way, is a barred spiral galaxy which is made up several components, see Fig. 1. There
are more than 100 billion stars in the Milky Way, which add up to a mass of approximately 5 ± 1 · 1010M⊙
(Bland-Hawthorn and Gerhard 2016). Most of these stars reside in the stellar disks and bar/bulge component,
which are surrounded by the diffuse stellar halo, containing some of the oldest and most metal-poor stars
in our Galaxy. The stellar halo contains at most a few percent of the total amount of stars in our Galaxy
(Bland-Hawthorn and Gerhard 2016; Deason et al. 2019), but, as we will see later, these have proven to be very
important tracers of the history of the Milky Way. The different stellar components of the Milky Way differ in
their kinematics, age and chemistry, pointing to different formation histories (Helmi 2020).

The stars in the Milky Way are embedded in a large and massive dark matter (DM) halo, which has an extent
of about 200 kpc and a mass of about 1 · 1012M⊙ (Shen et al. 2021), meaning that ∼ 95 % of the mass of
our Galaxy is dark. The DM halo therefore has a profound impact on the dynamics of the Milky Way’s stars,
especially in the outer regions of the Galaxy. There, the DM halo dominates the gravitational potential. Though
obviously important, the distribution of mass and the shape of the DM halo are uncertain and debated (e.g.
Koposov et al. 2010; Küpper et al. 2015; Posti and Helmi 2019; Vasiliev et al. 2021).

Within the context of the Λ Cold Dark Matter (ΛCDM) cosmological model, structure formation happens
hierarchically and dark matter halos grow predominantly via mergers (e.g. White and Rees 1978). This means
that galaxies like our Milky Way have grown over time, particularly in mass, by merging with other smaller
galaxies. Such mergers can trigger star formation and may have shaped the Galaxy to the structure we see
today. As a result of the merger process, the stellar halo is not smooth. Instead, it is made up of many accreted
satellite galaxies and stellar clusters at different stages of disruption. Some are entirely mixed in with the
Galaxy and are not visible as coherent structures anymore. Others, such as the Large and Small Magellanic
Cloud dwarf galaxies, have only just fallen in (Besla et al. 2007) and are largely intact, see Fig. 1. In many cases
we can actually see the disruptive power of the Milky Way at work. An important example is the Sagittarius
dwarf galaxy (Ibata et al. 1994), whose extended tidal tails wrap itself around the Milky Way1

The goal of the field Galactic Archaeology is to reconstruct the assembly history of the Milky Way over time
and find out what its different building blocks are. This can be done using the stars themselves, as they retain
a memory of their origin in their phase-space position (position and velocity) and their chemistry. Stars thus
provide us with a window back in time, and the stellar halo is one of the best places to learn about the Milky
Way’s history as that is where most of the debris from the accreted satellites will end up. To achieve the goal
set out by Galactic archaeologists, we require the 6D phase-space positions of stars in order to fully characterise
their kinematics and orbital properties. If we complement this with data on the chemistry and ages of the
stars, we can distinguish stars from different progenitors more easily. The bigger our sample of 6D phase-space
positions and chemistry is, the better and more conclusive our picture of the Milky Way’s history will become.
In that sense, the second data release from the Gaia mission was a revolution (Gaia Collaboration et al. 2016;
Gaia Collaboration et al. 2018). At once astronomers had access to the astrometry and photometry of millions
of stars with great precision. With Gaia EDR3 (Gaia Collaboration et al. 2021a) this dataset has become even
larger and more accurate. With WEAVE (Dalton et al. 2014) and 4MOST (de Jong et al. 2019) getting ready
for first light, allowing us to get spectroscopic data for many more stars, and Gaia DR3 (Gaia Collaboration
et al. 2022) having been released June 13 2022, we live in very exciting times!

At the basis of the understanding of the history of the Milky Way is the study of the system itself. Using the
observed motions and distributions of stars of our Galaxy, Galactic dynamicists try to infer, amongst other
things, how the mass of the Milky Way is distributed and what the total mass of the system is. This provides
important constraints on our understanding of galaxy formation (e.g. Bower et al. 2017; Behroozi et al. 2019)
and allows us to identify and simulate realistic Milky Way analogues in cosmological simulations (Wetzel et al.
2016; Grand et al. 2017; Libeskind et al. 2020). Moreover, the Milky Way’s mass is an important parameter in
determining the kinematics its satellite galaxies (e.g. Fritz et al. 2018) and can even be used to constrain the
nature of dark matter. Within the ΛCDM cosmological framework, there are two important problems with the
small-scale predictions for dark matter that rely on the mass of our Milky Way’s DM halo. Firstly, the “Missing
Satellites” problem (Moore et al. 1999; Klypin et al. 1999), which is the prediction that many more satellites
should exist than we observe. Within 300 kpc, ΛCDM can predict up to ∼ 1000 dark subhalos which could
possibly host galaxies, while we observe only 50 dwarf galaxies around our Milky Way (Bullock and Boylan-
Kolchin 2017; McConnachie and Venn 2020). Feedback and tidal stripping can keep satellites dark, providing

1“It is always Sagittarius” - due to Sagittarius’ large extent and the fact that its stars dominate in their contribution to the
outer stellar halo (25 − 50 kpc, Naidu et al. 2020), Sagittarius is often recovered when looking for substructure in the outer halo.
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1.1 Thin and Thick Disk Hanneke C. Woudenberg

Figure 1: The Milky Way and its components. This map is based on Gaia DR2 data. The Small Magellanic Cloud (SMC) and
Large Magellanic Cloud (LMC) are two satellite galaxies orbiting the Milky Way. Image adapted from ESA/Gaia/DPAC, CC
BY-SA 3.0 IGO.

a possible explanation for the problem. This however does not resolve the second problem, the “Too Big To
Fail” problem (Boylan-Kolchin et al. 2011; Boylan-Kolchin et al. 2012), which argues that the predicted number
of massive satellites with high central densities is higher than is observed, given the number of observed less
massive satellites that did succeed in forming stars (Bullock and Boylan-Kolchin 2017). The problem’s name
thus refers to the fact that these predicted massive satellites can hardly fail to form stars, but we do not see
them. In both cases, the problem can largely be resolved if the mass of the Milky Way is relatively low (e.g.
Cautun et al. 2014), as this lowers the predicted number of (massive) satellites. Another way to resolve the
problem is by assuming a Warm Dark Matter cosmology, as this lowers the central density of massive satellites
(Anderhalden et al. 2013). In conclusion, a well-constrained estimate of the mass and mass profile of our Milky
Way allows us to place our own Galaxy and its satellites in a larger cosmological and theoretical context.

This introduction is further split up in several parts and aims to familiarise the reader with the structure and
history of our Milky Way. This sets the scene for a Galactic Dynamics view of our Galaxy. Section 1.1 and
1.2 introduce the stellar disks and bulge a bit more in depth, while Section 1.3 focuses on the stellar halo and
the satellites and streams it hosts. This brings us to an overview of the recent efforts and results in the field of
Galactic Archaeology in Section 1.4. After providing an introduction to some important concepts in Galactic
Dynamics in Section 1.5, I give an overview of the observational constraints I use throughout this thesis in
Section 1.6. I review our current knowledge on the total mass and mass distribution of our Milky Way in
Section 1.7. Finally, Section 1.8 provides an outline of this thesis.

1.1 Thin and Thick Disk
The Milky Way contains a thin and a thick stellar disk. Both disk populations are well described by an
exponential profile (e.g. Jurić et al. 2008; Bovy et al. 2016b). It is thought that the thick disk is a result of a
merger with the large dwarf galaxy Gaia-Enceladus-Sausage that took place about 10 Gyr ago, which heated up
the early gas-rich disk and triggered star formation (Gallart et al. 2019; Helmi 2020). This merger “splashed”
the existing disk stars to hotter orbits, and the thin disk formed in a quiescent way afterwards. This sequence of
events is supported by the stellar age-metallicity distribution of our Galaxy (Xiang and Rix 2022). Given this
formation history, it can be expected that the thin disk is larger in extent than the thick disk. Other properties
of the thin disk, such as the number and extent of the spiral arms, are not very well constrained, as there is
quite strong dust extinction in the midplane.

The disk scale length quantifies the extent of the disks, which varies under different definitions. Stars belonging

2



Hanneke C. Woudenberg 1.2 Central Region

to the thin and thick disk can be identified using α-abundances (e.g. Bensby et al. 2011; Cheng et al. 2012)2, but
different stellar populations can be also used to distinguish the two disks. Cepheids, for example, trace the thin
disk as they are a young population of stars (Bobylev and Bajkova 2021). In an analysis of 130 refereed papers,
Bland-Hawthorn and Gerhard 2016 found disk scale lengths ranging between 1.8−6.0kpc, and using a weighted
average they find a thin disk scale length of 2.6 ± 0.5 kpc and a thick disk scale length of Rthick = 2.0 ± 0.2 kpc.

1.2 Central Region
Baade 1946 and Stebbins and Whitford 1947 first identified the Galactic bulge as a distinct component of our
Galaxy. Nowadays, we think that the central part of our Galaxy contains a barred bulge. It is hard to study
this central region because it is a crowded region that is heavily obscured by dust, see also Fig. 1. The bulge
seems to have a boxy-peanut (X) shape which is typical for barred galaxies, and most of the mass, about ∼ 90
%, is in the triaxial rotating bar. The stars in the bulge cover a broad range of metallicities, -1.5 ≲ [Fe/H]
≲ +0.5, which is dependent on the field location, suggesting that the bulge hosts multiple stellar populations
(Barbuy et al. 2018). Indeed, though the bulge is predominantly made up of old stars (older than 10 Gyr), it
also hosts a younger population that is more metal-rich (ages below 8 and even 5 Gyr, Ness et al. 2013; Bensby
et al. 2017).

1.3 Halo: Satellites and Stellar Streams
The halo hosts a large population of objects, including dwarf galaxies (DG) and globular clusters (GC), some of
which were formed inside the Milky Way (in situ), while others have been accreted. In this section I will shortly
describe these objects and explain how stellar streams, of which GC and DG are the progenitor, are formed.

Globular clusters are thought to be old objects (age ∼ 12 Gyr, VandenBerg et al. 2013) that are devoid of
gas, dust, dark matter and young stars. Our Milky Way hosts over 150 GC, of which the most metal-poor GC
belong to the oldest objects present in the Galaxy (Harris 2010). About 40% of the Galactic GCs have likely
formed in the Milky Way itself, while the rest has been brought in by merger events (Massari et al. 2019; Horta
et al. 2020; Callingham et al. 2022). GCs are made up of 104 − 106 stars that are packed closely together and
are self-gravitating, with typical half-mass radii of 5-10 pc (de Boer et al. 2019) . All stars roughly have the
same metallicity and age (typical spreads in [Fe/H] are of the order of ∼ 0.03 dex, see e.g. Yong et al. 2013),
so it was long thought that they could be described by a single stellar population (Binney and Tremaine 2008).
However, there is increasing evidence that there exist star-to-star variations in the abundances of light elements
such as C, N, O and Na in old GC (age ≳ 2 Gyr). In other words, GCs host multiple stellar populations, which
can even be segregated spatially (Cordero et al. 2017; Bastian and Lardo 2018; Milone et al. 2018; Dalessandro
et al. 2019). The existence of these multiple stellar populations turns the formation scenario of GC into an
open question in the field, and many interesting (and even exotic) formation paths have been proposed (e.g.
Denissenkov and Hartwick 2014; Renzini et al. 2022).

Dwarf galaxies contain stars, sometimes gas and are thought to be amongst the most dark matter dominated
objects in our Galaxy (and even the Universe, Strigari et al. 2008; Tolstoy et al. 2009; Simon et al. 2011). Dwarf
galaxies have masses between 103 −108M⊙, which is related to their metallicity via the mass-metallicity relation
(Kirby et al. 2013; Hidalgo 2017), and half-light radii ranging from 10’s till 1000’s of pc (Wolf et al. 2010). Over
50 dwarf galaxies are known to orbit the Milky Way (McConnachie and Venn 2020). This is only a small
part of the total number of dwarfs that once orbited our Galaxy, as about 70-80 % is thought to be destroyed
(Santistevan et al. 2020; Fattahi et al. 2020). Because dwarf galaxies have extended star formation histories, they
show a significant spread in metallicity, over ∼ 0.2 dex (Tolstoy et al. 2009; Willman and Strader 2012). This
spread, amongst other things, allows Galactic archaeologists to distinguish between GC and DG progenitors.

When satellites like DG or GC orbit the Milky Way, they experience tidal forces which strip away the most
weakly bound stars. These stars approximately follow their progenitor’s orbit, and over a time a stellar
stream is formed (Eyre and Binney 2009; Newberg 2016). Stars with a higher binding energy compared to
the progenitor will form the leading arm, while stars with a lower binding energy will form the trailing arm,
see Fig. 3. About 100 stellar streams have so far been discovered (Mateu 2022). A map showing some stellar
streams of the Milky Way is shown in Fig. 2. Stellar streams appear as narrow bands of stars on the sky,
but streams with a globular cluster progenitor (e.g. Pal 5 (Odenkirchen et al. 2001), Phoenix (Balbinot et al.

2α-elements are elements that are released in core-collapse supernovae (Type II) of short-living massive stars, such as Mg, Si,
Ca, Ti and Na. Iron-peak elements, such as Fe, can also be released in supernovae Type Ia, which take place on a longer timescale
than supernovae Type II. The trend in [α/Fe] versus [Fe/H] is thus indicative of the star formation history of a system, which
differs per system (Helmi 2020).

3



1.3 Halo: Satellites and Stellar Streams Hanneke C. Woudenberg

Figure 2: Stellar streams in the Milky Way found with the STREAMFINDER algorithm using Gaia DR2 and EDR3 data (Malhan
and Ibata 2018; Malhan et al. 2018; Ibata et al. 2019). The stellar streams are colour-coded by their heliocentric distance, where
red (blue) means farther away (closer). A part of the streams are labelled by their name. Image credits: Khyati Malhan 2021.

2016), or GD-1, found by Grillmair and Dionatos 2006) are physically thinner and dynamically colder than
streams with a dwarf galaxy progenitor (e.g. Orphan, Grillmair 2006; Belokurov et al. 2007). There is however
increasing evidence that stellar streams are not just simple bands of stars, but that they can have complex
stream morphologies. Substructures such as gaps, overdensities and off-stream features are expected to be
produced by interactions with DM subhalos, which are predicted to orbit the halos of galaxies (Yoon et al.
2011; Erkal et al. 2016; Koppelman and Helmi 2021). For example, upon closer inspection of the stellar stream
GD-1, interesting features such as the “spur” and “gap” become apparent (Price-Whelan and Bonaca 2018; de
Boer et al. 2020). Stellar streams thus seems to be a promising tool to study the DM subhalo population of the
Milky Way, but first other possible causes for substructure should to be excluded (e.g. Amorisco et al. 2016;
Pearson et al. 2017; Banik and Bovy 2019; Woudenberg et al. 2022).

Because stellar streams approximately trace out the progenitor’s orbit, they can be used to probe the underlying
Galactic gravitational potential (e.g. Johnston et al. 1999). This fact has been exploited to constrain the mass
enclosed and shape of the DM halo (e.g. Koposov et al. 2010; Bovy et al. 2016a; Malhan and Ibata 2019).
However, it has become clear that this should be done with caution, as our Galaxy is being perturbed by the
infall of the massive LMC (e.g. Garavito-Camargo et al. 2019; Garavito-Camargo et al. 2021). This influences
the kinematics of stellar streams (Vera-Ciro and Helmi 2013; Erkal et al. 2019; Vasiliev et al. 2021), as it
induces torques and reflex motion, depending on the stream’s orbit with respect to the LMC (Gómez et al.
2015; Petersen and Peñarrubia 2020; Shipp et al. 2021). A more extensive overview of the efforts to constrain
the mass enclosed and shape of the DM Halo will be given in Section 1.7.3.

The more metal-poor an object is, the earlier in time it should have formed. The discovery of the exceptionally
metal-poor stellar stream C-19 with a metallicity of [Fe/H] = -3.4 dex therefore provides us with a window far
back in time (Martin et al. 2022a; Martin et al. 2022b). Because it has a low metallicity dispersion and shows
signs of the presence of multiple stellar populations, it is thought that its progenitor should be a GC. However,
the stream is dynamically hot and quite broad, pointing to a DG progenitor. Moreover, it is on an orbit with
a short orbital period, so its formation scenario is an open question (Yuan et al. 2022). It is very well possible
that (destroyed) systems formed in the early Universe differed from the stellar systems that we can still see
today, and alternative formation scenarios are needed to explain the existence of C-19 (Errani et al. 2022).

Phase-mixed streams are stellar streams that have been orbiting the Milky Way for a sufficiently long time
such that they are completely mixed in with the Galaxy. With time, the stars of a stellar stream spread along
the orbit of the progenitor, meaning that at a specific moment in time stars are at an increasingly different
orbital phase. This happens faster for stellar streams with short orbital periods, such as streams that orbit the
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Hanneke C. Woudenberg 1.4 Stellar halo: Building Blocks of our Milky Way

Figure 3: Illustration of a satellite at different stages of disruption. The left panel shows the intact satellite, the middle panel
shows the stellar stream and the right panel shows the stream in a much more advanced stage of phase-mixing. The red dot shows
the position of the progenitor. The yellow dotted line shows the orbit of the progenitor 0.2 Gyr forward and backward in time (for
the intact satellite, only 0.2 Gyr forward is shown), the arrow shows the direction of the orbit. The 104 particles are plotted with
a colourmap showing their energy. The contour map shows the density of the McMillan 2017 potential.

inner Galaxy. This mixing continues indefinitely, meaning that as time passes the stream becomes completely
mixed in with the Galaxy and it is no longer apparent as a distinct spatially coherent structure, see Fig. 33.
This thesis focuses on (the use of) the phase-mixed Helmi streams (Helmi et al. 1999), which is the debris of
a dwarf galaxy with a mass of 108M⊙ that was accreted by the Milky Way 5 to 8 Gyr ago (Kepley et al. 2007;
Koppelman et al. 2019b).

1.4 Stellar halo: Building Blocks of our Milky Way
The stellar halo is thought to be largely made up of the debris of disrupted stellar systems (e.g. Di Matteo et al.
2019; Naidu et al. 2020). Once satellites have fallen into the Milky Way, over time their stars get mixed in with
the Galaxy. Though we can no longer recognise these building blocks from their coherent spatial distribution,
they can still be distinguished from each other in Integrals of Motion (IoM) space (Helmi and de Zeeuw 2000;
Helmi and de Zeeuw 2002; Gómez et al. 2010).

Integrals of Motion are quantities that describe an orbit and stay conserved over time, such as E, Lz and L⊥ for
a spherical potential (see also Section 1.5.2). Individual satellites each have their own distinct IoM distribution,
as they come in on different orbits and each have their intrinsic IoM spread, depending on for example the
mass of the system (Koppelman et al. 2019a). As IoM stay conserved with time, we can recognise different
systems as “clumps” in IoM space even today, aided by additional information on the chemistry and ages of
stars. This principle has been used to identify the building blocks of our Galaxy, pioneered with the discovery
of the Helmi Streams (Helmi et al. 1999). With the release of Gaia DR2, this method led to the discovery
that the local stellar halo is dominated by the debris of a large, single merger event: Gaia-Enceladus-Sausage
(GES, Helmi et al. 2018; Belokurov et al. 2018). GES is thought to be the remnants of a dwarf galaxy with
a mass of about ∼ 109 M⊙ that was accreted about 10 Gyr ago, and in merging with the MW heated stars of
the existing disk onto halo-like orbits, creating the hot thick disk (Di Matteo et al. 2019). Since this discovery,
more major building blocks have been identified, such as Sequoia, Thamnos and Kraken/Heracles (Myeong
et al. 2019; Koppelman et al. 2019a; Kruijssen et al. 2019; Horta et al. 2021)4. Other, smaller building blocks
have also been discovered, such as Arjuna (Naidu et al. 2020), LMS-1/Wukong (Yuan et al. 2020; Naidu et al.
2020) and Pontus (Malhan 2022), but their relation to the previously discovered mergers and sometimes their
existence is still debated.

While the field started out by doing empirical selections in IoM space (e.g. Koppelman et al. 2019a, Naidu et al.
2020), recently more sophisticated methods such as clustering algorithms have been employed to actually detect
substructure in IoM space or related spaces. Using for example a single-linkage clustering algorithms in IoM
space (Lövdal et al. 2022; Ruiz-Lara et al. 2022b), a density-based hierarchical group finding algorithm in energy

3As a stream spatially mixes, the velocity dispersion of the stream will decrease due to the conservation of phase-space density
(Helmi and White 1999)

4Kraken and Heracles have been found independently by Kruijssen et al. 2019 and Horta et al. 2021, respectively. Forbes 2020
seems to have identified the same structure, but named it Koala instead. This illustrates an outstanding issue in the field: using
various methods and tracers, the same building blocks are recovered but named differently until their equivalence or association is
confirmed.
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and action space (Malhan et al. 2022) or a friends-of-friends algorithm on stellar orbital parameters (Wang et al.
2022), different groups have been trying to recover our Galaxy’s building blocks in a more robust way. Still,
the interpretation of these results is not always straightforward, and comparisons to cosmological simulations
could provide more insight in the properties and relations between the different identified substructures (Helmi
2020, see e.g. Callingham et al. 2022, Amarante et al. 2022).

Of course, satellites that merged with our Milky Way did not only bring in single stars, but also their own
globular clusters and possibly satellite galaxies, which can similarly be used to probe our Milky Way’s past
(e.g. Malhan et al. 2022). While disentangling the GC that formed in-situ from the accreted GC, we can learn
about the merger events that brought the accreted GC in (Massari et al. 2019; Kruijssen et al. 2019; Horta
et al. 2020; Callingham et al. 2022). GC and DG may over time disrupt into stellar streams, of which part has
been confirmed to be of accreted origin (Carlberg 2018; Bonaca et al. 2021; Malhan et al. 2022). In conclusion,
it seems that slowly a coherent picture of the history of our Galaxy is emerging, and with the release of Gaia
DR3 and an ever increasing amount of spectroscopic data from ground-based surveys we can hope to unveil
even more of the remnants buried in our halo. This ongoing as we speak (Dodd et al. 2022; Myeong et al. 2022;
Tenachi et al. 2022).

1.5 Galactic Dynamics
How is the Milky Way built up, and what is the best way to describe it? How is its matter distributed, and
how does that compare to what we have seen in simulations? Our Milky Way is the closest laboratory that we
have to address such questions, and it is the field of Galactic Dynamics that tries to answer them.

This Section will provide the reader with a short introduction to a few important concepts in Galactic Dynamics.

