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Abstract

This thesis presents research on Celtic knots using a framework of knotted trivalent graphs (KTGs)
with the aim of nding a construction method of Celtic knots and nding a knot invariant of KTGs.
We give some basic knot theory and theory on KTGs necessary for understanding the thesis. Ad-
ditionally, we discuss the colouring of knots and KTGs and prove theorems which give a relation
between knot colouring and knot invariance, as well as between KTG colouring and KTG invariance.
We use the theory to colour several Celtic knots and analyse the construction of Celtic designs as
KTGs.
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1 Introduction

Despite what the name might suggest, Celtic knots are not unique to Celtic culture [5]. The Celts were
inspired by knot-work of the Romans, Greeks and Vikings. The Celtic knots were drawn to decorate the
borders of manuscripts, but they have also been used as decoration for churches [6]. The illustrations in
manuscripts often feature zoomorphic motives, which are knot-work designs featuring animals.

While these Celtic designs can be found in multiple places, the techniques used to make them is
unknown to us. In the twentieth century an artist named George Bain developed a method which
allowed us to recreate the Celtic knots that have been found [3]. This method is explored later in this
thesis.

The mathematics of knots was not explored until the nineteenth century and since the Celts did
not leave behind any sources documenting the construction of Celtic knots, we cannot know how much
mathematical theory was used for making these knots. We can however use the knot theory developed
in the last three centuries to analyse Celtic knots and to discover the mathematics hidden in these
centuries-old creations.

With Celtic knots or Celtic designs we mean any Celtic artwork consisting of intertwined bands, many
of which are knots. However, not all Celtic designs are knots. Figure 1 shows a ‘knot’ from the book of
Kells. In the bottom left three arcs are connected at some point, which implies that this is not a knot.
Hence another framework must be used to analyse knots such as this one. An object that allows us to
do this is a knotted trivalent graph (KTG), which can contain forks: three arcs connected at a point.

Figure 1: A Celtic ‘knot’ from the book of Kells.

The grid method made by Bain is used to construct alternating knots, but KTGs allow us to nd
many other designs. We hence want to research how the grid method can be adjusted for KTGs.

Besides constructing knots we can also study if two knots are equivalent to each other: knot invariance.
We would like to analyse how concepts from knot invariance can be adjusted to nd if two KTGs are
equivalent to each other.

In this thesis we hence want to answer the following question:

How can we build Celtic knots using KTGs and prove invariance of KTGs?

In order to answer this question we start by giving a brief history on Celtic knots and the research
done by George Bain. This is followed by a chapter on basic knot theory and the theory of KTGs. Next
knot colouring is explained and we prove how knot colouring is related to knot invariance. This theory is
then adjusted so it can be used for colouring KTGs. We then use KTG colouring to colour several Celtic
knots and nd KTG invariants. The nal chapter shows how to construct Celtic KTGs using a method
based on the grid method by George Bain.



2 Historical background

The Book of Kells, the Lindisfarne Gospels and the Lich eld Gospels are all famous examples of gospels
made during the early medieval period. These books are of great art historical importance because of
their illuminated pages, which showcase the art style commonly used by the Celtic peoples living in
Britain and Ireland at the time. This art style is referred to as \Insular art", coming from \insula", the
Latin word for island. The complex designs of the illuminated pages feature initials and borders lled
with intricate knotwork.

The knots used in these designs are alternating knots, based on weaving techniques used for the
creation of for example baskets. Although these knots are referred to as \Celtic knots", they do not
have a Celtic origin. Rather, they are based on an interlacing pattern made by the Romans, which
was then adapted and altered by Germanic artists [12]. The interlacing pattern we see in Celtic art is
hence not exclusive to Celtic culture, as it can be found in art ranging from Roman art to Islamic art
[9]. The designs also have features of animals, which are sometimes used in knots. They are so-called
\zoomorphic", see for example the right image of gure 2.
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Figure 2: Left: Incipit page of the Gospel of Matthew in the Lindisfarne Gospels. Right: Detail of an
illuminated page in the Book of Kells. Images taken from [1] and [11].

The knowledge on the construction of Celtic knots was ultimately lost and hence we cannot determine
how exactly the Celtic artists made these complicated designs. However, in 1951 George Bain published
a book in which he explained a possible method of constructing Celtic knots, which he calls \the grid
method". This method has since then been used to replicate many of the designs that have been found
in Celtic art [8].

An example of how a Celtic knot can be constructed using Bain’s method can be found in gure 3.
After taking a grid, we create a secondary grid (the red and blue dots respectively). We can then create
a plait indicated by the red lines in (d) and add external weaving. Since Celtic knots are alternating,
we must indicate where the knot has overlap (Figure 3(f)). Finally the band is drawn and the grid is
removed, leaving us with a knot [8].
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