1.5.1 Orbits and Orbit Integration

An orbit is the trajectory that a body, given its initial conditions, has in time due to the influence of gravity
in a gravitational field. An orbit in any system can be described by its 6D phase-space coordinates x⃗(t) =
[x(t), y(t), z(t)] and v⃗(t) = dx⃗/dt = [vx(t), vy(t), vz(t)], i.e. its position and velocity at each point in time.
This holds for bodies that can be considered test particles, which are bodies with a mass that is negligible in
comparison to the mass distribution that governs the gravitational field. An orbit of a test particle is fully
determined by its initial phase-space coordinates, (x⃗0, v⃗0), and the gravitational field it is embedded in.

The gravitational potential Φ(x⃗) and the density ρ(x⃗) of self-consistent systems are related via the Poisson
equation,

∇2Φ(x⃗) = 4πGρ(x⃗) (1)

The gravitational field, g⃗(x⃗), is related to the gravitational potential via the potential’s gradient, g⃗(x⃗) =
−∇Φ(x⃗). The motion of a test particle in a gravitational field is determined by its equations of motion,
d2x⃗/dt2 = g⃗(x⃗), which is a second-order differential equation. To integrate an orbit means to numerically
solve the equations of motion as a function of time given the initial conditions and the description of the
gravitational potential, such that we obtain the orbit (x⃗(t), v⃗(t)).

1.5.2 Integrals of Motion5

An integral of motion I is a quantity that depends only on a body’s phase-space coordinates and is constant
along an orbit,

I [x⃗(t1), v⃗(t1)] = I [x⃗(t2), v⃗(t2)] (2)

An orbit can have zero to five integrals of motion (IoM). IoM can follow from symmetries of the Galactic
potential, and if they can be expressed analytically, these are called classical IoM. For example, in a time
independent potential, the total energy E is a classical IoM, which is equal to the sum of a star’s kinetic and
potential energy, namely

E = Ek + Epot = 1
2

(
v2

x + v2
y + v2

z

)
+ Φ(x, y, z) (3)

5A part of this Section is adapted from Section 3.1.1 of Binney and Tremaine 2008
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In a spherical potential, the three components of the angular momentum vector L⃗ are classical IoM. The angular
momentum of a star is the cross product of its position and momentum, namely

L⃗ = r⃗ × p⃗ =

Lx

Ly

Lz

 =

yvz − zvy

zvx − xvz

xvy − yvx

 (4)

Note that throughout this work, we take Lz such that it is positive for the Sun, so we flip its sign, Lz = yvx−xvy.
As Lx and Ly are IoM in a spherical potential, this means that the perpendicular component of the angular
momentum, L⊥, also is a classical IoM, where L⊥ is defined as

L⊥ =
√

L2
x + L2

y =
√

z2v2
R + z2v2

ϕ + R2v2
z − 2zvzRvR (5)

However, the Milky Way is not spherical, as it has stellar disks, which are flattened in shape. An often made
and generally well-justified approximation is to assume that the Milky Way is axisymmetric in shape. In an
axisymmetric potential, of all of the three components of the angular momentum vector, only Lz is an integral
of motion. In Galactocentric cylindrical coordinates, Lz = −Rvϕ. Though L⊥ is not a true integral of motion
in an axisymmetric potential, it is often used to characterise the orbits of stars. Depending on the orbit and on
the assumed potential, L⊥ varies with the phase of the orbit.

Integrals of motion are important quantities in Galactic Dynamics and Galactic Archaeology, see Section 1.4.
Often, a time-independent axisymmetric Galactic potential is assumed, meaning that E and Lz are IoM, and
L⊥ is a roughly conserved quantity. Another set of IoM that are often used to describe the orbits of stars are
the three actions J⃗ = (JR, Jϕ, Jz), which are discussed in more detail in Appendix E.

1.6 The Milky Way’s Circular Velocity Curve
The circular velocity curve of the Milky Way, vc(R) constrains the distribution of (dark) matter within radius
R. The circular velocity at different Galactocentric radii can be measured via various tracers, such as star
kinematics or masers. Given the moments of the velocity distribution, ⟨v2

R⟩, ⟨v2
ϕ⟩ and ⟨vRvz⟩, and the density

distribution ν of the tracer, one can assume an axisymmetric gravitational potential and derive the circular
velocity from the cylindrical form of the Jeans equations (see also Binney and Tremaine 2008):

v2
c (R) = ⟨v2

ϕ⟩ − ⟨v2
R⟩

(
1 + ∂ ln ν

∂ ln R
+ ∂ ln⟨v2

R⟩
∂ ln R

+ R

⟨v2
R⟩

∂ ln⟨vRvz⟩
∂z

)
(6)

Once a circular velocity curve is derived, it can be compared to Milky Way mass models (see Section 1.7), as
the circular velocity in the plane of an axisymmetric potential is given by

v2
c (R) = R

∂Φ
∂R

∣∣∣∣
z=0

(7)

where z is the height above the Galactic plane. In this way, the circular velocity curve provides a powerful
constraint on any Milky Way mass model. Therefore, I use a circular velocity curve as a constraint throughout
this thesis, and to that end combine the circular velocity curve obtained by Eilers et al. 2019 with circular
velocity data based on Cepheids (Mróz et al. 2019)6.

Eilers et al. 2019 measured the circular velocity curve between 5 ≤ R ≤ 25 using a sample of more than 23.000
luminous red giants located in the disk with 6D phase-space information. The distances of the red giants are
derived from spectrophotometric parallax estimates (Hogg et al. 2019). Assuming an axisymmetric gravitational
potential and an exponential radial density function for the red giants, the authors solve the cylindrical form
of the Jeans equations (see Eq. 6) to derive the circular velocity in bins of ∆R = 0.5 kpc or a minimum
number of three stars per bin. The formal uncertainties are determined via bootstrapping (see their Fig. 1 and

6Note that there are several more rotation curve datasets or compilations reaching out to even hundreds of kpc (e.g. Huang
et al. 2016, Sofue 2020), but these datasets assume different values for R⊙, v⊙ and (U, V, W )⊙ and are thus not compatible with
Eilers et al. 2019’s rotation curve data. In other cases the measurements have relatively large uncertainties, so they are not very
constraining (Iocco et al. 2015; Pato and Iocco 2017; Karukes et al. 2019).
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Table 1), while various systematic uncertainties are estimated independently as well as summed together (see
their Fig. 4).

An important assumption of Jeans modelling is that the system that is being modelled is in steady state.
However, there is substructure in the disk, such as the phase spiral (Antoja et al. 2018; Hunt et al. 2022), and
there exist non-negligible asymmetries in velocity (dispersion) above and below the plane (Gaia Collaboration
et al. 2021b). This suggests that the Milky Way’s disk is not in equilibrium, which could lead to biased results
when applying Jeans modelling (Haines et al. 2019). Moreover, when deriving the circular velocity, Eilers et al.
2019 neglect the cross-term ∂⟨ln vRvZ⟩/∂z (see Eq. 6), which introduces a systematic uncertainty that varies
with radius. Eilers et al. 2019 used an old tracer population, which is subject to asymmetric drift, meaning that
in Jeans modelling the radially varying cross-term ∂⟨ln vRvZ⟩/∂z could be important. This term is neglected
but accounted for via a systematic uncertainty, but as the correlation between the uncertainties in distance
and velocity is not taken into account as a systematic error by Eilers et al. 2019, this effect could possibly be
underestimated, especially at larger radii.

Beyond R = 20 kpc, the different systematic and measured uncertainties in Eilers et al. 2019 rotation curve rise
steeply because there are only few red giants with 6D phase-space information at those distances. Interestingly,
there is a quite steep decline in the rotation curve for 18 ≲ R, which is not seen in other rotation curve datasets
(e.g. Huang et al. 2016). A dynamical model of the Milky Way disk based on Gaia EDR3 and APOGEE
data is not able to match this dip either (Nitschai et al. 2021). Taking also the limitations mentioned in
the previous paragraph into account, we decide to exclude the rotation curve data from Eilers et al. 2019
beyond R > 16 kpc from our analysis. As an estimate for the total uncertainty per datapoint, following de
Salas et al. 2019, we quadratically add the summed systematic uncertainty to the measured uncertainty, such
that σ2

vc,tot = σ2
meas + σ2

syst. Because the measured uncertainties are asymmetric, we first take their mean.
We extract the summed systematic uncertainties from Fig. 4 of Eilers et al. 2019 (black curve), assuming a
systematic uncertainty of 12% for the five bins largest in R.

Figure 4: Rotation curve data from Eilers et al. 2019 (red for R < 16 kpc and light red for R > 16 kpc) and the Cepheids for
R < 9 kpc (light green) and R > 9 kpc (dark green) from Mróz et al. 2019. The binned Cepheids dataset is shown in dark green.
Overplotted is the rotation curve corresponding to the Default Potential (see Section 1.7.4).

We supplement Eilers et al. 2019’s rotation curve with data from 773 Classical Cepheids, whose distances have
been determined based on mid-infrared period-luminosity relations (Wang et al. 2018; Skowron et al. 2019;
Mróz et al. 2019). Classical Cepheids trace a young stellar population (< 400 million years), contrary to the
old red giants used in Eilers et al. 2019, and they are bright enough to be detected even out to extragalactic
distances. The distances are combined with proper motions, radial velocities and positions on the sky from
Gaia DR2 (Gaia Collaboration et al. 2018). The data and code to reconstruct the rotational velocity of each
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Cepheid is publicly available7. The code allows user-specified values of the characteristic Galactic constants
R⊙, v⊙ and (U, V, W )⊙, so we choose those to agree with the values used in Eilers et al. 2019 (see Section 1.7.4).
We exclude Cepheid data for R < 9 kpc because of asymmetries above and below the plane and a non-smooth
rotation curve, which could possibly be due to the spiral arms.

The rotation curve data and their total uncertainties are shown in Fig. 4. To show the overall trend, the
Cepheids data has been binned in bins with approximately equal size, about 30 datapoints per bin, requiring
a binsize of ∆R ≥ 0.2 kpc. The mean and uncertainty of each bin is calculated using the weighted mean and
weighted standard deviation. The Cepheids data and Eilers et al. 2019’s rotation curve agree within the 1σ
uncertainty range, though the rotation curve of Eilers et al. 2019 declines steeper at higher radii.

1.7 Milky Way Dynamical Models
Given a star’s present-day phase-space position, we can determine a star’s orbit if the gravitational potential
in which it moves is known (see Section 1.5.1). The mass profile of our Milky Way is thus paramount for
determining the dynamics and history of objects like satellite galaxies (e.g. Kallivayalil et al. 2013; Garavito-
Camargo et al. 2019) and stellar streams (e.g. Fardal et al. 2019), but also to determine the dynamics of members
of the Local Group (e.g. van der Marel et al. 2012). Many efforts have been done to synthesise our current
theoretical understanding and various observational constraints into a realistic mass model of the Milky Way.
This is a pursuit that has been ongoing for decades (e.g. Schmidt 1956), and as our knowledge increased and
our numerical methods advanced these models have become increasingly accurate.

This Section aims to introduce the reader to the characteristics of Milky Way mass models. Section 1.7.1
will discuss four Milky Way mass models that are used often in the literature today and Section 1.7.2 will
give an overview of recent DM halo mass estimates. Section 1.7.3 compares the potential flattening of the
four Milky Way mass models and Section 1.7.4 introduces our Default Potential and assumed characteristic
Galactic constants.

1.7.1 Milky Way Mass Models

1.7.1.1 The McMillan 2017 Milky Way Mass Model

An observationally well-motivated and popular Milky Way mass model is the McMillan 2017 model, which
consists of a bulge, a stellar thin disk, a stellar thick disk, a HI gas disk, a molecular gas disk and a DM halo.
The gas disks are described by an exponential profile with a hole in the centre. The HI gas disk has a mass of
1.1 · 1010 M⊙, and the molecular gas disk has a mass of 1.2 · 109 M⊙. The bulge is described by a power-law
with an exponential cut-off and has a mass of 8.9 · 109 M⊙. The halo follows a spherical NFW profile (Navarro
et al. 1996), which is given by

ρhalo(r̃) = ρ0

r̃

rs

(
1 + r̃

rs

)2 (8)

where ρ0 = 8.5 · 106 M⊙ kpc−3 and the scale radius is rs = 19.57 kpc. Moreover,

r̃ =

√
R2 + z2

q2 (9)

with R and z Galactocentric cylindrical coordinates and q = c/a the flattening in the density, which is equal to
1 in the case of a spherical potential. If c > a = b, the model is called prolate, and if c < a = b, the model is
called oblate.

The stellar disks are described by an exponential profile

ρdisk(R, z) = Σ0

2zd
exp

(
−|z|

zd
− R

Rd

)
(10)

7See ftp://ftp.astrouw.edu.pl/ogle/ogle4/ROTATION CURVE/
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The total mass of such a disk is Md = 2πΣ0R2
d. The thin disk has characteristic parameters zd,thin = 0.3 kpc,

Rd,thin = 2.5 kpc, Md,thin = 3.5 · 1010 M⊙, while the thick disk has characteristic parameters zd,thick = 0.9 kpc,
Rd,thick = 3.0 kpc, Md,thick = 1 · 1010 M⊙.

1.7.1.2 Other Milky Way Mass Models

A widely used Galactic potential model is the MWPotential2014 model implemented in galpy by Bovy 2015. It
consists of a bulge, modelled as a power-law density profile with an exponential cut-off, a Miyamoto Nagai disk
(Miyamoto and Nagai 1975) and a spherical NFW DM halo with a scale radius rs = 16 kpc. The MWPotential
or Price-Whelan 2017 potential, implemented in gala (Price-Whelan 2017; Price-Whelan et al. 2020), follows a
similar approach but adds a Hernquist nucleus (Hernquist 1990) to this description. Its other components are a
Hernquist bulge (Hernquist 1990), a Miyamoto Nagai disk (the same as the one used in MWPotential2014) and
a spherical NFW DM halo with a scale radius rs = 15.62 kpc. Finally, the recent model by Cautun et al. 2020
is tailored to match the rotation curve by Eilers et al. 2019. It borrows the gas disks and bulge from McMillan
2017 but has lighter and more extended thin and thick stellar disks. It has a (debated) circumgalactic medium
component and a contracted NFW DM halo, which takes into account the gravitational effect of the baryonic
components on the DM halo. None of these models include a description of the bar, which makes the inner
region of the Galaxy strongly non-axisymmetric.

1.7.2 Estimates of the Dark Matter Halo’s Mass

The majority of the mass of our Milky Way resides in its DM halo, which we cannot observe directly. This
means we need to resort to luminous tracers to infer its properties, such as its total mass and mass distribution
as a function of radius. An overview of different attempts to estimate the mass of the Milky Way is shown in
Fig. 5 (Shen et al. 2021, but see also Fig. 1 in Wang et al. 2020). Over the past decades, the mass of the Milky
Way has been constrained using various methods, for example using the timing argument (Zaritsky et al. 2020),
high-velocity stars (Piffl et al. 2014; Monari et al. 2018; Grand et al. 2019), (distribution function analysis
of) satellite dynamics (Barber et al. 2014; Posti and Helmi 2019; Callingham et al. 2019; Correa Magnus and
Vasiliev 2022; Rodriguez Wimberly et al. 2022), modelling of stellar streams (e.g. Küpper et al. 2015) and
rotation curve analysis (Karukes et al. 2020; Cautun et al. 2020). Though there seems to be a broad consensus
on the mass of the Milky Way, roughly M200 = 1 · 1012M⊙, the Milky Way’s total mass is still uncertain within
a factor slightly smaller than two (Wang et al. 2020).

1.7.3 Total Potential Flattening

The flattening of the total potential as a function of radius of the four mass models discussed in Section 1.7.1 are
shown as dashed lines in Fig. 6. The flattening of the four models differs mostly in the inner region (R ≲ 8 kpc)
of the Galaxy, due to the different assumptions for the (gas/stellar) disk(s) and the presence/absence of a
nucleus. Farther out the models are rather similar as all assume a spherical NFW DM halo, which dominates
in the outer parts of our Galaxy.

Various methods have been employed to constrain the shape of the Galactic potential, and here I will provide
a non-exhaustive overview. As stellar streams roughly trace out the progenitor’s orbit, they can be used to
constrain, for example, the flattening q (see Eq. 9) of the DM halo. In the correct gravitational potential, the
integrated orbit or modelled stellar stream should reproduce the observed stream track. Using this principle,
Koposov et al. 2010 performed single orbit fits to the stellar stream GD-18, finding an overall potential flattening
of qϕ = 0.87+0.07

−0.04. A similar effort by Malhan and Ibata 2019 confirmed this result. Different streams contain
different information about the gravitational potential of the Milky Way depending on their orbit (Bonaca and
Hogg 2018). For example, while stellar streams orbiting the inner part of the Galaxy will more tightly constrain
the properties of the stellar disks, stellar streams orbiting farther out will more strongly constrain the shape
and mass of the DM halo. Therefore, Bovy et al. 2016a combined the constraining power of Palomar 5 and
GD-1 and modelled the streams in action-angle space to find an overall potential flattening of qϕ = 0.94 ± 0.05
in the density.

Next to stream modelling/fitting, other methods have also been used in constraining the Galactic potential.
For example, using distribution function analysis of the proper motions of 75 GC and 20 distant clusters, Posti
and Helmi 2019 showed that the Milky Way’s DM halo is best described as an NFW halo with an exponential
cut-off at the virial radius with a flattening in the density of q = 1.30 ± 0.25. Moreover, recently, Dodd et al.

8Although single orbits are not expected to exactly match the observed stream track (Sanders and Binney 2013), this is not a
bad approximation for a dynamically cold stream like GD-1 (Bowden et al. 2015; Bonaca et al. 2019).
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Figure 5: Compilation of estimates of M200 for the Milky Way’s dark matter halo using various methods. Figure adapted from
Shen et al. 2021.

2021 showed that the distribution in angular momentum space of the Helmi Streams can be used to constrain
the flattening in the density of the NFW DM halo, q = 1.2, while further assuming the McMillan 2017 potential.

The total potential flattening of each of these papers is shown in Fig. 6 as a solid line. These clearly differ
from each other and from the total potential flattening of the four Milky Way mass models. This is partly a
result of the fact that stellar streams measure local properties of the Galactic potential based on their orbit
(Bonaca and Hogg 2018), explaining for example the difference between the results of Koposov et al. 2010 and
Posti and Helmi 2019, of which the latter is probing a region farther away from the Galactic center. This seems
to indicate that our DM halo cannot simply be described by a flattened or spherical NFW profile, but that it
instead radially varies in shape (see also Vera-Ciro and Helmi 2013; Vasiliev et al. 2021). A method to explore
the shape of the halo more freely will be discussed in Section 3.

1.7.4 Default Potential

Throughout this thesis, I adopt a slightly modified version of the McMillan 2017 potential as default Galactic
potential model. Following Dodd et al. 2021, we modify the flattening in the density of the halo such that
q = 1.2. Because this increases the density of the potential at a given point (see Eq. 8), we reduce ρ0 to
ρ0 = 7.7 · 106 M⊙ kpc−3. In that way the constraints to which the McMillan 2017 potential was tailored are
still satisfied. By construction, in this potential part of the Helmi Streams’ stars fall on the Ωϕ : Ωz is 1 : 1
resonance (see Section 2.4.1). As the default potential is an axisymmetric potential, both E and Lz are integrals
of motion. L⊥ is not a true integral of motion and will thus vary along the orbit.

Fig. 7 and 8 show the contributions of the different components of the default potential to the mass enclosed
within radius r. This illustrates what component of the potential dominates at what radius. While at small
radii the bulge dominates, the farther out, the more the halo starts to dominate. The contribution of the stellar
disks is most prominent between 3 < r < 10 kpc.

The rotation curve of the Default Potential is shown in Fig. 4, and while it largely agrees within 1σ with the
Cepheids data, it lies consistently above the Eilers et al. 2019 rotation curve. This is not surprising, as Eilers
et al. 2019 estimate a much lower virial mass, 0.7 · 1012 M⊙ than McMillan 2017, 1.3 · 1012 M⊙, and the circular
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Figure 6: Overview of the flattening c/b in the potential of different analytical Milky Way mass models (dashed lines) and Milky
Way mass models constrained by stellar streams (e.g. Bovy et al. 2016a), satellite dynamics (Posti and Helmi 2019) and phase-
mixed streams (Dodd et al. 2021).

velocity vcirc(R) is a measure of M(R), the mass enclosed within radius R. As the estimates of M200 that are
discussed in Section 1.7 are also consistently higher, this might indicate that Eilers et al. 2019’s rotation curve
declines too steeply.

1.7.4.1 Values of Characteristic Galactic Constants

We follow Eilers et al. 2019 and assume a distance from the Sun to the Galactic centre of R⊙ = 8.122 ±
0.031 kpc (Gravity Collaboration et al. 2018). We assume the Galactocentric velocity of the Sun to be v⊙,x =
−11.1 km s−1, v⊙,y = 245.8 km s−1, v⊙,z = 7.8 km s−1 and the circular velocity at the position of the Sun to
be vc(R⊙) = 229 km s−1. Lastly, we set the height above the Galactic mid-plane to z⊙ = 20.8 pc (Bennett and
Bovy 2019).

The circular velocity at the position of the Sun, vc(R⊙) is a measure of the mass within radius R⊙. There is
a relatively good consensus on vc(R⊙), providing a stringent constraint on any Galactic potential. Therefore,
in this thesis, we restrict ourselves to potentials that give rise to a correct velocity at the position of the Sun
within 5% assuming Vcirc(R⊙) = 233 km s−1 (Reid et al. 2014; McMillan 2017; Hayes et al. 2018; Eilers et al.
2019; Mróz et al. 2019). Note that the Default Potential has Vcirc(R⊙) = 232.7 km s−1 and thus lies well within
this range.

1.8 Outline of this Thesis
The goal of this thesis is to investigate the peculiar dynamical properties of the phase-mixed Helmi Streams and
to use these to provide a novel constraint on the Galactic potential. First, Section 2 discusses the phase-space
distribution and orbital properties of the Helmi Streams in detail. Then, Section 3 introduces a new method
to relatively freely vary the potential of the DM halo based on Basis Function Expansions, and applies it to
the Helmi Streams. Section 4 tries to find an explanation for the observed peculiar dynamical properties of the
Helmi Streams, and advocates that resonances and chaos might play an important role. Using this, Section 5
tries to provide a constraint on the Galactic potential, but finds that probably a model with more freedom is
needed. Section 6 provides a discussion and outlook on future work, and Section 7 concludes the thesis.
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Figure 7: Fraction of the total mass enclosed within a sphere of radius r for the different components of the Default Potential.

Figure 8: Mass enclosed within radius r for the different components of Default Potential.
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2 Characterisation of the Helmi Streams’ clumps
The Helmi Streams were discovered in Integrals of Motion space by Helmi et al. 1999 and are thought to be
the remnants of a dwarf galaxy with a mass of ∼ 108M⊙ that was accreted 5 to 8 Gyr ago (Chiba and Beers
2000; Kepley et al. 2007; Koppelman et al. 2019a; Koppelman et al. 2019b). The stars of the Helmi Streams
are chemically distinct from the bulk of stars in the Milky Way’s stellar halo (Matsuno et al. 2022), as is its
progenitors’ star formation history (Ruiz-Lara et al. 2022a). About 10 to 15 GC are thought to be associated
to the Helmi Streams (Koppelman et al. 2019b; Massari et al. 2019; Callingham et al. 2022). As noted by
Helmi 2020, it is interesting that the Helmi Streams, which seem to have a relatively light progenitor, are found
to orbit the inner halo but appear to have been accreted relatively recently, as inferred from their degree of
phase mixing. This could have a dynamical origin, as the Helmi Streams seem to lie close to orbital resonances,
which could slow down the phase-mixing of the streams and thereby decrease the inferred timescale of accretion
(Koppelman et al. 2021; Dodd et al. 2021). Another possibility is that the progenitor of the Helmi Streams fell
in with a group of other satellites (see also Section 6.1.1), allowing it to quickly sink towards the inner halo.

This is not the only interesting dynamical feature of the Helmi Streams. Recently, Dodd et al. 2021 found
that the Helmi Streams exhibit peculiar behaviour in angular momentum space. Instead of being a coherent
structure, the stars are split into two clumps, one having a higher L⊥ than the other. The two clumps were also
recovered as two independent structures using a single-linkage algorithm to find clusters of stars in IoM space
(Lövdal et al. 2022; Ruiz-Lara et al. 2022b; Dodd et al. 2022). Though separated in angular momentum space,
the two clumps seem to stem from the same stellar population, as shown in the next Section. A convincing
explanation for the existence of the two clumps has not been found yet, though it seems that orbital resonances
could play an important role (Dodd et al. 2021). This thesis aims to investigate the peculiar dynamical properties
of the Helmi Streams in more detail, and finally use the existence of the gap to provide a constraint on the
Galactic potential.

On 13 June 2022, Gaia DR3 was released. While for the majority of the time I worked with the Gaia EDR3
sample, the final month of my thesis I was able to look at the Helmi Streams in a new light. I use the Gaia DR3
sample to confirm the trends and characteristics of the Helmi Streams seen in Gaia EDR3 with more confidence
(the majority of this analysis can be found in Appendix A). The main body of this thesis will however be based
on the Gaia EDR3 sample.

2.1 The Helmi Streams in Gaia EDR3
In this thesis, I use a sample of local Helmi Streams’ stars (heliocentric distance < 2.5 kpc) selected by Dodd
et al. 20219. This sample has accurate 6D phase-space information, allowing the accurate determination of
the stars’ Lz, L⊥ and energy E. In this sample, positions and proper motions are from Gaia EDR3 (Gaia
Collaboration et al. 2021a) and distances are found by inverting Gaia’s parallaxes (correcting for the -0.017 mas
parallax zero-point offset, see Lindegren et al. 2021). Stars are required to have parallax_over_error > 5 and
RUWE <1.4. The best-quality 6D sample has radial velocities from Gaia’s Radial-Velocity Spectrometer (RVS)
and contains 84 stars. The sample with radial velocities is extended by cross-matching it with the spectroscopic
surveys GALAH DR3 (Buder et al. 2021), APOGEE DR16 (Ahumada et al. 2020), RAVE DR6 (Steinmetz
et al. 2020) and LAMOST DR6 (Cui et al. 2012). This extended 6D sample contains 284 stars.

The RVS and extended sample have undergone a selection in angular momentum space, which separates the
Helmi Streams into two clumps, and a cut in energy as described in Dodd et al. 2021. The two clumps can
roughly be described by two ellipsoids that are rotated by 30 degrees in (Lz, L⊥) space10. The clump with higher
perpendicular angular momentum will be called the hiL clump and will be shown in red in all forthcoming plots,
while the clump with lower perpendicular angular momentum will be called the loL clump and will be shown
in blue. The RVS sample contains 41 stars in the hiL clump and 43 stars in the loL clump, while the extended
sample contains 154 stars in the hiL clump and 130 in the loL clump. The angular momentum distribution of
the hiL and loL clump stars in both samples is shown in Fig. 9. The two clumps seem to stem from the same
stellar population, as their colour absolute-magnitude diagram (CaMD) and metallicity distribution (see also
Matsuno et al. 2022) appear to be consistent with each other, see Fig. 10. A Kolmogorov-Smirnov test also

9Note that for this selection and also the selection in DR3, (U,V,W) = (11.1, 12.24, 7.25) km s−1 (Schönrich et al. 2010),
vLSR = 232.8 km s−1, R⊙ = 8.2 kpc (McMillan 2017) and z⊙ = 0.014 kpc (Binney et al. 1997) are used. This differs slightly from
the values I use throughout the rest of the thesis, but the impact of these changes is negligible.

10The hiL clump is described by an ellipse centred on (Lz , L⊥) = (1225, 2255) kpc km s−1 with major and minor axis lengths
of 855 and 570 kpc km s−1, respectively. The loL clump is described by an ellipse centred on (Lz , L⊥) = (1420, 1780) kpc km s−1

with major and minor axis lengths of 860 and 430 kpc km s−1, respectively.
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confirmed that the metallicity distribution functions of the two clumps are similar (Ruiz-Lara et al. 2022b).

Figure 9: Left panel: Angular momentum distribution of hiL clump stars (red) and loL clump stars (blue) in the RVS sample
within a heliocentric distance of 2.5 kpc, selected following Dodd et al. 2021. The black dots show remaining stars of the halo
sample within a volume of 2.5 kpc, the dashed lines show the selections of the Helmi Streams previously used by Koppelman et al.
2019b. Right panel: Similar as the left panel but for the extended sample. Figure adapted from Dodd et al. 2021.

Figure 10: Left panel: Metallicity distributions from LAMOST Low Resolution Spectra of hiL clump stars (red) and loL clump
stars (blue) of the extended sample. Both distributions peak around [Fe/H] ∼ −1.5. Right panel: CaMD of the extended sample.
The CaMD and metallicity distribution of the hiL and loL clump are similar, supporting a common origin. Figure adapted from
Dodd et al. 2021.
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2.2 The Helmi Streams in Gaia DR3
The release of Gaia DR3 (Gaia Collaboration et al. 2022) on 13 June 2022 brought a more than six-fold increase
in the number of stars with Gaia RVS radial velocities, with a total of 33812183 stars (Katz et al. 2022). Gaia
DR3’s RVS sample allows me to confirm the trends and characteristics of the Helmi Streams seen in Gaia EDR3
with more confidence. The selection of a sample of halo stars with reliable 6D phase-space positions is described
in more detail in Appendix A. The distribution in angular momentum space of the stars in this sample within
different volumes is shown in Fig. 11, which shows the region of angular momentum space occupied by the
Helmi Streams. In comparison to Fig. 9 there is a very clear increase in the number of stars with Gaia radial
velocities. Moreover, not only do the Helmi Streams stand out more clearly from the background, the hiL and
loL clump remain separated out to large distances. More information and details on the DR3 properties of the
streams are discussed in Appendix A. The analysis serves to confirm what we see in Gaia EDR3.

Figure 11: Distribution in angular momentum space of the Gaia DR3 RVS halo sample with parallax_over_error > 5, RUWE
<1.4 and |V − VLSR| > 210 km s−1 in different volumes. The dashed lines show the selections of the Helmi Streams previously
used by Koppelman et al. 2019b. The Helmi Streams consistently stand out as an overdensity.
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2.3 Characterising the Helmi Streams: Phase-Space Distribution
The 6D phase-space, energy and angular momentum distribution of the Helmi Streams’ stars are shown in
Fig. 12. The hiL and loL clump stars have similar distributions in configuration space, with the only major
difference that the distribution of the hiL clump stars is more peaked around x = −8 kpc. However, the two
clumps clearly differ from each other in their kinematics, with the hiL clump spanning a smaller range in vy

and having larger |vz|. As we can approximate L⊥ ∼ R|vz| at the location of the Sun, the larger |vz| reflects the
fact that the hiL clump has a higher L⊥. Also the total energy E of the hiL clump stars is on average higher
as their kinetic energy is generally larger. The loL clump stars span a wider range of energies with the result
that part of the loL clump stars are on more bound orbits.

Fig. 12 shows that the Helmi Streams occupy both a positive and negative vz group, meaning that part of the
stars is moving away from the Galactic plane and others are moving towards it. This bimodality in the vz

distribution, which is roughly 1 : 3 for (vz > 0) : (vz < 0) in the RVS sample, has been used to obtain a rough
estimate for the time of accretion (Kepley et al. 2007; Koppelman et al. 2019b), which can be done as it is the
result of multiple wraps of tidal debris crossing the Solar neighbourhood. When tidal debris is fully phase mixed,
half of the stars will cross the Galactic plane in each direction and the ratio will thus be 1 : 1 (Kepley et al.
2007). The bimodality in the vz distribution is thus indicative of a structure’s degree of phase-mixing. What
is peculiar is that the loL clump is distributed more equally over the two vz groups, (vz > 0) : (vz < 0) ∼ 2 : 3,
while the hiL clump mostly populates the negative vz group, (vz > 0) : (vz < 0) ∼ 1 : 6. The difference in this
ratio is even larger in Gaia DR3. While the loL clump stars are distributed as (vz > 0) : (vz < 0) ∼ 2 : 3, the
hiL clump stars are distributed as (vz > 0) : (vz < 0) ∼ 1 : 9, see Fig. 53 in Appendix A. Another difference,
which is seen even more clearly in DR3, is that the hiL clump stars seem to form a more coherent structure in
velocity space, while the distribution of loL clump stars appears to be more diffuse. In other words, the hiL
clump seems to be less phase mixed. Interestingly, following the argument before, this would lead to a different
accretion time estimate for the hiL and loL clump, with the loL clump being accreted earlier in time. However,
this cannot be the case, as the two clumps belong to the same structure (see Section 2.1).
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Figure 12: Phase-space, energy and angular momentum distribution of the hiL clump (red, 41 stars in total) and loL clump (blue,
43 stars in total) in the Gaia EDR3 RVS sample in the Default Potential (see Section 1.7.4). Histograms on the top and right of
each plot show the distributions in one dimension.
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2.4 Characterising the Helmi Streams: Orbital Properties
How does the difference in phase mixing and the existence of the clumps translate itself into the orbital properties
of the Helmi Streams’ stars? To investigate this, I compare the orbital frequencies of the two clumps and I
inspect their orbits.

2.4.1 Orbital Frequencies

As discussed in Section 1.5.2, integrals of motion can be used to characterise an orbit. In a similar way, an
orbit can be described by its three fundamental frequencies (see also Appendix E), which describe oscilla-
tions in different directions in a given coordinate system. In cylindrical coordinates, the three fundamental
frequencies are

• ΩR, measuring the oscillation in the radial direction

• Ωϕ, measuring the oscillation around the Galactic center

• Ωz, measuring the oscillation in the vertical direction

To determine the fundamental orbital frequencies we use SuperFreq (Price-Whelan 2015), which is an imple-
mentation of the Numerical Approximation of Fundamental Frequencies (NAFF) method introduced in Laskar
199311. After integrating the orbits of the stars for a period of 100 Gyr with a time-step of 10 Myr in the
Default Potential (see Section 1.7.4), we transform to Poincaré’s symplectic polar variables and pass the phase-
space positions to SuperFreq as three complex time series, for example z(t) + ivz(t) (Koppelman et al. 2021)12.
SuperFreq then performs a Fourier transform of each time series and selects the frequency with the highest
amplitude as the fundamental frequency. The uncertainties in the orbital frequencies were determined by Monte
Carlo sampling. For each star, we generate 500 mock stars with 6D phase-space positions sampled from the
Gaussian distributions of the observables of each star (α, δ, ϖ, µ∗

α, µδ, vrad)13. The orbit of each mock star
is integrated and the orbital frequencies are computed using SuperFreq. This results in a distribution of 500
sampled frequencies for each of the three fundamental frequency of each star. We take the standard deviation
of the resulting distributions as an estimate for the uncertainty in the frequencies.

The resulting fundamental frequencies with their associated uncertainties are shown in Fig. 13. In general, the
hiL clump spans a smaller range of orbital frequencies, which reflects the fact that the hiL clump stars span a
smaller range in energy. Moreover, the mean fundamental frequencies of the hiL clump are lower, which reflects
the fact that the hiL clump stars are on less bound orbits which have longer orbital periods and thus lower
orbital frequencies. The loL clump has a more diffuse frequency distribution in all three fundamental frequencies
due to its more phase-mixed nature. The features seen in the RVS sample persist in the larger extended sample.

Figure 13: Orbital frequencies of the hiL clump stars (red) and loL clump stars (blue) in the Gaia EDR3 RVS sample in the
Default Potential (see Section 1.7.4). The uncertainties were determined by Monte Carlo sampling with N = 500. Some resonances
are indicated as grey dashed lines.

11For more information on SuperFreq, see also Appendix B of Price-Whelan et al. 2016b.
12Note that, because the orbits are integrated in a Galactic potential, the orbital frequencies depend on the assumed Galactic

potential.
13α is the right ascension, δ is the declination, ϖ is the parallax, µ∗

α = µα cos(δ) is the azimuthal proper motion in right
ascension, µδ is the proper motion in declination, and vrad is the radial velocity.
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Panel (a) of Fig. 13 shows that the hiL clump lies on the 1 : 1 resonance in Ωϕ : Ωz, while the loL clump seems
to be shifted towards a lower ratio14. This is seen more clearly in Fig. 14, which shows the histograms of the
orbital frequency ratios. The frequency ratio Ωϕ : Ωz is related to the total flattening of the potential15, which,
as shown in Fig. 56 in Section 1.7.3, varies with radius and is in part spherical in the region occupied by the
Helmi Streams. In a spherical potential, the variation in L⊥ is minimal, as this is then an integral of motion.
Hence, the fact that we see the two angular momentum clumps today shows that the total potential flattening
has to transition to being spherical within the region probed by the Helmi streams, as this will ensure that the
clumps remain separated in angular momentum space in time. This explains why the Helmi Streams’ clumps
are sensitive to the total flattening of the potential, and why the existence of the gap in angular momentum
space can be used as a constraint on the shape of the Galactic potential (see Dodd et al. 2021). We should
however realise that the Helmi Streams are sensitive to the overall flattening of the Galactic potential, not just
the flattening of the DM halo. In a Galactic potential with a bulge, disk and halo, there will therefore be a
degeneracy between the shape of the halo and the mass of the disk, as the disk is a flattened structure. If the
halo is made spherical but the disk heavier, this will lead to the same overall potential flattening as when the
halo is made more oblate and the disk lighter. It is also important to note that a perfectly spherical potential
(without disk or bulge) can not explain the existence of the two clumps, as in a spherical potential there are no
resonances or causes for substructure.

In panel (b) and (c) of Fig. 14 we see that the Helmi Streams’ orbital frequency ratios are roughly Ωϕ,z : ΩR ∼ 0.7,
a bit above the 2 : 3 resonance. While in Ωϕ : ΩR the distribution of the hiL and loL clump mostly overlap,
in Ωz : ΩR the distribution of the loL clump spans a range that is about twice as large and reaches a higher
frequency ratio. This is a reflection of the splitting that is also observed in Ωϕ : Ωz.

Figure 14: Orbital frequency ratio distribution of hiL clump stars (red) and loL clump stars (blue) in the Gaia EDR3 RVS sample
in the Default Potential (see Section 1.7.4). Some resonances are indicated as grey dashed lines.

14Note that the Default Potential (see Section 1.7.4) is constructed such that the hiL clump lies on the Ωϕ : Ωz is 1 : 1 resonance,
see also (Dodd et al. 2021).

15In spherical coordinates (r, θ, ϕ), the three fundamental frequencies are Ωr, Ωθ and Ωϕ. If a star is on the Ωθ : Ωϕ is 1 : 1
resonance, this indicates that the region of the potential occupied by the star’s orbit is (at least in part) spherical, as the orbital
periods in the θ and ϕ direction are equal. In cylindrical coordinates, the relation between the Ωϕ : Ωz is 1 : 1 resonance and the
sphericity of the potential is not one to one.
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2.4.2 Orbits

This Section explores the orbits of the Helmi Streams’ stars. In particular, the focus is on how the differences
in the clumps’ phase-space structure and frequencies result in different kinds of orbital families.

To visualise where the Helmi Streams’ stars spend most of their time while orbiting the Milky Way, we integrate
the orbits of the stars for 10 Gyr with a time-step of 10 Myr in the Default Potential and discard the first 1 Gyr
of integration time. We then consider each time-step to be a “star”, and plot all “stars” in a density map. This
is shown in Fig. 15, which clearly show that the orbits of the hiL clump stars (left panels) and loL clump stars
(right panels) differ. More specifically, though all stars seem to be on tube orbits, the hiL clump stars seem
to be on orbits that are flattened in the y-direction, see panel (c). This is the result of the stars being on the
Ωϕ : Ωz is 1 : 1 resonance, which reduces the dimensionality of the orbits to 2 degrees of freedom. The loL
clump stars, which are off-resonance, are on tube orbits which seem to have a more boxy shape in (x, z) and
(y, z) (see panel (b) and (c)) and clearly occupy a three-dimensional space. Because a resonant orbit has a lower
dimensionality, it phase-mixes slower, explaining the difference in the observed degree of phase-mixing of the
hiL and loL clump. While a non-resonant orbit phase-mixes at a rate ∝ t−3, where t is time, a resonant orbit
phase-mixes at a rate ∝ t−2. When an orbit is on two resonances, for example a circular orbit, it phase-mixes at
an even slower rate, ∝ t−1, as its dimensionality is reduced even further (Helmi and White 1999; Vogelsberger
et al. 2008).

Fig. 16 shows the density map in Galactocentric cylindrical coordinates, which reveals that the hiL clump
stars seem to occupy a region the probes farther out in the potential, more specifically higher above and below
the Galactic plane. Another difference is that the hiL stars seem to have more similar apo- and pericenters,
producing pile-ups of “stars” in the density map. To clarify this, Fig. 17 shows the mean peri- and apocenters
over an integration period of 10 Gyr of all stars in the RVS sample. The loL clump indeed covers a wider
range of apo and pericenters. This can be explained by the fact that the loL clump stars cover a wider range of
energies, and therefore have more diverse orbits. In contrast, the hiL clump stars have more similar orbits with
on average higher apo- and pericenters than the loL clump. This means that the hiL clump stars experience
a different overall potential flattening than the loL clump stars, as the flattening varies with distance from the
Galactic center (see Fig. 6).

The fact that the hiL clump stars follow more similar orbits can also be appreciated from Fig. 18, which shows
the Surfaces of Section (or in short, SoS) of the hiL clump stars (left panel) and loL clump stars (right panel).
SoS are a useful tool to inspect orbits. In cylindrical coordinates (R, z, ϕ) in an axisymmetric potential, the
coordinate ϕ does not contain much information due to axisymmetry. To describe an orbit, therefore, only four
coordinates are needed, namely R, vR, z, vz. As any orbit will pass through the Galactic plane, we take a slice
of the orbit through z = 0 and plot (R, vR) whenever the star passes the plane with a positive vz (hence, we
only plot the star when it moves upwards through the plane). These individual points in the SoS are called
consequents. For a regular orbit, the consequents appear to lie on a smooth curve, called the invariant curve of
the orbit, which can for example be a loop, as is the case for the Helmi Streams’ stars in Fig. 18. The fact that
some orbits show a dotted or dashed invariant curve shows that they are trapped by a higher order resonance,
for example Ωz : ΩR is 7 : 10. The surfaces of section in the left panel look comparable in shape and size. In
contrast, the surfaces of section in the right panel look more scattered and of different size and shape. This is
a consequence of the fact that the loL clump stars are on more diverse orbits.
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Figure 15: Left panels: Smoothed density map in Galactocentric coordinates showing where the hiL clump stars in the Gaia
EDR3 RVS sample spend most of their time while orbiting the Milky Way. The darker the red, the higher the density of stars is.
Each “star” corresponds to a time-step of an orbit integration of 10 Gyr, where we discarded the first 1 Gyr of integration. Right
panels: Similar as the left panel but for the loL clump stars in the Gaia EDR3 RVS sample. The darker the blue, the higher the
density of stars is.
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Figure 16: Left panel: Smoothed density map in Galactocentric cylindrical coordinates showing where the hiL clump stars in
the Gaia EDR3 RVS sample spend most of their time while orbiting the Milky Way in the Default Potential (see Section 1.7.4).
The more towards the yellow, the higher the density of stars is. Each “star” corresponds to a time-step of an orbit integration of
10 Gyr, where we discarded the first 1 Gyr of integration. Right panel: Similar as the left panel but for the loL clump stars in the
Gaia EDR3 RVS sample.
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Figure 17: Left panel: Mean apocenters over an integration period of 10 Gyr of the hiL clump stars (red) and loL clump stars
(blue) in the Gaia EDR3 RVS sample in the Default Potential (see Section 1.7.4). The hiL clump stars have a smaller spread in
and on average higher apo- and pericenters. Right panel: Similar as the left panel but showing the mean pericenters.
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Figure 18: Left panel: Surfaces of section in the plane z = 0 for vz > 0 km s−1 of the hiL clump stars in the Gaia EDR3 RVS
sample for an integration time of 300 Gyr with a time-step of 0.1 Myr. Right panel: Similar as the left panel but for the loL clump
stars in the Gaia EDR3 RVS sample.

2.5 A Kinematically Cold Subclump
When carefully examining the phase-space and energy and angular momentum distribution of the Helmi streams
stars (extended sample, see Fig. 19), an overdensity in hiL clump stars around vx ∼ 0 km s−1 stands out.
This overdensity has been identified as the S2 stream by Myeong et al. 2018. A subset of these stars forms
a very tight sequence in all subspaces. When selecting these stars empirically in angular momentum space
(1320 < Lz < 1410 km2s−1, 2330 < L⊥ < 2500 km2 s−1, vz < 0 km s−1), we see that they trace out a stream
in configuration space and form a coherent clump in velocity space, see Fig. 19. Also in frequency space they
form a very tight sequence. This subset of stars is chemically similar to the rest of the Helmi Streams stars.

It thus seems that this specific subset of stars has somehow undergone an even slower evolution than the rest
of the hiL stars, as they are less phase mixed. We thus see an interesting scenario unfold: while the hiL stars
have undergone a slower evolution than the loL stars, the subclump has undergone an even slower evolution.
It could be that the subclump is stabilised by a different resonance, while the loL clump is too far away from
the(se) resonance(s) and thus undergone evolution at a “normal” rate.

2.6 Summary
The Helmi Streams can be separated into two clumps in angular momentum space which are clearly distinct in
velocity space, especially in vz. Moreover, the loL clump appears to be more phase mixed than the hiL clump.
The Helmi Streams’ orbits probe a dynamically interesting region of the gravitational potential of the Galaxy
that hosts multiple resonances and seem to be located close to the 2 : 2 : 3 for Ωϕ : ΩZ : ΩR resonance. While
the hiL clump falls on the Ωϕ : ΩZ is 1 : 1 resonance in the Default Potential, the loL clump is shifted to
a lower ratio. Moreover, the loL clump has a more diffuse frequency distribution, reflecting its more phase-
mixed nature. These features are robust under uncertainties and sample size. We identify a kinematically cold
subclump within the hiL clump that seems to be even less phase-mixed.

As the hiL clump stars are on resonant orbits in the Default Potential, these orbits have a lower dimensionality,
which is particularly apparent in configuration space. On the other hand, as the loL clump stars are not on
resonant orbits, their orbits are three-dimensional structures in configuration space. A resonant orbit is expected
to phase-mix slower, ∝ t−2, than a non-resonant orbit, ∝ t−3, explaining the observed difference in the degree
of phase-mixing between the two clumps. The loL clump stars span a larger range of apo- and pericenters as
they have a larger spread in energy, while the hiL clump stars are on more similar orbits. Moreover, the hiL
stars seem to occupy a region that probes farther out in the potential and farther above the Galactic plane,
meaning that they experience a different overall flattening of the potential than the loL clump stars. This is
reflected in the difference in Ωϕ : Ωz frequency ratio.
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Figure 19: Phase-space, energy and angular momentum distribution of the hiL clump (red, 41 stars in total) and loL clump (blue,
43 stars in total) in the Gaia EDR3 RVS sample in the Default Potential (see Section 1.7.4). The distribution of the subclump is
overplotted in green, and the subset of stars that are part of the RVS sample are shown with a black edgecolour. The subclump
has been selected empirically as 1320 < Lz < 1410 km2s−1, 2330 < L⊥ < 2500 km2 s−1, vz < 0. In configuration space, the stars
clearly trace out a stream. Black arrows indicate the direction in which the stars are moving.
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3 Proof of concept: Basis Function Expansions
All models of the Galactic potential presented in earlier Sections are parametrised models, meaning that they
are descriptions using specific functional forms characterised by a set of parameters. These models are usually
made up of several components to describe the distinct components of our Milky Way, such as the disk(s), the
bulge and the halo. In the case of the McMillan 2017 potential, the DM halo is described by an NFW profile
using two parameters (see Eq. 8), while the stellar disks are described by an exponential profile with each three
parameters (see Eq. 10). The bulge is described by five parameters, and the gas disks are each described by four
parameters. This means that our entire Galaxy, a body that has lived through many mergers and consists of
billions of stars, is reduced to a description of 20 parameters. This description, of course, relies on assumptions
and simplifications.

Many of the gravitational potential models assume a spherical NFW halo (see Section 1.7.3). Only two parame-
ters, namely the density ρ0 and the scale radius rs (see Eq. 8), describe how the density profile of the halo varies
with radius16. While the NFW profile is motivated by the shapes of DM halos in N-body simulations (Navarro
et al. 1996), it is only a zeroth-order, idealised description. In fact, simulations have shown that DM halos are
often triaxial in shape (Frenk et al. 1988). Moreover, observations seem to advocate for a DM halo that varies in
shape with radius. It has been found that individual stellar streams, probing different regions of the underlying
Galactic potential based on their orbit (Bonaca and Hogg 2018), can each prefer a different description of the
DM halo’s shape (Woudenberg 2019, see also Section 1.7.3). A dark matter halo that radially varies in shape
seems in fact to be required to fit the Sagittarius dwarf galaxy stream (Vera-Ciro and Helmi 2013; Vasiliev et al.
2021). N-body simulations of Milky Way analogues also support a radially varying shape of the halo (Zavala
and Frenk 2019; Shao et al. 2021). This shows that we need more than a simple, (axi)symmetric description of
the DM halo to match our observations.

This is where parametrised models become restrictive. By choosing a certain model, one is restricted by that
model. A pure NFW profile specified by its two characteristic parameters will not be able to describe a halo
that radially varies in shape. If the actual shape of our DM halo is different from what is seen in cosmological
simulations, fitting the NFW’s parameters to find a description of the halo will be offset from the truth, and
will not be able to get closer to the truth because the parametrised model does not allow that. Of course,
parametrised descriptions of components of the Galactic potential are often easy to work with. For example,
the Miyamoto Nagai disk (Miyamoto and Nagai 1975) allows analytic computations of the potential, forces, and
density, simplifying orbit integrations. We are thus looking for something that allows for a greater freedom in
the description of potential profiles, but is also computationally inexpensive. Such a toolset are Basis Function
Expansions (BFE).

Basis function expansions can be used to describe the potential and density as the sum of orthogonal basis
functions17. Each function adds a degree of freedom, and each functions’ coefficient describes its contribution
to the system. In principle, any profile can be described using a basis function expansion, as long as the number
of terms is large enough. This means that descriptions in basis function expansions can be very flexible, and
we are no longer limited by restrictive parametrisations. Once such a description is obtained, the value of the
potential and forces at any arbitrary point are easily computed. While computing forces for N particles in a
full N-body simulation scales as O(N2), in a BFE this is only O(N), though of course this depends on the
number of terms (Sanders et al. 2020). This is why basis function expansions have been used in the past as a
computationally inexpensive way to solve the Poisson equation (e.g. Hernquist and Ostriker 1992).

There are many advantages to BFE. For example, BFE can be used to describe the time evolution of DM halos
of complex shapes if the coefficients become a function of time. Snapshots of (high resolution) simulations can
be expanded into basis functions, and by interpolating the coefficients, a time-dependent description can be
obtained (e.g. Lowing et al. 2011; Sanders et al. 2020). Furthermore, since stellar systems like our Milky Way can
be assumed to be collisionless (meaning that individual encounters between stars do not govern the motion of a
star), stars move due to a smooth, mean gravitational field generated by all mass present in the system (Binney
and Tremaine 2008). A BFE can therefore be used as a smooth description of a “grainy” N-body simulation.
While it is computationally expensive to, for example, do orbit integration in a full N-body simulation, BFEs

16An NFW profile can similarly be described by its mass and concentration. Effectively, the NFW profile is described by only
one parameter, because there is a correlation between these two parameters, though with a large scatter (Zavala and Frenk 2019).

17Recall that two vectors a⃗ and b⃗ are orthogonal if their inner product (or dot product) satisfies ⟨a⃗, b⃗⟩ = 0. Cartesian coordinates
are an example of an orthogonal basis. Similarly, the inner product of two orthogonal basis functions is equal to zero (see also
Section A.2.1 in Vasiliev 2018). For example, ⟨sin(nx), sin(mx)⟩ ≡

∫ π

−π
sin(nx) sin(mx)dx = δn,m. As the inner product of this

basis function with itself is equal to δn,n = 1, this forms an orthonormal basis.
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can give a realistic description that is computationally inexpensive to evaluate (e.g. Ngan et al. 2015).

An interesting application of BFE is to describe perturbations, such as the impact of the Large Magellanic
Cloud onto the Milky Way, which is currently at first infall (Besla et al. 2007). The infall of the LMC is
inducing large-scale asymmetric perturbations to the Milky Way’s DM halo, meaning that it cannot simply
be described by an axisymmetric or triaxial halo model (Garavito-Camargo et al. 2019). The infall of the
LMC induces reflex motion, meaning that the Milky Way disk is moving with respect to stars farther out in
the stellar halo (Petersen and Peñarrubia 2020). This happens because the LMC’s mass is ∼ 1.4 · 1011 M⊙,
about 10-20% of the Milky Way’s present-day mass (Erkal et al. 2019; Shipp et al. 2021). A BFE with a large
number of terms can be used to describe the effect of the LMC onto the Milky Way’s DM halo based on N-body
simulations (Garavito-Camargo et al. 2021). This allows the study of, for example, the evolution of stellar
streams in a time-dependent Galactic potential (Lilleengen et al. 2022). An analytic potential would not be
able to capture the deformations in the Galactic potential induced by the LMC, again proving the great value
of a non-parametrised description.

This section aims to present the reader with a proof of concept. Here I show that it is possible to find a
description of the Galactic DM halo that satisfies our imposed constraints using a low-order BFE. First, the
used set of basis functions is explained in more detail. Then, I describe how a Monte Carlo Markov Chain
(MCMC) can be used to vary relatively freely the shape of the DM halo with a BFE as a basis, and prove that
using this, an NFW profile can be turned into a Hernquist profile. Using the right constraints, a BFE could be
a promising tool to explore the shape of the DM halo without the restrictions of a parametrised halo model. To
illustrate this, I will try to find a description for the halo that maximises the distance between the two Helmi
Streams’ clumps. Throughout this Section, I will assume an axisymmetric potential.

3.1 AGAMA’s Multipole Expansion18

3.1.1 Generalities

In AGAMA’s Multipole expansion potential, the potential is represented by a sum of individual spherical-harmonic
terms with coefficients Φl,m(r) that are arbitrary functions of radius:

Φ(r, θ, ϕ) =
lmax∑
l=0

m0(l)∑
m=−m0(l)

Φl,m(r)Y m
l (θ, ϕ) (11)

where m0(l) = min(l, mmax) and mmax ≤ lmax. mmax and lmax can be chosen by the user. Y m
l (θ, ϕ) are the

real-valued spherical harmonics

Y m
l (θ, ϕ) =

√
4πP̃ m

l trig(mϕ) (12)

trig(mϕ) ≡


1 if m = 0√

2 cos(mϕ) if m > 0√
2 sin(|m|ϕ) if m < 0

(13)

where P̃ m
l (cos θ) are normalised associated Legendre polynomials. Y m

l (θ, ϕ) describes the angular dependence
of the distribution, while Φl,m(r) describes the radial dependence. An illustration of Y m

l (θ, ϕ) for different l
and m is shown in Fig. 20.

While l governs the order of the expansion in the meridional angle θ, m governs the order of the expansion in
the azimuthal angle ϕ. Thus, if a potential is spherically symmetric, this means that there is symmetry with
both the angle ϕ and θ, and so both l and m will be equal to zero. The expansion is then solely governed by
the coefficients Φl=0,m=0(r), as l = 0, m = 0 simply corresponds to a monopole, see Fig. 20. If a potential is
axisymmetric, this means that there is symmetry with the angle ϕ, and therefore we can set m = 0. Moreover, for
an axisymmetric potential the odd l terms will be equal to zero because they correspond to spherical harmonics
that are not symmetric under reflection19. For example, l = 1, m = 0, corresponds to a dipole, see Fig. 20. An
axisymmetric potential can thus be described using only the even l terms and the radial coefficients Φl,m(r).

18A large part of this section is adapted from Section 2.2.2 and A.4.1 of Vasiliev 2018
19i.e. symmetric under the transformation {x, y, z} → {−x, −y, −z}.
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The higher order l terms become more important once the potential diverges more from spherical symmetry.
For potentials close to spherical symmetry, lmax as small as 2-8 can be used (Vasiliev 2019).

A Multipole expansion can be constructed in two ways. If a potential is given, the spherical-harmonic transform
is computed at the nodes of a one-dimensional radial grid to obtain Φl,m(rgrid) and its derivative dΦl,m(rgrid)/dr.
An interpolated quintic spline gives the radial dependence in between these nodes, Φl,m(r) and dΦl,m(r)/dr.
The coefficients are normalised such that Φl=0,m=0(r) = Φ(r) for a spherically symmetric potential (recall that
l = 0, m = 0 represents a monopole).

If instead a density profile is given, the coefficients ρl,m(r) are first determined via a spherical-harmonic transform

ρl,m(r) ≡ 1√
4π

∫ 1

1
d cos(θ)P̃ m

l (cos θ)
∫ 2π

0
dϕ trig(mϕ)ρ(r, θ, ϕ) (14)

where trig(mϕ) is given by Eq. 13. Then, since the potential and thus the coefficients of the potential, Φl,m(r),
and density, ρl,m(r) are related via the Poisson equation (see Eq. 1) Φl,m(r) can be found using

Φl,m(r) = 4πG

2l + 1

[
r−l−1

∫ r

o

ρl,m(r′)r′(l+1) + rl

∫ ∞

r

ρl,m(r′)r′(1−l)dr′
]

(15)

Figure 20: Spherical harmonics, plotted in Mollweide projection, evaluated from l = 0 (top row) to l = 4 (bottom row), for each
−l ≤ m ≤ l. The central column thus shows the spherical harmonics for which m = 0, which are axisymmetric. l = 0, m = 0
corresponds to a monopole, l = 1, m = 0 corresponds to a dipole, l = 2, m = 0 corresponds to a quadrupole, and so on. The
spherical harmonics with non-zero m clearly break axisymmetry. Figure adapted from Cunningham et al. 2020.

3.1.2 How Many Terms do we Need?

It is instructive to understand how many terms and gridpoints are needed for an accurate BFE of the potential.
Since we are only considering axisymmetric potentials, m = 0 and l is even. The number of terms needed, lmax,
depends on the required accuracy and the shape of the potential. If the shape is close to spherically symmetric,
lmax as small as 2-8 can be used (Vasiliev 2019). Also the number of gridpoints of a Multipole potential
influences the accuracy of the description. To illustrate the dependence on these two quantities, I show the
density residuals, ∆ρnorm(R, z) = [ρ(R, z)BF E − ρ(R, z)analytic] /ρ(R, z)analytic, for different lmax and different
numbers of gridpoints of a Multipole BFE of the default halo (which is an NFW halo with a flattening of
q = 1.2 in the density). As I will apply the developed BFE method to the Helmi Streams in Section 3.3, we
are interested in the region probed by the Helmi Streams, which ranges from about 5 − 20 kpc. Therefore, we
set the minimum gridpoint at rmin = 3 kpc and the maximum gridpoint at rmax = 40 kpc to avoid boundary
condition issues.

Fig. 21 shows the density residuals for different lmax (red, blue and green curves). The number of gridpoints is
left as a free parameter and is optimised by AGAMA, and the nodes are equally spaced in log(r). One can already
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see the effect of the edge of the grid for r ≳ 23 kpc, but in the region probed by the Helmi Streams the density
is matched at the percentage level even for lmax = 2. Increasing lmax gives order(s) of magnitude improvement
in the accuracy of the description. Fig. 22 shows the resulting orbits in the analytic Default Potential with a
basis function expansion halo for different values of lmax (so the Multipole halo potentials have been added to
the McMillan 2017 stellar disks, gas disks and nucleus to create a Milky Way potential). These are compared to
orbits in the analytic Default Potential. The initial conditions that have been integrated for 2.5 Gyr correspond
to a randomly sampled Helmi Streams’ star. In this case, even lmax = 2 seems to suffice, as the deviations
from the orbit in the analytic potential are only minor, especially on short timescales. During the first Gyr, the
deviation from the orbit in the analytic potential is on average on the sub-percentage level for lmax = 2, though
this increases to percentage level for longer timescales, most notably in the z direction, where the potential is
flattened. For higher lmax the deviations stay below the percentage level over the entire considered range in
time. Clearly, an expansion with a higher lmax is better at capturing the flattened shape of the halo.

Fig. 21 also shows the density residuals for lmax = 2 and a range of 2 − 4 gridpoints (orange, cyan and purple
curves). A gridsize of 2 is outperformed by a gridsize of 3 and 4 (which give similar results), though the density
is still matched up to percentage level. For lmax = 2, one can see clearly the effect of the spline interpolation
between the gridpoints. Fig. 22 shows a comparison of the orbits in the analytic Default Potential and the orbits
in the analytic Default Potential with a basis function expansion halo with different numbers of gridpoints. The
orbit in the Multipole potential with a gridsize of 2 deviates most notably from the orbit in the analytic
potential, while the orbits in the Multipole potentials with a gridsize of 3 and 4 deviate less and at a similar
level. Again, the effect of deviation from the analytic potential is strongest in z direction where potential is
flattened. This difference rises to the order of 10’s of percent (gridsize = 2) and 10 percent (gridsize = 3, 4)
after 2 Gyr, meaning that more gridpoints are needed to obtain an accurate description on longer timescales.
Still, over short orbital timescales, ∼ 1 Gyr, all orbits agree within percentage (gridsize = 2) and sub-percentage
(gridsize =3, 4) level.

To get an accurate basis function expansion description of more complex shapes, a higher number of terms is
needed. To illustrate this, Fig. 23 shows a comparison of the Default Potential and expansions for different
lmax. lmax = 1000 is needed to capture accurately the flat disks in the Galactic plane. In this case, a different
set of basis functions, more suitable for flattened distributions, would have been more efficient (i.e. a lower
number of terms would suffice), as the spherical harmonics start from a spherical distribution, so strong higher
order correction terms are needed to capture the flattened shape of a disk.

Figure 21: Density residuals ∆ρnorm(R, z) =
[
ρ(R, z)BF E − ρ(R, z)analytic

]
/ρ(R, z)analytic of a comparison between the an-

alytic default NFW (see Section 1.7.4) and the derived Multipole potential for different values of lmax and different numbers of
gridpoints. Boundary conditions become an issue at larger radii.
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Figure 22: Comparison of orbits in the analytic Default Potential (black dashed lines, see Section 1.7.4) and the analytic Default
Potential with a basis function expansion halo for different values of lmax and different numbers of gridpoints. The orbits have
been integrated for 2.5 Gyr, the initial conditions correspond to a randomly chosen Helmi Streams’ star with (x, y, z, vx, vy , vz) =
(-8.85 kpc, -0.11 kpc, -0.73 kpc, 24.9 km s−1, 143.5 km s−1, -275.8 km s−1).

Figure 23: Isopotential contours of the Multipole expansion of the Default Potential (see Section 1.7.4) for different lmax (red,
blue, green), compared to the isopotential contours of the Default Potential (dotted black). lmax = 0 shows, as expected, spherical
isopotential contours. Only lmax = 1000 is able to capture the flattened nature of the disks well.
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3.2 Turning an NFW Profile into a Hernquist Profile
As a proof of concept, let us investigate if, by varying the BFE’s coefficients and their derivatives in a Monte
Carlo Markov Chain (MCMC), an NFW profile can be reshaped into a Hernquist profile. We start with
an expansion of the default NFW (which is an NFW halo with a flattening of q = 1.2 in the density) and
then vary the corresponding coefficients and their derivatives in such a way that they in the end describe a
flattened Hernquist profile. For the purpose of this proof of concept, we only care about relatively short orbital
timescales, say 1 Gyr. Hence, lmax = 2 and 2 gridpoints can be used to obtain an accurate enough (percentage
level accuracy) BFE description of the potential. The potential is then described by 8 parameters in total:
Φl=0,m=0, dΦl=0,m=0/dr, Φl=2,m=0 and dΦl=2,m=0/dr at the two gridpoints, which are chosen to be rmin = 1
kpc, rmax = 50 kpc. The flattened Hernquist profile is given by

ρ(R, z) = ρ0

r̃

a

(
1 + r̃

a

)3 (16)

where r̃ is defined as before in Eq. 9, a = 20 kpc, ρ0 = 107 M⊙kpc−3 and I choose q = 1.3.

To vary the coefficients and their derivatives, I use emcee, an affine-invariant ensemble sampler for MCMC by
Foreman-Mackey et al. 2013. While a Monte Carlo means a random sampling, the Markov Chain ensures that
each next step depends on the previous step. An affine-invariant sampler follows many walkers at the same
time, such that the next step depends on the relative location of the other walkers. It is therefore easy to sample
non-linear structures, as the group of walkers shrinks and stretches through the parameter space. A drawback
is that this group might get stuck on a local maxima. Another drawback is that in high dimensions, MCMC’s
are not efficient in exploring the parameters space20 However, with only 8 free parameters the MCMC should
perform fine. To make the MCMC run faster, I use a Pool object from the multiprocessing module to let
emcee run on multiple CPUs, which can be done because of the parallel nature of the ensemble method.

To go from an NFW to a Hernquist profile, the likelihood consists of a χ2 which compares the analytic Hernquist
forces and potential to the Multipole forces and potential21:

χ2
tot =

∑
i

∑
j

(F BF E
i,j − F Hernquist

i,j )2

F Hernquist
i,j

+
∑

i

(ΦBF E
i − ΦHernquist

i )2

ΦHernquist
i

(17)

where j is x, y, z and i are the radii at which the potential and forces of the BFE are compared to the analytic
Hernquist model. Fj refers to the different components of the force, Φ refers to the potential. By minimising
the χ2, the BFE will move closer to the analytic Hernquist profile. I let the MCMC run with 40 walkers for
4000 steps, after which it has converged22. Fig. 24 shows the initial orbit in the default NFW potential, the
orbit in the resulting best-fit BFE potential and the orbit in the analytic Hernquist potential for comparison.
Though slightly offset due to the low lmax and low number of gridpoints, the BFE orbit and analytic Hernquist
orbit agree well. This result holds independently of the choice of initial conditions, and it turns out to hold
for all Helmi Streams’ stars. Fig. 25 shows the initial NFW, best-fit BFE and analytic Herqnuist density and
potential profile, which agree on percentage (density) and sub-percentage (potential) level. This shows that
varying the coefficients and their parameters in an MCMC, given the right constraints, allows us to reshape an
initial BFE potential, providing opportunities to explore the shape of the DM halo.

20There is exponentially more parameter volume when the number of free parameters is increased, so when a new random step
in the parameter space is proposed, the chances are very high that that step is in a direction of lower likelihood, which will likely
be rejected. The acceptance fraction, the fraction of proposed steps that gets accepted, will thus be very low. Therefore, for a large
parameter space, the walkers only take tiny steps and hence the parameter space is not explored well and in an inefficient way.
This shows that random guesses do not work in high dimensions.

21In principle, if we are only interested in the orbits and density profile of the potential, a likelihood can be used that solely
does a χ2 on the different force components. The resulting potential profile will then be offset from the true Hernquist potential
by an arbitrary integration factor as the choice of zero-point for the potential is arbitrary, but the forces and density profile will
match. A χ2 solely on the density or potential however does not constrain the forces well enough to obtain matching orbits due to
the integrations/derivations involved.

22The amount of steps the MCMC needs to run is usually determined by looking at the auto-correlation time of the chain, which
is the time (number of steps) it takes before the chain forgets where it started. Following Foreman-Mackey et al. 2013, about 50
times the auto-correlation time should be the time the MCMC needs to run before it converges.
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Figure 24: Initial orbit in the NFW potential (blue) and the orbit in the best-fit BFE potential (orange) compared to the orbit
in the analytic Hernquist potential (dotted black). The orbits have been integrated for 2.5 Gyr, the initial conditions correspond
to a randomly chosen Helmi Streams’ star with (x, y, z, vx, vy , vz) = (-8.85 kpc, -0.11 kpc, -0.73 kpc, 24.9 km s−1, 143.5 km s−1,
-275.8 km s−1).

Figure 25: Left panel: Density and right panel: potential profile of the initial default NFW profile (blue), analytic Hernquist
profile (dotted black) and best-fit BFE result (orange). The analytic Hernquist profile agrees with the best-fit BFE result on
percentage (density) and sub-percentage (potential) level.

3.3 An Application of BFE: Maximising Clump Distance
The two Helmi Streams’ clumps are sensitive to the overall flattening of the potential (see Section 2.4.1), as
also explored by Dodd et al. 2021. The existence of the two clumps can therefore serve as a constraint on the
shape of the Galactic potential, because the correct Galactic potential should preserve the gap between the two
clumps that we see today (note that Lz and L⊥ as measured today only depend on observables, while their
evolution in time depends on the Galactic potential). Section 3.3.1 explores how the distance between the two
clumps can be used to measure how well the Galactic potential conserves the gap. Section 3.3.2 takes this a
step further and tries to reshape a BFE potential to maximise the clump distance.

3.3.1 Using the Helmi Streams as a Constraint on the Galactic Potential

The distance between the two clumps can be used as a measure of how well the Galactic potential conserves
the gap. If the clumps reside in a region of the potential that is spherical, they will remain coherent as
L⊥ is conserved. Then the distance between the two clumps will remain constant. To quantify the distance
between the clumps, we first rotate the clumps in angular momentum space by θ = 30 degrees, such that
rotated Lz = cos(θ)Lz + sin(θ)L⊥ and rotated L⊥ = − sin(θ)Lz + cos(θ)L⊥, see Fig. 26. We then take the
mean of the four stars with the lowest rotated L⊥ value in the hiL clump, and the mean of the four stars with
the highest rotated L⊥ value in the loL clump, and define the distance, distclumps, as the difference between
these two means. This is illustrated in the left panel of Fig. 26. We take this mean to account for outliers,
and we checked that there is no significant difference in the sensitivity to the potential flattening if we take
fewer or more stars into account in determining this mean. A positive distance signifies that the two clumps
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Figure 26: Left panel: Angular momentum distribution of the hiL clump stars (red) and loL clump stars (blue) (see Fig. 12)
rotated by θ = 30 degrees. Here, rotated Lz = cos(θ)Lz + sin(θ)L⊥ and rotated L⊥ = − sin(θ)Lz + cos(θ)L⊥. The red dash-dotted
line represents the mean of the four stars with the lowest rotated L⊥ in the hiL clump, while the blue dash-dotted line represents
the mean of the four stars with the highest rotated L⊥ in the loL clump. The distance between the clumps is defined to be the
difference between these two means. Right panel: Histogram in rotated L⊥ space, illustrating the clear separation between the two
clumps in this space.

are separated in angular momentum space, while a negative distance signifies that the two clumps overlap and
start to mix (see Fig. 8 in Dodd et al. 2021 for an illustration). The most realistic potential will give rise to a
mean distance that is close to the distance between the clumps we observe today.

We take the McMillan 2017 potential and let q, the flattening in the density of the NFW halo (see Eq. 8
and 9), vary23. The behaviour of the distance as a function of time and the mean distance over ∼ 10 Gyr for
different values of q are shown in Fig. 27. The distance varies around a mean value as a function of time, as
L⊥ is not an integral of motion in a non-spherical potential, so it varies with the phase of the orbit (see Section
1.5.2). For an oblate halo (q = 0.85, yellow line), the amplitude with which the distance varies is larger, and
the mean distance is negative, which should be interpreted as that the clumps overlap and mix. Such an oblate
potential does thus not conserve the gap. For a prolate halo (q = 1.15, grey line), the amplitude with which
the distance varies is smaller and the mean distance comes closest to the present-day distance, meaning that
for this experiment, q = 1.15 seems to be preferred.

We find that an integration period of 600 Myr with a time-step of 1 Myr is enough to give a robust estimate
on the mean distance. We visualise the dependence on q by calculating the mean distance for a large range
of values of q, which is shown in Fig. 28. The distribution, which has a smooth behaviour with q, peaks at
q = 1.13. This dependence shows that the Helmi Streams’ gap can be used as a constraint on the shape of the
Galactic potential24. Still, the mean distance for q = 1.13 is ∼ 150 km2 s−2, which is below the present-day
value, ∼ 200 km2 s−2. Therefore, to see if more freedom in the description of the halo can give rise to a distance
that matches the present-day value, I turn to a BFE description in the next Section.

23Note that in this exercise we keep all other parameters of the potential fixed. This means that for a higher flattening, the
density at a fixed point will increase.

24The Helmi Streams’ clumps are sensitive to the overall flattening of the Galactic potential, not just q. In a Galactic potential
with a bulge, disk and halo, there will therefore be a degeneracy between the shape of the halo and the mass of the disk, as the disk
is a flattened structure. If the halo is made spherical but the disk heavier, this will lead to the same overall potential flattening as
when the halo is made more oblate and the disk lighter.
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Figure 27: Distance between the two clumps in rotated angular momentum space as a function of integration time for q = 1.15
(grey) and q = 0.85 (yellow). The dashed lines show the mean distance for different values of q over an integration time of
∼ 10 Gyr, which vary with different values of q. The black star indicates the distance between the clumps that we observe today,
which depends on observables and is thus independent of the Galactic potential and q.
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Figure 28: Mean distance between the two clumps in rotated angular momentum space over 0.6 Gyr as a function of halo density
flattening q. The behaviour with q is smooth. If the distance is negative, this means that the clumps start to overlap and mix.

3.3.2 BFE: Freedom to Maximise the Clump Distance

Using a set of realistic constraints, we try to shape the halo (keeping the stellar disks, gas disks and bulge fixed)
in such a way that the distance between the two Helmi Streams’ clumps is maximised over time. To maximise
the distance between the clumps effectively means to minimise the variation in L⊥, and hence to move towards
a potential that is spherical in the region occupied by the Helmi Streams. This therefore puts a constraint on
the shape of the potential. Another constraint on the mass distribution and forces is given by the rotation curve
and the required velocity at the position of the Sun (see Section 1.6). To make sure the mass distribution is
constrained well enough, I use the full extent of Eilers et al. 2019 rotation curve, covering 5 < R < 25 kpc (see
Section 1.6). The distance between the clumps, distclumps is parametrised as described in Section 3.3.1. The
likelihood is then given by
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ln L = −1
2

N∑
i

(
vd

c,i − vm
c,i

)2

σ2
vc

+ K distclumps (18)

where the superscripts d and m denote the data and the model, respectively, and K is a normalising factor
which is set equal to one. The logarithmic likelihood of the rotation curve can be added to the distance between
the clumps in this way because they are both a measure of “distance”. The log likelihood of the rotation curve
measures the distances between the BFE potential’s rotation curve and the rotation curve data, while distclumps

measures the average distance over an integration time of 0.6 Gyr in angular momentum space between the
two clumps.

As we only care about relatively short orbital timescales, I use lmax = 2 and gridsize = 2 (as was done in Section
3.2), giving me 8 free parameters25. I set rmin = 3 kpc and rmax = 40 kpc, as the region probed by the Helmi
Streams is roughly 5 − 20 kpc. I set the following prior

P (θ⃗) =


1 if


0.1 < l0(rmin)/l0,i(rmin) < 10
0.1 < l2(rmin)/l2,i(rmin) < 10
−0.1 < l2(rmin)/l0(rmin) < 0.1
−0.1 < l2(rmax)/l0(rmax) < 0.1

0 otherwise.

(19)

which is motivated by the fact that the l2 terms are a first-order correction to the spherical monopole Φl=0,m=0(r).
Given that we do not expect the halo to be extremely flattened, the l2 terms should contribute at most up to
about 10 % to the total description of the system (this was tested for several flattened NFW profiles, and holds
even up to a high flattening of q=0.3). Moreover, because we only directly constrain the forces and shape of the
potential, l0(rmin) and l0(rmax) can be increased or decreased by an arbitrary integration constant. Hence, we
restrict the l0(rmin) term to be within a range of 0.1 to 10 times the initial value l0,i(rmin). This indirectly also
constrains l0(rmax). For a similar reason, we constrain l2(rmin) to be within a range of 0.1 to 10 times the initial
value l2,i(rmin). As an initial guess, I use the expansion of the default NFW halo (see Section 1.7.4) and add an
offset which is a Gaussian distribution centred around zero with a width of 0.01 times the expansion parameters.

I let the MCMC run with 40 walkers for 2000 steps, after which it converged. The posterior distribution is shown
in a corner plot in Fig. 32. As expected, the l = 0 terms are not strongly constrained but are strongly correlated.
The derivatives, determining the shape of the potential but also directly the forces, are well constrained. Fig. 30
shows the distance between the two clumps as a function of integration time. For the best-fit BFE potential,
the distance between the clumps over the past 0.6 Gyr is about equal to today’s value (∼ 185 kpc km s−1 versus
∼ 200 kpc km s−1). Hence, this outperforms the Default Potential, which has a lower average clump distance
(∼ 130 kpc km s−1). Clearly, the variation in the distance, and thus L⊥, spans a much smaller range in the
BFE potential (∼ 50 kpc km s−1) than in the Default Potential (∼ 150 kpc km s−1). This is a result of the fact
that the resulting total potential’s shape is roughly spherical in the region occupied by the Helmi Streams, as is
illustrated in Fig. 29, which shows the total flattening of the best-fit BFE potential in comparison to the Default
Potential. The best-fit BFE halo has a radially varying flattening. It compensates the more flattened inner
part of the potential, where the disks dominate, by being more prolate there, which makes the total potential
more spherical. The grey shaded area in Fig. 29, corresponding to the axis ratios of BFE halo’s that have
been randomly sampled from the MCMC chains, indicates that the Helmi Streams most strongly constrain the
potential between 12 ≲ R ≲ 20 kpc, as the range spanned in axis ratio is smallest.

The right panel of Fig. 29 shows the density profile of the best-fit BFE halo, which cannot be well fitted by
an NFW potential due to the steep cut-off at higher radii. This is possibly a result of the steeply declining
Eilers et al. 2019 rotation curve, which is fitted well, as is shown in Fig. 31. Moreover, the rotation curve
becomes less constraining at larger radii, giving the BFE more freedom. Of course, beyond 25 kpc there are no
longer any constraints from the rotation curve. Beyond that radius, the density actually goes to zero and then
becomes negative, which is possible as the basis function expansion is in the potential, and we did not require a
non-negative. The mass of the BFE halo within 20 kpc is Mh(r < 20 kpc) = 0.1 · 1012 M⊙, which corresponds
to a total mass within 20 kpc, Mtot(r < 20 kpc) = 0.2 · 1012 M⊙, which is within the range of current estimates
(Küpper et al. 2015; Malhan and Ibata 2019; Watkins et al. 2019; Posti and Helmi 2019). However, as the

25The choice of a low lmax and a low number of gridpoints is also justified by the fact that we are not using the BFE to represent,
for example, an NFW halo. In that case, the accuracy of the BFE representation would be too low. Instead, however, the BFE
halo is used to explore the shape of the halo, making it a potential object with a shape its own.
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density goes to zero and becomes negative beyond 30 kpc, it is not possible to extrapolate the halo profile to
radii farther out, calling for constraints at larger distances.

Overall, we can conclude that we succeeded in our objective to maximise the distance between the clumps using
a BFE MCMC. The resulting potential is however not realistic, showing that one needs to be careful when
imposing local constraints and defining a likelihood.

Figure 29: Left panel: Axis ratio of the Default Potential (dark blue, see Section 1.7.4) versus the total best-fit BFE potential
(yellow), a sum of the default stellar disks, gas disks, bulge and the best-fit BFE halo, which shows that the total best-fit BFE
potential is roughly spherical in the region occupied by the Helmi Streams. The light grey lines show the axis ratio of 200 potentials
randomly sampled from the MCMC chains. Right panel: Density profile of the best-fit BFE halo versus the default halo. The
best-fit BFE halo shows a steep cut-off in density at larger radii.

Figure 30: Distance between the two clumps in rotated angular momentum space as a function of integration time in the Default
Potential (dark blue, see Section 1.7.4) and in the total best-fit BFE potential (yellow), a sum of the default stellar disks, gas disks,
bulge and the best-fit BFE halo. The dashed lines show the mean distance in both potentials over an integration time of ∼ 2.5 Gyr.
The black star indicates the distance between the clumps that we observe today. The grey shaded area covers a range of 0.6 Gyr
and corresponds to the integration time over which the mean distance between the two clumps was computed in the MCMC run.
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Figure 31: Rotation curve data from Eilers et al. 2019 (red) in its full extent, covering 5 < R < 25 kpc (see Section 1.6).
Overplotted in black is the rotation curve corresponding to the Default Potential (see Section 1.7.4). The rotation curve of the
best-fit BFE potential, a sum of the default disks and bulge and best-fit BFE halo, is plotted in dark grey. The rotation curves
corresponding to 200 potentials with characteristic parameters randomly sampled from the MCMC chains are shown in light grey.

3.4 Summary
Basis Function Expansions (BFE) are a promising way to explore the shape of the DM halo without the
restrictions of a parametrised model. Due to the large amount of freedom, it is important to use good constraints.

We need only a relatively low number of terms and gridpoints to obtain a BFE that is accurate enough. For
example, lmax = 2 and a gridsize of 2 give an accuracy on the percentage level for Gyr timescales. As a test,
I have shown that an NFW profile can be turned into a Hernquist profile by varying the coefficients and their
derivatives at the gridpoints using an MCMC. As an application, I show that I can obtain a potential that
maximises the distance between the Helmi Streams’ clumps using a set of realistic constraints on the mass
distribution (in the form of rotation curve data) and the shape of the potential (in the form of the distance
between the two clumps). The total flattening of this potential is close to spherical within the region occupied
by the Helmi Streams and the potential has a total mass Mtot(r < 20 kpc) = 0.2 · 1012M⊙, which agrees with
current estimates. However, the potential’s density profile goes to zero and becomes negative at radii beyond
the observational constraints, showing that constraints at larger distances are needed. From these experiments,
we can thus conclude that by varying the coefficients of a Multipole potential we obtain the freedom to reshape
that potential, given the right constraints.

Within this chapter, I only explored low-order axisymmetric BFE that are relatively close to spherical symmetry.
For a good description of more complex axisymmetric shapes, a higher number of lmax and a larger number of
gridpoints is needed. It would be interesting to use this method in the case of a triaxial or asymmetric halo,
though this will increase the number of free parameters.
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Figure 32: Posterior distribution of the coefficients and their derivatives at the two gridpoints rmin = 3 kpc and rmax = 40
kpc. As expected, l0(rmin) and l0(rmax) are strongly degenerate. The set of constraints only directly constrains the forces/mass
distribution and the shape of the potential, i.e. the derivatives of the coefficients. Therefore, l0(rmin) and l0(rmax) can be increased
or decreased by an arbitrary integration constant, explaining why both occupy such a large parameter space.
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4 Explaining the Gap: Chaos!
The gap between the Helmi Streams’ clumps can be maintained in a potential that is roughly spherical, but
the question remains how a gap can be created. As the gap is an empty region in L⊥, which is not a fully
conserved quantity in a non-spherical potential, a mechanism that makes stars diffuse out of the gap region is
required. This could possibly happen in a potential that hosts a stochastic region in between the two clumps.
A stochastic region is a region that hosts chaotic orbits, which are orbits that do not have a third integral of
motion, leading to orbital diffusion. This section aims to show that the variation in L⊥ induced by stochasticity
could possibly explain the gap. First, Section 4.1 gives an introduction to chaotic orbits and the regions of the
potential in which they are hosted. Next, Section 4.2 discusses several chaos indicators. By generating stars in
the gap, I show in Section 4.3 that a region in phase-space close to the Helmi Streams hosts a resonance which
is surrounded by a stochastic layer. In Section 4.4 I show that a gap can be formed over time for an ensemble
of stars that occupies the phase-space surrounding this layer.

4.1 Chaoticity Explained
A regular orbit in three dimensions is determined by three degrees of freedom: its apocenter, pericenter and
height zmax above the midplane, or its fundamental frequencies Ωϕ, ΩR and Ωz or its Lz, L⊥ and E. These
three sets of parameters can all be used to describe an orbit and are related to each other in a non-linear way.
Broadly speaking, orbits can be separated into three categories:

1. Regular orbits, including resonant orbits

2. Sticky or sticky-chaotic orbits

3. Chaotic/irregular orbits

A regular orbit has three isolating integrals of motion, which restrict the orbit to a subspace of phase-space
(Binney and Tremaine 2008), while a (sticky-)chaotic orbit only has two, leading to orbital diffusion. In the case
of an axisymmetric time-independent potential, Lz and E are classical, isolating integrals of motion. The third
integral of motion is a non-classical integral of motion which is likely related to L⊥. In the case of a resonant
orbit, which is a regular orbit, two or three fundamental frequencies are commensurate, meaning that one is a
multiple of the other. This will reduce the dimensionality of the orbit, as the number of degrees of freedom is
reduced. If a star is on a chaotic orbit, it does not have a third integral of motion. It can then be recognised as
being chaotic by looking at the parameters that describe the orbit: large variations in L⊥, a change in orbital
frequency, or a changing zmax, apo- or pericenter.

Sticky orbits are orbits that exhibit chaotic behaviour over long timescales: a star can be trapped around a
regular orbit for a long time (10’s or 100’s of Gyr) before it escapes to become trapped around another regular
orbit. Sticky orbits can thus appear to be regular orbits for long periods of time (Contopoulos and Harsoula
2010; Maffione et al. 2015; Price-Whelan et al. 2016b), while they are actually chaotic. In this work, we will
consider stars that take more than 10 Gyr to show chaotic behaviour to be sticky.

Stochastic regions can be found in near- or non-integrable potentials, and most potentials are of this type26.
Even simple models like the Miyamoto Nagai potential host stochastic regions (Pascale et al. 2022). In more
realistic Galactic models, the bar, which makes the inner Galactic potential triaxial and time-dependent, has
been found to give rise to chaotic orbits (e.g. Manos and Athanassoula 2011). This stochasticity has been
invoked as explanation for the peculiar morphology and kinematics of the Ophiuchus stream orbiting the inner
Galaxy (Price-Whelan et al. 2016a). However, since the Helmi Streams probe a region of the potential beyond
5 kpc, it is unlikely that the bar has a large effect.

Other regions where chaotic orbits can be found are at the edge of a family of resonantly trapped orbits27

(Binney and Tremaine 2008, p. 257). Such a region is called a separatrix, and is the boundary between orbit
families. As shown by Yavetz et al. 2021, stellar streams on orbits near separatrices tend to diffuse more quickly
in configuration space (stream fanning) and frequency space than streams on a single orbital family (see also
their Fig. 2). Also regions of resonance overlap can give rise to chaotic behaviour, as two or more resonances are
trying to trap the orbit at the same time (Binney and Tremaine 2008). The amount of chaotic orbits present
in a Galactic potential depends on the potential’s characteristic parameters, for example the flattening of the
DM halo (see e.g. Caranicolas and Zotos 2010; Zotos 2014).

26An integrable potential admits the transformation to action-angle variables, see Appendix E. In an integrable potential, all
orbits are regular. The Default Potential is a non-integrable potential and thus hosts stochastic regions.

27See Fig. 1 in Price-Whelan et al. 2016b for an illustration.
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In the context of the Helmi Streams, we observe that the Helmi Streams can be separated into two clumps in
angular momentum space, of which one is more phase mixed than the other. This is clear especially in velocity
and frequency space. We observe a splitting in the orbital frequency ratio between the hiL and loL clump, with
the hiL clump lying closer to the Ωϕ : Ωz resonance than the loL clump. While separatrices next to resonances
can lead to chaotic behaviour, resonances themselves can stabilise and resonantly trap orbits. A resonant orbit is
a two-dimensional structure, but a resonantly trapped orbit has a finite libration amplitude around the resonant
orbit, making it a three-dimensional structure (Binney and Tremaine 2008, p. 265). A possible explanation for
the observed behaviour of the hiL and loL clump could thus be that the hiL clump is resonantly trapped by the
Ωϕ : Ωz is 1 : 1 resonance, stabilising their orbits, while the loL clump is located slightly off-resonance, perhaps
on a separatrix, explaining its more diffuse frequency distribution and more strongly phase mixed features.
This would tie in with the observations by Yavetz et al. 2021 but also Mestre et al. 2020, who find that chaos
enhances the diffusion of streams in configuration space and velocity. However, it could also be that a second
resonance is involved.

4.2 Chaos Indicators
How can we recognise a chaotic orbit in an efficient way? I will illustrate this using a sticky orbit that I found
near the region in phase-space occupied by the Helmi Streams. It is a star with a high kinetic energy located at
the left edge of the gap. The orbit mapped in cylindrical coordinates is shown in Fig. 33. In the first 100 Gyr,
the star seems to follow a regular pattern. However, somewhere around 100 Gyr, the star jumps to another
close-by stable orbit and thus between 100 − 200 Gyr its orbital pattern differs from the first 100 Gyr.

Figure 33: Left panel: Sticky orbit over an integration time of 100 Gyr and in the Default Potential (see Section 1.7.4). Right
panel: Similar as the left panel but over an integration time of 200 Gyr. In the first 100 Gyr, the star seems to follow a regular
pattern. However, somewhere around 100 Gyr, the star jumps to another close-by stable orbit and thus between 100 − 200 Gyr its
orbital pattern differs from the first 100 Gyr.

Another visual way to explore whether an orbit is chaotic is by plotting its surface of section (SoS in short,
see Section 2.4.2). The individual points in a SoS are called consequents. For a regular orbit, the consequents
appear to lie on a smooth curve, called the invariant curve of the orbit, which can for example be a loop (see
e.g. Fig. 18). The consequents of a chaotic orbit will instead fill the plane. The SoS of the sticky orbit is
shown in Fig. 34. Though the plane is not filled, we do see locations where the consequents seem to pile up.
Comparing the left and right panel, those are exactly the locations where the transition to the other stable orbit
takes place. The transition to the other stable orbit is also apparent in a change in L⊥ and frequency space,
see Fig. 35. The star jumps from having Ωz : ΩR slightly below the 2 : 3 resonance to slightly above it. Layers
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around resonances are known to be stochastic, as is illustrated by this example. The change in orbital frequency
shows that the frequency diffusion rate, which is the difference in orbital frequency between consecutive parts
of an orbit, can also be used as an indicator of chaos, as it is large for a chaotic orbit but zero for a regular
orbit (Price-Whelan et al. 2016b).

Figure 34: Surface of section of a sticky orbit over an integration time of 100 Gyr (left panel) and 200 Gyr (right panel). Around
t ∼ 105 Gyr, the star jumps to another close-by semi-stable orbit so its surface of section changes.

Figure 35: Panel (a): L⊥ and panel (b), (c): the fundamental frequency ratios as a function of time. The frequency ratios are
computed for time intervals of 30 Gyr (i.e. 0 − 30, ..., 150 − 180 Gyr). Around 100 Gyr, the star jumps to another orbit, which can
be seen as a transition in L⊥ and the frequency ratios.
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The methods to detect chaotic behaviour introduced so far either require visual inspection (SoS or mapping the
orbit), are not unambiguous indicators of chaos (variation in L⊥) or are computationally expensive (frequency
diffusion rate). A chaos indicator that is in that sense superior is the Lyapunov exponent Λ, or largest Lyapunov
exponent. Take an orbit x⃗(t) and an orbit infinitely close to it, x⃗ + w⃗(t), where w⃗(t) is the so-called deviation
vector. Λ then measures the variation of w⃗(t) over time,

Λ ≡ lim
t→∞

ln |w⃗|
t

(20)

For a regular orbit, w⃗(t) grows linearly with time, while for a chaotic orbit, w⃗(t) grows exponentially (Vasiliev
2013; Binney and Tremaine 2008, p. 262). In practice, however, we cannot integrate the orbit for an infinitely
long time, and therefore one usually resorts to the finite-time estimate of the Lyapunov exponent. For a time
interval when the orbit is regular (this can also be an orbit that is chaotic on long timescales, such as sticky
orbits), ln |w⃗|/t will fluctuate around a constant value. When, for a chaotic orbit, the exponential growth of
w⃗ starts, Λ is estimated as the average value ln |w⃗|/t over the period of exponential growth. If no exponential
growth occurs, Λ is set to zero. This finite-time estimate of the Lyapunov exponent has been shown to perform
similarly to the frequency diffusion rate (Vasiliev 2013), which are both good indicators of chaos. However,
their predicted timescales do not capture the importance of chaos for the density evolution of stellar streams,
as stellar streams on chaotic orbits tend to diffuse faster than predicted (Price-Whelan et al. 2016b). Yavetz
et al. 2021 showed that this could possibly be due to separatrix divergence.

4.3 The Behaviour of an Ensemble of Stars near the Gap in the Default Potential
An important question is to answer how the gap formed, as it possibly holds further clues about the Galactic
potential. To investigate this, I take the following approach. I densely sample initial conditions in the gap (Lz,
L⊥) in such a way that the positions (x, y, z) and energies E of the generated stars follow the distribution of
the Helmi stream stars in the extended sample. For the positions x and y and energy E, I sample randomly
assuming that the distributions follow Gaussians. I sample z uniformly over the range of observations, and I
sample Lz and L⊥ uniformly in the gap. The velocities follow from vϕ = −Lz/R and vR and vz follow from
the definition of energy and L⊥ (see Eq. 3 and 5). Given R, ϕ, z, vϕ, E and L⊥, we can solve for vR and vz

using scipy.optimize.fsolve. I populate the clumps with negative and positive vz following a 2 : 1 ratio
(Koppelman et al. 2019b). The resulting phase-space, energy, and angular momentum distribution are shown
in Fig. 36. I generated almost 10.000 initial conditions (IC).

A chaotic orbit will exhibit a large variation in L⊥, so in order to identify possibly chaotic IC I integrate them
for 100 Gyr and check their variation of L⊥ over time. If this variation is larger than a certain threshold
(estimated empirically), I inspect this IC more closely by plotting their SoS. Out of the almost 10.000 IC, there
are about 980 IC that satisfy the threshold. A subset of those correspond to IC that are resonantly trapped
by the Ωz : ΩR is 2 : 3 resonance. These IC trace out islands in their SoS and are plotted in a cyan and lime
edgecolour in Fig. 36. I find one IC that can be classified as a sticky orbit, which is the IC discussed in Section
4.2. This IC is shown with a magenta edgecolour in Fig. 36. The IC that are resonantly trapped by the Ωz : ΩR

is 2 : 3 resonance are predominantly found at the high energy and relatively low Lz and L⊥.

To illustrate what it means for an orbit to be resonantly trapped, I select two IC that are resonantly trapped
by the Ωz : ΩR is 2 : 3 resonance and show their behaviour in configuration space in Fig. 37 and their SoS
in Fig. 38. Both orbits are three-dimensional structures because they have a finite libration amplitude around
the resonant orbit (Binney and Tremaine 2008), but they are clearly restricted to a subspace of configuration
space (see the (x, z) and (y, z) plane) and velocity space (see the SoS), even after 100 Gyr of integration time.
This libration amplitude is in fact larger for the orange orbit than the blue orbit, as the blue orbit is closer to
the 2 : 3 resonance (10−6 instead of 10−2 removed from it). This can also be appreciated from Fig. 37, which
shows that the blue orbit fills a smaller volume (this is particularly apparent in the (x, y) projection). If an
orbit is truly a resonant orbit, it will be restricted to a 2D surface as it is then determined by only two degrees
of freedom. Thus, if the libration amplitude would go to zero, the two orbits would reduce to a 2D structure in
configuration space.
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Figure 36: Phase-space, energy, and angular momentum distribution of almost 10.000 generated initial conditions overlaid on the
hiL clump stars and loL clump stars in the Gaia EDR3 RVS sample and extended sample. The IC with a large variation in L⊥
have been plotted in a colourmap showing how far away from the 2 : 3 resonance the stars are, the darker the closer. The darkest
colour indicates that the distance from 2 : 3 is less than 0.0001, and the lightest colour indicates that the distance from 2 : 3 is more
than 0.01 in frequency space. Stars that are resonantly trapped are plotted with a lime or cyan edgecolour, which differentiates
between the orientation of the orbit. The sticky orbit is plotted with a magenta edgecolour.
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Figure 37: Map of two resonantly trapped orbit in configuration space over an integration time of 200 Gyr in the Default Potential
(see Section 1.7.4). The Ωz : ΩR is 2 : 3 resonance is restricting the orbits to a subspace of phase-space.

Figure 38: SoS of two resonantly trapped orbit over an integration time of 200 Gyr in the Default Potential (see Section 1.7.4).
The resonance is restricting the orbits to a subspace in phase-space. If the stars were exactly on the Ωz : ΩR is 2 : 3 resonance,
they would trace out a dot in the SoS. We now see that they are resonantly trapped with a finite libration amplitude.
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4.4 Zooming in around the 2 : 2 : 3 Resonance
Having found a star close to the 2 : 2 : 3 resonance that exhibits a large variation in L⊥, I generate an ensemble of
9 stars with similar initial conditions. These stars have E = -122500 km2 s−2, Lz = 1000km2 s−1, 7.5 ≤ R ≤ 8.3
kpc, z = 1 kpc, ϕ = π, vz = 250km s−1. vϕ and vR follow from the definition of energy (see Eq. 3) and
Lz = −Rvϕ. Their positions in phase-space, energy and angular momentum are shown in Fig. 40. The 9 stars
have Ωϕ : Ωz ∼ 1.012 and span a range of 0.661 ≤ Ωz : ΩR ≤ 0.672. Fig. 39 shows their surfaces of section,
which shows that the stars closest to the Ωz : ΩR is 2 : 3 resonance have an invariant curve that traces out four
islands that touch at R ∼ 7.4 kpc, vR ± 230 km s−1.

Fig. 41 shows the evolution of the ensemble over time in (Lz, L⊥). Because the stars closer to the 2 : 3 resonance
exhibit a larger variation in L⊥ relative to the stars farther away from the 2 : 3 resonance, over time a gap is
formed. This gap is formed on small enough timescales (∼ 6 Gyr) for it to be able to explain the gap observed
in the Helmi streams. This therefore forms a possibly stringent constraint on the Galactic potential: it should
to host a chaotic region at the position of the gap observed in the Helmi streams. Furthermore, the location
of this ensemble of stars is not far from that of the gap for the Default Potential. This suggests that small
modifications of it could potentially result in a Milky Way mass model that reproduces the observations.

Figure 39: Surface of section for an integration time of 200 Gyr for stars with E = -122500 km2 s−2, Lz = 1000km2 s−1,
7.5 ≤ R ≤ 8.3 kpc, z = 1 kpc, ϕ = π, vz = 250km s−1. vϕ and vR follow from the definition of energy and Lz . The colours
indicate how far away from the Ωz : ΩR is 2 : 3 resonance the stars are, the darker the closer, where the darkest colour indicates
that the distance from the 2 : 3 resonance is less than 0.002, and where the lightest colour indicates that the distance from the 2 : 3
resonance is more than 0.005 in frequency space.
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Figure 40: Phase-space, energy, and angular momentum distribution of an ensemble of 9 stars close to the 2 : 2 : 3 resonance with
respect to the hiL clump stars (red) and loL clump stars (blue) in the Default Potential (see Section 1.7.4). The stars have E =
-122500 km2 s−2, Lz = 1000km2 s−1, 7.5 ≤ R ≤ 8.3 kpc, z = 1 kpc, ϕ = π, vz = 250km s−1. vϕ and vR follow from the definition
of energy and Lz . The colours indicate how far away from the Ωz : ΩR is 2 : 3 resonance the stars are, the darker the closer, where
the darkest colour indicates that the distance from the 2 : 3 resonance is less than 0.002, and where the lightest colour indicates
that the distance from the 2 : 3 resonance is more than 0.005 in frequency space.
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Figure 41: The position of the ensemble of 9 stars in Lz , L⊥ space over time. The colours indicate how far away from the Ωz : ΩR

is 2 : 3 resonance the stars are, the darker the closer, where the darkest colour indicates that the distance from the 2 : 3 resonance
is less than 0.002, and where the lightest colour indicates that the distance from the 2 : 3 resonance is more than 0.005 in frequency
space. Because the stars closer to the 2 : 3 resonance exhibit a larger variation in L⊥ relative to the stars farther away from the
2 : 3 resonance, over time a gap is formed.
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5 Chaos: a constraint on the Galactic potential
An empty region in angular momentum space can possibly be the result of a stochastic region in the potential.
Therefore, to explain the gap between the Helmi Streams’ clumps, we can try to find a potential which hosts a
stochastic region at the right location, that is in between the clumps. In Section 4 I found that the Ωz : ΩR is
2 : 3 resonance resides in the proximity of the region of phase-space occupied by Helmi Streams but at higher
energy. The 2 : 3 resonance’s separatrix seems to give rise to chaotic behaviour, while the gap can be maintained
over time if the Ωϕ : ΩZ is 1 : 1 resonance overlaps with the hiL clump. Thus, we require a potential in which
the 2 : 2 : 3 resonance overlaps with the hiL clump. An even stricter constraint could be to let the 2 : 2 : 3
resonance overlap with the kinematically cold subclump (see Section 2.5). Resonances can trap orbits and slow
down their dynamical evolution (see Section 2.4.2). Hence, the 2 : 2 : 3 resonance could also explain why the
subclump seems so dynamically cold, even in comparison to the hiL clump.

Given that the orbital frequencies depend on the underlying gravitational potential, we can try to modify the
characteristic parameters of the potential in such a way that the 2 : 2 : 3 resonance overlaps with the kinemati-
cally cold subclump. The Default Potential is our starting point, which means that Ωϕ : Ωz should be kept fixed
on the 1 : 1 resonance, while Ωz : ΩR should be decreased, as it is around ∼ 0.7 in the Default Potential28. It is
instructive to first develop an intuition of what properties of the potential each of the fundamental frequencies
is sensitive to (this is explored in more detail in Appendix B and C). For example, of the three fundamental
frequencies, Ωz is most sensitive to a change in disk mass. By making the disk heavier, the vertical force will
increase, which decreases the orbital period and therefore increases the orbital frequency Ωz. The ratio Ωz : ΩR

will then increase, while Ωϕ : Ωz decreases. Similarly, Ωz is sensitive to the flattening of the potential, as it
affects the distribution of mass in the vertical direction. On the other hand, ΩR is mainly sensitive to the mass
enclosed within the orbit, which is measured by the rotation curve. If the mass enclosed increases, the radial
force increases, which decreases the orbital period and therefore increases the orbital frequency ΩR. The ratio
Ωz : ΩR will then decrease. In summary, Ωϕ : Ωz is most sensitive to a variation in the flattening of the potential
(and thus q or the disk mass), via Ωz, while Ωz : ΩR is more sensitive to the mass enclosed, via ΩR, and to the
mass of the disk, via Ωz.

Milky Way potential models from the literature do not get the subclump on the 2 : 2 : 3 resonance (see also
Appendix C), and therefore I resort to varying the parameters of the Galactic potential using an MCMC in
Section 5.1. I map the resonances in the Default Potential and the “ 2 : 2 : 3 potential” in Section 5.2. Finally,
in Section 5.3, I use the BFE method (developed in Section 3) to investigate how well a more freely varying
axisymmetric description is able to satisfy the observationally desired constraints.

5.1 Getting the Streams on the 2 : 2 : 3 Resonance
To investigate whether we can modify the Galactic potential in such a way that the 2 : 2 : 3 resonance coincides
with the hiL clump, or even better, the kinematically cold subclump, we vary five parameters of the McMillan
2017 potential model in a MCMC, θ⃗ = {q, Rd,thin, Rd,thick, rs, ρ0,halo}. The mass of the stellar disks is kept
fixed. We parametrise ρ0,halo in a more intuitive way as

Mspherical(r < 20kpc) = 4πρ0,halor3
s

ln
(

1 + 20
rs

)
−

20
rs

1 + 20
rs

 (21)

where Mspherical(r < 20kpc) is the mass enclosed within 20 kpc for a spherical NFW profile of density ρ0,halo

and scale radius rs. Of course, given that we vary q, the flattening of the halo, this will not correspond to the
true mass enclosed of the halo within 20 kpc, but it gives a first-order estimate.

In the MCMC run, the mass distribution of the Galaxy is constrained by the rotation curve and the required
velocity at the position of the Sun (see Section 1.6). The likelihood is set up in such a way that it modifies
the potential to get the subclump stars on the 2 : 2 : 3 resonance. Therefore, in each step of the MCMC, the
frequencies of the subclumps stars are computed using an integration time of 30 Gyr with a time-step of 10
Myr. The likelihood then compares the average frequency ratios of these stars to the Ωϕ : Ωz is 1 : 1 resonance
and Ωz : ΩR is 2 : 3 resonance. We thus define a log-likelihood with three components

28The Ωz : ΩR is 7 : 10 resonance is a higher order resonance that does not seem to give rise to stochastic behaviour.
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ln L = K1W1 ln LRC + K2W2 ln LΩϕ/Ωz
+ K3W3 ln LΩz/ΩR

(22)

where K1, K2 and K3 are normalising factors and W1, W2 and W3 are the weights of the individual components
such that W1 + W2 + W3 = 1. I set W1 = W2 = 1

5 and W3 = 3
5 . Furthermore,

ln LRC = C + 1
N

N∑
i

(di − mi)2

σ2
i

(23)

where C is a constant depending on the uncertainties in the RC data, which can be neglected. di and mi denote
the data and model RC values respectively, and σi is the uncertainty associated to datapoint di. The likelihood
term associated to the frequency ratio Ωϕ : ΩZ is defined as

ln LΩϕ/Ωz
= − ln

(√
2πσΩϕ/Ωz

)
+ 1

2

(
µΩϕ/Ωz

− 1
)2

σ2
Ωϕ/Ωz

(24)

Here, σΩϕ/Ωz
and µΩϕ/Ωz

are the dispersion and mean in Ωϕ/Ωz of the subclump stars for a given potential.
We fix σΩϕ/Ωz

= 0.002. Because we want the subclump stars to be on the 1 : 1 resonance, we compare the value
of the mean to 1. Similarly,

ln LΩz/ΩR
= − ln

(√
2πσΩz/ΩR

)
+ 1

2

(
µΩz/ΩR

− 2/3
)2

σ2
Ωz/ΩR

(25)

Here, σΩz/ΩR
and µΩz/ΩR

are the dispersion and mean in Ωz/ΩR of the subclump stars for a given potential.
We fix σΩz/ΩR

= 0.002. Because we want the subclump stars to be on the 2 : 3 resonance, we compare the
value of the mean to 2

3 .

To restrict the exploration of the parameter space to regions that give rise to a (reasonably) realistic potential,
I set a flat prior

P (θ⃗) =


1 if


0.8 < q < 1.5
5 < rs < 50 kpc
1.5 < Rd,thin < 4 kpc
1.5 < Rd,thick < 4 kpc
Rd,thick < Rd,thin

0 otherwise.

(26)

which is motivated by literature (see Section 1.1 and 1.7). If the flat prior is satisfied, it is convoluted with a
Gaussian prior

P (rs) = − (rs − 20)2

2 · 102 (27)

P (Rd,thin) = − (Rd,thin − 2.6)2

2 · 0.52 (28)

P (Rd,thick) = − (Rd,thick − 2.2)2

2 · 0.52 (29)

The posterior distribution is the product of the priors and the likelihood. As an initial guess, I take the
parameters of the Default Potential and add an offset which is a Gaussian distribution centred around zero with
a width of 0.01 times the parameters of the Default Potential. I run the MCMC with 40 walkers for 2000 steps,
and delete the first 300 steps as burn-in. The values of the frequencies and likelihood components are saved
at each step. The resulting posterior distribution is shown in Fig. 42. The degeneracy between M(r < 20kpc)
and q is a result of the rotation curve constraint. A higher q means a higher local density, and hence a lower
ρ0,halo or M(r < 20kpc) is needed to keep the same amplitude of the rotation curve (see Section 1.7.1, where
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Figure 42: Posterior distribution of the Galactic potential parameters. The set of parameters indicated in yellow corresponds to
the 2 : 2 : 3 potential which brings the subclump on the Ωϕ : Ωz : ΩR is 2 : 2 : 3 resonance.

we lower the density of the Default Potential in comparison to the McMillan 2017 model for the same reason).
The sharp cut-off seen in the Rd,thin and Rd,thick panel is a result of the flat prior that Rd,thick < Rd,thin.

To decrease the Ωz : ΩR ratio to 2 : 3, Fig. 42 shows that the MCMC does two things. Firstly, it increases the
disk scale lengths with respect to the Default Potential. The more extended disks will have a smaller surface
density as the total mass of the disk is kept fixed, leading to a smaller vertical force at a fixed point and therefore
a smaller Ωz. Secondly, it increases the mass of the halo inside radius R, such that the radial force increases and
consequently ΩR increases. To increase the mass of the halo but also satisfy the strong vcirc(R⊙) constraint, the
scale radius is increased (see also Appendix B.2). To get the subclump also on the Ωϕ : Ωz is 1 : 1 resonance, the
MCMC adjusts q given how much the halo contributes to the total flattening of the potential (which changes
according to the mass of the halo).

Fig. 43 shows the compatibility of the different contributions to the likelihood (see Eq. 22). We can satisfy
simultaneously a good fit to the rotation curve and get the stars on the Ωϕ : Ωz is 1 : 1 resonance, and we can
also simultaneously get the stars both on the Ωϕ : Ωz is 1 : 1 and Ωz : ΩR is 2 : 3 resonance. This can be derived
from Fig. 43 by noticing that the maximum likelihood can be reached simultaneously for the different likelihood
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components. However, from the same Figure we can also conclude that we cannot simultaneously get the stars
both on the 2 : 3 resonance and fit the rotation curve well. Fig. 45 shows the rotation curve corresponding to
the best-fit model and a set of rotation curves corresponding to potentials randomly sampled from the MCMC
chains. The slope of the rotation curve is positive and too large, an indication of a (too) massive halo in the
outer regions.

Since this trade-off between fitting the rotation curve and having the subclump on the 2 : 3 resonance exists,
and ln LΩz :ΩR

has received the highest weight in the fit, the best-fit potential neither satisfies the rotation curve
well nor does it get the subclump exactly on the 2 : 2 : 3 resonance. We choose to investigate a potential that
actually gets the subclump on the 2 : 2 : 3 resonance (which we dub the “ 2 : 2 : 3 potential”) by selecting a
set of parameters from the MCMC chain that corresponds to an almost maximal ln(LΩz/ΩR

)) and ln(LΩϕ/Ωz
).

The parameters of this potential with respect to the MCMC chains and best-fit are shown in yellow in Fig. 42
and its rotation curve is shown in yellow in Fig. 45. This potential has the following characteristic parameters:
q = 1.18, M(r < 20kpc) = 2.1 · 1011M⊙, rs = 43 kpc, Rd,thin = 3.2 kpc, Rd,thick = 2.8 kpc. As can already
be deduced from this potential’s rising rotation curve29, the halo is very massive. Indeed, the halo has a mass
of Mh(r < 20 kpc) = 0.22 · 1012M⊙, which gives a total mass Mtot(r < 20 kpc) = 0.29 · 1012M⊙, which is
about 1.5 times as large as the current estimate (Küpper et al. 2015; Malhan and Ibata 2019; Watkins et al.
2019; Posti and Helmi 2019). The halo’s mass can be extrapolated to M(r < 200kpc) = 3.5 · 1012M⊙, which is
similarly far above the current estimate, M200 ∼ 1 · 1012M⊙

30 (see also Section 1.7.3). In the 2 : 2 : 3 potential,
the frequencies of the subclump and hiL clump indeed overlap with the 2 : 2 : 3 resonance, see Fig. 44. By
inspecting their SoS, I conclude that six stars of the hiL clump and three stars of the loL clump in the Gaia
EDR3 RVS sample are resonantly trapped around the Ωz : ΩR is 2 : 3 resonance. Out of the nineteen subclump
stars in the extended sample, two are resonantly trapped.

Figure 43: Density map of the different contributions to the likelihood (see Eq. 22). Though we can simultaneously reach the
maximum likelihood of both ln LΩϕ/Ωz

and ln LΩz/ΩR
and both ln LΩϕ/Ωz

and ln LRC , this is not the case for ln LΩz/ΩR
and

ln LRC . This means we either get closer to a solution maximising LRC or a solution maximising ln LΩz/ΩR
, but this cannot happen

at the same time.

29Such a rising rotation curve has also been suggested by Ibata et al. 2013 to model the Sagittarius dwarf galaxy stream, but
given today’s observational constraints this seems unrealistic.

30Note that M200 is not necessarily equal to M(r < 200kpc), as M200 is the mass equal to the mass within r200, which is the
radius of a sphere that has an average density equal to 200 times the critical density of the Universe, ρcrit.
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Figure 44: Orbital frequency ratio distribution of hiL clump stars (red) and loL clump stars (blue) in the Gaia EDR3 RVS sample
and the subclump (black, see Section 2.5) in the 2 : 2 : 3 potential. Some resonances are indicated as grey dashed lines.

Figure 45: Rotation curve data from Eilers et al. 2019 (red) and the Cepheids (dark green) from Mróz et al. 2019. Overplotted
in black is the rotation curve corresponding to the default gravitational potential, best-fit potential (dark grey) and the 2 : 2 : 3
potential (yellow). The rotation curves corresponding to 200 potentials with characteristic parameters randomly sampled from the
MCMC chains are shown in light grey.
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5.2 Mapping the Resonances in the 2 : 2 : 3 Potential
A resonance is surrounded by a finite region in frequency space (and thus phase-space) in which resonance
trapping takes place. To get a feeling for the extent of resonance trapping, I inspect the SoS of stars generated
in the 2 : 2 : 3 potential. The initial conditions of these stars are generated such that they overlap with the
phase-space distribution of the Helmi Streams’ stars (following the procedure described in Section 4.3). I then
select stars around the Ωz : ΩR is 2 : 3 resonance and plot their SoS. Stars that are resonantly trapped will
trace out islands in the SoS. I find that the size of the 2 : 3 resonance in frequency is about ±(0.0005 − 0.0010),
and the farther away from the resonance the smaller the fraction of trapped orbits is.

Having developed a feeling for the size of the resonance allows me to map out the resonances present in the
Default Potential and 2 : 2 : 3 potential. Using Ωz : ΩR = 2

3 ± 0.0005 as a strict definition for the resonance
size (within this range, all stars are resonantly trapped), Fig. 46 and 47 show the distribution of the selected
resonantly trapped stars in different subspaces. I select stars that are resonantly trapped by the Ωϕ : Ωz is 1 : 1
resonance in a similar way. It is interesting to see that both the 1 : 1 and 2 : 3 resonance seem to occupy a
“band” in (E, L⊥), which overlap at a certain location. That is where stars that are trapped by the 2 : 2 : 3
resonance are found. While the 1 : 1 and 2 : 3 resonance individually span almost the entire region occupied by
the Helmi Streams in Lz and L⊥, the 2 : 2 : 3 resonance only occupies a narrow band. This band is similar to
the size of the gap and the size of the subclump. While the 1 : 1 and 2 : 3 resonances both occupy their own
subspace in velocity space in the Default Potential, they overlap in the 2 : 2 : 3 potential. The resonances do
not seem to be sensitive to the positions of the stars.

It is interesting to see that the potential can be modified in such a way that the resonance is “moved” to the
right location in energy and angular momentum space, as we see by comparing Fig. 46 and 47. This opens
possibilities to explore and modify the orbital structure of a given potential.
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Figure 46: Phase-space, energy and angular momentum distribution of thehiL clump stars (red) and loL clump stars (blue) in
the Gaia EDR3 RVS sample and generated stars (generated following the procedure described in Section 4.3) within ±0.0005 of
the 2 : 3 resonance (green) and 1 : 1 resonance (yellow). This has been analysed in the Default Potential (see Section 1.7.4).
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Figure 47: Phase-space, energy and angular momentum distribution of thehiL clump stars (red) and loL clump stars (blue) in
the Gaia EDR3 RVS sample and generated stars (generated following the procedure described in Section 4.3) within ±0.0005 of
the 2 : 3 resonance (green) and 1 : 1 resonance (yellow). This has been analysed in the 2 : 2 : 3 potential, in which the subclump is
on the 2 : 2 : 3 resonance.
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5.3 BFE: Freedom to the 2 : 2 : 3 Resonance?
I now investigate if a more generic description of the halo allows us to find a realistic potential in which the
subclump falls on the 2 : 2 : 3 resonance while also satisfying the rotation curve constraints. To this end, I rerun
the MCMC with the same likelihood (see Eq. 22) and constraints as in Section 5.1, but instead of allowing the
characteristic parameters of the Galactic potential to vary, I use the BFE method outlined in Section 3.3 to
explore the shape of the halo. I keep the bulge, stellar disks and gas disks fixed as in the Default Potential and
vary the coefficients and their derivatives of a BFE halo. As before, the rotation curve provides a constraint on
the mass distribution, but now the likelihood terms associated to the frequencies also constrain both the mass
distribution and shape of the potential. As in Section 3.3, I stick to an axisymmetric BFE with lmax = 2 and
2 gridpoints, rmin = 3 kpc and rmax = 40 kpc, as this seemed to give sufficient freedom to explore the region
of the potential probed by the Helmi Streams. I set a flat prior (see Eq. 19), and as an initial guess I use
the expansion of the default NFW halo (see Section 1.7.4) and add an offset which is a Gaussian distribution
centred around zero with a width of 0.01 times the expansion parameters.

I run the MCMC for 2000 steps with 40 walkers. The mean acceptance fraction is low, 0.17, and it is clear that
there is still too much freedom given the constraints. The subclump is put onto the 2 : 2 : 3 resonance, see
Fig. 48, and ten out of the nineteen subclump stars in the extended sample are resonantly trapped according
to their SoS, outperforming the best-fit MCMC model (see Section 5.1). Again, six stars of the hiL clump and
three stars of the loL clump in the Gaia EDR3 RVS sample are resonantly trapped. The rotation curve shows a
similar result as in Section 5.1, see Fig. 49, namely a rising rotation curve, particularly beyond 10 kpc, which is
needed to get the subclump onto the Ωz : ΩR is 2 : 3 resonance. This means that more freedom in the functional
form of the axisymmetric halo does not solve that problem.

In Fig. 49 one can clearly see the effect of the constraints in the resulting rotation curves. All potentials satisfy
the vcirc(R⊙) = 233 ± 5%, and the Eilers et al. 2019 and Mróz et al. 2019 rotation curve data is followed
reasonably within 9 − 15 kpc, where we have the strongest constraint. However, outside of that region, the
rotation curve diverges in an unrealistic way. In the inner region the rotation curve rises, which is not expected
from observational data (e.g. Karukes et al. 2019; Sofue 2020) nor from Milky Way mass models from literature
such as the McMillan 2017 or Cautun et al. 2020 model. Similarly, beyond 15 kpc the rotation curve rises too
steeply, indicative of a (too) massive halo as also discussed in Section 5.1. This shows that we might need more
than an axisymmetric halo model to explain the Helmi Streams’ clumps, as it does not seem to be possible to
get a stochastic region at the right location in a realistic axisymmetric potential.

Figure 48: Orbital frequency ratio distribution of hiL clump stars (red) and loL clump stars (blue) in the Gaia EDR3 RVS sample
and the subclump (black, see Section 2.5) in the best-fit BFE 2 : 2 : 3 potential. Some resonances are indicated as grey dashed
lines.
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Figure 49: Rotation curve data from Eilers et al. 2019 (red) and the Cepheids (dark green) from Mróz et al. 2019. Overplotted in
black is the rotation curve corresponding to the default gravitational potential and the best-fit BFE 2 : 2 : 3 potential (dark grey).
The rotation curves corresponding to 200 potentials with characteristic parameters randomly sampled from the MCMC chains are
shown in light grey.

5.4 Summary
Orbital frequencies depend on the characteristic parameters of the Galactic potential, so by varying the stellar
disk scale radii, the flattening in the halo’s density q, the halo scale radius and the density of the halo in an
MCMC, we have attempted to modify the potential in such a way that the Ωϕ : Ωz : ΩR is 2 : 2 : 3 resonance
overlaps with the kinematically cold subclump. The separatrix of the Ωz : ΩR is 2 : 3 could possibly give
rise to the chaotic behaviour needed to explain the gap, while the Ωϕ : Ωz is 1 : 1 resonance could slow down
the dynamical evolution of the hiL clump. The subclump’s evolution could possibly be slowed down further
by the second resonance. Resonances seem to occupy a finite region in (E, L⊥), and the 2 : 2 : 3 resonance
also occupies a finite region in angular momentum space. Therefore, knowing which resonance’s separatrix
causes the gap could provide a strong constraint on the Galactic potential. Though I am able to get the
subclump on the Ωϕ : Ωz : ΩR is 2 : 2 : 3 resonance, the required mass of the DM halo is too high, with
Mtot(r < 20 kpc) = 0.37 · 1012M⊙ and the extrapolated halo mass Mh(r < 200 kpc) = 3.5 · 1012M⊙ being about
twice and thrice as large as the current estimate. This gives rise to a rotation curve that rises steeply beyond
the position of the Sun. A similar result is found when I apply the BFE method outlined in Section 3, showing
that more freedom in the functional form of the axisymmetric DM halo does not solve the issue. Therefore, it
seems like we might need to introduce a potential that radially varies in shape, from spherical at some location
in the region probed by the Helmi Streams (to maintain the gap) but triaxial or asymmetric farther out (to
explain the gap). Further investigation is into other, non-axisymmetric models is therefore needed.
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6 Discussion
We have seen how orbital frequencies can be used in a novel way to constrain the Galactic potential. Orbital
frequencies provide us insights that are not easily gathered by looking at a substructure’s phase-space or integrals
of motion distribution. There are many further possibilities to be explored with orbital frequency analysis. As
argued by Valluri et al. 2012, using a frequency map of stellar halo stars, globally important orbital families
and resonances in the potential can be identified, which depend on and therefore constrain the Milky Way’s
distribution function, the shape of the halo and the relative orientation of the disk and halo. Moreover, in the
correct potential the fraction of chaotic orbits should be lowest31, possibly providing a way to distinguish between
different Galactic potential models. Lastly, as quiescently growing disk seems to cause resonant trapping, the
identification of resonances in the stellar halo could even provide insight into the formation history of the Milky
Way (Valluri et al. 2010; Valluri et al. 2012). This also emphasises that the orbital frequency distribution that
we see today could be different from what it was in the past, as they can be altered by perturbations and a
time-varying potential.

6.1 Other Applications of Orbital Frequencies
Orbital frequency analysis can be used to analyse halo substructures. As our view on the Galaxy is limited to
a local volume, we only see stars whose orbits pass through that local volume. In frequency space, individual
streams of stars belonging to a single substructure are resolved, and the number of streams increases as the
structure becomes more phase mixed (see e.g. Fig. 1 in McMillan and Binney 2008; Gómez and Helmi 2010).
Their separation in frequency space thus preserves an imprint of the time of accretion, which remains even if
the system in which it is embedded evolved strongly with time. For at least part of the substructures it should
be possible to recover the time of accretion even given the observational uncertainties (Gómez et al. 2010).
With the release of Gaia DR3 complemented by an increasing amount of spectroscopic data from ground-based
observations we can therefore hope to gather a large enough sample of accurate 6D phase-space positions of
known substructures, such as Gaia-Enceladus-Sausage or Seqoia, and use this principle to infer their time of
accretion and possibly properties of the underlying Galactic potential. However, for streams that are on chaotic
or resonant orbits, such as the Helmi Streams, this inference is less straightforward due to the captured rate of
the orbits.

Orbital frequencies can possibly also be a useful additional tool in studying group infall. As a group of satellites
that fell in together is expected to be on roughly similar orbits (e.g. Li and Helmi 2009), an investigation of their
orbital frequencies could provide more insight in whether structures are related. The next Section illustrates
this with an example.

6.1.1 The Helmi Streams, Sagittarius and Jhelum

As discussed in Section 2, it is unusual that the Helmi Streams, which have a relatively light progenitor, are
found to orbit the inner halo but appear to have been accreted relatively recently. One proposed scenario is that
the progenitor of the Helmi Streams fell in with a group of other satellites (Helmi 2020). Substructures that fall
in together as a group are expected to have similar orbital properties (e.g. Li and Helmi 2009). As noted by
Koppelman et al. 2021, the orbital frequencies of Sagittarius seem to be similar to those of the Helmi Streams.
Moreover, Sagittarius is believed to have been accreted about 7 Gyr ago (Dierickx and Loeb 2017; Kruijssen
et al. 2020), which overlaps with the estimated accretion time of the Helmi Streams (Koppelman et al. 2019b).
Having studied the orbital frequencies of the Helmi Streams in detail, it is therefore interesting to see how these
compare to those of Sagittarius.

To study this, I use a sample of Sagittarius stars by Vasiliev and Belokurov 2020, requiring positive vhel errors
and a distance error smaller than 1 %. The frequencies were determined as before by SuperFreq over an
integration time of 100 Gyr in the Default Potential (see Section 1.7.4). Next, the stellar stream Jhelum shares
an orbital plane with Sagittarius (Woudenberg et al. 2022) and likely has an accreted origin (Bonaca et al. 2021).
Bonaca et al. 2021 proposed a possible association of Jhelum with the Helmi Streams or Sagittarius, making it
interesting to compare Jhelum’s orbital frequencies to theirs. Jhelum’s orbital frequencies are determined from
randomly sampled initial conditions from the best-fit orbit found in Woudenberg et al. 2022. Fig. 50 shows the
orbital frequencies of the three substructures. The fact that the Helmi Streams, Sagittarius and Jhelum have

31If a distribution function is not in self-consistent equilibrium with the potential, orbits will diffuse in phase space (i.e. the
orbits change, they are chaotic). This diffusion alters the distribution function until an equilibrium with the potential is found
(Merritt and Valluri 1996). Hence, a low degree of orbital diffusion indicates self-consistency between the distribution function and
potential.
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roughly the same orbital frequency ratio, namely close to Ωϕ : Ωz : ΩR is 2 : 2 : 3, indicates that their orbits
are similar, possibly suggesting that they fell in together as a group. The fact that Sagittarius has low orbital
frequencies is because it orbits far out in the Galaxy, where orbital periods are longer. Jhelum orbits between
8 - 24 kpc (Woudenberg et al. 2022) and therefore falls in between Sagittarius and the Helmi Streams, which
occupy the inner Galaxy (5 - 20 kpc). This example shows how orbital frequencies could help in determining
associations between substructures and finally reconstructing the dynamical history of the Milky Way.

Figure 50: Orbital frequencies of Sagittarius stars (black), the Helmi Streams’ hiL clump stars (red) and loL clump stars (blue) in
the Gaia EDR3 RVS sample, and randomly sampled initial conditions from the best-fit orbit of Jhelum (magenta) from Woudenberg
et al. 2022 in the Default Potential (see Section 1.7.4). Some resonances are indicated as grey dashed lines. The uncertainties in
the frequencies of the Helmi Streams’ stars were determined by Monte Carlo sampling with N = 500. Some Jhelum and Sagittarius
stars were put on the Ωz : ΩR is 1:2 branch and are not shown here, as that is likely to be an artefact of SuperFreq not working
properly (see the Appendix of Dodd et al. 2021 and the discussion in Section 6.2).

6.2 SuperFreq: Ωz : ΩR is 1 : 2 versus 2 : 3 for the Helmi Streams
While working with SuperFreq, the determination of the ΩR frequency was not always consistent for some stars.
While the majority of the Helmi Streams’ stars was assigned frequencies close to the ΩZ : ΩR is 2 : 3 resonance,
part of the stars were put on the tight ΩZ : ΩR is 1 : 2 branch. This was noticed before by Koppelman et al.
2021, who also used SuperFreq to determine the orbital frequencies. However, Dodd et al. 2021 showed that
the 1 : 2 branch seems to be a result of an unreliable fundamental frequency determination, as it does not occur
when determining the orbital frequencies in action-angle space using the Stäckel fudge method (see Appendix
E). The splitting occurs only in ΩR, and the difference in value of ΩR is too large to be a realistic feature of
the Helmi Streams (for example, to put a star on the 2 : 3 branch onto the 1 : 2 branch, its ΩR value needs to
increase by a factor 4

3 ). Moreover, such a strong resonance (the 1 : 2 branch is very tight) would result in a lower
dimensionality of the orbits of these Helmi Streams’ stars, which we should be able to see in for example their
surfaces of section, but we do not observe such a feature (see Fig. 18). This seems to show that SuperFreq’s
determination of the fundamental frequencies is not fully reliable. This behaviour needs careful investigation
before we can apply SuperFreq to a larger sample of stars, or one could resort to a different implementation
of an algorithm that determines the fundamental frequencies, such as NAFF (Valluri and Merritt 1998) or the
Stäckel fudge method (Binney 2012).

Within this thesis I resolved this issue following Dodd et al. 2021. SuperFreq performs a Fourier transform
of each inputted complex time series, e.g. R(t) + ivR(t), and selects the frequency with the highest amplitude
as the fundamental frequency (see Section 2.4.1). As SuperFreq outputs a table containing the frequency
spectrum and their corresponding amplitudes, we take the ΩR frequency with the second highest amplitude
as fundamental frequency, which places the Helmi Streams stars onto a single branch, close to the ΩZ : ΩR is
2 : 3 resonance.

6.3 Basis Function Expansions
We have shown that Basis Function Expansions (BFE) could be a promising way to explore the shape of the DM
halo without the restrictions of a parametrised model. Whilst this approach is far more flexible, this demands
good constraints and a well-formulated likelihood, which constrain both the shape and the mass distribution of
the Galactic potential. In this work, we have only considered the rotation curve as a constraint on the mass
distribution. Additional constraints could be helpful in restricting the BFE fit to realistic models, such as
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• A more extended circular velocity curve, covering a large range in radius. These exist (e.g. Huang et al.
2016, Sofue 2020) but should first be homogenised to be compatible with, for example, the rotation curve
by Eilers et al. 2019.

• A constraint on the virial mass of the halo (see Section 5), as this would require the density profile of the
halo to be realistic out to large radii

• A requirement that the density is positive out to large radii. As seen in Section 3.3.2, not setting such a
constraint allows for negative densities as the basis function expansion is in the potential.

• A constraint on the vertical force as a function of z (e.g. Kuijken and Gilmore 1991; Bienaymé et al.
2014), or any other force.

In this work, we have focused on a low-order axisymmetric BFE of the DM halo. To be able to explore more
complex or more resolved axisymmetric shapes, a higher lmax and higher number of gridpoints is needed. It is
also possible to explore triaxial and asymmetric shapes using the m ̸= 0 terms, though this greatly increases the
number of free parameters. Of course, a BFE can also be used to represent and model other components of the
Milky Way. Depending on the component under consideration, the choice of basis functions might need to be
reconsidered. For example, in the case that BFE are used to explore the shape of the disk, spherical harmonics
are no longer an optimal choice, as they start from a spherical distribution, while disks are flattened structures.
Instead, the CylSpline expansion implemented in AGAMA could be used, which uses azimuthal Fourier harmonics
(Vasiliev 2019). There is a broad range of different sets of basis functions available, including the Hernquist
and Ostriker 1992 expansion, which uses a Hernquist model as its zeroth order term and is therefore quite
suitable as expansion for a DM halo. The Hernquist and Ostriker 1992 expansion is also included in the family
of biorthonormal double-power-law potential-density expansions described in Lilley et al. 2018, which allows
more freedom as it uses a more general power-law density model as zeroth order.

6.4 Chaos and Resonances
We have shown that when an ensemble of stars is located around a stochastic region, a gap may form in L⊥
over time because of the different rates of variation in L⊥. The stochastic region that was identified close to
the Ωz : ΩR is 2 : 3 resonance is only a small region in phase-space, meaning that only a small subset of the
stars with Helmi Streams’ like phase-space coordinates falls on the separatrix in the 2 : 2 : 3 potential. As the
2 : 2 : 3 potential moreover is not a realistic potential (if extrapolated it would imply a too large virial for the
halo) it is not unlikely that actually another resonance or separatrix is causing the gap between the clumps.
Future research including a large range of Galactic potential models is needed to explore this further.

The fact that the Galactic potential has such a strong effect on the phase-space distribution of the Helmi
Streams calls for caution in our modelling efforts. If we analyse streams that have morphologies or substructure
caused by a stochastic region, or on the other hand, a stabilising resonance, and model them as if they are
on a regular orbit, this could lead to biased results. For example, recall that the difference in phase-mixing
between the two clumps caused by the resonance could lead to a different estimate of the accretion timescale
when analysing them separately. It would be instructive to see how a Helmi Streams analogue behaves in an
N-body simulation in a potential that does not host any resonances, such as the McMillan 2017 potential, and
in a potential in which the hiL clump is on the Ωϕ : ΩZ is 1 : 1 resonance, so the Default Potential. This
comparison would allow us to quantify the dynamical effect of a single resonance on the Helmi Streams. Once
a realistic potential is found that hosts a stochastic region at the right location, in between the two clumps,
an N-body simulation would similarly be paramount to investigate the effect of such a region on the Helmi
Streams’ phase-space distribution.

The orbital structure of the Galactic potential, describing the location of resonances, chaotic regions and the
type of orbital families that populate it, depends on the characteristic parameters of its components (Caranicolas
and Zotos 2010; Zotos 2014) and is linked to its distribution function (Valluri et al. 2012). Hence, if we are able
to map out the orbital structure of the Milky Way and identify regions that host resonances or chaotic orbits,
we can strongly constrain the Galactic potential. We have seen that the phase-mixed Helmi Streams provide
such a constraint, but other stellar streams can possibly help us to map out the Galactic potential even further.
As noted by Price-Whelan et al. 2016b, the existence of long, thin stellar streams indicates that the region
probed by these streams should host regular orbits. As resonances slow down the evolution of a stellar system
(Helmi and White 1999; Vogelsberger et al. 2008), the identification of streams that seemed to have evolved
more slowly than should be expected could probe resonant regions of the potential. On the other hand, stellar
streams on chaotic orbits diffuse faster (Mestre et al. 2020) and streams near a separatrix can have distinct
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stream morphologies (Yavetz et al. 2021). Therefore, identifying such streams32 or regions devoid of streams
and using frequency analysis to provide insight into whether or what resonances might be at play could similarly
provide us with a probe of the orbital structure of the Milky Way.

32Disentangling different mechanisms causing such a distinct stream morphology is difficult.
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7 Conclusions
In this thesis, I have studied the peculiar dynamical properties of the phase-mixed Helmi Streams. The stars
are the remnants of an accreted dwarf galaxy orbiting the inner Galaxy, that can be separated into two clumps
in angular momentum space. The clump with lower perpendicular angular momentum (the loL clump) is more
phase-mixed than the other clump (the hiL clump). This difference in the degree of phase-mixing can be inferred
from the difference in the vz distribution of the two clumps and the fact that the loL clump has a more diffuse
orbital frequency distribution. These features are confirmed in the recently released Gaia DR3 data (Gaia
Collaboration et al. 2022). Within the hiL clump I have found a kinematically cold subclump that seems to be
even less phase-mixed. As I have shown here, the Helmi Streams’ orbits probe a dynamically interesting region
of the gravitational potential of the Galaxy that hosts multiple resonances. While the hiL clump falls on the
Ωϕ : ΩZ is 1 : 1 resonance in the Default Potential (see Section 1.7.4), the loL clump is shifted to a lower ratio.
As a resonant orbit is expected to phase-mix slower, ∝ t−2, than a non-resonant orbit, ∝ t−3, this explains the
observed difference in the degree of phase-mixing between the two clumps (Helmi and White 1999; Vogelsberger
et al. 2008). Substructure as seen within the Helmi Streams has not been observed before. This is unlikely to
be caused by accretion as the two clumps have distinct dynamical properties but share a common origin, and
it should therefore be caused by dynamics specific to the Galactic potential. The existence of the two clumps
therefore provides a constraint on the potential, as it should be able to reproduce our observations.

I have introduced a method to explore the shape of the DM halo without the restrictions of a parametrised model
using Basis Function Expansions (BFE), where the basis functions are spherical harmonics. I have performed
a low-order expansion and showed that by varying the coefficients and their derivatives at the gridpoints using
an MCMC, I have obtained the freedom to reshape the potential, given the right constraints. This can be used
to turn an NFW profile into a Hernquist profile. Moreover, I have shown that it is possible to find a potential
that maximises the distance between the two Helmi Streams clumps in time. As the clumps are separated by
an empty region in L⊥, and L⊥ is an integral of motion in a spherical potential, this effectively constrains
the total potential to be spherical. This concept could be extended to allow the exploration of more complex
axisymmetric, triaxial or asymmetric shapes. However, due to the large amount of freedom, it is important to
use good constraints on both the mass distribution and the shape of the potential.

While the presence of the clumps and their long-time existence can be explained by the potential found, this
does not provide an answer as to how a gap between the clumps is formed. I have explored the possibility
that the gap between the two clumps is caused by a chaotic region in the potential, leading to orbital diffusion.
As chaotic regions are generally small, this tightly constrains the potential of the Milky Way. Chaotic orbits
can be found near separatrices, the boundaries between orbit families, such as stars close to a resonance. By
exploring the region of phase-space occupied by the Helmi Streams, I have found that the Default Potential
hosts the Ωz : ΩR is 2 : 3 resonance near the Helmi Streams, meaning that the Streams are located close to the
Ωϕ : ΩZ : ΩR is 2 : 2 : 3 resonance. The separatrix of the Ωz : ΩR is 2 : 3 resonance can cause chaotic behaviour,
and I have shown that a gap can be formed on sufficiently small timescales (∼ 6 Gyr) when an ensemble of stars
occupies the region of phase-space surrounding the separatrix. Thus, a potential that hosts a chaotic region in
between the clumps could possibly explain the existence of the clumps.

Realistic Galactic mass models such as the Default Potential do not seem to host a stochastic region at the right
location, in between the clumps. Given that the orbital frequencies depend on the underlying gravitational
potential, I have tried to modify the characteristic parameters of the potential in such a way that the 2 : 2 : 3
resonance overlaps with the kinematically cold subclump. This is because its dynamical evolution could possibly
be slowed down by the two resonances, while the 2 : 3 resonance’s separatrix could introduce the sought after
stochastic region in between the clumps. Using an MCMC, I have varied the stellar disk scale radii, the flattening
in the halo’s density q, the halo scale radius and the density of the halo, given constraints on the mass distribution
via a circular velocity curve. To get the resonance to the required location, I have found that a too high mass
enclosed is needed, resulting in a steeply increasing circular velocity curve. Applying the BFE method using
a low-order axisymmetric description to vary the shape of the halo gives a similar result, indicating that more
freedom in the functional form does not resolve this issue. This suggests that more than a time-independent
axisymmetric model is needed to explain the existence of the Helmi Streams clumps, for example a potential
that radially varies in shape. While the region of the potential occupied by the Helmi Streams should be roughly
spherical to maintain the gap in time, farther out the shape is unconstrained, allowing asymmetric or triaxial
shapes. Further investigation, exploring such triaxial or asymmetric models which possibly include the infall of
the LMC or the presence of the bar, is therefore needed.
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A The Helmi Streams in Gaia DR3
To construct a sample of stars in Gaia DR3 with reliable 6D phase space positions, especially distances, I follow
Dodd et al. 2022. Dodd et al. 2022 correct the parallax (ϖ) of each star by their individual zero-points (∆ϖ)
following Lindegren et al. 2021, and select stars that have

ϖ − ∆ϖ√
σ2

ϖ + σ2
sys

≤ 5 (30)

where σϖ is parallax_over_error and σsys is the systematic uncertainty on the zero-point, which is taken to be
0.015 mas (Lindegren et al. 2021). Moreover, the stars are required to have RUWE < 1.4 and σ(vlos) < 20 kms−1.
The uncertainties in the radial velocities are corrected following Babusiaux et al. 2022. To select stars that
kinematically belong to the stellar halo, I require |V − VLSR| > 210 km s−1.

I select the hiL and loL clump within a volume of 3 kpc, see also Fig. 51, as

• hiL clump: ellipse centred on (Lz, L⊥) = (1150, 2220) kpc km s−1 with major and minor axis lengths of
800 and 480 kpc km s−1, respectively. The ellipse is rotated counter-clockwise by 20 degrees. I require
E < −125000 km2 s−2 in the Default Potential.

• loL clump: ellipse centred on (Lz, L⊥) = (1320, 1750) kpc km s−1 with major and minor axis lengths of
840 and 440 kpc km s−1, respectively. The ellipse is rotated counter-clockwise by 10 degrees. I require
E < −125000 km2 s−2 in the Default Potential.

I find 439 stars in total, of which 223 stars are in the hiL clump and 217 stars are in the loL clump. If I
increase the volume, I find up to 697 (5 kpc) and even 1009 (10 kpc) stars, but these samples likely contain
more contamination, especially the loL clump which is located close to the thick disk. Moreover, the more
distant a star is, the less reliable the distances derived from the parallax become, as the uncertainties increase
and the parallax offset becomes of more importance. I therefore use a 3 kpc volume.

To investigate the Helmi Stream’s stellar population, I inspect their metallicity distribution using LAMOST
DR733 (Zhao et al. 2012), and I inspect their Colour absolute-Magnitude Diagram (CaMD) using Gaia photom-
etry. I find 64 stars in the Gaia DR3 RVS sample with metallicities from LAMOST Low Resolution Spectra, see
the left panel of Fig. 52. The mean metallicity of the hiL clump (35 stars) is [Fe/H] = -1.5 ±0.4 dex, and the
mean metallicity of the loL clump (29 stars) is [Fe/H] = -1.4 ±0.6 dex. A Kolmogorov-Smirnov test, performed
using scipy.stats.kstest, shows that the two distributions are statistically compatible, with a p-value of 0.31.
The right panel of Fig. 52 shows the CaMD of the hiL and loL clump, which also seem to be consistent with
each other. To convert from apparent to absolute magnitude, I first corrected the G-band photometry of the
stars following Gaia Collaboration et al. 2021a34. Stars are corrected for extinction using the 2D Schlegel et al.
1998 dust maps and applying the Gaia passband extinction coefficients35. In comparison to the Gaia EDR3
CaMD (see Fig. 10), especially the Main Sequence Turn-Off (MSTO) and Red Giant Branch are more densely
populated in the Gaia DR3 sample. This makes sense, as the Gaia DR3 RVS sample goes deeper (∼ 14 mag)
than the Gaia EDR3 RVS sample (∼ 12 mag). From the comparison of the CaMD and metallicity distributions
of the two clumps, we can confirm that the two clumps have a common origin.

The phase-space, energy and angular momentum distribution of the hiL clump stars and loL clump stars is
shown in Fig. 53, which confirms what we see in Gaia EDR3. The hiL clump stars form a more coherent
structure in velocity space. While the loL clump stars are distributed as (vz > 0) : (vz < 0) ∼ 2 : 3, the hiL
clump stars are distributed as (vz > 0) : (vz < 0) ∼ 1 : 9. The frequency distribution of the hiL clump stars
and loL clump stars is shown in Fig. 54, the orbital frequency ratio distribution is shown in Fig. 55. As in
Gaia EDR3, the loL clump has a more diffuse frequency distribution than the hiL clump.

33http://dr7.lamost.org
34This is required for stars with a 6 parameter astrometric solution, see also https://github.com/agabrown/gaiaedr3-6p-gband-

correction/blob/main/GCorrectionCode.ipynb
35See also http://stev.oapd.inaf.it/cgi-bin/cmd_3.6 and Cardelli et al. 1989 and O’Donnell 1994
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Figure 51: Selection of the hiL clump (red) and loL clump (blue) in angular momentum space in the Gaia DR3 RVS sample.
The dashed lines show the selections of the Helmi Streams previously used by Koppelman et al. 2019b.

Figure 52: Left panel: Metallicity distributions from LAMOST Low Resolution Spectra of hiL clump stars (red) and loL clump
stars (blue) in Gaia DR3. Both distributions peak around [Fe/H] ∼ −1.5. Right panel: CaMD of the extended sample. The CaMD
and metallicity distribution of the hiL and loL clump are similar, supporting a common origin.

65



A. The Helmi Streams in Gaia DR3 Hanneke C. Woudenberg

Figure 53: Phase space, energy and angular momentum distribution of the hiL clump stars (red) and loL clump stars (blue) in
the Gaia DR3 RVS sample in the Default Potential (see Section 1.7.4). Histograms on the top and right of each plot show the
distributions in one dimension.
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Figure 54: Orbital frequencies of the hiL clump stars (red) and loL clump stars (blue) in the Gaia DR3 RVS sample in the
Default Potential (see Section 1.7.4). Some resonances are indicated as grey dashed lines. The uncertainties were determined by
Monte Carlo sampling with N = 500. Some resonances are indicated as grey dashed lines.

Figure 55: Orbital frequency ratio distribution of hiL clump stars (red) and loL clump stars (blue) in the Gaia DR3 RVS sample
in the Default Potential (see Section 1.7.4). Some resonances are indicated as grey dashed lines.
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B Dependence Orbital Frequencies on Characteristic Parameters
The orbital frequencies of the Helmi Streams’ stars depend on the gravitational potential in which the orbits
are integrated. To illustrate this dependence, I will vary one parameter of the gravitational potential at the
time and show what happens to the ratio of the fundamental frequencies.

I will show that Ωϕ : Ωz is most sensitive to a variation in the flattening of the potential (and thus q or the disk
mass), via Ωz, while Ωz : ΩR is more sensitive to the mass enclosed, via ΩR, and to the mass of the disk, via
Ωz.

B.1 Varying the Flattening of the Halo
Fig. 56 shows the dependence of the frequency ratios on the flattening in the density of the halo. The flattening
in the density affects the distribution of mass in the vertical direction. The density is adjusted such that the
rotation curves stay consistent with the rotation curve of the Default Potential. Ωϕ : Ωz seems to be most
sensitive to a variation in the flattening and increases as the flattening increases. This is a consequence of the
fact that less mass is located near the plane, so Ωz decreases. This is also reflected in the fact that Ωz : ΩR

decreases. The closer to Ωϕ : Ωz is 1 : 1 resonance the hiL clump stars are, the narrower the frequency
distribution becomes.

B.2 Varying the Scale Radius of the Halo
Fig. 57 shows the dependence of the frequency ratios on the scale radius rs of the halo. While Ωϕ : Ωz

does not strongly depend on rs, Ωϕ : ΩR and Ωz : ΩR do. Since I only change the scale radius and not the
density of the halo, a larger scale radius corresponds to a more massive halo. While for the Default Potential,
M(r < 20 kpc) = 1.6 · 1011M⊙, for a potential with rs = 25.4 kpc, M(r < 20 kpc) = 2.5 · 1011M⊙. ΩR is mainly
sensitive to the mass enclosed within the orbit. If the mass enclosed increases, the radial force increases, which
decreases the orbital period and therefore increases the orbital frequency ΩR. We see that the potential with
the largest scale radius comes closest to the Ωϕ/z : ΩR is 2 : 3 resonance. Ωz : Ωϕ remains centred around the
1 : 1 resonance, showing that it is not strongly sensitive to the mass enclosed.

B.3 Varying the Mass of the Stellar Disks
Fig. 58 shows the dependence of the frequency ratios on the mass of the two stellar disks. A lighter or heavier
disk changes the vertical force, which changes the orbital period and hence the orbital frequency Ωz. The ratio
Ωz : ΩR increases when the disk is made heavier, while Ωϕ : Ωz decreases. We see that the potential with the
smallest disk mass comes closest to the Ωz : ΩR is 2 : 3 resonance. As the disks are very flattened distributions
of stars, a heavier disk (or, in other words, a larger contribution of the disk to the gravitational potential) will
make the overall gravitational potential flatter. For a heavier disk, and thus a more flattened potential, the
ratio Ωϕ : Ωz goes down, while for a lighter disk, and thus a more prolate potential, the ratio goes up. The
change in Ωϕ : Ωz is not as large as when I varied the flattening of the halo, as the contribution of the halo is
larger than that of the disks in the region probed by the Helmi Streams, see Fig. 8.
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Figure 56: Orbital frequency ratio distribution of hiL clump stars (red) and loL clump stars (blue) in the Gaia EDR3 RVS sample
in different potentials. Middle panel: Default Potential (see Section 1.7.4). Left and right panel: Default Potential with a varying
flattening in the density of the halo. The density is adjusted such that the rotation curves are consistent. Some resonances are
indicated as grey dashed lines.
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Figure 57: Orbital frequency ratio distribution of hiL clump stars (red) and loL clump stars (blue) in the Gaia EDR3 RVS sample
in different potentials. Middle panel: Default Potential (see Section 1.7.4). Left and right panel: Default Potential with a varying
halo scale radius rs. As the density of the halo is kept fixed, a larger scale radius corresponds to a more massive halo. Some
resonances are indicated as grey dashed lines.
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Figure 58: Orbital frequency ratio distribution of hiL clump stars (red) and loL clump stars (blue) in the Gaia EDR3 RVS sample
in different potentials. Middle panel: Default Potential (see Section 1.7.4). Left and right panel: Default Potential with varying
total stellar disk masses, the ratio of the thin and thick stellar disk mass is kept fixed. Some resonances are indicated as grey
dashed lines.
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C Exploring the MCMC Chains of McMillan 2017 and Cautun et
al. 2020

The McMillan 2017 potential model was determined by doing an MCMC given a likelihood and a set of obser-
vational constraints. Therefore, their best fitting model is based on thousands of slightly different potentials, all
satisfying those constraints. While the gas disks were kept fixed, parameters of the bulge, stellar disks and DM
halo were allowed to vary. It is informative to investigate how the Ωz : ΩR ratio depends on these parameters.

Paul McMillan was so kind to share the MCMC chains of his Milky Way potential model fit from McMillan
2017. Fig. 59 shows a sample of 210 sets of parameters randomly drawn from the chains. The colourmap
indicates how close to the 2 : 3 resonance the hiL clump stars are. It is clear that there is no dependence on
the bulge mass. In general, to get the hiL clump closer to the Ωz : ΩR is 2 : 3 resonance, lower disk scale radii,
but also lower disk scale radii in combination with lower disk surface densities are preferred. This implies a
preference for a lower disk mass. Moreover, a higher density of the halo in combination with a higher scale
radius is preferred, implying a preference for a more massive halo. To confirm this, Fig. 60 shows the same set
of parameters but transformed to the respective masses of the stellar disks and mass enclosed within 20 kpc for
the halo. We now see clearly that, in order to get the Helmi Streams onto the 2 : 3 resonance, a halo with a high
mass within 20 kpc (this increases ΩR) is needed in combination with low stellar disk masses (this decreases
Ωz). However, within the freedom of the parameters in the MCMC chains, it is not possible to get the stars on
the 2 : 3 resonance. The hiL stars are on average off by |Ωz/ΩR − 2/3| > 0.03.

I performed a similar exercise with the chains of the Cautun et al. 2020 potential model, as Marius Cautun
was so kind to share those. This confirmed what is seen in the McMillan 2017 chains. The Cautun et al. 2020
model has a contracted DM halo and is made to fit Eilers et al. 2019 circular velocity curve, see Fig. 61. The
biggest difference with the McMillan 2017 model is therefore that the ratio of Ωz : ΩR is higher, as the virial
mass, and therefore the mass enclosed within, say, 20 kpc is lower.
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Figure 59: 210 sets of potential parameters randomly sampled from the McMillan 2017 MCMC chains. The parameters of each
potential are coloured by the average distance of the hiL clump stars from the Ωz : ΩR is 2 : 3 resonance.
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Figure 60: 210 sets of potential parameters randomly sampled from the McMillan 2017 MCMC chains, transformed to the
respective masses of the stellar disks and mass enclosed within 20 kpc for the halo. The parameters of each potential are coloured
by the average distance of the hiL clump stars from the Ωz : ΩR is 2 : 3 resonance.

Figure 61: Rotation curves of the different components of the McMillan 2017 (dashed) and Cautun et al. 2020 (solid) potential
models. Rotation curve data from Eilers et al. 2019 (red) and the Cepheids from Mróz et al. 2019 are overplotted. The Cautun
et al. 2020 disks are lighter and the Cautun et al. 2020 halo is more massive in the centre as it is contracted, but it is lighter farther
out. The total Cautun et al. 2020 potential matches the Eilers et al. 2019 rotation curve well.
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D Dependency Orbital Structure on the Gravitational Potential
The location in phase space where a resonance can be found is dependent on the potential. To illustrate this,
Fig. 62 shows how the location of the resonance changes with a different flattening in the potential. The SoS
correspond to a set of 12 stars that are close in phase-space and have Lz = 1000kpc km s−1, E = −14000km2 s−2,
z = 1 kpc, vz = 250km s−1, ϕ = π, and R ranges from 7 till 9.5 kpc. vϕ = Lz/R and vR follows from conservation
of energy.

For q = 1.2, we see that the there are stars whose consequents trace out islands, which are stars that are
resonantly trapped around the Ωz : ΩR is 2 : 3 resonance. Stars exactly on the resonance would trace out a dot
falling in the middle of the islands, as the resonance reduces the dimensionality of the orbit. Invariant curves of
stars with slightly different initial conditions hug around the islands. For q = 1, the islands disappear entirely
as the stars are no longer close to the resonance, and we thus see that the sphericity of the halo has significantly
changed the orbital structure of the potential. For q = 1.4, we see something interesting happen. Stars are still
resonantly trapped around the Ωz : ΩR is 2 : 3 resonance, but at a different location than for q = 1.2. The star
that comes the closest to the Galactic Center (coloured in yellow because it is far away from the 2 : 3 resonance)
does not trace out an invariant curve, but instead fills a large part of the (R, vR) plane. This orbit is a chaotic
orbit.

Fig. 62 seems to suggest that by simply changing the flattening and density of the potential, the orbital
structure of the potential can be changed. Resonances “move” around depending on characteristic parameters
of the potential. This has been explored in detail by Zotos 2014 and Caranicolas and Zotos 2010, who for
example find that an increasingly prolate (higher value of q) potential gives rise to more chaotic orbits.
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E Actions and Angles36

Usually we express the phase-space coordinates of an object or star as (x⃗, v⃗) = (x, y, z, vx, vy, vz). It can
however be very useful to use a set of canonical coordinates called action-angle variables, (θ⃗, J⃗), where θ⃗ are
the angles and J⃗ are the actions. As action-angle variables are canonical, the phase-space volume occupied by
d3x⃗ · d3v⃗ = d3θ⃗ · d3J⃗ . What makes these coordinates special is that the actions are integrals of motion, meaning
they are constants (conserved over time), and therefore

J̇i = −∂H

∂θi
= 0 (31)

so the Hamiltonian is independent of θ⃗, and hence H = H(J⃗). This means the angles will simply increase
linearly with time

θ̇i = −∂H

∂Ji
≡ Ωi(J⃗) = const. ⇒ θi(t) = θi(0) + Ωit (32)

where Ω⃗ are the fundamental frequencies. In a spherical potential, Ωi = 2π
Ti

, where Ti is the period. An orbit
in action-angle variables is thus described by J⃗ = constant and θ⃗ = Ω⃗t + constant, and so the transformation
to action-angle variables reduces the description of an orbit in 6D phase-space to a description by three angle
coordinates, as the actions are constant. A potential that admits the transformation to action-angle variables
is said to be integrable, and unfortunately these are rare. One class of potentials that does admit this is the
class of Stäckel potentials. These potentials have three isolating integrals which we can calculate analytically
and their Hamilton-Jacobi equation is separable in confocal ellipsoidal coordinates (see e.g. de Zeeuw 1985).
Since the motion is separable, the sum of three motions (one in each coordinate) describes the orbit.

Another useful property of actions is that they are adiabatic invariants. When the potential evolves slowly,
such that the variations in the potential are slow compared to a typical orbital frequency, it is said to evolve
adiabatically. During such adiabatic changes of the potential the actions of stars are constant, making them
adiabatic invariants37. This makes actions very attractive to study the merger history of the Milky Way, as the
actions of substructure are conserved even under adiabatic changes of the gravitational potential. Therefore,
stars of substructure are expected to be clustered in action space even today (Wu et al. 2022; Malhan et al.
2022; Callingham et al. 2022), and even when the substructure is fully phase-mixed.

In a spherical or axisymmetric potential, it is useful to express actions in cylindrical coordinates, (JR, Jz, Jϕ). JR,
the radial action, describes the extent of oscillations in spherical radius, while Jz, the vertical action, describes
the extent of oscillation in the vertical dimension. Jϕ, the azimuthal action, is equal to the z-component of the
angular momentum Lz, which is conserved in spherical and axisymmetric potentials. In a spherical potential,
Jz + |Jϕ| = L, where L is the total angular momentum (conserved in a spherical potential). Note that for
any spherical potential the Hamilton-Jacobi equation is separable, but often the radial action JR cannot be
computed analytically.

We have established that action-angle variables are useful quantities to study the motions of stars, but in order
to make use of them we have to be able to compute them from normal phase-space coordinates. However, none
of the realistic gravitational potential models popular today (e.g. McMillan 2017) is of Stäckel form, so we
cannot compute actions and angles in these potentials analytically. Luckily, we can numerically approximate
action-angle variables in potentials that are not Stäckel potentials (see Sanders and Binney 2016 for an extensive
overview), which can be done for example by torus construction (see e.g. Binney and McMillan 2011) or by
using the adiabatic approximation (Binney 2010), though the latter only holds for stars that stay close to the
mid-plane of the Galaxy. A nowadays popular method is the Stäckel fudge for axisymmetric potentials, in which
we approximate the region of the potential explored by the orbit locally by a Stäckel potential, which allows us
to calculate the actions and angles numerically (Binney 2012). As this is an approximation, the actions are not
exactly conserved along the orbit and uncertainties on the percentage level are expected (Binney 2012; Sanders
2012).

36A large part of this section is adapted from Section 3.5 of Binney and Tremaine 2008
37However, an action Ji that has a fundamental frequency Ωi = 0 is not an adiabatic invariant.
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(a)

(b)

(c)

Figure 62: SoS of 12 stars located close to each other in phase space (Lz = 1000 kpc km s−1, E = −122500 km2 s−2, z = 1 kpc,
vz = 250 km s−1, ϕ = π, and R ranges from 6.8 till 9.3 kpc. vϕ = Lz/R and vR follows from conservation of energy) in three
potentials with different values for the flattening in the density and density parameter ρ0, Panel (a): q = 1, ρ0 = 8.54 · M⊙ kpc−3

(McMillan 2017) Panel (b): q = 1.2, ρ0 = 7.7 · M⊙ kpc−3 (default) and Panel (c) q = 1.4, ρ0 = 7.1 · M⊙ kpc−3. The colours
indicate how far away from the Ωz : ΩR is 2 : 3 resonance the stars are, the darker the closer, where the darkest colour indicates
that the distance from 2 : 3 is less than 0.002, and where the lightest colour indicates that the distance from 2 : 3 is more than
0.025 in frequency space.
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